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3009, Z bl w (d>0).

n=I

Yxasauune, Ilpoussognyro psaa ymHoxuts Ha l—x,
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C noMolbio NOYNEHHOrO HHTErPHPOBAHHA HANTH CYyMME
p A10B:
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3013, Z Latls
nl

n=0

Hcnonpsys wmeron AGeasi, HafiTH CyMMHl CAeRylOMUX
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1 1 1
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3021. z sin? na sin nx (0<a<—"-).
n 2

n=

3022 sin(2n—1) x
) on—1 °

3023, Z( Iy e

n=2
3024 cos (2n — 1) x
) @n—1z
n=l

3025, Z (— )yt —Sinnr__ sin nx
n(n-41)
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3026 cos nx
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8027. Tloctpouts KpuByio

o
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n=l

Haiitn cyMMH ClleRyiolMx psijoB:
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g X x¢ \ Xt
0032. l_xg+ l—x‘—r l—-x5+."’ ecau
a) |x|<l; 6) |x|>1
033. 2" : : .
3033 Z. 0= (1 — ) * S a) |xi<l; 6) [x|>1
n=

§ 8. Haxoxnenue onpemeneHHbLIX HHTErpaJoB
¢ MOMOIbIO PAAOB

C noMmolbi0 pa3/ioxKeHHS NOABIHTErPAJIbHOA GYHKUHH
B PfAl BHIYHCJIHTL CJAEAYIOUIHE HHTErpaJjbi:

1
1
3034. Sln ! _dx. 3035. S In (et 4/1320) 4
3 —X X
1
3036. S’“‘—‘ji’—dx.

0

1
3037, J = In(1—x%dx (p>0, ¢>0).

1
3038, 6? Inx-ln(1—x)dx.

o0 d +o0
3039, y x4 3040, j xde
J e2nx — | 4 e"-l- 1

3041. Pa3oXHTb NO UEJLIM NOJOXKHTEbHBIM CTENEeHAM
monyan k(0 < k<< 1) noanoid saaunmuseckuil unmezpaa
1-20 poda

/2 d
F#) = S 2

1/! — k3sin @
i

3042. Pa3ioxuTh N0 LEJbIM MOJOKHTENLHBIM CTENEHSM
mMopyas k(0 < k<< 1) noanoul sraunmuseckuii unmezpan
2-20 poda

/2

E(k) = % A T—Rsin® g do.

3043. Bulpasutb AJAHHY AYTH 3JJHNca

x=acost x=>bsint (O 2n)
20—23!3
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€ NoMolbio pAaa, PacnoNOKEHHOro N0 HeJbIM MOJTOKUTe b
HbIM CTEIleHSIM 3KCUECHTPHCHTETA.

Jokasare paBeHcTBa:

1 oo
3044, S-i’i-=z L,
x* nh

] n=1

+-00

s (=0 e
8045. Je sinaxdx= Z ot ] ntl,

2n
8046. 6fe°°= *cos (sin x) cos nxdx = -:—l (n=0,1,2,...).

Hafitu:
an
3047, { e ©0sx cos (asinx—nx)dx  (n— HaTypanbHoe

9HCI0).

n
3048, S _xsine gy,
0

1 —2acos x-} a?

VYxasanue CuM, npumep 2864,
n
8049. J In (1 —2a cos x + a?) dx.

3050. loxasars ¢opMyay

T * 1 1 2!
-
S atx T a a? + a?

(et LD e 2L

andd !
rrea>0u0<O, <.
C Kaxoil TOYHOCTbIO BBIPA3UTCA HHTErpan
oo

e
S —_dy,
J 100 4 x

ecam B gopMyse (1) B3aTh ABa uJjeHa?
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§ 9. BeckoneyHble npou3BeaeHHs

1°..CxogumocTh npouspepgedusn, DBeckoHeyHos
npoussejgeHue

PPy s +Pne s s =]] Pa (1)

=l

Ha3LBaeTCA CX00AUWUMCA, €C/IH CYUECTBYeT KOHEYHbIN H OTAUYHBIE
oT HyJas npejen

n
tim J] py = lim P, = P,

n—»o00 i=l n=wo

Ecau P = 0 B HH OLHH H3 COMHOXHTenefl p, He paBeH Hy.Mio,
50 npoussefenue (1) HasuBaercs pacxo0AWUMCA K KyAl0; B TPOTHB-
HOM Cayyae NMPoH3BelleHHe HA3BBAETCA CXOOAWUMCR K KYMo,
Heo6x0fuMHM YCJIOBHEM CXOAHMOCTH sfBJfeTCH
lim ppen 1,

n-»oo0

CxoauMocTe npoussenenus (1) paBHOCHABLHA CXORHMOCTH pPAja

Y. Inp, @

n=n,

Fcu pp=1-F+a; (n=1, 2,.,.) 0 a, He Menaer 3Haxa,
TO AAA CXOAMMOCTH npoussefedusn (I) Heo6XOAMMO H JocraTouHo,
4yto6u Oni cxoaumufica pajp

o0

Z &nq = E-—l (Pn—1). &)

n=|

B o6ueM cayuyae, KOrga a, He COXPaHAeT NMOCTOAHHOTO 3HAaKa
# pan (3) cxonurcsa, npoussenenue (1) 6yfper CXOAUTHCA WM PACXOs
BHTLCA K HYJIO BMecte C PALOM

L [
S at= S (pu— 1)
n=} n==l

2°. A6coawrHas cxognuMocTs, [Ipoussesenue (1)
Ra3HBaeTcst - a6COAIOMHO MM YCa06HO (He abroAwmHuo) CYORAMHMCSH
B 3aBHCHMOCTH OT TOro, aGCOJIIOTHO HJH YCJAOBHO CXORHTCA pan (2),
Heo6xoauMuM H AOCTATOYHKIM YCJOBHEM afCOJIIOTHOA CXOLHMOCTH
nponsseaenus (1) asaserca abComoOTHaA CXORMMOCTb psaza (3).

3, Pasnoxernne DYHKUHUA B 6eCKOHeIHHN e
npousseneHun, Ilpn — oo < x <+ oo uMeoT MecTO pas-
JNIOMEHHA

. - x? = 4x3
SNy =2x I-— COS X == 1—'—‘—'— -
nH=;( n’ﬂ*)' I1 [ @n = 1)2 a2 ]

n=1
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B uacrHoctH, H3 nepsoro NpH X = ;/2 mnosayyaeM Gopayay
Baaruca

o0
11
2 I;Izn-l 2n+1‘

lloxasarb cleaywlne paseHcrBa:
a 1 1
051. —_—— )=,
Tt 2
w52 J] o=

3053. [1———2——-]=-;—.

Q2
I

3054. ﬁ [1+ %)’“]:2
n=0
3055. ﬁ cos ;:ﬂ =-;‘1—
n=1
= S
3056. ’].;[lcos 2’; = ";x .
it x shx
3057. ,.LI.C =
3058. E A +x = —— (xI<D.
3059, -’2‘—_ 2 .
V2 Vipye ’\/2+'\/2+«/—
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3060.
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Jloka3aTh CXOAHMOCTb H ONpeNe/HTh 3HAYCHHA CJAeAylo-
IHEX GeCKOHEUHHIX NPOH3BEACHHI:

oo s__
3061, L[a T e, H[1+m]

n=1
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oo

@n+1)@nt+7)
3063. H, (@n+ 3) (2n+ 5)

n=

3064. [ a-0"m  (a>0).
n=1
3065. Cnenyer /i M3 CXOZMMOCTH npoussefenuii [] p,
n=1

" ]_—[l,q,, CXOAHMOCTb TIPOH3BEJeHHH: a) IIl (Pn + 9n);
nes n=]

6) II i B II pugw 1) JJ 222
n=| n=} n

n=

HcenenoBath CXOZHMOCTD CAEAYIOIMUX GeCKOHEYHBIX Npo-
H3BeleHHI:

T (1
3066. H —. 3067, H YT

n=1

3068. ﬁ (1 + 'nT) 3069. H (1 — %)
n=2
3070, H( =)

3071. HM—, rie n*4an+b>0 npu

=, n*4an-b
nz=n,
e (n—a)(n—ay) . . .(n—ap) b
3072. nH by by by | ¢ fo=>0i

G=1, 2. ... p)

3073, H,\/”+l . 3074, H

n=}
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3078. ﬁ(l—- py

)e*/", rge ¢>0.

3079. T] (1—x7.  3080. H(1+

n=1

n=l

s

|

)

3081. 14
a=I
3082. ﬁ (1 - )e’"ﬁ e,
n=I1 '\/n
3083. ﬁ (l +- < _Ycos =
n=1
. p
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3084, H 2 .
X
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i
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3085. I[l'i/ln(n+x)—1nn .

o0
3086. [Iokasatb, 4TO NpoH3BeAcHHe H COS X, CXONHUTCH,
n=1

oo

2

ecan cxoautca pap ] 4.
n=i

3087. okasarb, 4TO npoH3BeJcHHE

rﬂtg(f—+au)
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(l a,,|<-7) CXOANTCSH, €c/H  abCOMOTHO CXOAHTCA paj

n
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HccnenoBath Ha aGCOJIOTHYIO H YCJAOBHYIO CXOAMMOCT
caeylouye GecKOHeYHble NPOU3BEAEHUSA:

3088. ﬁ[l—i-(;;)—;]
3089, H[ + (-—l)n+1].
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3090. El[l-(-..(:f;)-"-l]. 3091, Ij[ + ‘;;’ ]

3092. __—*-/—"-———. 3093. ] n=v",
iz A/n 4+ (=1 n=l
sooa, T ¥/ . 3095 [ [14+-==5 ]

n=l n=l

1+
3096. (11+—T)( —7 (1 ‘ )
(e ()0 )(‘*"‘)
3097. (1+--)(1---) (1 )( =
(1_?)( ""g;)

3098. Ilokasarb, 4rTO npoussenenue

(1+_'\j—5—+—;—) 1/2 )(l+ /3 * l)x

x(l-——-—-—-
NEY
CXOI[HTCH, XoTa pAAn
( _) ( ) («/3 +—)+
+(———— ...

pacxonurcs.
3099, INokasatb, uto npoussepenne 1] (1+a,), rie
n=l

1

-

Ay = 1
—_ ——+————, ecnn n=2k,

VE kAE

00
CX0JUTCa, XOTA oba paja Zan'“ Z Gg pacxogarcsa,
==} o=l
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é(x)=i-’:—,

(dzema-pynxyua Pumana) w p, (n =1, 2, ...) — nocre-
JIoBaTe/bHble TMPOCTHIE YHCJA.

Jloka3sarb, 4TO ﬁ (1——- lx )—1=§(x).
n=l

n

3100. Ilycts

o0
1
3101. lokasaTb, 4TO NpoU3BeeHHe H (1 -—_ —l-) H
a=i Pn

oc

pRl Z ! yTRe pp (n=1, 2, . . .)—nocaei0BaTeIbHbIe IPo-
Pn
n=1
cThie yucaa, pacxomsarca (diinep).
3102. Mycrs g, >0(n=1,2,...)mu

ap P 1
paiad Bk +0(—5) €>0.
Jokasarb, uTo
1
an=0*(—;p— .

