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rjie T1, Y1 — HOBbIe KOOpAMHATHI (mocie mepeHoca), a, b, ¢, d — mo-
ctosAHHble. [Ipeamonoxkum, yro niada HekoToporo € > 0
I 1 T1 1
e, y1) — 0, $lz1, y1) —0 mpu z1— 0, y1 — 0,

7’1+E 1”1+5

rae 7 = y/x2 + y2. OueBUIHO, 3TO ycl0BUe BbINOAHAETCA (IPU TO60M
e < 1), ecin pyuruuu P u () B viccielyeMoit ToUYKe JBan# /bl A depeH-
nupyeMmsl. [Ipeamnono:;uMm ele, 4To BelleCTBEHHbIE YaCTU BCceX KOpHeM
XapaKTepUCTHYeCKoro ypaBHeHus (5) oTamunsl oT Hyaa. Torga ocoban
Touka 21 = 0, y1 = 0 cucrems! (9) Gyaer Toro e Tuma, 4YTo ocobas
TOYKa cucTeMsl (3), momydyaeMoii oTépacsiBaHreM GyHKIUI ¢ u 1. Ja-
jee, yrioBble k03¢ GULNEHThl HallpaBleHUi, 10 KOTOPbIM TPaeKTOPUU
BXOIAT B 0c0o6YI0 TOYRY, 0aA cucteM (3) u (9) onHu u Te e (ogHAKO
OpAMBIM y = kx oA cuctembl (3) MOTYT COOTBETCTBOBATH KpPUBBIE
nas cucteMsl (9)), a B caydae GoKyca — HalnpaBleHHe 3aKpydYHUBaHUA
TpPaeKkTOPUIl OJHO U TO Ke.

B Tom ciyuae, Korga mnAa cuctemsl (3) ocobasg Touka — LEHTP,
niaA cuctembl (9) oHa MokeT ObITh (OKycoM MM ueHTpoMm. [laA Ha-
AWYUA UEHTPa NOCTAaTOYHO (HO He HeoGXOAMMO), YTOOBI TPAEKTOPUU
cuctembl (9) UMenTd O0Cb CHMMETDUHU, HPOXOIAILYIO Yepe3 HCCIeaye-
MyIo To4yky. Ocb cCUMMeTpHUH, 0YeBUIHO, CYI[eCTBYeT, €CIi ypaBHeHUe
Buza (2), K KOTOPOMY MOHO IpHBeCTH cucTeMy (9), He MEHAETCH OT
3aMeHbl ¢ Ha —x (Ui y Ha —y). [lnAa Haauuua Goryca HEOOGXOAMMO
U [0CTAaTOYHO, YTOOLI HyleBoe pelieHHe cucTeMbl (9) GbLIO acCMMIITO-
TUYECKH YCTOHYMBO mpu t — +00 wiM npu t — —oo. HccnengoBanue
Ha YCTONUYMBOCTbH MOHO IIPOBECTH ¢ NoMoubio GyHKUUU JlamyHoBa.
JTo clelaTh Helerko, Tak Kak B paccMaTpuUBaeMoM cilyydae (GpyHRIHIO
JlanyHoBa 4yacTo mpuUXoAuTcA GpaTb B BUIE CYMMbl WIEHOB BTODOIi,
TpeThbell U YeTBEePTOM cTeleHell OTHOCUTEIbHO T, Y.

B 3apayax 961—978 uccienoBaTh ocobble TOUKHM HamucaH-
HBbIX HUe ypaBHeHui u cucteM. JlaTh yepTex pacnosoKeHuA UH-
TerpalbHbIX KPUBBIX Ha MIOCKOCTHU (z, ¥).

,_ 2c+y , T —4y
961. y _7331—0—43/' 962. y —4231_3‘1_.
,_y—2z , _ T+4y
963. y ="y 964. y —423:_'_3?/.
;. x—2y ;_2r—y
965. y __3:1:—4y' 966. y Rl
,_ y—2z , 4y -2z
967. y =% 3z’ 968. y = ¥y
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r_ Y r_ 4dz—y
969. y' = . 970. ' = 32 =2y
T = 3x T =2x—
971.{_ ’ { v
y=2x+y. y=
=z + 3y, =
973. {x T y {a: x,
y = —6x — 5y. y=2r—vy
t=-2xr—-5 T =3z +
975.{, Y gre. { v
Y = 2x + 2y. Y=y — .
r=3 —2, r = _27
g77. (VT T g78. 1 YT
y =4y — 6z. y =2y — 4z.

B zagauax 979—992 HaiiTu U ucciaenoBaTb ocoOble TOUKH
JaHHBIX YpaBHEHUH U CUCTEM.

,_2y—= ;. 2z +y
979. y = 3,76 980. y i

’_ 4y2—x2 ’r_ 2y

2 2

, Tty —2 ;Y + V14 2z
983. y =~y 984. y = eyl
o85. | F=7 ¥,

¢ =1In(1 -2+ z?) — In3.

=1n(2 — ¢?), = (2z—y)(z—2),

086. 1 & n(2 —y°) 987{ (2z—y)(z—2)

y=e—e y=ay—2.
088 T=va?t-y+2-2,

y = arctg(z® + zv).

. 2

=" -y,
989.

{11—962—(?/—2)2

PN i Bt
990. N 3 ’

§ = 2% — 4
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&=In(1-y+y?),

991.
y=3—+x2+8y.
t=+(x—y)?+3-2
992. @ ~9) ’

2_
y=¢e¥ T —e.

lnsa ypaBHenuit 993—997 naTh 4epTek pacloioKeHUA WH-
TerpalbHbIX KPUBbIX B OKPECTHOCTH Hayajla KOOpAMHAT.

Yrazaunue. B 3agauax 993—997 ocolble TOUKU He NpUHAJJIe-
KaT K pacCMOTpPEeHHbIM B Havame § 16 Ttumam. [Insa ux ucciefgoBaHUA
MOKHO MOCTPOUThH HECKONbKO M30KIMH. 3aTeM Ha/l0 BbIACHUTH, C Ka-
KHUX CTOPOH MHTerpaibHble KPUBbIe BXOJAT B 0COOYIO TOUKY.

2 2
993*. o = %Y 994, o = T Y
V= a5y V=,
2zy Ty
995*. ¢ = ) 996*. ¢ = )
4 y+w2 y y—a:2
2
997", o = Y.
V=

998. JlokasaThb, YTO eciu ocobafd TOYKA ypaBHEHUA
(az + by) dz + (mx + ny)dy =0

ABIAETCA LEHTPOM,TO 3TO YpPaBHEHUe fABIAETCA YpaBHEHUEM B
nonHeix auddepennuanax. O6paTHoe HeBEpPHO.
999*. JlokaszaTb, 4TO €ClIUd ypaBHeHUe NpelbIAylIeill 3a7auu
He fIBJIAETCA ypaBHEeHUEM B ITOJNHBIX AuddepeHinaiax, Ho UMe-
€T UHTEerpupymoIuii MHOMITENb, HENPEPbIBHbII B OKPECTHOCTH
Havyana KOOpAMHAT, TO ocobaA Touka — ceio (ecau an # bm).
1000*. IlycTb B ypaBHEeHUU

oz +by+p(z, y)
cr+dy + q(x, y)

(1)

GYHKUMM p U ¢ ompejelNeHbl U HempepbiBHO JuddepeHnupye-
MbI B HeKoTopoil okpecTHocTd Touku (0,0), a B camoii Touke
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— ! — A — a4 —
(0,0) p =pl, = py, = ¢ = q = q, = 0. [lokasaTb, uTo ecnu ypas-
nenue (1) He MEHAETCA OT 3aMeHbI Y HA —Y, 8 KOPHU XapaKTepHc-
THYECKOT0 ypaBHEHUA

YUCTO MHUMBI, TO ocobas Touka (0,0) — ueHTp.

§17. ®A30BAA IIJIOCKROCTDb

1. O nmouATHAX (aA30BOr0 NPOCTPAHCTBA, (a30BON MIOCKOCTH, aB-
TOHOMHO#i cucTeMsl, Tpaektopuu cM. [1], ra. VII, § 1, n. 4, nau [3],
§ 15, waum [4], ra. 3, § 1.

2. UTo6bI MOCTPOUTH TPAEKTOPUU CUCTEMBI

il'f=f1($a y), 3)=f2(l', y) (1)

Ha (a30B0ii INIOCKOCTH L, Y, MOFKHO WM UCCIE0BAaTh HEMOCPEACTBEHHO
3TY CHCTeMYy, WM, pa3/leluB OJHO ypaBHeHUe Ha Jpyroe, CBECTH ee K
YPaBHEHUIO MEPBOro HOpALKa

@ _ f2($’ y)
dz — fi(z,y)’ @

Tpaekropuu cuctembl (1) 6yqyT MHTerpalbHbIMU KPUBBIMHM ypaBHe-
HuA (2). Ix MOKHO HOCTPOUTH WX PeIINB ypaBHeHHe (2) (4acTo oHO
pemaeTcs mpoute, yeM cucreMa (1)), uam ¢ moMombi0 MeToa U30KINH
(§ 1), npu 3TOM HEOGXOAMMO HCCIENOBATH 0COGbIE TOYKH CHCTEMBI (Me-
Togamu § 16).

Jlns mocTpoeHUA TpaeKTOpUil ypaBHeHud & = f(z, &) Ha da3oBoi
[IOCKOCTH HA0 OT 3TOr0 ypaBHEHUA NEPEHTH K CHCTeMe & = y, § =
= f(=z, y), KoTOpas uccaeqyeTcA Tak e, Kak cucrtema (1).

3. IlpemenbHbIM NMKIOM Ha3blBaeTCH 3aMKHyTafd TPaeKTOPUHA,
Y KOTOPOH CyIIEeCTBYeT OKPECTHOCTh, LEAMKOM 3allONHeHHAaA TPaeKTo-
PUAMU, HEOTPAaHUYEHHO NPUGTUKAIOMUMUCA K 3TOH 3aMKHY TOI Tpaek-
TOpPHH NpH ¢ — +00 WiIu npu ¢t — —00. IlIpefeabHbIN MK Ha3bIBaeTCA
YCTONYMBBIM, €CIM TPAaeKTOPUHM NPUGIUMKAIOTCA K HEMY TONLKO NpPU
t — +00, HEYCTOMYUBBIM — €CJIM TOJLKO NMpU ¢t — —O00, HONYYyCTONYH-
BBIM — €CIH C OJHOI CTOPOHBI LIMKJIA TPAeKTOPUU NMPUGIHKAIOTCA K
HeMy mpu ¢ — +00, a ¢ JPyroii CTOpoHbI npu ¢ — —00. O HpeaeabHbIX
nuknaax cm. [3], § 28, [2], § 25.
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B 3agmauax 1001—1020 nyiA gaHHBIX ypaBHEHU HAaYEPTUTh
TpaeKkTopuM Ha ¢a3oBoii mIockocTU. Ilo yepTemy caenaTb BbIBO-
[Ibl O TIOBeJIEHUU pelleHuil npu ¢ — +00.

1001.
1003.
1005.
1007.
1009.
1011.
1013.
1015.
1016.
1017.
1019.
1020.

z+4x = 0. 1002.
F—x+22=0. 1004.
#4223 =0. 1006.
T+e*—-1=0. 1008.
T —sinz = 0. 1010.
Z—4i+3x=0. 1012.
r—x—2x=0. 1014.
F+i42x—22=0.

F+a?—a24+1=0.

r—ax=0.

#— 322 =0.
4223 — 22 = 0.
T—-2"4+zx+1=0.
E+2cosx—1=0.
T+ 2&+ bz =0.
E+2i+i?+x=0.

T+vVa2+2-1=0.

F+2% —22=0. 1018.
F+ 5% — =0.
# + @ + arctg(z? — 2z) = 0.

B 3agauax 1021—1034 HauepTuThb Ha (Pa3oBOil MIOCKOCTH
TPaeKTOPUU NaHHBIX CUCTEM U UCCIeJOBaTh 0COOble TOUKH.

1021.

1023.

1025.

1027.

1028.

i=2r+y* -1, i =y? — 42’

) , 1022. {

y=06cx—y" +1. y =4y — 8.

=4—4x—2 1— a2 — 2,

@ v 1024.{3,: vy

y=zy. § =2z

_2+ — 22, =zy—4

@ y v 1026. L "D
y=(z—4)(y—z)
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z+y)?—1 =02z —-9y)? -9
. ( 2y) , 1030. 1 ¢ ( Y) "
y=-—y —z+l. 9=9—(z —2y)*.

s-
Il

1029.

¢:(2$_y)2_97

1031. { ,
y=(z—2y)" -9

z? +y* — 6z — 8y,

1032. {
y=zQ2y—xz+5).

.’I-,'ZCCZ—y,

1033 V=@ —p@—y+2)

— —— — =~
8.
I

& =x+y* -5,

1034.
y=(x—1)(x+ 3y —5).

1035. BriBecTu ypaBHeHHe IBUMEHUA MaATHUKa 6e3 COMpo-
TuBneHuA. 14 ciyyas, Koraa Bce NOCTOAHHLIE, BXOJAIINE B ypaB-
HeHUe, paBHbI 1, HAUePTUThL TPAaeKTOPUHU Ha (Ha30BOI MIOCKOCTH.
HaTh ¢pusnvecKoe UCTOIKOBaHWE TPAEKTOPUAM pa3IUYHBbIX TH-
TOB.

1036. BriBecTu ypaBHeHUE [BUKEHHA MaATHUKA C COINpPO-
TUBIEHNEM, IPONOPINOHAIbHBIM KBaApaTy ckopocTd. JaTb uep-
Tek TpaeKkTopuil Ha (Ha3oBON NIOCKOCTH.

YrazaHue. Bocoab3oBaTbcA YepTes oM, IOCTPOEHHBIM 1A 3a-
nayu 1035.

1037. BriBecTu ypaBHeHHe JBUMEHUA MaATHHUKa, Ha KOTO-
pblii JelicTByeT NOCTOAHHad cCUJa, paBHad I0JOBUHe Beca MafT-
HUKa U HallpaBleHHad Bcerja B OfHY CTOPOHY IO KacaTelbHOU K
Jyre OKPYHOCTH, 10 KOTOPOI ABUMETCA MafgTHUK.

IIpunAB noctoAHHbIe | U g paBHbBIMM 1, HAPUCOBAaTh Tpaek-
TOPUH MOJTYyYEeHHOTO ypaBHeHHA Ha (a3oBoii miockocTu. Karue
IBUeHUA MaATHUKA M300paskaloTcA TPAeKTOPUAMHU Pas3iIUuYHbIX
THUIOB?

