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Eciu npu 310M B HEKOTOPOH OKPECTHOCTH TOUKM (X, Vo5 €,) BBHIIOJ-
HSIETCH  yC/OBUE

ob 90
ox oy

2o oo |70
Ocox dcoy

TO B HEKOTOPOH OKPECTHOCTH TOMYKH ¢, Omnpeneiedbl (yHkuna x (c),
y(c), mpeacTaBasioLive BBIXOAAUIYI0 U3 TOYKH (X, ¥,) BeTBb I' c-nucKpu-
MHHAHTHOH KpHUBOH.

Bnosb xpusoft T' nMéeM TOXIeCTBEHHO

®(x(c), y(); c]=0, @, [x(c), y(c); ¢} =0.

Jduddepenunpys neppoe H3 3ITMX PaBEHCTB W TNPHUHUMAs BO BHHMaHue
BTOpOE, MOJYUYaeM

P, [x(0), y(); elx (€)@, [x(c), y(c); €]y (c)=0.

Ecan He wumelor Mecra paseHctBa x'(¢) =y (c)=0, 1. e. ecmu
Touka [x(¢), y(c)] He saBasercs ocoboit Touxkoh kpuso#t I', TO yraoso
Kospuuuent kacateabnoli x kpusoit I' B Touke [x(c), y(c)] paBen

YUO) _ Bplx (), y (]
@) T T Bylx(e) y (0 ]

T. €. yrJIoBOMy KO3(¢uureHTy Kacateabho#t. k kpusoft & (x, y; ¢) =0
B TOH Ke TOUKE.

B stoM cayuae BeTBb I' c-IMCKPHMMHAHTHOM KPUBOM AABJISAETCA OTH-
Galowe#t - ceMeficTBa YACTHBIX peuieHu#t W, ClefoBaTenbHO, OCOGHIM pelire-
nueM. B wactHoCTH, He HMCK/IOYEHO, 4TO BeTBb I' COBMANAeT LETMKOM WM
YaCTHYHO C ONHOM M3 KpUBHIX CeMeitcTBa (3).

B) 3ametuM, uTO ecau Kpusbie (3) 061analOT OCOGLIMH TOYKAMHM,
PaCroNOKEHHLIMA HA KPHBOH &, ypasHeHuHe KOTOPOH HMeeT BUA X=X, (¢),

| y=y,(c), 10 BROAL &
®[x; (@), 1 (€ =0, 2513, (0). yy()i ] =0,
P, lxy(0), vy () el =0.

Huddeperuvpys nepsoe W3 9THX DPAaBEHCTB W MNpPHHMMAs BO BHHMaHue
OCTasbHBIe, MOJNyyYaeM

D, 1x,(0), y1(c)s ] =0.

[MosTroMy K C-AHCKPMUMHHAHTHOR KpuBO# MOXMeT npuuaanemaTb TaKxke
reoOMeTpUYECKOe MeCTO OCOOLIX TOUeK YACTHBIX pemieHHH.
r) Paccmotpum, Hanpumep, muddepenuuansHoe ypapHeHHe

yi=2Vy (xy'—2y),
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obuiee pelieHHe KOTOPOTO MMeeT BHIL

O(x, y; )=y—c2(x—¢)2=0 21)
(cM. Byab [1], ctp. 168—169).
Mur umeem @, = — 2¢(x —¢) (x — 2¢), a nosToMy

c=0, y=0; x=y¢, j=0; x=2, y=ct (y=__x4)

IpaMast y == 0 sBasercs oruGawouie#t cemeficta napabon y==c2(x—c)?
U TO3TOMY sBJAsieTcss 0COGbIM (M B TO JKe BPeMs YaCTHBIM) DELIEHHEM;
KpHBasi y =1/,sx* TaKkxe aBiserca ormbaouedt cemeiicrsa (21) u, cue-
J0BATENbHO, OCOOBIM pellieHHeM Hawero AudQepeHUHaNbHOrO YPaBHEHH .

n) Iloyuntesen crenywomu#t npuMep, NOKashiBAOIWMHA, UYTO MOTYT
CyllecTBOBaTh OcOOble pemleHus AuddepeHlHalbHBIX YpaBHEeHHH, He npu-
HalJIeKalMe HU K p-NMCKPUMHUHAHTHON KPUBOH, HM K C-JAUCKPHUMHHAHT-
HOH KpuBOH.

Paccmorpum nuddepeHuuansioe ypasHenue

F(x, y; pp)=p— (1 +1Inx)=0

W moMoXuM Xx >0, 4roObl He BLIXOAWTL 3a mpeensl o6saactu jgeHcTBU-
TeJbHBIX UHCe, .

OGwee peitenue 310r0 ypasHenus umeer BuA @ = y - c—x1n x=0.
Mbl uMeeM

Fp=1, (I)c=l,

B TO BpeMsi KaK WHTerpajbHble KDHBBE MMEIOT TOUKM MNpeKpalleHus Ha
OCH OpIMHAT M Kacaiorcs B HUX 3To# ocu. Ilostomy och opaunar (x=0)
ABAsIeTCd OCOOLIM pelleHneM ypasHenus dx/dy = 1/(1 - In x).

OrMeTuM, YTO OCb OpPAMHAT Orpanuuupaer 06/1acTb, B KOTOPOH ypas-
- HeHHe HMeeT CMEIC.

7. Haxoxnenne ccoOpix pemeHuii B cJayyae, KOraa H3BeCTHO
napaAMeTpaUecKoe HpeHcTaBJjeHde o6Imero pemeHus Kak (YHKOHH OT
NPOU3BOAHCH W OT HPOU3BOJBHOH mNocTtosuuecH. a) Maaoxum teneps
meron Yeuzu [1], no3poasiolMi NMPH COOTBETCTRBYIOIUMX YCJIOBHSX MCKJIO-
YHUTb BO3MOXHOCTH npnnannemnocm K ¢~ ,B,l/ICKpP[MHHaHTHOH Kpl/IBOﬁ BET-
Befl, He ABAAIOIMXCSH OCOOBIMH DPeLIEHUAMH.

[yctb o6uiee pellenne ypaBHeHHs

F(x, y: p=0 )
HMEeT BbIpaXKeHue

x=x(p, ¢), y=y(p, ¢) [p=dyldx]. 22)

OGosHaunm uepea T, kpusyio ¢ ypapHenueMm (22), COOTBETCTBYIOLLYIO
3HAYEHHIO ¢ NPOM3BOJILHOM MOCTOAHHOM, W dYepes I' ormbaowmyo cemeft-
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crBa kpuBbix I';. 3nauenue p B Touke Kacamus kpuso#t I, ¢ T' Gyxer
TOTAA HEKOTOPOR GyHKuMelt napamerpa ¢

p=p(), - (23
a, C/eloBare/bHO, orubaiomias I' onpenensercs napaMeTpHYeCKHMH ypas-
HEHUAMH

x=ux[p() cl, y=yIp(c), cl. (24)

W3 W3BeCTHEIX pesyJbTaTOB TeOPHM OrHGAIOMMX CJAEAYET, YTO DYHK«
LHI0 p(€) MOXHO HaWTH W3 ypaBHEHHS

ox ox

a(xy) |9 Oc

o(p, ) |0y oy
dp dc

Ho mpu stoM He uMCK/IOYEHO, UTO ypaBHeHus (24) sIBAAOTCA ypaBHEHHSAMH
FeOMETPUYECKOTO MeCTa OCOOBIX Touek KpuBmX (22). IlogroMy uene-
CO00pasHO M3NOKUTL PACCMOTPeHHs YeHnM, Mo3BOJIOLIME HCKIIOUHTb 3Ty
BO3MOXHOCTb.

Yraosoit xosbduument p kacarensHo#t x Kpmpo# I, naetca Bhipa-
HEHHEM

dy __ 0Ox
T p o’ (25)
a guddepenumansl dx u dy, B3aTble BAOAb orubaiouwe#t I', umeor Bux
_ 0x ox __ 0y oy
dx_aidp—f-a?dc, dy—_gﬁdp.—}—%dc, ‘ (26)

rae dp/dc onpenensercs U3 dopmyan (23).

Tax kak no npennonoxenmo orubaiowas I' kacaerca moGo# Kpu-
soft T\, To u3 (26) caenpyer, uro dy =pdx, u us (25) BhTeKaer COOT-
HoOLIeHHe

Ay, ¢c)  _ 9x(p, c)
oc Jc @7

O6parHo, npeanonoxuM, yto GyHkuus p (c) yoossemsopsem IMoMmy
ypasnenuro, a kpusas I', onpenenennas ypaBHenusmu (24), He umeer
TOueK 3aocTpeHus. Jlokaxem - Torza, uto B MOGOH TouKe, OOuieH Ajd
onHo# u3 xpusbiX I', u naa I' (3Ta Touka MOMer OLITh KAaK PEryJspHO#
TOYKO#, TaK M TOuKO# 3aoctpenns ajas I')), kpuseie I' u I', umeor obuyio
KacaTeabHyi0. B caMOM jefe, He3aBUCHMO OT TOrO, SIBJISIeTCS JIM paccMar-
pHBaeMas TOYKa TOYKOHM B3aoctpenus ijs I, uau Her, yrnioBo# kosddu-
uueHT p KacareabHott k I', ynosaerBopsieT ypasHenusm (25) u (27);
a Torja us ypasueHus (26) nosayuaem, uro dy=pdx, rie dx u dy
Gepyrca Bpoab kpusoff I', Ortcioma u caenyer, urto kpuswe Iy U T
kacaiorca Jpyr apyra,
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W3 n0oKasaHHOrO HaMu BHITEKAET CJeNyloliee YTBEPKLEHHE: nycmb
obuee pewerue ypasienus (2) daemcs gopuyranu (22); mozda dop-
#yso (24), 20e p(c) raxodumcs us (27), onpedessiom Kpusgywo, 210608
Ompe30K KOmOpod, He uMeouuii mowex 3a0cmpenuss, A8ALEMISE 0CO-
Goli unmezpasvnoli Kpusod Vannozo ypaswesus (naxe W B Ciyuae,
KOTa STOT OTPE30K SIBJNAETCA TEOMETPHYECKMM MECTOM TOYEK 3a0CTPEHHs
kpubix I')). Onucanneift anech Cnoco6 MMeeT TO MPEMMYINECTBO mepen
Cnoco60M, H3JIOXKEHHBIM B M. 6, YTO NpM HEM HCKJIOYAETCH BO3MOXHOCTD
NPHHANJIEHHOCTH K CJHCKPUMMHAHTHON KpMBOH BeTBeH, He npHHAaNJeKa-
IUX OCOGOMY peLIeHHUIO.

6) Ilns nosicHenns paccMOTpuM chepyomuit npumep UYennu. Peuenne
IuddeperinanbHOro ypaBHeHus

(x — 3p%8 = (y —2p®)?
BHIPAXXAeTCA B NapaMeTpuuecko#t opme:
x=3p 4%, y=2p3+c%
ypasuenne (27) naer (dy/dc=3c?, dx/dc == 2c)
3¢ = 2pc,

a nostoMy aubo ¢=0, mbo p=—3¢/2.

PasenctBy ¢ =0 cootsercTByer uacTHOE pewenHe x == 3p2, y = 2p3;
paBeHCTBY p == 3¢/2—noaykyGuyeckas napabona x = 31 c2/4, y = 31 c3/4,
ABAAIOIAACS OCOGHIM DPelleHueM 3TOTO ypaBHEHWs.

C apyro#t cropoHsl,

axy _|OP 2| __
3(p, 0 | 6p 32 |~ oPe(3e—2p),

a nostoMy c¢==0, p=0, 3c=2p; pasenctsy ¢=0 cooTBeTCTByeT
YaCTHOE pelleHHe HAWero ypaBHEHHS; paBeHcTBYy p == (0 — reoMerpuye-
CKOe MeCTO TOYeK 3aocTpenus X =c¢?, y==¢3; paBeHcTBy 3¢ = 2p —
yxe HafiienHoe Bhlllle ocoGoe pewenue. Ileprift U3 MpHMEHEHHLIX HAMU
METONOB MMEET TO NpPEUMYIUECTBO, YTO NPH €ro NMPUMEHEeHHH MBI He MOJy-:
UHJH TeoMeTPHYeCKOe MECTO TOYEK 33a0CTPEHHs YACTHBIX pelueHuH, He
npuHaniexaliee 0co60My peLieHHIO,

8. leoMerpHuecKoe MeCTO TOYeK mepern6a MHTErpaabHBIX KpHu-
BoIX. B n. 3 Mb paccmarpuBanM reomerpuueckoe MecTo TOYek 3aocTpe-
HHS MHTerPa/ibHbiX KpHBHIX. OTMETHM 3jecb pe3y/bTar, Kacalouuhcs
TEOMETPHYECKOrO MeCTa TOUEK MeperuGa MHTerpaibHbIX KPHBBIX, KOTOpHIf
XOT H HE OTHOCHUTCH K TEOpHH OCOGHX pewreHHfl, HO OKaueT¢A noJes-
HBIM B JanbHelueM.

PaccMoTpum ypasHetive

F(x, ’y; p) =0 (p =Ady/dx).
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rie ¢yukuus F o6Jazaer HempepLIBHHIMH TNPOM3BOIHLIMM NEPBOTO H BTO-
poro mopsaKa no CBOMM apryMeHTaM B HeKOTOpO# TpexMepHoft 06.iacTH.
d10 ypasHehwe omnpelenseT ceMefiCTBO HHTerpaJbHHX KpHBbiX. Haltnewm
reOMETPUYECKOEe MeCTO TOueK mepern6a sTux KpuBHIX. B Touke meperu6a
MHTErpajibHOM, KPUBOH ROKHO MMETb MeCTO paBeHCTBO d2y/dx?=dp[dx=0.
Ho
dy dp

Fm+Fydx+dex—'0
a Mo3TOMY, BOOGLIE TOBOPS, 280MEMPULECKOe HMECMO Y MO4eK neperuéa
UHMELPANLHBX KPUBHX NOAYHAEMCS NYMEM UCKAOMEKUS D U3 ypas-
Henui _

F=0, Fm-{—pF =0.

Haanee,

F oo t-2Feyp -+ Fyyp + pﬂ

NO3TOMY 045 MO20, 4moGsl Kpusas | OHAG 2e0MEMPULECKUM MECOM
mo4eK nepezuéa UHMePAsbHsX Kpugux, 00Cmamouno, 4mobs. 8004b
Mol Kpusol 6oiNOAHAAUCE COOMHOULEHUSA

F]’_Tl:o' ~wa+2Fm,,p—{—pr2;tO (" = d?p|dx? £ 0).
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ONEPALHOHHBIE METO,B,bl. NNIPEOBPA3OBAHME JAIJIACA

§ 1. Juneiinpie RuddepeHunaibHbE ONEPATOPH NOPSAAKA 7t

1. O6mue samevanus. a) B § 1 ru. II Mbi 3anuMaiuch pemenuem
CHCTeM JMHeHHHX nuddepeHIWabHEIX YPaBHEHHH B HOPMAALHOL ghopie
W yKasanu TaM, 4TO mo3xe OyAyT YKasaHbl METOLB! LIS HAXOXKACHWS
obuiero pemenus MoGOH CHCTEMbl JHHERHBIX AHGbEepeHUHANBHEX YpaB-
HEeHHH W DpellleHHs, COOTBETCTBYIOIUETO JAaHHBIM HAua/JbHBLIM YCIOBHSM.
B sTtoM naparpade m B § 3 um 4 MB paccCMOTPHM NeEpBYIO M3 STHX
3ajlay, OCHOBBIBASICH HA HMCMOJb30OBAHMM Teopun mupdepeHunaibHLX one-
paTopoB, a B § 7 paccMOTPMM BTODYIO 3a1auy, OCHOBHIBAsICh HA TpHMe-
HeHun npeoOpasoBanus Jlamijaca.

Ipu pemenun nepsoit U3 STHX 3aAay /i HOPMAJbHBIX CHCTEM JHMHEH-
HHX JIHddepeHIHaIbHEIX YPABHEHHH C MNOCTOSHHHIME Ko3(dHUHEeHTaAMU
MBI BHIEJH, YTO B KOHEYHOM CUeTe HaxoxeHHe OOLIero pelleHHs TaKoH
CHCTEMBI CBOAMTCA K aare6paumyeckoll 3alaue O HAXOMIEHUM KOpHeH Tak
HA3HIBAEMOTO Xapaxkmepucniu4eckozo (uru @yYHOAGMEHMANLHO20) YPaBHE-
nug (cm. ra, 1, § 1, m. 6). Jas toro utoObl BHISICHHTH IIPOMCXOMIE-
HHe 3TOH CBA3U M OODBACHHTL POJb ajireGpaHyecKHX MeTOAOB B DPelIEHMH
cucteM auddepeHUMANLHEIX yPaBHeHuHt, W3yynM CHauajsa BbIPAXeHWd,
cofepxamime 3HaK auddepenuuposanus df/dt= D.

0) Jdnddepenuyansioe BHpaKeHHe

2O YW 4 a, OV A OV +a, O, (D)

rie ay(t), a (), ..., a,_(®), a,(t) 9BAAOTCS HenpepHIBHBIMK (YHK-
UMMM OT £, ONpeje/ieHHLIMM Ha oTpeske [a, B] M o6aazaloMMH Tam
BCEMH NPOM3BOJAHLIMH, KOTODHIE HAM NpPUIETCS paccMarpuBathl), Mot
OyneM 3anMCHIBATh CUMBOJMYECKH B BHIe

anr dr—1 d
[00W+ala—t7‘j‘i+ e "{"an_l’a“&— an] Y
(em. ra IV, § 5, 1. 2, ,a%) nam ke B BHIe
[a,D"+a D"+ ... +a, D+}a,)Y.

