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b

2 2
Hanee, -——f 0 (s"" 4 ¢"") dx < 0, npuuem 3HaK PaBEHCTBA MOXKET UMeTh
a
MeCTO JMUWb B ciyyae, xorga s’=0, #==0. Ho B 3ToM cayyae, co-
rnacno (34'), (6+it)A—B=0, tA=0, u Tax Kak A MeHsleT 3HaK,
to T=0, BONpeKu npenmonoKenuio. Krax,

b
— f 0 (s 4% dx <O0.

Tax xak co6crTBensbie QYHKUMM §-|-if M §—if COOTBETCIBYIOT pa3-
MUYHBIM COGCTBEHHHIM 3HAYEHHAM, TO

b
[aE+mac=o.
a
b
Haxonen, — f B(s?4 ) dx < 0. VI3 n0KasaHHoro cieiyer, 4To papeH-

a
ctBo (38) He MoweT HMeTh Mecra. I[loatomy T =0, BONpEKM HpENIO-
TIOXEHHIO. v
Hoxaxewm, Hakonen, uyro ecau A (x) Menser sHaK B [@, O] U ecau
soinoansomess ycaosuss (37), npuden B(x) He obpawaermcs moscoe-
CMEeHHO 8 HyAb 8 [a, b], mo O0asn 4106020 cobcmBeHn0e0 3HaveHus A,
u coomsemcmaynotield emy cobcmseHnol dynryuu y, umeer

b
A, [ Aypdx>0. (39)
a

B caMom pene,

d dy
ArAyr=Byr_‘E} [6 dxr] ’
a HoTomy

b b b
A [ Ay dx_—_fogdx—[eyry;lz+fey;2 dx. (40)
a a a

Hmeem
b
[ Byzax>0, —Iby,5% > 0.
a

Tax xax mpenmonoxeHue y;EO BJeyeT 3a Co6O# TOMXJEeCTBO ArAEB,
KOTOpOe He MOXET HMeTb MecTa, MG0 A Menser sHak B [@, 0], TO

b
fﬂy;zdx>0,
a

a Toraa 3 (40) surexaer (39).
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§ 7. AcumnroTnueckue pasnoxeHus QyHKIuH
rypma — JlnyBuaas

1. Tunuunas ¢opma cucrem LlIrypma — Jlnysuaaa. ITycts nana
cucrema Lllrypma — Jluysunns

{;[e %] +IpA () — B, (2)] V=0, )
V' (@) —hV(@)=0, V'(b)--H,V(5)=0, @)

tne 0(z), A(2), B,(z)—mempepnsune ¢ynkuus or 2z B [a, B],
8{21 >0, A(z) >0, A, u H — nocrosmusie. U3 Teopemsr § 6, 1. 6,a“
clellyeT CylecTBOBaHMe GeCKOHEYHOM BO3pacTaiollel MOC/ex0BaTeabHOCTH
AEHCTBUTENBHBLIX COGCTBEHHBIX 3HayeHMM {1, MMEIOIMX eIUHCTBEHHYIO Npe-
HeNbHYI0 TOYKYy B -} 0O, KOTODHIM COOTBETCTBYIOT He OGpalaoluecs
TOXECTBEHHO B HyJb pemtenms V,, cuctemsl (1), (2) (coGcTBensrie QyHK-
1UH), UMEINHEe POBHO 7 HyJe#t Ha orpeske [a, b]. Mbl XOTMM H3YUMTDH
BOIIPOC 06 acCHMOTOTHKe Has ., u V.

Mpeanonoxum, yto B [a, b] CymecTByIOT M HempepHBHH GyHKuY 67
u A”; eciu crenaTh 3aMeHy HE3aBUCHMON NepeMeHHOR, HCKOMOH (QyHKIMHM
H napamerpa o dopmyiam !)

1

z ) 1
7 A\2 - ’ 2
x=-?f(-—ﬂ—) dZ, 61=(Ae) 4, V=01U’ }L=.?2—}\2,
a

rne
1

b N3
¢ = f (T) dz,
a .
TO JIErKO IPOBEpHUTh, YTO ypaBHenMe (1) mpumer Buj

@U .
e TR —B)U=0,
rjae

& B _2(d01 21 g%,
B=Ga+27 (&) — v

IpHUYEM HOBbIE KpaeBble YCIOBHA, COOTBETCTBYIOIIME YCJIOBHAM (2), 3a-
paiorcad B toukax 0 ¥ w. 3TO mpeo6pa3oBanue MO3BOJSAET B JOCTATOYHO
ofmeM Ciyyae OTDaHMYHMTLCA PACCMOTPEHMEM CJefywouieft poG/aeMsl.
Hana cucmema Llmypma — Jluysursn

mt+®—B U=, ®)
U’ (0)— kU (0) =0, U’(x)-+ HU (=)=0, (4)

1) Cm. Knesep [1), e1p. 95 u I'o6eon [1], c1p. 375. PesyabraThi 9THX paGoT
6yayT usnoxens B IL 1, 2, 3 sToro maparpada, i
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20e gyuxyus B(x) nenpepmsna & [0, =], h, H— Oelicmsumenrsuse
4ucAa, He 00SI3AMeAbHO MNOAONCUMENbHbe; HAUMU acumnmomudeckue
BOLPANCEHUST 04 COOCMBEHHBLX 3HAYCHUN N, U COOMBEMCMBYIOUUX COO~
cmeennnx dyuxyul U, (x).

2. YpaBHenne jpas coGcTBeHHBIX 3HAaueHui., YpasHenne (3) MOXHO
3aMKCaTh B BUJE
. &2U .
TIpUMeHUM K 3TOMY YpaBHEHMIO, CUMTast TPABYI0 YACTh M3BECTHOM QyHK-
nyeft, METOJ BapHaI¥H NPOU3BONBHHX nNoctosHuux (ri. I, § 1, m. §5,6¢).
Tak Kak COOTBETCTBYIOIlee ONHOPONHOE ypaBHeHue mMeeT obuiee pelleHue
BUJA €; COS AX + €, sin Ax, TO MH nonyuaem jisa U murerpanbioe ypasHeHHe

- ‘
U=c¢;coshx -+ ¢,sindx -+ % f B@) U (f)sink(x—¢) dt, (5)
0

a NoTOMy

b4
LU — —deysinhe+Aeycos e+ [ BO U@ cosh(x—1dt. (6)
0
TMepBoe u3 pasencts (4) mokaswiBaer, yto U(0) +< 0, Tak Kak B npo-
THBHOM cnydyae Mbl MMenu 6o U’ (0) = U (0) =0, u dynxuus U Tomne-
CTBEHHO paBHaxach 6wl mymo (§ 2, m. 2,a%). IToas3yscy Tem, uro U (x)
ONpeXeNeH0 JMLIb C TOYHOCTHIO O MOCTONHHOrO MHOXHUTENS, MBI MOXEM

CYUTATh, YTO
U©)=1. (1)

Ias storo nocraroyso moiaoxuth B (5) ¢, =1; yuurnBas meppoe u3
pasencts (4) u (7,), monyuaeM, 4To ¢, = A/A, Tax uTO

U (x) = cos }\x—l—%sin lx—{——}\— f B UB)sink(x—1dt, (T,)

¥ 3a/aya CBOAWTCH K ONMpPEeNeseHUI0 Hapamerpa A Takum o6pa3oM, YTOGH
coorsercTsywitee pewenue U (x, A) ypasnenus (7,) yZOBIETBOPHIO BTO-
pomy u3 pasencts (4).

. OGosnauyum uepes U wnamGonbuiee suavenue |U(x, A)| B [0, =] npn
3agansoM A; u3 (7,) chaepyer, 4TO

1.
2

U<(145) +Z f1801a
9
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U1

M eciM paccMaTpuBaTh 3Hayenuss A, 60Jbluue Yem f | B(¢)]dt, r0

0
1

l—/<<1+1§)?[1 -%f]B(t)]dt]_l

Orciona cnenyer, uto i mo6oro A > 0 moxuo walitu Taxoe yucio C,
41O

[U@ DIKC 0<e<m A2 0> 0). (8)

IOns toro, uto6nl U(x) YAOBIETSOPSIO BTOPOMY M3 paBeHCTB (4),
HYXIIO BBLITIOJIBEHME DPaBEHCTBA

tghw = Py (WA — Py (D], ©)
1pe

P,() = h+H+fB(t) U®[cosit— L sin e a

(10)
Py =" 1. f B U®[sinat+3L cost] at.

YpenuuuBas, ecnid HyxHO, uucio C, Mb MoweM B cuay (8) cumraTh,
4TO
IPLNISC [PMNIKC A, (1)

M3 u3n0xMeBHOro ClefyeT, UTO cOOCMBEHHBE 3HA4eHus N u coomeem-
cmgyouue um cobcmsennsvie gyuryun U(x, X) cucmenwn LImypmua —
Juysusrss (3), (4) yOossemsopsiom unmezpasshomy ypasteruro (Ty)
u ypasrenurw (9).

Ypaeuenne (9) GO0 usyyeno JlmysmmieMm [2]; bl 6yneM CAeaoBaTh
anech Mertony lo6coma (cM. I'oGeom [1]), mpenmocnansoMy MM moxasa-
TeJIbCTBY TeOpeMbl O PABHOCXONMMOCTH panos no ¢ynxuumam Lltypma —
JlayBunns M TPHrOHOMETPHYECKHMX panos Pypbe, KOTOpOH M GyneMm
3anuMaThed B § 8.

3. ACHMNTOTHYECKHE BBIpaKeHHS IJs COGCTBEHHBIX SHAYeHHH U
co6cTBeHHRX ¢ynxkumi. a) Hauumnas ¢ sToro mecra, Mbl Gymem 0603Ha-
4aTh Ha NPOTSUKEHMM 3TOro maparpacda uepes a (x, A) OFPpaHMYEHHYIO NpU
0Ly, A > Ay dyHkimio oT x u A

la(x, V|<L O0<Lx ™ A> )y, L— abcomoTnas KoHCTaHTa)

u uepes a(A)[a(x)]— b YHKIMIO OT Afx], ocrawumyocs OrpaHKYeHHOH,
Koraa A>3y (0K x L m).
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Torna, B cuny (8), umeem
@
hsinde+ [ BOU@sink (x—t)dt=a (), %),
0

u paBeHCTBO (7,) MOXKHO 3amHCATh B BHJe
a()x x)

U(x)=cosix+ (12)

IToncraBnsas B TNpaByl 4acTh GopMynsl (75) 3TO BEHIpaXeHMe, MOIyuaeM,
410

U(x)=cosAx [1 —-—fB(t)sm )\t{coslt—]‘—ao‘ ”}dt]—}—

1 Smx[h+fB(z)cosxt{cosAt+““ 2COVa). a9

Hpednosoncun, umo gyuxyus B(f) Henpepvisna u umeem ozpanu-
4enHoe uamenenue 8 [0, =], MycTh

BOIM (0Ltm)
H IycTh TOMHOe u3MeHenwme B (f) B (0, m) passo V. Torpma u3 Bropo#

TEOPEeMH O cpeiHeM (CM., HaupuMmep, 3urmynn [1], ctp. 23) nerko cie-~
AyeT, 4To .

@ 7
[ B®)sinktcosrtdt =5 M+ V) [ sin 2t at =202,
0 3

-

@x @
fB(t)cosﬂtdt::%fB(t)[l——cos2lt]a't=
0 0

1f . n
= [ By dt 25D
0

Vcnombayss atM cooTHOweHHs, nonxydaem u3 dopmynn (13) caepywoinee
ACHMIITOTHYECKOE BEIPaXeHMe I COOCTBEHHBX (yHKIuH

U(x)—cos)\x[l +°‘""“]+ sin b [h—}— : fB(t)dt+°‘"‘ "] (14)

A1y GOpMyNny MBI HCHONb3yeM B ,BC.
6) Tenmepb MBI JierKO MOXeM HaWTH aCHMITOTHYECKOe BLIpaXenHe Aus
COGCTBEHHHIX 3HAYeHUH,
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[MpunuMas Bo BHMMauue paBeHCTBO (14), moayuyaem u3 dopmyns (10),

41O
e (})
A ’

PL0)y=h+H+K+28, P =

rue

h’=%fB(t)dt. (15)

Ho rorpa u3 ypasnenus (9), nawomero HeoGX0AUMOE H AOCTATOYHOE yC/IO-
BHE /sl TOro, 4roGn A OhIIO COOCTBEHHBHIM 3HayeHHeM, ClAeAYyeT, 4TO

h+-HILH | o)) a(W)]  A+HA4RH | a(d)
tgm = [FEIEE 50 —5 9 = L5

Korpa A — 0o, TO npaBas yacTh CTPEMHTCS K HYyJi0, 2 NOTOMY

h-HAER | o) h+H+W a(\)
(LA o) BN )

©A — nw == arctg 0

M, CNeN0BaTeNbHO,
¢ a (X)
A=n- 5y + VYRR
1]l n-— yeAoe NOAONHCUMEALHOE HUCAO, M

= (h-+H + H)/x. (16)

Ho rorpa

o (X) o
R A LR S R-C) R

C/Ie[IOBATE/IbHO N~¢ COOCMBEHHOE 3HA4eHue, KOmopoe Mv. 6ydem 0603Ha~
4amo A,, pAsHO

R T NN a7)

rae a(n)— ozpanudennas dynxyus om n. dopmyna (17) ¥ naer acum-
HTOTHYECKOE BhIpaXKeHMe AJA A,.

8) IMoxcrasnsa (17) B (14), HAXOAMM HCKOMOE aCHMITOTHYECKOE Bhpa-
wenue piaa U, (x). Umeem

oS Ayx = cos[n -}—%—I—a—’gll]x =
== COS NX COS (%—}—a’(g))x——sin nx sin (_"__l_“’(l’;)) :

cos A, x = [1 42 (;; ”)] cos nx — [% —}--a—(f’—n)—] sinnx,

n=

sin A, x = [1 -+ —aii—i—;—n)—] sin nx - [ch -+ ﬂx—ﬁ)-] cosnx,

ne



§ 7. Aéusinmomuneckue pasiosicenust 207

a noromy, o6osnayas yepes U, (x) co6CTBeHHYIO (YHKUMIO, COOTBETCTBYIO-
LYo COGCTBEHHOMY 3HayeHHIO A,, BHBOmuM M3 (14), uTO

n—|—%f3(t) dt—cx
U, (x)=[1 + “(’;'2”)] cos nx—+ 0 +25 M | .

n n?

Ho Ttorpa

fU (x)dx'——“l“—,l;f(h—l—QfB(t)dt—cx)sm2nxdx—|—- (”)___.

=5 — o [(1 +%0f B(t) dt—cx) cos2nx]:+

+~2]Ff[%B(x)~0]cos2nxdx+“;'2‘) +a(n)

(]

M CNe/l0BATENbHO HODMUPOBAHHAS COOCMBEHKAS PYHKyuL @, (x) pasHa
1 1

@@ =0, [5+22]) =y Zu,w[1+22] "

Orciona monyyaeM OxoHuaTenbRyl QopMmyny aas ¢, (x):
,,(x)-.—]/_Q[ a (%, n)]cosnx—{—
211 1 a(x, n)
-}- ;[7 (k+§fB(t) dtmcx)+—nr] sinnx.  (18)
[

r) Mcxona us ¢popmyns (6), noiyyaeM ¢ NOMOLIBIO aHAJOTHYHOTO Pac-

d
Cyxaenusa aCHMMIITOTHYECKOe BHIpaXKehue s _l{t'ﬂ

dcpq(x) l/2[ a(x, n)]smnx+

+V§— [h -{——%—fB(t)dt——cx—}—E@] cosnx. (19)

4. CobcTeennbie QyHKnuH, obpaiaomuecs B HyJb B ABYX 3ajaH-
HBIX TOYKaxX, H MX 2CHMOTOTHYeCKHe Bhipawkenus. ITycTh cHoBa (hyHK-
uusi“B (x) HenpepuisHa u umeem opanudennoe usMenenue 8 [0, «).
Paccuompun 3adany o pasvickanun 3navenuli napamempa A, KOMOPHK
coomsgemecmayom peweﬁaﬂ ypasrerus

,,xz U +e—ByUu=o, (3)
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Y008.4eMBOPAIOU,UE KPAECBHLM YCAOBUSM
U@©)=0, U(m)==0 - (20)

(cm. Kuesep [2], cTp. 136).
IMepBoe u3 paseHcTs (20) NOKA3LIBAET, YTO B ITOM CJAyuae Mhl JOMKHE
nonoxuts B dopmynae (5) ¢, =0, crexosarenarHo

U=c2sin)\x—}-—%fB(t)U(t)sin}\(x—t)dt.