Yrkaaauue. Pacemorpers

o0
s a 1yr
llma,,n"=alll_."_+‘. 1_;__),
n—>co an n,
n==I

3103. C nomowbio ¢opmysast Baanwca nokasars, uto
1.35. . .@2—1) 1
2-4.6. . .(2n) Afan '
3104. Hokazarb, 4TO BbIpaxeHHe
nle”
nn+1ys

a, =

IIMeeT OTJIHGHBIA OT Hy s npeien A Hpu n — oo,
BriBectu orciopa dopmyay Crupiuura

nl = An*t+12e—n (1 +e,),
TIe lime,=0 A =4/2n,

n—»oc
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VY kxasauue, Hckomuit npesen npeacTaBHTh B guje Gecxo-
11eUHOr0 NpOoM3BeJeHHsA

00

A = lim a,,=a1H ani/a,.
n-»00 n=l

Ilnsn onpenenenns KoHcTaHTe A wocnonb3osatscst ¢opmysoft
Baasuca.

3105. CoraacHo Jinepy eamma-¢pynxkyus I (x) onpepe-
Jsercs caepyiolel GopMyoi:

. nin*
F'x)=lim .
n-»oo X(X+ l) .. .(x+n)
Hcxonss m3 stoit GopMyJsnl: a) mpeicTaBHTH GYHKuMO

T (x) B Buje GeckoHeYyHOro mnpouseefieHHs; 6) MNoKasarh,
yro I’ (x) HMeeT cMbiCA At BeeX IEHCTBHTENBHBIX X, He
PaBHBIX HeJIOMY OTPHUATeNbHOMY YHCJAY; B) BLIBECTH CBOi-
CTBO

x4 1)=xI (x);

r) nonyuHtb sHauenue I' (n) ana n uesnoro W nonoxurens-
HOTO.

3106. Ilyctb dynkuua f (x) cob6cTBeHHO HHTErpHpyema
Ha cermente [a, b]l u

b= "2, fu=l@+ib) (=1, 2. ... 0n).
Jokasatb, utO
»
n $tuaz
lim IT(1+8,fi) =e2 ™
3107. Hoxkasarb, uTO
n n—l1
H (a + ib)
lim n—-ll=0 = —y
> (a+it)
=0

rie a>0un b>0.
3108. Ilycrs f,(x) (n =1, 2,...) — HenpepuiBHER
¢byskuuy Ha HHTepBanie (a, b) u |f, (x)| K¢, (n=1,

2,...), Tie paL Y. C, CXOAHTCA.
n=}
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Hokasate, yTo GyHKUHA

FO =TT 0+ (501D,

HenpephiBHa Ha uHTepBaJte (a, b).
3109. Hafith Bhlpaxenue NS NPOH3BOAHOH QYHKLUH

F& =11 -+, )

KakoBul nocTatoyHbie YCJOBHSI cyuiecTBoBaHus F* (x)?
3110. Hokasarb, uto eciH 0 << x <<y, TO
x(x+1D...(x+n) =0,
avoo YY+1). o @+

§ 10. dopmyaa CrupamHra

JLas BuiyncaeHHs n! NPH GOMbILHX 3HAYEHUAX N NOJe3Ha Gop-
Myaa Cmupaunea

n! = A/2n nre— "0/ (9 <0, < 1).

IMonwaysice dopmynoit CrupauHra, NpUGIHIKEHHO Bhi-
RHCJIHTD:

3111, Igloot 3112, 1.3-5, , . 1999,

3113, —35- -9 g14 cH.
2:4-6. . . 100

3115, —1%
20! 30! 50!

1 2n
3116. i (1—x¥dg, 3117, 1[ sin?® xdg,

3118. BriBecTH acHMnOTOTHYecKyi0 dopMyay Ans npo-
H3BeJleHHs

2n—D" =1-3-5... (2n—1).
3119. Ilpubamxenno Buuucantb CF, ecad n BeaHKo.
3120. Ilone3aysce dopmyaoit CrupnrHHra, HaMTH Cie-
JyloliHe npeeJslt
a) lim Val; 6) lim —"
n-»oo n-»c0 ',;/‘rﬁ
) lim z ;0 lim L,

a>x Y @n— 1)
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§ 11. NpuGanxenne HenpepulBHLIX QyHKUHA MHOrouREHAMH

1°° Unurtepnoasunonunas ¢opMy a Jdare
paHxXa, Mnuoeouren Jazpanxa

(x—X0) « « (x—xi ) (x—%p31) ¢ o < (x—Xp)
o (xg=—=x0) o o o (Xp—xi1) (Xi—X41) « + « (X — 2xp)

ob6nanaer csoiictBoM Pu{x) =y; (=0, 1,..., n).
2°. MHorounenu DBepuwmtefina. Ecm f(x) —
HenpepuBHas Ha cermenre {0, 1] dyukuus, 10 muozourenns Bepuu-

medna
n
B, ()= Zt (-:—) Clx! (1 — "

i=0
npu n — oo CXORRATCA paBHOMepHO Ha cerMente [0, 1] K pyHxunm
t (x).

3121. Iloctpouth MHorousen P,(x) HauMeHblleii cre-
NeHW n, NPHHHMAIOWHE 3aJaHHYIO CHCTEMY 3HayeHHi:

P,(x) = un

x -2 0 4 5

Y 5 1 -3 1

Uemy npuGaHNKEHHO paBHH
Pn('_l)’ Pn(l)' Pn (6))
3122, Hanucatb ypaBHeHHe napaboan y = ax® +-
-+ bx -+ ¢, npoxonsuteit yepes TpH TOYKH: A (xo—h, y _y),

B (xo’ !/o)- C(xo + hv yl)‘
3123. BuBectH QopMyay A8 NPHGJHKEHHOrO H3BJe-

yenus KopHeii y = 4/x (1 < x < 100), Hcnoab3ys 3sHa-
ueHua X =1, yo=1; x, =25, y,=15; x, =100,
y;, = 10.
3124. BrBectu npubanxkeHryio Gopmyay BHJa
sin x° &~ ax + bx? (0 < x < 90; x = arc x°),
HCO/b3yA 3HaYeHHd

sin 0° = 0, sin 30° = — , sin 90° = 1.

N’I-—-

[Tonp3sysace stoit opMynol, npHOAHKEHHO HAHTH:
sin 20°, sin 40°, sin 80°,
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3125. Moctpouts Ana pyHkunu f (x) = | x| Ha cermente
[ —1, 1] unTeprnonsuyoHHbIl MHOrouJen Jlarpauxa, npH-

1
HAB 3a y3Jbl TOYKH: x== 0, -y & 1.

3126. 3ameHuB GyHKUUIO y (x) MHOrowsneHoM Jlarpanxka,
2

UPHOIHXKEHHO BHIYHCIHTD [y (x) dx, rre
0

x 0 0,5 1 1,5 2

y(y) 5 4,5 3 2,8 5

3127. Cocrasurs MHorounenn! DepHuwrefina B, (x) aaa
dyukumit x, x%, x® Ha cervenre [0, 1).

3128. Hanucars ¢opmyay MHorouieHoB DBepHiureitHa
B, (x) ans dyskuuu f (x), sagaHnoii Ha cermente la, b),

3129. [Ilpubiausute pyukumio f (x) = -!i‘—;—’f- Ha cer-
mente [— 1, 1] muorounesom BepHuireiina By (x).
[Nocrpourk rpaduku PyHKUHiA y = —Lx—'-;;x— H y=

==B.; (x).
3130. [pubausure  yHKUHIO fx) = x| npu
— 1 < x < | wmHorouneHamu DBepumrefina uetHoro no-

pARKa.
3131. Hanucarb mHorouneH DBephwreiina B, (x) aas

byHKLHH
fx) =¢e~* (a<<x<b)

3132. Bemuucauts muoroused B, (x) n1s  dyHkuuu

f (x) = cos x Ha cerMenTe ——-—';— < xg—g—.
3133. Hdoxkasarb, uto |x| = lim P, (x) Ha cermenre
[—1, 1], rae
l—x O 13...@Q—3
P =1_ —_X _Z I e o o4t — _x2 ‘.
) 2 21 @ Y

(=2
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3133.1. Iycre f(x) € C la, bl v

b
M,= | x*f (x)dx=0 (=0, 1, 2,. . .).

Jokasats, uto f(x) =0 npu x € la, bl.

Yxkasaune, Hcnonvsoate Teopemy Beftepmrpacca o8
aNNpOKCHMAUKH HelpepuBHOl QYHKUEH MHOroUMeHamu,

3134. Ilycrb f (x) — HenpepuiBHas 2n-nepHopHyecKas
GOYHKUHA H a,, b, (n =0, 1, 2, . . .) — ee KoadppuuHeHTH:
®ypoe. JlokasaTb, YTO TPHIOHOMETPHYECKHE MHOTOYJIEHL
Qenepa

n—1

0, (X)= —0-2"— +Z(l-—-—,-:—) {a; cos ix+ b;sin ix)

pamomeplﬂo cxopaTcs K ¢yHkuumH f(x) Ha oTpeske
[— =, ]

3135. Iloctpoutrs MHorousnen Peitepa 0,4, (x) g
YHKUMHH

f(x)=1|x] npp —n € x < =,



YACTb BTOPA A
¢YHKUNH HECKOJIbKHX NMEPEMEHHbDIX

OTHEAN VI

AHGOGEPEHIMAJIDHOE HCYHCHEHHE O VYHKUHUNA
HECKOJIbKHX NEPEMEHHbIX

§ 1. Npenen ¢pyuxuun. HenpepuiBHOCTD

1°Npepen ¢dyuxkuuu, Ilycts o¢ynkuua f(P) =
= f (X5, Xe, ..., Xp) ONpeneseHa Ha MHOXecTBe £, HMeloueM
touky cryweHdus P,. Fosopsat, urto

lim f(P)=A,
PP,
ccan pas awoboro e > 0 cymecrsyer 8§ = 8 (e, Py) > 0 takoe, uto
HEP) —Al<e,
ecan Ttonsko P € E n 0 << p (P, Py < 6, rae p (P, Py) — pace
CcTOAHHE Mexay ToukamMu P n P,
2. HenpepuBunocth, Oynkuus [ (P) Hasusaerca
Henpepbighotl 6 mouxe Py, ecan

F}i_r:;,.f (P) = [(Py).

Qyukuua f (P) mnenpepwgna 6 Gannod o6aacmu, eciH OHa Henpes
pHBHA B KaxJOH TOuKe 5TOH 06nacTH,

3°, PashoMmepHas HenpepusHocTb, PyHkuua
f (P) nasmiBaercs pasHosmepHo Henpepwenod B obnacr G, ecnu pas
Kaxaoro &> 0 cyumectsyer § > 0, saBsucaulee TOALKO OT &, Ta-
Xoe, 4TO a8 Mo6HX ToueK P’ n P’’ u3 G uMeer MecTo HepaseHCTBO

1E(P) — (P <,
eCJIH TONLKO
p (P, Py < d.

QyHKIHA, HeNpepHBHAR B OTrPAHHUCHHON H 3aMKHYTON 0.
J1aCTH, paBHOMEPHO HellpepHIBHAa B 3TOil o6aacTH,

Onpeneants H H306pa3utTh 001aCTH CYWECTBOBAHHA
CAeAYIOIWHX QYHKIMI:

3136. u=x-4+4/y. 3137, u=AT—x* 4 4/5"—1.

3138, u=4T—F—g. 8139, y=—u=>'

Vety—1
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3140. u=+/(x*+y*—1) (4 —x2—y?).

3141, u-.,\/ LTk
2x — x3 —y?

