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Boii Busnanu x4 y? 4 22=a? X*+yl=ax (2>
= 0, a> 0), npoberaemas NPOTHB YacCOBOH CTPeNKH, eC/H
CMOTpeTb C MOJIOXKHTEJLHOR 4acTH (x > a) ocH Ox.
4283. _f (Y — 2% dx + (22 — x%) dy + (x® — y?) d2,
c

rie C — KOHTYp, OrpanuyHBaiomyii yacTb cpepnl x2 + y* +
+2'=1,x>0, y>0, z> 0, npoberaeMbiii TaK, 410
BHELIHAS CTOPOHA STOH NOBEPXHOCTH OCTaeTCs CJeBa.

Haifitn crepyiomue KpuBO/MHHeHEe HHTErPanbl OT MOJs
HEIX audeperiHanos:
@ 3 —4
4284, | xdx+4ytdy—22dz,
L1
6, 1,1

4285, ‘ yzdx 4+ xzdy - xy dz,
129
(xh Y

3 2a)

4286. S xdrxtydytzadz  rre rouka (xy, ¥y, 2,)
Vet it

x1 y10 20)

pacnosoxena Ha cohepe x® + y* + 22 = q? a TOuUKa (¥,
Yg 25) —Ha chepe x4yt 22=02(@a>0,6>0).
&3 U3, 2)

4287, o) dx + ¢ (y)dy + x(2) dz, rze o,

(X1, ¥1s 25)
P, % — HenpepuiBHHE (GYHKLHH,

(X30 Y3, 23)
4288, ? f(x+y+2) (dx + dy + dz), rnef—

(X410 Y1 20)
HenpepeiBHAs (yHKUHUA.
s )

%3,
4289, | )f(«/x“+y’~‘+z’)(xdx+ydy + 2d2), rne

X Y1 25
f — venpepuiBHas dyHkuus.
Haiitu nepBooGpasHyio QYyHKUMIO 4, ec/u:

4290. du = (x* — 2y2) dx + (y* — 2x2) dy +
+ (2 — 2xy) da.

4%L@=O—%+{QM+C§+ﬁ0@—

-

4202, dy— CHy—Ddet Gry—Adytctytade
Lol

29*
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4293. Halith paGory, NpOU3BOAUMYIO CHJIOH TAMXECTH,
KOTZa TOYKAa MacChl m nepeMellaeTcd H3 MNOJOXeHHS
(*1, ¥1» 2;) B nosoxenue (x,, y,, 2,) (ocb Oz HanpaBaeHa
BEPTHKaJbHO BBEpX).

4294. Haiitu paGoty ynpyrofi cH.sl, HanpaB/eHHOM
K HayaJy KOOpAHHAT, BeJIHYHHA KOTOpOH NPONOpPUHOHANBHA
VA2NeHHI0O MaTepHanbHOl TOYKH O Hayajla KOOpJHHaAT,
€CJI1 3Ta TOYKA OMNHCHIBAET B HanpasJ/ieHHH, NPOTHBONOJIOXK-
HOM XOxy qacosou CTPE/IKH, NOJOXHTEJNbHYIO YeTBepTb

yunca + =1l

4295. Hawm paéory cuabl TAroteHusa F = k/r?, raer =

=4/ 4 y*-+2*, pefcTByloulei Ha eQMHHYHYIO Maccy,
KOrlla NocAenHsst nepemeltaerca u TOYKH M, (x,, y,, 2,)
B TOUKY M, (x5, ¥ 2,).

§ 12. ®opmyna puna

.CBA3p KpHBOJNHHeHHOro WHTerpana

c i s 0 B Hbn M Ecau C — 3aMkHYTHIA npocToft KycOuHO TAankHit
KOHTYP, OrpaHU4MBAIOUHA KOHEYHYK OAHOCBA3Hylo ofnacth S,
npoGeraembld TaK, uto 06nacTe 8 ocraerca chaeBa, H (GYyHKUHH
P (x,4), Q (x, y) HenpepuBHLI BMECTE CO CBOMMH YaCTHHIMH NPOH3BOL-
HbIMI HepBoro mopspKa P;(x, y) 1 Q. (x, y) B obnactn S M Ha ee

rpaHnue, 1o nMeeT Mecto gopmyasa puna

dSP(x.y)dx+Q(x.y)dy=SS 9 _ )ddy n
¢ PR

Qopmyna (1) cnpaeeannBa Takxe H AAA KoHeuHoH obnactH S,
OTrpPaHH UEHHOH HECKOJLKHMH MPOCThIMH KOHTYPaMH, eCcAn NOA rpa-
Huuei C nocienHedi NOHHMaTh CYyMMY BceX FPaHHUHBIX KOHTYPOB,
HanpasleHHe 006xoAa KOTOPHIX BubHpaercd Tak, yto obnacrb S
0CTaeTca cnesa.

2. Maowmans naockoit o6aacru. [Naowans S
$HrypH, OrpaHBYeHHOR NPOCTHIM KYCOYHO rAagKHM KOHTYpoM C,
pasHa

1
ﬁxy ?yx 2?(’(!! #42)

B 3toM maparpade, eca He OroBOpeHO NPOTHBHOE, Npennona-
raercs, YTO SaMKHYTHBA KOHTYP HHTerpauuu npoctoi (6es Ttouexk
caMollepeceueHuf) W npoberaeTcf® Tak, uTO OrpaHHYeHHas HM oG-
JlacTb, He copepkaulas OeCKOHEUHO YAAaJeHHOH TOYUKH, ocTtaercd
c/leBa (NMOJIOKHTEILHOE HaNpaBJeHHe).

4296. C nomombio ¢opMyan I'piHa npeobpasoBars KpH-
BOJIMHEHHRIA HHTErpan
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l==§3 VL P de+ylxy+1n(x+4/53F 57 )] dy,

rae koHTyp C OrpiHHUHBaeT KoHeuuyio o6aactb S.
4297. Ilpumenss ¢opmyay TpuHa, BBIYHCAHTD KPHBO-
JIHHeHHbIA HHTErpan

I =§x+yPde—(x*+y)dy,
K

rie K — nnoferaeMbli B NOJOXKHTE/1bHOM HanpaBJeHHH
KouTyp Tpeyroasuuka ABC ¢ sBepuwnnavMu A4 (1, 1), B (3, 2),
C (2, 5).

[TpoBeputh HaffeHHblT pe3y.LTaT, BHYHCAAS HHTErpan
HenocpeACTBEIHO.

[Mpumenss ¢opmyay [IpuHa, BHYUCAHTL ClEAYIOIHE
KPHBOJMHEfIHbIE MHTerpasl:

4298, §xy2dy—x‘~'y dx, rpe C — OKpPYXHOCTb
c

x2 _T' y:l —_ a‘l-
4299. §(x + y)dx.— (x — y)dy, rtae C — aaunc
c

x* y* "

—_— =

at b

4300. g e* [(1 —cos y)dx—(y—sin y) dyl. rae C =
C

npoGeraeMuli B MOJIOXKHTENBHOM HANPABIEHWH. KOHTYP,
orpanuyuBalomui obnacts 0 <<x<<m, 0 <<y <sin x.

4301, e—¥—4" (cos 2xy dx - sin 2xy dy).

X%} yi=R2

4302. Ha ckoabKo OTaMYAlOTCS IPYT OT Apyra KpPHBo-

JNHHefiHble HHTerpaJibi
L= [ «+ylax—x—ytdy
AmB

L= [ (xLyfdy—(x—y)Qdy,
AnB
rae AmB — npsamas, coepuHswowas Toukd A (1, 1) m
B (2, 6), 1 AnB — napa6o.ia ¢ BepTHKaJbHON OCbIO, NPoO-
XoAslias yepe3s Te Xe TOYKH A H B ¥ HayajJo KOOpAMHAT?
4303. BoiuHCAHTL KPHUBOAMIEHbIT HHTErpan

| (e*siny—my) dx 4 (e* cos v —m) duy,
AmO
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rie AmO — BepxHss NOMYOKpPYMKHOCTb x* + y? = ax, npo-
Geraemass ot ToukH A (a, 0) ao Touru O (0, 0).

Ykazanue. Hononsuts nyte AmO 10 3aMKHYTOro npsaMo
NuHeAnuM orpeakoM OA ocu Ox.

4304. BbiyHCIHTD KPHBOJMHEHHBIH HHTErpaj
{ low) er—mylde+|q’ (y) e*—m] dy,

AmB

rre ¢ (y) ¥ ¢’ (y) — HenpepbiBHLIE QYHKUHH H AmB — npo-
H3BOJMBHHA NyTbh, COEJHHAIOMHA TOUKH A (x;, y,) H
B (x,, y,), HO orpaHWYHBaIOLIN{ BMecTe ¢ OoTpe3koM AB
naomans AmBA paHHOH BeqMuHHH S.

4305. Onpegenuthb IBe ABaXAbl HenpepuiBHO AHbdepeH-
uHpyemble ¢oyHkuuud P (x, y) u Q (x, y) Tak, 4ro6H KpH-
BOJIHHEHHBI HHTErpas

1=§ P(x+a, y+pde+Qx+a, y+p)dy

A8 J11060ro 3aMKHYTOro KoHTypa C He 3aBHCeJs OT NOCTOSIH-
HEIX & H P.

4306. KakoMmy yc/OBHIO ZONKHA YAOBJAETBOPATH RHde-
penunpyemas ¢yHkuHa F (x, y), 4TOObl KpPHBOJHHEAHHH
HHTerpa.

f Fx y)(yde+ xdy)
AmB
He 3aBHCEA OT BMAA NYTH HHTErpHPOBAHHA?
4307. BriuncauTh

| = xdy —ydx
D S

rae C — npocToii 3aMKHYTHIA KOHTYpP, He fpPOXOAALIHA
Yyepe3 HayaJjso KoopAanHar, npoﬁeraemuii B NOJIOXKHTEJbHOM
HanpasJ/eHHUH,

Y kaaaHHue, PaccMoTperb gBa cayyas: 1) Hayasno KoOpAH-

HaT HaXORHTCA BHE KOHTYDa; 2) KOHTYP C OKpYXaeT Hauajo Koope
RHHAT,

C nomolbio KPUBOMMHEHHBIX HHTErpasioB BBIYHCAHTD
NJ0ajH, OrPaHUYEHHbIE CJIeAYIOUIHMH KPHBBIMH:

4308. daauncoM x =acos L, y=>bsint (0<Ii<
< 2n).

4309. Actpoupoit x = acos®t, y=bsindt (0<t <
< 2m).

4310. IMapa6oroft (x + y)? = ax (@> 0) u ocwio Ox.
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4311. Iletnelt  pexkaproBa Jaucra x° 4+ y® = daxy
(a> O)s
Y KasaHue, [Tonoxuts y=Ix,
4312. Jlemuuckarofi (x2 + y?)? = a® (x* — ).
Yxasaunue. lNonoxkute y = x tg .
4313. Kpusoit x® + y® = x* -+ y® 1 ocsAMH X0OpAHHAT,
4314. BbiuucAuTb NJIOWAAb, OrPAHHYEHHYIO KPHBOI
(x + y)yrtmt = axrym (@>0, n>0, m>0).
4315. BbiuHCAHTD NAOWIAAB, OrPAaHHUYCHHYIO KPHBOIl

(—%)"-%(—%—)":1 @>0, 6>0, n>0)
H OCAMH KOOpAHHAT.

X Y y s a0
YkasaHae. [lonoxite —= COS”"‘P. T = sin“" q.
a

4316. BbluncauTh NJOWALb, OrpaHHYEHHYIO KPUBOR

Ln‘ Ln= i_n—l _y-n—l
(a) T(b) (a) +(b)
@>0,6>0, n>1) 4 OCAMH KOOpIHHAT.
4317. BuiyucasTs njowanb NeTaH KpHBOH

)T =G
(@a>0, b>0, ¢>0, n>0).

4318. 3Snuyukaoudoi HasbIBaeTCA KpHBas, ONHCHIBaeMas
TOYKOH MOABHAKHON OKPYXKHOCTH painyca r, Karsueics Ges
CKOMIbXXEHHS NO HEeMOABHXKHOH OKpyMHOCTH paanyca R u
ocramwlueics BHe Hee.

HaiiTn nnomans, orpaHHyeHHY0 SMUUHKNORAOH, NpeX-
noJaras, 4To OTHOUIEHHE — = 1L eCTb UeJoe yucio (n >1).

r

Pazofpate yactubit caydait r = R (kapauonia).

