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Ecau Ha ompesxe [o—38, a -} 8] umneen
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nexcam obracmii  cyuecmsosanus @dynxyuld f; (nocienHee ycnoBue
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ooy

cmeam )
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4, €16006@MeAbHO, NOZPEULHOCHLE NPU NOAL308AKAL SMUML HOPMYIAMY
Asasemcs seanuunol nopsoxka 1/n’?).

OTHOCHTeNbHO 1OKA3aTeJbCTBA OTCHIAEM YHTATENS K LMTMPOBAHHOM
B m. 1 3amerke Ilukowne.

§ 5. Boiuncaenne cOGCTBEHHBIX 3HadYeHMil M NPUOIMIKEHHOE pelICHHe
nudpdepeHUHANLHHIX CHCTEM C 3aJAHHBIMM KDAeBbIMH YCJOBHAMH

1. O6mue 3amMevanusa. OUeHKH AJs COOCTBEHHOrO 3HAYEHMS, HMEI0-
Iero HaWMeHbUIyi0 abcomoTHy)0 Beawunmny. a) B § 1—4 mul pac-
CMATPHBAJHM HYHCJEHHOE pelleHHe cHucTeM nuddepeHUHANBHBIX ypaBHeHUH
C 3aJIaHHBIMU HAYa/bHEIMH yClOBUsMM. TlepefineM Tenepb K paccMOTPeHHIO
YHCJEHHOTO pellienys AuddepeHIHaIbHLIX CHCTEM C 3aAAHHBIMM KPAeBHIMH
YCJIOBHSAMH.

Msbi BCTpedanmch ¢ 3TuM BonpocoM BT IV, § 7, mpu paccmorpenun
cucrey LlrypMa — JluyBusnnd. Tam Gbutd NOJMydeHb ACUMNTOTHYECKHAE BLIPA-
KEHUS 17 COOCTBEHHHIX 3HAYCHHH M COOTBETCTBYIOLIMX WM COGCTBEHHBIX
GyHkuuit ¢ noMoLbI0 nepexona OT AuddepeHuuansHof CUCTeMbl K MHTE-
rpasbHOMY ypaBHeHuio THnma Boabteppa.

B ra. V, § 3, o B Goree obuenm cayuae npeoGpasosann nubdepeu-
UHAJIBHYI0 CUCTEMY B HMHTErpajbHoe ypapHeHue Tuna dpenroabma, OnHaxo
pANBI, KOTOPHIMH BBIDAXAETCH B 3ITOM Clyyae pellleHde, NPencTaBasioT
Gosbiune 3aTpyAHeHHs 115 BHIYHC/EHHH axe B Cayyae, KOTa OHU GLICTPO
CXOnATCS,

Ha Goibiune satpyaHenys HaTaJKMBAETCS W BBIYAC/IEHHE C MOMOLIBIO
TEOPHU MHTETPaJIbHEIX ypaBHeHnH coOCTBeHHEIX 3HaueHuit anddepenunatbHON

1) Us merona Jlukone B Cilyyae,KOTAa CHCTEMA COCTOMT M3 JHMHEHHBIX OfHO-
POIHLIX ypaBHEHUH, MOXKHO BBIBECTH METOJ BbIYUCIACHHA COOCTBEHHBIX 3HAUEHHH
Cm. Buoaa [1],
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CUCTEMH!, Hrpaiolliee BAXHYIO POJb BO MHOTHX 3afayax. JTO BHUHMC/EHHE
NPHBOANT K HEOGXONHMMOCTH HAXOXIEeHHA Hyde# HeNOR TPaHCUEHIEHTHOH
¢yukuvu D (X), o xoropo#t ropopusiock B ra, V, § 3, n. 5, ,a“1).

- B srom naparpade, B ,6%, MH KPAaTKO H3JO0XKHM HEKOTOpLIE pPeay.b-
TaThl, Kacalomuecs OUEHKH COOGCTBEHHOrO 3HAYEHHS, HMEIOLIETO HANMEHb-
mylo a6COMOTHYI0 BeJHYMHY, B 0. 2 TNPHBENEM HEKOTOPHE Pe3yAbTaThbl
TTuxove o nuddepeHumansHbIX CHCTEMaX BTOPOrO NMOPHAAKA, B M. 3 M3J0-
JKMM BapHauMoHHEI# MeTon Putua m B n. 4 — MeTOnm HaMMeHbuIeR MOTeH-
unaapioft sveprun (TIuxone, H. M. Kpuinos, Mak-Hsen). Ha ykasanunix
METOJAX OCHOBAHBI COBPeMEHHHE MeTOIbl YHCJEHHOrO pelueHus autde-
PEHUHANILHBIX CHCTEM M BHIYHCJCHHS COOCTBEHHBIX 3HAYeHHH W (yHKumit 2),

6) Tlpu Briuucjenuy COOCTBEHHOTO SHAUEHHH, MMEIOLIETO HaMMEHbIUYIO
a6COMIOTHYIO  BEJMUYMHY, MOJb3YIOTCS CAeAYIOWMUMH peayibtaTamMu LlIMuara
u Knesepa, KoTOpbie Mbl NPHBOAMM 31eCh Ge3 JOKasaTeAbCTBA.

Ecau nuddepennnaibnas cCUCTEMA MPHBOAMTCS K MHTErPAJLHOMY ypa-
BHennio (ra. V, § 3, n. 5, ,a%)

b
YA G HyOBE=0

M ecid A sBIAeTC COOGCTBEHHHIM 3HAYEHHEM, WMEIOLUIUM HAUMEHBLINYIO
a6COMOTHYI0O BeIUYHHY, TO CNpPaBelJMBO HepaBeHCTBO llIMuara

b b e
{ff[c;(x, s)]zdxde} <A

(cm., uanpumep, Iypca {13, 1. I, Bum. 2, ctp. 31—32).

PaccmorpuM Temepb camoconpsiKeHHEIE CUCTEMBI YETHOTO = NMOpAaKa
(rn. V, § 3, n. 6), nas xoropuix, xax ussectHo, G(x, §) == G, x).
Tonoxum »

a® (x, y)=G(x, y),

. b -
am (x, y)= f G-V (x, § GE y)dt (n=2,3....),

1]
An=f G™(x, x)dx (n=1,2,...).
| J ,

-—

1) OrnocurenbBo onpefeenust COGCTBERAbIX 3HAYEHHH U COOCTBEHHHX QYHK-
uui camoconpsmeRHnX AH(pPepeRHHAAbABIX CUCTEM YETHOrO MNOPANKA NMPH Mo-
MOIM TEOPHH MHTETPAIbHBIX YPABHEHMH ¢ CHMMETPHYECKHM ANpOM cM. Temmas [ lg

2) OTHOCHTENbHO MPHIOKERUS MAMPUYHO20 UCLUCACHUS K BHUPCIEHHIO COO-
CTBEHHHWX 3HaueHuit M cobcrBenHbX (ymkuuit oM. Ppesep, Jdynran, Koaxap [1],
ra. VI u VII (meron Ianepxuna). CM, Taxwe Koaaary 1], e



§ 6. Bwuucaenue cobemsennax 3Haverui 253

Toraa coOCTBeHHOE 3HaueHHe, MMelollee HAUMEHbLIYID aGCOJIOTHYIO Be/H-
uuHy, YIOBJIETBOpseT HepaBeHCTBY Kuesepa ([2], crtp. 237)

[A] < (Ap/A))%.

2. Muddepenuuanasubie cucTemsl Broporo nopsaka. Ouenka cBepxy
HAMMEHBIIEr> COGCTBEHHOT® BHAYeHHS] M CUEHKA pelleHHs B HeoJ-
HOPOIHOM ciydae. a) PaccmoTpum Teneph nuddepeHiHalbRyI0 CHCTEMY

dlx[“%]‘i““‘y=0, y(@=y(®)=0, (1

rie ¢ynxkunn 4’ (x), A(x) Henpépblsﬂbi Ha orpeske [a, 6], 6 (x) >0,
A(x)>0. Kak 6bia0 nmoxasawo B ra. V, § 4, n. 3, ,6“, nepsoe co6-
CTBEHHOE '3HAYEHHE 3TOH CHCTeMbI A, YNOBIETBOPSET HEPABEHCTBAM

0<A0<f6(g—fé>2dx/f.»4u2dx, )

rae u#(x)— mobas aGcomoTHO HenpepsiBHas GyHKuMA, oOpauaUIAACca
B HYJb B TOYKAX 4@ M b, npoussojHas OT KOTOPOH MHTerpHpyema BMecTe
CO CBOMM KBAJIpaTOM Ha oOTpeske [a, D].

6) Baxuble GOpMyb 1/ OLEHKH peLIeHHs CAMOCORPKEHHOTO JIMHEM -
HOro audepennuasbHOro ypasHenns yctaHoBaensl ITukone ([2], crp. 534).
Msbl  orpaHuunmcs J\OK33aTe/LCTBOM OJHOTO M3 6onee NpOCTHIX pe3yilb-
TaToB.

Paccmorpum zm(pd)epeﬂunanbﬂy}o cucTeMy
L&)+ a=r@ y@=s0 =0, @)

rze oyukuun 6 (x), 0’(x), A(x) yAOBAETBOPAIOT CHAE/NaHHBHIM B ,a“
npeanoJoxexnsM, a GyHkuus f (x) senpepsiBHa Ha otpeske [a, b]. Ilpen-
TMONOXKM €lle, YTO HauMeHbluee COOCTBEHHOE 3HaueHHe A, cucTeMbl (1)
6osbiie epunnuel. Toraa cucrema (3) MMeeT OJHO M TOJIbl(O OJIHO pelue-
Hue (ra. IV, § 6, n. 6, ,6% ra. V, § 3, n. 3, ,a%), KOTOpOE Mbl XOTHM
OLEHHUTD.

Ymuoman auddepenuuasHoe ypasHenue (3) Ha — ydx M HHTerpupys
oT a 1o b, nonyqaeM

—f dx[ de fA.V‘dx—-—ffydx

MHTel‘pPIp)’ﬂ fnepBoe cJaraemoe B JIeBOR 4acCTH NO 4acCTaM, MMeeM

fB(%)%x:fAﬁdx—ffydx
a a

a
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H, B CHJy HepaBeHCTBa (2),

b b ’

fe(%) i‘;fe(dx)dx_ffydx
b
[o@)e

C npyro#i cTopoHbl, ecan 0OO3HAUMTH uepe3 ¢ TOUKY OTpe3ka |&, O]
(a < ¢ < b), B xoTopoH ly(x)[ npuHUMaeT HanboJblliee 3HAUEHHE, NMEEM
no HepasenctBy ByHskosckoro )

y2<v>_(fdyd %) = [!V%(Vag_g)dx]kaf%af

144 aHaHOFHQHO

OTKYyZa

(4)

] (“%)2 dx

Criea0BaTEABHO,
fo(ggfos = fo(@2) ax [ or
>roll[ie] + /]

b b
fo (%)2dx>/ 4y‘3(c)/f%.

Ho Torza us nepaseHcTBa (4) nMeeM

4(max |y (x) |2 — 0—1f0(x)ffydx<

b
<(l7——a)A T [max | f|max |y (x)]] fi(-

W, HaKOHell,

max| y ()| <22 ; lfnfﬂ—”— ®)

HMrak, Mbl NOKa3aJu CIeIYOILYI0 TeopeMy: Hycmb dana Jugpgbeper -
yuasvnag cucmena (3), 8 rxomopoii Pywxyuu 4 (x), A(x), f(x) He-

- 1) Cm. duxrenroasy [1], 1. II, ctp. 601. — ITpum. nepes.
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npepuigiv. K@ ompeske [a, b], 6(x) >0, A(x) > 0; nycms, Kkpose mozo,
HauMeHbuLee COOCMBEHHOE 3HayeHue coomsemcmsyioujedi 00HOPOOHOM
cucmenms (1) npesocxodum edunuyy, mozda Oas peuwenus y(X) cu~ .
cmenvt (3) umeem mecmo oyenra (5).

3. Mezon Purtua ass npuGumieHHore pemenus Auddepenuuann-
HbIX ypaBHEHHWil BTOPCro mopsiAKa. B 9TOM myHKTe MBI M3JOXHM MeTOJ,
npubAMXKEHHOTo pemuenus PurTua '), HasbIBaeMblil TaKKe G@PUAYUOHHHIM
memodon Pumya.

PaccMoTpum nnddepeHunaibHy0 CHCTEMY BTOPOrO NOPAAKa

Ao -amy=r@y@=y0=0  ©

M TNpelnojioNKM, 4TO Ha BCeM oTpeske [a@, b] ¢yHkumn O (x), A(x),
f (x) HempepHIBHL K

6(x) >0, A(x)>0. @

[Ipu 3TMX MPEeAMONONEHHAX CHCTEMd HMeeT ONHO M TOJbKO ONHO pelie-
e (ra. IV, § 2, n. 4, ,64 ra. V, § 3, m. 3, ,a%),
[pn a < x b u mobuiXx y U y' NOJOKUM

F(x, y, y)="08y"4-Ay2}-2fy ®)

P=(a, 0), .Q=(, 0).

Pewenune y(x) ougpdbepenyuarsnoii cucmenst (1) onpedeasem ypas-
HeHue MUHUMAASHOU Kpusod 0as unmezpaia

¥ MyCTb

b
1= [F(x 3 y)adx ©

8 Kaacce 8cex ,00bikHoBennblx kpusvx (a L x <L b, y(x) abcomotHo
HenipepwiBHa, |y'|? wurerpupyema Ha otpeske [a, b], y{(a)=y(b) =0),
KORUbL KOMOpblx Aexcam 8 moukax P u Q. '

B camoM anese, /[y] sBAsseTcs PEryJjsipHO NMOJOKUTEbHBIM WHTErpa-
J0M 2), a, KpoMme TOro,

Fyryr Fyp—F s =44 > 0,

OTKyJa H chaepyer, 4to ¢yunkuus y(x) obisamaer TpeOyeMbIMM CBO#i-
creamu (Tomenmn [6], . II, crp. 319, 389, 392)..

Hanoxum Temepb MeTol PuTLa, OCHOBAaHHBIH HAa NMPHUMEHEHWH NPSAMBIX
MEeTO0B BAPHAILMOHHOTO HCYHMCJEHHs.

1) Cm. Pury [1], [2] ctp. 192—250. Cm. Takixe Ilukone [3]; H. M. Kpni-
408 [1]. OTHOCHTENLHO NPHBEJEGHHOIO B TeKCTe HokasaTeabcTsa cM. H. M. Kpbi-
a0 [1], crp. 12,

%) Fyrys =28 > 0. Cm. Tonenan [6], 1. I, ctp. 360.
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Nycts {4, (%)} —8samxHyTas Ha oTpeske [a, b] cucTeMa dyHKUUH,
npuyeM GYHKUMH ¢, (X) JHHEHHO HE3aBHCHMbI, HENpPEPHIBHHI BMECTE €O
CBOMMM TEPBHIMH NPOM3BOJHLIMH Ha OTpeske [a, b] M oOpawialoTcs B HYJb
B TOYKax @ u b :

Y@= (B)=0 (m=1,2,...).

IMpeanonoxkum, kpoMe TOro, uro Aas MoGoH GyHKUMH ¥ (X), HenpephiB-
HO#t BMecTe CcO Bcelt mepBoft mpoussomno# u oOpawaiouwelics B HyJb
B TOYKAX 4@ ¥ b, MOXHO npH MOOOM 1eJOM NOJNOXKHTENbHOM m HaHTH

TaKHe Yucaa agm), ag"), Ces ozgq’z"), 4TO '
lim I[Y,] =1yl : (10)
N —»00

rae NoNoKeHo
Yo = a{™p - almy . . -al,, 1),

Lrs 206020 yesr020 nOAOHCUMEABHOZO M Bbi0epesm my U3 AlHeli-
HblX KOMOuHayuli

Y (6) =0, () -+ oM, () - ... A+ al,, (%)

pyurgui O, (x), $o(x)s ..., $p(X), 0412 xomopoii unmezpas I[y,,)
npunuMaem Haumexvuiee 3Ha4eHus, 1 OOKAdxHcex, 4mo Ha ompeske [a, b]
nocaedosamensnocms Gynxguii v, (x) pasHomepro cxodumcs K y(x),

Jim Y ()= 3 (%), (11)

1) Tlo n3BeCTHbHIM pe3yJAbTaTaM Teopuu pagoB dypbe MOXKHO BHIGpaTh, Ha-
npumep, Y, (x¥) = sin [mr(x — a)/(b — a)], NONOXKHUB HAA KAXKAOrO LEJIOTO MOJO-
WHUTEALHOrO m (QyHKUHMIO Y, paBHOH m-H uacThHol cymme Peiiepa oy, pana dypoe
QYHKUUY Y (X) OTHOCUTEABHO CHCTEMBI { $y, (x) } (cM. I IL. Toncros [1], ctp. 204).
B camoM gxene, ¢yHkuma y{x) MMeerT HENPEPHIBHYI0 NPOU3BOAHYI H ¥ (a) =

=y () =0, a 103TOMY IIpH m — cO QYHKUHHU G, na:n CXOJATCA COOTBETCTBEHHO
K y (x) ¥ y’(x); KpoMe TOrO, IOCJEXOBATEAbHOCTH {0, } H {a:n} pPaBHOMEPHO
orpaHuueHs Ha orpeske [a, 8] (. I1. Toacros [1], cTp. 209).

MoxtHo BHIOPATH TAKHKE B CHCTEMY MHOTOUNEHOB ¢, (X) = (x — a) (x — b) x™
(m=0,1,...). B camoM nene, paccMOTPHM NOCHEI0BATENHHOCTH MHOTOULIEHOB

{ Py, (x) }, Takyo, uto { Pp, (x)} © {P;n {x)} pasHOMepHO cxOzATCA Ha [a, B]
K y(x)uy (x) scm., HanpuMep, 1. 4, ,6% 1)). Tak xax y(a) =y (b) =0, 10

lim Py (a)= lim P, (b)=0, a m0ITOMy NOCAENOBATEALHOCTH
m~—>c m—>0c0
Py (b)) — Py (a Py (8) — Py (a
{pm(x)_. L;__,__am_() (x_a_)__pm(a)}, {p;n(x)__._!’."_(__z__.%()}

PaBHOMEPHO CXOAATCA Ha [a, b] kK y (x) ¥ y’ (x), NpHYEM OYEBHAHO, UTO

P () —

Pu(e) =L@ =Pu@ (o) _p,(0) = (x—a) (x—5) Qs (2),

FAe Qu—g(x) — MHOTOUNEH (m — 2)-K cTemeHH.
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[Tonoxum
1 [Vl zlm
W 3aMSTHM, 4TO KOI(dHuMentH o™ (n=1, 2, ..., m) OLHOBHAYHO
OnpeleNAIOTCS CHCTEMOH ypaBHEeHHH

b
1 of ’
2 aa;:"n) = f [ey:n(‘pn + AquJn +fd{n] dx=0 (12)
a

(n=1, 2,..., m).