1038. I'py3 maccel m npukpenieH k npy#use. Ilpu oTkioHe-
HUM I'py3a Ha paccTOAHUe X NPy UHA AeliCTByeT Ha Hero ¢ CUJIOM
kx, HanpaBlIeHHOHN K MOJNOKeHHIO paBHOBecudA. Cuila TpeHuA paBHA
f = const u HanpaBieHa B CTOPOHY, HIPOTHUBOIOIO}KHYIO CKOPOCTH
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rpysa. lIpu t = 0 rpy3 HaxoguTcA Ha paccTOAHUU h OT MONOKEHUA
paBHOBeCHA U MMeeT HYIEBYIO CKOPOCTh.

BriBecTu ypaBHeHUe qBuUeHuA rpy3a. [Ipunas m = 2, k = 2,
f =1, h =5, u3o6pa3uTh ABUKEHUE I'Py3a Ha Ga30Boil MIOCKOC-
TH.

1039. N306pa3uTh Ha $a30Boil MIOCKOCTH Malbie KojJebaHuA
MasATHUKA TepeMeHHOll IJIUHBI, cuuTasg, 4To NpU JABUMKEHUU Ma-
ATHUKA BBepX ero JUIMHA paBHA [, a NpU [BUMKEHUU BHU3 paBHA
L > I. Bo cronbKo pa3 yBeIMYHTCHA aMIUIUTYya 3a OJHO IOJIHOE
roneGanue? (IIpumep: packauka raveneii.)

YrazaHue. lIpu manpix KolrebaHUAX cUUTaTh sinx ~ x. H3ame-
HeHUe [INHbI MaATHUKA IIPOUCXOAUT MIHOBEHHO (CKaYKOM), IPU 3TOM
YToll OTKIOHEHUA MafgTHHUKA U ero MOMEeHT KojJMYecTBa JBUMEHUA OT-
HOCHTEJIbHO OCH He HCIBITHIBAIOT CKayKOB.

HauepTuTh Ha (a3oBoil MIOCKOCTH TPaeKTOPUU CHCTEM
1040—1046, 3anucaHHbIX B NOJAPHbIX KOOpAMHATaX, U HcCCJe-
JIoBaTh, UMEIOTCA U NpejielbHble UKIbI.

dr _ .1 _ ;2 dp _
1040. i r(1 —r?), i 1.
1041. 9 — (r — 1)(r — 2) de _ 1.
at ’ at
1042. 97 — (1 — )2 de _ 1.
dt ’ at
dr _ de _
1043. g — ST, i 1.
dr _ 1l —lp—9 — dp _
1044. o =r(r—1]—|r—2|—2r+3), T 1.
dr _ i1 de _
1045. q = rsing, i 1.
1046. 97 — »(1 — ) sin L de _ 1.
dt 1—7’ dt

1047*. Ilpu KakUX yCIOBHUAX CHUCTeMa

dr _ do _
dt —f('f'), dt _17
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rae gyuruua f(r) HenpepbiBHa, uMeeT npejelbHbIil quria? Ilpu
KaKUX YCIOBUAX 3TOT UK ycToiiuuB? Heycroituus? IlonyycToii-
yup?
1048*. [Ipu KaKkUX 3HAUEHUAX MOCTOAHHOU @ cUCTEMa
dop dr
. 2
— = — = (r—1)(a + sin” )
dt 7 dt
HMeeT yCTONYuBbIH npeaenbHblit HUKI? HeycTolunBbIii?

Ona ypaBHenuit 1049—1052 ¢ noMolbio U30KJIUH MOCTPO-
UTb TpPaeKkToOpuu Ha (pa30BOH MIOCKOCTH M MCCIeJOBaTb 0coOble
Touku. Ilo yepTesry clenaTh 3aKjalOUeHUe O MOBEJEHUU pellleHuUi
npu t — -+00 U 0 BO3MOKHOCTH CYIl[eCTBOBaHUA 3aMKHY ThIX Tpa-
€KTOpUA.

1049. &+ d® — &+ 2z = 0.
1050. & + (22 — 1)z + = = 0.
1051. & + & — 2arctgz +x = 0.
1052. &+ 2% — i+ 2 = 0.

1053*. [na ypaBHenua & + 2a& — bsgnz + x = 0
(0 < a<1,b>0) nocrpouth TpaeKTOpuH Ha (Ga3oBOM IIOCKOC-
TH ¥ HaliTU TOYKY, B KOTOPBIX NpeJeNbHbIN MK IepeceKkaeT 0Ch

Ozx.

Yrazanue. HaiiTu 3aBucuMocTb Memay abcuuccaMu OBYX IIO-
cilleIoBaTelbHBIX IMepeceueHnii TpaeKTopuu ¢ ockio Ox.

1054. llorasats, uro ypaBHenue &+ F (&) +x = 0, roe yHE-
uua F uenpepeiBaa u F(y) > 0 npu y > 0, F(y) < 0 npu y < 0,
He MOKeT MMeTh MpeJelbHbIX [UKIOB Ha (pa3oBOi MIOCKOCTH.

Yraszanue. UccieqoBaTh 3HAK MOJTHOM ITIPOU3BOJHOMN % (m2 +y2).

1055*. Ilyers f(z, y) u fy, f, wenpepwisubl, f(0,0) < 0,
a npu 2+ y? > b? umeem f(x, y) > 0. JokazaThb, 4To ypaBHeHHE
I+ f(z, &)@ + x = 0 uMeeT nepuoanyeckoe peurenne (t) Z 0.

Yrazanue. IlepeiiTn Ha ¢a3oByIO0 IIOCKOCTb U HCCIeJOBaTh
3HaK MOJHOH NPOU3BOTHOI %(wz + y?). IlocTPOUTH KOIBIO, U3 KOTO-

pOro He MOKeT BBIATH HU OfHa TpaeKkTopus. llpumMeHnTH Teopemy 21
us [3].
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§18. SABUCHUMOCTDB PEIIEHUA OT
HAYAJIBHBIX YCJIOBUI U IAPAMETPOB.
IMPUBJINAEHHOE PEILIEHUE
JTUOOEPEHIIUAIBHBLIX YPABHEHU

1. PaccmoTpuM cucTeMy B BEKTOPHOH 3alucu

dz
_ = 1
ree ¢ = (%1, ..., Zn), f = (f1, ..., fa). [IlycTs B paccmaTpuBaemoii

o6nacTy BeKTOp-GyHKUMA f HeIpepbIBHA 110 ¢, T U yAOBIETBOPAET YCIO0-
Buio Jlunumna® oo

£t y) = £t 2)|| < Klly — |- (2)
UYepes || || o6o3HauaeTca m06ad U3 06bIYHO MPUMEHAEMBIX HOPM BeK-
Topa:
el = Ve + ... +eal?,
]| = |&1] + ... + |za]
17607}

lzll = max |zi|.
=1 ,Tn

Mycts 2(t) — pemenue cuctemsl (1), a y(t) — BekTOp-QyHKUHUH,
YIOBIETBOPAIOMAA HepaBeHCTBaM

d
[ P
Torga uMeeT MecTO OIleHKa
w(t) -yl < st 1 (1M 1) 5
k

3TO HepaBEHCTBO MOHO NPUMEHATH IJIA rpy6ol OLEHKH OmuG-
KM npubiauskeHHoro pemenud y(t) cucrems! (1), a Takme A OLEHKU
cBepxy pasHocTH pemenus z(t) cucrems! (1) u pemenusd y(t) cucremsl

& = g(t, y), ecnn [g(t, y) — F(t, )| <.
2. Ecau B cucTeme ypaBHEeHU

dx

i .

q =filt,x1, ..oy Tny, p), =1, ...,1n (4)

!Ecau B BBIMYyHJO# MO T 06JacTH MMeeM ‘%L| <af(i,j=1,...,n), T0
7

B 3TOi 06;1acTH BbINOJHEHO yciaoBue Junmuna c k na.
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C Ha4YalbHBIMHU YCJIOBUAMU

zi(0) =ai(p), i=1,...,n (5)

4 ABIAIETCA MapaMeTpoM, GyHKIuUM f; na; (1 =1, ..., n) HENPEPbIBHBI
U UMEIOT HelpepbIBHbIE NPOU3BOAHBIE 110 T1, ..., Ln, [, TO PEIIEHHE
“MeeT HeNpPephIBHYIO INPOU3BOAHYIO 10 napamerpy p. llpousBomHble
%—“;i =u;,t =1, ..., n yIOBIeTBOPAIOT INHeITHOIl ccTeMe ypaBHeHUM
dus zafz S (6)

b - 2 9
8:10] c'm
u HavanbHbIM ycnoBuaMm u;(0) = ai(p), ¢ = 1, ..., n. 3Ha4eHus npo-
M3BOJHBIX % u % B popmyune (6) 6epytea npu 1 = T1(t), ..., Tn =
J
= (), roe z1(t), ..., zn(t) — pemenue cuctemsl (4) c HaYaIbHBIMU

yeaosusamu (5).

B uacTHOCTH, eciu ONOMKUTD ak(p) = i, a;(p) = const npu ¢ # k
U CYUTAaThb, 4TO Bce QyHKUOUU f1, ..., fr He 3aBUCAT OT 1, TO U3 Ipe-
IObIOYIIEro YTBep#AeHuA GyIeT cleJoBaTh, UTO JiA cucTeMsl (4) ¢ Ha-
yanbHbIMH ycaoBuaMHU z;(0) = ai, ¢ = 1, ..., n IPOU3BOAHBIE 3—2;} =
=wu; (1 =1, ..., n) OT KOMIOHEHT PELIEHUA T1, ..., T [0 HAYATLHO-

MY YCIOBHIO @} CYUIECTBYIOT U YJOBIETBOPAIOT CHCTEMe ypaBHEHUH

dui _ Bfl
dt & 9z;

i=1, ..., n,

U HavyanbHbIM yeaoBuaMm u;(0) = 0 opu ¢ # k, ur(0) = 1.

3. Ecau B (4) u (5) ¢yHKUuH f; ¥ a; UMEIOT HempepbIBHbIE NPO-
U3BOJHBIE 10 Z1, ..., Tn, M (BOHM3W 3HAaueHus p = () g0 HmopAnKa
M BRIIOYMTENbHO, TO PelleHHe TOe MMeeT HellpephbIBHbIE MPOU3BOJ-
Hble 110 x [0 MOpAAKa M W, cleJ0BaTelbHO, Pas3iaraeTcs 10 CTelNeHAM
napamerpa p no ¢opmyiae Teilnopa:

z(t) = vo(t) + por(t) + pPva(t) + - .. 4+ p"vm(t) +o(p™).  (7)

3aech T U v; — N-MepHble BeKTOP-GyHKIUU. YT0o6bI HAUTH QYHKINU
v;(t), MO#HO pa30UTh npaBble yacTu B (4) u (5) M0 cTeneHAM pu, MOA-
CTaBUThb Ty[a pasioxenue (7) U IPUPABHATH K03 QULMEHTHI IPU 011~
HaKOBBIX cTerneHAX p. llonyuynm cucremy aud depeHnInalbHbIX YpaBHe-
HUI, 13 KOTOPOJ MOCIe0BaTeIbHO onpeelatoTca vo(t), vi(t),
B cayuae, korga f; u a; — aHaaMTUYecKHe QYHKIUU OT T1,

.e.y Tn, jt, pelieHne x(t) pasnaraeTcd B CXOAAMUNACA NPHU MalbIX [
CTEeNeHHOM PAA 1o p (B CUIY TeopeMbl 06 aHATUTHYECKOM 3aBUCUMOCTHU
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pelleHud OT napaMerpa, cM. [4], ra. 1, § 6). Kosddunuentsl aToro paja
coBmafamT ¢ kodduuneHTamu pasinomenus (7).

H3n0#€eHHBIA METOJ MOHO UCI0Ib30BaTh [UIA OTHICKAHUA pelle-
HuA AudepeHIMaIbHOTO ypaBHEHUA NPU ManblX fi B TeX CIydasX,
Korga npu p = (0 ypaBHeHHe pellaeTCs N3BECTHBIMU METOJaMH.

Mpumep. Pasnoxute 10 cTeneHAM napameTpa f pelleHde 3aia-
uu

E=at+2ut™", z(1)=-1. (8)

Wmewm pemenue B Bume x(t) = vo(t) + pv1(t) + pva(t) + ...
MoacraBaas sto B (8) M mpupaBHUBafA K03(G(GUUHEHTH! IPU OAHU-
HAKOBBIX CTENeHAX i, MOLy4YaeM CHCTeMY
Vo = v§7 'Uo(l) =-1,
V1 = 2v9v1 + 2t_1, ’U1(1) = O,

V2 = 2v9v2 + ’Uf, ’Uz(l) =0,

W3 mepBoro ypaBHeHHA U HaUalIbHOTO YCIOBHA HaXOMUM wvo(t) = —t~ 1.
MoacraBafsa 3To Bo BTOpOe ypaBHEHUE, I0LyYaeM

b1 = —2t" o + 267, w1(1) =0.

OTcrona
vi(t)=1—¢"2

lloacTapnAa HaiifleHHble Vo U v1 B TPeThe ypaBHeHHUe, OTydaeM
Vg = —2t_1'Uz —+ (1 — t_z)z, Uz(l) = 0.

PemuB 3To nMHelHOe ypaBHeHHe M BOCIOIb30BaBIIMCh HayalbHbIM
ycnoBuem, Haiizem vs(t) = £ — 2 + B; — & CrenoBatensro, peme-
HHe 3agauu (8) umeer B

1 1 t 2,8 1
w(t):—?—l—u(l—t—z)—i—uz(g—z+3?—t—3)+o(p2).

JTO pa3io;KeHHe MOMKHO IPOJONKUTh Jalblle TeM e CIocoGoM.

AHaTOrMYHBIM METOJOM MOKHO MOIYYaTh pa3l0KEHUA 1O CTe-
MeHAM NapaMeTpa IepHOJUYeCKUX pelleHNil HelUHeHbIX ypaBHEeHMI,
B YaCTHOCTH, ypPaBHeHHI BUa

i+a’z = pf(t, =, i, p), 9)

rie yHruua f nepuoandveckas no ¢. [lepexonguts oT ypaBHeHUA 2-T0
MOpAJKAa K CUCTeMe IPH 5TOM He Hy#HO. I[pou3BonbHbIE IOCTOAHHEIE,
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BO3HHMKAIOIIKE IPY OThICKaHuu v (t), v1(t), ..., ONpeNelNfAloTCA yike He
U3 HavalbHBIX YCIOBUii, a U3 ycIoBUi mepuoauyHocTH (eMm. [4], ra. 2,
§ 8).

B cnyuae, korpa npasas yacThb (9) He 3aBUCHT OT ¢, IEPUO]| pellle-
uuA x(t) 3apaHee He usBecteH. Torja B ypaBHeHuu (9) Hafo mepeiTH OT
t K HOBOMY He3zaBucHMOMY nepemeHHoMy 7 = t(1 + bip + bzuz + ... )
U vckaTh pemenud z(7) nepuona 2w /a. Kos¢p punuent by 06b14Ho ompe-
IelsieTc U3 YCIOBUA CYNECTBOBAHUA MEPUOAUYECKOr0 PElIeHUs A
v1(7), u 1. 0. (em. [4], ra. 2, §8).