4319, Tunoyuxnoudold HasbIBaeTCs. KpHBas, ONKChHIBae-
Masi TOYKOH MOABHXXHOK OXPYXHOCTH pajuyca r, Karauleics
$e3 CKOJbXeHHs N0 HEMOABIKHOH OKPYXHOCTH paauyca R
H ocraioleiica BHyTpH Hee. Haiit nJiolaas, orpaHHyeHHY 0.
TUNOUMKJIOUNOMA, Npeanosaras, YTo OTHoWeHHe R/r = n
€CTh LeJsoe yuedao (n > 2).

Pa3oGparb yacTHHE cayuait r = R/4 (acrpoupa).
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4320. Briuuc/uTh MUOLLAAb YacTH UHJIHHAPHYECKOIl no-
BepxHocTH X2 4 y® = ax, BHIPE3aHHOH MNOBEPXHOCTbHIO
2+ y? 4+ 22 = ad

4320.1. Jokasarb, u4TO ofBeM Tesaa, oGpa3oBaHHOro
BpalleHHeM BOKpYyr ocx Ox npocToro 3aMkHyToro Kourypa C,
pacnoJIoKeHHOro B BepXHed noJynJjockocTH y => 0 pased

V=—n § y%dx.
¢

4321. Bruucauts

[ gS*Dxfn'—ydx
on Xt vyr:
C

ecan X = ax + by, Y = cx -+ dy u npocroil 3aMKHYTBI
koityp C OKpyXaer Hayalxo KkoopiuHar (ad — bc =+ 0).

4322. Buiyucauto muuterpan / (cM. npeasiayumiylo 3a-
rauy), ecii X = @ (v, y), Y = ¥ (x, y), 1 npocToii KoH-
Typ C OKpyXaeT Hayal0 KOOpIMHAT, MNpH4YeM KpHBbie
¢ (x,y) = 0HY (x, y) = O UMEIOT HECKOJILKO NIPOCTHIX TOUEK
nepeceuyeHHss BHYTpH KoHTypa C.

4323. Ilokasartb, 4To ec/in C — 3aMKHYTHIH KOHTYD H
| — npoH3BOJIbHOE HanpabJeHHe, TO

§ cos (I, n)ds=0,
P

rie n — BHeIUHssi HOpMaAb K KoHTypy C.
4324. Ha#fitu 3HaveHue uHTErpana

I = ¢ {xcos(r, x)+ycos(n, y)ds,
c

rae C — npocras 3aMKHYTash KpHBasi, OrpaHHYMBawLlas
KOHeYyHyI0 o6nacTb S, H I — BHEIUHss HOpMadb K HeH.
4325, Haiitu
. 1
lim — § (F-n)ds
a(S-0 S ﬁ( ) ds,

rie S — nJolaap, orpaHuyeHHas KoHtypoM C, OKpyaio-
UHM TOYKY (Xo, Yo), d(S)— auamerp obaactH S, n —enu-
4HYHBIA BEKTOP BHeWIHe# HopMmaJH koHTypaCH F{X, Y} —
3€KTOp, HeNpepuIBHO AuddepeHuupyemblit B S + C.

§ 13. ®u3nuecKHe NPHAOKEHHS KPHBOAHHEAHBIX
HHTErpajos

4326. C kako#i cuaofi nputaruBaer Macca M, paBHO
MEpHO pacnpefiesieHHas N0 BepXHell MOMYOKPYXHOCTH x2 4=
+ y? = a? y > 0, MatepHalbHYIO TOYKY MacChl m, 3aHH-
watoiyio noaoxkexue (0, 0)?
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4327. BRIYHCAUTD A02apupmuueckull unnespas npocmozo

ca0a
u(x, y) =(§ % ln%ds,
¢

rie x = const — MJOTHOCTS, V (E—x)“—r Mm—y)?
n koutyp C ecTb OKpYXHOCTH Ez + 1t
4328. BHUHCJAHTD B NOAADPHBIX Koopnnuarax pHG
JIOTapH(QMHYeCKHe MNOTEHLHaNL 0pOoCIoro cJos
b2

251
I,=f cos rmp-ln—l— dy o !2=S sinmy In —i— Y
0 ]

FIC r — pPAacCTOsIHHe MeMLy TOuKoil (p, ¢) B ncepemeHHOA
q04Koii (I, P) H m — Harypa/bHLE YHCAC.
4329. Buuucauts uniuzpaa laycca

Cos {r, nj
ux, y) =(6——r——— as,

12

rze r =4/(E—x*+ (M —4)? — anuna Bekrona r, co-
eqHHAOWero TouKy A (x, u'c nepemenHon Touko# .V (&, n)
MIPOCTOro 3aMKHYTOro raaikoro kowiypa C, (£, 1) -- yroa
MeXIy BEKTOPOM r H BHellHeii HOpMaablo 1’ K KpuBoi C
B TouKe ee M,

4330. BoiuMcaHTL B D101APHBIX KOOPIMHATAX P H @
JorapupmMuUyeckHe noresLnaan! 3sofiHoro cjaos

2

K;=S cos m*{:—fg'i(—',"—'idw.
¢
2n

K,= S sin m\p—c—(f—(—:-'—ﬂdip,

[}

TAe r — paccTosinHe Mexay Toukoit A (p, ¢) H nepeveHHoOR

104Kolt M (1, ), (r, m) — yron Mexiay HanpaBneHHeM

M = r u paguycom OM = n, npoBeleHHBIM M3 TOYKE
0 (0,. 0), 1 m — Harypa/ZibHOe YHCJO.

4331. dpaxanl audpepeHuupyemas ¢GyHKuus o =

= u (x, y) Ha3uBaercAd 2apMoNudeckod, ecad Au =

d‘u du
— + = 0. Iloxasarb, 9TO U« €CTh rapMOHHYCCKaR

oxd | o




458 - OTHAEN VIIl. KPATHBIE U KPUBOJIMHEMHBIE MHTETPAJIH

dYHKLHA TOTIA M TONLKO TOTAa, eciH
§) 4 g5 —0,
on

. “ Ju
rae C — npou3BOJbHBIA 3aMKHYTHIl KOHTYP H 5, — fpo
n

H3BOJHAs 1O BHELUHeH# HOpMaJH K 3TOMY KOHTYDY.
4332. Hokasarb, uTO

G+ ) =
- —Uuzxudxdyﬂi)u -g% ds,

rie raagkuit KoHTyp C orpaHHYHBaeT KOHeuHyio obsacts S.
4333. lloxa3arb, 4T0 QYHKUHRA, rapMOHHYECKass BHYTPH
KOHeyHoi1 o6nacty S M Ha ee rpanuue C, OfHO3HAYHO onpe-
gegaercn CBOHMH 3HayeHHsMH Ha KoOHType C (cM. 3ajauy
332).

4334. [oxasatb smopyro cpyyay I'pusa Ha NIOCKOCTH

Gu
S“s‘ Au  Av dxdy=§ on on ds,
s u v u v

rae raankui Koutyp C orpaHHuHBaeT KoHeymyio ofaacTe S
d "

H — - —NPOH3BOAHAS IO HANpABJEHHIO BHeLIHEA HOPMATH
n

kK C.

4335. Tloab3ysce Bropo#t dopmysoit I'puna, n0Ka3aTte,
4TO €CJH U = U (X, y) — FapMOHHYecKas HyilKIHA B 3aM-
KHYTOH KOHeYHOH obaactH S, TO
1 dinr du
ux = — u————-lnr———)ds,

(4 2 (ﬁ( on an
¢

rae C — rpaHnua obnactu S, 72 — HanpaBjeHHe BHELIHeH
HOpMaJH K KouTypy C, (%, y) — BHYTpeHHss TOYKa obna-
ctu S u r = 4/(E — x)® + (n — y)* — paccTosHHe MeXLY
Toukoit (x, y) u nepemenHodt Toukoh (§, M) KOHTYypa C.

Y kasanue Bupesars Touky (x, y) 3 ofracTH S smecte
¢ GecKOHEYHO MaJIofi KPYroBok OKPeCTHOCTLIO ee H NPHMEHHTH BTO-
pyio dopMyay 'pusa K ocraBmeics wactin ofnracta S.
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4336. Iokasatb meopemy 0 cpednes AN TapMOHHYe-
ckoli Qynkunn u (M) = u (x, y):

u(M)=——0Pu@ nd,
$

2nR

rze C — OKpYXHOCTb paguyca R ¢ uentpom B Touke M.
4337. Hokasatb, uto GYHKUHS U (¥, y), TapMOHH4Ye-
CKan B OTpaHHYeHHOH W 3aMKHYTOH 06/1aCTH M He ABJAIO-
Llafcs MOCTOAHHOM B 3TOH 06.,1acTH, He MOXKET JIOCTHraTh
CBOHX HauGOJIBIIEr0 W HaHMEHblero 3HayeHH# BO BHYTpPeH-
Heil ToyKe 3TOH 00MaCTH (NPpURYUR MAKCUMYMA).
4338. Hokasatb gropmyay Pumana

s ’ ¢
rjae
Nu du ou
Liu)= 9x dy Fa ox +b oy e
o v %
M) = —a— - —b5 T

(a, b, ¢ — nocrossune), P u Q — HeKoTOpHe onpeje-
JieHHble QYHKUMH H KOHTYp C OrpaHH4HBaeT KOHEYHYIO
obnacrb S.

4339, Ilyctb u = u(x, y) 1 v= v (x, y) — KoMnNo-
HEHTHI CKOPOCTH YCTaHOBHBIIErocs NOoToKa XiakoctH. Onpe-
JIEJHTh KOJMYECTBO MKHAKOCTH, BhbiTEKLIee 3a eJHHHLY Bpe-
MEéHH H3 orpaHuyeHHoN koHTypoM C obaactu S (r. e. pas-
HOCTb MEXJY KOJHUYeCTBaMH BHIENIeH H BolleAued XKHA-
KoctH). KakoMy ypaBHEHHIO YAOBAETBOPAOT QYHKIHH & H U,
€C/IH JKHAKOCTb HecXkuMmaeMa M B 06]acTH S OTCYTCTBYIOP
HCTOUHHKH H CTOKU?

4340. CoraacHo 3akony Buo — CaBapa anektpuyeckuit
TOK i, NPOTEKaIOLIHii 1O 3/1eMeHTY NPOBOAHHKA dS, CO3laer
B TOYKe npocrpancTtBa M (x, y, 2) MarHHTHoe noJe C Ha-
TnpsXKeHHEM

. (rxds
dH = ki {58,
rjie r — BEKTOp, COeNHHsIOWMil 3neMeHT d§ ¢ Toukoii M,
M k — Ko3dduuneHT nponopuxoHaabHocTH. Hafith npoek-
uuu H,, H,, H, HanpaxeHua MarHuTHoro noas Hs
Touke M aas cayvas 3aMKHYTOro nposoiHuka C.
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§ 14. MNoBepxHocTHbIE MHTErpannl

1°. MTosepxHOCTHHA HHTerpan l-ro pona.
EciH S — KYCO4HO[N13AKasA ABYCTOPOHHAA MOBEPXHOCTH

x=x( 0 y=y v) z=z2@ v (4 v) €9Q) (1

g | (x, ¥, 2) — QyHKuHdA, onpele/ieRHas ¥ HenpepHBHAA B TOUKAX
nosepxxoctd S, TO

f j f(x, g dS = [[F(x(w 0), g, ) 2@, v) VEG—F dudo,
Q

@
(o) ) TG

ax \? ay \? 9z \?

G={— — —

o +( v ) +( av) !
Fe ax Ox + dy Oy + 0z @z

TS e
ou Ov ou Ov ou dv
B gacTHoM cayuae, ecau ypaBHeHHe MOBEPXHOCTH S HMeer BUJ

2= z(x. y) ((x» y) E o),

rEe z (x, ¥) — oRHO3HauHAs HempepuBHO AHpdepesunpyeMas byHKs
uHf, TO

j‘sji (x, y, DdS =

_ 0z \!, (0zY?
—-U fix g z(x 9) ,\/ 1+(ax) +(ay dx dg.

