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Us (1) u (5y) nmeem g = —d®/dr, a nostomy

GMm do
=g ©)
u ¢dopmyia (8) maer o
=0
1 Gmz 1
=~2—T—-7G®£ M, dd. (10)

Uz (2) umeem dM, = 4nrdr, u no (7) u (9)

B
9=-—-4nf pr""—f—gdr.
0

Ho no nepaoft us gopmyxn (5,) mveer p==Ad" rze A= [(n—-1)k1"",
a nosTomy
o 120 |
. _am n+l T - nitl g,
o=—_=rr [ et =1 [ r2amtar

1
D=0, 0

=

R M
3 3
= Pdrpridr = —— ddM,
Of " + 1 MJ‘:O

M, WHTErpUpYs MO 4acTaM, NOJyuyaeM

’ 3 D=0}
Q= —_ f M, dd.
P=D,

CpasuuBast a1y dopMyay ¢ ¢opmyao#t (10), umeem
3 M?
Q= =7 G =
Tak xak @ >0 M KOHEYHO, TO HeOOXO00UMLLM YCAOBUEM CYU,ecmeosa-
HUs 20308020 UIGPA KOKEYHOLO paduyce sBASEMCA BbNOAHeHue He-
paserncmsa n < 5,

D10 ycaoBAe TaKKe M JAOCTaTOuHO, T. €. ecan 0 L n <5, TO pe-
wenue 9 (§) ypasuenus (/;), yAOBAETBOpSIOLLee HAYANbHLIM ycaoBuaM (/o)
onpeneneso na orpeske [0, ], rae &) NOJOKWTEJbHO M KOHEUHO H
6 (¢) orpannyeno u mnoaoxureavho npu 0 &< &), ¢y =0.

Mbl p0KaxeM 3Ty Teopemy B m. 4 (npu 1 < n<3) M H3y4yUM He-
TNOCPeACTBEHHO Cayualt n==5 B M, 3, ,6“ (OTHOCHTENbHO OOWIETO H3Y-~
yenus cayuas n > 0 cm. Cancone [3]). TlpuseseM u3 yNOMAHYTOR Bbilie
pabotbl dMaeqa TabaMLy 3HaueHHR &), BLIYUCJCHHBIX KaK (PYHKUMH OT #
(cM. AmaeH [1], cTp. 84).
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0,5 1 4 4,5 4,9 5 >8

1,5 2 2,5 3

- 2,4494 | 2,7528 | 3,1415

3,6671] 4,3518) 5,4172 6,9011] 14,999| 32,140 169,47 oo oo
|

3. YpaBHenne Payiepa M SKBHBaJEHTHas €My HOPMAJbHasl CH-
crema nuddepeHnuaibHbLIX ypaBuennit; cayaai # = 5. a) PaccmoTpum
BMECTO ypaBHenus (/) ypaBHeHue

1 d db
. E—lag(ﬁgaé)—*—e":o, (11)
rie A>0, n>01,
[pennonaras n neHCTBHTEJbHBIM (He O00S3aTE/NbHO LEMLIM) YMCJOM,
OTPaHHYNMCS HaxOwJeHneM pemenufi Y, ynOBIETBOPAIOINX YCJIOBHIO
6(§) > 0 Bo Bceit 064acTM MX OnpeleNeHHs, W HASOBEM peuleHuerm M-
dena pewenre 0 (£), ynosrersopsiomee ycaosusm 6 () > 0, lim 6 ()=
=0;>0 (8, koneuro)?), ’ - Eodtoe
C nomoupio npeoGpasosarust x = 1/ no/yyaem

B xmm2 =0, 12,)
Ecan nepemennbie § u 0 cBssanbl ¢ nepeMeHHLIMA £ M & COOTHOLUEHHSMH
='%:e‘t, 0 =ert y="E"»+ y=2xru, (13)
rne
A

p=_71 (14)

TO u3 ypashenusa (11) noayuaem

dz? dn
FTe—DT e —Duetun=0. (125)

lMonaraa u#' =wv, NpUBOAMM 9TO ypaBHEHHE K SKBHBAJNEHTHOH HOp-
MaJIbHOH CHCTeMe ypaBHeHWi

d dv
=0 G=—@—Do—p@E—1u—un (12)

TlounenHo heas LPYr.Ha APYra MOJYuEHHbie YpaBHeHWs, NMOJAY4aeM YpaB-
HeHMe [epBOrO MOpAAKa

dv _ p—Datun
g = Qp— 1) BRI T (129)

1) Usyuenue ypasuenus (11) u Apyrux Gofee oBmHX ypPaBHEHMH GBLIO MpO-
BeneHo dayaepom B paborax [1], [2], [3]. CM. Taxxe delipkaayr [1], Muan E.
[1], 3. Tond [1}. Peayasratsl mocaenHel pa6oTH ykasaHul B I, 4 H 5. .

Z) OTHOCHTENBHO JOKA3aTEeNbCTBA CYLIECTBOBAHMA pewenna 8 (E) DmpeHa,
COOTBETCTBYIOLUETO 3aRaHHOMYy 3Hauenuio 6, cm. Canmcone [3]. B sroi xe pa6ote
Zlokasano, uro yciosue 2\ —n-+1>>0 Heo6XOAMUMO H ROCTATOYHO JIJA TOrO,

A\

YTOGH pemenus DMAEHa MMeJH HyJb Ha KOHEYHOM PacCTOAHHMH. -
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6) 3ameTuM, uTO B cjyuae ypaBHeHus OMaeHa A =2 H ecau n =5,
T0 p.==1/2, a nosromy

dv u

2 6
av__ u 5 — S B
v 4+u =0, v 7 -1: 3 const.

Ho us ycnoeus, uro 0(0) xoneuno u ' (0) =0, BBITEKAIOT COOTHOIUEHHS
lim #=0, lim v=0. CnezoBaTebHO,

t~>+ o t->+ o0
cv?— w244 u8/3 =0,
u'? = u?4 — ubf3,

dt = 2dufu(1— 5 at)",

t=—ln[1+‘/_l—%u4]/]/§u9+ln0,
E:e—t=%[l+]/-l—§-u4]/]/§u2.

’ 1 1
0=Y3CT(C®+1)"T  (C= const).
B uactHoctu, npn n=0>5 pemenne cucremnt (/,), (/,) nmeer Bun

§— Y3
Vita
n 0(E)>0, kaxoBo 6bl HM Obiio § (B TaGumue M3 n. 2 npu n=>5
umeeM &y = - o).
B) 3ameTuM, Hakowel, uto cucreMa (12,) MMeeT uyacTHOe peurenue

1
u=[p(l—pPT, 0=0

W, CllefoBaTenbHo, ypasHenue (11) umeer mpu p < 1 uacTHoe peulenue
. "

I=[p(—WEPT. (19)

4. llcBefienne HHTerpanbHbLIX KpuBbiX. KpuBag E m kpuBbie F
¥ M. a) B 5TOM nyHKTe Mbl H3YYMM NOBEJEHHE HHTErPalbHBIX KPUBBIX
ypashenust (12;) wiu SKBHBa/NeHTHOH eMy HODMA/ZbHOH CHCTeMbl ypas-

HeHUH :

d d
Ti’?‘zv, %:—(2p—l)v—p(p~l)u—-u”. (12,)

3HaHHe NOBEJEHMS THX KPHMBBIX OOJErynT HaM B M. 5 H3yuyeHHe CBOHCTB
MHTErpa/ibHeIX KPHUBHIX ypaBHenus (11),
Hauunas orciona, Ml 6yaeM NpeinoJarath, 4TO 1 -— AeHCTBUTE/bHOE

Yucho,
n>1, p>1 (<A1,

23 3ax. 1072. Ix. Cancone
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BKJIOYAs; TakuM OOpasoM, B PACCMOTPEHHE HHTEPECHDBIE AAS ACTPODHUIUKY
cayuan

A ==2, n=—, 3.

wof

Us npeanonoxenus 0 NEHCTBHTENLHOCTH K CAELyeT, YTO eCau
u=u(t), v=u(t) (16)

aBasieTcs (MeACTBUTE/bHBIM) peweHnem cucteMbl (12,), 1o u(£) > 0.
OTMeTnM, 4TO eCaM 331aHO KOHeuHOE 3HauYeHHe %, aprymenta £, 10
TaKOe pelieHHe OIHO3HAYHO onpelendeTcs B HEKOTOPOH OKPeCTHOCTH
TOYKH %, 33]aHHEM HAYAJbHHIX YCJOBUH
v u (ty) = uy, vty =1, (17)
rae u,>0. Ecmu e uy=0, v5,>0, 10
I(u>0,v'<0) pewenue (16) onpegeneHO Ha HEKOTOPOM
orpeske Buja [fy, #], aecom uy3=0, v,<0,
10 pewense (16) onpeneseHO Ha HEKOTOPOM
otpeske Bupa [f, %)]; Aas A0OKa3aTeAbCTBA
JOCTATOYHO MPOAOKHTL (YHKLHIO

—@p—Nv—pp—az—ur

<Y

lu <Q‘U<0) HA MOAYMAOCKOCTb # < 0, MOMOMHUB ee TaM

paBHO#t — (24 — 1) ¥, NPUMEHHTb TeopeMy
CYUeCTBOBAHUS W €MHCTBEHHOCTH M NPUHATH
BO BHMMaHWe mepsoe W3 paBeHCTB (12,).
OTMeTHM, HaKOHEL, YTO eCid u(fy)=
=1y =0, v(t)=1v,=0 (f xoHeuHO), TO
dur. 42. pewenne cuctembl (12,) umeer Bup 2=0,
p=0,

*6) 3ameTum Temepb, uto ypaBHenus (16) MOryr - paccMaTpuBaThCA
KaK NapaMeTpuyeckue ypashenus HekoTopoh kpueo#t I' miockoctu (, v).
Hyra sTofi KpuBO#; Jfexalias B NEPBOM WM B 4YeTBEPTOM KBaAPAHTAX,
MOXeT - ObiTb npeicTaBieHa B BPllle,‘U=‘U(1,1); B caMOM JeJie, B 3THX
KBagpanTax mmeeM cootsercrsento u’ >0, ' <0, a nostomy dynxuns
u (f) MOHOTOHHA B HHX. :

PaccMOTpUM KpHBYIO 7y, JeXaliyl B MOJAYMIOCKOCTH 42> 0 u umeio-
Y0 ypaBHeHue

<
Mu<0uv>0) \ ¥,

r Qp—Dotp@p—Datar=0

(dur. 42). Irta KpuBas NPOXOIMT Uepe3 HAYANO KOOPAMHAT M JEXHT
B 4eTBEPTOM KBajipaHTe; Kkoraa & —» —-}-00, TO ¥U-—>-— 00, MOHOTOHHO
yOuiBast, Tl0JIOXUTe/IbHO HampaBseHHas MNOAYOCh © ‘M KpuBag Y JeJar
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noaymaockocts u# >0 Ha Tpu o6sactH, o6o3HayeHHble Ha dur. 42
I, II, IlI. B stux obaactax &’ W ¢ MMEIOT COOTBETCTBEHHO 3HAKM

It o >0, 7 < 0; I: & <0, v < 0;
: 4’ <0, o' >0,

Hsyq!m Tenepb noBefende kpusokt T, Brixonswe# u3 nHekoTOpOH
TOYKH OCH ¥, HMeiouleH MONOXKUTENbHYIO OPAMHATY, T. €. NMPELNOJOXKHM,

4TO
u(ty) =0, v (%) > 0.

B cuiy HenpepbiBHOCTH CYLIECTByeT Takoe & 4TO

v(E)>0 npr th<t<Lt, (18,
a NO3TOMY B CH/y nepBoro us ypasnenu#t (12,)
' a@®>0 mpn £, <t “(18y)

Orciona: C/leayer, YTO MpH LKt t dyrkuna u(f) NONOKHUTENAbHA H
BO3pacTaeT, & ¢dyHkuua v(f) monoxuTeNbHA M YOBIBAET.

OGosnauuM uepes £, BepxHiOl0 TpaHb 3HaueHult f, 1Jd KOTOPHIX
v(f) >0, n noxaxem, uto £ koHeuHo. Ecam 6bl - An7 BCex sHavueHwi
t >ty Mbl uMesin v(£) >0, 10 OyHkuua #(f) Obiaa OB NOJOXHTEALHON
u -B@spacraoiiedt, a v(f) yOuBano Onl, CACAOBATEJbHO

V< —un K —un(ty), v(t) < vty —ur(ty) (t—1y),

u lim v(t)—~ — 00, - Bompeku npeanonoxenuio. Hrtak, £ koneuno. He
t>+o
MOXKET HMeTb MecCTa HepaseHcTBO ¥ (f,) >0, Tak KaK Toraa u(t)>0
¥ {; He ObN0 Ob BepxXHeH TIpaHbIo aﬁauennﬁ t, nns Koropux o (f) > 0;
HTaK,;
o(t) = 0,

¥ noromy kpusas I' nepecexaer B Touke [u(f), ©(f)] mon npAMbHIM
yraoM ock u#. Ecam £> ¢, u nocratouno 6ausko K £, TO B CHay BTO-
poro u3 ypasmenn#t (12;) v(f)<0 wu xpusas I' nepexour, TaKuM
obpasoM, u3 obnactu I B oGaactp II. JlokaxeM renepb, 4TO STa KpH-
Bas. IepecekaeT KpPHBYIO Y B HEKOTOPOH TOYKe, OTIMYHOR OT Hayana
KOODIHMHAT H COOTBETCTBYIOLEH KOHEYHOMY 3HaueHHIO f. JlOKasaTesbCTBO
9TOr0 YTBEPKJeHWs - MPOBeleM OT NMPOTUBHOTO. IIpENnoJOMHM, YTO KpH-
as I' octaercs Bce Bpems B obGaactd lI, m nycTh #,— BEpXHsAd rpaHb
sHaueHut £, Ana xotopmix £ <{ m o' (£)<<0; Torma B npomexyTke
(¢, ;) $ynxims o(f) otpuuatesbHa ¥ yObiBaeT, a GyHkuus u (f) yOGui-
" paer. Cyuectsyer npenen ll;n u(f), aBASIOMMACA  MONOKUTEABHBIM
t> 1y
YHCJIOM, TAK Kak ecau Obl 3TOT Npejen paBHsJICS HYJIO, TO Kpushe I'

u ¢ nepecexamuch 6. Jlanee, CyllecTBYeT npenen lim’-o'é (f). Tax xax

23%



356 Fa. XII. O6 ypasuénusx, sémpenanoujuxes ¢ Rpusonenuss

STOT .Mpejesi He MOXeT PaBHATbCA — 00, 60 HHaue kpusbie I' U Y ne-
pecekamuch Ow, 10 lim v (f)=v <0, rae v-— koHeuso. Ecau Obi £,

>ty -0
paBHasioch —}- 00, TO M3 mnepsoro ypasHneuus (12,) caenosano Gbl, uTO
lim #(f) ==-— 00, BONMpeKH JAOKa3aHHOMY Bhimie. I[lostomy Z, sBisteTcd

t=>+c0
KoHeyHniM uncaoM. Tak kak u#(f) >0, 10 9/ (4)==0, u60 us Hepa-

BeuctBa v’ (4,) << 0 caenpoBano Owl, uT0 KpuBOH I' mpuHaaiexatT TOuKH
obaactu ll, cooTBeTcTByIOlUME 3HAYeHHAM £ > f,. Mrak, kpusas I' nepe-
cekaetT KpuBylww Y B Touke ([u(fy), v(f,)], npuueM xacatenpHas K I
B 9TOH TOuUKe Napa/iie]bHa OCH &, a caMa KpuBas I' mepexomut B 5TOH
Touke M3 oOnactu II B oGaacts III, Tak Kak B TOuKe nepeceuenus
STHX KPHBBIX

v = — [ (p— 1)~4-nunr-11a’ > 0.