B camoM fnene, onpeienutelb 9TOH CHCTEMbl JMHEHHBIX YPaBHEHHH OTHO-
CHTE/IBHO HEM3BECTHBIX @™, a{™), ..., '™ paBes NMCKPHMMHAHTY MOAO-

KHUTEJIbHO onpeneneHHoﬁ KBaJJ.paTI/I'lHOﬁ (bopMH omocmeano NepeMeHHbIX
(7('3”) am) a(‘m)

f (032 - Ay, ) d.

HoxaxeM, ut0o nocsedosamessrocms {I,) yovisaem, a nocaredosa-
measnocms {Y,, (X)) pasnomepro cxodumcs Ha ompesie [a, b] u nomomuy
02PARULERA.

Mycts, B camom nene, A, A, ..., A% — mo6wie uncaa; ymmo-
xas pasencrsa (12) Ha Al ), CYMMHPYS IO 7 W moJaras

n
R N

w= Y, A%, (),
n=1

nosyyaem
b
[ 10,44, 1, fa,l de=0. (13)
a

Ecau noyoxurb

Nmen =Ymin—Yn [Ymin =ym+nm+n]

n 3amucath (13) mad wHAEKCA M —-7, TO NOJYHMTCS COOTHOLIEHHe
b

J Y a Oren = I A =P ) dx =0,

(22

OTKyna
b

b A _ :
- f [ey;rn-n (y;n{-n_‘y;n)_l_Aym-;-n (ym+n_ym)] dx = ffnm+ndx‘
a

a

17 3ax. 1072. Ox. Caucone



258 Ia. XI. Yucaennoé, epaguueckoé u méxanusieckoe péurenud

H MOTOMY

b

L=t = [0, — YDA, — 2 2Fn,, ) de =
Y
f (8 Wi — Iu) AR, — Vi dx —

—2 f [By;n+n (-y;n-i-n — y;n)",[_Amern (-ym+n— ym)] dx;
: v
D=l == [ W= YR+ A, — v, M dx. (14)
a

CrepoBatelbHO,
[m+n < jnr

Tax Kax nocirenosarenhocth {/,,} He BO3pAcCTaeT M OrpaHMyeHa CHH3Y,
10 cywecrsyer lim /,. Tlostomy nas moGoro e >0 Hafinercs Takoe
m

>0
nesoe MoJOXuTe bHOe uncao M, uto mpu m}M 1 JI00OM LieJOM HOJIO-
KUTEABHOM 7L MMEET MecTO HepasencTso [[,,4,—17, | <e; torma us (14)
ClenyeT HePaBeHCTBO

b
fﬂ(y;n+n—y;n)9dx<a (m>M, n=0,1,2, ...).
a

Ho no nepasenctBy Bynskosckoro!) umeem

b
Lvm—i—n ) ym(x),——lf(ymi—n ym)dx{ f‘ym-}-n mldx’
Umm( ) ym(x), (b_a)/,/ffy:ni-n_y:n de<
(f)—a)l’ll
Vminﬂ ‘/f (ymi-'n 1n)2dx’

a)'

,yln+n(x)—ym (x)i < m

e (m=M n=0,1,2,...).

Beuny npousBo/IbHOCTH ¢ OTCIOAA CAeAyeT PaBHOMEPHAs CXOAMMOCTb MOC/es
LoBaTeNbHOCTH {¥,,(X)] HA oTpeske [a, b].

) I'. M. duxrenroasy (1], v. II, ctp. 601. — ITpun. nepes.
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>

Ham ocranoch Juwb 1nokasath, yro lim y,, (x) ==y (x).
. M —>00

Hmeem
Iy} <1y <I1Y,l

0Ly, — 11 <11V, 1 — 11y,
lim I[y,]=1I[y. (15)
m—>co

NO3TOMY

u B cuay (10)

Tax kak ¢ynkums F(x, y, y') yHOBIETBOpPSET YC/OBHSIM TeOpeMEl
Tounennn?), 1o no o6oGuienHoit Teopeme Ocryna?) aas Jo6Oro MOA0HKHM-
TELHOTO YHC/AA Py MOXHO HAHTH TaKOe MOJOXHTEJbHOE YHCIO |, YTO

Iy @) —11y] >

ana moGok ,06LIKHOBEHHOR“ KpuBOH3) ¥ (x) [y (4) =y (b) = 0], x0T 6M1
OLHA TOYKA KOTOPOH JIeHT BHE pi-OKPeCTHOCTH KpuBo#t y =y (x). Ho
B cuily (15) MOXHO HaWTH TaKOE NOMOXUTENbHOE UEN0e UYHCAO Mgy, 4TO
npu m > m, nMeeM

a xpome Toro, Gynkuuu {y,, (x)} orpannyessi B COBOKymHOCTH: ITosTomy
NpH 7 2> m, DOMKHBl BHINOJHATBLCA HEPABEHCTBA

max |y, (x) —y )| <pp
aLxeLb
YeM M NOKa3aHO BHINOJHeHMe cooTHoweHus (11),

4. Meron H. M. KpsinoBa — Iukone — Mak-UBena wauMennimei
NOTEHUHANLHOH SHEPrHH NS NPHGINKEHHOro pemIeHMs JHHeHHbIX
RHpGepeHUHaLHBIX CHCTEM J1060re NOpAAKa. 3aKOHUMM STOT napa-
rpad M3JOXEHHEM TaK HA3bIBAEMOT'O MemoDad HaumeHvulell NOMexHyuaLb-
Hold aHepeuu, cospanHoro H. M. KpoiosbiM ¥ ITukone ans muddepen-
UMaJBHEIX CHCTEM BTODOFO NOPALKA ¥ PacnpocTpaHeHHOro Mak-VipeHom
Ha auddepennuasbHbie CHCTeMBl JIOGOTO MOpAAKa, DTOT METOZ HMeeT
GonbuiMe mMpeuMylecTBa € TOYKM 8peHM 3(M@PEKTHBHOrO BLIYMCJEHHS
peiuenutt 4),

Paccvotpum nuddepenunanchyo cuctemy, cocrosulyio us auddepen-
UMaNbHOTO YPaBHEHUs Mm-ro MopsiiKa

LO)=E Q@I Y 4 Q. y=R®, (16)

1) Toweamu [6], 1. II, crp. 282, teopema 1. Ilycrs min8 = 8, Ymuoxas,
€CiM 9TO Heo6x0AMMO, ypaBHeHue (6) Ha MOJIOXKHUTENABHOE UYHCJIO, MBI MOXEM
nobutsca, 4robn O 6;1310 60m:m2e 1. Ecan B obaactu A’ gmeem 12fy 1> M2,
10 F(x, v, y') 28y —M>y/" npu |y | >M B —1)"".

o Shomemmn 161, 11, erp. 3354,

3) Cm. onpenenenne ,00bIKHOBEHHOR® KpuBoit Ha cTp. 255, — [Tpum. ped.

4) Cm. H. M. Kpuuos {1], '[2], Tluxone [3], Max-Usen [1], [2]. B pabore
Mukone [3], cTp. 242, conepHHUTCH OMEHKA NOTPELIHOCTH STOrO MeToAa.

17*
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rae oynkuun Q;(x), ..., Q, (%), R(x) nenpepuiBunl Ha otpeske [a, by
um KPaeBbIX ycloBa# (o, B;—— MOCTOSHHEIE)

Us(y)= 2 (0D @By @B =, (D)
J=1
(i=1,2,..., m).

dynknun U, paccMarpuBaeMble Kak JuHeHHble (OPMBI  OTHOCHTEJBLHO
y@), y@), ..., ymD(a) y@) y®), ..., y™=1 (), nomxus.Ceite
JIMHERHO HE3aBUCHMEBIMH. ‘

TpennonoxuM eie, yT0 He CyllecTByeT TaKOro MHorouaeHa P, (x),
He PaBHOTO TOXAECTBEHHO Hymo, 4ro L(P,)=0, a Taxxe, YTO mpuBe-
neHHaa cuctema aas cucrembl (16), (17) mecoBmectsa (cM. ra. V, § 3,
m 3, ,a%).

IMpn cpenanHbixX npeﬂ,nonomeﬂnﬂx cucreMa (16), (17) nmeer onHo .M
TOALKO OO pemenue (ra. V, § 3, n. 3, ,2%), KOTOpOe Mbl M. XOTHM
NpHOIIKEHHO BHIYHCIMTD.

[Ipy HaWMX NPEAMONOKEHHAX HMEeT MECTO CJAENYIOLiad Teopema:

Bubepes marue yucaa

Fy Iy Toy ooy Iy Cpy Gy, ook, Cy,
ymo , .
r>1Lrn>1, >0 (i=1,2, ..., m),

u o06o3nawum uepe3 P, (x) mHrozousen n-fi cmeneuu, Komopuiii Mutu-
Musupyem supao;ceﬂae

e = 1@ —Re 43 +Y ey —mln a8
'] i=1

m. e. npeonoaoxcuk, 4mo P, (X) s8afemMcR AnnPOKCUMLDYIOULM
MHOZOMNCHOM cmenenu n Oas supadxcenus (18). Tozda pasnomepno
Ha ompeske [a, b] umeem coomnoumenuel)

lim |y® ) —PP(x)|=0 (=0, 1,:..., m—1),
>0 .

20e uepes y(x) 0003Ha4eHO peuserue augﬁgﬁepeuuuaﬂmoﬁ cucmenn
(16), (17).

a) JlokaxeM CcHayana, Y10 npu 410604 yeiox n >0 cymecmeyem
00UuK & MOABKO O0UH MHOZO4AeH cmenenn n (ANNPOKCHMUPYIOIMA MHOTO-
unen), munumuzupyouuii supaxcenue I(P,). 1okasaTensCTBO NpOBEAEM,
cnenys pabore Jxekcona [1].

B paGore Max-Visena [I1] sta TeOpema noKasaHa TMpH MeHee OrpaHHUH-
_TEALHOM RPEINOJOKEHHH, ut0 r >0, r; >0, onnako B 9TOM cayuae TepseTcd
€XHHCTBEHHOCTb MHOTOu/NeHa P,,.
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1) Bamernm cHauasa, UTO eciH @ (X), Py(X), ..., @, (X) ABAKOTCH
AUHEHHO HE3aBHCHMBIMHM (QYHKUMAMM C CYMMHDYEMBIM KBAaAPATOM Ha OTPE3Ke
[a, b] u ecam Ha [a, b]

o Doy ()t e (D=0 (19)

npuueM NouTH Beloay Ha [a, ] cnpasennuBo HepasencTBO | ¢ (X)| << M,
T0 HafileTcs TaKoe YHCao K, saBuCALIee TOMBKO OT GYHKINMA @), @5, ..., O,
u otpeska [a, b], uto

le, | <KM  (r=1,2,..., m). (20)
B camoM nene, us (19) nmeem
b b b b
clfcplcp,4x+. ..-}-c‘,fgoia’x-{-.. .——[—c,,f%(p,dx%fcpcp,dx 1)
a a a [

r=1,2 ..., .
Kpome Toro, ‘

b . _b .
]f?(x) @ (x)dx! <M f |2, (x) |dx.

Ho cucrema ypasnenu#t (21) aunefiHa OTHOCHTENBHO Cy, Cgy « .., Cpy
W ee ompejenuTelb paseH onpeneauteno Ipama G (o, 9y, « .., 9,) > 07).
MosTomy, pemas sty cucremy no npasuny Kpamepa, Mbl ¥ ApUAEM K He-
pasenctBam (20).

2) Jlerko y6einTsCsi B TOM, YTO IJISl MHOFOY/JGHOB CTEMEHH 1

P, (x) == co—tcyx—-cox?. . . J~cpxm,

YIOBNETBOPSAIOLINX HEPABEHCTBY
b
[lL@Y)—R@®Idx<M (> 1),
a

MOXHO HaltTH Takoe uwucao I, uro —ILep <l (=0, 1, 2, ..., n).
B camom neue, :

L (Py) = coo ()10, (). . . 0,00 (%)

Tle xawpaa wus QyHkuuf#t o©4(x), @,(x), ..., ©,(x) HenpepnBHa Ha
OTpeske [a@, ], TaKk Kax OHa Moxer ObTb MpeACTaBIeHAa KaK CyMMa
KOHeYyHOTO YHCAa ulIeHOB BUAa X'Q, (x) ¢ ueaniMu xo3dpduumentamu. IMo

1) Cw. M. M. Haraucon [2], ctp. 317—319. — [Tpus. nepes.
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nepaBencTBaM [eabiepa — Pucca u Munkosckoro?!)

Icofcpo(x)dx—{—clfzpl(x)dx—{—..'.+rnf<p,b(x)dx,<
b b ¢ 1

<[IL@dlas<e—af [ [1L@] dx] <

1

r—1 b
<@—a 7 {[1ILe)—R@)I+H RN )7

(b—a) v {[f]L(P,,)-R(x)[ dx] [f|R(x)| dx]%}<M

@X x
[Mostomy, ecin yHKuMu f o (x)dx, f o (x)dx, .. f @, (X)dx
NMHEHHO He3aBHCHMB Ha 0Tpesxe (a, b], T0 B cuay. 1) Bce qUCaa
Cos Cgs ooy Cp JNEKAT HA HEKOTOPOM OTpeaxe, [—4 1], obwem nas Bcex

pacCcMaTpUBaEMLIX MHOTOUWIEHOR,
x

lMokaxem, uT0 Mexay GyHKLUAMH f o, () dx, f P {x)dx, ...,

a
4

) f(p,, (x) dx He MOXeT CyulecTBOBaTb JHHEHHON 3aBUCHMOCTH. B npo-
a — ——— —_—
THBHOM Clyyae Mbl HauliM Obl TAKME YHCAA Cpy Cyy +« .5 Cp, XOTR Obl

OLHO M3 KOTOPHIX OTJHYHO OT HyJs, YTO A8 BCeX X W3 [a, b] umeno
6b MeCTO PaBeHCTBO

LTOfcpo(x)dx—{—?lfcpl(x)dx—i—..’. —{—Enf@”(x)dx:O,

Ho toraa 6uio 6b cy0,(x) 4 ¢0, ()4 ...+ €,0,(x) =0 u, cae-
IOBATE/LHO, CYLIeCTBOBAJ Gbl TaKOH He PaBHBI! TOXAECTBEHHO HY IO MHOTO-
uned P,(x) crenenu n, uro L(P,)=0, BOmpekH CHeNAHHOMY NPex-
T0JIOXEHHIO.

3) Mbl MOxeM Tenepb 10Ka3aTh CYLIECTBOBaHME MHOTOWIEHA, aNIPOK-
cumupyiowero /(P,). PaccMOTpHM COBOKYNHOCTh BCEX MHOFOYJEHOB P,
crenenu n, pas koropux I(P,) < M. Jlns 3THX MHOrOWIEHOB

b
[iLey—Rrax<m

1) Cm., nanpumep, I'. M. ®uxtenroasy {1}, c1p. 602. = [Tpur. nepes.
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¥ B culy 2) xospduumentel ¢y €y, ..., €, BCEX ITHX MHOI'QY/IECHOB.
3aKJIOUEHBl Ha HekOoTOpoM oTpeske [—/, []. Ho eciam nepemennsie
Cpp Cys +++s Cp HMBMEHSIOTCS Ha orpeske [—/, I}, 1o I(P,) sBaserca

nenpepeBHOA  dyHKUMEH OT 3TUX MepPeMeHHBIX, @ TOraa CyLIECTBYeT IO
KkpaliHe#t Mepe OnHAa CHCTeMa 3HAYCHMH ITHX NEpeMeHHbIX (T. €. MHOrO-
qned P,), Aaa xoropolt /(P,) nocturaet HauMeHbINEro 3HAYEHUS.

4) JloxaxeM, HAKOHEL, €NHHCTBEHHOCTb AMMPOKCHUMUPYIOIIErO MHOIO-
uynena. Ilycte, B camom gene, Haumenbuwiee 3Hauenue aast [ (P,) pasuo 7,

M OyCcTh IJs ABYX MHOTOUWIeHOB P, u P, uMeem

|

|

LP)—R) [ dx+ 3 C;|Uy(Pp) —hy,
i=1
(22)

l

b

1=
ab m -

v=[IL@)— R dx+ 3, € U Pp)— byl

o - i=1

IlokaxeM, uto Torma P, (x)= P, (x).
IMonaras _

P;;(JC) =-—————P"—5Pn ,

UMECEM
L(P)— R (x) = {IL(P,) — R(0)I-}-IL (P,) — R (x)1}/2,
Uy (Pn) — by = {[U; (Py) — ) -1U;(P,) — k512,
Tak kax npu m > 1 uMeeT MeCTO HEpPaBEHCTBO

m m m
yxlsz <1x1f “gile ,

npuyeM 3HAK PABEHCTBA MOXET HMeTb MeCTO JMlb B CJyyae, KOria
X =x,1), 10

P =R < 5 IILP)—R@ [ +]LE)— R0, |

1

‘ _ (23)
LU (Po) — 1| K 5 L Ui (Py) — Iy [T+ | U; (P — 1y |41, -

TpHyeM '3HAK DABEHCTBA MOXET HMETb MECTO JMIL B CAyuyae, KOPAA
L(P,)y=L(P,) (cootserctsento U, (P,)==U; (P,)).
W3 (23) u (22) umeem
b m
J1LPY—R@ [ dx+ B |V (P — k1< 7,

a
—

1) 310 HepaBeHCTBO BLIpakaer, uTO QYHKUMA |Xx|™ BOrHyra Keepxy mpu
m>1,
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HO Y f(BI€TCA HAWMeHbUIMM 3HauenweM nast /(P,), a mnostromy B noay~
YEHHOM COOTHOIIEHHH JOJDKEH CTOSTb 3HAK PAaBEHCTBA, YTO, MO JOKa3aHe
HOMY BhIllle, BJeYeT 32 COGOR TOMaecTBeRHOe pasenctso L (P,)== L (P,) Ha
BceM orpeske [a, b]. Ho torma L(P,—P,)=0 u, no caelaHHOMy
napeanoaoxenno, P, —P, =0.

