F'nasa Il

AHAJIMTUYECKASI TEOPUS IUSSEPEHIUAIILHBIX YPABHEHUM
Y HEKOTOPBIE JIMHEAHBIE YPABHEHHUSI BTOPOI'O NOPSIKA

§ 1. Meron mawxopanr (Mcuuchaenue mnpemenos Komn)

1. Meron diinepa MHTerpupoBanus nuddepeHnuasbHLIX ypaBHe-
HHH NPH TOMOLIM PSIAGB. B npenbAymux riasax Mbl OrpaHHYUBAIHUCEH
usyuenMeM mMpdepeHIUANbHBIX ypaBHeHu#l B IeHCTBHTeNbHOH 0GNacTH.
B 9TOM riaBe Mbl M3J0XHM HEKOTOphle BONPOCH AHATMTHYECKOH TeOpUH
auddepennMansHLIX yPaBHeHUH, jKenas, BO-NEPBLIX, I[IO3HAKOMMTH YUTa-
Telsi C OCHOBAHHBIM HAa MCHOJb30BAHMM MAXKODAHT BaXHHIM MeTomoM Ko,
a, BO-BTOPHIX, MCCJEJOBATh HEKOTODHle BaXKHBIE I NPUIOXKEHHH K MaTe-~
MaTHUeCKOH ¢Qusuke nuddepenuManbuble ypaBHeHMs BTOPOro mopsaxal).

PaccmorpuM nuddepennmansuoe ypaBHeHHe

y=rf(xy), § Q)

rae f(¥, y)— yHKI¥A KOMIIEKCHHX NePeMEeHHHX X M Y, ronoMopdhmas
B HEeKOTOpO# o6nacTd, cojepxameR pHyTpH Touky (x9, y0), m Gynem
MCKATh pellieHde STOTO YPABHEHMd, YIOBIETBODSIONMEE HAYAILHOMY YCHO~
BHI0_y (£0) = 0.

Bes mnorepu oOGMmHOCTH MBI MOXeM CuHTaTh, 4T0 X0=0, y0=0
(B MPOTMBHOM Cayyde MBIl 3aMeHMJM OH X M y HA Xx— X0 M y— yo),
a takke, yro ¢ymxuua f(x, y) romomopdHa B OTKpHTOR o6nactu D,
onpenenenHof wepaserctBamu | x| < R, |y| < R'.

Ipednosoxcum, wmo Mol yxuce 00KA3aAU CYU,ECMBOBAHIE DEULEHUS
ypasrenus (1), yoosaemsopsiou,e20’ HAHALLHOMY YCAOBUIO

y(©)=0 @)
U pa3Aqzanu,ezocs 8 OKPECMHOCMU HYASL 8 CMeneHHol psd
Y@ =exHcex® 4 ... Fepxn-... . @3)

“Jlerko ykasaTe pexyppermHuiii Memod, NO3LOAAIOWIMM o;mosnaqumm
06pa3oM onpenenuTbh KOIMDDUIMEHTE Ci, Coy oo vy Cpy oo

1) Bonee noinble CBEJEHHS IO aHAJNHTHYECKOH TeOpPLH Jmcpq)epeﬂunanbnmx
yDAaBHEHHH WWTaTenb MoxeT MONYUHTb u3 XHETH [oav6esa B. B. [1].— ITpuns.
nepes.
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M3 (1) nonyuaeM mnociexoBatenbHBIM nutp(pepeuuupoaaﬂném
of 4 Of
n__. Y A
y = ax+ ay Y

y % 9 f oY of  »
y”=a§+2 axayy"‘}"@‘fy’a_{"@y,’ .

o e s . .

[Toncranss B (1) M B nomyumsiuMecs CooTHowenuss x==0, y =0, pui-
yucnseM mnocienosatensHo y' (0), y”(0), y” (0), ... W, TeM cambIM,
NOCTOAHHHIE C€;, Cqy Cgy - .. [C, ==y (0)/n!].

ITOT MeTON EBBelleH B aHaaM3 JinepoM!) M MUPOKO HCMONAL3YeTCA
B TeX CIAyYasx, KOrja He yaaercs pemTsh JMddepenumanbHoe ypaBHeHHe
npy noMomM wu3BeCTHHIX ¢ynxuu#. Marematuxamu XVIII Bexa om cuu-
TAJCS JOCTATOYHBIM JJISl JOKA3aTeJNbCTBA HE TOJBKO ENUHCTBEHHOCTH, HO
H CYWECTBORAHMA TOJIOMOP(HOro pemleEMd, B TO BpeMA KaK HAa CaMOM
Iene clefyer elie MOK23aTh, YTO

a) NOMYyYeHHBI! PEKYPPEHTHHM IPONECCOM pAn (3) uMeeT OTIMUHALM
OT HyJNfi PafMyC CXOAUMOCTH,

6) usobpaxcaemas 9PuM psnoM QyHKIMA y(x) yHOBIETBODseT ypasHe-
muo (1)

BTopoe yTBepxeHue ABJgeTCd CHEXCTBHEM NEPBOrO; B CAMOM Jjere,
dynxumst y’ (x)—f(x, y(x)) ronmomopdHa B HOCTaTOUHO MajioH OKpeCT-
HOCTH HyAs M 0O0paiiaeTcd B HYJAb BMECTe CO BCEMH CBOMMM TPOH3BOA-
‘HHiMH TIpH X =0, 2 NOTOMY TOXKIECTBEHHO pPiaBHA HYJIO.

Octanock, TakuM OGPAsOM, YCTAHOBHTH CXOAMMOCTH Psija (3); mas sToft
uemd Kowym npuMeBndn MeTO;, HA3BaHHWIN MM ucHucAeHues npedesos,
a Teneph HasbBaeMbfi 60/iee HACTO ,MemoOOM MANCOPAHM™; U3NOKEHHIO
3TOrO MeTOMA MOCBAIMEHH 1. 2—4 2),

2. OcuoBHO# npHHUHMN Metopa MawopaHT Kowmmw. Iycrs dynxuus
f(x, y) ronomopdua B obnactu D, onpenenenxo# epasencteamu | x| <R,
|y| <R, u nycts cymecreyer ¢yuxnus F(x, y), Takxe roromopdaas
B D, KOTOpas uMMeeT Clelyioliue CBOHCTBa: .

1. Ona u 68ce ee npousgodnwvie nosoxwcumessis. 8 mouxe (0, 0),
T. €.

F(, 0) >0,

Fp 20, 00>0 (h k=0, 1,2,...). } @)

1) ViuTerpuposanue € NOMOLIbIO PAXOB, LCMNIb3CBaHROE JitAepoM ANs H3y-
ueHHs ABHXKeRHs JIyHH H XN pelleHHs ypaBHeRus PHKKAaTH, H3N0KEHO UM B €r0
knure (1], 1. 11, ra. VII u VI,

2) Koumw [1], 1. 4—7, 10. BeliepmiTpacc ony6auxoBan B 1842 r. He3aBHCHMO
oT Komn cTporce R0Ka3aTeabCTBO TeOPeMbl CYLIECTBOBAHHSA, TaKie OCHOBaHHOE
Ha npuHUunax mertoxa Kowmm. WccnenoBanns no stomy BOmpocy, MpOBeXeHHHE
Bpuo u Byxe, Meps, Kenurc6eprepom, IMuxapom, Llitexenem, Jlunxeaédom, Ilen-
aese, I'ypca u deitepom, ykasanu B Enc. des Sc. Math., 8, fasc. 1 (1910), 16—~21.
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2. Qynxyusn f(x, y) u ee npou3eodnse ydossemsopsiom 8 mouxe
(0, O) repasencmsan

|£(0, 0)| <F(0,0), - } :
o g O 01 < Pyt 10, 0) (h £ =0, 1, 2, ...) ()

HaaoBeM Takyo gyuryuro F{x, y) maxcopaumod nna f(x, y) u
6ynem, cnenys [Tyauxape (cM. Ilyamkape [1], 1. I, ctp. 48), nmucars

[, )< F(x, y). . (6)
PaccMorpuM oanoBpeMeHHO ¢ ypasHenueM (1) ypaBHeHue
B =F(x, V)
C HavaabHBIM ycnoBMeM Y (0) =0 M NPEANOJONXHUM, UTO PamUyC CXOAM~
MOCTH IOCTPOEHHOro Uil 3TOr0 YpaBEerus psaa
Y7 Y7 (0 Y(n) 0
Y=Y Oy Ty . @

pasen p; Torna npu | x| <<p Y (x) sABAseTcs peiienMeM 3TOro ypaBHeHHs.
U3 Toro, urto

" __ il 22
V= 0x—+ oY
0%2F 02F 0%F
Y = = ox? Froaak ‘OxayY Y+ 55 oYz Y + Y”

.

nonyyaeM, B cmxy;(5), 970 | y(”) (0)| < Y (0). IMostomy koapPMumMeHTH
pasa (3) He TNPEBOCXOMAT NO aGCOMOTHOR BeiauyuHe KO3PULIMEHTOB
pana (7) u, clAefoBaTensBO, PAAMyC CXOAMMOCTH paxa (3) we Menbuie p.
Tem cavbiM Joxasaso, uyTo pan (3) mpexncTaBaseT B HeKOTOPOR oxpect-
HOCTH HyJa rojoMopdHoe pemiesne ypassenus (1), yRoBaeTBopsiouLee
Haqanwomy ycaosuio (2). :

3. JlokazaTeabCTBO TEOPEMbl CYNIeCTBOBAHHS METOJOM MAaXOpaHT.
a) VI3 mpoBsemeHHbIX BHlIle paccyxienu# Gyner ciefoBaTh TeopeMa Cyue-
CTBOBaHMS, €C/IH MBI MOKDKEM, YTO I Jo6o#t rosomopdroft B obaactu D
bynxmmu f(x, y) MOXHO NOCTPOMThL Takyio Maxopaury F(x, y), uro

ypaeHeHHe
dy F
dx (%, ¥)

061aaeT roJOMOPDHLIM B HEKOTOPOR OKPECTHOCTH Ha4aja KOODAMHAT
pelenueM.

Jlerko. EMeTh, 4TO JUId 3aj)aHHOR cpynxmm f(x, ¥) MoxHO HafitH
CKOMbKO yromuo Maxopaut F(x, y).
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B camom pmene, ¢ysxkuuio f(x, y) MOXHO pasnOwMTb BHyTpH D
B a0COMOTHO cXousiuMics NBOMHOH cTenmeHHOH pan

fox )= k2= i Ay, ey, (8)

Ecan mul o603uauuM yepes I' u I OKpyxHOCTH Ha NAOCKOCTAX KOM-
NAEKCHBIX NePEeMeBHHX X M y C IEHTPAaMH B HAYaje KOODIMHAT M Pamuy=~
CaMH, COOTBETCTBEHHO, @ U b, Tne

0<a<R, 0<b< R'
T0 Gynem umers!)

A W 16 )
Ak =""pm = @ f PR dxady. 9)
- r

Ecmu oGosnauuth yepes M mnauboibluee 3HayeHHe, NPUHMMaeMOe. (YHK-
et |f(x, y)|, xorna x U y OUMCHIBAIOT, COOTEETCTBEHHO, OKPYxHOCTH I'
u IV, To u3 (9) 6yner crenosath, 4TO

| Ap, 1] < Ma=Pb-k. (¥)
Ho B ofmactu DY, onpenenennoft HepapencTBaMu |x|<<ea, |y|<8,

NBOHHAR reoMeTpHYecKas NpOTpeccHs Ma-Wp—Fxhyk  cxomutcs
. h, k=0
¥ M|(1—a—'x)(I—b-1y), a notomy B obmactu D’

fx <K &

LAY AT A
(1 a ) ( b)
Paccmorpum ‘Teneph ypasHeBue

: dYy M

S GHICE

pasjienss TepeMeHHble U MBTeTDHPYH, NONyYaeM, YUMTHBAs HAYaIbHOS
ycnosue Y (0) =0, uro

-2 -21—2.44%1:1(1 -%):0,

=b[1—‘/1+2M%1n(i—§1‘-)J, (1)

rae uepes In (1 —a~1x) oGo3Hauena riiaBHas seTBb Jorapupma 1 —a~lx
(ronomopduas YBAKUMS BHYTPM Kpyra paaMyca & C UEHTDOM B Hadaue
KOODAMHAT), a TI0J KODHEM TIOHUMAeTCs BeTBb, NPHHUMAKOILAS B TOUKE
x=0 3uavenwe -}-1.

(10)

a moToMy

1) Cm. ®yxe B. A. [1], c1p. 75. — [Ipun. nepes.
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Kopenb ofpamiaeTcss B Hyab Npu X ==p, Tle

P =a (1 i e—b/(zMa)).
[Tostomy npu |x|<p ¢dopmyna (11) usobpaxaer roaoMopdHyo ¢yHg-
mmo. Ho rorma mpu | x| < p” <p umeem

@<y O+ 50 L =re)=

=b[1—l/_1—{-2M%ln(1—%,—)]<b.

Orciona cnenyer, 9TO INPH CHENAHHHX TPEANONOXeHMSX npu |x| <<
<e(l —e Y (ma)) cyuecmgyem 20a0Mopgroe pewernue ypasrenus (1);
paduyc cxe0umocmu cOOMEemcmeyou,ez0 Cmenernozo paoa He MeHsuie,
yen p.

6) Jdpyryw maxopanty jns f(x, y) MOXHO NOJYYHTh NPH TOMOLLHA
crenylomero Metona, npunaanexamero llrexemo [1].

[oe]
W3 aBcomoTHOM cxomumoctd psna X, A, ,ahbk crexyer, 4ro MHo-
Bk=0 '

wecTso uucen |A, ;|a*b* (b, k=0, 1, 2, ...) orpamMyeHo CBepXy H
yTo ecnu 0603HAYMTh Yepe3 ( BePXHIOI0 IPaHb JTOTC MHOXECTBA, TO
B HepaBeHCTBe

|Ap x| @* <G, (b, k=0, 1, 2,...)

xoTi 6H s omEOR nape h, kR uMMeeT MeCTO 3HAaK pasencTsa 1).
B cuny (9) G M, a notomy psan (3) 3aBeOMO CXOAMTCS B Kpyre
panuyca
. —b/(2G
pr=a(l—e ") >
4. Teopema cymecTBoBaHMs B o6mem cayyae. a) ITposenenubie
BHILIE PACCYXXIEHUS NPUMEHMMH M K HODMaJbHOH CHCTEMe

y;=fi(x; Vi Vs ¢ v« ym) (l=13 2,..., m)’ (12)
FHE X5 Yy, Yoy o+ s Y — H3MeHTIOLWMeCH B obiaacty D :
|x——a|<-R, |y¢—pi|<R' (l=1, 2y cuey m)

KOMIIIEKCHbIe IIePeMeHHEIE. : .

Mpennonowum, uto ¢ysxuuu f; ronomopdusl 8 D u jnoxamem (c no-
MOIIbI0 METOla MAWKOPAHT), 4TO BHYTDH Kpyra ¢ WeHTPOM B ¢ Cyile-
CTBYeT ONHa M TOJNbKO ONHA CHCTeMa rojoMOpdHBIX QyHKIME y,(X),
Vo (%), oy Y (X), yHOBNETBOPSIOIHMX NaHHOH CHCTEME M HAYaAbHHIM

YCI/IOBUAM )
yi(“)=p¢ ¢=12,..., m).
TIpennonoxuM aas MPOCTOTH, uro & =0; B,=0 (i=1, 2,..., m).
1) B camoM pene, ecai ¢-— MeHbliee YeM (7 MOJOXHTENbHOE UHCIO, TO NPH

h>hy u k>ky umeem |Ap r|atb¥ < s, a moromy G paBHO HaMGONBLIEMY H3
(hg+1) - (ko 1) uucen | Ay zla®bk(h=0,1,..., by, k=0, 1, ..., k).
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Taxumu xe paccyxnenusMd, Kaxue OBJM npoBefeHH B m. 1, yGe-
MlaeMCcsl, 4TO eCIM JONyCTHTh CYIeCTBOBaHHE roJIOMOPGHBIX B HEKOTOPOH
OKPECTHOCTH HyJs HCKOMBHIX DelieHMH HaleH cHCTeMbl

Yix)=c; 1 x4¢; ox®4 ... FC - ... (=1, 2,..., m), (13)

TO KO3(pOULUMEHTH STHX PSNOB ONHOZHAYHO ONpPENeNTIOTCH ypasHenunmu (12)
H ypaBHEHMAMH, INOJYYAIOUMHCA M3 BHX nyTeM nuddepeHNUpOBaHuS)
TAKMM OOPA30M, OCTaeTcs I0Ka3aTh, WTO DPanmiyc CXomuMoctd aas (13)
OTJIHYEH OT HyJd.