870T_HHTerpaJ He 33aBHCHT OT BHGOpa CTOpPOHH nosepxuoctd S,

Ecau ¢pyukunw [ (x, y, 2) paccMaTpuBaTh KaK NJOTHOCTb MO+
pepxuocTH S B TouKe (x, y, 2), T0 HHTerpaa (2) npeacrasaser coboft
Maccy SToR NOBEPXHOCTH,

. MosepxHoCTHHI uHTErpan 2-ro poaa.
Ecan S — raaakas gByCTOPOHHASA noeepxhocts, S+ — ee cropoHa,
XapaKkTepusyeMas HanpasJeHHeM HOPMaJH h {cos @, cos B, cos ¥},
P=P(xy 2,Q0=Q(x y, 2, R=R(x, y, 2) —71pu ¢yHK-
LB, ONpefeseHHbIe H HellPpepLIBHEE HAa NOBEPXHOCTH S, TO

gf P dy dz-+-Q dz dx-+R dx dy= U (P cos a+Q cos B4R cos 1) dS. (3)

rae

Ecau noeepxnocts S 3anaHa B napamerpuueckoM puze (1), o

HANpaBAsIOWMEe KOCHHYCHl HOPMa/H 72 ORDEIe]RioTCs No (hopMye
aoM:

A B
s o == , cosP = .
AL B C /AL B
cosy == ¢ ’

+ A/A 4 Bi4-C?
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9y, 2 dz x o(x, ¥)
—L ", B=—t—, (= —22

a(u, v) d(u, v) d(u, v)
nepeA PaAHKaNOM BHGHPaeTca HaasexauuM o6pasom,

Tlpu nepexone K apyroit cropotie S~ nosepxHocty S uHrerpan (3)
MeHsleT CBOH 3HaK Ha OGpaTHbI.

4341. Ha ckoabKo OTJHYAIOTCA ApYT OT JApYyra noBepx-
HOCTHBbIE HHTerpaJjsl

h=[[@+y+2dS u =[] +y*+2)dP,

rie S — nosepxHocts chepbt x2 +y? 22 =a®> u P
nosepxHoctb okrasgpa |x| -+ \|y| -+ |z|=a, BnHCaH-
HOro B 3Ty cdepy?

4342. Beuncauts || zdS, rze S — uacts nosepx-

S

HoctH x* + 2% #= 202 (@ > 0), BhIpe3aHHas NOBEPXHOCTHIO
2=/ 2.

Bbluvcauts caepyiolwye NOBEPXHOCTHhIE HHTErpajbl
l-ro poxa:

4343, fsf (x+y+2)dS, rne S — noBepxHocTb
4yt 2=a% 2>0.
4344, fsf (x*+ 4% dS, rae S — rpannua Tena
A+ <zl
4345. SY———ﬁ——. rie S — rpanuua Terpasapa
s

e A= , B 3HaR

(14 x+y)p?
x+y+2<l,x=20,y>0,2>0.
4346, fss'lxuzldS, rie S — 4acTb NOBEPXHOCTH 2 ==

=x* + y?, oTcekaeMas MNJOCKOCTbIO Z = 1.
S
4347, S j‘—‘;—. rie S — NOBEpPXHOCTb 3JLIHICOMAA H
s

h — paccTosiHHe UEHTpa JAJNHACOHJA JO  MJOCKOCTH,
KacaTe/IbHOH K 3JeMeHTy dS nOoBepXHOCTH 3JJHIICOMAA.

4348. fJ 2dS, rae S — yacTb NOBEPXHOCTH Te/IHKOHAA
X=ucosy, y=usiny, z=0 0<<u<<a, O<<u<<2n).
4349. Jg( 2*dS, rze S — uyacTb NOBePXHOCTH KOHyca

x=rcosgsina, y=rsingsina, 2=rcose
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O<r<a, 0<p<2n) U —nocTOAHHAA (0<oc<-’23-).
4350, _fs[ (xy 4+ yz+2x)dS, roe S — vacTe KoHHyecKo#H

TOBEPXHOCTH 2 = 4/x% + 47, BLIpe3aHHas NOBEPXKOCTHIO
x* + y* = 2ax.
4351. Hokaszatb gropmyay llyaccona

fsff(ax+by +c2)dS =2nif (u A/a* ¥ b0+ ) du,

rae S ecth nosepxHocTs cdepnl x4 y? 4+ 2 =1,
4352. Hafitu maccy napaGoaundeckoil 0G0NOYKH

2=—(2+1) 0<2<),

BJIOTHOCTb KOTOPOH MeHfieTCs N0 3aKOHY P = 2.
4352.1. Haiith maccy noaycdeps

Rty t=a%(z2>0),

NJIOTHOCTb KOTOpOi#i B Kakzoil ee Touke M (x, y, 2) paBHa 2/a.

4352.2. HaiiT cTaTHYecKHe MOMEHTH! OHOPOZHOH Tpe-
yropHofti nJjactThHHKH x+y+2z2=a(x >0,y >0,
Z > 0) OTHOCHMTEJbHO KOOPAHHATHLIX MJOCKOCTeH.

4353. BHYHCAHTH MOMEHT HHEPUHH OTHOCHTENbHO OcH 02
ONHOPOIHOH cdepuueckoll oboaouku x* + y? + 22 = a?
(z > 0) njorHOCTH pPy.

4354, BHYHCANTD MOMEHT HHEDUHH OLHOPOAHOH KOHH-

2 2 2
4eckoit 060NOYKH — +-—y-’——-— L =0 (©0<z<b) gor-
a° a

bz

HOCTH . P, OTHOCHTE/IbHO NpAMONH
x y 2—b

— e

1 0 0

4355. Haifitu xoopauHaTH UEHTpPA TAXKECTH 4acTH ONHO-
PONHOR TOBEPXHOCTH 2 = 4/x® -+ 4%, BblpesanHoit no-
BEPXHOCTBIO X2 4 y® = ax.

4356. Haiity koopaMHATHI LEHTDa THAXKeCTH OAHOPOA-
HO# NOBEPXHOCTH

z2=4/—2—y* x>0, y>0, x+y<a).
4356.1. HailiTn nonspHble MOMEHTH HHEPLHH

lo={]&+y*+2)dS
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cJeAyIOlMX NoBepXHocTelt S:

a) nosepxHoctH Ky6a max {|x|, |yl, |z|}= a;

6) nmoJiHO# noBepxHocTH uuauHgpa x® 4+ y> < R% 0 <
< z<H.

4356.2. Haiitn MoOMeHTH HHepUHMH TpeyroJsbHO# mnJja-
CTHHKH

x+y+z=1x>0,49>0 2=>0)

OTHOCHTEJIbHO KOOPJAHHATHBIX MJIOCKOCTEH.
4357. C Kakoii cusofi NpPHUTATHBaeT OAHOPOAHasA Yyce:
ueHHass KOHHYEeCKasl MNOBEepXHOCTb

x=rcosq, y=rsing, 2=r
O<¢e<2n 0<b<r<a

NJOTHOCTH Py MAaTEPHANBHYIO TOYKY MAcChl /m, NOMEIIEHRYIO
B BepLIHHE 3TOH NOBEPXHOCTH?

4358. Haiitn norenunan opnopoaHo#t cepuueckort no-
BepxHOcTH x2 + y? + 2% = a® (S) naoTHOCTH P, Ha TOYKY

Mo (Xo, Yo» 2), T. €. BHIUMCIHTH HHTErpan 4= 5 S &f:i.
$

rie r=4/(x—x0)*+({y—yo)* +(2—2z).
4359. Briunciauts
Foy= [| f@ u 2ds,
x4yta=t
rae
11— —y?—2%, ecmn X+ 12422 <1
Fe 9 z)=[ 0, ecnt Byt >0

IMocrpoutb rpadpuk dyHkuuu u = F (¢).
4360. BH4MCAIHTL HHTErpan

FoOo=_[[ f(x y 2dS,
yf =0
rae
fx, v z)_—_l"a‘*‘y’. et 23> AR5

0, ecnn 2z < A/ 447,
4361. BhiuHCcaMTBL HHTErpan

Feo gz 9=[[I& 0, DS,
rae S — nepeMeHHas cdepa
E—x+Mm—y’+EC—2>"=1,
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H

: {1. ecan 4+ nP+E<al
f(gv n’ )= 0’ eCJIPl §2+n2+€2>02’

npeanoJaras, YTo
r= ¢\/x2 +y:+2°2 >a>0.

BLYHCANTD cJeflylolise NOBePXHOCTHLIE HHTErpansl 2-ro
posa:

4362, féf (xdydz+-ydzdx +2dxdy), rae S — BHeluHsn
cropoHa chepnl x? + y? + 2% = a’.

4363. | $[ {0 dydz+g(y)dzdx+h(z)dxdy, tme f(x),
g (y), h (2) — HenpepbiBHble GYHKUHH M S — BHellHAs
CTOpOHa MOBepXHoCTH napainenentnesa 0 < x < a; 0<

<y<bol0<Kzge
4364, fsj(y—z)dy dz 4+ (z—x) dzdx + (x—y) dx dy,

rae S — BHeLIHAA CTOPOHA KOHHYECKOil MOBEpXHOCTH x? +4-
+yP=220<z<h).

4365. 55‘( dyxdz -+ dzydx + dxzdy ), rae S — BHell-
S

x? e 2
HAA CTOpOHA 3JJIHICOHAA —'—+-—+ —_—=1.
a? b2 )

4366. U Kdydz4-y*dzdx+2*dxdy, rane S — BHel-
naa croponacoepu (x — a)? + (y — b)* + (2 —c)*= RL

§ 15. dopmyaa Crokca

Ecom P=P(x, 4, 2, Q=Q(x, 4, 2, R=R(x, y» 2) —
RenpepnBHO ARddepenunpyemble GyHKUHE B C — npocTOR 3aMKHY-
THA KYyCOuHO MIAAKUIl KOHTYpP, OrpPaHHYHBAWOWHA KOHEYHYIO Ky«
COYHO FNAfKYIO . IBYCTOPOHHIOI0 NOBEPXHOCTb S, 70 HMeer MeCTo
¢gopmyasa Cmokca:

cosa cosfP cosy

¢ p (]9 2. 9 |gs,
¢ Pdx+Qdy+ Rdz SSI o dS
P Q R

rie cos & cos P, cos y — HanpaBJsOmHe KOCHHYCH HOpMaj# K 1o-
pepxHoCcTH S, HanpasJieHHOR B TY CTOPOHY, OTHOCHTEJNBLHO KOTOPO#
o6xoa xoutTypa C coBepumaercd NpPOTHB XO0ja 49acoBofi CTPesKH
(a1 npaBoii KOOPAHHATHOH CHCTeMbI),
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4367. TlpuMensasn c¢opmyay Crokca, BLIYHCAHTL KpHe
BONHHEAHBIi HHTErpan L[y dx + zdy + x dz, srne C —
OKpyXHocTh x* 4+ y? + 22 =a?, x4+ y+2=0, npo-
GeraeMas mpoTHB XOAa YacoBOA CTPeJKH, €CJH CMOTpeTh
C NON0XKHUTEbHOR CTOpPOHB ocH Ox.

IlposepHTb pesysbTar HenocpeACTBEHHKIM BHITHC/IEHHEM,
4368. Briyucauth HHTErpan

Ai , By dxt (¢ —x2)dy + (2 —xy) dz,

B3ATLIH NO OTPE3KY BHUHTOBOM JIHHHH
x=acosg, y=asing, z=—2—h—(p
13

or Touku A (a, 0, 0) no Toukn B (a, 0, h).

Ykaszanune Jonoawuts kpusyio AmB apaMoanHefHuIM
OTpeakoM H npuMeHuTh popmyay Crokca.

4369. ITyctb C — 3aMKHYTHI#l KOHTYp, pacnoJOXeH-
HBi B nNJIOCKOCTH xcosa - ycos P + zcosy—p =0
(cos a, cos P, cos y — HanpaBasOWHe KOCHHYCH HOpPManH
NJIOCKOCTH) H OrpaHHYHBAIOIMP NJOWAAKY S.

Haittu

dx dy dz

cosae cosf cosy |
c| x y z
rie KoHTyp C mpoGeraeTcs B MNOJOXHTENBHOM HanpasJe-
HuH.
INpumensas ¢opmyny Crokca, BHIYHCIHTD HHTErpajbl:
4370, (W+2)de+ (z+x) dy+ (x +y) dz, rme
C—snnmfcx= asin®t, y = 2asin fcos ¢, 2= acos® ¢

(0 € t < ), npoGeraeMuiii B HanpaBJeHHH BO3pacTaHUA
napamerpa £.