6) Ipexne uem nokasuBarh CHOPMYIUPOBAHHYIO TEOPEMY, HATIOMHHM
HEKQTOpHE CeNCTBUS M3 TeopeMbl BeflepiuTpacca O BOSMOXKHOCTH PaBHO-
MepHOi annpokcuMauuu moGo#t HempePLIBHOR (pym(uvm € TOMOLIBIO MHOTO-
4/IeHOB.

1) Xopowo HM3BECTHO, UTQ eciu @YHKEUSL y(X) HenpepuisHa Ha om.-
peske [a, b] smecme co csoumu npoussodnsisu y' (x), y' (x), . ..,ym™ (x),
mo MOJNCHO Halimu nocredosamessHocms MHozownero8 {q,(x)}, o6ia-
0anwY0 CAeOYIOUUM CBOCMBOM: KAK0BO Obi Hu 0blao 4ucao ¢ >0,
Haiidemcs maxoe yeaoe wucAo ny, 4mo npu n >, K@ ompeske [a, b)
uMeom Mecmo Hepasencmsa

|y® () —q® (0)| <o (=0, 1, 2,..., m). (24).

B caMmom nene, Tak kak ¢ysxkuus y™ (x) menpepsiBHa Ha [@, b], TO
no teopeMe Befiepmrpacca. (cM. Y. [1. Harancon [2], crp. 19) MoxHO

HAaHTH NOCJIEL0BATENLHOCTH MHOTOU/IEHOB {q, (x)}, paBHOMEpHO CXOLSAWLYIOCS
K y™(x) na orpeske [a, b], korna n— oco. Ilostomy ans moGoro
n > 0 nafirercss ‘TaKoe vg, YTO NIPH 'V >V, CHPABELJUBO HEPABEHCTBO

[P —q,@[<m . a<x<h Vv,
Hmeer mecTo (bopmyna

Y@=z f (v— tm-tym e 1y (&) +
+E22y @+ . +"‘<,,,— ﬁ)l), YD (a).
I'lo.noxmm :
0 ()= f (x—Hm-ig, (ydt+y () +

+""{, Y @4 .. E I e ),

Torna g¢,(x) sBARETCA MHOTOWIEHOM CTeNeHH A=V -+ m > v, m,
npHyeM

| 99(0) — g0 () |< gy [ 12— ¢t | 30 () — 7, ()|t <

— g)i—Fk
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[TosTomy HepaBeHcTBa (24) BHLINOAHSAIOTCS, €C/H BbldpaTb ¥ TaK, YTOGH
7 (b — aym- "/(m—k)l 6b1710 MeHbwe ¢ npy k=0, 1,..., m. '
2) IlokaxeM, 4t0 ecau @dynxuyus y(X) Henpepwsia Ha ompesKe

la, b] smecme co ceoumn npozzseodubma do_m-z0 nopadxa sKAI04U-
MessHO U ecau

U (y)=h; (i=1,2,..., m,

mo MOJNCHO Hadmu maxy:o NOCAEIOBAMENBHOCS HHO20442HO08 {Pn ()},
n=2m—1, 2m, ..., cmenens Kax0020 u3-KOMOPHX PABHA €20 UH~-
oexcy, 4mo

Uslp =h; (=1, 2,..., m),
nputem Ha ompesxe [a, b] swnosnsiomces Hepasencmsa
|y® () —p ()| < (t=0,1,2 ..., m),

20e {e,} — cx008maacs K HYyA10 nocaedosamessHocms wuces

lim e, =0.
7n-» co

B camom nene, mycrs {q, (x)} —onpenesennas B 1) mocaenoBaTelNb-
HOCTb, ECIM MOJOXHUTD

max [|y(x)]—g,(¥)], |y *)—q,(x)] ...
ageLd ; .
, !y(m) (x)_.qg,m) (x) l] =0,

TO
lim o, =0.
N> 0

IMonaaras
g’t=hi—ui(qn) (i=1’ Qt--~) m)l
HMEeM ‘
& =1Ui(N—Ui(g) | =|Us 9 —g,) < Cyo,y (25)
' =1, 2,..., m),

riae uucao C; He 3aBHCHUT OT #,
HOCT&BHM B COOTBETCTBHE KaXIAOMY MHOTOWIeHY g, (X) MHOrodaeH
q(x) crenenn 2m—1, KOTOPHIH MBI ONpeNEAUM CJAELYIOUIMM OGDPa3OM.
Tax kak dopuet U, (q), Uy(q), ..., U, () nunelHs OTHOCHTEJLHO
nepeMeHHbIX

9@), ¢ (@), ..., ¢ (@) 40), ¢ O). ... g™ (b),
TO MOXHO HaliTn m auneRubix dopM Uy, (@), . .., U,, (9) oTHOCHTEIBHO
TeX jKe TMepeMeHHHX Tak, u4to6sl dopmb U,;(q), U, (q), ..., U,(q)

Une1@) ...s Upy(qg) Onnm amueHiHo, nesasucumel, Onpenemnm g (a)
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q (a, ..., gm-D (d); qg®), q"(b), ..., ¢m=1 (b) u3 cuCTEMb JUHEHHBIX
ypaBHeHUH

Ui@=2gu Us(@ =28 - Un(9)=2gmn
Unii (=0, Uniz(9)=0, ..., Upy(q)=0.
B cuny (25) cywecrsyer ‘Taxoe ynciao C,, He 3aBucsAlee OT A, UTO
1q¥@)| < Cyp,e [¢M )| < Cp,,  (B=0, 1,..., m—1).

Toraa muorounen ¢ (x), KOTOpPHIf Mbl CTPOHM, WUMeeT BUIL

1D=9@+* 72 g @+ ...+ g @+
(e — )™ (At Ay (6 —B) A .. - Agy_y (x — Byn-1],

rie uMcIa Ay A oo os Am_1 JHHEHHO BHIpaxalTcad uepes ¢ (a),
g (@, ..., gm- l)(a) q(b) q (b), . g™-1(b). CnenosatenbHo, Cyme-
CTBYeT TaKOe YMCJIO Cf He saBncgmee OT n, uto npu aLx<Lb
HMeeM

| ¢® (x)| < C's, (=0, 1,..., m—1).
Tonoxum '

Py (X) = ¢ (x) 4 q,, (x);

TOTAA p,,(X) SABJASETCH MHOTOY/JEHOM CTeneHH n > 2m — 1, yaoB/eTBO-
PAIOIEM KPaeBLIM - YCJIOBHSM

Uip)=Ui(qi+9=Ui(q)F+ Ui (@) =h;— g; g =1
(i=1,2, ..., m.

Kpome Toro, npu aLx b k=0,1,..., m
YE () — P (%) [ = | y®) (x) — ¢ (x) — ¢*) (0) | < .
L Iy® () — gP () |+ P (x) | < (14-C)) oy,

MTostomy, ecmn e, = max [y¥(x)—p®(x)| (=0, 1,..., m),
a<e<<h
TO

&, < (1 + C') oy nli_;noosn =0.

B) Hokaxem tenepb chopmynnpoBaHHyio Teopemy. Ilycts y (x) — pe-
wenune cucreMnl (16), (17) u {P, (x)} — MOC/Ie10BATE/IbHOCTD AMMPOKCH-
MUPYIOLUHX MHOTOWJIEHOB.

~ TMonoxum

F(x) =y (x)— py (%),
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rae {p,(x)} — nocrpoenHas B ,6“, 2), nocien0BaTeNbHOCTH MHOTOYJe-
HOB, COOTBeTCTBylomas peuwlenmo y(x). Pynxuus F (x) ynosiaerBopsieT
m yClIoBUaM

U;(F)=0 (i=1, 2,..., m), (26)
L(F)=Y(x), @27
10 F(x) ABAseTCS eNMHCTBEHHBIM pelllenueM cHcTeMbl (26), (27).

TMonoxuM eme
Pn (x) =Pp (x) + Ty (x),

Ui (Pp) = h; -+ U; (my,),
L(Pp)=L(p)+L(xy)=L(y)—L(F)+L(m,)=
=R(x)— Y (x) + L (ﬂn)'
[L(Pp) —R(x)|r=|L(x,)— Y]
HOSTOMy Ty, ABASEMCST MHO204YNCHOM cmenesu n, Muﬂu.uu;?upylou{uﬂ
suipascenue

U eC/ld NOJOXKHTHb

TOrAa

b m
Jlea@py—yV a2 e v

rae I, — o6wmuit MHOTOU/NEH CTENEHU H.
Mycte

b m
1= [ L) — Y[ dx4- B\ Ui )" @)

3aMeyast, UYTO HyJAb MOXHO pPacCMaTpHBaTh KaK YacTHHIX Cayyalht MHOro-
ynena n-# crenenu u uto U;(0) =0, nonyuaem
b b
1< [|Vlrde= [ |L(F)[rae=

4] a
m

b
= [ 1y = 9} + B 1" () — P ()1 .

Mostomy, ecan oGosnauuth uepes M nauGonbuiee 3uauenne |Q;(x)| Ha
la, o] =1, 2,..., m) u nonoxure H=(1+ Mm)"(b—a), 10

1< Hej, (29)

Tak kaxk Bce wieHs! B npaso#t uactu paseHcTBa (28) HeOTpUuATE/bHDE
U TNO3TOMY He MOFyT MpeB3OHTH ¥, TO

b b
fIL@y—rrde=[|L@m—F)rac<y,
a a

|Uim) | < GIC)T (=1, 2,..., m)
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w B cuny (29) ' :
b \
f}L(F—n_n)]rdx<He,’,,

p )

U (=) | < HICY 3% (=1, 2,..., m). ]

Ecau fonowuth
u(x)=F(x)—m,(x), L(a)=Z(x),
T0 QyHKuma u(x) ynosiersopser supdepenuuansHoil cucreme
L(w)=Z(x),
Ui (w)=—U;(x,) (t=1,2,..., m).

_ OGosuaumm uepes G(x, £) dysxkumo [pusa sto#t cuctems (ra. V,
§ 3, n. 2), a yepes G;(X)— pelleHre CHCTEMBI

L(y)=0,
Uy)=...=U;;()=0, U;(s))=1, Uppy (M= ... =Up(3)=0
(i=1,2,..., m.

Torpa (ra. V, § 3, n. 3, ,B%)
b m
wry= [ L6(x, HzOE—Y, 0 (%) Ui(x,)
a i=1

((=0,1,2 ..., i—1).

Tax kak dyuxunu | 0%G (x, £)/oxk|, |G (x)| (=0, 1, 2,..., m—1)
OTPaHHuYeHE! HA OTpeske [a, b], TO CyuwlecTByeT He 3aBHCAILEE OT 7' YHCJIO
H, Ttakoe, uto

b m
| <H[[12®1d+ 3| V(=] @1

(k=0,1,2, ..., m—1),

Ho no nepasenctBy @'eabaepa — Pucca nmeem
: b 1/r
f |Z (€)|d6<(b—a)<r—1>/r[ f | Z ¢) I’dE] .
a @

Mostomy u3 (31) u (30) caenyer, uto npu a L x < b

| u® ()| < ﬁ — a)(r—l) THe, 4 2 (HIC; )l/r‘ i)
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Mbl MoXeM cuuTath, 4TO &, < 1. OO6o03Hauas Torza uepes3 S INOJIOXH-

TeJbHOE HMCNO, MeHbllee, veM 1, r/ry, rjry, ..., rjr,, uMeeM mpu
aLx<h

|6 )| < H'ey (=0, 1, 2, ..., m—1), 32)
rae v ' |

H ' =H(®—a)" VH" 3 @cy.
Haxoxeu, =
(%) = F (%) — 7, (£) = Y (%) — [Py (%) + 7, ()] = y (x) — P, (%),
n u3 (32) caepyer, uro _
|y® () — PP (x) | < H'ely (=0, 1,2, ..., m—1)

AJs BCeX 3HaueHWH x u3 orpeska [a@, b]. Teopema mokasawa.

§ 6. I'padmueckce pemenne auddepenuransHEIX ypaBHEHHH

1. Metop wsckauH. MHTerpaibHble JdHHM. [IpoMSBOMHBIE JHHHH.
Unpuxatpuacel. a) Ilposemewnse B ra. I, § 6, m. 1, ,a“ u ,6%, reo-
METPUYECKHe HMCCAeNOBaHus ypapuenus y' =f(x, y) u cucremn 3y =
=f(x; y, 2), & =g(x; y, z) UPHBOAAT KAK K UHCJEHHLIM METONAM
pelleHus, HBJIOXKEHHHIM B § 2 M 4 9TOR rJaasbl, TaK W K rpadHyecKoMy
METONy PpelleHHsl ypaBHeHu# MEpBOTO MOPFAKA, K HBJIOKEHHIO KOTOPOro
MBI Tepexonum 1), :
6) Ilycth nano ypasHesue (cM. ria IX, § 2)

; p)= —y
Fx, yi p)=0, p=7. M
Paccmmpvim»cemeﬁcmo JIMHUH, 33a]aHHOE ypaBHEHHeM
Fx, y; ¢)=0,

rae ¢~—napamerp. Kpusas cemefictea I',, cooTBeTCTBYIOUIAs 3HAYEHHIO
napamMeTpa ¢, MOXET PacCMaTPHBATLC KAK FeOMeTPHYECKOe MeCTO TOYeK,
B KOTOPHIX WMHTErpaibHble KpHBHE ypaBHenus (1) HMEIOT ONMH M TOT Xe
HaKJOH dy/dx =c¢ k ocu x (dur, 21). MueiMu ciaoBamu, BCe AHHEHHHE
SJeMeHTHl, COOTBETCTBYIOlIUME TOYKaM Kpuso# I', U ynosjeTBopsiolixe
ypashennio (1), MMEOT OAHO M TO e HampaBienue, [To sroft nmpuuune
KpHBbIE HABHIBAIOTCA #30KAuUHAML (NMHUIMU PABHOrO HAKJOHA),

1) Y. Bepuyanu [1] u JI. Dinep [4] mepBbiME NMPAMEHANH FeoMeTPHYECKHE
MeTOAR AJafA peileRHs AHQ¢epeHUHaTbHbIX ypaBHeHnHd, DBonee coBpeMeHHbe
MeTonnl cBA3aHbl ¢ oOmumH paccmotpenusmn Jlu (Jlu u leddepe [1], crp. 188
1 cneld.), KOTOpHIit yKasald, uTo pemenue ypaBHeuus f (X, ¥, y/) = 0 9KBHBaAEHTHO
HAXOMJEHHIO HAa MNOBEpPXHOCTH f(x, y, p) =0 audHil, OmpefensieMblx ypasHe-
HueM dy — pdx =0 (cM. . [ ,B*). )

. OtnocutenbHO GuGauorpaduu cm. Kaccunm (1], ra. X, crp. 350—409, Hdsou-
Aapapu {1], Pynre u Buaxepc [1]), Buanepc [1], cTp. 295 u ci.
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[Tpennonoxum, YTo Ha MJIOCKOCTH NPOBeAeHs! H3OKANHL I'e, T, ..., e, »
COOTBETCTBYIOLIME BO3PACTAIOLIE! TMOCAENOBATENALHOCTH Cyy Cgy +vvy Cp
3HaueHu# mnapaMerpa c¢. [Mas rpaduyeckoro MnOCTpPoOeHHs HHTErpaibHOH
KpuBo# y==y(x) ypasuenus (l), yAROBIETBOpsIOIlE! HAYAJLHOMY YCJO-
BHIO y(Xy) = y,, NMPELNOJOKUM, YTO H30KAMHA I';, MPOXOIMT yepes TOuKy
(x4, ¥ [F(xy, ;5 ¢,)==0]. PaccMorpum torna JauHeHHbIH 3aeMeHT
(x4 Yy €4), BuIXOnAWME M3 TOUKU (Xy, V;), W 0003HAUNM 4Yepe3 (X,, V)
TOUKYy Tepeceuenus 3TOro djemenra ¢ ILg,; nycrs, nazee, (x3, yg)

A

Ry

SBISETCS TOUKOH repeceueHns JnHeHHoro sieMeHTa (Xo, Vo Co) C I'gy;
(x,, y,)— TOuKOH nNepeceueHus AMHEHHOrO d/eMeHTa (Xg, Vs, Cg) € L,
u T. A. (¢ur. 21). OruGamowas JHHEHHBIX 3JeMeHTOB (X, Y5 €y),
(X9, Va5 €5)y (X3 Y3i €3), - .. MONET PACCMATPHBATLCA KAK MPHO/HMKEH-
HOe u300paxeHHe WCKOMOM uHTerpanbHo# kpusoit. Ma rteopembl Kowmn—
JiMmunna ciepyer, YTO €c/M OrPAaHHUYMTBCH PACCMOTPEHHEM YpPaBHEHHH
Y =f(x, y) u ecan BHINOIHAOTCS YCJIOBUS, YKasauHoie B T I, § 6,
TO MOJIyYeHHas Kpusas OyneT XOpOIIMM NPHOJMKEHHEM ISl MHTErpalb-
HO# KPMBOR, yNOBJETBOPSIOLLE# HAuaNbHOMY YCJOBHIO Y (Xy)=y,.

[Tycts, nanpuMep, TpeGyercsi pewnTb ypaBHeHue y' = xy. M3okau-
HaMH JJ18 9TOro ypaBHeHusl Oyayi PaBHOCTOPOHHHME TUNepOOMBl XY = C,,
4 ypaBHEHWE WHTErpaibHHIX KPHBBIX HMeeT BuL ¥ ==ce®’, Jlerko mpo-
BECTH W3OKJMHBI, COOTBETCTBYIOLME 3HAauYeHuaM c¢=a/4, a=1, 2, 3, 4,
5, 6, 7, 8, nociae uero HeTPyAHO NPOBECTH COOTBETCTBYIOLIWE WHTe-
TpajbHble KpHMBble C MOMOIUbIO OMHMCAHHOrO Bhillle MeTona.