Myets 0<a <R, 0K b< R'. O603nauum uepes M; mauGouviuee
3Hauenue Monyns GYHKUMM f; (X Vi, Vay -« «, V), KOFNA X OUHCHBAET
B IJIOCKOCTH X OKPYXHOCTh € LEHTDOM B Hawaje KOODAMHAT M pajuy-
COM €, @ Yy, Yo, -y Yy — OKDY)XHOCTH B TWIOCKOCTAX Vi, Vo, +«+s YV
C LEHTPOM B Hayaje KOODAMHAT M panuMycom O, u nycts M sBasercs

Hau6onsmuM u3 uucen M;, My, ..., M,,. Torna mu umeem
Btk +ko+ oon +E
o Hthyt ety < m PR R Rt
h ., k . Fk k = h Kk otk ¥ ...tk *
1 2 m | 1 2 ‘m
Ox Oy ldy,?... oy ! ©50, 0, 0o 0) qb .
Ecan paccMorpuM ¢dyHKIHMIO
' M

F(x; ¥ Yor o e ey y"")=(1_.£)(1'—_¥—1)(1v—)~’—2)---<l—y_m)’

a b
TO IOJMIYYHUM, UYTO

Pt e Ry o R R
h k k, k - B k. +k A+ ... +k ’
1 2 m 1772 m
0x" 0911 0yy% «.. 0y ©;0,0,..., 0 ab

P‘l ClIeaoBaTeJAbHO ‘
Fi(%5 Y15 Yo ooy Yu) KF (X5 915 Yoo <ovs ym) - (=1, 2, ..., m).

Hapsany ¢ cucremoit (12) paccMOTpuM cucTeMmy
dy, _d¥, _dYm M

(= (] (s O (.
é TEeMH Xe CAMBIMH Ha4aJbHBIMH yCnoBUaMU
Y, (0)=Y,(0)= ... =7Y,,(0)=0.

M3 cummeTpuu 3TUX YCHAOBM#t ClefxyeT, UYTO Da3noxenus (QYHKuR
Y (x), Yy(x), ..., Y, (X) B pane coBNanaoT, a moToMmy, noiaras

Yx)=Y (x)=VYy(x)= ... =V, (x),

X =ma —g)_1(1 _‘%)’_"', Y (0) == 0.

NOXy4uM
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Paspenss mepemennbie u HHTETPHPYS NPH HAYAILHOM YCJIOBHM Y (0)=0,

noxyyaeM
=b[1—m+'1/1.+—(’£,4:51)ﬂ1n(1—§)], (14)

rie B NpaBofl yacTu JorapudM NpUHWMaeT [/IaBHLE 3HAYEHUsS, 4 KOPEHb
(IPUHAJVIEXHKT BETBM, NPUHMMAaoulelt B Touke X = 0 3Havenue 1. (Haitnen-
Hoe B M. 3 Bhipawenue (11) ana Y ABAdeTCA 4aCTHHM C/AydaeM BhIpaXe-
Hust (14), nonyuaeMuM npu m==1.)

onzmumﬂ B TpPaByl0 4YacTh KOpeHb O6paiiaeTcd B Hyab NpH
x=a(l— ~blminMay TNOTOMY, KaK M paHee, HaXOJMM, 4TO psnbi (13)
CXOnATC B prre pamuyca

-b
p=a(l— elm+i)Ma) (15)

¥ NPENCTAaBASIOT TaM MCKOMYIO CHCTeMY peuleHuH.

6) Mrax, Mb HOKa3amd, 4TO MPH CHENAHHHIX NPERNONIOWEHHAX BCerxa
CyLIeCTBYeT roJoMopdHasi CHCTEMa PelleHH# M YTO OPH TIPENNONOKEHHH
o ronoMophHOCTH pelleHuit Takas cucTeMa efNMHCTBeHHa. OHHAKO MHl emie
HE MOXeM YTBePX[A4aTh, UTO NPH HAWHUX NPERNONOKEHUAX Mobas CHCTeMa
pemennt s (12) o6s3amessro ronomopdHa.

OTo yTBepMIeHHe TaKKe MOXHO JOKa3aTh TeM jKe CAMbIM MeTO/OM
M2XODAHT; M JIOK2XEM ero B CleRyilleM naparpade ¢ TOMOIBIO NPO-
11ecca NOCNeN0BATENbHEX NPUGMIKeHHN.

5. Merox cymmupoBauus Bopeas H nudpdepeHnuanbHbie ypaBHe-
Hug. Meton pewenus nuddepeHHManbHLHX YPaBHEAMH C MOMOIIBIO PAMOB
NPHMEHHM Takxke K ypaBHeHusM suna f(x; y, ¥, y", ..., ym)=0,
rae yepe3 f 0GO3HaueH MHOTOWIEH OT NMepeMeEHHX ¥, y', y, ..., y(m),
K09 PUIHEATH KOTOPOro SBAAIOTCA TONOMOPPHHIME (YHKIMIME OT X
B HEKOTOPOH OKPECTHOCTH TOYKM XxO; 3Has 3HaueHus B x0 y(x0), y’(x9),
v’ (x9), ..., ym—1 (x0), MowHO ¢ moMou(sl0 nuddepeHIUpoBaHUs HafTH
yim) (x0), ym+1)(x0) .. .5 eciu pajanyC CXONMMOCTH NOJYYalOLIErocs
TakuM 06pa3oM pPsna OTAMYEH OT Hyus, TO 3TOT PAX GyneT pemieHdeM
Hauero yPaBHeHMs; eC/IH Xe PajinyC CXOMUMOCTH STOro Psifa PaBed HyO,
TO, BO3MOXHO, CYIeCTayollie (HeroqoMopdHble) pellieHus ClAefyeT HCKATh
npyruM o6pasoM.

PaccmoTpuM, Hanpumep, ypapHeHnue

x%yty—x2=0 (16)
u nonpofyeM -HafiTh roJoMopdHOe B. OKPECTHOCTH TOYKH X = (0 pemenué

yR) = X cpxm
M;.r MOy MM ,
G=0,=0; ¢g=1, ¢,y =—ne, (n=2,3,...)
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W TIOTOMY NDHIEM K pany
x2—21x8 - 3lxt —4ld (17)
KOTOpHH ghopmuarssro y008semsopsem NPELNOKEHHOMY YPABHEHUIO, HO
LI KOTOPOro PajuyC CXONMMOCTH PaBeH HyJIO; IO9TOMY ypasHehue (16)
He 06J12JIaeT B OKPECTHOCTH Hayaja KOODAWHAT TOJIOMOP(HEIM DellleHHeM.
TIpocymmupyem psin (17) no MeTony Bopens; COOTBETCTBYOLIas 3TOMY
psany GyHxuus umeer B

p=3 -2 LB T —r—in(1+2),

u cymma B (Bopens) pana (17) pasua

+0o +oo
y(x)=f e-tq)(xt)dt:f e~ [tx— In (1 4 tx)) dt.
0 0

JTO BHpAXKEHHe ONpefeNseT aHATUTHYECKYIO GYHKIMIO, YIOBIETBOPAIO-
myio ypasHeHuio (16). 3aTpoHyThle 3fech BOMPOCH Gofee rayGOKO M3-
aoxensl B kuure bopens [2], ctp. 148—151 1),

§ 2. JlokasaTenrbCTBO TeOPEeMBl CYMECTBORAHHA H eAHNCTBEHHOCTH
C TMOMOIBIO MEeTOAA IOCAeJOBATENLRBIX NPHOIHKeHHH

1. TeopeMa cymecTBOBaHHS M eIUHCTBEHHOCTH. a) [Tycms daHa
| HOpMaAbHAR cucmexa dugéyiepeﬂaaa/zbnbzx ypasHeruil

y‘=f£(x; Vi Yar oo es ym) (i=1, 2, ..., m), : 1

u nycme dyuxyuu f; Henpepvigns. & obsacmu D, onpedesennoll
HepageHcmsamu ) ‘

lx—a|<a; |yi—Bl<b (=1, 2 ..., m) @

u 2040MOpEHL 8Hympu amod ob6aacmu. O6osnauum 4uepes M weu-
Goavuiee 3Hawerue MoOyaeld Pynryui f; 8 D u uepes 8 Menswee u3
yucen a u biM, a uepes I'—omrpumyio xpyzosyio o6aacms Ha nao-
CKOCUL X ¢ YeHmpox 8 & u paduycos 8,

Hoxraxcer, umo cyuecmsyem 00HO u MOAbKO O00HO peweﬂue y.(x),
Vo (%), vevy Ym(X) Oum cucmemwn (1), yOo8semsopAIOuee HAYANLHIHM

yecaosunans .
y‘(a)=p'i (l=1, 27 ey m)' : (3)

Amu pewenus 2osomopdru sHympu T.

1} Cm. Takime Xapau [I]. ri. VIII B Yurrexep u Barcon [1], 7.1, cTp. 209.—
ITpux. nepes.
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Kak u B ra. I, § 3, m. 2, paccMOTpUM NOCAEROBATENBHOCTh NpH-~
6mnKeHuit

IO =B+ [ fi(x; By, Bor -+ Ba) d,

(r+1) [ ) ®)
H @ =B+ [ f,05 90 (%), ¥ (%), ..., ¥ (x))dx

r=1, 2,...), |

rAe WHTErpaibi GepyTCsi MO NPAMOMMHEHHOMY OTpe3Ky, COENMHALIIEMY &
U X, H COOTBETCTBYIOIIMH psn

YO (YO —y D) o f (I — YD) L (=1, 2, ..., m). (B)

Iycth 3, — MONOMUTeNBHOE UMCAO, MeHbilee YeM 8, 4 B OCTATBHOM
npousponbHoe. ITokaxeM, 4To pans (5) paBHOMEpPHO CXOAdTCA B OG-
nactu I';, ompenenennoft nepasenctsoM |X-—a|<(3,, ¥ uTO HX CymMa
laeT peiwlenue CHCTeMbl (1), ynOBIeTBOpSiONIee HAYaNbLHBIM YCHOBHIM (3).

3aMeTHM CHauyana, YTO €CHH X; Vi, Vo, - .+, Yy H3MEHSIOTCH B 3a-
MKHyTOH 06aacTu D’ nexame#t ByTpd D, TO dyHKUMu f; yHOBIeTBO-
PAIOT YC/IOBHIO JInnmnua ‘

B camoM jpene, pcuomuuM, uyro ecmu ¢ysxkmus F (x) ronomopdHa
B 3aMKHYTOH M BHIOYKIOH o6macTd @ u eciu L pasHO HauGomblemy
3Havenmio monyns F/(x) B Q, To

F(x)—F (x) = f F'(8)dt,

rMe MHTErpal B3ST BROAL NPAMONMHEAHOrO OTPe3Ka, COENHMHSIOLIEro
TOUKM X ¥ X, #, n0 Teopeme JHapGy !), |F(x)— F(x)] <L]x—x}
Orciona caenyer, uto eciy 8 DY
0, , .
5){—;[<L G, k=1, 2, ..., m),
T0
— — — m —
[f:(5 10 Yas s Y — L3 (%5 1 Yoo - s IS L kZ_lliyk—ykl (6)
(em. ta. I, § 3, m. 1).
Us (4) crmenyer, uro. |yy+V(x) — B| < M|x — | < M8, < b,
a MOTOMY K MOLY/MIO PasHOCTH

fole Y0, 0, oo Y —flxs 0, y0, o YD)
MOXHO TPHMEHHTh Hepasenctso (6).

1) CM. Mapkywesnu A. WU. [1], ctp. 1562. — ITpum. nepes.
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Ecny y-— perynspuas xpusas, auddepenunan nyru Kotopot pases ds,
nauna paBHa S, a ¢(Xx)-—wHenpepeBHasd BNONb 3TOH KpUBOH (yHKIMA
KOMIJIEKCHOI'O IePeMeHHOro X, TO

S
| [ emax|< [le(x@)]ds.
1 0

YuMTHIBas 9TO, HaM JOCTATOYHO NOBTODUTh DacCyXJeHH#, MpOBeleH-
"Hhe B 1m. 2 u 3 u3 § 3 ra. I, yro6u noxasath, yro psaps (5) paBHO-
MepHO CXOmaATCd K ¢yHKImuMAM y,(x), KoTophle 0GPa3yioT pellieHHe AJAs
cucteMn (1) M yHIOBIETBOPSIOT HAYaJbHWM YC/IOBHSM, a TaKXke, YTO STO
pellenHe eIUHCTBEHHO.

Haxonen, 3amevas, uto, B cuny (4), uinennl psaga (5) sBasiorcs ro-
noMopduME (yHKuMAMHM OT x B obaactu I';, nonyuaem, B cuiny Teo-
peme Beftepmrpacca 2), uro pemwenus y;(x) ronomopdun BHyTpH I\

6) IlpexnonoxuM, 4TO B Tpasble 4YacTH ypasHenui (1) BXOAMT mnapa-
MeTp A ¥ yTo yHKUMM f; Henpepuisuu B ofiactd D, 3ajaHHOR Hepa-
BeHCTBaMH

[x—a|<a; |yi—B:| <0 (i=1,2,...,m); [A—1[<

M roJOMODQHE BHyTPM 3TOH 06GnacTH, H 0003HaYMM CHOBA yepes M
HauGonbulee 3HavesHe Momyias dymxmmit f; B D.
Bhifupas B KauecTBe Ha4yallbHOH TOUKH TAKYIO TOUKY xO0, 4To,

[x0—a]| <3, 3=min[a, 4—5"—],

a B KayecTse 3HaueHMM peweHu#t y, B x0 TakMe uMCaa Yo uro
b
0
Iy{-_pil\<. PR

u 3amenss B (4) @ Ha x0 u B; ma y?, yGexnmaemcs, uro unenn psma (5)
SBASIOTCA TOIOMODDHHME GyHKIMsMH OT x5 x9; ¥, y3, ..., yO BHyTpH
061aCTH, onpene/ieHIOR HepaBeHCTBAMM
|x—a| <8, [#0—a| <8, [N—B <5, IA—1]<e

IlosToMy, B cmiy TeopeMb BeflepmTpacca, npoussogunle mo6oro mno-
panxa pewennit y;(x; x% 37, ¥, ..., ¥%; A) mO BCeM MX aprymeHTam
MOryT OHTBH MOMYYeHH MOWIeHHHIM aupdepenmmposannem pana (5).

OrmetsM, 4TO H3 MNPEANONOKEHHS © TrOMOMOP(PHOCTH GyHKUHA f;
cpa3y caexyeT IRMGQPePEBUHMPYEMOCTh pelleHHHA IO HayaJbHbLIM NAaHHbLIM M
no napaMerpaM, B TO BpPeMA Kak B ri. I, B HefiCTBHTENLHOR OGNACTH,
ROKa3aTeAbCTBO STOF0 CBOHCTB3 nowpeéosa.rxo psia AONOAHUTEALHBIX
paccymnenul.

1) Cm. Mapxywmesuy A. Y. {1] €Tp. 152, — Ilpun. nepes.
%) Cm. Mapxymesuu A. W. (1}, crp, 201. — [Tpun. nepes.
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B) 3aMeTHM, YTO MeTOR MCUHC/EHHsi NpeleloB OGecrnevyHBaeT Cyile-
CTBOBaHME pel:eNMH B Kpyre paguyca p=a(l—e"b/(m+1)m), B TO
BpeMsi KaK MeTOj mOC/AeKOBaTeAbHEIX NpUOIMKeBHH# HaeT B KauecTBe
3Hauenuss panuyca 8= min (e, b/M) (cM. ,a“); JerKo BHUHETb, YTO
p< 8. D10 HepaBeHCTBO OueBMAHO, ecim a < b/M, ecim e bIM < a,
10, NoNoxHB b/Ma =E, zametuM, uro 0 < E<C 1, a moromy

—t/(m £ 1 13 2
1—e &/( +1)<E’m_-|-1_ﬁ(m_-}-l> +“'<E'

2. 3amedaHde YHHTHepa OTHOCHTEJbHO OGJACTH CYUeCTBOBAHHS
rojomopdHoro pemenus. ITycrs dymxmus f(x, y) HenpepuisHa B 06-
nactv D, 3anaHHON HepaBEHCTBAMH ’

Ix]<a’ l)’l<b’

u rosomopdua BRYTPH D, M MyCTh y = y (X) SIBAAETCS PeElIEHHeM ypas-
HeHHH

L =fx ), | @

ofpamamomumcas B Hyab npH x==0. Eciu oGosnauurh uepes M nHau-
Gonbee 3navenme |f(x, y)| B D, To cnoco6 mnoc/enoBaTenbHLIX NpPH-
6nMxenn#t naer ronoMopdHOCTh ¥ (X) BHYTPH Kpyra € LEHTDOM B Ha-
yaje KOODAMHAT M paauyco™ p(a, b, M)=min(a, &/M).