3142, u=+/T—(FFy)p.

3143, u=In(—x—y).

3144, y = arcsin-L .,
X

3145, u = arccos——,
x+y

3146. u = arcsin—— + arcsin (1 —y).
Y

3147, u=4/sin(®+4%.
3148. u = arccos
Vet g
3149. u=In(xy2). 3150, u=In(—1—x2—y242%),

TMocTpouTE JIHHMK YPOBHS CAeAyiOWHX PyHKUBiL:
3151, z=x-4y. 3152, z=x%4-42
3153. z=x*—y% 3154, z2=(x+y)%
3155, z=-L. 3156, z=—1 .
x X3+ 242
3157. z=4/xy. 3158. 2=|x|+y.
31689. z=|x|+ly|l—lx+yl
3159.1. z=min(x, y). 3189.2, z=max (x|, {y})).
3159.3. z=min(x% y). 3160. z=e/*'+¢,
3161, z=x¥ (£>0). 3162. z = xve—* (x> 0).

- (x—a)+¢°
3163. 2 = In /\/-———————-——(x T (a=>0).

_ 2ay
3164, z= arctgm (a>0).
3165. z = sgn (sin x sin y).

Haiith nosepxHocTH ypOBHA caeAyroWHX GYHKUMIE:
3166, u = x +y+ 2. 3167. u = x* 4 y® 4 22,
3168. u = x* + y* — 2%  3169. 4 = (x+y)3+z"‘.
3170, u = sgn sin (x* + y* + 2%).
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HccaenoBarh Xapakrep noBepxHocreli Mo AaHHHEM HX
YpaBHeHUAM:

3171. z = [ (y—ax). 3172, z =f(4/x* + 1.
3173. z=xf(%). 3174, z=f(—z-).

3175. Tloctpouts rpaduk QyHxudu
F () = [ (cos ¢, sin f),

rie
1, ecnu y>x;
3176. H 1, £ Y=,
1 amnf( ) ecan f(x, y)= I

3177. Haifitu f (x), ecan
AW Vet g
f( L )..-———-—-x (x>0).

3178. Hycrb ~
=4y +fWx—1.

Onpenenutsb cpym(uuu funez emnmz=xmnpuy=1
3179. Ilycts

z=x+y+f(x—y).
Haittu dyuruun f u 2, ecin 2 = x? npu y = 0.
3180. Hairu f(x, y), ectn f(x +y, L) = x2—y2,
8181. Ilokasatb, uro aas q)yﬂxmm *

Xy
fx, y)= +y
uueeml | b
11301{ imf (x, y)}— lm{g_rgf(x. y)}
B TO BpeMs Kak 11[(1’1 f (x, y) He cywectByer.
y—>0
3182. Ilokazarb, uto AnA GyHKUHU
f(x ) = —ﬂ*_.
T A e—
HMeeM:

hm{llmf(x, y)}:ll,i_’nnl {}‘i_{gf(x. y)}=0,

x>0
Tem He MeHee lim f (x, y) He cywectsyer,
x—-0
y—0



§ 1. IPEAEN OYHKUHUU, HEMNPEPLIBHOCTbL 32)

3183. Ilokasarb, uTo Aaa GYyHKUHHU
1

f(x, y)=(x+ y)sin ~—sin -
x y
ofa NOBTOPHHIX Npejena li_n}o {51_{2 f (x, y)} H E{I‘} {122 fx, y)}
He CyLIeCTBYIOT, TeM He MeHee cyiectByer lim f (x, y) = 0.
x—0
0
3183.1. CywecrByer sn npesen

-0 K34yt
y-0

3183.2. Uemy paseH npeien ¢yHKUUH
[(x, g) =20
BlOAbL J06Oro Jayya
x=1tcosa, y=_tsina (0 < t<<+ )

npu { — -+ oo?
MoxHo Jau 3Ty yHKuMIO Ha3BaTh GecKOHeWHO MaJiofk

npu X —» 00 H y—» 00?
3184. Haiitu  lim {lim[(x, y)} H lim{limf(x, y)}.
y—+b y—>b (x>0

X0

€CJIH:
a) f(xv Y= s y a=o00, b=o0;

x4yt
xY .
6) f(x, y)= e 4= b= 4-0;
N . nx .
B) f(x, y) =sin g 4= b = oo;
N f g)=——tg—Y _, a=0, b=oo;
xy 14 xy

n fx, yy=log,(x4y), a=1, b=0.

Ha#itn caepyiouue nBORHBIE TpeeJkl:
3185, lim—>TY¥ . 3186, lim-2t¥,
frapy

X+ 00 xz—xy—{— {,l2 X~ 00
Y+ o y->o0

3187. lim 22X 3188, lim (¥t %) e,
x>0 X X—>+00
y—a y->to0

2 1 ~—2383



322 OTAEN VI. BU®PEPEHIUHAJNIBHOE UCUUCAEHUE

3189. lim -—-‘y—) 3190, lim (¥4 4 9™,
x-+ 0

X->-}-00 x2 -+ y’
Yoo ad!
. X
3191, lim (1+ l) ot
X~»00 X

y—ra
3192, lim Gt
i Vet
3193. Ilo KakuM HanpaBJeHHAM @ CYWIECTBYET KOHEY-
HHI npefen:
a) lim e+, 6) lim e¥—v*.sin 2xy,
p>+0 p-+-foo
€CJIH X = P COS @ M y = p sin ¢?
Haiitn Touxkn pasphiBa ciefyiomiHx QyHKUMIA:

i Xy
31N, 4y =——rou—, 3195, u= .
pr——— +

Vot ¥y
8196, y=—=Ft¥Y . 3197, y=sin—-.
B4+ xy
3198, u=—"'——, 3199, u=In(1—x>—g?).
sin xsiny
8200, u=——.
xyz
3201. u=In ! .

Vix—a)p+ (g — 6+ (¢ —c?
3202. Ilokasath, YTO GYHKLHA

2xy 2 3
0, ecmn X34y =0,

HenpephiBHA N0 KaXJoil nepeMeHHO# X H y B OTAENBHOCTH
(npx HKCHPOBAHHOM 3HAuEHHH APYroil NepeMeHHo#), HO
He SIBAsSeTCA HenpepLBHOM MO COBOKYMHOCTH 3THX [fepes
MEHHBIX,

3203. Ilokasars, 4TO PyHKUHUS

X%y .

™ y)={T+—F’ ecan x® 4 y*s=0;

0, ecn X244y =0,
B touke O (0, 0) HenpepHIBHA BAOML KAXIOTo Jyda
x=1tcosa, y=tsina 0<t<<+ o),
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NPOXOASLIETO Yepes STy TOYKY, T. €. CYLieCTBYe?
lin;i(tcosa, tsina)=Ff(0, 0);
122

OfHaKo sTa GYHKUMS He SBJSETCA HenpephHBHOH B TOUKe
(0, 0).

3203.1. HccnenoBath Ha paBHOMEPHYIO HENPepHIBHOCTH
NHHeRAHYI0 PyHKunMio u = 2x—3y -+ 5 B GecKoHeYHOH MJO-
ckoctd E?2 = {jx| << -+ o0, |y| < -+ oo}.

38203.2. HccnenoBaTh Ha paBHOMEPHYIO HeNpephIBHOCTb
B naockoctH E? = {{x| < + oo, |y| << 4 oo} dynxumio

u=4/* + 4.
3203.3. Byaer s paBHOMEPHO HenpepuiBHOH GyHKUHUS
. n
f(x, y) =sin pp—r
B obaactn x® + yi << l.
3203.4. Jlana ¢yHkuus u = arcsin X, Ssaserca am

y
aTa (QYHKUMA HenpepuiBHOA B cBocAi 06jactH omnpeje-
saenus E?
Byzer an QyHKUHA u paBHOMepHO HenpephBHOH B 06-
sactu E?
3204. ITokasaTb, YTO MHOXECTBO TO4YeK pa3puiBa ynK-

wy | (x, y) = xsin—i—, ecii y=0 u f(x, 0) =0, ne

ABAAETCA 3aMKHYTHIM.
3205. Hoxkasartb, uto ecau ¢yrxkuus f (x, y) B HeKoro-
pofi obsnacth G HenpephiBHZ NO NepeMeHHOA X H paBHO-
MEpPHO OTHOCHTE/IBHO X HenpephiBHA NO NepeMeHHO# Y, TO
sTa (yHKUMA HempepbiBHa B pacCMaTpHBaeMOA 00J1acTH.
3206. [okasarb, uTO ecaH B HeKoTopolt obnacth G
odyukuus f (x, y) HenpepblBHA NO NepeMeHHON X H YAOBJeET-
BOpsieT yCJOBHIO JIHAUIHNA NO nepeMeHHOH y, T. €.

lF o g)— T gy N< Liy—y")
rae (x, y¥') € G, (x, y'') € G n L — nocronHHKas1, T0 3T1a
(yHKUHA HenpephblBHA B HaHHOH 06.acTH.

3207. Hokaszatb, uto ecan ¢yskuus f{x, y), rne
(x, y) € E, HenpephiBHA NO KaXAO# NepeMEHHOH X H y
B OTJE/IbHOCTH H MOHOTOHHA IO OLHOMH H3 HHX, TO 3Ta QYHK-
LiHA HelpephiBHA NO COBOKYIIHOCTH NepeMeHHbIX B o6sacth E
(meopesa Onea).

3208. Ilyctb dyukuusa f (r, y) HenpepniBHA B obaacTh
a< x< A4, b < y< B, a nocaeaoBarebHOCTb GyHKUKE
21*
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Q. (x) (n=1, 2,...) cxoautca paBHOMepHO Ha [a, A]
H yzoBJerBopsieT YycaoBHW b < ¢, (v) < B. Ilokasarb,
YTO MOCJIeJIOBATEJIbHOCTD (PYHKLH

Fa@) =f(x, @ax)) (n=1,2,...)
TaKke CXOIMTCA paBHOMepHO Ha [a, A ).

3209. ITycrs: 1) pyukuua f (x, y) HenpepuiBHA B 06s1aCTH
Ra<x<A; b<y< B); 2) dyskuua ¢ (x) Henpe-
prisHa B uutepBane (a, A) M MMeeT 3HauYeHHs, NpUHalne-
*awue uHrepBdny (b, B). Hdokasarh, 4ro ¢yHKHHA

F@)=1fx o)
HenpepuiBHa B uHTepBate (a, A).

3210. Ilycts: 1) dyskuus f (x, y) HenpephiBHa B 06Jaa-
cTHR @< x< A; b<<y<< B); 2) byskuuu x = ¢ (4, v)
H y = P (1, v) HenpepuBHH B obaactH R’ (@' <u << A';
b < v<< B’) u uMeloT 3HauYEHHSN, NPHHAAJEXKAUIHE CO-
OTBETCTBEHHO HHTepBataMm (a, 4) H (b, B). Hokasarb, uto

byHKIHA
F (4, v) =[(9 @ v) b v)
HenpepsiBHa B obaactH R’.

§ 2. Yacrtunie npoussogHbie. Muddepenuuan bynxuun

1°. YacrHine NpoH3SBOAHMNeE. Pesyaprar yacTHoro
audpepeHUHPOBAHHA (YHKUHH HECKONbKHX nNepeMeHHHX He 3a-
BHCHT OT MopsAjka AddxpepeHUHPOBAHHA, eCIH BCe MPOH3BOAHME,
BXOAsilIHEe B BHIYHCJIEHHE, HENpepLIBHMI.