ITpu sToM ¢, He MoxeT ofpamarhcst B HyJAb, TaK KaK HHAaye M
uMenn 6n0 U’ (0) =0, a noromy dyuxius U TOKIECTBEHHO PABHANACH Obi
pymo. Iloawnaysce TeM, uto ¢ynxmus U onpeneneHa ¢ TOYHOCTRIO JHO
TIOCTOAHHOTO MHOXXHTE/ISI, MBI MOXEM IOJIOXKHTD Cq = V2/1t . Torna U yno-
BJIETBOPSET MHTErPAJIbHOMY YDaBHEHMIO

U=]/-%sin Ax +—)1\—fB(t) U(t)sinA (x —t)dt.

Paccyxmas Tax xe, Kak M B I. 2, NOJyyaeM, 4YTO IpH A > Ay >0
UMeeT MeCTO DaBeHCTBO

U(x)=l/-—72?sin)\x+&x’)“l. @1)
Ho Torma Bropoe u3 paBesctB (20) moxasniBaet, YTO
tg Aw =Py (A)/[A+ Py (M), (22

rae
P)=V % [ BOU®smdt, P,0y=Y = [ BO U@ cosat.

IMpunumas Bo Buumanue dopmyuny (21), moayuaeM, uyro

1 . a a
Py =5 [ B@at+2E, p,oy=21,
0

[Tonbaysach 9TuMM (OpMyJaMu, TONyYaeM WH3 ypasHenus (22) acumnmo-
muuecKoe 8upaxcerue OAs n-20 COOCMBERHO020 3HAHEHUS, KOMOpPOe Mb
0003Ha"uM 4epes Ay,

An:n_}_%_{_a(n) h'=—;—f3(t)dt (n=1, 2, ...), (23)
0

nz ?

a u3 (21) monyuaeM, 4TO COOTBETCTBYIOLIAS HOPMUPOBAHHAS COGCMEBEH=
Has PYHKUUA @, (X) umeem acuMmmMomuueckoe 8upajcerue

en() =1 Zsinne 2o, 24)
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§ 8. Teopema Jiuuu — FoGcoHa 0 PaBHOCXOAHUMOCTH
pana Illtypma —JlnyBaaast W TpUroHoMeTpHueckoro psga Pypbe

1. 3anaga o pasaoxeHud mno ¢Qysxmusm [Urypma — Jlnysumnis.
[Tycte Ha oTpe3ke [0, w] ZaHa oproronanbHas HOPMHPOBAMHAf CHCTEMA
dyuxuuit {@, (x)}, UMEOUMX CyMMUDyeMuift KBAApAT

f& (x)dx =1, fcpn(x)mm(x)dx—o (n + m), 1)
0
u mycTh Qyukuus f(x) sempepuisHa B [0, w]. Ilpexmonoxum, uyto ¢yHK-
o f(x) MowHO M306pasuts B [0, ] DPABHOMEPHO CXOASUIMMCH pfi-

oM Zlancpn (%), | o
f= 2 auen(x), 0K @

Torpa, ymnoxas o6e yacTH -paBencTBa (2) Ha o, (X) M IOUNEHHO HHTE-
TPUPYS, TONyYaeM, YTO

ap = ff (6 on (t) dt, (3)

a noTomMy Koa(pduuumenth @, B Qopmyse (2) onHO3HaunO onpeneneHL H
umeroT BuA (3)1).

[Tycrtb, BoOGHIe, AaBma cymmHpyemast Ha orpeske [0, x} ¢yuxius f(x),
M NyCTh M9 mo6GOro n METerpas, CTOSMHMA B NpaBol uacT ¢opMyas (3),
umeer cmbici. Toraa nocsedosamensnocms {a,) naswsaemcsa nocredo-
sameavrocmblo Ko3gduyuernmos Dypve dynxyuu f(x) omuocumessro
opmozoua/zbnoti Hopmuposanuoli cucmenvs Pynxyul {o,(x%)), a pad

2 a,9, (x)—padoxu Dypve Pyuxyuu f(x) omHocumessro cucmembl

(x)} Imo 3anucvisaemcs gopsyrol
f(x)~132=1 a0y (%) : . 4

Ocuosnas 3afaya TeOpDHM pa3/OKeH¥H B PAXH 3aKMOYaeTcsd B yKasa-
EMH [JOCTATOYHBIX YC/OBM#, NPH KOTOPHX B dopmyte (4) MOXHO 3ame-
BUTh 3HAK ~ 3HAKOM ==. MM OrpanMyuMcs pacCMOTpeHHeM STOH 3amayu
AN Cydvasi, KOTHA IOC/HeNOBATENBHOCTh {¢, (X)} fABAsETCH MOCHenOBaTel]b-
Hocthio dynxuuf Hltypma — Jluysuans.

1) Mal yxe npumensau sTor cmoco6 B ra. III, § 5, n. 5,8° u § 6, m. 8,
NpH PacCMOTPEHHMH Pa3NOXEHHMH B PAXL ‘N0 MEOrowieHaM K06 ¥ ¢YHKUHSM
Beccens. Otmocurenpno shipaxerust (3) maa xosdduumentos @, AAs Clydad,
KOrka @, ABIAETCA IOCIEeAOBAaTENbHOCTBIO (YHKUHH LUTpra—-JIHmexm, cM.
ynomsaayTyo Ha ctp. 220 Tekcra Teopemy Xaapa.

14 3ak. 527. Jx. Caucone
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Sra samaya M3yyanach JIMyBH/MIEM B CBS3M C HEKOTODLIMH BONPOCAMH
Teopuy TemAOTH (CM. JluyBHmIb [2]; cM. Take § 6, m. 1), mpuuem mnep-
BOHAYAJBHO H8yyeHHe OrPaBHUMBAJNOCL (OPMAJBLHBIM  PAacCMOTPeHHEM
9THX psnos. TeopHs mosyuuia Gojee 3aKOHUYEHHLIA BHJ B H3BeCTHOR
paGore unu [2], B KOTOpO#, Hapany C DAas/OxeHHAMH B TPHrOBOMETPH-~
yeCKHe DHAB, I KOTODHX OBl M3BeCTEH KJacCHyeCKuH NpusHaK cXo-
nuMocTd Jlupuxie, pacCMATPMBAMUCh TAKXKe DAa3NOXeHHA IO (yHKIUAM
Beccens u mo coepuueckum QyHKIUMAM.

3agaya 0 pasAOXHMOCTH B psaw paccMarpuBanach B. A. CrekioBbIM
[1], 12], Tuns6eprom [1] u Knesepom [2}, [3]; npu Gonee ofmux mpep-
TONIOKEHUIX 9Ta 3ajaya Oblia paccMOTpeda JIMBM B PYKONMCH, COCTaB-
nensoft B 1904 r. mim CTyZeHTOB NM3aHCKOro yhHBepCHMTeTa # ony6.aM-
KOBaNEO# B pykonucsoM Kypce 1910 r.1) Jlumm ycraHoBun KpuTepuit
paBHOCXOIUMOCTH psifioB LLITypMa—/IuyBuiis ¥ TPUrOHOMETPHYECKUX PHLOB
&ypobe (cm. duum [3], crp. 81—82). IToutH onnospemenHo ¢ HuM I'06-
COH Hawena KpuTepu#t PaBHOCXOIMMOCTH B TOYKe mas (yBxuui c orpa-
HuyerHbiM U3medenueM (cM. ['oGcon [1]). IMoawe Xaapom GbUIM yCTaxoB-
NeBH Apyrde BechbMa MHTepecHble pesyabraThl (cM. Xaap [1]).

Mu yxawem B ri. V, § 3, n. 6, pe3yabraThl, BHTeKallye U3 TEOPHH
MHTETDAILHHIX ypaBHeHHH; 3[ech, ciefys cnocoby Yoamwa (cu. Yomu [1]),
OCHOBaHBOMY Ha MeTOXaxX o6uIefi TeODUM Da3/OXeHHd B PsAibl, MB NOKa-
MeM TeopeMy PaBHOCXOXMMOCTH PsAnoB 1o ¢pyrknusM Ilitypma — Jluysunna
CHCTeMbl, paccMoTpesHoft B § 7, m. 4, M TDUrOHOMETPHYECKMX pSJOB
dypre (cum. m. 4).

2. MNpeapaputenbnsie JeMmul. a) Jlemma 1. Ecau dsolinas nocie-
008ameAbHOCMb OelicmBUMEAbHIX HUCeA

{en ) (1 k=1,2,...)
maxosa, 4mo

cn,k+ck,n+§10n,v ck,vzo (”’ k;:l: 2; -"> (5)

u pad
2 Zlensl) ©)
n=1 k=1
cxodumes, mo
(o]
ck,,,-i-c,,,,,+2_)10,_,,cv,,,=o (n, k=1, 2, ...). W)

Hmeem 2)

(ks = ZElen D Slen D= 3 et

1) Cm. HOumn [3]. Kype 6uian npounrar cryAearaM B 1910 r., sutorpadupo-
BanHOe M34aHWe BhiIO B Mapre 1911 r.

2) ina ynpolleHus 3anHcH Mbl GyAeM B AaibHeHIIeM MPOCTO MHCATh 2, ecnd

CYMMHPOBAHHE IO BCEM MHIAEKCAM BEAECTCA OT 1 20 oo,
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Tak xax cTosfui CjieBa psij CXOAMTCS, TO CXOHMTCH H TPOHHOR psan

2 e, un sl (8)

By Py ¥

pPaBHO KaK W COjiepxaluecss B HeM PSbl
2 sz, k (9)
n, k
u 2 | cv, ncv, kl 1)'
v
IMonoxum

Qn,k=ck,n+c'n,k+§€v,n Cy, k (n7 k=1, 2, ---)

U JloKaxeM, 4To o, p=0.
Vmeem

53:, k= (cn, k + Ck, n)2 + 2 2 c'n, kc-a. ncv, k + 2 2 ck.ncv, ncv, k +
+(;cv, ncv. k)g' (10)

B cuay toro, uro
2 Cn it ) <2260 k2 ks
n, k n, k n, k

pAn Z(C”,k—f-ck, »)? CXOIMTCA; OGO3HAYMM €ro CyMMy yepe3 s:
n, k

s= 2 (cn, k7t n)?- (11)
n, k
Us cxomumoctd pafa (9) caeayeT CyuiecTBoBamHe Takord uucaa M,
qTo
Ic,,,,‘]<M (n, k=1, 2, ...),
a nmoToMy

2 lcn, ka, ncv, k l < M Ekl cv, ncv, k l

v, By Y, n,

CnemoBatentno, TpoHBOR psaj 2 Cn, kCy, nCy, k AOCOMOTHO CXOAMTCH.
v, 7 &
ITpunumas BO BHuManue (5), HOJyuaeM, 4TO

2 Cn, k Cy, nlv, k= 2 Cy,n 2 Cn, 1ilv, k=" 2 Cy,n (cv, n+cn. WA
N,k v, B k v B

1) HanomuuM, 4TO Hajd KPaTHHIMH a0CONOTHO CXOASIIUMHCH PAAAMH MOXHO
BBIMOJHATL Te e JeHCTBHS, YTO M HalX o6biuAniMH. [CM. duxrenroasy I'. M. [1],
1. II, erp. 384.— Ilpunm. nepes.)

14*



a2 - Fa. IV. Kpaeswe 3adayn

M, aHaJOTMYHo,

I; Cx, nCy, nf v,k'—‘zcv,kzck nCy, n =—2kcv,k(cv,k I ck,v)=
v, B, v,
=_20n.v(cn,v l-cv,n)'
v n

Cymmupys Ha#ijienHble TOABKO YTO JBa COOTHOIUIECHMS M NpHBMMas BO
sHumMasze (11), noaydaem, uro

Ecn,kcv, v.k+ 2 cknv,n v,k_—s (12)

“wn, k

Hs cxomumocTu TPOHHOro pAna (8) ClefyeT CyIeCTBOBaHMe TaKOro
aucna M;, 4ro

%lcp‘,ncp,kl<M1 (n; k=l’ 27-")9
a noToMy
- ; l clx, ncp., kc-r,.ncv. k I < Ml l cv, ncv, k I

Z Icp., ncp, kcv,ncv, kl < Ml 9%7:'0”' nly, k |

PV, k

Taxum o6pasom, HanuCawHLIi YeTBepHOH DAN aGCOMOTHO CXONMTCA, a MO-
TOMY, TIDHHHMasd BO BHMMawHe (5), MMeeM

%(Ecv nov k)2=2(2 ¢y, nly, k)(ch, nc * l‘)=
2 cpnpkcv, Co, k. = 2 cp., vnch,kcv,k—

Y% E

=_p'v2,ncwn ‘i,n(c!‘-:"+c"t?')_-—*§(c?’: "+ch1",)12}0?'” wn
= (cp, 6, =5 (13)
B v

~ Cymmupys Temeph cooTsowesus (10) mo uEmekcaM n ¥ K ¥ npuHM-
masi Bo BrmMande (11), (12), (13), nonyuaem, uto :

o r=5—254-5=0
n, k

OTKyHa Clefyer, uTo Op, =0 mpr n, k=1, 2,...

6) Jlemma 2. Ilycms {u,(x)} u {u,(x)) —dse nocaedosamers-
HOCMU OPMOZOHANEHUX HODMUPOBAKKBX gﬁymcauu Ha ompeske [a, b];
nycmb “yuxyuu |u,(x)| pesromepHo ozpanuuens 8 la, b}, u nycms

Uy (%) — (%) = Doy, 1, (x) (@< x<b, n=1, 2,...). (14)

Ecau psad
| 2 (Zlen, )" 6
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cxodumcen, mo @yHxyuu |a,, (x)|} marxce pasromepro ozpanmeuu
e[a, bl, npuxex -

a,.(x)—un(x)-—Zc,, 4,(x) (a<x<0b) (15)

b _ ‘
c,,;k=f<En(x)—u,,(x>>uk<x)dx (mk=12..). (19

Kpoxe mozo, padw, cmosuue 8 npaeux Kacmax gﬁopﬂyﬂ (14) u (15),
DPABHOMEPHO U a6comomno cxodamesn 8 [a, b]. .

Us cxomumoctu psna (6) BhiTexaer CymeCTBOBaHKe TaKoro uyucaa M,
YTO

’glc,m|<M‘ (n=1, 2, ...).

Tak KaK NO NPeRNONOKEHHI0 (QYHKUMH |4, (X)| PaBHOMEPHO OrpaHMYEHHI
B [a, b], T0 u3 dopmyn (14) ciaexyer, 4TO CTOAIIMe B MX IIPaBOff YacTH
PSIbl a6COMOTHO M PaBHOMepHO cxomsrcs B [a, b], a moToMy QynKiuu
Iun (x)| Taxxe paBHOMEPHO orpalmqenm B [a, B]. ‘

Ymuoxwas (14) Ha u;,(x) ¥_unTerpupys oT @ no- b, mnonyyaem, mnpu-
HUMas BO BHMMaHME 3aKOHHOCTb IIOWIEHHOTO MHTerpHpOBaHMS B NpaBof
YaCTH, lrro

f (n () — () 1 (X) dx = p e (0, B=1,2,...),

T. e. Gopmyny (16). ITosTomy
b

f Uy (x)zn (x) dx = Cn, k+ an. ko

G
rae uyepes 3, ;, o6Gossauen cumson Kpouexepa (8, ,=1; 8, =0,
npu n + k).

Ho Torza
b a b
o= [l () i (6) A = [ 0, () [ () B, 1, (9N e =
a a .
b b
=[n@u @+, [ @@=
a a
=38, k+cn,k+20k.v(¢’n. v 8, )=
——3” k"‘l"cn k+ck.n+zck. n,w
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3HAYUT BHINOMHAOTCS COOTHOWIEHHS (§), a CeLOBaTeNLHO, B CHIY JeMMSI 1,

¥ COOTHOIIeHus
Ck, n+cn k+zcv, k_o (7)

Kak 6buto 3amevero B jemme 1, pﬂllz | ¢y, nty, 1 | CXOMMTCA, 2 HOTOMY,
v,

ecmd Mu ymHomum (7) Ha u;(x) u npocyMMMpyeM no umHAeKCy K, TO

MOy YUM
g Cx, i1 % Cp, 1ttt g c,, ng ¢y, 1 =0,
2, ittty — ) -+ 2 €, (8, — ) =0,
A
YTO M TPe6GOBANOCH NOKA3aTh.

3. Teopema Yoama o paBHOCXONMMOCTH JJsi PAXOB N0 OpPTO-
roHaJbHbBIM (YHKUMAM. a) Teneph MHl JIETKO MOMEM JOKa3aTh TEOpeMy
Yommua 0 pABHOCXOAMMOCTH i DSIAOB IO OPTOrOHAMEHBLIM  (DYHKIMAM
(cm. Yommr [1]).