BcTaer eonpoc, MOXHO JIM HpH (HMKCHMDOBaHHHIX @, b, M ykasaTh
Takoe uwucao r(a, b, M) > min(a, b/M), 4ro, HesaBHCMMO OT BHIGOpa
f(x, y), pemenne ypasHenus (7), oGpamaomeecsi B Hyib Npu x =0,
rojJoMOpGHO BHYTpM Kpyra C LEHTPOM B Hauaje KOODAMHAT M pajuy-
com r?

Ioxaxem, uro min(a, b/M) sBisercs HamiayumeR rpanuuel Ais
p(a, b, M) (cm. Yuurrep [1]).

Ecmw a < b/M, To 9T0 0YeBHIHO, TaK KaK JOCTAaTOYHO BHIGPaThH
f (%, y) nesasucumoft or y.

IIpepnonoxum Temeps, 4T0 @ > H/M; Torma ROCTATOUHO IIOKA34Th,
YTO MOXHO yKasaTb mapy &6 u M rax, yro ajas mo6oro uucina r > b/M
cymecrsyer ¢ynkuust f(y) (HesaBucsulas OT X), KOTOpas OfjaajaeT Cie-
AYIOUIMMH CBOACTBaMH: .

1) ¢ynxkuws f(y) wuenpepuBHa B Kpyre |y|<b m ronomopdua
BHYTPH 3TOI0 Kpyra;

2) uauGonpuiee suauenme |f(y)| B xpyre |y| < b pasno M;

3) pemenne y(x) ypaBHeHHs —dy?=f (), o6pamaioileecs B BHyib
npu x =0, umeeT ocobyio TOuKy B Kpyre |x|<r.

PaccmorpuM ¢dynkumio,

foy=m[5(1 +—’,:—)]17,

rlde B Npapofl 4acTH Aas crenesM GepeTcsa IJaBHOe 3HayeHHe.
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Pemenue ypasHenus

D —f),

obpamamouieecs B Hydb npu x =0, uMeeT BHJ

y=o (142 —1],

rie
Nt o b
— — ——— n —
__(1 n) 2" 4r-
Touka x = —¢,, sBAgeTcd OCOGOH TOUKOR mast y(x), npuuem c, > b/M
u lim ¢,=b/M.
n->c0

3. IlpumMeHeHHe MATPHUHOrO HCYMCJEHHS JAsi ONpeneJeHUs ¢QyH-
JaMeHTAJbHOH CHCTeMbl pemleHMii cHcTeMbl JuHeliHbIX nuddepen-
UHAJbHLIX ypaBHeHHi#. a) Ijs TOoro 4toGH MOKa3aTh NPHJIOKEHHS MaT-
PMYHOTO MCYHCJIEHUs, KPaTKOe M3J0KeHHe KOTOpPOro ObII0O HaHO HaMu
B ra. II, § 2, yxaxeM, Kak MOXHO MONYYHThE OJHOBPEMEHHOE Pa3Joxe-~
HYe B Dfl -QyHAAMEHTANBHOR CUCTeMH pellleHHH 1J9 CHUCTeMbl JHMHeHHBIX
muddepentHanbHEIX  ypaBHeHHHE, K03(QOUIMEHTH KOTOPHX ABJISIOTCT ro-
JOMOPPHLIME (QYHKLUAME OT X.

[ycTh HAZO PEIUMTH JMHEHHYIO CHCTEMY

B Y =4y, Y@=, ®)
rie ' ,
A®=la, e @], BE@=103D @G k=12, ..., m,

dynxmmn a; 5 (%), by 3 (x) romomopdur B Kkpyre C ¢ UeHTPOM B TOUKE &,
Det B(x)#0 8 C u

»n (%) »
y=|Y @] oy | % | (10)
ym(x) Yo

Tlomowum x—a ==, ¥ nycm (em. ra. II, § 2, m. 1 ,u%)

A(x) =A@+ A0+ 5 A" @) + . —{——A(ﬂ)\a)—[—-

(11)
B(x) =B(a) —{—1—13’(0:)—}—2—‘3”(0:)4-. . '+n_l B®™(a)+....
YmHoxas sT# papsl cnepa Ha B~1(a), nonyuaem
B-1(2) A (x) = Up+ Ut Uy ... U+ . } (12)
B-l(a)B(x)=1-4Vii V2| ... V" ...,
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rae Ug, Uyy ooy Upy onny Vyy Vo, ooh, Voo o — MaTpHIB NOPSAKaA 7
C TIIOCTOSHHLIMH BJEMeHTaMH.
Hycmb W, k(x)) Yo, k(x)’ ceey Y, k(x)) (k'—'l 2y ooy m)‘“‘ﬁ)”“

OaMeRMANbHAS CUCERT peuwseruli 045 OaHHOW: cucmexu (8), yoosaem-
BOPANUAST HAYANBHUHM YCAOBUSHM

yl,k(a)zos J’2,k(“)=0, seey yk-—l,k(a)=0,
I k@ =1, Ypp1, 2 (@)=0, ..., vy () =0. } (13)
[Tonaras Tornma
Y1,1(%) ¥y, 9(%) .. . Y1, m (xj f
S(x)= )’2.1(") Yo, 2(X) oot Yo m(%) : (14)

)’m, 1(){.‘) ym PN ) ym, m(x)

nonyuuM, 4ro S(a)=1, B TO BpeMss KaK MCKOMOE DelIeHHE MNOHKHO
HUMETh BHI

Y () =S8(x) Vo= 1+ Syt Sy ... + S, ... 1%, (15)

rne Sy, Sgy ooy Sy oo — Mampuysl HOPAOKA M € ROCTROARKBMU IAE-
Menmanu. Onpeneium Terepb STH MATPHILL.

YmHoxas pasencto (8) cnesa Ha B~!(a) u yuwrmBas (12) m (15),
nosyyaeM

A4 Vit + Vo 4. ) (S1 + 2Spe + 855 +- 4555+ .. ) Yo =
= U+ Uyt AU+ . ) (1 Sy S S8+ .. ) Vo,

CpaBuuBas k03()pUIMEHTH NPH ONMHAKOBHX CTENEHSX © B OGEHMX YacTAX
paBeHCTBA, MOXYYaeM, HAKOHell, pexyppermrsie GOPMyIibl

Sy = Uy, . \
28y =(Uo— V) S+ Uy,
88y = (Uy—2V,) Sq+ (U; — Vy) S, + U,, : (16)

48, = (Uo—3V)) S+ (U, —2V,) Se +(U2—~ Vs)S1+U3r

..............

U3 KOTOPHX HaxommMm Sy, S, Sg ..., 8 TeM.CaMBIM ¥ QyHIAMEHTa/b~
HyI0 CHCTEMY pelueHUH, yMOBIETBOPSIOILYI0 HadYalbHLIM ycaosMaM (13).

B wacthocTH, ecam B(x)=1, T. e. B caydae, Koria ypasHenue (8)
HMeeT BUX

8 3ak. 527. HOx. Cancone
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nosnydaeM u3 BToporo pasesctsa (12), uto V, =0, V=0, ... u Torna
M3 peKyppeHTHHX ¢opMya (16) momyuaem

1! Sy =U,,

2! S, = U5+ Uy,

31 Sy= Uo(Ug‘i‘ Uy +2U,Us+ 20U,

41 S, = Uy (Us+ UoU, + 2U U+ 2Uy) -+
+ 83U, (Us+- Uy) + 6U,Uy —+ 6Us,

e 8 e o s+ e .

P

(17)

6) TIpOMMMOCTPHDYeM H3/IOXeHHOe Ha Npumepe. PaccMoTpuMm ypas-
HeHHe
2 =x% (18)

U onpenenuM (QyHIAMEHTANbHYIO CHCTeMy pelleHu#t 2;, 2,, YAOBIETBO-
PSIOIMX COOTBETCTBEHHO HaYaJbHBIM YC/IOBHAM

2,(0)=1, 21(0)=0; 2,(0)==0; 23(0)=1.

[MTonoxum
V=2, yg=2/, Y= 1 .
I Ve
YpaBuenue (18) skBuBajNeHTHO JMHeRHOM cHCTeMe
g_‘o, 1
dx—|x2,0 ’
a NOTOMY, B HAaIUMX OGO3HAYEHMAX, UMeeM
Be1 A_[Ol“_"Ol uooﬁ ”00‘_2
0 “—.20_1|00 oo 10|
'0 1 lo 0 00
R ] ]
u nonyvaem u3 (17), uro
_Ql} S_“oo _,1_'00 1 20“
Ploof” "2 joo’ B 3|20 "t 406

IIpoponst nanee BLIYMCHERHs, HAXOXMM, 4TO ypaBHenue (18) umeer ¢yH-
IaMeHTaNbHYI0 CUCTEMY peLieHHHA

_ IR SPVUTINE ST SRR ST
a=ladggxtaagtirgsmntt

1 1 1
— — —_ %9 A s18
=x+ g tsgsttiseso eyttt
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§ 3. ApanurHdecKkas TeOpMs JHHeHHHIX
IuddepeHnuanbHEX ypaBHeHH BTOPOro nopsaka

1. IlpaBuibHEle W HenpaBHJbHble oco6ble TOukH Hus mAuddepex-
UHAJNBHOrO ypaBHeHUsl Broporo mopsaxa. [Iycts naHo amHelinoe nud-
(epeHIMANbHOE YDaBHEHHE BTOLOTO MOPSAAKA

Bt p) 2 g0y =0, )

Koa(quunemm p{x), q(x) KOTOPOro ABATOTCT TOAOMOPPHEIMH (YHK-
UMSIME OT X B OTKDEITOR KpyrosoHl ofaactu C, onpeiencHHO# HepaBeH-
crBoM |x—c¢| < R. YuuthiBas uanoxensoe 8 § 1 ra. Il u B npeas-
nyueM maparpade, nonydaeM, UTO 3TO YpDABHEHHE HMeeT [Ba JIMHEHHO
He3aBUCHMHIX, rojoMoppusix B C pelleHus. PaccMoTpuM Temepb ciydai,
xoraa p(x), q(x) rosomopdHsr B C BCIOLY, 33 MCKI/IOYEHMEM TOUYKH C,
B KOTOPOH [0 KpaiiHeHl Mepe OfMH U3 3THX KO3(P(HLUEHTOB UMeEeT MO.LI0C.
CornacHo o6uie#i Teopuul), TOuKa ¢ SBIAETCA NPABUABHOL MOYKOI,
a ypaBHeHMe fIBJSeTCS yDaBHeHMeM KAacca Dyxca B OKPECTHOCTH TOUKH
x=¢, ecm p{¥) HMeeT B 3TOH TOYKE MOJIOC HE BLILE, YEM NEPBOrO
TOpsiiKa, 4 ¢ (X)-— NOoMiOC He BbILte, YeM BTOPOr0o NOPAAKa, HMHBLIMU CJO-
BaMu, ecnn Gynrnmu (x —c)p (%), (x—c¢)2q(x) zosomopgrs 8 C.

Ecnu xe ¢ sBasercs momocoM g p(x) WM ¢ (x), uiM A48 OGeHux
O&OYHKIMHA, IIPHYeM YKa3aHHBIE YCAOBHS HE BBHINOJHEHH, TO ¢ Ha3hHBaeTcs
HenpasuAbHOl mouroli. Mbl OrpaHMYMMCS M3yUYeHMEM MOBEJEHHS peleHuH
B OKPECTHOCTH NDABH/IBHOH TOUKH.

2. IlpaBdnbHBle TOukH. Ompenensiomee ypaHenue. Hrax, nycrts
¢ —mpasuabHag ocobas Touxa aas (1); ymMHOXKad Ha (x — )%, mOMyuaeM

(x— P22 (x— ) P()Z 4 Qx)y=0, 2)

rie ¢ysknun P(x), Q(x) romoMopdHH B ¢, H n0'romy
P (x) = po—+py (x — )+ py (x— )+ 2 n (£ —0)", )
= 3

R(x)=¢go+q,(x—c)+ gy (x—c)24-
THe Poy P1s Pas +++3 oo 4y Gor « -+ — NOCTOSBHEE, & PANH CROAATCA

B 3aMkHyToM Kpyre C’ ¢ LeHTPOM B ¢ M pamuycoMm r, 0 < r < R.
BuisichuM, Henb3s M HaWTH pelueHue ypasHenHs (2) B BHIe

y=(x—e) 1+ gan x— )", )

Tae @y, Qy, ...—— [OCTOSHHBIE.

(x—c)",

1) Cum., manpumep, Toay6es B. B. [1], crp. 195, Yurrekep n Barcon [1],
uw I, crp. 272, Asinc [1), crp. 491. — Ilpun. nepes.

8%
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[pennmonaras, 4YTO pajuyc CXONMMOCTH CTOSIUEr0 B KBaJAPaTHHX
CKOOKAaX psiia OTAMYEH OT Hy/s, NMOMyuaeM

L= = et Nan@tmr—cr],
n=1

= (—o <a—1>+f]an(a+n)<a+n——1)(x—c)"],
oneyas, noncrabss n (), st
(r— 0 (2 — D B aa 1) 5k n— D (e o)1
= O ek San ) (5— " Spy e— '+
et 3 e 3 g (e— e =0.

ITepeMHoxast psAnnl ¥ 3amedasi, UYTO JeBag YaCTh HO/DKHA TOMXAECTBEHHO
PaBBATHCA HYJIO, NOAYydYaeM id ¢ H 18 KO3DQUIMEHTOB a,, dy, ...
clenywolllie ypaBHeHHUS

@2+ (po—1)a4go=0, (5)
ay (124 (po—1) (a4 1)+ gol + ap; 4 ¢, =0, (65)
ay (¢ ~+ 2)*+ (po— 1) (* ~+2) -+ g0l 4
B Fa e+ 1)p+al+ap,+g,=0, (6y)
H BOOOILE

ay [(@ 4 12~ (po— 1) (& -+ 1) + gol +
n—-1
+ ,,,2=1 Qo (@41 —1) PGl +ap+ gn=0. (6,)

Ypasnenwe (5) HaswiBaerca onpedesswwur ypaswenuexn 04n (2)
8 mouxe . Ionaras

F(a) =0o?+4(po—1) @ 4o, ™

ero MOXHO 3amucath B BHJE
F(a)=0. (5"

Kopuu p, # p, 9TOro ypaBHeRMS HA3HLIBAOTCE XQAPAKMEPUCMUYECKUMRN
noxasamess My ypasHeHHs (2) OTHOCHTENBHO TOYKH C.

3amerum, uto B ypasnenusx (6,), (6y), ..., (6,), ... Ko3pPHULHeHTH
UpH @y, Qgy .., @y, ... DPaBHH COOTBETCTBEHHO F (2 +-1), F(a-}2),...,
F(a-fn), ... u uro ycnosue F(a—n)+0 npu n=1, 2, ... MOXHO
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BHIPasMTh, CKA3aB; YTO €CHH & ==p;, TO Py #=p; 1, py—+2, ..., a ecau
a=py, TO Py Fpp—+1, pg42,... Orciona caemyer, uro eciu pas-
HOCTh XapaKTePMCTHYECKMX [OKa3aTelelf e sBASETCH LEABIM UYUCIOM, TO
u3 ypasrenutt (6,), (6,), ..., (6,), ... MOXHO pexyppermwuo HaliTu nBe
IOCNe[0BaTENLHOCTH KO3 QUIMEHTOB a,, RAOWMX [Ba HopKaAIbHbLE
pewenus ypassenus (2).

8. CxomuMOCTh PANOB B CJydae, KOTAQ PasHOCTH XapaKTepHCTH-
YeCKHX NoKasaTedeli He sBaseTcd NeJeIM unciaoM. [loxawem, uTo
€CAU Dy — Dy HE SABASEMCS UEALM HUCAOM, MO YKAIAHHHIE 8 npedsi-
Oyujesd HOMepe pexyppeHmHuuili npoyuecc npusodum K 08yM AUHEHO
He3ABUCUMBIM PEULCHUSHK YypasKerus (2).