Jas Toro uto6bl M3yuHTh nobefenxe xpuso# I' B obractu-HI, o6o-
3HAYHM Yepe3 /3 BEPXHWI0 [PaHb 3HAYeHHWH £, TaKuX, 4YTO fp, <t H
v(#) <0 (u(®)>0). Ecim f; KoHeuHo, TO He MOTYT OAHOBPEMEHHO Bhi~
NOJHATBLCA PaBEHCTBA zz(tg)—-O v(fy) =0, TaK Kak ' TOria MH HMEAH
6l u(f)=0, v({)=0; He MOryT BLINOJNHATLCA OAHOBPEMEHHO COOTHO-
wenus #(f) >0, v(f) <0, Tak xak Torna I3 He Gblio Obl BepxHeh
rpaHblo 3HaueHnd £, AAA KOTOphIX ¥ (f)<  0; He MOryT BHINOJHATLCA
ONHOBPEMEHHO COOTHOWEHUS u (fg) >0, v(f) =0, Tak Kak TOTAA KpH-
Bag I' nepecekana Onl KpuByw {, nepexoas us oOnactu III B o6aactp II. .
Ocraercs nostoMy Jauwb ciayuah u(f) =0, v(l3) <0, npu KotopoM
kpusag I' octaerca ueankom B obaactu lll, 3akanumsasch B HEKOTOPOH
TOUYKE OCH U, MMEIOWe#l OTPHUATEJbHYI0 OpPAMHATY.

Iycte Teneph f3= -} 00, T. e. nyctb npu M06OM t>t2 HMeeM
v(f) < 0; tak Kak Ayra kpuBoH I', coorBeTCTByWOUIaf TAKHM 3Haue-
HUAM F, He HuMeeT APYrHX OOILIHX TOUYEK C KPMBOR ¥, KPOME Hauana
9TOH AYrH, T0 U (f) OyAET B 3TOM Ciyyae OTPHUATEAbHOM BO3pacTaioileh
¢dyukuuet, u u (f) — nonoxutenbHolt yObBaoued dynxkuuelt, He Momer
BBITIOMHATBCA COOTHOWIeHMe lim o (f) = v* < 0, Tak Kak TOrAa W3 mep-

t-> +oo
Boro ‘ypasHeHus (12,) Mb wumeanm O6wi, uto lim U = ~—00; NOITOMY

+
lim v()=0, lim a(f)=u*>0. Ecm 6bl u* Obio GoJblle HyJs,
t=> +oo t-> +oo

TO MBl uMeJau Obl hm v (f) = —p(p— 1) u* —u*n <0, yero He MO-

t>
*eT OblTh, a noaTouy lim 2 ({)==0, lim v(f)=0.
t> 4o > +co
Ha wusnowennoro cnenyer: Ecau u=u(t), v=1o() ssraomcs
ypasnenuanu unmezpaisuoll wpusoli ' cucmemn (12,), ydossemso-
pRIOWEE HAYANLHUM YCAOBUAM

u(t) =0, v(t)>0,

mo kpusan ' npu sospacmanun t npoxodum u3 obaacmu I 8 06-
aacmo Il u Oasee 8 obaacmo IlI; ecau ona He nepecexaem ocv v
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8 mouke ¢ ompuuyamessroli opounamoi, coomsemcmsyouel Kone -
HOMY 3Haderuio t, mo

lim u(¢)=20, lim v(f)=0.
t-> +oo t-> +o0

B) MowHO oOpartutb NOKa3aHHOe B ,0° yTBepHAeHHEe CIAEAYIOLMM
o6pasoM: Kaxosa 6vi it 654G UKMELPRALHAS Kpusas T cucmenw (120),
npoxoB;zwa:z “epe3 HeKOMOPYI MO1KY (u, v) u(t)—~u fu(t)—~'u
(a> 0, { KOHeuHo), u2+1)2>0, "MOJCHO cuumams, 4mo ama Kpu-
8451 HAMUHACMCS 8 HeKOmopod mouke ocu v, umeiouell nosoxcumens-
Hy10 opdunamy.

[IpeanonoxuM, uro kpusas I' NPOXOZUT ueped HEKOTOPYI0 TOUKY
(57, ) obnactu III (10T cayuatt HamboJsee CJONEH AJS NOKA3aTesibCTBA).
HubiMH  cl0BaMH, NYCTh 71}0, <0, v’(?)>0. O6o3naunM uepes fy
HIDKHIOIO Tpaub 3sHaueHuH £< £, Aas kotopuix v’ (£) > 0. [oxaxem,

yto £, Koneuno. [lyctb fy,= — co, Toraa us proporo pasenctsa (12,)
HMeeM .
pp—Nutur
At e pa 19

v u3 (12, nonyuaem dv/du>—(2p—1), ‘
v (1) >v— (Qu— 1) (1 — 7). (20

Ho uepasenctsa (19) u (20) mporuBopeuar npyr ApPyTy npH LOCTATOYHO
Gonbnx sHavenusx u. [lostomy dynkuus u(f) orpanuyena cepxy,
a tak Kax u () BospacraeT ¢ yOniBanueM £, TO

lim u(¢) =u>0, Te 4 KOHEuHO,
1> -c0 ’

Ho npu moGom £<C¢ umeeM v < v <0, /' )< v, u()—u(@®) <
<v(@—t), a noroMy «(f)— -+ oo, koraa £—»-— oo, BOMpeKH Mpel-
MOIOKEHHIO,

Urak, £y xoHeuno; Tak xak u#(f) >0, 10 v (f,)=0, u npu 3na-
ueHusiX I, MEHbIIUX, YeM f,, M HOCTATOYHO OJHM3KHX K fp, Touka [z (f),
v (¢)] xpuso#t T' sexur B obaactua Il

IMycts Tenepb f, sBAseTCA HWNHe# TIpaHbio 3HayeHuH f, A KOTO-
poix v (£) < 0. I'ona»(eM, uto £, # — 0, T. €. uT0 Touka [z (£), v(f)]
He MOXeT Bce BpeMst octaBathbcd B obnactu II. Tax kak B sTo#t oGnacty
dynxuun u# (f) v v (f) Bospacralor ¢ y6uiBaHueM £, TO CYWECTBYIOT Tpe-
DeJIBl

lim u () = u¥, (20))
t-¥» ~c0 :
lim v () = v* 0. (20,)

t>-—00
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Ecan 6u1 MBl uMeanu ¥ == +- 0o, TO MpH NOCTATOYHO GOMBIIMX 3HA-
uennax u u3 (12;) caepoBano 6, uTO

_=_(2P_1)+‘_‘£:M‘_”_”>1un (>0,

vl

a caemposaTeabHo, v > luntl)(n-}1)—¢,, w notomy lim v =+ oo,
U->+co
Bonpexn (20,). Hrak, u#* koneuno u mpu & > ¢ umeem 0 << u(fy) <
< u()< u*. B pasencrse (20,) nomxHo 6uTh U* =0, TaK KaK B mpo-
THBHOM = Cilyuae M3 mnepsoro ypasmenus (12,) caeposano Gsr, urto
hm u(t) -+ o0, Ho Torza us BTOpPOFO ypaBHEeHHs (120) CACLyeT, 4TO
t>
im o' ()= —p(p— 1) u*—u*r <0,

t-y—co

a TOTOMY CyUleCTBYeT Takoe uHCaO [, uto o'(f) <4 <0, npu
t < t, < t,. Tostomy npu £ < £, uMeeM v (t) — v (t) < I, (f;— 1), a TorAa
hm 'u(t) + co. Bompeku (20,). Hrak, f, KOHeuHO, H TaK KaK He

MO)KeT BHINOMHATLCS  HepaBeHcTBO ¥ (£) <0, 10 w(f)=0. Cnenosa-
TeabHO, KpuBas I' mepecekaer ocb & B TOUKEe C MOJOKHTENbHON abcmuc-
COff, ¥ NMpH 3HaueHWaAX I MEHbIUMX, YeM f ¥ JOCTATOYHO OJM3KHX K £,
Touka [z (?), v (f)] npunannexur obaacTu I.

Ocranoch n0kasath, YTO CyIIECTBYeT KOHEuHOe 3HaueHwe f, ans f,
t, < t,, Takoe, uto u(f)=0. B camom nenie, nycth £, ——HH)I(Hﬂﬂ rpaHb
Taxux aHaueHuRt f, Menbmux, uem £, uyro u(¥) > 0. Hoxaxem, uyto
t,F+ —oo, T. e. uto Touka [u(f), v(f)] He MOmer npu t < t, ocTa-
BaThCA BCe BpeMa B obaactu . I. B camom nene, B 3TOH 06nacm npH
yﬁbmamm t ¢ynxknus u(f) yOuiBaer, a ¢yHkuus o(f) BO3pacTaeT, M
ecmn t< £ < 1, TO

v >vEH)>0, o' ) >vE), u(t)—u(t)>v(t)(t,—t)

a Torma lim uz(f)= —co, uero He MoxeT OmTb. HrTak, f, KOHeuHo,
t-»—c0

W TAK KaK He MOXET KMeTb MecTa nepasencTso #(4) > 0, To u(f)=0.
Mpl  nosyuna#, TakuM oO0pasoM, obpalleHne YTBEPXKICHHS, noxasaH-
HOTO B ,0¢.

CnellyeT 3aMeTHTb, yTo B OGnactu I BOrHyTOCTD Kpmsoﬂ T' Hanpa-
BJEHA B CTOPOHY OTPHUATEJbHOrO HANpaBleHHs OCH U, a B obaactu Il —
B CTOPOHY TOJIOXUTENBHOrO HANPABJEHHS STOH ocu, B CaMOM Aeliie, 3
(124) umeem
dv__ p@—1)4fnun-l +u(u—l)a+u”gg
dut™ v Iz du’

u noroMy d2v/du?< 0 B obnactu I n d?v/du® >0 B ob6nactn Il
3ameTnM, HaKOHeW, YTO B CWIY TeOPEMb E€IMHCTBEHHOCTH NBe pas-

JIMYHBE MHTErpPaJbHbie KpuBHie ypabueHds (12,) He MOryT uMeth OOLIMX
TOYeK, COOTBETCTBYIOLIMX KOHEYHBLIM 3HAuUCHUAM £,
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r) HoxaxeMm, uro cymecmsyem O00HO u mMoAsKO 00HO pewsenue
u=u(t), v=1uv(t) cucmensn (12,), maroe, wmo

lim #(H=0, lim v(#=0, lim v(E)/ut)= —p.
t>+ oo

>+ oo t>+oo

Mycrs v(z, v,) sBnserca pemtenvem ypasuenus (12,), ynosaerso-
paiolnM HavanbHoMy ycaoBuio v (0, vy)=v, < 0. IlokaxeM, uTo 3TO
pemiende cyuiecTByeT, no KpaHHelt Mepe, Ha orpeske [0,2-%(n-1] y
YIOB/IETBOPSIET HAa 3TOM OTPe3Ke HepaBEHCTBY

v(, v) < —put-2ur (0L u L2700, gy < 0],

PaccmoTpum ypasuenue

== @—D—E—D+UL G=const, 530 @)

du =
W HafineM pellleHMe 9STOrO YDABHEHHS, YLOBJAETBODSIOWIEE HAUAABHOMY

ycuosuio @ (0)=w, < 0. [ 3TOr0 HLOCTATOYHO 3aAMEHHTb ypaBHEHHE
(21) cucreMoft ypaBHeHu#

Y omw, B Dw—[p— Dtz (22)

H HaliT peméune 3TOH CHCTEeMBl, YIOBAETBOPAIOUEE HAYANBLHHM YCJOBUSM
#(0)=0, w(0)=w,. 22y

Uckmouas w u3 cucteMms (22;), nosyyaeM NJs # ypaBHeHHE BTOPOTO

nopsiaka
" -2p— 1) &’ - [p(p— 1) -8l 2 =0.
XapaKkTepuCTHUECKOe YpaBHeHHe
PP-Ce—Dp+lp (@ — D8 =0

uMeeT KOPHH — Dy, — Do,

1 1 1 1
w=r—g+y =0 mmr—i—) T @

M, MPHHUMas BO BHuMauue (22), (22,), uMeeM
e—Plt_.e—Pzt

=W,
O pe—pr

— o™ gt
Pa— Py )

w = w,

Ho Ttoraa :
W polt = Wee ', W - pytt = wee ¢,

Y NOTOMY HMCKOMOE pellieHWe ypaBHeHust (21) 1aeTcs paBeHCTBOM
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Mpu 8 < 1/4 umeem (1/4 —&)V2 > 1/2 —~ 28, a nosroMy, npunHUMas
BO BHMMaHuwe, uTo p>1>>28, noayuaeM us mepBoro paseHcTBa (23)
COOTHOILEHHE

by >p—28>0 (0<8< 1/4). (25)
YpasHenue (21) uMeeT TaKkKe YaCTHOE pelleHUC
W= —p,U, l
KOTOpOe MOXHO MOJYuHTb U3 pelnenus (24), ycrpemass w, k — 0.
W3 ypasuenus (12;) umeem
P — @D =l (e — D8 2 npn u < B-Y, 2 <0.

IMoacrasnss B ypasHenue (21) @ = —p,u ¥ BHIYUTAA M3 MOJyYaKOLLe-
rocs Tomnecma IOKasanHoe celuac HepaBeHCTBO, NOJyYaeM, uTO

Boelb=DFr) o, v<o), (26)
rane
A=—pu—uv(u 1) (v,<0).
Umeem A(0)=—wv, >0, a Ttak kak, cormacHo (26), InA sospa-
craer ¢ BoapactaHWeM u, koraa v< 0 u z << &Y~ 1o [cM. Hepa-
BeHCTBO (25)]

v (1, v)) < —pu < —@—20)u
npu v < 0, < 8Vn-1, § < 1/4,
U3 nepasencTsa v(u, V) < — pyit cnenyeT uto v (#, U,) OTpHuUA-
TeabHO, ecan u < dY-11), 3 nosromy
v, v) < —pu<—@—2)u npu w8, F1/4.