1) B panpHeflueM NpH PacCMOTpeHHH AUQGEPEHUMANBHBIX  BbIPAXEHHI
Bupa (1) Mol Gymem nmpeanonarats, uro dymxuuu ay(f), ay (£), .. a@y—1(0), ay(®
YHAOBAETBOPSIOT STOMY YCJOBHIO.
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Cunmson
n
p(D)=aoDn—|—llIDn—l+--- _.}_an_lD_{_an:anDn—v (1/)
. v=0

Ha3vieaemcs AunelnbM OuepeHyuarbisin onepamopor nopadka n,
u Bripaxenue (1) sanuceiBaeTcs kpatko B Bume P (D) Y1),

Ecau p (D) umeer sun (1) u b aBiasercs ussecTHOH QyHKume#t or £,
TO TOJOXKHM, IO ONpee/eHHIO,

bp (D) =ba,D" -} ba,D" ' ... -} ba,_,D -} ba,.
B) Ecau ¢ — nocrosiHuas Benuqﬁﬂa, TO
pD)(cY)y=cp(D)Y,

pD)(¥, 4 Yoy =p(D) Y+ p(D)Y,,
T. e. onepamop p (D) oucmpubymusen.
r) IlycTs naHbl onepatophi

py(D)y=a,D"+a, D"+ ...+ a, ,D-}a,, | @
PO = 00" 8D .. 0, D+ b, |

Hasosem cymuoii (pasnocmsio) onepatopoB p; (D) u py(D) 1 0603HAYMM
cumMBoaoM p; (D) -+ pg (D) (py (D) — py (D)) oneparop

Py (D) == py (D) = (8, == b)) D"+~ (a, = 6) D" " ...
+(a,_==b,_,) D+ (a,==b,).

1) Ecim panpt gsa aubdepenunanbubix oneparopa py (D) u py (D),
10 Bhipaxeune p,(D)([py(D)Y] saABnsercs pe3ynbTATOM NPHMEHEHHs He-

KpOMe TOro,

1) nepBble HCCIEIOBAHMUA [0 CHMBOJNHYECKHM OfleparTopaM IpHHAjJeRxar
Bpuccony [1], ctp. 197.

VicuepnbiBaioliee HM3NOXEHHE STHX BOMPOCOB CM. B KHurax: Iluaxepiae H
Amansau [1}], ra. XI; Byas [1] ra. XVI, crp. 381—409; Banae-Ilyccen [1], 1. II,
crp. 259—280, 300-307 Aitne [1], . Vou Vi, Tlyas [1], ctp. 18—44.

Ormetny, yTo Mammana B csomx paborax [1], [2], [3] H3YUHJ H TMPHMEHHI
K KayeCTBEHHOMY aHalNM3y pelleHu# AuddepeHuHaNbHbIX YDABHEHHH pa3iloxeHHE

[/3

JauHeHHOro oAHopojHoro AuddepeHuHasbHOro oneparopa 2 a,(t) D", xos-
v=0
(HIHEHTH KOTOPOTO SABJSIOTCH JeHCTBHTENbHLIMM (YHKUHAMH OT £, 4y(f) # 0
7
(peeyaspuozo oneparopa), B NpoussejieHne 4 (f) I[ [D — p; (¢)] nuHeitnbIX MHO-

i=1
wnteneit ay(t) [D—py ()] [D —py ()] ... [D—py (¢)], rae p; (£) — neficTBuTEND-
Hble HJIH KOMIUIEKCHbIE (PYHKUMH OT ¢ n:m cayuasi ONepaTropoB BTOPOrC NOPSAKA
cm, ra. 1V, § 5).. Cm. raxxke Bpawuno [1].

Henaano pasnoyesne Ha MHOXMTENHM IHQdepeHMaIbHOro omneparopa
¢ MepeMEHHHIMH KOS (HUIHEHTaMH B KOMILVIEKCHOM (MMu JeHACTBHTENLHON) 06aacT
6bl10 paccMOTPeHo Ackosu * [3], MOACHHBIINM STOT BOMPOC € HOMOILBIO reome'r‘
pUYECKHX PacCMOTPEHHH,
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KoToporo anddepeniuuanbroro onepatopak Y. IMonokum p,(D)[p,(D)Y)=
=p(D)Y n nasosem p(D) npoussedenuex onepamopos P1(D), po (D),

D)D) =p D).
e) BooGme rosops, p, (D) pQI(D)q& Pa(D)py (D), T. e. onepamops
p1 (D) u p,(D) ne nepecmanosouns t),

Hanpnmep, xak Met yxe sunemn B ra. IV, § 5, n. 2, ,a“, pasen-

¢tBO (D — py) (D — py) = (D — py) (D — p,), MMeeT MeCTO TOrAa M TOALKO

TOorma, Korna p;:p;, B HACTHOCTH eClM p H Py— NOCTOAHHBIE BEJHUYUHEL.

HlokaxeM, uro BooOuwe ecsu onepamopw p,(D) u p, (D) umeom
nocmosiHKbe Kosggunyuermu, T. €. ecu B (2) KO3pdUiUHEHTH

Qg @yy v ovy @y by, by, .l b,

NOCTORHHbL, MO ML OREPAMOPH. NePecMBHOBOYHYL,
B camom gnene, umeem

PO D) Y = [ a0 " [Z 60" ¥ =

n k4 kid
=1, & @ 0" MY =[ 260" [ ZaD" ] ¥ = p, (D) p, (D) V.

%) Tonoxum ‘mo onpexesetrio
71(D) 2 (D) 13 (D) = p, (D) 1 py(D) s (D).
7(D) P2 (D) Py (D), (D) = 1, D) 7y D) pyDYPL D)), ...
Jlerko nposepuTb, 4TO | v
P (D) 1p2 (D) p3 (D)l = [py (D) py (D)) 5 (D),

T. €. UTO npou3sedenue onepamopos nod4uxHsemcs ALCOYUAMUBHOMY
3axkony. Ilns 9T0r0 ROCTATOYHO yGenuThes, uTO :

D" [(bD°) (eD%)] = [ D" (6D%)] (D). 3)

1) OTHOCHTENbHO M3YYEHHA NEPECTAHOBOYHOCTH ABYX JHMHEHHBIX ONMEPAaTOPOB
cM. bapunean, Yenau [1]. .

%) B naavuefimeM B caydae, korfa Ay, ..., Ay_y, Ay, 0603HAYAOT ONepanuH
#1060 NPHPOAR, KOTOPHie MOMHO BHINOAHATh Hai (QyHKuuel Y, Mu GyneM 06o-
3HAYaTh CHMBOJOM A ... A,_1A,Y onepammio A4; {...[Ay-1(4zY)]... ).
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Ho oueBngHO, uTO

DD eDH =D|b (£ Pprtt] =

s+1 8
t s tt—k+1 Y\ (®) att—k+1 __
=D (cz))+b2( D +b]§)(k>c D =
1
=D bt b8+ PpITEETL ' D (eDYy - D (¢ DY) =
D)+ D)+ (cD")
k=0

= [D (bD%)} (cD"),

a TO3TOMY. paBeHCTBO (3) cnpaBenuBo npH r =1,

Ho npeanonaras, 4T0 STO PaBEHCTBO CNPaBEeAAMBO MJA 7, H YMHOMXas
ob6e uacTH cnepa Ha D, Mbl yGexnaeMcs, YTO OHO CNpPAaBEMJHBO H LJf
r— 1. Tlostomy paBeHcTBO (3) BepHO A5 BCeX r.

3) B uactHocTH, ecam Py, Doy ..., Dp— NOCMOAHHBIE BEAUMUHH, MO
(D—p)(D—py) ... (D—pp)=D"— ;D" " -5,0" " — ...}
FH = D" sp D1 4)
rae
Dpipn o o= (=12 ...,
(cymMMa pacnpocTpaHeHa Ha BCe COYETaHMA iy, iy, ..., i M3 n Yucen
1, 2, ..., n no k sneMeHTOB).

O6patHo, ecau
pD)y=a,D"+a,D" "+ ... +a,_D-+a,

20e ay, @y, ..., Gy_y, @,— NOCMOSNABE BEAULUNRb, U ECAU Py, Poy - +»
pn — KOpHU Xapakmepucmuueckozo (PyHOanerRmassnoz0) ypasHenus
1
agp"+ a4 ...+ ay_p+a,=0, ®)
mo ]

pD)=2a,(D—p)(D—pg) ... (D—p,)-
B YaCTHOCTH, mnoJiaras IlpH ﬂOCTOﬂHHbM p

(D—p)"'=D—p)(D—p) ... D—p),

HMEEM .
D—p"=D"—(7)eD" " oo A= (, 7 ) D A

anHHMaﬂ BO BHHMaHHE aCCOUMATHBHOE CBOHCTBO _YMHOXXeHHd, Henmo-
CpeaCTBEHHO yéex(,naeMCﬂ B TOM, YTO NPU TNOCTOAHHOM p M UEJBIX II0JIO-
XKUTEJIBHBIX ¥y H Vo HMEEM

w—wm=w—ww—w.
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1) OueBHAHO, UTO ecau Bupajcerue
pD)Y=1aD"+a,D" '+ ...+ a, ;D4a,)Y la,=a, ()]

modicOecmseenno pasno Hyaio Ha ompesie [«, Bl 048 aw060d HyrK-
yuu Y, usu, Gosee oGuje, ecait OHO MONCOECMBEHHO PABHO HYLI0 HA
ompesre [a, 8] 0472 n-+ 1 sunelino He3asucumelx GynKyuii, mo na om-
pesxe [a, Bi v

a,=0, a, =0, e a, =0, a,=0.

B camom nene, nyctb a, (f) — nepssift u3 KOSPOHUMEHTOB @y, ;. « ..,
@,, He paBHBIE TOXAECTBEHHO Hy/MO Ha orpeske [a, B]. Hafmercs orpe-
30K [ay, By}, nexawmh ua orpeske [a, B], BO BCeX TOUKAX KOTOPOrO
a, (f) otmuno ot Hyas. Ho rtoraa ypasuenue

2 =7
pD)Y=[a,D""4 ... 4 @a, V=0
uMeeT JHlb 7 —r (< 1) JMHeHHO HE3aBHCHMBIX pelueHnH, BOMPeKH npes.-
NOJIOKEHUIO,

Ws nokasausoro crepyer, u4to ecau Ajas moGoi ¢yukumm Y (nas
n 1 nuHeliHO He3aBHCHMBIX (yHKUMH) Ha oTpe3ke [a, ] TOMAECTBEHHO

laD" +aD" 4 ... +a, D+a,) V=
=[bD" 460" 4 ... +b, D+ b,17Y,

TO Cy=b, a,=b, ..., a,=0b,.

2. JuddepeHunaapHpie CnepaTtopnl M JHHeHHbIE CIHCPCAHBIE
nudpdepenuuatLiple ypaBHEHHS! € NCCTOSHHBIMH Koadduuuentamu.
a) IlokaxeM, KaKk MOXHO MOJY4HTb, NOMbL3YACH AMdepeHunaIbLHBIMK
OMeparopaMu, H3BeCTHbie HAM pesyJbTathl O pelieHHH JUHeHHBIX OAHO-
POLHBLIX Iu(PepeHUMaNbHBIX YPaBHEHHA C NOCTOSHHBIME KO3bdHIHEHTaMHU
(ra. 11, § 1, n. 6, ,r%).

[Tycts TpeGyercs pemuTb ypaBHeHue

{n) n—1)
a Y4 a ¥V e, Y 4a,Y=0, (6)
THe 4y, @y, ..., @,— NOCMOSHHbE BeIMuHHb, @, + 0.
Ecm p;, pg, ..., pp— KOPHH X4PAKTEPHCTHUECKOTO ypaBHeHus (5),

TO ypasHeHHe (6) MOXHO 3amHCaTh B BUIE
3 (D—p)(D—py) ... (D—p,) Y =0.

Otciopa creayer B cuAy nepecTaHOBOYHOCTH CTOSUIMX CJAeBA MHOXHTedeH,
uro ypasHenuio (6) ynosaerBopder mo6as ¢yHkuust Y, ynoejeTBopsiomasn
OJlHOMY H3 ypaBHeHHH

D—p)Y=0, (D—py)¥V=0,..., D—p,)Y=0.
Pewenne ypasuenuss (D—p,) Y = V' —p,Y =0 umeer Bun

Yi=cpe® (=1, 2, ..., n; ¢, = const),
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a TMOJTOMY, €C/H KOPHH py, Py, ..., D, TMOMAPHO pPA3AUUYHLI, T. €, ecAu
xapaxmepucmu4eckoe ypasuenue (5) He umeem Kpamuuix KopHel, mo
obuee pewenne ypasnenus (6) daemces gopmuyroi

n
¢
Y= e,
k=1

rhe ¢, — RpOu3s0LbHbIE NOCHORRHBLE,

6) Ecin xapakrepucTuueckoe ypasHeHHe (D) MMeeT KpATHEie KOpHH
Pi» Pos +.+s Pp COOTBETCTBEHHO KPATHOCTH Yy, Voy ..., Vp, (Vy—fv, -
-+ +..—v,=n), 10 ypaBHenue (6) MOXKHO 3amMCATb B BHIE

v v .
(D—p)" (D—pg)* ... (D—p)'r ¥ =0.
[Tostomy ecau Y;, ynosnerBopsier ypaBHEHHIO
(D —pp) #Y;, =0, M
10 Y; YROBIETBOPSET M 3aJaHHOMY YPaBHEHHIO,
[Monaras Y, = e®¥’ Z, noayuaem

(D—pp) ke’ Z=(D—p) k10" 2/ = o' 200 = 0,

() __ . k) x) (k) pvp—1
caeposatenbio Z'K =0 u Z==cy —fci 't .. -+Cvk-1l‘ k. Takum
o0pa3oM, oflee pellenve ypaBHeHusi (6) HMeer. BuA,

r Vk——l
y=3 Sepee,
k=1 1=0

rue c§k)—np0u380.dbubte nOCMOsIHHbLE,

B) Ecaiu B ypasuennn (6) kosdduumentst ay, a, ..., @, ABAAOTCH
Oelicmsumensioisuy UNCIAAMH, a D == Py I KOMNACKCHOIM KOPHEM
XapaKTepHCTUYECKOr0 ypaBHeHus (5), HMEIOWUM KPaTHOCTb vy, TO ypas-
HeHue (5) MMeeT TaKxke COMpPSKEHHBIN KOpewb B, — iy, TOM jKe KpaTHo-
ctu. Ho ,

e(ﬁk+ixk)t + e@k—i.{k)t — 286kt cos Tkt’

Pt BTt — 94k sin .8,

a BHIpAXKEHHE cle@kt sin 7kt—1—c2egkt cos {;f MOXHO TNpeNCTaBHUTb B BUAE
de®#" sin (1xt -+ f). Toaromy, ecau xapaxmepucmuyeckoe ypasuenue (5)
uMeeT JeHCTBHTEJbHBIE KODHH &, Og, ..., Gy, KDAMHOCMS KOMOPHX
DABHA COOMBEMCMBERHO Vi, Vo, . .., Yy, U KOMNACKCHOIE KOPRY B == iy,
BT iYgy + ooy Bry 25 Yy, KPAMHOCME KOMOPHLX COOMBEMCMBEHRO PABHA
Uy, Wy - vvs Wy, MO 00wee pewenue ypasienus (6) umeem 8ud

7 vk-l ¥ P‘k'l

Y= > DcfPfent - 3 Naff e’ sin (1t -+ £,
k=1 1 k=11

=0 =0

rae ¢¥, di?, f%k)-—npouaawzmue nocmosHHuble.,

11 3ax. 1072. Oxk. Cancone
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3. Onepartopst (D—p)~" F(2), p~' (D) F (¢), rae p (D) — muoro-
gaed or D. Pasickenne p~1 (D) na npocTeie onepartcpsl B ciyuae,
koraa p (D) wmeer mocrosHHbie KeadpduumenTn. a) B npeapinymem
MyHKTe MBl HCTOAbSOBAMM npocTeHiuue CBOHCTBA MuddepeHUHabHBIX Ofe-
paToOpoB AN HAXOXKAEHHA OO6LIero peilleHHs JHHeHHBIX OLHOPOAHBIX AHGb-
(depeHunaNbHBIX yPaBHEHHH ¢ MOCTOAHHBIMK KO3dduuMeHTaMHU; AJs nepe-
XO0Za K PpCIIEHHI0 HEONHOPOIHHX YpaBHeHni HaM OyjseT yaoGHO BBeCTH
onepatop p—! (D).

6) OOosHauuM cumpoaoM D-~1F pesyabrar npumenenus x F (£) ome-

patopa, o6paTHOro onepaTopy ﬂH(p(b&péHlalOBaHHﬂ, T. €. HEOnpeJeJeHHBI
uaTerpan ot F:

D-lF(t).-:.fF(t)dt-|-c (¢ = const).
17

Boobwe cumBoaoM D7’ F (t) 06osHauum 206y ByRKRU0, V-5 npo-
u38001a8 om xomopozi pasua F (f). CneposateabHo,

D‘“F(tpfF(u)“”‘”’ dutcgtott ... e 7 (B

TAE Cpy Cqy +..5 C,_q— Npou3sossvie nocmosinusie. Taxum oOpasom,

ossn danuoi dyuxyuu F(t) ¢yuxyua D7 F () onpedesena ¢ mou-
HOCMBI0. 00 NPOU3BOALHOZ0 MHOZOYAEHA cmeneru v — 1,
TouHo TaK xe, €ClM p— omAauyHoe Om KYAS HUCAO, TO PABEHCTBO

(D—p) FO=f® CH)
D—p)fO)=F(®) ’

03HayaeT, yTo

HJH, Y4TO TO e CaMmoe,

D—p)(D—p) " F (t) = F(f). (99)
OueBHHO, 4TO

D—p) " eFt)=c(D— p)“" F(f) (c==const),
DO—=p) ' [FOFGCOI=OD—p)" FO)+-D—p) " G(@).