4371, _‘f:(y—z) de + (z—x)dy + (x—y) dz, e

C —snaunc x® + y* = a"’—:-+—i— =1(@>0 h>0),
npoberaeMbiii MPOTHB XOJa 4acOBO# CTPeJIKH, eC/IH CMOTPETb
€ NMOJMIOXKHTENbHOM CTOPOHH ocH Ox.

4372, £ (% + 2% dx + (22 + 2% dy + (& + y?) dz,
rne C — kpuBas x* - y? 4 2% = 2Rx, x* + 4? = 2rx (0<<
< r<R, 2> 0), npoderaeMass TaK, 4YTO OrpaHH4YeHHas
30—13'3
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€l0 Ha BHeluHelt ctopoue cephl x? 4+ y? + 22 = 2Rx Hau-
MeHbllast 06/1acThb OCTaeTcst CJieBa.

4373, [ (y* — 2% dx + (22 — x¥) dy + (x* — y?) dz,
C
rae C — ceyenve mnoBepxHocTH kKy6a 0 < x<a, 0 <

, 3
<y<a 0<z<a nr0ckKocTbIO x+y+z=-?a,
npo6eraemMoe NpPOTHB XOAa YacOBOH CTPEJKH, €CJH CMOT-

peThb C NOJOXHTeNbHOH CTOpoHK ocH Ox.
4374. | y?2%x -+ x*2%dy + x%y%dz, rae C — 3aMKHY-
[

Tass KpHBam x =acosl, y = acos2f, z= a cos 3,
npoGeraeMass B HanpaBJeHHH BO3pacTaHHf napameTtpa f.
4375. Jlokasatb, yto QyHKUMA

Wi, y, 2 =ki5‘§—-€9§-—(,:’—"-)—d8 (k = const),
s

rie S — nJouanka, orpaiHueHHas Koutypom C, n — Hop-
MaJb K NOBEPXHOCTH S H 7 — pajuyc-BEKTOP, COENHHSAIO-
wWuM TOYKY npocrpadcrBa M (x, y, 2) ¢ TEKyWlei TOYKOM
A (¢, ny) xonrypa C, snABasercs NOTEHUHAJNOM MarHur-
Horo nojs f, cO31aBaeMOro TOKOM i, NpPOTeKaloUMM O
KoHTypy C (cM. 3amauy 4340).

§ 16. dopmyaa Octporpaackoro

“Ecnan S — KycouHo raankas noBepXHOCTh, OrpaHHUHBaIOWAA
o6veM V, u P =P (x,y, 2, Q=Q(x,y, 2), R=R(x, ¢, 2) —
¢YHKUHH, HempepuiBHble BMecTe €O CBOHMH YacTHHMH NPOH3BOA-
HeMH 1-ro nopsgka ¢ oGaactu V -~ S, To cnpaseanusa ¢gopayaa
Ocmpozpadcxozo:

H’(Pcosa+Qcosﬁ+ Rcosy)dS ==
S

-_-‘5“'( g: + 33 + ?:)dxdydz.

rae cos @, cos B, cos y — HanpaBAsoOUHE KOCHHYCH BHelHeR Hop-
MaJaH K MOBepXHOCTH S.

IMpumenssa ¢opmyay Ocrporpaickoro, npeoGpasoBarh
cheflylolIHe MOBEPXHOCTHBIE HHTErPasel, eC/IM IVIafiKkasa Mo-
BepXHOcTh S orpaHuyHBaer KoHeuHwlt o6weM V H cos a,
cos P, cos y — HanpaBJAIOLIHE KOCHHYCHI BHELIIHE! HOpMaJIK
K TNOBEPXHOCTH S:

4376. J' fx“ dydz4-y2dzdx+4-22dxdy.
s
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4377, ” yzdydz+2xdzdx 4 xydxdy.
K

4378. SS xcos o+ ycos P+ 2cos y ds.
S '\/x2+!/2+12
du du
4379. 55(——cosa+7y-cos[5+—a;—cosy)d8.

OQ aP oR
4380, Ssj a ) cos o o cos p 4-

+ cos y] ds.

4381. [lokasatb, 4TO ecam S — 3aMKHyTas npocras
noBepxHocTs M I — JinGoe NOCTOAHHOE HanpasJieHue, TO

”cos (», 7)dS =0,
S

rie n — BHEIIHAs HOPMaJb K MOBEpPXHOCTH S.
4382. Ioka3aTh, YTO 0O6BEM TesNa, OrpaHHYEHHOro no-
BePXHOCTBIO S, paBeH

V=-§-f5f(xcosa+ycosﬁ+zcos y)dS,

rae cos a, cos f, cos y — HanpaBisioliiye KOCHHYCH! BHell-
Hell HOpMaJH K MOBEPXHOCTH S.

4383. Jloka3ath, uro 00beM KOHYCa, OrpaHHYeHHOro
r1aiakoii KOHHYeCKoR moBepxHocTelo F (x, y, 2) =0 #
njockocteio Ax - By 4+ C2 + D = 0, pasex

V =-5H,
3

rae S — nJoiwans OCHOBAHHA KOHyca, pPacro/iOXKeHHOro
L JaHHOH mJocKoctH, H H — ero BbicoTa.
4384. Haiitu o6beM Tes1a, OrpaHHYeHHOrO NOBEPXHOCTS-
MH: 2= 4CH
x=acosucosv-bsinusino,
y=acosusinv—bsinucosv,
z=csinu.
4385. Hafttu o6veM Tesna, OrpaHHYeHHOro MOBEPXHO-
CThIO
x=ucosv, y=usine, z=—u-t+acosv
(u=>0)
¥ nJaocKocTAMH: x = 0 u z = 0 (a > 0).
30*
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4385.1. HaiitH oGveM Tes1a, OrpaHHYEHHOIO TOPOM
x=(b+acos)cos ¢,
y=(b+acos¥)sin g, ] O<a<b).
z=asiny

4386 Hokasate dopmy.ay

< o e v 2 dvdyde) =

D
= ” Fx, 4 2, )dS + (” —Z—i—dxdydz
2y =t wfytage
(¢>0).

C nomoubio dopmyasl OCTporpaicKoro BHYHCIHTD Clje-
AyiolllHe MOBEPXHOCTHLIE HHTErpaJibi:
4387. Ux" dydz + y*dzdx + 2* dxdy, roe S —

BHEUIHSA CTOpOHA rpaHuupi Ky6a 0 < x < a, 0 < y < a,
0<z<a.

4388, js[x‘dydz+y3dzdx+z3dxd¢, re S —
BHeLUHAs1 CTOpOHA cdepnl x* + y? + 22 = a?.
4389. ”(x—y-{-z)dgdz-i—(y——z + x) dzdx +

d+(z—=x + y)dxdy, rae S — BHelUHAA CTOpPOHA HOBepX-
HOCTH

lx—y+zl+ily—z+x1+lz—x+yl=
4390. Bruucautsb fsf (x* cos a+y® cos B + 2% cos y) dS,

rie S — yacTb KOHHUECKO# moBepxHocTH x4y = 2%
0O<z2<h) u cosa, cos f, cosy— Hanpasasouue
KOCHHYCh! BHEIIHEH HOpMaJH K 3TOIl NOBepXHOCTH.

Yxasaune, [lpucoennHuts wacte NDJAOCKOCTH 2= h,
24yt B

4391. okasarb q)opMy.ny

dgdndf _
S"Sj SScos(r, n)ds,

rie S — 3aMKHYyTas NOBepXHOCTb, OrPaHHYHBAIOLAs O6BEM
V, » — BHewHAs HOpMaJb K NOBepXHOCTH S B Tekylleh

TOYKe €e (ga n g)v r= V(g - x).z' + (”I - y)ﬁ + (C “z)%
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M £ — DaHyC-BEKTOP, HAYUIME OT TOUKH (X, y, 2) K TouKe

& n, 0.
4392. Buiyucauts unmezpasr aycca

I(x, y, z)=SS-5'—s—g:;—"—)—dS,

N

rie S — npocrasi 3aMKHyTas I/ajikasi NOBEPXHOCTb, Orpa-
HuyHBatowas o6veM V, n — BHeWHAs HOpMasib K NOBEpX-
HoctH S B Touke ee (§, n, §), r — paauyc-BeKTOp, COEAH-
HAlOWHR TO4KY (x,y, 2) ¢ Toukoit (§, 0, §) u r=

=VE—0"+Mm—y*+ C—2"
Paccmorpers aBa cayuas:
a) Korja-noBepXHOCTb S He OKpyXaeT Touky (x, y, 2),
6) Korza nOBEPXHOCTb S OKpyXaeT TOYKY (%, ¥, 2).
4393. Hokasarb, 4YTO eC/H
u o%u

o0*u
Au=
dx? + 0y? + 022

# S — raazkas NoBepXHOCTb, OrpaHHYHBAIOUWIAs KOHEYHOS
tesio V, To cnpaseiquBH cJefyiolliHe (HopMyabl:

a)” 4 4s = SSSAudxdydz,
W S = HS( ()

-+ —a-z-)]dx dydz—l—jyg u Audxdyde,

rie u — GYHKIUS, HenpephiBHAss BMeCTe CO CBOMMM 4acT-
HbIMH TIDOM3BOJHBLIMH [0 BTOPOTO NOpAAKa BKJIYHTENLHO

ou o
B obsactu V + S, u —, ~ [POH3BOAHA MO Biiewed HOp-
on

Majii K NoBepxHocTH S.
4394. [oxasatb emopyio ¢opmyasy I'puna B npoctpad-

CTBe
SSS Au Bv dxdydz:SS _ai. _g‘f_!ds.
P u 9 s on on

a v

rae o6vem V orpaHuueH noOBepXHOCThIO S, 7 — Hanpas-
JieHHe BHeIUHeH# HOPMa/ik K NOBEPXHOCTH S H ¢yHKuuU
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u=u(x, y 2, v=uv(x y 2) ABakIn AudibepeHuU-
pyemnl B obaactu V 4+ S. ‘

4395. Oyukuus u = u (x, y, 2), ob6nanamias He-
NpepbiBHBIMK NPOH3BOAHBIMH IO BTOPOrO NMOPSAKA BKJIOYH-
Te]bHO B HEKOTOpOHl 06.1acTH, Ha3blBAeTCA 2QpMOHUHECKOU
B 3TO# 00aacTH, ectH

Au= u + 0%u 4+ 0%u =0.
dx? ay* 022

Jokasarb, 4TO €CiH ¥ — rapMoHHYecKas GYyHKUHS B KO-
HeyHo#t 3aMKHyTOH ofaactd V, -orpaHHueHHo#l TIJajkoit
DOBEPXHOCThIO S, TO CNPaBEAIHBH (OPMY.JIHL:

a)SS—z%dS=O;

9 SS,S[ _Z_:)2+(_gyi)z+ —‘;f—)z]dxdydz=
et

rfie 72 — BHEUIHAS HOPMaJb K NMOBEPXHOCTH S.

[Noabsysack dopmyaoit 6), 1oKasaTh, 4T0 PYHKLHA, rap-
MOHHYecKas B ofJsacT# V, 0AHO3HayHO onpejenseTcsa CBO-
HMH 3HayeHUsIMH Ha ee rpaHuue S.

4396. [oka3arb, 4T0 ecai QYHKUHA u = u (x, ¥y, 2) —
rapMOHHYyeckass B KOHeuHo#l 3amkHyTO#l obnactu V, orpa-
HHYEHHOH IVIaJKOH MNOBEPXHOCTHIO S, TO

u(x, Yy z) =—-‘il-ﬂ—5.s[u .cﬁ(:Tf.@_.*._l__ai]dS,
S

r On

TAe 7 — pajHyc-BeKTOp, HAYWIHH H3 BHYTpPeHHeH TOUKH
(x, y, 2) obaactu V B nepemenuyo Touky (&, m, {) nosepx-
Hocth S, r=+/E—x) +Mm—y*+(—2% n—
BEKTOp BHellIHeil HopManu K noBepXHocTH S B Touke (§, 1, {).

4397. oxasatb, 4TO €cay 4 = u (¥, Y, 2) — QyHKUHUSA,
rapMoHuyeckass BHYTpH cdepbi S paguyca R ¢ ueHTpoM

B (X0 Yo» 20)s TOU (X5 Yoo 29) = ffu(x, y, 2) dS
S

4nR?

(meopema o cpeduen).