2. Inpdpepenunan ¢yHKu HH4. Ecrn nonxoe npa-
pauwienne GpyHKUKH f (x, ¥, 2) OT HE3ABHCHMBIX NePeMEHHBIX X, Y, 2
MoXeT ObiTh NpPEACTaBJEHO B BHJAE

Af (x, y, 2) = AAx -+ BAy + CAz - o (p),

rae Koypduuuentsi A, B, C He sasucar or Ax, Ay, Az n p=
= 4/(Ax)2 + (Ay)? + (A2)?, vo ¢yuxuus f(x, y, z) HassBaercs
Oupgpepenyupyenod B Touke (x, y, 2), a AHHeHAA YaCTb NPHPALIEHHA
A Ax+ B Ay + + C Az, pasnas

df (%, 9, )=fy(x 9 Ddx+f,(x. v, Ddy+ [, (x v 2)dz2, ()

rae dx = Ax, dy = Ay, dz = A2z, nasmBaerca Ouddepenyuaron
9Tof yHKIUH.

dopmyaa (1) coxpanser cBoe 3HaueHHe M B TOM CJaydae, KOraa
nepeMeHHHe X, Y, Z fBJAIOTCH HEKOTOPHMH AH(DepeHIHPYeMBIMH
(YHKUHAME OT HE3aBUCHMBIX NEpeMeHHHX.

Ecne x, y, 2z — He3aBHCHMbie TNepeMeHHbe, H (YyHKuHSA
f (x, y, z) uMeeT HenpepHBHLE YaCTHHE NPOK3BOAHKE IO /1-TO NOPS AKA
BKJIOYHTENAbHO, TO ANA Ouddepernyuaros svicuiux nopadKes HMec?
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MecTO CHMBOJKueckas ¢dopmyna
df (x, g, 2 = (dx——+dy +dz —-) fx 9 2).

. Nponsponnasn c.'lox(uon ¢yskuuun, Ecam
w=[(x, y, 2 audpdepenunpyema u 2= ¢ (¢, v), y =V (4, v),
2= Y (4, v), rae Gpyukuns @, P, ¥ anddepesunpyems, 10

ow dw 0x aw_ay_ aw az

du 0x Ou dy ou az “ou '
ow dw OJx dw Oy ow 0z

= S p  — a——

d  Ox & dy v 6z v

JIlna BLIUHC/EHHR NPOH3BOAHWIX BTOPOro MOPAAKA QYHKUMH @
NONEe3HO MOJIb30BAaTHCA CHMBOJIHUECKHMH q)opMynauu'

OPl ow

ox P
0Qy aw 0R, Ow
+ ou & + ou 0z
u
a2 6 a a d
=Py — — 4+ Ry — )| Py — —_
ou dv ( ! +Ql + r” )( ? Tox T oy +
61’1 ow 0Q, Oow 0R, odw
Ry —
+ R )w+ T w T e at
rae 3 5 s
Py =X =Y R=-2
1 a ] Ql au 1 au ?
Ox Oy 02
P BN e =T e— B we——
2 du % du R do

£, MMpon3BonHAan B JAHHOM HanpaBaAeHHH
Ecnu Hanpassnerde I 8 npoctpanctBe Oxyz XapakTepH3yerca Has
npapJsiOLHME KOCHHYCaMH  {cos «, cos f8, cos Y} n ¢ynkuus u =
= f[(x, y, z) audbepeHLUpPyeMa, TO NPUVUICOOHAR NO HANPABAEHUND
! Beiydcaserca no dopmyae

du u 0
— = —— ¢0S & -} ~—— cos f§ -} ——cos y.
ol ox
Cxopoctb HauGoabuwiero pocra GyHKuufi B RaHHO# TOYKe, NO BeJHs
uyuge H HANpaBJeHH10, ONpejeferci BeKTOPOM — paauenmon

Pynkyuu: 5 s s
u u u
rad © e —— { 4+ e J 3+ — B,
¢ ox + oy + 0z

BEAHYHHA KOTOPOro paBHa

= o ETHE) +(E)
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§211. Ilokasare, uro
f e == (x, b).
3212. Haarn fi(x, 1), ecau

f(x, Y)=x+(y—1)arcsin «\/z.

3212.1. Haiiru fx(0, 0) 1 f; (0, 0), ecau f (x, y) = 1/ y
gmg)%rcn a4 9ta PyHKuuA Au(pdepenunpyemoii B Touke O

3212.2. fleaserca JsH puddepeHuUHpyeMOR B TOUKe
0 (0, 0) ¢pysxuus

3
[, 9) = V4 y%

3212.3. HccaenoBath Ha unqybepeﬂuupyemocrb B TOYKe

iO 80 0) q)ymmmo fx, y) = eV +V npu x®+ y* >0 u
(

Haftu yacTHHe NpOH3BOAHHE NEpPBOro H BTOpPOro 0O-
CAAKOB OT cJjefylomux (yHKuM#H:

3213. u=xt+yf—4axk2 3214 u=xy+—:—.

3215, y=—., 3216, 4= —>i— o,
P Ny

cos x3

3217, u=xsin(x+ty). 3218, u=—y—-—.
3219, u=tg-*-. 3220, u=axv.
Y
3221, u=In(x+4%. 8222. u=arctg-Z-.
X

3223. y=arctg ——— x+y . 3224, y=arcsin————o,

e Aty
3225, = -———‘———. 3226, 4= (—"—) .
Va4 2 y

3227. u=x97,  3228. u=x",
3229, [IpoeepuTb paBeHCTBO
%u  _ Fu
0x Oy T oyox |
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ecnn
a) u = x®*—2xy—3y%; 6) u = x¥",

B) u=arcc05z\/ .
y

3230. Ilycrs f(x, y) =xy

2By s 2
oy secan x* + y? %0
u f (0, 0) = 0. [Tokasats, 4T0 fry (0, 0) % fyx (0, O).

3230.1. Cywectsyer au fy, (0, 0), ecan

2xy .
o npu X242 >0;

0 npu x=y=0.

3231. Ilycte u = f (x, y, 2) — onnoponHasa obyHKUAA
u3mepenus n. [Iposeputb reopeMy Diiiepa 06 OAHOPOAHHIX
GYHKUMAX Ha CAEAYIOUHX NpHMepax:

a) u=@K—2y+32% 6) u=—o3> .
- Votypta
9 u=(5)"

3232. Iokasarb, uro ecau auddepenuupyeMas ¢yHK-
uus u = f (x, y, 2) yAOBJeTBOpPAET YpaBHEHHIO

flx, )=

TO OHa ABJAETCA OXRHOPOIHON QYHKLUHeA H3MepeHHA n.,

Yxasanue Paccmorpers BcnoMoratenbuyio ¢yHKUHIO
tll

3233. okasarb, 4ro ecau [ (x, y, 2) — Auddeperuu-
pyemas OAHOpPOZHAs (PYHKUHA H3MepeHHs 7, TO ee HaCTHhie
NPOH3BOAHBIE ﬁ: (x, Y 2), fl'l (x, Y Z), f; (x, Y, Z) h 6}1H0p0}1'
Hule QYHKIHH H3MepeHHA n—I.

3234. Ilycte u = f (x, y, 2) — nBaxam andxbepeHUH-
pyemas ofiHOpoAHan (QYHKUHS H3MepeHHsA n. [JokasaTb, 4TO

(/] 0 d \2
(xE--i-y ” +z—az—) u=n({n—1u.

Hafitu nudepepenunanst nepsoro H BTOPOro NOPSAKOB
OT cjAeAylHX ¢(YHKUMH (x, y, 2 — HE3aBHCHMble nepe-
MeHHble):

3235. u=xmyr, 3236, u=——,
Y
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3237. u=4/F 5. 8238, u=In4/a?F 17,
3239. u=ev. 3240, u=xy-+yz+2x.

3241. u=

2ty
3242. Haitrn df (1, 1, 1) u &% (1, 1, 1), ecam

fex 9 z)=i/—f-.

3243. Tokaszate, 9t0 ecty u = 4/x* + 47 23, 10
d% = 0.

3244. llpeanonaras, 4TO %, y Maiabl no aGCoMOTHOM
BeJHYHHEe, BHIBECTH NMpPUOAHKeHHble GOPMYJHl AAf Caedyio-
WHUX BHIpaXKeHHIl:

a) 1+x)"(+y% 6 In(l+x)-In(l+y)
x+y
B) arctg el
3245. 3amensas npupauteHue GyHKuuH AudpdepeHuHa-
JioM, NPUOJIHIKEHHO BbIYHCAHTL

g) 1.002:2,003°.3,004%  6) -l
V 0,08 T

B) 4/1,02° +1,97%; r) sin29°-tg46°,  n) 0,970,

3246. Ha cKoabKO H3MeHATCA AHAroHalb H NJoWanb
NPAMOYTO/IbHHKA CO CTOPOHaMH x = 6 M H y = 8 M, ecan
nepBas CTOPOHa YBeJHYHTCS Ha 2 MM, a BTOpas CTOPOHA
YMEHBIUHTCA Ha 5 MM?

3247. llenTpaabHblit yros cekropa & = 60° yBeqHUHACA
Ha Aa = 1°. Ha cxoabko cjeayer yMeHBIIHTh PaaHyc CeK-
Topa R = 20 cM, uyrofbl nJjowaib cekTopa ocranach 06e3
H3MeHeBus?

3248. [lokasarb, 4TO OTHOCHTE/bHAsl TOTPELIHOCTb NpO-
H3BeileHHs NpHOJHXKEHHO paBHAa CyMMe OTHOCHTEJbHBIX M0-
rpelliHOCTel COMHOXHTeJeH.

3249. [lpu u3MepeHHH paiaHyca OCHOBaHHA R H BH-
cothl H uuauHApa GhAM HONYYEHbBl CeJYIOIMHe Pesy /IbTaThl

R=25mM4+01mM H=40mM=%02 m.

C KaKoit aGCo/nOTHOH MOrpeiiHOCThI0 A H OTHOCHTEJbHOMR
NOrpelIHOCTbIO § MoXeT GHTb BBIYHMC/EH OOBEM LHJAHHAPA?

3250. CropoHn TpeyroipHuka a == 200 M =+ 2 M,
b=300 M+ 5 M u yron Mexay Humu C = 60° £ 1°
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C xakoit a6CcoJOTHON NOrpelHOCTbIO MOXKET OhiTh BHYHCe
JieHa TPeTbA CTOPOHa TPeyroNbHHKA C?
3251. Ilokasatb, 4TO QyHKUHA

f(x, 9) = 4/Ixy)

AenpepsiBHa B Touke (0, 0), uMeeT B 310/ TOuUKe 06e FacTHHE
npoussozuste f (0, 0) u f,(0, 0), onnako He sBaserca aud-
¢depeHuupyemoi B Touke (0, 0).

BoisicHuTh NOBejeHHe NPOM3BOAHMX fx (x, y) ¥ fy(x, y)
B okpectHoctH ToukH (0, 0).

3252. Tlokasarb, uto yHKUHA

Fr, g)= ——L—, ectn P#+y*£0
Vot

f©, 0) =0,

B oKkpectHocTH ToukH (0, 0) HenpepsiBHA ¥ HMEeT OTpaHH-
yeHHble YacTHbe NMpou3BoAHme f (x, y) ¥ f, (x, y), oaHako
ata ¢yukuus Heauddepenuupyema B Touke (0, 0).