.Caenyer OTMETHTD, qTo B (9,) dyukuus f(f) onpenesicHa ¢ TOUHOCTHIO

1
IO BBIDAXEHHS puza ef (Co"l‘c1t+ e £7), rme Cor Cqp v ns
C,_q— NPOU3BOLLHbIE NOCMOSHHbe; B CAMOM Jesie, MMeeM

(D—p) 1" (gt et + ... ¢, ) =0,
2 MOTOMY M3 paBeHCTBA (9;) BBITEKaeT, 4TO
P—p " FO=fO+ " C+et+ .. e d™. (9

B) Ecan ¢ynkums F(f) ussecTna, 10, kaKk OwbiIo ykasauo B ra. II,
§ 1, n. 3, ,8% o¢ynkuuio f(f) B dopmyse (95) MOKHO HAHTH C TMOMOLUBIO
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kBagparyp. Jlerko y6eautbCs B cnpaBenJmBocm caenyioues Q)opmynu
Xesucattna (cMm. sty maBy, § 7, m 4, ,B“)

-y . - t
(D—p) F(t):e*’*f o -g(v———F(a)du—{—
4
-+ ot et ... Fe, 7 (8
St1a GOpMysNa HEeNOCPEACTBEHHO MPOBEpsieTCss NpH v = I, Tak Kak obuiee
pelneHe JUHEHHOTO ypaBHeHHs _
D—p)fO=F(@®
HUME€ET BHUA
t
fee [ [ e (@) du+- co] .
R

Haa toro uyrobm Rokasath GopMyay (8,) B obweM cayuae, RocTa-
TOYHO 3aMETHUTh, YTO

(D—p) 1% (cg+ et .. e, =0

H 4YTO

(D—p) [e” ft ‘P"%}‘LF(a)duJ

ty

=a%—w4k0fmfv'ﬂﬂ%¢——me4

0

- (t—'ll)\’ -2

t
. oyt ot _______ _
=D —p) {e ,J e F(u)a’u] L =F®.
r) Boobue, ecaun ’

POIFO=10O)D"+a,O Dt
+ 8, s OD+a, OV F () =1 1a,&) # 0}, (10)
TO TMOJNOXUM IO ONpeneNCHHIO
P (D)f () =F ) (11y

u HasoseM p~1(D) ongpamopomu, oSpamuximu onepanopy p(D).
OTMeTHuM, 4TO HapAAY ¢ cooTHoweHHeM (11,) HMeeT MECTO COOTHOILLEHHE

PO O=FO+co )t O+ - - + 6,20 (11y

rae oynkuma @, (8), 95(b), ..., ¢, (f) 06pasyoT dyHAAMEHTAIbHYIO CH-
CTEMY pelﬂ(’.HHH OJHOPOLHOr0 ypasHEHHs
pD)e()=0.

11*
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WneiMn  ciosami, €93 ()¢ (O -+ ... 4,9, (ey, Cgp ...y € —
NPOU3BOJbHBIE MOCTOSHHbBIE) SBJIAETCA llOﬂOJlHPITe.HbHOﬂ dyHKUMeR ypas-
Heuust (10) (ra. I, § 1, n. 5, ,8“), a npasaa uactb Qopmyas (11,)
npeacTaBaser co6oft ofuiee pemenue ypasHenns (10).

Cnenyer sametdtb, uto ecau p,(D) u p,(D) aBAfIOTCA JMHEUHBIMK |
JuddepeHIMaNbHEIME OnepaTopaMy, TO

(ppo)™ = pi'pi". 12,

B camom nene, nonoxuM (p,py) 'Y = y; toraa p, (poy) =Y, u, npuMenss

NOC/NEeNOBATENbHO K OOeHM 4acTAM 3TOTO PABeHCTBA CJeBa ONEpPATOphl

pi' w p3', nonyuaem y=p{1pf1Y. D70 paccyxAeHne MOXHO OOpaTHTD.
Hs (12,) noayuaem cdopmyay

pi =pa(pipy)~" (12,)

KOTOpasd noade HaM MOHANOOUTCA.
Ecan onepatoput p, u py nepecmanogouns, mo umeern marxice gop-

Mmyry
pitpst=pi'prt. (13)

-1 _~1 -1 -1 ~1 -1
B camom nene pa pi = (pype)” =(pep1)” =p1 P2 .
OTMeTHM clle, 4TO eC/n p-—l‘lOCTOﬂHHaﬂ B€JIM4YHHA, TO

D—=pr=D—p ! (D—p)!...(D—p) (14)
B camoM nmeune,
D—pym=[D—pI =D —py=1 (D—p)! =
' =D—p) ' (D—pyrN=....
1) Hycts :
p (D) == ayD*-+4a,D"-1~~. .. +a,_D-}-a,,

TAe g, Ay, ...y Ay_y, @y — NOCMOAKHBIE eAuBUNb, Ay 0. 13 anreGpu
H3BECTHO, UTO ecAu XAPAKMmepucmuiecKoe ypasHerue '

aop”+alp"“1+ oo ta,_p+a,=0

uMeem KODHU Dy, Pgy - ... D,y KDBMHOCMB KOMOPHLX COOMBEMCMBENHO

PasBHA vy, Vg ..., V. y—-Vo—...-}v,=n), npusem p;+#p, npu
i+k, mo umeem mecmo moxicoecmeo

1
aps® a1 4 ap- s ta,

=dV(s—p) - d (s —p) P+ . FdD (s —p) T

id&’(s p)"+d% (s—pg>‘°+ +d‘2’<s—p> "
+

+¢”<s—p>“+d‘“<s——p,r2+ +am;’<s—-pr> . (15)

20e d¥ — nocmosannsie.
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Aunre6Gpanueckoe  [0Ka3aTeJbCTBO TOMXLECTBEHHOCTH JeBOH W mpasoit
yacte#t B (15) ocHoBaHo mo cymeCTBy Ha TOM, qro ecn p,(s) H py(s)
SBJAIOTCA MHOTOUJIEHAMH OT §, TO p, == Py (plpg) . Tax kak B cnay (12,)
sta ¢Qopmyna BepHa M aas onepatopoB p, (D), p,(D), TO NpH HalKX
npeanoaoxenuax onepamop p-1(D) parmaaueaemc;z HA CYMMY npo-
CmbLX 0nepamopos

piD)= § 2 P (0—w) (16)

(cm. Byab (2], crp. 114). Dra dopmyaa ceoput Bbiuucaenne p~1(D) F(f)
x BoiuucaeHuo (D —p, )~V F (£).

Taxum oCpasoM, ghopuyast (8,), (8y), (16) nossoaswom csecmu
K K8aAOpAMYPAM peulenHue AuHelH020 HEOOHOPOOHO20 YPABHEHUS ¢ no-
CMOSHHME, KOIDPuyuenmary

p(D)Y (f) = (agD*~a, D=1~ . .. -a,_,D-}-a,) Y =F(t)

(ecm.ra. 1L, § 1, n. 5, ,B“, mun 6, ,r“). B n. 4 u 5 sroro naparpada
Mbl YKaXeM CJyyaH, B KOTOPHIX MOXHO oGo#itich Gea KBajapatyp.

4. Boluucaenne p-'(D)e*, p~1(D))sinkt, p~1(D)coskt, rae
p (D) —mHuoroudeH ¢ nocTOSHHbIMH Koadpdumuentamu. a) B stom
MyHKTe Mbl BEIYHCAUM Beipaxenus p~1(D)e¥, p—1 (D)sin kt, p—1(D) cos kt,
npennonaras, uro p(D)— muorounen or D ¢ MOCTOSHHBIMH KO3ddHu-
LLHEeHTaMH.

Ecmn F(t)=e*, 10 (D—p)ekt = (k— p)ekt. Tlosromy, ecmm k+p
(k, p— nocTosHHbIE), TO

(D—p)~te¥t = (k—p)~le,
u BooOlle, ec/N MOCTOSHHBIE Py, Pgs + .., P, OTIMUHBI OT R, TO
(D—p))" 1 (D—pg)~1 ... (D—p) lekt =
=(k—p)1(k—py)~1...(k—p,) le¥,

D—pet=(k—p7e (R A7)
p(D) = apDr+a, D=1\, .. d-a,_ D-}ay (18)

aBasercd AuddepeHuranbHbIM MHOTOUJIEHOM C TMOCTOSIHHBIMM KO3 duLuen-
Tamu, ao+0, U ecmu py, Py, ..., P,— PA3NTUUHBIE KODHH €0 XapaKTepH-
CTHYECKOTO YPaBHEHHUS, HMEIOLIHE COOTBETCTBEHHO KPATHOCTb Vi, Vo, + v o) Yy
TO, KaK MHl BHJEJH,

p(D)=ao(D—p) (D—p) ... (D—p)™.

1) K npaBeiM uactaMm dopmya (17) u (19) Hato NpHCOERHHUTH elle AOMOJMHM-
TeNbHYI0 (YHKLUMIO Hallero ypaBHeHnA. JTO 3aMeyaHHe CUPaBelIHBO TaKKe 1
nag gopmya (22), (23y), (23,).

B uacrtioctH,

Ecan
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Ho Toraa, mpunuMas Bo BHuManue dopmyay (12,), Mbl yGexnaemcs B TOM,
YTO €CAH YHCIO R He aBAjdeTcd KOPHEM XapaKTePUCTHYECKOrO MHOTro-
yjeHa, TO

ot .
p~1(D) ekt =5" (19
6) Ecau & W p nocTosukue, T0 (D — p) e G (f)=e*(D4-k—p) G (¢),
a nostoMy ¥ G (f) = (D—p)~le* (D—+}k—p) G(f), u, nonaras
(D4-k—p) Gt)=F(®),
(D—p)1eM F (t) = eM (D~}-k —p)=1F (2). (20)
BooGuie, ecau py, Py, .., P, — NOCTOSHHbIE, TO '
(D—p) " (D—p)" +.. (D—py)'e¥ F(t)=
= o (Dfok—p))~t D4k —p))! ... (DA-k—p,)'F (D,

ChneposaTeqbHo, NpuUHAMAas BO BHUManue ¢opmyay (14), moayuaem, uro
ecan p (D) — sunednuiili Qudbhepenyuarbusiii onepamop ¢ nOCMOSHHUMY
Kosdhpuyuenmanu, T0 uMeer Mecro dopmyaa

p~1(D) e¥F (f)=ektp-1(D-}-k)F(f) (k=rconst)1).  (21)

B uwacraoctu, ecau p= const, To0

KMEEM

(D — p)—nept = eftD—1] = nll eetfn,

H, caeposarensHo [cM. (8,)], .
(D — p)=nert = L evitn, (22)
B) Mmeer mecro dopmyna (sin kf)” = — k2%sin k. CuaenosatenbHo,

ecan p (D) aBagercs YeTHHIM MHOTOuJeHOM Of D[t. e. p(— D)= p(D)] ¢
NOCTOAHHBIMU KO3 duumenramu u p (ik)+0 (kB — nocrosunas), T0

p~1(D)sin kt = sin kt/p (ik),
rae I — MHUMas enuHHUIA.

BooGue, ecan p(D) sBaserca AuddepeHUHaIbHEIM OMEpaTopoM MHo-
psAKA 1 ¢ MOCTOSHHBIMU KO3bduuuentamu u ecmn p(ik)+0, p (—ik)+0, T0

p~Y(D)sinkt=p(— D)p=1(— D) p~1(D)sin kt.
CnenoareibHO,

p=1(D)sin kt = p (— D) — S0k

p k) p (—ik)

1) OuesugHo, ut0 p~1(D 4- k) o603uauaer omepatop, oGpaTHuH K

(23,

> @ (D + ke,

v=0
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K aHaJOrH4HO

: kt
p=1 (D) coskt=p(~D) — = e, (23,)

[p(ik)+0, p(—ik)+0].
Haf#inem, Hanpumep, ofuiee pelieHHe ypaBHEHHS
(D2—3D+42) Y = 2sint.

UMeem

Y(H=2(D>+43D-4-2) =

_ sint

T—3i+9) (—1+48iF2)
=+ (D*}-3D 4 2)sin,
Y ()= (sin t--3cosé).

Tak kak nonoJjHuTeNbHAS (GYHKLMSA YAOBIETBOPSET yPaBHEHHIO
D2—~3D4+2)Y =(D—1)(D—2)Y =0, Y ==c,et + cpe¥,

T0 ofulee pellenve nNaHHOIO ypaBHEHUS MMEET BUA

Y (t) =c,et e+ —;— (sinf+-3 cos f)

(¢;, cg— mocTosHHbBIE).

5. Buluncaenne p~1(D) F(f) nas roaomopdubix yHkumit F (7).
a) B atoM nysxTe Mb pasioxum B pan oneparop p~1(D) Y (f), npex-
nonaras, uro yHkuusa Y (¢) OT KOMMJIeKCHOM nepemeHHoﬂ t ronoMopdna
B Hekotopo# obGaactu C.

Jlerko MpOBEPUTHL, UTO €CJIU p-— OTJIMYHAA OT Hy/Ad NOCTOsIHHAsA, TO

(D—p) (trf-Ten1 4 2O et L B = e,

¥ [OITOMY

|
(D—p) it = — Z n Drr:—lﬂ g 24)
v 0o '

3aMerum, 4tO ecau paccmarpusath (D —p)~! kak aareOpauyeckuht
CHMBOJ U pasJokuTh Bhipaxenue (D-—p)~! B pan no crenessm ), 10
OyneM HMeETh

©o
o—ir=p=-5 2 @
i " o

~

Popmy.a (24) nonyuaercs, eciu npuUMennTh K £ 06e uacTH pasencTsa (25).
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HoxaxeM, uto BooOUle, ecan F (f) aBasieTcs rosoMopdHOR dynkuueh
KOMILUIEKCHOM mepeMeHHOH ¢ B o6nactu C W ecaM 1Js HEeKOTOPOro 3Haue-

HHSl MOCTOSHHOM p+=0 pan leF (&)/p* 1 pasHOMepHO cxoautcs B C, TO
1=0

(D—p)F (B = — },D’,ﬁf" + coe? (26)
1=0

(p— nocrosnnas, ¢y — npousBo/bHas noctosuHas, DOF (1) = F(f)).
Jna noxasaTesbCTBA AOCTATOYHO TNOKA3aTh, YTO
> DIF (t)
F(t)z""(D——P) pz+1 .

1=0

Ho 3TO paBeHCTBO HemocpeiCTBEHHO BHITEKA€T M3 TOTO, YTO NMPH HAWIMX
NPEe/NOJIOXeHHSIX 3aKOHHO nouseHHoe nuddepeHIlupOBaHie B NPaBolt yacTy
PaBEHCTBA M, CJELOBATENBHO,

1 > 112
— (D —p) D““L— Dl+1F(t)+ZDf,l(t)=F(t).

Pl-(-l Pl.+ 1

=0

6) IlpoBenennbie B ,a“ paccMOTpeHHst NMPUBOAAT K 0606wennio ¢op-

myaet (26). Ilpennonoxum, 410 v— Le0€ MOJOKUTENbHOE yKca0, Pasio-
wenne (D —p)=¥ B cTenmenHO#t psin no D uMeer BUA

o= (1-2)

== [F+( ) e (D)2 ]

dta ¢dopMyna no3BOMSET YCTAHOBUTb, 4TO ecau @ywkyus F(f) z0.40-
Mopgpua 8 oo‘/lacmu C u ecau 045t HEKOMOPOIO 3HAYEHUS NOCMOSH-

noti p=+=0 pso 2 (V—l)r“‘l DI=O-1F (t) pasnomepro cxodumes ¢ C,
I=v—1
mo umeem mecmo Gopmyra

O—pFO =1 ¥ (1 )mrDe-"F o+
l:v—l
+ et (ot-eit+ .. oot (27)

2de o, €y ...y C,_y— NPOUIBOLBHBIE NOCMOSHHbLE.

Mubl yxe ycTaHOBMAM CrpaBe;HBOCTL GopMyast (27) mpu v = 1. Ham
AOCTATOYHO MOKAa3aTh, YTO M3 CHPABELJMBOCTH 3TOH OpMYanl aas v— |
C/ieAyeT ee CnpaBeiJMBOCTb IS v,
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HUmeeM

(vi2>~——Dt =F — vzll [(5i11) 1  pit-o- I)F]
it

Tak KaK MOCJAeN0BATENbHOCTb MNOJOKHTeAbHbIX uncen {1/({--1)} yOu-
BaeT (CTpEMHUTCH K HyJio npu [— co), TO pan

0 3 (L)oo

I=v-2
TaKme CXOAWTCH PAaBHOMEPHO B C H, CJed0BaATEJAbHO,

(D—p)C-VF (@)=

=07t B (L) DO O et ot
I=v-2
_{_ e —I——c—v—‘ztv_g)’

TAE Cgy Cqy -+ .y Cy_g — NOCTOSHHBIE. TakuMm oGpasom, nas TOro utoGH
1oKazath dopmyay (27), HaM NOCTATOYHO TOKAa3aTh, uTO

(—1y@—p 3 (1) D-0-P 0] =
. g

[=y—

=(—=Iy i (vig) w7 DIC-PF ).

o l=v-2

[TpuMenss nousexHo onepatop D —p B NeBOH "uacTH (3aKOHHOCTH
9TOr0 OYeBMAHA) M NMpPUHHMAs BO BHUMaHue GOpMYyay

CED=(L)=(L)

Mbl I10Jy4aeM B TOYHOCTH BBIPAX(CHHE, CTOsILee CIpaBa.
B) Iycts kosdduunents oneparopa

p(D) = ayDr—-a,Dn=1 4 ... +a, (a+0, a,+0)

MOCTOSIHHL, pas/oxeune onepatopa p~! (D) Ha mpocTeie OMEPaTOpHI
umeer sua (16) u nycte dynxuua F (£) ronomopdua B obaactu C, mpu-
HeM psnbl

WA . |
= Y (Lo e DI DR Is=1,2, ooy = 1,2,
I=g~1
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paBHOoMepHO cxonarca B C. Torna us dopmyan (27) umeem

r Yk

prOFO=3 a1y ¥ (L)) gm0 erro+
k=1

s=1 I=8-1
r
t Yy —
+ Y ™ @t ), (@28)
k=1

K (K
rae cl ), K A— NPOU3BOJIbHLIE NTOCTOSHHBIE 1).

