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H ONPEOCLEHHOE HA HEKOMOpOM OMmpe3Ke, AeBbiM KOHUOM KOMOPOzOo
asasemcss mouxa . TlokaxeM, YTO 3TO pelieHHe HMeeT B KAuecTBe
06JaCTH CYIIECTBOBAHUS MPOMEXYTOK (2, —|-0c0).

B camoM nese, ymHoxas ypasHenue (2) Ha 2vdt n unrerpupys ot
10 £, UMeeM

t
A02+Cy2—Av~—{—Cy —9 foR(fU)dt:E(t). ()
»

Tax xak vR(v) >0, mo dyuxyus E(f) (NponopuuoHabHas ROJHOMN
SHEPTHHM CHCTEMBI) NOAONHCUMEAbHA U YObleaem, W, CAELOBATENbHO, DYHK-
uni y(f) u v(f) oCTalOTCA OrpPaHUYEeHHBIMM BO BCe 06JACTH CBOEro

CyLe CTBOBAHHS ,
YOI VE(E)C vt <VE(@)A (8)

OGO3HAUMM uepe3 f BepXHIOIO I'PaHb 3HAYEHHH t >y, DI KOTOPHIX
cyuwiecTByeT peulesne y(f) ypaBHeHHs (2), onpelenseMOe HayaJbHLIMH
ycnoBuamu (6), M npuBejeM K NDOTHBOPEUYMIO TpEATNOJONEHHe O KOHey-

noctu £ Tak Kak
[y)—y@)|= |t — f”lly OI<SVE@/AIL —1|,

(f— Touka, nexawas mexay ! wu £7), To B Clyyae KOHEUHOCTH 7 u3
TeopeMbl  Kowu caenoBano Obl  CywlecTBOBaHME KOHEUHOTO npejnesa
lim y(f) = y. AHa/oruyso, B CWAy TOr0, YTO MO ypaBHeHuio (2) Pyukuus
t—>t-0 _ _
v’ (f) orpannuena 8 [£, #], cywecTsyer KoHeuHwi npepea lim o (f)=0.
B t->t—0
Ho rorpa cnpasa OT f 10/MKHO CylIeCTBOBATH pelueHHe ypaBHenus (2),
YAOBNETBOPSAIOWUIEE HAYAAbHBIM yCa0BuAM - ¥ (f) =y, v(f)= v, nostomy
paccMaTpuBaeMoOe paHee pelIeHHe 3TOr0 YPaBHEHMS! MOXHO NPOAO/IKHTH
BIIPABO OT TOYKM f, MU, CJEeNOBATEJbHO, 00JaCTh CYlUEeCTBOBAHHSA ILUPE,
yem [£), f).

Urak, Mbl 10Kasanu, yto f == -} co, T. €., YTO pelleHKs ypaBHenus (2)
OLHO3HAYHO ONPENeNANTC HayanbHLIMU ycnousMu (6) n 06nacTbio cyuwe-
CTBOBaHHMf 3THX pelueHUH SBAAETCS TMPOMEXYTOK [£;, —- 00).

Us (8) u (2) caeayer, uro ecau y(t) ssasemcs pewenuen ypasse-
Hus (2), onpedesennuir 8 nposexcymre (¢, —-o0), mo Gyuxyuu y (),
Y (&), y"(t) oepanuuens 8 smom npomesxcymxe.

6) Cnepyer sameTHTh, uTO ecau pewewue y(f) ypasHenus (2) umeer
GeckoHeuHOE MHOMECTBO Hyaei, TO STH HyJdW He MOTYT MMETh HA KOHey-
HOM pacctoaHuM npejenbHOR TOYKHM §, Tak Kak HHaYe B TOUKe £ Mhl
uMean 6ul y(§) =y () =0 u 1o TeopeMe eNUHCTBEHHOCTH Y (f) TOXKIe-

CTBEHHO PAaBHANOCH Obi HYJMIO.
Touno Tak e, ecaum y’(f) umeer GeCKOHEYHOE MHOXECTBO HyJeH, TO

OHH He MOTYT HME€Tb HAa KOHE€YHOM pPAaCCTOAHUU Hpe,ﬂ.e.ﬂbHOﬂ TOYKU &,
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B nporupHoM cayuae Mbl uMmean 6b Y (5) = y”(5)=0, a us (2) caeno-
Baso Obl, uto M y(§)=0, a sHayuT U y(f) TOKAECTBEHHO PABHO HYJIO.
© Tak xak npu y(#)=0 [y’ (£)==0] pomkHo 6uTb ¥ ()0 [y” (£)=#0].
10 Hym y(f) [¥' ({)] nomkubr GbiTh MPOCTHIMH.

B) 3aMeTuM, uTO ecau £ M ¢’ SBASIOTCS NMOC/ENOBATENbHBIMH HYJISIMH
npousBonHoit pemenus y(f) ypasuenus (1)

Y (@E)=0, y(@")=0, y@®F0 nput <t<t,

TO CyLIeCTBYyeT OIHA W TOJMbKO OfHA TOUKa & mpoMexyTKa @, t"), nasa
xotopo#t y(§) =0.

B camom nene, y' (t') y(¢') < 0, y" (t") y (") < 0, a caenosatesbHo, ¢’
n t” gBasioTcA TOUKAaMM sKcTpeMyma aasd y(f). Ho Tak kak He MOxer
ObITh ABYX NMOCJHENOBATENbHHX TOUEK MAKCHMYMa WM MHHUMyMa, TO ¥ (f')
u y”(¢") nmelor pasuble 3Hakm, a Toraa y(¢) m y(¢’) Takxke HMeWT pas-
tisle 3Haku. OTcloma caeayer, uto y(f) obpauiaercs B HyJb B HEKOTOPOH
TOUKe mpoMexyTka (¢, #’), npuueMm TaKas TOYKAa MONET ObITh TONLKO
OaHa, TaK Kkak ecau Ou y(f) o6pamianoch B HyJb B ABYX TOUKAX npo-
Mexxytka (£, ¢”), To B Hem Jexan Obl 1m0 KpaHHe#l Mepe OIMH HyJb
dyHkuun vy’ (£), BOMpPEKH NPELNOIOKEHHIO,

r) 3aMeTuM, HakoHel, uTO (QyHKUHS y”(f) He MOKeT TOXAECTBEHHO
PaBHTbCA HYJIO HM Ha KaKOM OTpeske. B mpoTHBHOM Ciyyae Ha 3TOM
orpeske -pyukuus y’(f) coxpauwsna Obl MOCTOSHHOE 3HaueHWe, a TOrAa
B cuay ypasHenus (1) u dyHkuus y(f) coxpanana Gbl MOCTOSIHHOE 3Haye-
nue nHa 3ToM otpeske. Ho Ttorma y' (f) =0, y"(f) =0 u, crenoBarensto,
y(®) =0, 1. e. y(f) TOXKAECTBEHHO paBHANach Ghl HYJIO,

2. Pemenus ypaBnenusi B ciayuae B2—4 AC> 0. a) [Ipeanonoxum,
4yT0 B ypaBnenmun (2) wucaa A, B, C ydosiemsopsiom Yci08ui0
B?—4AC> 0, u nycts y(f)— pelueHde STOTO ypaBHEHWS, OMNpPeneeH-
HOE B TpOMEXyTKe [f), — co). IlokaxeM, uto TOrAa Gyuxunst  y (%)
MMEET B STOM MPOMEKYTKE He Gonee onHOTO HyJsl.

Iyctb y’ (£) umeer nyab. Bed noTepn OGLIHOCTH MLl MOXKEM CUMTATh

4TO
V' (%) =0.

Tak xak y(%4)=0, 10, u3MeHas B cAyuae HEOBXOAMMOCTH 3HAK, MbI
MOXEeM CYMTaTh, UTO

Y (fo) =30 > 0. 4
W3 (2) caenyer, urto y”(4) < 0, nostoMy Hafinerca Tako# oTpesok
lto, fto—}-h1, B >0, uro
vV =y ()<0, H<t<tyth ©)
IIpednoaroscun cuavasra, wmo B?— 4AC >0, n nyctb —a, — B,

§ > a —xopuu ypasuenus Ap?—-Bp -+ C= 0. Yncna — «, — B ne#icrau-
TeJbHbl M OTPHLATENbHbl, W ypaBHeHHE

A2"4-Bz +-Cz=0 (10)
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uMeeT oOllee pellleHHe BHjA
2(O)=c;e™" o pe™P 71,

PHE € M Cy— NOCTOSHHbE. YaCTHOE pellleHMe STOFO ypaBHeHus, yIo-
BICTBOPAIOLIEE HAUANBHLIM YCJQBUAM
V4 ’
z(t) =y0 2 (L) =Yy (t)=0, (11)
uMeeT BHIL

2z (t) — Bi’f . e‘_ﬂ -ty [pe(ﬂ"a) (t"tu)__ d], :

W TIOTOMY TNpH MOGOM £ > f, HMeeM AJs 3TOTO pelleHus
2()>0. (12)

YpaeHenns (2) u (10) MOXHO mepenmucaTh B BuAe

B B B B B,
d [ z-tdy. c Tt 2! df gtdz C t
E{f" ar | aet y=—F@ et let G|+ Gt 2=,
YMHOxas neppoe M3 HHUX Ha 2, a BTOpoOe Ha YV, BbluHTag M HHTerpupyﬂ
0T f, 10 f, MOAYy4YaeM C TOMOLUBIO HHTer‘pHPOBaHHﬂ MO 4acTaM M yCJo-
Bua (11), urto

t- B
d t v
h_yl L [ P ieme . (3)

ty

Orciona B cuny (9) u (12) Buitekaer, uro npu fy <t ty~h
BLINOJMHAETCA HepaBeHCTBO (¥/2) >0, 1. e. y/z BO3pacraer. Ho TaK Kak
hm y(t)/z O=y @)z (k) =1, 10 npu & < t L ty—+h umeem

(t)/z () > 1, nostomy y(f—+h)>0. Takum o6pasom, dyukuus y(f)
NpUHMMaET MOJOXHUTEbHBIE 3HAYEHHS HA MOGOM npoMexyTke (fy, t,), He
comepxauieM HyJefl QyHKUHU y (t)

Ho orciona caeayer, uto y'(f) me Moxer o6paTHTLCA B HYJb HH
B onHOM TOuke, Jexauefi npaeee #,. B camoMm nesne, ecan Gwl ¢ 6HIO
crenylonM 3a £, uyaeM dyskumn y’(£), To (m. 1, ,B%) ¢ynxuus y(¢)
obpamanace 6u B HyJb 8 npomexcymie (fy, £) BOOpeKH LOKA3AHHOMY,

Ecim B?*—4AC==0, 10 XapaKTepHCTHYeCKOe ypaBHEHHe JiJs ypaB-
tienns (10) Ap2—-Bp—-C =0 nmeeT 1Ba paBHbLIX OTPHLATEJbHBIX KOPHS,
KOKAbIH M3 KOTOPbIX Mbl 0003HauMM — a. YacTHoe pelueHHe ypasHe-
Hust (10), ynomnerBopsioliee HauajdbHbIM ycaoBusam (11), uMeer Buz

2 () = yoe=* ¢ [1+-a (F— )]

U TOTOMY yAOBAeTBOpsET npu ¢ > f; nepasenctny (12). Ho Toraa mpo-
Be/leHHble BbIlle PACCYKAEHHUS COXPAHSFIOT CHAY.

6) HokaweM, uto ecau B2-—4AC >0, mo awboe peweuue y@®
Ypasnenus (2) cmanosumcs, HAYUHAL C HEKOMOPOO 3HAYEHUS Apzy- -
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MEHMA, MOHOMORHOU yHKYuel, o6aadaoujeli MOHOMOKKOE npou3sod-
Holi, npuen Kax y' (f), max u y'(t) cmpemames K wyao npu t — oo,
B camoM nene, ecau y(f) sBasgercs pelueHueM ypashenus (2), To
Hafiperca Takoe f;, uTo npu f > &, umeem y’ (£)70, crenoBatenbHO, y(f)
asasemes npu >ty monomonuoi ooynxnued. Tak kak 3T1a PyHKuUuUsA
02panu4ena, TO CYIeCTBYeT KOHeuHHH npenel
lim y () = yeo.

t—>+o0
Us (7) BbiTekaeT TOrJa Cyl{eCTBOBAHHE KOHEUYHOro mpexena lim y’2 @
t—>+co

M, TaK Kak Gynkuus y’(f) He MeHsieT 3HaKa, TO CYylLIECTByeT

lim y' ()==y’, rae y’  KOHeuHO.
,im Y )=V Yoo

Ho y’ ue moxeT ObiTb OTJMYHO OT Hyas, Tak Kak ecau y’ >0
uan y’ < 0, TO COOTBETCTBEHHO AOMKHO OBITh ¥ ==~} CO WK y_ == — 00,
BONpPeKH JOKa3anHoMy Bbime. Takum obpasom, y’ =0.

C nmpyro#t cTOpOHbI, -U3 ypasHenus (2) caenyer; urto CyllecTRyeT
KOHeuHbllt npehea A hm y’ (t)__.ym, [pHYEM JIeTKO BHIETb, 4TO voo__ 0.

a Toraa B CHJIy ypaBHeHuﬂ (2) yo=0.

Jins TOro uro6bi 3aKOHYHTH JJOKA3aTENbCTBO CPOPMYANPOBAHHOTO BhILIE
CBOHCTBA, HaM OCTANOCh TMOKa3aTh, uyTO (yHKUUs y’ (f) TaKKe CTAHOBUTCH
MOHOTOHHOH, HaUMHAs C HEKOTOPOro 3HaueHus aprymedra. [las 3Toro Ml
AOKAXeM, 4TO 8000l4e, eCld Ha OTpeske BHAa [fy, {,——4}, & > 0, npous-
BOZHas peuwtenus y(f) ypaBHenHs (2) ne oOpawjaerca B HyJib, TO Ha 3TOM
OTpesKe CYWECTBYyeT He Oonee OAHOTO 3HaueHws f* aprymesta f, TaKoro,
yro y”(t*)=0.

[Tonoxum ans onpejeneHHOCTH, Y4TO

YO <0 npn by <ty hy

W nycTth cywiectsyer takoe £F, £, <t L fy—}h, uto y” {#*)=20.
B cuay (2) umeem, -ecam y’ (H)+y’ (t ),

y”(t) Rlv(h]l =R (v ()] v () —v () yO—v @) __
A F v (1) — v (%) e O

a ecan y' (t) =y’ (t*), 10

() yO—y @) _
A+ C——F

t*

Tak Kaxk pasHOCTHbie OTHOWleHUs (yHKUMH R (V) OrpaHuyeHbl B COBOKYDN-
HOCTH, KOTAa ¢ M % npunannexar orpesky [f,, f,~-#), n TaK Kak

lim 2O —v (%) _ o anD’_(_‘);Xﬁfﬂ Cy' (t5) < 0,

testr  f—F Pyt



§ 2. VYpasnenue samyraouux xorebanuii 305

10 CYLIECTBYET TaKoe MOJOXHMTE/NbHOE uMCH0 d, uyTo npu [f—1*%| <8
ortnowenue y” (¢)/(t— t*) noaoxureanHo, T. e.

Y@ <0 mpu ¥ —38 Lt 8%, y' () >0 mpu t* < £ L b3

Ho Torna t* sBisercs TOUKOH Munumyma aas ¥’ (£). Tak xak dyHKuus
y’ (¢) nenpepriBHa Ha oTpeske [f, f,—}-k], TO Mexny cOCeIHHMH MHHH-
MyMaMH STOH (YHKUMH [O/KHA JieXaThb TOYKA MAKCHMyMa, & MOITOMY
MOXET CYLIeCTBOBAThL JMIIL OLHA TouKa £#, £y <t* £ ~}-h, B xoropo#
y” (f) obpawaerca B HyJb,

Mrak, bl nokasamu, yro auGo y”(f) me obpawaercs B Hyab mpH
t>1, a torna y'(f) MOHOTOHHa (M CTpeMHTCH K HYMIO) B (2, + o0),
mbo y”(f) obpawaercs B Hyab B TOuKe £¥, a toraa y’ (f) MOHOTOHHA
B [t*, +4-0C0) (M CTPEeMHTCS K HYJI0).