Hycms {u,, (x)}, {1, (x)} — 8¢ noc.redosamervrocmu opmozonarsuo.x
u HopxuposaHuwx 8 la, b dynrwyui, u nycms diymcuuu | 2, (x) | —
pasuoxepno oepanudens 8 [a, bl u

,,(x)-—u,,(x)_gcn.kuk(x) (n=1,2,...), (14)
2de?)

b
= [ (0 (O)—tty (DD ()dx (1, k=1,2...).  (16)
ITyems, Kpome mozp, pad

Z & sl (®)

cxodumes. Hoxaxces mozda, umo ‘ecau Pyuxyus f(x) cymmupyera
smecme co csoum xeadpamox 8 [a, b], mo oba psoa

f@)~ X qu(x), f(x)~ i byt (%), (17)
k=1 k=1

b b
ay = f f(x)uy (x)dx, bk=f f (%), (%) dx

1) Ywuratenp 3aMeTHI, YTO, B CHAY JOKa3amHoro B u. 2,6% dopmyna (16)
cn([e,uy«;."i' u3 (14), (6) H NPEATONONKEHHA O PABHOMEPHOH OrpaRM4EHHAOCTH |, (¥) |
B [a,
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umerom 00UHAKOBuE Xapaxmep cxXo0uMocmu 8 mom cMuicse, ¥mo pad
o0
X (@lty, (%) — brasg (%)) (18)
k=1

a6conroOmAo cxodumcs, nputes ezo cxooumocms pasHomepra 8 [a, b u

0= kZ_‘;l (axtty, (%) — byt (x)).
Hmeem -

b b
bo—an= [ [ty () —uu(@ dx= [ f(9) Sy, #)dx. (19)

M3 paBHOMEpHOH CXOIMMOCTH psna 2 Cn, v Uy (x) (cM. memmy 2) crenyer,
yro B (19) BOSMOXHO NOWIEHHOE MHTerpupoBaHue!), a moTomy

bn —a, = 2 Cn, vy (20)
U, aHaJOTHYHO,

an'_bn=20v,nbv- (21)
M3 (20) u (14) nonyyaem, uyro

; {akuk (x) h— bk—l—ik (x)] == g {(dk _ bk) lik (x) —_ bk (l_l-k — flk)] =
=2[Ze, 1, m—Dbaer,, w] (22)

\ .
Psn Z bn cxoputca B cuny nepaBencTBa Beccens?), a no masectHomy
nepaBseHCTBY Jlarpamxa umeem

(Zi16n| Zlenal) < Dbu Blen 2],

1) Monaras Ry= ¥ €y, 4, (X) U NPHMEHSR HEPABEHCTBO ByHAKOBCKOTO,
v=N+1
noaygaeM

’afbf(x)(zvcn,yu, () dx—é}l Cn, vafbf(x) u,(x). dx]g

b b 1 b 1
<[ lureirylar<] [ 200 ax] [ [ Ryax] ™.
a a a

2) Cm. duxrenroxsy I'. M. [1], 1. III, crp. 705.— ITpunr. nepes.
8) imeem

kid » 7 7
0< (e —r,2 = Nad—a Nap,+12 6%
{=1 i=1 i=1 =1

HO TPeXwleH, CTOAMMH CHpaBa, HEOTPHUATEJNeH NPH MOGLIX AeHCTBHTEABHBIX A,
03 TOMY

(@b, +...+2p V< (@ +...+a2) @G+ ...+ bl). —pun. peo.
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B CHJy DaBHOMEDHOH OTpaHMueHHOCTH Qynkumh |u,(x)|. Otciona caenyer,
yto psx (22) aGcomoTHO n  DaBHOMEDHO CXOAMTCH B [e, b], a Takxke, uro

2 (@gy, (x) — bk”k (x)) = 2 e, byur— 2 byey, u
—‘ch kbuk Ebcv kuk'—o

6) U3 noxasaHnoft TeOpeMEHI Ce/lyeT, YTO eCJIH BHIONHAOTCS CAe/aHHble
TNpeNnONOKenys U ecsu o00ur u3 pados (17) cxodumcs (cymmupyem)
u umeem cyummy S, mo u: Opyzoli pa0 cxodumcs (cymMupyer) u
umeem. my sce CyMmy S; ecau pacxooumcs OOUH U3 Hux, mo pac-
xodumcess uw Opye2odl; ecau OOuUK U3 HUX PABHOMEPHO CX00UMCS
(cymmupyen) na Hexomoposm ompesxe, mo u.Opyzoli DPGBHOMEPHO
cxodumcsy (CyMMupyesm) Ha mMOM e ompeske.

4. Teopema o paBHocxogumocTH psaos IlirypMa — JInyBHIAIA U TPH-
rOHOMeTpHYeCKUX psAAcB  Pypbe. a) Msl pacrnonaraeM Tenepb BCeM
HeOOXONMMLIM JUIi JOKa3aTeNbCTBa TEOPEMbl O PABHOCXOXMMOCTH PSNOB
Hitypma — JlnyBunns u -TpUroHOMETpPUYECKHX DPSLOB.

PaccmoTpuM OPTOrOHaJBHYI0 ¥ HODMMPOBAHHYIO TNOC/ENOBATENBHOCTD

(bynxunﬂ [Wrypma — Jluyswmns  {u,, (X)), YIAOBIETBOPSIOLIMX YDAaBHEHHIO

T d% u,,

it (A —B (#)]a, =0 (23)

H KpaeBHIM YCHOBHAM
Uy (O) == un (m)=0, (24)
a TAaKXKe MOCHELOBATENBHOCTS {uy, (%)}

u, (xX) = v —i— sinnx. o (25)

- Tipeanonoskum, uto dysxnua B (X) HenpepwsHa u uMeem ozpaniu-
wernoe usnmenernue 8 [0, w]. Torna, no dopmynam (24) u (23), u3 § 7, . 4,

u,,,(x),——»*]/‘2 [smnx—l— (. n)] kn=n+ﬁt(l—,”), (26)
npMueM CyUIECTBYeT TaKas a6qomomaﬂ nocrosunas C, 91O
| la@|<C (r=1,2,...),
la(x, )| <C (ua 0Lx<m n=1,2,...).

Tax xax tbyﬁx(um 4, (x)—u,(x) umeer B (0, ™) BTOPYI mNpOH3-
BoHyo, 10 B [0, ®] paBHOMEpHO BHINOJHNETCS PaBeHCTBO !)

;n (%) — 1y (%) = kgfn. kU (x)’

1) Cu., nanpumep, Toacros I IL. [1], crp. 108 — [pux. nepes.
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rae
o= | (@ (¥)— 1, (4)) 1, () ax,
U °

c,,,/k-:‘/%fﬁn(x)sinkxdfo”'k (n, k=1, 2,...). (27)

0 -

HHTErpupys 1o 4actsu, nonyqaem, 410

nk—l—'&nk_] = fun(x)coskxdx—

) 21
ey

f uy (x)sinkxdx. (27%)

[

B cuny -Bropo#t M3 dopmyn (26), MoxHO HafiT¥ Takoe Ienoe yucio N
4YTO '

IAn—n|<é- npu n> N, (28)

Ecnu paccmorpers Bee mmpexcu n < N, 1o u3 (23) u (26) cnenyer
CylleCTBOBaHME TAKOro uyMcnia ¢, YTO

IEZ(x)lgﬁ—— npy n=1, 2,...,N.

‘ Vax
Torna . ) _
[kl <o (RSN, k#n, k=1,2,...),
Icn.nl<1+n2a

a TOTOMY Dan 2|c,,,kl CXONMTCH, W, CHEN0BATENbHO, CYIIECTBYEeT
. P
cyMma ;N {2 | €n; k]}“‘. Ecmd 65 HaM yRanoch AOKa3aTh CXOJUMOCTE
n

pana ) {Zlcn %l }9 TO MOXKHO G6bUIO 6bl NPUMEBMTD TeopeMy M3 m. 3.
n >N
s (27) u (26) uMeeM

epnt1= ]/'% f]/-%sinnx [sin nx + 5-9—;—52] dx =
0 )

4y 2 :a(x, n) .
_1+—Ef~n—smnxdx,
Q
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a noromy ,
el <2 (n=1,2...), (29)

Thae €, fBAseTCs aGCOMOTHOM KOHCTaHTOH.
Ipu k£ n umeem u3 (27')

=V 5 f [\ — B ()] &, (x) sin kx dx =
Ae
= ”k’; LI - k2 fB(x)u (%) sin kx dx,
a moromy

en_k(xg-—kﬁ)_—_‘/ 2 [ B (), (x)sin kx dx.
0
B cuny Toro, uto n> N u kq&n a moromy |n—=Fk|>1, mony-

yaeM, moab3ysch (28), uto

Ay k| =|hy—nt(1—B) | > |0 —k| — > 50 —F],

!*u—i—kl=I’\n—ﬂ+(n+k)l>ln+kl—lln—ﬂl>§Iﬂ+kl-
IMosTomy, B cuny (30),
4V2
lep, 1< Valk— 2|U3(x)a,,(x)sinkxdx|
H 1O BepaBeHCTBY Harpamka

(Ellcn,k) A 32 2 (k2—n2)2 [fB(x)un(,x,)smkxdx] ,  (31)
"k

14
rie LITPHX B CHMBOJE 2 03HayaeT, 4TO MCKJIOYaeTCH 3HayeHHe R = n.
Hmeem

k2-1—n2 21n (k—l-n_n-ll—k)’ (=2 —112)2 QL((kwﬂ)2+(k+ﬂ)2)

;(k——n)z (n-——k)2+ 2 (k-——-n)

k=n+1
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a noTomy

2 (B2 —n?) ——n2)2 <oz E # =—’ (32)

rie cg— a6COMOTHAS KOHCTAHTA.
Packnaneipas dynxmmio B (x)u, (x¥) no opTOroHaNbHON M HOPMEDPO-

Bauoft B {0, =] cucreme ¢pyuxuui %sinkx}, HOJy4aeM, B CHIY He-
pasenctBa bBeccend, uto
’ ® _ . ﬂ ® -
E [fB(x)un (x) sin kxdx] <3 f 2 (x) u2 (x)dx,
ko 0

a moToMy, Tak Kax QyEKuMM |u, (X)| paBHOMepBO Orpammyent B [0, w,
TO

2, [fB (x) u—n(x) sin Bx d,\:]2 <e, -
0

k
rie ¢,— abcomotnas komcrauta. M3 (31), (382), (33) BmBoaMM, uTO

(21 n, ) < 22058,
u, B cuny (29),

(2|cn,kl) a2+ =2 >N,

rie C, — a6comoTHas xoucranta. OTCIOfa Clefyer, 4To psm E (2 | €n, % [)?

-

CXONHUTCA.
[Tpunumas BO BHUMaHME NOJMyYeHHHE B I 3 pe3ynbTaThl, NOKyYaeM
CHENyOmYyI0 TeopeMy.
Ecau {n,(x)} ssrsemca opmozonasbhol u HOPMUPOBAKKHOL cucme-
#od dyuxyud IlImypua — Jluysusss omroCumessHO YPABHEHUS

2 ”" 42— B (x)lz, = 0
U Kpaessx ycaosui _ _
iy (0) = Uy (“) =0,

(20e B(x) Henpepwiana u umeem ozpanuuennoe udMenenue 8. (0, «]) u
ecaugynnyun f(x) umeem 6 [0, ©] cymmupyemnii xeadpam, mo psod

Dypee gynrguu f(x)

Fm Y i), an= JF @) g () ax (34)
k=1 0
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sedem ce6sn max gce, Kax u mpuzonomempuneckull psd gynryun . f(x)
OMHOCUMEAbHO OPMOZOHAAbHOL 1 Hopmuposanuoli 6 (0, ©) cucmemsl

2. -\
Pyuryul {]/-; smnx}
f(x)"‘Ebns’“”xg bn=%ff(x)sinnxdx - (35)
n=1 . 0

8 mom cMucie, umo ecan o0ur u3 psoos (34), (35) cxodumca (cys-
Mupyem) K cymme S, mo u Opyzod pad cxodumcs (CYMMupyems)
K cymme S; ecau pacxodumcs 00ur, mo pacxodumcs u Opyzoli: ecau
00un pasHomepro cxo0umcs (CYMMupyerm) Ha@ HeKOmMopom ompeske
u3 [0, =], mo u Opyzolii pasrHomepro cxodumcs (CyMMupyes) Ha
mox dce ompesxe. '
™ 6) B vactHocTH, ecau pynryus f(x) Henpepuisna u umeem ozpa-

Huuennoe uzmerenue 8 [0, =), mo pso (34) cxodumcs Ha [0, =), npu-
“eM OH pasHomepHOo cxodumcsa K @yHxyuu f(x) Ha awbom ompeske,
Aexcauwen suympu {0, «j. '

B camom nene, stuM cBoMcTBOM oGaamalT psas (35)1), orkyna u
CleAyeT IO TeopeMe DABHOCXONMMOCTH Hallle yTBEPXKIEHHE. ,

DTa Me TeopeMa CHIPaBeMMBA JUIA BCEX PpAa3/OKeHHH HenpepHBHHX
byuxnmit ¢ orpannyeHHHM W3MeHenMeM B psaas lltypma — Jlnyswiaa
(cM. To6eon [1), crp. 386—387).

CcdopmympyeM, HakoHell, CJIe/yIOIyi0 TeOpeMy eIHHCTBEBHOCTH Xaapa.

Ecau onpedeaennas 8 [0, =] dbyrrgus f(x) oepanuuena u unme-
zpupyena, a {0, (x)} — nocsedosamesbHOCMs OPMOZOHANLHUX U HOD-
nupogarnux 8 [0, =] dynxyud Imypma—Jluysuarsn, u ecau psd

> a,,(p,;iéc)rcxoaumm 8 [0, =] ® f(x), mo ez0 roapunuenmu a,
n=1 o

asamomes woagguyuenmanu Dypse dyrrguu f(x) omuocumessno
cucmems {o,(x)}, m. e. a, swpaxcarwmcs no gopmuyram (3) (cM.
Xaap [1], cTp. 48)2). -

1) Cm. dPuxrtenroanyy I'. M. [1], T. 11, c1p. 528. — ITpus. nepes.

2) ‘B npuaoweHuax (Hanpumep, B KBaHTOBOH (u3uKke) 60JbIIYIO PONbL HIPaeT
Takxe 3amaya llItypma — JluyBuaasa nHa GeCkOHeuHOM HpoMexyTke. OTMeTHM
OCHOBHbE (haKTHl, OTHOCSIIHECA K 9TOH 3amaue. IlycTs ¢ (x; A) — peurenue mud-
thepeHHaIbHOTO YPaBHEHHS

YV+d—q(x)y=0 0<x<0), . : 1)
YROBIETBOPAIOLIEEe HAYANLHOMY YCIOBHIO
9(0; M) cosa+¢/ (0; A)sina =0, 2)

1 g (x) — neficTBuTe bHas (yHKUHS, HENPePHBHAA B KAXKIOM KOHEYHOM Ipome-
uyTke, CylleCTByeT MOHOTOHHO BO3pacTaiowas @yskuus p (L), HasnBaeMas
cnexkmparsroli dynryueld W obnajaoumas CcaelyloLEME CBOHCTBaMH. Jlo6oi
bynxumn f(x) u3 L2 (0; 00) COOTBETCIBYET (YHKUHSA

n
FO=1L1m [fex)e(sNdx @)
7> -0
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npuyem
[ p@ax= [P0
0 —00

(l. 1. m. —npenen B cpeanem no Mepe p(})). :
O6patHo, KamAOH ¢yHKUuH F (M) ¢ HHTErpHPyeMsIM OTHOCHTENbHO p(R)
KBaJAPaTOM COOTBETCTBYET (YHKUHA

N
S0 = L1 m. _lfv FN) g (s Ndp (), @)

npHyeM

[ roam=[rwd ®)
—-00 0

Takum o6pasom, monywaotcss GopMyan obpaimienus, aHaNOrHuHbe Gopmynam 00-
pawenun Pypoe. . -
JlononseHue K MHOXECTBY TOYEK, B OKPECTHOCTH KOTOPHIX p (A) NMOCTOsAHHA,
! A e o ;i

Ha3bIBAETCA CMeKmpom oneparopa a-z-—q(x).. B 33BUCHMOCTH OT NOBexeHHs

g (x) Ha GECKOHEYHOCTH CIIEKTP MOxeT OHTb UYHCTO TOUEYHLIM, HENPEePHIBHLIM
WM CMEIIaHHBIM. . -

dynxuua p (A) onpeRenseTcs OAHO3HAYHO, eCtH ypaBHeHHe (1) uMeeT mpH
BCEX HeJeHCTBHTENbHBIX 3HAUEHHAX A eXMHCTBEHHOE PEIieHHE C HHTErPHUpYEeMbIM
KBagpaToM (Caywyai mnpeXelNbHOH TOoukH Beitnd), ¥ — HeOZHO3HAYNO, eCaAH TIPH
n1060M HeNeHCTBHTENLHOM A BCe pelIeHHS HMEIOT HHTErpUpyeMbii KBampar
(cayuall nmpefenbHOro Kpyra Be#as), |

BaxHOe 3HaueHHe MMeeT Takxe oOparHas 3ajawa I[ltypma — JluyBuans,
T. €. 3ajla4a O BOCCTAHOBJEHHMH ypaBHeHusa (1) mo dymxuum p (A).