3253. Ilokasarb, wr0 ¢QYHKUHSA

F(t 6) =03+ g sin ———, ecan B4 250
2+

f@©, 0) =0,
nMeeT B okpecTHocTH TOoukH (0, 0) yacTHHe NPOH3BORHLIE
fx (x, y) u fy(x, y), koTOphle pa3puBHH B Touke (0, 0) H He-
orpaHuyeHn B J06Of OKPECTHOCTH ee; TéM He MeHee STa
dynruua auddepenuupyema B toyke (0, 0).

3254. Ilokasarb, uto pyHKuHa f (r, y), HMelomas orpa-
HHYeHHBIe YacTHble NPOM3BOMLE [ (x, ) ¥ fy (x, y) B He-
" Koropofl BhinykJoi o6.gacty E, paBHOMEPHO HenpepbiBlia
B 3TO# ObJacTH.

3255. Hokasarb, uto ecau dynkuus f (x, y) HenpepuBRA
N0 nepeMeHHOH x NpH KaXAOM (HKCHPOBAHHOM 3HAYEHHHM ¥
H HMeeT OrpaHHYeHHYIO NMPOH3BOAHYIO fy (¥, y) NO nepeMen-
HO# y, TO 3Ta GYHKLUS HeNpephLiBHA MO COBOKYNMHOCTH Nne-
PEMEHHLIX X H .

Hafity ykasaunble yacTHble NPOH3BOAHBIE B CJEAYIOIHX
sajayax:

Hu du 0u

3256. ot ' avay | axtayr ec
u=x—y+ x* + 2xy + y* + °—-3x%y—y® + x*—

— 4x3yl + yl.

H

]
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Pu
ox%dy
]
0x%dy°

Pu | ecnn u=arctg-SEyfr—nz
Ox dy 0z 1 —xy —xz—yz
Pu

3260, —————, ecau u = exv?,
Ox Oy 0z
1

Ot
————, e u=1In .
0% 04 % o V=B + -7
0PHy
’ —= — 14 — q,
e €M 4=(e— 5P (—50)
iy x4ty

3263, —————, ecin u=
dx™oy" x—y

gm+ay s 2 Lty
P ecni u = (x* 4-y) exts,
3265. —ﬂ'u—. eCNH U = xyzexty+z,
0xPoy9dz
3266. Haiitu f""+"’(0, 0), ecnu f(x, y) = e* siny.

3267. Ilokasatb, uyro ecan u = f (xy2), 10

Pu
0x dy dz F @,

rie t = xyz, U RadtH pynxuuio F.
3268. Haittn d'u, ecan u = x‘—2x’y—-—2xy’ + 4 +
+ x3—3x%y — 3xy® + y¥ + 24— xy+2y +x+y+ 1.

3257. » ecan u=xIn (xy).

3258. , el u==x3siny 4y sinx.

3259,

3261.

3262.

3264.

Mu
YeMy paBHH NpPOH3BOLHBIE s
yp P A oxt ' axsay ' axBoy2
Hu - o'u 2
ox 0P oyt

Hafity noansle nuddpepeninansbl ykasaHHOro RoOpsjKa
B CJeAyIOHX NpHMepax:

3269. d*u, ecau u = x* 4 y>—3xy (x—y).

3270. du, ecau u = sin (x* + y3).
3271. dYu, ecau u = In (x + y).
3272. du, eCaH u = cos x ch g.
3273. du, eC/H U = xyz.

3274, d'u, ecan u = In (x*yv2?).
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3275. d'u, ecan u = %
3276. d'u, ecinm u= X (x) Y (y).
3277. d*u, ecam u = f(x + y + 2).
3278, du, eClH u = eaxtbuytez
3279. Ilyere Pn(x, y, 2) — OZHOPOAHHI MHOroYJjen
crenedd n. Jlokasarb, 4TO
da*P,(x, y, 2)=n! P, (dx, dy, dz).
3280. Ilycrs
du du
Au-—-x-a- +y o .
Haiith Au u A% = A (Au), ecan

x
a) u=—;2—_?y7; 6) u=]n»\/x’_+___t/?.
3281. Ilycrs
®u u
Au= P + PR

Hafitu Au, ecau
a) u =sinxchy; 6) u = In4/x% + 4.
3282. Ilycts

du \2 du \2 du \2
Ayu = (2 2 (——
1 ax ) +( oy =

du u %u
Au = .
2 Ox? + oy? + 022

Haifitu Aju n A,u, ecnn

a) u=x3-+ 4y 422—3xyz, 6) u=——-——l—-—.

Vet pta
Hafitn npousBojxsle mepBoro H BTOPOro NOPAAKOB OF
CReAYIOIHX CJAOKHBIX GYHKLHH:
3283, u=f(x*+y*+42%.
3284, u=f(x, -f—).
y

3285. u=f(x, xy, xyz).

2y

3286. Hairyn -2
dx dy

, ecan u = [ (x + y, xy).

*u 0%u 0%u
3287- H 7 = ’
antu Au P + 2 -+ az,
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ecau
u=Ffx+y+z 2+ 4+ 2%

Hafitu nosubie mudpepeHunanl nepsoro W BTOPOro
TIOPAAKOB OT CJEAYIOWHX CJOKHBIX QYHKUMA (Y, y 0 2 —
He3aBHCHMbie MepeMeHHhle):

3288. u=f(t), rne t =x+y.

3289. u =f(f), raet= % 3290. u = f (/% T5?)-

3291. u=f (% rne t = xyz. 3292. u = f (x4 y?+2%).
3293. u=fE, n), roe & =ax, 1= by.
320 u=fE, ), meE=x+y, n=x—y

3295. u=fE n), e E=xy, n= -:—

3296. u = f(x 4+ y, 2).
3297. u =f(x+y+2z x4+ 4 + 2.

3298. u=f(-"—, L.
Y 2
3299. u=f(x, y, 2), THE X = ¢, y= 1% 2= {3,
3300. u=f@E n, L), rme E=ax, n=1>y, L =cz
3301. u=f(E, v, t), rae E =224 4% 1 = x2—y2,
T = 2xy.

Ha#itu d"u, ecan:

3302. u = [ (ax + by + c2). 3303. u = [ (ax, by, c2).

3304. u=f@E m ), rme &=aux+ by + ¢z
N =ax + by + cy2, LT = azx + byy + c52.

3305. Ilyctb u=f(r), rae r= A/x> + 2+ 2% n
[ — mBaman nudpepenunpyeman dyukuus. [Tokasars, uto

Au = F (1),
J%u 0%u 0*u

rae Au= P + o + P oneparop Jlannaca, H
HaiTH QYHKUHIO F.

3306. Ilycte u u v — pBaxa ZAudepeHUUpYeMBle
¢yskuuy u A — oneparop Jlanaaca (cM. 3amayy 3305).
JHoxkasars, uro

A (uv) = ulv+ vAu + 2A (u, v),

e a 0 du Ov du Ov
Ay, v)=-2_.% 4 o4 00 4 %
( ) dx Ox oy Oy 0z 0z
3307. Ilokasarb, uto ¢yHKuuA

u = In 4/(x—a)? + (y—0b)?
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(a u b — nocrosxHble) yAOBJETBOpSAeT ypaswenuo Jlanraca
Pu_, Pu
dax3 oy? ’
3308. lokasarb, uta ecau QyHKuUHA u = u (x, y) yAoB-
NeTBOpsieT ypaBHeHHio Jlanaaca (cM. 3agauy 3307), To

yukuus
v = u ( ; ’ y )
24yt B4y

TaKXe YyIOBJIETBOPAET STOMY YPaBHEHHIO,
3309. Ilokasarb, 4TO GYHKUMA

B
U= ——p 4a¥

20’\/;!7

(@ n b — nocrosiHHbBIE) YAOBJETBOPAET YPAGNEHLIO menio-
npoeodrocmu
Ou 9 Pu
o dox3

3310. Joxasarb, uto ecan GyHKlusa u = u (x, {) yaoB-
JIETBOPSAET YPaBHEHHIO TEMJIONPOBOAHOCTH (cM. 3ajayy
3309), 10 dyHKUUA

oV, (L x
o= a1 ¢ u(a’l T et ¢=>0)
TaKXe YJAOBJICTBOPSET 3TOMY YDPaBHEHHMIO.
3311. dokasarb, uto GYyHKUHA
r

rie  r= 4/(x—a)? + (y—b)® + (z—c)?, ynosarerBOpsE?
npu r s= 0 ypasnenuro Jlanaaca
du 0%u 0%u

Ay o= ox® + oy + 023 =0.

3312. Hokasatb, 4TO eciu ¢yHKuMA u = u (x, y, 2)
yaoBJeTBOpsieT ypaBHenmio Jlannaca (cM. 3ajauy 3311),
TO PYHKLHA

1 k2x k2y k%2 )
U=—1U ( ’ ’ ’
r

2 r? rz

rze £ — nocrosiuHas # r = 4/x* + y® + 2%, TaKxke yjos-
JIeTBOPAET 3TOMY YpPaBHEHHIO.
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8313. Hokasarb, uro ¢pyHKuUMA
o I e
r
rae r = A/x* + y*+2* u C,, C, — nocTosiHHble, YAOB-

JierBopaeT ypasuenuro eaomzoroya
O | Pu |, P,
o T oy T T
3314. Ilycts dyuruun u, = u, (x, y, 2) 4 Uy, = U, (x,
Y, 2) YHOBNETBOPAIOT ypaBHeHHIO Jlamsiaca Au = 0
Hoka3sate, yro QpyHKuUHA
v=u,(x, 4, )+ 4+ 2+ 2)u,(x, y, 2
YAOBJIETBOPSiET OU2APMOHUHECKOMY YPABHEHUIO
A (Av) = 0.
8315. Iycrs. f (x, y, 2) ectb m pas auddpepenuupyemas
oxHopoaHas (yHKUMA u3MepeHus n. JlokasaTh, 4TO

) F] 3 \m
(x-‘;;+y-a +z2—) e 4 2=
=n(n—1)...(a—m+1)f(x y 2)
3316. Ynpocruts BHpakeHHe

9z 0z
secxX — sec y —
ax TSecy oy '

ecnu 2 = sin y -+ f (sin x — sin y), rae f — Auddepenuu-
pyeMan QyHKIHS.
3317. Iokasatb, uTo QyHKUHA 2= xf (—f”—). rre f—

npousBosabHas AupdepenuupyeMas GyHKUHS, YAOBJETBO-
pAer ypaBHeHHIO

3318. Ilokasarb, uto 2z == yf (x2>—y?), rae f — npous-
ronbHas nmubdepeHunpyeMas GyHKUMS, YROBJETBOpSET
YPpaBHeHHIO

y’ .iz. +xy ..?.z.. = X2.
ox dy

3319. Ynpocrurbh BhipaxeHue __Q_u__‘__dg_ +—a—u—. ecan

ox oy 0z

u =—112—x‘-—61-x’(y+z) +% 2yz+-f(y—=x, 2—x),
e f— nadpepenuupyemas QyHKUHUS,
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3320. Iyctp x? = vw, y* = uw, 2’ = uv 4

f(x, y, 2) =F (u, v, w).
Jlokasatb, 4TO

xfe 4 yf, + 2f, = uFy + vF g+ wFe,

33%

[Mpeanonaras, uro npousBoJibibie GYHKUHH @, P H T. T,
AndpepeHUHpYeMbl JIOCTATOYHOE HYHCJAO pas, NOpOBEPHTD

ceaywoimHe paBeHcTBa:

3321. y-gi-—x %=O, ecan z=q (x*+ y%).