B) Tak xax Hm y(f)= lim y'()=0, 1o us (7) BuTekaer, yro

) “>400 t~>too
lim E@{)=0.
t—>+o0’

r) Mayuum Tenepb nosepenve E(f) npu £ < ¢, B npeanooKeHHH, YTO
B?—4AC> 0,

OGosHaunM uepes T HIDKHIOIO TDaHb 3HAYeHWH £, NPUHALIEKALIMX
00/1acTi CyulecTBOBaHHA pewieHus y(f) ypasuenus (2). T moxer GbiTb
KOHEYHBIM YHCJOM WU K€ PaBHATLCA — OO, HO B OOOMX CJAyyasX MMeeT
MECTO PaBEHCTBO

lim E(f)= 4 oo.
t>T+0

B camoM pnene, Tak kak dyuxuus E (f) MOHOTOHHA, TO CyLiecTByeT
npepen  lim  E(f) = A (pasumit Bepxuett rpanu suauenutt E (£)), u HaM

t>T+0

HaNO JMUIbL J0Kas3aTth, uto A = 4 oo,
Ilycte T — HekoTopoe KoHeuHoe uMc/0. [lpuBeseM B 9TOM Ciyuae
K NPOTHBOPEYMIO MPEANONOKEHHE O KOHeUHOCTH A, PyHkuuu y(£), y’(¢)
orpannyensl B (T, T+h), h >0, cienoBaTelbHO, CYILECTBYET KOHeu-
Helit npefen lim y(f)=yr, a Tak kKak B cuay (2) dyukuus y”’(f)
t->T+0

takie orpannyesa B (T, T-}-h), TO CywecTByeT M KOHeuHmiff npe-
Aen lim yu(f)=y7,. Ho Toraa pemenne y(f) MOKHO NpPONOMKHTH

t>T+0
BeBO OT TOYKM T, BOMpeKH MPeINoAOKEHHIO; CAeA0BATEAbHO, A =—-[— 0.
PaccMoTpuM Temepb cayua#t, xorga T = — oo, u npuBeieM B 3TOM

Clyyae K NpPOTHBOPEYMIO NPEANOJOKEHHE O TOM, YTO- A KOHEuHo, T. e,
O TOM, uT0 dyHKuuu y(£), y’(f) orpanuyens B (— oo, -+ o). B cuay ,a“
bynkums y’ (f) uMeeT He GoMee OZHOTO HyaAss, W TNOITOMY CYIIECTByeT
Takoe uncao «, yro y’(£)#0 npu £<C a. M3 sToro caenyer, 4to dyHk-
sty (f) mOHOTOHHA B (-— 0O, &) M, CTan0 GHITh, CYyHIECTBYET KOHEYHbif
nperea lim  y(f) = yo. :

t~>—00

W3 nocaenne#t uactu NPOBEJEHHOrO B ,6“ paccy:KAeHHs BhHITEKaer,
10 y”(f) He Moxer mMeTh B (— 0O, a) 6Olee ONHOrO Hyad, T. e. hyHK-

20 3ax. 1072. Ilx. Cancoue
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uust y'(f) CTAHOBUTCA MOHOTOHHOM NPH CTPEMJIEHMHM [ K ~— CO, NMpHYEM
oyeBHaHO, 4yTO0 lim y’ (f)=0. Ho Toraa B cuiy (2) CywecTByeT KOHey~
t~>—co

~>
Hetl npepea lim y”(#), xoropmff, OueBMAHO, paBeH Hymo, Clenosa-
t->~co

TEAbHO, Yoo =0, A =0, uyero ue moOxer ObTb, TaK KaK TOrJa Mi

umean O E(£)=0. Taxum o6GpasoM, u B cayyae, Koraa T = — oo;
umeeM lim E(f) = -+ oo. '
{~»~00 )

3. B cayuae, xorma B2—4AC< 0, Bce pelieHHs YypaBHEHHS
kosebmorca. a) PaccmoTpuM Tenepsb cayuaft, koraa B2—4AC < 0, Kak
Mbl yBMAMM B ,6“ B 9TOM Ciyuyae /000e peuleHHe ypashewus (2)
Konebnerc. Mel 1OKaxeM MpeABAPHTENbHO, 4Y4TO ecau y(f) sBasercd
pewienneM ypasheHus (2), onpeneneHHbiM B [£, -} ©0), TO Kak W B cay-
yae B2—44C>0 (cm. . 2, ,6%, ,B“),. Mbl UMeeM

im y@# =0, lim y(@# =0, lim E@{)=0. (14)
t->+co t->+co : t—>+oo
B cuny (7) HaM JOCTAaTOYHO AOKa3aTh AJa 9TOro, uto A =0, rae nono-

weno - lim E(f)=A.
t>+c0

~Ecam cymecrtsyer Takoe f, 4ro npu f> £, umeem y (£)+0, Hanpu-
Mep, y(f) >0, 10 B cuay nokasanHoro B n. I, ,B“ CyiUecTByeT TaKo®
?(,}to, uto y' ()0 npu t > t;, a Torja M3 pacCy;AeHHH, NpoBejeH-
HHX B 0. 2, ,6%, ciaenyer BunoJaueHue paseucrtna (14).
[Tpennonoxum Tenepb, uTO pemienue y(f) KoxeGaerca (MH yBHIUM
B ,0%, uTO 3TO BCeraa HMeeT MeCTO B HalleM CJyuae), ' mycTb {1, )} —.
NOCJIEI0BATENBHOCTL HyJell STOrO pelueHus

YE)=0mpun=1,2, ..., £, <t < ... <t < ...,

lim ¢, = 4 oco.
n—r0

[lpenanonaras, nanpumep, uro y’(f) > 0, noayuaem
y, (fony) >0, Y (lony2) <O (=0, ,1’- o)
M3 pasenctpa (7) BhiTekaeT, BBHLY yOoiBanus E (f), uto
Y EI> Y E&I> ... > > ...,

NN o Y
”grgmly(tn)l VZ' (15)

Npennonoxum, uto A > 0. Ilas moGoro noJOKHUTENBHOTO YHC/AA p W3
NOC/el0BATE/LHOCTH (£, ] MOXHO H3BIeub IOANOC/EAOBATEbHOCTL

Ly tiyy ooy by ooy TAKYIO, UTO

<t —p by <Ulyg—pr ooy L, <l i —D .
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Ecau ¢ u3MeHsIleTCs B OJHOM M3 OTPE3KOB

Sy=W —p 4) S=(,—p &) ...,
88=(t’i —p, t‘B)’ vy

HAMPUMEP B OTpeaKe 8,, TO B cuny (8) W (2) natmercss Takoe uucao L,
uro | y"(®)| <L, u noromy .

Y O=VVAISIY O—Y t)+
1Y &) — VA <ol y ) —V VA

OTC]O}],a ClelyeT, YTO €CJH 8ajaTh MOJOXHUTEJbHOE YHCJO g, MeHblﬂee,

yem J A/A, 10 MoxHO HalTH Takoe p>0 u Takoe s, uYTO 447 3Haye-
HHH £, IPUHAJJIEXKAIUX OTPE3KAM Oy 11, s 42, ..., HMEEM

VNA—e< |y (< VAt
Ecan oGosnaunts uepes d,(d,>> 0) HauMenbulee 3HaueHHe q)yﬁxﬁuu
F(v) npu Vi/A—o L v <V AjA-t-s, 10
R (@) v> (B--dg) [V A—o]*

¥, KaKoBo Obl HH OBIJIO HAaTypaJbHOE YHCJIO p,

400
[ R@at> f R(w)vdt> (B—}-do)[V NA—oq].
to . k= 8o+l 6k

. +co0
M3 npoH3BOJBHOCTH p CJAEAYET, YTO HHTErpan f YR (v)dt pacxoaurcs,
%
BONpeKH paseHCTBY (7).

Takum o6pasom, A =0, OTKyza K clesyiT cootHomenus (14).

6) Hokaxem Tenepb, uTo mpH ycaosuu B2 — 44C < 0 sce peuenus
ypasuenus (2) ‘umeiom OecKOHewHOE MHOJCECMBO Hyaeld, T. e.
xonebmorca (cM. Mumn [1], crp. 6—7). Vs nepasenctsa B2 — 44AC<0
clenyer, uTo

IAr2+Br+Clv=A [<r+§%>2+‘}4‘1_§_‘_;:2‘_‘f]>d> 0.

3HaunT cywecTByeT Takoe uncao H, 4TO a8 MOGOTO r CnpaBenIMBO
HepaBeHCTBO

| Fr e | <H

n=4L B (>0, (16)

Tonoxum

20*
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Tak xak lim F(v)=F(0)=20, 10 a1 mo6oro t >0 MOXHO HalTm
t>+co

Takoe ¢ > £, uto npu f> ¢t BHITOHSETCA HepaBeHCTBO
r vt
IF ) ZrrBF¥c I<F OH <5
JlokaxeM, 4T0 K@ sw6oM ompesxe 8uda ‘
[T, T4+E +"C], an

20e £ >1, uneemcs wyas Yy (L),
Ilas nokasarenbCTBa OT MPOTHBHOrO MPEANONOKHM, u4TO Y (£) 0

npu £ <t < E -4 2nfy)+t. Torna dymxums r(£), rae

_y®
(t)'_" y(t) ’
HenpepbiBHA Ha orpeake (17), mpuueM u3 ypasHenus (2) uMeeM
' d A
AS +Ar?+ Br4-C-+F(0)r =0, (18)

OTKYZa

d +_B_
(;—_I__{_—';BL)Q%_}“[I_FF(‘U) -7172_*_—"3’_—_?_—(:—](1;:0‘
24 4

Unterpupys 510 paBeHCTBO OT £ 0 ¢ W moJaras

t
,
8 () =f F@) e @
3
noJyyaeM
2 2 B
3 arctg = (r~|-ﬂ)—[—[t—{—0(t)—-c| =0 (¢ = const),
B
r(t)=—27—%tg—;- £+ 0(6)—c}.
.Korna t npo6erae1; OTpe30K (17), BHIpaXXeHHe % [t+4 6@ —c] nenpe-
PHIBHO M3MeHseTCs: B mpelenax
= = = . 92
oT %(t-—c) 110—;—(t—-—c)—{-n-{——%[r—{—ﬂ(t—(——?—{—t)}.
Ho 0
v = 2n v % 7
3 [0 5 )] 5 [ ()] =0

M NOTOMY AO/KHO CYLECTBOBATL 3HAYeHMe £, MpUHAQJIekallee OTPe3Ky
(17), aas roroporo r(f) obGpamaercss B 6€CKOHEYHOCTb, BONPEKH Tnpel-
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NOJIOKEHMO O HenpepuBHOCTH 7 (f). TakuM oGpasom, y(f) uMeeT Hy.b
Ha otpeake (17). Otciona crenyer, uro y(f) umeem 6ecKOHE4HOE MHO-
gicecmso nyaeli 8 [f,, —00), npuuex, Kaxoso 6w Ru Ovia0o t© >0,
PAcCMonnue Mexc0y O0BYMA COCeOHUMU HYARAMIL, HAYUHASL C HEKOMO-
pozo HoMepa, cmarosumca u ocmaemcs MeHouie, wesm (2nfv)-p-=.

4. Paspenesue nyaeil o¢ynknuii y(¢2) m y' (¥) B cayuae, Koria
B?—4AC< 0. HepaBencTBa nJsl PacCTOSHHSI MEXIY ABYMS COCeX-
HUMH HYJISMJ PeIIeNHd H XIS MaKCHMyMOB pemesns. ToukH nepern6a.
a). Mayunm Temepb rayGxe noseienue pemieHu#t ypasHenus (2), coxpa-
HAS TIPEATIONOKeHHe, yto B2 —4A4C < 0.

B cuay pesymratos n. 3 pewenue y(f) umeer B [£, --00) Gecko-
HEYHOe MHOXEeCTBO HyJe#t, 00pasylolinX BO3PACTAIOLLYI0 NOC/AEL0BATE/]b-
HOCTBL {f, },

t1<t2<...*<tn<~--9 (t0<t1)’
YE)=0(s=1,2,....% lim {,=o00.
s> o .
Kak 6b10 yxe samMeueno 8 m. 3, ,a“, UMEOT MeCTO HepaBEeHCTBA
Y @) >V Guep] (=1, 2,...). (19)

B cuny noxasamnoro B m. 1, ,B“, Mexmy £, u £, comepxurcs
OLMH ‘H TOBKO OIMH Hyab ¢ynkiuun 3y’ (f), KOTOpHH MBI 06O3HAYHM

¢, mtz T, ¢ 1 NGe t

dur. 33.

uepes 1, (¢ur. 33). Tak kak B npomexytke (f,, t,) Oynkuus y’ (f)
MMeeT OfHMH 8HAK, a B NpoMexyTKe (%, f,,,)— Apyro#t, T0 T, ABAAETCH
TOuKO# MakcumyMa nas |y (f)|, nexawett va orpeske [f,, £,.4].
U3 (7) BhiTekaer, 4TO
Ay (c) =E(x,), 20)

ly @) > 1y G| =12, ...). @n
Mensin B cayuae HeOGXONMMOCTH B8HAaK Y, Mbl MOXEM CUMTATb, UTO
YE)=0; (—1)=ly () >0 mpu t, <t <t (s=1, 2, ...),
Y (c)=0 (S'—'—-l, 2, ...
YO >0 mpu t, <t<1; (—1PY (>0 npu 1y < < Typy.

Mot nokasann, Takum o6pasoM, uTO Hewcdy OBYMS COCEORUMU HYATMU
Loou by PYHKyL Y codepicumcs eDuncmeennul Hyas gysixyun y',

H notoMmy



310 T'a. XII. O6 ypasrerusx, 8cmpesalouyyuxcr 8 nPULOHCERURL

a Menc0y OBYMS COCeOHUMU HYATKU Ty U Tgr, PyHKuuu Yy’ (¢) codep-
sicamcs  eOuHCmBeHHOE Hyas dynuxkyuu y(f), m. e. Hysu Gyuxyad
y(&) u ¥y (t) pasdersiom opye dpyea.

6) BoiBeneM Temepb 1Ba HEPABEHCTBA /i PACCTOSHHA MEXAY COcen-
HUMU HYJAMH pewieHus y (f) ypasHenus (2).

B cuny pesymwrator m3 n. 3, 6% Aas mo6oro noNOXKHUTENLHOTO
YACAA T HAUAETCH TaKOe LeJOoe HHCHO S5 UTO NPH § > S,

Loy — +T (s=s,+1, s5-+2,:...). (22
JlokaxteM, YTO HMeeT MecTo HepaBeHCTB'ol)
tory— (ﬂ —a) (=12 ...) @3)
H Gonee CHJAbHOE HEPABEHCTBO
bypg— T > “("‘“'“o) (s=1,2 ..., (24)
FAe o, — TaKas Ayra, 3akjouyeHHas Mexay 0 u m/2, uro
| ctgag= % . (25)

Ias  storo . saMeTHM  cHawama, u4rto . peuieHne z(f) ypaBHEHHR
Az" 4 B2 -]—Cz—O YIOBAETBOPSIOLIEe HAYaNbHEIM yc.nosmm 2(ty) =
=y(t), 2/ (x;)=y (-:&)__ 0, umeer BuZ

z(t)~=y('t')e_ﬁ( g [cosl(t_ )+ —f—sin-;—(t-— 8)] i

Yucno #=r,-} 2(m— ay)/v ABNSETCH TNEpBHIM 3HaueHueM f>1T,, Aad
Kotoporo 2z (%) o6pamaerc;1 B HyJ b (cM. ¢ur. 34). Bea norepu o6WHOCTH

f' \s”

> 1

4 T 2 ~ o~

Zy Tt Y
dur, H.

MOXHO CuHTath, 4T0 y(%5) >0; morma 2/(H <0 npn <, <t 1, +
+ 2 (m — ay)/v.
Hs q)opuy._m (13). B n. 2, .a“, sanucHBaollefics B HaWeM cayuae

B BHAE
t

B
[eX  Flomlvmzdn,

s

B
dy L S ud
ydt 4

lgifMuhﬂ 0Ka3an MeHee TOMHOE -HEPABEHCTBO gy — fo > V AJC (Muan [1};
ctp. 8)..
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M M3 TOr0, YTO HAa HEKOTODOM NpOMeXyTKe BuAA (T, £) BBHINOJHAOTCA
HepaBeHCTBa v (1) <0, 2(n) >0, caenyeT, uyTO Ha STOM NPOMEKYTKe
(y/z) > 0. Ho

tim Y@ .Y (%) (vs) __ =1,

40 z(f) ~ z(z)

nosromy y(£) > z(f). Hanee, Tax kaK B mpoMexyTKe (T, 7,2 (m—ay)/v)
¢ynkuus z(f) He obGpawmaerca B Hyjab, TO H y(f) He MOxeT OOpalmaThCs’
B Hylb B STOM NpOMeXyTKe, T. €. lgy{ > T4 2(m— ag)/v. OTciona u
BHTeKaeT HepaBeHCTBO (24), a Tem caMeiM u (23).

W3 nepaBencTBa (24) clenyeT, UYTO paccmosgHue meiucdy 08ymus
COCCOHUME HYAAMU Ty U Tgy, GYHKGuu y' (f) ydossemsopsem Hepa-
sencmey

2
iy — %> 2 (R a).
B) HokaxeM Tenepb, 4T0 048 Makcumysa |y (z5)| #00yss dyuk-
yuu y () na ompesxe -[t,, t,14] uneem mecmo HepaseHcmso -
| - T I : V4Ag—B§
ly@ SV Tl E)le V}f“fB’ (26)

Pemenue ypasuenus Az” -+ Bz + Cz =0, ynosieTBOpsiolliee HaYalb-
HBIM yCaOBHAM 2 () =y (t,)=0, 2/ (t,)=y (ts) uMeeT BHJ,

. —_— R
=2y (tye A TV sin gt —1,).

TpeAnoNOKUM L7 ONpeledeHHOCTH, uto ¥ (£,) > 0.
B namem cayvae dopmyaa (13) us n. 2, ,a“, nNpuHMMaeT BHL,

B, B ~
L T "Flo ()] v () 2 (n) dn.

t
8

Tak kak B nmpomexyTke (f;, T,) BHINOJHAETCS HepaBeHCTBO v(n) >0, 10
B HEKOTODOM TpOMeXyTke BUIa (4, t) nmeem (y/z) < 0, a Torpa us
t_)hm y(t) 'z(f)=y ( )2’ (t)=1 caenyet, uTO B STOM’ rlpomemy'rxe
YO 2 ®: : .

D10 HepaBeHCTBO cmpaBesuBo npu f, <t <lyy,. B camoM neue,
nyCcTh t—nepsaﬂ TOuUKa, TaKas, 4YTo y(t)——z(t) " t < tg+y. Torma
npu ¢, < t ¢ uMeeM z(t) > y(t) >0, u noromy B CHJy NpPOBEAEHHOrO

BhIle paccyxueHHus z(t) > y(t) BOTIPEKH NPEANOJQKEHHIO, :
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Orciona caenyer, yTo y('cs)‘MeHbme makcumyMa 2 (£) B (£, -F2n/vi
Tak KaK MakCUMyM 2z (f) nOCTHraetcst B Touke fy— 2a./v (¢ur. 35), 10

Buo

|y ()| < Iy (t)]e & 5‘““0'

OTKyZa M clenyer HepaBeHCTBO (26).