4. Eciu ¢yHruua f(z, y) B OKpecTHOCTH TOYRH (To, Yo) aHATHU-
TUYeCKad, T. €. paslaraeTci B pAL 1o cTeneHAM (z — xo) 4 (y — Yo),
To pemeHnue ypaBHenua y' = f(z, y) ¢ HaualabHBIM ycaoBueM ¥y(zo) =
= yo TOMe ABIAETCA aHATUTUYECKON (QyHKUMeNi, T. e. pasznaraerca B
CTeleHHON PAN B OKPECTHOCTH To4KH zo (cM. [2], § 18 u [1], ra. II,
§ 1, n. 6). AHazoruuHoe yTBep#i/IeHUe CIpPABEeUIMBO [JA ypPaBHEHUA
y™ = f(z,y,y', ..., y" V) ¢ navaneupiME yeroBuamu y(zo) = yo,
y'(@0) = yhy -y V(o) = 5",

M pumep. HaiiTu B Buje psaga pemenue ypapuenus y”' = xy> —y'
¢ HavanbHbIMU ycaosuamu y(0) = 2, y'(0) = 1.

WmeMm peureHue B Buje pajga

y=ao+arr+ax’+ ... =24z+ax” +aszx® +..., (10)

TaKk KaK U3 HadalbHBIX YCIOBMIi cledyeT, 4To ap = 2, a1 = 1. Ilox-
cTaBiAfd pAA B AuddepeHInaibHOe ypaBHeHUe, [OIYyYaeM

2a2+6asc+12a4z2+. .. =:B(2—|—m+a2m2—|— - )2—1—2a2m—3a3x2— ..

IIpencraBinAs mpaBylo 4acTb B BHJe CTEeNeHHOro psAja U NpUpaBHUBasA
K03} GUIMEeHThbI IPY OAMHAKOBBIX CTENeHAX T B 00eHX YacTAX ypaBHe-

HUA, NolyyvaeM 2az = —1, 6as =4 — 2a2, 12a4 = 4 — 3a3, ... OTciona
HaXxoauM
1 ) 1
a2——§, (13—6, a4—§,...
CrnemoBaTelnbHO,
y=2+az—%w2+gw3+%x4+

5. lna ypaBHeHUA
po(@)y™ +pi(@)y" "V + ... +palx)y =0, (11)

Yy KOTOporo Bce p;(x) aHamuTUYeCKUE B OKPECTHOCTH TOUKU = = 0 U
po(zo) = 0, T. e. KO3ppULKEHT NpU cTaplIeli NPOU3BOIHON obpamaer-
cA B HyJIb B TOUKe To, PelleHUil B BHJe CTENeHHOIo pAla MOKeT He
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cyllecTBOBaTh. B 3ToM ciyyae MOryT cymecTBOBaThb pelleHUA B BUJE
000011eHHbIX CTEeNeHHbIX PAJI0B

ao(xz — x0)" —l—al(:v—mo)H'l +a2(m—.1:0)T+2 + ... (12)

rie 4ucio r He ob6sa3aTenbHo Henoe (cm. [1], ra. VI, § 2, m. 2, nin [4],
ra. 2, § 7). Yrobsl ux HaiiTu, Hamo mopactaButTh paAx (12) B ypas-
Henue (11) u, npupaBHAB KO3 GUIMEHTHI NPY HAaMMeHbLIEH CTeNeHn
(z — 0), HAliTH BO3MOKHbIe 3HAUEHNUA [IOKa3aTel T, a 3aTeM [JIH KazkK-
IOro M3 STUX 3HAYEHHI 7" ONpPeNeIUTh K03 UIMEHTHI a;.

1056. OueHuTh, Ha CKOJbKO MOMET HU3MEHUTbCA MpPHU
0 < = < 1 pemenue ypaBHeHuda y' = r +siny ¢ HaYalbHBLIM YCJIO-
BueMm y(0) = yo = 0, ecau YHUCIO Yo UBMEHUThH MeEHbIIE, YeM
Ha 0,01.

1057. OueHuTh, Ha CKOJNBKO MOMET HW3MEHUTbCA TMpPHU
0 <t < T pemeHue ypaBHeHNA MaATHUKA & + sinx = () ¢ HavalIb-
HbiMu yeaoBuamu z(0) = 0, £(0) = 0, eciu B npaByio 4acThb ypas-
HeHUA [06aBUTh Takyl ¢yHKIUO (), uto |p(t)] < 0,1 (T. e.
€C/IM NPUIOKUTh HEKOTOPYIO BHELIHIOIO CUIY).

1058. UtoObl npubiuseHHO HalTU pelleHUWe YypaBHEHUA
Z 4+ sinz = 0, ero 3aMenunu ypaBHenuem & + r = 0. OueHuTb
npu 0 < ¢ < 2 BO3HMKAOIIYIO OT 3TOr0 OMMUOKY B peIleHUH C
HavanbHpiMU yciaoBuamu x(0) = 0,25, £(0) = 0, ecau u3BecTHo,
uro |z — sinz| < 0,003 opu |z| < 0,25.

B 3amayax 1059—1063 oueHUTh OMUOKY NPUOIUHEHHOTO
pellleHUA Ha yKa3aHHOM OTpe3Ke.

1059. y' = § — 75, y(0) = Lg=1- 3, |2 < 3
F=14+t+1, j="1]t| <0,L.
1061. y" — 2y = 0, y(0) = 1, y'(0) = 0; § = e='/12,

|z] < 0,5.
1062. y’zi—i—a?, y0)=1L;g=14+2,0<z <L
1063. v =2xy® +1,y(0) =1; § = 2=, |=| < .

Yrazauue. CHauana BbIJEIUTh OrPaHUYEHHYIO 061acTh, B KO-
TOPOI CONEPKUTCA NPUOIHNKEeHHOe pelleHre § U, NPeANoI0KUTeNbHO,
To4yHOe pelneHue y. [luA 3Toil 061acTH OLIEHUTH NOCTOAHHYIO B YCIOBUU
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Junmuna, 3aTem oneHUTH |y —§|. C moMombio 5TOM OLEHKH IPOBEPUTD,
COJIEPIKUTCA JIU Y B BbIJEeJN€HHOH 061acTu.

B 3agauax 1064—1073 HaiiTu nNpou3BOJAHbBIE IO TApaMeTPY
WJIY 10 HavyalbHbIM YCIOBHAM OT PellleHUil JaHHBIX YpaBHEHUN U
CUCTEM.

1064. y' =y + p(z + y?), y(0) =1;  HaiiTu %ul
1065. y' =2z + py?, y(0) = p—1;  HaiiTu —ﬂ’

1066. v =y + 4> +xy3, y(2) = yo; HailiTH SL

1067. 92 =2 4 yte =, 2(1) = 1; Haiitn 2%

1068. 92 = g2t pta®, x(0) = 1+p;  naiitn 32

u=0'
i = 4ty® 0) =
1069. x v 2(0) ’ HaliTH % .
g =1+5pux, y(0)=0; P lu=0
& =zy+t3, z(1) =z,
1070. y2 1) 0 HaﬁTPI;?—w o=3-
2y = -y, y(1) = yo; Yo [ yo=2

T=z+ z(0) =1+
1071. ¢ | v 9 ©) = naiitn 2%
= 2z+py", y(0) ;

1072. & — & = (z+1)2—pa?; 2(0) = L, @(0) = —1;

oz
HalTHu ou

p=1

.. . .. F)
1073. & =2 — 2, (1) = 1, &(1) = b; naittu 3% -
Yrazaunue. lIpu b = 1 pemenuem ciay:xut ¢pyHKuda x = t.

B 3agauax 1074—1078 HaiiTu 2-3 uieHa pa3ioeHUA pe-
IIeHUA 10 CTeNeHAM Maloro napamMmerpa .

1074. y' = 4px — %, y(1) = 1.
1075. y' = 2 — 5z, y(1) = 2.
1076. zy' = px® +Iny, y(1) = 1.
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1077, y' = £ — 42 y(1) = 1+ 34.
1078. y' = e¥~" +puy, y(0) = —p.

Hna ypaBHeHnuit 1079—1085 c nomonibio MeTo1a Majloro na-
pamerpa (cM. [4], ri. 2, § 8) HaiiTu NpUGINHEHHO epHOJYECKUe
pellleHuAl ¢ MeproJoM, PaBHbIM MEepHOLY MpaBOWl YacTHU ypaBHe-
HUA; p — Majblil mapameTp.

1079. & + 3z = 2sint + pz?.
1080. # + 5x = cos 2t + px>.
1081. & + 3z + 23 = 2 cost.
1082. i + 2% = 1 + psint.
1083. & + sinx = psin 2t.

1084*. & + x = sin3t — sin2t + px?; HallTH UL HyleBoe
NpubIUKEHNE.

1085*. & + x = 6usint — 23,

B 3apmauax 1086—1090 c nomomibio MeTona Majoro mnapa-
metpa (cm. [4], ra. 2, § 8, 0. 4) npubaneHHO HAITU IepuognuYec-
KHe pelleHNA JAaHHbIX yPaBHEHMUIA.

1086. & +z — x? = 0. 1087. @ +z + 23 = 0.
1088. i + sinz = 0. 1089. i + z = p(l — z?)i.
1090. i + z = p(@ — @3).

B rampoit u3 3agay 1091—1097 HaiiTu B BuIe CTENEHHO-
ro pfAja pelleHue, yI0BIeTBOPAOIlee JaHHBIM HadyalbHBIM YCIO-
BUAM. BhIUMCINTD HECKONBKO NepBbIX KO3 dUIMeHTOB pAna (1o

ko3 unmenta npu BRJIIOUUTENBLHO).
1091. ¢ = ¢% — x; y(0) = 1.
1092. y' =z + 3 y(0) = 1.
1093. ¢ =y + zeY; y(0) = 0.
1094. y' = 2z + cos y; y(0) = 0.
1095. y' = 22 + 9°; y(1) = 1.
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1096. y" = zy' — y*; y(0) =1, y'(0)=2.
1097. ¢ = y'? + xy; y(0) =4, ¢'(0) =-2.

1098*. TlocTpous Maxopupyoiiee ypasserue (cM. [2], § 18),
OLIEHUTh CHU3Y Paguyc CXOAUMOCTHU CTENEHHOro pAMa, NpeacTaB-
JIAIONIEro pelleHye ypaBHeHuA iy = y? —x ¢ HayalbHLIM YCIOBHEM

y(0) = 1.

1099*. OueHuTh, C KAKOH TOYHOCTHIO MOMKHO NMONYUYUTH HPH
|z] < 0,2 pemenne ypaBuenusa y' = e¥ —z2y ¢ HaYaNILHBIM yCIOBH-
em y(0) = 0, eciiv B CcTeNIEHHOM pAJie, NPEICTABIAIONIEM pelleH e,
B3AThH TOJNbLKO YeThIpe 4ieHa (10 asx? BRIIOYUTENbHO).

B 3amayax 1100—1109 HaiiTu JuMHEHHO He3aBHUCUMbIE pe-
IIeHUA KamJI0ro U3 JaHHbIX YpaBHEHUI B BHjle CTENEHHBIX PAJOB.
B Tex cayuasx, Korga 3To Jerko caeiaTh, CyMMY IOJYYeHHOTO
pAfa BbIPA3UTh C MOMOIIbIO 3IeMeHTapHbIX GYHKIUIA.

1100. y" — 22y = 0.

1101. ¢ —xy' — 2y = 0.

1102. (1 — 2?)y" — 4zy’ — 2y = 0.

1103. (22 +1)y" + 5zy’ + 3y = 0.

1104. (1 —z)y" —2y' +y =0.

1105. (22 —z + 1)y" + (4o — 2)y' + 2y = 0.
1106. y"' — xy' + xzy = 0.

1107. y" + ysinz = 0.

1108. zy" + yIn(l — x) = 0.

1109. y"" —zy" + (z —2)y' +y = 0.

B 3agauax 1110—1116 HaiiTu Te pellleHUA AAHHLIX ypaB-
HeHUii, KOTOpPbIE BbIPAMAIOTCA CTENEHHbIMU (MM 0600LUIEHHBIMY
CTEeNeHHbIMU) PANAMU.

1110. zy" + 2y’ + xy = 0.
1111. 222y" + (32 — 22%)y' — (x + 1)y = 0.
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1112. 92%y" — (2® — 2)y = 0.

1113. 22y" — 22y’ + (z — 2)y = 0.

1114. 22y" + 22y’ — (2?2 + 22+ 2)y = 0.

1115. zy" —zy' —y = 0.

1116. zy" +y' —xy = 0.

1117*. Haiitu ¢ Tounoctbio 10 O(z®) npu x — 0 pemenune

ypaBHenus zy" +y' —xy = 0, 1MHeiHO He3aBUCHUMOE C pellleHreM,
yKa3aHHbIM B oTBeTe 3agauu 1116.

B zapmauax 1118—1120 ykasaTb, UMEIOT /U JaHHbIE ypaB-
HEHUA pellleHNe B BUJE CTENeHHOro pAna (i o606IeHHoro cTe-
IIEHHOTO PAJA).

1118. 2%y" + zy' — (z + 2)y = 0.

1119. 2%y" + 2y’ + (1 — z)y = 0.

1120. 22y" + 3z — 1)y’ +y = 0.

B zagauax 1121—1125 HaiiTu B BUJe TPUTOHOMETPUUYECKUX
pangoB (em. [1], ra. VI, § 1, n. 3 uau [4], ra. 2, § 7) neproaudeckue
pelieHNA JaHHbIX ypPaBHEHHIA.

1121. y" =3y = f(z), f(x) = || npnu |z] < m,
flz +27m) = f(x).

1122. 4" + ¢ + y = |sinz|.

m .0 . 2sinx
1123. y Y =Y~ 5 4cosz
Y kaszauue. Pasnomenne B pag @ypbe npaBoit yacTu ypaBHEHUA

1123 umeeT BUn i 27" sinnzx.
n=1
1124. y" — 7%y = f(z), f(z) =2xz(1—z) mpu 0 < = < 1,
flx+1)= f(x).

1125. " + 9y = 3, Sinke
k=1 k

B szamauax 1126—1129 ¢ nomombio MeToga JOMaHbIX Jii-
nepa (c uTepauuAMM uiau 6e3 HUX, cM. [4], ra. 1, § 6, § 7) HaiiTu
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npuGIUAEHHO HAa YKa3aHHOM OTpe3Ke pelleHuA JaHHbIX ypaBHe-
HUH ¢ yKasaHHbIMH HaYalbHBIMU yCIOBUAMU. BoIuncieHus BeCTH
¢ ABYMA WU TPeMA JeCATUYHBIMY 3HAKaMU Mocie 3anAToH ¢ Ina-
rom h = 0,2 unu h = 0,1.

1126. y' = y* + =z, 0<z<1; y(0)=03
1127. y' = |+, 0<z<1; y0)=1

1128. y’:%—y, 0<z<1; y(0)=1.
1129. ¢ = zz:y, 1<2<2; y()=0.