B) IlocTpoeHne MHTerpa/ibHHIX KPHBHIX MOXeT ObiTh OGJErueHO C MO-
MOUIbIO CeAYIOUIMX 3aMeyaHuit. PaccMOTPUM MOBEPXHOCTH X, 331aBaeMylr
ypasuenuem F(x, y; z)=0, u GyseM u300paxarh JHHUH, NPOBEJEHHbIE
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Ha 9TOH NMOBEPXHOCTH, C NMOMOLIbIO Metona Momkal). B kauectse ropu-
30HTAJbHOM IJIOCKOCTH mnpoekiuil BbibepeM maOCKOCTb (X, y), B Kaue-
¢TBE BEPTHKAJbHOM — MJIOCKOCTb (X, 2) M B KayecTBe OCH NpOeKUu# —
oCb X; NYyCTb HAYan0 KOOPIMHAT Hao6Gpaxaercs Ha 3nwpe Toukoi O

(dur. 22). .

Jlanwu F (x, y; ¢)=0 sBasiorcs JMHUAMU YPOBHA STOH nonepxuocm

O6o3HaunM GoorsercTBeHHO yepesd I, T, .. ., Tepsovnm I‘c,, | VI
7 -

T¢,s ... FOPUBOHTAZbHbIE M BEPTHKA/bHBlE NPOEKUUHM STUX JMHHH, COOT-

BETCTBYIOUHE BHAUCHHAM Cy, Cgy +. vy Cpy o ... DBEPTHKAJbHBIE HPOEKLUH
2 K

Ky

dur. 22,
ABJASIOTCS NpPAMBIMU, [4APANIeJBHBIME OCH TPOEKUMI M OTCTOSUIMMH OT
Hee Ha PACCTOSAHMH €y, Cyy ..., Cp, ... COOTBETCTBEHHO, B TO BpEMS
Kak ropusoHtasbHpie npoekuun I'e, T, ..., I‘c y + .. SABJISIOTCS %30-

KAUHGMI JAHHOTO yDPaBHEHHS.

“Ias toro 4roOBl MOMYYHTDH HanpaBneHue JHHERHBIX 3JIEMEHTOB, BLIXO-
Ifwux us Touek kpusoit I',, mocTynum CJIEllleUJ,HM 06pasoM: 06O3HAYMM
yepe3 M TOUKY mepeceveHus T npamoft T. ¢ ocbio 2 u yepea U — Touky

OCH MpOeKUU#t, TaKyl0, YTO OU = 1; roraa otpeaok UM umeer uckomoe
HanpasJ/eHue,

1) Cm. H. A, [narozes [1], crp. 7584, — ITpun. nepes.
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9T0 no3BoJAseT Temeph JErKO NOCTPOHTh WHTETPAIbHYI0 KPUBYID
_ypasHenns (1), BEIXOASLUYIO M3 TOUKH (xl, Y1)- Ilyctb Touka (x4, y,)=P,
NpHHANJMEXHT KpuBO# I'p, M mycTb Pc — COOTBETCTRYIOMas eft Touka Ha
Bepmxanbuoﬂ MJAOCKOCTH; TOYKA Pc JIeKHT Ha TpAMoft I‘c , H OTpe3oK
Pe Pc, MepreHuKy Ispes ocH npoexuu#t. OGosHauum uepes M; TOuKy
nepeceyeHys npaMoH I‘,,.‘ C OCbI0 2 M TMOCTPOHM OTPe3OK Py P, mapan-
nenbHbeIft - otpeaky UM, komeu P,, KOTOpPOro J1exuT Ha KpuBo# I,
'0603HauMM uepes M, TOuKy nepeceueHHs NpsAMOH I‘é, € OCbIO 2 M NOCTPOHM
0Tpe3ok Py P, , mapaiieavhbifi - otpeaky UM,, KoHen P, xoroporo
aexur Ha kpuso#t I, w 1. n. Ilpomonmxas nanee Takum ke 06pasoM,
MBI TIO/IYYUM MHOFOYTOJbHAK

Ppcspcsn.opc”..-,

Ha3LIBAEMEI ] uumezpa.abubm .MHOZO))ZO/lellICOM JaHHOTO YpaBHEHHS.
MHO[‘OYI‘OJIBHP!K, BEPUIKHAMH KOTOPOIo SABJAIOTCA COOTBETCTBYIOLIHE

TOYKH
’

7 7 /
cLPcapc:,...pc oo

n

Ha BEPTHKAAbHOW IUIOCKOCTH, HA3LIBAETCS NPOU3BOOKLLM MHOZ0Y20AbHIE-~
Kox. Ecmm y = y(x) asasercs pewenneM ypasuenus (I), ynosiersopsio-
UM ycaosu0 y{(x;)=y,, TO NPOHU3BOAHBHIA MHOTOYTOJbHHK MPUGIH-
EHHO U300paxaeT KDHBYIO, HMEIOLIYI) ypaBHEHHE

z=y'(x),

WM, KaK roOBOPAT, npous3sodnyio Kpusyio.
MHOroyrofibHMKH ¢ BepPUIHHAMH B TOuYKaXx

Po P, ... P, ...
PoPe.. P, ...

ABAAIOTCA COOTBETCTBEHHO TI'OPU3OHTAJNLHON M BEPTHKAJBHOM mNpOeKiUMIMH
JEKALEr0o Ha NOBEPXHOCTH E,MHOFOYl‘OﬂbHHKa (B0061.Lle rosopst, HemJo-
CKOI0), HA3LIBAEMOFO UHOUKAMPUCHBM MHO20YZOALHUKOM,

WHaMKATPHCHBI MHOTOYTOMILHHK NPUOMKEHHO COBMAndeT ¢ KPUBOH,
NpOBEACHHON HA MOBEPXHOCTH X

‘ S F(x, y; 2)==0, @)
BAOJIbL KOTOPOH yOOBAETBOPSETCS ypaBHeHne
dy—z2dx =0. 3)

Takas kpupas HaswiBaeTCs UHOUKAMPUCOH.
CBfi3b MexIy MHTErpaJbHLIMK KPHBBIMH ypaBHenus (1) W JexaiuuMu
Ha TNOBEPXHOCTM (2) KPHUBBIMH, BIOJb KOTOPHIX BbINOJNHACTCH YpaBHe-
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nne (3) (MHAMKATpHcamu), paccmatpuBaiack B paborax Jlu (Jlu, Iled-
depc [1], cM. Takxke Macco [1]).

2. TeomerpHueckoe HCTOJIKOBaHME P-NUCKPUMHHAHTHON KpHBOH.
YKa3aHHas BbllUE CBASb MHTErpafbHLIX KPHBHIX C HHAMKATPHCAMH MO3BO-
AseT JaTbh TIeOMETPUYECKOe HCTONKOBAaHME H3JaOokeHHOH B ra. IX, § 2,
n. 3, TEOPHH pP-IHCKPUMMHAHTHOH KDHBOH ypaBHeHus

F(x, y; 2)=0 [p=z=j—ﬂ. (1

Mbl onpenensyn  p-NMCKPUMHHAHTHYIO KDHMBYIO % KaK COBOKYIHOCTb
T04eK (X, ¥), YAOBJETBOPSIOLIMX YDPABHEHHIO, MOJAYyYaEMOMY HCKJIOYE-
HHEM & M3 ypaBHEHH#

F(x, y; 2)=0, F,(x, y; 2)=0.

Ecan Brom « BemoaHsores ycaosus F,--zF, +0, F,+0, 10 §
ABNSETCA TeOMETPHYECKHMM MeCTOM TOYEeK BO3BpaTa WHTErpaibHHIX KpH-
Boix ypasuenus (I) (ra. IX, § 2, n. 3 ,6%). Jlasa reomeTpHyeckoro
VICTOJIKOBAHHA STOrO pesay/bTara 3aMeTHM, YTO yciaoBue F,= 0 osHauaer
napamnenbHocTh maockoctH I, kacaouelica nosepxuoct 5 F (x, y; 2)=0
B Touke (x, y; 2) M OCH 2; ycJoBue xe F +zF = (0 3KBHMBAJEHTHO
TOMYy, 4TO naockocTh II He coBmamaet ¢ Bepmxanbﬂoﬁ miaockocTbio I,
MMEIOUIER ypaBHEHHE
Y—y=2(X—x),

Clel, KOTOpOH HAa TOPH3OHTAJbHOH IJIOCKOCTH SIBJASETCA KacaTeJbHOH
K WHTerpaidbHo#t KpuBoH ypaBHenus (1), BuXOadue# U3 TOUKH
(x, y)=P. Tlpamas r nepeceuenns maockoctefi II u I’ mepnennuky-
JspHa naockoctd (X, y) M Kacaerca mHaukatpucs. IlostoMy ropusoH-
TaJbHO# npoekuuel npamo# r asaserca Touka P. M3 sroro obcrosTelnb-
CTBAa JIETKO BLIBECTH, YTO MpPOXOAsllas ueped TOuky P MHTerpaibHas
KpuBas uWMeeT B HeH Touky Boaspara. Kpome TOro, Kpusas ¥
ABASEMCS 4ACMBI0 KOHMYPA NPOEKyul NOGePXHOCMU Y, HA 20pU30H-
MaAsHyo nAoCKOCms. BepTHKaJbHas NPOEKUHs COOTBETCTBYIOWER KpHu-
BOH, sexallell Ha MOBEPXHOCTH X, SBJAAETCH B CUily yciaosus F,-zFy,+0
reoMeTpUYecKHM MECTOM TOueK, B KOTOPHIX MPOM3BOLHLIE KPHBHE HMeloT
BeanKaanme KacarelbHble.

3. TocTpceHme reoMeTpHUECKOr0 MecTa TOUEK KAacaHHA WHTe-
FPajbHLIX KPHBHIX. HETpyAHO YCTaHOBUTL CBOHCTBA 2€0.MeMPU4eCcK0zO
Mecma mouex Kacanus unmeepaastvx xpussx (ra. 1X, § 2, n. 8).

ITycrb L — reomeTpuyeckoe MeCTO TOYEK IMOBEPXHOCTH Y, B KOTOPHX
Kacare/bHas K COOTBeTCTBYIOUIEH MHAMKATpHCe TrOpuaoHTaJbHa. OG0~
3HauuM uyeped / U I’ rOPM3OHTANBLHYI0O M BepPTHKAJBHYIO MPOEKIMH  KpH-
Bo L (¢ur. 23). Bnoab I umeem 2’ =0, a mostoMy y"'=2'=0.
Crenosarenvto, xpusas | A845€MCR 2L0MEMPULECKUM MECMOM MO4YEK

18 3ax. 1072. Ox. Cancone
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KACAKUSA UHMELPAALKbLX Kpusslx (2 KpUBas I’ — reoMeTpHYECKUM MeCTOM.
MaKCHMMYMOB M MHHHMYMOB HHTerpajibHbIX KPHBBIX).

[Moctpoenne kpuBo# [ MoxeT OLITh 00JeryeHo € MOMOWIBIO CJaeAylo-
umx paccmorpennt. I[Tycth Touka PO jsexur Ha L; KacaTeabHas K MHAM-
KaTpUce, Npoxoxsiedt uepes Touky PO, ropHsoHTanbHa H, CJefOBa-
Te/IbHO, KacaeTcs JuHHM yposHa I' moBepxHocTH ¥, mpoxopsiuedl yepea

zA

\
\y ’ {
\y l/j

]
—~ A

[~ =
=

o
-
-~
.
o
-
=

|
i
}
i
|
i
i
T
|
|
|
a'
|
i
|
|
i
|
|
I
|
I
|
|

Yy Ie
dur, 23.

Touky PO, Orciona crepyer, uro ecau I', u P, ABASIOTCS COOTBET-
CTBEHHO TOPM3OHTANbHBIMU mpoekuuamMu aas ' u PO, 1o yraoso# ko3d-
buuuenT KkacatelbHOH -k kpuso# I', B Touke P, paBeH 3uaueHwio z nJ
Toukn P, 3r0 3aMeuaHue NpPHUMEHSETCA CJELYIOUWMM 0GPa3OM 15
nocrpoenust kpupo#t [ Ilycts U-—Touka ocm mpoekumi, Takas, uTto
OU =1 -(OTHOCHTe/IbHO 06O3HAYEHRH CM. T 1), u M,— Touxka mepece-
venns T ¢ ocblo 2. P, sBasercs To#t Touko# kpusoit I',, B KoTOpO#
KacaTeJibHasi K 3TOH KpuBoit mapaiviensha orpeaky UM,. CoBOKynHOCTH
BCEX TOYeK P, M COCTAaBASET MCKOMYIO JHHHMIO [ (cm, cpur 23). (H. Bep-
nyanu 11, crp. 436.)
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OTMeTHM, YTO NMpPH TIpapUyecKoM MOCTPOEHHH HHTErPaJbHBIX KPHBHIX
Mo yKasaHHoMy B n. 1 Mmeropy cJaenyer uaberath BHIGOpPa B KauecTse
HayaJbHBIX TOYEK TOYeK KACAHUA MHTerpPajbHBIX KpPHBBIX, T. €. TOYeK
KpHBO# /, TAK KAK 3TO CHHXKAET TOUHOCTb MOCTPOEHHUS.

4. Meron crubaromux. OnuueM Apyrof#t cnoco6 rpadpuueckoro peue
HUSl ypaBHEHHH TNEPBOro NOpsAKa :

Y =f(x, )

Ha3blBAEMbIl Memodom ozubanuux (WM MemooOM AY4essx Kpugsx).
BriGepeM mnpamyo 7, napajjieibHyl0 ocd y, abcuicca Bcex TOouek
KOTOPO# paBHa X,, ¥ PaccMOTpuM orubaiouiyo [') npambix, MPOXOASLIMX

T3 L

]

S3
i
!
}
|
|
B.

AKCi

/
/
/

T S—— Y

/

~N
N
&
;S

RY

|
!
|
|
t
1
1
I
l
[
t4 /I/ :
|
o
i
1
l
1
|
Il
1
!
I
i

‘lepe3  TOUKH (Xxj, y) mpaAMo#t ry C yrJoBhM Koddduuwuentom f (x,, y)
(pur. 24). YpaBHenue TaKHX MNPAMBIX MMEeT BHI

Y—y=(X—xp)f (x5 5) ®)

4 ypasHenue orubawueft Iy MoJAyyaeTca HCK/MOUYEHHEM ) M3 ypaBHe-
Hust (5) v ypaBHeHus

—1=X—xy)f, (*0 ¥).
18+
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Hosromy koopaunatst (X, Y) Tekyiuett TOuKHM KpHBO# T, BLpaxaioTcs
dbopmyamu
Y=y— f (%, ) (6)

X=x— 7 G

1
fy (x(b y) ’

Nycts ry, ryy ry, rg 1y .+ .. — NOCAENOBATENBHOCTb PABHOOTCTOALIMX
npAMBIX, napamneabhbix ocu y, Iy, Iy, Ty, Ty, Ty, ... — cootBercTByIO-
e UM Orubaioume W Sy Sy, So» Sz, Sy .+ .. -— NPAMBE, AesLIMe MOMO-
A8M TOJOCH  I'yFy, IyTos Tolgs Fglys - .-

Ilnst reoMeTpRYecKOrO MOCTPOEHHS HHTErpanbHON KPHBOH ypase-
uua (1), Boixomsime# us TOuKM A, mpsMoft r,, npoBeAeM M3 TOUKH A,

KacatesbHylo £, K xpuso# I'y u oGosHaunm uyepes A B, orpesok Kaca-
TENBHOR [, JeKalui B NMONOCe 7S, M8 TOUKH B, nposeieM KacaTenb-
nyio k Iy u oBosnaunm uepes B B; o0Tpesok KacaTeibHOH f,, newautuft
B TONIOCE §(S;; AHANONHYHO, BB, SBJSETCA J€KAWMM B MOJAOCE S,Sq
OTPE3KOM KacaTe/sibHO# f,, npoBeneHHOH W3 Toukn B, k Kpuso# I, u
TaK Janee.

Muoroyroabuuk co croposamu AyB,, BB, B;B,, ByB;, ... npu-
GavKeHHO M306paxaer rpaguueckn HMCKOMYIO MHTErpaibHyl0 KpPUBYIO.
Ecan HaM Hy)Ha JHIIb YaCTb HHTETPAJbHOM KpHUBOM, Jexalias B noJoce,
OrPaHWYEHHOH HPAMBIMH r, M r,, TO B KayecTBe NOC/JeNHEH CTOPOHH
MHOTOYTOJIbHHKA GEepyT OTPe30OK KaCaTeNbHOH f,, Jexauwid B mosoce
Sy 1y (cM. dur. 24).

5. I'paduyeckoe pemwenne ypaBHeHHii BTOPOro NopsaKa Mo MeTOLY
paanyca kpuBusHbl. [lepeitnem Tenepb K M3NOXeEHHIO MeToAa rpaduue-
CKOTrO pellleHHs ypaBHEHHH BTOPOro Nopsika € NMOMOLIbIO PajHyCa KpH-
BUBHB(, KOTOpbi}i Obla mpennoxen KeabBunom [1].