4398. Jlokasatb, 9to ¢yHKUMA u = u (x, y, 2), He-
npepbiBHAaA B OrpaHHYeHHOH 3aMKHYTOi1 o6sacti V U rapmo-
HHYeCKass BHYTPH Hee, He MOMET JOCTHIaTb CBOHX HanGoJib-
wiero ¥ HaWMeHbIIero sHaYeHni BO BHyTpeHHeill Touke ob/a-
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CTH, eciH 5Ta GYHKUHA He ABAAETCA TOXKASCTBEHHOM
NIOCTOSAHHON (npunyun maxcumyma).

4399. Teno V uennkoM norpyeHo B Xuakocts. Hexoaa
M3 3akoHa Ilackans, foKasaTh, YTO BLITAJKHBAIOWIAA CHAA
JXKHIKOCTH paBHa BeCy XHAKOCTH B o6beMe TeJa W Hampa-
BJIeHa BEPTHKaJbHO BBepX (3axoH Apxuneda).

4400. Ilycrb  S; — nepemennas cdepa (8 — x)* +
+M—P+C—2* =2 u dynkuns f & 9, L) —
HenpepuisHa. Jlokasatb, 4TO (QyHKUHSH

ux, 4, 2, t)—_—.;Tj'y_f_(i_-_;ﬂ,,S‘
St

YIA0BNETBOPSIET 60AHOBOMY  YPABHERUID

Fu . Pu , Pu  du
ax - ay’ + ar  ar

M HawaibHBM yonosuaMm: u| =0, 2%
t==0 ot

=f(x, y, 2).
0

==

ou
Yk a3anue. INpoussognyio v BHPa3HTb TPOAHLIM HHTEs

rpanou,
§ 17. daemenrTHl Teopuu noas

1. Tpaguent Ecamu (ry=ulx, y, 2), raer = xi 4
-+ yJ - 2k, ectv HenpepuBHO AuddepeHUHPYENOR CKaAAPHOE ROJE,
TO epadueHmom €ro Ha3bBAaeTCHA BEKTOP

ou ou ou
rady = — { + — — &
& 0x + oy /+ 0z

uau, kopoue, grad u=Vu, rpe V=1 2 + j-—a-— + k& 2 .Ipa-
ox oy 0z

AHEHT MONR ¥ B RAHHOW TouKe (X, y, 2) HampaBJeH NO HOPMAaAH
K nosepxwocmu ypoéus u(x, y, 2) = C, mnpoxoasuei uepes sTy
TOuKY. DTOT BEKTOP ANA Kaaoft TOYKH NMOJA MO BeAHuHHE

ou \? Ou \? Oou \2
wmtnt= /() + (5 (5
& ox + oy + 0z
B HanpaBJeHHIO naeT HauGONbUIYIO CKOPOCTh H3MEHEHHA PYHKIUR U,

Mpoussonnas nons u B Hekotopom Hanpasaennn § {cos @,
cos B, cos y} pasHa:

al

2°, LuBepreHuua NONK H POTALHR (BHXpHL)
noasa. Ecau

a(r)=a,(x, y, D+ a,(x, 9y, I+ a,(x, 4, )k

ou ou ou du
__.=-grad Uu-l=——cosa — oS — COS V.
P + % B+ % ¥
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€cTh HenpephiBHO guddepeHunpyeMoe 6eKmopHOE nose, TO CKaaAp

. day da, Oa,
diva=vVae=
ve=vVe=— T3 T

HaswBaeTcsl Odusepzenyued WM PACXoOUMCCMbLIO STOTO TOJS.

Bekrop
i J k
9 J 1]
wte=VXae=\"7" %% o
ax a_,, a,

HOCHT Ha3BaHHe pomayuu RAH 6UXPR NOAR,

3°. [ToTOoK BeKTOpaAa uepe3 NOBEPXHOCTH,
EcaH BeKTOp @ (r) nopoxaaer BeKTOpHoe noJie B obaactu 2, TO no-
MOKOM 8eKmopa 4epes OQHHYO noGepxHocie S, PACNONOKEHHYIO
B Q, 8 YK23aHNYIO CTOPOHY, XapaKTepH3yeMy!t0 eIHHHUHBIM BEKTO-
pom HopMaau nr (cos @&, cOs P, cos y), HasniBaeTCA HHTErpaJ

[ fdS = f (@ cosa+ aycos b+ agcos ) dS,

rae @, = JrI; — HOpManbHas mnpoekuns sektopa. Topmysa Ocmpcs
2padtkoco 8 BEKTODHOM TPAaKTOBKe NpHHHMaeT  BHA @a,,ds =

S
= j ”divadxdydz, rae S ecTb MNOBEPXHOCTb, OrpaHHUKBalCc-
v

mas o6veM V, B 7 — eAHHUYHLI BeKTOpP BHEWHeH HOPMAJH K mo-
BepxHoctH S.

4°. lluprkynaqus BeKTopa. JuredHosm UHMeEPOIGH
oT BekTOpa a (r), B3ATHM No HekoTopoit Kpusoll C (pabuma noss),
Ha3biBaeTcs HHCJO

_(‘;a dr = gaxdx - aydy -+ adz.

Ecan kontyp C 3aMKHYT, TO AHHEHHBII HHTErpan HasnBaercs
Yupkyanyued sekmopa @ BAOAL KoHTypa C. )
BEKTOPHON QopMe ¢opmyra Cmoxca vimeeT BHA 4 @ Ar ==
¢
= ff(rot a),dS, rae C — 3aMKHRYTH KOHTYP, OFpaHHUHBAIOHE
S

noBepXHOCTL S, NPHUeM HaNpaBheHHe HOPMaJH 71 K NOBEepXHOCTH
S noaxHo GuiTb BHGPAaHO Tak, 4To6hl Ans HabJji0aaTeNs, CTOSAUIGrO Ka
NOBEPXHOCTH S, roJIOBOH N0 HanpaBJeHHIo HOPMAIH, 06Xoa KOHTYpa
C coBeplllaJcs NPOTHB XOAa YaCOBOH CTPeskH (ANA nRPaBof CHCTEMB
KOOPJAHHAT).

5 Totenunaabrioe noadae. Bekroproe noae a(r),
ABJAOUIEECS TPAaZHEHTOM HEKOTOPOro CKaaapa u:

grad u = a,

Ha3bIBaeTCA NOMEHYUAALNNM, @ BEJHYHHA U Ha3bLBAeTCA nomenyua-
A0M NOJA.
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Ecay nortewuuan u — OJHO3Ha4yHan beHKllHﬁ, TO
;aw=um—um
B

B uacTHoCTH, B 3TOM Cayuyae UHPKYJALHS BeKTOpa @ paBHa HYJIO.

Heo6XxOAHMLIM M ROCTaTOUHHLIM YCJOBHEM NOTEHUHANLHOCTH
RO @, 3313HHOrO B MOBEPXHOCTHO ONHOCBA3HOW o6nactH, fB-
JiseTcs BuinoJiHeHue ycaoBHs rot @ = 0, T. e, Takoe noJe ROJKHO
OLiTh Ge3BHXPEBHIM,

4401. HaiiTn BeqlMYuHY W HanpasJeHHe rpaiHeHTa nojas
u=x*+24y2+322+ sy +3x —2y— 62 B TOUKAX:
a)0(,0,0);6) A(1, 1, 1) u 8B) B (2, 0, 1). B kakoit
TOYKE rpajHeHT MoJs paBeH HYJo?

4401.1. Iyctb u = xy — 2°. Hafith BennuuHy u Ha-
ppaBJieHue grad 4 B Touke M (—9, 12, 10).

. du
Uemy paBHa npon3BoAHAA — B HanpasaeHun 6uccek-

TPHCHl KoopauHaTHoro yraa xOy?
4402. B kakux Toykax npocrtpaHcrsa Oxyz rpaiueH?
noJasi
u=x%+y*+ 22— 3xyz
a) nepnenaukyJaspeH K oci Oz; 6) napaaneaen ocu Oz;
B) paBeH HyJIO?
4403. lano ckansapHoe no.e

u——:ln—l-,
’

e r= A/x—a)+ (y— 06>+ (z—c)®. B kaknx
ToyKax npocrpaictBa Oxyz u©MeeT MeCTO PpaBeHCTBO
jgrad u]= 1?

4404. TlocTpoHTb NOBEPXHOCTH YPOBHSA CKaJ/isiPHOTO noas
U=/t +y*+ (24 8 +4/x*+y*+ (2—8)%.
HaiiTu noBepxHOCTb YpOBHA, NPOXONALIYIO Yepe3 TOUKY
M (9, 12, 28). UeMy paBen max u B o6aactu x? 4 y® +

+ 22 < 36?
4405. Haiitn yron ¢ Mexjy rpaiueHTaMu noas

.
x‘3+ y2+ z‘l
B toukax A (1, 2, 2) u B (=3, 1, 0).
4408. ITyctb nano ckaaspHoe noJe TR, J—
Vit 42
[locTponTs nOBEpXHOCTH YpPOBHA H (OBEPXHOCTH paB-
HOro MOAyasi TpajMeHTa [oAf.
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Haiitu inf u, sup u, inf|grad u|, sup |grad | B o6aa-
cH 1 <z<C2,

4407. C TOYHOCTbIO A0 6ECKOHEUHO MaJbiX BBICIIMX MO-
PARKOB HalTH paccTosiHHe B Toyke M, (x,, y, 2,) MeXay
ABymMsa CeCKOHCYHO OJIM3KUMH MOBEPXHOCTAMH YPOBHS

u(x, gy, 2)=cuulx y 2 =c+ A

rae u (xo» Yor Z0) = (grad u (xo» Yo 20) :,E O)'
4408. Hoxasarb opMy.si:
a) grad (u + ¢) = grad u (c — NOCTOAHHO);
6) grad cu = c grad u (c — NOCTOAHHO);
B) grad (¢ + v) = grad u + grad v;
r) grad uv = v grad u + u grad v;
a) grad (u?) = 2u grad u;
e) grad f' (u) = f' (u) grad u.

440Y. Buaucauts: a) grad r; 6) grad r?% B) grad -’!.—.
rae r=uxi--yj-zk.

4410. Haittu grad } (r), vae r = 4/x® + ¢ + 2%,
4411. Haiitu grad (¢r), rae ¢— nCCTOSAHHBIA BEKTOp H
+ — paguyc-BeKTOp H3 Haya/ia KOOPAHHAT.
4412. Haittn grad {{¢ X r}*} (¢ — nocTosHHBI Bek-
TOD).
4413. [okasars ¢popmyay grad [ (4, v) = -a%i— grad u +
‘}-—‘;L grad .
v
#414. dokasatb hopmyny V2 (uv) = uV 2 + vV % +
~+ 2Vu v, rae
0 , 0 4
Vel i R
a_ _ @ & o
Vi=VV dx? + ay? + oz °
4415. lokasaTb, uTO ecaH QyHKuHA « = u (x, y, 2)
XudeperuupyeMa B BuinykJoi obnacty Q ujgrad uj < M,
rae M — nocTosiHHAs, TO AAs JoOHX ToueK A, B uz Q
HMeeM:

lu(A) —u (B)i < Mp (4, B),

rae p (A, B) — paccrosnne Mexay Toukamu A u B.

4415.1. Ona ¢yHkuun u = u (x, Y, 2)  BHPa3HTL
grad u: a) B UMIHHAPHYECKHX KoopauHaTaX; 6) B chepHye-
CKHX KOOpJAHHaTax.
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4416. Haiity npon3pozuyo nond u == —':—--i-%-—[--:;-
b :

B naHHoi Touke M (x, y, 2) B BG!IDaBAEHHH pajuyca-BeK-
T0pa r 3TOH TOYKE.

B KakoM cayyae sta npcH3BOARas GyneT paBHa Bedil-
YHHe rpajHerT:.?

4417. Haitu npoussogiyiw noaal u = l/r, rae r=
= 4/x%* 4 y® + 2%, B nanpaB.aennu I{cos &, cos [}, cos y}.

B xakom cayuae sTa npoH3BOLH2# paBlia HyJO?

4418. Haiitu npousBcaiyio noas 4 = u (x, y, Z) B Ha-
NpaBJeHHH TPafileHTa noas v = v (x, y, 2).

B xaxou cayyae sra npousBoinas OyleT paBHa Ryalo?

4419. Haniucite B oprax BexToptoe noje @ = ¢ X
¥ grad u, ecau

u = arcte — we=i+4j-+k.

Lt
4420. OnpeicHTb CHAOBBIE JHiEHH EBCKTODHCTO noas

a = xi+yj+2k.