I —
Mycte Tenepy 0 <<z < (1/4)V® Y; nosaras &= ur-l4-e<1/4 n
ycrpemass ¢ K -0, noayyaeM u3 moc/enHero HepaBeHCTBA, YTO
v, v) < —pu—+2u", 0<u<l (141, @n
KaK Mbi M YTBEPXHAJNH panHee. '
3aMeTUM Tenepb, YTO eCAH T, < v0.<_0, TO NO TeopeMe €JUHCTBEH-
HOCTH IO TeX NOp, noka dyHkuuu v (2, vy) u v (2, vy) OCTAOTCSA OTPH-
LaTeJbHEIMM, BHIMOJHAETCS HepaBeHCTBO ¥ (2, Uy) < v (%, v,). Ilepexons
TOrga K npeneny B HepaBeHcTse (27) npu v,— — 0 u nonaras

lim v (1, vp) = vy(1),
Y >—0

1) Ecau 6bl ¢yukuus v (4, v,) o6parTmiiack B HYAb NPH H3MEHEHHH U OT
HyJd JO sln—1 , TOo KpuBam v==v (4, ©,) MNepPecekainachb O6bl C Jdy4YoOM
©=-—pu BO BTOPPM KBaJPaHTE M CyeCTBOBAJO Gl Takoe 3HAUEHHE X, UTO
v (1, Uy) =— p;u, 4ETO HE MOXET GHITh MO YKA3aHHOMY HEDPABEHCTBY.
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nosyuaem
vy () < —pu—-2u", 0 < @'< 4-Vm=D, (28)

Dyukyus vy(u) ydosaemsopsem 8 npouescymre (0, 4-Vo-1)

ypasnenuo (125). B camom gene, Ha moGOM OTpeske ®, JexalleM
BHYTPH 3TOr0 NpOMeXyTKa, GyHkuuu v (z, vy) B cuay (12,) u Hepa-
BeHCTBA v (4, U,) < —p;# PABHOMEDHO OTPAHHYEHH M PABHOCTENEHHO
HENpephLiBHbI; OHH PAaBHOMEPHO CXOJATCH, CJ1eJOBaTe/bHO, HA OTpesKe ®
K HenpepbiBHO# dynxunu v, (w) (ra. I, § 6, n. 2, ctp. 38, npumeua-

nue 1), Tlepexons x npenmeny nmpum vy — — 0, Mbl yOexnaeMmcs B crpa-

BeJJIMBOCTH Hauiero yteepxnenus. Kpome Toro, lim v, (4)=0.
u—>+0

Pewennio v =wv,(x) ypasuenus (12;) cooTBeTcTByeT pemenne
u=u(t), v=uv,(¢) cucremn (12,). ITo noxaszanHbiM B ,B“ pe3y.bTa-

TdM Mbl MOXEM CUMTaTh, UYTO 3TO pelleHMe HAYMHAETCH B HEKOTOpPOH
TOYKE OCH U C MOJOXHUTEeJbHOH OpIHUHATOH. JlokaxeM, 4TO

'vE(u)>—pu, u >0, 29)
Hs ypaphenna (12;) nmeem

dvg u
> @ D—p e —Dgm, v <0

Boiynras orciona paseHctBo (21) # nosaeas 8 =0 [w(0) =w, < 0],.
noJyuaem '

dA A ‘
T >pp—1) v‘;w, A=v,—w, ©,<0. (30)

Ho w(0) =w, <0, lim v,(#)=0, a nostomy A(0) >0, caeno-
% ->+0

BateabHo, A >0 u

V> W 31)

B moGOM NpOMexyTke, B KOTOpoM v, <0, w<0. Ho eciu B (24)

ycrpemutb @y k — 0, To moayumm lim @ =-—pu, u us (31) BHTE-
w,—>»—0

KaeT HepaseHCTBO (29).
Us (28) u (29) crenyert, uto0 (lin(z) vy, (2) =0)
ur+

lim 2 =—p. (32)
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Orciopa cJjelyeT, uTO KpHBas v = Uy, (%) KacaeTcs B HauaJe KOOp-
AMHAT MPAMOH © == — pu W OCTAeTCS BCE BPeMs 1O ONHY M Ty XKe CTO-

.pOHy OT 5TO# npsaMoft 1).
JloxaxeM, HAKOHEL, YTO pelieHHe U, (#) eNMHCTBEHHO, T. €. uTO

ecau v(4) ABARETCA APYTHM pPeuleHHEM ypasuenus (12,), umeiouum Te
Ke CBOWCTBA, YTO M U, (), a MMEHHO

lim (@)=0, tim 2 —_,
u->+0 usy0 &

10 V(1K) = v (4).
Bes noTepu OGWHOCTH Mbl MOXEM CUMTATh, yTO NpH U < O HMeeM
vy << v<0. Torna _
D=%—v, >0, fim 2o, (33)
U340 '
U3 ypashenus (12d) cilenyeT, yTO
[H(f*-—l)u-}-u"]D

du ”E'”
a No3TOMY
. InD . u dD 1
lim -——= = lim —-——== llm —1)t-am-1 E 1 —_—
usro M8 0 Ddu fp (o—=1) o vy v w
ln% 1
lim = ——— 0.
wspo l0Z @ <

Ho nocneaee HEPAaBEHCTBO HE MOXET HMMETb MeCTa, TaK Kak

lim Ing=-—oco, a no (33) tim In2 _ _ .
wu—>+0 U—>+0 u
&) Mbl MOXeM Tenepb ONMCATL MOBENEHHE WHTErpPaibHBIX KPUBLIX
ypaBHenuss (12;) Ha IJIGCKOCTH #, U {4 TeM CaMbIM U [OBEleHHE HHTE-
rpanbHHEX KpHBHIX cucTeMu (12,)].
OGo3nauum uyeped E (DMIeH) KPHBYIO B NOAYMIOCKOCTH # > 0, nMeio-
wylo  ypastenue v == vg (1); 0003HauuM dueped vy TOUKY nepeceqeﬂuﬂ

STOfl KPHBOH € OCHIO ¥, MMEIINYIO MOJOXKHUTEAbHYIO OpAMHATY (dur. 43).

1) Ha camoM Reae Mbl HMeeM vE>—pzi, H60 ecau 6b B HEKOTOPOM Touke
6bI0 U /= — @i, TO B 3TOH TOUKE Uy (4) Kacaaoch Obl HPAMOR v = — pu.

U Mbl HMeaHn Gbl va (u) = —p.. Ho toraa u3 (123) caexoBano 6w, 4TO -
. %
—p=—2u 1 p—atu?

. pa '
OTKYfa-u == 0,
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Jlio6as muTerpaabHas -Kpusaa v == v (z) ypasHeuus (127), Bbixonsuas u3
HEKOTOPOH# TOUKH v, NPOMEXYTKa (0, v%), npoxoaur wuepes Haua’io
KOODAMHAT M 1eJMKOM JEXHT B O0OJIACTH, OrpaHudeHHOH xpuBoH E
orpeskom [0, vOE]. Ecau e 3Ta HHTErpaJbHas KPUBAS BHIXONMT M3 HEKO-

TOPOH TOYKHM OCH V,, OpAMHATA KOTOPOH GOJblue Uy, TO APYro# KoHel

S5TOH KPUBOH JIEKHT HA OCU U A
H MMeeT OTPHUATEJBHYI0 OPIH-
HaTy, ~NpuYeM STa KpuBas
UEJHKOM JISHMT BHE YKa3aH-
Hoft Bhiie 06aacTH. HasoseM
HHTErpajbHEle KpHBble Tiep-
BOTO poja KpuBbiMH M (Muan)
ajs ypasHenna (12;), a kpu-
BBIE BTOPOTO poja KpuBEIMU F
(®aynep). Kpusas E pasne-
aset KpuBbie M u KpHBble F
(cM. dur. 43).

5. AcuMnToTHYeCKOE mO-
BelleHre pelleHHH# ypaBHe-
Has  daynxepa. Teopema
dayaepa. a) Ecaun ussectHo
HEKOTOpOe pellieHde u = u (£),
v=v(f) cucremn (12,), TO
COOTBETCTBYIOLleE  pelleHue
ypasnenua  (11)  dayaepa
naercs popmyaamu

t=e?, _
0 (&) = "'z (£) = E " u(—Ink),
0(¢) =t"u(—1Ink).

Ecau sameTuthb, 4TO QYHKUMH :
=u(t+-=0), v=v(t+4-0) dur. 43.
(¢ —const) Takxe ABATOTCA :
pelleHHsIMH 3TOH CHCTEMH, TO MBI NOJyYaeM, 410 Hapany ¢ petuernuem 9 (E)
ypaBHeHue daysepa umeeT elwe rpynny peulenut puaa
, 0, (8) = A0 (4¢),
rie A ——NpousBObHAA NMOCTOSHHAA.

HayuuM noseseHve STOH KPUBOH B CIyuasix, Koraa # == u (£), v == (f)
fBAseTcs KpHBOR E, mau xpuso#t M, uam kpusoff F,

TlokaxeM cHauana, uto pewenuro u=ug(t), v =vg (f) coomsem-
cmsyem pewenue 9 (%), y()os/zemsopmomee YCA08UI0 KOHeWHOCM I npe-
desa 11m B(E)

+

=Y
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Ha (13) umeem

u ="t (§), *v—-}—pu_—dt—{—pu——i'”lde,
a8 _ a8,

=g =2 (vtpu). (34)
Uz (32) crenyert, yro lim u};/uE = — {8, CJelOBaTeNbHO, UE = e'-(’”s) L
rﬂet_iif:o e=0, a é%?gomy B cuny cootHowenu#t (28), (29), (34)
0o eIt
Ho —p(n—1)= —A\, u noromy
0 < B < oemtrent, (35)

CywecTsyer TaKkoe 8HaueHue &, uto npu £ > £, nMeeM A——ne > A; > 0.
CrnenoBaTenibHO, €CJaH t> t, TO 0 < dfjdt < 2e"‘ t

08B —0() < (e‘“tu—e"”) t<9.

HoaTomy dyuknus 6 (§) npu E—-»—}—O (t—>—}-00) mnonoxurenbHa W BO3«
pacTaer, mpuueM lim 0¢) =8,>0 (8, xoneuno).
+

Jlerko uoxaaa'rb YTO € NOMOUBIO ONUCAHHOZ0 NPOLECCA Mbl NOAYLALH
sce pewenus Imoena darsn ypasnenus (11).

Mycts, B camom nene, O ==0(E) sBiaseTcs TakuM pemenuem ypasHe-
nus (11), uro Iim 6(5)_.0 > 0 (8, xoneuno). Toraa

ﬁdE[E2 ]"—"n—lEl et eae[gg J

H s COOTBETCTBYIOLIETO pellleHus i = u ®, 0= v (f) nmeeM 1)

lim (2 — _lim £48 _ 1y [ —

t—>+eo<u +}L) t->+0 0 at By E—>+o /E
=1 lim d[ @]_
T By t-sto dE ¢ fo‘

1) 3amerum, uto Ellm § 6/ (§) =0; B camom nexe, 8 ynosaersopser ypasHe-
~>+0

amio 28/ (§) + £67 () + 6721 = 0, Unrerpupys sto paBseHcTBo oT & A0 &, & < &,
noJjy4aem

&
0 (Zo) + £’ (Eg) — B () — &0/ () 4- f 8761 g¢ = 0,
3

a mortomy Qynxuua §8/ (§) orpanuuena na mexoropom orpeske Buaa [0, ).
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Cnenopatenbio, lim v/u=—yp u pewenve 6 =08() npunansexur
t->too
B CHJY pe3ynbratoB M3 M. 4, ,r'“ K HCKOMOH rpymnne pelieHniH.

3ametuM, najee, 4TO M3 paBeHcrsa (34) m HepaBenctsa (28) auas
u=ug = et} pyeeM

.e : o
%|=|'v—l—pu|e(“+1)t<2u"e(*‘+1)‘=2e(1 A 'n,e)t’

a notomy npu A>1 0us pewmenus E ypasnenus Payisepa cnpa-
804180 COOMHOUERNE
' im 9% _ .
E->+0 df

6) Paccmorpum pewenve 6 =0 (§), coomsemcmsyiomee Hexomopomy
pewenuio F; B obosnayennsx us n. 4, ,6“ umeem u(f) =0, u(ty) =0,
n noromy dyuxuus 0 (§) nonoxureabna npu e~ > § > e~% u obpawmaercs
B Hyab npH §==e~%, E=¢ts,

B) Hayuum Tenmepb mnoBelehue pellieHuft, coomsemcmeyouux peue-
rusm M; MBH pacCMOTDHM 3jiech cayua#t ¢ > 1, a B ,r“ uayuum ciay-
uaft p=1,

Wrak, mycrte p > 1; moGoe pewenne O (§) onpeneneHo npu nocra-
touno Mmaanix £, Tak kak dyuxuua 6 = 6(1/x), rne §==1/x, ynonue-
TBOpsieT ypasHenmio (12;), 1o d20/dx? <0, a mostomy ¢ynkuua df/dx
yOuaer. Ho db/dx > 0 (8 npotnBHoM cayuae dB/dx < 0 mbl umean Gnl

lim 6 = — 00), nosTomMy cyuecrsyer KoHeusbift npenen lim dfjdx =
x—>+00 x>+
= C >0 u, crenoBaTesbHO,
lim ¢gp— lim & — 1im 4% _ 1
§—>+40 ¢ >0 X x->+co AX ch. (36)

JlokaxeM, uTo ecaum p > 1, To C > 0.
[Ipeanonoxum, uro C =0, 3ameTum, 4TO He CYLIECTBYeT TaKOro
upcaa © > 1, yro lim x° [d8/dx] = 0. B nporusHoM cayuae dyuxums 0
T>400
6bina Gbl orpaHuuenuoi u pewenue 8 == 0(8) coorsercTBOBaNO GBI pemie-
uuio E, B TO BpeMsd Kak OHO MO/IKHO COOTBETCTBOBAaTh pemlennio M.

Tak kak lim db/dx =0, To HanGosbluee HeOTPUUATE/IbHOE HHCIO T,

x>+
AAs Koroporo npu JoGoM & >0 umeem lim x—? [df/dx] ==0, momkHo
x>+
yLOBIETBOPATh HEPABEHCTBY
0Lt L L.

[ToxaxeM, uTO STOT pesyabTaT MPHBOAUT K npoTuBOpeurio. B camom

nene, 8 =o0(x—"+3*1)2) y u3 (12,) nonyuaem
fi%ea_ =0 [x" (1—1)—1—2+na].

1) [Ipumensierca o6o6mennoe npasuto Jlomurans (cm. Jlerrenmeiiep [1]).
2) OrtnocHTeabHO 9TOro oGosnadenus cM. Jlammay [1].
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—_—

OTKyAa ciaenyer, uto df/dx == o [x” (1-9-2=1+73] Tak kax § npousBoabHO,
T0 OTCI0Aa BhiTekaeT, 4T0 —n (1l — ) 4-A -1 <, 1<l —A(n— 1) =
==]1—p <0, B TO BpeMa Kak © > 0.