Hepasencteo (26) nossonseT nath aad ciaydas B?2— 4AC<0, B>0
HOBOE JOKAa3aTEeNbCTBO YTBEPXKIEHHs M3 ,a“, a MMEHHO TNOKasaTb, YTO
lim y(t)_O '
t >4

Ec:m lim E(@)=2X\, t0 u3 dopmyn (15) u (20) BuiTexaer, uto

t ->c0
) x
1i ! (¢ __-—]/_—~, 1i T, 21/—‘_'
Jim |57 (2] a0 Jim [yl =

Ho Torza, mepexons B ¢opmyse (26) x npereay npu s— 00, noayyaeMm

_V_, V-)\ B V4A3 _ arotg V4Ag-Ba
yeo V o '
otkyna A=20, 10 ects lim E(f)=0.
t >+

r) O6o3HauuM dYepe3 T HWKHIOIO TpaHb 3HAUEHUH f, NMpPHHALJEKALUX
00s1aCTH CyllecTBOBaHUA pewennss y () ypasuenus (2), ¥ JNOKaKeM, 4TO
B cayuae B2— 4AC < 0 umeer mecto dopmyna

E(T)=-+too0. 27
Ecan T xoHeuHo, TO COXpaHseT CHJIYy IOKa3aTeJbCTBO, JAHHOE

B M. 2, ,T%, pas cayvas B2— 4AC> 0,
[Tycts Tenepp T=—oco. Ecau pemenue y(f) ue KouebaeTcs fpu

t—> —co, TO COXpaHfeT CHJIYy JOKa3aTeJbCTBO U3 M. 2, ,F“, U NOTOMY,
noJsaras lim E@®) =A, nmeem A =-}-oco.

te>—~co
IpennonoxuM Tenepb, uto pewexue y (f) Konebaercs npu £—» — 00,
W nyerb £y, t_ 4, ..., f_gz ...— NOCHENOBATEJbHOCTL HyJeH 3STOro

pellleHns, pacnoNoXEeHHLX B nopsiuke y6HBaHHA Mexny tQ u — oo, Ipu-
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BeeM K IIPOTHBOpeuuio npeinosoxerdne o Kouneuwoctd A. Ecan A
KOHEUHO, TO, MpUHUMAs BO BHHMMaHWe, 4ro y(f_,) =0, noayuaem us (7)
PaBeHCTBO

li )l =—=.
Jim |y )=
Ws (7) caenyer Takxke, uto
¢
2 [ R () dt=A— Av—Cyp, (28)

T. €. HHTerpasj B JIeBOH YacTd CXOAMTCH.
Ins nansoro umcaa p > (0 MOXHO H3BJeYb U3 NOCJ/ENOBATeJbHOCTH

{t_s} Takyio moamocnenoBaTeJbHOCTb f_j, f_jy ..., Ly ..., uTO
t—il——p > t"‘i;g’ t—ig';'P > t—f;;) ey t—is""‘P > t""id+1’ e
OGosnauuM yepes 6_;, 3 _,, ..., B_,, ... OTpE3KH

S_1=(t_s—p, L5, S_a=[t_s,—p, {5,

. 8—s=[t—is—'.°: ) PR

B cuay (28) n (2) cywecrsyer rakoe umciao L, uyto B (—co, 4]
BHIOJHAETCH HepaBeHCTBO |y”(f)| < L. TloBropss pacCykieHuss Has
n. 3, ,a“, ybGexnaemcs, yro mas Jio6oro o >0 MOoxHO HaliTH Takoe
p>0 ¥ Takoe S; uTO, KakoBO Obl HM GbHLIO §> 8y Lng BCex £ us

0_, uMeeM v
% —
Vi—e<lyol<y S+

Ho orciona caenyer, uro uHrerpan, croswu#l B AcBo# vacta op-
MyJibl (28), pacXOAMTCH, YTO TIPOTHBOPEUHMT JOKA3aHLOMY BLILLE.

1) Usyuum ewte mouxu nepezu 6a pewenus y(f) ypasHeus (2).

Tak kax ' (5)=0, [y ()05 ¥ (x)=0," [y"(s) # 0), 10
CyllecTByeT, N0 KpaHHe# Mepe, ONHA TOYKAa ¢; NPOMeXYTKa (T, Tp), LJ
Koropo#t y”(c;)=0. Ho y'(f)5£0 npn =, < #< =, U pacCyxuaeHus,
aHaJIOTHYHbIE MPOBENEHHLIM B M. 2, ,6“, MOKA3HBAIOT, YTO TaKas TOYKA ¢,
€IMHCTBEHHAs M ABJSETC TOYKOH MuUHMMyMa 1as y’(f). Hanee mmeeM

[B+F1y ()] ¥ (6)) 4 Cy (ey) =0,

n tak Kak y'(c;) << 0, 10 y(c;) >0, a noromy 7, < ¢; < &,

AHanornuHO, MeXY TOYKAMH Ty H T3 CYIECTBYeT €AUHCTBEHHEI ! HY b C,
bynkuun y”{f), npuueM T, < ¢y < fy. BooGwe, mexny Touxamm <, wu
Tpe1 JEKHUT €NMHCTBEHHBIH Hyab ¢, QyHkuun y”(f), npuuem

T <y < iy (n=1,2,...).
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Vmetor MecTo pasenctsa Ay”(t,) 4 Cy (r,) = 0, Ay” (z5) + Cy (1) =0
He Tepss o6wHOCTH, Mbl  MOXEM NpPHHATb, YTO y(t,)>0; Torma
v” (r)) <0, ¥'(s9) >0 wu, caenosatemsto, ¥ (H <0 npu 7, < t<e,,
YO >0 npu ¢, <t<v, a NOTOMY ¢, 8AAEMCA MOUKON nepeuba
o2z y(8).

AHaoruyHoe yTBepxJeHHEe MMEeT MeCTO M A OCTaAbHEIX TOuEK C,.

OueBuaHO, YTO Aaa mocienoBateabHOCTH {c,} Touek nepernGa uMelOT
MECTO HepaBeHCTBa

Cpyo—Cp >——(1t—a) (r=1,2...)

5. OrpanuyeHHOCT, CHH3Y NOCCHENCBATEILHOCTH HyJeH pelleHAs

B ciydJae BuDOJHeHHs yciacBus: lim F(9) = - co. IoxaxeM, HakomHel,
V>0

uTO ecau gunosnsomes ycaosun B2— 4AC< 0 u lim F(v)= -+ o0
>+ 00

. v
u ecau y(f) ssasemcs pewenuer ypasuesus (2), umeouum 0064aCcmsi0
cyuecmgosanusn npomexcymor [T, -}- 00), mo naidemcs maroe 3uaie-
nue T, apzynenma t, T < Ty, umo y()+£=0 npu T<t< Ty unsiss
Moaa/uu, pewenue y(£) ne xoneﬁxzemc;z npu t< T,
Ecou T xonetmo, TO TeopeMa SABJISETCS CJleI(CTBHeM HepaBeHcTBa (23)
u3 n. 4, ,a“ (B STOM caydYae MOXHO ONYyCTHTb ycaosde lim F(f)==

v>+t o
= +-00).
. Nycrs tenepy T= — oo, Honycrum, 4T pemeﬂue y (%) xonebaercs,
KOrja t—>—oo, W nyctb £_j, £ o ..., t_g ..o,
>t > >t > ..., lim t_g=—o0,

- 8>+ oo

— NOC/IenoBaTe/ILHOCTh  HyJle#t 9TOTO PpelleHHs, HAYMHAIOWAACH C O.ZlHOI‘O
H3 HHX £.3, @ T_y, T_ gy «evy T_gy voss Cqp Cigy vevy C_gy « .. = COOT=
BETCTBEHHO TOC/ENOBATENbHOCTH TOYeK MaKcumyMa ans |y(f)| u Touek
neperu6a pemeﬁml y (), upHHapAeKALUX npomemyTKaM (t_os t_9i
(P30 2_9)y vy (E_g_ys t_g) ..., TAK YTO

t_.,g_l < T._s < t_"_s < t;-s‘
Paccmorpum BHYTpH xamnoro npoMexyTka (¢_,_;,» £_,) QyHKUHIO

- 7O o)
ri= YO Ty0

Has sto#t bynkuuu umeeM

lim r{)=-+oco0, lim r()=-—oo,
t>t_,_ 40 t>t_ -0
M TaK Kak dr/dt~—( v’y — y'*)[y2, 10 dynkuusa r () y6rsaet B (f_,_1, T_,)
OoT -} 00 AO Hyas.
Tak xax

AV? |- Cy? =

= (a+5)=E0@,
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to u3 dopmyan (18) us n. 3, ,6%, nonyvyaem naa sHaueHu#t £ us mpo-
mexyTKa (£_g_y, £_g)

A% 4 a4 Br C+rF_-—V-E—(T)E—~=01). (29)
LV 4+ 5]

BosbMeM 1Ba OTPHUATENBHBIX YMCHA F; W Fgy Ty <1y <0; korma r
¥3MEHAETC HA OTpe3Ke [ry, r;], TO

|Ar?+Br4C| <
BuGepem Takoe v >0, uro npu v3>v uMeeM F(v)>D/|r,|, n naft-
neM TaKoe f, 4T0 npu t<t nMeeM

VE(t)>fv‘/-A+7Cz-.

Torjia IJS pacCMATPHBAEMHIX 3HAYeHMH ¢ npu r u3 [ry, 7,] BHIOA-
HSIOTCA CJIEXYIOUIME HEPaBEHCTBA

» VE(i) VE® >3, rF) —VE(t)é
Varg Varg TV ard)

Ar2+Br—1—C—|— rF —iE—(QCT
‘/_ At |
Uz dopuyast (29) cnenye’r -TOrAA, YTO npu t<twnpur us [rg, ryls
dr/dt > 0. -

Hafinetcs Takoe sp, 4To npu s> S, umeeM f_, < £ PaccMorpum
npomexyTku (f_g_y, £_g) TNPH S>> So. BameTnM, uTO Mex1y T_g H f_g
CyHUIeCTBYIOT TaKWe ABA UYHMCJA tﬁl’ £, uro

r@ =r,, r&)=r,
Tak xax r(x_;)=0, TO Mbl MOXEM 6e3 notepd OGUIHOCTU CYMTATb, YTO
t(l) < tfl)

Tak kak r (t(l)) >0, [r (t“)) > 0], To cnpasa (cneBa) ‘ot Touku £7
(tz)) Gyukuus r (f) npuHAMaeT 3HadeHus OOJbliHe (MEHbLIHE), UEM Iy (rg),
Y NOTOMY CYLIEeCTBYIOT TOYKH 2 u £, nexamme B IpOMEXyTKe
@&, &M, raxue, uro £7 < £ n -

r@)=r, r@)=r.

—D,

D
—Irllm=

<0.

. 1) Bugamenue B KBaJpaTHHX CKOOKaX ABAAETCA apryMeHToM ¢yHkuuu F.—
lpun. pe
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lMpopo/mxas 3TO pacCy:kienue, Ml TONYYHM, UTO CYILECTBYeT Touka %,
Jesxawas B npomexytke (£, £°), 1as KOTOpPOH r (5) = ry, pUUEM CKOJb
yroaso 6JAM3KO OT TOUKM § HaHayTCs TOukM f, Iad KOTOPHX r(f)==r,.
Mpl npumm K npoTuBopeunto, Tax Kak r’(3) >0, u notomy ¢ynkuus
r (¢) BoapactaeT B TOuKe £.

[MonyyeHHOe TPOTUBOpeune NOKA3BIBAET CYLUECTBOBAIIME TAKOro 4Mcja
Ty, uto pemenne y(f) oTaMuHO OT Hyaa mpu ¢ <7,

6. KoneGanua B cayyae nNepuOAUYECKOl BO3MyualomeHd CHJBI.
Tecpema Kayuumomosn —I'mpmerTtn. MHoraa npmxoaurcs paccMaTpusaTth
OIHOMEPHBIE JABHXEHHS, ONUCHIBAEMBIC ypaBHEHI/IeM

A%+ B F@lo+Cy=fO), v=", (30)

rie A, B, C—nocrosinnble, A >0, B> 0, C >0, ¢yukuus F (v) npu
mo06OM KOHEYHOM 3HAaUeHHH ¥ HeNpephiBHA BMeCTe CO CBoefl mepBO# Npous-
BonHo#t, F(0)=0, F(—v)= F(v) n f(¢f) — nepuonnyeckas BO3MYILai0O-
uas CuJaa nepuoia w.

Ecau ¢yuxuus F(v) Bospactaer npu v >0, 10 U3 onHOH TeopeMnl
Kauyunonomu u Muuertn (Kauunmonoau u I'muertn [1], crp. 437) BuiTekaer,
YTO npu yKasauwux sviue ycaosusx ypaswenue (30) umeem edun-
CMmBenHoe nepuodu4ecKoe peuwlenue ¢ Nepuodor ®, a gce OCmanvHyie
PeUlerus acuMnmomunecku npubIuHCanmes K Hemy npu t—-}-oo.

§ 8. YpaBuenne pesaxcauuu

1. YpaBuenue Jluenapa. A. Kapran u 3. Kapran paccmatpusann
B CB3H C OJHMM BOTMPOCOM DPANHOTEXHUKH B3ajady O CYLIeCTBOBAHUH
NepHOMUECKUX pelleHrit ypaBHeHHs 1)
a2

L ir— b O 5+ 4 =0,

rae /, r, C 0603Ha4alOT COOTBETCTBEHHO WHAYKTUBHOCTH (KO3(DhULUEHT
CAMOMHLYKUMUHU), CONPOTHUBJAEHHE U €MKOCTb len#, [— Culy TOKa,
f—pBpemss U (/) — nandyio GYHKUMIO OT §, HMMEIOULYI0 pa3MepPHOCTb
conporupienns, npuueM ¢yukuus (i) uverHas, yOwpaer mnpu i >0,
$0)>r u limo@()=0.

t->co

1) A. Kaprau u 3. Kapran [1]. JIpyroe ypasHeHHE 3JEKTPOTEXHHUKH, H3yyeH-
noe Tpukomu (1], (2], umeer Bux
azy

d
W—l—M%—i—Nsiny-’,—P:O,

rize M, N, P—nonoxurenpnbie yHucaa. OTHOCHTENLHO 9TOTO yPaBHEHHR MLl OT-
CLbiJIaeM 4YHTATENs K OPHTHHAALHEIM paboTam.
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Ban pep Ilonb B onHO#l snekTpoTeXHMUeCKOH 3amaye npuiies K pac-
CMOTDEHHIO YPaBHexus 1)

B terr—nZy=o, (2)

rie &-—HEKOTOpOe YHCAO M y T[PONOPLHOHANbHO CHJe Toka. [loawe
JlesriHcon W Cmut [1] u T'paddu [3] msyuamu ypasHeuue

D E o=, ®)

a TaKKe ¥ Golee oblliee ypaBHeHHe
dx ., diy\ di .
;{tﬁ—f—f(l, g%)g;‘Fg(l):O (©)

(Tpadpdu [4], Jlesuncon u Cmut [1]) npu ycnosuu, uro ¢yskuus g (i)
uMeeT HeNMpephiBHYI0 NpouaBoanylo, a dyukuus f(i, v), [v=di/dt] —
HefNpepLIBHbIE YACTHBIE MPOM3BOAHLIE MEPBOTO MOPsIKa.

TeopeMbl CylecTBOBaHHS MEPHOLHYECKUX DPeIleHU#t M TeOpeMul €nuH-
CTBEHHOCTH IJf ypaBHeHHs (C) OblaM yCTaHOBJeHH! JIeBUHCOHOM M CMHTOM
NyTeM HCMNOJb30BAHHS METONA, NpuMeHeHHOro- benmmkconom ({11, ra. IX,
§ 1, n. B) Ana wMccleXOBaHUS HMHTErPAJbHBIX KDHBBIX, ONPele/eHHBIX
auddepenumansusiM  ypasHenneM dx/X(x, y)=dy/Y (x, y), uTOo mnorpe-
OpBano Npeanoaokenns. o guddepeHUnpyeMOCTH K03DPULKHEHTOB ypaBHe-
nust. Jlpyrue pesyabraThl AAa ypasHenus (b) ObIM  yCTaHOBAEHB! LUMTH-
POBaHHBIMH BEIllE dBTOPAMH [PH NpPEeANOJOKeHuH, 4T0 dynkuus f (i)
HeMpepniBHA M YeTHa, a GyHxuua ¢ (i) nuddepenunpyema, nyrem o6obuie-
Husg mertona Jlnenapa ?) s ypaBHeHud :

%+wf(i)%+w2i=0 (>0, o= const), (1)
rae dbyHkuus f(f) HempephIBHAad M yeTHas.

YpaBHenue (1) wHasbiBaerca ypasuenues Jluewapa. Mb  u3noxum
B m 7, 9, 10 Teopembl CyLleCTBOBAHHS MEPHONMYECKHX peleHHH H
TEOpeMbl eJUHCTBEHHOCTH JJI9 9TOTO YpPaBHEHUS NP eINUHCTBEHHOM Npel-
nonoxenun, uro Gysknua f (i) wenpepuiBHA, He HAAA2AS HA Hee mpe-
Gosanue yemrnocmu.

1) Cm. Bau nep Iouas - [2], [3]. Tam ke nomemensl GubaHorpaduueckue
CCBLTKH.

2) Jluenap [1], [2]. Cm. Takwe Jleduey [1].

Vsyuenne acMMNTOTMKH PELUEHHH ypaBHEHUs

d% i) di s
et ei=o

TIe ¢ — uHduHUTE3UMANbHBI Tapamerp, MOXHO Halth y Xaara [2], [3]. Ortno-
CHTENILHO RPYPMX HMCCACHOBaHMA O NMePHOAHUECKMX DeLIEHHAX 3TOCO ypaBHEHMS,
Korpa e - 4o uam ¢ - 0, cm. Hloxar [1], [2].
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2. CymecTeopanne pemennfi i(f) npm msmesenmn £ B (— 0o,
-+ o), ecan ¢pyuxuns f (i) venpepsiBHa M orpanudeHa. JIerko BHAETD,
uto ecau 8 ypasuwenun (1) gyuxgus f (i) Henpepuwsua 8 (— oo, —-00)
U 02PAHu4EHa KA 68Celi npAMOl, MO 4060e pewerue SMO020 YPABHERUS
00HO3Ha4KO onpedessemcs 8 (— 00, —|-00) 3adaHuEH HALAALHBLX
ycrosull 8 HawaAsHOU moyKe :

ity =i @ (t)=1i 6)

B+iy #0. , 29

20e

B CaMOM AeJie, TMOJIOXKHM
i i
F)= [ f(s)ds. ®)
F .