3322. x’—az—-—xy L +4*=0, ecan z=’£+(v(xy).

ax -Fy-
2 02 o _
3323, (x*—1?) w +xy % xye,

X
ecIn 2 = &g (ye % )

du du du
4, x4 LA 2 =nu,
3324, x P + ay % -+ Bz p» nu

e u = x"Q (-—y—- ,
xa

ou

du
3325. x—gx— +y —5;

+zﬂ'=u+'ﬂ':
daz z

).

ecu u=—x£-1nx+xcp(—g—. —i-).
Y4 X X

3326. "?;’: =q? ‘;1'; » el U =@ (x—af) P (x +al).
d*u u 0%u
3327, o —2 e <+ " =0,
ecsiu u=612cq; x4+ 4+ x+y).
3 0% %u 2 P _ g
3328, x P +2xy %o +y o y

ecau u=q>(-%-)+ X'tP(-%).

02u

3320, T4 yog P4 a0 _pin 1)y,

0Ox? dx dy oy?

ecnu U= x"p (-—i—) + x1=np (-i—) .

3330, ou du du

o o= o o ey u=@[x+% Yyl
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ITyrem nocnenoBatesbHOro AuddpepeHUHPOBAHHA HCKIIO-
YHTh NPOU3BOJbHLIE (QYHKUHH @ H .

3331, z=x-q(xy). 3332, y=xq>(—y’:—).

8333. z=q(4/x*+4%). 3334 u=¢(x—y y—2.
= pf X, L
8333. u cp( PR )

3336. 2= (X)+Y(y). 3337. z=0(x)P ().
8338. 2= (x+y)+ ¥ (x—9).

3339, z=xg (-’y‘—) + 4 (-y"—) .
3340, 2= (xy)+ ¥ (-i-) .

3341. Ha#tu npoussopnyio ¢yHKuuu 2 = x*—y? B
Touke M (1, 1), B HanpaBaenuu [, COCTaBJSIOWIEM YTOa
& = 60° ¢ mosoXuTeJbHbBIM HanpabJjennem ocH Ox.

3342. Haiitu npoussonnyio OyHKUMH Z = x2—xy 4 42
B Touke M (1, 1) B HanpaBJjieHHH [, COCTaBJISIIOUIEM YTOJ &
C NOJOXHTebHHM HanpasJjeHHeM ocH Ox. B xakom Ha-
NpaBleHUH 3Ta NMPOM3BOAHAA HMeeT: a) HauboJbliee 3Ha-
vyenue; 6) HaumeHbllee 3HauyeHue; B) paBHa 0.

3343. Haiitu npoussoanyio ¢yHKupu z = In (x? + y?)
B Touke M (xy, Yyo) B HampaB/eHHH, NepneHAMKYJIsIpHOM
K JIMHHH YDOBHS, NpOXoJAulell yepe3 STY TOYKY. .

3344. Haiitu npou3BoaHyIo GyHKIHH 2 =1 ——(%—4_—1—:-

B TOUKe M( ., ““b'T
A2 4/2
HopMaJii B 3TOi TOYKE K KPHBO:
x2 yz
a? br
8345. Haiitu npousBoanyio GYHKIUHH 4 = xyZ B TOuke
M (1, 1, 1), B HanpaBaenuu [ {cos a, cos P, cos y}.
UeMmy paBHa BeJMYHHa rpajueHta GyHKUMH B 3TOH
TouKe?
3346. Haiitn BesHuuHy M HanpabJieHHE TIpaHeHTA
yHKIUHH

) MO HanpaB/eHHIO BHYTPeHHER

1
U == =~y
r

rae r = A/x* + y? 4 2%, B TOouke M, (%o, Yoy Z0)-
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3347. Onpeneantb yron Mexay rpanHeHTaMd QYHKUHH
u = x® 4+ y>—2® B Toukax A (g, 0, 0) u B (0, ¢, 0).
3348. Ha ckoabko oranyaerca B Touke M (1, 2, 2) se-

JHYHHA rpajHeHTa OYHKUHH 4 = X - y - z OT BeAHYHHL
rpajauedta QyHKUHH

v=2x+y+ z + 0,001 sin (10°%% 4/x% + y® + 2%)?
3349. ITokasarb, yro B Touke M, (Xo, Yo, 2,) yroa me-
XAy rpajueHTamMu GYHKUHH
u = ax® 4 by® + c2?

v = ax?® + by® 4 c2® 4+ 2mx + 2ny + 2p2
(a, b, ¢, m, n, p — nocrosuusbl u a® 4+ b* + ¢? 55 0) crpe-
MHTCS K HYJIO, €C/iH Touka M, yaansercs B 6eCKOHEYHOCTb.
3350. Ilycte u = f (x, y, 2) — mBaxabl AudxpepeHIH-

2
pyemas ¢yukuus. Haiitu gu =—2—(—a—"-), €cH COs @,

o ol al
cos B, cos y — HanpaBasIOlHe KOCHHYCH HanpaBaeHus [.
3351. Ilycrb u = f (x, y, 2) — ABaxkanl auddepeHuy-
pyeMas ¢QyHKUHA H

I, {cosa,, cos Py, cosy}, I, {cosa,, cosP, cos v},
I3 {cos as, cos B3, cOS ys}

— 'IEH B3aNMHO NEepNeHAHKYAADHHIX HanpaBJieHHs.
0KasaTtb, 4TO:

e R R
on + i
6) 0%u + u 2 _ 0(u +)a u( + a?u (
o o o ox® oy a2

3352. Ilycts u = u (x, y) — Auddepenunpyemas GyHk-
UM H NpH y = x? uMeem: )
u

u(x, y)=1mn - =

n

Haiitu —g—‘.‘— npu y = x°,

3353. Ilycts dyuxkuua u = u (x, y) YAOBAETBOPACY
ypaBHeHHUIO

d%u d%u

o2 dy?

=0

22—13!3
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H, KpoMe TOro, CJACAYIOUIUM YCJOBHSAM:

u(x, 2x) = x, ur(x, 2x) = 12,
Haiitn

Uex (%, 20), Uzy (%, 2%), tyy(x, 2%).
INonaras z = z (x, y), pelluTb CaenylOUIHe ypaBHEHHS:

3354. P20, 3355, Lo,
ox? 0x dy

0%z

=0,
y"

3356.

3357. Ilonaras u = u (x, y, 2), PEIUUTb ypaBHeHHE
P _o
O0x 0y 0z )
3358. Haiitu pewenne z = z (x, y) ypaBHeHH:A
B ooy,
%
yZOBJIeTBOpsAIOWee ycaoBHIO: 2 (x, x%) = 1,
3359. Ha#itn pewenne 2z = 2 (x, y) ypaBHeHHS
0%
=9,
day?
yaoBJeTBopsomee yeaoBuam: 2 (x, 0) =1, z,(x, 0) = x.
3360. Hantu pewenie z = z (x, y) ypaBHeHHA
d%2
dx dy
yXoBneTBopsiowee ycaouam: z (x, 0) = x, 2 (0, y) = y°

=X+Y

§ 3. Ruddepenunposanne HeaBHLIX QYHKUMIT

1°. Teopema cymectreosaHusa Ecau: [) dyHk.
uua F (x, y, 2) obpamaercA B Hy/Jh B HEKOTOPOH Touxe

Zo (%0, You 20); 2) F (x, y, 2)u F (x, y, 2) onpeaeneHsl H HEMPePBIBHK

B OKPECTHOCTH TOYKH Ag;3) F2 (%4, Yo, 20) 70, TO B HEKOTOpPO#A HoOCTas
TOYHO MaJofi OKpecTHOCTH TOUKH Ag (Xg, ¥g) CyllecTBYeT efHHCTBEH
Hafl ONHO3HAYHAA HenpepnBHaA QyHKUUA

z=[(x, y), 0
YAOBNETBOPAIONAn YpPaBHEHHIO
F(x,y, =0
® Takaf, 9T0 2y = § (xq, Yo)»
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2, AludbdepenunpyemMocTsr HeABHOR Yy HK.
unu, Ecan, ceepx Toro, 4) _bynxuns F(x, y, 2) nndde-

peHIIpyeMa B OKPECTHOCTH TOUKK A, (X9, Yo, 2p), TO QyHxuus (1)
nn@epensmpyeua B OKPECTHOCTH TOYKH Ag (xp, y,) H ee MpoH3-

2 2
BOAHBIE ~— B e—— MOryT OHTb RafiieHW H3 ypaBHeRHH

ox oy
oF oF iz______o oF oF —Qf-=0. @

ox 0z Ox ' dy 0z Oy

Ecau ¢yuxuna F (x, y, 2) nuddepeHuupyeMa A0CTATOUHOE YHCIO
pas, TO nNocjenoBaTeNnHHM AHGGdepeHUHPOBAHHEM paBeHcTB (2)
 BBYHCAAIOTCA TaKKe NPOH3BOAHBIE BHCIUKHX NOPAAKOB OT QPYHKLHA Z,

. HedAsliuwe DYHKRHH, ONPefeNAeMue CH-
ctemMo#t ypasHeuu . INycrsb dyHkunn Fy(xy, vy oy Xms
Yis - or yn) (=1, 2, , .., n) yIOBNETBOPAIOT CAEAYIOIHM YyC*
JOBHAM:

1) oBpamaorca B8 Hyar B TOuKe Z, (X100 eco s Zmo?
Y10, -+« » Yno)s ~
2) nuddpepeHunpyeMn B OKPECTHOCTH TOUKH Ao}

3) dpyuKunoHansHmft onpefesnTeab L. Fo) #%0

a(yh-oo- yn)

B Touke Ag.
B rtakom cayyae cucreMa ypasHeuwmit
Fi(®eo oo Xmi Ploo o un)=0 (i=1,2,, ¢4 0, O

ORHO3HAYHO oONpefesieT B HEKOTOPOA  OKPecTHOCTR TOYKH
Ag (X100 + + +y Xmo) cHCTEMY auddepenunpyemux ynxuuft

yl‘f(xhcoc)XIn) (£=lv2v0¢0)n)r
YAOBNETBOPAUIHX YPaBHEHHAM (3) H ycJoBuaM

Fe(xgor ey xmn) =y, ({1, 2,044, 0).
Oubddepenunanst sTHX HePBHHX OyHKUMA MoOryT OnTs Hafl-
REHHN M3 CHCTEMH

m
Z_a.p_‘dx]-*-zﬂdyk:()
Ox; Oy
=1 k=1
(i=1,2 ...y 0)*).

3361. INokasarb, 4TO pa3pHBHas B Kaxaoh TouKe QyHK-
uus JQupuxae

y= { 1, ecin x paunonanbHo,

0, ecan x UppauMOHANBHO,

*) INpu dopmynarposke GoMBUIMHCTBA 3ajgau 3TOrO pasgens Oe3
OroBOPOK MpPEANONAraeTcs, 4TO BHINOJHEHW YCJOBHA CyulecTBOBA-
HHA HeABHWX QYHKUHA H HX COOTBETCTBYIOMMX TPON3BOJHHX,

22*
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yAOBJETBOPAET YPaBHEHHIO
y*—y = 0.

