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TO
PYA)=A—r)™h — A" ... (A—A)™, (60)
rue
O<mpy (k=1, 2, ..., s). (61)
Ormerum eme ofgo cBoiictBo Marpmusl C (A). Ilycre Ao — Kakoe-mu6o
xapakrepucTuieckoe umeao marpuusl A = | a;||?. Torma ¥ (Ag) =0, u moromy
coryacuo (H7)
(ME — A) C (ko) =0. (62)

3amerum, aro Bcerga C (Ag) == 0. IleficTBuTenbHO, B TIPOTHBHOM Clydae
BCe BIeMEHTH LpHBeleHHoii mpucoegumenmoii Marpunsl C (A) peamanch Ot
0es ocTtaTka Ha A —JAj, 9TO HEBO3MOJKHO.

O6osnaaum uepes ¢ moboit memymesoi croabern Marpuum C (Ag). Torna

u3 (62)
‘ (hE — A) ¢ =0,

Ac = hye. (63)

Jlpyrumu caosamu, moGoii Hemysesoit croanGer marpunsl C (hg) (a Taxon
crosnber; Bcerjia uMeeTcA) onpejenaseT COGCTBEHHBII REKTOp A A = Ag.

IIpumenp.
3 —3 2
A=| —1 5 —2,
—1 3 0%
A—3 3 —2
A(M:‘1 A—5  2|=A3—8A2L20A—16=(A—2)2 (A—4),
1 —3 A

50 =2 oy gy ar—gh 20,

BM=A*+(A—8) A+ (A2 —8L120) E=

10 —18 12 3 —3 2 1 0 0|
=|—6 22 —12|40—8)| —1 5 —2|+(2—8420)(0 1 0]=
|—6 18 —8 —1 3 0 101

A2—5L+6 —3A+6 2L—4
A2 A2—3A 2 —2h-k4
—A423h—6 A2—8A+2

Bce ameMeHTH MaTpunul B (A) geasres Ha Dg(A)=A-—2. Cokpamas dTOT MHOKHTeJNb,
MOy 9HM:

A—3 —3 2
—1 A—t —2
—1 3 A—6

C (W)=

v=7 =02 00
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ITopctasam B C (A) BMecTO A 3HaveHnme Ay=2:

—1 —3 2
C@=|| —1 1 —2
—1 3 —4

Hepsmit cronfen paer mam coberpenusiit Bexrtop (1, 1, 1) gus Ap=2. Bropoii ctonbern,
IaeT HaM coOCTBeHHHH BekTOp (—3, 1, 3) muIA TOTO KEe XAPAKTEPUCTHYCCKOTO UMCIA
Ao=2. Tperuii croxnber ecTs AuHeHHAas KoMOMHAIINA NEPBHX ABYX.

Touno Tak sxe, momaras A=—4, u3 mepBoro croabua Marpumh C (4) mHaimem
coGerpennnrii BekTop (1, —1, —1), oTBewaloWMil XapaKTEPHCTUUECKOMY UHCIY Ap=4.

OfpaTuM BHMMaHHe 9UTaTeJd HA TO, 9T0 P (A) u C (A) MoKHO 6BUIO GHl ONpeNeNnTD
unave.

Haxopum cragama Dj (A). Dg(A) mMoKeT uMeTh CBOMMHU KODHAMM TOJBKO dUHCJIA
1 A—5
1 -3
B Hyab. Ilosromy Dy (4) 5= 0. Ilpn A=2 cronbun Marpuiii A CTAHOBATCA NPOMOPLH-
oHanpHEIME. IloaToMy Bce MUMHOpPH BTOpOro mopAaka B A (A) mpum A==2 paBHH HYIIO:
Dy (2)=0. Tak KaK BHYHCICHHHI MHHOP HMeeT NepBYIO cTemens, T0 Dg(A) me Mosker
penuThes Ha (A — 2)2. CluenoBaTenbHo,

2 u 4 Ilpm A=4 B A (A) MEHOp BTOPOTO HOpAAKA == — A+ 2 He oGpamaercs

Dy (M)y=r—2.
OTcrona
P (7\)=—£(T7g=(7»~2) (A—4)=A2—6A}8,
_bvwW—=v» _ .
AUN “)——p:h =u-+Ai—6,

T !x_3 —3 2]
CM=ypO\E, A)=A4+MA—6)E=I| —1 A—1 —2
1 —1 3 A—6



IF'TABA V

OYHRIINN OT MATPUIIBI

§ 1. Onpepenenne QyHsnum oT MaTPHIBI

[Iycrs mamsr kBagpatHas Marpuua A = ;|7 o ¢ysrmus f(A) ckamsap-
moro aprymenta A. Tpefyercs ompenennTs, aro clefyer MOHMMaTh HOE f(d4),
7. e. Tpebyercda pacumpocrpaHuTh ¢yHKIuI f(A) M HA MATPHYHHE 3HAYEHHS
apryMesTa. :

Pemenne pTofi 3ajjaum HAM HM3BECTHO MJA HPOCTEHINETo ciaydad, KOrja
f (M) =voA' +yA 1+ ... 4y, — MHOrOWIeH oOTHOCHTENBHO A. B arom ciygae
f(4)=yeA' Ly, 471 .. -y,E. Ucxons u3 5TOTO 9acTHOrO cjydasd, HOCTa-
paemcs onpenenuthb [ (A) B obmem cayuae.

OGosmaunM uepes

m
M) =R—A)™ (A — A" .. (A—2) (1)

MUHHIMAJIbHHIE MEOrOYneH marpunn A1) (smech Ay, Ay, ..., Ag—BcCe pas-
NWYHHE XapaKkTepucTwdecKue uucna marpuisi.A). CreméHp 3Toro MHOroWIeHa

8§ .
m = meg.

E=1

ITycrs aBa mEOTOudeHa g(A) m A (A) TaKOBH, dTO

g (A)="h(A). 2)

Torga pasmocts d(A)=g(A)—A(A), OyAyun aHHYINPYIOMUM MHOIOYJIEHOM
nns marpuusl A, geawrca Ha P (A) 6e3 ocraTka, 4T0 3AMAINEM TaK:

g =h(4) (mody(h). )
Orcioma B cnay (1)

d() =0, d@x)=0, ..., d " Vm=0 k=1, 2, ..., 3),

T. €.
g =h(w), & M) =h (), ..., €™ D M) =A" (W) (k=1,2, ..., s).
(4)
m 4qucell
FOWs £ )y veny £ V) (k=1, 2, ..., ) (5)

1y Cm. . IV, § 5.
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6yneM yCIOBHO Ha3HBaTh anaxenuamu gyuryuu f (L) na cnexmpe mampuys A
¥ COBOKYNHOCTH STHX B3HAYEHHI CcHMBojwdecku obosHawats uepes f(A,).
Ecam pns ¢pymrumu f(A) cymecrsyior (. e. uMeior cMeica) smageHus (5),
T0 MH Oygem roBopuTh, uT0 @ynkyus f(A) onpedesena wna cnekmpe
Mmampuys A.

Papencrsa (4) moxasmBaior, 9T0 MHOrowiIeHwl g(A) u i (A) mMeoT OfHH
W Te ;Ke 3HAYEHHA HA cHeKTpe Marpuusl A. B cumBommueckoil sammen

g (Aa) =h (M)

Paccysnenna ramu o6paTuMb: us (4) BETEKanT (3) H, cIegosaTeneHo, (2).

Taxum obpasom, ecnm 3azana marpuua A, To 3HaueHWs MHOrodjena g (A)
Ha CcHeKTpe MaTpuns A BHolHe ompepessiior Matpuny g (4), T. e. Bce
MHOTOUYJEHH g (A), IpPUHMMAION@e OJHU M Te Ke BSHAYEHHS Ha CIEKTpe
MaTpuns A, MMeKT OJHO M TO K€ MaTpudYHoe 3HaueHHme g (A).

Mu morpeGyem, 4roGH ompepenenme f(A) B o6meM ciyvae NMONYHHSIOCH
TAKOMY Ke NPHHOHDY: 3Hauenus @Gyuryuu f(A) na cnekmpe mampuyw A
doasicrbl noarnocmuio onpedeaamuv f(A), m. e. ece gynryuu f (1), useowue
00HU U me e 3HAUEHUA Ha cnekmpe mampuydl A, doaxcnv. umemv 00HO
u mo awe mampuuroe sHavenue f(A)1).

Ho rorma, oweBmpro, gasa ompegenenma f(A) B ofmem caydae jocra-
TOYHO HOJBICKATH TaKOM MHOrodleH g (A), KOTOpHIH mpuHHMan OH Te 3Ke
3HAUeHNA HaA cheKTpe Marpuusl A4, uro u f(A)?2), ¥ TONOKUTE:

F(4) =g (4).

Takum o6pas3oM, NIPUXOOUM K CIEAVIOIMIEMY ONPeJeleHuIo:
Onpepenenne 1. Ecau ¢ymrums f(A) ompemesena Ha CcIeKTpe
Marpuns A, TO

F(4) =g (4),

rae g(A)— mo6oll MHOTOYNEH, MPUHUMAIONIME HA CHEKTpe Marpuusl A Te e
3HaueHHA, 410 U f (A):

f(As) =g (A4)

Cpepn Bcex MHOTOUNEHOE € KOMILIEKCHHIMM KodduimeHTamMu, IPUHU-
MalIuX Te ’Ke 3HAaUYeHHA Ha cmekrpe, uro u f(A), mMeeTcsas OJUH W TOJIBRO
ouH MHOrouueH r(A) crememm < m ®%). IJror MHOrOowieH r(A) OXHO3HAYHO
oHpefienseTcd MHTePHOJAIMOHHHME YCIOBUAMMT:

r)=7 (), ¥ () =1 (), ., 7Y () =D () (k=1,2, ... 9).
(6)
Mguorounen r (A) HA3KIBAIOT UHMEPROAAYUOHHBM MHO20YACHOM Jazpandca-

Cuavsecmpa pua ¢yurnum f(A) ma cmexrpe Marpunst A. Onpepemenme 1
MOHO emie cOpMYJIMPOBATH TAK:

1y Kpome Toro, upeamomaraerci 4ro ofmee ompefeneHue auaA f(4) B UacTHOM
clydae, Korja f(A)—MHOTOUIEH, AOJNKHO JaBaTh TOT K€ PE3YAbTaT, YT0 M Helocpefs-
CTBeHHAafd NMOACTAHOBKA B MHOTOW]IEH BMeCTO A MaTpuisu A.

2) B § 2 OyneT IOKa3aHO, YTO TaKol HMHTePHOJHIMOHHEE MHOTOYJEH BCET[a ¢yIle-
cTByeT, W OyJeT [aH ANTrOPUTM [JA BHUUCICHNA KO3QPUINEHTOB MHTOPHOMANKOHHOTO
MHOTOYJIeHa HaUMeHbIIell CTeIleHH.

3) JTOT MHOTOYJEH IOXydYaeTcs U3 JI060TO Ipyroro MHOTOYNEHA, MMEILIET0 Te e
CcIIeKTPaJbHEe 3HAYCHUs, YTO U OCTATOK OT jeieHus HA P (A).
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Onpepmenenne 1. Ilyers f(A) — pyERIEA, onpeneleEHaA Ha CIIEKTpe
Marpugsl A, a 7 (A)— COOTBETCTBYIOIIHI MHTEPIOIANMOHHEI MHOTOWIEH
Jlarpammra—Cuassectpa. Torga

f(4)=r(4).