Hrax, C >0, u us (36) umeeM

lim 66=C>0 37
§->+0

Uan, KAaK nmﬂyT,
e~9(c>m. | (37")

1) ITpednoaoscun, naxoney, 4umo g ==1. B 31oM cayuae cHcrema (12,)
NIPUHHMAET BHJ,

du dv __ ‘n
T=T =T,
a nostomy
Y14 =0 >0, (38)

Mbi 10/KHEI MBYUHTH NOBEJEHHE HHTETPANbHBIX KPHBHIX ypaBHenus (38);

Aas koropuix lim v(u)——O Jlng 3TOr0 IOCTAaTOYHO Or'PaHAYUTLCA- pac-
u->+

CMOTpeHHeM LyT smx KDHBBIX, NpUHALJEKAUMX O0BaacTH, KOTOPYIO
B 1. 4, 6%, Mbl 0603HaunAN Xak o6aactb 111, [ycts v =9 (), 0 < u < &,
v (u)—-()l—ypaBHeHue tako#t ayrn. Torza v > wvgy, HO B cuny (29)
Ug > — i, & CHENOBaTeNbHO, ¥ > —u. C APYro# CTOPOHEI, LA TOUKH
(u, v) obnactu Il umeem v < — u”, a noOITOMY

> > —u.

Hanee, dv/du=1v" < 0 u us (38), Tak xak v <0, nonyuaem v’ > —1,
a CJel0BATEJbHO,

— 1< v <0,
Hostomy lim o' > —1, lim o' 0. Ecan 651 0OQHOBpPEMEHHO BHINOMHSA-
u'__;_-() w—>+0
auch HepaseHctBa lim o' >—1, lim o' <'0, 10 cywectsosam 6u
u—>+0 %>+ 0

TaKHe YHCJAA W N g, YTO
—1< =0, <V < —0,<0.

B orom cayyae Ml uMeqn OB —ou <0< —0yu U B cuay (38)
1 =|v|far|v|"t <o, 4 o7u""l, urt0o HeBO3MOXHO, Tax Kak
lim (o, -o0;lum" ) =0, <1
“->+0

TT0STOMY NOJKHO BHIMOMHSATHCS 1O KpaMHeH Mepe, OZHO H3 COOTHO-

eHuH L
lim o' () =—1, lim v’ (2)=0. 39

u3T0 440
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Jlerko BHmeTh, YTO AAs pelieHMH M MOXHO HalTH TPOMeIYTOK BHAA
(0, v), Ha xotopom ¢yHxkuus o (2) MonoronHa. B camoMm mene, ocso-
6oxmasach B ypaBhenun (38) oT snamenatens u auddepenuupys asa pasa,
nonyuaeM v0” - 390" -n(n —1)u"~2=0. Ecau Npn HeKOTOPOM 3Ha-
venun u* ana u, 0 < u* < u, wmeem 9" (u*) =0, 10 (v"v < 0) uMeem
Takxe o (u¥) > 0, a noromy Qynxuua o’ (2) UmMeeT B TOUKe &* MUHH-
MyM. Tak kak ¢yHkuus v’ (u) HenmpepHIBHA W OTPaHHYEHA B IMPOMEXYTKe
0 < u<u, 70 OHa He MOXET HMETb JBYX MHHHMYMOB, MEXAY KOTODHIMH
HeT Makcumyma. [losTomy «pynkuus v’ (z) MOHOTOHHA JMGO B NPOMEXYTKE
(0, u), nubo B npomexyTtke (0, u*). 13 noxasannoro ¥ u3 (39) caenyer
TOrAAa, YTO BLIMOJHAETCA OAHO M3 JBYX COOTHOLMEHHH:

lim o' = —1 um6o lim v’ =0.
u—>+0 %—>+0
Ho ecan lim @ = —1, 10 v=20(#) saBaserca pewenueM E, Cre-
. U->»+0
LOBaTeNbHO, I/ J0Goro pewenns M numeem lim v’ = 0 n, coraacuo (38),
%U->+0
lim ojun = —1,
U—>+0 ,
s u . 124
tin}-ooﬁ =—1L t—lIFoo 1 o = |
(n—1)(—¢)
[onaraa ¢=-—inC u BcnomuHas, uro § =§~-1u, a f = - In &, nonyuaem-
1
1 n-1 .
b1 [___LT]" a (8), (40)
(n—1)In—
§
rie lim «(§)=1 wnan, xak nuwyr,
E>+0 . .
s
bt [ — J" . (407
(n—1)in =

h) Msnoxum B sakinouenue caeayioumyio teopemy $ayuepa.
Mycte & >0 n nycms 6 =0(%) >0, O =10(5). Toraa u,= E,,
Vo - pazg = — E4+16° (MBI cOXpansieM NPHMEHSBIIHECS Bbllle OGO3HAYEHNS).

Taxum oGpa3oM, ecau naua Touka (&g, o) maockoctu (&, 6) E > 0, ;> 0),
TO MPH H3MEeHeHUH 6’ OT ~— CO 10 —~0O COOTBETCTBYIOMIAs TOUKA ( (2g, fvo)
DJOCKOCTH (¥, ©) ONHCHBAET NpPAMYIO 4 == .

KpuBas E nepecekaeT ocb & B TOUKe C nonommenbﬂon aGcuuccoft
a>0 (cM. ¢ur, 43). Ecmm uy> a, T. e. 0o > ak5*, 10 MHTerpanbHas
KpuBas cucteMsl (12.), nmpoxonsinas uyepes TOUKY (uo, v,), ABAAETCA KpH-
soit F, a coorpercTByollee pemenne § = 0 (§), npoxoasiuee yepea Touky
&o» 60), BCerpa HMeeT jBa H TOJIbKO aBa Hyaa ¢ abcumccamu &, Eg)

§ <k 0<E B LS
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" Ecom uy==a, (9 = at7*) u v, % 0, 10 pewenne 6 (£), coorBercTByIO-
liee WHTErpajbHOM KpuBOM cucTeMbl (12,), mnpoxoasdmie# wyepes . TOUKY.
(29, U,), HuMeeT BHINEYKA3aHHOE CBORCTBO; HO eciaH ¥Uy==0, [8)—
== — pk~®+q), TO cooTBeTcTByOWEe pemenne 6 (E) npoxoauT uepes
Touky (&, 8p) kpuBo#t 6= oaf-+ u kacaerca Tam dToH kpuso#t. [loay-
yaeMoe TaKuM oOpasoM pewenne §(§) sBasercs pemreHueM IMieHa.

Ecm 0 <y <o [6;<ayfy *1, 10 npamas u = Iy, nepecexaer KpH-
By u=1up(t), v="uvg () B nByX TouKax (uq, I;) u (&g, L), rae I; <0 </l
Ecma vy > 1, vam vy </, 7. e.

<yt by, 80, m— E ity
0 0
(%5 < 8, < 0), 10 pemenns 6= 0() ypasuenns Paynepa, npoxonsiue
yepes Touky (&, ) C yraoBBIM KosbduumentoM By < 9, nau by > 9y
COOTBETCTBYIOT peiltehnaMm F cuctempt (12,). Kamnoe u3 9Tux pemenuit
uMeeT MOITOMY ABA W TOJIbKO nBa Hyas ¢ abcuuccamu &, &, & <&,
0 <t &< [Hanee, Takke npu npemnonoxenuu, uro 9y < agfo *,
MHTETpa/ibHele KpPHUBBIE ypaBHenusa daysepa, NPOXORfAILME UePe3 TOUKY
04 '

3

dur, 44,

(§os Op) ¢ yrnoseiM kosdduumenrom 6 =y, # =39,, apamorca peme-
HUAMH DwMieHa, a pellewus, npoxoxsiiue uepesd Touky (£, 0y) ¢ Takum
yraosuim kospduunentom b, uro 3, < g << 9, coorsercTByOT pewenu-
aM M cucremn (12,). In peluenus nepecexawt och £ B Touke, abcumcca
KOTOpOH He MeHbue, uYeM §;, u xorma §—>—-0, To acuMnToTHUECKOE

1) Tak xax I >— puy=—ptf, 10 8, <C0.
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NOBEeJeHHe BTHX pelueHHH BHIPAXKAETCS COOTBETCTBEHHO QOPMYJIaMH (37’),
(40’), B saBHCHMOCTH OT TOrO, GyaeT M p > 1 wm p=1.

HasoseM xpusyio 0= af~* xpumuuecxoii Kpugod OAsn ypasHenus
< aysepa. Kpumuveckas kpusas sneasemcs, CAelOBATENbHO, 02ubaw0-
weit peuenuli Smoena 041 0aHHOZO ypasrerus. VI3 N3N0XKEHHOTO BhIILE
cnenyet, uto 4epes awoyw moury (5, 8g), & >0, > 0, npunadre-
HCAWYI0 KpumuuecKot Kpusoli, npoxodum 0OHO u mOAKO OOHO peuie~
nie AmOena O0as ypasHenus Daysepa; nepes 206YI0 MOUKY nepsozo
K6AOpanma, Jaescawyro Hujce KpumuuecKold wpusoff, npoxodam dsa u
moAtko 08a peutenuss dmoena (C YrioBHIMH Kodbduuuentamu v, u ),
a uepe3 AI06YI0 MOUKY Nepeozo KEAOPAHMA, AexCAULY0 8biue Kpumi-
yecKol Kpusoli, He npoxodum Hi 00H020 peutenuss Imoexa.

Peaynbrathl Teopembl <Payiepa npeacTaBieHbi Ha ¢ur. 44.

§ 6. YpaBnerns IToabBaHH ABHMEHHS 3JEKTPOHA B MarHeTPOHe
Xoana. Teopemsl AcKoad 00 acHMNTCTHYECKOM
NOBeAEHAH pelleHui

1. O6umue 3ameyanus. [Ipu TeopeTHUeCKOM MBYUEHUM JBHKEHHS
SJEKTPOHA B LMJMHADUYECKOM MO, HAXOASALIEMCS B NMPOJLOJBHOM Ma-
rHATHOM Toe (Maznempon Xaaaa), Tlonbsanu BbiBen B 1934 r. nud-
thepeHLMaAbHOE YpaBHeHHe, KOTODOMY YAOBJAETBOPHET PaJHYyC-BEKTOp r
JEKTPOHA, BbipaxeHHb it KaK Gyukiua Bpemenn £ (cM. Tloabsanu, Ackoiiu,
Jlxkaxomunu [1], ctp. 297). DTo ypaBHennwe MOXHO 3alucath B BHIe

d2r % r

1
& =9, — 3 T35 (>0, A—napamerp). (1)

Jlns aToro ypasHeHus Mbl He 0GJaanaeM HH 3b(EKTHBHHIMH METOAAMH
peuleHusi, HM MeTONAMH YMCJEHHOIO peIUeHHs, MPUFOLHBIMA RS HAaXo-
WIOEeHHs C MOMOILBI0 OBICTPO CXOAALUErocs Npouecca 3HAYEHHH 7 Kak
¢yuknu#t or A u £, Ackomn ([4]) usyum), OZIHAKO, aCMMOTOTHYECKOE MNO-
BeJleHWe peuleHuit 9TOrO ypasHeHust npu f— —|-o0o. KMcnoab3osanubie UM
MeTOAbl M MOJYYEHHblE PesyJbTaThl MOTYT ObTh 060O0uieHE Ha OoJiee
IIMPOKHE KJACCH YpaBHEHUH. ‘

2. O6nacthb cyliecTBoBaHUA pemenuii. a) OTHeceM MIOCKOCTB K Op-
TOrOHAJLHOM CHCTeMe NEKapTOBHIX KOOPIWHAT f, r U ONpeneanM 06IaCTH
nnockocTH (Z,.r), B KOTOPbiX HHTErpalbHele KpWBbie OOpalleHbi BOTHY -
TOCTBIO BHM3, W 06JacTH, B KOTOPHIX 9TH KpHBbie OOpALIEHbl BOTHY-
TOCTbIO BBEpPX.

IMpaBag vacTh ypasHenus (1) moxer ObiThb 3amucaHa B Buie

— g (M — R — D)= — s (r— ) r-0) (P24 53),

aet 4 Va4
w(t)=‘/-~—+J—2—A—_i—— .

94 3ak. 1072. Jx. Caucone

rue
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[MostoMy npsmas r =0 u kpusas C,
C: r==+o(f),

NeJST TJAOCKOCTh HA ueThipe 06JacTH, B CaMOfl BepxHeH H3 KOTOPbIX
VHTETpajibHbie KpHBbie ypaBHeHHd (1) o6palueHbl BOTHYTOCTbIO BHH3, NPH-
yeM HanpaB/JeHHE BOTHYTOCTH MEHeTCsl NP Nepexofe OT OAHOH o06JacTu
K CMEXHOH C Hel. .
Hazosen xpusyio C (aeHcTBATebHYIO BeTBb KPHBOH UeTBEpPTOro IO-
paaka rt— A%r2— 1 =20) xpusoii nepezu6os.
[TpocToe BHIUHC/AEHHE MOKA3EIBAET, YTO

2R’ (f) = (AU YV MEF )P (e 4 4y,
2N (f) = (K% VNI J- 4) (M2 - 4) (Y T -4 — 20%).
[MosroMy BetBb kpuBofi C, nexauiad B BepXHe#l NOJMYNJAOCKOCTH, BO3pa-

craeT # obpaileHa Ha MPOMexyTKe (— 0o, 2/A2 VE) BOTHYTOCTBIO BBepX,
a B NpOMeXyTKe (2/)\‘3]/3, -} co) — BoruyTOCTbIO BHH3 (ur. 45).

R=R(t)
r r=r(t)
, §w(t)
T :
T §2N§A2 t  t
dur. 45.

BuiHecem B Bbipaxenuu 1as o (f) 33 3HAK KOPHS [PH MOJNOKHTENbHbIX
aHaueHnsx ¢ MHOXMTenb A)/ £, a NpH OTPHUATENBHLIX 3HAYEHHAX  MHO-

XKHUTEJb I/AV—t M pasiiokuM o (f) B OuHoMHatbHHIL pax. Torma Ml
NONyYuM, UTO

0 O=Wi[ldsm—gat o] >0

1 1 7
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Orciona caenyer, uyto kKoraa f—» -F0o0, 10 o(f). asisercd GeCKOHEUHO
GoJbLIOH BeNHUMHOH mopsnka !/,, a korma f——oo, 10 w(f) sBAsercs
OeckOHeuHO Majoli BeanuyuHOH mopsiaka 1/2 no cpaBHeHuio ¢ f.

6) Touku ocu r =10 sBAgIOTCA OCOOHIMH TOUKAMH jJsi ypagHenus (1).
Msyunm noBejieHHe peliieHNH YPaBHEHHS OTHOCHTENbHO 3TOH OCH.

Hycte (4, ry) — Touka naockoctu (4, r), ry==0. PaccmoTpum uute-
TpajbHYyI0 KpHBYIO ypaBHeHus (1), BuiXozsuiyl BnpaBo (BJeBO) M3 3TOR
TOYKY B 3aJaHHOM HampaBjeHUH, U JIOKAKEM, UTO IMaE KPUBAS OCMAemcs
no 00HY u my e CMOPOHY OM OCH t I He MONCem CMPEMUMECST HU
K KaKroll mouyke smol ocu.

IMycts ry > 0 u nyctb pewmenne r==r(f) cTpemurcsa npu ¢—>14 —0
(t; xoneuno) K HyJmo, T. e. nycTb 7 (£) > 0 npu £, <t < ¢, , litm r(=0.