Torna ypasuenuwe (1) SKBMBAJEHTHO HOPMaJbHOH CuCTeMe ypaBHeHHH
C ABYMsi Heu3BeCTHHIMM GyHKHHsaMH P H i

dpP . di )
"—i?-—-—'(l)l, -d—t——-(ﬁ[P—F(l')]. (4)
Tak Kak ¢ynkuusa F({) paBHOMEDHO YIOBJETBOpPAeT Ha BCed mnpsamoft
ycaoBuo JlMnuiKia, TO M3 TEOpeMbl CYIIECTBOBAHWS M €IHHCTBEHHOCTH !)
BHITEKAET, 4TO JioGoe peuenre ypasueHus (1) oaHO3HAYHO oONpejenfeTcs
HayaJbHEIMH YCJOBHAMH (2).

3. HepaBencTBo, orpanuuuBaomee CHH3y pacCTOAHHE MEXAY
JIBYMsI COCeAHMMH HYJSIMH pelIeHHS, NPH YCJOBHH HeNPepLIBHOCTH
f(i) na Bceit npsmoii, IIpeanonoxum, uto dynxumus f(i) nenpepsisua
Ha Bcelt mpamolt (3TO MpeAno/OKeHHe MBI COXpaHseM M B jJajbHeRuewm).
Tak kak ypasHenue (1) SKBMBAaJeHTHO cucTeMe (4), TO, NpUMeHss . TeO-
peMy CYLIeCTBOBaHHS M €IMHCTBEHHOCTH 8 M@.04 PelleHHs HOpPMaibHON
cucteMel (4), MH yOexpaeMcd, uyTO, KaKOBb Obl HH ObUIM Haua/bHbIE
ycaosus (2), (2’), cyulecTByeT OIHO M TOJLKO OAHO peieHue i(f) ypas-
uenust (1), yZoBjeTBOpsiOLlee 3THM HAYaJbHBIM YCJOBHSM. ,

Jlerko Buzetb, uTo echu dyHkuua i(f) uMeer GeCKOHeuyHOe MHO)KeCTBO
HyJefl, TO STH Hy/JM He MOFYT HMeTb MpelelbHOH TO‘lKH to spympu
obsactu cyuecToBauus i(f). B camom nene, B Touke to Mbl HMeJu Obl
i(t)=7i(t)=0, u no Teopeme eIMHCTBEHHOCTH pewenne i(f) Toxae-
CTBEHHO PaBHAJOCL Obl HYJMO, HTO HCKJIOYeHO ycaoBHeM (2').

Orciona cnenyeT B cuny ypasuenus (1), 4To B TOuke ¥, aBasouiehcs
HyaeM aas i (), umeer Mecto HepaseHctBO i” (#¥)i(t*) < 0, a noromy #*
ABAAETCS TOYKOH sKcTpemyMma nas i(f). Caeposaremvuo, ecau ¢ u ¢’

1) Cm. ra. I, § 3, m. 4. K ypaBHeHul A. KapTaua u . Kaprana ua n. 1
NpHMEHNMA TeOpeMa CyLIeCTBOBAHHA I, 2,
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it i

JBJAIOTCA  COCELHUMHU Hynsmu yHkuuu i(f), TO CyLeCTBYeT €IHHCTBEH-
nas Touka f mpomexytka (¢, t7), rme i (f) = 0.

Ecau ' u t" ssasiomcs coceOHumu Hyiamu peuerus i(t) ypas-
nenusn (1), nesxcawumu suympu obiacmu cyu;ecmsoeanu;z amoz2o0 pewe-

HUs, MO
|t — | > n/e 6)

(cm. I‘patqu [3], cTp. 83—84).
[Mpennofoxum, uro ¢ < ¢’, ymHoxum ypaBHenue (1) Ha i W NpoMH-
terpupyeM oT £’ 1o ¢’, nonyuaem

IY4 t ¢
. s dl ,
i S dtto ff(z)zﬁdt+m2fz2dt=»o.
t/ &

[TpunuMas BO BHHMaHME M3BRCTHOe HepaBeHCTBO (M. V, § 4, n. 4), uMeeM

t : o t
—J i%dt:—[i%]ﬂ +f( )dt_f( & fat> W—t—,);;zﬁdt.

Tak kak
/4 d. ‘i(t”)
. . 14 . . .
o [ifySrat=o [ ifyai=0y,
i @)
TO
b4 tn

w2fi2dt>(f—,,—t,)—2fﬂdt,'

&
OTKyHa M CjeAyeT HepaBeHCTBO (5).

4. Cayuafi HenpepwiBHoli dynkuun f(i); o6xacTh CyulecTBOBaHHS
pemennit [f, -}-o0). OrOpocum Tenepb cllenaHHOe B M. 2 NPeANoJo-
kene 06 orpanuuenHocTH f (i) Ha BCefi mpaMOHt (3TO MpearoONKEHHe He
BLINIO/IHAETCS, HanpuMep, AJad ypaBHenus (a) Ban gep [loas us m. 1) u
NPeANONOKUM, UTO B ypaBHenud (1) o — nososxcumensnoe aucro, QyrK-
yus f(i) Henpepvisna Ha 8celi npaAMOL u umo cywecmsyem maroe
norodcumesioe 4ucio A, umo

f(H>0 mpu |i|>A>0. (6)

_ 1) Heiictuteasno, gyHxuus /(f) MOHOTOHHA Ha OTpeskax [t/, f] u [t, ], rne
| (f) | = max | i (f) |, nosTomy
: # < <t

i (8 i)
[wrwa={iroat f 1 (i) i = 0. — ITpun. ped.

i) 0 (%)
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IlokaxeM, uTo B 9TOM cilyuae 8 [4, —}-0O) cymecmsyem eduncmsennoe
pewenue i(f) ypasuwenus (1), yoosiemsopsiouee HALAAGHOLHK YCAO-
suax (2), (20).

IMycts, B camom neje, {-— BepxHad rpanb 3navenutt £ > fys AAA KOTO-
pHIX CyulecTByer pemenue i(f) ypasuenus (1), _YZOBJIETBOpSIONIEE HAUab-
HeIM ycaoBuaM (2) u (2'); MPELNONOKHM, HYTO t KoHeuHo.

PaccmotpuM npomexytox (¢— k, f), JAexaum#t Ha oTpeske [f,, ],
rie 0 < A< =/w. B cuny nepasencrsa (5) GyHkuus i’ (f) He MOXET UMETb
Ha 9TOM IIpOMexyTKe Oojiee ABYX pasjHuHbX HyJelt, Tak kak ecqu Gbl
Hd 3TOM NPOMEXKYTKe OBIIC TPH pasMMuHbIX Hyasd, To byukuus i(7),
no KpaiHei mepe, nBa pasa oOpawanack O Ha HeM B Hy.ab. Ho 3srtoro
He MoxeT ObiTh, TaK Kak, no npeanogoxenuo, 0 <k < wfw. [TosTomy
MOXHO BbHIOpaTh HAacTO/NbKO Manoe ki, uro i (#) 70 B (t—4, ). Orciona
clenyeT, 4TO (yHKUMs i(f) MOHOTOHHa Ha STOM INPOMEXYTKE, M NOTOMY
CyUlecTBYeT npenen

lim i(t):i.
t->7-0

Paccmorpum dynkumo

di\2 .
E@®) =(~d§) a2, )

OueBnaHo, 4TO

dE(f) di d% Ldi . [ diN?

el — QEH—ﬁ—f—ngl—E——wa(z)(dt). 8)
[MoromMy B cuay (6) nmpu nocratouyso OJM3KHX K { sHavenusx f uMeeM
dE ($/dt<<0, a cienosarenbho, ¢pyukuus E(f) ne Bospacraer. Ilostomy
dyukums i2(f) orpanuvena B (f—h, £), U, CJieloBaTENbHO, i KOHEYHO.

HMurerpupys ypasuenue (1) or £, no £, rae £, <t< t, noJjyuaem
t

i (t)—to—’r—mff(L)dtdt-{—oﬂfidt:O

t

HJIW XKe
) t
i'(t)=i()-—wff(s)ds—w2fidt. 9)
[ 12

ITostoMy ¢yukuus i’ (f) ocraercs orpanuyenno#t B [f, £), u B cuay
ypasuenus (1) gyunkuns i” (f) Taxxe orpannuesa B [fy, £). OTciona BuiTekaer,
uTo mpefen lim i (f) =i KoHeueH; HO TOraa pelleHne ypapuenus (1),

t—>t-0 B - _
YAOBJAETBOpSIOIEE B TOYKE { HauaJbHbIM ychosuaMm [(f) =i, /() =1,
ABJSETCS MPOAOJIKEHHEM MEPBOHAYANBHO PACCMATPUBAEMOTO pelleHus, ¥
C/1eN0BaTebHO, 06AaCTb CyLUecTBOBaHUS STOTO PellleHUs IUKpPe, YeM [ty D),
BOMpPeKH MPeTON0KEHHIO.
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Urak, Mbl J10Kasanu, uyTo 006J4aCTbi0 CyLieCTBOBaHMsl peteHus i(f)
ABaseTcss [{;, -}-co), npuyeM 3TO pelueHHe ENMHCTBEHHO, B CHJY pac-
CMOTPeHU, NPOBeleHHEIX B Hauaje M. 3.

5. KoaeGateabubiii xapaktep pemennii B [£,, -}-oo0). Hauunas
OTCIOfA MBI NPHCOENUHUM K COCAQHHULM DAHee NPeonoA0NCeHusiM O MOM,
umo o >0, f(i) Henpepusna Ha scel npamol u

f@>0 mpu |i|>A>0, (6)

ewe mpeGoBAHNE CYWeCMBOBAKUS MAKUX 08YX NOAONCUMEALHBX 4i-
cea & u A, umo

fOL—A<0 nmpu |i|<8(@>0). (10)

[Tycrs Toraa i(f) saBasercs peleHdieM ypasHeHus (1), onpeneeHHbHIM
B [t +oo) JlokaxeM, yTO He CyWeCTByeT 3HaueHWs f, HayuHas C KO-
Toporo i’ (f) He oGpawaercss B HyJb.

B camom aene, npeanonoxum, uro i’ (£)==0 npu ¢> 1. Toma q)yHK-
uus i(f) MOHOTOHHA M MOTYT MPeJNCTaBUTbCH TPH CAyvas:

lim {(f)=+4co, lim i(f)==—o00, lim i(f) xoHeueH.
t—>+ oo t—>+ oo t—>+ oo

B nepsomM um Bo BrOopoM cayuasx B cuay (8) u (6) dynkuua E(f)
Oyner yOblBaTh, HAUWHASA C HEKOTOPOrO 3HaueHus f, U dyHkuus i(f) Oyner
orpaHuyeHHOR, Bompeku mnpeanojoxenuto. IlosToMy HaM LOCTaTOYHO pac-
CMOTpETbL CJyuait

lim i(f) = ic»
. t—>+ oo
Tie ic— KOHEuHo.

Ecmn f (i) >0, T0o u3 (8) caenyer, uto E (£), HAUHHAA C HEKOTOPOTO
3Hauenuss f, CTaHOBMTCA yObBaiome# ¢yHkuue#, a noromy B cuay (7)
CylecTBYyeT llm dz/dt paBHbifi, oueBMpHO, Hymo. B cuay (1) cywe-

t->

CTBYeT H hm d?z/a.'t2 KOTOpHIA TakKe paBeH Hy/0, a TOraa i, =20,

fO>0 Bonpexu (10).
Ecm f (i) <0, T0 u3 (8) caenyer, yto, HauMHas C HEKOTOPOrO 3Ha-
yenus f, ¢yukuus E (¢) Bospacrtaer. CienosaTteabho, B cuay (7) cye-

creyeT lim di/df, paBHbil, OueBHIHO, HYJIO, H, MpuMeHas cHoBa (7), Mbi
t>+co
nojyyaeM, 410 i, 7= 0. M3 ypasHenns (1) caenyer Toraa, uto Cylie-

creyet lim d2i/df?, Takxe paBHbIf HYMO, & CleAOBATENbHO, i, =0, B TO

>+
BpeMsi KaK Mbl BBIBeJH, 4TO in 7 0. Otclona c.rlenyeT, ut0 f (i) = 0.
Ecan iy, >0, 1O M3 (9) BhITEKAaeT, llTO lim i (f) = — 00, uero ne

+
MOXeT ObiTh. AHAJIOTHUHO, eCIM i < 0, TO hm I/ (t)=+ oo, uero
t->+

TaKkxe He MoxeT Obith. Takum oOpasoM, Mbl nonyqaeM, UTo0 i =0,

91 3ax. 1072, Jx. Caucone
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(0) =0, a sro nporusopeuur ycnosuio (10), Tak Kax, COMIaCHO 3TOMY
ycaosuo, f(0) < 0.
© HWrak, cpejsaHHOe HaMM BHauaje MpelNoJOXEeHHe NPHBEJO K NpPOTH-
Bopeuno. IlostoMy npu yxasauneix swuwe ycarosusx pyuxyus i (f)
GecrOHe4HO MHOZ0 pa3 06 pawaemcs: 8 Ky, K020a [ crmpesumcs K — oo,
B cuay ykasauHoro B n. 3 u pewenue i(f) GecKOHe4HO MHOZ0 pa3 obpa-
waemcst 8 RyAp, npudem wyau @Gyuxgul i(f) u i’ (f) pazdeasiom dpye
opyza.

6. IIpec6pasceanne ypaBHeHus JlneHapa B HeJHHeliHCe ypaBHeHHe
nepsore nopsiaka. llpexae uvemM nepefiTd K [NOKA3aTEAbCTBY TEOPEMb!
CYHIECTBOBAHHA NEPHOLHYECKOrO pelneHHs ypaBHenHs (1), moJesto Gyner
npeo6pa3oBaTb 3TO ypaBHeHMe B HeJUHeHHOE ypaBHEHHE MepBOro Io-
psilKa — ypasHeHHe Xapaxmepucmuyeckod ipusod (cM. n. 10),

[ycts i(f) — pewenne ypasuenus (1). IToaoxum

d'—t——-l = wu. o (11)

Ecan npuaats Ha Ayre MHTerpanbHOH KpPHBOH, Ha kotopo#t i(f) MOHOTOHHO
M3MEHseTCs, B KaueCcTBe HE3aBHCUMON nepeMeHHOM BEJMUYHHY i, TO MEI
NOJNyYHM '

u ypastenue (1) npumer Bu
' du . i
a=—r0— (12)

Pewenne ypapuenus (1) 9KBMBANGHTHO TOTIA peLUEHHID YypaBHeHHs
nepsoro nopsnka (12). Pewerus sToro ypasnesus, CA1€10BTEALHO, MPEA-
CTaBJASIOTCS B napamerpmecxoﬂ tdopme

i=i(t), uw=1i()]o.

Wrak, 410004 nape Ha4asshvlx 3Ha4enuii iy, u,, He PABHHX 00HOBpe-
MEHHO HYA10, coomsemcmsyem OOH@& U MOABKO OOHG UHMEZPAAbHAS
kpugan u (i) ypasuenus (12), npoxodsuwan wepes moury (ip u,); cae-
008aMmeAbHO, eOUHCMBEHHOE 0COO0E MOYKOE 3MO020 YpasHeHUs, HAXO-
dauelicl HA  KOHeYHOM paccmosinuu, ssisemcs moura i=—0, u=0.

7. CymecTBoBaHHEe NEPHCAAYECKHX pemeHuitl. Me MOoxem Tenepb
I0Ka3aTh Caelywoulyio o6ulylo TeopeMy CYLIeCTBOBAHHS NepHOAHYECKHX
pewenutt, ITycms 8 ypasuenun (1) © >0, a gynxyus f(i) yoosaemso-
paem. CAeOYOUUM NPeOnoAONHCeHUIM:

a)-gpyuryus f(i) nenpepvigna Ha scel np;mou, :

6) cywecmsyom maxue wucaa &_; <0 u 8 >0, umo npu
3_, <i<d, dynkyun f(i) ompuyamessna, a npu i< &_,, pasHo Kax
u-npu i >0, gyuxgus. f(i) nosoocumessua (f(3_;)=f(3,)=0),
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" B) NOAOHCUM )
FO)= [ f@)as, O ®
|F@)|+FB_)=N, (13)

moz0a BunOAHSEMCS no Kpaiineid sepe 00HO U3 CACOVIOULILX “embipex
yeaosud:

1) cywecmsyem maxoe iy>3,, umo

4Niy + 4N [F (i) — F (81 (14,)
2) cywecmsyem maxoe iy <8_y, umo

AN ip |+ AN2 IF () — F @))% (14,)

3) swnoansemcs coomroutente
lim F(i)= + oo; : (14,)

. i->+00

4) svinoansemcs coomuoulerize

hm ]F(t)[-——l—oo (14)

Ilpa smux npednonoolceuu;zx ypasnenue (1) umeem no xpaiinei
Mepe 00RO nepuoduneckoe peuierie.

a) Ilpeanonoxum, uro Beinoansercs TpeGobanue (14;) uan (145) (cay-
4YaH, KOFla BLIMOJHAETCH TpeGoBaHue (142) nan (14,), ceoasrcs K pac-
CMaTpuBaeMbiM 3aMeHOH B ypasHenuu (1) i Ha —i).

Paccmotpum pewenns ypassenus (1), yAOBJAETBOPSIOLIME HauaJibHBIM
YCJOBUSAM : '
i) =iy, T(t)=0 (5,>0), (15)

rae i, >0, 1. e. pewenns ypasuenus (1), uMeiolHe B f, TOUKY MAaKCH-
MyMa.
Mycb
8=min(|3_,], 3, (16)

- M MyCTb HauanibHOe 3HaueHue i(f)) yAOBAETBOPSET YCJOBHIO
0v<z(0)<8. _ an

OGo3Hauum uepes £, aGCUMCCY TOMKM MakcuMyMa aast i(f), caeayioueh
3a fy, MONOKUM i (fy) =iy ¥ ROKANEM, 9TO -

iy < iy, (18)

IlokasaTeabCTBO NPOBEAEM OT MPOTUBHOrO. IlpeAnonokuM, yto t(tg)
< i(t)) < 8 u 0603HauMM yepes £; aBCUUCCY TOYKH MHHHMYMa cpyﬂxumx i (t),
3axmoqeﬂuon Mexny f, u . Torna <t <t it)<0, i(¢)=0.