3apaua lltypma — JluyBuana Ha GeckOHeuHOM npoMexyTKe Obia BriepBbie
paccMoTpeHa ¢ AocTatouyHoit moaworoi I'. Beitaem [We y1 H., Uber gewohmnliche
lineare Differentialgleichungen mit singuliren Stellen und ihre Eigenfunktionen,
Gottinger Nachr. (1909), S. 37—64; Uber gewohnliche Differentiaigleichungen
mit Singularititen und die Zugehorigen Entwicklungen willkiirlicher Funktionen,
Math. Ann., 68, (1910), 220—269]. .

Hsnoxenue pesynbTaTOB, HOJYYEHHHX Ko 1946 r., COXEPXHTCH B KHHUre
E. Turumapma [Titchmarsh E. C., Eigenfunctions expansions assoclated
with second-order differential equations, Oxford (1946)]. .

HoBoe H310XEeHHe TEODHH M HEKOTODHE HOBbIE PE3yAbTaTH COXEPKATCH
B xuure B. M. JleBurana (Pa3noxcenne o co6c1BernnM pyuxuuam, M. — JI, 1950).
Pemenuo ob6parHoit 3agaun llitypma — JluyBuana nocBsiweHn pAx pa6oT, U3 KO-
Topuix 0c060 oTMeTHM paboto: leabdamnx U. M. u Jlesutran B. M,
06 onpegelednn nudepeHHaTbHOr0 ypaBueHHs IO ero CHeKTpPaibHOH QYRKIHH,
MUss. AH CCCP (cepua Mmatem.), 15 (1951), 309—360. Mapuenko B. A,
HexoTopsie BONPOCH TEOPHH OAHOPOAHHIX JHHEHHHIX AuddepesLEanbHbIX onepa-
TOPOB BTOPOro mopsaka, Tpyast Mock. Marem. Q6-8a, 1 (1952), 327—420 u 2
(1933), 3—84. Kpe#iu M. I'., O HEXOTOPHX HOBHX 3ajayax TeOpHH KoneGaHHi
[litypmoBnix cHcTeM, Ilpuka. MmaTeM. u Mex., 18, Bum. 5 (1952), 555—568; O6
06paTHHIX 324a4ax Xif Heonmopoxmoi crpymst, JAH CCCP, 82, Ne 5 (1952),
669—672. KapaceBa, O6 obparnoit 3apave IllTypma — JluyBunna pas Hesp- -
MHuTOBa omeparopa, Martem. 6., 32 (74), Ne 2 (1935), 477—484. Uy nos JL A,
O6patnas 3agaua Lltypma — Jluyeunnsa, Matem. ¢6., 25 °(67), Ne 3 (1949),
451—456, — Ipum. nepes. _



I'masa V

KPAEBBIE 3AJIAYM J1Jil OBbIKHOBEHHBIX
NHOPEPEHIUAJLHBIX YPABHEHMH n-ro MOPSMAKA (7> 2)

§ 1. Bunnnefinpie dopmbl. Kanonuuecku#t Bup 1)

a) Mycrs {ai, ), i, k=1, 2,..., n—coBOKymHOCTb #2 yucen M
NyCTh Nanbl 271 TEPEMEHHBIX Xy, Xg, +.«y Xp3 Vi, Vay +++» Yu; BHpaA-
AeHue
F=ay1x,9,tar,o%0p 1+ .. a1, n¥¥p+ |

@z, 1%9Y; - @2, 2%V 1 - - . a2, nXpY, T
g & (1)
n
+@n, 1X0 Y1t 2 X Yot - a XYy = ;_ @i, kX3

i k=1

Ba3bIBaeTC OuAUHelinol hopmol OT 2n nepeMeHHBIX

Xiy Xgy ooy Xpy
yl’ y2’ MR ] .y"'
Onpenenurens
a1 a2 «.. Qi n

A— Qg 1 Qz,2 ««. A2, n

lzn'1 an,g e an,n

Ha3niBaeTCa onpedesumeses popmu F.

Mu 6yneM npexuomarats, uto A=~0, unu, Kax ropopst, 4to dopma F
Heswpoxcoena.

6) IlpennonoxuM, uTO Haj NepeMeBHHIMM X;, V; BHIIONHEHH JiMHeH-
Hble NpeoOpa3oBaHus

1

S~x;= ¢, v X, 2
r=1
i

T~y,= 241 dx, sY s 3)
8=

1) OtHOCHTENBHO BONPOCOB, paccmatpuBaeMbix B § 1, 2, 3 9Todl raassl, cm.
Boxep [2], ra. I u V, Aimc [1], ra. IX u XL
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onpene/MTeNH KOTOPLIX

C = Det {IC{, ,-", D = Det "dk, s”
@ r,k,s=1,2,..., n)
OTJIMYBH OT HyAs (M, CJIeAOBATENBHO, 3TH NPe0OPA30BAHMS OOGPATHME).

Torma
n

n n ’
F= X aix Elcm X,Z‘.ldk, oY,
r= 8=

i, k=1
< 14
F= E Qrs XrYs7 (41)
r, 8=1
riae
’ < \
.= kz_l @i, iCi, rdg, s (49

Taxum 06pasoM, MH MOMYYHIH HOBYIO GuiauHe#Hy© (OPMY OTHOCHUTENLHO
nepemeHHnx X,, Y, onpelenutenb KOTOpPok

A’ = ACD

TaKXe OTIMYEH OT HyJs, a NOTOMYy, Oelas 8 HesupoNCcOeHHOl opre
npeo6pa3osarus (2) u (3), Mol nOAYHAEH HOBYIO HEBBPONCIEHHYIO HOPMY.

B) HasoBem wanonuyecxum sudox Gunusetiso#t ¢opMs oT 2n nepe-
MEHHBIX Xy, Xp, +..y Xy Vi Yoy +++» Yy BHDANEHHE

XY+ %Yot oo A X

HoxaxeM, u4r0- 048 OanHOU Hesuposcdenrol ghopmv F u dannozo
AuneliHo2o npeobpas3osanus S HAO NEPEMEHHBMU X{, Xgy .., Xp,
onpedeaumens KOMOPO2O OMAUKEH OM HYAS, CYuecmayem 00HO & MOAbKO

00HO aumHelinoe npeobpasosanue T HAO Yy, Yo, ..., Yy, TAKOE, YTO NDH
OJIHOBpEMeHHOM BHIMOJHeHHM npeoOpasoBavuit S u T ¢opma F mpuHuMaeT
KaHOHMYECKHH BMI
XV, + XY+ ... X, 7, (5)
MubiMu cnoBaMu, KO/DKHBL BHUIOMHSATBCS PABEHCTBA
1
i,k2=1a" KCs, r dx, 87=0 4 (rys=1, 2, ..., n)

(cM. BBejeHnble BHILE 0003nayenus), rie o, — cumBoa Kponekepa:
O, y=1, 8 4=0 mpu r + s.

pu (UKCHPOBAHHOM § MBI [OJyYaeM I OnpenesieHus dy, g, dz, gy « -+
veey dy, g CHCTEMY JMHEERHBLIX ypaBHeHHH

n n
1:21(2 Qg i, r)drs =8, 5 (r=1,2, ..., n),

i=1
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onpefienuTeab KoTtopok papen AC M, CleIOBaTeNbHO, OTIMYEH OT HYJs;
NO3TOMY Mbl MOXeM HaHTH M3 3TOH CMCTeMB BeaMuMHbl dy, 4 dp 5 ...
«e.y dy g ONHMM M TOJBKO OJHHM OGPas’oM.

r) Cmenaem B xanonuyeckofi ¢opme, nONy4eHHOH OMHCABHHM B ,B“
METOIOM, HEBHIPOXJIEHHOe JuHeHHO@ Mpeo6pasoBakMe, OCTABAAIIEE HEeH3-
MEHHEIMM TNepemennne X, Xy, ..., X,, ¥ [epeBoisiiee nepeMeHHbe

. 7 4
Xpnsp +-or Xy B Xmy1, -.., Xy Torna stoMy npeoGpasoBasmio cOOT-
Be'rcmye'r npeo6pasona}me nepeme}mux Y, Yoo oioty Youo ooy ¥y
B Yl, Yz, ceny Y,,.+1, . Y,,, NpH KOTOPOM Gununetinas dopma ocraeTcn
KaHOHMYeCKOHl. YKakeM siBHble (OPMYJ]b, BEIDAXAKOUIME MepeMeHHLe Y1y

7 7 7
Yo, ..oy Yminy «o.y Yy uepes mepemenmne Y, Yy, ..., Y.
ViMeeT MecTO TOXJIECTBO

YidX Vot oo XV X i Y ia - oo + XY = (6)
=X,Y1+ XY+ ... + XY+ Xms1¥mer . oo - Xn¥ .

Tak xaxk X, X, ..., X, Xm+1, ceer X BHIPAXKAIOTCH OGPATUMBIM
06pasoM Hepes X,, Xy, ..., X,, TO CYIMECTBYeT OAHA ¥ TONLKO OXHA
CHCTEMa 3HAUeHHMA NEePEeMEHHBIX X, Xg, ..., X, NDH KOTOPOR

Xmi1==0, .00, Xmpro1=0, Xmpv=1, Xmivp1=0, ..., Xp=0
=12, ..., n—m],

X, =0, ..., X, =0.

Ecau npu sTo# cucTeMe sHadeHHit X, Xy, ..., X, nepemennse X, 1t
..., X, NPHUEMMAIOT, COOTBETCTBEHHO, 3HAUeHMI Apmi1, vy +..y Ay, vy TO
us roxpuecrsa (6) crenyer, uro

Yoir=Ams1, Yms1+Amio s Ymizt oo 2 ¥a (1)
b=1,2 ..., n—ml

7 4 7
TakuM Xe 06pasoM MOXHO NOAYYHTh BHpawenus Yy, Yo, ..., ¥,

yepes Y, Yy, ..., ¥,;; B caMOM nene, eClM BHOPATh 3HAYEHHS Xy, X, -« .
+«+y X, TaK, 4TOGH BHINOJHS/IMCH PABEHCTBA
X=0,...,X,,=0, X, =1, X,,;,==0, ..., X, =0
' w=1, 2,..., m],
4 4 .
Xm+1"_0, ceey Xp=0,
H 0603HauuTh uepe3 By py -vey Bup [p=1, 2, ..., m] 3uavenus,

NpUBAMaeMble TIPH 5TOM nepeMenHuIME X, ;, ceey X,, 10
Yo=Yyt Buis, s¥ms1—+ oo 4Bn Yo lp=1, 2, ..., ml. (7y

Popmyanl (7,) 1 (75) ¥ ABASIOTCA MCKOMBIMH.
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§ 2. ConpsikeHHble M CaMOCONpPSMEHHbIE
augpdepeHuHaNIbHbIe CHCTEMBI

1. NuddepeHnuansusie cuctemn. Hupexe copmectoct, 2) 0606-
muM BBenennoe B ri. IV, § 6, nonarue cucremu Llitypma — Jluysunas.
Jlng sroro paccMoTpuM auddepennnaibnoe ypasHeHue ‘

dny dn-—ly dy N
L(y)=po(¥) = -+ P (x) oot Punr (8) G tpa () y=07), (1)

dxn—l

103 PHIMERTEl Py (X) KOTOPOTO OnpejeneHnl iia oTpeske [a, b, py(x) #= 0
8 @, b), u OyAeM HCKaTb DEiienHA 9TOrO yPaBHEHHs, yIAOBJIETROPSIOIIHE
Ha KOHLAX @ M b m ycioBMAM:

Ui(y) =gy (@) -+ ady (@) ... oDy (g) 4 @)
+Biy O+ By (B)+ .. By (0) =0
(l::l’ 2: AR ] m)?
rne ag, o), ..., at Bs, 3&1), ceny B%n_j) (=1, 2,..., m)—3a-

JlaHHBle JeWCTBUTENbHEIE YMCA.

Cucrema (1), (2) HasbiBaeTCa 00HOPOOHOE Oudbbepenyua AbHoii cucme-
#oi 2). Ecnd eft yioBieTBOpPSET TOMbKO QyBKIMA y (x) =0, TO OHa Hasbl-
BaeTca Hecosmecmroli 3). Ecnu xe ona umeer k (k< n) nuuelHO Hesapu-

CHMBIX HeHyJNeBHX pewieHuft y, (¥), (%), ..., ¥ (x), TO HauGonee obuLee
peiienye cucTeMsl (1), (2) umeeT BuR

€191 (%) 4 Y9 () + -+ - + €y (%),

A€ €y, Cgy +++, Cp— NPOU3BOJBHbIE TOCTOSHHbE. Yucno %k wHaswiBaetcs
unlderxcox cosmecmuocmu dugpgepenyuanvrioli cucmens (1), (2), a y, (x),
Vo (%), «« vy Vi (X)— dhyndarenmansroli cucmemoli pewenui.

6) Caepywolie PacCMOTPEHMS TOBBOAMIOT YTOUEMTH NOHATME WHAEKCA
copMecTHOCTH Mu(depeHumanbHoi cucremsl (1}, (2).
Bes mnoTepH OOGUIHOCTH MHl MOXeM CYHTAaTh, YTO /M KDPaeBbIX yCHO~-
Buf (2)
Ui(5)=0 (i=1,2 ..., m

JMHeAHO He3aBMCHMbI, eciM paccMarpueats Uy ( ¥) Kak auHefiHyio dopmy
or y(a), y' (@), ..., y"1{a); y(&), y(b) ..., yr~1(b).

IIycts (%), Yo (%), « .-y Yy (x)-— dyHAaMeHTanbHan CUCTSMa peule-
Huit ypapuenus (1)4). Torma pewenus cHcTeMbl (1), (2) umewT BUR

y=cly1+c2y2+ L +cnyn9

1) Hauuuas OTCIOAA, Mbl PACCMAaTPMBAagM JHUIb YPABHEHHA NOpAlKa 71 >2.

2) TepMus aBTOpa ,AudQepeHnnanbuas CHCTEMA® He ABAAETCH ofuwenpusisn-
THIM. — ITpus. peo.

3) DToT TepMUH Takxe He oOwenpuusr.— [lpun. ped. )

4) CneayeT MOAYEPKHYTh, UTO 3X€Ch pPeub HXET 00 n IMHEHHO ‘HE3aBHCHMBIX
pewenusx-ypapRenns (1), a HE CHCTEMBI (1), (2). — pun. ped.

15 3ak. 527. Ix. Cancone
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rie, B CMay (2), MOCTOSHHBIE €y, Cp, +.., C, HAOMKHE OLITH TAKMMH, UTO

Uy (9)F Uy (994 - F¢Us (y) =0,
€U (W) F €U o)+ + o+ €uUpm (5) =0.
O1cropa cnepyer, 4TO eClHH pane Mampuryol
Ui(y) U, ()’_2) e Ur(ym)
U2 () Us(y9) . Us(yn)

..........

Um (V) Un(yo) oo Up(ys)

pasen n—=Fk, mo undexc cosmecmuocmu 'Bagﬁgﬁepeuuuaﬂbﬂozi cucmemol
(1), (2) pasen k; cnpasedauso u obpamuoe.

2. Coupnx(euuble Jm(b(bepeﬂunanwue cucrembl. ITycthb

L(y)—po +p, R s S +pn_1%fkpny (3)

—Jm(pqmpeﬂunanbuoe BEIpAOXEHHE MOpaJKa 72, Ko3(hPULMEHTH KOTOpOro p,
BNAIOTCA HempepHIBHEIMM GyHxnuamMd oT X B [e, b]; nycTb p; umeer
B [a, b] npousBomubie 10 n— 1-ro NOpsAKAa BKJIOYHTENBHO, 2 po(X) He
ofipailaeTcd B Hy/Ab Ha oTpe3ke [a, b].

OGoanaunm uepes M(z) conpmuensoe ¢ L(y) muddepenunansuoe
Bhipaxenue (cM. ra. I, § 5, n. 1) .

M(z)=(—- ﬂ d"([’oz) +

dx n
- _14"1 4 (n2) _d(Pn-12)
TN ST e T e (4)
Torna pas L(y) m M(2) umeer Mecto TOxAecTBO Jlarpamka
d
2L (3) —yM(2) = 4= 4 (3, 2), ()

rae 4(y, z) sBaseTca O6ypurelnoli ¢iopmod OT NepeMeHHHX

Vi Y een, yoob,
2, 2,..., z-) } ©)
BHa
Y D)=y [ ‘n_lz—d———(’;”*z)—{- (=1t “d n(f’loz)]_*_
X
d - : -—
+;,n’—1);”.“”'.'..'”'-“”+
+ Po*- . ()
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Onpenenurens A (x) dopmut ¢ (y, 2) pasen

(— 1" p,
. (— 1% p, 0
Axy=| . . . . . 0 0 =p(¥) 8)
e Po - - 0 0
Po O e 0 0

H NOTOMY OTAHYEH OT Bynst B [a, b]; Takum o6Gpasom, ¢(y, 2) sBasercs
HesupoNcOerHol Ousunelnoli gopmold om nepemernnx (6).