ITycts
Rpy 2> Rpy
(depes Rx Ml 0603HauaeM JAefiCTBUTENBHYW uacth x). Torpa, monaras
Pr—p=5, ®

umeeM Rs> 0. 3amernM, pnanee, uto F(p,—}-n)= F(P1)+ﬂF.'(Pl)+
+ n®F" (p, )/2—”[291+P0—1]+n2 M TaK KaK Po— 1 =—p;—py==
=—2p;+5, 20y +po—1=s, 10

F(py4m) =n(s+n), [F(92+")=n(n—s)]-

Ilycts N passo HauGoibiuemMy 3Hauenwio Mmouyns P(x—c¢) w
Q (x —¢) Ha oxpyxwHocTH, orpanmuusaomelt kpyr C’. Toraa

|Pul < NI, g, | < N/r* (=0, 1, 2, ...).
3amenss, ecmu 310 Heobxoaumo, N 66abimum umciaoM M, nomyuyaem
| pn | < Mr=", | g, | < Mr=", |p1pp~+ g, | < Mr=* (10,)
(n=0,1, 2,...),
M>1. (10,)

Vs (6,) npu a =p, moxyuaem (|s-}1]|>1), uro

a,F (o, + 1 +pypi+4, =0,
: Ia1I=AI(PIP1+‘11)/F(91+1)1<M/’|S+II<M/",
|a, | < Mlr. (11)

ITycts Temepb HepaBeHCTBO
lan| < (M[r)",

JOK a3aHHOe HaMM npM n==1, cnpasemmso npu n=1, 2, ..., m—1.
JlokaxeM, UTO OHO MMeeT MeCTO M IpH 1 = m.
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B camom nene

m—1
| X am— [(pr +m—E) o+ ax) =+ £19m + 4m |

k=1

|am = Flo - m)] <

m—1 m_1

kgllam-kl L ppe+ g | + | plpm+qml+k§(m—k)|a,,,_,,Hm
< mls+m| <

m—1 m—1

> (Mry™EMr¥ - My 4 3, (m— B) (M) M
< k=1 fryr} <

m|s-m|
m—1 '

m(MIr)" ] X (m— k)] (M[r)™

< k=1 <
m2 |14 s/m|

M[n™ (m+-1)
< 2m |1 +sim| °

B cuay Toro, yto R(s)>>0, umeem |1-s/m|>1, a noromy
|| <ZEL iy < (Y™, (12)

Orcona ciaeayer, 9T0 PaAHyC CXONMMOCTH Dsifa

[es)
A\
14 2 a, (x—0)
n=
He MeHblue, yem r/M.
OG6o3HaunM uyepes a;, a;, ey a; k03¢ GUIMEHTH, COOTBETCTBYIOLME
KODHIO Py, ¥ NOKaXKEM, UTO

|a;n| < (Mzjrym (m=1, 2, ...), (12')
rle Yepes T 0603HAUEHAa BEPXHssd FPaHb UHUCIOBOrO MHOXECTBA

-1 -1
I1—s|1, l1—§| e 1——%!
(3TO MHOXECTBO OTDaHMYEHO, TAK KAaK § He SBJSIETCS LebIM YHCIOM).
B camom nene, F (pp-fn) =n(n—s)=n2(1 —s/n) u | 1—s/n| -1 <=,
2 MOTOMy HaM NOCTATOYHO IOBTODHTH IIPOBEJIEHHEIE BEINIE PACCYyMKIEHUS.
3aMeTuM, HAKOHEN, YTO B CiAydae, KOrNA p, — p, Re SABJACTCS IEbIM
YHCIOM, aHANMTHYECKHEe (QYHKIUK

(e— ol 3w G—er) =9 (1 3 anx— o]
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nuHeHHO HesaBMCHMb. IToaTOMy anasumuueckue Pynxyuu

w, (1) =(x—0 [14 3 a,(x—0)],
7:1 (13)
wy (%) = (x— )" [1 + 2 an(x—o)']

o6pasyiom. GYROAMEHMAIbRYIO cucmenmy pewerull ypasnernus (2). [oso-
PAT, UTO peuieHus w,(X), Wy (X) npuUradsexHcam coomsemcmseRHo noKa-
3aMmeAnH Dy, Do

4, THocrpoeHHe BTOpPOTO pemieHHd B clydae, KOrja xapaxTepH-
CTHYECKHe NOKa3aTesH COBNAJAIOT UIM OTIMYAIOTCH HAa IeJoe 9HCJO.
B pasofpannoM Bhile Ciydyae (NPABUAbHAsA) OCOGEHHOCTh TOYKH ¢ BhIPa-
3WIaCh B NPHUCYTCTBHUH MHOXMTeneh (x— c)fs, (x—c)fz B GopMynax nas
pemenui; eCcTeCTBEHHO IOSTOMY B CJIyYae, KOrja XapaKTePHCTHUECKME
NOK43aTeNM COBMAfZI0T WM OTJHYAIOTCA Ha Le/Noe YHCHO, MCKaTh ¢opmy
peilenys, CONEPXAULyld COOTBETCTBYIOULYWO (JIOrapHPMHYECKYI0) O0COGeH-
HOCTb.

3ameTuM, 4TO eCli p, — p, == 0, TO pellleHre W, (X) COBHANALT C @, (X),
a ecn S fBJASETCH HATYDaAbHBIM uHCIOM, TO F(py—4-s)=0 u Torma
HEBO3MOXHO ONPeAeNMTh C MOMOIGBIO OMMCABHOTO B M. 2 anropudma
kosd¢unment al. TMosromy B OGOMX CiyyasXx mnpoBeleHHbe B m. 3 pac-
CYXJIeHUs JIOKA3WBAIOT JMUIL CYLIECTBOBAHME OHOTO DEUICHHT (x)
ypasaenus (2).

Ins Toro uro6H HaHTH BTOPOE pelieHde, craejaeM 8 ypasHeHuu (2)
noncranosky (cm. ra. I, § 4, . 1w II, § 1, n. 3 ,1)

y(x) =w(x)Y.

[Tony4aem
(x—ap 2 [2(x—c)2 -{—(x—c)P(x)]—:——O

@Y 4y _ @ P

dxt/dx = wy, x-—c'
dY 1 29 4 w—g - % P -0
o= Pepe T TP e (19

[1+ 2 n (x__c)n]2
n=1

ITonaras

Z 2,01 @-o)®

h+2%u—ml n=1 =g (%),

BUIMM, YTO g (c)=1; kpome Toro, dyuxuus g(x) ronomoppHa B Kpyre
C LEHTPOM B ¢, He COlepxalleM OCOGHIX TOYeK P (X), a TaKKe OCOGHX
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ToYex M Hynelt (x—¢)~P w,(x). BuyTpu Takoro xpyra uMeeMm

g)=1-+3 gn(x—0),
a toraa npu s+0 u3 (14) cnenyer (——2p1—p0=—s——1), 4TO

Y(x)= A+B [—~(x-—c)"s——-2 En_ — (x—0)""*+-g, In (x—c)+

n=1
+ 3 o=},
n=8+1

IToatoMy, xorma x M3MeHsieTCsl B OCTATOYHO MaJoOH OKPeCTHOCTH TOYKH €,
ofuee perlenue ypagsenus (2) MMeer BUJL

Aw, (x) + B [gw, (1) In(x — &)+ (x)], (15)

rae A u B— npoussossrsie NOCMOSKHbE ¥

w (x)=(r—o)f [1+2 w (o= er—0 | — 5+ 2 Lo e—or].

n;éa
quTHBaﬂ, 4TO p; — S = Py, TOJyUaEM :

v = (r—0" [ =5+ N x—o . (16)

Dopayan (15) u (16) naor swpaxcerue 06ujez0 peuteHus ypasre-
rug (2) 048 caysasn, xozda s — yeaoe wucao, s > 0. Crosumit B (15)
B KBaJpPaTHHX CKOGKAaX MHOXHTEJNb [10KashisaeT Ha HaAMyue B pelleHuy
sozapupmuneckoli ocoberHoCmMuU.

B ciyuae, xorga s =0, umeeMm

Y(x)=A+Bf[1+§ gn(x— | 1 de =

=A4 B[ln (x—¢) —l—ign—" (x——c)”]',
n=t

a NnoToMy o6mee pemenue HallleI.‘O YpasHeHust MMeeT BHI
Aw, (x)- Blw, (x) In (x—c) + @ (x)], (15")
rne

w(x)=(x—c) il k, (x—c)m. (16%)
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5. llpaBuabHble oco6ble TOUKH B GecKOHedHOCTH. [l TOro yTo6H
H3y4HTh IIOBeJeHHe peulenuM#l aupdepesimanpHoro ypasHesns B 6ecko-
HEYHOCTM, Clle/laeM IOXCTaHOBKY

H PacCMOTPHM ROBeIenMe perlenuil MOJAYYaOINErocs ypapHEHMsSs B OKpe-
CTHOCTH TOUYKH Xx;=0. Orpawuuumcsa ciayyaeM, KOTHa KO3pdHiMeHTH
yDaBHeHMs DeryJaspsbl MIM, B KpafiHeM cJyuyae, MMEOT MNOMIOCH; TOrAa,
B 3aBHCHUMOCTH OT TOrO, SIBNS€TCH JM TOYKA x; = 0 OOLIKHOBEHHOH TOY-
Koft (koapMIMENTH ypasHeHus ronoMopdHH npu x, = 0), IpasHAbHOH
0C000# TOHYKOH, HenpaBHABHOH OCOGOH TOUKOH, CKaykeM, COOTBETCTBEHHO,
4T0 GECKOHEYHOCTh SABJAETCS OOLIKHOBEHHOH TOYKOH, NMpaBHABHOR 0COGOR
TOYKOH, HempasMALHEOM 0CO60H TOUYKOH.
. B c¢uny roro, uro
d 2 d d? 4 d? '3 d
a'%;.‘ —X d—:‘;‘:’;’ d;.‘; xld_.’;+2x1é9

nony4aem
Gt PO ra@y=d Bt 2 — A (D] F+ e (5) y

a MOTOMY 1peoGPa30BaHHOe yDaBHEHHE HMEET BMJ|
@y  [2__1 ) 1
dx? [xl x5 P ( ] dx; + (x1> =0.

Orciona ciegyer, 4TO TOYKA X = OO $BJSETCH OOLIKHOBEHHOH, eC/1H
B oxpecmocm X == 0O HMEIOT MEeCTO PAa3IOKEeHHd

2x—x“’P ()= E PaxX™" Xtq(x)= Z In® ™"

¥ NpaBUABHOR 0COGOH TOukoH, ecau

1p(8) = 3 pye=r, £ ()= 3 557",

T. €. ecid p(x) MMeeT B GeCKOHEYHOCTH HyJib He HIDKe, 4eM MepBoro
nopsnKa, a ¢ (X)—He HMKe YeM BTOPOro.

§ 4. Jluneiinsle jquddepeHnnansubie ypaBHeHAs
C TpeMs HPaBHJIBHLIMH OCOOLIMH TOYKAMH.
I'noepreomerpuyeckoe ypaBHeHde

1. YpasHenue llanepuna 1 ¢pysxuus P Pumana. B ony6/iuxosanrom
MOCMEPTHO MeMyape PuMana HaMeueHO pelieHMe BONMpoca 06 OnpeneneHuy
BUna nuddepennHanbHOro ypasHeHus 0o 3aXaHHEIM OCOOLIM TOYKaM K03¢-
uIMEHTOB M  COOTBETCTBYIOINMM XaPaKTEPUCTHYECKHM TIOKA32TeNIsM.
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OrpanuynMcs pacCMOTpPeHHEM YPaBHEBME BTOPOro NOPAAKA, MMEIOLHUX
JMHIWb TPM TpaBMiIbHLIE OCOGbie TOukd. Jlerko MOKasaTh, YTO ypaBHEHHE

R e b 2, <1>
+{aa’(a—;i)‘§a—c)_}_ﬁB’(b—;ng-—a)+
+‘{Y’(0:il_)_£€—"b)} (x—a) (x-—-b)(x—c)zo’
. oo BB 1y =1 @)

HMeeT JUINb TPasuibHEE 0COGLle TOUKU @, b, ¢, U 4YTO COOTBETCTBYIOILHUE
XapaKTepUCTHYeCKHe Tokasatenu pasus «, o5 B, f5 v, ¥'.

B camom nene, B TOYKe x¥==@a uMeeM pg=1—a—a’, gy=aa’
(cM. oGo3pavenus n. 2 npembinyllero naparpada), a NOTOMy KODHH onpe-
NeNSIONero ypaBHenyst pasuel @ u o,

Hcmoan3ys Te e 006O3HAueHWs M yUMTHIBas PaBeHCTBO (2), NouayuaeM,
4TO

2 —xp(x) =2x—(1—a—a)x/(1 —a/x)—
— (1 —B—B") x/(1—b/x) — (1 —y — 1) x/(1 — %) =

[£4

—2x—(1—a—a)x(1 +S4+5+ )=
= — e (1—a—a") b (1 —B—B) F e (l——1)l+ - - -,

a notoMy GyHknua 2x — x2p (x) peryaspHa B TOYKe X = 0O. AHAJIOTMYHO
NOKa3hBaeTCH, 4TO x*q(X) Takxe peryaspHa npd x = 00, OTKyZa Cie-
IyeT, COrjacHo CKasaHHOMy B 1. 4 § 3, 4TO TOYKa X = 0O ABJSETCH
OGLIKHOBEHHOH TOYKOH Husi ypasxenus (1).

Ypasnenue (1) Guiio wasineno IManmepumem [1].

O6parno, Haubonee obmee auHeRnoe nudhepeHNUaNLHOE ypasHeHMe
BTOPOTO NOPSAKA C TPeMs NPABUILHLIMYU OCOGHIMM TOUKAMH MMeeT BME (1),
npuueM nocrosuume a, o', B, B’, y, 7' cBs3amb coorHomenueM (2).

Jns yxasamust TOro, 4to (DyHKIMA ¥y YIOBJeTBOpseT ypasHenmwo (1),
Puman npumenan o6osnayenue (cM. Puman [1], crp. 176—186 u 159—175)

Y

a b c
y=Pla B 1 x> 3)
4 A
o By
rge B nepsolt CTpoKe CTOST TOYKM @, b, ¢, a B CTONGAX — COOTBET-
CTBYIOUIME MM XapaKTePUCTHYECKMe MOKa3aTelsH.

Hasosem y ¢ynxuue#t P Pumana.
HanpuMep, runepreoMerpuueckoe ypasHende (cM. IL 3)

1= e—@+o+1) 2 —aty=0
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MOXHO 3amucaTth B BuUIE

diy ¢ y14atb—c | 1—a—b}dy ab .
dx2+[x+ —1 + oo ]d—x+x(x—1)y—0’

X X —

H TOTOMY
0 o0 1

y=P~P 0 a 0 x
1—¢ bec—a—>
2. Tpeo6pasoranuna Pumana pias dyuxuuu P. a) JloxaxeM crenyio-
Iyi0 OCHOBHYIO TeOopeMy.

Ecau npu Opo6ro sauneiinos npeo6pa3osarun (¢ NOCIMOAHHOLML
Kosghghuyuenmamn)

x=(Ax, -+ B)/(Cx,+ D), (AD— BC+0)
moukam a, b, ¢ coomsemcmsyom mouxu a,, b,, ¢,, mo

a b c a, b ¢
Pya B 1 xt=Pia B 1 x 4
al pl ,YI al pl ,rl

I noxasaTensCTBA HAaM  JIOCTATOYHO IOKa3ath, YTO PaBeHCTBO (4)
HMeeT MECTO NMpPM 3JeMEeHTaDHHX NpeoGpasoBaHusAX:

a) x=ux,-+k, 6) x="Fx,, B) x_—_xii.

Jlns npeoGpasosanus ,a“ Halue yTBepXJeHHe OYEBMAHO; IS ,0 MMeeM

dy 1 dy dy 1 d¥y
dx~ k dx;’ dx? — dxf’

a noromy ypassenue (1) npeoGpasyercs B ypasHeHHe (@ = kay, b= kb,
c=kc,)

1 d%y l—a—af 1 dy
%] ‘_1+{ kxi— kay +- } dx1+
: aa’ (@1 — by) (a1 —¢y) y _
B e R LT e i

YmHoXas 570 ypaBHeHHe Ha k2, yGewlaeMcsi B CNIPaBelIMBOCTH paseH-
cra (4).