4421. loka32Th HenocpeJCTBERHHIM BBLIUHCJEHHEM, YTO
AHBEpreHUHA BEKTOPa @ He 3aBHCHT OT BHGOpa npaMo-
YrolbHOR KOODAHHATHOHA CHCTEMBL.

4422. Hokasatb, yto diva (M) = lim ;fj' a, dS,

diS)y» V ¢
rie S — 3avKHYyTad MOBEPXHOCTb, OKpyKamowas toyry M
H orpaHnyuBaouias o6vem V, 7 — BHEllHAA HOPMaJb K no-
BepxHocTH S, d (S) — AHZMETP MOBEPXHOCTH S.
—ixtju-i ke

Ve 4y
B Touks M (3, 4, E). Uemy npuCanxenyo pacer noiok Il
BEKTOPA @ uepe3 GECKOHeYHO Maayilo cgepy (¥ —.3)% +
+ (y — 4)* + (2 — 5)2 = &¥?

4423. Haiitu

4422.(. Haiith puBepreHUHO (047 @=

4 J
div|-2. 2. 2
ox oy oz |°

0, 0, o,

4424, Jokaszarte, 4o a) div (@ 4 b) = div @ -+ div b;
€) div (uc) = ¢ drad u (¢ — NOCTOAHHKII BeKTUp, U —CKa-
a5p); B) div (ua) = u diva + a grad u.

4425. Haitu div (grad u).
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4426. Haurn div [grad f (r)], rae r = 4/ %% - y¥ + 2%
B xakoMm cayuae div {grad f (r)] = 0?

4427. Buyucauts: a) div r; 6) div r/r.

4428. Buiyucauts div {f () €], rae ¢ — nocTosHHHI
BEKTOp.

4429. Ha#dru div[f (r) 7). B Kakom ciyuae pusepreH-
LM 3TOr0 BeKTOpa paBHa HyJo?

4430. Ha#ru: a) div (« grad u); 6) div(u grad v).

4431. )Kuaxoctb, 3amNOAHAWAA NPOCTPAHCTBO, Bpa-
maetca BOKpYT ocd Oz NpOTHE YacOBOH CTPeJIKH ¢ MOCTOSH-
Ho#t yraoBo# ckopocTbio @. Halith auBepreHuMio BeKTopa
CKOPOCTH © H BEKTOpa yCKOpeHHs w B Touke M (x, y, 2)
NPOCTDAHCTBA B JaHHBI MOMEHT BpeMeHH.

4432. Ha#ti anBepreHuMIo rpaBMTaLHOHHOTO CHJIOBOrO
No/A, Cc031aBaeMOro KOHeYHOM CHCTeMOH MPHTATMBAIOWIMX
LEHTPOB.

4433. Haiitn BhipakeHHe JHBEPreHUMH MJOCKOTO Bek-
TOpa @ = @ (r, ¢) B NONAPHEIX KOODAHHATAX I H Q.

4434. Buipasuts div @ (x, ¥, 2) B OPTOrOHANTbHBIX KpH-
BOJHHEHHBIX KOOpJIUHAaTax u, v, w, ecIu x = f(u, v, w),
y=g(u, v, w), z=h{u v, w). Kak vactiibli cayuyaii
no.1yuHTb BhipaxkenHe div & B HHAHHAPHUECKUX W cepHye-
CKHX KOOpAHHaTax.

Y kazauye PaccMorpers NOTOK BeKTOPa @ wepea GecKos

HeuHO MaJHd napaidejenufiel, OrpaHHYyeHHLH NOBePXHOCTAMH
4 = const, v = const, w = const,

4435. [Jokasarb, 4to: a) rot (@ + b) = rot @ + roth
6) rot (ua) = u rot @ + grad (u X a).

4436. Haiitu: a) rot r; 6) rot (f (r) r}.

443€.1. Haiitu BeanuuHy H HanpaejeHue rot @ B TOyKe

M@, 2 —2),ecm a=tj+2j4Ep
4 X Y

4437. Ha#itu: a) rot ¢f (r); 6) rot ex f(r)r) (c —
BOCTOAHHBIT BEKTOp).

4438. Hokasare, yto div (@ X &) = b rot @ —a rot b,

4439. Ha#tu: a) rot (grad u); 6) div (rot a).

4449. JKuaxkoctb, 3anoJHsiomlas NPOCTPAHCTBO, Bpa-
maerca .Bokpyr oci I {cos o, cos f§, cos y} ¢ NOCTOsTHHOIM
yraoBoH ckopocTbio w. Hafith poraumnio BekTOopa JHHEHHOR
CKODOCTH © B TOuKe upoctpaHcrsa M (x, y, 2) B JRaHHHIA
MOMEHT BpEMEHH.

4440.1. Haiitn Bhipakenuie poTauUHH IJOCKOTO BEKTOPa
8= a (r, ¢) B NOJAPHBIX KOODAHHATAX r H Q.
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4440.2. Bripasurb rot @ (x, y, 2) a) B KHJIHHApHYe-
CKHX KOOpAHMHaTax; 6) B chepHYeCKHX KOOpAMHATaXx.

4441. Ha#itn notok Bektopa r:

a) uepes GOKOBYIO MOBEPXHOCTh KoHyca x% 4 y? < 22
0O<z<h);

6) yepe3 OCHOBaHHe 3TOro KOHyca.

4442, Haiitu norok BeKtopa @ = iyz + jxz + kxy: a) ue-
pe3 GokOBYIO nOBepXHOCThb UM aHHApa ¥ + 2 < a®(0< 2 <
< h); 6) uepe3 MOJHYIO MOBEPXHOCTb STOrO UHJHHApA.

4443. Haifitu notox panMyca-BeKTOpa r uepe3 MoBepX-
Hoetb 2= 1 —A/x* F 2 (0 < 2 < 1).

4444. Haiitu norok Bektopa @ = x* -+ y®j +2%k uepes
M0OKHTENbHBIH OKTaHT cepbl x* 4+ y2 + 22 =1, x > 0,
y=>0,2>0.

4445. Haiith notok Bektopa @ = yi -+ zJ -+ xk uepes
NOJHYIO NOBEPXHOCTb MHPaMHABl, OTPAHHYEHHOH NJIOCKO-
ctam x =0, y=0, 2=0, x+y+ z2=a (@a>0).

[Nposeputb pesynbrar, npumenas ¢opmyay Ocrporpan-
CKOro.

4445.1. Haitn notok BekTtopa @ = x% + y3f + 2%k
yepes cpepy x* + y* + 22 = x.

4446. [JoxasaTb, YTO NOTOK BeKTOpa @ Yepe3 RNOBepX-
HOCTb S, 3ajaHHYI0 ypaBHeHueM r = r (4, v) ((4, v) € Q),

paBEH , ar- ar
"S 5 a,dS =XQS (a - —au—) du dv,

rle G, = Qrn W R — eIUHHYHbI BEKTOpP HOpPMaJH K no-
BEPXHOCTH S.

4447. Haiitn notok Bektopa @ = mr/r® (n— nocrosH-
Has) yepe3 3aMKHYTYIO NOBEPXHOCTb S, OKpYXalomylo Ha-
YaJo KOOpAMHar.

4448. Haiitu notok BekTopa a(r)= Z grad (—- . ).

43!!"

i=1
rZie e; — MOCTOSTHHBIE H 7; — PAacCTOHUA ToueK M; (ucmou-
HuKu) OT nepeMeHHOH TOYKH M (r), uepe3 3aMKHyTyIO0 MO-
BepxXHocTb S, okpyxaloumyio Touku M; (i = 1, 2, .. ., n).

4449. Joxkasatb, 4TO S S %:— dS = S SS Viu dx dy dz,
s v

rie noBepxXHOCTb S orpaHuuuBaer Teso V.
4450. KosmuecTBo Tensia, nmporekaioliee B Hone Temne-
patyphl 4 3a elHHHIY BpeMEHH uYepe3 5/1eMeHT NOBepXHOCTH
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dS, paBHo dQ = —kngrad u dS, rae k — kospduuuer?
BHYTpEHHell TeNJIONPOBOXHOCTH H 7 — €IIHHHYHLIA BEKTOP
HOpMaJH K nosepxHoctd S. OnpejesuTh KOJMHUECTBO TenJa,
HakonJieHHoe TeqoM V 3a epuHuuy BpemeHu. Hcnoabsys
CKOpPOCTb MOBBIUEHHA TeMIepaTyphl, BLIBECTH YypaBHeHHE,
KOTOpOMY YAOBJIETBOpSieT TeMnepatypa Tena (ypasHenue
menaonposooxocmu).

4451. Haxopamasncs B JABHXEHHH HecKHMaeMmas KHI-
KocTb 3anosHseT o6wem V. Ilpeanonaras, uro B obaactu V
OTCYTCTBYIOT HCTOYHHKH H CTOKH, BBIBECTH ypasHexue Hepas-
poisrocmu.

LT -
yr 4 div (p9) =0,

rae p = p (X, y, 2) — NJOTHOCTb JKHAKOCTH, ¥ — BEKTOP
CKOpOCTH, [ —— BpeMs

Y kasanue PaccMOTpers NOTOK XHAKOCTH uepe3 NPOH3-
BOAbLHLIA 06beM ®, conepxawmuiica 8 V.

4452. Hatitu pa6oTy BeKTOpa @ ==r BJOJb OTPe3Ka BHH-
TOBOH JHHHU r == lacost - fasint + kbt (0 < ¢ <2n).

4452.1. Haiita paGory mnoas a=-—;—i+—:—j+-i-k

BIO/b NPAMOJNIHHEHHOro OTpe3Ka, COeAHHSIOWEro TOYKH
M, 1, 1) u N (@2 4, 8).

4452.2. Haittu paboty mnons a = lev—2 + jer—* +
<+ ke*—¥ BIoab NPAMOJIHHEHHOro OTpPe3Ka MeX]y TOuKaMi
0@, 0, 0) uM(l, 3, 5.

4452.3. Haiitn paGory nonsa=(y+ 2) 1+ Q-+ x)j -+
+ (x + y) k Bronb Kpatwaiimelt aAyrd GoJbLIOro. Kpyra
chepbt x2 -+ y? + 2% = 25, coepuusoweit ouku M (3, 4, 0)
u N (O 0, 5).

4453. Haiith paGory Bekropa a@ = f (r) r, rae f —He-
npephiBHas GYHKUHs, BAoJAb Ayrd AB.

4454. Ha#itn uupkyasuuio Bektopa @ = —yi + xj +
+ ck (¢ — noctosinHasi): a) BAOJIbL OKPYXKHOCTH x2 +- y® =
=1, 2= 0; 6) BIOAb OKPYXHOCTH (x —2)*-+4 y*=1,
z=0.

4453. Hafirn nupkyasumo T Bektopa a =

== grad (arctg %) BAO/Ib KOHTYpa C B IBYX cayuasx: a) C He
okpyxaer ocb 0z; 6) C okpyxaer ocb 0Oz
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4455.1. I1aHo BekTOpHOE noJe

y x
a=——i—————J+Alxyk.
Az A/z
Boiyncans rot @ B Touke M (1, 1, 1), npubsamxeHHo

Haiity uupkyasuuio I' noas Bo/b GeCKOHEYHO MasoH OK-
PYXHOCTH

=1+ y—1)+@—1)?=2¢, }
(x—1)cosa 4+ (y—1) cos p+ (z—1) cos y=0,
rae cos*a + cos? f + cos®y = 1.

4456. Ilaockuil yCTAHOBHBLIMACA NOTOK XKHIKOCTH Xa-
paKTepH3yeTcsi BeKTOpOM CKOpPOCTH

w=ux yi+ovx yJ.

Onpegennts: 1) KOAKYECTBO XKHUAKOCTH Q, mpoTekalouiee ye-
pe3 saMkHyTHi Koutyp C, orpaHHuMBaiouuii obnacte S
(pacxon xuakocTH); 2) uupkyasuuio I' BeKTOpa ckopocTH
BAosb KOHTypa C. KakuM ypaBHeHMAM YROBJIETBOPSAIOT
GOYHKUMH 4 U U, €CJIH KHIAKOCTh HecXXHMaeMa H MOTOK 6e3-
BHXPEBOH?