3aMeTuM, uTO MePBHI uleH B NpPaBof uaCTH STOO PABEHCTBA Npen-
cTas/seT coO0H pasnoxenne B ctenennolt psaa no D byukuuu F (£)/(coD?
+a, D" 14~ ... 4 a,). Orciona crenyer, ut0 ecau Koagguyuenmo:
onepamopa

p(D)=a,Dr+a, D1 ... +a,_ D-}a,

nocmosnusl, ag+0, a,+0 u ecau F () asinemcs mnozousenom cme-
nesu m no ¢:

F ()= bfm+bitn=1 byt by

a pasaoocenue 1/p(D) & pao no cmenenan D umeem gud

1p (D)= 2 B,Dr,

mo ypasHerue
‘ pDYY@®)=F (@

aMeem 4acmuoe peuleniue 8uda

Y (f) = ;0 8 DrF (f).

[Tyctb, Hanpumep, NaHO ypaBHEHHe
(D8 —2D2—D--2) Y =06¢.
Tak kax

6 SR ST S S
DSi—2Di—D+2 1—D "1+D_ 1=D]2

3 15 15 ., , 63
=845 D F D2 g Di-55 DI,

5}, Mbi NpeAnONOXEAH, YTO @, 0, AN TOro uTOGbLl HM OHO W3 YHCen py He
ofpaTHAOCL B HYAb H MOXHO OblIO npuMeHHTs Gopmyay (27). Ecan a, =0, To
unerb pasnoxenus (16) D—VF (f), CoOTBETCTBYOIHE HYIEBOMY KOPHIO XapakTepu:
CTHYECKOrO YPaBHEHHs, BLIYHCAAITCA MO (opmyae (8)). ’
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TO yacTHOe peueHue Y, (f) NaHHOTO ypPaBHEHHS MMEET BhIpaXKEHHEe

Yo (£) = @+ DA D22 0o 82 pe s

UIn
n@=w+w+wwuwy?
a ofliee pelleHMe STOTO YPAaBHEHHs WMeeT BHIL

Y (&) =Yo(t) - cye* + cge't+c3e%

rie ¢, Cg, Cg— MOCTOSHHHIC.

6. Ypapuenus ftmepa m Jlarpamxka. a) YkaxkeM KpaTko Ha Apa
tuna anddepeHInaNbHEIX  YPABHEHHH, KOTOpHE C NOMOMBIO TNPOCTOH
3aMeHBl He3aBUCHMON mepeMeHHOMH npeolpasyloTcs B JuHelHbie Auddeped-
LMAJbHLIE YPABHEHHS C TOCTOSIHHBIMM KO3(dHLMEHTaMM M K KOTOprM
NI03TOMY NpPMMEHHMbl YKAa3aHHLE B 9TOM mnaparpade MeTONbI.

YpapHenue BHA2

Agny®  An=tye=D A, by A,y =F (), (29)
rae Ay, Ay, ...y Ay_qs A, — NIOCTOSHHBIE, HA3BIBACTCSH ypaBHeHneM Jfinepa.
(Cm. dtnep |2], 1. 2, crp. 482—526, wm [3] (I) XII, crp. 381—403.)
Cm. Taxxe MasbMcTen [1].) Tlpy samene nesaBucuMON nepeMeHHOH

t=e? (30
by S M dy dy
nonyuaeM t = zﬂDy, rae D=—. Ho tm+ = (E)
OTKYIa, yMHO)I(aﬂ Ha ¢, nonyqaeM .
e dﬂ =D(D—1)y.
[To MHAYKUMH LOKa3hIBAETCH, YTO
may dt" =DD—1)...(D—n-41)y.

Mopcrasass nodyuennble Boipaxenus B (29), Mo nonyuaeM audpdepen-
HaJIbHOE yPABHEHHE C TMOCTOSHHBIMM KO3(duuneHTamu

p(D)y = (ADP =AD" - Ay D+ A) y=F(e).
3aMeTHM, YTO €C/AH ypaBHeHHe
Ago™ - Aprid-. .. +‘an—1p+zn =0

uMeeT KOpeHb p KPATHOCTH v, TO B OOLIEM DEWeHMd yPaBHeHus MPUCYT-
CTByeT uJieH BHIa

yzepz(co'{_cxz"'l_"'+Cv-—1zv-l)=
= (co+clln f+ . +C~;-1(ln t)v—l)!

rie CQ, Cis v o v Cv_!——HOCTOﬂHHBKG.



172 T'a. X. Onepayuonnsie semodsi. Ilpeobpasosanue Jlanaaca

0) Tem xe MeromoM pelnaercsas ypasHenue Jlarpamwxka [3]

EA (at—-bys-r2 e L~ F®,

r=0

rie A,, 4, b—nocTosHHb. JIJ9 9TOro JOCTATOYHO CAeNaTh NOACTAHOBKY
at+b=e.

§ 2. HauGonpmuil o6muii Keaurenp ABYX JMMHEHHBIX
nuddepeHHaIbLHBIX ONEPATOPOB M O6INME pelleHus] ABYX JHHeHHBIX
AndpepeHIHANbHbIX YPaBHEHHI

1. HanbGoapmuii ob6muit menntens HBYX JuHeliHbiX Kaddepen-
WHAJIBLHBIX omepaTopoB. a) Jlerko BuiaeTh, 4TO HA JMHeHHbIe nuddepen-
uuabHeie OnepaTopsi (He3aBUCHMO OT TOTO, NMOCTOSHHBI UX KO3MQPHIKMEHTH
MY HET) MOXHO PAacnpoCTPaHHTL OOBIYHYIO TEOpHIO HanGoJbluero o6Luero
neautens AByx wmuorounesos (Jlubpu [11, [2}, Dpaccun {1}). D710 cie-
JLyeT ¥3 TOT0, YTO ¥MMeeT MeCTO TeOpeMa, OmpaBabiBaiowlas nJs audpde-
peHLika/bHBIX ONEpaTOPOB TNOHATHE JLeJeHHs C OCTATKOM W NO3BOJAILIAs
TeM CaMbM TOCTPOHTH AI ONEPATOPOB ANrOPUTM Eskaupa: ecau p, (D)
u py(D) seasiomcs aunelnvimu 0u9696epem;ua/lbﬂwm onepamopamu
nopadka n u m COOMBEmMCMBEHHO,

Py (D)=, D" a, () D=1+ .. +a, () D-a, (), } »
Po(D) = by (§) D"~ b, (O) D"~ .+ b, () D5, (8),

n>m, by(®)#0, mo MONHO ¢ nOMOWBIO DPAHUOHANBHHIX Onepayui
u OJugbgbepenyuposanus onpedesutny eOUHCMBEHHBM 00pPA30M MaKie
0sa sunelinvix Ougpdbepenyuarvnox onepamopa q(D), p,(D),

gD)=q,O) D"+ gq, OD" ™t Ay (O D A Gy (©),
Py (D)= () D" ¢ () D=2~ ..~ Cyy_g (6) Dy (B,
ymo .
Py (D) == q (D) py (D) +- p5 (D). (2)
B CaMOM JeJie, 1nochenHee paB€HCTBO MOXHO 3anucaTe B BHle

zaan 1 — (”qu Dn—m— r)(Zb Dm— s ..'_Echm —1-0 —
=qo[( 0 )boD"+( 1 )boD" ‘+(””2"”)b82’0"-2+.. —_—
+<n—gm>b1D"—’+<n7m)b;D”'2—{—... +(n—(;m)b20n~2+'”]+_
+ql[(\”"’g’”1)boD”"‘+(”“’;’"l)b{,D”‘2+... + |
("0 | (TTE T e 4
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IpupaBuuBas kosqmm UMEHTH NPH OIMHAKOBBIX CcTemeHsx [, moayuaem
boG0 = @y
bodr 196 Kn—am) b+ (n—;m>b6] =4y,
b ta ("0 T e+ ("0 +
a5 (T () 8] =

W3 31X paBEHCTB eIMHCTBEHHBIM 00pPa3oM oOnpenensoTca Ko3bdUUUEHTHI
Gos ++ s Guems Cgr Ci» vy Crpy_ye

Ecin n==m, 10 Q He 3aBHCHT OT [); B 3TOM cliyuyae Mbl TOBOPHM,
yr0 Q SBISETCH ONePaAmMopoM Hy.Aes0ii cmenenu, a cuMBoa QY o6o3Ha-
yaeT B 3TOM Clyuyae OGHIKHOBeHHOe MpousBenenue Q u Y. 3aMertum eule,
YTO €CAW 7 >>m, TO B HEKOTOPHIX YACTHBIX caydasx p;(D) Moxer
CBECTHCb K OnepaTopy HyneBoit ctenenu. [losesHO 3aMeTHTb TaKxe, UTO
ecan KO03(hduuueHTol onepatopos p, (D), pe (D) noctosHHE, TO H KO-
¢uunedts onepatopos ¢ (D) u p; (D) Takxe NOCTOSHHBL.

6) MMeer MecTO Takwe Apyras TeopeMma: M HAHHBIX onepaTopoB (1)

MOXHO OJHMM M TOJHKO OfHMM 00pasoM HaHiTu Taxue JBa OnepaTopa q(D)
u py(D), uro B N
ps (D) = py (D) q(D) +-p5 (D). @)

Ipu stoM onepatopst ¢ (D) u py(D) onpenendr0Tcs ¢ MNOMOLIBIO PauUo-
HaJbHbIX onepauui u auddepenuuposanus. [as nokasateqbCTBA AOCTA-
TOYHO TPOBECTH PACCYKACHHS, AHAJNOTMYHBIE PACCY/KIEHHAM, NPOBeleH-
HBHM B ,a%,

8) Oneparop ['(D) HasbiBaercs npaswls o6ujus Oesumeses (JEBbIM
obumM fe/utesem) oneparopos p, (D) u py (D), ecan

p1(D) =4, (D)YT (D), py(D)=q:(D)T(D)
(P (D) =T(D) (D), py(D)=T(D)g(D)l.

r) Ecmu py (D) u p,(D) sBasiores auddepeHilabHLIMU ONEPaTOPamMu
MOPHAKA A M /1 COOTBETCTBEHHO, 72 2>/, M €CIH ONepaTophl g (D), ps(D)
[g(D), ps(D)] ynosiersopsior pasenctBy (2) [(27)], T0 /MmOGOH mpasbiit
(#eBuift) oOWMA neautens onepatopos py (D) u py (D) ABISETCA NPaBbIM
(neBbiM) OOGIMM feqnTeseM OnepatopoB py (D) u pg(D), [(ps(D)] n
06paTHO.

OTciona cAelyer, YTO M/ HAXOWKACHHS HAUO0AbULE20 00We20 NPasoeo
(neBoro) meautens oneparopos p, (D) u py(D), T. e. JuHeHHOTrO Ome-
patopa HauGO/bWETO MOPAAKA, SABASIOWIEroCs OGLMM NpaBbiM (JIEBLIM)
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aenuteneM p, (D) n py (D), MOXKHO npUMeHHTb OObIYHLIA aaroput™ EBkanna,
3anuceiBaeMbift B Buae clenyiouieit tabauumb:

| @) | %O | [ 5@ | a®)
Py (D) P2 (D) ps (D) Pr-1(D) P1(D)
ps (D) p.(D) Ps(D) 0
Tabinua Beipaxaer cAenyiolye COOTHOLIGHUS:
p1(D)=q,(D)p, (D) +p3(D) [, (D)= pa(D) q: (D) -+ p3 (D)},
P2 (D) = q4 (D) p3 (D) -+ p, (D) P2 (D) P;s (D) qz (D) +P4 (D)],
............ )

Pr—-2(D) = qj_o (D) py.. 1(D)+Pk(D)
[Pr—-2(D) == Pi_1 (D) g _o (D) - p. (D)),

Pr-1 (D)= qy_1 (D) pr (D), [Py_1 (D) = py (D) qz_; (D)) 1),

Tax kak onepatopsl € NOCTOSAHHLIME KO3((HIHEHTAMH IepecTaHo-
Bounnl (§ 1, m. 1, ,e“), 10 041 onepamopos p, (D) u py(D) ¢ nocmosm-
HuMu KO3PPuyuenmanu npassi u sesovili obujue HAuboAswue Oesu-~
meau cosnaoarom.

1) Ha pasencts (4) crenyer, yto

ps (D)= p, (D) — ¢, (D) p (D),
Ps (D)= ps (D) — g2 (D) | p, (D) — ¢, (D) po (D)] = ,
= — (D) py (D)1 - 45 (D) g, (D)] py (D).

IMponomxas aror mpouecc, Mbl yOexnaeMcs, u4to ecau p, (D) asinemcs
HaubobuuM O6WuM npasvis (nesvis) Oesumeren onepamopos p, (D)
u py(D), mo cywecmgywom maxue 0sa onepamopa A,(D), By(D), umo

Pi(D) = A (D) p, (D) -+ By (D) po (D)
[px (D) = py (D) Ay (D)~}~p, (D) By (D).

" 3TH paBeHCTBA CHOBA NOKA3MBAIOT, UTO £/000L 00uull npassiii (Lessii)
Oesumens onepamopos p,(D) u py(D) sssnemcs npasvis (1esbism)
Oesumesesm ux Haubosvuezo 00wezo npasozo (.aeso20) Oerumesst,
u Haobopom.

e) Onepatopsl p, (D) H p,(D) HA3LIBAOTCA 832UMKO NPOCM UKL
cnpasa (cnepa), eCld y HHX HeT oOWero mpasoro (/€BOro) aeauteds,
NOpPAKOK KOTOPOro Gojblie WM paBeH eAuHHulE.

1) Mbl cuHTaem, 4TO B raGJmue (3) xoshduuMenTH NPH YNEHAX HAHGOAbLIErO
nopapka B py (D), pg(D), ..., pp-1(D) He obpamaiwnrca B Hyib B obnacrn
H3MEeHEeHHus nepemex—mou t,
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[ycts HamGosbiuuit oOwui npaseifi neautenb onepatopos p, (D)
u po(D) pasen pi (D), n nyctb (4) sBAsieTC CXeMOH NPUMEHEHMs ajro-
putMa EBkanna x stum oneparopam. Ilonoxum

(D)=LD) pi(D), o (D) =15 (D) p (D),
TOrZa MOCAENOBATENbHO mojyuaeM, uro pu(D)y=54L(D) p (D), ...
vy P (D) =1p, (D). Nasa oneparopor /(D) n L, (D) anroputv Epkauna
JaeT LeNOYKY PaBEHCTB '

L (D) =g, (D) Iy (D) + (D), &y (D) = g3(D) s (D)4, (D), ...,
Ly D)=q:(D) 1,

u3 Kotopeix caenyer, 4r0 [, (D) u L,(D) ne umenom obwux npassx
desumesell, NOPAIOK KOMOPsLX GOAbie urn pasen edunuye, @ nOmMoMy
amu onepamops. 83aUMHO NPOCMbL,

AnanornuHbie  BHIBOABI MOXHO chefaTh W B cayuae, koraa pi (D)
aBageTcsd HauboabmuM oOwuM JeBhiM Aeautedem p, (D) u p, (D).

2. O6mue peuwieHHsi ABYX ypaBHeHmii. a) IlpuMeHuM u3JI0MmCHHOE
BHLIE K BONPOCY O PasbiCKaHMH OOLIMX pellleHHH ABYX JuHeWHBIX nud-
depenuyaseublx ypasuenuit. Ilycts

pi(D)Y =0, p(D)Y=0 ®)

— IBa JHHEHHBIX OAHOPOAHHEIX AH(depeHLHaNbHBIX yPaBHEHHS, NOPSAKH
KOTOPBIX COOTBETCTBEHHO PaBHbl 1 M m, n > m.

Hatinem HamGosbuin#t oOumit npaBhit nemuress onepatopos p, (D)
H py(D) [cm. pasenctBa (4)]. Toraa TOXAECTBEHHO HMeeM

pL(D)Y =q, (D) [pa (D) Y1+-pg(D) Y,
Py (D) Y = ¢,(D) [ps (D) Y1+p, (D) Y, (6

............

OTKyla CHeLyeT, uTO 8ce obuwue peuenus ypaswenuii p,(D)Y =10
# p,(D)Y =0 cognadarom c pewenusnu ypasienus p,(D)Y =0,
u 00pamHo,

Taxkum obpasoM, ecau nopsdox v onepamopa p,(D) Gosvue nyss,
mo cucmema ypasnenuii (D) umeem v u MOABKO V AUHEHHO He3a8u-
CuMbX pemenuii,

6) Paccmorpum Temepb OOJjee OCILYI 33a1a4y O HAXOMAEHMH OOLWMX
petlieHH! ypaBHeHHH

pD)Y=Fi(f), p(D)Y=PF,(@. @)

B cuny nepporo M3 paBeHCTB (6) Takoe pelueHHe NOJ/KHO yIOBJeE-
TBOPATh YPAaBHEHHIO

Fi()=q,(D) Fy(&)~+ps (D) Y
Fy(t)= Fy(t) —q, (D) Fy(¢), 8y

Hau, noJaaras
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nojiyyaeM, uTo oOuiue pelienus Ais ypaBueHHH (7) LOJ/KHBL COBNAAaTh
¢ OOLIMMH pelIeHHSIMH ypaBHEHHH

Pa(D)Y =Fy(t), pg(D)Y = Fy(®).