>t -

ITokaxceM, uTO 3TO NMpeAMONONEHHEe NMPUBOAMT K MPOTHBOpeumo. B camom
leJie, TpU 3HAueHWsX f, JOCTaTOuHO GaM3KMX K £, umeeM r”(¢) >0,
crepoBaTesbHo  r’(f) Bo3pactaer, W TMOTOMY CYWECTBYeT TNpeled

lim 7' (¢) > —oco. Tonoxum r(f)=0; Tax Kax
#-58,~0

ri—m—r) __rt,—"h
— =——r <0
T0 ,
r',—0)=%k<0 (k koneuno),

a cjenosatesbHo, r(f) yOwiBaeT cneBa OT TOuKM £.

Ecan npuHath Ha HEKOTOPOM MpoMmexcyTke Buia (7, #) 3a He3aBUCH-
Myl0 mepeMeHHyl0 r’==p, TO MOXHO 3aMeHWTb ypasHeHne (1) cucremoi
ypaBHeHUH o

dt _ 2r8 dr__ % @)
dp  Rrit—rid-1" dp  Rri—ri 1’ :

xoropas oGnanaer peuenveM ¢=£(p), r=r(p), COOTBETCTBYIOLNM
HayaJbHLiM  ycnoBusM £(R)==1f;, r(R)==0 ¥ He CBOAAIMMCA K MOCTO-
SIHHOH.

Ho cuctema (2) obnanaer takxe pemenseM f==£, (¢, == const), r =0,
KOTOPOE YHOBNETBOPSAET TEM K& HAuyaJbHEIM yCJaA0OBHAM, Tak Kak K Ccu-
creMe (2) MOXKHO NPHUMEHHTb TEOPEMY CYLIECTBOBAHHMA K eAHHCTBEHHOCTH,
Mbl noayuaeM mpotuBopeure. Wrak, npn £— ¢ — O unTerpasibHas Kpusas
r==r(f) He MOXKET CTPeMHTbCS H¥ K KaKOH TOuKe OCH £,

3ametuM, uTO BOOGWE, ecan 7 =r (f) sABISETCH pelUEHHEM ypaBHe-
wug (1), 10 M r==-—r(f) sBISeTCS pEIUEHHEM TOTO X€ YDPABHEHHT.
[Tosromy nokasanHoe yTBepkjeHue OCTAeTCA CNpaBeJHBBIM M B Cjyuae,
xoraa ry < 0. _ '

B) HauuHas OTCI0Za MBI OrpaHuuMMCH, MO CHENAHHOMY Bbille 3aMe-
YaHWIO, M3YUEHWEM IIOBEJEHHS MHTErpajbHbIX KPUBHIX B BEpPXHEH MoJy-
niockocta r > 0.,

» JoxaweM, uto ecau peutenue r==r(t) umeem Munumys (MaKCcuMyM)
8 mouke t, mo 04 2106020 t >ty (t<ty) 6ydem r > ro(r < ry).

24+
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TpennonoxnM, 4TO CyuiecTByeT nepBoe sHaueHue £, > & (£, <tp),
TaKoe, uTo r(f)=r(t), v npu { < £t (4 >t >1t) umeem r(t) >
> r (&) (r (t) < r ().

PaccmoTpum Benomorateabhyo ¢yHkuuio
3 r 1
Us=r"—it(Inr—Inro) 45 + 5.
Torna
U’ =2r’< 2r+ 5 2r3) A2 (lnrfln roy=—»A2(Inr—Inry),

u notomy U/ () <O () >0) npu £, <<t<t, (H,>t>1t), 1. e.
U () yO6uiBaer B npomexyTtke (4, f)) (Bo3pactaer B npoMexytke (£, &)),
a caeposatenbho, U (fy) > U(t), 0=r’2(t0) > (¢,), uero He Moxer
OhlTh.

OTciona TOJay4aeM, YTO ecau peuenue r==r(l) umeem HECKOALKO
MAKCUMYMO8 U MURUMYMOS, MO KAK me, max u Opyzue 803pacmanom
npu yvseauuenuu f.

r) Mu MOXeM Tenepb [JOKasaTh, YTO 41000€ peulexiie ypazmenmz (1)
onpedeseHo HA 8celi npamoi.

[Tpepnonoxum, uto peluenne ypasneuus (1), onpesesenHoe Haualb-
HBIMU_yCAOBUAMU 7 (fg) =71 > 0, r'(ty)=r,, MOxer ObiTb NPONOIKEHO
BOPABO OT [y TOJLKO BAMOTbL KO HEKOTOPOrG KGHEYHOTO 3HaueHus f; (camo
3HauyeHue f; HCKJAIOYAETCSA), W NPUBEAEM 3TO NPEANOJONEHHE K TPOTHBO-
peunto. Paccmorpum lim r(#), lim r(f) n nokaxeM, 4TO 3TH npeneJsl

t—)_T-O 1>f,—0

0040iCHb. Obimb  KOHEYHb. U nosodcumessHvl. B camom nesne, ecanm
Ha HEKOTOPOM mnpoMexyTke Buia (£, ¢) bynkuus r(f) yOGuBaer, TO

lim r(®)== lim r({)= lim r(¢) u B cuny ,6“ lim r(£)>0; ecau xe
t->2,-0 t—>2,~0 t—>t,—0 t>t,-0
HA HEKOTOPOM NpPOMEXYTKe TaKOTO BHIA (PyHKuUMa r(f) BO3pacTaer WM
cosepuiaeT GECKOHEYHO MHOrO KoJeGaHu#, T0 B cuiny ,B dyHkuus r(f)
NpPUHMMAET 3HAYeHMs, O0JbliMe HEKOTOPOro NOJOXKHTEJLHOrO uucaa K,
M JIETKO JOKa3aTh, YTO OHA OCTAETCHA TAKKE OrPAaHHYEHHOH U CBepxy.

JleACTBUTENBHO, CYLIECTBYET TAKOE MOJOXUTENbHOE 4YHCIAO Mi, YTO
npu ty Lt uor>k umeeMm A%2r—r[2--1/2r2<m, a notomy
B cuny (1) 7" < m, ' <mt+ry—mty, r<mt2[2-+-(ri—mbty) (t—1t,) -
~+ ro W GyHKuMs 7 OFpaHMueHa CBEpXy B [t £)).

Tak kak o6a uucaa lim r(f), lim r(f) NOAOXKUTENbHLI ¥ KOHEYHBI,

t—)_t_—o t—>t,-0
t0 w3 (1) caeayer, uro Qyukuus r”(f) ocTaerca OrpaHHueHHOH npu
togt<t u no TeopeMe Kowmn o cpeaxeM suaqeuun CYIUECTBYET mnpenei
Ilm r (t), KOTOpHA Mbl 0003HAuMM uepes r B cuny ananormuneix
t >t~

paccy)xneunﬂ cyuiecTByeT u npexea lim r(t)—rl, npuyeM B CHJIY
- t—>F -0

JOKAa3aHHOrO B ,0“ uMc/io r; OTAMYHO OT HyJs. Ho rorma, ncxoms wus
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HaUaJbHBIX  3HaueHu#t r(4)==r;, r'({)="r], MBl MOXEM NPOLONKUTH
peumlenne r(f) BNpaBO OT TOYKH f.

WTaK, no/yyeHHOe MPOTHBOPEYNE MOKABBIBAET, YTO #, == -+ 00. AHa-
NOTHYHBIE PACCYXKIEHHs MPOBOAATCS JJA TOYEK CJeBa OT £,

3. CymecrBoBanue GeCKOHEUHOTO MHO¥KECTBA OGIIMX TOUEK y ABYX
HHTErPaJbHbIX KPHBHIX. JlOKaxeM Tenepb, YTO 08€ uUKMezpAAbHbE KpU-
soie ypaswernus (1) (mpuHagiekaliye OJHOH M TOH Ke NONYMJIOCKOCTH
r>0 wnm r<<0) scezda umewm OecKOHe4HOe MHOdNCECMBO O0UUX
MOYEr, UMEIOWUX NOAOHCUMEALHYIO QOCKUCCY, NPU4erm DPA3HOCMb abc-

yuce 08yx cocednux obuux mouex mensuie, wexn =V 2.
[Tycts u(f), v(f)— nBe uHTerpaibHbie KpHBble ypasHenus (1), Jexa-
wue B BepxHe#t moaymiaockoctu r > 0,

,,___)\2t u 1. ,,___7\21 v 1
We=m—stas V=g —gtm

Bbluutas W nosaras # — v = w, UMeeM

w" +A{t)w=0, . 3)
rjae
) 32 2 2
AW = g5+ @

Ho npu ¢>> 0 umeem A(f) > 1/2 u, cpaBuuBag no teopeme Ilitypma
(rn. 1V, § 2, n. 6, ,a“) ypasuenne (3) ¢ ypasuenunem 2”—-(1/)/' 2y z =0,
nojyuaeM, 4to GyHkuus w (f) uMeer mpu £ > 0 GeCKOHEYHO MHOrO Hy-
ne#t (KOTOpLie M30/MPOBaHBl M HE HMEIOT MpejlelbHLIX TOYEK Ha KOHey-
HOM paccrosHud, cM. ra. IV, § 2, n. 2 ,a“). Tlpu atoM pasHocTb a6e-

UHCC JBYX COCENHHX HyneH Mewbuie, uem =}/ 2,

4. OccGennne pewrennst. a) Has T10oro utoGbl yCTAHOBMTHL NOHATHE
0coGeHHOro peulenus ypabHenus (1), noKaxeM, caenys ACKOMH, Takoe
npenJoKeHHe:

He cywecmsyem unmeepaisnoii Kpusoi r=r(t) ypasuenusn (1),
ocmaiouelics npu t >ty 6ce 8pems 3AKNIOUEHKOE MeHcOy 0CbI0 t 1t Kpu-~
80ii nepezu6os r— w(t) m. e. maxod, wmo npu t>¢§, 0 <r()<
<o (wanw 0 >r) > —o(®).

[Mpennonoxum, uto mnpu £>£, 0<r(f)<o(f); n npuseseM 3710
NpeAnoJiOKeHHe K MpOTUBOpeunio. B CUly pesy.bTATOB U3 M. 2, ,a“,
B 3TOM cayvyae r” >0, u iosToMy r’ (f) Bospacraer. CienosaTesbHo,

cywectByeT mnpeaea lim r'=Fk. Ho Toraa no oGoGuieHHoMy npasuiy
>+
Jlonutans. (CM. npumevaHHe Ha CTp. 365) nmeeM lim r/t_- k. Tak kax

0<r(®/t<w(@), a ]im m(t)/t 0 k=0, T. et 11m r (=0, a Tak

400
Kak r’(f) BospaCTaeT npu t>t, 10 r' () <0 npn 9THX 3HAYeHHUAX f.
Mostomy npu ¢ > ¢ dynkumns r(f) noroxcumessna u yboisaem. Taxum
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o6pa3om, ecau ToA0KuTh lim r(f)=k,, To uyucio k, HeoTpuuaTe]bHO,
t—>too
W M3 ypabHeHus (1) caenyer, uro lim r” ()= -} co. HUrak, dynxuun
t>+o0

r(&) u r() crpemarca x --co, xoraa f—>-f~co, B TO BpeMs KaK Mbl
10Ka3aau, 4Tto &yukuua r (f) nojoxuressHa u yO6uiBaeT. [loayueHHoe
NPOTHBOpeUHe W NOKA3HIBaeT Halle YTBepkICHHE.

W3 3TOr0 yTBepiKIeHHs CJelyeT, YTO MHTerpa/ibHas KpHuBasg r = r(f)
ypaBtenna (1) nomxsa o6rajaTb OLHMM K3 CHAENYIOUIMX JBYX CBOHCTB:

1) 4u6o Hauunas ¢ HeKOMOpOo0 3HAYeHuUs t IMA KpPuUBaAs npu-
Haoaexcum obracmu r > o (£) (r < — o (f)), 1. e. cymecmsyem maxoe t,,
umo npu t>t, umeen r(t) > o) (r(H) < —a@)

2) aubo ama Kpusas OecKOHEUHO MHOZO pa3 nepecexaem Kpusyio
nepezu6os.

Pewenns, kortopbie 006nanaioT CBOHCTBOM 1), Mb OyneMm, caenys
Acxonu, Ha3LIBaTb OCOOCHHLLMIL.

6) Ilpexme ueM nokasbiBaTh, uTO ypaBuerue (1) He MOxeT obJaazartb
B noaymiaockoctu r >0 (r << 0) nByMst pas3/iHUHBIMM OCOOCHHLIMH pelle-
HUSIMH, JOKaXeM CHauaJa cjejyioiliee NpelNJoxeHue:

Ecau r=R(f) ssagemca ocobexnvim pewenuesm ypasuenus (1),
aexcaujur 8 noaynaockocmu r > 0 (r < 0), mo pasnocms R ®) —)\W
cmanosumes npu cmpemienun t ¥ —oo nosoxcumersnoi (ompuya-
meavHoll) u cmpemumcs K wyao npu t—»--oo. Kpome mozo, amo
peuerie @GCOAIOMHO URMELPUPYEMO HA LIOCOM 1 POMENHCYM e (tO, -+ 00),
20e t, >0,

Tax Kak R” <0, to dyukuus R’ (f) yosisaem wu cyuwecTsyer npe-

nen lim R’ (f)=k, rne k < —|-oco. Tlo oGoGuwenHolt Teopeme Jlonurans
t—>+o00
toria kB== lim R (£)/t, vo R(£)/t > w (f)/t, a nostomy k> 0. Hepasen-
t—>+oo
¢TB0 k >0 BHIMOJHATLCA He MOXET, TaK KaK TOrjna Mol uMedn Obl

hm R (t) =} co, , Ilm t/R (f) = 1/k u u3 ypasHenus (1) caegosajio 6bi,

qm llm R" t)=— oo, omyna lim R’ (£) = — ©0, 4ero He MOXeT ObITh.
t—>+oo f—>+o0
‘Wrax, lim R’ (t)=0. Ho dynkumus R’ (f) ne MoXer o6patnTbest B HyJab
t>too

HAYWHAY C HEKOTOPOro 3HaueHus £, TaK Kak ypaBHeHue (1) He uMeeT
peuwienust Bupa R == const. Tlo3TOMy Haumnas ¢ HEKOTOPOrO 3HAaueHHus f
@ynrgus R'(£) noaoxcumertna, lim R'()=0 u, caedosamersno,

t->+o0
npu t> t gynrxuusn R (f) nosoxcumessna u so3pacmaem.
I/IlvxeeM
v WU _ M ® )
Ri=gp—3tm "=m—73tam

OTKyIa, BbBIYUTAf MEePBOE PaBEHCTBO W3 BTOPOro, IOJNy4YaeM, HTO

” 2 » 4w
o [+ R
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" MHoxuTenb B KBaJpaTHEIX CKOOKax MojoXutesen npu £ >0 u Gosblue,
yem !/2, — R” > 0; npennonaras, uto £, >0, umeem npn £ > £,

0<R—o< —2R", 0< f(R_m)dt< 2R’ (#).
14
[Tostomy uHrerpaa

[((R—w)at )
ty

a6COJIIOTHO CXOOMTCH.