B zagauax 1130—1135 ¢ nomomkio Metoza Ajgamca WIH
Itepmepa (cm. [4], ra. 1, § 7) BeIYMCIUTL NPUOGIUHEHHO PELIEHUA
HANKMCAHHBIX HUKE ypaBHEHUi Ha yKa3aHHOM OTpeske. Bbrumcie-
HUA BECTU C TPeMA 3HAKAMMU T0ciIe 3anATOH. S3HAUEHUA pellleHud
B HayalbHbIX TOYKAX BBIYUCIUTDH C MOMOIIbIO CTENEHHOTO pAfa.

1130. ¢’ =y, 0<z<1; y(0)=1.
1131. ¢ =¢y* -2, 0<z<1; y(O)-OS

1132. y’:%—x, 0<z<1; y(0) =

1133. ¢ =22 — 9%, 1<x<2; y(1)=

1134. y' =2y, 0<z<1; y(0)=1, ¢'(0)=0.

1135. zy" +y' +2y =0, 0 <z < 1; y(0) =1, y'(0) = 0.

3amaun 1136—1140 MoskHO pellNTh, CPABHUBAA HAKJIOH II0-
1A HanpasieHuil (ompejeisemoro ypashenueMm y' = f(xz,y)) B
TOYKaX HEKOTOPBIX KPUBBIX ¥ = ¢;(x) ¢ HAKIOHOM 3THX KPUBbIX.

1136*. OueHuTb cBepXy ¥ CHU3Y pellleHre ypaBHeHUA y' —
= 2+sinz —y%, 0 < = < +00, y(0) = 1. (Ha miockocru z, y
nocTpoUuTh mojocy o < y < [, U3 KOTOPOil He MOKET BBIUTHU 3TO
peleHue. )

1137*. OueHuTb cBepXy M CHU3Y pellleHHe ypaBHeHUA y' =
=%+2x,0<w<+oo,y(0):1.

1138*. JlokaszaTh, uTo pellleHHe ypaBHeHHA y' =z — y? ¢ Ha-
yanbHbIM ycioBueM y(4) = 2 yHOBIeTBOpPAET HepaBeHCTBaM
Vz —0,07 < y(z) < v/ropu 4 <z < 0.
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1139*. JlokasaTb, uTo A peiienusa y(x) ypaBHeHusa y' =
=z —y? ¢ HavanbHBIM ycloBueM y(zg) = Yo, rae xo = 0, yo = 0,
nMeeM

y(z) — v*r — 0 npu x — +o0.

1140*. OueHUTDb CBEPXY U CHU3Y TO MEPUOIUYECKOE PellleHUe
ypasuenus y' = 2y% — cos? 5z, KoTopoe NeuT B obnactu y < 0.

§19. HEJIJUHEHHBIE CUCTEMBI

1. Cuctemy nuddepeHUINATIbHBIX YpPaBHEHUII MOKHO CBECTHU IIy-
TeM HCKIIOYEHUA HEU3BECTHBIX K OJHOMY ypaBHEHHIO (MHOrIa K He-
CKOIBKHMM yDaBHEHHAIM C OJHON HEM3BECTHON (QYHKIMEN B KamaoOM).
Mogpo6uee cm. [1], ra. VIL, § 1, o. 2, win [4], ra. 3, § 2.

IIpumep 1. Pemuth cucteMy ypaBHEHUIA

2
P2 y (y—2) +zz
y=—- 2= > . (1)
X X
P emeHue. I/ICHJHOqaeM Z W3 OAaHHBIX ypaBHeHHﬁ. I/I3 nepBoro
ypaBHeHus umeeM z = xy'. [loAcTaBiAA Bo BTOpoe ypaBHEHHUe, MOTY-
YaeM I0cjie yIpOoIeHni

z’y" = (y — zy')

2
Jlannas cucrema ypaBHeHuil (1) npuBeseHa K OJHOMY ypPaBHEHHIO BTO-
poro mopsgka. 9To ypaBHeHHe MOKeT ObITh peIlleHO0 MeTOxaMH, H3-
noxeHHbIME B § 10 (myTeMm moHuskeHud nopsanka). Ilocie Toro kak us
9TOro ypaBHeHUsA GyAeT HalileHO y, CleAyeT HAlTH z, NONb3YACH pa-
BEHCTBOM z = xy’.

2. Ilpu pelmeHHUH cUCTeMbl ypaBHEHHUIl ITyTeM HCKIIOYEHHA HEU3-
BECTHBIX 06BIYHO MOIYyYaeTcA ypaBHeHHe Golee BLICOKOTO MOPALKA, T10-
9TOMY BO MHOTHX CIy4Yafx yIooOHee pellaTb CUCTEMY IIyTeM OThICKa-
HUMA UHTErpupyemMsix KomouHauuii (cm. [1], ra. VIL, § 5, o. 2).

pumep 2. Pemurs cucremy’

dz d dz
o _dy_ S @)

Tz Yz —xy

!Cucrema (2) 3anucana B cummerpudeckoii dopme. O cumMmeTpuyeckoit
¢dopme cuctembl AuddepeHHNanbHbIX ypaBHeHuit em. [1], ra. VII, § 5, m. 1,
nam [4], ra. 3, § 3.
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IlepBbie nBe Apo6u 06pa3ylOT UHTerpupyemylo koméuHanuio. Co-

dz d 1 .
Kpallas pPaBeHCTBO - = y_ZZ/ Ha - U MHTEerpupyf, NOIy4aeM NepBblit

I/IHTera.TI1

YTo6bl HAlITU BTOPYIO UHTETPUPYEMYIO KOMOMHALMIO, BOCIOAb3y€eMCH

- = a . a J— — a —
clleyIomuM CBOHCTBOM paBHBbIX poleii: ecau F} = 35 =...=3=
= t, To pu MO6bIX k1, k2, ..., kn, UMeeM

kiar + koas + ... + knan

=1t.
k1b1 + kabs + ... + knbn
Ionb3yAch 3TUM CBOHCTBOM, moiydaeM u3 (2)
y-dw—l—w-dy: dz : d(wy): dz . d(zy) = —22 dz.
y-xz+T-yz —xY 2zyz —xy
CrnenoBaTenbHO,
xy + 2° = Co. (4)

OueBH/AHO, NEePBbI UHTerpan (3) u nmepBblil HHTerpal (4) He3aBUCUMBI.
Cucrema pernieHa.

BMmecTo TOro 4roGbl MCKaTh BTOPYIO MHTErpUpyeMylo KOMOHMHA-
110, MO?KHO, BOCIIOIb30BaBINNCh 3HaHMEM IlepBoro uHTerpana (3), mc-
KIIOYUTH U3 cUcTeMbI (2) 0HO U3 HEM3BECTHBIX, Hanpumep, . U3 (3)
umeeMm x = Ciy. llogcraBasaa Bo Bropoe U3 ypaBHeHWiA (2), morydaem
d
SY _ L Otrcioga —Chy dy = zdz; 22 = —C’ly2 + Cs. llopcras-
Yz _ C 2

1Y
1fA crofa Bbipamenue mida C1 u3 dopmyas! (3), HaX0OUM elle OXUH
nepBblit uHTErpan: 22 4+ xy = Cs.

B 3agauax 1141—1160 pemuTh JaHHbIe CUCTEMbI ypaBHe-
HUIA.

1141,y = 2, 2/ = —

<8

1142. '

Y, Z=y+1

1143. y' = 2, o = 2l

1144. y' = 9?2z, 2/ = £ —y2°.
1145. 22y =92 — 22 +1, 2/ =z +u.

10 nepeeix unrerpanax cm. [1], ra. VI, § 4 uau [3], § 23.
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1146. ;o — du — &z

de _dy _ d
1147. 92 = & _ &z

1148, = — Qv _ d=

1149, 4z — _dv _ dz

de _ dy _ dz _ d
1150. 92 = dv _ dz _ du

1151, 9o — du — dz _ du

1152, 4z = d¥ — dz,

1153, e —dy _ _dz

22—y z y

1154, 92 = du — _d=

1155. 92 = 4 = e,

1156, 92 =4 = &z

1157. E(Sf_z) = z(ggll) - y(;iiZ)'

1158, — 48 = _duv = &z,

1159, _de = _du o _ds

1160. a:(y(zifﬁ) = _y(zgjl—aﬂ) = z(mZdj-yz)'

121

B zapgauax 1161—1163 naa gaHHbIX cucTeM auddepeHIu-
albHBIX YPaBHEHUN U JaHHBIX QYHKIUI @ NPOBEPUTH, ABIAIOTCA
U cooTHomeHuA ¢ = C NepBbIMU UHTErpalaMu 3TUX CHCTEM.

[=%

1161, 92 = 2=t W — g0 ) =12+ 2ay;
o2 = 2% — ty.

1162. £ =zy, y=x2+y?% @1 =zlny— 22y;

2
s =4 —2Inuz.
1163. df:——:—:—d—"' Y =yz —uz.

T u z?
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1164. HpOBepI/ITb HBJIHIOTCH 1Y He3aBHCUMbIMU NEpPBbIe UH-

Terpalbl Lﬂ =C, 2 m+y = (5 cucTeMbl
der dy dz
T

1165*. JJokazaTh, 4T0 B 06JacTH, coAepsailieii 0coGyo Tou-
Ky Tuma y3ja uiu ¢poKryca, AJIf CHCTEMBbI

i’f = P(z, y), % = Q(z, y)

He MO’KeT CYI[ecTBOBaTh IepBoro mHrerpaia suaa o(z, y) = C
¢ HempepbIBHOW (QyHKIMEH p, ¢ /A const B CKOIb yroAHO Majoi
OKPECTHOCTHU 0c000i TOUKH.

1166. Iycts ¢1(t, #, y) = Ci, pa(t, x,y) = Cy — mep-
Bble MHTErpajbl CHCTEMbI ‘;—f fi(t, z, v), d—?t’ == folt, x, y);
byHruMM fi, fo ¥ UX MepBble MPOM3BOJAHBIE MO I, Y HENpephIB-

bl. [Iycts B mpoctpancTBe ¢, x, y noBepxHocTu @1 (t, ©, y) = 1,
pa2(t, x, y) = 2 UMEIOT TOJBKO OAHY O6IYI0 NMHUIO (T. €. mepe-
CEeKalOTCH WU KacaloTcA APYT Apyra 1o 3toit auHun). JokasaTs,
YTO 3Ta JUHUA ABIACTCA UHTErPAIbLHON KPUBOH NaHHOM CHCTEMBI.

§20. YPABHEHHUA B YACTHBIX
ITPONU3BOIHbBIX IIEPBOTO IIOPATKA

1. UYTo6bI pemnTh ypaBHEHHE B YaCTHBIX [IPOU3BOIHBIX

0z 0z
a1—+ ... +an=— =0, (1)
6$1 aa:n
rue ai, ..., Gn, b 3aBUCAT OT Z1, ..., Tn, Z, HAJO HANUCATL CUCTEMY

0ObBIKHOBEHHBIX U} pepeHnalbHbIX ypaBHEHUN

L (2)

a1 an b

W HAlTU N He3aBUCUMbIX IIepBbIX UHTErpaliloB 3TOU CUCTEeMbI

p1(x1,y - .oy Tn, 2) = Ch,
..................... (3)
On(T1y «ovy Tny 2) = Chp.
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O6miee pemenne ypasHenus (1) B HeABHOM BHIe 3alMChIBAETCA Tak:

F(p1, -..; pn) =0, (4)

rae F' — npousBoabHaa auddepennupyemas GyHKIUA.

B uyacTHOCTH, eclii z BXOJUT TOIbKO B OIMH M3 NMEPBBIX MHTErpa-
10B (3), HanpuUMep B MOCIEAHUN, TO 06llee pelleHrne MOMHO HAMUCATh
U Tak:

n(T1, < oy Tny 2) = fP15 o0y Pr1)s (5)
rae f — npousBonbHas quddepeHuupyemas dyHrnus. Paspemus pa-
BeHCTBO (5) OTHOCUTEIBHO Z, IIOIYYUM obliee pemeHne ypaBaenus (1)
B AIBHOM BH/E.

2. Uto6bl HaliTH MOBEPXHOCTL z = z(x, y), YAOBIETBOPHIOWIYIO
IuddepeHINalbHOMY ypaBHEHHUIO

0z 0z
a1(a:, Y, Z)% + az(w, Y, Z)a_y = b(:l', Y, Z) (6)
U IPOXOJAIYIO Yepe3 JaHHYIO TMHUIO
z=u(t), y=v(t), z=uw), (M)
Hago HaliTu /ABa He3aBHCHMBIX II€PBLBIX UHTerpajga CUCTeMbI
der dy dz
Pl ot (8)
ai az

B stn IepBbie UHTEI pajbl

<p1(ZB, Y, Z) =C1, @2z, y, Z) =C» (9)

HaJ0 NOJCTaBUThL BMECTO &, Y, z UX BblpaykeHud (7) yepes mapametp ¢.
IlonyuaTcsa nBa ypaBHeHUA BHUIA

®1(t) =C1, D2(t) = Co. (10)

UckimounB u3 Hux t, noayuum coornomenue F(Ci, C2) = 0. loacra-
BuB ciofa BMecto C1 u C 1eBble yacTH IepBbIX MHTErpaios (9), mo-
Iy4YuM HCKOMOE pelleHHe.

B Tom ciyuae, korga B o6a ypaBHenus (10) He BxomuT ¢, Toraa
auHuA (7) ABIAETCH WHTerpalbHOH KPHUBOi cucteMsl (8), T. e. xapak-
TepUCTHKOI ypaBHeHus (6), u 3agaya Komu nMeeT GecKoHEUYHO MHOTO
pemenuit (cm. [1], ra. VIIL, § 3, m. 4).

IIpumep. Haiitu o6imee pemeHne ypaBHeHUA

0z

0z
TZH + yza—y = —zy, (11)
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a TakKe MHTErpalbHyIO OBEPXHOCTb, IPOXOJALIYIO Yepe3 KPUBYIO
2 3
y=z", z==z". (12)
Pemenue. CocraBiseM cucTeMy ypaBHeHHUI

dz _dy  dz

rz Yz —xy
U HaXoAUM ee mepBble uHTerpainl (cMm. § 19, npumep 2)

g =C1, Z+4azy=0Cs. (13)

CnenoBarenbHo, obuee pemeHne ypaBHenusa (11) MozHO HamucaThb B

HEABHOM BH[e€
F (E, 2’ +:L'y) =0,
Y

roe F' — npousBoiabHaa ¢yHKIuA. Tak Kak z BXOAUT TOJbBKO B OJUH
U3 nepBbIX uHTerpanos (13), To obuee pelleHNe MOMHO HANKNCATb U B
ABHOM BHfe. MbI nory4um

z2+my:f(§)§ z=% f(§>_"3y’

rae f — npousBonbHaA GYHKIMA.