HMurerpupys pasesctso (5) or ¢ A0 b, momyyaeM TaK Ha3nBaeMyio
¢dopmyny I'puna !)

b
[leL () —yM@Ndx =14 (v, 21220, ©)

‘TMpamast yacTh 3TOR (POPMyan sBAseTCs OGuauHeRHOM (opmo#t oTHOCH~
TEJLHO '

y@, y (@, ..., y*=9(a); y©®), y(®), ..., y»1(), (10y)
z(a), 2'(a), .. ¥ =N (a); 2(b), 2'(b), ..., 21 (B). (10y)

Onpenemurens 5ToR popmst pasen (—1)" A (a) A (8) == (—1)" [po () po (O)I"
M NOTOMY OT/IMYeH OT HyJd; TakuM o6pasoM [¢(y, z)]z AIB/ISIETCH HeBhl-

poxpeHHOR GuiHHERHOR (POPMOR OTHOCHTeNbHO nMepeMenHslx (10,), (10,).
ITycTs nanbl 2n AvHERHHIX BHPaXEHHA OTHOCHTENbHO NepeMeHnbix (10,)
Uy, Uy ..., Uy, Buna

Ui(y) =y (@ —+ay (@4 ... +al" 0 (@) |
+By ) B (0)+ ... HBR-y-D () (11)
C (i=1, 2, ..., 2n),

AA5 KOTOPHIX ONpPefeIMTeNb MATPUUL KO3(OHIMEHTOB OT/IMYEH OT HyJA]
TOrA2, B CHAY JXOKa3aHHOroO B M. 1, MOXHO HaliTH 2n aMHefHLX dopM
OTHOCHTeNbHO nepeMeHHHX (10,) :

Vi@ =12 @+107 @+ .. 102" @+
82 (0) 80 0+ . . 8PN, (12)

262 z)]Z=U1V2”+U2V2,,_1+ corF UV - (13)

TaK uTO

1) dopmyasa (9) HaswBaeTca (opMynoii I'puma no amaiorsM ¢ $opmynoif
npeoGpa3oBanHs ABOHHOrO MHTErpPala B KPHBOJNHEEHHBI MATErpal

15*
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U notomy (9) mpuHMMaeT BUJX
b

f (2L (y) —yM(2)ldx = U1V2"+ UsVono1-t oo + U Vi (14)

a

Cucmema

.

M(2)=0,
Vi(e)=0 (i=1, 2,..., 2n———m)}

Ha3vieaemcs AuHelinoilt OudbgeperyuasvHol  cucmemoli, conpaMCeHHol
¢ cucmemol ’

(15,)

L(y)=0,
Ui()=0 (i=1,2,..., m 1)} - (15

DTO ompeneseHne ONPaBAbLIBAETCH CHEJNAHHLIM B N, 1,r“ 3ameyaHueM
O TOM, UTO eCiM CHeaTh JuHeiHoe upeobpasosanye nepemennnx (10,),
npu xoropom ¢dopmu U, U,, ..., U, OCTAIOTCA HMHBAPHAHTHHIMH (B TO
spema Kaxk U, .4, ..., Uy, usmensorcs), 10 dopunt Vi, Vo, o.., Vo,
npeo6pa3yoTcs B (OPMEL V;, V;, TN V;,,,_m, Kaxpas U3 KOTOPHIX
SIBNSIETCA JIMHeHHOM xomOunaumed V,, V,, ..., Vy, ...

3aMeTHM elle, YTO TaK KaK CONPMKEeHHbIM M ypasHewua M (2)=0
spasercs ypaBHenme L(y)=0 (cp. ra. II, § 5, n. 1,8%), To, B cuny
cummeTpuu pasescrBa (13), nuddepeHnuansHas cucreMa (15,) sBasercs
conpsienHoit ¢ cucremofi (15,),

3. Unpekchl COBMECTHOCTH JJsl CONPSKEHHBIX cHcTeM. a) [lns
TOrO, 4YTOOHl YCTaHOBUTHL CBA3b MHIAEKCOB COBMECTHOCTH ABYX COIPSKeH-
HBIX CHCTEM, HAM MOHAaJOGHTCH CHeLyIOlLas JeMMa.

Jlemwma, ITycms underxc cosmecmuocmu cucmeMmoi

L(y)=0,
U(y)=0 (i=1, 2,..., m)

paser R, u nycms y,(x), yo(%), ..., y5(x)— Pyndanenmarsnas cu-
cmeMa pewenuli amod cucmesst. Jorxaxcerm, 4mo ecau AureidHse on-

Hocumessro Yy (a), y'(a), ..., y~D{a); y(b), ¥y (b), ..., y®-D(b)
gopast Uy,p gy « v, Uy, soi6pars. mak, umo gopss. Uy, Uy, ..., Uy,

1) Conpsuxennble CHCTEMbl B HEKOTOPHIX YACTHBIX ClyYadX PaccMaTPHBAIHCDh
Jluysunaem [3], erp. 604. Conpsukensasle AudypepeHUHANbHBIE CHCTEMbl BTOPOrO
NnopsAAKa paccMarpuBaauch MesoroM [1]. OnpeAelenxe CONPsKEHHOH JMHEEHAON
CHCTEMbl Jafl 'ypaBHeHMs NOpsAAKa n Obio JAaHo npw m =n DbBupkrodom [1],
ctp, 375. B ofumem cayyae ompejeneHde conpsmeHHOH XudpepeHuHaNbHOR
cuctembl Aano bBoxepom [3]. O6GpamaeM BHHMaHHEe YMTaTels Ha TO, YTO IOHATHE
CONpPsKEHHOH auReHRON XupdepeHnuanbHOR CHCTEME!, BBEAECHHOE 3KeCh, OTAUYHO
OT IOHATHs CONPSMMEHHOH cHCTeMHl AuddepeHNnaNbALX ypaBHEHHH, BBEAeHHOTO
sranll §1, o 4,a% _ :
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Uhitr oo vy Uy auneidno nesagucumsl, mo panz mampuys

Um+1()’1) U:n+1()’2) . m+1(yk)

.

5 U on ()’1) U on ()’2) Usn (J’k)
paseH k.

IMpeanonoXuM NPOTHBHOE; TOrJa MOXHO OblI0 Ob HalTH Taxue
YHCAA €y, Cgy .+, Cy U3 KOTOPHIX XOTh ONHO OTIMYHO OT HYJs, UTO

qUi(y)FcUi () + - FaUs(y) =0 (i=m~1, ..., 2n)

MM
Uiyt v+ oo +ay)=0 (@E=m-+1,..., 2n).
Taxum o6pasom, nomarast y =c¢,y, €Yot .. - Cp¥y Mbl MMeeM
U(y)=0 (@(=1,2,..., m m—41,..., 2n).

Ho ¢opunt U, Uy, ..y Upy Upyys oo vy Uy, nHHEHHO He3aBUCHMB,

NO3TOMY
y@=y (= ... =yr9(a)=0,
yO)=y' ()= ... =yeH()=0

H, clefoBartenbHo, y =0, Yero He MOXeT OHITh.

6) Tenepb Nerko HOKa3aTh CIELYIOMLYI0 TeOpeMmy.

Ecau gopauor U (), ..., U,(y) suneiino He3asucums., mo uHOeKcs
COBMECMHOCMU CUCIEMbL

L()’)=O’ }
U(y)=0 (i=1,2,...,n)
Il CONPANCEHHOW ¢ Hell cucmembol

M(2)=0,
Vi(e)=0 (=1, 2,..., n)} (an

(16)

pasHe.

Ilyctb A — MHIEKC COBMECTHOCTH CHCTeMbl (16), M nyCTb ¥y, Vg, « .,
Yp— ee (QyHIaMeHTaJbHas CHMCTeMa pelieHMit; OYCTb, KDOMe TOrO,
2y, 2y +es, 2,— (DyHIaMeHTANbHAT CHCTEMA pelleHHH ypaBHEHMs

" M(2)=0.
Monaras 8 ¢opmyne I'puna (14) z2=2y, 2y, ..., 2, NONyYaeM
Upir (D) Vp(2)F oo+ Usn (9} V, (27) =0,
Upir () Va(2n) -+ oo+ Usn(9) Vi (20) =0.

dTa cucremMa uMeer R pemeHumit
U?H-l(yi)’ NN Ugn(yi), (i=1,2,... k),
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KOTOpHe JMHeHHO Me3aBMCHMH B CHAy NOKasauHoR B ,a" iaemMul. [lo
STOMY PaHI MaTpPHLbI
Va (z]) . V1(21)

V (zn) - .. Vi(24)

He TpeBOCXOMUT n— k.

Ho ecim uHumexc COBMECTHOCTH conpsbkeHHOH cucreMsl (17) pases &',
TO paHr yKa3asHOR MaTpuun pased n—£k’ (m. 1,6%), cienoBaTeabHoO,
n— k' < n— k; ananoruyso noxassiBaercs, yro n—k < n—~k’, otkyna
k k L]

B) Ecnu ms=n, To TeM e caMbM CnOCOGOM MOXHO JOKa3aTh, YTO

kB =k m-—n (cm. Annc [1], cTp. 288).

4. Camoconpsikennsie JHHefiHble cHCTeMBl, Jugdiepenyuarsuas .
cucmesa. HasLIBAeTCA CAMOCONDANCEHHON, eCTU OHa COBMARaeT € COMpPA-
JeHHON e}t cucTeMot (ipu sTom y (@), ¥ (a), ..., y®=D (a); ¥ (), ¥’ (b),...
ooy ™1 (h) paccMaTPHBAIOTCS KaK HE3aBUCHMbE [epeMeHHbIe).

Orciona crenyer, YTO €CIM CHCTEMa

L O’) =0,
U;(p)=0 (i=1,2,..., m)
camoconpskena, To ypashenme L(y)=0 camoconpsxeno (cm. ra. I,

§ 5, m. 3), a cucremn U;(y)=0 (i=1, 2,..., m), V¢(y)—0
(;-—1 2, ..., 2n— m) SKBUBAJEHTHH M, B YaCTHOCTH, M =1.

5. CamMoconmpsikeHHbIe CHCTeMBl BTOporo mopsiaka. Hafinem remepn
B fBHOH ()OpPMe BU CaMOCOMPMKEHHHX NH(PPepeHUUaNbHHX CUCTEM BTO-
poro mopsuka.

JHuddepesnuansiasg CHCTeMa BTOPOrO MOPSAAKA MMeeT BUJ

L) =g [0 2] - =0,
U (y)=a,y (@)} a2,y ()} “3)" (@) +ay (6)=0,
Uy (5) =Buy () + By () -+ Boy’ (@) +-By () =0, |

NPHYEM DPAHT MAaTPHIB

(18)

““1 ag aga,

B Ba By B
paBed IBYM.
Jins ympouienHs 3amMCH IONOXHKM

%p

o ?i pn

l
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U JNOKaweM, 4YTO 048 mozo, 4mobwu cucmesa (18) Gusra ¢amoconps-
HCEHHOU, HeOOX00UMO 1 OOCMAMOYHO BHLMOAHEHUE DABEHCMEA
8y, 0 (a) =3, 40 (). (19)
ITpennonoxum cnavana, ut0 & o50; momoxum rtorma Ug=y’ (a),
U,==y'(b). Yersipe nuuefinvte popmnt U;, U,, U,, U, or nepemenHux
y(a), y (), ¥ (a), y’ (b) nuneiino nesasucumsl, u, 8 cuny (9) u (14), umeen
b

[t )—senas={s(s(2—22)] =
* = U,V + UV + UV -+ UV,

T. €.
8B 12(0)y O)—y ()2 ) —0(a)[2(a)y (@) —y (@) 2 (a)] =
= [0y (2) -+ a3y (B) a5y’ (@) +- o, (BN V,+-
~+ By (@) -+ Boy () 4-Bsy’ (@) By (B)) Vg
4 (@ Vat-5 (8) Ve

Tak KaK 3TO PaBEHCTBO NO/MKHO BBHITOMHSTHCA TOXNECTBEHHO OTHOCH-
Tensto y(a), ¥’ (@), y (), ¥’ (b), TO MMeOT MeCTO YeTHpe ypaBHeHHs

@V, +8,Vs=0(a) 2 (a), 2V, 4By Va=—0(5) 2" (6),
Vot agV, 4BV = —08(a) 2 (a), Vit aV-+B,Ve=08(b)z(5),
pewast xoropbie, naxomuM mia V,, V,, Vi, V, BHpamenus

Vi=0(0)20)+5- B, 8 (@7 @43, H8) 2 ()L
A (a)z(a)-;-a_l"-;[ag,se (@) 2 (a) +3,, 48 (8) 2 (B),
Vy=— 5_11_2 [0, (@) 2’ (a) + o, () 2’ (B)],

Vi= 5 B @2 (@B ()2 ).

N3 camoconpsxessoctu cucrems (18) cnenyer, urto nupefinne ¢opmb
Vi, V, nomxubl G6uTh nuseinniMM komGumammsmu U, m U,. Tax kak
B V, me Bxonut 2(a), TO 31a (HDOPMA MOXET OT/IMYIATHCA JMWB NOCTOSAH~
HHIM MHOXMTeNeM OT GopMH, moaydaouedics HckmovenueM 2z (a) u3 U, (2)
¥ U, (2). Ho sto uckioyenue npusomur x Gopme

8,02 ()18, 52’ (@)1 31,42’ %),

OTKY/a BMIHO, YTO DB MaTpHub!

= 3 3
9 (b) 5‘;—52 8 (a) ﬁa ®
81. 2 al, 8 81, 4

pasen eAMHMIE, H, C]ENOBATENLHO, BHIIOMHAETCH paBen¢TBO (19),
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Pasencrso (19) MoxHO MOAYHHTH Takie, Bhipawas V, B BHIE JuHeH-
no#t xombunawuu U, u U,.
PaccmarpuBas ocTaBiuMecs NATh BO3MOXHEBIX CAyuaes

: S,8%0, 8,,#0, 8340, & ,+0, §,+0,
Mbl TakXe NpUXoauM K paseHctBy (19).

6. Camoconpsikennsie cucrembl Iltypma — Jlnysunas. O6GoGuias
BBefienHoe B ri. IV, § 6, n. 6, onpepenenue, Ha30BeM cCuUCMeMOU
litypma — Jluyemmis cucremy

%[ej—{c]-{-[m—m};_—_—o, (20)
a;y (@) 409y (b) - 23y (@) + &,y (b) =0, }
By (a) 4 Boy (0)+ By (@) 4By’ () =0,

rne ¢ynxiun 8 (x), A(x), B(x) mempepsBEel B [a, b], 6(x)+0
B [a, b].
V3 noxasauyoro B W. 6 cieayer, YTO TaKas CHCTEMa CaMOCOTIPSKEHa,

eCc/m ,
85, 0 (@) = 8y, 4 (b).

1)

Hanpumep, 3amaya O pacNpoCTPaHeHMH TeMAa B TOHKOH IIPOBOJIOKE
(cM. rr. IV, § 6, n. 1) MpUBOXUT K KPaeBHM YCJOBMSM

a’y (@) —ay (@) =0, By (@) -+By (6)=0. (22)

Tax kak B 3TOM Cnydae §; 3=20, ,==0, TO MONy4aIOIAACH CHCTEMA
AB/ISETCA CAMOCONpSEHHOH CHCTeMOH BTODOro IOpSIAKa.
3amerum, uTo, MCKmouas u3 (21) mocaenoBatensHo ¥’ (@) u y(a),
oy 4aeM ,
8y, (@) 8y, 5y (0) — 85,y (8) =0,
8y,8Y" (@) +8,,09 (0) +38,, .y () =0,
M, CleNoBaTeNbno, ecmu §; 3==0, T0 cucrema (20), (21) camoconpsixena
TOFfla ¥ TONBKO TOTAA, Korma &, , =0 ¥ KpaeBLle YCJIOBMS HMEIOT BHI
(22); ecn we, HaoGopot, 3; g3+ 0, TO cucremy (20), (21) Moxuo 3a-

AuUCaTth B BUIE

2e [V 2]+ pa—B1y=o,

Y@="190)+1y (6 ¥ (@=190)41,5 ),
OTKyIla BHIHO, YTO 9T4 CHCTEMAa CAMOCONPMKEHa, eC/H
8(6) = (@) [1,%: — Yo
B uwacTHOCTM, eCaM KpaeBbie ycnosua (21) MMeOT BUA

y@=y®), y@=y@®)
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VY, KaK TOBODAT, €CIM HaJlOXeHbl nepuoawtec'icue Kpaesbvie yCnoBus,
TO CHCTEMA CaMOCOIpMKEeHa, eCIu

0 (2) = 0(5) ).