21*
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HoxaxeM, uro i(t) > —8. Ecau 66 O6u1n10 i (f) < — 8, T0 Hamaach Gbi
rakas Touka f, £, t<t, uro i(fy==—3. Ho Torma npu < t< £,
mMel mMean Obi f()) <O u B cuny (8) dynxuna E(f) Bospactana Obi
B (?, t,), cienoBaTeqbHO,

i ()02 = E () < E (ty) = 02 (1),

a notoMy 8 < i(fy), BOMpPeKH NpelANONOKEeHHIO. '
Urak, i(t,) >—38, u noromy f() <O npm £, ¢4, caenora-
TeawbHo, E (f) Bospacrtaer B [£;, 4], a Toraa

0?2 2(f) = E(t) < E(fy) = «%2(1y),

v notoMy i(;) < i(%y), BOMPEKH CAENAHHOMY MpPelNOIOKEHHIO.

Hrak, Mbl 1oKas3anu, uto ecau i(f) ssasmemcs pewenuem ypasHe-
nusn (1), onpedessessin Rauarsnsimu ycrosussu (15), u ecau 8unos-
neno ycaosue (17), mo umeem mecmo nepaserncmso (18).

6) Iycts i(f) — pewenne ypasuenus (1), onpeneasemoe HayaJbHLIMH,
ycaosusivu (18). JlokaxeM, uTO' eC/iM iy HLOCTATOYHO BEJHKO, TO

io > i2) (19)

rae ip==i(ty), a f, ABaseTcs aGcuucco# TOUKH MaKCHMyMa Qyskumuu I(f),
cienywulel 3a Touko# £,

QGosuaunM uepe3 £, abCHMCCY TOYKH MUHMMyMa GyHkuuu i(f), sa-
K/MOYeHHOH Mexay £, ¥ fy, U NPednosiOXMM CHauyaja, 4To

i(t) <3.;.

Mycts A, D, L—Takue TOYKM HHTerpanbHOH KpuBo# i(f), uro (CM.
- ¢ur. 36)
A=ty i), D=, i) L= i),

M 0yCTb, KAKOBO Obl HH 6b110 iy, ¥MeeM

[MokaxeM, 4TO 3TO MpPeAROJONeHHe MPUBEAET HAC K NPOTHBOPEYHIO.

OGoanaunm ueped B u C Touku Ayru AD xpusolt i(f), nmeroune
COOTBETCTBEHHO OpAMHATH &, W &_y, a uepes F u H — Touxn ayru © DL
kpuBOH i(f), UMelowMe COOTBETCTBEHHO OpAMHATHL &_; W ;.

Tak kak wa nyrax  AB u O CDF kpusoit i(f) umeem f(i) >0,
to B cuay (8) ma 3artux myrax d E(f)/dt <0, a noromy odynkums E(f)
y6uiBaet; Ha nyrax xe O BC u O FH umeem f (i) < 0 u dynxuus E (¢)
BO3pacTaeT. MOXHO BLIBECTH HepaBeHCTBO s npupaienus dynkunu E(f)
HA STHX Iyrax.
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Ha ayre O BC umeenm: f (i) < 0, dijdt < 0, crenosatenbto, B cHiy (8)

1 dVE(t) — 1) ldt/dtl
@ VEGD"
Tax kak E-¥3(0) | difdt| < 1, { () E-2 (§)| difdt| > f (), 10 ~4VED Vdf ©
A |
L
B
A i
a, ZON H . )
P
it)
0 t t
t, t) 7 >
\,
0. , \ /F
D -
dur. 36.

> f (i), orkynra, o6oanauas uepes E (P) snauenue q)yﬂxumd E (t) B TOUKeE
P==t, i(f)] kpusolt i (f), nmeem .

0< - (VEQ—VE®BI< j' \f ()] di.
a—A

AHAZIOTHYHO HMeeM Ha'nyre U FH f(i)< 0, dildt >0, a notomy

1 1 dE(@) « dijdt ;

8
0< S WEB—VE®I< [ If6)]d
. ;_1

Tonoxum S
uy =i’ (B)]o.
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Taxk xak
YVEB) — 2 8,
(0]

TO

8,
VEA <Vaia+2 [ IfOld=VaZa&+2Ny. (0
w 5_

1

TTonoxum eue
[1 .
Fi=[f®)di=F@)—F@). @1
LA

Wnrerpupys pasenctso (12) ot 8; no i, 8; < i< iy nonyyaem
‘
u(i) —u,=— F, (i) — J‘ u—?‘ﬁds’

i

M TaK Kak Ha ayre U BA u <0, to
: o4 .
R s
[0l =12 1= Fy O [ s (22)

Hs (12) BuiTexaer, 4TO KOrza { M3MeHseTcs no xyre <« AB, T0

LG =—2uf O=2ulf 0.
CnenoarensHo, u2-{-i% Bospactaer BMecTe C i Ha Ayre W BA, >omyna
s> u2() 2> w481 (i, >i>8).
TMostomy npu 3, < i< V;g—;a—ﬁ
le@®I>V i+ 8—2.

1) Beiue 6HA0 JoKasaHo, uro Ha Ayre O CDF ¢yuxums E (f) yGusaer H,
caenosarensto, E (F) < E (C). Ho torma

—_— LA Y- w7y b
VED YED | [ 1ra)a<YEQ L [ (r@ia<
3, -

L

OO, al ———— 61
<Vi(8) +2 [ 1ro1a<V@+8+2 [1ro1a
3, i

— ITpun. nepes,
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Ho toraa us ¢opmyast (22) caenyer, uro

lllo lll(l)l—-F(l)—'i—fv_;-*—:ds,
Uy

lao | <12 @ |—FL )=V uf 488 — 24|,

OTKyAa
Fi@O+V i85 —r<|u@)
H
(Fi@) Va8 —212 e ae(i)_l—i2< i
Mosromy nns paccmarpusaembix snauenntt i, &, < <V g +51' HMeeM

Fr)+2F OV -8 —2 t2+u2+62<to 23)
Bo Bcex Toukax myrn O FL, uckmouas ee xowuwt H u L, umeem
f(®>0, di/dt>0, u dyukuns E(¢) ybrsaer. INostoMy E(f) > w2,
CJeJI0BATe/bHO,
L N1 R a3 I Y
F=—TOG=—fOVEO—B< —fOVED— %,

e di
1dVE(t) @i 2
< —|f O

Unterpupys 3TO HepaBeHCTBO MO I OT d; 1O iy, HMeeM

E (H ) 2
®2 2

E

> a4 [1folas] =2+ @.
A

Tak KaK Mbl NPEANONOKUIM, UTO iy >’-io' T0
E (H)

(24)

U B cuay HepasencTsa (20)
W uF 82N > 2-F2 (i),
w38 AN ANV 18 > B4 F2 Gy,
B cuny HepasenctBa (23) umeeM
NP ANV a3 8 > F )+ F1 O+
+2F, )V 28—, (25)
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Tax kax V a2+ 8 < i, 0
4N 4Ni, > F (i),

yero He MOXeT ObiTb, ec/u BHNOMHEHO ycioshe (14,).
ITokaxeM, uTo ¥ B cnayyae, Korja BeinmoaHseTcst ycaosue (14;), Mbl
TaKKe NPUXONMM K npoTuBopeumo. M3 HepasenctBa (25) careayeT npw

=2 ]/'ug—{- 8, rie 0<A< 1, (A Vtzg-{-ﬁf} 8,), uro
AN ANV B8 > Fll)+F: 0 Vi + 8+
+2F, 0V B2+ VIRV i 5. (26)
He moxer HMETb MECTA HEPaBEHCTBO
VI—RF, AV @8> 2N,

TaK KaK Torna Mel umean Owl F, (i) > 2N, uTO HECOBMECTHUMO C Hepa-
BeHCTBOM (26). TMostomy :

Vi—ReF,0V u2—-8%) < 2N.
BuiGepem soGoe i, > 2N; u3 nepasencts (20) u (24) caeayer, uTo

Vafe> %—mw’(,—zzv.

ostomy ecau i, Takoso, uro A(i,— 2N)>8,, T0
V 1—2A2 F [A(iy— 2N)] < 2N.
Tak Kak BbIOOp i, He OrpanMueH CBepPXy, TO Mbl MNPHLLIM K NPOTHBOpE-

4o ¢ ychaosueM (14g).

U8 nokasamHoro cieayer, YTO npu 3nauenusx g >0, (i,<8),
045 KOmopui.x )

AN 4N, < [F (i) — F B1P,
AN2 44N i, | S [F (i) — F 312,

AL NpR 3HAUEHUAX [y > 0'(_i0 < 0), xKomopuim modxcHO conocrmasume
qucao A, 0 < A< 1, max amo

h(ip—2N)>8;, V1—1 (FA(i;—2N)|— F3,)} > 2N,
Mig+-2N)<8_y, VI—2F (— FA(j, 4 2N) 4 F(3_,)} > 2N,

peuwenue ypasuenus (1), yoossemsopswouee HAUALBHHHM YCA0BUAM
i(to) =iy, i (t)=0, ydossemsopsiem nepasencmsy iy > (i >14])-

ITOT BHIBOJ COXpAHAETCHA, €CJH i(t,) >8_,, npHueM COOTBETCTBYIO- -
l0Ke PacCymAeHHs YNpOLWAOTCH, TaK KaK B 3TOM Cjayyae J0CTATOYHO
paccMarpusate uwb Ayrn .BD u O BH xpusoht i(f),
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B) Paccmarpusas i, Kkak QJyHKumo OT iy TIe 0<10<+oo, MBI
nojiyyaeM, 4To npu iy << min (|6_1| 8,) Bbinesnsetcs HepaseHcTBO (18),
a npu 10CTaTouyHO Ooabwiux ip— HepaBeHcTBO (19). JokaxeM Tenepb,
YTO Iy ABIAETCH Henpepwisrol Gyurkyueld ot iy, W3 3toro Gyner
C/NeNOBATb, YTO MO KpalHeH Mepe [/ OLHOFO MOJIOKHTEIbHOTO 3Ha-
yeHusi ip, peuieHHe i(f) ypasHenust (1), yInoBieTBOpsiOlUlee B TOuKe £,
HAYaJbHEIM yCJaoBHAM (15), T. e. HMeioliee B £y TOYKY MaKCHMyMa, UMeeT
B caelylolieli Touke MakcuMyma ¢ aGcuuccolt £, Ty e opaunaty. Hubimu
C/I0BaMH, 3TO PEHICHHE YNOBJAECTBOPSET YCJOBUSM

i) =1y i (t)=0. (15"
Ho sto pemenue i(f) nepuoduuno; B CaMOM Jejie, 3aMeHa He3aBHMCHMOH
nepeMeHHoN £ ==£f-} (fy—7?) He wusmenseT ypasHenus (1) W nepeBoaMT
HayaJbHble ycaosus (18) B wauagbubie ycaosus (157).
JloKasaTeNbCTBO TOrO, YTO i, SBJASETCH HeNpepbiBHOH dyHKIMeH OT iy,
MPOBOANTCA NyTeM CJAELYIOUIHX PacCyKLeHHH,

Ecim Touka P npoGeraer nyry wuuTerpaibHo#t KpuBo# i(f) ypasHe-
Hus (1) Mexny ABYMS COCEeHMMM TOYKAMM SKCTpeMyMa, TO B CHAy pac-

CYXIeHHH, NPOBENEHHBIX B ,6“, M3MEHEHHE BEJHUUHbI VE (P)/w ne npe-
Bocxoaut N, TlosTOMy, ecim (s AB sBnserTcs nyro#f MHTErpaJbHOH Kpu-
Bo i(f) ypaBuenus (1), Haumnaomefics B Touke A U KOHuawouweHcs
B TOuke B, Ha KOTOPOH Kpome A ecTh ellle # TOUEK OTHOCHTE/BHOIO
IKCTpeMyMa, TO, KakoBa Obl HW Obiia Touka P nyru — AB, uMeeM

YE® YED 4 N(nt-1).

TycTs TOUKa A COOTBETCTBYET HAua/JbHOMY 3HAYEHHIO o aprymem'a tu
nycTh npu f==f, sajansl HauaibHble 3Hauewms [(fy) =iy, i (f)=1,.

Torna E(A)= z(’,z—l—oﬂzg. PaccMoTpuM HeKOTOpHIH 0Tpesok [&, T1, T > &,
¥ nycTb Hauboabuiee uesoe 4uuCa0, colepxaieecs B (T — fy)w/x, pasuo
n—1(n>1). Torna 8 cuay (5) pewenue [(f) uMmeeT He Gojiee n TOueK
3KCTPEMyMa, OTJHUHBIX OT TOYKH A W NpPHHANJEKAUHX ITOMY OTpPE3Ky.
Ho Torpa B cuay JOKasaHHOro Bhillle IJd J0OOro 3HaueHWs I, NpuHAL-
A€KAWEro oTpesky [f, Tl .

Vi (1w @) < VE(A)—[—N(n—i— 1) o.

TT0STOMY, €C/M 3HAueHusi iy, fp UBMEHSIOTCS B orpaHMyeHHoO# nByMepHOR
00JaCTH, TO COOTBETCTBYIOIKE peluenns i (f) U MX NPOU3IBOLHBIE OCTAKTCH
PaBHOMEPHO OrpaHMYeHHHIMH HAa oTpeske [f,, T]. ITpumenss Torga MaBsecT-
Hoe paccyxaenne Kapareomopu k cucreMe (4) W npuHuUMasi BO BHAMAHHE
CTIPABENLIHBOCTE 1781 3TOH CHCTEMbl TEOPEMbl €NUHCTBEHHOCTH, nouyyaem,
Y i(®, [P(®)] u i (f) HenpepBIBHO B3aBUCAT OT HallaJlele yc.nomm iy,

o, (cm. Kapareonopu [1], ctp. 678; cm. Takme ra. I, § 3, m. 3, ,re).
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ITycto Tenepb i(f)— pewenue auddepeHunasbHOro ypasnenus (1),
YJIOBJAETBOPSAIOLEe HAYAIBHBIM YCJIOBUIM

it)y=iy>0, I(t)=0

U NyCcTb Ty U T, — Nepsuie Hyau Gynkumu i(f), caenywouwue sa Toqxoﬂ t

(¢dwur. 37):
i(x) =0, i(t)=0, (<1 <1

B rtoukax 1, ¥ 1, MMeeM i’ (f) %0, TaK KaK €JMHCTBEHHLIM peLieHHeM
ypasHenus (1), 0oO6palIAlOMUMC B HEKOTOPOH TOUKE B HYJAb BMECTE CO

lo

o)

+p § Tp | t

it

$bur, 37.

CBOEH NepBOM MPOMSBOAHOH, SBAAETCA TOXAECTBEHHO paBHoe HymO pe-
meHde. B HaweM ciayyae Mbl uMeeM

i(z) <0, i(z)>0.

B CWy IOKa3aHHOH Bhllle HENpepHBHON 3aBUCHMOCTH pelueHHH ypaBHe-
uus (1) ¥ MX NPOM3BOJHEIX OT HAYaJbHBIX NAHHBIX MOXHO HAHTH Takue
NOJIOKUTENbHbE YHCAA p U d, YTO eciu

lo—ih]<d,
To pewenne i(f), yROBIeTBOpSIOLlEE HAUANLHBIM YCAOBHAM i (fy) = Io,
i (to)—-zo, TAaKOBO, YTO

7®<0 mpu w—p LT+,
’(t)>0 npnu 't—p<t<'t.'2.

OGosHauuM uepes 7 HauMeHbluee 3uaueHue QyHKUUH |i(f)| Ha oTpes-.
Kax [fy, ©y—pl, [t,—p» Tp—p] ¥ NYCTH &— NONOKHTENbHOE YHCIIO,
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MeHblliée, YeM 7). YMEHbIUMM, €CJIH 5TO Heo0X0auMOo, d HACTONBKO, YTOGHI
BHITIOMHANOCL HEPABEHCTBO

[ —i@®)] <e npu ty <t T
Torna Mbl uMeem

iB>it)—e>i—1>08 [ v —opl,
i(f) ybumaer B [r, —p, t,—}pl,
i<i®-+e<i®+1<0 8 [t,+p '52—91,

z(t) BO3pAacTaeT B [T, —p, Tol,

H NOTOMY i(f) wMeer B npomen(y'rxe (f5» To—p) TONBKO OAMH HYJb,
npHHajieKamu# oTpesky [t — p, T —-pl.

Tax xaxk # (1, +p) <0, (x;—p) >0, 10 pemenne i(f) uMeeT
B [fo, To] emMHCTBeHHBIH MHHUMYM (OTpUUATe/NbHBIA) B HEKOTOPOH TOUKe 2;
MIPOMeXYTKA (T4, Ty). Ecau £, — aGcuycca Toukn MuHuMyMa dyHxuuH i (£),

Jexaule#t B TOM Xe MpOMexXyTke (Ty, Ty), W ecau, Hanpumep, [i(Z)|>
> ll(f1)| TO MH HMeeM

l‘(t1)|‘—|‘(t1)l l‘(t1)|—'l‘(t1)l_"(t)—‘(t1)|<3

Orciona caeayer, 4yro opauHata i(f,) nepsoro MunuMyMa dbyHkuun i(f),
CHEAYIOWEro 38 MAKCHMYMOM Ij, HENpEpHIBHO 3aBHCHT OT i,
Ananoruyro, opauHaTa i, MakcumyMa I(f) HenpepbiBHO 3aBHUCHT OT
i(t,) u, cnenoparefbHO, i, ABJAACTCA HeNPEPHIBHOH (yHKUMEH OT ip 7).
Wrtak, HaMH JOKa3aHO, YTO MpPH YKAa3aHHBIX BbILE NpPEANOJIOKEHHAX
CyLIecTByeT, N0 Kpa#iHe#t Mepe, ORHO MEePHOAMUYECKOE pelleHHE YPaBHe-
- Husa (1).