PaccmMOTpuUM ypaBHeHMe BTOPOro nopsaaxa

Y'=f(x, 9, ¥) ' 0

rae ans Gynkumu f(x, y, y') BHIOOMHSIOTCS YCAOBHA, OGecreuyuBaiOLie
CYLIECTBOBAHKE B HEKOTOPOH OKPECTHOCTH TOYKH X, HHTerpanbHoOM KpH-
Bo#l 't y = y(x), KOTOpasi yLOB/ETBOPHET HAYAJBHBLIM JAHHEIM

Y (X9 =Yp y'(x0)=y(',. 8)
Kpususua 1/p xpusoit I' B TOouke (x, y (x)) pasHa
Up=y"I(1 4y

(p— paduyc xpususne). Eciu 0603HauuTh yepes & 3aK/OUEHHBIH MEXLY
—m®/2 W w/2 yroa, o0pasosaHHmi#t KacareabHOM K kpuso#t I' B Touke
(%, ¥(x)) ¢ NONOKUTE/NbHHIM HATPABJAEHHEM OCH X, TO

Yp=f(x, ¥; tga)|cos®al, )]
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npuueM P TMOJOXHTENbHO WJM OTPHUATEJbHO B 3aBUCHMOCTH OT TOTO,
HanpaB/eHa BBEPX WJM BHU3 BOrHyTOCTb Kpupo# I

Ilas rpaduyeckoro noctpoenns Kpupo# I BosbMeM Ha MJIOCKOCTH
(x, ¥) TO‘{KY A, ¢ xoopaunatamu (X,, ¥,) ¥ NpOBeleM uepes TOYKYy A,
npaMyIo ¢, oﬁpasytomylo C MOMOXUTEJLHLIM HANpaBJeHHEM OCH X TaKOH

yroa dg, ‘{TO tgla, = yo (dur. 25).--

/o\

dur, 25

Ilycts Touka C, neXuT Ha mNepreHiMKyAspe K npaMolt £, npose-
IeHHON uepes A, u nycThb
1
AC,=p, = :
070 = Po = 7, 3o, g o) [ cos o |’
— .
npuyeM yroa Mexay BekTOpoM A;Cy, M MONOKHTE/bHLIM HANPaBJeHHEM

oct y ocrpuift, ecam f (x,, yo, tg a) > 0, u Tyno#h, ecan

f(xg yo tgo) <O (dur. 25).
Hs Touku C,, Kak U3 uUEHTPa, MPOBEAEM LOCTATOYHO MAJYI0 AYry

OKpyxHOCTH ~ A A, pamuyca CyA,. ITlyctb uentpanbHeifi yron sTo#t
Ayru paBex f; Torza kacarteibHas K STOH Ayre, NpoBeleHHas B TOYke A,,
o0pasyeT C MOMOXHTENbHBIM HarnpaBaeHueM ocH x yroa a,—f. [lycts

A=y 3, o =F (5 Yy 18 @+ 0) | cosP (zg+0)]-

BosbmeM Ha panmyce m Touky C,, OTCTOSILYI0 HAa paccTOsHHe P, OT
Cepefunbl m, nyrd ~ AjA;, 1 NOCTPOUM TAKYIO AYTY OKPYKHOCTH — m, A,
¢ uenrpom B C, paniyca p, 410 A, C Ay =1, ‘

Ecin Touka Aj nepeceyenys STOH ayTH C C,A, oAy ROCTATOUHO Gau3Ka
K A ¥ ecln m,— cepefuHa LyTH vAlAQ, TO Ayra - m,m, npubJu-
KEHHQ CQBMajdeT C MHTErpaJbHOH KPHBOH; B MPOTHBHOM Cayuyae, MOCTY-
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* k23
nast ¢ TOUKOM A; TaK ke, KaK paHee ¢ TOYKOH A;, CTPOAT TOUKy A,

W paccMaTpuBaiT mapy Touek (Aj, Ay) H TaK najee, 10 Tex nop, noka
He TONYYMTCA napa, COCTOoAas M3 JOCTATOUHO GJM3KUX TOYEK.

[lpeanoinioxum, Hanpumep, uTo TOUKM A, H A} NOCTATOUHO G.aMSKH,
KaK 370 M300pakeHO Ha ueprexe. Torna moBTOPSIOT LIS TOYKM A, TO
XKe MOCTPOEHHE, KOTOPOE OHIO MPOBENEHO BhIE I/ TOUKM Ay, ¥ TaK
hanee. Kpusas, cocraBnennas M3 Iyr — A, “~ mMm,, ... , MOXeET
paccMaTpmBaThCs KAk npn6.rm>i<eHH0e rpaduueckoe H300paXieHHe HHTE-
rpanpHoft xpusos I,

6. Meton rpaduyeckoro pemreHds OpPH NOMOIMKM NpPe3payHoid
G6ymaru. Henasno Beau u Comepsuian [1] npemnoxuin Meron rpaduue-
CKOrO pelIeHHsl, OCHOBAHHBIH Ha HCMOJbL3OBAHMM NPO3PauHOH OGymaru

yh M7 :
|
1 |
- L ON\g=r@
x| f
’ | |
4 i [
e | !
/ | !
/ I !
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'/// Yo { :
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Mbl u3n0XKUM 3TOT VMeTOJ.l JUIIb 1J4 qatmoro cayuast ypaBHEHHﬁ BUa
(y) =ty =fx), (10)

HO MeTOA MOXeT OBITb PAacnpocTpaHeH M Ha ypaBHEHHs TvNa
(]
W dk
V B () 2 —f (), N W) I —f ().
k=1

IToxaxem, Kak NOCTPOMTH HHTErpalibHYIO KpnBy}o ypasuenus (10),
YIOBJIETBOPAIOUIYI0 HAYaAbHOMY YCJOBHIO
y(x0)=,vo-

BriGepem Ha mJIOCKOCTH a JEeKapTOBY CUCTeMy KoopauHatr (x, ),
I'lpOBelIEM Ha Hel KpuBYylo M=/ (X) ¥ OTMETHM HAYAABHYIO TOUKY

A'=(xy, y;) (¢ur. 26),
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Ha Jucre npospaunott Gymaru B npoBeneM NeprneHanKy/sapHble OCH
(¢, ¥), OPMEHTHPOBAaHHHE B HANPABJEHUH, TPOTHBONOJOXHOM OPHEHTAUHU
oceft (x, M), BuGepeM Ty ke ENMHHULY IMHBI, YTO W HA MJIOCKOCTH o,
W NpoBeseM Kpusyio &=y (y).

Hanowum B Ha « takum 06pasoM, YToGbHl MOJOKMTE/LHOE HATPaBe-
npe ocy € COBMAJO € OTpHLATEJbHHM HANPABIEHHEM OCH X, @ OCb Y
npomsia uepes Touky A’. OTMeTHM Ha jucte B TOUKy B nepeceueHus
ocu y ¢ KpuBo#t f(x) u, capwrasg auct B Tak, uTO6H OCb § CKOJb3UJIA
no OCH X, MepeBeleM ero B TaKOE MOJOXeHue, 4T0Gsl KpuBas y (V)
npoxoauna uepes touky A’. Tlocme srtoro casura touka B okamercs
MPOTHB HEKOTOPOH TOUKH B’ MIOCKOCTH a, ¥ JIErKO BHAETb, UTO Mpsi-
mast A’B’ xacaetcs B TOuke A’ MCKOMOH MHTerpanbHO# KpuBOH.

B camom nene (otHocuTenbHo oGosmauenuti ,cM. ¢ur. 26), oue-
BHIHO, UTO :

CB'=DB'— DC=f(x))— ¥,

™ CB’ I (%) — o dy
tgCA'B = =2 = = (-=
g‘ AC x ()’0) (dx>(w\))

BosbMem Ha npamo#t A’B’ Gimskywo x A' touxy A”; torma orpe-
3ok A’A” GyneT oS/JeMEHTOM WHTErpajbHOH KpuBoH. TloBTOpsIA C TOU-
kot A” TOT e npouecc, Mbl MOXeM HaHTH HOBBI SJEMEHT ¥ T. A.
TakuM 00pasoM CTPOMTCA LENOYKA DJEMEHTOB (MHOTOYIOJBHHK), ATIIPOK-
CHMHPYIOIIAS HCKOMYIO MHTErpajbHYI0 KPHBYIO.

§ 7. MexaHuueckce peniende NupdepeHuHadpHHIX ypaBHeHRH

1. IIpo6aema mexanuyeckoro pemeHusi. Hurerparopn. Unrerpo-
merpol. HMuterpaden i npunokenuit BecbMa Bakua npobiemMa Kou-
CTPYUPOBaHUS UHMezpamopos ), T. e. HHCTPYMEHTOB, AHGO NO3BOJIAIOUINX
4BTOMATUYECKH TNOJYYaTb YMCJEHHble 3HAueHHs peutenndt nuddepenunab-
HBHIX ypaBHEHHH, COOTBETCTBYIOIMX ONpelelleHHBIM HAYa/lbHLIM YCJIOBHSM
(unmezpomempos), GO MO3BOJAIOWMX YePTHTh WMHTErPajbHblE KPHBLIE
(uumezpagbos).

OueBuano, 4t10 A3 Gojee noOJHOrO M3yuenus pelnenu#t anddepen-
IMaJibHBIX ypaBHEHUH BHIMOJHee HCMOAb30BaHUEe wuxmezpaghos. Ilepsuiit
U3 Hux Obl1 CKOHCTPYHpOBaH AG6nauk-AGakanosuyem ?) nis NOCTpOeHHs
UHTErpaJbHbX KPUBLIX ypasHenutt Buga y’ = f(x). TMackanio Mbl ‘0Gs3aHb!
TeM, 4TO 3TOT MHCTPYMEHT CTaj] POAOHAYAJLHHKOM lesOH cepUH Mexa-
HH3MOB, TWPEJHA3HAYEHHBIX JJsi MEXaHHYeCKOTO pelleHuss LIMPOKOro
Knacca au(pdepeHUMANbHBIX YpaBHeHuHt 3), )

1) OTHOCHTENBHO OMHCAHHS PA3NHYHLIX THIOB HHTErpatopoB cM. XKaxo6 [1].
Bonee coBpemenHOe onicanve MHTErpHPYIOLIHX HHCTPYMEHTOB cM. Bumzepc.[2).
2) A6mamk-A6akanoBud [1].-Cm. taxe A. H. Kpunos [1]. ;
%) Mackans [1], {2], [3]. Cm. Takme Cxarumum [1], Kaccunn [{], cTp. 388—399.
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Mul orpaHuyuMcs u3nOXeHuWeM B M. 2 3Toro mnaparpada OCHOBHHIX:
CBeleHHH O TAK HABHIBAEMOM dexapmosox urnmezpage Tlackans, a B m. 3
onumeM uuterpad BoeTopuca, ocHoBaHHHIM HAa OCTPOYMHOM TreoMeTpuye-
CKO# MHTEeprnpeTalHy MeTola MOC/eLOBATENbHHX NPHOANNKEHNH,

2. Jlexaprce muterpad Iackans. CxeMaTHyecKH [eKapTOB MHTE-
rpad Tlackans cocTOMT M3 mpouHOH npsMoyroabHo# pamnl ABCD, che-

: . JaHHOH W3 CTaNu U JaTYHH
v ¥ omupawuwefics HA NAO-
CKOCTb YepTexa NpH MOo-
MOLIM IBYX PaBHEIX KOJIeC
R, 1 R, ¢ mepoxoatoft
noepxsoOCThIO (dur. 27).
Tpetbett Touko# onopel sB-
JFeTCA CTaJbHOE KOJECHKO
C 3a0CTPEHHbIM KpaeM (8pa-
W@ ueecs KO eCiKo), CBs-
3aHHOE C paMOH npH MOMO-
IUM  NOJBIKHOM TesexKu
(unmezpasvnas  menexc-
K@), ApuYeM MIOCKOCTh 3TO-
IO KOJECHKA MOXET MpPUHU~
MaTh J1060€ INOJOXKeHHe,
HEPNEeHIUKY ISIPHOE  MJIO-

0 T CKOCTH uepTeKa.
A B x P —_—
Cropoubl  pambl  AB,
R, —_
DC wuanpasiieHel napaJj-
dur. 27. NeNbHO OCH X, npuyems

para moscem nepeosu-
2amocss napasstessno smotl ocy. Ilo cropone BC MOXeT MepeaBUraThCs
cHaGxeHHas PYKOATKOH TenexKa (QugbgbepenyiarbHas me. excka), K KOTo-
pott npukpenieH wTudT / ¢ OCTPHeM, HANPABJEHHBIM K MIOCKOCTH YepTexKa.

Casizanast ¢ BPAINAIOLHMCS KOMECHKOM MHTErpajbHas TENeXKA CKOJb-
suT no cropose AD (pesrcy), KOTOpy0 MH 1A NPOCTOTH NPeanona-
raeM npsmosinHefinoit. Bpamaiouleecs kosecuko cHabxeHO NMUINYyLIMM MpH-
cnocof/1eHHeM.

O6e TenexKH COEINMHFIOTCA KPHBOJUHeWHOR JuHelikoit —EF, xouen
KOTOpO# Moxer Bpawatbca BOkpyr wtudra H auddepenunanbuolt Te-
AexkH. B aToH smumelixe cnxesaHma Bolemka, no KOTOPOH MOXET CKOJIb-
sutb wTUdT G wuHTerpanvHOR Tenemxn. IIpu STOM COeAnHEHME JLOMKHO
6uiTb TakMM, YTOGbl NPH NepelBHKEHHH TeJeweK MIOCKOCTb Bpaliaiolie-
rocsl KOJIECHKZ OcCTaBajachb KacaTeJbHOR K JauHelike — EF B Touke G.

[Ipernonoxum, uto Ttouka H onichLiBaeT NpPH JBWMEHWH PaMbl KpH-
ByI0 (auddepeHnnabiyio), HMEIOILYIO ypaBHeHUE

y=Q(), 1
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———

y nyCcTh TpPH STOM MHIIYIAs TOYKA HHTErPaibHOM TeJeKKH ONHChIBAET
KpUBYIO (MHTErpajbHyio)
y=y(x). 2)

[ycts AB=a (eanHuua uaMepeHus HHCTpyMeHrta). OO603HauuM ye-
pes a yroda, 06pasoBaHHLIfl TIpsiMO# GH ¢ 1n0N0XHTeAbHLIM HanpasJeHHEM
oc X, U uepe3 B—yroa, obpasoBaHHBIH KacateJbHOH K KpHBOH ~—EF
s touke G ¢ xopnoi GH,

HmeeM

. _tga—tgB _ [Q(x)—y]—atgh

V=== rgags = at0m s @
Ho yroa B 3aBUCHT TOJbKO OT pasHocTH opauHar touek G u H, a no-
3TOMy, noJsarasa

tgB=FI[Q(x)—] (4)
H .
_ g _e@=r—arom —y)
PR =A== 0m —TFR@ = @
noJsyyaem
Y =2[Q(x)—yl (6)

TaxkuM o6pasoM, onucaHHef 31ech yacTHHH Bun uHTerpada [lackans
MOXHO TNPHMeHATb AJd pelueHus ypasneHu#t Buna (6).

JloxaxeM Tenepb, 410 048 4000 bynxguu © mozcro nodobpams
coomsememseYIowyrn u302Hymyw asuHeixy —EF,

PaccMoTpuM cMcTeMy NOJSPHBIX KOOPIHMHAT p, § ¢ mosocom B Touke H
(p — panmyc-extop, Y —apryment). Tak kak B pasHo yray Mexny
xopao#t HG w kacareJbHOH K JuHeiflke B Touyke G, TO

db
tgh=p% M
[Monaras
Q(x)—y=t, 8
HMeeM
a2 =g ©)
" u3 (4)
pg—g =F[Vp?—a). (10)
W3 (5) umeem , ®
—aF (¢
()= a+tF (5’
t — ad (f) 1n
Flt) =——5—2%.
at @ )

Crnenosatenpto, ecau wusBecTHa (yHkmus @, To u3 nocieanelt Gopmyusi
MoxHO Ha#ith F, a torma no dopmyne (10) umeem

IV A=
- f_L‘.fP_P_“Jdp. (12)



282 Ia. XI. HYucaennoe, 2paguseckoe u mexanuseckoe pewenue

Takum 00pasoM, HAX0xMcOenue NOASLPHOLO YPABHEHUS AUHEHKI, COOm-~
semcmsyioweli ypasuenuro (6), csodumcs K Keadpamype. Ilackanme
([1], cTp. 7) npunapjexar Takxe NPUCNOCOO/EHHS, MO3BOJSIOLIHE BhUEP=
YMBaTb TIO TOUKAM COOTBETCTBYIOUIME JIMHEHKH,

3. Unrerpad Brnercpuca. a) 3aKkoHUMM HalHe KDPAaTKOe yIOMUHAHH®
00 wHrerpadax onucanueM HHTerpada Bberopuca, OCHOBAHHOrO, KaK Mm
ye TOROPMJM, HA YJAUHOHM reOMeTPHUYECKOH HHTEPNPETALUA METOAA MOw
CJ1eJOBATEbHBIX NPHUOJMKEHUH 1),

[MycTe jaHO ypaBHeHHe
Y =fx (13)

nonycrb npy ¢ L x << a—a, | y—B|<b dynkuus f(x, y) HeupepbiBug
¥ YAOBJIETBOPSiIeT yCJOBHMIO JIMMIIMLA OTHOCHTENbHO ¥, |f(x, yy)—
— f(x, y)| < M|y,—y,|. Torsa na orpeske [o, a—-3], rne & —nan-
MeHbllee u3 uucen &, b/M (ra. 1, § 3, n. 4, B ra. XI, § 1, m. 2),
MOXHO cJelyiouum 0o06pasoM mnocTpouth peuenne y(x) ypasuenus (13),
YIOBJETBOPSIOILlee HAUaJIbHOMY YCJOBHIO (a)==0.

[ycte u (x)— HenpepriBHast Ha oTpe3ke [«, o -8] dyHkuus, Takag,
uto | u (x) —B| < &, a B ocTanbHOM npoussoabHas, [1oCTpOMM ¢ MOMOLLBIO
aJIrOpUTMa TOCJENOBATENLHBIX TPHO/IMKEHHH NOCIeN0BATENLHOCTD (DYHK-
uui {y,, (x)}, onpeieneHHy0 CAeLYIOUIMM 38KOHOM:

yl(x)=ﬁ+ff(x; u(x))dx.

ym*"l(x):p_}—ff(x; ym(x))dx4 (m=1, 2, -

Has toro uroGul, 3nas kpusyio 1y, uMeomyio ypaBiente y = y,, (x),
nocrpouts Kpusyio I'y 4y C ypaBHeHueM y=y,, . (X), MOXHO NOCTYMHTb
caeayoluM o6pa3oM. PaccMOTPUM COBOKYIHOCTb JIMHEHHBIX 9JeMEHTOB
(%, Yo (%), f(x, ¥,,(x))], npoxopsuwux uepes touku (x, ¥,, (X)) u nve-
0WHMX yrJIoBO# Kodbduunent, pasubit f(x, y,, (%)) (Hanpapienne sTHX
JMHEHHBIX = S/IEMEHTOB HAa3LIBAETCA Hanpasaenues noss). Ecau teneps
TIepeHecTH MapajelbHO caMuM ce0e 3TH JHHEHHbIE 3/IeMEeHTH TaKuM 06-
pasoM, 4TOGb TOUKH (X, Yy, (X)) NMEPeABUraluCh NEPAALEALHO OCH Y K
yTOOB! NOMYYAIOUMECS MOCJe MepPEeHOCca JIMHeHHEIe 3/eMeHTH Orubanu He-
KOTOPYI0 KPHBYIO, BHIXOAsIYI0 M3 TOuKM (o, B), To 3Ta orubawuwas
Oyaer xpuso#t I'y,,, (dur. 28).