Hakonen, paccmorpuM mnpeoGpasosanue ,8“. [lonoxum a=l/a,,
b=1/b,, c=1/c1 Torxa (cm. § 3, n. 5)

d2y ] —a-—aof
td 2+2 ldx {l/xl“—l/dl_}— } 1dx1+
+{aa' (1)ay —1/by) (May — 1/ey) 4. } X

xy—1/ay

Yy .
X W= Tay) (s = 1) T — ey °
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CxnanbiBas BTOPOK M TpeTHH WIeH M 1end Ha xi, yéemuaemca B Crnpa-

BEJMBOCTY DaBeHCTsa (4).
6) Ecnu y ssanemcs wymcuueu P, onpedesennoli aupaolceuue.u (3),

mo Pynxyus , R
x—a\k(x—c¢
Y1 =<;—_—b> (x—_“b) y (5)
marxce s8asemcs @yHxyuel P, npuden

a ‘ b c
yy=P{ at+k B—k—! v+4! xi,
o +k B—k—1 Y1
UHBLMU CA0BAMW, noxasamesu &, o’; ¥, ' ysesunusaomcs, coomseem-

cmsenno, na R u l, a noxasameiu B u § YXeHbuaIOmS, Ha k-1
TakuMm o6pa3om,

x—a\kfx—c\l a b
(=) (7:5.)” “ g

a

4 .

17X = (6)
4 7

Y .

a b c

—p| adh B—k—I I xi.
ok F—k—l 4l

YuraTtenh MOWeT NPOBECTM TpPAMOE NOKa3aTeNbCTEO STOr0 yTBEDWHIEHHS;
BOpOUYEM, Hponyckas, yTo ypassemMe (1) OXHO3HAUHO ompenensieTcs 3ajga-
HUeM TOYeK &, b, ¢ W COOTBeTCTBYIOUIMX XapaKTEPHCTHUECKHX MOKa3aTe-
nefl, MOXHO JIOKA3aTh 3TO yTBEeDXJeHHe, 3aMeTHB, 4TO B cuiy (5) dynx-
uud y, HMeeT ocobble TOYKH @, b, ¢, npHYeM XapPaKTePUCTHYECKHE MOKA~
3aTe)M NO CPaBHEHHIO ¢ QYHKIMeH y yBeIMYMBAIOTCS B TOYKe & Ha B,
B TOYKe ¢ Ha [ ¥ YMEHbIUAIOTCA B TOUKe b Ha R--1.

3. I'nnepreomerpuueckoe ypaeHeHue I'aycca, Hasosem zunepzeo-
MempuueckuM YpasHeHueM YPABHEHHE

x(l—x)dx2+[c—(a+b+1)x] — aby=0. (7

Y10BAETBOPAIOLLYI0 €My 2aHANMHTHYECKYI0 (QYHKIMIO HA30BeM 2umepzeome-
mpuyecxoli ynryuel v).
B cuny ckasanmsoro B m. 1, y siBaserca ¢ynxumeit PuMana, npuuem

0 ©0 1
y=P{ 0 a 0 X (e (8)
' l—e¢ b ¢—a—b

1) 910 ypaBueHue paccmarpuBasoch Jiaepom B [1], T. 11, m. 1035, 1039,
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B cuny coornowenns (6) umeem

a b ¢ ' a b ¢
Ple 8 wx|—(CZ2(EZSyp| 0 etBtr 0 x|
o By ) o —a a4-B'+ vy —1q

JIpo6HO nuHefHas MOACTaHOBKA X, = (¥ — &) (¢ — b)/(x — b) (¢ — a) npe-
ofpa3yeT TOYKH @, b, ¢, COOTBeTCTBeHHO, B ToukH 0, oo, 1, a morowmy,
B CHAy TMONAYYeHHHX B 1. 2 ,a“ pPesyabTaTOB, HMeEET MECTO CIeNyLias
3aMeuartenbHas GopMyna :

a ‘b ¢ -
Ple, &1 x| —EET TP

0 o’o] 1
X3 0 a+B41v 0 x . (8
¢’ —a a+f4y ¥—1

4. Tunepreomerpudeckuit psax. a) OGuias TeOpHUs NO3ROJNSET USYYUTD
noBefieHde pelleKUl [HIEPreoMeTPMYeCKOro YPaBHEHHS B OKPECTHOCTH
0CoGrx Touek 0, 1, CO ¥ NPONOMKHTh UX aHAMMTUYECKH Ha KOMIJIEKC-
HYI0 IVIOCKOCTb C Pa3pe3aMu BIOAb NeHCTBUTeNbHOR ocH OT — oo Ho 0
u oT 1 o co (B 3TOH ONHOCBA3HOR OGNACTH BCe PelleHUs rOJOMOPGHbI).
Mu panu KpaTKOCTH OrPaHHYHMCH H3yueHHEM TOBEeHHs peluenuft B OX-
pecTtBOoCTH TOukM X = 0.

Ecnmu ¢ ue sasasemcss yeaws uucAom, TO, COTIACHO TONYYEHHBIM
B § 3, n. 3 peayabraram !), dyumamenTanbHast CUCTeMa peIUEHHH UMeeT
BUI

1%, ya(x)=x1-u(x),

re Gyskuuu y,(x) W #(x) roioMOpdHE B OKPECTHOCTH TOUKM X = 0.
He Tepsis OOIIHOCTH, MOXHO CYMTATh, 4TO

»O0)=1, a(0)=1.
ITonoxum

nE@=Zewm (=1

[Toxcrasass ato BhpaxeHue B (7), moiayuaeM
x(1—x) Zn(n—l)c xn=2 |-
+fc—(a+b+1)x] 2 ne,xn~1—ab Zc xn =0,

n=90

1) lns ypaBaenus (7) UMeeM pipy =g =0, —py—pg=py—1=c¢—1,1. e,
p1=0, py=1—¢.— Ilpun. ped.
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OTKyna
—nn—ec,+nn+ ey +(n41)cc,,, —
—(a}+ b6+ 1) ne,,— abe,, =0,

cm_i=(n+a)(n—|—b)cn/(n—|-1)(n+c). 9)
Taxk xak ¢g=1, To
__a-b _a(a+1bo@+1)
GQ=1..2 G~ 1.2c(c+1) * °°7
_a(@41)...(afn—Db0G+1)...(6Fn—1)
n nlc(c+1)...(c+n—1) *

CoorserTcTByOIHA pan

a-b ala+1)b(b4+1)
V1ot —aeqny  ~F -+
a(@d1)...(@a+n—10bb+1)...(b4n—1)
+ At D). (cFn—1) x—-... (10)
HAa3bIBAETCH 2unepeeoMempuiecKum pm)oJu Hu 0603H8'{36TCH, corinaco
layccy, cumpoioM

F{a, b, ¢; x)1),

yKa3hIBAIOIUM ero 3aBHCUMOCTh OT X M IapaMerpos &, b, ¢.
Taxkum o6pasoM, MBI HamJH [ pelieHds y; BLHIpaXceHHe B BHIE
psxa
n=F(a, b ¢; x)=

=1+2 a(@+1)...(a+n—1)bkb+1)...(b+n—1) o, (1)
n=1

e+ 1)...c+n—1)

pajuyC CXONMMOCTH KOTOPOro, B CHIy pesyibTaToB § 1, pasen enuuuie.
[Tocnextee OGCTOSATENBCTBO CEAYeT, BIPOYEM, HENOCPENCTBEHHO M3 TOrO,
yro, coraacko (9), lim ¢, /e, q|=1. -

7n > oo

N HAXOKIEHWS DPelleBHs J NOCTATOYHO 3aMETHTh, UTO
0 o0 1
xe-1y, (x) =P 0 a—c—1 0 X =
¢c—1 b—c¢+1 c¢c—a—0b
=F@+1—c¢, b+1—¢, 2—¢; x),

OTKyZa
Vo(X)=x1"Fla++1—c¢, b+1—c¢, 2—c; x). (11y)

1) Cm. Taycc [1], = III, crp. 125. Pax (10) paccmarpusaica DiinepoM
B Memyape [2]. Ha3panue runepreoMeTpHyecknil psax Ouino BeefeHo KymMepom
(cM. Kymmep [1)).

OTHOCHTENbHO JHTEPATypel MO THNepreoMeTpuyeckoil ¢yHkuum cM. Kamme
ae depoe [1].
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Ms (11,) u (11,) crenyer, yTo B Kpyre C LIEHTPOM B Hayajle KOOp-
JMHAT K pajsMycoM 1 jmo6oe pelienHe rHIEpreOMeTPHYECKOro ypaBHEHHd
UMeeT BMI

y=c,F(a, b, ¢; x)Fcx1~¢F(a+1—¢, b-+1—c¢, 2—¢; x),

rfe ¢; U Cy— IIPOU3BOJIBHHE IOCTOSHHbIE.
6) Umrareib JIErKO NMPOBEPHUT, YTO

F(—n, b, 0 —0)=142x 20Dy —a4am,
. - X X2
FL, 1, 2 —0=1—0+3F— ..,

a noromy JAJs TJIABHOTO 3HaueHMs Jjorapupma 1 - x umeeM

In(14-x)=xF(1, 1, 2; —x),
X b(b41) x2 . X\~
F(l’ b 1’_17_>—1+1l b+T 52 ”‘(1‘1"—;—1,) ’
OTKyZa »
er = tim (1 +—25)" = lim F(1, 8, 15 5/b).
b~ oo

b>

B) YCTaHOBHM, Hakorell, auddepeHnuanbHoe COOTHOIIEHHE, KOTOPOE
Gyzer MCNOJAb30BAHO B CieAylolieM naparpade.
Nuddepernupys coorHoulerde (7) mo x, noayyaem

dz jd dfd
2 (1—0) 1 [ %]+ e+ D — @t o+3 15 [ E]—
d
——(a-}-l)(b+1)[;{]=0
TaxuM 06pa3oM, npou3sodHas om 2unepeomempuueckoll Pyrxyuu

maxxce f8Aemcs unepzeomempuneckoil Qyuxyuell, usenoueld napa-
Mempoi a1, b1, ¢--1, 1, B yacrsocry,

dF (a,b,c;x) __ab .
._T____—C—F(a—I—l, b+1, e+1; x). (12)
BooGwe uMeem
,(n= (n~
w(1—0 2 et n— 1) — (@ 0420 —1) 9 2

—(@-n—1)(04n—1)yrD =0,
OTKyZa, YMHOXad Ha x¢+n~2(]1 — x)e+b—ctn—1 nomyqaem
tTdJE [xn—}-c-l (1 __x)a+b—c+ny(n)] —

=(a _.I_ n—1) (b+” —1) xn+c—2(1 ___.x)a+b-c+n—ly(n—1).
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Iuddepennupys sTo paeeHcTBo n—1 pas, nojayyaeM PpeKyppPeHTHYIO
popuyuy

ﬂ_ [xn+e-1 (1 _x)a+b—-c+ny(n)] —

=(e+n—1)(b-+n— )d s 1[x”+'3‘9(1——1«t)"+b etn~1y(n=1],

Bamensis B oToft Qopmyne n Ha n—1, n—2 ee.y 2, 1 ¥ nepeMuoxas
IIOle‘{a!OlU.HeCSI DaBeHCTBa, UMeeM ’

[xn+c—] (1 —x)‘”b c+ny(n)] o

=a@D...(@+n—1bG+1)... 0+r—1)X
X x¢- 1(1 ___x)a+b-cy. (13)
r) Iombayschk dopmyno#t (11,), nerko nOKasaTh CHPaBEAIHBOCTb yCTa-

HoBJeHHHX [ayccom (cM. I‘aycc [2], ctp. 130) cooTHOERUH 1S CHeNHC-
Rox QyBkuMA F

aF(a-+1, b, ¢; x)—bF(a, b1, ¢; x)=(a—b)F(a, b, ¢; x), (14)
Fa+1,b—1, ¢; x)—F(a, b, c; x)=
=" P a1, 0, e 15 0. (15)

ITH COOTHOUIEHHS TaKxke GYAYT MCNOAb30BAHL B CAefylollleM naparpade.

dx"

5. l'anepreomerprueckuit unTerpaa diaepa. PaccMOTPUM BBeIeHHbIH
OHNepoM HHTerpan
1
f (1 — )" (1 — ux)"%du,
0
npepnonaras, 4TO # H3MeHdeTCs BROJL oTpe3ka [0, 1] meHcTouTensHOM
ocH, ¢ >b>0, [x|<1, a (1 —ux)"® npurapiexur BeTBH, NPHHUMAIO-
nie#t npu u—>—}—0 (BJIOJIL neﬂcmmenwoﬂ ocu) 3navenue 1.
Torza

(1—ux)y =1 +—1—‘ux—{—ﬂ%-‘l—'—l)u?x“’+ cee

B cuny npennonowenus |x| <1, crosummit cnpaBa psj PABHOMEPHO CXO-
BUTCH, KOria u usMensercs ot 0 xo 1, a moromy
1 .
b—1 —b— -
fu (1—w)* " (1 —ux) % du=

0

- Ea(a+1) n(a+fl—1) nf nb-1 — ) gy, (16)

n=0
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B cuily M3BeCTHHIX CBOKCTE raMMa-(hyHKIM 1)
1

— b r HI(c—b
Jur 7 = du = Bnf-b,c—b) = HEFATE=0
o

_(tn—1)(+n—2.. PGB (—b

(c+n-——1)(c+n—-2) ¢l (c) :
Honcranass sro srpaxenue B Gopmyiy (16), noayuaem, uro npu | x| <1,
¢ > b >0 umeer Mecro opmyna Ditnepa
1

f ui’"l(l _u)c—-b—l(l —ux)"%du =EL@II“((%QF(¢1, b, ¢; x). (17)
; v

MoxHo poxasarsb, 4To popmyna (17) cnpaseanusa, ecid R (¢) > R (b)) > 0.

§ 5. I'nmepreoMerpuyeckHe MHorousenbl Axobu

1. Muorounetn HAxo6u P ® . a) Ecau xoTs 651 ofius M3 napamMeTpos &
WM b paBeH NeJOMY OTPMLATENLHOMY YHCIYy — 1, TO THIlepreoMeTpHue-
CKMA psi NpeBpallaeTcs B MHOrOWIEH CTENEHH -7, HA3LBAEMHIA 71-M
rAnepreoMeTpHyeCKUM MHOrouseHoM Slko6u (cm. fxo6u [1], . 6, cTp. 191).

JTOT MHOFOWIEH 0GOSHAYAETCHA OAHMM M3 ABYX cuMBojos PP (x), P,(x)

PP =t CED P pin 41, —n, at1, 152)
(n=1,2,...). (1)

[To omnpenenenuo,
PEP =1. (2)

Kosdpouument npu x» B P, uMeer BUJ

(@e+1)(@+2)...(a4n) @+B+n+1)... (a+3+2ﬂ)(—1)"n!(__l)n 1

nt M@+ @+2)...(a+n) o’

a NoTOMY

PeP = (TRt @

1) Mui npepnoaaraeM, 4TO YHTaTelb 3HAKOM CO CBOHCTBAMH 2aMMa-@yHKyuu
T b

(aliaeposa unmezpara emopozo poda) I' (a) = f x%1e=® dx (Ra>0) u 6ema-

0
dynryun (3iineposa unmezpara nepsozo pooa)
1

B b)= [ (1 —xp-tax = L@TO)

T(@+b
Cy. npuMesanue Ha c7p. 144.