3362. Ilyctp ¢yukuua f (x) onpesesena B HHTepBale
(a, b). B kakoM cayyae ypaBHeHHe

fx)y=20
Hmeer npu a << x << b eMHCTBeHHOR HenpephiBHOE pelleHHe
y=0?
3363. [lyctv ¢dyukuun f (x) u g (x) onpene.eHH u He-
NpepuBHH B HHTepBaJje (a, b). B xakoMm ciyuae ypaBHeHHe

f@)y =gk
uMeer B HHTepBase (g, b) elMHCTBERHOe HenpepbiBHOE pe-
LIeHHE?

3364. Ilyctp naHo ypaBHeHue

Bt yp=1 1)

u
y=y (—l<x<1 @

~— OflHO3HauHaA ¢YHKUKMA, YAOBJETBOpPAIOUIAA ypaBHe-
anio (1).

1) Cxoabko onHo3HauHbIX pyHKuUME (2) yARoBJeTBOpSET
ypasuenuwo (1)?

2) CkonbKO OZHO3HAYHBIX HeNpephIBHHIX QYHKuUHHE (2)
yROBJeTBOpseT ypaeHeHuio (1)?

3) CkonbKO ONHO3HAYHEIX HenpephiBHbIX GYHKUHH (2)
vioBjeTBopsieT ypaBHenuio (1), ecam: a) y (0) = I;
6) y (1) = 0?

3365. Ilycrs nano ypasnenue

=g (1)
i
y=y ) (—oo <x<<+ ) @
eCcTh OfHO3HayHAas OYHKUHMA, YAOBJETBOPAIOlAaf ypaBHe-
unio (1).

1) Ckonbko ofHO3HAuHBIX QYyHKUME (2) yROBJAeTBOpSAET
ypasrenuio (1)?

2) CKO/MbKO OJHO3HAUHBIX HeNpephBHLIX OGyHKIHH (2)
yhoBJeTBOpsieT ypaBHeHHio (1)?

3) CKO/MbKO O4HO3HAYHKX AH(pepeHIHPYEMBIX GYHKINA
(2) ynosaetBopser ypaBHeHHIO (1)?

4) CKOAbKO OJHO3HAYHLIX HENpPEePHBHBIX GyHKUMH (2)
ynosaetBopsier  ypaBHenuio (1), ecim: a) y(l) = 1;
6) y (0) = 0?
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5) CxoibKO OAHO3HAYHBIX HENpPEPLIBHBIX  (YHKUHMi
y=y(x) 1—8 < x<<1 -+ 8) ynos. reTBopsieT ypaBHEHHIO
(1), ecan y (1) = 1 u & pocraroyHo mano?

3366. Ypasuenue x* - y? = x* 4 4* onpenenser y Kak
MHOrosHaunyio ¢yHKuHio or -x. B kakux o6aacrax sra
¢dyukuus 1) onHosHayHa, 2) aBysHauHa, 3) TpexsHauHa,
4) vernipex3Hayua? OnpefeauTb TOYKH BETBAEHHA 3TOIl
GYHKUMH H ee OLHO3HAYHBIE HEMpEepLIBHLIE BETBH.

3367. Haiitu TouKH BeTBJIEHHS H HenpephiBHbIE OXHO-
3HauHble BeTBH y = y (x) (— 1 < x < 1) MHorosnauHofi
(pyméumd2 y, onpejeasieMofi ypasHeHHem (x* + y%)? =
= x2—y2,

3368. Ilyctb f(x) — HenpepbiBHA npH a<<x<<b u
¢ (y) — MOHOTOHHO BO3PaCTaeT W HenpephiBHA NpH ¢ <<y<<d.
B kakoM cnyyae ypaBHeHue ¢ (y) = f (x) onpeneJisier OaHO-
3HauHylo o¢yHkumio y = @' (f (x))?

Pacemorpers npumepst: a) siny 4+ shy =x; 6) e v =
= — sin®x.

3369. Ilyctb

=y+oy, ty

e 0 =0nl9 () < k<! npn —a<y<a. Ho-
Ka3arb, 4TO NpH — & <C X << €& CYLIECTBYeT eAHHCTBEHHAsA
Auddepenwpyeman ¢Gynkuns y = y (x), yAOBJETBOpSHIO-
mas ypasHeHuto (1), u Takas, yro y (0) = 0.
3370. Ilyctb y = y (x) — HesiBHAasAs OyHKuUHA, onpele-
JseMas ypaBHeHHeM
x=ky + ¢ ),

rie nocrosiHHaa k=0, u ¢ (y) — nndpeperuupyemas
nepxosuueckas GpyHKuHs nepuola w Takas, 4ro |@’ (y)| <<
<< | k|. Hoxasarb, yro

y=-—+v @,
rae P (x) — nepuoauyeckas (QYHKUMSA ¢ nepuoioMm |&| .

Haiitu y' n y'' nns dyHKumit y, onpefenneMulx cielylo-
HIHMH YPaBHEHHSIMH:

3371. x®+ 2xy—y® = a%.  3372. InA/x%+ 4=
= arctg £,

x
3373. y —esingy=x O<e<<]).
3374. & = y* (x 7= y). 3375. y = 2x arctg —i-
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3376. Jlokasarb, 4TO NpH
1 + xy = k (x—y),
the k — NOCTOAHHAA BeJHYHHA, HMEET MECTO PaBEeHCTBO
dx dy
1+ 1+ "
8377. Ilokasarb, uTO €ciH
PP+ —1=0,
70 npH xy > 0 HMeeT MeCTO paBEHCTBO

+—& .

dx
Al—x  Afl—y
3378. Iloxasarb, YTO ypaBHeHHe
(*+ y")? = a® (x>—y%) (a+0)

B OKpecTHOCTH Toukk x = 0, y = O onpegenser ase Aug-
¢epenunpyeMsie QYHKUHH: ¥ = ¥, (x) 1 y = y,(x). Haiitn
41 (0) 1 12(0).

3379. Hafitn ¢’ npy x =0 u y = 0, ecsu

% + y?)? = 3xly—y>.

8380. Hairn ¢, y'’' u y'"', ecin x* + xy + y? = 3,
3381. Haittn y’, y" n ¢y’ npu x = 0, y = 1, ecstn
xP—xy + 2¢* + x—y—1 = 0.

8382. Iokasarb, YTO A1 KpuBOil 2-ro nopsaxa
ax® + 2bxy +cy®* + 2dx +2ey +f=0
Cpapefl/IHBO PaBEHCTBO

d! -— po—
o WHI=0.

HOns dynkuun 2 = 2z (x, y) HailT! YacTHele NPOH3BOAHEIR
nepBOro ¥ BTOPOro NOPAAKOB, €CJH:

3383. x® + y® + 22 = a®  3384. 2—3xyz = ad.
3385. x + y + 2z = ez
3386. z=+/x*—¢? -tfg —————.
AVe—p
3387. x + y + z = e~ xtv+a,
3388. Ilyctb

24yt 22 —3yz=0 (1)

[ 9 2) = xy’2.
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Haiitu: a) fy (1, 1, 1), ecin 2 = 2 (x, y) ecTb HesiBHAA PYHK-
uusa, onpelensiemas ypasHenueM (1); 6) fx (1, 1, 1), ecan
= y (x, 2) ecTb HesBHas (QYHKLHA, onpeleasieMas ypas-
HeHHeM (1). OO6BACHHTb, mOYeMy 3TH NPOHM3BOAHHE pas-
JIHYHBL. .
3389. Hairn 22—, %2 02 poy =1, y=—2,
0x® axdy Oyt
z2=1, ecan x*+ 2y + 32 + xy—2z—9 = 0.

Haittu dz n d?z, ecan:

xﬂ yz 12 _
3390. -4+ =1,
3391, xyz2 =x+ y + 2.
3392, §=ln.-;-+1. 3393, z=x+tarctg —£—,

Z—X
3394. Hafitu du, ecan u® —3(x +y)u*+ 2=0.
3395. Haiitu

y CCJIH

Fix+y+z 22+y2+28)=0.

3396. Hairu -2 u 22, ecnn
ox dy

Ox Oy

Fix—y, y—2z,2—x)=0,

2.
3387. Haimu 22, 2= u 22, econ
ax day ox?

F(x, x+y,x+y+2)=0.
3398. Haiitu —Z—:z’—. ecin F (xz, y2) =0.

3399. Haiitu d?%, ecau:
a) Fix+2z y+2)=0, 6) F(—:—. %)=0.

3391.1. Ilyers 2 = 2 (v, y) — ta nuddepeHuHpyeMan
(YHKUHSA, onpeflensieMast ypaBHEHHEM

B—xz24y=0,
KoTopasi NIpH x = 3, y = — 2 NpHHHMaeT 3HaueHHe Z = 2,
Haiitn dz (3, — 2) u d%z (3, — 92). '
3400. [lyctrb x = x(y, 2), y =y (x, 2), 2= 2 (%, y) —

dbyHKUHH, onpelesnsieMble ypaBHeHHeM F (x, y, 2) = 0.
JHokasarb, 4TO

oy o

‘_='—lc

ay'az'ax
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3401. Haiitu -d—:—u —%—. ecmux+y+z=0 x*+

d
+ P+ 22 =1
3402. Hafitu %' iy--. Ly iR npu x =1,

dz dz? dz?
y=—1,2=2, ecan x’+y’=-—;-z’,x+y+z=2.
3403. Haﬁ'm-g“—. _i“_,_fi n -2, ecom xu—yv = 0,
ox Oy Ox dy
yu + xv = 1.
3403.1. Cucrema ypaBHeHH#t
xettv 4+ 2uv =1,

yeu—o— 2 =2
140
onpenenser auddepenunpyemnle GyHKUHH 4 = u (x, Y)
Wv=uv(x, y) Takue, uto u (I, 2) =0mu v (l, 2) = 0.
Haitta du (1, 2) n dv (1, 2).
8404. Haiitu du, dv, d*u u d*v, ecan

sinu X
sinv o v

3405. Haittu du, dv, d*und*vnpux =1,y = 1,u =0,
v=-—:‘—. ecsH

utv=x+y,

eulx cos 2 = X, guixgin —— = —L—,
¥y 42 y 2
3406. Ilycrs
x=t+tLy=04¢t2 z2=04t3

Haiitn —dg-. -iz—. —d’!—u 2 .
dx dx dx® dx?

3407. B kakoit o6nactu nnockoctH Oxy cHCTeMa ypab-
HeHui

x=u++ v, y=u+ 03 z=ud+ 03

FA€ napameTpbl 4 M U NPHHHMAIOT BCEBO3MOXHBIE BellecT-
BEHHHIE 3HadeHHs, ONpefieNifeT 2z Kak (QYHKUHIO OT nepe-
0z

MeHHnx x # y? Hafitu nponssoptsie Oy

ax oy
3407.1. Hantu 22y 2 b orouke u = 1, v=1, ecan
Oox dy
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x=u-+Ino,
y=v—Ilnu,
z2=2u-tv.

B TOYKe u = 2, v= 1, ec

3407.2. Haiitu
Ox dy

x=u-+413,
y=u*—13
Z2=2uv.

. 0%
3408. Haiitu S ecJH

= COos Q¢ cos P, y = cos @ sin @, 2 = sin @,
2.
3409. Haiiru 22 ’ i u 22 » eClH
Ox? 0x dy day?
x=ucosv, y=usinvy, z= 0,
3410. Ilycte z = z (x, y) QyHKUHA onpenensieTcs CH-
CTeMOH ypaBHEHH:
x=ety, py=es=v z=yy
(¢ u v — napamerpnt). Halitu dzu d?z, npuu = Ou v = 0.