6) Bberopuc samerms, uro TpeGoBaHHe, UTOGL JMHEHHBIE SJMEMEHTH
NePEeHOCHIIUCh MAPAIE]bHO OCH Y, HE ABAAETCA CyliecTBeHHHIM. [lepeHoc

1) Boeropuc [1], [2]. OTHOCHTENbHO APYrHX MEXAHM3MOB, TIPUMEHSEMBIX I
pelieHus ypaBHeHUH BTOPOro Mopsafxa, cM, Poccenann [1).
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p APYFOM HAUDPABJEHHH MOXHO MHTEPIPETHPOBATH KAK BpalieHHE CHCTEMbl
KOOPIHMHAT, TPUBOJAILEE K HEKOTODOMY BHIOHBMEHEHMIO HTEpalHOHHOTO
npouecca ITnkapa, ITpn 3TOM eca TOJLKO Yrojl MOBOPOTA OCeH He CaMI-
KOM BeJIMK, BHIOU3MEHEHHBIH MpPOLECC CXOAHMTCA B HEKOTOPOH OKPeCTHOCTH
roukn (¢, PB) ¥ Mbl noayyaem :

3 npelene Ty e CaMyl HUHTe- -T
rpajibHy10 KPUBYI0. MOXHO mpen- m
MOJIOXHTb TaKXe, YTO HanpapJje-

pust  TIEPEHOCA  HHTErpaJbHBIX

3/eMEHTOB He OCTAIOTCH MOCTOSH~

HBIMH JJ8 BCeX TOueK Kpusott Iy, st
HO MOTYT HU3MEHATLCS OT TOUKH

K TOYKe,

BriGupasi COOTBETCTBYIOLIMM
06pasoM HaIpaB/IeHHsl nepeHoca, (o.p)
MOXHO MOJY4YaTh HOBbIE HTEpa-
UMOHHBIE METOAbl JJf BbIUMCIE-

HUsl pelIeHHd. :

Hanpumep, MOXHO MePEHOCHTb KaXAbiH JUHEHHBIA SJMEMEHT [X, Yy, (X),

f(x, ¥, (x))] B Hanmpapienuu, NePneHAUKYJAPHOM €Fr0 COOCTBEHHOMY Ha-
NpaBJeHuio, T. €. B HANPaBJEeHHH, HMEIOLIEM YIJIOBOH KOd(hduunenT
—1/f (%, Y (x)) (Taxoe HANpaB/eHHE HASHLIBAETCS HOPMALLHBIM K NOLIO).
Ecau nopmanu K nomo Broab Kpusoft I',, umeior orubaiowyio L,, (3280-
aoma noas 80oas kpusoi T,.), :
TO MOXHO B KaueCTBe HTePaLUCH-
no#i kpueo#t mia I, B3ATh 9806~
seumy T, .4 xpusoit I, (optoro-
NAaJbHYI0  TPAGKTOPHIO  HOpMauei
K 100 Bpodb I'y), BHIXOAAILYIO U3 .
touku (o, B) (dur. 29). B arom
cayyae Kpupas I'p,,, HasuiBaeTcs
umepayueii Kkpusoii I'y, c TOMOLIbIO
3B0abBeHT. Bbhetopuc noxasan, uto
NpH HEKOTOPHX NPENNOJOXEHHAX
npoyecc umepayuy npu NOMOWH
3804b8eHM  NPUBOOUM K PEULEHLLIO
ypasrenuss (cM.  Bberopuc [1],
crp. 59).

B) BeetopHcy e mpHHAM/exart dur. 29
apyriue o6oOwenns (cm. Bberopuc
[1}, crp. 64). On nokKasald, YTO NPH HEKOTOPHIX MPEATONOKEHHAX MONKHO
NOCTPOUTS MOCJAENOBATENBHOCTE MTEPALUMOHHBIX  KPUBBIX, CXOMALLYIOCSH
K UHTErpaibHOM KPHMBOM, B3ACTABIAA TOUKH (X, V,, (X)) mepemewarbcs He
N0 OpSAMLIM, &8 NO HEKOTOPOR CUCTeMe OIPEJENEHHbLX KPHBLIX, W H3MEHss
B TO e BpeMl OT TOYKH K TOUKE HARPABJEHHS COOTBETCTBYIOIUMX JH-
HEHHBIX 3/71EMEHTOB, o

dur, 28.‘
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Mbl OrpaHUYMANCh JJS KPATKOCTH JAWILL H3JIOXEHHEM OCHOBHEHIX MueH
Bberopuca. OJHaKO 3STOr0O JAOCTATOYHO A/ TOTO, 4TOOBI MOHATH PYKO-
BOASILIHE NPUHLUIE KOHCTPYKLHM ero MHrerpada.

Mycte xpusas I\, wumeowmas ypasHenue y=y,(x), y(a)=24,
aBaseTCs NpUOMKEHHEM peuieHHeM ypaBHenus (13). as Ttoro uytobu
MOCTPOMTL YJyulleHHylo 10 cpasuewmio ¢ Iy kpusyio I, otnoxum u3

dwur. 30

Kako#t ToukH (X, yo(x)) xpuso#i I') B HanpaB/enny noas OTPE3OK MOCTO-
SHHO#t AJIMHBI /; KOHWB M, 3TUX OTPE3KOB OMHCHIBAIOT NPH 9TOM HEKOTO-
Py0 KpHBYI, KOTOpYi0 Mbi 0Go3Hauum uyepes M, (¢ur. 30).
PaccMoTpuM ceMefiCTBO OKPYXHOCTER ¢ LEHTpaMH B TOUKAX m, H
panuycoM / H MX OPTOTOHaJbHYI0 TpaekTOpuio I';, BHIXOASILYIO M3 TOYKH
(@, B), 1. e. mpaxkmpucy c 6asucnoii xpusoi M, u wazos I. Haso-
sex 'y mpaexmopueli kpusod I'y no mpaxmpucans.
Tocrynas ¢ xpusoft I'; TaK xe, kak Mbl mocTynauu ¢ kpuso#t I'y, u nosro-
pAs 9TOT NPOUECC, Mbl MOJYYAEM [10C/eJOBATENbHOCTh KPHBEIX, OTHOCH-
TeJbHO KOTOpHIX BbeTopuc nokasan, uto
6 “ OHM CXOAATCA K HHTEerpaibHOR KpuBOH.
S

OnucaHHpit npoLecCc HasbBaeTCd
npoyeccor umepayui no mpakmpu-
caxu. Tlpouecc wutepanu#t mo 3BOJb-
BEHTaM, paccMOoTpeHHbiff Hamu B ,6¢,
ABJSIETCS YACTHLIM CJyyYaeM STOrO Mnpo-
dur. 3l lecca,  COOTBETCTBYIOLUUM  Cay4aio

!l =oo0.

r) Ms npouecca urepauu# no tpaktpucaM BbiTeKaeT CJAEAYIOLLAs KOH-
cTpyKuust HHTerpada Boberopuca.

C npouHo#t miockoi naactuhko#t (pamoft) coeauuens Konxeco R,
niaocku crepxkenp (, XKeCTKO cOeiMHeHHbfi ¢ onopo#t S, numymee
ocTpue Z, mepmeHAUKyJspHOe pame, M HuTaHOM kpect F (¢dwmr. 31).

Inactunka pacrmosaraeTcs mnapajiie/ibHO MNJAOCKOCTH 4YepTexa, OfnM-
paicb Ha R, Z, G. Ocpb Koneca R mnepneHAMKyaspHa BepTHKAJbHOR
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/

[I0CKOCTH, TNpoxoiswe# uepes Touku Z W F, M mnpoxomur uepes
touKky Z. '

Iycte paccrosmue ZF papno /. Tlyctb, nanee, sajana rpaduuecku
xpuBas g, NpHOJMKEHHO H300PaXaloWlas WHTErPaJbHYI0 KDHUBYIO YpPas-
nennst (13), npoxonsiutyio uepes Touky (a, B). IlpoBeseM cooTBeTCTBYIO-
myio KpuByw M, W noctapum uxrerpad Takum o6pasoM, 4ToOH TOuKa Z
nonana B TO4Ky («, B), a Touka F B COOTBETCTBYIOULYI0 TOYKY KPHBOM
M,. Hepxa mpuop sa crepxeHb (, €ro mepeiBuraioT no MAOCKOCTH
yepTexka TaK, 4ToGbl TOuka F onuchiBana xpueyio M,. Torsa mumymee
ocTpue Z onumer Kpupyio I'.

OZaHOrO M ABYX IWAroB NpUG/JMXEHHd AOCTATOYHO AJS TOrO,. YTOGLI
NOJMYYATb HHTETPANbHYI0 KPHUBYIO C TPadHUYeCKH NOCTHKHMMOH CTeneHblo
TOYHOCTH, .



Fnasa XII

O HEKOTOPBIX BCTPEYAIOIHUXCA B NMPHIOXKEHHUAX
JUPSEPEHUUAJIbHBIX YPABHEHHUAX

§ 1. O nBuKeHHn TAKENOH TOYKK B CONPCTHBJAIOIEHCS cpexe

1. HuddepenunansHbie ypaBHeHHs TIJaBHCH Zajadyd BHelHeR
G6annucTHKd. Mbi OyneM paccMaTpmBaThb 3ajauy O ABHXEHMM CHApAna
C MOMEHT4 ero BhbiJeTa U3 xepJja opynusl). Cuapan Oyner paccMaTpu-
BaTbCA KaK TsKeJas MaTepHajbHas Touka P, OpoweHHas B BO3AYX U3
ToukM O ¢ HayanbHOM CKOPOCTHIO V, (A/AMHY BeKTOpa V, 0603HauuM ).
OGozHauuM uepe3 g YCKOpEHHe CHJBI THKECTH, NPUHUMaeMOe HaMH 3a
NOCTOAHHYIO BEJIMYMHY, Yepe3 V — CKOPOCTb TOYKd P u uepesd t— opr
BEKTOPA V; NpPEAMOJOXHM, YTO BO3NYX OKa3biBaeT CONPOTHBJEHHE NBU-
EHMI0 TOYKM P, uMeiolliee BeJHuMHy F (QyHKLHS CONpOTHBJeHHs, 3a-
MEeLAAoWad CUla), HSMEHSIIOWYIOCS OT TOYKH K TOYKE M HaNpaBleHHYIO
B CTOPOHY, NPOTHBOMOJOXHYI0O BekTopy v. Bhibepem B Kauectse Hauanma
OTCueTa BpeMeHd ! MOMeHT, korga Touka P Haxoaurca B O, u npuMem
Maccy TOuku P papnoft enunuie. Toraa ypaBHeHHe [BHXKEHHS TOUKH
Oyner uMeTb BUI

& g Ft, (1)

npu HayaabuoM ycaosuu v (0) =v,.

M3 oueBuaHbXx coOOpakeHHI CHMMETPUM CHapsn OyaeT ABHraThCA
B BepTUKaNbHOH naockoctu I1, nposeaenHo# uepes Touky O napasiesbHO
BEKTOPY V, [3TO BbITeKaer, BrmpoyeM, M H3 ypasHeHus (1)]. BosbMmem
B maockoctu I1 mpsMoyronbHylo cucteMy KoopauHaT (X, y), NMpuHsB 33
HAYal0 KOOpAMHAT TOYKY (O, 3a OCb Y — HAaNpaBJeHHYIO BBEPX BePTH-
KaJIbHYI0 NPSMYIO, W HATIPABMM OCb X TaK, 4TOGH BEKTOD v, 00pasoBeiBai
C 9TOH OCbI0 OCTPBIi yros o, HasbiBaeMbill yryiom 6pocaHns (Mbl OCTa-
BJIsIeM BHE PaCCMOTpeHMs CJayuya# BepTuKajbHOro 6pocka). Ecanm koopan-
HATBl TOUKM P B MOMEHT BpeMeHH { PaBHEHI

x=x(®, y=y(©®,

1) WcuepneiBaiomee M3NOKEHNE BONPOCA YATATENdb HalAeT B Kuurax Jlemu-
Yusnuta u Amanpau [2], ITomosa [1]). OGumpHnas 6uGanorpadus npuBeneHa
B xuure Azemapa [1] [cm. taioxe Ilanupo 1. M. [1]. — ITpust. nepes.]
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a JMHA BEKTOPA V PaBHA ¥, TO
2 2
v="Vx 4y,

rie KOpeHh NOHMMAeTCS B apU(PMETHYECKOM CMHICJE,

OtHOCUTeNBHO GYHKUMH F npeinosioxuM, YTO ee 3HAUeHME MNPU JIO-
GoM MOJOXKEHUH TOYKM P NPOTOPUMOHAJILHO TNJOTHOCTH BO3ayxa (DyHK-
uusl TOJNOKEHNS, 3AHAMAEMOTO TOYKOH) M 3aBHCHT IO HEKOTOPOMY SMIH-
pUUYECKH OMpPENeaseMOMy 3aKOHY OT CKOPOCTH V; MOJOXHM TOITOMY

F=F(@ x, y; x', y)
M TIpelnoNoKuM, 4To (yHKUMA F o6Jajgaer CJAedyiOLUMMH CBOHCTBAMMK:
1) ®yuxkuus F onpenenena npu MmoGeIX ReHCTBHTeNbHBIX 3HAUEHHAX
CBOMX apryMEeHTOB, HeNpephiBHA H NO0XCUMEAbHA, KOrja v ==x'’ |-
+ y’2>0; VAOBJETBOPAET YCJAOBMIO JIMNIUIMLA 1O NepeMeHHeIM X, V,
x/, ¥/, Korga X M y uaMeHsnotcs B JoGOH KoneuHoH obnactd, a cymma

x! —}— y'2 OCTaETCS 3AKJIOYEHHOH MEeXAY KaKUMU-HUOYIb ABYMS MOMOKH-
TeJbHBIMA YHCJIaMH.

2) CywectByer oyukuus @ (x, y; x’, y’), Takxke onpenenexHtas
s mo0oH cucTeMbl neHCTBHTENbHLIX 3HAYeHWH CBOUX apryMEHTOB, He-
HpepriBHAs M Takas, 4To

F(it, x, y; ¥, y)L®(x, y; X', ¥'), A , @)
D(x, v, 0, 0)< g, : 3)

rae yepe3 g 0003HAueHA AJIMHA BeKTOpa g.
OG6osHaurM uepes3 @ 3aKJIOYEHHBIt Mexiy — /2 u w/2 yroa, o0pa-

v

30BAHHBIR  MOJIOXUTEbHBIM Hanpas/JeHHeM OCH X U OpTOM t (HaiC/lOH

Ly |

y(tp)

0 ‘ x(tp) _ x(T) X

dur. 32.

mpaexmopun), cMm. ¢ur. 32. Toraa u3 ypasHeuus (1) BbITEKAOT aBa
CKaNgpHBIX YpaBHEHHUS

x"=—F cos o, y”:—-g—FSiﬂﬂD-
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Ho x" = wcos¢, y' = vsin¢, caenosareibho, KOOPAMHATH X, Y TOUKH P,
BbIDaXKeHHBlE KaK (YHKUMH BpEMEHH, YNOBJIETBOPSIOT cucTeme nudpde-
PeHUMAbHLIX YpaBHEHUH .

x" = — Fx'|v (x"==0, ecin v=0) }.
YV=—g—Fy|v (y=—g, ecain v=0);

@=Vx"+y%

4

¥ Ha4YaJdbHbLIM YCJIOBHRM
x(0)=0, y(0)=0, ' () =x0, ¥ O) =31 ()
[ = Yy cos a > 0, Vo= Y, sin a].

2. O6Gaacte cymecTBOBaHAA TpaeKTopuu. H3MeHeHHe HaKJOHa
TPaeKTOPHM M FOPHSOHTAJbHOH NpPUEKUHH CKOpocTH. B sToM mymkTe
MBE HCCaenyeM 06/1acTb CyLIeCTBOBAHHS TPAEKTODHM M H3MEHEHUE ee Ha-
KJOHa, a4 TAdKXe H3MeHeHMe T'OPH3OHTAJbHOH KOMIIOHEHTH CKOPOCTH.

a) llpennonoxum cHavana, 4to He TOABLKO x5 >0, HO M y; >0,
T. €, 4TO

x0>0, y9>0,

u obosHayuM uepes [0, A), (0 LA <+ 00) noayorkpuiThifi crpaBa
NPOMEKYTOK BPEMEHH, AJs KOTOPOrO MOXHO ONpelieJUTh PElIEHHE CH-
cTeMbl (4), yIOBIeTBOpsOUlee HAaYa/ibHHIM ycaoBusM (5), TaK, YTOOH
BHITOJHSJIOCH  YCJIOBHE

v >0, (6)
HUs (4) caenyer, uto koraa ¢ msmenserca B [0, A), TO
dx’? x/?

= 2F = )

d, o 2
0 2y =—2F, ®)
y”x'—x”y’ — —gx', (9)
Y'<—g npun y () >0. (10)

OT1ciona ferkO BHITEKAIOT ChAelyloluye yTBEPXKAEHHUS,

Ecau B [0, A) ¢dynkuua x'(f) He obpawaercs B Hyab, TO W3 pa-
seuctsa (7) caepyer, uro x’(f) noaOKuTeNbHa M YOHIBAeT; eCAH Ke
x' (f) obpamaetcss B HyJb B HEKOTOPHIX Toukax u3 [0, A) u A sBAseTCA
BEpXHEH TIpanbio sHauenm#t f;, Anaa xoropwx x' (£) £ 0, xorna 0 <4,

1) OtHOCHTENLHO M3YYCHMA pemieHHH cucteMbl (4) npu Goaee OGMMX NpeA-
NOMOXEHHUAX, UeM CliesaHHble B Tekcre, cM. [Tukone [4], [5], Cxopua-Jparonu [8].
Ilpu HamucaHuu 9TOro maparpada Mbl NpupepxkuBadnch paboTel [luxone [5];
B 9TOi pafoTe JHOCTaTOYHO NPOCTHIM METOAOM NOJAYYEHBH pe3yabratht Ckopna-
Jlparosu u, KpoMe TOr'O, PacCMOTPEHO BepPTHKAJbHOE NBHXEHHE,
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(A< Al 10 X' (f) nonoxutenbha u y6b|BaeT Ha T0JYOTKPHITOM Clpasa
[POMEKY TKE (0, &), a mpu ALE< A x "(ty=0 B cuay (7).