YTo6p1 HAaliTH MHTErpajlbHYIO IIOBEPXHOCTh, NPOXOAANIYIO Yepe3
aunuio (12), 3anuumeM 3Ty TUHHMIO B apaMeTPHUYECKOM BH[e, HAIpH-
Mep, B3AB & B KauecTBe llapaMeTpa:

_ _ .2 _ .3
=z, y=2x°, z==z.

MoacraBus 3Tu Boipasenus B (13), moryyum
1 6, .3 _
—=C1, z +z°=0C,.
T

HcraouyuB x, nory4um

1 1

—5 + 53 =Cb.

3 3

¢y Gy

MoncraBuB Bmecto C1 u Co neBble yacTH MNepBbIX HHTerpamos (13),
Hali/leM UCKOMoe pelleHue

&)+ ()=
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3. O pemeHNH CUCTEMBI IBYX YPaBHEHMI B YaCTHBIX IIPOU3BOIHBIX
[IepBOro NOpsAAKA U 0 pemeHny ypasHenus llpadda cm. [1], ra. IX, § 1
u§ 2, oo 1,2, 3.

IIna ramporo u3 ypaBHeHuit 1167—1188 naiiTu o6iee pe-
ieHue.

1167. y52 — 232 = 0.

1168. (z +2y) 32 —y52 = 0.

1169. 5% +y5t + 254 = 0.

1170. (v — 2) 34 + (y — 2) 34 + 223 = 0.
1. yE +afE =x—y.

1172. ¢ 32 + 4 52 = ye©.

1173. 2252 + (y — 2) 52 — 2> = 0.
1174. my% — ng—z =yz.

1175. 222 + Zyg—z =2y + 2.

g—; +22=0.
1177. 2y4% — wyg—z =2v22 + 1.

1178. xzz% + y2zg—; =z +y.

1176. (2% + y?) 22 + 22y

1179. yz% — wzg—; =e”.
20 9z _
1180. (z —y)* 5z + 225, = zy.
i) 9z __
1181. zy5= + (z — 22) 57 = yz.

1182. y32 + 25 =

8

1183. sin® z 22 —i—tgzg—z = cos? z.
1184. (x+2)FE +(y+2) 2 =z + .

) 9z _ 2
1185. (zz +y) gz + (v +yz)5; =1 — 2%

1186. (y+2)5% + (2 + = g—;—{—(a:—i—y)%:u_
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1187. z 3 + yg—’; + (z +u) 2% =2y,
1188. (u—$)%+(u—y)g—’;—z% =z+y.
HaiiTu pemenus ypaBHenuit 1189—1193, ynoBiaeTBopAIO-
Imue yRa3aHHbIM YCJIOBUAM.

1189. m%—yg—Z:O; z=2x mnpuy=1.
1190. %+(2e”—y)g—;:0; z=y npu x = 0.
1191. Qﬁ%—ya—; = 0; z=vy> mpuzxz=1.

1192.%—%‘;—;—1—2%:0; u=yz mnpuz=1.
1193.m%+yg—z+wyg—z:0; u==x?+y* upuz=0.

B 3amavax 1194—1210 HaiiTu NMOBEPXHOCTh, YIOBIETBOPA-
IONYI0 IaHHOMY yPaBHEHUIO U MPOXOJAAMIYIO Uepe3 NaHHYIO JU-
HUIO.

1194. y? 2= +xyg—; =z =0, z =1

1195. x%—2yg—;:m2+y2; y=1, z =22
1196. x%—i—yg—;:z—xy; =2, z=9y>+1.
1197. tgw%—l—yg—;:z; y=x, z=1x".
1198. x%—yg—f]:zz(x—?)y); x=1, yz+1=0.
1199. w%—l—yg—; =z—x’—y? y=-2, z=x— 2%
1200. yz%+ng—;:my; r=a, y? + 22 =a’.
1201. z%—wy?—i:sz; r+y=2, yz=1.
1202. z%—l—(zz—x?)g—z—l-mzo; y=x2, z=2x.
1203. (y—z)%—i—(z—m)g—;:x—y; z=y=—x.
1204. x%—i—(wz%—y)g—;:z; r+y=2z zz=1
1205. y2%+yzg—z+z2=0; r—y=0, z—yz=1.

1206. x%—i—zg—;;:y; y=2z, x+2y=z.
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1207. (y + 222%) 22 — 2517223—; =2% z=2z2, y=a.
1208. (m—z)%—l—(y—z)g—z =2z; z—y =2, 242z = 1.

1209. wy3% —l—xzzzg—z = y3z; T = —237 Y= 22,

* 0z 0z __ . — — 2
1210*. xm+ya—y—2my, y=x, z=2x".
1211. HaiiTu oblllee ypaBHeHHe NMOBEPXHOCTel, mepeceKkaio-
UX N0 NPAMBIM YTIJIOM NIOBEPXHOCTH ceMelicTBa

2% = Cuxy.
1212. HaiiTu moBepXHOCTb, MPOXOAANIYIO Yepe3 NMPAMYIO
y=x, z=1
U OPTOrOHANbLHYIO K IOBEPXHOCTAM
22 +y? + 22 = Cxr.

1213. HanucaTsr ypaBHeHHe B YaCTHBIX IPOM3BOJHBIX, KOTO-
POMY YZIOBIETBOPAIOT UWINHAPUYECKYE IOBEPXHOCTHU ¢ o6pa3yio-
VMU, HapalielbHbIMU BeKTOpY (a, b, ¢). HaiiTu o6iee pemenne
3TOr0 ypaBHEHUA.

1214. IMonb3yAck pe3yiabTaTOM Npelblaylleil 3amauu, Haii-
TH ypaBHeHMe LWIMNHAPUYECKOI MOBEPXHOCTU ¢ 00pa3yoIUMU,
napainenbHbIMu BekTopy (1, —1,1), n HanpaBaAolei

z+y+2=0, 2>+xy+y’=1

1215. HanucaTb ypaBHeHMe B YaCTHBIX MPOU3BOAHBIX, KOTO-
pOMYy yIOBIETBOPAIOT Bce KOHNYECKUE MOBEPXHOCTH C BePUINHOI
B JaHHOi Touke (a, b, ¢), U pemuTh ero.

1216. HaiiTu noBepXHOCTH, Y KOTOPBIX Jt0OasA KacaTelbHasfd
IJIOCKOCTh mepecekaeT ocb Ox B TOUKe ¢ abeuuccoil, BAIBOE MEHb-
meii abeucchl TOUKU KacaHUA.

B zagauax 1217—1219 pemuTh JaHHbIE CUCTEMbI ypaBHe-
HUMA

0z z 0z Y-z
i i
1217. Y 92 1218. 02

= _ — =z=z.
Jy y 0y
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% =2yz — 27,
T
1219. 9z .

oy 7

B 3agauyax 1220—1223 HaiiTH NOBEPXHOCTHU, YIOBIETBOPA-
olue 1aHHbIM ypaBHeHuaM Ildadoa.

1220. (z —y)dz + zdy —xdz = 0.

1221. 3yzdz 4+ 2xzdy + xydz = 0.

1222. (z + zy)dz — (2 + ¥?)dy + ydz = 0.
1223. (2yz + 3z)dz + zzdy + zydz = 0.

JOBABJEHHUE

3&,[[&‘11/1, npeggaraBsinirecda Ha NMMMCbMEHHBIX
9K3aMeHax

B §§ 21—27 comepsatca 3ajauu, npeanaraBuiiecA Ha MHUCh-
MEHHBIX BK3aMeHaX M KONJIOKBUYMax Ha 2-M Kypce MeXaHUKO-
MaTeMaTuueckoro ¢parynbrera MI'Y B 1992—1996 romax, a Tak-
#e He6OIbIIoE YKCIO 3aay, 1aBaBIIMXCA 1A MOATOTOBKYU K dK3a-
MeHaM. HcriaiouyeHsl camble Tpy[aHble 3agauyi. CorpalleHo 4HciIo
3ajjay Ha pelleHle YpaBHEHUI CTaHAapTHBIME MeToaaMu (o406~
Hble 3afla4yyl coJep:RaTcA B NIpeAbIIyLINX naparpadax aToro cbop-
HUKA).

Huske npuBomATcA And npuMepa TpU SK3aMeHallOHHbIE
nuchbMeHHbIe paboThl (YKaszaHbl HOMepa 3agad u3 §§ 21—27).

Pa6ora 15.05.94 r. cocTosana u3 3agay
17,63, 81, 98, 170, 198.

Pa6ora 4.06.94 r. cocTosana us 3agay
28, 51, 69, 122, 127, 148, 190.

Pa6ora 18.05.95 r. cocTosana u3 3agau
22, 56, 70, 129, 135, 194, 216.

Ha BbinonHeHnue paﬁOTbI CTyAeHTaM [JaBajloChb 3 vaca. Ilna noJy-
YEeHHA OLEHHKH «OTJIMUYHO» TpeﬁOBaJ’IOCb pemuThb 5—6 3amau.
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§21. CYILIECTBOBAHUE
N EJHUHCTBEHHOCTD PEIIIEHUA

1. TeopeTHuueckure BONpPOCHI

Bonpocst 1—5 paccunTansl Ha JIHL, U3y YaBIIMX N0Ka3aTelb-
CTBO CyIleCTBOBaHUA pelleHUA AuddepeHInanIbHOro ypaBHeHNUH,
OCHOBaHHOE Ha Iepexo/ie K HHTerpajlbHOMY ypPaBHEHHUIO U OCTPO-
€HUM MocleI0BaTelbHbIX Npubnuxenuit (1], [2].

1. O6ocHoBaTh cBA3b yciaoBusa Junmuna u anddepeHunpye-
MOCTH.

2. M3n0#uTh 06LKI I1aH J0Ka3aTelbCTBA TEOPEMBI CyIIeCT-
BOBaHUA U €IMHCTBEHHOCTH.

3. CdopmynupoBaTh U [0Ka3aThb yTBep:;kIeHHEe O Mepexoje
oT audGepeHINaNTbHOTO yPaBHEHUA K UHTErpalbHOMY.

4. Jlokasatb, 4TO NoCIeJ0BaTelbHbIe IPUOINKEHUA CXONATCH
K HellpepbIBHOW (YHKLIUU.

5. JlokasaTb, YTO Ipejes NocileJoBaTelbHbIX NPUGIUHKEHUI
€CTb pellleHHe HHTerpalbHOr0 ypaBHEHHUA.

6. ChopmyaupoBaTh U JoKasaTh yTBep:IeHNe O eJUHCTBEH-
HOCTHU pelleHHU .

7. ChopMyaupoBaTh TeopeMy O CyILIeCTBOBAaHUH U eJUHCT-
BEHHOCTH pellleHHA AuddepeHInalbHOr0 ypaBHeHNA opAgKa 7.

8. CdopmynupoBaTh U H0Ka3aTh JeMMYy 006 HHTerpaibHOM
HepaBeHCTBe.

2. CymecTBOBaHUe peLIEHUA U
nocJjeaoBaTelbHble NPUGINKEHUA

9. MepeiiTu ot ypaBuenus e* y'"’ + xy = 2yy’ K cucreme Hop-
MallbHOrO BHJa U NpH HavanbHbIx yeaoBuax y(0) =1, y'(0) =1,
y"'(0) = 0 nocTpouTh iBa MOCIEN0BATENbHbIE IPUOIUMEHUA K Pe-
EHUIO.

10. locTpouTs TpH NocienoBaTelbHble NPUGIUMEHUA Yo, Y1,
Y2 K PEIlIeHUIO 3a1aun

Y =2t+y", y(0)=1
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11. a) 3apauy y' = 4> +z, y(1) = 0 cBecTH K UHTerpaib-
HOMY YPaBHEHHIO U OCTPOUTH MOCIe0BaTeIbHbIE NPUOIUHEHNA
Yo, Y1, Y2-

6) YkasaTh Kakoi-1n60 OTPE30K, HA KOTOPOM CXOJATCH IO-
cllefioBaTelbHble NMPUOIUMEHNA, U [0Ka3aTh UX DPaBHOMEPHYIO
CXOJMMOCTb.

12. CymecTByeT 1M pellleHNe 3aJaun

y' = f(y), y(0) =0, rae f(y) =

060cHOBaTb OTBeET.
13. a) CBectu 3anauy

m _ yersinz —xy”

(y —z)* ' y(1) =0, y'(1) =1, y"(1) =2

K 33/laue JJI CUCTEMbI HOPMAILHOTO BHjA.
6) Ilpu KakuXx @ CynecTBOBaHUE U €IMHCTBEHHOCTD PelleHus
rapaHTupyeTcA TeopeMmoii?

14. a) YrasaTh Bce 3HaUYeHHUA apaMeTpoB «, a, A, npu Ko-
TOPBIX TeopeMa CyIllecTBOBaHUA U eIMHCTBEHHOCTH rapaHTUPYeT
O/THO3HAUHYIO pa3peluMocThb 3a1auu

3+t
3—t’

(at + )y +2ay” — (a — 1)2ytgt = In

y(a) =1, ¢y'(a) = 4, y"(a) = o

6) Ha raroii MakcuMalbHbBIN HHTEPBAI MOMHO NPOLOIMUTE

pelieHue 3Toit 3agayu B ciydae @« = —1,a = —2, A = —37
15. 3apauy zy' = £ — %y, (—=2) = 4 cBecTu K UHTErpaib-

HOMY ypaBHEHMIO, [IOCTPOMThH IMOC/edoBaTelbHble NpUOIUAEeHHA
1 HalTU UX Mpejell.

16. Ilpu KaKKMX HAYANIbLHBIX YCIOBHMAX CYIIeCTBOBAHME eIMH-
CTBEHHOro peuieHudA ypaBHenus y'"’ sinx +x lny+tgx = 1 rapan-
TUpPYyeTCcA TeopeMoii?
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3. HpI/IMeHEHI/Ie TeopeMbl €eAMHCTBEHHOCTHU

2
17. Ina ypaBuenus y" = (yy) — 1 U3BECTHBI JIBa pelIeHUA:

2
y1 = 1+sinx, ys = (\% + 1) , IpoxopAmue yepe3d Toury (0,1).
Kak 370 cornacyerca ¢ TeopeMoil eIMHCTBEHHOCTHU?

B 3amauax 18—22 TpebyeTcA BBIACHUTH, IPU KAaKUX 71 Ha-
JM4le yKa3aHHbIX pellleHUil y HallMCAHHbIX ypaBHEHUI He NPOTHU-
BOPEYUT TeOopeMe eINHCTBEHHOCTH.

18' y’” = f(t’ y’ yl’ y”)’ f e Cl’ pe[ﬂeHI/Iﬂ yl = 1 +t+ nt27
ye=1/(1-1¢) (-1 <t <1/2).

19. y(n) =Ff (.T,', Y, yla SRR y(n—l))’ fe Cla pelieHuf Yy, =
=2cosx, ¥z = 2 — x>

20. y™ 4 a;(z)y™ Y + ... + an(z)y = 0, Bce a;(x) Henpe-
pbIBHBI, perenue y; = x(e® —1).