F ()= Fy(t)— gy (D) F3(t), (89

[Toaaras

Froy(®)=Fy_1(&)—qp_1 (D) Fy(9), 8r_y)
y6e)KllaeMCﬂ B TOM, 4TO HeOﬁXO,B.HMOe H 10CTaTO4yHOE yCﬂOBHe A4

CyulecTBOBaHNsl OOWIMX pelieHuii ypaBHenus (7) BbIpaxaeTcsl TOXIECTBOM
Fp 1(®)=0, npuuem sTn o6iMe peuieHUst COBNALAIOT C PeIIECHAAMH

ypaBHEHHs
Pe(D)Y = Fy(%).

B) B uacTHoCcTH, ecaum naHm ypasuenus (7) MOPAAKOB 7 M M COOT-
BETCTBEHHO, # > m, TO AJd TOro, utoGbl Ji06Oe peleHHe BTOPOrO ypas-
HeHHst OBJIO pelleHWeM MepBOr0 ypaBHEHHs, HEOGXONMMO H AOCTATOYHO
BLINO/IHEHHEe yCJoBAs B =2, T. e. paseHcTB py(D)=q,(D)py(D) n
F,(®)—q,(D)Fy(t)==0. Takum oGpasoM, s TOrO 4mobbvi 8ce peuie-
rusn smopoeo ypasierus (T) Oviau peuleHUsSMU nepsoz0 ypasHenus,
Heo6X00umo u 0ocmamo4Ho, 4mobul Cyuecmsosar marxoi onepamop q (D),

imo .
ps(D)=q (D) p (D), F,(t)=q(D)Fy().

3. Teopema Jlu6Gpu. IlycTe naHbl nBa juHelHblX AuddepeHunanbbX

ypaBHeHus
Pi(D)YY=F, (&), py,(D)Y=F,(#),

MMelollMe COOTBETCTBEHHO MOPALKH 7 M M, n > m, ¥ NyCTh H3BECTHO,
YTo JI0GOe pelleHHe ypasHeHHust py(D)Y = F,(f) ya0BJETBOpsET TaKKe
v ypastenuo p,(D)Y = F,(f). Iloxaxem, 4TO B 3TOM C/yuae pelueHue
ypasHenua p,(D)Y = F, (f) c nOMOWPBIO PaARUOHAAILHUX Onepayui u
ougbgepenyuposanys, CBOJIMTCA K DPELIEHHIO JIMHEHHOTO OJHOPOAHOrO
YPaBHEHHS OPSIKA 1 — m ¥ MMHEHHOTO ypaBHenus nopsaxa m (Jlubpu [1]).

B camom nene, B cuay pesyabTaToB us m. 2, ,B“ HauGoablnu#t oOuIHi
npasbift  jnenuTenb oneparopos py (D) u py(D) cosnmapaer ¢ p,(D),
" a MOTOMY HMMeeM TOXIECTBEHHO

p (D) Y=q(D)[ps(D)Y), F,(®)=q(D)F,(t).

Ecau nonowuts py(D)Y — Fo(t)=Z, 710 ypasHenne p, (D)Y == F, ()
pacnajaercsi Ha CHCTeMy YpaBHeHui

qD)Z=0, py(D)Y=Z-|-F,(®),

nepBoe M3 KOTOPLIX MMeeT MOPAAOK 1 —m, a BTOpOe — MOPSLOK 1.
Otmerum, urto, cornacHo Teopeme u3 ra. I, § 1, n. 3, ,B“, 3Ha-
HHE m JIMHeHHO He3aBHCMMBIX pewlenuit ypashenus p(D)Y = F,(¢)
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NO3BOJISIET CBECTH pelleHHe I3TOF0 YPaBHEHWd K DPEUIeHHI0 JMHEHHOro
ypaBHeHHa n— m-ro rnopsaaka. Teopema JIuGpu no3BOJAET NOHUUTH
NOPANOK yPaBHEHUsl HE TOJBKO B C/ydae, KOTAa M3BECTHH camMu m peuse-
Hull, HO W B cJyyae, KOTJAa M3BeCTHO ypaBHeHHE D, (D) Y = F,(¢), nnsa
KOTOPOTO OHM 06pasyioT (yHIaMeHTAJbHYIO CUCTEMY pelueHHit.

4. Haumenbpmee oOmee kpaTHoe ABYX AuddepeHUHAILHbIX One-
paropes. Ilycte p, (D), py(D)— nuddepeHunanshbie ONepaTopsl 10-
psAKa # M m COOTBETCTBEHHO M NYCTb MX HaubGoJpuiuit oOwwit npapbifi
nenutedb py (D) umeer nopsinox v. Torzxa

P (D)Y=q,(D)[p:(D)Y], py(D)Y =4q,(D)[py(D)Y],

rae ¢,(D) n g4(D) uMeOT COOTBETCTBEHHO MOPSAKU 1 —v U 1M — V.
PaccMorpum suHeftHbie onepaTophl

Dilg,(DYZ] (i=0,1, 2, ..., m—v),
Dilga(D)Z} (j=0,1, 2,..., n—v),

OHM MpPEeACTABAMOT COOOH n——m — 2v—2 ORHOPOIHBIX JMHEHHBIX GHOPM
ot Z, DZ, ..., Dn+m=27_ Tlo3TOMy CYLIECTBYIOT TakHe MHOXUTEJH

ag(®), o (B ooos @u (@ B ®), BB, ...y Busy (),

PALMOHALHO BLIPAKAIIMECT Yepe3 Ko3dPuuKkeHTH OnepaTopoB p, (D)
U po(D) ¥ HX NMPOM3BOIHLIE, UTO MMEET MeCTO TOXAECTBO

2 a; (t) Di [q, (D) Z) _=_j=20 B (£) Di (g (D).
[Monarag

¢, (D) =0a,(t)+a, () D+ . .. Fa,,_,Dm~,
9 (D) =By ()+-B, & D+ ... B, D",

9, (D) 14, (D) Z] = ¢, (D) 192 (D) Z].
Ecmn Z = p,(D)Y, 10 ¥iMeeM TOMIECTBEHHO
M(D)Y =9, (D)[p, (D) Y1 =2, (D) [p, (D) Y.

Oneparop M (D) uMeer NOPALOK 71 —m —v, ¥ KaK pelUeHUs ypas-
vewns p,(D)Y =0, tak u pewienns ypasuenus p,(D)Y =0 ynoBre-
TBOpSIOT ypaBHennio M (D) Y = 0.

HoxaxeM, uto M (D) siasercs aubdepeHlnabHLIM ONEPaTOPOM
HawmeHsuwieeo nNOPAOKa, Aas Koroporo Kak p, (D), Tak u py (D) aBasiotcs
NpaBbIMU AEJUTENAMH, WIH, YTO TO e camoe, nokaxem, uto M(D)Y =0
ABAAEMCS  OUPPePeHyUaLbHbM YPASHEHLEM HAUMCHbUWE20 NOpAlKa,
KOMOPOMY YO08AeMBOPAIOM BCE DEULEHL S YPASHEHIUI

p;(D)Y =0, p,(D)Y =0.

HMeeM |

12 3ak. 1072, dx. Caucone
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IMpoBeneM nokasaTeabCcTBO OT mportHBHOro. IlycThb
M(D)=9,(D)py (D), M(D)=9,(D)p,(D),

rIe NOPALKH ?pl(D) M ©,(D) paBHH COOTBETCTBEHHO M —v H N — 9,

v >,

Ecmu oynkumn Y, (€), Yo (), ..., Y, (f) o6pasywr dyHaaMeHTaIbHYIO
cucreMy pewenuft ypaenenus p, (D) Y =0, To :
(D) [P (D) Y;]=0 (i=1,2,..., n).

Tlostomy n dyHKUMH p, (D) Y; == Z,; y10BAETBOPSIOT ypaBHeHHUIO @, (D) Z =0
nopsaka n—v, a CIeNOBATENbHO CYILECTBYIOT, MO Kpafineit mepe,
v COOTHOUIEHHH C NOCTOSHHLIMM KO3(PULHEHTaMH BUAA

n

DY, = X cyp(D)Y; (i=1,2 ...,

J=v+1

Ho Ttorna ypasuenus p, (D)Y =0, p,(D) Y =0 061anaor v aunetHo
HE3aBUCUMBIMH OOLUMH PeLIeHHIMH
n

Vi=Y0— 3 ey() (=1,2,.... %,

J=v+1

4 nosToMy JHOMKHO Obio Ob MMETb MECTO HePaBeHCTBO v <V, BONpPEKH
NPeANOIOKEHHIO,

Oneparop M (D), nonyueHHbifi OMHCAHHEIM BHIILE METOAOM, HA3LIBAETCS
HauMmenvuum o0uur Kpamuvim onepamopos p, (D) u py(D).

§ 8. Cucrems! JuHeHiHbIXx AudPepeHHANLHBIX ypaBHEHHH
¢ NOCTOSAHEBIMH Ko3(dPuuaeHTamMu

1. O6mue sameyanus. CHCTeMBl 72 JuHEAHBIX OLHOPOAHBIX Huch-
¢depennnalbHbIX ypaBHeHMH € 72 HEH3IBECTHBIMH, CIPENEJNHTENb KOTGC-
PHIX NOCTOSIHEH W OTJAnYeH oT Hyas. a) [lpu peweHun HeKOTOpPHIX
3aJay JMHAMMKM ) HyXHO YaCTO pemaTh CHCTeMy ypaBHeHM# BuAa

Uy =pyuD) Y+ pe D) Yo+ . .. +P1nD)Y,—F () =0,

Uy =pu(D)Y1+PuD) Yo+ ... 4P (D) Y, — Fy () =0, (1)
Upn=pn1 (D) Y+ Ppue (D) Yot-. .. ‘I"Pnn(D)‘yn"‘ F,()=0,
rae Y, Y, ..., Y,— uckompie dyHkuum, Pix (D) — runeiinoie ough-

epenyuasbbie Oonepamopv. ¢ NOCMOAHKGME KOSPPuyuenmaruy wu

1) Cwm., nanpumep, Jlepn-Uusnra n Amanngu [1], 1. II, u. I, crp. 382—387.
(Tunnunas ¢opMa ypaBHeHHH Manbix KoneGaHuil FOJOHOMHOH CHCTEMBI C He3aBH-
CALIAMH OT BPeMEHH CBA3AMH, HaXOAAlleACA B NMOTEHL{HATLHOM IONE CHIL.)
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Fy(), Fo(®, ..., F,(t)—wspectHoie ¢yHKIMM, 0O0najalolHe BCEMH
TMPOU3BOJHLIMH, KOTODble HaM MNPHIETCH PacCMaTPHBATH. '

Cuctemy Buaa (1), B KOTOPY0 KaK cavH HCKOMble (YHKLMH, TaK
¥ HMX TPOW3BOAHBIE BXOAAT JuHefiHo, Mpi OyleM Ha3bHBaTh AuHEHOU
cucmenmoii. Kak ywxe Owbao nokasawo B ra. 1, § 1, m. 2, ,6%, rakas
cucteMa MoxeT OHITb cBeleHAa K JMHeHHOH cucreme, colepxalue# Juib,
MCKOMble (YHKLHMH M MX NepBhHlE NpPOU3BOJHBE C MOMOLIBI0 BBEJEHHS B
KayecTBe BCMOMOTATEeNbHHX HCKOMBIX (DyHKIM#l NPOM3BOJHEIX OT (yHKuMH
Yy Yy ooos ¥y, IO HekoTOpOro mopsizka BkmouuTenbHo. Onnako aas
HAKX JAJbHEeRIINX paccMOTpeHUH Takoe cBejleHMe He ABAAETCA HH He-
00XONHMMBIM, HH YIOGHBIM.

[MpeanonoxuM, UTO ecau Kaxoi-au6o u3 onepamopos pg (D) ceo-
dumecs K nocmosunoi (MMEeT MNOPANOK HYJb), MO OH pPAger HYAW.
B npotusHoM cayuae, eciu, Hanpumep, p (D)= agy 5 0, MH Morau Gl
BLIDA3UTb JHHeHHO M3 i-ro ypaBHeHuss (QyHKUMIO Y; uepes3 ocTalbHbie
(yHKUMM W KX MpPOM3BOAHBIE U MOACTaBHUTH B OCTa/IbHble YPABHEHWS;
B pesyJbTaTe HAlIA CHCTeMa cBenach O K cucTeMe n— 1 ypaBHeHHH
¢ n—1 HCKOMBIMM (PYHKUHAMH,

6) PaccMoTpUM onpepenuTtesb

P11 (D) p1e(D) ... p1n(D)
A (D)= P.m (D) 'p?g(D)‘ - Pen(D) | .

L3 « & e e

Pm (D) Pne(D) ... Pun(D)

3/eMeHTH KOTOPOro p; (D) MBI paccMarpuBaeM KaK MHOrou/ieHb oT D;
npeanosoxuM, 4yro A (D) ne pasno moscdecmsenrno Hysio, U 0603HAYNM
uepes A (D) anre6Gpanueckoe aononnenne pg (D) B A (D). Paccmorpum
A (D) xak nuddepenunanbubiit oneparop; Toraa, NeHCTBYs Ha ypaBHe-
Hua cucteMn (1) coorBercTBeHHO oneparopamu A, (D), Ag; (D), ..., A,;(D)
¥ CyMMHPYsl NOJYyYalolIMecs YPaBHEHHMs, Mbl INOJMyuaeM YypaBHEHHs BHIA

A(D)Yi=k2=1AM(D)Fk(t) (i=1, 2, ..., n)b). 3)

B) Eciu ompenemuteny A (D) aBasercsa oTAMYHOM OT HyAs NOCTOSH-
HOH, TO cHcTeMa (1) MOXeT WMeTb JiMllb OARHO pelleHHe, 1aBaeMoe
dbopmy.oht

.
1 .
Yi:A(D)EAki(D)Fk(f) (=12, ..., n).

1) dopmyan (3) mnoxaswiBaioT, yTo ecau onpeneanteap A (D) cucremu (1)
TOXAECTBEHHO PaBeH HyMI0 H cHcTeMma (1) mMeeT pelneHHs, TO HOMKHB BRIOJ-
HATBCA COOTHOLLEHUs

S 8 (D) Ex =0 (i=1,2,..., n).
- k=1

12+
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[lyTeM noacTaHOBKM MOXHO yOemuTbCd, YTO 3TO PEUIEHHE yINOBJETBOPSET
DaHHO# cHcTeme.

r) Paccmorpum Temepn cayualt, xorna A (D) sBAsSeTCs OnepatopoM
nopsnaxka m, rae m > 1, npuueM KOPHH Dy, Do, .., [y X@PAKMEpIL-
CMUu4ecKoz0 YpasHenus
- A(p)=0,

ROAYLAIOUEL0CH nymes NOOCMAHOBKE 8 KANHCObL 3/eMenm onpedesu-
meass A(D) suecmo D nepemennoii p, NORAPHO pasLudnsl,

M3 (3) caenyer, urto ecam cyuiecTByOT pemenus cuctemn (1), To
OHH JIO/KHBI MMeTb BUI

Vi=c e cpe® 4 el YD (i=1,2,..., n), (4

rie C; — MOCTOSHHbIE, a Y{ (i=1, 2, ..., n) ABageTCs 4aCTHHIM pelue-
HueM ypasHeHus (3).

O6parto, nas Toro utobul (4) Guijo pewenueM cucrembl (1), He06X0~
AHMO BBINOJHEHHE PaBEHCTB

m m
PriD) X cpe™ +ppg (D) X eqe™ ..+

m n
+ Prn (D)k_zj1 cxe™® = F,(t) _2}1 pi(D)Y; (r=1,2,...,n).
Ho ’
pri (D) ek’ = Pri (or) efe’ s

)41 I'lOTOMy NOCTOAHHLIE Cik JOKHBbI yllOBJ]eTBOpﬂTb ypaBHeHI/lﬂM
m n ’ n 0
RZI [121 Cx Pys (o)) €% = F () — Zl Py (D) Y3, (5)
= = =

1) TpennonoxuM ajas npocTotsl, 4ro cucmesma (1) o0HopodHa:
F,(=0, ..., F,(h=0 [Yi=Yi=... =Y, =0].
Toraa B cuay auvefnofi Hesasmcumoctn (ymkuuit e™t, e, ..., e’ na
moGoM otpeske (ra. II, § 1, m. 6, ,6“) us ypasnenu#t (5) cienyer,

4yTO 4YHCMaa
Clk’ C?k""’ an (k=1, 2,..., m)

YAOBJETBOPSAIOT CHCTeMe 7 JUHeHHBIX ONHODOILHBIX YpaBHEHUH C 1 Heus-
BECTHBIMH

., |
2earn(@)=0 (=12 ..., n.

OnpenenureneM 3toft cuctembl sBasetcss A (p) == det|p,; ()] = 0;
KpPOMe TOTO, x0T OBl ONMH M3 MHHOPOB # — 1-ro NOpsAAKA STOrO Ompe-
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AeJuTeNs OTIWYEH OT HyJs, TaK KaK B MPOTMBHOM CJyuyde BCE 3/IEMEHTBI
B3aumMHoro ¢ A (p) onpenesutens A’ (p) Aeaunauch Obl Ha p— p, Ompene-
auten A’ (p) nemmacs 6wl Ha (p—pg)?, @ TOrAa, B CHJIY TOTO, 4TO
A" (p)=A"~1(p), p; ObIO Ob, mO KpakHe# Mepe, ABOHHBIM KOPHEM
ypasHenust A (p) =0, BONpexu NPeANONOKEHHIO.