3411. Hamu—j—-—u Z:z ,eCaH z=x*+ 43 rge y =

= y (x) onpene/seTcs H3 ypaBHeHHA

=yt yt=
3412. Haiimu 2% 4 i“—, ecan u =-2L2 , The 2 onpe-
ox dy y+z

JeNfeTcA H3 ypaBHEHHA 2e* = xe* + yev.
3413. Ilycts ypaBHenua x = ¢ (u, v), y = ¢ (u, v),
= ¥ (4, v) onpeiensior 2 Kak QyHKUHIO OT X U y. Haliru

dz 0z

ox oy
3414. Ilycte x = ¢ (4, v), y = ¢ (4, v). Haittu gacr-

Hble NPOU3BOJAHBIE NEPBOro H BTOPOro NMOPAAKOB OT ofpare
HbiX QYHKUHH: 4 = u (x, yy H v =0 (X, ¢
ov

3415. Haiitn -ﬂ-, -25‘—. —, — , €CJH
dx dy 0x dy

1 . v
a) x=ucos—, y = usin—;
u u

6) x =€+ usinv, y=e* — ucos v.
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3416. ®ysruus wu = u (x) onpeleaserca CHCTEMON
ypaBHeHHi

u—‘{(x. Y, 2), 8(x, 9 2 =0, hix, y 2)=0.
Hairtn 2y 24

dx dx?
3417. dyuruua u = u (x, y) onpeneasiercs CHCTEMOM
ypaBHeHHH
=fx,y 2 9,80 2 t)=0, h(z t)=0.
Haarn 2% u 24,
ox oy
3418. Ilycte x = f (4, v, w) y—g(u v, W), 2=
= h (u, v, w). Haiitn -ai. g X

o0x dy az

3419. Ilycrp ¢yHkuMa z = 2z (x, y) yHAoBJAETBOpAET
cucTeMe ypaBHeHHH f(x, 4 2, =08y 2 £ =0,
rae ! — nepemenHbiii napamerp. Haiitu dz.

3420. Ilyctb u = f (2), rne z — HeABHaA (QyHKUHA OT
nepeMeHHBIX X M Yy, ONpejeaseMas YypaBHeHHeM 2 =
= x + yo (2).

Hokasats ghopmysy JIaepauwca

3':': = axn—; {[‘P( " — }

Yxasauune, Joxasate popMyny ana a = ] H NPHUMEHHTH
METON MATEMaTHUECKOR HWHAYKUKH.

3421. Ilokasatb, uro ¢ynkuua z = z (x, y), onpene-
JisieMas ypaBHeHUeM

O (x —az, y— bz) =0, 1)

rae ® (u, v) — npousBonbHaa AuddepeHunpyeman ¢GyHK-
LA OT NepeMeHHbIX ¥ H U (a H b — NOCTOAHHBIE), ABJAKTCA
peiLeHHeM ypasnemm

+b ay =1.

BhiACHHTB reome'rpuqecxne cBoficTBa nosepxHoctH (1).
3422. Nokasare, uto PyHKUHA z = 2 (X, y), onpejese-
Masl ypaBHEHHEM
(D( X—Xo Y—b4 ) =0, )
2—2 2—2
rae ® (u, v) — npousBonsHan AuddepeHuHpyemas QyHK-
LHA OT NepeMeHHBIX & W U, YAOBJETBOPAET YPaBHEHHIO
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BuificHHTL reomeTpHuecKHe CBOACTBA MOBEPXHOCTH (2).
3423. Ilokasartb, uto PyHKUHA Z =2 (¥, y), onpeaensie-
Mas ypaBHeHHeM
ax + by + cz2 = @ (x* + y? + 2?), (3)
rie ¢ (u) — npousposbHas AuddepeHuUHpyeMan GyHKUUA
OT nepeMeHHON 4 H @, b U ¢ — NOCTOAHHbIE, YIOBJETBOPSAET
YPaBHEHHIO

(cy— b2) L -+ (az—cx) O b —ay.
ox dy

BhificHuTb reomeTpuueckHe CBOiiCTBa NoBepXHOCTH (3).
3424. QyHnkuusa z = 2 (x, y) sajaHa ypaBHeHHEM

Byt =i ().
Ilokasarb, uro
R—p—2) L ony B 00
Ox dy

3425. Oynkuna z = 2z (x, y) sajaHa ypaBHeHHEM

F @42y, y+axt) =0,
Ilokasats, 41O
X _gf_ +y _‘?3. =z—xYy
ox oy )

3426. ITokasarb, uTo $yHKuUMA 2z = z (x, y), onpeae-
AnAeMas CHCTeMO#l ypaBHeHHI:

xcosa+ysina4-Inz=F(a), }
—xsina+ycosa=f (a),

rie o = o (x, y) — nepeMeHHLI napamerp u f (a) — npo-

u3BoabHaA JAuddepenuHpyemas ¢yHKUHA, YAOBJETBOPSET

YPaBHEHHIO
9z \? 0z \2 o
— —) =2
( ax ) +( dy

3427. Ilokasartb, yto yHKWHA z = Z (X, y), 3a7aHHan
cHcTeMOH ypaBHeHHii:

z=ax +-=+f (),
0=x—-2-+F (@)

YIAOBJCTBOpAET YPaBHEHHIO



348 OTAEN VI. AUOGGEPEHUHAJBHOE UCUUCNEHHE

3428. INokasarb, uTo QyHKUHA Z = Z (X, y), 3aKaHHaA
YpaBHEHHAMH
[z—f ()P = x’(y’-—-a'),
—f (@) F (@) =oax }

YAOBJAETBOPSAET YPABHEHHIO

3429, I'lokasars, uro pyHKuuaA z = z (x, y), 3ajaHHasa

YypaBHEeHHAMH
z=oax+ yp (@) 1+ (2) }
O=x+yg' (@+V (@)
YAOB/IETBOPAET YPaBHEHRUIO
0%z o= _ 0%z 2__0
o0x3 oy® ox i')y) o
8430. Ilokasatb, yTo HesBHas (PYHKUHA Z = Z (x, ¥),
onpefesseMas ypaBHeHHeM

y=x0@) +v(@,

ynoanemopﬁer ypaBHEHHlO
0z 0z ( 2 0%
( ) Bx” ax 6y 6:: ay ox oy? =

§ 4. 3amena nepeMeHHbIX

I°°.3amMeda NepeMeHHH X B BRHPpaXeHHH, COs
nepxameM OOGHKHOBEHHHE NpPOH3IBOJHHE
Nycte B puddepeHnHanpHOM Bhpaxenun

A=O(x, 4y Yps Uggr v 5 )

ypebyetcs nepeiiTH K HOBWM NepeMeHHEIM: f — HE3aBHCHMORA re-
pemMeHHOR H u — (PYHKUHH, CBA3AHHKIM C NPEXHHMH NEepeMEHHLHMH
X 8 Yy ypaBHEHUSIMH

x=f(t w, y=1g( o). (1)
Huddepenuupys ypasnenus (1), GyaeMm umers:
og og -
at + au !

L o,
6t+6uu

x=

.
ARaJIOrHYHO BHIPAXKAIOTCS BHICUIHE NPOH3BOAHHE Py see B pes
syabTate MH NOJYyuaeM:

A =0| (tl u, u;- u;tl .o -)o
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2, 3aMeHa He3aBUCHMHX NepeMeHHWX B
BHPaXeHHH, cOiepKAamWeM 4aCTHHE NPOH3e
BoaH e Ecan B auddepenunasbBoM BulpaKeHHH

0z dz 9% 9% 0%
B=F(.y,2‘_’——t—’-—-—o‘———’-..)
ox dy ox? ox 0y dy?
NONOXHUTD
x=f(u, v), y=gu v), 2
rhe 4 H U — HOBHE He3aBUCHMHE nepeueuuae, TO NOCAeA0BATEMbe

z
HL€ YacTHHE NPOKH3BOAHLIE " 6 , o+ ONPEREAAIOTCA U3 CJe-
RYIOUHX YpaBHeHHIT:

- 1]

du 0x du oy Ou

i 02

o _ 0 o o 0g

dv ox Ov dy v
HT N
3. 3aMeHa He3aBHCHMHX NepeMeHHHX H
GYHKUHH B BHPAXKEHHH, COAEpPXMAWEM 4acCT

Hole NpoHssoRHBe. B Gonee obweM caydae, eCHH HMeeM
ypaBHeHus

x=f(u, v, w), y=g(u, v, w), 2= h (4, v, W), 3)
Flie 4, U — HOBble He3aBHCHMbe NepeMeHHHe H W = w (4, U) —

HOBAaA (YHKUMA, TO AR Y3CTHEX NPOH3BOAHHX ai, 5!-/ sese
nonyyaeM TaKHe ypaaﬂeﬂua
0z 6] 6[ )+ 0z 6g ow )__
x au dw Jdu Gw Ou
oh  dw
+ ow Ou T
0z of a; ow 0z ag Og Ow
i arw R
ok oh dw
ER s o e e
] ow dv
WoT.oMm

B HexoTopmX cayuasx 3aMeHHl NepeMEHHWX YAOGHO NOMb3O~
BAaThCA MOJNIHWIMH AH(pdepeHUHANAMH,

3431. IlpeobpasoBath ypasHeuue y'y''' — 3y''® =
NPUHAB y 32 HOBYIO HE3aBHCHMYIO NepeMeHHYio.
3432. Taxkum xe o6pasom npeoGpasoBaTb ypaBHEHHe

y'zyw_ onr 7 u/ + lsyu; = 0.
3433. [lpeo6pas3oBaTh ypaBHeHHe

y’—l——i—y’+y=0.
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NPHHAB X 33 QYHKUHMIO H { = Xy — 3a He3aBHCHMOE mepe-
dMeHHoe.

BBoas HOBhle nepeMeHHble, Npeo6pa3oBaTh cJaeAyioline

OOLIKHOBEHHbIE nu@epeuunanbﬂue ypaBHeHU S
3434. x*y" + xy' +y =0, ecin x = €.

3435. y'"' ===—i%, ecnn £ = In|x|.
8436. (1—x?) y'' — xy’ + n®y =0, ecan x =cos L.
3437, ¢4y th x+

—y= 0, ecau x-lntg—

~1n§ P (&) dg
3438. y"+p (x) ¥'+¢q (x) y=0, ecau y=ue
rae p (x)
3439. y"+xyy — 22 =0,ecan x = & Uy = ue*,
rae 4 = u (f).

3440, (1 +x)%'' =y, econ x=1g tu y=
rae u = u ().
344'. (l_x‘)ly'.! = -y, eCJIH X = th l"y == %t_'

rneu=u(t)
3442. '+ (x+ ) (1 + )P =0, ecrt x=u+1
ay=u—t rae u = u (?).

3443, Yy — ' + xyf —y =0, ecu x=

’
cos ¢

]~

H y=-5;-. rze u = u ().
3444. TlpeoGpasoBats ypasuenue Cmokca

" _ Ay
y'= E—apx—0bp '
nioxaran

x—a

u= =In

x— x—b

¥ OpHHAMasa u 3a QyHKUHMIO NnepeMeHHOH f.
3445. I[lokasath, yTO eciu ypaBHeHue

Ay Ay -
o TP~ +qw)y=0