Y Y
yl(x)

yl(x)
0‘ \\ " 0‘ /\\ :

Puc. 9 Puc. 10

21. YpaBHeHMe TO e, UTO B 3agave 20, rpaduKk pelieHus y;
yKasaH Ha puc. 9

22. YpaBHeHHe TO e, 4TO B 3agade 20, rpaduKk pelieHus y;
ykasaH Ha puc. 10.

23. CronbKO pelleHUil UMeeT 3afava

(a® —4a)y" + (a® +2a)y" +y =2y =x +a, y(1) =0, y'(1) =1

B 3aBHCHMOCTH OT 3HAUYeHUI mapameTrpa a?
24. Tot ke Bonmpoc AJA 3aauyu

(1—a®)(ay" —y") = ay' + 47, y(0) =2, y/(0) = 4.
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25. CKOJNBKO pellleHui UMeeT 3ajaya
y" =+’ y(-1) =a, y(-1) =0

B 3aBUCHUMOCTH OT a@ U n?
26. Tort e Bompoc AJA 3aJa4yu

y™ =22 —az, y(1) =1, (1) = a.
27. Tot e Bompoc JjA 3agauu

y™ =z +2y + 4%, y(-1) =4 +a), y'(-1) = L.

4. IIponosskeHue pemieHUR

28. CymecTByeT M npu —o0 < & < 0O pellleHHe 3ajayu
y' = e Ysin(e?), y(0) = 07

29. lna sanaun (2 — %)y’ — xy? = 0, y(xo) = yo, rae T =
=v2+3e L, yo=-2,

a) ompefenUTb MaKCHMaJbHbIH HHTEPBaT cylllecTBOBaHUA pe-
IEHUA;

6) HapucoBaTh rpaduK peleHu .

30. a) HaiiTu Bce peluenusa ypaBHeHHA

y =y’ /(n® - a?).

6) HaiiTu Henmpogoikaemoe pellieHie 3TOr0 ypaBHEHUA ¢ Ha-
yanbHeiM yciosueM y(—v/3) = 1/(Inv/72—3—1) u nHapucosaTh
ero rpadus.

31. Jlorasarb, uTo pemenue 3agaun y' = x — y%, y(1) = 0
MOKeT ObITh IPOAOJHEHO Ha noayuHTepBan 1 < x < oo.

32. NUwmeer au cuctema dx/dt = siny, dy/dt = x* pemenne,
KOTOpOE Hellb3f MPOJOMKUTL Ha UHTepBal —o0 < t < 007

33*. Jlorasarb, uTo pemenue 3agaun y' = = + 42, y(0)=0 He
npojonaeTca Ha moiayuntepsan 0 < x < o0o.

34*. Ha kakoM WMHTepBajle MOKHO rapaHTHPOBATb CYIIECT-

BOBaHMe pelleHUA 3aJa4un )
‘é—f = f(t,z) t€R, € R", feC'), z(0) = (O> , eciu
|f(t, z)| < |z|?? daTb HeymyYIIaeMyIo OLeHKY I/IHTepBaJI(;:l, 0011y 10
nas Beex Takux f(t, x), ¥ MOATBEPAUTH HEYIYYIA€MOCTh MPUMe-
poMm.
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§22. OBIIIAfI TEOPHUA
JUHENHBIX YPABHEHUI U CUCTEM

1. TeopeTuuyecKkHe BONPOCHI

35. ChpopmynupoBaTh TeopeMy CYIIECTBOBAHUA U €JUHCT-
BEHHOCTH pellleHud JUHeHHOro ypaBHeHud NMOpAJKA 1 Ha 3ajaH-
HOM HHTepBaie.

36. ChopmynupoBaTh U JoKa3aTh Teopemy 00 o6IleM pelie-
HUU JUHEHHON OJHOPOAHON CHUCTEMBI.

37. laTb onpeneneHue ¢pyHaaMeHTalbHOI cUCTeMbI pellleHUi
IJA NTUHeiHOl cucTeMbl ypaBHeHUI U [JoKa3aTh ee CYIeCTBOBa-
Hue.

38. a) Uto Ha3biBaeTCA OGIIMM pellleHneM JHHEHHOTO Heoj-
HOpOJHOT'O ypaBHeHUA?

6) CdopmynrpoBaTh TeopeMy 00 3TOM pelIeHUH.

39. a) ChopmynupoBaTh OCHOBHbIE CBOWCTBA IeTePMHUHAHTA
BpoHuckoro.

6) Ilycts W(t) — nerepmuHanT BpoHCKOro A CKajiAp-
HBIX GyHEOUA yq(t), ..., y,(t) wiacca C™. Ecaiu W(t) =0 npu
a < t < b, ToO MOKHO 1M cliellaTh BBIBOJ O JIMHEHHOH 3aBUCUMOCTH
HaHHBIX GYHKUUI Ha oTpeske [a, b]? OGocHOBaTH OTBET.

40. a) [lats onpenenenue GpyHAaMEHTAIbHONW MaTPHI[bL.

6) Hanucats ¢yHaaMeHTanbHYI0 MaTpULy Ui CHCTEMBI
z=y,y=0.

41. KRak u3 ogHoii ¢GyHIaMeHTAIbHOW MAaTPHUIbl MOMHO IIO-
JIYy4YUThb Opyrue?

42. ChopMynupoBaTh U J0Ka3aTh TeopeMy 00 OlleHKe pellle-
HUH CUCTEMBI

i=At)r (x€RM.

43. CchopmyaupoBaTh U JOKa3aTb TeOpeMy CyIleCTBOBaHUA
NEePUOANYECKOTO PEIIeHUA JUHEHHOT0 YpaBHEHNA IepBOro MOPA/-
Ka C MepuoanvyecKUMU Ko3dbuueHTaMu.

(3anaun 42 u 43 TONBLKO AJA CTYAEHTOB, KOTOPbIM YN TANUChH
3TU TEOPEMBL.)
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2. JIuneiiHble OJHOPOAHbIE YPaBHEHUA

44. a) Hanucarb o6muii BUJ IMHEHHOrO OJHOPOIHOTO YpaB-
HEHMA MOPAJIKa N ¢ MepeMeHHbIMU Ko3ddunuentamu. Ilpu Kakux
Tpe6oBaHUAX HA K03(D(UIKMEHTHl 3TO ypaBHeHHE UMeeT eJUHCT-
BeHHOe pelleHne, yI0BIeTBOPAoIIee 3aJaHHbIM HaualbHbIM YCJI0-
BuAM?

6) llycTs 3T TpeGoBaHUA BBINONHEHBI U U3BECTHO, UTO YPAaB-
HeHMe HMeeT dYacTHoe pemeHue y; = z¥. Kakum MomeT GbITH
NOPANIOK ypaBHeHuA?

45. a) ChopMyaupoBaTh TeOpeMy CylIeCTBOBAHUA U eUHCT-
BeHHOCTHU pemenus ypasHenus ¥ + a1 (z)y" + az(x)y’ +as(x)y =
= 0 ¢ HaYaNbHLIMU YCIOBUAMHU.

6) A Kakoro HauGoONbLIEr0 HATY PAIbLHOIO YKCIa M HalWune
y BTOro ypaBHeHusA pemeHus y = (e®—1)"" He mpoTuBopeunT
chopMynupoBaHHO TeopeMe?

46. HaiiTu gBa IMHEHHO HE3aBMCUMBIX pPelleHUA ypPaBHEHUA
x2y" — 2xy’ + 2y = 0 u ux gerepmunant Bpouckoro. [lpunumaer
au oH HyneBoe 3Hauyenne? Hak aTo cormacyeTca ¢ W3BECTHBIMU
cBolicTBamK feTepMuHaHnTa BpoHckoro?

47. Oycts y1(x), y2 () — pewmenus ypaBHenus (z + 2)y" —
-3y + yv/1—x = 0 c HavanbubiMu ycaoBuamu y;(0) =1,
¥1(0) = 0, 12(0) = 3, y5(0) = 2.

a) YKasaTh MHTEpPBal, HA KOTOPbIA MX MOKHO MPOIOIHKUTD.

6) CocTaBIAIOT U OHU DYHIAAMEHTAIbHYIO CUCTEMY?

B) UeMy paBeH JeTepMUHAHT BPOHCKOro 3TUX pelleHUi MpH
r=-17

48. Iyctb ¢1(t), @2(t), @3(t) — pelieHua ypaBHeHUA
—(t+1)y" — 2y" + 2t2ytgt = 0 ¢ HAYaNTLHBIMH YCIOBUAMH TpPH
t=1:

p1=2, 1 =0, ¢f=0;
p2=-1, py=1, @3 =-1
p3 =0, ¢5=0, @f=-2

a) YkasaTb UHTEpBal, HA KOTOPBIA MOMHO MPOAOMUTHL ITH
pellleHUA 10 U3BECTHOIl TeopeMme.

6) CocTaBiAOT 11 OHU QYHAAMEHTAIbHYIO cUCTEMY?

B) HaiiTu ABHOe BbIpameHWe [IJA UX AeTepMuHaHTa BpoHc-
KOr'o Ha 3TOM UHTepBale.
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r) Pemenne y(t) ¢ uHavanbHeiMH ycaoBuamu y(1) = a,
J/(1) = b, y"(1) = ¢ BpasuTs wepes @i (1), pa(t), @s(1).

49. CyuecTByeT JI1 Takoe 3HaYeHHe NapameTpa a, IpU KOTo-
POM IeTEepMUHAHT J1060ii $yHIaMeHTalbHO! MaTPHULbI CHCTEMBI

i—f:Ax, rER® A=

—w

1 2
2 0
0 3

ocTaeTcd NOCTOAHHBIM IPU U3MEHeHUH t7

50. CroibKo NMHEIHO He3aBUCUMBIX pellleHuil, onpejeneH-
HBIX TIpU —00 < t < 00, UMeeT ypaBHenue t2i = 90z? O60cHoO-
BaTb OTBeET.

51*. Tor e Bonpoc and cucTeMsbl t& = 2z, ty = 3y.

52. [locTpouTs NMHelHOe OIHOPOJHOE ypaBHEHNE BO3MOKHO
HM3IIero nopAjka, uMeioiiee Ha uutepsane (0,1) Takue yeTbipe
pelIeHu:

p=1—x, yp=(x—-2)>% =2 +x—1, yg =2 — 2z + 2.

53. H3BecTHbI ABa pellleHUA TUHEHHOTO OJHOPOJHOTO YpaB-
HeHHUA 2-To Hopafka: y; = T, Y2 = x> — 1. HaiiTu pemenue c
HavalbHbIMU ycaoBuamu y(2) =4, y'(2) = —3.

54. l3BecTHbI [Ba YAaCTHLIX pelleHMA y; = z2 — 2T + 3,
Yo = xe®+2 NMHeHHOro OJHOPOJHOr0 ypaBHEHHA 3-TO MOPAJKA.
JlocTaTouHO 14 3TOr0 IJA OTHICKAHUA DELIEHUA C HavyalbHBIMU
yeaouamu y(0) =5, y'(0) = —8, y"'(0) = 2?7 O6ocHoBaThL OTBET.

55. llna ypasnenusa x°(z — 1)y" + 22(5 — 3z)y" + z(6x —
—12)y'+(12—62)y = 0 u3BecTHHI [Ba YaCTHHIX PELUICHUA: Y3 = X,
yo = x°. HaiiTu obmee pemenue.

56. [lna nuHeiHOro OXHOPOJHOIO YpaBHEHUA 3-T0 MOPAAKA
U3BECTHBI /IBA YAaCTHBIX pelleHud y; 4 yo. OnucaThb cnocob oThic-
KaHuA o6IIero perieHus.

3. JIuHeliHble HEOHOPOJHbIE ypaBHEHUA

57. U3BecTHbI ABa YacCTHBIX pelIeHUA JTUHEHHOI0 HEOITHO-
POAHOr0 ypaBHEHUA NepBOro NOpAAKa: y; = =, y2 = €*. Haiitu
pelieHye ¢ HayanbHbIM ycnoBueM y(1) = —1.
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58. II13BecTHBI TPU YACTHBIX PellleHUA TMHEHHOTO HEOIHOPOI-
HOTo ypaBHeHHUSA 2-To mopAfka: y; = v+ 1,9 = x—1, y3 = 1 —z2.
HaiiTu obiee pelieHue 3TOro ypaBHeHUA.

59. I3BecTHBI TPU YaCTHBIX PellleHUA THMHEeIHOT0 HEOJHOPOI-
HOTO ypaBHeHHA 2-ro mopafka: y; = 2%, yo = 1 —z, y3 = 1 — 3z.
Haiitu peurenve ¢ HauanbHbIME ycaoBuamu y(0) = 2, y'(0) = 0.

60. [lanbr Tpu dyHruum: y3 = x + 1, yo = 1 — 22, y3 =
= x2 — 3. CocTaBUTh JHHeliHOe HEOJHOPOJHOE ypaBHEeHHe 2-TO
HopAJIKa, KOTOPOMY OHH Y[JOBIETBOPAIOT.

61. H3BecTHBI OBa YACTHBLIX pelleHUA y; = ¢ — 1 U Yy =
= (22 — x + 1)/z ypaBuenus (x> — 2z)y" + 4(x — 1)y'+ +2y =
= 6x — 6. HaiiTu obiee pereHue.

62. H3BecTHBI JBa 4YacTHBIX pemleHUA Yy; = xe®, ys =
= (z — 2) e” ypaBuenus zy"” — (r + 1)y’ + y = (z — 1) e®. Haiitu
oflllee pelieHUe.

4. KpaeBbie 3agauu

63. [lycth usBecTHO, uTO ypaBuenue y' + p(x)y’ + q(x)y =
= 0 ¢ HeNmpepbIBHBIMY Ha [a, b] dyHruuAME p(x) U ¢(r) He nmeeT
pemenuit y(x) ~£0, aaa xotopeix y(a) = y(b) = 0. Jorasats, uTo
1A MOOBIX Yucen ¢, d CyecTBYeT eIMHCTBEHHOE pelleHue, JifA
roToporo y(a) = ¢, y(b) = d.

64*. HaiiTu HauMeHbllee MOJOMUTeIbHOe uncio T Takoe,
4TO 1A ypaBHeHUsA i — 2% = 8sin’ ¢ paspemma kpaeBas 3a7ada
¢ yeaosuamu ¢(0) = -1, z(T) = —1.

65. 3BecTHO, 4YTO MPU HEKOTOPOI HENpPephIBHON (HyHKIUU
f(x) rpaeBas 3ajaua

y' =2y +2y = f(x), y(0) =2, y(r) = -2

HMeeT pelleHue. EAMHCTBEHHO U 3TO peleHue?
66. HaiiTu HauMeHblllee MOJNOMUTENbHOE P, NMPH KOTOPOM
KpaeBas 3ajaya

y' +py=0, y0) =1, y(1) =2

He nmMeerT pemeHHﬁ.
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67. HaiiTu HauGonbllee U3 TAKKX YKUCEN @, YTO MPU KamIOM
p € (1, a) rpaeBas 3axaua

y' +2y +py=0, y0) =2, y(r) =3

HMeeT pelleHune.