7. Camoconpmxeﬂnble CHCTEMbI qe’rBepmro nopmma. paCCMOTpHM
ypaBHenHe oy
B (x)y1"+1AA(x)+B(x)]y=0,

rne oynxuuu 8” (x), A(x), B(x) senpepniBus B [a, 8], 6 (x) > 08 [a, 8],
u GyneM MCKaTh DellleHHS, YIOBJIETBOPSIONINE KDAEBHIM YCJIOBUAM

Uiy =a,, (") +a, s (19" +a;,59 +ay, Y ls=a =0,
Uy (5) = g (") + g (09) - @y ¥ + 3,03 oo =0,
Us(9) = 01,1 (0Y"Y =+ by,5 (09") -+ b1,8" + 01,1y lm:b =0,
Uy () =by, 1 (8Y") g0 (Oy") by, gy by, 1y lwzb =0.

Moxuo JIOKa3aTh, YTO EeOOXOAUMbIM H JOCTATOYHEIM ycnosueM cCaMo-
COTIPSIKEREOCTH 3TOH CHCTEMB SBJFETCH BHIIONHELHE P2BCHCTB

I b],l b1’4 b1,2 b1,3

[’2, 1 b?, 4 b?, 2 b2, 3

a,, Q4

%)

Q0 Q3|

b

s,y Qg4 Ty, 90 Qg3

§ 3. dynkuusa I'puna
u npeoGpazoBanne AupdepeHINAALALIX CUCTEM
B HHTerpajbHbie ypaBHeHuss ®pexroabma BTOpOre pojpa

1. ®ynaxuua I'pura s caMOCONPSIKEHHOH CUCTEMB! BTOPOrO INo-
paaKa yacTHOro Bujaa. PaccmoTpum camoconpskennywo (§ 2, n. 6) cu-
CTeMy BTOPOTO MOpSIKa

Ly =g 02| —w=o, (1)
Y@=y b =0, (1)

rne yskuuu 9’ (x), Q(x) HempepwisHH B [a@, 6], a 6(x) >0 B [a, b].
[TpennonoxumM, 4T0 3Ta CHCTeMa HECOBMeCTHa, a nortoMy y == 0 sBisercs
eNMHCTBeHHHM pewenveM cucTeMu (1,), (1p), Mm, uto TO *Xe camoe,
NPENNONOXUM, YTO TOUKM @ M b He CONPMKEHH OTHOCUTENBHO ypaBHe-
wua (1,) (em. ra. IV, § 2, m. 3).

Eciy HecKOnbKO OCNabUTh YC/MOBMS, HaK/aNbiBaeMble Ha pelleHHe, TO
MOXHO HaltTH (YHKIMIO y (¥), He DaBHYIO TOXIECTBEHHO HY/I0, KOTOpas
ynosaerBopsier cucreMe (1,), (1,). Tounee roBops, Mbl HOKameM, 4TO J/s
moGolt TouxkM § mpoMexyTka (@, ) MOXHO ONHMM M TOJNBKO OXHMM

1) OTHOCHTEALHO CaMOCONPSIENHBIX CHCTEM BTOpPOro nopsiaka cm. Kamxe [2],
[3). Tam xe npuBeseHa GubGamorpadus. IlepHojmueckue KpaeBbie YCIOBHA Mbl
paccmorpum B ra. VI, § 3.

2) Cm. Suuesckuit C. . [1], erp. 522. OTHOCHTENbHO OGIMAX CBOMHCTB CaMo-
conpmieRHHX cHcteM oM. Jhxexcon 2], Jlermoy [17. ‘
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cnoco6oM NOCTLOMTh HenpephiBHyio dynxmmo x = G (x, &), ynoBaeTBOpSIO-
wywo B [(2, £) u (8 b)] naHHOMY YpP4aBHeHMIO, W TaKyl0, YTO €€ MpOM3-
BONHAN MMeeT B TouXe £ paspuB NepBOro poxa, NpHYEM CKAYOK NPOM3-~
BonHo#t B Touke § pasen 1/6(E)1).

Tax Kax TOukM @ ¥ b He CONpPMKEHH OTHOCHTENbHO ypaBHenms (1y),
TO 3TO ypaBHeHHe HMeeT NBa JHHEHHO He3aBHCHMHIX Dellieus ¥, (X) u
Vg (%), ONHO3HAYHO ONMpeNeNeHHEIX KPAEBBIMH YCIOBUSMU

Nn@=1, y;(0)=0; y,(a)=0, yy(b)=1. @)

dyuxnus G(x, §), KOTOPYIO MB XOTMM INOCTPOMTh, NOJKHZ HMETh
B [a, &) Bun ¢y, (X)+ Cayy(X), FNE ¢ M €y — NOCTOAHHbIE BENUYHHBI, HO
TaK KaK MH xoTHM, 4YTOo6H G (e, &) pasHanoch Hymo, To ¢==0, a mno-
Tomy npu x < § umeeM
G(x, &) =y, (%),
u, amanoruuno, npy E<< x
. G(x, ) =cy (%),
rne ¢, — NOCTORHHAS BenuyuHa. M3 yClOBMS HenpepHBHOCTH (YHKUMH
G (x, ) B Touke x = § cnenyer, 4TO ¢y ¥, (§) = ¢,y, (€), OTKyna, ecnm npen-
nonoxuth ¥, (£) # 0, y,(8) # 0, noayuaercs, uto ¢,/y, (§) = co/y, (§) = k.
[Tostomy npu x < £ umeem

G(x, §)=hy,(8) (),

anpu E< x
G(x, &) =hy, () y,(x)?).

Torna
Gy (E—0, =1y, (£ y2(8), G, E+0, H=hy, ®)y1(8),
a ToToMy
1y ®)yi(E) —y, Oy 1 =1/8 (),
 Yr=0®)[y(®) y1 (&) —y1®) y2 &)
C npyro#t CTOpOHH, MMeeM
0 = yoL (9) — 1L (79 = 1= [0 (Yo — y 139
[Tostomy 0 (y,yi—y,y2)==¢, rae ¢-—mnocrosuHas senuuuHa. Orciona
CHeRyioT (HOpMYyIIH .
G (x, E)=Xﬁ5—)cy—2-(—x—) mpu  x <§, 3y

G(x, §) =Xz@£ﬂ£ﬁ2 mpu  x>%. (39)
NOKa3HBAOIIME CYIIECTBOBAHME M enuHCTBeHHOCTh G (¥, £).
1) Ipu stom G (a, &) = G (b, &) = 0.— Ilpus. nepes.

2) Ecan é/l (6) =0, B TO Bpema-kaK Y, (£) #= 0, To mpuHUMaEM b2=0. Toraa
npr x<§ G(x, £)=0, B 10 Bpema kax npu § < x upeen G (x, &) = cyy1(x).
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dyuxuua G (x, £) vasusaercs @ynryueld Fpuual) nas cucrems (1),
(1) oTHOCHTENBHO noAioca §; U3 dopmyn (3) BHITEKaeT, YTO HMeeT MECTO
BECbMa BAXHOE COOTHOLIEHHE

G(x, §)=G(, %) (4)

2. ®ynxkuus puma ais muddepeHUHaNLHBIX cHCTeM. B n. 1
¢yukuus [puna onpenenena aas OnHOro vacteoro caydas. Paccmorpum
tenepb O6mME caydyaft. '

a) IMycts nana muddepennuanbHas CUCTeMa

n—1

L) =Poa o p T b AP ZA Py =0 (1>2).
Us(9) =y (@) + oy (@) + . . . - afr=Hy=D (@) -

By O)FBEY (B)+ .. BNy (8) =0
(i=1,2 ..., n),

(%)

rie GYHKIMH Pg, Pyy ++ <y Pn-ys Pn HeUpepsisHH B [a, bl, po(x) #0
B [a, 8], a gopmur U,, U,, ..., U,, paccMaTpuBaeMble KaK JMHeRHHe
dopuu ot y(a), ¥y (@), ..., YD (a); y(b), y'(®), ..., y»-1(b),
nuHeHHo HesaBUCHMHL. IIpenmonoxuM, 9YTO 3Ta CHMCTeMa HECOBMECTHa,
T. €. UTO eQUuHCMBEHHWHM peuienued cucmexs (B) ssasiemcs @HyHk-
HUus, MONCOECMBEHRO PABHASL HYAWO.

IokaxeM, uto 04s 4aw060i mouxu E, aexcaweid suympu (a, b),
MoxchOo nocmpoums dyrxyuo y==G(x, §), uMeowyn Ccredyouue
csoiicmsa: ' ,

1. @yuryun G(x, E), Gu(x, &), ..., Gya-2(x, £)2) HenpepoisHu
8 [a, b]. '

2. dynxyus G u—1(x, §) Henpeposua 8 [a, b] ecody, 3a uckuio-

wenuesx mouku §, 20¢ OHa UuMeem Paspuis Mepsozo poda o CKAUKOM
1/po(§), m. e.

G:z:""l (E+0v E)'—Ga,n—x(ﬁ—(), E):: 1

Po@®°

3. y=G(x, §) yoossemsopsem 8crody 8 [a, bl, 3a uckrlouerues
mouru §, cucmexe (5).

Kpome mozo, doxascen, umo dynsnus G(x, t) odnosrauno onpe-
deasiemcss YKA3QHHBLMU CB0lCMBAML.

1) dynknus Tpuua nas ypabHeHus y” = 0 BnepBhie paccMarpuBanach Bypx-
xapaTom [1]; Aas ypasHenns xwoGoro mopsajka ¢ynxuus I'puna sBezeHa bBoxe-
poum [4]. Orsocureasno pa6or Bupkroda, Byuwuuxoro, a Takime OTHOCHTERbHO
6u6auorpagun cm. Boxep [5], crp. 71.

Usamuoe croiicTBO KoMnosuiuu GpyHxuui puna pas gsyx auddepenuuadp-
BHX ypaBHeHui yxasaHo Tpuxomu [1].

x
) ng (2 &) oGosHavaer %G (x, &)

L .— Ipux. peod,



236  TI'a. V. Kpaeswe 3adauu 0aa ypasnenuli n-zo nopsadxa (n>2)

Ecmu y,(x), yo(x), ..., ¥,(x¥)— dynnavMenranpnas cucrema pelue-
uuit ypasuenus L(y)==0, To ¢ynxnus G(x, £), -KOTODYI0 MH XOTHUM
nocTpouTh, HOMKHa umersk B [a, §) u (£, b], COOTBETCTBEHHO, BHIPa-

| KeHusa

G(x, ) =ay,(X)Fa ¥ (¥)F ... F @y, (%); (a<Lx <),
G (%, 8) = 0.y, () +ba¥a ()4 - . +0p9, (), E< L),
THe @y, Qgy +++y Qps by byy oo, b, — HOCTOSHHLIE.

Henpepuisocts G u €e NepBHX 1 — 2 NPOM3BOMHLIX NO X B TOuKe &
¥ ycrosue (2) HakaanuHBAaOT Ha n paspocTeRt ¢;==b;—a; n yciosuht

6y, (B ey B4 .o ey, (B) =0,
1)’1 (5) J[' CJJ’2 (5) + ‘l" cn)’n (5) =0,

IO e O . enI O =0,
PO+ I B+ eI =

Onpenenutens CUCTeMH pPaBeH 3HayeHuio BponckMana W (Y, Vo, s+ . ,¥;,)
B TOYKe £, a 1OTOMy OT/iMuyeH or Hyad. I[Tostomy uMcra ¢; onpejnensiorcs
U3 3TOH CHCTeMb OJIHMM M TOJLKO ONHMM CIIOCOGOM.

Ecm nonoxurs U; (y)=A;(y)-+ B;(y), rne

A;(y) =05y (@) aPy’ (@) + ... F-alp-yn=1) (q),
By =28,y (0)4BPy” (&) + . . . +BR-Vy(r-1 (5),

u sanucats, uro G(x, §) ynosiaerBopser 7 yCnoBuAM U;(9)=0 (i=1,
2, ..., N), TO HOAYUUTCS, YTO

a4, ()’1)+ aA; (yo) -+« - -+ 2pAi (V) -+
+blBl(yl‘))+bEBl(y2)+ tr +ani(yn)=0 (i= 1’ 2’ ety n)‘

TO MOXHO 3aNuCaTh TaKXKe B CleIyiouieM BuUIE

b,Us(y) + 06U () -+ - - 4 8,U5 ()=
= A; () A (¥) - - A (vn) (=1, 2, ..., n).

Omnpenenurens marpunst [U; (v )" (4, k=1, 2, ..., n) 3to#t cu-
CTeMbl OTJMYEH OT HyJs, TaK Kak OYHKIHE Y, Yo, «.., ¥, 00DasyloT
QyHIaMeHTANBHYI0 CHCTeMy Dewenuft ypasrenus L (y) =0, a cucrema (5)
HecoBMectHa (§ 2, m. 1,6“); ciaenoBarenpHO, 3Ta CHCTEMa ONHO3HAYHO
onpenenser 3HauenMsi BedMUMH by, by, ..., b, a TaK KaK a@;=b;—cy,
TO M BENHYMHB @, ONpeNieieHs ONHO3HAYHO.

Tem cambiM cpopmynupoBannas BbllUle TeOpeMa 1QKa3aHa,
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6) TMonesno yxasate coomuouenue mexcOy @yuxyued I'puna uerco-
mopoli cucmexns. u dynxyueli I'puna conpsiceHnol cucmens. )

[Mpexnosoxum cHoBa, u4To cucTeMa (5) necopmectHa. Torma u compsi-
weHHas ¢ pell cucrema

M(z)=0, » }

Vi) =0 (i==1, 2, .. ®

take HecosmectHa (§ 2, m. 3,6%). OGosnauum yepe3s G (x, &) dynk-
uuio [puna cucremst (6).

Tak xax xosduuuent npu 2™ p Bhpaxenuu M (z) paser (—1)» p,,
TO

Gyn1 (G0, §— Gyno1 (E—0, & = (—1)"/p, ()2).

Bosemem B npomexyTke (@, b) nse TouxH, & M &y, Npeanonowus, s
onpenenensoctd, uto & <& Torma, murerpupys ¢dopmyany (5) us § 2,
n. 2, nomyyaeMm, 4To .

0= f (L () —yM (@l dx =4 (y, DI+ 10 (5, D70+ 1 (0 D 4o

rre y =G (x, E),z——G(x £).
dynxuus ¢ (x, 2) uMeer pa3pbmm MMIIb B TOYKAX E] u £, a Tax xax,
» cuny (5) u (6) (cm. (14), § 2, 1n. 2), UMeeT MeCTO PABEHCTBO

[¢ (y’ Z)]a = U1V2n+ s + U2nvl =0,
TO
Y DR+, 25 =

[Ipunumas BO BHMManue, 4yTO 1o Qopmyre (7) u3 § 2, n. 2, nce caa-
raeMbie B BLIDAWEHUH ¢ (Y, 2) HENPepPHBHBI, 3a UCK/IOYEHMEM CJAraeMoro
‘ dn—1y " dn-1z
—_ — -1 = __Z
Poc dxn—1+( 1) Doy dxn—17
noJy4yaeMm, 41O

s i . .
Po&) G &) ey — 20 (&) G )5y =0,
OTKyJa M BbITéKaeT OCHOBHOE COOTHOILIeHHe
Gy =0 &) M

1J Mbt npeanonaraem saecs, uro dyukunu p*~? (x) (1 =0, 1, ..., n) nenpe-
PbIBHEL B [a, b].

2) 3ameTHM, YTO eclM CHCTEMa CaMOCONpsKeHa (CM. § 2, M. 4) u uMeeT yet-
HBI#l NOPAAOK, TO U (X, &)= G (x, §), ecmu Ke cucTEMa CaMOCONPsKeHa H MMEET
HeueTHEH! nopaaok, 10 G (x, §) = — G (x, £).
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B) B uactsoctu, dynxuus I'puna caMoconpﬂmeHHoﬁ CHCTEMBl YEeTHOIO
NOpSARKA CRMHMEMPULHA
G(ep Ez)xc(ee’ &)
(B NMpeAHAyIeM MYHKTE Mbl YCTAHOBHJM 3TO CBOACTBO B OJHOM 4acTHOM
ciayuae); a Gynxuus I'puna caMOCONPMKEHHOH CHCTeMbl HEYETHOTO NMOPSIKa

KOCOCHMMETDHYHA
Gy ) =—0C (%, &)

3. 3amuch B BHAe MHTErpata pelleHHs H2OTHOPOXHOMH muddepen-
UHAJIBHOR CHCTEMBI, HMeloulell eIHHCTBEHHOe peHIeHHe. a) PaccMOTpHM
nMEeHnyio ueomxopo;myso InddepeHiManbhy0 CHCTEMY

dn-1 d
L) =poTE 4P Tndt o Pucs Bt puy =1 () (122), (8)

U(y) =,y (@) + oty @+ ... + o y* D (@)
+ By 0) -+ By’ (0) + BT ) =1, (8y)

(i=1, 2,..., n).
Hpennonoxmm, yro GyHKUMH Do, Py, +++r Pu—1» Pmr T (X) HempepbiBHB
B [a, b], po(x)+0 B [a, b, (bopmu Uy U, ..., U, oT nepemesnnx
Y@, ¥ (@), vy YD (@) y(B), ¥ (D), -, yOI () amuedo Hesa-

BHCHMBI, a aj, p,, 4; — NOCTOSINHble BENUYHHbI.
[ycts ¥4, Vo «++» YV, — PyunamMenTanbas CHCTEMa pellientil ypaBEeRus

a yo— 4aCTHOe pelenve ypashemnus (8,); Torna obuwiee peuienue ypasne-
Husn (8;) umeer Bun

Y=Y -}—c2y2—{- Tt enYat Yo

TAe €y, Cgy + ., Cp—-TPOU3BOMbHLIE NOCTOSHHLIE. ITO pelleHue ynosne-
TBOPSET YCHOBUAM (82), eciu

Ui () +Ui (9a) + - -« + euUs (¥a) = 11— Uy (Yo,
.................. T e e .. 9
clun(y1)+c2U1»(y2)+ oot egUp (a) = Ya— Up 0)-

ITo Teopeme Kpouwexepa — Kanemnm 9Ta cucrema, a, CAefOBATENBHO,
v cucmema (8,), (8y), uneem pewenue mozda u moasxo mozda, Kozda

pane sampuys
Ur(y) Ui(yg) oo Up(yn)

T e e (10)
Uy Un(ya) oo Un(n)
paser panty mampuyn

U(y) Ui(yy) ... U(yn) 11— Uy (7o)
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npu 3MOM, €CAU PAaHIu IMUX Mampuy pasHu n—R, mo pewenue
cucmexsvi (8,), (8y) sunelino 3asucum om k npou3sossHsX NOCMOSKHYX.