W13 pasenctBa (8) caenyer, uto 3y’ +2gy He Bospacraer B [0, A)
(1 cnenoBaTenbHO Qyuxuus y orpanuyena csepxy B [0, A); u3 (9) BbI-
rexaer, YTO B MOJYOTKPHTOM crpasa npoMexyTke [0, A) tpaexTopus
toukn P obpalieHa BOFHYTOCTbI) BHH3 M 4BJISETCH BeanKanbﬂoﬁ npsMoit
npu A LE<T AL

s pasencrsa (10) umeem, uro y'(f) yGuiBaer Ha .moéom oTpe3ake,
rie OHA HEOTpHLATeNbHa, a NMOITOMY B TeX TOYKAaX, rlle OHa o6paiiaercs
B HYJb, OHA IEPEXOAMT OT NOAOCKHTENbHBIX 3HAYEHUH K OTPHLATE/bHLIM.
Orciona chaenyer, uto y’ (£) anb6o Hurje He o6GpalaeTcs B HYJb W I10-
TOMY COXDPAHSET MOJOKHTENbHBIN 3HaK (naromunaeM, uto y; > 0), au6o

ofpawmaercs B HyJb TOJbKO B ONHOM TOuke £, ¥ TOria
v (&) >0 npu 0L t< ty VYV ()=0; ¥y () <0 npu t,<t<A.
Orciona caenyet, uTO Npejiedisl

lim x,  lim X', lim y, lim (y'2-2gy)
0

t>A~0 T>A—0 t->A-0 t> A~

cyuiecTByI0T (MOXeT ObiTb, HEKOTOpble M3 HHX paBHBl OeCKOHEYHOCTH)

n uro lim x'— HeoTpuuartenbHoe €ucao, lim x> 0, llm (y"—{—ng)
t>A=-0 t>A-0 .

< -} oo u, caenosarensHo, lim y < -f-oco,
t->A-0

6) [lokaxeM, 4TO, no Kpahned wmepe, 00un u3 npedenos

lim x(®, lm y@), lim (y°+2gy) (11)
t->A-0 f>A-0

t>A—-0

pasen GecKonedHocmu.
[lpoBenemM A0OKa3aTeabCTBO OT npotusHoro. Ilycrs Bce mpenenws (11)
KoHeuHsl, [Tonoum

x =lim x (¢), y——hm y(t)

t>A-0

Ho mui ye snaem, 4to lim X (£) KOHEueH, a U3 KOHEUHOCTH llm (y"+2gy)
t>A-0 i

2 2
trenyer, yro # lim y*(t) xoneuen. Tostomy lim v ==lim Vx’ -y
t>A—0 t>A~0 ¢t>A-0

KOHeuen, [TokaxeM, uTo
lim v > 0.: 8 (12)

t>A-0

19 3ak. 1072. dx. Cancone
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Ecan G6b BHNOJHAIOCHL paBeHCTBO lim v53=0, TO MbB uMean Ohl
t->A—-0

lim x"=1lim y' =0, u u3 Broporo ypasHenus (4) noayuyuiau. Gl
t->A-0 t>A-0

lim y" (&) < —g4-limF(t %, 3,5, y) < — g+ ®(x, 3; 0, 0)<0,
t>A-0

t->A-0
a Tak kak lim y'()=0, 10 y'(¢) > 0.
t> A0

Toraa, ecau Ol cyilecTBOBala Takas Touka A (A < A), cM. ,a%),
yto x'(t)=0 npu £> A, To uMean Gbi, uro lim y'/x’' = -} 00, B TO

t>i-0
BpeMst kKak w3 (9) crenyer, uyro y'/x’ yGwiBaer B [0, A) um noromy
lim y'/x" < —-oo.
t>1-0

Ecau ke TakOW TOYKH A He CywectByer, TO mponssoanas x’(f),
xak u Yy (£), nonoxurenvna B {0, A), a mnostomy (6o y’/x’ yGriBaer)

lim 2 >0, (13)

1 7
t>A—0X

Yero Takxwe He MoxeT OnTh. B camom sene, ucnoabaya (9), umeem

¢y & fim LY oo,
dixl T x"t.hl&l__o dix 0, (14)
uecmm A= oo, 10 lim y'/x" = — co Bonpekn (13); ecan ke A <
t->A—0-

<~} oc, TO, MHTErpHPYs nepBoe H3 ypaHennd (4) or £ no A, noay-
yaeM MO TeopeMe O CPEAHEM 3HAYEHWH, HTO .

0<x" () < M(A—F),
rae M paand HanboJibiieMy 3HAYEHHIO PYHKIMY
Ox, 33 &, Y) B0 x<x 0Ky <y, 0¥ a0y <y

Ho torna u3 nepBoro pasenctsa (14) (y'/x’)Y < — g/M (A —£) Bonpexu
nepaBencty (13).

Mbl nOKa3aau TeM CaMbiM CNpaBeldJMBOCTh HepameHcTtsa (12). Ho or-
ciona caenyer, uyto A= - 0o, TaKk Kak ecan A < —{-0co, TO B cuay
toro, uto lim o(f) >0, [0, A), ne Gro Gr HAMGOMBLIMM TIONYOTKPHI-

t>A-0
THIM CMpaBa MPOMENYTKOM, HA KOTOPOM MOXHO ONpeNesHTh pelieHHe
cuctems (4), ynoejerBopsioliee ycjosuaM (5) u (6).
TakuM ofpasoM, ecau Bce npenenst (11) xoweuns, T0 A= -+ co,
lim v>0. Ho Toraa mno kpattHeit Mepe oimH u3 mpenenos lim x’,
> +00 t>+oo
limy’ OT/MueH OT HyJa H, CJAeNOBaTeJbHO, MO KpalHe# Mepe OIUH U3
t->4c0
npeneqaos lim x, lim y Oeckoneuen. Hawe yTBepxaeHHe AOKa3aHO.
t>+co t> +oo
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B) Mrak, wul jokasanu, uto onuH u3 npegenon (11) Geckoneuew;
doramnces, 4mo , _
lim y()=—oco. (15)
0 .

t>A—

Ecan 6sl npenen lim y(f) Obla KOHeueH, TO 1Mo KpaiHel Mepe ommum
t>A-0

U3 TpeenoB

lim x(8), lim (y'®1-920
 Jim ® HM(y —-22¥)

Obls1 Obl GeckoneueH. Ecau Obl nepBblft M3 HHMX Obld KOHEUeH, TO U3
. 2
roro, uto y'°—-2gy He BospacTaer, ciel0Ban0 61, uto lim (y" 4 2gy)=
t>4-0
= —00 MW notoMy lim y(f)=— oo,
t—>A—0

Ecan xe -lim x(f)= -} 00 10, no cnenaHHOMy B ,a“ 3aMeyaHuio
t->A-0

0 TOBeLeHHH X' NOMKHO ObiTh A = —-00, x'(f)> 0, u nostoMy dyHk-
1Hst X (£) nonoxuTeNbHA, BO3PACTAET M CTPEMHTCS K GeckoHeuHocTH. Ho
TOTA MOXHO pAaCCMATPUBATL Y KaK (YHKUHIO OT X, OMNpeneseHHYIO
8. [0, co)u 06aanaoLLYI0 TaM HelPepHBHOH NPOH3BOAHOH yo=y (®/x'(®).
B cuny (9) dyuxums y’ yOuisaer nps BO3pacTannu f, a NOTOMY W TpH
ospacranuy x. CiejosaresbHo, cyulecTByer lim y', a Tak Kak Mbl

t—>A-0 '
npeanogokuas, uro lim y(x) xoueven, To lim y’ =0. Orciona cre-
t-—>A-0 t->A-0

ayer, uro y'(£)>0 npu moGoM f. Toraa B cootnowennn (10) MOXHO
ONyCTHTb 3HAK PaBeHCTBA, M Mo3TOMy y'< — g,

4 1 O
YO —y < —gt yO <yit— 5 gt

caenosatenbHo, lim  y (£) = — oo,
t—>A—0
Takum o6pasoM, lim y(f) Geckoueuen, a TaK kak QyHKuHs y orpa-

t->4-0
Huuena csepxy, B {0, A), 170 uMeer Mecto cooTHowenue (15).

r) Tak KaK npH JOCTaTOYHO MAJIOM MOJIONKHTEJbHOM ! HMeeM ¥ (£) > 0,
T0 cywectpyer aexainas BuyTpu [0, A) Touka T, B koropoit y(T)=0;
Toraa cywectByer Jexainas B npomexytke (0, T7) Touka £, B KOTOpO#H
Y'(t)==0 (8 moure t,y(f) docmuzaem maxcumyma), B TO BpeMs KaK
(eM. ,a“) ¥'(#) >0 npu 0 <t <2, (y(f) Bospacraer or nyas 10 y (%))
my(¢) <0 npu t>1¢, (y(t) ybwisaer ot y({) no — oo). Torma u3
BToporo ypasHenus (4) nmeem npu £ > #,

V' O>—g 30> —gt—1), yO)—y@t) >—gt—1)2,

H B cuny (15) A= oco. UHbBIMH CcIOBaMH, H@ 8CeM NpOMedHcymKe
[0, 4 c0) umeen v>0.

19%
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Takum 0Opa3oM, CKOPOCTb U TNOJOXKHTEJbHA HA BCEM TIPOMEXYTKe
[0, 4 c0), a nosTOMY KacaTeNbHas K TPAEKTOPUH TOYKH P HENpephiBHO
uamenserca. Ilas manzenca yzaa HaKAOHG © umeem

T

tgo=77
M, CJlenOBaTe/]bHO, YTOJ ¢ AB/ASeTCS HempephiBHOH (yHKuKe# oT £, KOrAa
¢t uamensietcs B [0, - o).

Ecau B HekoTopo#t Touke A > O umeem x’ (1) =20 (a Torpa B cuay ,a“
x'(#)=0 npu £>>1), 10 B 3TOH TOUKE y’()\)< 0, ¥, Cren0BaTE/bHO,
o(t)=—m=/2 npn t>Ai; B camom geine, u3 y'(A) >0 C/1e 108210 Obl,
B cuny Toro, uro o(f) >0, BuinomHenue HepaBeHcTsa y'(f) > 0 npu
> X, BOmIpeKkH cooTHOweHuo (15).

11) Tak kak v >0 B npomexyrke [0, - o0), To M3 (4) caenyer,
yto B [0, —}- ©0) BHINOAHAOTCA ypaBHEHUS

‘% — F (¢, x, y; vcosw, vsing)— gsin g, i

16)
de-__ __ ,cosg dx | dy | (
=& G veosy, =using, ]

¢ HayajabHbIMU ycJaoBusMu x (0) ——y 0)=0, ¢(0)=20a, v(0)=1v,. Mu
Moxcem meneps Qoxaszams, umo x' () >0 B (0, +oo)

B camoM nene, B NPOTHBHOM CJyyde CyLIeCTBOBAJIO Gbl Takoe MOJO-
KHTENbHOE WHC/I0 A, uT0 X' (£) >0 nput 0 LE< A, anpu £ > A, x' (£ =0,

o) =— % [Tpun uamenenuu ¢ o1 Hyas 10 A ¢yukuus o (f) yOblBaaa

66l OT Hyas 10— w/2; ecan 0GOSHAUMTL yepe3 M HauMmeHblilee 3HaueHHe
oyukunn o (f) na orpeske [0, A], (m > 0), 710 npu f, newauieM BHYTPH
{0, A], Mbl umean Obl

(3

A>t= Ll >i§[mtg(-°2i+%>——mtg(§+%>],
?

Yy Coso

s linl [[ntg(%+%>~lntg<%+ Z—)]:

4 cp-—)-——--i-()

Yyero He MOMKET 6blTb, TaK KaK NpaBasg 4yacTb CTpeMurcs k - co. Urak,
Mbl nOKasamu, 4to x'(f) >0 mnpu £> 0, u, cren0oBaTeabHo, npu uame-
Henuu t om HYAR 00 —00 PYHKHUA ¢ yO6bigaem w ocraercs Ooublue,
uem — &/2. Kpome toro, nockoasky x”(£)< 0 npn ¢ >0, 10 dynxuus
X' (£) nonommenbna u yOniBaeT. HakoHel, 3aMeTuM, YTO M3 OTPHLATENb-
Hoctu y' (f) mpu £ > ¢, caeayer, uTO n @ (f) <0 npu £> ¢,

e) Tak kak npn npeanonoxennn y' (0)==y; < 0 Bce Hawm paccyxk-:
JEHHS. COXPaHAIT CcHAy, C TOH TOABKO pashuuedt, uyro y’' (f) < 0 npu
£>0, 10 Mpl MOMEM CHOPMYIMPOBATL CJIEAYIOLIYIO TEOPEMY:
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Ecaun gyuxyus conpomusasenus F(t; x, y; x', y') ydosasemsopsem
npeonoroscenusx 1), 2) uz n. 1, mo maomceras mouxa P, 20puson-
MANBHASL KOMNOHEHMA HAAABHOL CKOPOCMI KOMOPOIL NOA0IHCUMENbHA,
onucsisaem npu t— —-co mpaekmopuio, AeHAWYIO 8 NOAYNAOCKOCHU
x> 0. Ima mpaexmopus o6iadaem 8 41060i ceoell mouxe xacamess-
HOU, Y204 HAKAOHA KOMOPOE YyOwisaem, ompuyameser u ocmaemcs
Gorvumurm — wj2. Opdunama moukn P cmpemumcs kK — co, Ko20a
t—> 00, @ 20PUIOHMANLHASL KOMNOHERMA CKOPOCIMI HOAONCUMEAbHA
u ybuieaem.

3. Mlpepenn HakjiOHA M CKOPOCTH B ciayyae, KOrjaa (YHKUHS co-
NPOTHBJCHHA 2aBMCHT TOJBKO OT CKOPOCTH JBHKeHus. a) Paccmorpum
Tenepp caydalt, korna @yanyun conpomugrenus F(v) 3agucum moavko
om cKopocmu Osudcenus v, npudexn Pyuxyus F(v) nenpepvigna u

FO =y, 0<r<g. (17)

B Clydae, KOrja FrOpU3OHTAJbHasi KOMIOHEHTa CKOPOCTH MNOJOXKH-
TE€JbHA, YPAaBHEHUA JIBUXKEHHUS NPUHUMAIOT BUIL

dv , dy €os ]
s =—F({)—gsing, ——=—g-—=,
dt dt v I} (18)
2(0)=1v, o¢(0)=ua (vo>0,—— <a< ]
"
lim o(f) =—o,
t—> +oo
rie o L w2,

Hycmb gyuxyus F (v) o6aadaem credyouumu ceoiicmsanu:
1) na awbon wxonewnow ompesre [, B], 20¢ 0 < a < B, 83104~
HITIOMCSL HePAsSeHCmea

[F(v) —F(o)| <L(x, B)|vy— 0] (2 <oy <o <P, (19))
20e wucao L(2, B) 3asucum om o u B
2) lim F(2)>g. (19,)
v> 4+

To0a umerom mecmo coomuouterus

a

lim p=— 5, lim v = w,
t—>+oco t~> + oo

20e w ydosaemsopsiem YPaAsHEHIIO
F(w)—g=0. (20)

W3 caenanHnlx HAMM NPEATOJOXKEHHH BHITEKAET, YTO €CIU B HEKOTO-
po#l touxe £, £, >0, umeem o' (£)=0, TO dyukuus v’(f) Bospactaer
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B 9TO# Touke. ‘B camom nene, w3 nepsoro ypasnenus (18) caenmyer,
4TO

YW=V () Flot,+R—Flo)
TR =T TG —uty Y G —

. sing (t,+h)—sing(t) |,
cGTR—em ¢ Gt bh).
0<8,<1 (i=1, 2).

Tlostomy, nepexons x npeneny npu i— 0 H npuHMMas BO BHUMaHMe
BTOpOe u3 ypasuenut (18), umeem

o o €0s?9 (ty)
v (t )-— _‘5-(7‘5-'* > 0,
U, clenoBatenbHo, v’ (f) BospaCTaer
Orciona caenyer, uro Jm6o o' (£) >0 npu t> 0, 6o v ()< 0
npn ¢ > 0, m60o cyuectsyer Takas Touka ¢;, uro v’ (£) < 0 npu 0 < £ <¢,,
u v (f)>0 npn £>t. Ho torna cywectsyer lim o (f). oxakewm,
: t->

4 co
4yTo
0<w <o, (21)
Tae MOJOKEHO
w= lim v ().
t->+ oo

Hpeanonoxum, uro @ =0, Torna s nepsoro ypasHeuus (18) umeem
lim o' (f)=—~ -} gsino,

t—>+co
OTKyAa caenyer, uto lim o' (f) cywecTByer u konedeH. [Ipu nocrarouno
t—>+ o0

GoabuioM £ He MOXET WUMETb MecTa HepaBenctBo o' (£ >0, Tak Kak
Toraa GyHkuus v (f) Bospactasa Oul mpu ,ZLOCTaTO‘{HO 6osbiiomM £, BO-
NPEeKH HauleMy npepuooxenuo, yro @w = 0. Ho us v’ (f) < 0 cneﬂyeT,

uTo GyHkuMsa v (f) nonoxutenbHa M yOuiBaeT, a notomy lim v'(f)=0
t—>+ 0
U, CJIEeNOBATENbHO, — Y- gsine =0, 0 <o < 1r/’2 Ws sroporo ypas-

nennss (18) cmenyer, uro B 9TOM cayuae lim ¢’ () = — co, Yero He

<

MOXeT ObiTb, TaK Kak mpenei lim o (f) xoueuen. IToayuennoe nporuso-
t—>+too

peure JOKaswiBaer, 4TO0 w=0.

[Ipeanonoxum Ttenepb, yro w = + co. Hs MepEoro ypaBHeHHﬂ (18)
u yciaosua (19,) caepyer, uro

lim o' () =gsino— lim F(v)< gsino— g <0,
t>4oo t> t+ oo

w lim v "(£) < 0, BOTMpPeKM mpeAnONOKEHHIO, yTO lim v(t)—+oo Mo-
t> +o t>+

sToMy @ = - oo,
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Wrtak, MB AOKa3aJH COOTHOHIEHHE (21) M M3 BTOpOro ypasHeHus (18)

uMeeM
lim o () = —£ cos o.
t->+4 0 w

Ho tak kak npeien lim ©({) xoueyeH, TO
t—>+co

lim o' (()=0 u o=m=/2.

t—>+co

Haxonen, w3 nepporo ypasuenus (18) cienyer, uro lim o' (f) =
t—>+co

=— F(w)—+g, no lim ¢'(f)=0, oTKysa u BbITEKaeT CHPaBelJIHBOCTD
>+

paseHcTBa (20).