M3 Teopur JMHEMHBIX YpaBHeHMH c/efyeT TOrja, YTO HEU3BECTHBIE

Cinr Copr -+ oy Cuy (R=1, 2, ..., m)

onpeneseHbl ¢ TOYHOCTBIO 1O NMOCTOSHHOTO MHOXHTENd, a MO3TOMY peulle-
HHUe NaHHOH CHCTeMbl YpaBHeHMH 3aBUCUT OT /1 NPOHWSBOJBHLIX NOCTOSH-
HBIX.

e) Haw caenosano Obl Tenepb nepeHTH K M3YUeHHIO cayyas, KOrjia
ypaBHewHe A (D)=0 wuMeeT KpaTHble KODHH, a TaK¥Ke K H3YUECHHIO
CHCTEM HEOJHOPOAHHIX YPaBHeHWH, HO 3TH BONpOCH YyAoOHee pewaTh
C TOMOUIBI0 NpUBEOHUST Cucmems. ik OUCZORAALHOMY 8u0Y, KOTOpOe
Jyduie BBISICHSET CYIIHOCTb BONpOCAa W 1aeT B TO ke Bpems 3¢dekTHB-
HbI/i MeTON pelleHNs] CUCTEMBI.

2. JlmarosaabHble cucTeMbl. Has3oBeM OuaeonasvHoil cucmersoii
CHCTEMY BHIA

hy, (D) YVith(D)Y ot .. +4, n-1(D) Y1+, (D) Y, =Gy (),
hyo (D) Yoim. . . +h?, n-1(D) Y'n—1+h9n D)Y,= Gy (),
R 1)
hn-1, 7-~1 (D) Yn—1 + hn—l. n (D) Yn = Gn—l(t):

by (DYY =G, (8),

rae hg (D) — ougpepenyuarvrvie onepamopv. ¢ NOCMOSHHUME KO-

duyuenmanu, G (), Gy (), ..., G,()— ussecmnuvie Pynrxyuu om t,
o6aadaruie 8cemu npPou3sOOHbLME, KOMOpbe HAM NOHAGO6AMCS.
Kosddnuuentsr (D), koo (D), ..., h,, (D) HaswBaloTcs duazo-

HAAbHOIME Koaggbuyuenmanu cucmenmsbl; OOO3HAUNM Yepe3 o NOPSAOK
onepatopa h (D) v npennojokum, 4to ecau Ay (D) csoAMTCS K mo-
CTOSIHHO! BeJI4MHE, TO OHa OTJMYHA OT Hyas. CkaxeM Lajee, 4TO 3Ta
cucmeMa YynopaooOteHa OMHOCUMENbHO Heu3secmublx @Gyurxgui Y,

Y_, ..., Y,, CTOAWMKX COOTBETCTBEHHO HA MEPBOM, BTOPOM, ..., H-M MeCTe.
3aMeTHM, UYTO eCJaH BLIMOJNHHTb HAA 3TOH cucTeMolt npeoGpasoBatue,
ykazawoe s ra. I, § 1, m 2, 6% TO cucTeMa CBENeTCS K IKBHBA-

JeHuTHOH eft HopMaabHOH cucTeme, coctosuwiedt u3 @y, ... Fo,
AnHefiHbiX  ypasHenwi. [losToMy pelieHHe 3TOH CHCTEMB 3dBHCHT OT
o, 4oy ... - ®, MPOU3BOJLHEIX MOCTOSHHLIX.

Oas Toro uto0bl yTOYHHTb, KaKMM 0OGPasoM BXOAST MPOU3BOJbHLIE
NOCTOSIHHLIE B KAXAYI0 M3 HCKOMBIX (GYHKUUMA, NOCTYNHUM CJAeAYIOLHM
obpasoM. PaccmoTpuM nochaeaHee ypaBHeHHe cucTeMer (6); omHO M3 ero
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pemenutt Y moxer Grth noayueHo MmerosoM u3 § 1. Ecau dyuxuum
Y&, Yo, ..., Y(.Z")‘ (¢) o6pasyT GyHAAMEHTAJbHYIO CHCTEMY pele-
HU# ONHOPOLHOTrO ypaBHeHHs A, (D)Y =0, To obluee peuienue nocnex-
HEro ypasHeHHs u3 (6) uMeeT BHA

“n
Y, =270+ "0,
k=1 .
rae ¢ — nocrosmube, w vn ogno w3 YU (f) (k=1, 2,..., ©,) He

PaBHO TOXIECTBEHHO HY.JIO.
[Mpennociennee ypaBHeHWe Hallelt CHCTEMBl MOMXHO 3amyucaTh B BHIE

hn——l, n-1 (D) Yn—l =
= s O— B & by s DV O— s s OYP ). D)

Ias Toro utobn NOCTPOMTL ero uyacTHoe pewenne Uy, ROCTaTOYHO

Hafitu Takue o, 1 pyskmuht Z,, Z,, ..., Z‘“n’ 4TO
Ru-1, n-1(D) Zy=GCy_y O)— Ry _y, n (D) y(()n) ®,
bt D) Ze=—thyy, DY) k=1, 2, ..., o),
u nonowurs Uy=Zy+4 " Z, 48V Zy+ ... —I—CE.','; Z,.
Ecin Mn oGosmaunm wepes Y™V (f), vV (o), ..., Yf,’f'”'_ll) 0]

GyHIAMEHTAIbHYI0 CHCTEMY pelleHH# OJHOPOLHOrO YpaBHeHHs
Ry n (D)Y=0,

TO obuiee peweHHe ypaBHeHus (7) OyneT uMeThb BHIL

w

= 3

—1
k=1

mn
FIVEDO+ 2 A 2O+ 2,

rae &P, ¢V —nocrosmume, W WM ofsa u3 dyukun YV (9,
Y‘zn'” @, ..., Yg‘_” (®) ne pasHa ToxaecTBeHHO Hymo. [loncrtasum
Buipaxenns Y, ,(f) u Y, (f) B (n—2)-e ypasuenue cuctemnl (6). Ilpo-
IO/KAd YKA3aHHBIH BHIIIE NPOLECC, MBI MOJYYMM, KaK HETPYNHO BHIETH,
uto pewenus Y, (£), Yy (®), ..., Y, () cucmens (6) suneino sasucam
om o;+4-wy— ... -4, npou3BOALHILX NOCMOAHHHX.

3. Cpenénne CHCTEMBI C OTJIHMYHBIM OT HYJS ONpefeJuTe]eM
K 9KBMBaNeHTHCH HnuaroHaibHofi cucTéme. a) JlokaxeM, uTO 4/06YI0
cucmeny (1) n nuneiinvix Ougpgepenyuasbholx YpasHenuii ¢ NOCMOAH-
HoLMu KOdgpunuenmanu u ¢ n uckomomu Gyuxguare Yy, Yy, ..., Y,
onpedesumens A(D) Komopoi e pasen modHOECMBERHO KYAI0, HONCHO
ceecmu Kk axsusarenmnoi ed (ra, I, § 1, n, 2, ,a%) Ouazonassnoi
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cucmeme, ucKomvie GyLKyun Komopol umeom 3a0aHHLE nopsdok, Ha-
npumep Y,, Yy, ..., ¥V, D).

PaccMoTpuM ypaBhenus cuctemul (1), comepxaiune HCKOMyIO (yHK-
uuo Y. Ilyctb 310 6yAyT ypaBHeHus

U =0, Uy=0, ..., U,=0 (r<n).

OGosnauum uepe3 I'(D) uauboabiu#t oGwu# mejuTens OnepaTopos
| 1, 1(D) U Py (D) Torna

Pro1,1(D)=T(D)e (D), py (D)=T(D)$ (D).
B ypasnennn
U=—4(D)U,_;+oD)U,=0
ko3¢ duument npu Y, papen ’

— D) pr-y, 1(D)+ 9 (D) pry (D) =0,

a NMOTOMY 3TO ypaBHEHHE He COAEePXKUT HCKOMOR ¢ynkumn Y.

Tax xak, ¢ apyro#t cropons, onepatops ©(D) u ¢ (D) Baaumuo
NPOCTH, TO MOXHO HaHTH Takue omepartops ¢, (D) m ¢, (D) c nocrosH-
HeiMH Ko3(duupentamu, yro (cM. § 2, m. 1, ,r“) uMeeT MecTO paBeH-
ctBo ¢ =1, (D) ¢ (D)~ o, (D)Y (D), ¢ # 0 (c — nocrosnuas). [Tokamem,
uyTo cucTema (1) 3KBHBaJNeHTHA CHCTeEMe

Uy=0, Uy=0, ..., U,_,=0, )
L—]r-1 = ‘1"1 (D) Ur-1+ Dy (D) U,=0,

U,=—4(D)U,_,+9(D)U,=0,
Uy=0,..., U,=0. J

B camom nene, pemenus cucteMbl (1) SBIAIOTCH, OYEBUIAHO, PEIIEHHAMH
cucrembl (8); ¢ ApYro CTOpPOHBI, €C/M PACCMATPHBATH B CHUCTEME

b D) Uy 1+ D)YU, =0, —¢(D)U,_;+9(D)U,=0

U,_; n U, kak uckombie GyHKUWH, TO B CHJIY TOrO, YTO ONpEle]UTelh
CHCTEMHI  ABMSETC OTMMYHOH OT HyAs TMOCTOSHHOH, Mbl  [OJAYYHM
(em. m. 1, ,6%, wro U,_,=0, U,==0. Tlostomy Bce peiuenns
cucteMnl (8) sBasiorcs peweHusMu cucreMsr (1).

3aveTUM, YTO B YpaBHEHHH ﬁr_i—_:O xospduunent npu Y, pasen

b1 (D) Py 1.1 (D) 494 (D) pyy (D)=
=T (D) e (D)4 (D)4 (D) 94 (D)] = eI (D),

a nosroMy ypaenenne U,_, =0 conepxur Y.

®

1) Mbl coxpaHseM CHelaHHOe B m. 1, ,a* IPeANONOKEHHE O TOM, UTO eCiH
B cucteMe (1) omepaTtop pyx (D) CBOLMTCA K ONMEPaTOPy VMHOXEHHS Ha IOCTOSH-
HYIO BEJIHYHHY, TO OH DaBeH HYJO. .
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IMocTynas anwanoruuxeiM oGpasom ¢ ypaseenusmu U, o=0, U,_; =0

H NpOJOJ/IKAas NMPOLECC TAKMM e 06pa3oM jajiee, Mbl NPHIEM K CHCTeMe
BUIA

Vi=0, Vo=0,..., V,=0, 9

B KOTOpO# TO/MbKO neppoe ypasHenme V, =0 copepxur Y,. Tak xak
NpH KAKIOM YKA3aHHOM Hamu npeoOpa3oBaHuu onpenenutens A (D)
VMHOXaJICA Ha OTJIMYHYI0O OT HYJS MOCTOSHHYIO, TO ONpele/UTe/]b CH-
cTeMul (9) pased ¢,A(D), rae ¢;— OTAMYHAs OT HYyJs MOCTOSHHAS.

Tak kak ¢,A(D) = 0, To xoTa Obi ofHO u3 ypasHeHu#t Vy=20, ...,
V., =0 conepwutr Y.. [lopropss Hai ypaBHEeHHsIMH, COepKaiiumu Yo,
Te e OMEPauuM, KOTOphie Mbl Npoienain Hajl ypaBHenuamu U;==0,
Uy=0, ..., U,=0 nn9 uckmouennss ¥; us r— 1 ypasHeHui#t, ¥ npo-
JOJKas TaKUM jxe 00pasoM Hajee, Mbl MOJAYUHM JUArOHaJbHYIO CHCTEMY,
9KBUBAJIEHTHYI0 NaHHOM

hi (D) Y, - hyo(D) Yorbo ... FH,(D)Y,=GC, ®,
h22 (D) Yg_l’ v +h‘m(D) Yn= 02.(0»

knn (D) Yn = Gn (B

rae hi (D) (s=i, i-1,..., n)—ussecturie onepatops, G, (%)
Gy (@), ..., G, (t)— usBectnrie dynkuun u Ay (D) - koo (D) . . . h,,, (D) =
== const - A (D). Teopema nokasaua.

6) W3 noxasanHoit TeopeMn caenyer, uto ecam onepatop A (D)
UMeeT MOPSAOK «, TO pEIleHHe CHCTEMbl 3aBUCHT OT ® MPOUSBOJBHEIX
MNOCTOSIHHBIX. _

B) M3 TOl ke TeopeMbi BLITeKaeT Clelylolu#t cnocob onpeneneHus
YHCJA TNPOM3BOJILHBIX TOCTOSIHHBIX, OT KOTOPHIX 3aBHCHT Y, B o6uiem
pewenny cucteMmnt (1). Jlas storo nocratouno npusecTd cuctemy (1)
K J1HaroHaJbHOMY BHLY TakuM o0pasom, u4ToOb Y, 3aH4J0 nocjenHee
Mecto. Ecom coOTBeTCTByIOllee ypaBHeHMe OylleT WMeTh NPH STOM BHJ
lyy(D)Y, =0 w nopamok oneparopa I,, (D) pasen v,, 10 Y, nuneHiro
3aBHCHT OT v, NMPOM3BOJBHBIX MOCTOSHHBIX.

Hanee, ecan Y, 3aBUCHT OT v, NPOUBBOJBHBIX TNOCTOSHHHX M Y,
3dHUMAeT NPH HEKOTODOM NPHBENECHHH CHCTeMbl K AWArOHANLHOMY BHAY
TnepBoe MeCTO, TO JMAaroHa/ibHbiY KO3(OHUKEHT mpH Y, HMeeT npu sTOM
MOPSIIOK 1%, & Yy %, PABHO YHCJY TIPOMSBOJBHBLIX MOCTOAHHBIX, KOTOpHIE
BXOAST B Y,, HO He BXOHAT HM B ONHYy M3 APYrHX QyHKUHHA Y, k=+r.
Hanvbhedwiee uccrenosanne Gbiio npoeneHo Yewnu n JlenuGepu [1].

r) Paccmorpum caenyowmuit npumep. Tlycts Tpebyercs pemmTh
CHCTEMY YpaBHEHHH

 =D2—4D)X —(D—1)Y =0,
Up=(D+6) X4 (D2—D) Y =0,
D =djat.
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OKBUBAJEHTHAS NHArOHA/bHAS CHCTEMA MMEET BUL
—(D+6)U;+(D*— 4D) Uy = (D—1)(D+ 1) (D—2)(D—3) Y =0,
U —(D—10)Uy=60X—(D3—11D2+4+11D—1;Y =0,

¥ ee peILEeHHsIMH SBJSIOTCS
X =2c,e~t + ¢, -} 2¢,e%,
Y = —D5cemt - coet — 40 — 3,68,

e ¢y, Cg, Cy C,-— NPOUIBOJbLHEIE MOCTOSHHBIE,

§ 4. Cuctempl JaunelHbIX AHpPepeHUHaNbHBIX YpaBHEHHI
C mepeMeHHbiMH Ko3(pdHImeHTaMH

1. Mpec6GpascBanue cucTeMbl JUHEHHBIX HudepeH nadbHbIX ypaB-
HEHH# B JMAroHAJLHYI) CHCTEMy 4acTHOro BMAA., a) Meron, onucau-
He#l B m. 3 mnpenmayiiero mnaparpada, -He MoxeT OblTb HpHMeHeH 1Js
npuBeleHds CUCTeMbl JMHEHHHX nnddepeHuUManbHbiX ypaBHeHU# ¢ mepe-
MeHHBIMH KO3(UIHEHTaMH K SKBUBAJEHTHOH el IuaroHanbHOM cHUCTeMe.
B camoM Iene, Mbl [OJAb30BaJHCL TaM CBOHCTBOM KOMMYTATHBHOCTH /s
NpOU3BeNeHNs JBYX ONepPaTopoB C NOCTOSHHLIMH KO3thdHUMeHTaMH, KO-
TOpOE He MMeeT MecTa B oOuieM caydae. Mbl H310XuM 31ecs Aas o6iero
cayvasi JMHeHHBIX CHCTeM C MepeMeHHBIMH KO3dduilMeHTaMH MeTon NpH-
BeJeHHS UX K JHArOHaJbHOMY BHIy, OCHOBAHHBIH HA NMpPUBEICHHH MATPUILLI
C MHOTOQUY/JEHHBIMH 3/eMEHTAaMH K KaHOHHYeCKOMy Buiy (cM. boxep [1],
cTp. 239—254, Ilyab [1}, ctp. 39—41)D.

6) Paccmotpum cucremy nubdQepeHUHAIbHEIX YpaBHEHUM

U= 2 pa D)V —F(=0 (=12 ....,m (1)

rne p;x (D) — nunefinvle nuddepeHunanbHble onepaTopbl ¢ NMepeMeHHBIMH
Ko3hbhunneHTaMu.

Kak ywxe 6bin0 ykasaHo B nm. 1 npenwinyuiero naparpada, Ml Oynem
npeinoJarath, 4TO OMepaTopst P (D) HyAeBOro MNOPSLKA TOXAECTBEHHO
PaBHHl HYJIO; B CaMOM Lele, eClld Py (D) = a;,(f) v ecan MOXHO HaliTu
OTPE30K, Ha KOTOPOM oy (f) &= 0, TO mMa 3TOM OTpesKe MOXHO BHIPAsHThb
Y, (£) n3 i-ro ypaBHeHHs CHCTeMbl M TNOACTaBHTbL B APYrHe YypaBHEHHS
3TOR CHCTEMH; B pesy/bTaTe MBI MPHIEM K CHCTEMe, COCTosel u3 n— 1
JHHeRHBIX ypaBHEHNH.

YcnoBuMcs  BLITONHATL  ONHCaHHOe Bbilie npecOpasoBane KaxAbil
pas, koraa HaMm OyneT BCTpeuaTbCsl CUCTeMa, B KOTOpoH py (D) ==
= a;; () £~ 0.