9 3ax. 527, k. Cancons
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6) dna toro uTo6bl noayuuTs auddepeHuManbHOE ypaBHeHHe S
MHOTOYNEHOB P,, NOCTaTOYHO 3aMEHHTh B THIIEPreOMETPHYECKOM YpaBHe-
HHM X Ha (1 —&)/2, 3aMeHMB COOTBeTCTBeHHO @, b, ¢ Ha a B -} n--1,
—n, a-}-1; 10ria moONyyaeM, UTO
da:pP dapP
el —B)+ @+ B+ 2 A+

' +n(n+a+§+l)Pn=0' (4)

B) ,Ilmbdxepeunnpya gopmyay (1) no x u yuuTeiBas paserctso (12)
us § 4, nonyuaem :
Py, __(e+1)(@+2)... (a+n)(°‘+ﬁ+ﬂ+l)(—ﬂ)x
dx n! a1

XS (a8 nto, —np1, atr, 155),

(1—x2)

P/g.e)___a+ﬁ—i2-n +1 Pl B+,

2. dopmyana Poapura. lponzsoxsamas GpyHKuus MHOTOUIeHOB Pf,' 0
a) ITonaras B dopmyne (13) u3 § 4 b=-—n ¥ 3amensas a ¥ c Ha
a-B-4n-+1 u a1, ccorsercrsenno, a x Ha (1 —£)/2, nonyuaem
TaK Ha3biBaemywo ¢opmynay Poapura '

L VIR ki \—a - 4 a1

PL P (x) == (=07 (1 4x) —(I-)—C—,‘—[\I—fx)" (142" (6)
Ecau B 5TOR dopmyne 3amenuts @ u 8 Ka  u @, a ¥ Ha — x, TO nOAY-
yaeM, 4To

PSP (x) = (— 1" P3P (— x). (7)
6) dopmyaa (6) no3onser HalTH TaK HASLIBAEMYIO MpPOUIBOOSULYIO

@yrryuro 1N MHOTOUNEHOB $IKOGH.
YpaBrenue

y=x—g(1—y), ®)

raie X 9BAAeTCR JEeHCTRUTE/ALEHIM MIH KOMILVIEXCHBIM (i)MKCHpOBaHHbIM
YHUCJ/IOM, a 7 — [napaMeTpoM, HMeEeT KOPEHL

1—-V1—=2rxFr2 - 2x—r :
; === @

Ecau svbpaniy semsv paduxaira, npurnumanouyo npu r=0 3nauenue
-1, 10 nonyuum, uro y(0)=x. Pamukan obpamaercs B Hyib TpH

r=%§ &7 §_=x—{—Vx?——l, [E] > 1,

H nerxo BugeTh, uTo |&| paswo cymme noayoceii npoxodsuezo 4yepes
MOYKy X aaaunca, QPoKycol KOmMOPOO HAX00LMCK 8 MOYKAX +1n

yin=
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~—~1 (cM. Hap8y [2], crp. 21). B camom pnene, mosaras x=X-iY,
E=ope? (p > 1), umeen

XL iY = (48" )/‘2:—%[(9 —i—i%)cvosﬁ—}—i(p———})sinﬂ],

1 1V}2 1 1\]?
e+ e = v
M CyMMa [OJyocell COOTBETCTBYIOLIEro 3JLIH:ICA neﬁcmmenmo pasna
p=I¢[.
Tostomy npu |r|<|§|™' ¢ynxuus y(r) sBasercs rozoMopdHof,

u ecm f(y)—ronomoppnas dysxums or y, 10 npu |r|<|&|™' cnpa-
- BELMBO pasnoxenue B pan Jlarpamka (cm. Jlarpawx [1], r. III, ctp. 25,
a raxwe Yurrexkep W Barcom [1}, 1. I, ctp. 178)

fnZ -f()+)““"’ (A—xf(el  (10)

nl dx"

Honoxmm fO)=0—Q+y'n 8u6epe,n 048 cmenenei (1—y)",
(14 y) 2sasnse 3navenuss; f(y) Gyner toraa romoMopdHoRt dynxuuest
OT y BCIOAY, 32 HCKJIOYEHHEM TO4eK y=——t-1; u3 (8) nomyuaem

dy 1 1

Zc__‘l——ry——‘ Vi—2rx§r2°

Ymuoxas (10) ma (1 —x;7" (1 4 x)~ *u qubmaﬂ PaBEHCTBO (6), yGe-

’JaeMcs, HaKOHell, 4YTO Apu |r[<[€| umeem Mecmo paa/loyceuue
8 pR0 Swobu (cm. Slkobu [1], 1. VI, cTp. 194)
ou+p

Vismeg TV T A e Y T

=14 Y‘P‘“ B ). (11)
n-.:l :

3. 3nauenns P, (il). Bumonnss puddepennmponanye B npasoft
yacTH ¢opmyasl (6) mo Teopeme JlefiGHMIA H NPHBOAA TOAOGHBIE u/ieHH,
nonyyaem

(=2 (12 PP () =
=G B0 0 e

= JEEERTEY e

v=0

a moToMy

oF
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OTKyZa

| Ped=(*1") (13)

u, B cuny (7),
Pt (—n=—1r(*t". (14)

Jenas B dopmyne (12) nopcranosky x = (f-1)/(— 1), noayuaem
apyryio ¢opMyny, KOTOPYH TaKie IOJNe3HO MMeTh B BHAY,

(= AeR (EN=FEENEEN L

4. PexyppeHTHble popMyibl. a) Jl1a mHorouseHos P, CHpasemiIMBHI
COOTHOILEHMS

@n-taB+2) PP (0) =

=+ a-+B+2 P+ o ) PE W), (16)
(1—x)(2n4a+B42) Pyt P () =

=2(n+a++1) PO (x)—2(n+1)PER(x), (17)

BHITEKAIOIMe M3 vq)opmyn (14) n (15) § 4, ecmu yuects dopmyay (1)
storo naparpaga.

IMepectanas o M 3 M NpuHEMAs BO BHMMaHMe paBeHCTBO (7), MOIy-
yaeM (opMyasl
@n—+a+B4+2) P50 (0) = |

=(r4a+p+2) P P ) — (B D PSP ), (19)

(14 x) @n+a-+B42) Py () =
=248+ )PP @20+ DPED (0. (19)

6) Jlerxo Bnnen,, YTO JUIA MHOTOYJ/IEHOB P( 'B) CTUpaBeJIMBEl Clie-
Ayoue pexyppentasie dopmyns (cM. Hap6y (2], ctp. 378):

PR =P 0P PP PP (=1, 2,..0, (20)
- 2(ntatpt1)
T @ntatBrD@ntatp+2)’
2(a—§)
=@ et @t FET)’ (205)
—2(n+ ) (26
TmtetrpentetH@FaFErD’
P“‘ B) =[Ax+ B PO —C, PP (n=2,3,...), (1)

rjie
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rie

A _@ntatpy@ntatp—1) \
" 2n(n+a+8) ’ I
e 2ntatp—1
B, = 2n (nta+p) @n+etp—2) i 21y
J

¢ —(nta—Dntp—DEn+adp
T T amtat P Fe+E—3

B cuny (5), coornomenue (20,) MOXKHO 3amuCaTh B BHIE
P(;.a)=5na+ﬁ-;n+2 Pttt

1 (a+1, «
+,qna+8-$-n_+ plr+ a+1)+cna+g+n pletd B+D),

Ilns nokasatenbcTBa 3TOTO PABEHCTBA HANO BHPasHTh, COTIACHO ¢dop-
k) ple B+1) (2, B+1) (@, B+1)
myne (16), P, " uepes P, ¥ Pp’ 7" ¥ nopcrasurs BMecTo P

u P8 ux supaenus, nonyuaembie u3 (18).

AnanoruyHo a9 [OKa3aTennCTBA paseHcTBa (21,) Hamo BHpasuTh

P& % no dopmyre (17) vepea PP u pE-1® y savennts mocremnue

BLIDaXEHHAMH, Tonyyaommucs u3 (18).

5. OptoronaarHocTe MHoOrouxenos P, B [—1, 1]. a) IToxaxewm,
yro ecmu a >—1, B>—1, mo nocredosamessrocms Gyuryui
(PSP (%)} opmozonasna 8 (—1, 1] omuocume.rsno seca (1—x° (14+-x)°.

Ymuowas ypassenne (4) na (1 — x)*(1 4 x)°, npusenem ero x camo-

CONPSKEHHOMY BUAY

o= a e 4
Frnta-BF D1 —x) 0 +£°P, =0 (22

(cm. rn. 11, § 4, m. 3 ,6“). YmHOMasA 3TO paBeHCTBO Ha P,,, MHTErpHpYs
or —1 pmo 1 w nonaras

1
Inn= [ 01 —%" (142 PP, dx, (23)
-1
noayyaem

ntotpt D m= [ Q—o" 4o/ TnLr gy (o4
-1 .

Mensis MeCTaMM n ¥ m M BHYMTas IOJYYMBIIEECS DaBeHCTBO U3 (24),

noyyaeMm .
(n—m)(a—[—@—j—n—j—m-{-l)ln'm:(),
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2 NOTOMY IPH # 5= m umeer MECTO ciaenyiolujee COOTHOUJBHHE opTOro-
HaNbHOCTH

f 1 — 2 A2’ PP dx=0 (n+ m). (25)

6) Yunoxas pasenctso (21,) ma (1—x)*(14x)°P, u murerpupys
or —1 no 1, noxyyaem, B cuay (25), uro -

L, =4, f x(1—x)" (12 P,P,_,dx. (26)
-1

HOCTyﬂafl dHAJOTHYHBIM 06p330M C COOTHOLIEHHEM

Pn+l_(An+1x+Bn+1)Pn n+1pn 4]

nonyyaem (B MHOXuTene P, sameneno Ha (P,_,), uT0
1
C B
Y =An+1 fx(l “—x) (1 "'l'"x) PnPn-l dx_c11,+11n—1, n-1°
-1
Cpasnupas sto pasenctso ¢ (26), suauM, uTO

]n, n = AnA;}-ICn+IIn-—I, n—1
I " (nda)(n-B) . n+ad-g—1

mn = antatB)  mfeffl n-h-r
U3 stoft pexyppentro#t dopmyns u u3 TOI‘O, 41O

o= [ (1 —x" (142 de= ”B“fe’(l B dt=
T

2¢+ﬁ+1F(G+I)I‘(B+1)
Te+B+2) °
NnoJiyyaem
1
o= [ Q=20+ 2P Pi()dx=Pk,( B, @)
-1
rne ’
hy (2, By oot T(nfat DD (n+p+1)
Tt +ﬁ+1rm+nrm+a+s+n
(n=0,1,...). (27')

Wtax, Mbl 10Ka3adu, UYTO CUCMEMA MHOZOYAEHO8 flxoﬁn

(k2 (a, B)P P (x))

SIBNSIETCS  OPMOZOHAAbHON HOPMUPOBaHHOE (M, KAK MOXHO [OKa3arb,
3amxnymoii 1)) cucremot pysaxumi na orpeaxe [— 1, 1] uam, xak unorxa

1) Cwm, Harancon W. IL [1], crp. 419.— Ipux. nepes,
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roBopAT, 06pasyer OPTOrOHaILHYIO jekapToBy !) cucremy ¢yuxkuuht wa
orpeske [— 1, 1] otHocuTensio seca (1 — x)* (1 - x)°.

) ITpuMenuM NOKa3aHHYI0 OPTOTOHANLHOCTH MHOIOWIEHOB SIKo6M mas
BLIBONA HEKOTOPHX DPe3yAbTATOB, BOKHHX JUIA NPUIOKeHHH.

Hycms {a,} — nexomopas nocaedosamersnocme Oeiicmsumenrsuoix

(o]
quces, u nycms pso Za,LPﬁ” 2 (X) pasnomepro cxodumcs Ha ompesxe
n=0 : ’

[—1, 1], npuyem cymma ero pasaa f(x),

)= D a, PP x). (28)

n=0

W3 cnenawnbx npennonoxenuit cnenyer, uro ¢yuxuus f(x) senpe-
puiBia. Ecau Mbt ymuoxuM 06e yacTy pasenctsa (28) a (1 — x)* (1 + x)* X

)(Pﬁ" 2 (x) u npounterpupyem or — 1 10 1, TO, NOAB3YACH 3AKOHHOCTHIO
MOYWICHHOT0 HHTErPHPOBAHMS B NpaBof 4yacTH, moaydaem gopmyay

A= A DD e = agkn (e, By

el
1
= E—(ifﬁ_) [a—xr 400 PP (x)ax, (29)

BHIpAXKaAOWLY0 Ko3dduiueHTs pasdnoxenna (28).
WUssectno, uto Ko3pPUNMEHTH @, HASHBAOTCA KOIPPuyuermamu

®ypre, a pan X a,Pe? (x)—padox dypre dyuikimu f(x) OTHOCH-
n=0

TEJIBHO OPTOrOHA/JIBHOM CHCTeMbt {Pﬁ’" ().

Ecmn oynxuus f(x) cymmupyema (B cMhcie JleGera) Ha oTpeske
[—1, 1], To nas Hee MOXHO BHUKC/MTL N0 dopmyre (29) xosduuuenTH
dypre. BechbMa BaHHIM BOMPOCOM aHA/M3a fABJSETCS H3yyeHHWe moBejle-
BMS COOTBeTCTRyMOIIero psxa Pypbe Ha [—1, 1}2). Yurareap nomxen
HMeTb B BMIY, 9TO CXONUMOCTh psina (28) B HexoTOpof TOuUKe X mpome-
Kytka (—1, 1) sBasercs nOKanbHBLIM (PaKTOM, T. €. 32BUCMT JHIIb OF
3HayeHu#t f(¥) B CKOJb YrOMHO Manoi OKPeCTHOCTH TOYKK X. B m: 7 MH
NOKaXKeM, YTO CXOMMMOCTb 3TOFO psjaa B TOYKe x0 KOMIIEKCHOR mwio-
CKOCTH, He Jexaineit Ha oTpe3ke [— 1, 1], Bieuer 3a cobGoit ero cxomu-
MOCTh BO BCEX TOYKaX IVIOCKOCTH X, JeXallyX BHYTPH NPOXONSLIEro
yepe3 TOYKy x© 3/mmnca, GOKyCH KOTOPOro hexat B Toukax — 1 u 1.

1) B pyccko#t auTeparype MNOCIefHUE TEPMUH He npuMenserca.— ITpun.
nepes.

2) Cm. Cere [1], erp. 89. Bonee ray6okoe u3noxenue TeOpPHH MHOLOYNEHNB
SIxo6u ‘¥ TEOpHH OPTOrOHANLHLIX MHOTOUIEHOB BOOOUIE COAEPKHUTCA B KHule
Jxekcona [l] M V3BECTHOH KHlre Cere:[2], . o
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6. Teopema Ilyanxape u Hm Py, 1(x)/Pn(x). a) Ons noxasatenb-

CTBa CHOPMYIUPOBAHHOrO TOJILKO 410 yTBepmneHm HaM ToHapoGuTCH
crenytomas reopema I[lyaukape. ITycme

Roy==an’+ ..., Ry=bn" ..., Ry=cn’ 4 ... (30)

~— IMpU MHO204AEHA OM N, UMENWUX O00HY u my xe cmenets p, npu-
uer Ro(n) =0 Hu npu KakoM YEAOM HeOMPUUAMEAbHOM 3HaYeHuu N,
a {P,(x)} — onpedesennas pexyppermusii COOMHOULEHUECH

Ry (1) Ppyy ()4 Ry (1) Py () + Ry P () =0 (31)

noCAe008amenbHOCHs MHOZO4AEH08 om Xx. Toe0a, ecau Modyau KopHel
ypasHenus
aE"—]—bE—{—c=0 (32)

pasaunm, mo lim P, (x)/P, (x) pasen 8 obues crywae GOibuLeRY
n->

co
1o #00yaio Koprio ypasHerus (32), a 8 UCKAIOKUMEAbHUX CAYLATX —
MeHbULe My NO MOOYAI0 KODHIO 3MO020 ypasHeHus 1).
1. Ilycts xopuu ypasuenus (32) pasusl a u § u nmycrs |a|>|Bl

[Tonoxum
Pn+llpn= Vs (33)
Xn = ('vn _ a)/('on - p)‘ (34)
Torma u3 pasencrsa (31) BeITekaer, 4TO

Ro”n+1+R1+“— 0, Vp4y=-— (R0, Ry)/R¢Vp,

X =(R17’n+R2)/ROvn+a
nl (R1vp, + Ro)/Ryvp, + B’

u, B cuny (34), umeem

X Xnl®BRo+BR(+ Ry] — [a2Rg + aRy + Ry

o P X [B2R0 + BRy+ Ro] — [#fRo + aRy + Ry
B cuny (30) u (32), cro6onHkI# wieH B uucaMTele ¥ K03pduuuent npu X,
B 3HAMeHaTele SBASIOTCS MHOrowlenamd cremenu nP . Kpome Toro,

a(aaB 4 08+ c) 4B (eaf -+ ba-}-¢c)=0, a noromy, nens uHCIUTENb U

3HaMeHaTenb B NpPaso#ft uacT Ha n’, momyuyaem

B Xyll4el+e’ g Xp(c—n)+&' —nX3 B
Xt =7 Tfngn®, =@ %ot Tpggx, @ 9

e, &/, 7 =0(n"1).

1) Hyam(ape [2], ctp. 209. OTHOCHTENBHO NPHBOAHMOrO JOKa3a1€AbCTBA
cM. Cancone [1]. .
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2. [Tpenno/IoxMuM, YTO CyIIeCTBYeT TaKad 6eCKOHeYHast MOC/]enoBaTe/lb-
HOCTb MHIEKCOB My, Mgy oovy Mgy oo

g oo, << oun,
an,|<M (s=1, 2, ...) (36)

IToxaxeM, 4To B 3TOM Ciydae TOC/IeNOBaTeNLHOCTR {| X, |} orpanmuena,
u, 6omee TOro, CyilleCTsyeT Taxkoe lenoe uucao N, 4to npu n > N umeem
| X, | < M.