8. MOHOTOHHOCTH NCCJIENOBATENLHOCTH MAKCHMYMOB M HOCJeNo-
BaTeJLHCCTH MHHMUMYMOB pemeHwmii. a) Ilpexne ueM wu3noxuth B m. 9
¥ 10 ROCTATOUHBIE KPUTEPHH AJIS CYLIECTBOBAHHS €NHHCTBEHHOTO IIEPUO-
nuyeckoro pewienus ypasHenus (1), pacCMOTpHM cHavaja NOCJeNOBATEJNb-
HOCTb MAKCHMYMOB H TOCJEJOBaTeJbHOCTb MHHHMYMOB JM00OTO peleHus
9TOr0 YpPaBHEHHS.

Myctb B ypasuenuu (1) gﬁyumwﬂ f () yoosaemsopsem yrasannssu 8
. & ycaosusm, obecrieunBaOWMM KojeGaTeNbHbI XapakTep peweHns
i(¢) npu ¢t ——~oo.

TlycTb %) u f,— cocennmne TOUKU Makcumyma ans i(f), ¢ <tf, u nyctb

i) =i i)~ i (t) =0, & (1) =0l

1) OTHOCHTeJleO paccymneuuﬁ aHANOTHYHOrO0 NPOBEAEHHOMY 31eCh, CM,
ra. IV, § 6, m. 3, ,6°.
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Ecau iy=1i, mo pewenue i(f) nepuoduuecxoe; B CaMOM neJe, KaK Mbl
3aMeTuau B 1. 7, ,B“, 3TO ypaBHeHHE OCTAeTCHl HEHSMEHHLIM NPH 3aMeHe
He3aBHCHMON nepeMeHHoH f==f¢-}-(f,—%,). B aTom cayuae i(f) onpene-
JIeHO HA BCel npsMOHt W BCe OPAMHATHL TOYeK MakCHMyMma Qynxumu i(f)
paBHEI MeXAy COOOH; TO e caMoe HMEET MeCTO H [/ OPARHHAT TOUeK
MHHHMYMa.

6) TpeanonOkKUM Terepb, UTO iy 7= iy, ¥ 0603HauMM uyepes ¢, abcumccy
TOYKHM MakcumyMma Qyskuuu i (f), upyiueh 3a £, a yepea f, u f3— abcuucce

-

dur. 38.

TOYEK MHHMMYMA QYHKUMH i(f), NeXKalUX, COOTBETCTBEHHO MEXAY touty
u mexay & u t,. Hyctb

A==[t, i, B=lt, ill» C=|t, i), DEItgs igl,
F=lt, il, ((t)=i, r=0, 1, 2, 3, 4].

Hokaxeym, yTo ecau, Hanpumep (¢ur. 38),

. lo > by (ip < i), @7
T
< iy < 0 (0> i, > iy, (28,)
b >, >0 (ip<iy. (282)

Ecau Bmoab nyrn O AB xpuBo#t i(f) M nojoxum i (£) = wu,,
a Broab nyru O CD nonoxum i’ (£) = wu,y, TO B ABYX TOUKax Ayr « AB
1 O CD, nmeounx paBHbie OpHMHATH, GyleM HMeTb

1y < ug<0. : (29)

A,ma.rlomquo, €CJH NOJIOKHTHL BAOAb AyT O BC 1 « DF COOTBETCTBEHHO
g M

i () =ou,, i’ (t)=oug, 10 B TOUKAX STHX AYr, UMEIOWMX PaBHHE Op-
JIVIHAThI,

ug >ug >0, (30)
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Ilns noxkasaTenbCTBAa 9STHX yTBepxKaenud obosnauum uepes G, H,
L, M touxu, B kotopux ayri O AB, L BC, L CD, L DE xpuso#t i(f)
nepecekalT ocb £, a uepe3 %, Ty Ty T, — AOCHMCCH 3THX TOUEK.
Toraa i(t,)==0 npu r==1, 2, 3, 4

Ecin A* apaserca Toukoft ayru W AC, uMeouselt Ty e OPAHHATY iy,
yto ¥ Touka C, To BRoMb Ayr O A*C u O CL umeeM, coraacuo (12),

duo_ - i dll2_ . i
a=—fTO— F= "‘f(l)_—';;z'

C e 10BATEABHO,
d(up—ug) __ . Up— U

di Ugldo

dynkuns gy () — uy (i) nonoxurenbHa mnpu i==j, W He MOxer oGpa-
TathcA B Hysb npu 0 iy, TaK Kax B NPOTHBHOM clyuae B CHJY
TEOPeMbl eJMHCTBEHHOCTH AJI ypaBHenuss (12) ™Mbl uMean Obl i, =iy,
Bonpeky npeanosoxenuio. Orciopa caenyer, uro npu 0 i< i, BHOOA-
HsieTCsi HepaBeHCTBO (29) M pasHOCTL &, (i) — u,(f) oCTaercs TOJOKHU-
TeNbHOH WM INpY OTPULATEJBbHBIX 3HAYECHHAX §, MPHHAAMEeHAUMX OOWeH
o6aacTv cymecTBopanua Qynkuni u, u w@,.

Jlerko Tenepr BHIETb, YTO HMeeT MeCTO HepaseHCTBO (28;). Tak
KaK B cuay (27) pewenne i(f) HenepuOAMYECKOE, TO €CJM OB MBI MMEJH
i(t) >i(t), To Ha ayre L LD cymectsoBaia Gb Touka [f, i (%)), opau-
HaTa KoTopoft pasHa i(f), M Mbl uMmeau Obl  uy[i(£)] —u, [i ()] =
= ugyi (t)]<0, T. €. Pa3HOCTb Uy— u#, Owina Obl OTPHLATENLHOH, BO-
NPeKH JOKA3AHHOMY BhILUE,

TlpoBeas aHajornunbie paccyxueHus aas Touek ayr OBHC v ODMF
KpuBO# [(f), MMEOUMX ONMHAKOBME OPAMHATH, Mbl yGemnaeMmcs B <npa-
seanusoctn Hepasencts (30) m (28,).

W3 noxasaHHoro caepyer, uto ecau i(f) asasemcs HenepuoduiecKum
pewenuens ypasnenus (1), YOO8AEMBOPAIOWUEN HALAANAUM YCAOBUSAM

i(t)=i,>0, i'(t)=0, uecan t, ¢, &, ... — nocaedosamersnocnms

nyaei gyuxyuu i'(f), pacnoroxcennvx 8 nopsdKe 803pacmanus, a <,

Tgy « .. — nOCALOOBAMENROCTY HYALK Pynrgun i(f), mo
t0<11<t1<72<t2<13<... (31)

u nocaedosamensrocmu {[i(tan) |}, {|i(lans) 1} {18 Gona) |} 1 (am) |}
CIMpo20 MOHOMOKHY.
Ecau maxcumymo i(t) yowsaiom, mo

B> it > > il >+ >0, } 2
() <i) <...<i(lgny)<...<0, 1
i (t) < 2 (5 < i (zg) <...< 0, } .
i’("g)>i’(€4)>i'('=6)>- ..>0, 2
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a ecau Maxcumymu i(f) sospacmawom, mo

0<ilty) <illy) <oon<illg)<..., } 339
0>i(t) >i(t)>. . >illpe) > s t
0> (x)>i(tg) > () > .., } (33,)
0< i (3) <V (5) < (3g)<-... *

B) Ilycts dynkuns f (i) yodossemsopsem yxasanwsis B n. T ycao-
susM, 0DeCleYHBAOLIUM CYyLUeCTBOBAHHEe, MO KpaHHel Mepe, OAHOrO me-
PHOIHYECKOTO pellieHns, H MyCTb i(f) aBAfeTCs peilerHeM ypasHenud (1),
MaKCUMyME! i (fy,) KOTOPOro 06pa3yioT BOSPACTAOMYI0 (YOHBAOLIYI)
nocJenoBaTeabHOCTh., OpAMHATE 3THX MAKCHMYMOB HE MOTYT CTPEMHTbCA
K OeCkOHeuHoCTH (K HYMO) NPU 1 — 0O, TAK KAaK B CHJIY JOKAa3aHHOTO
Bm 7, ,6° (n, 7, ,a“), ecam i(fy,) AOCTATOUHO BEAUKO (Ma’A0), TO
OpAMHATA Clerywouero Makcumyma i(fy, o) Meubiue (Goabiue), yeM i (fy,).
Tostomy, ecaun i(t) ssanemcs ai00vx peuwenues ypasnenus (1), mo
npedea nocaedosamensrocmu {i(ty,)} npu n— co Koweden u noioxcu-
menen.

Tlosrazasn .

lim i (f,,) = A,

N~>»00

umeen A>0. Loxaswer, umo pewenue i(f) ypasuenus (1), ydosae-
meopsmuee YCA08UIM

it)=A4, i{)=0,
nepuoouuHo.

[Ipeanonoxum, uto pewnenne i(f) He MMeeT Mepuoaa, W NycThb B CJe-
Aywouwel Touke MaKCHMyMa f, GYHKUHH ?(t) umeeM ?(?2):: B, rne
A— B0, Halinem B COOTBETCTBUH C pedyabTaTaMu us m. 7, ,B“ -(He-
NpPepIBHOA 3aBUCHMOCTH OPAMHATH CAEAYIOMIEr0 MAKCHMyMa OT OpAM-
HATH APEALIAYUIET0) TaKOe NOJOXHTeIbHOe uncad d, d < A, uTO ecan
}io——A|< d, T0 IJ8 CIeAy©IIEro MakcuMyMa B* peuenus o, onpe-
NeJNIeMOr0o HAYaJbHLIMH Y CJIOBHAMH i_(t;) =70, i=’(t;) =0, BHNOAHAETCS
nepasencTso | B* — B| < |A— B|/2. ,

Torna MOXHO HallTH TaKoe ny, YTO NPH 1 > n, UMeeM | i (L) —A| < d,
W MOTOMY 0pH 1 > ny, |i(fyy,,s) —B| <|A—B|/2, a caenoparesbHo,
ecit B> A, 10 i(fyy,0) >B—(B—A)2>A, a eciw B< A, 1O
i(fony) < B+ (A—B)2<<A. B obonx cayuvasx lim i(f,) He pas-

N=»rx

HAACA Obl A, BONPEKH MPELMOJIOKEHHIO.
AHanornunble paccyXaeHus NOKaswiBaioT, uto ecau i(l) ssazemcs
21006L# pewsenues ypasuwenus (1), mo lim i(t,, 1) ompuayamenen, u,

. 7—>"00
norazan lim i(fy,,,)==— B, umeen 0 < B <~}-co. ITpu smox pe-

N~>»co
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wenue ypasuenus (1), yoosiemsopsiousee HALAAbHOLM YCA0BUAM
it)=—B, 7({)=0,
nepuodu4ro. .

ITpu npednososcenusix u3 n. 7 aw06oe pewernue ypasuenus (1)
ozpanutiero 6 [{, - oo).

9. O6c6mennas Teopema JlneHapa © CymeCTBOBAaHHH €JXHHCTBEH-
HOTO NMEPHOAHYECKOro pemenus. a) Ilis npuioxeHuf mpeicTaBiseT 3HA-
yHTEJbHEI/ MHTepeC MoJyueHHe NOCTATOYHEIX KPHTEpHEB LJf TOro, YTOGHI
ypasHenue (1) uMesno eduncmeennoe TNepHOJMYECKOE pellieHHe, a BCe
OCT4/IbHBIE pelieHHs STOrO YPaBHEHHS NMPU f—>—-0O aCHMNTOTHYECKH
CTPEMHJACh K TEPHOLMYECKOMY peLIeHHI0O B CMLIC]e, KOTOpHi#t Oyner
ykasaH B ,6“. MmeeT MecTo caepywowas o60o01uenHas TeopeMa Jlnenapa !):

ITycmb 8 ypasnenun .

de . di ,
A Tef(Dy +02%=0 (0 >0, ®=_const) ¢))

1) ynxuus f(i) nenpepvisna Ha sceli npamuoi;

2) npu I <iL 81,_ d_, <0< 8, unmeen f(i)<0, a npu i <38_,
u npu i > 8, uwneen f(@)>0 [f(_y)=f(@3)=0];

3) cymecmeyem maxoe nososcumensroe wucao A, wmo

F(—A)=F@))=0, (34
20e )
Fo)= [ fodi ®)
0
4) goinoansiemcess no Kpadweid Mepe 00RO u3 CAOVOUUX YCAO8UL
tim F (i) = +- oo, (35,)
i~ +co ’ .
lim F (i) = — oo. (35,)
i—>—w0

Toz0a 3asedomo cywecmeyouee npu 3mux YCA08UsAX nepuodude-
croe peuwenue ypasuenus (1) (cM. n. 7) eduncmseno.

Mubt Buiean B nm. 1, uro ypapHenve (1) SKBHMBAJNEHTHO HOPMaJbHOMN
CHCTeMe YpaBHeHHH OTHOCHTEJLHO HCKOMBIX GyHKkuu#t P u i:

ar__
=

[TpoBeneM Ha MJAOCKOCTH OPTOroHaJbHHE OCH [, P M H3yuHMM nOBeleHHe
xapaxmepucmuyeckux Kpugolx cucTembl (4), T. e. peuleHn#t ypaBHeHHS

dP i
4T O =P (36)

— i, %ﬁ:up—F(i)]. )

1) Mbl omyckaeM NpeATIONOXKEHHE O YUETHOCTH ¢yHxumuu f (£), KOTOpoe JetaioT
A. Kapran u . Kapran, Jluenap, Jledmen, u npeamonaraeM JAHiib, YTO OMpe-
nenenHas topmyaoi (3) dyukuua F (i) umeer xsa HyJs, abcuucca OXZHOrO u3
KOTOpHIX PaBHa -— A, a JApyroro pasHa A. ’
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1306paxcaloiiuX Ha MJAOCKOCTH (i, P) WHTerpaabHbie Kpusble ypasHenus (1).
PaccMorpuM nss 3TOro KpuByio, HMeiollyw ypaBHenue P == F (i), wim;
Kak ee HaswiBaer Xaar ([2], crp. 36), dpynoamenmarsnyo Kpusyno ypas-
nenusn (1). . .

dyukuus F (i) orpunatesbHa B npoMexyTkax (— oo, — A), (0, A),
noJokHuTeNbHA B npoMexyTkax (— A, 0), (A, 4 oo), obpawaerca B HyJb

P=F(i}

AI

L] ity ’ i

¢ I 1

"
Hl

dur. 39.

B Toukax ~— A, 0, A, BospacraeT, KOraa i M3MeHfeTCd OT — OO A0 3_,
M or 8, 10 -} o0, u yOmeaer B npomexytke (8_,, 3,). PyHnamenrtaib-
Has KpHBas W Ocb P peadar nostoMy njockocth (i, P) na ueTsipe 06-
JaCTH, BHYTDEHHHE TOUKY KOTOPHIX XapaKTepH3YIOTCA COOTBETCTBEHHO
caepyiouumMu ycaopuamu (pur. 39):

I: i >0, P< F(i),
II: i <0, P< F(i),
II: i <0, P> F()s

IV:i>0, P> F(3),

dP
a0

dpP .
E<O:

ap
i~

0;

dP
—dT<0'
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Ilycrs, cornacHo oGosnauenusam us m. 8, 4y, fo.. s ly o — TPH TO-
CIeN0BATEBHO - Uy WMX Hyas (ynkuma i’ (£), i(fy,) >0 n nOycTh Ty, 4,
Tor4o — TAKHE HYJH QyHKUEH i (), uTO £y < Typyy <loppy < Torpo <loppa-
Hatinem Ha naockoctu (i, P) nsobpaxenue

i=i) P=1 S+ Fu®]

pewenus i(f) ypasnenus (1) Ans 3nauenuft £, Aewamux Mexny fy, u fy, .,
T. €. PACCMOTPHM MOBEAEHHE COOTBETCTBYIOLIEH XapaKTePUCTHYECKOH KpH-
BOH.

Koraa ¢ uameHseTcs OT £, N0 Tgp,y, TO XapAKTEPHCTHUECKAs KpPHUBAA
BHXONMT M3 TOukH A==[i(ly,), F (i (t,,))] dyHnameHTan-HOH KPUBOH, UMes
B 9TOH TOYKe KacaTelbHYI0, NAPaiensHylo OcH P, IPOXOAUT B 0614CTH /,
npuyeM i (f) u P (f) yOsiBaoT, U 3akanuupaercs B Touke B=(0, ¥ (1, ,)/0],
uMess B 3TOH TOYKe KacaTejbHyl0, NapaijielpHyl0 ocu i. JaiuHedmum
OTpe3KaM H3MeHeHUs ¢ [To, .y, foryqls [forirs Topsols [Toprgr fopygl €OOT-
BeTCTBYWT Ayrd L BC, L CD, L DE xapakTepucTHYecKOH KPUBOH, MpoO-
Xonsiuue CcOoOTBeTCTBeHHO B oOaactax II, III, IV, rae

C=[i(ty41)» Filly ), D=]0, ¢ (Tars0)/®],
E=1li(fyry0)s F(i(toria)))-
KacaTeqbhas K XapakrepucTHuecKoH kpuso#t B Toukax C m E napaa-
JeabHa (Kak ¥ B Touke A) ocu P, a kacarespHad B Touke D (KaK M
B Touke B) mapaanenvsa ocu i. Kpome Ttoro, B obaactu Il #(f) ybuiBaer,
a P(f) Bospacraer, B obGaactu Il i(f) m P(f) Bospacraior, u B 06aa-
ctu IV i(f) Bospacraet, a P(f) ybuiBaer.

Vs TeopeMbl eIMHCTBEHHOCTH I CHCTeMbl (4) monyuyaem B cuay mpo-
BEJICHHbIX BBIE PACCMOTPEHHH, YTO XAPAKTEPHCTHYeCKAsds KPHBAs MMEET
BHI COMPAJIM, NPHYEM NP BO3PACTAHMU f TOYKA ABHKETCH MO STOH Cnu-
panu BOKPYr Hayala KOODAMHAT MO YacOBOR cTpeike.

Ecan i = i(f) saBnserca nepHoaMyYecKMM peuienueM ypasHenus (1), T0.
i{ty) = i(ty,,9), a MoTOMy TOUKa A coBnajaer ¢ Touxko#t E (cM. BBeAeH-
Hble Bhille 0003HaueHHus), u oOpaTHo. [losToMy ausi TOro, #mobn peuse-
Hue i==1i(f) 040 nepuodudeckur, HeoOX00UMO 1 FOCMAMOUHO, 4MOGH
coomsemcmsyouan XapaKmepucmuiecKas Kpusas Obiaad 3AMKHYMOL.