Hoxaxem rtenepb, 4t lim (R—w)=0. B camom neze,
t—>4-00
[R(ly) — o ()] — [R () — @ (f)] = (t, — 1) [R' (t¥) — o (%)),
rae £ <t*<{, Ho lim R'({)=0, lim o'(f)=0, 1 nostomy dynk-
t—>+co t—>+c0

uus R (f) — o (f) paBHOMepHO HemnpepuiBHa B (%, -} 00). [pennonoxum

Tenepp, 4T0 lim (R—®)==4h >0, u npuBeseM 35T0 NpelNOJOKEHHE
t—>+to0
K pOTHBOpeHto. B camomM nede, B cayyae CHPAaBeNJHMBOCTH HALIETO

npeAnoN0XKeHHUs CymeCTBY!OT CKOJb YTOJHO OOJblliNe 3HAYEHHUS t 1 t,
NpH KOTOPhLIX R(t)——m(t) > 3k/4. Ho B cuay CXOAMMOCTH uHTerpaJa (5)
HepaBeHCTBO R (f) — w(f) > h/2 He MOXeT BBLINOJHATLCA IS BCEX 3HA-
uennil f, Hauunas ¢ HekoToporo. Ilo3TOMy CyLIeCTBYIOT CKOJb YTOHAHO
60/bllivie 4HCAa P U ¢, Takue, 410 R(q)— w(q) =3h/4, R(p)— o (p) ==
= h/2, B TO BpeMs Kak h/2 << R(f) — o (t) < 3kh/4 upn p < ¢t < q. Tax
kak [R(g) — o (g)]— [R(p) — w (p)] NOCTOAHHO, TO B CUIYy PaBHOMEpHOH
HenpepLIBHOCTH GyHKUuA R () — w (£) umeeM | ¢ — p| > 8 > 0, a nosromy
q

!f(R—w) dtl > h8/2. Ho torna wuunterpan (5) He MOMeT CXOAUTHCS.

» _ _

Wrak, lim (R—®)=0; vo @« — AVt >0 n pasnocts o —AY't
t—>400

MHTerpupyema B npoMexyrke (£, -}-o0), ({,>0), crenosareibHo, MH-

TerpupyeMa H pasHocte R -— N2 Kpome toro, lim (R—AV£)=0,
_ t—>+00
tak Kak lim (@ — AV £)=0.

t~>+o00
B) Mbl MoxeM Teneph 10KasaTh, WTO He Cyljecmsyenm 08yx pasiut-
HbLX OCOGEHHSLX peulenii.
Iycts 4 m v— nBa 0C068HHb]X peulenust ypashenus (1). Ecam no-
JOKHTb #Z— U=, TO (QYHKUUA W@ YAOBJETBOpPAET ypaBHeHuw (3).

MOXHO - TONOXKUTD 3 N
o u=\Vt 4a, v=AVE-43B,

rie |a| M |B]| crTpemarcs. K Hymo, KOraa f—» -~ 0O, M HHTErpHPYeMbl
B npoMexyTtke (f,, - co). Torza u3 (4) cienyer, ut0 A(f) =1 —Q(®),
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rie Q(f) crTpeMuTCa X HyMO, Koraa f— oo, B aGCOMOTHO HHTErpH-
pyemo B (§,, -+ c0).

W3 pesyabratoB ra. VI, § 4, n. 3, caenyer, uro Tak kak Q(f)
VIOBJETBOPSET YKA3aHHHIM CeHyac yCJIOBHSIM, TO CYLIECTBYeT ORHO %
TOJNBKO OLHO pelueHHe ypasieHus (3), CTpeMsuleecs K HyMO, Koraa f—
——}-00. DtumM pewennem sBaseTcs pemtenne w (f)==0 (B 0603HaueHHAX
us ra. VI, § 4, n. 3, ,6%, nmeenm a, = ay=10). [Mosromy u (f)=v ().
YTBepieHHe N0Ka3aHO.

5. Teopembl AckejH 06 acCHMNTOTHYECKOM ICBeNeHMH peUIeHHil.
Yray6asas nayyeHHe aCHMITOTHUECKOrO MOBeJieHny peilexnit ypasueHus (1),
Ackoan 10Kasan CJAeAyIOLUIHE TeOpPeMBbl, KOTODble M PalM KPaTKOCTH
Mlls cHOopMyupyeM.

1) Zzs noaoscumensnozo ocobennozo peuernuss R =R (t) ypasne-
rusn (1) umeem mecmo acumnmomuueckoe 8wpajxcenue

R=AVEH () et T

é‘_)\?- t’/n

2) Jdas 4106020 nOAONHCHMEABHOZO HEOCOOeHH020 peuwtenusi r = r(f)
ypasuenus (1) umeem mecmo acumnmomuyecioe 8vipajcerue

r=— A VT—{— Csin <t—{— 12%22 Int— 7>+ O (¢4,

8 Komopox C u y— Hexomopue nocmosanuvie. Takoe pewmenue o6aa-
Oaem 6eCKOHEUHHM MHONCECBOM MAKCUMYMOB U MUHUMYMOS, AOCUICCH
KOMOPULX UMEIOMm CAeOVIOUlie ACUMNMOMULECKLE BblPANCCHIL:

(25 )m— 157 In (n 45 ) 7+ 10 (=)

(otHocuTeabHO cuMBOMa O CM, npumeuanue Ha CTp. 22),

§ 7. YpaBuenne Tomaca — Pepmu. JIoKasaTenLCTBO TeopeMsl Cyllle-
: CTBOBAHHS H €IMHCTBEHHOCTH
a) YpapHenue
. xl/gy”:yslg
C KPAacBhiMH yCJAOBHSIMU

yO)y =1, lim y(x)=0
T->+oo

Obio paccmorpero B paGotax Tomaca [I] u depmu (cm. [1], c1p. 605
NpY U3y4YeHHH pacrpele/ieHs SJEKTPOHOB B TKEJIOM aTome, ek THBHLIE
Jl0Ka3aTeIbCTBA TEOPEMLl CYLIECTBOBAHHSA IJS 3TOTO YPABHEHHS H IS
HEKOTOpPHIX Gosee oOWMX cayyaeB GHIAM MOC/EAOBaTebHO Jann Ckopua-
Hparonn (9], [10], [3], cTp. 104—112), Mam6puanu [2], [1], Jlamna-
pueio [1]. Bmecto ykasannoro ®epmu suauenus y’(0) = — 1,58, 3om-
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mepdenbs [1] u Mupanna [1] paor aas y’ (0) suauenns — 1,589 u
— 1,688

Mbt orpannunMcs HU3JOXeHHeM 10Ka3aTeJbCTBA TEOpeMbl CYLUIeCTBO-
Banus B ¢opme MamGpuaHu, HO OTMETHUM, YTO STO NOKA3aTEAbCTBO MOXET
CAYKUTb W AJS TOJNYYEHHS KPUTEPHEB CYLIECTBOBAHMS PellleHHs ypaBHeHHH
suna y’ =f(x, y, y') (cm. Toneann [5], npumeuanne na ctp. 76).

6) ITycms 8 ypasnenuu

Yi=0(x M) ey

gynxyny o(x, y) u $(x) yoossemsopsiom caeOYIOUUY RPeIN0N0-
HCEHUSAM:

1) gynruua o(x, y) HenpepvisH@ OMHOCUMENBHO COBOKYNHOCTU
nepemennnix x, y 8 obaacmu x>0, y > 0;

2) o(x, ) >0 npu x >0, y>0;

3) o(x, 0)=0 npu x>0,

4) o(x, y) asigemcs OmHOCumMessbRO Y 803pACMAWeil BYRKLue,
npusesm pasnocmubie OMHOWENUS OMHOCUMEAbHO Y O02PAHUYEHL. 8 210-
606 3aMKHYMOL 02panu4ennold obiacmu;

5) npu ao6ox ¢ >0 @ynryusn 9(x, c) umneem & [0, —}-00) noso-
acumessHblll Huxchui npedes;

6) dynxyun 4 (xX) Henpepusra, nososxcumestna npu awéor x >0,
unmezpupyema na swéosn ompeske {0, X\, z0e X >0, npusen

+ 00
Y (x)dx = + oo.
[
Tozoa npu awéom ¥y >0 Jupgepernyuarsnoe ypasuenue (1) umeem

00HO u moAbKO 00HO peutenue, onpedesennoe 8 [0, ~}-co) u ydosae-
maopsuee Kpaesuim YCA08URM

yO)=y5 y(4-oc0)=0. )

Eduncmsernocms.
Ecimm y,(x) n y,(x) sBisiorcs pellennsmu ypasHenus (1), ompene-
JeHHHIMH Ha oTpesake [0, 8] u

N1 0)=3,00), 3, @) =y,3),

10 y,(x) 1 y,(x) coBnanaior Ha [0, 3).
Has - noxasatenbctBa OyldeM paccyxnate Tak e, kak B ra. VIII,
§ 6, n. 2, ,6“. _
IIpeanonoxum, uto B Hexoropoft Touke x npomexyTka (0, 8) umeem
Y, (%) > ¥9(x), ¥ nycTh §— TOUKA ITOTO NPOMENKYTKA, B KOTOPO# QyHK-
uns Y, (xX) — ¥, (x) npunumaer nauboabiuee 3uauenue. Tornaa
0<E<E 3 (BH—26 >0,

YEO—y,®=0, yO—y;H<O.
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Ho - .
WE—O=I¢ 3O —9oC 1EIE >0, 3)

YTO MPHBOLUT K MPOTHBOPEUHIO,
Otciona crenyer, uto ecan pewuenus y,(x) M ¥, (x) ypasuenus (1)
onpezenensl B (0, —-oc0) u

1(0) =y,(0), 4,
lim y (x)= lim y,(x)==KoHeuHO# Be/ HuHHE, (4,)
T>+oo >0

TO pemtetns y,{(x) u y,(x) cosmanaior B [0, - 00). B camom zeze,
€C/IM 3TH pelieHHs He COBNAAAIOT, TO M3 HM3JIOKEHHOrO BbiLlEe CHENyer,
4To mpHu JoGoM & > 0 Beinommusiercss HepasenctBo ¥, (§) 3 vy (E), a nostomy
MOXHO MpPUHATb, uto mpu § > 0 umeem y; (§) > y,(%). Ho Torna B cuay
(3) y; (&) —y,(£) BO3pacTaeT, a Tak Kak ¥1(0)—y,(0) > 0, T0 DyHK s
Y; () — v, (5) nonoxutensha u pospacrtaer. ITostomy

mLi'rp (Y &) —yy (B} = + oo,

BonpekH (4,). ENMHCTBEHHOCTH pelLUeHHs, YIOBJETBOPAIOUErO NOCTaBJeH-
HbIM KPaeBbiM yCJAOBHSIM, 1OKa3aHa.

Cyuwecmsosanue. '

Ecmm yo==0, 10 pewennem ypapuenns (1), yLOBIETBOPSIOLIMM yCJO-
UM (2), sBaserca y = 0. [peanonoxum nostomy, uto y, > 0.

13 TeopeMbl CyulecTBOBaHMS M eIMHCTBEHHOCTH !) C/leiyeT, uTo, Ka-
KOBO Ol Hu ObIO uucaO Y, u3 TOukH (0, ;) BHIXOLUT OAHO H TOALKO
onHO peutetne y (x) ypastenus (1), yr0BAETBOPAIOLIEE HAYABHEIM YCIO-
BUSM

YO =w ¥y O)=y

v onpejejernoe Ha HekotopoMm orpeske [0, 8]. Ilpu 3Tom Y, (x)m y; (x)
ABAAIOTCH HEeNPEephIBHLIMU (YHKIMAMU NapaMeTpa- y. ‘
3ameTuM, uyTO ecau Y >0, 1o Y, (x) sBaseTcs Bo3pacrtaiowle# (QyHk-
uuedl ot x Ha orpeske [0, 8]; B camoM nene, B cuay (1) nmeem y;’ ) >0
npu 0 < x <8, chenomarenbHo, 'y; (x) Bospacraer mpu 0Lx <8 u
y; x¥)>1>0 npu 0<x<8 Ho torna npu y3>0 peuenus Y (x)
MOXHO' MPOLO/DKUTL HA BCio noaynpamyio [0, - oo), npuuem y, (x) > 0,
lim y (x)= 4 oo (rak KaK TipH X > 3 uMeeM y; (x) }y; 3) > 0)9?).

x>t

1) Cm. r. VI, §8, 1. 1, ,6,; ra. I, § 6, n. 3, ,r% 1aa npuAOHEHUs yKa-
33aHHBIX TEOpPEM ciaeayeT MoJoxHTb ¢ (x, ¥) =0 npu y < 0. Hac 6ynyr uHrepe-
COBATh JWUb YaCTH MHTErPAJbHBIX KPHUBLIX, NPHHALJAEXKAUIHE EPBOMY KBaAPAHTY.

2) Otciona caelyer, YT0 peweHue y (x), yAoBaeTBopsiomee ycaosusam (2),
MOXET CyLieCTBOBATh JHWIb B cayuae 7 < 0; : o
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OGosnaunm Tenepp uepes M nauboibliee 3HaueHue DYHKUMH @ (¥, y)
B npsmoyrombanke 0 Cx <1, 0y <y, v nyctb X, — nauGonbiuee
uucao ua orpeska [0, 1], takoe, 4to

fq)(x)dx<1/M.

Ilokaxem, uto pewenns y, (x) ypaBHeHHH (1), cooTBercTBYyOLIHE TAKUM
3HayeHuwaM v, uto 7 < — ( yo/xl—}v 1), o6palaoTcs B HyAb NIPH HEKOTOPOM
3HaYeHHH X, MeHblieM, ueM x,. [leictsuTensno, us ypasuenus (1) caenyer,
uTO AA paccmartpuBaeMbix snauennit Y u npu 0 < x < x, umeeM

y@ =1+ [sx N dx <
0

—i—Mfy(x)dx 1< —

Craenosatenbho, ¥, (x) << Yo— X Yo/X;, M nostomy y,(x) doaocro odpa-
mumscs 8 HYAb NPH HEKOTOPOM 3HAYEHHH X, MeHbLIEM, 4eM X,.