Paccmorpum Hapary c cucremolt (8,), (8,) coomsemcmsynuyro el
0OHOPOOHYI0 cucn)zexy, TIOYYAIOLLYIOCS, €CAN NONOXUTD I (x) =0, 1, =0
i=12,...,n),

L(y)=0, } a1
U;(»)=0 (i=1, 2, ..., n)

3amerum, uTo cucrteMa (8,), (8,) MMeeT OXHO H TOIBLKO ONHO peilleHHe
B TOM M TOJBKO B TOM ciyyae, Korja paury Martpun (10,), (10,) pasun n.
Ho B srom cnyuae cucreMa (11) HecoBMecTHa, OTKyAa CIeAyeT, YTO AAs
Toro, ytobu cucmexsa (8,), (8y) urmesra 00HO u mosvko O00HO peuseHue,
HEO6300UNO 1 00Ccmamouro, 4mobs coomsemcmsyuas el 00HOPOOHAsn
cucmenma (11) Owaa HecosmecmHa.

6) IMpexnonoxum, 410 B (8) T, =To=... =7, =0, T. e. pac-

CMOTpUM CHMCTEMY
L(y)=r(x), : }
)

Ui(p)=0(i=12,...,n (12)

[IpenmonoxumM, KpoMe TOFO, HTO COOTBETCTBYIOIas el OABOPOAHAA CH-
creMa (11) mecoBmecTHa.

Hoxaxem, uto ecau gyrxyusn Ipuna cucmemw (11) pasna G(x, §),
mo pewenrue cucmemu (12) daemcs gopuyaoi

ﬂﬂ=fG@JV®&- (13)

B camoM nene, B Culy HenpepeBHOCTHM B |4, b APOUSBOAHLIX (PyHK-
utn G(x, §) M0 x O n—2-r0 NMOPAAKA BKJIOYMTENBHO, MMEET MEeCTo

¢$opmyna
b :
0%G (x,
g0 = (LD b k=1, 2,..., n—2). (14
Ilanee,

yon-h (x)-—;‘i-[

0 )i f ar®a] =

Q’ ak—}a

f@xn ir O dE) 4Gz (x, x)r(x)+

[ 2 0 0y s, )70

&*
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OoTKyna .
n-1G (x, ;
y(" 1) (x) fa——a';”ixl——g)-r(a d&- (142)
Auanoruunmm o6pa3oM MOAYY3EM, HTO

b
0nG (x, §)

Yy (x)= gon— [ (O &7 () [Gyn-1(%, x—0)—Cpn-1 (¥, x1-0)]=

a

v
=f 0"%ii,_5) r&di+4r®)[Gn-1 (x40, x) — G a1 (x—0, x)]

23

H, CJIenOBATEIbHO,

Y (x) = o G 8 ;) gt - ((xx)). (14,)

s dopmyn (14,), (142), (143) cnemyer, uto

L(y)=_[L[G(x, O] r ¢ di+r(x) =r(x).

Haxkoneu,
1

U,-(y)=fUi(G)r(E)dE=0 i=1, 2, ..., 1),

yeM M 3aBEpIIAeTCA J0Ka3aTeAbCTBO TOro, uto (13) sABisiercss peleHyeM
cucrems (14).

8) [ycts BooGwe cucmenma (8,), (8,) umeem eduncmsennoe peuse-
Hue, a MOTOMYy COOTBeTCTBYywilas e oxuopommas cucreMa (11) Heco-
BMeCTHA.

Ecau crnosa oGosznauums uepe3 G(x, §) @yurxyuwo I'puna coomsem-

cmsyioueii 00nopoorHoid cucmexv (11), a unepes G;(x)— peuenue cu-
cmemol

Ui (G = .. = U1 (G) =U;1(G) = ... = U, (G} =0,
Ui(G)=1(=1,2 ..., n)

(ompeneneHHoe M CyulecIBylLlee B CHIy ,a“), TO TAKMM e 0GDPasoM,

KaKk ¥ B ,0, #OxcHO Ooxazams, #mo peuwenue cucmers (8,), (8y)
umeem 8uo

b
)= [ G(x, HrO&E47,0,(0)+ 1,0, () + - . ++1uG,, (1)-
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4. Peniennsi aupdepeHUBaAbHbBIX CHCTEM KAaK peIICHHS MHTe-

rpajbHHX ypaBHeHu#t Ppexroabma BTOporo poxa. PaccmoTpum nuge
depeHINanbHyI0 CHCTEMY

L(y) =g (®)y+r (),
Ui)=1 (=12, ..., n),} (15)

rae L(y), Ui(y), r(x), a3 Bi Y; yHOBIETBOPAOT CHeNaHHBIM B o. 3,a“
APENNONOKEHNAM, M TPENNONOKUM, KpOMe TOro, 4ro QyHKiMa g (Xx) He-
npepueHa B [a, b). '

Ecau npepnonomXuTh enie, YTO CHCTEMa

L =0,
) ' } a
Ui(y)=0 (i=1, 2, ..., n) »
HECOBMeCTHa, ¥ O0GosHaumTh uepes G (x, §) ee Qynkumo [puna, To M3

NOMy4eHHLX B M. 3 ,B“ pe3y/AbTaTOB CIEAyeT, YTO pelueHue y(X) cH-
cTeMsl (15) yROB/eTBOPAET MHTErpPaJbHOMY yPaBHEHHIO

, |
V(%)= f G(x, OIg®YO+rEIE+1,0,®@+ .« F 1.0, (5,

H 06paTHo.
Ecan nonoxuTh

K(x, §=G(x, Hg®),
: B
O =10+ + 1@+ [ Gz, HrEE,

10 Bupaxenus K(x, £), f(x) Moryr cuumamecs u3zsecmHwMu, €Ciu
u3BeCTHO oOmiee pemienme ypashenus L(y)=0. Mb noayyaem Torpa
Ras y(x) MuTerpanbHoe ypasHeHue dpeirosibMa BTOPOro poAa

b
yER=Ff®+ [K(x, y®a (16)

Orciona cnenyer, uro ecau cucmexa (11) necosmecmua, mo cu-
cmexa (15) u unmezpasvnoe ypasnenue (16) sxsusasrenmun B TOM
CMEICTIE, YTO Ji060oe pewmenye cucTeMb (15), nNpuM yclAoBHM, YTO TaKoe
pelienye CyleCTBYeT, YAOBJAeTBOpseT ypasnenuio (16), m o6partHo !).

- .
5. Jlunefinple cucTeMbl, saBHcsOiHe oT napamerpa. CoGcrBeHHble
3HayeHuss M coGcrBeHHMe ¢yHkuuu., a) ITo anamorm¥ ¢ ra. IV,

1) OrmocuTenbHO CcBefleRUA Au(epeHUHaNbHNX CHCTEM K HHTErpalbHbIM
ypaBReHuaM B Goiee o6umux ciaydaax cm. [lnxome [3].

16 3ax, 527. Ix. Cancone



242  Ia. V. Kpaesue sadanu dan ypasnenuii n-20 nopadxa (n>2)

nepeifieM Tenepb K PaccMOTpenHMIo MuddepenunanbELIX CHCTEM, CORepa~
KX NapaMeTp, NpHYeM CHadvala Mbl -OCTAHOBHMCS Ha cliyvae omaopozmux
CHUCTEM.

IMycts mana Auddepenuyanbhas cucTeMa

dan-ly
LD +dy=po 024 p, T2 o A Pay b Pat N y=0, |
Uy(0) =y @+aly @+ ...+ " @)+ (17)
By Oy O+ BT Y0 =0
(i=1,2, ..., n),
THE Po» Pys + ¢y Pp—HenpepuiBunie 8 [a, ] dynkusm oT X, He 3aBHCA-
ume or napamerpa A, po(x) 0 B [a, b], a u B — nocrosHnLie, a GOPMHI
Uy, Uy ..., Uy, paccma’rpusaemue xax ¢opMb OT y (@), ¥ (a), ...
coey YO-U(a); y(B), ¥ (B), o ony Y (B), — maneHHO He3aBHCHMEI.
Ecmu cicrema

L(y)=0, }

Ui(9)=0 (i=1,2, ..., n)
necosmectda, a G(x, &)— oynxnma Tpuna sToR cucremMb (1. 2), TO,

B CHay pe3ynbTaToB . 4, cucmexa (17) sxgusarenmra 00HOPOOHOMY
BRME2PAALHOMY YPABHEHUIO 8mMOpO20 poda

[g(x)=—21, r‘<x)EO7 HW="T=... =1, =0],
b

y@+2 [ Gex Hy@OaE=0. (18)

Eciay nonoxurs
G, &) GGy, &) ... G, )
offr b B)| 0 W O b Oy
Er Bgr oo oy Ep o SRR

b4

G\Ep, 1) G'\E’,, 52) e \Ep, Ep\)

TO U3 ofulek TeopuH H}ITeraJlebIX YpaBHeHUH H3BECTHO, YTO

o=+ 85 foli 1 D) a..a

a ,.-

sBAfeTCH 1enoft Tpaucuennenmoﬂ bynkuueht or A u yro ypasuexue (18)
uMeem peuwienuss mozda w mMoAbKO mMmo20a, K020a N RBASEMCS HYLCHM
D)), m. e. Koprex ypasHeHus

D)) =0,

MM, KaK TOBODAT, €CMM A ABNAETCH COOCMBEHHWM 3HAMeHueM (CM., Ha-
upumep, I'ypca [1], 7 I, ra. XXXI, ctp. 49).
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W3 Tax nasuipaeMoR smopoii meopemwn Ppearonabma clenyeT, Kpome
TOrO, YTO €CNMH A SBASAETCA KOpHEM NopAska m ypaswenns D (M) =0,
10 ypasrenue (18), a moromy u cucrtema (17), umeer B nuHeHARO He3a-
BucuMbIX pemenuit; rge 0 < kB <m, mau, KaKk ropopsiT, CyilecTByer R
JUHEHHO HE3aBHCHUMHIX COOCMBeHAHbX (GYRKIMH, yXOBAETBOPSIOWMX 3TOH
cucreme (cucreMa (17) uMeeT MO3TOMY MHIEKC COBMECTHOCTH R).

‘Cremyer 3aMeTHTh, 4TO JAs 3afanHoft nupdepennuanshoh cuctemst (17)
He ;BCerfia CyUIeCTBYIOT COOTBETCTBYWOINME el COGCTBEHHbIE 3HAYEHMS M
coGtTBenHble (YHKIMM; B CHAeNyIOMEM HYHKTE MH [IOKaXeM, YTO I
CaMOCONDMAEHHOH CHCTEMbl YETHOr0 NOpANKa CyIUECTByeT GeCKOHeuHoe
MHOXECTBO COGCTBEHHBIX 3HAyeLM#, NpPHYEM BCe OHM JAeHCTBUTENbHEL.

6) Paccmotpum Teneps HCOD.HOPOJ.IHYIO nudPepesHansiy0 CHCTEMY

L(y)+ry= podxn-i-m P 1+---+pn—1dx+

+Pat+Vy=r(x), (19)
U(y)=0 (i=1, 2,..., n),
rae xoadduuuents po, Py, ..., P, ¥ popMu U; ynoBreTBODAOT CHe-
NaHHBIM B ,a“ MPEJNOJIOXKEHUAM; NPEeNNoNOKUM, KPOMe TOro, 4ro - yHK-
uy p; (i=1, 2, ..., n) umeor B [a, b] npoussonsste Ko (n— i)-ro
nopsAKa BK/OYMTENAbHO, a (yHKLuA 7 (x) HempephmsHa B [@, b).
Ecnn cucrema

L(y)=0, ’
) . (20)
Ui(y)=0 (i=1,2,...,n)

necosMectna, a G (x, §)— coorercrByomas e# ¢ynxuus [puna, To
cucrema (19) sKBMBaJeHTHa MHTErpaJbHOMY ypaBHeHMiO (M. 4)

b
Y@+ [ G, Hy®di=f (), 21,

rae

b
f@=[awxHrea 21,)

CrenaeM emje NpeNNoOJIOkKeHHe, YTO CHCTEMA

L(y)+ry=0, }

Ui(3)=0 (i=1,2, ...,n) (22)

NpU 3aaHHOM 3HaYeHMM A HECOBMECTHa, HMHBLIMM C/OBaMM, 4TO A He
ABASIEMCE  COOCMBEHHVM 3HA4YeHUeM; B CHNY DPe3yJbTaToB Il. 3 ,a“ CU~-
crema (19), a moroMy M ypasHenHe (21,) MMEOT B 3TOM Ciydae OAHO M
TOIBKO OJ(HO pellenMe.

16*
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W3 npemnonoxenuit, ClenaBHBIX O cucTeMe (22), cillenyeT HecOBMeCT-
HOCTB compsmkenHo# ¢ Helt cucremu (§ 2, n. 3,6¢)

M(2) e =0,
)

Vi(2)=0 (i=1, 2, ... (23)

O6o3naunm uepe3 I'(x, & A) oynxmmo I'pusa cucremn (23).

Ecmu nonoxutb B dopmyne (5) u3§ 2 y=0G(x, §), z=TI(x, 52 A)
M NOBTODHTh paCCyXJenud M3 II. 2 6“ aroro naparpa(ba, TO oAy~
YuTCH, YTO

A f Gx, BT (3 s Ndx=— 14 (0 2T — (v, 27

.- TIOTOMY

A G BT (x, b Ndx =Gk, &) — T, & ). (24)

Vi3 5T0ro paBeHCTBa JIErKO ClENyeT, YTO NP PACCMATPHBAEMOM 3Ha-
YEHHH A MHTErpajbHOe ypaBHemue (211) uMeeT pelieHue

y@%<ﬂ@—4ffﬁ &lﬁﬁwi @)

B camom nene, ypaBhenue ° (24) fIBNsETCH ypamxennem pe3oabBenTHl A
uHTerpanbHoro ypaswenus (21,) (cu. Typca [11, . III, ra. XXX,
crp. 23). :

MHbM 00pa3oM 3TO MOXHO JOKa3aTh CJAEYIOLMM pPACCyXIeHueM:
3amenuM B (21,) x na &, ymBoxum ofe yactu pasencrsa ma Al'(§, x; )
H nponﬂTerpnpyeM OT @ 10 b, TOrJA MONYYMM, YTO

Afr(s p A)y(E)dH—A?ffG(E sl)r(s x5 Ny () dbdt, =

a -G

b
=Aj’1‘(e, x5 NfE &,
u, B cuny (24), ¢ » ‘

b b
Af I x A)y(E)dE-i-lf[G(x, £)—T(, x5 NyE)d, =

, . o
=2 f T'¢, % A)fE)dE,
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a noTomy .
b

MG §y@d=1[TE 5 Nf O
-a, - - o ‘
OTKyZa M Clefyer, 4To (25) naer ‘peuieHMe Hamero ypasHeHHs.

6. Jluneilnnie caMocompsiKeHHBle CHCTeMBl YeTHOro mopsiaka. Pas-
JOXeRHMss B PARb MO0 cOGCTBeHHHIM -QyHKIUAM H Teopema -THIL-
6epra — lImugra. a) PaccMorpuM cHoBa cucremy

L(}’)‘l-ly——Podx”Jr‘Pldxn_l'f" - P 1dx+(p,,-|—l)y—~0> (17
Ui()=0 (i=1,2...,n),

usyqanmytoca HamM¥ B m. 5 ,a% ¥ NpeinoNoNKuM, 4TO xoatbdmuneﬁm Ps
B L(y) u dopuu Uy (y) ynosneTBOpmoT TIPE/INOOKEHUSIM, CHEeJaHHBM
Hamd B 1. 5 ,a“, ,6“ [IIpennojoxuMm, Kpome TOro, 4TO N 4emwo,

a- CUCTeMa RN : -
L(y)=0: : }
U(3)=0 (i=1,2,..., n)

— camoconpsycena u Hecosmecmua (T. €. uTO A—O He ABAAETCA c06-
CTBEHHHM 3HAUEHWEM).