3aMKHyTaa XapaKTepHCTHYECKas KpUBas IepecekaeTcs ¢ (ynmameH-
TaJbHOM KPMBOH B 1ByX TOUKaX, TpHYEM B 3ITHX TOYKAX KacaTelbHas
K XapakTepuCTHYeCKOH Kpuso# napainensHa ocu P. OGo3Haumm yepes
i(fyy)s i(tyryy)) i(tyy) > 0> i(ty,,,) abcumcchl 3TUX TOuek. Torna moGas
npsMasl, napajjieabHas ocu P, abCUUCCH TOYeK KOTOPOR 3aKMoyeHbl
B npoMexyTke (i(foy.q), i(f)), NepecekaeT 3aMKHYTYI0 XapaKTePHUCTHKY
B JBYX M TOJbKO B JBYX TOYKax, npuuagiexawmx obaactam I u IV min
I w10 Co

AHa/IOTHUHO, 3aMKHYTas XapaKTepPUCTHYECKas KpHBad NepeceKaercs
c oceio P B aByx toukax [ (v, )0, OL [ (%gr49)/®@s Ol, rae
i (T pq)/0 <0 < ¥ (tg,,0)/0. Jliobast npamas, napaiiejbHas ocH i, OpAH-

922 3ax. 1072. IOx. Cancone
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HAaThi TOYEK KOTOPOH npuHaniexar NPOMEXYTKY (i’ (Tgyy)/®, i’ (Tgy,o)/®),
NepeceKaercss ¢ XapaKTepUCTHYeCKOH KPUBOH B 1BYX TOUKAX.

Ecau o6osHauuth uepes M TeKyLIyI0 TOUKY XapakTepHCTHYECKOH
KpHBO#, TO

OBF =p+ P =2+ () +FEO ],
u B cuiy (36)

! o2 = F (i) ap.

ro

Ilycts T'= ABCDE — 3amMkHyTas XapaKTepuCTHYecKkas kpusas (T. e. A
cosnajgaet ¢ E), npoGeraemasa no 4yacoso#t crpeske. Toraa B cuiy uafo-
JEHHOTO BblLIE KPHBOJAHHEHHBIH HHTErpas

f F (i)dP

(NpONOPUMOHANLHEIR PACCEAHHOM SHEPrMM CHCTEMbI) PaBEH HYJIO.

Jlerko BuMIeTb, YTO HE MOXET CYUIECTBOBATh 3aMKHYTOH XapakTepH-
ctuueckoft xpupoft I', 1asi KOTOpOH npoekuuss TOYKH A JeHT B mpoMme-
xytke (0, A), a npoexuus Toukn C Jexur B mpoMexyrtke (— A, 0), tax
KaK BJOJb TakoR kpuso# Mbl vMMeau Osl F ()dP >0,

Touno TaK ke He MOXeT CYIIeCTBOBATL 3aMKHyTOH kpuso# I', nJs
Ko10poit abcumcca Touku A Ownuia Gosbure A, a abcuucca Touku C nexana
Mexny —A u 0. B camoM nene, oGosnauum uepesa F; TOuKy nepeceue-
Hust npamoft i=A ¢ ayro#t < AB u uepea K-— TOUKY MepeceyeHus
ayrn O BC ¢ oceio i; Tak Kak Baoab ayru O H BC nmeem F (i)dP =

=—;-d(OM)2 >0, 710 HauMeHbluee pacCTOsHHe OT Tekyiwe# Toukn M

ayre O H,BC 1o navana koopauHar O pasio OF,, a noromy

A < OH; < OK < |—A|. Tlonyyennoe npotuBopeude [OKA3LIBAET Haille
yTBepHKIAEHHE. ‘

AHanornyHo, He MOXeT CYLIECTBOBATh W 3aMKHyTas XapakTepHcTHye-
cxas xpusas I', 1as KOTOpO# npoekuus Touxd A Ha Ochb i Jexut Mexay 0
M A, a NpoeKuuss Hd Ty XKe OCb TOUKH C JeWHT MeWIy — 0o H —A,
B camom nene, 0603Ha4uM uepes [y TouKy nepecevenus nyru < CD ¢ nps-
MO#t i= — A v uepes L— TOUKy mepeceyenus ayrd  DE ¢ ocvio i.
Tak xax Bnoab ayru O HyDE wmeem F (i) dP > 0, 10 HauMenbluee pac-
crosuve o1 O no rekywe# Toukn M nmyrm O HgDE pasio OH,. Ho
TOTAA Mbi 10JiyYaeM NPOTHBOPeurBOe HepaBeHcTBO |—A | < HO3 << OL < A.

Hrak, mel noxasand, uto eciu I'= ABCDA spiasetcs 3aMKkHYTOH xa-
paKTepucTUUecKOl KpuBo#, TO TOUKH A u C nepecevenus kpuso#t I' ¢ dyu-
ZaMeHTaNbHOR KPHBOH NPOEKTHPYIOTCA HA OCb i B TOYKM, pacCTOsHUE
KoTophix ot Toukn O Goabwe, uem A. Kcxoms u3 3TOro, AOKa)eM,
coraacHo Jluenapy [l], u4t0 nns ypapHenus (36) He MOFyT CYuieCTBOBATH
LBe 3aMKHYTHE XapaKTePUCTHYECKHE KPHBHIE.
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[Ipepnonoxum obparHoe u oGosHauuM yepes ['= ABCDA, I'=
= A’B’C’'D'A’ 1Be 3aMKHyThle XapaKTePHUCTHUECKHe KpHBbe JJf ypaB-
Henust (36), npuuem nyctb I' nexut suytpu IV. IlycTh, nanee, npamas A == i
nepecekaeTr AYrd xapaxktepuctayeckoit xpusoit L AB, O DA, L A'B/,

4 ’
w D’A’ coorserctenno B Toukax Hy, Hy, H,, Hy, a npavas i =—A
nepecekaer ayrk O BC, OCD, O B'C, UC'D’ CcOOTBETCTBEHHO
4 7/
B Toukax H,, Hy, Ha, Hj (cm. ¢ur. 39).
4 1! " /4

Ecau oGosHauuts yepes Hy, Hp, Hi, H; TOUKM, B KOTOPHIX MpsAMEIE,
npoBeleHHbie uepe3 Touku M, H,, Hy, H, napanrensuo ocu i, nepe-
cexaor ayru W A'B, OBC, OCD', OD'A, 10

0= f F (i) dP fF(i)dP—}— f F(i)dP+ f F(i)dP, (37,)

H{BH, H2(7H3 H3DE'4 H4AH1
0= f F@dP+ [ F@dP+ [ Foyar+ fF(i)dP—!—S, (37,)
H,B'H, Hyo'HY H,D' H, 7 A'H]
rue
S= fF(i)dP—|— fF(i)dP—}— fF(i)dP—]— fF(i)dP. (38)
HYH, H,H, HyH, HH,

Ho pasencrsa (37,) u (37,) HecoBMecTHbl. B camom nese, ecau (i, P,)
u (i, Py) ssasorca Toukamu ayr o H;BH, n © HB H,, umeowumu
OMHAKOBBIE aBCLMCCHI, TO
i

f F (i) dP = IF(i)—I,—(?)_—Pidi,

H,BH, HBH,
f F (iydP = f F(i)?—(iTl_:??di.
u B H, H B H,

[Ipunnmas B0 BHHMauue, uto (F()di>0, 0 << F()—P; < F(i)— 152,
nMeeM

[ Foap> [ Fa@uap. 39
H,BH, HiB'H;
AHaﬂOFHqHO JOKAa3bIBaeTCqa, 4YTO :
[ Far> f F(i)dP. (39,)
H3DH4 H;}D' H;

w7

Ecan (iy, P) u (iy, P) sBasiorcs Toukamu nyr O HyCH,, O H,C Hj
¢ onHOM u ToO#t ke opauHato# P, To

fF(i)dp= fF(il)dP; [ Foar= f F (i) dP.

HyCHg HyCHy HyC H ¢ H)

22%
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Ho dP >0, u TaK Kak B npomexytke (— oo, —A) oyukuus F (z)
oTpuuaTenbHa H Bospacraer, F (i) < F(i)) <0, 10

f F (i)dP > f F (i) dP (39y)
HyCHy H,C H, '
U, aHAJNOTHUHO,
F@®ar> [ F@ap. (39,)
H4AHI HZG'H;

Tak Kak NOAMHTErpa/ibHbIE BLIPAXEHHS BCEX UYeThipex HHTErpasos,
CTOALIMX B NMpaBoil yacTW paseHcTBa (38), OTpHUUATENbHLI, TO

0> S. (395)

Cymmupys HepaBencTsa (39,)—(39;), yOexnaeMcsd B HECOBMECTHOCTH
pasencts (37,) u (37,). :

6) IlpuMeM BO BHUMaHHe JOKa3aHHble B N. 8 pe3yabTaThl, a TaKke
TO, YTO HHTerpa/bHble KpHBbie ypaBHeHus (36) He MOryT uMeTb OGWHX
Touek. U3 9TOroO_cienyeT, YTo ec.au 0603Haxums yepe3 A u — B coom-~
BEMCMBEHHO MAKCUMYM U MUHUMYM Nepuoduieckozo peuenus i ecai i(f)
seagemcss 400bix Opyeusm peuwenuesr ypasuenus (1), mo

/ lim i(¢)=A, lim i({)=—B,
t-5+c0 t->Fco.
npuvesm MAKCuMymb. (MHHHMYMBI) 3M020 peuterduss 06pA3YIOM MOROMOH~
Hyl0 nocaedosamensnocms, cmpexrsuwyocs K A (— B), uau, unvmu
cro8amu, ce pewenus ypasuenus (1) yemoivuso 8 (¢, -} 00) u acum-
nmomuuecku npubAuNCGIOMER npu t — 00 K nepuodutecKomy peuenisio.

10. O6oSuiennan teopeMa Jlepuucona u CMATA O CymlecTBOBAHHM
O/AHOr0 ¥ TOJBKO OAHOr0 NepuoxHdecKoro pemenus. JlokaxeM eute
CAEAYIOLIYI0 TeOpeMy CYLIEeCTBOBAHUS OZHOTO H TOJbKO OJHOTO MepPUOAM-
YeCKOro pelleHHs, AOKa3aHHyio JlesnHconoM ¥ CMUTOM B MpeRNONOXEHUH,
yro dynxuus f() nuddepeHunpyema, HO CIpaBefJHBYI0 M B Chyuae,
koraa ¢yuxumsa f (i) TOABKO HempephiBHA:

Ilycms 8 ypasnenuu

of ()i +02%=0 (>0, v=const) ¢}

dyuxyun (i) nenpepuvisna ua sceli npsmoi u ydosiemsopsem cae-
ayruum YCA08UAM

fOO mpn —8<i<B f@O>0 npn [i] >0 (40)
Kpome mozo, nycmo

ff(i)di:—{—oo [zmu fof(i)dz=+oo]. (1)
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Tozda ypasuenune (1) umeem 00HO © mMoOAbKO O00HO nepuoduueckoe
peutenue.

CylwecTBoBaHMe, Mo KpafiHelt Mepe, ONHOrO MEPHOLMYECKOrO pelieHHs
BLITEKAeT M3 TeOpeMBb!, 10Ka3aHHOR B_N. 7. Mbl NO/MKHBI NOSTOMY JLOKa-
3aTh 3JeCb JIHLIb €IHHCTBEH-

HOCTb 3TOT'O pelleHus. Au

Tak kak, mnoaaras (cM.
.o u=-i/f(i)
27 = (1D al-

Mbl moayyaeM s & nudde- G /
peHuyajbHOe ypaBHeHHe (Xa-
PAaKTepPUCTHYECKHX  KPHUBBIX)

& =—f—1, a2
TO HaM OCTaeTCs JMUb NOKa-
3aTb, YTO STO yPABHEHHE HMeeT
TOMbKO OJIHY 3aMKHYTYIO HHTe-
TPaJbHYI0 KPHBYI, a IJd
9TOr0 HKOCTATOYHO TMOBTOPHTHL
paccyxnenns JleBuncona W
Cmuta (1], crp. 389—391,
cM. Takxke Kapman [1], cTp.
623-—624), xoTopsie, KaK Mbi
yXe YKasHBaAH, COXPAHSIOT
cuny u 6e3 NpeanoNoXeHus :
O CYLIeCTBOBAHHH TPOW3BOL- Pnur. 40.
Ho#t y dyukuun f(i).

PaccMoTpuM Ha maockocTH (i, u) WHTErpaabHyio KpuByio I' ypasHe-
uua (12), Buxomsiyio H3 TOuKH A, JexaweR Ha ocH & M uMelOuweh
NOJNIOKUTENLHYIO OPIAMHATY gy

O‘.A = uo (llo > 0).

Ilycte 310 Oyner kpusas ABCDEFGA, (dur. 40), rae uepes < BCD
m O EFG o6ossauens nyru kpuso#t I', sexalime BHe MOJOCH, OFpaHM-
yeHHOH npaMbiMu == =38; uepes L AB, U DE, U GA,;— nyru, nexa-
mue B 9TOR mosoce, u yepes A, — BTOpast TOuKa nepeceveHust ' ¢ Aydom
i=0, a>0.

Taxk kak B cuay (12) umeem

d (22 = —2u f(i)di, (42)

TO, NoJaras

B(ug) = 5 (04} — 04y = — [ (O 1i (0] Gy dt,
T
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MBI TIOJly4aeM, uto A (u,) 9BageTcs HenpepriBHOH dyukuvelt or gy (n. 7, ,B%).
HatineMm soipascenue nas dA (uy)/duwy, Korna sHauenue #y COOTBETCTBYET
samrnymoli xpusost I' (4, = A).

CoraacHo M3BeCTHHM peayabTataM o IuddepeHUHPOBAHNN pelleHut
nuddepeHiuanbHbIX YpaBHeHHH 10 HAUAMBHEIM naHHBIM (cM. T, [, § 5, n. 2),
uMeeM u3 ypaBHenus (12)

()t (on)
di(all(,)—flz allo ’

du

duy

OTKyIa
d

i fG)  1du
di

Ho, B cuay Hava/bHBIX YCJOBHH,
ou 'ou

In —=—

0110 A= ’ alln !A=O’

U TIO9TOMY, MHTEerpupys Buoab nyTtu I', rMeeM

,,,ﬂz_““z_ffi_f)di:'_mff[i(t)ldt. (43)
r r

ou,
W3 ypasnenus (42) caenyer, 410

1 d@a) %u .
B2 o2 di | Bt f@,

¥, MUHTErpUpys BAOJb 3aMKHyTOro myTd I', moayuaem

0= [ fdi=0 [ fuma (44
r : T

Ha nyrax © BCD, O EFG mumeem |i| > 8, fli(f)) >0, a nosromy
g [ O < F U

Ha ayrax xe O AB, ODE, U GA nmeem |i| <8, f[i($)] < 0. Ho
torna u3 (42) caenyer, uro Ha nyre ) DE ¢yukuus 22-}-i2 npunnumaet
HauMeHbliee 3HaueHWe B Touke D), a wa ayre  GAB—3B Touke G.
TMo3TOMY 3TO HauMeHbllee 3HaueHHe Ooabule, ueM 82, U

e [UOI<fU®).
Ho roraa na (44) caepyer nepaseHCTBO
[ frierat>o
T

v u3 (43) BbITeKaeT, uToO

ou A ou
ma—uo} <0 5

4,

<1
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a no3TOMy, ecau I' sBisieTcss 3aMKHYTOH KPHBOH, TO

dA (1) du | on | du A
———*duo =u0—d?0- —uomlA—uo[m '—l]<0.
OT1cioaa Jerko CjaepyeT, YTO NPH CAENAHHBIX NPEANONOXEHUsX Cylie-
CTByeT TOJbKO OLHO NEPHOAMYECKOe pelieHHe ypasHenus (1), wam, uto
TO Xe camoe, TOJbKO OIHA 3aMKHYyTasd MHTerpajibHas kpuas I' ypasue-
nus (12); B camom pese, A1 IBYX COCeNHHX HyJdedt dyHxumu A (4,) He
MOTYT BHINMOAHATLCS ONHOBPEMEHHO HepaBeHCTBa dA (u,)/duy < 0.

§ 4. BolHyxkaeHHble KoseGanns MaATHuKA. YpaBhenne Jlyddunra

1. YpaBuenne samaun. Tsxenas MaTepua/ibHas TOuKa P Maccel m
ABHXeTCA Oe3 CONPOTHBAECHUS -Cpelbl MO Haxonsefcs B BePTHKAAbHOU
MJIOCKOCTH OKPYXHOCTH C UeHTpoM B Touke O W paauycoM /. B momeHt
BpeMenn f=0 Touka P Haxoautcd B HauboJ/iee HH3KOM TOJOXeHHH A,
Ha Touky neHcTByeT BO3Myuiaiomias Cu/a, TaHCEHLMAAbHAS KOMIOHEHTA
KOTOpOH# B MOMeHT £ paBHa & sinf (B — 1o~
CTOSIHHAA),

ITpumem Touky O 3a mnomoc, a pa-
anyc OA 8a nOJMApHYI0O OChb TOJSPHOMH
CHCTeMbl KOOPAMHAT ¥ OG03HAYMM uepes X
yroJ, KOTOpEfl 00pasyeT B MOMEHT Bpe-

—
mMenu ¢ papuyc-sektop OP ¢ moasp-
HOH OCbIO, a uepe3 . §— Ayry w AP
(pur. 41). Torna ypaBHeHHe HBHIKEHUS
TOYKH MO OKPYMHOCTH HMMeeT BHA
ms” —-p sin x = ksint,

rie p=umg (g— yCKOpeHHe Cuab TH-
wectn). Tak kak s” = Ix", to, noaaras
gl = a2, k/ml=28, nonyuaem

2
L2 farsinx=gsint (1)

(ypasrenue Hdyddunra [1]).