3ameuanne. Ecam MunuManbeeii MuOrOYwIeH P (A) MaTpuns A
He mMeerT KpaTHHX Kopmeiil) [B paBenctse (1) my=my=... =my=1; s =m],
TO s TOro, 9T0GH f(A) EMeJIO0 CMHCH, JOCTATOYHO, dTO6H QyHKnUA f(A)
GBlIa OmpelejieHa B XapAKTePHCTHYECKUX TOUKAX Aq, Ag, ..., Ay, Ecam sme
P (A) mMeer KpaTHEIE KOPHH, TO B HEKOTODHX XapPaKTePHCTHYECKHX TOYKAX
HOMKHEL GHITH ONpeJeJeHE W IPOM3BONHEIE oT f(A) IO MB3BECTHOrO HOPAZKA
[em. (6)].

Dpumep 1. PaccmorpuM MaTpHmy 2)

pormer———
6 1 0...0
00 1...0
H=| .. ....
00 0...1
lo 0 0...0

Jlia Hee MUHMMANLHHIM MHOrouwnenom Oymer A”. Ilosromy smawemmamm f(A) Ha
cumextpe H O6ynyr guciaa f(0), f'(0), ..., f™=1(0), u mmorounen r (A) Gymer AMeTH BHJ,

! (n—1)
r =1 O+ L2 At Lot

Takum 00pasom,

1 (0) )
fO - - w1

, (n—1) 0 f
=@+l g Lo i) o

) 10
0 0 ... (0

Mpumep 2. PaccmorpuM mMaTpumy
n

o e e,
%1 0...0 |
0 A 1...0
J=l. . ..
0 0 0...1
0 0 0...%

3amerum, uro J =MAgE--H u, ciemoBarTeabno, J —hoE =H. MEHUMATbHHM MHOTO-

waeHoM iR J, oueBmpHO, Oymer (A—Ag)". HaTepuoisauuoHHsdi MuorowmeH r(A) mis
¢yaRuu f(A) oupefeauTCA PABEHCTBOM

’ (TL—i)
r0=1 G+ 10 0t Lo (P gt

1) B ra. VI Gyger BHIsACHEHO, WTO B 3TOM M TOJLKO B 2TOM cIydae Marpuua A
ABJIETCA MaTpHIel# OPOCTOl CTPYKTYPH (cM. T 111, § 8).
2) CpoifctBa Matpunsl H pasoGpaHs B nmpmMepe Ha cTp. 24—25.
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IToaromy (n—1)
A =1 (O n—1
1) =r =] o) EAL{ mp L Lo 00 gt
1 (o) 17 ()
f(xo) _‘H"“ . . -—-_(—"’;'"_’1—)!_
_ 0 1 (Ro)
' ' "1 ()
_ i
0 0 ... f(
OrmernM Tpu cBoficTBA (YHKIMM OT MATPHILHL.
1° Ecmmr Ay, Ag, ..., Ap——XapaKTepUCTHUYECKHE YHCJIA MaTPHIE 7-TO
noparka A, 1o f (M), ]‘(7»2), ..., [ (hy) —IONHAA cHCTEMa XapaKTepPHUCTHYeC-

Knx gmces Marpuusl f(A)

B wacrHOM cayuae, korga f(A)—MHOrowJeH, 5TO HpemJO:KeHHE GHLIO
noxasano Ha c1p, 94. [lokasareapcTBO Aas 06IIEro ciydas CBOLHUTCH K DTOMY
4acTHOMY c.nyqaio mocKonbKy (B cuiry oupepeaenad 1) f(A)=r(A)uf(h) =
=r(A) (i=1,...,n), rae r (A)— HHTePHOAATUOHHHIA MEOrOwNeH Jlarpamma —
CnabBecrpa ans ¢yrrmum f(A).

2° Ecau dse mampuysi A u B nodobun u mampuya T npeobpasyem
A ¢ B:

B=T7A4T,

mo smampuyst f(A) u f(B) nodobme u ma owe mampuya T npeo6pasyem

F(4) 6 {(B)
f(B)=T" (4)T.

JHeiicreuTenbHO, /iBe MOROOHHE MaTPUIE MMEIT OJAWHAKOBEE MUHAMAJb-
HEle MHOTOUJEHH ') u, ciemoBaresnbHO, QYHKIUA f (A) IPHHAMAET OJHA M TE 5K
3HAYeHNA KaKk Ha CIeKTpe MaTpume A, Tak W Ha COeKTpe Marpuos B.
_ IlosToMy cymecTByeT WHTEpPIOISALMOHHEA MHOrowIeH r (A) Taroi, uro f (A4) =
=r(A), [ (B)=r(B). Hororga us pasencrsa r(B)=T"1r(4)T (cM. cHOCKY)

creyyer:
FB)=T1(A)T
3° Ecau A— k6a3uduazoHaivHas mampuya
A - {A1, Az, “aey Au},

FA)={f(41), [(42), ... f(A)}.

OGosnauynm depes r(A) wuHTepmONANMOHHEA MHOrTowies Jlarpamsa— Cuan-
Bectpa fAas ¢ymrnmm f(A) Ha cmekTpe Martpumunt 4. Torma, Kak Ierko

mo

BHJIETD,
f(A)=r(A)={r (41, r(4s), ..., 7 (4u)}. (7

C npyroit cTOpOHH, MHHUMAJBHHI MHOrowieH V(M) mis A ABaAerTca
AHHYJNIUPYIOIIMM MHOTOYJCHOM [AJA KaKAoX u3 wmarpum Ay, A,, ..., A4,

IlosaTroMy m3 pamemcTBa
f(As)=r(A4)

FAa)=1(Nay)s - -, f (AA )=r (AAu)-

1y U3 B=T- 14T caepyer BR=T-14kT (k=0, 1, 2, ...).- Orciona s A1060r0 MHO-
r%‘meﬂa g (\) mmeem g (B)=T"1g (4) T. HosroMy u3 g(A) =0 sBuTexaer g (B)=0 u ma-
ofopor

cremyer:
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ITosTomy
f(A1)=I‘(A1), .. ’f(Au) :r(Au)7

7 paBeHCTBO (7) MOJKHO BaDHCATh TAK:

FA)={f(44), f(42), ..., (4w}
Hpumep 1. Ecaa mMaTpmia npocToll CTPYKTYpPH
A=T{My, Ag, ..., A} T,

FA=T{f M), fra)y ..., fhn)} T7L

TO

f (4) mmeer cMmmca, ecam ¢pynruus f(A) ompegerena B TOSKAX Ay Ag, ...,

An.

IDpumep 2. Marpuua J uMeer ciefyomuil KBasHAWATOHANBHEIE BH:

Vi

M 10 0

0 M 1 01

0 0 0...1]

0 0 0. .. A

J___
Vu

I R
ihy 1 0 0
0 Ay 1 0

| 0 0 0...0 Ay

(8)

B megmaromanbHmX OjoKax Bce sieMeHTH pasHb mymo. CoriacHo gopmyne (8)

(cM. Takyxe mpuMep Ha cTp. 109)

/' (k) Do)
f ) v (vl—1)!1
0 f(xn'
' ' ()
. ll!
0 0 ... {0
f)=
fony [0
0 f(w
o 0

f("u““
vy — !

(

(Aw)

A

1!
1 ()

3pecs, Kak W B MaTpuie J, Bce BIEMEHTH B HefMaroHaJbHHX OIOKax paBHH HyJo 1),

1) B maneHedimem (ri. VI, § 6 mam ra. VII, § 7) 6yzmer ycTaHOBIeHO, 9TO HNPOH3-
BoXbHas Matpuma A==|| a;; ||T Beerga mopobHa HeKOTOpOH MATpHIle BH/A J: A=TJT-1,

Toatomy (cm. 2° Ha crp. 106) Beerna f(4)=Tf(J)T-L
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§ 2. Unrepnonaumonnnii maorodaen Jlarpamxa — CuabeecTpa

1, PaccmorpuM cmauajda TOT caydail, KOrAa XapaKTepHCTHYIECKOe yPaB-
Heune |AE—A|=0 me mmeer kparHNX KopHed. HopHm srToro ypammemma —
XaparTepuUCTUHECKNE yHucaa MATPHOE A —OGO3HAYMM dUepes Ay, Ag, ..., Ag.
Torpa

YA)=|AE—A|j=A—k) (A—22) ... (A—Rp),
i ycaorus (6) samMCEIBAIOTCH TaK:

r(a)=f0x) (=1, 2,...,n).

B stom cayuae r (M) siBusiercs OGHYHEIM HHTEPIONANNORHEIM MHOTOYIIE-
oM Jlarpamma gas q)yHKmm f(A) B Tourax Ay, Agy i..,An:

o =2 e by e—hgar) .. (A
rM) =2 TR BT Ga— D - a9

Coriacro onpepesnennio 1’

B o (A—ME) .. (A—hpE) (A—AppE) ... (A— AE)
/ “"””““‘Ei G - Oh—ns) Gt —Rard) . Qa1 8

2. JlomycTuM Temephb, YTO XapaKTEePUCTUYCCKUA MHOTOUNEH UMeeT KpaTHHe
KOpHYU, HO MUHMMAIbHHI MHOrouleH, ABIAMHUICA AenHTeleM XapaKTepPUCTH-
YeCKOre, MMEET TOJBKO IPOCTHE KOPHH '):

YA =A—=2r)(A—=2) ... (A—1m).

B srom cayuae (kax u®B mpemmiiyumeMm) Bce moxasatenm my B (1) pasmnt
emmumie, w papeHcTBa (6) mpuAEManT Buf

7‘(7»);) f()»k) (k=1, 2,...,m).

r () cHOBa sBAseTcs OGHIYHBIM HHTEPUIONANUOHHEIM MHOrodleHoM Jlar-
pamKa u

_ (A—ME) ... (A—Ap4E) (A—ApE) ... (A—AnE)
FA) = 2 A Oamtn) (e - Gy~ 1 (M-

3. Paccmorpum ofmuit cayuwaii:
YA =A—=d)m A=A ... A—2A)"  (mitmyt ...+ my=m).

r ()
(M)

TIpegcraBuM IPaBHALHO-IPOCHYI0 PYHKIHIO B BHIE CYMME TIpO-

cTHIX mpobei:
8§

‘“Mﬂg[u—xk)’"k+(x—xk)’”h“+ A ®

rae oz (=1, 2, ...,ms; k=1, 2, ...,$) —HEKOTOpHEe 9YHUCIa.
[as ompepenennsa umciuTeneil MPOCTHX ApoGedl ap; YMHOKIM o0e YacTH
P (M)
(A—2p)"®

aToro paseHcTBa Ha (A —Az)"% M oGosHawmM gepes P* (A) MHOrOwIEH

+ 1) Cm. cHocky 1) Ha ctp. 105.
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IMomyaum:

r (M
P (A)

=0+ Ape(A— ) + . .+ Oamy, (A — An)"E
Fh—r)" () (k=1,2,...,5), (10

rae @ (A)— panuoHajbHAA QYHKIHMA, PeryispHAA OpH A = Apl).
Orcoga

Tor(A)
= Loy L:m,; \}

oy ‘ oy b —
Hha = [wk (x)]x:xh“”“) Lwh ) szxﬁ’ ) iy oo =129
(11)

Gopmyast (11) moKa3HBaWT, YT0 YHCAHTENN Qr; B TPaBOl YacTH paBeH-
cTBa (9) BHpa)KalTCA Yepes B3HAYEHHS MHOTOWIEHA 7 (A) HA CIEKTpe Mart-
purisi A, a 9TH 3HAYeHHsA HAM HM3BECTHHI: OHH PAaBHH COOTBETCTBYIOIIAM. 3Ha-
gennam Qyuxnuu f(A) u ee npomspomusx. Ilosromy

f (ha)
QM:—W—(;}@*’ (lk2~ (}vk) ] +f ( "’) 1}3" (x)

k=1, 2,...,5).