Kax mm yxe Bunenu, cucrema (17) sKBHBaJeHTHZ OJHODOJHOMY MHTe-
rpaJbHOMY YPaBHEHHIO BTODOro poaa :

b
y@+A [ G, HyE&E=0 (18)

¢ cumMerpuuHniM simpom G (x, §) (1. 2,8%).

flnpo G(x, &) samrnymo, TO eCTb He CYIIECTBYeT HenpephBHOR
dyBxuy’ r (x), He obpamaiomeiics TOXKAECTBEHHO B HyJlb, M TaKO#, YTO
aas mo6oro x u3 [a, 5], BHIMOMMAETCS DaBeHCTBO

(x) fo(x E)r (§) dE=0.

B camom nene, ‘B NMPOTMBHOM- Ciydae QyHKIuA y == ¢ (x) [=0] ynosne-
TBOPANA 661 cucreme (n. 3 ,6“)

L) =r@) }
Ui(y)=0 (=1,2,..., n)
Ho rtak xax L(y)==0, To b mmenu 6u r(x)=0, 'Bﬂonpe'xn npeamo-
N0XEHHIO.
M3 M3BECTHHX DE3YNBTATOR -TEODHM MHTErDalbHbHIX YDaBHEHUH Ciie-
AYeT CyUeCTBOBANKG GECKOHGYHOTQ MHOXEGTBA A- COOCMBEHHOY 3Haneryl,
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XN KOTOPHX ypasHenue (18) wmmeer pelnenns, He oO6pamlaiouEecs
TOXJAECTBEHHO B HyJb, BCE 3TM COOCTBEHHbBIE 3HAYEHHA NEHCTBHUTE/DbHHI,
M MX MOXHO 3ajMCaTk B BUAE TNOCTCAQBATENbHOCTH, Y/IEHH KOTOPOH He
y6bIBAIOT 1O a6COMOTHON Be/IMYHHE, TPHYEM KamI0e A BHIMUCHIBAETCS
CTONBKO pa3, CKOMLKO €My COOTBETCTBYET JMHEHHO HE3aBHCHMBLIX 'COG-
CTBEHHHX (yHKuuH. ’
Ecimn o6osnaunth uepes ¢, COGCTBEHHYIO (YHKIMIO, COOTBETCTBYIO~

Y0 COGCTBEHHOMY 3HAYeHHIO Ay, TO
b : .
ox@+Ay [ G(x, Doy ®O=0 N=1,2..). (2)
G

Kpome TOro, MOXHO CYHTaTh, YTO IOCTENOBATENBHOCTh {Py (¥)} o6pa-
3YeT OpIMOZOHAABHYIO W HOPMUPOBAKHYIO 8 (a, b] cucmemy ynxiuh

-b b L
[ @de=1, [oy(®)oyx)dx=0, WM. (@)

1) Cwm. Merposckuit W. T. {2], ctp. 77. — pun. nepes.
2) Bropoe u3 paBescTB (27) Ana chaydas, xoraa cob6crBeHHHE QYHKImH 9

H 9y COOTBETCTBYIOT Pa3IHYHHIM COOCTBCHHHM 3HaUCHHAM Ay M hpp. NETKO ROKa-
3nBaerca CaeaylomuM o6pasoM. Mmeem '

()‘N'_)‘M) on (%) oy (%) =

b b .
= —dhaty (0) [ G (5 90w ©) dE 4+ aygon () [ G (x, O oy B
a a

b
Ow—2a0) [ o () ey (0) dx =

b b > b
= — Ayhy [f f G (x, §) on (%) o3 (8) dxd&-——f fG(x,E) N (E)VM(x)dxdE].
a a a

a
3aMeHAs B NOcAEAHEM MHTerpaje X Ha & W IPMHHMAA BO BHUM&HUE CBOMCTBO
cummerpun G (x, §), noxyuaem, 4to
b

Ay —hy) f on (%) oy (x) dx =0,
a

OTKYna, npu Ay —Ay = 0, u ‘cliellyer BTOpOE M3 paBeHCTB (27).

B n 2 us §04 Mbl JaJluM JOKa3aTelbCTBO TOHENAN CylecTBOBAHHA COG-
CTBEHHHIX (yHKUWA HHTErpa’bHOro ypabHeHna (26), oCHOBaHHOE HA NPAMHX
MEeTOAAaX BapHALHOHHOrO HCHHCHCHMSA, ) o ,
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Bosepamasce x cucreme (17), noayvaem, 4To OHa umeem He 06pa-
uanueecss MONCOECMBERHO 8 HYAb DeuteHue moda u moasko mozda,
xo0zda napamemp A cosnadaem ¢ OOHUM U3 COOCMBEHHHX 3HaAYe~
Huli Ay, uw 4mo ecau- 8 nocaedosamessnocmu {Ay} umeemcs k 4aee
HO8, pasHulx Ay, u3 Komopex Ay umeem Haumerbwull unOexc, mo éce

pewenus cucmems (17) npu A=Ay useom 8ud
y=coy)+t o+ otynr My=Ay, = =iy,

THE Cy, Cgy + -+, Cx— NPOU3BONBHEE NOCTORHHLIE.

6) OTHOCHTENBLHO PAa3fAOXeHUR B PANH TO COGCTBEHHBIM (GYHKIHAM
crpaBelMBa Ciaeiywomas teopema [unnGepra— Llmunra: swbas @yrr-
gus F(x) suda

b
F(x) = f G(x, §)h (¥, , (28)

20e dynxyus h(E) unmezpupyema 8mecme cO C60UM K8AOPAMOM
8 la, b), pasrowcuma 8 psd DPypse sude

F(x)= NZ_IchpN (x), (29)
20¢ -

b
cy=[F®oy®d W=1,2,..), (30)

npuvex pad (29) cxodumes abcosomno u pasHomepro e {a, bl
OTHOCMTeNbHO 3TOro pesyabTaTa Mbl TaKXe OTCHUIaeM - UMTaTe/st
K yYeGHMKaM N0 TEODHHM HHTErpaibHhIX ypasHenui !),

§ 4. KpaeBrle 3anauu Jaf CaMOCONDSMEHHLIX CHCTEM
YeTHOro NOpSAKA M BApHAUMOHHOE HCYHCJIEHHe

1. 3KkcTpeMalbHOEe CBOHCTBO COGCTBeHHHLIX 3HAYeHHH, BHITexalo-
Iee H3 TeOPHH MHTerpajbHbIX ypaBHeHuil. Mu cBeqM OTHICKanue
COGCTBEHHRIX ~3HaueHuH camoconpsikeHno# muddgepenunansHol CHCTEMD
(17) u3"§ 3, m. 6 ,2“ K OTHCKAHMIO COGCTBSHHMX 3HAYEHHMI WHTErpajib-
Horo ypaswemusi (18) m3 § 3, m. 6,a“. O coGCrenHnle 3HaYeHHs
o6nanaor Hafinennnim uas6eprom (cM. MumbGepr (1], crp. 78) xraccu-
YeCKUM SKCTPEMAIBHBIM CBOMCTBOM, BHIPAXAIOUMMCA Clenyiouieft TeopeMoft.

Mycth cummerpuyeckoe snpo K (x, y) [K(y, x)==K(x, y)] nosoxu-
meabHo (OTPHUATEIBHO) OnpedefeHo WM NOAONCUMEAEHO (OTPHIATENBHO)
noayonpedeseno B KBaaparte C NPOTHBONOJONKHHIMM BepILUMHaMH (a, 4),

1) Cm,, manpumep, Ierposckuit U, I, (1), c1p. 84,— llpun. nepes,
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(b, ‘b), vubIMu - cnoBaMM, NyCTh IS MoGOR (yHKuMM ¢(X) C MHTerpH-
PYEMEIM KBalpaToM ‘ :

b b
Hel= [ [ K(x, »)e(x)e(y)drdy >0 (< O1Y).

Mycts  { A, } — nocnenoBarensBOCTh COGCTBEHHMX 3HaYenui WHHTe-
TPANBHOTO ypaBHEHHS

I b
o (=1 [ K(x, y)o(s)dy?),

U { 9, (¥) } = cooTBETCTBYIOIMAL OPTOroHaAbHax H HOPMHPOBaHHas mocne~
NOBaTEJBHOCTh COOCTBRHHHIX (YyHKIMA

b
¢M@mmemwaww,

b b
[ondx=1; [¢,(¥)¢,(x)dx=0 (r #>5).

TIpu 9THX npennonokeHusX COGCTBEHHMLIE 3HAYEHHs A, O6PasylOT
NOC/e0BATENLHOCTE ¢ MOJIOXKMTENbHEME (OTPHIATENLHEIME) YJIEHAMY,
NpHYeM MBI MOMXEM CYUTaTh, YTO A, PAacCIOJOXeHH B HeyGbiBaioweM (He-
BO3PACTAIOMEM) TOPSKE. -

K<< oo Khn < .

Torma 1/A;, T. e. ofparHad BeJHUMHA NEPBOrO COOGCTBEHHOrO 3HAYEHMS,
paBHa HaubonbuleMy 3HauyeHMIO uHrerpama /[p] Ha MHOXKecCTBe BCex
¢yHknuit @ (X), HHTErpUpyeMHX BMeCTe CO CBOMM KBaaparoM B [z, b} u
TaKHMX, YTO

b
f 2 (x)dx=1.
a

310 Hauboibllee 3HAYEHME NOCTHraeTCs TOrAa M TOALKO TOMAa, KOrna
dysxumus ¢ (x) ABATETCH MMHEMHON KOMOMHAUMeH C HOCTOSHHEMM K03~
dunuenTaMH COGCTBEHMHLIX (DYHKIMH, COOTBETCTBYIOUMX COGCTBEHHOMY
3HAYEBHIO A;. ' ' .
.. Touso rak xe, ecnu 1A,,_, <\, TO oOparHas BenuuuHa 1/A,, m-ro
COOCTBEHHOTO 3HaYeHMs paBHA HauGOJblueMy sHaueruio J[@] Ha MHOXKe-

1) Ecau umeer mecto 3Hak > (<), TO AAPO HASWBAETCA OnpPedeteHHbLM,
ecaf e BOMONHBl KaK 3HaK > (<), Tak H 3Hak = (mas QyHKUuil, He pas-
HHX TOXKKECTBEHHO HYJI0), TO noayonpedesernssim. ITH ONpeAEAEHHS COXpa-
HAITCA M B Cayyae, korja anpo K (X, y) HeCHMMETpHUHO, e e

2) OueBHAHO, YTO OT 9TOrC YP2BHEHHA MOXKHO fepeTn K YPaBHEBHIO (18)
u3 § 3, ecam-ponoxuTy K-(%, ) =—GCG (xiy} - : CNT
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cTBe BCeX (DYyHKLMH, MHTErpHpyeMbX BMECTE CO CBOMM KBalpaToM B [a, ],
IJIs KOTOPHIX BHITIOJHSIOTCH YCJIOBUA

- b N
f<p2(x)dx='l', ' fcp(x)cp,(x)dx':b (r=1,2,..., m—1).

310 Hauboabliee 3HAUEHME NOCTHTAETCS TOTAd H TONBKO Torna, KOrza
dynxnua ¢ (x) sBAseTCH JMHeHHOH KoMOMHauMed C NOCTOSHHEIMYE KO03(-
¢unuenTamMu COBCTBEHHbIX. OYHKIMA @, Pppigs o -5 COOTBETCTBYIOLIMX
COOGCTBEHHOMY BHAYEHHIO Ay, [A,, = Ay, ,=...].

2. ,Iloxasa'renbc'rno ToHeJUIH CymecTBOBaHHUSA coﬁcrneﬂﬂux 3Ha-~
yeHul c MOMOIIBIO TPAMBIX METOXOB BAPHAIMOHHOTO MCUHCJICHHS.
Cdopmynuposansoe BhHIne npemroxenve [mib6epra BHpaXkaeT xapaxTe-
PUCTHMYECKOR . CBOMCTBO .COOCTBEHHHX (YHKHMH, a’ IOTOMY, OCTaBaAAsA
B CTODOHE TEODHIO MHTErpajibHHX YPaBHeHMH, MOMHO YCTaHOBUTH Cylue-
CTBOBanMe COOCTBEHHHIX (YHKUM# IS MHTErDaNbHEIX ypasHeBUH C CHUM-
METPHYSCKHMMH fNpaMH (M A/ COOTBETCTBYIOIIMX CAMOCONPSKEHHHX nMc-
EPEeHIMANBHEX CUCTEM) MM TOMOMY BAaDUAIMOHHOrO  MCYMCIeHMA. MH
U3JIOXKHM 3M1eCh  JIOKA3aTeNbCTBO TOHEIH CymeCTBOBAHHMS . COGCTBEHHHX
¢yHKuMi, OCHOBAHEOE Ha NPAMBIX MeTOXax!); nas npocToTH 1oJOo-
¥um a=0, b=1, a gaa Goaeuwe# O6MHOCTH OyneM NOHMMATbh MHTE-
IPHPYEMOCTb <pym<1mﬁ B cMbicae JleGera.

a) Iycts dynkmus K(x, z) mETErpEpyeMa BMeCTé CO- CBOMM KBa-
nparom K2(x, z) B xBanpare Q C npoTuBOMONOXHHMM BepuimHamu (0, 0)
u(l, 1) u ne SKBHBA/IEHTHA ‘GyHKIMM, TOX/IECTBEHHO DaBHOH Hy.o B Q.
O6o038aupM yepes - (L2) KJacC- QYHKUMHA, HHTETPHPYEMBIX. BMECTE CO CBOMM
kBagpaTtoM B {0, 1] u Ttakux, uTo

1 ,
f<P2 (x)dx=1,
o ’ '

M DAacCMOTPHM VA TAKHX yHKUMHA nHTerpa.n
' 11

‘1[<p1= [ [Kx 2)o(x)0(2) dxde.

00

Has péccmmpeﬂua axcTpemyMoB /[¢] B (32), paccmotpum kaacc (A)
abcomoTHo HenpephBHEX B [0, 1] dyBKuMH y (x), HMEIOUIMX TOYTH BCIOAY

HpOHSBO,U.HYlO C HHTErpUPYEMBIM - KBaApPATOM, H ynOBJIeTBOPﬂlOH.lHX ycao-
BUSM

=0, [yar<t m
0

1) OtrocHTENbHO H3NOKERHUS STOro Bonpoca cM. Tomennn [2].
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Paccmorpum B xaacce (A) uuterpan
1

1y1= [ [K(x, 2)y' @)y (2) dx dz.

[ ]

Torpa mo nepasencrsy BynakoBckoro umeem
o 11 11
PYIL [ [R @ 2dxdz [ [y (x)y*(@dxdz <
. o0
00 - |
<ffK2(x, 2)dx dz,
00

OTKyna BuunO, yto muterpan /[y’] orpanuyen B (A4), a, ClenOBaTENBHO,
ero SKCTPEMyMHl B 3TOM KJacce KOHeuHHl,

6) Ioxaxkem, uto /[y’] sBasieTcs HenpepHBHbHIM GyHKuHOHanoM B (A),
B TOM CMbICTe, YTO mig JwoGoro & >0 MoxHO Hafttv Takoe & >0, yro
AN MOGHX JBYX.. ¢ynxunﬁ y(x) ¥ yo(x) u3 (A), BCIOAYy yIOBIETBO~
pIOHMX  youoBMio |y (X)—y,(x)| <8, MMeer MeCTO HepaBeHCTBO
Hiy'T— Ilygll<e.

ITonoxumM Al UEeAOro MOMOXUTENLHOTO 7

K,(x, 2)=K(x, 2), ecu —n<K(x, 2)<
K, (x, z)._——n, ecmn K(x, 2)<—n,
K, (x, z) =n, ecs K(x, 2) >n,

Torpa, xakoBo 6x MM 6bi0 y(x) u3 (4),

11
|1 U'l—f f Ka(x, 25 (0)y () dxdz | =
11

___Hlfl{ Ky @)y @dzdz|<{ [ [ K=K, dde} <
( 2 ?
<ifEJ'K dxa’z} )

rae uepes E, 0603HaueHO MHOXECTBO TeX TOueK, B KOTOpHX K(x, 2) <
< —n HIH K(x 2) > n.
B CHIIY WHTErpHpyeMocTH K (x, z) B , MOXHO Haﬁm HaCTOJIbKO

€onbiioe n, 41O
Jz;f Kldxdz < (%)2,

n