6) Uucno w HasblBaeTCHA KOHEYHOE CKOPOCMbIO 08UINCEHUS MANCENON
mouKi. 3aMeTHs, uTo ecau ypasHenue (20) umeem eduncmsesnoe pe-
wenue W), MO KOHELHAs CKOPOCMb He 3A3UCUM OM NAPAMEMPOs o
u v,

4. O naumenbmedi ckcpocTu. Teopema Cuauum. Teopema cpaBhe-
nusi CHHBOPMHH. a) Mbl 10Ka3ann, UTO ecau GYHKYUS CONPOmis.ie-
nust F(v) o0aadaem caedynowmunu csoicmeany:

1) F(v) onpederena 6 [0, -} 00), nenpepsisna ommuocumessno v,

F(0)=1, I<r<g

2) awbomy roneunomy ompesky [, B], 0 < a < B, coomsemcmsyem
maroe uucao, L(o, B), 4mo

[F(vg) —F(v)| < L(a, Blvg—v,], (e Loy < vy <B)s

3) lim F(v) > g;
V> Foo
4) ypasuenue
Fwy—g=0 (20)

uiteem eQuUHCMBEHHIE KOPeHb, MO, KAK08 0bl Hu Gua Y204 Gpocanus
@ u seruduHa HauaasHol cropocmu v, >0, mouka P umeem 00wy
Zmy sce KOHedHYIO CKOPOCME, PA3HYI Kopuio ypasnenus (20).

Ecau samemuts ¢ Ha —<t, TO, Koraa Touka P ONUCHIBAET Tpaek-
Topuio, T Bo3pacTaer oT — o 10 w/2;

<< n2. 22)

') U3 storo . mpexnonoxenus u u3 ycaosuit F (0) =7< g, lim F(v)>g

. v->+ oo
Cienyer B cway mempepmsHOCTH F(v), uto F(0)< gnpu v<w u Fvy>g
pH v > g,
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Ecav- npuHSTH T 3a HE3aBHUCHMYIO NMepeMeHHyio, TO ypasHeHus (18) npu.
HUMAIOT BUA

Zi’ = Zoost —— [gsint— F (v)] ( ypasnenue 20002paga) \} 23

v(—a) =7y —a << 72, [U,>0, —n/2< —a]. |

Eciau monoxurp v (w/2)==w, 10 dynkuus v(t) GyneT HenpeprBHON
Ha orpeske [— ¢, w/2]. Ecim Ajs HEKOTOPOrO 3HAYeHHs T, apryMeHTa
T, —a <5 < n/2 wumeem o (3)=0, TO N0 NPEINONOKEHHIO 2)
(dFjdt);=-, =0. Ho Torna, nuddeperuvpys mnepsoe ypasHenhe (23),
noayyaem d2u/d<?=wv >0, T. e. TOUKA <, ABIACTCA MOUKOW OMHOCU~
MmeAsHOZ0 MUHUMYMA 1A7 U(T), TO3TOMYy B MNpPOMEXyTke (— o, m/2)
byHkuusa v’ (x) 60 He HMeeT HM MAKCHMYMOB, HH MHHHMYMOB, 1160
uMeeT eIMHCTBeHHBI# Munumym. CienoBatesbHo, o' () MOKET JAHLIL OXHH
pas obpaTuTbcsi B HYJAb B NpoMexytke (—a, m/2).

3aMeTuM, 4YTO €C/JM INPH HEKOTOPOM 3HaYeHHH 1T, M3 (—o, w/2)
uMeeM v (7,) = w, TO U3 NepBoro ypasHenus (23) chaelyeT HEPaBEHCTBO

v (T9) = wg (sin 1, — 1)/g cos T, < 0,

a noToMy v (t) NPUHMMAaeT CHNpaBa OT <, 3HAYCHHs, MEHbIlUHKE, UeM W,
[MostomMy, ecrun cyuwecmsyem munusyu @yuxyun v (T) 8 RPOMENCYMKR
(—a, ©/2), mo on Gosscer Guimb MeHbUle, 4eH W; B CAMOM Jielle, B CHAY
TOJIBKO YTO CKA3aHHOTO, TOT MMHMUMYM He MOXET pPaBHATLCH W, a4 ecJn
6bl OH Obla Gojbule, YeM w, TO GyHKuus v (t) nomkHa Oblia Obl WMETb
B HpoMexyTke (— a, ®/2), nmo KpaifiHeR Mepe, OJIMH MaKCHMYM, 4Yero
He Moxer OnTh. Kpome Toro, ecau gyuxyus v(t) docmucaem Hau-
MeHbuLe20 3Haenus 8 mouyke —da, mo v'(—a)>0 u v (x) >0 npu
—a <t ®f2; ecau HauMeRblee SHAteHlLe docmuzaemc;z 8 mouxe <,
20e —a <1 <nf2, mo v ()<L0 npu a Lol u v (x)>0 npu
Ll < < 1?/2

Ecau 8 npomexcymre | — o, n/2) dbynxyus v (3) He umeem Muuu-
MYME, MO Npu BCEX 3HAUEHUSRX T U3 IMO020 RPOMEHCYMKA U(T) > W,
npusen v (z) <0 npu —a Lt < w/2. BcaMmom nene, eciv Gbl B HEKO-
TOpo# Touke T Mbl uMesn Gbl o' (7) >0, To oTciona chenoBano G Cy-
LIeCTBOBAHKE, MO Kpa#Hel mepe, OZHOrO MakcUMyma O¢yHKuuH v (T)
B npoMexyTke [—a, m/2).

TakuM o06pa3oM, NpPH CHEJAHHHIX HAMH TMPELANONOKEHHAX LJA TOrO,
umobet cropocms UV(t) umesa (He WUNENd) HAUMeHblee 3HAYEHUE
8 [—o, w/2), HeoOx00umo u O00CMAMOUHO, 4MOGH: RpU CMpeMACHUE
T K ™2 @ynkyus v (5) cmanosuaacs no.odcumessnol (oTpHLATENb-
Ho#). Kpome Toro, 0ss 6ol mpaekmopuu, coomsenicmsyouel Ha-
YAAbHOE CKOpOCMU Uy < W, CYUWecmsyem HAUMEHbUlee 3Ha4eHue 9,
CKOpOCmS umeem HAUMeHbULee 3HAYEHUE 8 HAYAAbHbIL MOMEHM MO0
i MoAbKO moeda, Koz20a

F(o)+gsina <0 v/ (—a)> 0]
(cM. Cuauum [1], Cunbopunu [1], Ckopua-Jlparonn (8], ITuxoue [5]).
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3aMeTHM, UTO NP HCCAEL0BAHMM TPAEKTOPHH, N/ KOTOPHIX BEJH-
yyHa CKOPOCTU ¥ MMEEeT MHHHUMYM, JOCTaTOYHO OTPaHUUMTHLCA PACCMOTpE-
HHeM TPAeKTOPHH, ANS KOTOPHIX HAua/lbHa# CKOPOCTb U, GOJblle KOHeu-
HOM CKOPOCTH. [lnst TakmxX TPaeKTOPHMH MUHHMYM NOJyYaeTcs, eCiu Cyle-
CTBYeT TaKOe 3HAYEHHE T, 4TO

gsint— Flo(x)]=0.

6) OGosnaunm cumBosoM I'zm (%, T,) TPaeKTOPHIO HEKOTOPOH TOUKH,
COOTBETCTBYIOLIYI0 yray OpocaHust a, HayaabHOH CKOpOCTH 1y >0 u
¢yukuuu conporusienns F. [osopsar, uto I'p(a, v,) nueem mururyn,
€CJM CYHeCTByeT MHMHHMYM CKOPOCTH B [-—a, m/2).

B) Mayuum temeps cayuatt, xoraa

F(@)y=av* [a>0, n>0].
Tax kak ¢yskuus F(v) yunopierBopseT npeanoaoxenusm 1) — 4),
TO JJsi TOTO, UTOObI TPAeKTOPHS MMesa MHHUMYM, HeOGXOLMMO M NOCTa-
TOYHO, YTOOH NPH CTpeMJeHHM T K /2 ¢yHKuusd ¥’ (3) CTAHOBWJIACL MO-

JOXHTEJbHOHA.
W3 ypasuenns romorpada (23) umeem

d 1 __na 1
dt | vtcosnt | g cosntlrt®
HMuterpupys 310 PaBEeHCTBO OT — & 1O <, MOJyYaeM

T

1 . 1 na J‘ ds
vcos™s  vlcos"a | g cos"tlg
-0

Ho us ypasnenus (23) cienyer Takxe, uto

g 1 dv g 1 1
na vn¥icosn—1tsint dv  na vhcosht nsint cos?t ’

a nosroMy mpu t >0 sHak v’ (7) coBHALaeT C 3HAKOM BhIPAaKEHHs

HO=— o [ I :

mwg cos” o cosntlcg nsin T cos?t

a

Ho
1

n sin% t cosn—1< ?

H (=) =

H, caenoBatenbHo, f1(c) sBngercs Bospacrawouiefl dyukuuest or T. Orciona
BhITeKAeT meopexsa Cuauuu: 0L mMO20, 4molv. MPAEKMOPUS UMEAR
MUHUMYM, HEOOXO00UMO & GOCMAMOUHO, 4mMObH 8blpaAdNCeHIEe
M(a, v)= lim H(z)
> /2—0

6620 NOROHCUMERbHVIM,
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Ecau n> 2, o H' () crpemurcss Kk —}-co npu c—>12°—~—~0 npuyem

lim [H'(z)(r/2 —1)] = 0. Cnenosaremsho, M(a, v)= -4 00, u Mb
>n/2-0
NPUXONMM KO BTOpOH meopeme Cua4ui: KaKoss 6v. Hu 6viau a, a, v,
vy > 0, mpaekmopus Ty n(a, v,) umeem munumys, ecau n> 2.

Mycte Tenepp 0 << n < 2. MmMeem

T

ds [ sinc |° —(—1) f sin?e do
cosntle — [costo | cosntig 77

T T

f do _ 1 sinx 1 sina n—lJ‘ do
costtlc = p cosmr 7 costa T Tn cosh-lg ’
- -4
. T
sin a n—1 do g 1 cos2-n<z
H(®)= + | =
ncost o n cosn—1g navycos” o n sint
N -
C/Ie10BATENbHO,
n . ) ©/2
M(a, 1) = avy sina 4~ g n—1 J‘ ds
’ - — .
0 navy cos™ o n cosn~1o
—
Ho Torna
OM  avg+gsina
oo aplcos"tla
~N

a
[losToMy B cayuae, Koraa v, > @, T. €. av'6’>g, nMeeM aia/[ >0, wu,
caenosatenbHo, M (@, v,) sBASETCs Bo3pacTalouled ¢yHkuued or a.
Kpome Toro,

lim  M(u, vy) =-—o00, lim M(a, 9)) = oo,
~%2+0 o> -n/2—0

CIeJlOBATENBHO, CYUIECTBYeT EINMHCTBEHHOE 3HAaueHHe o, a(V,), NMPH KO-

TopoM M (o, vy) = 0; MHHIMH CJIOBAMH, NPH TOM 3HAYEHHH O HMeeM

/2
sin o - (n — 1) cos® a f _dE__I“ 4

cost—1g av

=0. (24)

-
Taxum o6pasom, ecau 0 < n < 2, avg > &£, mo mpaexmopus I‘ o (o, )

umeen MURUMYM MO20G U MOABKO moz0a, Kozda o > “("’o) zae o°—
Kopens ypasuenus (24). (Tuxoue [5], ctp. 163.) )

r) Jlns HaxomeHHs TPaeKTOpHH, HMEIOUHMX MHHHMYM, MOXET CJAYKHTh
caenyiomas Teopema cpasienns Cunbopunn (Cunbopunu [2], TMukowe [5]).
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ITycms gynkyuu F (v) u E(v) yoosaremsopsiom ycaosusn 1) —4)
13 ,a“ u nycme

FWy>EM® mpu w<oK vy, (25)
F(w)=E(w), (=2g). ' _(26)

Torna, ecau mpaexmopus I'g (o, v,)) umeem munumys, mo e2o useem
u mpaexmopus 'y (a, 0y).
HokaxeMm, uro ecan I'r (o, ¥,) He nMeeT MHHUMyMa, T. €. eciu
v (%) > W, TO He UMeeT ero u Tpaekropus I'y (a, vy), T. e., uto £ (7) > w,
rae yepes #(t) 000sHAYEHA CKOPOCTb TOYKH, ABMXKYyLIeHcH no Ly (a2, ).
Hs ypasrenuit

dv __UF(v) du - _uE(w)
@ —vigs gcost’ E"utg“_—gcou
nMeeM
d(u—v) oF (v) — uE (1)

dt (u—v)tg v gcost )
JlonycTuM cHavana, uTo npH w < v < v, HepaBeHCTBO (25) BuimnoHseTCs
B CHILHOM CMHICJAE, T. e., yTo F(v) > E(v). Torna, ecim npu HEKOTO-
pPOM 3HAYEHHWH T WMEEeM & = vU, TO NpH 3ToM 3HaueHuH d (1 — v)/dx > 0,
T. €. #—v Bo3pacraer. Tak Kak MO yCJOBHIO PpAa3HOCTh & — U PaBHa
HyJI0 MPH T==-—0, TO 3Ta Pa3HOCTb NOJOXWTeJbHa Npu GOJAbIIKX 3HA-
YeHUAX T, M MOTOMY # > U > W, YEM B HalleM CJayyae M JOKa3aHa Teo-
pema.

TIpeanonoxum Tenepb, 4TO HEPaBEHCTBO (25) He BHINOJHAETCH B CHIIb-
HOM CcMbICse, M paccMoTpuM Gynkuuio E (v, L), onpejenseMyio caenyio-
MM 00pasoM IJis1 BCEX NOJOKUTENbHBIX 3HAUEHHH A, He HPEBOCXOASLIMX
€JIMHUILB ;

E(v, )=E(v), ecm 0 Lv{w,
E(v, )=E(@w)— AE(@W)—g], eciu v > w.

Mpu sapannom A ¢yskumst E (v, A) ynosaetsopser ycaosusam 1)— 4)
U3 ,a“ u ycaosuio (26), npuuem
F(v)>E(v,A) nmpu w<v<v, 0<r<L.

OGosuauuM uepes #(t, &) CKOPOCTb TOYKH, ABUraomeNcs No TPaeKTo-
pun I‘E(v (% ¥). Tlo ycrosmo v>w, a no ROKa3aHHOMY pakee
#(t, A) > v(t) npu = >— a; Ho #(%, ) HeNmpepuIBHO 3aBHCHT OT napa-
Metpa A (ra. 1, § 5, n. 1, ,a%), mostomy lim & (%, A) = u# (3), M, HAKO- -

A> 40

Hen, u(z) > v(v) > w. TeopeMa JIOKa3aHa,
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§ 2. YpaBHenue saryxaromux koJjeOanuit

1. CymecrtBeBaHHe pemeHuit B [/, -}-co). a) B 10 Bpema xak
B HEKOTOPBIX BOMPOCAX JAHHAMHUKH CHCTEM C ONHOR CTeMeHblo CBOOOML!
NPUHUMAIOT, YTO CHJIa, BHI3LIBAIOIIAS 3aTyXaHWe, NMPONOPUUOHAMBHA CKO-
POCTH, CYIIECTBYIOT TaKhe 3aJayd MaTeMaTHYeCKOH (PM3MKH U TeXHHKH,
B KOTOPBIX CHJA, BBI3BIBAIOWIAS 3aTyXaHue, 3aBUCHT OT HEKOTOpO# cTe-
nenn ckopoctd. Tak, Hampumep, €CJAM TOYKA JIBWIKETCA NOJ IeHCTBHeM
BOCCTAHAB/MBAIOLIEH CHJIB B cpelle C THJAPABIMYECKUM CONPOTHBIECHUEM,
TO ypaBHEHWE [BIKEHHS 3TOH TOUKU MMeeT BHI

d2y dy |dy
A%+ B| %Y 4 cy=o,

rie A, B, C— nonoxurenshbie uucia (cM. Cunbopunn [3], Ilapkep BaH
Lannt [1]; sTa paGora comepxuT Takke HeKOTOpele OuOaHOrpaduyeckue
yKasaHus 10 JAHHOMY BOMPOCY).

Muan [1] paccMarpuBan onHOMepHEIC NPAMOJIMHERHbIE JABHKEHWS, ypaB-
HeHHe KOTOPBIX HMeeT caeaywouut 6onee o6yl BuA:

AB LB F@ P pcy=0, ¥ =0 M

(rae A, B, C—nocrosinnble, F— naHHas @yHKIHS CBOEro apryMeHra),
M YCTaHOBAJ HEKOTODHIE TeopeMbl O TaKMX ABWXEHMAX. Mbl H3/0XUM

9TU TeopeMH npu Gosee OOLMX NpenNONOKEHHUSAX.
3anuiiem ypasHenue (1) B Buze

d d
AZ+R@H-Cy=0, v=77, )
rne

R(@)=1B-+F@)o, ®)
A>0, B>0,  C>0, : O ®

a ¢oynrkyus F () nenpepuisna, pasHomeprHo y008iemsopsem YCA08UIO
Junwuyga 8 21060M KOHEYHOM Ompe3ie, Rpu4esm

F(—v)=F((v) F@0)=0, F(@) >0 npu v >0, ®)

[Ipy 3THX NpeANONOKEHUAX H3 OOLIMX TeOpeM CylIeCTBOBAHUS BHITE-

KaeT, 4YTO eC/AM 3ajaTh B HEKOTOPOH TOUKe £, NMPOM3BOJbHBIE NOCTOSH-
2 2 9

Hhe Y, VU, The Yi--v2 >0, 10 Haidemcs pewenue ypasnenus (2),
Y0081eMBOPSIOUCE HALANGHOLM Y NOBUSLM

Y(t) =y, v()=1,") , (6)

1) YpaBHenne (2) uMeeT TOXAECTBEHHO PaBHOE HYJIO PELUCHUE, YAOBJIETBO-
pAoLlee HAYaJbHBIM YCIOBHAM ¥, = 0, vy == 0, HO BO BCeX HAILINX HCCAENOBAHUAX
Mbl He OyJeM NpPHHMMAThb BO BHHMaHME 3TO TPHBHAJbHOE pelleHHe,

TlouTn uW3JAMWIHE yKasbiBaTb, 4TO B JIOGOM KOHEYHOM orpesxe dyHkuus R (v)
yROBIETBOPAET yCAoBHIQ JIMMUMUA ¢ TOW ke MOCTOSHHOH, uto H F (v), i

A 0peanosoKuM, 4TO