(12)

Dopmyns (12) MOKHO eme COKpameHHO 3allUCATh TAK:

1 f () -0 1 9 4
= G—0r L\P"(M ety G=1, 2,...,mp; k=1, 2,...,5.(13)
Ilocae Toro Kak Bce dp; HAWIEHH, MH oHpefiendeM 7 (A) u3 caeaymwomeit
$opMysH, KOTOpas HOIydaeTcs YMHOMmeHWeM ofenX dgacTedl paBeHCTBA (9)

ma P (A):

P =3 Tan s (h—ha) £+« 4oy (A= M) R (). (14)

h=1

B sToit ¢opmyne BHpasKeEWe B KBALPATHEIX CKOOKax, CTofAmEee B Kage-
cTBe MHOEHMTens mepeq P* (A), B cuay (13) paBHO CyMMe NepBHIX My WIEHGB
pasaomerns Teitnmopa mo cremenaMm (A—A,) mas ¢pymxumunm f(A)/¢* (A).

IIpumenp.
P A=A —A)2(A-—LA2)3 (m=5).
Torpa

révy _ «a p ¥ 8 g
T O —h? Ak T =t T 0= TRy

OTcoga
rM)=[e--8 A=A A—r2)®+[y+8 (A—Ro)+& (h—A2)2] (A—Ay)2
M, CHe0BaTeJNbHO,
7 (A)=[aE B (A—ME)] (A—E)3-} [YE +8 (A—hok) +¢& (A—1A2E)2] (A— ME)2.

1y To ecTs He odpamarmomasca B cO HpH A=A,
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a, B, v, 8, & maiigem us caexyommx opmymr:

_ I _ 3 1 ,
a——(l1-7~2)3 , P= (A —Az)2 f(A1)+(A,1—7\.2)3 1’ (A,
__f ) 2 1 ,
Y= Re—a2’ 8= (oa—Tp)? f(kz)—l-(}»z_}q)2 ' (Aa),

3 2 ’ 1 1 ”
"yt 0 T e Ty g 1 -

HDpumewanume 1. Vnrepnonanuonnwii Muorouwmen Jlarpamma— Coiab-
BEeCTPa MOeT GHITb IOAyYeH HPEfeJbHEIM LePeX0fOM W3 HHTePHOIALMHOHHOrO
MHOrounena Jlarpasma.

Hyers

VO =O—2 =t 02" (m= 3 m).
h=1{

O6osraunm wepes L (A) WHTePHOMANMOHHKEIN MHOTOWNeH Jlarpama, MOCTPOSH-
HHI s m ToYel

1 2 1 2 1 2
AP, AP, AT AR AR, Al LA, A, L alms),

Torga meTpymHO MOKazaTh, 4TO0 HMCKOMEIT MHOrowienm Jlarpamsxa — Cuib-
BecTpa oupegenserca GopMymoit

r(A)= lim L(4).
Mb, L, M)

Kg ),..‘,hs(ms)»hs-

IIpumeuwanne 2. Illycrs 4 = a;| — sewpecmeennan mampuya, T. e.
MaTpPHIA ¢ BEeIECTBeHHHIME QieMeHTaMH. TOrfa MUHHMAJNBHHIA MHOTrOWIOH
P (A) mMeer BemecTBeHHBle Koaddunments 1) m ero KopHm, T. e. xapaxrepm-
CTHUECKHe 9MCaa A;, Au00 BeNeCTBOHHH, JHG0 MOMAPHO KOMILIEKCHO CONpHA-
JKEHHI, TPUYEM, eCIM Ag==Ap, TO COOTBETCTBYIOIIWE KPATHOCTH PABHEL Mg =
=my. YCIOBHMCS TOBODUTB, 4T0 ¢ymnryus f(A) éewecmeenna na cnexmpe
mampuyt, A, ecim [JA BeMeCTBEHHOTO A; BCe ce B3HAYEHHA HA CHIEKTpe
f(:), f (Ai), ... BemecTBeHHH, a IJA [JBYX KOMINIGKCHO CONPAKeHHBIX

XaPAKTEPHCTUIECKUX THCEI Ay, M Ag=~hA, COOTBETCTBYIOHIME 3HAYEHMS Ha

CueKTpe KOMILIEKCHO compsensl: f(Ag)=7F(An), ' (Ag)=F" (An),...2). Boarom
cuaygae f(A)-—eeupecmeennan wmarpuna. HelicTBurenvro, B AaHHOM ciryuae

cormacuo dopmymam (12) @y, 0;3, ... — BEMECTBEHHEIe YHCIA U Ogy = Opy,

Ggg == Upg, ...; OPH ITOM [AIA BEINeCTBEHHOTO J; MHOTOWIEH i (M:m
—h;
uMeeT BeIIECTBOHHBIE KO3QQuiuedTH, a Koodpdunmentsr mmorowrenos P’ (1)
n Y (A) (up: Ag= A) — KOMILIEKCHO conpsskeHH. Iloaromy B cuny $opMysn
(14) nETEpUONATHOHHAKI MHOTOUJeH 7 (A) HMeeT BemecTBeHAHE KO3((uIHenTH.

Ho rorpma r(4), a smauur u f(A)=r(A4), —BemecTBeHHAs MaTpHUIIA.

1) 310 cmemyer HemOCPeACTBEHHO H3 OHpeflelIeHNA MAHUMAIBHOTO MHOIOYIeHA dU60
n3 dopmyarr (54) ma crp. 100.

2) OyERUA, DpefCTABIAEMAas CYMMOH CTEMeHHOrO PANA ¢ BEH(ECTBEHHHMH KO3(-
JunmeHTaMH, BemlecTBeHHA HA CIEKTpe 1000ff MATPHUIH, XapaKTepPHCTHUECKHe YHCIA
KOTOPOH HAXOJATCA BHYTPH KPYyra CXOJHMOCTH JAHHOrO- pPAfa.
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§ 3. [Ipyrue dopmer onpegexenna f (A). Kommonenrs: maTpmust A

Bepremcsi x ¢opmyxne (14) mus r(A). Ilopcrasnss B Hee Bhpaskenus (12)
ans xosPuuuenToB o ¥ 0OBeIUHASA UICHH, CONEPKamue ONHO U TO jKe 3HA-
wenne QGyHKIuM f(A) wim Kaxoit-im6o ee IPOM3BONHON, MH IpeicTaBmM r (A}
B BUJIE

P = 3 1 () ous ()7 () @aa )+ 4 7Y 0) Gy )] (15)

3meck @u;(A) (=1, 2,...,mp; k=1, 2,...,s)—Jaerxko BHYUCIAEMBIE MHO-
TOYJIeHH OT A CTeNeHHM < m. JTH MHOTOYJIEHH BIOJHE OIPeeJIATCH 3aja-
aueM P (L) u He 3aBucAT 0T BHOopa ¢yEEmmm f(A). Ymcmo sTmx MHOrOuUIe-
HOB. DaBHO 4HCIy B3HaueHWir @ymrnmm f(A) Ha cmekrpe Marpuus A, T. e.
paBHO m [m — cTeneHh MuUEEManbHOro MuorowieHa P (A)]. Dysruma @g;(A)
mpeficTaBisger coboii WATEPHONANUOHHEI MHorowreH Jlarpamxa — CunbBecTpa
A PYHRIMH, y KOTOPOH BCe 3HAYEHHs HA CIEKTpe MaTpuubl A paBHBI HYJIO,
3a UCKIoYeHneM ofgHoro f(—1(j;), pasrOTO 1.
N3 dopmynst (15) caeayer ocuosHasa dopMmyaa guaa f(A):

F(A)= 3 1F ) Zu ot 1 (i) Zag - 1 000) Zamy ), (16)

e
Zny=@n; (A)  G=1, 2,...,ms k=1, 2,...,9). (17)

Marpuns Zj; BUOJHE ONpeReNsA0TCA 3afaHmeM MaTpuitk A ¥ He 3aBHCAT OT
Bribopa ¢ysxmunm f(A). B mpasoit wactum ¢opmyns: (16) dymxnuma f(A) mpen-
CTABJEHA TOJBLKO CBOMMH 3HAYCHASAMH HA CIEKTpe MaTPHIIHI

Marpmus Zp; (j=1, 2,...,mp; k=1, 2,...,8) OymeM HAa3HBaTh CO-
CMABAAIOUUME MAMPULAMU WIE KOMNOHEHMAaMy JaHAOH Marpuus A.

Kommorents Mmarpuusl A Bcerga auHEHHO He3aBUCHMEL.

JleiicTBUTEABHO, TYCTh

s My s My
2 D eniZag= 2 2 Critr; (4)=0. (18)
hr=1j=1 k=1 j==1
OnpepennM WHTEPHOOJANMOHHEIA MHOTOYIeH 7 (A) H3 m ycaoBHil
rl=1 (hp) = crj G=1,2, ...,mp k=1,2, ..., 5). (19)

Tor,uav, coraacuo gopmyrne (15),
s T
r(}) =h21 2’1 crjPrj (M) (20
=1 j= . .

U3 comocrapaenns gopmyn (18) m (19) maxopmm
r(4y=0. (21)
Ho crenens wWHTEpIONAIMOHHOIO MHOTOYJIEHA r()), samaBaeMoro ¢opmy-

qoit (20), MeHBIIE m, T. €. MEHbIE CTENEHH MUHAMATBHOTO MHOTOHIeHA Y (A},
Ilosromy m3 pasencrtBa (21) ciaemyer TOXECTBO

r(r)=0.
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Ho torpma coraacmo (19)
chj:() (].:1,2,...,771;1;k:1,2,...,8),

9t0 ¥ TpefoBamOChH HOKA3aThl),

W3 muneiinofi HE3aBUCHMOCTH COCTABIAIIINX MATPUL Zj; clegyer, MeKIY
mpouYnM, 4TO HU OJHA U3 STMX MATPUI[ HE PABHA HYJIO. 3aMETHM eIIe, 4YTO
moGue [Be M3 KOMIOHEHT Zj;; NEePEeCTAaHOBOYHH MEKAY Cc0Goil m ¢ MaTpH-
meii A, MOCKOABKY BCe OHM CYTH CRAJAPHEE MHOrOWIEeHH oT A.

Qopmyaoit (16) pasa f(4) ocobenno ymoGHO MOMB30BATHCA TOTHA, KOTHA
OPUXOMUTICA HMETHb Jelx0 ¢ HEeCKOJIbKUMU (YHKIMAMHA OT OJHOH M TOH ke
maTpuisl A4, ambo xorma QyHKumEA f(A) 3aBACHT HE TOABKO OT A, HO U OT
HekoTopoTo mapamerpa . B mocnepgmem cayuae B mpaBoit wactu gopmyns (16)
KOMIOHEHTH Zp; He 3aBHCAT OT [ M mapamerp ! BXOAUT TONBKO B CKAMAP-
Hbie KOO(PPUOUEHTH NIPH STHX MATPHUIAX.