B camom nene, npu |2| < M, umeem

B

a

4TO

Mle—n|+]e/| |7 | M2

$zie—mn)t-e—v2
0< IT—|n[—]|n"|M :

a l4=n+7'2
IMpapasn wacTb 3TOro HepaBeECTBA CTPEMMTCH K HYMO, KOIAA A —> 09,
a IMOTCMY Il 4HCHia M[l ——’%H HalineTcs Takoe fy, YTO, KaKOBO Obl
HH GHJO 7> ny W Kakoo 6n uu 6suo 2, |2 << M, uMeer wmecro
HepaBeHCTBO
Bz(e—m)4e/—o2
a T4+n4-7v2 ’

BuifepeM HeKOTODHIH HHIEKC 1, > 71g. Cornacko (36), umeem | an] <M,
a o (35)

| Xna | < | S| m-m[1 —| £ | = m, IXn8+1|<M-'

=

i3

<M[1—

[MosTopss 3TO paccyxnuenue, MOJNyYaeM, YTO
| X 1r | <M (r=1, 2, ...; N=n,).

3. M3 n0Ka3aHHOrO CjefyeT, YTO eClH MOCTeN0BaTedbHOCTh {| X, |}

HeorpanuueHa, 7o lim |X,|=oc0 u, mo (34), lim v, =B. [Hanomunum,
n->co 7->co

1 1
110 0, = (B—aXz") (1 —X5").]
4. TloxaxeM, 4TO ecnum mnocnenosateasHocth {| X, |} orpaHmuena,
1 X, | <M, 10 lim X, =0 u moromy lim v,=a.
N> 7>
IMokaxceM mMpeNBapHUTELHO, YTO KAKOBO OH MM GbIIO TOJOXKUTENBHOE

4YUCIO ©, He CYIIeCTBYeT TaKOro MHIEKCa g, YTO TPpW N >Ny HMEeT
MeCTO HepaBpeHCTBO '

0oL | Xl <M (02> ny). 37)
Eciu GH BRINOMBMIOCH HepaBeHCTBO (37), TO MH MMemu Ol

g 1+e+e’X;1 tim l+t—:+s"X;1_

X”*":X”? T+ 9%, pogy 11 F 7 X~

(38)
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OTKyna, MPH JOCTaTOYHO GoabwioM 7, n > N,
|14 X ) 17 X0) | < &,
rne yepes k2 o6o3naveHa Takas GO/iblNasd €IMHHIL BEJMYUHA, UTO
hila]<g <.
Ho Torna us (38) npu n >N MB HMeaH GEl
an+l I<q [Xn{ !X7L+sf<q,8|Xn'
lim | X,|=0,

7n-»oo

Boripeku (37).

Orciona cnenyer, 4TO eCnH NOCHAeNOBaTenbHoCTs {| X, |} orpanuyena,
TO A4 MOGOr0 CKONb YrOfHO MajOr0 NOJOXHTENBHOIO YMCIa ¢ Hafl-
nerca G6eCKOHeYHO® MHOXECTBO MHIEKCOB Ny, Mg, « .., Mg ..., TaKHX,
4TO [X,, | <e. U3 crenansoro 3jmech B padmene 1 ,a“ 3ameuanus cae-
ayer, 4TO B OTOM Clyyae HaHnercs Takoe N,, ut0 mnpu n> N, umeem
| X, | <o, a noromy hm |X |=0u hm v, =a.

6) Tak Kak MHOI‘O'{JIeHH Slxo6n ynonnersopmoT PEKYPPEHTHOMY COOT-
Howenuio (21,), To, mO-/NOKa3aHHORK TeopeMe, MMeeM

Jim [Pyyy (0/Py ()] =18] [&1),

rie yepe3 & o6o3HaueH GOAbUIMA 11O Monymo KopeHb ypaBHeHus (p =3,
a=—4, b=—38x, c=4) .
2 9xt -+1=0.

Tak kak panayc cxomumoctd psna Slko6u (11) pasen §-1, 7o, mo
U3BECTHOMY CBOﬂCTBy CTEMEHHBIX PANOB, IMOJYy4YaeM

lim lpn+1 (x)/Pﬂ (x) ' = ’ £ l’
) n->»oco )
a noTovy UCKMOYHTENBHHIH C.'Iyllaﬁ TEOpEMBbI HE HMeeT MecCTa.

7. Paanl no muoroujenaM fko6u B KoMmdekcHoO# oGaacrtu. [[oka-
KeM Telepb TEOPeMy, U3 KOTopo# cienyer chopMyaHpoOBaHHOE B KOHle 1. &
yTBEDXKIEHHeE.

Ecau {a,} — nOcAed08aMme AbHOCID DedCMEUMENbHNX UL KOMNACKC
HboLX 4ucer u ecau pso

%‘oa,,piz’ ? (x) (39)

cxodumca 8 mouxe XO KoMnaexcuoli naocxocmu, Aexcawyeli ére om-
pesxa {—1, 1], mo on cxodumcs u NPUMOM DPUBHOMEPHO 8 AIOGOK
saaunce E' ¢ gpoxycamu 8 mouxax —1 u —1, sescauer snympu
aapunca E, npoxoaﬂtueao nepe3 moyky X0y ymeouezo me e womycu.
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Tak xax pan (39) cxomumrcs B TOuke X0, TO CYIECTBYET NOJONKM-
TeAbHast MOCTOAHHAs BEIMYMHA g, TaKa#, uTo

lanpn(xo)l<g (”ZO, 1’---),
a [oTOMy, eCAM X HexkoTopas Touka us E’, To

o] o o] (o)
: Py, (x) ‘ Py, (x)
V] = 0 n InlX)
Ylaraal= Y laPa il | 2255 | <2 X | 52
n=0 n=0 n=0
Begeum HCﬂO»’IbSOS&HHHe' paHee o6Go3Hayenus

W=x0 V(P2 —1, [0]|>1; t=x+Vi2—1, [E[>1

u o6osnauum uepes | & | cymmy moayoceit sammnca E' [ |&] |8 < |80 ;
U3 U3NOKEHHOTO B 1. 6 nomyuaem

Pn(x) . Pn+l(x) . _E_o‘ 50— 1 40
SE@ | P T lE > (40)
a notomy pan X | P, (x)/P, (x%)| cxomurca. ITosToMy CXOMMTCA M psin

n=0

(o)
ZanPn (x), npuyem, B cuay (40), sra cxonMMOCTh paBHOMepHa B E'1).
n=0

8. YabTpacdepudeckue MHOTOYJeHB! H HX NPOH3BOAAIRAS GYyHKIHS.
a) 3akoHYHM 3TOT mnaparpad OMUCAHMEM CHENWANBHOrO Kaacca MHOro-
ynenoB $Ixo6u. ITomaras B oolpawenuu (1) [mmm (6)] Ans MHOrowieHon
flxo6u « =P =0, moayuyaeM, Kax BecbMa YaCTHHI} CiyyaHl NOC/Ie]HHX,
(cbepunecrue) muozoynens Jlexannpa (cM., nanpumep, IDkexcon (2],
ra. II), o KOTOpDHIX, KaK XO[LOIIO K3BECTHO, MPOM3BOAsALIEH (yHKUMeH
spaserca (1 — 2rx 7%~ " poobmte, noayuaompecs mpu « = mHoro-
YieHbl HA3HIBAOTCH YAbMPCCHepULecKUMU MHOZOYACHAME, H Mbl NOKa-
eM, UTO TpoMsBopsmeRt dyHkume# Ans Hux sBaserca (1 — 2rx—-r?)=?
(cm. flxobu [1], cTp. 194).

Mycts A = 0. TTonaras

' n= (1 - x)/2’

(1 —2reriy = [(1 —n (17‘1" (1—“4:.[3)'2)]_1,

noJyvaeM

OTKyAa, pasiaarad B GMHOMHANBHLIM PAN, BLIBOAMM, 4TO

S n’ — 1\ 4nunrn
(1 —2rx =1 —r)2 Y (—1) (A+’rlz )(1—_unrr)*—zn =

n=0
= i (— 1" (7‘ + ’t’l— 1) drynpn (1 — r)=D-2n,
n=0

1) B cuny Teopemsl BeiiepmiTpacca, cymMa pana (39) roaomopdHa mpu clee
A@HHBIX TPEANONOKEHHAX BHYTPH [,
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Pasnaras nanee B GuHOMMAJBHEIR psf MHOXUTenu (1 — r)~22-20 y cobu-
pasi BMECTe uYjeHH, COAepXaiuue rv*, NOoAyuaeMm, YTO

(1—2rx—4rd) 2= Y P (x) rm, (41)
rie "=
, (D Hn—1 n 2a-Fn 2
=" w2t
+ n(n—1) (A1 (A +n) 2 +n+1) o4
2 A FHOFHE3I) . "]’
HIH

Pg>(x)=(m+:“‘)F(n+2A, —n, 27‘;“ , _l:fi)

[Toatomy, eciu BBeCTH 0GO3HaueHue

A;g)=(”jl'°‘)= (atamte—D... .+ 0o 1,...), 2

m

TO, TIpUMBMMas BO BHMManMe (1), noxyuaem [Pﬁ” (x)=1]

0 AT o)
P, (x)=WP,, v, (43)
7

Ecnu, Kax o6numo, moxoxuts x—-Y ¥ —1 =%, |§|>1, To dyskums
(1 —2rx—4-r2)~* ronomopdua npu | r | < |§|~1, Tak uro passoxcenue (41)
cnpasedauso npu |r|<|E|-1L '

s (6) u (43) BrITeKaer BaxHas dopmyna

Af)\—l) (— 1)"
Ag\—’b) nl2n

an

Py (x) = (1— a7 2 () (ag)

6) Haftnem camoe mpoctoe BEIpasenue ams P (cos@). Hmeem

(1—2rcosp+r2)~1=(1—re®)~1(1 —re-i*)~1=

0 o]
— 2 rne‘n(p 2 rﬂe-’fﬂv,
n=0 n=0

a ToTOMy
Py (cos @) == eine ol =De L, | =t (129 | p—ing —
= [e+1) o — o= (n+1)iv]/[ole — g—i7],
U, HaxoHell,

Pg) (cos ) =

sin(n+1)¢
S (45)
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Wz (42) u (43) umeem TOrna

r1 1
5'3), @nrn+ DY sin(n+1)
Ps‘z 2)(“’5 O = DT sy = (46,)
[Tonaras B ¢opmynax (16) u (18) a = — 1/2, B=—1/,, nonyyaem, co-
OTBETCTBEHHO,
1 1
+5.m 5 (2n — 1) sin (n +1/,)
P '(» : 2)(“’“?) = " 2unl & W (46,)
( ) @n—1Ncos (n+1s) ¢
P, A (cos ) ="y cos (r§>/2)2 ’ (465)
a u3 (16) npn a = —38/,, B=—1/, nonyyaem

1

P( T7%) (cos @) =

n

(2n ny

S cosne 1) (46,)

§ 6. YpaBuenue Becceus

1. 3amaua JI. BepHysan o MaJibix kKojdeGaHHAX NOABelIeHHOH
HHTH H ypaBHeHHe bBecceuas. PaccMoTpuM Tak HasbiBaeMoe ypapHenue
Beccens

dy  1dy .
dx2+ r¥T -+ (1 — ?) y=0 (n— neAcTuTeNbHOE MM KOMILIEKCHOE
umcno). (1)

Oro ypasuenue TpM n==0 BCTpeuaercs Buepnbie B pabore J[lanumaa
Bepuyamu [1), nOCBAIUEHHOH M3YYEHMIO MaJblX KoneGamM#i BUCAuUlel HUTH
NOCTOSIHHOA TIOTHOCTM C 3aKpelvieHHbIM KOHLOM, a JJs Ciaydas, KOraa
n— moboe 1enoe uuciao,—B pabore Becceiss 06 onpepesneHuy MIaHeTHRIX
op6ut (cm. Beccean [1]).

Paccmorpum sanauy JI. Bepuyasu. ITycte A— Touka nojpBeca BMTH,
l—ee gpnuma, p— Mmacca enMBUIL MaMHbL. IIycTh oCh X NpPOXOAMT
B BepTMKANLHOM HanpapieHMHM dYepe3s TOUKY A, IpHYeM €e INOJIOXHTeNh-
HOe HanpaBjieide HanupaBleHO B3epX, H NyCTh OCb y HalpaBjeHa rOfM-
30HTaAbHO, B KavecTBe Hayala KOODAMHAT BHOEepeM Takyw Touky O,
yto OA =/.

ITycts P—TOUKa HMTH, HAXOAANIAACA HA BHICOTE X, ee KOOpau-
HATA y B MOMERT BpeMenM £ sBASETCH pyHkumeR y (x, f). 3anmava Il. Bep-
Hyamd GOPMYJMPYETCs CAENyomuM 06pasoM. 4

1) Muoroujessl Pﬁ;’/g,—x/e) (cos Qg), Pglz. ) (cos §) Ha3HBAIOTCH, COOTBETCT-

BEHHO, MHOzOW.LeHamu UeObilieBa nepsozo u emopozo poda (cM. Hebniwes T1JT,
(1} . IL, cTp. 45 n 173).
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Tlycts nann mnonoxenue Kouua A wutd (¢ur. 6), T. e. TycTh
y{l, t)=0-—¢popma nutu B MoMeHT f=0, y(x, 0)= F (x) — cxopocTb
TOYKH P B MomenT £==0, y;(x, 0)=G(x), rne F(x), G(x)— u3se-
cribie ¢ynxkmuu ot x, 0 x </, Tpebyerca onpeenMTh (PyHKNHIO
y(x, ¢) npn 0 L x !, 0K L

B cuny mnpeauonowenus O MaNOCTH KojeGaHHH MBI MOXeM B HAlHMX

PACCyKeHHsX PaCcCMaTpUsaTh dX KaK SJeMeHT NyrH.
3aMeTuM, YTO HaTsKenue T HMTH B TOouke P paBHO pgx (g -— ycKo-
DesHe CHAH TKECTH) M 4TO LPOeKIHs

z \ HaTSKeHus Ha OChb y PaBHA
W _ oV
T5;=08%5;-

Tax xax Macca anemeHTa dx paBha
pdx, a ero TOPU3OHTANLHOE YCKOpe-
0%y

HUE DPAaBHO (—)-1—2—, no.nyqaeM
oy
pdx aﬂ""Pd(gx?)})’
a ﬂOTOMy

oy 0

o~ ox (g ax)
Monaras &= x/l, = =1V g/l, npu-
i > y 3efieM ypaBHEHHE K BHAY

[ oy
dur. 6. o2 a&(sa_5>' @

TeM caMuM Hama 3ajaya CBefera K 3ajiaue OThICKanusi pewenus y (€, 7)
ypaBHeHHst (2), YROBAETBOPSIOUIEr0 HAYaNAbHLIM ¥ I'PaHHYHLIM- YCHOBHAM

y(l’ 7520’ (31\)
yGE 0)=f(E&), (39)
y. (5 0)=g(®), (33

rre fi&) u g &) ussectsbie dyuxumu ot & B [0,1].

Hafinem cHauana ssemenmaproe pewerue ypassenusn (2), T. e. pe-
iieHde, MMeiollee BMA NpoM3Benenus pynkuuu o () (nonowenus) ¥ QyHK-
nuu U (z) (BpeMerH)

Y& D=0BHUE lo1)=0l )
Vimeem torna ypasnenue

o U (7) = [o" (&) +E" ] U3),
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U3 KOTOpOro, noJnaaras

Y A2
U" @)+ U@=0, 7 (5)
re A — mapaMmerp, BLIBOAUM, HTO ® (E) JIOMNKHO YAOBJETBODATE YPABHEHMIO
dz
o+ e =0. (6)

OGuee penesye ypasHenus (5) uMeeT BHI
U=acos s+ bsin s, @)

rie @ ¥ b— NOCTOsHHbBE, M AAS TOrO YTOOH HAHTH 3/MeMEHTapHOe pe-
IleHHe, NOCTATOUHO pelMTh ypapHenue (6). [Jlenas B HeM MOACTAHOBKY

nojyvyaeM ypasHenue
dzm I dm

cosnanapouiee ¢ ypasHenueM (1), B KOTOpDOM moioweHo 7= 0.
OtknanbBas 10 n. 8 ¢opmanbioe pelllenMe NOCTABIEHHOH 3a11alm,
nepefiieM K MsyueHmio peiuenmit ypaskenms (1).