Mbl XOTHM 10Ka3aTh, YTO 3TO ypaBHe- $ur. 4l
Hue (HenuHeHHoe) 00/anaeT HenpepsiB-
HBIMH HEUYETHHIMH TNEPHUOJMYECKHMH DelUeHHsIMA ¢ TepHoaoM 2w, ITH
pelleHust NO/KHb, CJENOBATE/NbHO, YAOBAECTBOPSATH VCAOBUAM X (— f) ==
=—x(), x(0)=x(n)=0. B cuay (1), nocTaTouHo Ha#Ti peluenue,
ynosieTBopsiouiee Ha otpeske [0, m] xpaeBbiM yCJOBHAM

x(0)=x(n)=0.

2. Cayvaii a2 <1; mOKasaTeNbCTBO CYIIECTBOBAHHMSA IIepHOLMYE-
CKOTO pellleHHs N0 MeTOAY HOCJefOBaTeNbHbIX Mpubamkennii. a) Cse-
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aem, cordacHo Tamemo [1], Wamy 3ajauy K HHTerpajbHOMY YPaBHEHHIO.
PaccMoTpuM ypaBHeHHe

L —q0), @)

rae q(f)—muevetnas (g (—¢£)==—q(f)) HenpepbiBHAjA MNepHOLHYECKas
¢yHKuus, Nepuol KoTOopol paBen 2w, W GyneM HCKAaTb HenpephiBHOE
HeueTHOe NEePHOJMYECKOe pellleHHe 3TOTO YPaBHeHus, UMemwlllee nepHon 2mw.
MubiMH  ciioBamM, OylaeM HCKaTh pellleHHe, YIOBJIETBOPAIOLiee YCJOBHAM
x(—8H=—x(), x(0)=x(n)=0, uaM, uTO TO Xe CaMoe, pellleHHe
ypasHenusa (2), YLOBNIETBOpAioUIee HA OTpesKe [0, =] KpaeBriM yciOBHSM
x(0)=x(x)=0.
OGuee pemeﬂue ypaBHeHuUs (2) MMeeT BHI

£ () = f (t—r) gy di—t-cittcy (¢f, cg—mocTosHHbE).  (3)
0

M3 ycnosua x(0)=0 cuaenyer, uro ¢, =0, a u3 ycaosus x(n)=0
BBITEKAET, YTO

f (m—7) q (W) dv+¢m=0.

IosTomy

xO=[Kt, 9q@ -,
0
rae
: K(t, y=1(t/r—1) mpu 0L,
- K@ ©)y=tGx/n—1) mpu ttm
Ho uaBecTHO, uto 1)

fee]

Y 2emne o et (00 < 20),

n=1

a nostomy K(#, t) MoxHO 3anucarhb cneﬂybumm o6pasom:
K(t, T) ‘——‘Z sinrtsmrc 0 <t 1< m). (4)

TaxuM o6pasoM, st TOTO 4mobbi Xx (f) Gbii0 Henpepuisrboli Hewem-
HuiM pewenuenm ypasnenus (1), umenouwum nepuod 2w, Heobxo0umo u

1) Cm. I. II. Toacros [1], crp. 49, dopmyna (13.8). B wacruoctn, umeem
0
2 1/n? = w2/6 (cM. Tam ke, crp. 50). dta popmyna Gyxer ucmoap3oBaHa B (8)

n=1
sToro maparpada.— llpunx. nepes,
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docmamouro, 4mobs. x (f) y008AeMBOPANO HENUHETHOMY uumezpaxzb-
HOMY YPABHEHUIO

x(t)=—a2f1<(t, r)sinx(*c)dt—}—ﬁf]{(t, %) sintdt
0 0

0Lt n).
Ho pewennem ypasuenus x” = sin ¢, yaosnerBopsioutum yciaopusm x (0) =
=x(m)=0, sBasercs x = —sinf, a noaToMy x(f) LOIKHO YyHOBJe-
TBOPSTb yPABHEHHIO
x ()= —a? f K(t, ©)sin x (z)dz—Bsint. ¢)
g ‘

Korna f=0, ypasnenne (1) npeBpauwaercs B ypaBHeHue -CBOGOAHBIX
KoneGauuit Masthmka d2x/df? 4 a?sinx=0. [lpn a2 <1 nepuonuue-
CKHe pellleHHsi 9TOrO ypaBHEHUs, aMIUIMTyIa KoJeGaHutt KOTOPHIX paBHa w,
uMeioT nepuon T

/2 . 7

=2 2n 11\ 5 | 731V N

fm T[1+(2_u)c +<4—”) 04—{—...]>2n,
0< ¢c=sine

2

(cm. T. Kapman u M. Buo (1], crp. 108—110, uau T. Jlepu-YUusura u
Y. Amambnu [1], crp. 43--45).

Mu 6ydem npednosazame u 8 Hauwexs caysae, wmo a2 <1, T, e.
GyneM paccMaTpuBaTb Cilyuya#t, MpU KOTOPOM HE MOMXET BCTPETHTbCS TaK
Ha3bIBAEMOE SBJEHHE DPe3OHaHca ¢ BosMyLiaioue#t cunoh R sinf (cM. ra. VI,

§ 1, n. 7, ,6%), n pemnM ypasHeHHe (5) MO MeTOLY NOCAENOBATENbHEIX
npuoImKenui.

[Tpumem B KauecTBe nepBoro npubmnkenus mis x (f) OyHKumio
x; = —Bsin{, 6,)
B KauecTBe BTOPOrO MpHG/MKEHHs '
x
Xy = a2 f K(t, t)sin(Bsint)dt—Bsint (65)
0

H BoOOLIE

xy=—02 [ K(t, Dsin(,_; () dr—Psint(n=3, 4, ...). (6,)
Q
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Ouesunno, uro — K (¢4, ©) > 0, a c/enoBaTessHO,

xn+1—xn=-—a9f1((t, 7) (sin x,, —sin x,, _,)dt =

S—— azf K(t, ©)2sin 22 _;x”"l cos 2n +2x""‘ dr,

| Xpgr— 2| < — 32 [[K(t |5y —%poi[de (1=2, 3, ...),
0
Ecan noaoxutb {cm. ria. II, § 6)
KMLﬂ:f.“fK@tQK@,@.“K@H,ﬂhﬂgu.m%v
0 .

0
—— s
n-1

TO

Ear (D — 2, ] < 02 0D (— =3 [ K,y (8 9)] 2y — %, ()| ds. (7)
0

Tak kak psn, croswu# B npasoll uactd ¢opmynn (4), paBHOMEpHO
cxonutca Ha orpeske [0, w], TO

(e o]
2 sin 7¢ sm e
Ky (6 9= = 3

r=1
U BoOOlIe
o0
sin rt sittrt

Ko (b, )= (— 1y 2 Yy S0rsare

r=1
| K (5 r)l<%2%<—’§— ®)

(HanomuuaeM, ‘{TOZ 1/n2=n26). [losroMmy, ecin Ha orpeske [0, =]

uMeeM | x, — X, | <L TO u3 Gopmyas (7) cienyeT HEpaBEeHCTBO
| Xpay (D —x, (O] < TLa? (-1,

[losToMy nocaenoBaTesbHOCTb {X,(f)} PaBHOMEDHO CXOAMTCA Ha OTpesKe-
[0, ] k Hexotopo# GyHkuuu x(£), a Torma, nepexoas B dopmyae (6,)
K npelexy mpH n-—> oo, y6expaemcs, 4ro X (f) yHOBIETBOPSET ypaBHe-
Hao (9),
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Eouncmeennocms pewsentis ClefyeT U3 TOro, 4to ecnu x (f) siasercs
pelrenveM ypaeHenus (D), TO, Boiuutas u3 x(f) (6,), umeeM

£())— %y () =—a? [ K(t, ) [sin x (z) —sin Xp_y (D)) d7,

0

|x(— %, ]| < — 02 [ K (&, D] 5D — %55, W] dr <

L a2 -1 (— [)n-1 fKn_I ¢, tf[x(t)—xl (x)|d=

u notomy lim | x(#)— x, (f]=0.
Nn—>co

6) FammepwiTelin paccmatpuBaa GoJdee oOliuee ypaBHeHHe
%4- o2 sin x = £ (¢), ©)

rae ¢yHkuus k(f) HempephiBHa Ha oTpeske [0, =] u a2 — mocrosHHAs
(cM. Tammeputedtn [1]; cm. Takxke Wramm [1], {2], {3]). Ou mokasan,
yTO AA paHHOK Gymkuuu A (f) MOXHO HaliTM Takoe YHCAO &, YTO NPH
o> g YUCAO DeuleHuli Mmoo YPasHenus, y008.4emeopAIOUUX KPACBLK
yeaosunask x(0)=x(w)=0, npegocxodum a/3, npuuem Mo kpakneh
Mepe JBa TAKMX pelleHHs HMelOT TOJLKO ABa HyJs Ha orpeske [0, =],
no kpaitteft mMepe ABa pelleHHs MMEIOT TPH HYJd Ha STOM OTpPe3Ke U T. A.

OTHOCHTENILHO J0Ka3aTeJbCTBA ITOM TeOpeMEl MbI OTCHIIAEM UHWTaTeNs
K uuTHpoBaHHO# paboTe I'amMMepuiTefina.

§ 5. Mnddepenunansioe ypaBHeHHe IMIeHa NJS NOJHTPOMHOTO
rasal)

1. YpaBHeHue IMIecHA DpaBHOBeCH c@epbl H3 NOJUTPONHOIrO
rasa. a) I'asosas Macca, Ha KOTOpYIo AeHCTBYIOT CH/bl B3aUMHOTO IPaBH-
TALMOHHOT'O MPHTANEHHS HYACTHL, a HA OTPAHUYUBAIOLIYIO €€ TIOBEPXHOCTh —
NOCTOAHHOE naBjeHue (paBHOe, ObITh MOXET, HYJI0), MPUHMMAET Iapo-
o0pasHbIft BHI, eCAM OHA HAXOAUTCH B paBHOBecuW 2). Tlpu sTOM mJaoOT-
HOCTb M JaBieHue oOnanawr cdepuueckolt cumMmertpue#t (T. e. 3aBHCAT
JUIB OT PacCTOsHHMs OT lieHTpa 1mapa). Paccmorpum 3anauy o6 ompene-
JeHHH TJIOTHOCTH P W JaBlieHHs P B HeKOTOpoRt Touke Kak dyHKuuH
paccrosHust 7 3TOH TOYKH OT ueHTpa cuMMetpuu O.

PaccMOTpHM 9/IeMeHT WAPOBOA MOBEPXHOCTH MJOW@AH g W pajuyca r
M Ta30BhHIt LMIMHAD C OCHOBAHWEM G M BLICOTOR dr; Ha STOT LMJIMHAP
HNEeACTBYIOT CHMa JaBaeHus cdP M TPABUTALMOHHOE TPUTIKEHHE pgadr

1) Omaen [1], crp. 40 u ra. X u XII; Danunrron [1), crp. 79 1 ca,
%) Jluxrenwreiin [1], crp. 26,
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(g — yckopeHne cuabl TPaBHTaLMHM B TOUKaX UMAMHApa). [loaTomy RJs
paBHOBeCHs HEO6XORMMO, UTOGB! BBIMOJHAIOCH PABEHCTBO

cdP—|pgsdr=20
WIH :

9P tpg=0. )

IMo 3axony Hvworona g = GM,r—2, rae G — rpaBuTauMoOHHag NOCTOSH-
Hasi, a M,—mMacca rasa, sakmoueHHas B cdepe ¢ LeHTpoM B Touke O
W paguycoM r. Macca, sakmoueHHas Mexay chepamu paanycos r u r—{-dr,

paBHa 4nr?pdr, a nosTomy
”

M, =4n [ rpar, @)
0
u u3 ypaBHenus (1) umeem
4AnpG
dr i f r2% dr = 0. 3)

VMHONAs 9TO paBeHCTBO Ha r2[p W AuddepeHuupys No r, uMeeM

1 d (’2 "P)+41r Gp = 0. (4)

72 dr\p ar

Eeay nem oGmena -menaa mencdy 2430806 chepoli u OKpYyscaowus
NpOCMpPancmgoM, TO ypaBHeHHE Fa30BOIO PABHOBECHS -MMeeT BHJ,

P = kpl+lln (51)
n>0), rae £ u n— nonoXuTeabHble uucaa. [losaras
N N _. 2
P_{(n—}-l)k} , P= e ~ (59)
uMeeM
1 4P dd .
v (53)
Ho ‘Torna ypapuenwe (4) npunuMaer BHIL
2 dd
T+ Gee =o, (69
rae G
4w
*= s ¢ >0 (6

M 3ajaya, KOTOPYIO MHB paccMaTpuBaeM, OSKBHBaJieHTHa 3ajaue O Haxo-
XAeHHH pelleHnit ypasuenus (6,), yROB/JETBOPAIOLIMX YCJIOBHSM

S0)=P >0, & (0)=0 (6,)
(8 O nmeeM g=0, dP[dr=0, a notomy &'(0)=0).
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OG6patHo, nmycTh 1aHO peuleHne ypaBHewus - (6,), YIOBJIETBOpsOLLee
Haya/JbHBIM yCnoBHAM (64). Bulumcass P u -p no dopmyaam (5,), moay-
yaem '

dpP 4n Gp

d—,+

f er dr = const,

o P’ (0)=0, orkyna u caenyer (3).
Bamensin nepeMennbie no opMmyIam
D =@y, r=———'—§‘—_—;, ' ~(5)

a®, 2
ﬂOﬂy‘{ﬂEM, HAKOHeEl, ypaBHeHHe

2 db
dgz"l‘ T dE 'l‘&n =0, (11)

A KOTOPOro Mbl  JOJ/DKHBL HaliTH - peuieHus, yao0BJETBOPAIOLINE HAYAJNb-

HEIM YCJIOBHAM
60)=1, 0°(0)=0. ()

Samemm, 9YTO €CJM TasoBbiff map HMeer KOHequlﬂ pamec R, T0
n-1 -1

P(R)=0, p(R)=0, a nostomy, eciu {,=a R ®, ° , 10 B(},)=0. Cue-
LOBaTeNbHO, 3aJaya O CYIIeCTBOBAHUHM TOJOMEHHS PABHOBECHS TrasoBOrO
J1apa KOHEYHOr¢ palMyca S5KBHBAJEHTHA 3alaye O HAXOWIEHHH pellleHus
8 (¢) (ecam ono cymectsyer) chctemsl (I,), (I,), MMEOLIErO NMONOKUTENb-
HBIH HYNb & M OCTAIOLIErOCS OTPAaHHYEHHBIM M MOJONKHUTELHEIM MENLY
HyaeM M .

Tak xax Touka §=0 ssasercs ocobo#t Touko# ypasnennus (I,), Mbi
He MOXeM BOCHONb30BATLCH paHee YCTAHOBJIEHHHIMH TeOpeMaMH Cylue-
CTBOBAHHA M eIMHCTBEHHOCTH; CYleCTBOBAHHE pelieHuss MOXeT OBITh yCTa-
HOBJICHO MO3TOMY TOJBKO MyTeM HENOCPEACTBEHHOIO M3YYEeHHs 3TOrO ypa-
BHEHHH.

6) Ilpu samene nepemenHoft

el
Tt

ypasnenne (I;) npunumaeT Bun
' d% gn
aatm=0

Ecau n==0, 10 nodyuusueecs ypaBHeHue uMeeT peumenne 6=c, |
-+ ¢gx — 1/6x2, u, caenoparenbho, npu n=~0 obuiee peweHue ypasue-
uas (I,) umeer Bun

0 =c,4~cot~1 —E2/6 (c,, €o— NMPOM3BO/BbHBIE TOCTOSHHBIE).

TouHO Tak ke, e€C/JH IMONONKHTb
6 =y/E,
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TO ypaesnenue (I;) mpumer BuA
d2y yn
d_Ei En—-l -

Ecmn n=1, 10 nonyuuBuieecs ypasHeHHe HMeeT pellieHHe y = c, cos§ -
~cysink, a nostomy mpum n=1 obumee pemenue ypasxenus (I,) umeer
Bun 6 =£-1(c, cosE--cysink), rae ¢, U cy—IPOH3BO/bHBIE MOCTOAHHbIE.

2. lorennpanpHas SHeprus ra3oBOro mapa ¥ HepaBeHCTBO n < 5
nas chepol Komeunoro paamyca. [Ipeanonoxum, yTo ra3osbil map HMeeT
KOHeuHH #t paguyc R, T. e., YTO CYIUECTBYET TAKOE pelieHHe CHCTEMb
(6,), (63), ut0 @(N >0 mpu 0 <r <R u ®(R)=0.

Ecan M — macca mapa, 10 no dopmyne (2) noayunm

R
M=4n f repdr.

0

OnpenennM, COrMacHO DMAeHY, MOTEHUHMANLHYIO SHEPIHIO, KOTOPOH
o6aanaet rasoBHH map, T. e. paboTy, NMPOM3BeNEHHYIO CHJAAMH TATOTE-
HUSL AJd TOTO, YTOOGH MepeBeCTH a3 W3 COCTOSHHA pacceaHud Ha Gecko-
HeYHOCTH B PACCMATPHBAEMOE COCTOSIHHE.

PaccmotpuM B4 cJ107, 3aK/IOYEHHBIX MexAy cdepamu ¢ uenrpom O,
H3 KOTODBHIX BHYTDeHHMN B3aK/JIOYEH Mexay cdepaMu C DalHyCaMu s,
s—t-ds u nmeer maccy dM,, a BHemHHH 3aKJIOUEH MexAy chepamu
c pamuycaMu r u r—-dr w umeer maccy dM,. Bsaumuas notexuuann-
Has SHeprus MPHTSKEHNS STHX Macc paBHa

GAM,dM,]r.

[MosTomy B3aMMHas MNOTEHUMAALHAR SHEPTUA NPUTAKEHHH Meway dM, u
BCell Maccolt, nexawe#t BHyTpu cdepnl paguyca r, paBHa

r
G s [ g, — Moty
r r
)]

CaenosatesbHO, NOJHAS NOTEHLWAbHAS SHeprug raaoadro wiapa pasHa

x Moo
M, dM G  4M
omaf ikt 0 4 o
o 0

HMuTerpupyst no uactam, nosyuaem

Lo | 1, M
Q