3amensist, ecau 370 HeoOxoaumo, cucremy (1) akBuBaneHTHoH e# cu-
cTeMOH, Mul MOXeM 1OOHTbCs TOro, utoObl koshduument py, (D) umen

D Cwm, takke V. M. Fean)aﬁa [1], ctp. 176—192. — ITpun. nepes,
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HAaMMEHbIIMK MOPsANOK cpenu Bcex koadduuueHtoB cucteMnl (1) u npu-
senenHuix cucteM 1), Ho toraa Bce koadduuuents p,, (D) (i=1,2,...,n)
Gynyt LenuTbes cnpasa Ha py, (D). B camom nene, ecau 6w p;; (D) ne.
nenuncs cnpasa Ha p,,(D), 1O uMeno 6n MecTO paBeHCTBO Py (D) ==
=q,;(D) p;; D)+ pzl (D), rae mnopspok omeparopa p:I (D) Menbwe no-
pagka py, (D). Ho Torma, samenss ypasnenne U;==0 ypaBHeHHEM

Ui—q(D)U; =0,

MHB NOJyuHau Obl MpHBeIeHHYI0 CHCTeMy yPaBHEeHmiH, MOpsLOK OXHOrO H3
K09(punueHTOB KOTOpo#t Oni OB MeHblie nOpsfka p;, (D), Bonpekn

npeANOJIOKEHHIO.
CnenoBaTeNbHO, MBI MOXEM. CYHTaTbh, YTO B cucteMme (I)
Pi (D)= ¢;(D)py (D) (i=2,..., n). )
Hanee, B neppoM ypaBHenun cucteMms! (1) Bce koahduuuentsl p,, (D),
Pi8(D)s - - «s P1, (D) nenstcs caesa Ha py; (D).

B camom nene, ecam Obl MMeNO MeCTO PaBeHCTBO
P1s (D) = py; (D) by (D)+ P12 (D),

* *
rie nopsioK onepatopa pie (D) menvine nopsnka p; (D), npuuem psz (D)
He PaBeH TOXMLECTBEHHO HY/MIO, TO MLl BBeJU Obl HOBYIO MCKOMYIO (YHK-
HHIO

Yi\+4L(D)Y,= 21
M TPUBEJH CHCTEMY K BULY

P11 (D) Z,~+p12(D) Yot-pis (D) Yyt . . 4 p1n(D) Yy = Fy (),
g9 (D) pyy (D) Z_1+[ — g (D) p, (D)1, (D)+p22 D)) Y2+
+ pos (D) Y3+ ... +P2n D)Y, = F, (),

* » s s s 8 ®w s * s s s s+ e s s e s. 8 e e » s s e » s s

Ho Torna Mbi mnoiyuuau Obl NPUBENEHHYIO CHCTEMY, OAMH U3 K03ddu-
UMEeHTOB KOTOPOR uMeeT NOPANOK, MeHbIIWA mnopsaka py, (D), uero we
MoxeT GBbITb N0 MpelROJIOKEHHIO.

1) [IpusenenHoit cucTeMoll Ha3HIBaeTCA CHCTEMa, MOJdyyaeMasa u3 cucteMb (1)
JEMEHTAPHEIMH TIPEOGPa30BAHMAMH MATPUUbLI CHCTeMBI (1), T. €. mepecTaHOBKOH
ABYX CTOJONOB HAM CTPOK, YMHOMEHHEM BCEX 9JeMEHTOB KAKOH-A1u60 CTPOKM HIH
croabna Ha OJMH H TOT X€ OTAHYHBLA OT HyJs YHCIOBOH MHOXHTENb H CIOXEHHEM
SMIEMEHTOB HEKOTOPO CTPOKY WAy CTONGLE, YMHOMEHHBIX HA OJUH M TOT Xe MHOro-
ujeH oT D, ¢ COOTBETCTBYIOIUMMH SJEMEHTaMH JPYrodf CTPOKH Hiu cToabua. —
Ipun. nepes.
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U3 noxasannoro caenyer, uto cucrema (1) mmeer Bua

U, = py, (D) [Y, - kZ L(D)Yi]—F, (=0,

' 5 &)
Ui=0:D)pyy D) Y142 pa (D) Yi— F, (=0
=2, 3,..., n).
Monoxum
n
Y, +}§2 L(D) Y= Z,. A 4)
Torna nepsoe ypaBHenne cucTeMbl (3) MOXKHO 3anHcaTh B BHIE
py(D)Z,— F,(t)=0. )
3amensss Apyrue ypaBHEHHs yPaBHEHHAMH
Vi=U;—q,(D)YU;=0 (i=2,...,n), (6)
Mbl MCKJ/IOYMM H3 HHX Y.
OGpatHo, ecau watttu Z, w3 (6) u Y, Vg, ..., ¥, ua (6), a no-

TOM Y, 13 (4), T0 nonyuennsie TakuM obpasoM dynxumn Y, (8), Y, (... .,
Y, (f) 6ynyr ynoeaerBopsth cucteMe (3).

MoxeT cayudThCs, YTO Kakoe-HuOyAb U3 ypasHenu#t (6) sBasercs
TOXDECTBOM MM Xe 4TO B KakOM-iub0 H3 STUX ypaBHeHu#t Ko3bdu-
LUHEHT NpH OAHOH M3 MCKOMHX bynxkuu#t Y,, ..., Y, He saBucur ot D,
M MO3TOMY 4YHMCJIO yDaBHEHHH CHCTEMEl MOxeT OBITb yMeHbuieHO. Moxer
CIYYHTbCS TaKXKe, YTO OJIHO U3 ypasHeHu#t (6) NpoTMBOpeyMBO, a TOrma
MpOTHBOpeuMBa U caMa cucTeMa (6), a ¢ welt M nanuas HaM cuctema (1).

B obwem cayuae moxHO cnenarth Hax cucteMoR (6) Te se npeoGpa-
30BaHNA, KaKHe Mbl jeJaju Han CucteMot (1), W, mpopo/mxas STOT npo-
uecc, npusecTd cucreMy (1) x Buay

(D)2, =0, h(D)Zy=0,1), ..., 7, (D) Z, =2, (1),
npuueM Vi, Y, ..., Y, anunefino Bhpaxawotcs uepes Z,, Z,, ..., Z,,
1 obpatHo.

§ 5. MMpencraBienne pewenuit AuddepeHuMatLHBIX ypaBHeHUH
C MOMOMIBIO ONpeAeNeHHBIX HWHTErpalicB

1. OcHoBa meroma. IlycTb naHo nuddepeHunansHoe ypasHenue
LiY]=a,() YW —-a, () Y-D- . S
“+a, &)Y +ta,t) Y—F (@) =0, ¢))

rae a,(®), a, (@), ..., a,_ (), a,(t), F(f)— sanaunuvie Qpynkuun or ¢,
HempepuiBHEIe Ha otpeske [a, B], 4 (f)-/~0. ByaeM uckath pemenus
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9TOr0 ypaBHEHMs1 B BUAE HHTErpaJsa ftumna

Y ()= f E(t, s)y(s)ds, )
C .

rae  C— HEKOTOPHLii (MKCHPOBAHHBIH NyTh WHTErphposauus, k (¢, s)
(20po) — n3BecThas ¢yHkuusas OT £ M S M y(S)— HOBas MCKOMas (pyHK-
uust.

ITpeoGpasopanne (2) MOXHO paccMaTpuBaTh Kak (YHKIHOHATLHOE
npeo0pa3oBaHue, CTaBsliee B COOTBETCTBHE KaXIOMy 3jeMeHTy y(S)
(opuzunasy), npunajzaexaimleMy HeKOTOpoMy kaaccy A, dyukuuio Y ()
(u3o6pascenue) us HeKoTOpOro Kaacca B.

[Ipeanonoxum, uto nas dopmyas (2) cywectyer dopMyta obpa-
LLieHHst

y©)= [ K, Y ®at ®)
J |

(K (s, t)— usBecTHan QYHKLMS), CTaBAAS B COOTBETCTBHE KAXAOH (YHK-
uuM xaacca B ¢ynkumio kaacca A, a Takke uTo npeoGpasoBaHUs

(K pyoma r=1,2,..)
(44

OT NPOH3BOLHLIX GYHKUMH Y JuHeHHO BHipaxawTcs yepesd QyHKUHMIO y (s)
v ee npoussonannie. Torna npeoGpazopanne (3) mpeobpasdyer ypaBHeHHe
(1) x Buny

M$)=b,(0) 40,9 Y0+ .. 4
Fop1 (Y —&—bm(S)y f(=0,
npuyeM 1Js J1000ro y (S), YROBAETBOPSAIOLIErO 3TOMY YPABHEHHIO, MOKHO

HaliTH 1o Qopmyse (2) COOTBETCTBYyIOlIee pelleHHe HCXOLHONO YpaB-
HEHUs.

2. Ypasuenue Jlannaca. a) [Tpounnoctpupyem CkasaHHoe Ha cie-
LyOLeM TIpHMepe.

Paccmortpum  ypasuenve Jlanuaca (Typea [1], . II, ctp. 386—390,
Haesunrep (2], 1. I, cTp. 409—414, cM. takxke § 7, n. 2 nacToswieH
rJiaBel), MMewliee BUI

LIY) = (@4 bt) YO - (@, 4-b,8) Y - . 4 (@, b,t) ¥ =0, (4)

The @y, @y, ..., @y by by, ..., b, —noctosuubie. Bynem wuckath pe-
HieHHe 3TOro ypaBHeHHSI B BHJIE '

Y($) = f ety (s) ds. (5)
4
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Tax Kak

YO (f) = f s*ets y (s) ds,
o

1o L|Y] MOXHO 3anucarth B BHIe

LIY)= [ ety (9) [P+ 1Q ds,
(44
P=aqas"t-as" 4 ... 4a, s a, }
Q="bys" 4 b+ ... 4b,_;s0,.
VnTerpupys mo uacTsM, MoJyyaeMm

[ @y @ ttete asi = 1@y (s) et5) — [ ets L 1Qy ()1 ds,
] (44

44

rae

(6

H MOTOMY

d
LIYI=1Qy ()] + 6[ [Py — 4% 1@y} et ds.

Taxum oO6pasoM, ypaBHeHue (4) yIOBIETBOPsieTCSs, €C/aH BHIOPATh Y (S)
TakuM 06pa3oM, 4TOOE!

Py()— g5 Q=0 1Qy(s)et=0.

Wurterpupobanne nepBoro M3 3THX ypaBHenuf naer
8

P (u)
1 Qe 0
S)=————e" . .
YO =757
Torpa BTOpOe M3 STHX PAaBEHCTB dIPUHUMAET BHUI,
8
P (w)
ts+ Wdu
e =0. 8)
[3}

TMostomy eciu BbiGpath nyTh C Tak, yTOOH BBIpPANKEHHE, CTOsILEe
B (8) B KBaapaTHbIX CKOOKAaxX, NPHHUMAJO Ha KOHLAX 3TOTO NYyTH O#HU-
HAKOBble 3HAYEHMs, M €CJM NpPU MOJCTAHOBKe BbipaxeHus (7) B dopMyay
(5) Y(f) He oOpawaercst TOXIEeCTBEHHO B Hyab, To Y (£) Oynmer peue-
HueM ypasHeHus (4).

6) OTHOCMTENbHO H3yueHUs pelleHUH ypaBHeHus (4) MBI OTCHl/aeM
yptaTeAsd K LMTHPOBAHHBLIM Bbillle padoTaM. MBI paccMOTpHM 37eChb JHIUb
OJMH YaCTHBHI# cayda#.
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ITyctb maHo ypaBHeHue

a4+ H% 4+ py =0, ©)

rae p >0, ¢ >0, £>0 (p, ¢§— nocrosiuurie).
ViMeem B Hammx o0603HAYEHUAX

a,=0, a,=p-}q, a,=p, P=(p-+9q)s+p
by=1, by=1, by=0, Q=s>}-s,

=L +HE, ye=esri (s (e=const)

t

Qv

8
tg+ f P (w)/Q (w) du
% = ce?s (s—}-1)ts»,
u notomy ypasteHue (9) ylOBJeTBOpsieTCs, ecJH BHOpPATb B KauecTBe

nyTH uHterpuposanus C ortpesok [— 1, 0] umu xe (—oco, —1]. Cae-
AoBaTeabHo, ofilee peueHHe ypasHenus (9) uMeer BHI,

0 -1
Y(Oy="c, [emso=1(s--1)1-1ds4c, [ etssp=1(s—f-1y-1ds
-1 —o0

WA Ke, 3aMEHAd § HA —§,

1 [ee]
Y(t) = J- e~stgn—1 (1 — S)(I"1 ds+c2f:_e—8tsp—l (1 J— s)q—l dS,

0 1

TA€ C; U Cy— NPOU3BOJbLHLIE MOCTOAHHBIE !).

B) B naibHefimieM Mbl paccMOTpHM B STOH IJaBe NPUAOKEHHA npe-
obpasoBanus (2) k pemeHuio 3agaude Komn pas - guddepeHupanbHex
ypaBHeHu#t u cucreM auddepeHunasbHHX ypaBHeHu#, BLiOUpas B Kaue-
ctBe anpa k(f, s) B (2) dyuxkumio k(f, s)=e~5!, a B KayecTBe NyTH
unterpupoBanua C au6o (0, co) (em. § 7), aubo 3aMKHYTYIO JIMHHIO
(cM. § 8). MnpiMu caoBamm, Mbl GyleMm NpHMeHsTb npeobGpasosanue Jla-
naaca. B caeayiomem naparpade Mbi H3JIOXHM LJf ynoOCTBa yMTaTens
OCHOBHBIE CBOHCTBAa 3TOrO 1peo0pasoBaHus.

1) OTHOCHTENLHO pEIeHHA B KBAaApaTypax ypaBHeHHH Buia
(ax2+bx + )y + (dx+ )y’ +fy =0,
(a0% + b0) " + (% + b)) ' + (@2 + b))y = 0,

rae a, b,..., f; a;, b (=0, 1, 2) —nocrosuuvie, cM. C6pana [1].
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§ 6. IlpeoGpasoBanne Jlanaaca?l)

1. Hpeo6pascBanue Jlannaca. Opurnnaj. HUscGpamenne. AGcuucca
cxoaumocTd M abcumcca aGeoatoTHolt cxonuMoctr. a) Hasosem ¢QyHk-
uvel kaacca I melcTBHTeNbHYI0 MaM KOMMAekcHylo dyHkuuio F(f) neit-
CTBUTEJbHOTO NepeMeHHoro £, onpenesesHyio npu £ >0, ecan Ha JMo60M
orpeske [Ty, Ty, 0 < T, <t LT T, 972 yHKuua OrpaHHYEHA M H3-
MepuMa B cMbiciie JleGera M eC/M CYIIeCTBYyeT mpejed

T T
EEn;ﬂ!]F(t)}dt:éf}F(t)fdt.

dynkuus F(f) kaacca | npunaanexur kaaccy L, ecam cywectByerT
TaKoe OelicmsumensHoe ULl KOMNAEKCHOE YACHO S;, YTO MNPH HEKOTO-
poM T >0 cyuiecTByer mpenes
wW

lim | e~#* F(2)adt.

w++wT

Jlerko Buzetb, uto ecau ¢yukuua F (f) npuxapjsexuT K kaaccy L,
TO unmezpas Jlanaaca

+00 @
f e-s* F(f)dt=  lim f e-3t F(f)dt
0 e—)+0.w—>+oos

CYILECTBYeT, KOrja e M ® HesaBUCHMO IPYT OT Apyra CTPeMATCS COOT-
BeTCTBeHHO K 0 u —}-o0.

6) Uwmeer mecto TeopeMa Ilunkepae ([1], crtp. 13). Ilycme thynrqus
F(t) npunaosescum xaaccy L, ecan unmezpas Jlanaaza cxodumcs
npu s= Sy K 3nasenuio fo, m. e. ecau

+ oo

[ et Ftyat=f,,

0

mo on cxodumcs u npu 410604 3HAYEHHU S, 83AMOM 8 ROAYNAOC-
rocmu Rs > Rs,.
Kpoxe mozo, ecauw noroscums npu t >0
t
f e85 F (1) dv = (1),

0

1) Boaee noapoGHOE H3JIOMEHHE TEOpuH npeo6pasoBanus Jlanaaca uurarelds
mMoxer HaWitu B kuurax Imuertu [2], Hdewa [1]. Cm. rtaxixe Mak-Jlaxaan [lj,
Bepuon Buggmep [1] (a Ttaxxe lappuep m bopHc [1], Ban nep Iloas u Bpem-
mep [1]. A. WU. Jlypee [1], B. A. [ntxun [1].—Ipus. nepes.).
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mo npu Rs > Rs, uneen
oo

f e=st F () dt =(s_—so)f e=(-301 & (£) df. (1)

0

Ecav nonoxure @ (0) =0, To dynxuus P (f) nwenpeprisua npu ¢ >0,
npuueM  lim & (£) =f,.
t > +oo

Hmeem

w (5]

Jertr@yat=[eemtest Fat=

E €

= =)0 B () — e=(=¢D (e) - (s —5) [e~ -V D () at,

nepexoas B 9TOM dopmyae k mpeseny npu ¢ —0 u @ —>—{-00, ybex-
naeMcs B ChpaBelJUBOCTH opMydnl (1).

M3 ob6uiuHBIX paccykienuil BhiTekaeT, yTo ecau ¢ynkuus F (f) npu-
HaLJMeXuT kJaccy L, TO cyliecTByer Takoe Il,eﬁCTBI/ITeJIbHOQ uucno 3,
(— oo LB+ 0), uro mnrerpan Jlanaaca

oo

f e=5t F (£) dt (2)

0

cxoautes npu Rs >B um pacxoaurcs npu Rs < B. Takoe uucao B
(paBHOe, BO3MOXHO, —|-0O WIAM —— 0O) HA3BIBAETCH AOCHUCCON CX00U-
Mocmu wHTerpana (2).