§ 23. JUHEWHBIE YPABHEHUSA
N CUCTEMBI C IOCTOAHHBIMU
KO9®OOUIIUEHTAMU

1. OTbicKkaHUe pelieHU

HaiiTu Bce BelllecTBeHHbIE pelileHUA ypaBHeHuit 68—71.
68. i — 2@+ r=et +sint.

69. i+ 4x=(e? +2)sin2t.

70. y" +y=4xcosz.

71. y" +y=5xe 2% +4sinx.

YrasaTb BUJ 061ero peirenus (B 3agavax 72 u 73 obuiero Be-
IIECTBEHHOT0 pelleHU ) ¢ HeolpeleleHHbIMU K03 pUuIreHTaMu.
He HaxoauTb 4KMCIOBBIX 3HAYEHUH KO3 PUIUEHTOB.

72.y" = 2" +y =te'(1+cost) + .
73. y" — 4y’ + 4y = &> (z + sinx).
74. y" — 2iy = 8e® cos .

75. y" — 2iy’ — y = 4sinzx.

76. y'" + 4iy’ — 5y = e® cos 2.

77. y" + 8iy = sinx cos x.

2. Hepno,unquKMe 1 OrpaHnyeHHbIe pelIeHUuA

Nwmeror 11 ypaBHenusa 78—80 nepuoanveckue peiieHun?

78. y"" 4+ y = cost.
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79. %4+ = (sin%)4

80. i — 24 = 8sin’¢.

81. IIpu Karkux w € R cymecTByeT Nepuoinvueckoe pelieHne
ypaBHeHus = + 44 = 2 coswt?

82. Ilpu karux unensix b u c ypaenenue y'"’ + by’ = sinz +
+ ¢sin® & He NMeeT MepUOAMYECKUX pelneHuii?

83. a) IIpu kakux w € R ypasuenue y®) 4 4y" + 4y’ = coswt
He MMeeT MepUOJUUYECKUX pellleHuii?

6) HaiiTu Bce mepuoanveckue penieHnA B ciydae w = 3.

84. HaiiTu nepuoanyeckoe pelieHre ypaBHeHUA £+ T+25x =
= sinwt. HapucoBaTh rpadur ero amminuTyabl Kak (QyHKIUIO
0T w.

85. Ilpu kakux Heibnlx a ypaBHenue y'’ + a%y = sin4x cos 2z

a) He UMeeT pelleHuit ¢ meproaoM 7?7

6)* UMeeT TOJBLKO OJHO PelIeHNe C MEePUOAOM 77

86*. Te e BompocCk! 1A ypaBHEHUA

y" + (a—1)(a —2)y’' + o’y = sin 2z.

Ina wrampgoro u3 ypaBHeHuit 87 u 88 BbIACHUTHL, NpPU Ka-
KUX a € R Bce pellleHUA 3TOro ypaBHEeHUA He OTpaHUYEHbl NpPU
—00 <t < o0

87. i + ax = sin® t. 88. T + & = cosat.
89. IIpu rakux a € R xoTa Obl 0OJHO pellleHUe ypaBHEHUA

"

y" +y" — 2y = e +sin2at

orpanuyveno npu t > 07
90. ToT e Bompoc 114 ypaBHeHUA

y"" + a’y’ = cosat cos 2t.
91. HaiiTu Bce 3HaueHud a, a U 3, IpU KOTOPLIX 3ajaya

#— 2% 4 5z = ael cos2t — 17sin2t, 2(0) = a, (0) =3

UMeeT pelleHye, orpanuueHHoe npu ¢t > 0.
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92. Mlycts x = @(t) 1 * = (t) — peuieHua ypaBHe-
HuA T — & + 4% — 4¢ = 0 ¢ HavanbHbIMH ycnoBuaAMmH ¢(0) = a,
©'(0) = b, ¢"(0) = ¢; ¥(m) = a, Y'(m) = B, P"(m) = 7. Yrasatp
Kakue-HUOYIb YHCIOBble 3HAYeHUA a, b, ¢, o, [, ¥ Tak, YTOOLI
() u ¥(t) 6p11M HepUOAUYECKUMHE U JTHHEHHO He3aBUCUMBIMH.

3. CucTemMbl ypaBHEHUIT

Pemuth cucremnr 93—95.

t=y+x—4 T=-5
93. ! “ 7Y ’ 94. { " Y
y=3y—x. y =2z + 2y.

rT=z—x—vy,

. AIZO’
95.d y=r—y—z, N o = 1
2,3 = —1L.

zZ=-y;

96. IIpu rakux maTpuuax A Bce BelleCTBEHHbIE pelIeHHUA
cucTeMbl & = Ax BhIpazkaroTCA TOJILKO Yepe3 CUHYChbI, KOCMHYCHI
1 KOHCTaHThI?

97. A 0QHOr0 YACTHOIO PellleHud CUCTeMBI & = Ax usBecT-
Ha TOIbKO TepBag KoopAuHaTa: r; = t2 + tsint. KakuM momer
ObITb MOPAJOK MaTpuipl A7

98. HaiiTu ¢yHIaMeHTalbHYIO MaTpUIly cUCTeMbl & = Ax,
roe A = (§ é ;o]) , HopmupoBaHHyto npu t = 0.

99. JokasaTh, 4TO IJA cUCTeMBl & = Ax C BellecTBeHHOI
KOCOCMMMeTpUUYecKoit marpuneit A HopmupoBanHaa npu ¢ = 0
¢dyHIamMeHTalbHad MaTpulla IPU Kam/Ja0M ¢ ABIAETCA OPTOTOHAlb-

HOH.
100. HaiiTu Bce BellleCTBEHHblE NMEPUOJUYECKUE DPeEIIEHUA
CUCTEMBI
& =2y—x+2cost, y =4y — 2x + cost.

101. HaiiTu peuieHuie ¢ MepuoOaOM 7 CUCTEMBI

E=x—vy, §y=2x—y+6sin’t.
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102. a) Haiitu Bce BelecTBeHHbIE IEPUOANYECKIE PELICHUA
CUCTEMBI
t=x—y+3sin2t, y=2x —y.

6) HaiiTu Bce pelieHus ¢ HepuoaoM T.
103. Ilpu Kakux a cucteMa

T =1y+sin2t, y = —4x + acos2t

HMeeT HepHoAMYecKoe pelieHue?
104. ]lnAa kakuX BelleCTBEHHBIX YHcel a U b Bce pellleHUA
CHCTEMBI
t=2y—4dx+a, y=2x—y+>b
orpanuyvensl npu t > 07
105. [Ina rakux MaTpul A Kamgoe pelleHHe CHUCTEMbI
& = Ax orpannueHno npu —oo < t < 00.

4. llokazaTeabHaa GyYHKIIMA MaTPHULbI

106. ChopMmyiaupoBaTh CBOMCTBa NMOKa3aTelbHOH (GYyHKIUU
MaTpHUIIbI.

B 3amauax 107—110 uaiitu et .

-2 —4 -1 5
107.A_( ) 2). 108.A_(_1 3).

0 01 2 0 -1
109. A=(0 0 0]). 110. A= 0 2 O
1 00 00 2

111. Haiitu BekTop e34 b, ecan
1 -2 2
(1))

B 3agauax 112—114
a) He BBIUMCIAA MaTpuly el
CTBEHHbIE 3HAYEHUA;

A HaiiTH ee JeTePMUHAHT U COG-
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6) HaiiTu et4 .

112. A= (

= DN
(.
[N
N——
ok
ok
bt
S
I
/N
|

-
|

—
N——

1 0 0 2
115. A= |0 0 1]. Haiitu det [et4 dt.
010 0

116. IIpu kakux mMaTpunax A umeem et4 — 0 mpu t — +o00?

117. HaiiTu ¢yHAaMeHTalbHYIO MaTPHUILY CUCTEMbBI & =
=t"1Az.

118. Eciu A — Takad maTpuia, 4To ed = E, To 06a3aTenbHO
am A =07

119*. Yto MO#HO CKa3aThb O }KOPAAHOBOH (popMe MaTpuUIllbl A,
ecinu

5
el = Z k! tk Ak?
k=0

120*. Ecau npu Bcex ¢t maTpuna et4 cuMmerpuueckas, To

o6A3aTenbHO 1U MaTpuna A cummerpuueckana?
121*. Ecau et4 !B = ¢t (A+B) 10 o6a3aTenno 1u AB = BA?
122*. Ecau mMaTpuna et opToronanpHas npu kamiom t € R,
TO o6fA3aTenbHO a1 A* = —A?

5. JIuHeliHble cHcTeMBbI ¢ IEPUOINYECKUMU
KO3 PpunrieHTaMU

123. Yrto Ha3biBaeTcA MYIbTUILIMKATOPOM CHUCTEMbBI & =
= A(t)x ¢ nepuoanyeckoit matpuueit A(t)?

124. Kakomy yciI0BUIO JOMHbI yIOBIETBOPATh MYJIbTHUILIU-
KaTopbl JMHEHHON cuCTeMbl IJIA TOro, 4ToObl Bce ee pelleHUA
CTPEMUINUCH K HYIIO npu t — 4007

125. HaiiTu MysnbrTunauratop misa ypaBHeHua & = (a +
+ sin® t)z.
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126*. [Ipu rKakux 3HaueHHAX Napametrpa a € R ypaBHeHUe
@ = (a+sin® t)z + 1 UMeeT POBHO 0IHO MepHONUYECKOe PelleHre?

127*. Ilycts marpuna A(t) umeer nepuon T, u ||A(t)]| < a
npu Beex t. JokasaTb, 4To quA cuctembl & = A(t)x Mogynu Myib-
TUILIMKATOPOB He NpeBocXoaAT el .

§24. YCTOMUYHUBOCTH

1. TeopeTuuyeckre BOIPOCHI

128. JlaTb onpepeieHde yCTOUYMBOCTHU MO JIAMYHOBY.

129. ChopmyaupoBaTh U A0Ka3aTh TeopeMy 006 ycToliuMBoC-
TU npu Haauuuu GyHruuu Janyxosa v(x).

130. CpopmyaupoBaTb TeopeMy 00 yCTOHUMBOCTHU IO IIep-
BOMY NPUOGJIMKEHUIO.

131. ChopmyaupoBaTh Heo6GX0QUMbIe U JOCTATOUYHbIE YCIO-
BUA YCTONYUBOCTU 10 JIANYHOBY HYIEBOro pelleHUA CUCTEMBI
& = Ax (z € R™, maTpuna A noctosHHas).

132. Jloka3aTb, YTO €CIHM OJHO PelleHNe JIUHEHHOI CUCTEMBI
YCTOMYNBO, TO YCTOHUUBO KamJoe pellleHrue 3TOH CUCTEMBI.

133. Kakomy Heo06X0AMMOMY U JOCTATOUYHOMY YCJOBHIO
JONKHA YIOBIeTBOPATH MmaTpuiia A, 4ToObl A M06oi Hempe-
pbIBHO# dyHKUMK h(t) KamIoe peneHne cucteMsl & = A x + h(t)
ObLIO YyCTOHUYUBBIM 10 JIAmyHOBY?

134. a) IIpu wakux matpunax A cucrema & = Ar umeer
foslee OHOTO TOJIOKEHUA paBHOBecUA!

6) Ilpu KakuX [JOMONHUTENbHBIX MPEANONOKEHUAX BCE ITU
MOJIOEHNA PABHOBECUA YCTONUYUBBI?

135. Cucrema & = Az, rae € R3, A — nocroannas MaTpu-
11a, MMeeT 4acTHOe pellleHue, y KOTOPOro U3BecTHa TOJNbKO [lepBas
KOOpIHHATa: T1 = e~ ' + cost. YeToituuBo Ju HyleBoe pelieHue?

136. Cucrema © = Az (x € R*) umeeT yacTHoe pelnenue, y
KOTOPOI'0 U3BECTHBI TOJbLKO JABe KOOPAUHATHI: £1 = Sint + 2 cost,
T2 = oS 2t. YCTOUUMBO U HYleBoe pelieHue?

137. Ecau nus cuctemsl & = Ax (x € R™) HyneBoe pelleHne
HEyCTOHUMBO, TO 06A3aTeNbHO 11 OHO HEYCTOWUMBO [JIA Kamgoh
cucreMsl Buaa & = Ax + p(x), rae p(z) € C1, p(x) = o(|z|) npu
x — 07
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138*. Ilycts f(t, ) €C', € R™ u mycTh pa3HOCTb KamIbIX
ABYX pelieHuii ypaBHeHusa @ = f(¢, ) cTpeMUTCA K HYIIO NMpU
t — +oo. Ciegyer a1 OTCIOla MPH KAKOM-IMGO 7, YTO BCAKOE
pellleHre 3TOro ypaBHEeHUA aCUMITOTHYECKH yCTOHYMBO?

2. I/ICCJIe,EIOBaHI/Ie yCTOﬁ‘«IMBOCTPl KOHKPETHBIX
CHUCTEM

Ona ypaBHenuit 139—144 u cuctem 145—147 HaiiTu no-
JI0KEHUA PaBHOBECUA U UCCIENOBAaTh UX HA YCTOUYHUBOCTb.

139. & = —22. 140. & = sinz — 2.

141. & = —zsin® 2. 142. i = —xsin’t.

143. i = sin’t. 144. & = ;&5

145. & =y, § = —x°. 146. & =y, § = 32% — 2.

147. i =y—z+ (y—x)%, §=0.

B 3agauax 148—155 BbIACHUTD, IPU KAaKUX 3HAYEHUAX Ta-
paMeTpa a HyJeBOe€ pellleHue ABIAeTCA

a) aCUMITOTHYECKU YCTONYUBBIM;

6) yCTOMYNBBIM, HO HE aCUMITOTUYECKH;

B) HEYCTONYUBBIM.

T =
148. . s
y=—ay—x° —a°x.
P=az+y+ (a+1)2?
149.{:? az+y+(at e
=+ ay.
T = ar + asiny, =y,
150. { T g Y )
7y = azx® — a’y. y=—xz(1+z*)—ay
&= i = 3y* — ay,
152. ¢ . Y 153. ? oo
Y= ay — tgx. y=2x+(2-a)y
. 2 _ 2
=1y —ax® —y°,
154. { 7Y Y
y=—(a+ 1)z — ay.
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T =—ax+ (a — 1)y,
155. ¢ . 2( K
y=x+ay".

156. a) IIpu rakux a € R cyumecTBYIOT OrpaHiHYeHHbIe IPH
—00 < t < 00 pellleHUA CUCTEMBI

t=2y—4z+1, y=2x—-y+a.