4457, Tloxasatb, yro noJje

=yx+ytit+xz(x+2y4+2)J+
+xy(x+yt+2)k

— NOTeHuUHaJbHOe M HAHTH MOTeHUHaaA 3TOro InoJs,
4457.1. YG6eauBlinch B NOTEHUHAJbHOCTH 11015

2 X X
= i— —_ k
+2" v+ 2¥* d @+ 2*

HafiTH pa6ory noas BAOJb NMYTH, COEAMHAIOWErO B NOJOXKE-
Te1bHOM oOKTaHTe ToukH M (1, 1, 3) u N (2, 4, 5).
4458, HailtTu noTeHuMas TIpaBHTALHOHHOIO MOJS

a

=—r
,a

CO3JaBaeMoro Maccoit m, noMelleHHo# B HavaJle KOOpAHHaT.

4459. Haifith noTeHUMan rpaBHTALMOHHOTO MOJH, CO-
ajaBaemMoro cucremoit Macc m; (i = 1, 2, ..., n), nome-
WeHHHX B TouKax M; (i =1, 2, ..., n).

4460. Iloka3arb, yro noae & = f {r) r, rue f (r) — oxn-
HO3HauHas HenpephiBHas (QyHKUHA, ABASAETCA NOTEHLHa/b-
HbiM, Haitth norenuuan storo noas.

+
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pora; x =0 — TouKa OecKOHeuHOro paspmsa. 707. x = —;——(k =

= +1, % 2, ...) — Touk# pa3puBa l-ro poga; x = 0 — ycrpa«

2
@+ 1)n
— TOYKH pa3puiBa l-ro popa; x = 0 — ToyKa paspuiBa 2-ro poaa,
1

k
puisa l-ro poga, x = 0 — Toyka paspuina 2-ro popa. 710, x =

HHMa8 TOYKa pa3puBa, 708. x = (k=0, +x1, £2,,,.)—

709.x==;1-_-—:;-n x==% (k=1, 2,...)— 104KH pa3-

:.—L— (==x1, £2,...) — TouKH GeCKOHeYHOTO pa3puipa; x =

= () — TOuKa pa3pniBa 2-ro poaa. 711. x=-——-2-——-— (=0,

(2k+1)n
+ 1, £ 2, ...) — Touku GecKoHeyHoro pa3apupa; x = 0 — Touka
paspusa 2-ro poja. 712, x=+/n (n=1, 2, ...) — Touxu
paspuBa 1-ro popa. 713. x =0, x = 1 4 x= 2 — TOUKH paspnsa
l-ro poza. 714, x = kn (k= 0, =41, =2, ...) — Toukn Oec-
KOHeuHOro paspusa. 715, x= =+ Akn (£=0,1, 2, ...) —
TOYKH OeckoHeuroro paspuea, 716, x= ~] ¥ x = 3 — T04KH
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GeckoHeunoro paspwiBa, 717. x = 0 — TOYyKa pa3peisa 2-ro pona.
718. x = 0 — ycTpaHEMas TOYKa pasphBa. 719, x= % 1 —
ToYKH paspuiBa l-ro poga. 720, y=1l, ecmn 0 < y=
=%, ecan x=1; y=0, ecam x> 1; x= 1 — Touka pas-

puBa 1-ro pona, 721. y = sgn x; x = 0 — TOYKa paspeiBa 1-ro
poaa. 722, y =1, econ | x| I; ¥y = x2, econ |x]>1. Oynx-
uvA HenpepmsHa, 723, y =0, ecsu x F kn; y= 1, ecan x =
=kn(k=0, £1, £ 2, ...); x= kn — Touku paspuiza l-ro

pona. 724, y = x, ecan {x — Im|<—:;-; y=-%, ecay x ==

=kn¢—;i; y=0, ecom —g—<lx—kn|<—%n- (=0,

+1, o0 x=kn :l:—g--—'roqxu pa3peia 1-ro popa, 725. y=
=-§-x, ecan kn<x<kn+-—’2‘—; y==-—-g—x, ecan kw -
+-i2[-<x<kn+ﬂ; y=0, ecan x=kn+-"2-t— (k=0,

], i) x= -’;i—'roqlm pa3speiza l-ro pora, 726, y ==

npr x <L 0; y= x% npn x> 0. OyHKuuA HenpepuBHa, 727. Y=
=0 npu x<<O0uy= xnpn x> 0. O@yHKuuf HenpepsiBHA,

728. y=—(1+ 2 npu x<0; y=0mpu x=0 u y=1+4
+x npg x>0, x=0 — rtouka Ppaspuea l-ro  pona.
729. Her. 730, a=1. 731. a) Dysxums Henpe-
puBHa; 6) x = —] — Toyka pa3puBa l-ro poga; B) X = —] —

Toyka paspuBa l-ro poja; r) x=k (k=0, =1, £2, ...) —
TOYKH GeCKOHEYHOrO pa3phiBa; 1) x#~ k (=0, =1, =2, ...)

— TOYKH pasphia 2-r0 poga. 732. d = —x TNpu -o§<x<0';~

d=0 mrogx<l; d=x—1 npn 1<x<‘é: d=2 —3
3

npu T<x<2; d= 0 upn 2<<x<<3;, d=x—3 npu

2

3 < x < +oo. Odyuxuus — Henpepuona, 733. S = 3y — _y?

i 5
npr 0<y<<; S-T+2y npn 1<y<; S=T +y npm

11
2y S=T npr 3<y < 4 oo; GyHKUNA — HenpepuisHa,

b=3—ympr 0Lyl b=2npn 1<y<2; b=1 npu 2«
<Y< b=0nmpu I<y<< 4+ o0; x=2 % x=23—TOUKH pas-
puBa 1-ro poma. 735. PaspwBHa npu x = 0 H HenpepeBHA npu

== 0, 737, Pa3pniBHa npH BceX OTPHUATEALHWX 3HAaYEHHAX K
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NOMOXATEAbHHX PauHOHaNBHHX SRaYeHHsAX apryMeHra, 738,
f(0) = 0,5. 740. a) ,5; 6) 2; 8) O; r) e; n) 0; e) 1; x) 0. 841,
a) Ma; 6) ner. 742. a) Her; 6) Her. 743. Her. Ilpumep: § (x) =
=1, ecaH x — pallHCHaAbHO, R [ (x) = ~—I, ecan x — Hppaun-
oHaabHO, 744. a) |. (¢ (x)) nenpepuBHa, g ([ (x)) pa3puBHa npu x=0;
6) /(g (x)) paspuBHa nmpu x= —1, x=0ux=1, g(f(x)) =0
HenpepHBHa; 1:1) )ﬁ(gb(x)) u g (f (x)) nenpepuisuu, 745, § (P (x)) = x.
759, xz;cyyj;-—; o4 d=0. 760. xemy—k, ecan 2%
<y<2k+l(k:0, =1, %2, .. .).__ 764. [(f(x))=x.
767. x=—4y O<y<i+ o) x=24y (O<y<+ o)

768 x=1—A/T—y (—o<y< i x=14+4/T—y (—0<
1—A/T—¢2
<y<1). 769, g A=V (—1<y<l), xea

o y
_ 1Ty

S

<|yi<). 770. x=(—1)* arcsiny -

Y
dku(k=0, 1, £2,...)(—=1<y<]). 77l x=2kn %
+arccos y(k=0, =1, £2,...) (—igyg). 772, x=
=arctg y+in (k=0, =1, *2,...) (—oo<y< 4 ),
776. e =0, ecan xy<<1; e=sgnx, ecnn xy>1. 779. a)y =
n n
2
1
0gxg); 6) y= — (-} 4arcsinx), ecan —lgxg—ﬁ.

s e —1Cx<<0; y=2arcsinx——2—. ecan

1 i
y =0, ecan ——1772——<x<7€-—; y = n—4arcsinx, ecam

L r<1. 0 2 (L i X
N2 STsh V= ( 2 2)'

Bl y=A/F 1 (I<x< +o)jyg= — V=1 (1<x4 ).
782. Han scex {, aas xoTopHX @ (f) = X, rAe X — NPOU3BOJIbHOE
siaueHite QyHKUHH @ (f), Gynkuusa P (f) RoMKHA HMETL OAHO H TO
xe 3HayeHHe. 783. MuoxecTBO 3HaueHrHt % (T) mpH a < T <P
#OosKNO ObiTh HHTepBanoM (a, b). 784. Ilna Bcex sHauemu®t x, ans
KOTOPLIX @ (X) = u, rae 4 — NPOM3BONBHOE YHCAO M3 HHTepBaJa
(A, B), dyuxuns P (x) RoNKHA NPUHMMATD OZHO H TO XKe 3HayeHHe,

785. 18] < % oM. 2) 0,5 mm;  6) 0,005 mM; B) 0,00005 mm,
1 5 e
786, a) § < vy 6) §<< 2,5:10—4 8) § < ry 11077 < vy

(e < 1). 793. a) Ha; 6) ner. 794. PasnoMepnO HenpephBHa.
795. He sfABasgercd paBHoMepHO HenpepuBholi. 796. Pasnomepno
HenpepuBHa. 797. He aBasercd paBHOMepPHO  HenpepuBHORA,
798. PaBHoMepHo HenpepnBHa. 799. PaBHoMmepno HenpephiBHa,
[

?;
6) 6=‘;—: B) §=00le r) 8=¢' (<) ) °=§‘

800. He saBaserca paBHoMepHO HenpepuBuoR. 802, 2a) 6=
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) 6= mi (—5- e ) 803 1 800 000
e = min 3 ’ 3te . . n> . 3
88. a) o;(0)<3 6 O<VE: o)< woralh
B) wf () < 5 A/2°. B8I8. f(x)=cosax wman. f(x)==chax.
819. f[(x)=-cosax; g{x)= =xsinax (a = const),

OTAEN 11

821, Ax=1999; Aye=3. 822. Ax= —0,009; Ay =990 000.
823. a) Ay=alAx; 6) Ay=(2ax+ b)Ax+4 a(Ax)?; B) Ay==
=a*(ad*—1). 825. a) 5 6) 4,1; B) 40l; r) 44 Ax; 4,
§26. 3-+3h+ A%, a) 3,31; 3, 6) 3,0301; s) 3,003001; 3.
827. a) ucp =215 m/c; 6) wvep=210,5 m/c; B) Uep =

= 210,05 m/c; 210 m/c. 828. 2) 2x; 6) 3x% s)——x—; (x#0);

1 1
) —E—V—;:(x>0), x) 33;/.;1_. (x#0); e) ot x
) 1
(x =2k —1) -2" k=0, =x1,...% :K) -_ prergn
(x#kn, k=0, +1,...)% 8) —V_l:-‘— x|l <1}y

K) 829, —8; 0; 0.

1 . 1
n) Y e (x| <1) T
830. 4. 83l |+i‘:—. 832. F(a). 834 y'=1—2¢ I,
0, —1, 20 85 y=24x—2% a —2% I; 6 —I

a
0, 8) —4; 3. 836 10a%x —- 5x8.  837. atd "
838. 2x—(a+b). 839, 2(x+2) (x+ 3)3 3x24- 11x-+ 9).

840. xsin2a -+ cos2a. 841, mn{x™1 4 x*~14- (m A n) XA,
842. — (1 —x)2(1 —x%) (1 — x%)*(1 4 6x - 1522+ 14x7),

1 4
842.1. — 20 (17 ++ 12x) (6 4 2x)° (3 — 4x)'®. 843. —(—xT -+ Ty +

9 2(1 4 x9
+_;_) (x0). 85— 1= (1x]#1).
2(1 — 2x) 1 — x| 4x?
L e L. 47, 1)
848. Ty 847 T— Ut o (xt+1)
- 5
848, 12 — 6x — 6x3 -+ 2x3 4- 5x* — 3x £ 1).
(1—x?
(=) 1{(p+q)+(p—g) x] —1
849. TR (x5 —1).

-1 (1 —x)?

(14 23 p—G@+Dx—@+g—0x &+ -1
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1 1 1

Bl 14— '+ e €S0 e

- 2;11'/? - 3x§lx‘ (x>0). 853. H—;—;)‘T-{-

NN o
ne—m)—(n+4 m)x ad

e (n+m() R4 (= LY ) C o (@ — ¥

(xl<l|al). 858 ‘T?'_"ﬂ;.,—' %‘L; (Ix)5= 1),

859.-———'-—“—*-! i 869. ‘+2'1/;-+4‘\/;-‘vx+1/x—
i 2 - - —_—
5 8 ViNit ViV s+ ik V3
i 1
*>0). 861. L -’
27 3
‘/xz(l+;/3 x )2

(x#o. x*_l) x*_a)-

31/(1+3 Vieys)

862, —2cos x(1 +2sinx). 863.x?sinx. 864, —sin2x.cos (cos 2x).