B mpumepe ma ctp. 109, rae P (A) =(A—A~A4)2 (A—Ag)3, MHI MOmeM r (A) mpegcTaBuTh
B BH/e

r (M) =f (M) @1e Q)+ 1" (hy) @12 (A) - f (Aa) (Cle (M) 1" (Az) Pag (WY1 (A2) P23 (),

rie .
A=k N 3(A—N) _ (A—hy) (A—hg)3
W= 71555 ) (-5l ] eem=LT00 000
A= NI, 2(h—hy) | 3(h—lg)®
0= ) L1 T e )
=M (A—Ay) 7, 2(A—hy)
P22 ()= (Aa—Ay)? L1 Ap—hy 17
_ A—M)2(A—2yp)?
P23 (}“) - 9 (}"Z—' 7‘11)2
fToatom,
FA)=1 ) Zys -1 (M) Zya +f (ho) Zag + 1" (M) Zog+-f" (A) Zoe.
rae
1 3 7
Zy=Qu (A)zm (A—MhE) [E Y vy (A—ME) l .

1
ij,:q)iz (A):m (A——-}HE) (A—}\,zE)3 urT. m.

Ecan pana marpuna 4, T0 Ris KOHKPETHOTO HAXOMKICHUA KOMIIOHEHT
. . 1 i
3TOH MaTpHIBI MOMKHO B OCHOBHO#t ¢opmyse (16) momosurs f(p):—r— ,

V)
rae A —Hekoropuii mapamerp. Torga momywmm:
(mp—1)! kak

_ C(A) : r Zp 11 Zyo
ME— A) =it = ) + ) 29
( 7 =3w kﬂLMWk(th PR ] (22)

rae C (M) — DpuBesieHHAs IpiHCcoeuACHAAs MaTpuna aasa AE — A4 (ra. 1V, §6)2),

1) 3 goxasaHHOil JuHEHHOH HE3ABUCHMOCTH MATDUL Zpj=(gj(4) clefyer TaKie
JMHeRHAA He3aBHCUMOCTb MHOTOWIGHOB Qj(A); j==1, 2, ..., mp; k=1, 2, ..., 5.

2y Ipu f(w)= Xipt nveeM f (A)=(AE — A)~*. HeitctBuTensno, 'f (A)==r (4), rae

r (p) — HHTEPIOASIMOHHHE MHOTOYIEH Jlarpamxa — CuapBectpa. M3 toro, wro f(w)
¥ r () COBHAJAl0T HA CIEKTpPe MATPHUH A, ciefyer, 4TO Ha dTOM CIeKTpe CORNAJATOT
—wyr W u (A—p) f(W=1. Orciona (AE—A) r (A)=(AE—A4) f(A)=E.
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Marpumst (j—1)! Zp; asxsmorea gwucauTensaMu npocTefimux gpobeit
B pasnokeHun (22), ¥ DOTOMY IO aHajJormu ¢ pasioxenmeM (9) sTm wmexm-
TeaM MOTYT OHTH BHIpaskeHE uepe3 sHaueHma C (A) Ha cHmeKTpe Marpmnu A4
no dopmymam, mopobmsm (11):

(mx— 1! kalfz_g_(}\’i). (mp— 2)! Zk,mk—1= [ c

Ve (Ag) PR Ja=n,? 0T
Orcona
. 1 o N o
Zhy = G =) [q,h () At =12, .. mask=1,2,...,5). (23)

Hopcraaas s (16) BMecTo COCTaBNANMUX MATPUH EX BHpaKeEHs (22), M
MO3KeM OCHOBHYIO opmyny (16) mpepcraBurs B BUHIE

&
_ 1 C (A (mp—1)
=3 Gy P QN (24)
Ilprmep 1.
2 —1 1]|2y A—2 1 —1
A= 0 1 118, AE—A=|| 0 A—1 —1
—1 1 1)1 1 —1 A—1

B pannoM cayuae A (A)=]AE—A|=(h—1)2 (A—2), IlockombKy MEHOp 2HeMeHTA
[1, 2] B8 hE—A paBen 1, To Dy (h)=1, u moTomy,

PM)=AMN=A—12A—2)=A3—4A24 5} —2,
¥, =2 =YD ot gy ptae—aais

p—2
n
C A=V QE, A)=A2+4+(A—4) A+ (A2—4A+}+5)E=
3 —2 2¢3 2 —1 1 1 00
=|| —1 2 2(|84(A—4%) 0 1 1|4 (A2—4A+5) || 0 1 0 |f.
-3 3 11 —1 1 1 0 0 1
Ocrosraa fopMysia B [aHHOM cIaydae mMeeT BHL
fldy=1f ) Z4+1 (V221 )-25. (25)
Tlonaras speck f (u)= }»i , Haxogmm:
. CW Zy Zy2 Zoo
—_— 1— ==
AE— A= =T 1 To—0F T 3—2
OTKy[a

Zi=—C()—C' (1),  Zz=—C (1), Z3=C ().

Tloap3yscy mpUBefleHHEM BHINe BHpaxKenmeM puas C (A), Buuucagem Zy, Zy, Z3 ® Oof-
CTaBAfeM IOJIydeHHEE Pe3yIsTaTH B (25):

1 00 1 —1 1] 000
fa=f1 |1 O 0+t —1 1+ -1t 1 0=
1 —1 1 0 0 o.] —110
F+1 M —f" ) LA
=fO+H—fQ —fFWO+fE@ ).
fy—1@ —fWO+f@ f)]

1) HypcmBom HalpaAH 5JEMEHTH KOHTDPOIBHOTG CYMMApPHOTO ¢TOAGmA. YMHOMAS

CTPOKM MATpHUIH A HA CYMMapHHH cToxber; MATpUUH B, moayvaeM B5IeMEHTH CyMMap-
HOTO cTONOUA mpomsBefeHmsa AB. :

8 a. P TanTMaxep
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Mpumep 2. TorkasxeM, Kar MoxHO ompeaennts f(A), HCXORA TOABKO W3 OCHOB-
o opmyan. IIycTe cHOBa

2 —1 1
A= 0 1 1|, YM=Gh—12A—2).
—1 11
Torpa
f(@=f 1) Zy+§ (1) Za+1(2) Zs. (25%)
Hopcrapmm B gopmyay (25°) BMecro f(A) mocnegoBarexsno 1, A—1, (A—1)2:
1 00
Z+23=E=||0 1 0},
00 1
1 —1 1)1
Zot+-Z3=A—E=| 0 0 1|1,
-1 1 0]0
‘ 0 0 0]0
Z3=(A—E)2=)j—1 1 0]l0.
' —1 1 ofjo

Brumrag m3 MepBHX BYX PABeHCTB HOYIEHHO TpeThe, ompefenmM Bce Zp. Ilomerasiss
B (25'), moayumm Brpaxenme fus f(4).

PaszoOpamase npuMepH MITIOCTPHPOBAAHR TPU CHOCcOGa TPAaKTHIECKOIO
maxompgennss f(A). B mepBom cmocoGe ME HaxXOfWAM WHATEPIONANUOHHBIH
muorounen r (A) m momaramm f(A)=r(A). Bo BTopom cmocoGe ME, MOIB3YACH
pasnoxenmeM (22), BHpaKaJid KOMOOHEHTH Zp; B ¢opmyae (16) depes sHa-
4eHnA NpEBEICHHON NpmcoefvHEHHOH Marpmms C (A) Ha cmeKTpe MATPHMIH 4.
B TperheM cmocoGe M WCXOZHAX W3 OCHOBHOH (opmyint (16) m momcrapasamu
B Hee BMecTo f(A) LOCAEROBATEABHO HEKOTODHE IIPOCTEHMHe MHOTOYICHH,
73 TOJYUeHHHX JNHEHHEIX YPABESHAN ONPENeIANN COCTABIAIOIAS MATDAIN Z;, ;.

Tpetmit cnocol ABIsAETCA, MOMKaNyH, IpaKTHIeCKH HamGogee yMOOHBIM.
B o6meM sume ero Mo;RHO c(hOPMYJIMPOBATH TaK:

" B ¢opmyay (16) smecro f(A) moxmcramigeM moclieoBaTeNLHO HEKOTODHE

maorowierH gq(A), ga(A), ..., gm(A):
gr(4)= 3 (8 (k) Zna+ 8:(ha) Zuzt -« + 8777 () Znmy] - (26)
- (i=1,2,...,m).

W3 m ypasmennit (26) ompenesnseM m MATpmN Z; W IOJCTABJIAEM IIOJNYIEH-

HEe BHpaskeHnsa B (16). ‘
Peayaprar mckmoaenusi Zy; u3 (m-+1)-ro pasencrsa (26) m (16) mosxer
OHTPH 3ammMCAaH B BHME

FA) Fa) oo D) oo () L [T (A)
g () g ... g™ M) o g () g™ (A)

gm (A) 8m (A) - - BNV (M) ot Gm(hy) ... g7V ()
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‘Pagnaraa sToT OmpeneiuTenh IO 3JEMEHTaM IIEPBOLO CTOAONA, MH IIOIYHNM
ncxkoMoe Bopakenume 1A f(A). 3pmecs mpu f(A) B KaveCTBE MHOMUTONS
6ymer croarh ompepmemmtens A=|g{d(A;)| (B i-if crpoke ompepemmTens A
CTOAT 3HAWEHMS MHOTO4YJEHA g; (A) Ha cmexTpe Marpmmu 4; i=1, 2, ..., m).
Jdasg rtoro 4ro6H MOKHO GHIO ompemeamTs f(A), HymHO0, uTo6H A =£0.
JdTo Gyner mMeTs MECTO, eCAM HUKAKAA JUHeHHAA KOMOMHAIWA ') MEOTrOYIeHOB
gi{h), g2(A), ..., gm(h) mHe oOpamaerca cCIIOIBF B HYJb HA COEKTpe
Marpunoe A, T. e. He memurcAa Ha P (A).

Ycaosme A=~0 BCerpa BHIOIHEHO, 6CAW CTeNeHHM MHOTOUIEHOB g (A),
g2(A), ..., gm(A) coorBercrBerEO paBmm 0, 1,2, ...,m—12).

B saramouemme oTMmeTEM, 49TO 60J15mne cremeEn Marpuue A" ynobmo
BHIUMCIATH N0 OCHOBHON Qopmyme (16), samemas B meir f(A) ma A"3)

IMIpumep. Jlana MaTpmna A=“i :g TpeGyercas BHYUCAUTH BIEMOHTH CTe-

neHEn A100. MupuManpHEE MEOrodwiaen P (A)=(A—1)2,
OcHoBHaA ¢opmyna

FA)=7{1) Z1+f" (1) Zs.

3amensna 3mech f (L) Ha 1, a sateM Ha A—1, momydumm:

' Zy=E, Zy=A—E.
f@=fN)E+] (1) (A—E).

TMonaras f(A)=A00, malifem:

Aloo:E—[—lOO(A—E)—_:”(i) (1)“4-100“2

Iloaromy

—4

401 —400
—399 ”

§ 4. IlpencraBnenne QyHKNEil OT MaTpHE pARaMEH
Iycrs para marpuna A=| a; | ¢ MUANMAIBPHEIM MHOTOUZEHOM 1 (A) =
8

=4L-MWQ—MW%”(L4@%@n=2mQ.Hmm,nmw,¢ww
h=

nusA f(A) m mocaemoBaTeNbEOCTs GYyHKOMI fi (A), fa(A), ..., fp(A), ... ompe-
JeleHE Ha CIeKTpe Mmarpumu A.

Ms Gygem rosopuTh, 4TO nocaedosamesvrocmv GyHEyuld fp (L) npu
P—> O CMPEMUMCA K HEKOMOpomy npedeay Ha crnekmpe mampuysl A, ecan
CYIMECTBYIOT IIPe/eEl

lim fp (), Lim fy(ha), «o.p Lim Fz () (B=1,2, ..., ).
P->00 Pr0 p—>00

Mz 6yzem ToBODHTB, uTO RocsedosamensHocmd PyHEYUL fo(A) cmpe-
mumes npu p—> oo k dyuryuu f(A) na cnekmpe mampuyw A, m Gynem

ouCcaTh.
Lim fp (As) =/ (Aa),
ecan
lim fp () =f (ha), Lim f; (e =F'(ha), ..., lim £ (A = £ ()

(k=1,2,...,9).