HaiiTu Bce Takue pelieHUA.
6) YcroituuBbl a1 OHUT
157. YcToliuuBO 11 pellleHUe CUCTEMBbI

t=x—y, §=2x—y+6sin’t,

HMelolilee nepuos m?

B 3agauax 158—160

a) HallTH Bce 3HaueHUA napamerpa a € R, npu KOTOpbIX Bce
pelileHUA ypaBHeHUA HeorpaHuueHbsl npu ¢ > 0 (He Tpebyercd
OTHICKMBATDb PENIeHNA);

6) BBIAACHUTD, ABIAIOTCA JU 3T PEIIEHUA YCTONYMBBLIMU WK
aCHUMITOTHYECKHM YCTOMUHUBBLIMU.

158. 7 + ax = sin® ¢. 159. ¥ + & = cosat.

160. & + ax = cosat.

§25. ®PA30BAA IINIOCKROCTD

1. TpaekTOpUM JUHEHHBIX CHUCTEM

161. IIpu KaKKUX COOTHOIIEHUAX MeXKIY KoddueHTaMu a,
b, ¢, d ocobaa Touka cucTeMsl & = ax + by, ¥ = cx + dy ABnAeTCA

a) celioMm,

6) y3snom?

162. Ilpu warux a, b, ¢, d OnA KamKJOro pelleHUA CHCTEMBbI
& = ax + by, § = cx + dy noaapHeiii yron Touru (x(t), y(t))
BO3pacTaeT NpU yBeaudeHuu t7

B 3agauax 163—165 onpeaenuTh TUN 0co6Oil TOUKM U Ha-
pucoBaThb TPaeKTOPUHU CUCTEMBI HA MJIOCKOCTH &, Y.
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t=z+3 t=xz—5
163. { " v 164. { " v
Yy=05y—=x. Y = dx — Hy.
t=y+x—4
165. { . Y ’
y=3y—=z.

166. IIpu rakux a ocobag Touka cucteMmbl © = a(z + y),
§ = a’y ABnaerca ceanom?
167. a) MoseT 11 TPAaeKTOPUA CUCTEMBI

t=2y—z, y=3xr—2y

u3 Toukn (—a? — 1, —1) monacts B Toury (1, a® + 1)?

6) YcToHYMBO 14 MONOMEHNE paBHOBeCUAT

168. a) onpegenuTsb TUI 0COGON TOYKU U HAPUCOBATH TPAEK-
TOPUU CUCTEMbI

t=ar—y, Yy=by+x

opu a = —2,b=-3.

6) Ha naockoctn napameTrpoB a, b ykasaTbh Takywo o6racThb,
4TO 1pH 106X (a, b) U3 3TOi 06nacTu Bropad KommoHeHTa y(t)
11060r0 pelleHNA yKa3aHHOW BbIIle CHCTeMbI MMeeT GeCKOHEYHO
MHoro Hyneit npu ¢t > 0.

169. PaccmaTpuBaeTcA cuctema

i=a’r—y, 9=>5x—(3+2a)y.
a) Byjer nu HysneBoe pelleHre cucTeMbl npu a = 1 acumm-
TOTUYECKU ycToiunBeiM? O60CHOBATH OTBET.
6) HapucoBaTh TpaekTopuu cucteMsl npu a = —3.
B) CyulecTByeT 11 Takoe 3HayeHue a € R, Ipu KOTOpOM Tpa-
eKTOPUU — 3aMKHYThIe KpuBble?

B zagauax 170—173 uccaemoBaThb

a) Ipy KaKUX 3Ha4YeHUAX mapameTpa a € R Hyi1eBoe peleHune
aCUMNTOTUYECKU YCTOMYMBO U MPU KAKUX — YCTOUYMBO;

6) mpu KaKkUX 3HAaYeHHAX mapamerpa a € R ocobasa Touka —
cenno? ysen? dporyc?

B) MpU YKa3aHHOM 3HAYEHUU @ 1aTh YepPTeH TPAEKTOPUIL.
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T=xz+a

170. { * Yoa=1
y=az +y;
T =ax +

17" v a=1.
y=ay— (2a+ 1)z;
T = 2ax + vy,

172.{. Yoa=
Y = ay — 2ax;
t=x4+ (2 —a)y,

173.{ @-ajy,  _,

j = ax — 3y;

2. TpaekTOpUH HeJHWHENHbIX CHCTEM
174. HaiiTu u HapucoBaTb TPaeKTOPUU CUCTEMBbI
i =a%—3xy?, §=3z%y—y°5.

175. Umeer 1u ypaBHeHue & + 2° = (0 HeHyJeBble pelleHus,
onpefeneHHbie npu —oo < t < 007

176. UmeloTcs nu y ypaBHeHus & = 4x — 42> HeorpaHuyeH-
Hble pelleHuA?

177. llepeiiTu oT ypaBHeHus # + ai + x — 3 = 0 K aBTO-
HOMHO! cHcTeMe IBYyX ypaBHeHui. [iA 3Toil cucTembl

a) HaiTH 0cobble TOYKH;

6) yrasaTh 3HA4YEeHHA @, NPU KOTOPHIX BCE HTH TOYKHU He-
YCTOWUYUBEI;

B) CYLIECTBYeT /i 3HAYEHHE @, [P KOTOPOM POBHO [BE 0CO-
Oble TOUKM yCTONYUBBI?

178. Jlns ypaBHeHus i + 4z — 622 =0

a) HaiiTu ypaBHeHue y = (&) TPAEKTOPUH, IPOXOAAILIEH Ye-
pes toury (1,0);

6) HapUCOBaThb 3Ty TPAEKTOPUIO, YUYUTHIBAA 3HAUEHHUE [PEIe-

aa lim %;
€xr

r—r00
B) HailTu pelieHre JaHHOro ypaBHeHUA C Ha4YallbHBIMU YCJIO-

Buamu z(0) = 1, &(0) = 0.
179. Jlaa ypasuenus & = —u'(x), rne u(z) = —z* + 22 — 1,
a) IaTh yepTem TpaeKTOpuil Ha Ga3oBoil MIOCKOCTH;
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6) HailTH 0cobble TOUKH U HCCIEJOBAaTh UX Ha YCTONYNUBOCTD;

B) HallTW HAKIOHBI CelapaTpPUC U IEPUOAbI MalbIX Koneba-
HUW;

r) no6aBUTh +ai B leBYIO YacTh ypaBHeHUA U 1iA a > 0
HCCIe0BaTh TUIBI 0COGBIX TOUEK MONYYEHHOTO ypaBHEHMUA.

180. Jlns ypaBHenus i = 2z — 2x° npoBecTu Takoe e Hc-
clieloBaHle, KaKk B MpeblIyIleli 3anade.

181. Jlna ypaBHenus i + ¢ = z2

a) HallTH U ucciefoBaTh 0co6ble TOYKU Ha (a30Boil MIOCKOC-
TH;

6) naiitu pemenue x(t), yGbiBatolee u cTpeMAnieeca K 1 npu
t — 400, a TaKk#e ero TpaeKTopUIo Ha (a3oBoi MIOCKOCTH;

B) BBIAACHUTD, IPH KAKKHX @ pelleHHe ¢ HayalbHbIMU yCJIOBHU-
amu z(0) = 0, £(0) = @ nepuognYeckKoe;

r) ykasaTh Ha ()a30oBOH ILIOCKOCTH 00JaCTb, 3aMONHEHHYIO
3aMKHYTBHIMU TPAeKTOPUAMMU;

1) YCTOMYMBO /1M pelleHHe C HadalbHBIMU YCIOBUAMU

z(0) = 0, #(0) = 7

B 3apgauax 182 u 183

a) naTh 4epTem TPaeKTOpUil Ha (Ha30BOi MIOCKOCTH;

6) HailTH 0cobble TOUKH U HCCIEJOBaTh UX Ha YCTONYNUBOCTD;
B) BBIAACHUTD, ONIPe/IeIeHbI JIU BCe PeIleHuA Ipu —00 < ¢ < 00.

&=1-—z2, &=z — 3,
182. ¢ ) 183. . 3
y=y. y=-y.

184*. Ina cucteMbl
i=y—aly—yd, §=a®+ady? -

a) HaliTH Bce 0coOble TOUKM;
6) MMHeapu30BaTh cUCTeMY B Kamjoit us touek (0, 0), (1, 0),
1 1),

(% )

B) HCCIE0BATh YCTONYNBOCTh TUX JNMHEAPHU30BAHHBIX CHC-
TeM;

I) HceleoBaTh HAa YCTONYMBOCTb Te #e TPU 0COObIe TOUYKH
LA UCXOIHON CHCTEMBI;

I) DaTh 4YepTe TpaeKTopuil Ha (Has3oBOl MIOCKOCTH;
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§26. Juddepenyuposanue peutenus no napamempy

€) BBIACHUTH, UMEET JU [JaHHafA CHCTeMa HeorpaHUYeHHbIe
peleHus;

) omUcaTh MHOMECTBO TOYEK, Yepe3 KOTOpbIe MPOXOAAT Ie-
pUOANYECKUE PelleHNA.

§ 26.

JUOOEPEHIIMPOBAHHUE PEINIEHUA

I1I0 TIAPAMETPY H 110 HAYAJIBHBIM

1.

YCJIOBUAM

IuddepeHupoBaHue Mo nmapamMeTpy

185. CdopmyaupoBaTb Teopemy o AuddepeHUpyeMoCcTU
pelieHuA cucTeMbl JuddepeHnalbHbIX YpaBHEeHU 0 napamert-
py. HanucaTsb cuctemy auddepeHnualbHbIX ypaBHEeHUI B Bapua-

HUAX.

B 3agayax 186—194 HaiiTy NpOU3BOAHYIO OT pelleHUd AaH-
Horo auddepeHInaIbHOr0 ypaBHeHUA (MM CHUCTEMbI) MO Tapa-

MeTpy fu

186.

187.
188.
189.
190.
191.
192.
193.
194.

2.

195

npu p = 0.

y':/mc—i-ﬁ (z>0), y1)=1-2p.

Y=Lt pxe? (x>0), y1) =1+2pu.

Yy =y—z+pze?, yl)=2-p

y = px +siny, y(0) = 2u.

¥ = zsind + sin(z?), x(0) = p, ©(0) = p.

&= x +sin(i?), z(0) = p, ©(0) = p2.

4z =2psint + pr?, x(0) =0, @(0) =0.

¥ — 2% = pte, x(0) =4, (0) = p?+ 3p.
=y, y=x+3uy? z(0)=2-—4pu, y(0)=0.

HuddepeHurpoBaHye 0 HaYalbHbBIM
YCI0BUAM

. ChopmyaupoBaTh Teopemy o aAudpdepeHIupyeMoCcTU

pelleHUuA cuUcTeMbl AuddepeHNUalIbHbBIX YpaBHEHUI MO Hayalb-
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HBIM ycloBuAM. HammcaTh cucTeMy ypaBHEHUN B BapualMAX U
HayvajJbHble YCIOBHUA [UIA Hee.

196. JlokasaTb, u4To B ciyyae y € R' nmpousBogHas mo yy oT
petenus 3anauu y' = f(x, y), y(xo) = yo Bceraa nonomuTeIbHa
(npeanonaraerca f € C1).

B 3agauax 197—199 HaiiTu NpOU3BOAHYIO OT pelleHUA TI0
Yo mpu yo = 0.

YrkazaHmue. HpPI Yo = 0 xamgana U3 3TUX 3a7ady UMeeT HYJIeBOoe
pemeHue.

197. y' = 2zy +siny, y(1) = yo.
198. yf = y*sinz + ycosz, (0) = yo.

t=vy—x+ x>
199. Y " 2(0) = 0, y(0) = yo.
y=y—2x+xy,

200*.  +sinz =0, z(0) =«a, ©(0) =p0.
Haiitu %gﬂ npu a = 3 =0.

3. Pa3sioseHue pelieHUA MO CTeNeHAM
rnapamMerpa

B 3agauax 201 u 202 HaiiTu pa3iokeHUe pelleHUd MO cTe-
IeHAM NapameTpa i 10 4> BRIIOYUTENbHO.
201. y' =5pux + ﬁ (x>1), y(1)=1—p.

202. i =2z — 223, x(0) =1, #(0) = p.

§27. YPABHEHUA
C YACTHBIMH ITPOU3BOAHBIMHU
ITEPBOTO IIOPAORKA

1. TeopeTuuyeckue BOIpOChI

203. HanucaTh ob6uiuii BUA KBa3sUJIMHEUHOTO ypaBHEHUA C
YacTHBIMU MPOU3BOAHLIMHY NMepBoOro nopAaaka. Yto Ha3bIBaeTcA Xa-
PaKTEPUCTUKON 3TOr0 ypaBHEHUA?
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204. ChopmynupoBaTb M [0Ka3aTh YTBEp#IeHHe O CBA3U
pellleHuA YpaBHEHUA C ero XapakTepUCTUKaMU.

205. Kak MoHO UCMOIL30BaTh MePBble UHTErPalbl HEKOTO-
poii BcioMoraTelbHOU cucTeMbl JuddepeHINalbHbIX ypaBHEHUI
IJIA TIONyUYeHUA pelleHUA JaHHOTO0 ypaBHEHUA C YacCTHBIMH IpPO-
U3BOAHBIMUT

206. CpopMmynupoBaTh NOCTaHOBRY 3afaun Komwu nnda kBa-
3UIMHEHOr0 YpaBHEHUA C YaCTHBIMU IPOU3BOJAHBIMHU U TEOPEMY
CyIIECTBOBaHUA €€ pelleHy .

207. ChopmyanpoBaTh U [JoKa3aTh TEOPEMY O CyIllecTBOBa-
HUU pelleHUA 3amauyu Kouu AiA KBa3sWIMHEHHOTO ypaBHEHUA C
YacTHBIMU IIPOU3BOAHBIMU NI€PBOr0 MOPALKA.

2. 3agauu

208. HaiiTu ofiiee penieHrue ypaBHEHUA

z(‘)z +xz 0z =
Or oy Y-
Pemuts cienyromue 3agaun Komu (209—215).
209. my%—l—ng—z =yz, z=1+y?>npux=1.

210. %—F(z—a;z)g—?j:%', z=2x%+z upn y = 22>

211. y& +a;zg—z =yz, z=—y>npu x = 0.
212. 2222 + yzg—; =x3+y, z=4y® npu x = 3y°.

213. y?22 4 myg—; =232, z=¢¥"/2 npu z = 2y.
2

214. mg—;+zg—; =z+22% z=wzupny=;—a%

215. x%+yg—; =x+y+z, z=z+ynpuy=z+1.

Pemuth ciepyionue 3agaun Komu (216—218) B TeX Cly-
yaax, Korja pelleHue cylecTBYeT.

216. %+2g—;:5, z=0npu y =kx.

217.%4—32—;:2, a)z=vy> nmpuzxz=1;
6) z=2x npuy =3z

218. 2%—2—;:2, z =2ay npu x = (a® +a — 2)y.