ITycth Tenmepb v sBASeTCA BepXHell rpaHbio 3HaueHW# vy, AAs KOTO-
pEiX y,(x) mepecekaer ock x. Torma — yo/x;— 1Ly <0, uecm
y(x) sBasercs peiwienveM ypasHeuus (1), COOTBETCTBYIOUIMM 3HAYEHHIO 7,
TO OHO ORpesneeHo Ha BCeh noaynpamol [0, —-co), npuuem

y(x) >0, lim y(x)=0.
€T > 100
B camom. neie, TIPEANONOKUM, YTO MPH HEKOTOPOM KOHEUHOM 3Ha-
yernn x > 0 umeem y(x)—O B TOYKE X HEe MOXET HMeTb MeCTO Hepa-
BencTBO ' (x) >0, TAaK KaK TOTAA B TOUKAX, HAXOASLIMXCH NOCTATOUHO
61M3KO CneBa OT X, (hymumﬂ y(x) Obla Obl OTPHUIIATENbHA; HE MOXET

BHITOJHATLCA U paBeHctBo ' (X) = 0, TaK Kak ypaBHenue (1) uMeer elnuH-
CTBeHHOe pewleHue y(x)=0, yIOBJeTBOpPsIOLIEE OIHOBPEMEHHO YC/OBHSM

y(x)=0, y'(x)=10. CaenosareasHo,

HO TOrAa mas snauenntt vy, GOJbWIMX, ueM 7§, M IOCTATOUHO OIM3KHUY
K v, pewenue y, (r) mepecekaer ocb X '), BONPEKH ONpeAEJEHMIO Y.
Wrak, KarKoso 6ut nu 6bi20 X, useesm y(x) > 0.

1) SaMemM 4T .ecan noaoxuTh @ (x, y)=0 mpu y< 0 u paccMOTpeTh
ypasienue (1) B moaymaockoctu x > 0, To Mmo6asi MHTerpajbHas KpHBas ¥y (),
soixofawas us touku (0, vo), (o >>0) B mampasienuu y u Nepecekaomas (6e3
KacaHHf) - OChb X, NPORONNAETCH B NOAYMAOCKocTh y < 0 ayuom. Tax Kak mpu

TaKOM MNPOJONKECHHH MWHTErpajdbHas KpHBaf y ==y (x) HMeeT TOUKH ¢ OoTpHua--
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Hanee, Kawoso 6w Hu Gbin0 X, MMeeM ¥y (x)<0. B camom zene,
[DIpeANONOKNM, HTO B _HEKOTOpO#t Touke £E> 0 BBITIO/IHACTCS HEPABEHCTBO

y "(§) >0; Tak kak y’(x) Boapactaer npu x >E, 10 ¥ (X) >y (), u
notoMy GyHKIMs y (x) Bo3pacTaeT NpH X > £; clen0BaTe/IbHO, HAHMEHbHIee
3HayeHne y(x) nonoxurenbho. Ecam NMPHAATL Y HEKOTOpOEe 3HAUEHHe,

MeHbIllee, YeM ¥, W JOCTaTOYHO OJH3KOe K ¥, TO (QYHKIHMS Y, (x) Takxe
OyneT MNOMOXHTeNbHOR M BospacTalomed npu x >E u ckoab yTOAHO

6auakofl k y(x) Ha orpeske {0, &]. Ho rtorza kpusas’ Yy (x) ne nepece-

4eT oCb X, BompekH onpenesenumio y. Tak Kak dyukuns y'(x) Bospa-

cTaer, 1o mpH x >0 umeem y'(x) <0, a nostomy dynkuus y(x) y6ei-

BaET M CylecTByer nperea lim y(x)=c(c> 0). HokaxeM Temepb,
x>+

yto ¢==0. B camoM nene, ec.'m 66 ¢ Obli0 Goabuie HyJs, TO U3
¥.(x) > ¢ >0 caenosano 6w A=mine(x, ¢) >0,

0=z <o

Y@ =1+ [ o, »o(de >y
+ [ et 9y Y4 [y,
4] 0

rae 0 x <-co. Ho 7torma lim y’(x)=-} 0o, 4T HeBO3MOXKHO.
‘ T-> + oo

Teopema nokasana.

§ 8. 06 ypashennn LHpenusrepa Ais ABYX YACTHHIX 3afadq

1. F'apmonnueckuit cocumansarop. Co6CTBeHHBle 3HAYEHHS H CO6-
cTBeHnsle (yHxuun. a) Ypasuenue lllpenunrepa (cm. Ulpeamnurep [1])1)
MMeeT BHJ,

-, 8 02 02 02
Mi+ P E—Ula =0, [aa= 0;+5y’;,az‘;]

Jns Tak HaspiBAEMOM ONHOMEDHOR 3ajaun KBaHTOBOH MeXaHMKH (s
CTAalMOHAPHEIX COCTOSHMM) ypaBneHue llipenunrepa npusuMaeTr B cayuae
JNBHXKEHHS YACTHIBI MO OCH X CJeAYIOINu# BuA:

d?u 8n2m

o [E— U (x)]u =0, @

TeJAbHHIMH OPJHHATAMH, TO M NPH 3HAYEHHAX ¥, GOABIUUX, UeM {, H JOCTATOUHO
GIU3KMX K Y, KPHBafA Yy (X) TaKKEe AOMKHA HMETb TOUKH C OTPULATENLHBIMH
OpAMHATAMH M NOTOMY nepeceKaTb och X.

1) Cm. taxme JI. . Jlaupay u E. M. Jln¢unm [1], crp. 65; . U. Baoxun-
ues [1], crp. 109. — ITpus. nepes.
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3necb h—nocrosunas IlnaHka, m-—wMacca uacTuupl, E — sheprus,
U(x) — noreHunanbhas SHeprus, a |u (x)|2— BeposATHOCTb TOTO, YTO
yactTuua wumeer abcuuccy x1!), M3 ¢usumueckux coobpakeHH# Crepyert,
uTO |#(X)| CTPEMHTC K HY/MO, KOrAa X —>==00. JTO yC/OBHE MPHUBO-
IMT K 3a7a4e O HaXOXAEHUH 3HAueHWH napamerpa E, AA% KOTOPHX Cy-
UleCTBYeT, NO KpaklHell Mepe, OIHO pellieHue ypaBHeHHs (@), HMeiollee
XeJaeMOe acCHMIITOTHYECKOE MOBeJlieHHe,

6) B 9TOM nyHKTe Mbl OTPaHHYMMCS pPacCMOTPEHMEM 3a/layd O TaK
Ha3bIBAEMOM 2@ PMOHUYECKOM OCHUAAAMOpe, T. €, 3aJaYM O JBHXKEHHH
YaCTHUEL MO OCH X MNOA JeHCTBHEM NPHTSHKEHHS K HAuany KOOPAHHAT
CHJIOH, TNPONOPUHOHANLHON PACCTOAHHMIO YacTHULI OT Hayajia KOODAHHAT.

Tak kak nefictBywoumias cumaa pasHa — kx (kB — MONOKUTeNbHAS TO-
CTOSIHHAf), TO NOTE€HUMaibHas sHepruss U pasHa kx?(2, u ypaBHenue
lllpenunrepa npuHIMaeT BUL

d’u 8x2m [ E— kx‘-’]

dx? h? 7

=0,
HIIK Ke, €CJIH BBECTH 4acTOTy

s l/‘ 3

07 2n m’

d@ | 8nm
d—xz“‘l‘ T (E—- 21‘!2”1.\*3 x9] u=0,

BUA

Jenas 3ameny nepemeHHOH E=x]/41:9mv0/h, noayuaem

d?u
dx?

FA—xBuz=0, h:%w )

M 33a/1aya, KOTOPOH Mbl 3aHMMaeMcs, CBOAMTCS K OnpeleeHnio 3HaYeHUul A,
KOTOPHIM COOTBETCTBYIOT pelleHHs ypaBuewns (1), ynosaeTBopsiouiie
YCJIOBHIO

lim u (x)=0. (1)
x->% co
TNonaras
-— 2
u=e v,
nojayuaeM s ¥ ypaBHeHHe
v —2xv" 4+ (A —1Dov=0, )
s KOTOPOrO Halo HaWTH pelleHHsl, YIOBJETBOPRIOUINE YCJOBHIO
L e ,
lime 2 ov==0, ary
x>+ o0 '

1) ToyHee roBops, | u (x) |2dx paBHO BEPOATHOCTH TOTO, YTO aGCUHCCA YaCTHIB]
3aKJI0YEeHa MeWARY X U x -+ dx.— [Ipum. nepes.
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UssectHo (cm. IMTukone [6]), yTO ecau HANOXWUTH HA pellleHUst ypas-
verust (1) GoJsee caaboe, uem (II), TpeGopanue, a UMeHHO MOTPeGOBATS,
utoGbl MPH | X | —> - cO BHIMOMHANOCH, HAUMHas ¢ HEKOTOPOrO 3HAYEHNs X,

HEPABEHCTBO BUAA
1

67T "o < M|xP,

rne M >0, a >0, mo A—1=2n, 20e n— yesroe HeompuyamersHoe
wucA0, @ GYHKYUSL U coBnadaem ¢ MOYHOCMbIO 00 NOCMOAHHOZO MHO-
acumens ¢ n-m MmuHozouseronm Hebviumesa — Ipuume

2 4%
Hn(x)ze‘” me x 1‘).

CaenosarenbHo, cobcmeennsie 3Hawenus ypasuenus (1) ssrsomces
HewemmuuiMu nOA0KHCHMeAbHbLMY wucramy h = 2n - 1, a coomsemems8yio-
wue uMm coécmeennvie PYHKyLL uMelom 8u0

1 2
t, (X)=="""(20nl)~" e 2" H, (x):

DyHKyuL U, (x) useom acuMNMOMULeCKIe BblpANCEHNS

ugn(x)=(;”1’-nl,h<1——->cos Vi1 —ren 2y

Ve Vian 1
__(—1)"’""1 1 ___.i . —-_ﬁh(?n—l—l,x_)
Ugp o1 (X) = Ve <1 8n> sin [x Y/ 4n 3] Vs

0<<e, <1, 0<Cey<C2, |R(n, )| <|x[fmpu n=0, 1,....

B) JlokaxeM npu Oojee OOIMX YC/IOBHAX YKA3aHHYIO Bbillie TeOpeMY,
a VMEHHO JOKaXeM, UTO ecAu Y. S8ASemcs OelicmBumensHoiMm UAl KOM-
nACKCHOLM napamempor, @ V(X) He PABHbIM MOINCOLCMEEHHO HY.AI0
peutenues ypasuenus YeGwwesa — dpmuma

9" — 2xv" -} 2pv =0 (H)
u ecau cywecmsyem maxoe Hucao x,> 0, umo dan ecex Oeiicmari-
MesbHbLX HUCeN X, 045 KOMOPBX |X| > x,, umeen

[v(x)| < Meka, (1
20e
M>0 0Lk, M—const), )

mo y O00ANCHO ObiMmb pPABHO HEAOMY HEOMPUUAMEALHOMY HUCAY 1,
a v(x) 00A0ICHO € MOYHOCMBIO 00 NOCMOAHHOZ0 MHOKHCUMENS cozmadamb
¢ n-um MHozouaenosm Hebviumesa — Ipuuma H, (x)

Hy()=e 2 o (n=1, 2,...), 3)
Ho(x)zl

1) Cm. Oxexcon [2], ctp. 194—202, — IIpun. nepes.
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(OTHOCHTE/IbHO BOTIPOCOB, PaccMaTpuBaeMbix B m, 1, ,B8“ W B M. 2, ,6%,
cm. Caucone [4)).

1) [HoxaweM, uto ecau v(x) ynosaetsopser ycJaosuio (1), T0 1A

Mmo6oro yucna By, k< k; <1, nalinercs Takoe nonoxureabnoe ynciao M,
uTo

[V () | < Myel® - (Jx| > xp). C))

[pennonoxum, uto x> Xx; (aHaJAOTHYHO npononmca paccymnenuﬂ "

B cayuae x < — x;). o
Hurerpupys ypasnenve (H) ot x, 10 x, moayuaem

@ @2
o (x)— (xo)—2ftrv’(t)dt—{'—prfv(t)dt:O
@ @, '
OTKy 4, HHTerprﬂ ﬂepBblﬂ UHTErpan 110 4acrtaM, BLIBOAUM, 4TO

' () = V' (o) - 240 () — 240 (x0) — 2 (= 1) f v (fdt.

YmHoxas obe yactu Ha e~k noayuaeM HepaBeHCTBO

Le™ Bt (x) | {07 (xg) — 2200 (xg) | e~ -

2] [em Gobe oken ()| -2 [p - 1t [ o) |dr. (5)
Ho ’ ' ' ”

@ X
e"'ﬂ‘“f ]v(t)lldtge—_("i—’f)wﬂf e "t“]fo(t)fdt M(x—xo)e (k=R
@, X, i .
W MOSTOMy npaBas uacTb B HepaBeHCTBE (D) CTPEMMTCA K HY/O, KOFAA
X — —- 00, OTKyla M CJeLyeT HepaBeHCTBO (4).
2) TlpennosioxuM Tenepb, YTO 1 He PABHO HHUKAKOMY HEOTPHUATE/Db-

HOMY LeJOMYy YHCJY, M TPUBEJEM STO NPeRNOJOXeHHe K NPOTHBOPEUHMIO.
N3 ypasuenus (H) umeem

d 2 2
"a‘[e—w‘v,l—‘l‘Q}Le—w‘U:O. (6)
Ho m-it muorounen YeGuimepa — JpMuTa YAOBAETBOPSET yPaBHeHMIO !)
A e Hp) - 2me T H,, = 0(m =0, 1, 2, ...). 6,)

ITosromy, yMHOMXAs ypaBheHue (6) Ha H,, a ypaBueune (6,,,) HA © H
BBIYMTAA, MOJSYYaEM

e (0 (1) Hyy (0) — 0 () H ()]} =+ 2 (o — m) e '0H, = 0.

1) Cm. Hdxexcon [2], ctp. 199. — [Ipum. nepes.
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Wnterpupys ato pasenctso or —/; 10 l,, BHIBOLHM, 4TO
(€™ [V (¥) H,,, (x) — v (x) Hp (0)1 52"

€= —l,

1
4+ 2(p—m) f e~y (x) H,, (x) dx = 0.

-1

Ho rak kax H,,(x) sBasercs MHorouaexoM ot x, To u3 (1) u (4) cae-
AyeT, 4TO RNEPBbIM uyJeH CJeBa CTPEMHTCS K HyMO, Koraa / — -+ oo,
ly—> -}- 00, u nosromy

+o0
(. —m) f ey (x)H, (x)de=0 (m=0,1, 2,...),

OTKyAa CllefyeT, uTo
+0o
f Py () H, (x)de=0 (m=0, 1, 2, ...).
Ecan ky — Taxoe noaoxureasuoe umucno, wro 1—=K, >k, 10
- o0
f e % f(x)H, (x)dx=0 (m=0,1, 2,...),

rae
f () = &= -k () = o= U~FB) @ e~ Fe'y (x)].

Tax kax B cuay (1) dysxums |f(x)| nMmeer cymmupyembif KBanpar
B NMPOMEXYTKE (— 00, —-00), TO H3 TEOPEeMbl 3AMKHYTOCTH MHOroule-
HoB YeOnimena — Ipmuta B npomexytke !) (— oo, - co) caelyet, 410
bynkuns f(x) noutd Bcoay B (— 00, —-©CO) paBHa Hy/0, a TOrna
B cuay HenpepuiBHOCTH f(x)==0, cuenoBaresbHo v(x)==0, Bsonpexu
NpeANOJIOKEHHIO.