1) C He paBHEIMH OJHOBPEMEHHO HyA0 Kosfdunmenramu,
2) B mocrenmeM mpEMepe m=3, gy (A)=1, ga (A)=A—1, g3 (A)=(A—1)2,
3) Qopmyny (16) MOKHO HCHONB30BATH H A BEMHCIICHAS oOparHO# MaTpuus 41,

moxaras f(A)=—— unm, 9T0 TO e, mosaras A=0 B fopmyue (22).
a P

8+
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Ocuosunas gopmyia

FA) = 311 (W) Zs 1 () Zas ot ++ 175 (1) Zimy ]
h=1

pupamaer f(A) gepes sHauenms f(A) Ha cmekrpe Marpunul A. Ecmm pac-
CMATPHMBATHL MATPHIYy KAaK BeKTOP B HmpocTpaHCTBe n® maMmepeHWd R, T0 wu3
OCHOBHOH (GOPMYNH B cuily JuHefiHON He3aBUCHMOCTH MaTpun Zz; CIenyer,
aro Bce f(A) (upm saganEoM A) 00pasyOT m-MepHOe NOAIPOCTPAHCTBO B F,a

¢ GasmcoM Zy;(j=1, 2, ..., mp; k=1, 2, ..., s). B aTom Gasuce «BexTOp»
f(A) uMeer cBomMEM KoopjmHAaTaMu m 3HaueHmi ¢ymErumum f(A) Ha CcHexTpe
MaTpuans A.

d1E coolpasKeHNs /IeNal0T COBEPIIEHHO IPO3PATHOI CAEAYOMYI0 TeOpeMy:

Teopema 1. Jas mozo umobu nocaedosamesvrocms mampuy fp(4)
npu p —> O CMPEMUAACH K HeKomopomy npedesy, Heobrodumo u Oocma-
mourno, ymobw nocaedogameavrocms [, (A) npu p— co Ha cnekmpe mampuyst
A cmpemuaacy k npedeay, m. e. npedeabt

lim £ (4), 1pim o (Aa)
P> —00

eceeda cyujecmayiom odnospemenno. Il pu amosm paserncmeo
lim fp (Ad) =f(A4) (27)
P00

eaeuem aq coboil pasercmeo
Lﬂ o (4)=1(A) (28)

u Haobopom.
HoxasareasctBo 1. Ecam smawenmus f,(A) Ha cmekrpe Marpums A

Opu p —> oo CTPEMUTCA K HPeJeTbHEM 3HATCHUAM, TO H3 dopMyam
8
fo(A) = Dfo (M) Zns L Fo M) Zae+ oo+ Fors™ D (M) Zom,]  (29)
h=1

ciaepyer cymecrsoBaHue mpefieaa lim fp(A). Ha ocmoBammn a10ii e dopMynn
—>00

»
u dopmyan (16) mws (27) BHTexaer (28).
2. O6partmo, mycTb cymectayer lim f, (4). Tak xak m cocraBaALIAX
i p—00

Marpun Z JMHEHHO HE3aBUCWME, TO MH MoxeM us (29) Buipasutrs (B BHAE

auHedHNX ¢opm) m 3HAYeHWH f, (L) Ha cmeKTpe MaTpmue A depes m sie-

MEHTOB MaTpuis f, (4). O1ciofa ciegyer cymecTsosanme mpefena lim fp (A,),
~>

u paseHCTBO (27) MMeeT MeCTO IPH HAJWYMH PaBeHCTBA (28).
CornacHo yCTAHOBJIEHHON TeopeMe, eCIU IOCJIEHOBATENIbHOCTh MHOTOWIE-

HOB g, (A) (p=1, 2, ...) cTpemurca K ¢QyErmuu f(A) Ha cmexTpe Mar-

puus A, TO
lim g, (4) =/ (4).

Jdra dopMyna mOFIEPKUBAET ECTECTBEHHOCTh W OOIMIHOCTH /AHHOTO HAMHI
onpepeserns f(A4). f(A) Bcerga moaydaercs OPeAeAbHEM HePeXONoM U3 gp (4)
OpE p-—> 00, €CJAH TOJBKO TOCJIe[0BATeABHOCTD MHOT'OWIGHOB gy (A) cxomuTes
% f(A) Ha cmexrpe marpunsl A. IlociegHee ycaoswe aBisercsa HeOGXomMMHIM

RIA cymecTBOBaEMA upefesia lim gp(4) mpm p— oo.

P00
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00
YceaosuMes roBopuTh, 9TO pRd D) up (M) czodumces Ha cnekmpe mam-

=0
puyn A & Pynryuu f(A), n Gymem fmca’rr::
F(Aa)= 73 up(Aa), - (30)

p=0

ecrn Bce Qurypupyomme 37ech QYHKIUE OIpefelieHH Ha CIeKTpe Marpumu A
7 HEMEIOT MeCTO PaBeHCTBA .

FOm = Stup () 1 )= S1up(ha)s +evy 7™ (M) = 30l (h)
p==0 p=0 p=0

(k=11 2s ey S),

mpUYeM B NPABHX YacTAX 3THX PaBEeACTB CTOAT CXOZAMUecs pspgsl. [pyrmmm
CJIOBAMH, €CJHN IIOJIORATH

ss M= Sugd)  (p=0, 1, 2, ...),

q=0

T0 paBeHCTBO (30) PAaBHOCHIBHO PABEHCTBY
F(Aa)=lim s; (Aa). 31
p-—+oo

OuesniHo, YTO HOKA3aHHOH TeopeMe MOKHO JaTh CJHEIYOI Y0 SKBHBa-
JeHTHYI0 QOPMYIUPOBKY:

(o]
Teopema 1'. Jas moeo umobw pad Y up(A) cxoduacsa k Heromopoil
p=0
(o]
mampuye, reob6rodumo u Gocmamouro, wmober pad Y up(h) cxroduacs Ha

. . p=0
cnekmpe mampuybvt A, leu amom U3 pascHcmea

f(Aa)= S (Aa)

caedyem paseHcmeo =t
f(A)= Y up(4)

p=0

u Haobopom. )
Ilycts faH cTemeHHO# pPAX ¢ KPYIOM CXOAEMOCTE |A—Aq|<<R B cyM™-
Moit f(A):

)= §Oap (h—h)®  (A—ho|<R). (32)
p=

Tar Ka® CTemEeHHOH pPAA MOMKHO mowieHHo AuddepennmEpoBars aw06oe
9UCIO0 Pa3 BHYTPH Kpyra CXOAMMOCTH, T0 DPAA (32) cXOoAuTcs HA CHEKTPe
n1060#1 MaTPUHE, XapaKTEPHCTHYECKWE dYUCIa KOTOPOH mOmagaior BHYTPE
KPyra CXOZMMOCTH.

TaxuM 00pasoM, HMeeT MeCTO

Teopema 2. Ecau ¢pynkyus f(A) pasaazaemcs 6 cmenennol pad
enpyee‘}“_}"0]<r1 ‘

F0)= 3 ap(h—n, (33)

p=0
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Mo MO PasA0ICEHUE COLDARAET CULY, ECAU CKAALPHEL QD2YMERM A 8aMeHUMD
at060tl mampuyel A, xapakmepucmuieckue wuUcAa KOmOpOl JACHCAM, GHYM DU
Epyea crodumocmu.

Ilpumeuvarnme. B aroit reopeme MosxHO HOmMycTHTH, 9TOGH XapaKTepu-
CTHYECKOE YuCJI0 Ap Marpunsl 4 momano HA OmepHepmio KPyra cXOOUMOCTH,
HO IpPH 9TOM HYKHO MONOJHUTEJILHO moTpeGosarb, dIToOK my—1 pas
mounenno npoguddepernmposanusil pax (33) B touxe A = Ay cxogmica. Orcio-
Ja, KaK H3BECTHO, YKe CIONYeT CXOAWMOCTE j Pas mpoauddepeHIuPOBAHHOTO
paxa (33) B roure Ay ® (M) mum j=0,1, 2, ..., my—1.

1I/Ie, ZIOKa3aHHON TEODEMHl BEITEKAWT, HAIPHMEp, CJAeAYIONIEEe PasioKe-
HEA 1):

o0 AP o (_1) 5 p A2p+1
A_ A7 _ p
e _—2 o cosA_Z e A°? sin A = Z( G
p==0 p== p=0
had A2p * A2p+1
chd= ZD G sh 4= ,,20 G
= =

(E—A)’1=20A” (| <l; k=1,2,...,5),
p=

—1
In A= 2 e L (A—Ey (M—1]<t; k=1,2,....9)
p__

(smece mox In A MH IDoHMMaeM Tak HasHBaeMoe IJasHOe 3HAYEHHEC MHOIO-
apaunoil ¢ymknum Ln A, T.e. Bereb, gusa xoropoit Linl=0).

Qopuyna (22) Ha crp. 112 mosBomAeT JErKO pACHPOCTPARHATH MHTETPAIbHYI0 $op-
mynay Homm anag anmammrmueckmx ¢yHruumid Ha QYHKNEA OT MATpMI.
kws  PaccMOTPEM B IJIOCKOCTH KOMIUIEKCHOTO II€PeMeHHOTO A OpPaBHIABHYIO 00JacTh,
OTPAHMYGHHYIO BAMKHYTHM KOHTYpoM I' B cOJepsKamyio BHYTpPH ce0f XapaKTepHCTH-
9eCKHe WHeaAa My, ..., Ay Marpunu A. BossMeM IpOHMSBONBHYI0 AHANMTHYECKYIO (YHK-

nuio f(A), perynﬂpnym B aTOi obxactu (Braiouad rpasmny I'). Torma no u3BeCTHHM
dopmynam Komm 2)

f ()= —Zn—lg LB, g gy= ——fQ"—)——dA, e £ =
T

A—Ay 2ni ) (A—hy)?
r
— )1
S N (CEY
T (A"A'h) k
(k=1, ..., s).
YMHOKas ofe 9acTH MaTPHYHOIO paBeHcTBa (22) Ha fz(s-z);) m HHTerpupya Bgoanr I 3),

Oy IaM:

-1
oo | (AE—A)y1f () dh= Z [ (A0) Zaa+1 ) Zazt < 1727 (0) Zy
r =t
1) Pas/iomeHHa B HEPBHX [BYX CTPOKAX HMeIOT MECTO IIpH IPOM3E OAbHOH MaTpmue A,

2) Cm., HanpuMep, U. 1. [IpmBano B, Besgenne B Teopuio ¢ yHKIHE KoMOaeKc-
HOro mepemenuoro, ®mamarrms, 1960, crp. 166.