2. ®ynknnd Beccens (nuMaMBApHueckde (QYHKLUHMH) NmepBOro poAa.
a) B ypasuenuu (1) Touka x =0 sBAfeTCH NPaBMABHOR 0COGOH TOUKOH
(momocom); cornacno o6osHaueruaM § 3, n. 2, umeem
p0=17 q0=—n2:

a NOTOMY Onpenensioilee ypasHenye uMeer BUA a2 —n2=0, a =n, —n.
CrenoBarenbHo, eciin 2n He ABASETCA UEAbIM YHC/IOM, TO CYIIECTBYIOT ABA
pellenys, NPHHANIEKANIMX NOKas3aTeNaM 7, — N, T. €. MMEOMMX BHX
S (%) ==x"P) (x), x~"Py(x), rne P,(x) u P, (x)-——cxomumecn B OXpe-
CTHOCTH HyJ/ CTeNeHHHE PsifbL.

Mu GyneM cuMTaTh, YTO M3 ABYX uMCend n M ~—n uepe3 n 06O3Ha-
YeHO TO, A KOTOPOTO

: Rn>0

NonoxuM Torna
x
‘,n (x) = X" 2 gX".
v=0

[Toncrasass 210 Buipaxenue B (1), moayyaeM, uto
(2n+1)g, =0,
4 TaKke, YTO MMeeT MeCTO PeKyppeHTHas Qopmyna

v+2)@2n+v+2) g0+ 8,=0 (=1,2,...) (10,
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Tak xak 2n-1£0, 10 g, =gz=...=0; u3 dopmyns (10) pe-
KYDPEHTHO BLIBONMTCSH, Hajee, 4TO

. (— 1) &
B = D F2) ... k)’

&)

J"(")=°°”"[1+21(_1)v TR )

3aMeHssi NOCTOAHHYIO g, €e 3HayeHueM
go=1/2"T (n 1),

' n+2y 1
& (—0'(3) )
J"(x)zzt)r(n+v+1)r(v+1)' (11)

a noTomy

noxyvaem, 4To

Ecnu BriHECTH B NpPaBo# 4acTH 32 CKOGKH MHOXUTENL X®, TO B CKOG-
Kax OCTaHeTCd Dsn, M306paxarmumi menyo (QyHKLHIO; B caMoM nele,

i | L (n v DI O+ DI ()T 0) | =

= lim |v(n-}v)|= oo.

1) HanoMuhaeM uMTaTeNo, 4TO 2aMMa-PyHAyus (sinepos HHTErpPan BTO-
poro poxa) Or JelicmsumenbrH020 UAU KOMRAEKCHO2O aPryMEHTa X ompeje-
AAETCA CaenylomuM o6pa3oM. ’

Ecan Rx >0, To moxaaraeM

[o¢]
Px)= | et 1as,
]

ecau. e Rx 0, Ho Rx>-—n, rie n— ueioe NOAOKHTENLHOE YMCHO, TO HO-
Jaraem

1

PO = e GFr=D

(<]
[etamta
0

T’ (x) roromopdaa BO BCeil KOMMIEKCHOH IMOCKOCTH, 33 HCKMOYEHUEM TOYEK
y —1, —2, ..., B KOTODHIX OHa MMEET IOJIOCH NMEPBOr0 MOPAAKA, XapaKTepPH-
3yeMble COOTHOLUEHHAMH

im [(x4+n)DF)]=(—1)%n! (=0 1,...).
x> —-n

Wmeem 1/I'(x) =0 mpu x =0, — 1, —2,...; 1/T'(x) aBasercs uenoi TpancueH-
ZeRTHOH (yHKUHeH K BhHpaxaercs dopmyaoit
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Ongpenenennas dopmynos (11) dynxuus J, (x) naswiBaerca Qyuxyuei
Beccenss uau yurunopuueckol @dyuxyuel nepsozo poda nopsdrxa nl);
OHa Moxcem Obimb OOHOSHQUHULM 00PA30M onpedeseHa, Kaw peuteHue
ypasrenus bDBecceas, npespawjaroujeecs npu YMHONCEHuwW Ha X~" 8
yeayio mpaﬂlcz;euaeumﬂyto dynryuw, npunurarnuyo npy x =10 3na-
HERIE G ) "

Eciu passocts 2n MexIy KODHAMH OfpeXensiollero ypaBHEHHs He
ABASETCS ILeJHIM YHCHOM, TO ypaBHende (1) MMeeT Taxwe [elleHue,
NpHHAJUIEXKAllee [I0KA3aTeN0 — N

; —n+2v
e
-n()= 4 T=m e

(12)

a notoMy ofiuee peliesue ypasHenus beccens mmeer BHI
y= cl"n (x)"{—czj—n(x)r (13)

rle ¢; U Cy— NPOU3BOJIbHbIE MOCTOAHHbLIE.
3amMeTuM, YTO ecChM 21— Heloe HeueTHOe YHCIO0, MHHIMH CHOBaMH,
eCld 1 — NOA0BUHQ HewemHo20 #ucia, mo gopxysa (13) mawxce oaem
o6ujee peuweHue ypasHenus beccens.
6) Paccmorpum, HaxoHel, Ciayda#, KOTIa n-—— ILejoe NONOKHTENbHOe
yicno. B aToM ciyuae, mpuHEMas B0 BauMasue, uto 1/T'(x) =0 npu x =0,
—1, —2,..., noiyyaem

o (_l)y _f_ —n {2y
T-n )= y;r(—nw(j?mwl):

- — 1)m(i2‘_)n+2m

=(—1r E_OP(n+m+1)r(m+1) ’

rie ¢ — noctosHHan Jiaepa
. 1 1 1
= lim I B —— =
4 nl 00(1—]— 5 -+ 3 + ...+ - lnn) 0,57721

dynxuus I'(x) yAOBAETBOPAET COOTHOLIEHUAM
T'(x+1)= 2T (x),

T
I‘(x)I‘(l —JC) =W.
KPOMG TOr'0, €CAH 71 — LeJ0€ INOJOXKHTEJIbHOE YHCAO0 HAH HYJAb, TO
'r+1)=n,
a npu x = 1/, umeem
I'(fe)=V =

[Cm., Hanpumep, Yurrekep u Barcox [1], 1. II, crp. 5—43. — ITpun. nepes.]

1) Huamnapuyeckde GyHEKUMH BCTPeTHancs Pypbe npu pellleHHH 3ajaud o6
OXJIAXAEHH! OECKOHEUYHOr0 OAHOPOAHOrO KPyrosoro uuiuegpa (cm. ®ypwe [1],
cTp. 341). -

10 3ak. 527. Ix. Canucone
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C/IeA0BATENBHO, NpU YeAOM NOAOIHCUMENAbHOM N HMeeM

j—»(x)'—:(_l)”-]n(x)’ (14)
a motomy pemenMe J_, (x) aumelino 3amucut ot J, (x).

U3 noayvemnnx B § 3, nm. 4 pesyabTaroB ClAeAyeT, YTO B ITOM
clyyae NOKasatemo 7 NPHHANIEXHT [ellerde, HMeoliee Ja0rapudMu-
* yecKylo ocoberHocTh. ITOCTpOEEHe TaKOro pelleBMs GHIJIO YKasaHO TaM XKe.

OTchias uMratess 3a 6ojee TDOMHBIMH CBeJCHHSMH K CIeNManbHO
NOCBALIEHHRM Teopuy GecceleBblx (YHKHMM KrMram '), Mbi OrpaHMUEMCA
B HOCHAELYIOIIHX HOMePaxX H3JIOKeHHEM HEKOTODHIX 5J1eMEHTapHBIX CBOACTB
6eccenesbix QynKIMH.

3. <l>ynxuun Jy, (%), J-y,(x). Tlpu n=1/, ua (11) crenyer, uro

T (%) = v'“ },,(

Xx+1

22»1‘ (v-}-%)I‘(v-{-l)’
HO
x(et Jre-r=m (0 G-
=(2v+1)!]/_§,

(15,)

2 noTOMy

®

2

J_%(x)=]/‘% c‘])/s-;-’ (159)

4. HHTerpanbHbie npeAcTaBieHHs GecceleBbiX (PYHKIUHA HepPBOro
poaa. a) Hanumem cropa smipawenme (11) mas J, (x), npeanonaras, 4to
n— Le/0e YHCHO (ROAONCUMENLHOE, OMPUYAMENLHOE UAU KYAb):

[se)

niay %
In) = T—x"(—m( ("5

N

M, aHajgoruyxo,

3aMeTHM 4YTO TIPH HEJAOM HEOTPUNATEJBHOM P

s(p, ”)—2(—1)"( ) fe“(? ~2k-n)t df —

—T

mZ(—l)k(z)Ef[cos(p—-2k—n)t+isin(pf-2k'—n)t]dt,

1) Cm., Banpumep, Barcon [1], 'peit u Me'mos {11, K)’SBMHH P. O. [1] —_
HpuM nepes.
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u noroMy s{p, n)=0, ecnms p<n HWIA €CIH pP—n HEYETHO, a eCiH
p—n=2y, 1O X
s, m="T) (=1

Orciona caenyer, 4TO

[ ]

Jn(x)= 2

k4

(2)511? f S @-%k-mit gy

—T

w3

i

<

[}

= %

=1®

ipag=
T
ok
p——
Eod

(1 (B) ey

I
¥~
be

HE
E R

3

g
b

=0 - k=0
0 ©
1 (ix)P (e”——e ”)” —int A
—2—1:2 7 f % e~ at=
p=0 -=%
_ 1 gt (i% siD
— 2n 2 fe * at,
p=0 —T

o]
) ix sin )P .
OTKYJZa, B CWIYy pPaBHOMEPHO# CXOMMMOCTH psana Z (T)_ = glwsint,
=0
umeeM

®
Jn(x)":% J'ei(a:sint-—nt)dt=

=g [ lcos(xsint—nt)+isin(xsint—ndldt.  (16)

-1

Ho cos(xsin¢—nt) u sin(xsinf— nf) sABASOTCH, COOTBETCTBEHHO, YeT-
HOM M HeueTHOH ¢Qynkuuefi ot f, —nw LLEL ®, a NOTOMY

J,,(x)=—i fcos(xsint—nf)dt (n=0, =1, =2, ...). (17)
6) U3 (17) cneayer, uto
. 1 - 1r. .
J,,(x):;f cos (x sir £) cos ntdt—{—;-f sin (x sin £) sin n¢ dt.
0 : 0
Ho npu ueTtHOM n

iﬂ f sin (x sin £) sin nf dt =0,
0 .

10*
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a TIDM HEYeTHOM 7
1 f cos (xsinf)cosntdt=01),
k1
¢

H NOTOMY

n=0 (mod2), Jn(x)=;1:—fcos(xsint)cosntdt,
0

. (18,)
n=1 (mod2), J,(x)= % f sin (x sin £) sin nf dt.

0

3amensa B (18,) ¢ na /2 —¢, nony.qaeM

2 I |
n=0 (mod2), Jn(x)=?(-— 1)2f cos (x cos ¢) cos nt dt,
0
" (18y)
g  mt
n=1 (mod2), J,(x)=_-(—1)* fsin(xcost)cosntdt.
¢ 0

5. Jipyrae uMHTerpaiabhsle npeacranieHus. IToctpoum pasnoxenus
Gbyuxuui cos(xsinf), sin(xsinf) B pagbl M HONYYMM C HX FOMOL(BIO
HOBOE MHTerpajbHoe npejactaeaesue s J, (x).

Paccmorpum ¢yskumo cos (xsinf); ona asasercs rosomopdHoit dynk-
uMeR OT f C NePHOZOM m B KOMIIEKCHOR MIOCKOCTH £, & YIOTOMY MOXET
OHTb pas/ioxeHa B TPUTOHOMETDHYECKMHt DS 1O KOCHHYCAM.

HMeem

(s o]
cos(xsinf) = % ag+ 2 a,cosnt,
n=1

rue

a, = —2— f cos (x sin #) cos nt dt 2),
0

a moroMy a, =0 IpH HEYEeTHOM 2 M a, = 2/, (x) npu veriiom n. Or-
cloaa Crefyer, Y10, KakoBO GH HH OhuIO X,

cos (x sin ) = Jo (x) -+ 2/, (x) cos 24 2/, (x) cos 4¢+ ..., (19)

1) Ecau B 9THX 2ABYX HHTErpajzax CAenaTh 3aMeHy NEPEMEHHON f=— & —r,
TO NPH 71 YeTHOM MEHAET 3HAK NEPBbUA HHTErpal, a NPH 7 HEYETHOM — BTOPOM, —
ITpun. peo. ‘

%) Cm., nanpumep, Toactos I'. I1. [1], crp. 39.— ITpun. nepes.
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M, aHaJIOrMYHo,
sin (x sin £) == 2J, (x) sin ¢ 4 2J5 (x) sin 324 25 (x)sin 544 ... . (19,)

3amenss f Ha t+%, noJsyyaem

cos (xcost) = Jo(x) —2J4(x) cos 2t} 2J, (x)cos 4t — ..., (195)
sin (x cos £) = 2J, (x) cost — 2J4(x) cos 3t 2J5(x)cos 5t — ..., (19,)

OTKyJa, YMHOXas BTOPOE DaBEHCTBO Ha i M CKAa[biBasi, BHIBOJMM, YTO
(o0}
giweost — Jo (x) -2 X} inJ, (x)cos nt.
n=1

YmuoxuM o6e wacTH 3TOrO PaBeHCTBA Ha COsnf M mpouHTerpupyem ot 0
no m. Torxa Mb TIOIY4YHM, YTO

I (%) = l) f elzcost cos nt dt. (20)

[Mpeanonaras, uto n =0, ¥ MHTErpUpys 1O UYACTAM, NOJyYaeM

B za:cost t=n ___n+l1 .
I, (%)= ( l) [ nsm ”t] _'_(—21:_1 feiwc“‘sinntsintdt,
=0 p

a NoTOMy

Tn(9) =502 xfewcostsmntsmtdt (=71, ==2,...). (1)

6. PexyppeHTHBe cooTHomehusa Mexay J,(x). a) Jlerko ycrano-
BUTb JBe DeKyDPeHTHHe (hopMy:aH, cpasbBaomme Gyuxuuu J, (x).
Us (21) umeem

o L
0
__(L‘;L:;feim"”cos(n-{—l)tdt,
oTkyna, B cuiy (20), '
ey () Ty () =221, (%) (22,)

M3 (14) caepyer, uto aTa dopmyia BepHa u npu n=0.



150  I'a. I, Anarumuseckas meopus dugdepenyuarbuoix ypasrenuii

Hupdepenmupys dopmyany (20) no x, nomydaem

(e nn=1’ v :
d"‘;‘x(x) U 2 fe‘“‘“”cos ntcostdt =
5 ,

__pn—1 . -1 ~
=£——g‘—fe‘”°°”cos(n——l)tdt—|—(—;)“——-Iei“’““cos(n-l—_l)tdt.

0 0
B cuny (20) aro osnayaer, yro
dJ,
Tneg () — Ty () =2 LD (22,)

Vcnonssys pasnoxenue (11), nerko mnposeputh, uto ghopsyrs (22,)
u (22,) 8epHbL He MOABKO NPU KEABX NOLONCUMEAbHHX' SHAYEHUAX N,
HO u npu #1006ix OelicmsumensHux WAL KOMRACKCHUX 3HAYEHusAx nl).
6) Cxnanbisas M BblumTas Qopmynn (22,) u (22,), noayyaem

Iy @ =2 L), S (=200 =% (22,)

OTkyna, ymHOXad mepsoe H BTOPOe M3 paBeHCTB {23;) COOTBETCTBEHHO
Ha X" M X", BHIBOXUM

d d a .
M) =500,y (%), (V) =—x"m, (%) (22)
7. Unrerpan f xJ, (ex)J, (bx)dx. a) Bruuucium mﬁ*erpan
0

f xJ, (ax)J, (bx) dx,

rae @ ¥ b— nocmosnnsie sesusunn, a®>—>b2=£0, n— delicmsumens-
Hoe nucno, n>-—1.

TIpepnonoxum CHayana, 4TO MOCTOSHHME @ W b He DPAaBHH HyMO; U3
ypaBHenus (1) uMeem

d2Jn (ax) dJ, (ax)
dx? +

d2J (bx) dJ,, (bx)
dx? + dx

—2 J, (ax) = — a?xJ, (ax),

— 1’;— J, (0%) = — B2xJ,, (b).

1) H. 5I. Conun B cBoem Memyape [1] mHasBan uunuunpnqecxumu GyHKUUAMA
u o6o3naunn cumsoiom C, (X) aHAIUTHYECKHE q)ymcmm ABYX NePEMEHHHX, yAO-
BIETBOPAIOILHE pexyppenmbm COOTHOLIEHUAM

CoyD+C, (D =3C, (x5 €, ()—C,,, (x)=2C] ().