IToayuenoe npOTHBOpeuYHE [OKA3HIBAET, UTO €CJM BHINOJHEHO YCJO-
sue (1), TO cyuiecTByeT TaKOe UeNOe HEOTPUUATEJLHOE UYHCAO 71, UTO
w===2, T. e. ¥(X) YyLOBAETBOPAET YPaBHEHHIO

v'—2x0" 4+ 2n0=0 (n>0, n uenoe).

3) Jlerko Temepb 10Ka3aTh, UTO T(X) OTIHuYAETCA JHillb NOCTOSAHHLIM
MHOXHTeneM OT H,(x). B camoM nene, umeem

Hy,— 2xHy, - 2nH,, = 0.

lNonaras npu N0CTaTOuHO GOJBWIMX BHAYEHHAX | x| (GONLUINX, ueM Hau-
GonbiMA MOAyJab HyZJe#t MHorouldena M, (x)) v==H,(x)z, noayuaem

H,2" = (2xH, —2H,) 2,

1) Cm. W. 11. Haraucon [2], ctp. 472. — ITpus. nepes.
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OTKyna
7 2 g 2
2 =ce"H} (¢ = const).

Ho 2’ = (v/Ha), a nostomy o H,— vH, =ce”, n b cuny (1) u (4)
noayuaeM npu |x| > x,

le|e” L Leb®@xn (0 < ky <1, L— const).

Ho 310 BO3MOXHO JMuib B cayuae, koraa ¢=0, 2/=0, u NO3TOMY
9 (x) otanyaercss oT M, (x) Aullib NOCTOAHHLIM MHOXUTeJeM 1),

2. BenoponononoOubie cuctembl. CoGcTBeHHbIe 3HAUEHMS M COG-
cTBeHHble ¢yHkuun. a) Ilpm uayuennmum nBHXeHHs 3JEKTPOHZ BOKpPYT
dapa (BOAOPOAOMOAOOHBIE CHCTEMBI) TOJMYYalOT, HCXOAS U3 YpPaBHEHHS
[lipennurepa, ypaBHeHHe

2y 1 A4 104D
W+[iz+—;———;2——]y=0 (l:(); 1, 2; ;..). (7)

dusnueckas 3ajaya NPUBOAUT K HeOOXOAMMOCTH HaliT¥ TaKue 3HAYEHUd .
napamMerpa A, KOTOPHIM COOTBETCTBYIOT PelleHMs, YIOBJIEeTBOPSIOLUIHE YCaO-
BusM 2): y (0)=0, |y(x)| orpasuueno wHa noaynpsmo#t [0, -}-o0).

Touka x =0 sBisercss npasuiabHOR 0COOOH Touko# nas ypaBuenus (7)
(ra. I, § 3, n. 2), u cooTsercTRyIOLiee ONpeleasioiilee ypaBHeHue
p?—p—1({ -+ 1)=0 umeer xophuu /41 u — I OOuee pemenne 3Toro
_ypaBHeHHS MMeeT MNOITOMY BHI

y=ex (142 a4 o 1 X ann”]

(¢;; Co— MPOM3BOJIbHBIE NOCTOSHHBIE), MPHYEM Db, CTOSILIME B KBAApAT-
HBIX CKOOKaX, roJoMOpdHH B HeKOTOPOH oOkpecTHocTH HyJs. Hs Toro,
yro ¢ynkuus y obpawjaercs B Hyab npu x =0, caeayer, urto ¢; =0;
takuM o0pasoM, peuiends ypasHenus (7), oOpawaioulvecss B HyJab npH

1) Cneayer OTMETHTb, UTO HepaBEHCTBO (1) TexCTa He MOXeT GITh yIydLIEHO,
B camoM gene, MOXKHO HaHTH HacToibko Gomswoe N, uto npu x > N
— X3y~ 2 ka3
e n > 4Me T kx,

a CaeAoBaredbHo,
&

@2y —2 ad kNe
z(x)Mz(N)zfeq”Hn_dx>2M(e LY
N
MoxHo, Halee, HalTH HacToabko Goabmoe Nj, uro npu x> N; umeeMm

2> Me"™, a torna pewenue v = H,z ypashenus (H) He MOKET yAOBIETBODPATH
uepaBeHcrsy (1) Ana TakuX sHaueHuH x, yro | M, (x)| > 1.
2) Cm., nanpumep, JI. . Jlangay u E. M. Jlndwuy [1], crp. 147, rae p = x,

R = %:- .— Ipun. nepes.

25 3aK. 1072, Ix. CaHcone
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x =0, HMeIOT B 9TOH TOUKE HYJb (l—[——1)~ro nopsuka. 3anaya CBOLUTCH,
TaKuM 00pasoM, K CJAeAyloueMy: CpelH pewieHuit ypaBHeuus (7), HMeiO-
umx npu x =0 Hyab nopsaxa /-1, onpepeants 70, KOTOPOE OCTaeTCH
orpaHuMueHHbIM Ha noaynpsmo#t [0, —}-co). 3mech clenyer paccMOTpeTh
IBa cJayvas,

Ecan B ypasuenuu (7) mepen !/, CTOMT 3HaK ——, TO MO M3BECTHHIM
peayabrataM (cM. ra. VI, § 4, m. 2, 1) npu mo6GoM neHCTBUTENLHOM
3HaueHHH A peulenHe y(X) OCTaeTCsl OrpaHMYEHHHIM Ha NOJyNpaMoH
{0, o), kone6asch GeckoHeuyHO MHOTO pa3 BOKPYT OCHM X, H YHOBJe-
TBOPSIRT COOTHOLUIEHHIO

fim |y (0|="% fm |y(x)| [a2=1/4l.
X ~» +00 P>+ 00

Orciona cneinyer, UTO 8 PACCHMAMPUBBLHOM CAy4ae Ao6oe Oelicmgi-
meavHoe 3navenue A sA8AsemMCst COOCMBEHKbLM 3HAHEHUEeM 045 YpasHe-
nus (T), wan, Kak rosopst, ypasnerue (T) umeem Henpepuvi8usili cnexmp
cO6CmBenROX 3HAUERUE.

Ham ocranoch Tenepr uccienoBars ypasHenue (7) B ciyuae, Koraa
nepen 1/4 CTOMT 3HAaK MMHYC, T. €. ypaBHeHHe

dzy 1 A L({41)
w+[—z+7—‘r]y=°‘
ITpeoGpasopanue
y= e_m/2xl+lf0

NPUBOAMT 3TO YPaBHEHHE K BHLY
20 Q4-2—x)v - Ao =0 [RA=A—(-1)

M MBI JOMKHB DPeWHTh AJSi 9TOTO YPaBHEHHs CJeLYIOHlyl0 3anauy: HaHTy
pelleHus STOrO YPaBHeHHs!, YIOBAETBOPSIOLIKE MPH X > Xy > O HepaBeHCTBY

()| < Me=,

npousBoOAHast KOTOPHX ¥’ (X) OrpaHHYeHa HA HEKOTOPOM MPOMEKYTKe
suna (0, x). , .
Kak bl yBuauMm B ,6“, Haxe NPH MeHee OFPAHHUHTE/IbHBLIX YCJOBHAX
Ha v(x) napasemp A O0/9CeR PASHAMBCS HEKOMOPOMY UeEAOMY He-
OMPULAMENLHOMY HUCAY N, @ V(X) ¢ mouHOocmbi0 00 NOCMOSHHOZO0
MHONCuUmenss cosnadaem ¢ n-m MHozousenox Yebvumesa — Jlazeppa
: —2l+1) ;& n
(21+1) __x ¢ e’ d n+2l+1 p-aj 1
L3V () = S o Lent L emol ),
6) JokaxeM C nOMOWIBIO PAacCyXAeHUH, COBepILEHHO AHAJOrM4HBIX
npoBefieHHBIM B M. 1, ,6%, ciepyioliee yTBepKieHHE:

1) CM. pas cayvas 2/ -+ 1= 0 [luxone [6], a OTHOCHTENLHO NPHUBEACHHOTO
B TekcTe joka3aTeibcTBa CancoHe [4]. [OTHOCHTENbHO CBOHCTB MHOrOYJIEHOB
Uebbimena — Jlareppa cM. Jlxexcon [2], ctp. 203—210. — Ilpunm. nepes.)
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ITycmoy N — OQedicmsumensuovili, wan KomnieKcHuili, napasemp,
@ v(x)—He paswoe moscdecmsenno Ky peuernue ypasuenus YeCw-
wesa — Jlazeppa

xv"(@—x41D)vFrv=0, a>—1, @)

onpedesennoe & npomuexcymre (0, 4~00) ocu x. Ecau cyuwecmsyem
maxoe xq >0, umo npu x > x, umeen .

jo(x) | < Me*¥® (0 <k 1, x> x5>0, M—nocrosunan) (8)

u, Kpome mozo, npu x——4-0
lim x*+1o’ () =0, ¢)]
x->»+0

Mo k DABHO HEKOMOPOMY HEOMPUUAMEAbHOMY UEAOMY Huciay n,

@ v(x) cosnadaem c MOUHOCMBIO OO NOCMOAHHOZ0 MHONCUMEAS C N-M

MHOZOYAeHOM YeGviuesa — Jlazeppa

x7%e% 4n

— Ex_n[xm—ae—fv] (n#l, 2,...), (10)

L@ (x) =
P =1,

1) Hokaxem, 4To 145 MOGOTO NOJOKUTENLHOTO uHCAa By, & < k<1,
MOXHO HaHTH TaKOe MOJOXHTe]bHOe uHcAo M, 4TO MpU X > X, BHINON-
HAIETCA HEPABEHCTBO

[ o (x)| < M,eke. (11)

WUnterpupysa ypasuenne (L) oT xy B0 x (x5 < Xx), uMeeM
@
[ 20t dt-(a—-1) v (x) — (@ 1) v () —
o x @
— ftfv'(t)dt—{—}\ fv(t)a’t:O.
Do &o
Muterpupys no yacTaM nepselt M BTOPOR HHTerpajbi, MOAyYaeM

X7 () = 200 (%) — (¢ — x) U (%) + (2 —x0) ¥ (x0) — (A1) f v (b dt.
YMHOXas Ha e—’T, BhBOZMM, YTO ' %
e " xv' (x) =

= [%0V (¥0) - (¢ — %) ¥ (%o)] € 7F® — (a — x)e~hi=MI2[e=z g (x)] —

— (A F1)e-ka fv(t)dt. (12)

Xy

25%
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Ho
@ @€ .
,e—kr’v fv(t)dt}<e—<h—k>w fe—kt}v(t);dth(x—xO)e-m-k)w,

@, &y

M, NPHHMMas BO BHUMAHHe, UTO MNEPBHH M BTOPOH uwieHb! B NMpaBod yacT
paBencta (12) cTpemarca k wWymo, Koraa x ——-co, yGexnaemcs
B cnpasegauBoctd (11).
3ameTuM, nanee, uto Hu3 (9) CleAyeT TaKKe M AJ9 OTPHUATENbHBIX
3HayeHul « cOOTHOIIeHHe 1)
lim x*+ly(x) =0, (13)
x —>+0
2) lMpennonoxuM Tenepb, YTO BBLINOAHSITCA COOTHOWeHHs (8) u (9),
a A He paBHO HMKAKOMY HEOTpPHLATE/NbHOMY LEJIOMY YHCIY, W NPHUBEIEM
3TO NpPeANOJOKeHHe K NPOTHBOPEUHIO,
YpasHenne (L) MOXHO 3anucaTh B BHIE

d dv
E[x““e—w;a]ﬁ—)\e—“xdvzo. (14)
Hanee, m-ii mnozousen Yeboviutesa — Jlazeppa yRosaeTBOpseT ypas-
HEHHIO

dL®
4 [x““e‘“’ m] dme "5 L =0 (15)

dx dx

(cM. Jxekcon [2], cTp. 205)..yMHO)Kaﬂ ypasuenve (14) ua L%), ypaB-
nenve (15) Ha v W BbIYMTas, NOJyuaeM, 4TO

dv dLs)
dx v dx

;td;{x““e-w [L(,,"? ]}—{——()\mm) e~ x¢L{® y = 0.

HMurerpupys 910 pasenctso oT ¢ 10 /, 0 <Te </, umeem

do dL® 4 o=t
atl poz | 7{®) —_ m _
{" ¢ [L’” ax — Y Tdx ]}xzﬁ

I
—}—(A—m)fe‘mx“L(;;)(x)v(x)dx=0. (16)

IMpunumas Bo BuuManue cootnowenus (8), (9), (11), (13), uepasenctso
A—m + 0 u nepexoxs x npeseay npu e——0, /— —-co, noay-

1) B cuny (9) mas mo6oro e >0 ualigerca rakoe 3 >0, uro npu 0<C x <3
umeeM | v/ (x)| <ex™CTD o (x) — v (3) | < (B — x) ex~(@+D),
| o () | <o @) |+ (3 —x)e,

OTKYyRa M ciaepyer HepaseHcTBo (13) Tekcra.
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yaeM, 410
+o0
f e~ %% L (x) v (x) dx = 0.

0
Ho Ttoraa

+00
[ e-Txttly(x)xmde=0 (m=0,1,2, ...),
0
M eClu ky— TaKOE HOJOKUTENBHOE 4HCI0, uTo 1 —Ry, >k >0, 1O
+o0
f ek f(x)yxmdx=0 (m=0,1,2,...)
0
rue

f(x) —p-U-k)x [xa+1 v(x)] = g—(1~k-k) @ yotl [e-’“" .v(x)].

Tak kak Qyuxkums f (x) umeer cymmupyemeuit ksagpar B [0, - o0),
TO orciofa caenyet?l), uto f(x)=0, a nostomy v(x)=0.

Mrak, A paBHO HeOTpHUATEJNLHOMY LENOMY uucay #, ¥ v(X) yIoB-
JIETBOPSIET YPABHEHHIO

x4 (o —x+1) v 4-nv=0.
IMonaras smech v ==Ly (x)2, nmeeM
; ce”
- 172
XL (%)
CrenoBatesbHo,

(¢ = const, L, (x)=L"(x)).

4
£ (@'L, — vly) = ce”,
u B cuay (8) u (11) npu x> x, noiayyaem
[c|e® < Myeh® xntetl (0 < by < 1, M,= const).

Orciona creayer, 4t0 ¢ =0, 2/ =0, a noToMy v OTAMYaETCS OT LY (x)
JMLb TMOCTOSHHBIM MHOXHUTEJAEM.

1) W3 noaworhl CcHcTeMbl MHOrouyiaeHoB Jlareppa OTHOCHTENBHO Beca
p(x)=e~% na [0, o0} caenyer, uTO eAMHCTBEHHON HeNpepLIBHON DyHKIHEH, YIO-

(e o)

BIETBOPAIOLIEH paBEHCTBAM f e Pf(x)x™dx =0 (m=0, 1, 2,...), aBaserca

0
dyuknus f (x)=0. Hdenas noactaHoBKy x = kyf, y6exnaemca B CRpaBeJAHBOCTH
CIeJaHHOro HaMHu yTBepyueHus. (OTHOCHTENbHO NMOJHOTHL CHCTEMBI MHOTOYAEHOB
Jlareppa cm., Hanpumep, M. I1. Harancon [2]. — [Ipun. nepes.)
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