3) MaTerpas OT MATPHON ONpOAENsieM KAK PE3YIbTAT (MO3IEMEHTHOr0» WMHTETpPH-
posanmA. IloaTomy

g (ME—A)"1§(A) dh:“ § (AE—A);i f (A) dA “: ret’

rae
(hE— A),k '—A (7~) @i, k=1, ..., n)—>3XeMeHTH MaTpuauu (AE — 4)~1
(em. . IV, § 3).
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970, €OraacHO ocHosHOU dopmyxe (16), m maer:

f(A):z_im_ S (AE—4)-1f (A) dh.. (34)
r

OTH e pacCyKIEHHUS MOKASHBAIOT, YTO WHTErpAJ, CTOAMMI B IpPABOH 4YaCTH paBeH-
eTBa (34), pasen mymo (mpm f(4) == Ol), ecam Bce XapaKTepHECTHICCKAC UHCIA MATPELH A
pacmolo:KeHN BHe KOHTYpa I', m paBeR

g My
2 100 2t O Zaa oo 1T G ZELL @<,
h=

€CH_XADAKTOPHCTHIECKH® THCAA Ay, ..., Ag DACIONOMGHH BHYTPH, & Agyqy ..., Ap—
BHe T'.
@opmyxry (34) MOKNO OPUHATH 33 OLMpPEIETICHNS AHAJIATHYECKOH QYHKIER 0T MATPHIH.

§ 5. Heroropsie cBoficTBa QyHKOuiE OT MaTpHUI

B srom maparpade Mm IQKayKeM HECKOJbKO NpeAJoKeHHH, NO3BOIAIOMAX
PaCIHPOCTPAHUTH TOKIECTBA, CBASHBAIOIIME (QYHKNWA OT CKAJIADHOrO Iiepe-
MEHHOr0 HAa MATPHYHEE 3HAUGHNS apryMeHTa.

1° Hyemv G (uy, uy, ..., W) — MHOZOUAEH OMHOCUMEABHO Ug, Ug, . . ., U
F1(), fa (\), -, fu(A) — dynryuu om A, onpedesennvie Ha cnekmpe mampu-
yu A, u

gM=GIf (A F2(A)y «o s fi (W)] (39)
Tozda us
g(Aa)=0,
caedyem

G [fi(A)v f2 (A)’ L fl (A)]=0'

Heficreureasno, ob6osmauaM uvepes 7y (A), ra(A), ..., r;(A) uHTepmOIA-
nuoHHKe MHOrowieHH Jlarpamxa —Cumaesecrpa aaa fy (A), fa(A), ..., fi(A)
O TOJOKAM:

R (A)=G[ri(A), ra(A), «ouy i (W]
Torma m3 (35) BHTEKaeT:
h(Ay)=0.
Orcroga cmemyer, 4To '
G /1 (4), F(A), oor Fo (AN =G r (4), r2(A), ..., 1y (A)] =h (4)=0,
9T0 W TPeGOBaIOCHh JOKA3ATh.
Cormacro mpegioxennio 1° m3 TommecTna
cos? A 4sin? k=1
ciaegyer [asA moGoit Matpmmm A
cos? 4 +sinPA=E

(B nammOM cuyuae: G (uy, up)=ui-+tu;—1, fy(A)=cosd, fs(A)=sinA).
Touro Tak e mas moGol Marpupm A

ele—A=E

s

T. e.
e=4=(e4)L,
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Hamee, gaa moboit marpmmu A
etA =cos A |-isin 4.

Ilycrs nama meocoGemmas marpmma A (|4 |=40). OGosmaumm uepes J/ A

O[[HOSHAYHYI0 BETBH MHOTO3HAUHOH QYHKIEHA |/ A, ONpeleleHHYI0 B 00IACTH,
He cofep:;Kaimeil By U cofieP/Rameil Bce XapPaKTePACTHYCCKAE THCIA MATPHIH A.

Torga nmeer cmuica )/ A. IIpm srom m3 ()/A)2—A=0 Gymer cmemosars?):
(V4)y=A.
IIyers f(A =—i—, u A=| ai |} —BeocoGernas marpuma. Torma ¢ymk-
auga f(A) ompemeneHa Ha CHEKTPe Marpuuu A, H HOTOMY B PaBeHCTBE

Af(A)=1
MOKHO 3aMeHMTH A Ha A:
A-f(A)=E,
T. €.
f(A)=A713).

" 1
OGosuagyasa depe3 r(A) HATEPOONANNOHENN MHOTOUIEH AIA QYHKIAA )
MBEI CMOKeM 06paTayio MaTpany A~! mpeACTAaBHTE B BAE MHOTOWIEHA OT JaHHOMH:

Al=p (A)

A
Z_ET;’ rae g (\) 1 k(M) —
BBAEMHO IPOCTHE MHOTOYJIEHHK OTHOCHTENBHO A. OJTa (YHKIWS OIPeJeseHa
Ha CHeKTpe Marpuni 4 B TOM ¥ TOXBKO B TOM CJIydae, €CIH XapPaKTepHCTH-
gecKue gYmcla MATpPUIH A He ABIAKTCA KOpPHAME MHOrowleHa £ (L), T. e.3)
ecian |h(A) 0. IIpu BHIOOIEeEWH BTOTO YCIOBHA MH MOKEM B TOMECTBe

eMrM)=¢g®)

PaccMorpuM pammoBanbEYI0O QYHRIHMIO Q (A) =

saMeHUTh A Ha A:
e(4)h(A)=g (4).
Ozcioma
e(A)=g @) R (A =[r (4 g (4).
2° Ecau cocmasras $yHEYus
g(h)=hr[f(N)]

onpedeaera Ha cnekmpe mampuyts A, mo
g (A)=h[f(A)],

m. e. g(A)="h(B), 2de B=f(A). Ilpn moxazaTelrbCTBO STOr0 MPE/IOKEHN,
Kak ® pamee, GyfAeM Ipefmoaararh, 9TO

PA)=(A—h)™ (A—A)™ ... (A—2Ag)™e

1) B ra. VIII §§ 6 m 7 Gyner gano Gonee obmee ompefiedeHue . 1V 4 wrar npous-
BOJILHOTO peIIeHEA MATPHIHOTO ypaBHeHmA X2—=4(.

2) JTHM DOMOKEHHEM MH y:Ke DOolbaoBamuch Ha crp. 112. CM. cmocky 2) & crp. 112,

3) Cu. (25) ma cTp. 94.
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— maEEMaisEEA MHOTOwIeH Marpumu A. Torpga smademma ¢ymxmum g (A)
Ha cHeKTpe MATPHOH A ompegensiorca mo gopmyaam?l)

gM)=R(w), & Au)=n"(ma) /' (ha)s - ..,
g () = BT () TF NTERD L R () £ (M),
rae pr=F(A) (k=1, ..., s). MEorounen
%) = — )™ (=)™ oo (B—pg)™
OymeT aHEyIEPYIOIMAM MHOTrOWwIeHoM mias Marpunul B. IleiictBmrennno, Kam-

JI0e 9UCHO Ap ABIACTCA KOPHEM IO KpaitHe# Mepe KpaTHOCTH mj; (QYHKIUN

g(W) =x[fM)]= kgi [f (&) — F(Aa))™.

(36)

ITosTomy
q(As)=0
z coraacmo 1°
q(4)=y[f(4)]=y(B)=0.
IToaToMy cpefm 3HAYCHHI

B, B (), ... B0 (w) k=1, ..., ), (37)

comepswarcd Bce sHauenus ymxmmum h (u) Ha cmekrpe Marpunsl B. HMexops
u3 3Havenuii (37), mMOCTPOMM MHTePHOIANMOHHHN MHOroWIeH r (A) misa QyHK-
nuu k(A). Torma, ¢ omHOH CTODPOHH,

h(B)=r(B).
C napyrofi cropoHH, Kak NoKasmBaor Qopmymst (36), dymrmum g (A)

u g, {A)=r[f(A)] 6yayr pammn ma cumextpe Marpumu A. IlosTomy, mpume-
A x pasroctm g (A)—r[f (A)] upemiomenme 1°, momyaum:

gA)—rlf(A)1=0;
HO TOrJa

g(A)=rlf (A)l=r(B)=h(B)=h[f(4)],

9YTO 1 TpeGOBaJIOCL JAOKa3aTh.

Komburnpys mpemnomkenus 1° m 2°, upmxomuM K caefqywomemy 1606me-
HAO npeyiaoskenus 1°,
3° Hycmwe

g(;\‘)E G[.fi (;\‘)9 fz(h), ey fl(;")],

20e yuryuu fi(A), fa(A), ..., f1(A) onpedescnvr na cnekmpe mampuyt A,
a gynryus G (ug, Uz, ..., W) e€CMb  pesyabmam nociedo8amenbroz0 npuMe-
HEHUR K GEAUMUHAM U, Us, ..., U; ONEPAYULL CAOINCEHUR, YMHONCEHUL, YMHO-
JCCHUS HA HUCAO U 3AMEHB BeAUMUHB N POU3BOAbHOU dynKyuell om Hee.
Tozda us

g(Aa)=0
1) NIpenmomaraercs, 4T0 BCe BXOAAMEE B oTH QOPMYAH BeIHTHHH

\ -1 —1
), - T 00, sy oo BT V(0 =1, .., )
HMMEnT CMEBICI.
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c)ze@yem
G[fi (A)’ T2 (A)’ reey fl(A)]=0

Tax, manpumep, mycts A —meocoGemmas marpmma (|4 |=40). OGozma-
9AM 9epes In A OZHOSHAYHYIO -BETBb MHOrO3HaYHOR ¢yHKImm Lnd, ompege-
JIeHHYI0 B HeKoTopoit obmactm, He cojep:xameit umciia 0 m copepswamein Bce
xapaxrepuctageckne gmcaa Mmarpmusl A. Torma B cKamzapHOM TOMIECTBE

eltd — 3 =0

MOKHO 3aMEHUTH CKAIAPHHE apryMeHT A Ha Marpuany A:
elnd 4 =0,

T. 6. elt4=4. Npyrumu cmosamu, Marpuna X = In A ynosireTBOpAer MaTpud-
HOMy YpaBHeHnio eX=A, T. e. HABIAETCA (HATYPAJBHEM JOTaPUPMOM»
MaTpmusl A.

Bepa B xagzecrtBe lnA apyrme ofHO3HAYHEHE BeTBM MHOTO3HAYHOH PyHK-
muy Ln A, Mu goxysnm gpyrue norapndme marpuns A1), Hyers 4 =|) a1 —
BeIIeCTBeHHAA HeocoOeHHAs Marpuna. B raase VIII, § 8 6ymyr ycranosnenst
Heo0XO[UMEE M JOCTATOYHEE YCIOBHS IS TOr0, YTOOH BEMIeCTBEeHHAsd
MaTpHIla NMeja BemeCTBeHHHI HATypaubHBH JorapudM. S37ech ke MEL
PaccMOTPEM IBa 9YACTHHX CIydas.

1) Marpuna 4 He mMeer BeN[eCTBEHHHIX OTPHNATEJIBHHX XapaKTepH-~
crrueckEx uncel. OGoszmawynM geped IngA oZHOSHAYHYI BeTBb (yHRIEH
InA B KOMIIEKCHO#l A-IIJIOCKOCTH C pas3pesoM BIOIL OTPHIATENBHON Tei-
CTBATEIbHOH OCH, OUpemelaseMyi0 PaBEHCTBOM

IngA=lnr4-ig, —a<<op<<n (A = ret®),

Oyernysa lnyA DPEEEMAaeT BEmECTBEHHHE S3HAYEHHS OPH IIOJOAMUTEIHHEIX
BEHMECTBEHHHX A ¥ KOMIJIEKCHO CONDSIKEHHHE SHAUCHUS HPH KOMILIEKCHO
COIPAKEHANX 3HaweHUAX A. llosromy ¢ymkmms Ing A BemecTseHHa Ha CIEKTpe
matpuun 4 (em. ctp. 110) m Jny A—BemecTserEHass MaTpUIa.