865. nsin®=ix.cos (n -+ 1) x. 866. cos x-
) . 2 sin x (cos x sin x? — x sin x cos x?)
«cos (sin x)-cos {sin (sin x)]. 867. sin’f’
{ 4 cos? x
3 H = « e o). J -
(K#kn; ke, 2, ). 868 2sind % (x 5= kny
nsin x 2% —1
k .-_—.0, * l: +* 2 e o ). 869- cos"-{-lx (I* 2 n.
x? 2
- . 870. . 871, :
k ne.noe) (cos x }- xsin x)? sin3x '
(x#kn, k=0, =1, *2,,..) 872, 14tgtx(xvA
#(2k - 1)—’%-; E=0, =1,...) 87 :
3sindxy/clgx
—chos-%x- b
(x 7~ kn, k — nenoe). 874. (xge. ;ta '

asin®

B e-uence), 875.  —31tgx.sectx.sin(21g? x)-cos [cos? (tgt 1))
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(, ” ‘%‘ +hn, k— moe) . 876, —2xe—2

872, —-l, 2!8 V% sect —;— In2. 878 x%*. 879. x%~*sinx,

X
X (i —
880. ¢ lsinx :os 8. (x 5= 2ka, k — uenoe).
ind —
2sin 2
t -+ In? -
8sl. ————iy—"—?—- sinx. 882 /@5 &% sinbr.
x X a a—>b
883. {1+ e (1 +¢)). 884 y(ln > ) (x>0).
885. ad- x'~14axd-10*" Ina 4 a*.0%" Inta.
6 1
886. Y lgelg?a? (x#0). 887, =—————————— (x> ).

6 xlnxin(ln .\c)l
888. —————————e (3> e). 889.

x In x In (In3x) (1422 (14 2y
x 1
(> —1). 80— (x>D. 8L
1
. ,  — 2/3). , s
(x#0). 82 ——=——— (xI>VI3). 893 TpyEYT—y
1. 894, = x> —1).
(xi<b 1 20+ vitD )
A T 896. 241 )
895, — == ln(x+1/X-i- )
897. In? (x+Vx’+l). 898. +/xT a7 . 899. —
8
l1l< /\/ 800, s <<
1
O<x—2kn<<n, k—uenoe). 902
sin x cos x
(lx— 2kn|<-—2—. k--ue.noe). 803. —~ctgdx (0<<
1 2% —1
<x — 2k <<%, B — Uenoe). 94 — (x #h——— 7,
cos x 2
cos® x
k — nesnoe). 905, e O <x—2kr <& k—uenoe).
sindx
A =a3 In3 x
906. a+beosx 807, — = (x>0).
1 2
8. — Inx (x > 0. 909, S

I+ Y TF 2
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1 1
l+x+—;~+ln-;—

(1 +xln—:‘—)[l + xln(—:—-+ln—’l‘—)] '

o11. 2sin(inx) (x>0). 9I12. sinx‘lntgx(0<x-2kn<—ﬂz—,

910.

k—-uenoe). 913. L gxi<2). o !
At —x2 A1+2c—n
(x=11<42). 915 —2* _(ao0). 916 —— (x£0).
x4 a? B3-42
—ﬁ— {(x >0). 918 —— e arccos x (Ix1<1)
2(1+ 1) s
919. arcsin ,\/ X (x>0). 920. ! x> 1).
14« jxlA/x2—1
921. sgn(cosx) ( x 2e—1 n, k—ue.noe) . g2, 2sgn(siny)-cosx
A/ 14 costx
%k, k —nenoe), 923, Smx-tcosx (0<x—lm <2,
sin 2x 2
k— uenoe) o024 — 30X (0cxi<). 925, —L— (xot1),
1 —2 1 + x3
926. 1 (x e, k—-uenoe) . 92— gog. 2%EnX
4 a+b cos x 14 2
(x+0). 929, Ax Grl<1). 930 1% ": .
A/ 1 —x* arccos? (x?) 14«
931, —2cos x-arctg (sin x). 932, 1 (x>1).

2x 4/x— 1 arccos

X

a4 b2 e g2 !
x>—a). 934, A/a®—x%. 935, —mmn
( ) v o

"t a) (24 0
(x#= —1). 936,

933

(x| % 1). 937. (arcsinx)®(jx|<1).

+1
arccos x xinx
938, ————— O<ixi<1). 939 —Z"% _ (x5 ).
=2 (‘7:2—1)3/2
910, ZEUE i<y, o1 —2

3 1
= (e ).
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12x3 1 H
042, —F—, M —— 0 (x<1). M, —
(1 222 (—nY% 24/1—2
2
(x1<1). 945, ! O <x<a). 9486. X
ax — x3 1o 2x —x2
- l »
(x+11< 3. 7 ———. o —_ a2
m sint x}- cos* x
— — 2
(x#: k-1 x, k-—nenoe). 949. VI=% — X
2 x Ni=E
— 2
X In z\/ 1—x (I x1<1). 950. x arctg x. 951. —L.
14 x 14«2 l———i-e"‘
g52. —— ., gs3 -Sinasen(cosx—cosa) (cos x = cos ).
2(1+4 %% 1 —cosacosx
: O<ixi<1). 855 VITH (14
(=1 A/5+2 I—x
21 o
#1). 956. 4 (1x1<1). 957. 2x (cos x24-sin x?%)
0+ 3241 —x2 A/sin @223

(0<lx|<f\/(+-;—)n, k=0, 1)

858. 2 [sgn (cos x%) + sgn (sin x?)] (|x|qs—k2—“—.k—_-o, 1, 2.....

.2m .
959. i ¢ (3rSinX) soem (aresing) (Jx] < 1),
ef—1
960. —_——,
50 e 41
960.1. x .
3 3
6 ’\/1 Ve V(1T ) Vi
960.2. ! .
1 . i 1 i
3 08 e 2 — -
x3 cos = sin oy -+ cos pr] )r\/ ctg =
3 3 3,
A+ V5 1 0.6inlo?* ). Y=
960.3. In2 sm(2 ) In (sec2 . 8L 1 xfx

33/ .cos? (23/: )
x(l+lnx)+x’x“(-—l-+lnx+ln‘x)(x>0). 962. x3-1x8% %
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X (1+alnx) 4+ a‘x“x(-—l—+ Inalnx )42 Ina(1+1n x) (x>0).
x

963. x/*~2(1 —Inx) (x>0). 964. (sin x)! % * (ctg? x—In sin x) —

— (cos x)'+517 * (tg% x — In cos x) (0<x —2kn < —g— y k— ueﬂoe) .

(In x)*-1
xln x+1

965. [x—2In?xt+xInx-In(Inx)](x>1). 965.1. y' em

e s _—
=2 arctg ’: I 2resin (smzx) Larctg? x[ sin x-sgn {(cos x)
14« arccos(cos’) arcsin(sian) A/ 1+sinx

. cosxsgn(sing J}( ae—. k=0, =1, )

arccos (cos? x) '\/ {4 costx

966, —— (logx e)2 (x>0, xs.1). 967. th3x. 968, — h2 (x>0).
x sh3x
069, ~—1 ., o7, —ERENY) ) g SEbchx
ch 2x chx b+achx
972, _. __ sindy . 973. — -2 arccos x- In (arccos x)

'\/l—}—cos‘x '\/l——-x2 ’
(ixl<t). 974 ——_..__f:__ 975. — 2xe™*" arcsin ()
' ’ : T ) —2x1\3/2

Y+ P (1 — e—2¢)
4a* Ina x
(x0). 976. ————-—(l ey arcctga™* (@ >0). 977. a) sgn x (x0);

6) 2]1x}; B) -L(xaéO). 978. a) (x—1) (x-+1)* (5x — 1) sgn (x4-1);
x

6)—3—-sin2x~lsinxl; s)-———-l—-—-—(lxl>l); r) = [x]sin2nx.
2 xA/xt—1

979, y'= —1 mpu —oo<x<1l; Yy =2x—3 nmpu 1 <x2;

Yy =1 npn 2<x<<-+o00o. 980. y =2(x—a)(x—b)(2x—a— ")

npa xE(a, b); y =0 npa x€fa, b]. 981. ¥y’ =1 npu x<<0;
1

npy O+ 00, 082, ¢y = ——— npn —1

pu O<Cx<< + Y P p <

<x<Ll; y'=1/2 upn [x|>1. 983. y’=2xe_’"(l—-x2) npa
| —x—x? 54—36x-44x3+2x3

{2}l y=0npu jx|>1. 984, a ;' 6
y P ) x (1—x%) ) 3x(1—x) (9—x3)
n

y' =

(x#0, x=1, x4 3); B)Z % ; 1) —t—

= e Vit

985, o) 2L FVOVE () yr (9 0

VE®+ v ()

322383
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5 LWID 9NV (g1 )y (0 205 8) VIR %
) @ (x)+ * (%)

{ l ‘p, (X) — (p' (x) ln q, (x)} ; r) \p, (X) s l —
9(x) Y ¢* (x) V() Ine(x)
—YE v g6 gy ouf (1) 6) sin 2 [ (sin? 1) —

() In*e( ) ) )
—f cos*x)l; B) e WA () +F 0 FE)): 0 F -F [f®Ix
«F (FUF (x)]). 986.1. 10001 988, 3x2 - 15. 9089, 6x2. 992. a) n>
>0 6)n>1; ) n>2 93. a)n=m+41; 6) l<n<<ml,
994. @(a). 995. I~ (@) = —@(a), f+ @ =9 ().

999, a) HenuddepenunpyeMma npu x == 1; 6) nemudpdepenunpy-
—1

ema MpH x= %, k—uenoe; B) auddepenunpyema BCroay?

r) HepudpdepeHumpyeMa npu x =kn, k-—uenoe; x) HeaunddepeH-
uHpyeMa npH xws — 1. 1000. f- (x) =f, (x) =sgnx npu x50
B (0)=—1 f ©=1 1001 [_(x)=F, (x) = a[x] cos nx
npH x 7 Uenomy uncay; f-(k)=n(k—1)(— ¥, f. (k) =nk X

X (— 1)* npu k nenom. 1002. f_ (x) =f, (x) = (cos LTIV
x x

xsin —’L)-sgn(cos -i) npH X % 2 (k—uenoe); f- ( 1 )=
x x 241 2k+41

a1 Yy 2 n .
=—@+ 02, £ (2k+1)“‘2k+‘)7° 1003. £, () =
=1 ()= 252 o VIR < x| <VEF DT k=0, 1,

sin x®

2.0 FO==1L i O=8 LWZETFD)= 5 o,
fo (VZR) = 200 (=1, 2, ..). 1004 f. (¥)=fr (1) =

H‘(l—{-.l..)el/x
e
=f, ()= 7_".‘f.:’L;.mm x#0 O =—1 f, (0)=1.
1— e

1006. f'_(x)=f:,_(x)——:'-, rhe e=—1 npn 0<i|x|<il ug=

=1 npu 1<|z|<+ o [L (Fl)=—1, fo(FD)=1 1007. {(x) =
2sgn(l —x?)

1422

=f (9= npu xo F L L (1) = FL fi (D=
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1 x—2
_ npa
 x—2 (x—20+1
x72; fr @ e Fn/2. 10001 a) £ O)=—1/2, f (0)=1/2
6)f-() =f. )=1/2; 8)f-©0) =} 0)=0. 1010. a=2x,;
b= —x3. 1011 a=f_ (%) b=F(xp)—xof (x5). 1012. A=

=FL 1008 J_(x)= f, () = arctg

; 2 2
=kt PO Yo il WD PP , b= — -1,
(b — a) PRES 2 )

1014. a) Moxno; 6) wHeaw3d, 1015. a) Heas3as, 6) Heabas.
1016. a), 6), 8) ®yHkuns F(x) MomeT KaK HMETb MPOHSBOAHYIO
F’(x), 18k © Be uMetbee. 1017. x=ka (k=0, £1, =2, .. .).
1018, a) He moxer; 6) moxer. 1019. 1) He o6a3areanHo; 2) o6s3a.
Teabho. 1020. He o6s3areasno. 1021, He caeayer. 1022, He caeayer.
1—(n4-1) x"L-nx"+1

1023. Boo6wme rosopa, Heabss. 1024, Pp=

1 — x)?
0 14 x—(n -+ 1)2x" 4 (2n2 4 2n — 1) x"*L — p2x"+2
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