B) ViMeeT MecTO cJaenyioias Teopema Jlafmay 1), nospoJasiolas Bhi-
YUCAUTh a6CUUCCY CXORUMOCTH:

Ecin >0, mo

lm!mel

B= lim
@w—> 00

®)

®
+00

[ycts s3> B, (sp > 0). Toraa l f e-3t F (1) dt‘ < —-co.
0
ITonaras

® (w)=fe—sutF(t)dz, ¢(w)=ff(t)dt,

1%7(()31\4. Jlanzmay [2], ctp. 215. OtHocuTeabko caydasa B< 0 cm. Iunkepae [2],
crp. 270.
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HMeeM

V)= [ et (et Fyatj=esn B (0) —s, [ ew@ (ydt. (@)
0 . ' 0
Tak xax cymecTByer koHeunnlt npepen lim ®(w), TO Hafmercs

w —> 400
Takoe 4ucio &, uro | P (w)| <k nmpu o > 0. Us (4) caenyer Toraa, uto

w

[ (0)] < ks o -so [[ent dt < 2henn,
. . .0

[TosToMy ans moGoro & > 0 nafinercsa Takoe ®;, 4TO NPH ® > w, UMEEM
[Y@)] < eeotde, o lin|¢(0)] < sp—4-2.
TMosToMy, noJaras o

ﬁ lnlq’(“’)l =A,
m—)+’oo ©
nonyuaeM, uTto, KakoBo Gbl HH Gbiio & >0, Bcerma A < sp—+8, a mo-
ToMy A Sy T. €. ai060e 4ucao S, Oosvusee, 4er B, Gosvue usu
pasro A, C

Ilas moGoro & > 0 umee

J‘ e‘_(x+6)t F () dt = e—(l+6)‘w $ (@) (A -[—8)f e~ 0Dty () ét; ®)

HO CYUIEeCTBYET  TaKoe w,;, 4YTO MNPpH ® > @, BBINOJIHAETCA HEPaABEeHCTBO

w3 In | (w)] < A4-3/2,

a . cie10BaTeNbHO, ) . .
|$(@)| < ebtie,  [em0Doy (0)] < emtom,

‘U3 noclenHero HEPaBEHCTBA CJEAYET, 4TO NpPH ® —-}-0o0 mnpasas
dacTh paseHCTBa (D) CXOAMTCH, a TOTAA CXOIUTCA H Jieas 4dCTh STOro
paBencTa. Takum o6Gpasom, npu moGom § >0 umeem A—-8>B, u no-
Tomy A>f. Tak Kak Kaxnoe. 4yucnao, Ooibliee, ueMm B, He Menblue,
yeM A, TO Ml jaokasaud, uro A = f8. Teopema nokasaHa.

r) Ecin dynkuus F(f) npuHaanexut kjaaccy I U ecam cyuiectsyer
TaKoe AeHCTBUTeJbHOE MM KOMIVIEKCHOE UHCIO Sg, 4TO

+00 . .
f | e-o F (£) | dt < o0,

0 -

13 3ax. 1072. IIx. Cancoue



194 r'a. X. Onepaguoinsie memods. [peoGpasosanue Jlansach

10 yHkuus F (f) HasbiBaeTcs npuHaniexauelt knaccy L,. B stom cayuae
roBOpAT, uto uxmezpar Jlanaaca

+ 00

f e=*t F () dt

0
abcosIOmHO cx00umcs.

" Jlerko BuueTh, uTO AJs npuHapdexHocTh d¢ynknmu F (f) kaacca 1

K kJaccy L, Heo6XoauMO H [IOCTATOYHO, 4TOOH nag Joboro o >0
HAlIOCh Takoe @ >0, uTO npH @y > »; > @ CNpaBeNJIMBO HEPABEHCTBO

©y

f e~ tBs,| F (f) |dt < o.

W,

ViMeeT MecTO caenyiollas TeopeMa: ecAn npu S==S, UKMEPAL
Jdanaaca ab6coriOmHO ¢X00umMCs, MO O AOCONOMHO CXO0UMCA u npu
210604 3HAwenuu S, maxox, ¥mo Rs> Rs,.

B camom nene,

[le-st Fty|at= [|e-e-site-ss F ()] at =

[ @,

= [etRE-s)|e-st F(f)|dt < [ e=t®a | F(t))ar.

Uncao o HasbiBaeTCs daocyuccoil abcoriomHuoll cxodumocmu VHTeE-
rpaia (2), ecau STOT "uATerpan abCOMOTHO CXOAUTCA NpH JOOOM s,
TakoM, 4To Rs > a, u He cxoaurca abconwoTHo, ecan Rs < a.

OueBuaHO, MMeeT -MecTO HepaBeHCTBO — 00 K B <L a oo

1) TMycte F(f)— dynkuma xaacca L u B —abcumcca CXONMMOCTH
wHTerpada (2); nosoxuM npu Rs > B

+o0

f@&)= [ et F(eyat. (6)

0

dyukuus F (f) naswiBaetcs opuzunasox, a dyukuus f(s) — uzobpaices
nuen pyuxyuu F(f) npu npeoOpasosanmu Jlanmaca (6). 210 zanucu-
BaeTCAd CJAEAYIOWM  06pasoM:

fE)=28{F}, [E)=%(F}, [f()=2{F; s}

dynkuus f(s), koropas MoxeT ObiTh NOJyuYeHa MpeoOpa3oOBaHueM
Jlannaca ¢ynkumn F (f) kaacca L, HaswbiBaeTCs ¢hyniyueli xnacca .

e) Ilycms ynxyus F (t) npunadsencum xaaccy L u nycmo unme-
epas Jlaniaca Oin amol Pynkyuu cXo0umcs 8 HeKOmopol mouxe S
xomniexcuoli obsacmu. IIposedem uepes moiky s, 08a aysa, o6pasyro-
wux ¢ noAONCUMENbHbIM HAnpasienues ocu x ocmpuli yzor ¢. Tozoa
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8 ozpanuyennol smumu sywamu obsacmu D unmezpas 2,(F) cxo-
Oumcs PaBHOMEPHO OMHOCIMEALHO CB0€20 BEPXHEZ0 npedesd, WHBIMK
- c/I0BaMH, AJa mobGoro uyncaa o> 0 Haftmerca Takoe uucao T, 4TO npH
T < o, < wy UMEET MeCTO HepaBeHCTBO '

l fse -st F(t) dt| < o,

KakoBo Obl HM Obljo s M3 D,
B camom nene, BospMem HekotOpoe o >0 u BHOGepem Takoe e > 0,
yro (2-}1/cos ) e < o. TMonoxum

+00

f e~9 F (x) dt = (£)

¢

u Hataem Takoe T(e), uto {¢(f)|<e npu t>T.
Huterpupys no uactaM, uMeeM

Wy g

f ¢=5t F(f)dt = f e~(8=st g=8t F ({) df —
“ B t=w, e
=—e 0t yt) | —(s—s) [ emt-wtyp)ar,
t=w [CH

unpn TCoy < o
| [t Pt < emeiemsd g o) |- om0 o)

+ls—so| [e-Re-ntjy@)|at<

+0oo
<s [e—m,R(s—so) - emeBE- |5 5| J‘ o~E (s—s)t dt]:

=g [g_wgg(s—ao) + e~ oR (523 +I?I?S—Sg l) e—R(s-s,,)‘wl] )
— ‘

Ho B obnactk D R (s—s,) >0, e-oFG-80 1, eo-wBB-8) ],
|s—8ol/R(s —Sg) < t/cos®, a nosromy, ecam s aexur B D, TO

l j:’e—st F(t)dt\l <(2 —{.—CO;?)e <s.

Teopema nokasasa.

13*
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3aMeTuM eue,: YTO

1f ()] =*] }me-st F(t) dtl < "fle‘—"i F(tyadt I—}—c
Ho

o (/]

o,

<[ eronr|ee Feat< [ e-tmo| Fit)]at,
[\

0

u nosmoxmy ynxyus |f(s)| ozpanudena 8 D.

k) 3ametuM, uto B dopmyne (6) sakonHo mudpdepeHuMpoBaHHe no §
MOA 3HAKOM MHTerpaja B MOAYMJOCKOCTH Rs > B; B camMoM jene, crnpa-
BefaMBa caenyiowas teopema [luukepne (cu. ' Ttew  [1]),“cTp. 43):Ecau
f&)=¢{F}, mo 8 awbol moukxe s; maxoll, umo Rs > B, umeem
Mecmo pasencmso

+oo

f(n)(s)=(_1)hf‘e—sttnF(t)dt (n=1,2, ..),

m, e.

FO ) =2 {(—8)F }, [Rs > .

Taxun obpasox, Pyuxyus f(s) 2040 MopgHa sHympu nosynaocxocmu
Rs > B, u ee npouspoAHas noayyaerca no npasuay auddepeHuHpoBaHHsS
NOA 8HAKOM HHTerpasa.
3) Beepem, HaxoHeu, dsycmoponsee npeobpasosanue Jlaniaca.
Ecan samenuts B wHTerpane Jlannaca (2) £ ma —{£, TO moayuum

MHTerpan
0

f estF () dt.,

-—00

OueBHAHD, YTO €C/H STOT WHTErpan CXOAMTCH NpH $==S5, TO OH CXO-
AUTCA M NpPH BCeX BHAYEHMSAX S, TAKHX, 4TO Rs < Rsy.
. IiBycToponHum: npeofpasosanneM Jlanaaca byskuun F (t) HashiBaeTCH
HHTerpan
+o0
B (F@ys)=f©)= [ ewF(tar,

-—00

ot o [ [ etr @atet [enr at],
[

@ > 400, wydtoo = g



§ 6. IIpeoGpasosanue Jlanraca ’ 197

rie ey, €, ®;, ®, HE3aBUCUMO JAPYr OT APYra CTPEMATCA K COOTBET-
CTBylOWMM mnpejenaM. JIByctopoHHee npeoGpaseBanue Jlamnaca 0603Ha-
vaetcs takxe £y {F}, &u {F), & {F; s}.

Has asycroponnero npeo6pasosanus Jlanaaca rosopaT oOYHO O r040ce
cxodumocmu, 1. e, 0 vactu naockoctn — B, < Rs < By, B KOTOpO# CXO-
JMTCS HHTErpan. ‘

2. llpeoGpasoBanus Jlanaaca nas HeKOTOpbIX (yHKkuuit. a) Mbl
yKaxeM 31ecb npeoOpasosanus Jlamnaca 1797 HEKOTOPHIX 4acToO BCTpe-
yaomuxca Gynkunft (BecbMa mosHele Tabmuubl npeo6pasopanufl Jlanaaca
conepxarca B kuure Jeua [1], ctp. 401—403 1),

400

Mycts F()=1, (1)=f le-8t dt cxonutca npu Rs >0 u pac-
0
xoautcs npu Rs < 0; kpoMe Toro,
' 1
g{1)=1. M

6) Mycts F(O)=0 npu 0 <t <a, F()==1 npu t>a; T0raa npu
Rs > 0 umeem ’ .

= =y

4o
—st)teo e—as8
s

& (F)= [ emar=[=2

a

- e—as

L {F}= (1D

B) Ilycts F (f)==1¢*, rae £* oBosHauaeT 2z.4asHOe 3HAYEHUE CTENEHH,
¥ nycth Ra > —1. Hurerpan Jlanaaca cxopmrtcs npu Rs > 0, u non-
CTaHOBKA Sf=—1 jpaetr

+oo +o0 :
f et -—sdlﬂ 1 e dt=[‘___-(:a;ﬁ1) ,2)

a nosToMy ' ’
8,{#}:2%;"‘1& npu Ra>—1 1 Rs> 0. (1)

r) Tycts F(f)==eo%, rne q— NeRCTBHTENLHOE MM KOMMJEKCHOE
yucno; npu Rs > Ra uMeeM

+co +c0
[ estestdt=[ e-v-artar=_L-,
s—a
0 0
NIOSTOMY
g, [eat) =1, av)

s§—a

1y €m. taxke B, A. Jutiun u I1. Y. Kysueuos [1]. —Hpa.u nepes.
2) CM, ra. II1, § 6, . 2, mpumeuanue Ha cTp. 144—=145;
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1) Tlyctb F () == ch ot = (et |- ¢~ *)/2, rae ¢ — KOMIIEKCHOE YHCHO. ’
Mpu Rs > |Rc| nmeen?)
)

171 1
2, { ch ct}=728{e°t + e_ct}=7[s_c+s+c]=sﬁ—cz’

a [osTomMy

s

23 {Ch Ct} =m. (V])
Ananornuno, npu Rs > |Rc| umeenm
€ {shet}=45—. (Vo)

e) Ilycte F (f)=cos bt, rae & — xommiaexkcHoe unciao. Vmeem
g, (cos bt} =3 8 (o0t oot} = 3 (Lo L ot
nupu Rs > Max [Rib, R(— ib)] = Max [—Ib, Ib] =|Ib], 1. e.
L, {cosht) = npu Rs > |/b]. (VI

s
52 + /2]
AHanoruuno

L {sinbt} = npu Rs > |[Ib|. (Vi)

"H-—bf
x) Tlo onpenesenuio ramma-GyHKUHM WM MHTerpana d#iiepa BTOPOro
pona umeem mpu B >0
400 :
I @)= f e=t8-14t.

0

Huddepenunpys no B, noiyyaem
E',(p)=f'e-tt3-‘m tdt,
0 M

H, B YaCTHOCTH,

. 400 )
IV (1) =J' e~tIn ¢ df — nocrosunas hnepa — Mackeponu.
RS, o

Ilonaras B nocaendem pasenctse f=s%, rie § >0, noayyaem

+o0

()= e (ns+In<)sdi=

0
+oo +co

=slnsf e-s‘dt-]—sj' e~ Intdi=Ins— s {Int}.
0 0 :

1) Hanomnuwm, yro uepes Ra u la My oﬁoanaqaem COOTBETCTBEHHO AeHCTBH~
TEABHYI0O B MHHMYIO HacTH qHCIA a,
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CllenoBaTesbHO,

g, {Int) =11 __Ins (ViD)

OGe uyacTM 3TOr0 paBeHCTBA TroJOMOPGHH B nOAymIocKocTH Rs >0,
a NOTOMY pPaBeHCTBO cnpaBemjuBo npu Rs > 0.

3. Mpeobpasosanue Jlanaaca Aag NPOH3BOAHBIX. @) Jlas TOro uToO6bi
soiuucants £ { FO); s, ucnoavayem caenyiouyio teopemy: Ecaun 2{®)
t

cxo0umcs npu Sy >0, mo npu s, cxodumcs u % {f@(‘t)d’t, So}v
0

npuies

o2 {f@(t) d; so} =35, }m -5 [f@('r) d«:] dt=

+00
= [ ewaar=2(8; s).
0

Kpome mozo, npu nat06om s (0elicmBumessHOM WAL KOMNAEKCHOM),
maxom, 4mo Rs > s,, umeem Mecmo paseHcmso

s2 {f@(—c) dv; s} —s fe—st [j@(t)d’:] dt =

= [ ewd@at=2{a; s).

TMonaras
x

t
P (x)= f e=st dt f ® (<) dr, G(x)= ey (x), H(x)=e"",
0

0

uveeM lim  H (x) == o0, H'(x) == 5,£%% #0 u, 10 06001IEHHOMY NpaBuIy
&>

Jlonwurans (cM. Jlerrenmeftep [1]),

lim ¢(x)= 11m G() = lim G/ (%) _

>0 H(x) x-s00 H (x)

— lim i (SO‘!"‘}'“I‘ )

&T—»00 soe

(S ot )
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Ho

@

s+ =s, f e—st dt f P(R)dr4-e~2® fé(‘c) dr=
0 0 ¢
= [_ e-st f @ (v) dv ]:: + f e-5D (£) dt -+

-+ e—&7 ftI’ (=) dt = fe-”ﬂtq) (6 dt,

H TIOTOMY

+00

Jim = [ e,
0

HIH
+c0

+
sof e—autdtfé(-c)d¢=2{cp; S )-
0

0

drta ¢opMysa cnpaBenuBa NPH JOGOM NERCTBUTENLHOM § > S, M
B CHJIY rOJOMOPPHOCTH 06eux yactelt GopMyasl B MOJYMIOCKOCTH Rs > s,
OHa crpaBeaauBa u npu Rs > s, Teopema nokasawa,

6) MNyctb dyukuus F(f) onpenenena npu > 0, abconoTHO Hempe-
PHIBHA HAa JOGOM KOHEYHOM 0Tpe31<e, ¥ NycTb ee mpouaBoxHas F’(f) mpm-
HajexuT kaaccy L.

.Tlo usBecTHOMY CBOHCTBY a6COMIOTHO HenpepbiBHBIX (yHKuu# 1) umeenm

. t
F)=F @)+ [F ()d=.
0

IMonaras B jnoka3sanuoft B ,a“ TeopeMe & (£) = F’(f), noayuaem
peu y

3
[@@d=F@O)—F@©), 2{FO)s)= F(O)f =5t df = F(O)

SE{F(t); s}—F@O)=8.{F (), s).

OTciona BhiTekaer caenywowas teopeMa: Ecau dynrxyus F (f) onpedesena
npu t>0 u abcosomno HenpepuisHa HA KaiCOOM KOHEYHOM OmpesKe,
a L{F’'} cxodumcs npu Hexomopos Oelicmsumessiom 3Ha4eruu
§o >0, mo &{F} maxoce cxodumca npu s, nputuer

{ F’; sy} =52 { F; s} — F (0),

) Cwu, TI C. Anexcauspos m A. H. Koamoropos {1}, ctp. 264. — IIpun.
nepeas. »