2) A=DB?, rge B—BemecrBeEHad Matpwmna?). Hapany ¢ ¢yurnumeir
In, A BBEmEM B pacCMOTPEHHE [Be OTHOSHAYHEE BeTBHM (QYHKIEM In ) B KoM-
IJIEeKCHOH A-ITIOCKOCTH € paspe3oM BROJIb NOJOKUTENALHON [efCTBATENb-
HOR ocm: '

Iy A==lnr+ip O0<p<<2n  (A=re®),
IngA==Inr4ip —2n<<e<0 (A =rei®),

Tlyers wmarpuma B wnMeer pasingdEse XapaKTePHCTHUECKHE YHCIA  Ax
(k=1, ..., s). BuGepem kpyroeue okpecTHOCTH Gy Touer Ay (k=1, ..., s)
Tak, 9TOOH OHE HE Depecerasuch U He cojeprxaxm Hagamo A=0. B ofaa-
CTH, COCTaBJICHHOM M3 BTHX OKpecTHoOCTeil, ompemenmm ¢ymrnmio f(A) pasen-
CTBOM

F(A)=1Iny A2, ecim AEG, mw Rei,=%0,

F(A)=1n, A2, eciu A€Gyr uw Redy=0, TmA, >0,

f(A)=1nyA%, ecam A€Gy 7 Rehp=0, Imiy<<0.

1) Offmako Ha 3TOM WHYTH MH He IOIy4nM Bee jorapuPmer Marpumm A, Obmas
dopmyna, oxparmBaomas Bce xorapmgMu .Matpmust A4, Oymer xama B ra. VIII, § 8.

2) B aromM caydae Marpmima A mMeeT OTPHNATEILHEE XapaXTepHCTHUYECKHe THCJA,
eCIA MaTpHma B mMeeT UHCTO MHUMEE XaPaKTePHCTAYeCKHE YMCHA.
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Torga ¢ymkuma f(A) mpepcrariser coGoll OXHO3HAYHYI BETBb QYHRIHU
In A%, ompejemeHHYI0 M BeMIeCTBEHHYK Ha CIHeKTpe Marpuusn B. llosromy
f (B)—BemecTBeHHAS MaTpHLA I

ef(B): B2=A,

T. . MaTpuua f(B) ABAAeTCS BeMmECTBEHHHIM HATYDPAJBHHEIM JOrapmpmom
Marpunn A.

IIpmumevanme 1. Ecim 4 —anHefdHH# omepaTop B n-MepHOM HpOCTpaHCTBe R,
10 f(A4) ompepenseTcA cOBepIIeHHO TaK jKe, Kak # f (4):

f(A)=r(4),

rje r (A)-—BHTePHOIALAOHHE MHOTOWIEH Jlarpamma-— Cabsectpa aus f (L) Ha cmeKTpe

onepatopa A (CHEKTD olepaTopa A oIpefeisaeTcA MUHUMAABHEIM aHHYJIHDYOIIAM MHOTO-
uxeHoM P (A) omepaTopa A).

% n

CoracHO 9TOMY joIpejeNieHHI0, ecin omeparopy 4 orpedaer Marpmua A=||a ||]

B HEKOTOpOM Oasmce IpoCTpaHCTBA, TO0 omepatopy f(4) B ToMm e 6asmce orsedaer
matpuna f(4). Bee yrsepsuenna m opMyampoBKm 3TOH IIABH, B KOTOPHX fATrypmpyert
martpuna A, ocTaloTcA B CHJe M IOCIe 3aMEHH MaTpHIH A omepaTopoMm A.

Ilpumeganme 2. MoxHo ompefenutsl) ¢yHrmmio or Marpunu f(4), mcxops
13 XapaKTepPHCTEYECKOr0 MHOTOYJIEHA

S

AW =[] A—2r)",
k=1

8
3aMeHAA HEM MHAHUMAJNLARE MHOrowIeH P (A)= H ()u——)»k)mk. IIpm >ToM mOJaramT
. k=1
F(A)=g (4), rae g () — UATepHOAANUOHHNI MHOTOWIeH creneHH <z no mod A (A} aaa
¢yaxmmn f(A) 2). Qopmynnt (16), (22) @ (24) samenswTes QopMyramu

f)y= 3 1100 Zaat 1 O Zrat oo 170 0a) By ), (16"
h=1 .
W BM [ 2w 11 Zps (=) Zp, ,
ap—ar=gy=3 [ 12t oottt | @)
k=1 ( %)
" 1 " B(X) (my—1) ,
f(A;=kZ1 BT L A 09 m)]mk 3), (24)
e
Ak(l)=—A—(}gn— k=1,2, ...,9).
(A—2g) *
Opuaro B Gopmyne (16') sHagvenus f(m") (An)y f(mk+1) AR)s «ves f(nk—i) (M) BXORAT

aAnimb (EKTHBHO, HOCKOJBKY M3 cOoHOCcTaBieHma (22) ¢ (22°) cuepyer:

Zp1=Zpgy o« kah=kak, kak+1= vee -——‘Zk'nk:o.

1) Cm., mampmmep, B. . Max-Mumaxanm, [[uEamMmka TBepIOTO Texna, uiI, M.,
1951, ctp. 403 m namee.

2) Mmorowied g(A) He OHpefejiZeTCs OJHO3HAYHO PABEHCTBOM f{4Ay=g (4) n ycuo-
BHEM «CTeoeHb < nb. .

3) Uacrmmit caxydail dopmyus (24'), xoraa f(A) = A", muorza HasmBawT QopMyuok
Tleppora [cM. [29], cTp. 25—27]. -
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§ 6. Ilpuvenenne ¢yHENHEH 0T MaTPANBI K HHTErPHPOBAHUIO
cucTeMsl JmHeHHBIX nug¢epeHnnaNbHBIX ypaBHeHRH
¢ MOCTOAHHHIMA K03 dnmmenTamu

1. PaccmoTpEM cHauaja CHCTeMY OJHOPONHKX IwHEHHHX auddepen-
IEANbHHX YpaBHEHHI ¢ HOCTOAHHHME KOd(PUIMEHTaAMHA WEPBOr0 HOPAKA:

d:ﬁ h
7 = 0T A%z .. A Qi
dz‘z
g Qe + Qoo . o« + AonZn,s (38)
dxn .
= %y + @naa -+ o o Bann;
3MeCh [-— HE3aBUCHMOE IIePeMEHHOe, Xy, s, ..., Ln— HEN3BECTHBIE (QYHKIUH
mepeMenmoit ¢, a;; (i, k=1, 2, ..., n)—KoMmieKcHEe wucHa,
Beemem B paccmorpenme KBajipaTHyn Marpuny A= a;l||{, cocramien-
HY10 u3 x03PdUONEHTOB, M CTOJICIEBYI0 MATPHLY &= (L1, Xz, ..., Lp). LOTHA

cucrema ypapHeHmit (38) MokeT OHTEH 3amucaHa B BHAE OJHOI0 MATPUYHOTO
nuddepeHINATLPHOT0 yPaBHEHUA

d.
= =Az. (39)

3mecs m B madbEEANIEM NION RPou3B0OHOT Oom MAMPUYs MH TOHIMAEM
MATpHULy, NOJYYAOIMYIOCd M3 JaHHOM UyTeM B3aMeHLl BCeX SIIEMEHTOB HX

z dx
npoumspogabiMu. Ilosromy T cronbueBass MaTpHOa C = BJIEMEHTAMHA —ﬁ ,
dxg daxy,
dt 9 e 00y dt -

Bynem mckates pemenme cucteMn nudpdepeHNuANbHHX ypaBHEHH, yIO-
BIIETBOPAIOMEE 3aJAHHEIM HAYAJIbHHM YCIOBHAM:

Zq lt=0 = Z10y 552 |t=0 =Ty « 09 Tn lﬂ:O = Znoy
uIm B CORpaEWHHOﬁ 3a1ncn:
T |1=0 = To. (40)

Pasnomum ucrkommii ctonGenm x B pAx Mariopena mo cremeHaM f:

. oo 42 . dx .o d2x
x=xo+:c0t—|—x0!—2!—+ v (F0= G iy B | BT ;(.) A4S

Ho u3 (39) mounemmrM puddepeHnupoBaHNEM HAXOTHM:

2z dx ., d%x _  d%
aE =4 =A% gp=Agy =A%, (42)

.
.
«

logcrasnaa B (39) m (42) smauenme ¢t=0, momyamm:
zo= Azy, 0= AP0, ...
Teneps pag (41) sammmercs Tax:

2

=1+ tAx, —]——;T A%xy 4 ... = edlyy, (43)
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Henocpencrrennoit nopcranoBroii B (39) yGexxmaemca') B Tom, urTo (43)
ectp pemenme pmuddepernmansgoro ypasaerusa (39). Ilomaraa B (43) t=0,
Hal[eM: Z |p=q = Zo. ‘

Taxmm ofpasom, opmyna (43) maeT HaM pemleHHe JaHHOW CHCTEMHL
AuddepeRHaIbHHX ypaBEERTH, YAOBIETBODAOEE HAa9aIbHEM yeaoBuam (40).

Iomommm B (16) f(A) =eM. Torga

8

@ () 1= 3 Zuit-Zuat+ -+ Zamy ™) e, (44)

At =|

Tenepp pemenne (43) mosker GHTh sammcago B ciaexywomelr gopme:

Ty =11 (2) 1o+ quz (8) Too 4+ « « + Gin () Znos
La.= Qo () Z10 + oo (£) T20+ « + + -+ G2n () Znoy (45)

@ & a2 & s 3 & s s+ & & a4 s s s = s s s 2 e s .

Tn = Gn1 () T10+ Gna (£) T20 + - - - -+ Gnn (2) Znos

BIECH Tigy Logy -+ -3 Lno — IPOU3BOJHHKE IOCTOSHEEE, PaBEHE HAYaJbLHEM 3HA-
JeHUSAM HEHM3BECTHHX QYHKIUA %y, Lz, ..., Zn.

Takum o6pasoM, WATerpEpoBamme AaHHOH cmcreMH AuddepeENUAILHEX
YPaBHEHHII CBEIEHO K BHUYMCJICHU SIOMEHTOB MATPHIH eAf,

Ecam B KadvecTBe HAYANBHOrO 3HAYeHWsS AapryMeHTa B3ATH 3HAYCHHE
=ty To dopmyna (43) samemurca dopMyIo

= eAlt—to)g,, (46)
IIprMep.
dz
—d-t-1-=3$1‘—12+$31
dx
d—t2=2x1+x3,
dz
d—t3=x1—z2+2x3.
Matpuna kosddurmenTos:

3 —1 1
A=|2 01

1 —1 2

CocTaBEM XapaKTePHCTHIECKHI OIpefeanTe]b

3—h —1 1
AM=—| 2 —r 1 |=(—1)(Kh—22
1 —1 2—)

Han6onpmuit o6mui geauresib MAHOPOB BTOPOTO HOPAAKA STOro ompepenutens Dy (A)=1.
IToaromy

PY(R)=A RQ)=A—1) A—2)
OcHoBHaa ¢opMya:

FA=f1) Z1+71(2) Z3 4" (2) Zs.

d d A2g2 A3g2
1) m—(eA‘) =— <E+At+ T—}—...)ﬁ:A—i—A?t—}——z!— oo =4t
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Boasmem Bmecto f(A) mocaegoBatensHO 1, A—2, (A—2)2. Tonyunwm:

1 00
Zy+Zy=E=|0 1 Of,
001
1 —1 1)1
—Z1+2Z3=A—2E=|2 —2 1|1
1 —1 0|0
0 0 0jl0
Zy=(A—2E)2={i —1 1 0]0.
—1 1 0jj0
Onpenenenntie orciofa Z;, Zg W Z3 NOJLCTABIgEeM B OCHOBHYIO JopMyay:
000 1 0 0 1 —1 1
fA=fW))|—1 1 0}jFFf (21 0 o4 @1 —1 1
—1 1 0 1 —1 1 0 00
3amenssa 3nech f(A) Ha M, OymeMm mmern:
000 1 00 1 —11 (1-4-12) e2t — te2t g2t
eAl=et -1 1 0||Fe2t|[1 00| f2e2ti[1 —11 —_-” —et - (1-1) e2t of —te2t te2tH-
—110 1—11 0 00 —el |- g2t et —e2t o2t

Taxmm o6pasoM,
z1==Cy (1 1) 28— Cote2t - Cate2t,
zp=Cy [—e' 4 (14-1) 2] Cy (¢f —te2!) +- Cgte??,
z3==Cy (—el4-e2!) 4 Cq (el —e2t) 4 Caet,
rne
Ci==zy9, Co=uzp, C3=z3-
2. PaccMOTpEM Temeph CHCTEMY HEOJHODPOIHHX JHHEHHHX auddepen-
IMAJBHHX YPaBHEHHH ¢ HOCTOAHHHIME KO3(QQPUUuueHTaMHn:
dz

—;—:(l“xi*amxz'ﬁ" voe a1+ 141 (8),

d
Tiz—zam%—l—azzxz-!" con ATy fa (8), (47)
dxy, \
= Ant Ty + Ano%a + « . o - GupTn 4 fa (£),
rge fi(t) (=1, 2, ..., n) —HellpepHBHHE (YHKIUNU B RHETEpBANC fH< i1y
O6osmagas uepes f () cronbueByo MAaTPHIY ¢ daeMeHTaMu fq (£), fa (L), ..., fn(t
n cHoBa moyaras A =| a; ||, MH cmcremy (47) sammmem Tak:
dz
& — Aot 1 (). (48)
Brepem Bmecto z HOBRI cronfenm HewsBeCcTHHIX (VHKIuUiT z, CBA3aHHE

¢ % COOTHONMIEHMEM
x = edlz, (49)

Huddepennupys mowmenuo (49) m moAcTaBIsA MONYYEeHHOE BEIPAJKEHNE MJIs
% B (48), maimem?):
dz
eAfm—= 7 (). (50)

1) Cu. crocky!) k cTp. 125.
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Orciona
Z(t)=c+ i e=47f (1) dr) | 1)
u motomy cormacao (49) ’
£ — gAt [ ¢+ i e=4tf (1) d,c] = eAtc - i eAt=0f (1) d; (52)
to to

371eChb ¢ — cToN0en ¢ HPOHBBONBLHBIME IIOCTOSHHHBIMH DIOMEHTAMI.
Haras B (52) aprymenty ¢ smauenme f,, Haigem:

c=e—4log,,

U, cJefloBaTelbHO, pemmenme (H2) MosKeT OHTH 3aIIMCAHO TaK:
t
z = eAlt=to) g, |- S eAt=Df (1) dr. (53)
, )
Homaras eAt=| q;;(¢)||}, mu pemernnme (53) MoskeM samucaTh B pasBep-
HYTOM BHIe TaK:

Ty =Gy (E—1t0) Tyo+ « . . +qun (E—to) Zno+
¢

+ G =D 1@+ -+ a0 (=) fa (D)) dr,

e (54)

Tp=(qny (t—'to) Ziot ... +an(t—t0) Zno -+
H

+ S (Gnt (E—7) fo (T) =+« + 3 Gum (E—T) fa (V)] . ,

ip )

3. PaccmoTpuM B KadecTBe HpEMeDa JABUKEeHHME BeCOMO#N MaTepmakb-
HOH TOYKHM B HOYCTOTEe BOJNM3HE IHDOBEePXHOCTH 3eMIM C YIETOM
ABU KeHNnA 3emMan B asroM ciaydae, KaK H3BeCTHO 2), yCKOpeHHe TOYKH. OTHOCH-
TeNbHO 3eMIN ompefeifercd IOCTOAHHONA CHJIOH Beca mg W MHEPIMOHHON KOPHOJIHCOBOM
cunoil —2me X v (¥ —€KOPOCTh TOYKH OTHOCUTEIBHO 3€MIH, ¢)-—IMOCTOAHHAA YIJIOBasg
cropocts semirm) 3). [Toaromy Auddepennmanbnoe ypaBHEeHUe IBIGKCHUA TOYKM HMEeT BAJ

ﬂ)—=g—2a) X v, (55)

dt

1) Kak yske YHAa3HBAIOCH JJA YaCTHOTO cixydasd (CM. cHOCKY 1) k cTp. 118), ecam
nama MaTpnuHaA QYHKIUA OT CRaJIApHOro apryMmenrta B (T)=| b (v)| (=1, 2, ..., m;
to

k=1, 2, ..., n; <<ty T0 urmezpaa SB (t) dTr ompegmeasieTcA e€CTECTBEHHHM
153

obpazom:
t2 | ty
S B® dr:“ S bs (1) drf G=1, 2, ... m; k=1, 2, ..., n).
ty i1

2y Cm., mampumep, I'. K. CycxoB, Teopermueckans Mexamuka, [ocrexmsmar,

1944, cTp. 144.
3) 3pmech xupHEE OGYKBH 03HAYAIOT BEKTOPH, & CHMBOJ « X » O3HA4aeT BEKTOPHO®

YMHOBteHNE.
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OnpefletuM JUHEHHHE omepaTop 4 B TPeXMePHOM €BKJINUJOBOM IPOCTPaHCTBe
PaBeHCTBOM
Ar=—20Xx (56)

M HaOUIIeM BMECTO (95):
dv
Comnocrapisasa (57) ¢ (48), merwo HafifieM mo gopmyie (53):
t
v=ettyy 4 S ettdi.g (Vo="v,_0)-
0

UuTerpupya OOYIEHHO, OLpefeldM DPafmyc-BeKTOp ABIDKyIIedcd TOUKM:
t t i

r=ry-+ S At dt vy S dt S Aldt g, (98)
0 0 0
rae
Py="y_og B V9=V;_.

eAt

IlofgcraBnss BMeCTO cyMMY DSAA

E+A_t__' Az_tf_
VI TR AR

O 3aMeHAA omepatop .4 ero BmpameHumeM u3 (56), OynmeM mmeThb:
r:ro-}—vot-{-% giz—o X (votz-{——;— gt3> +oX [(o X (% vots—]—%—xgt‘l) ] +...

Cunras yrioBylo CKOPOCTh @ Majgoli Beamumuoil (Raa Semam o~ 7,3-1075 4/cex.)
7 or0pacHBas WIEHH, COAep;KamlWe BTOPYI0 U BHCIIHe CTEHNeHH O, ME JJIA AONOJHH-
TEIBHOTO OTKIOHEHHS TOUKH, BH3BAHHOTO BPALICHEEM 36MIH, IONY4YMM IPHGIMIKEHHYIO

Gopmyay
. 1 .
d~—0X 'vot2+—37 gid ).
Bosppamasce R TouHOMY pemeHn0 (58), BelumCIAM e*?. IlpempapmTennay ycTa-
HOBOM, 9TO MAHUMAJILHEIH MHOrOWIeH omeparopa .4 HMeer Bup

b (A) =M A2 +-do?).

JeficreaTenbH0, U3 (56) HaxoauM:
A20=40 X (0 X x)=4 (0x) 0 — 4oy,
A3 =-—20 X A20=802 (& X x).

Orciona .1 u3 (56) caemyer, u9ro omeparopst FE, A, A2 JInHeliHO HE3aBUCHMEL, i
A34-4w2A4 =0,
MnEEManbARHE MBEorowien P (A) umeer mpoctsie RopHm 0, 20i, —2wi. WATepHOAA-

IIHOHHHﬁ MHOTOWIEH JIarpaHma Radg e uMeeT BHJI

sin 2wt 1 —cos 20t
1+ 52 A O pe.

Torpa

sin 2wt 1—cos2mt

2
20 A+ 4o? A2,

e‘“:E—\—
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HOJIOTaBJIHH 9TO BEIpaKedHWe IAnd eAt

u3 (56), maiimem: . 2 . .
t 1 —cos 20t ot —sin 2mt
r=7ry+vol+g 5 —0X ( v+ g)—l—

B (58) m 3aMensa omepaTop 4 ero BHpasKeHHeM

202 4m3

i _ 2;2
tox [m % <2mt 2:)13n2(ot v+ 14 2w2:24-cos 20t g)] ) (59)

4ot

PacemorpmM gacTHHE caydait vo=0. Torga, packpiBasg TpOHMHOe BEeKTOPHOE IIPO-
uspegennel,) nonquvr

—sin 2wt cos 20t — 14 2w22 .
r—ro+y—+—-—-( X @)— 4m3+ (gsin Qo + og),

rjae (p—reorpaquecxaﬂ mupoTa B JaHHOM MeCTe 3eMJIH. Yaen

2mw¢ —sin 20t

43 (g x o)

npejicTaBaser co0oil OTKIOHeHHe, HaNpaBIEHHOE MePNEHAHKYIADHO K NIOCKOCTH MepH-
KMa@a Ha BOCTOK, a TOCHejHee cjaraeMoe B NpaBoil wacTm mociaefnedi QopMysnsl Raer
OTKJIOHEHNE, JeHKallee B ILIOCKOCTH MeDHEAMAHA M HApaBleHHOe OT 3eMHOH ocH (mep-
NeHANKYIAPHO K Heil).

4. Ilycrp Temepp JaHa clefyOIas CHCTeMa JHHEHHHX audepeHruaisb-
HHX ypaBHEHHIl BTOPOTO WOpAJKA:

d2zy

e Lt ay®y + apre+ . o 4 Aty =0, ]l

d2 Zz9

— 0T Al ..t oy = 0, |} (60)
d2x

dtzn - @y F AnaTa -« o o A AT =0, J

rae ai (i, k=1, 2, ..., n) —nocroanuue Koaddunuents. Beoaa croBa croxber

x=(Ty, Ty, ..., &) U KBagpaTHyl MaTpuny A=| a;z||i, MH mepenumem
cucremy (60) B MaTpmaHOM Bn;(e

dz2 —{—Ax_

PaccmorpnM cHawama cayuai, korga |A|s£0. Ecam n=1, 1. e. z

u A—cramsipet u A=~0, o6mee peumenne ypapEenua (60) mommer OHTH
3aIMCAHC B BUJE .

z=cos (Y At)z,-+-(V4A)? sin(VZi)ico, (61)

rjge Lo==i=0 H xo—"‘< )t 0°

Henocpepcreennoii mpoBepkxod yOexmaemca, uro (61) mpexcrasasger
coGoii pemenme ypapmenusa (60) mpm moGom n, xorga x—cromGenm, a
A —neocoGennas kBafipatHas Matpuna2). IIpm srom Mm ommpaemca ma gop-

MYJIH
cos () At) = E— - Ar? 4-% Azth

62
(VZ)‘lsin(VZt) t———At3+ 5' A2 — ®

1) ITo dopmyae @ X (b X ¢)="b (ac)—c (ab); IPH STOM cIefyeT YIeCTh, ITO BEKTOP g
HAnpaBleH K HEHTPY 3eMud, OTKYAA @g= —g sin ¢.— IIpum. ped.

2 Dlon 'l/A MEH 37lech IIOHEMaeM OPOH3BOIBLHYI0 MATPHIYy, KBafpaT KOTOpoi pased 4.
1/4 zaBemomo cymecTByer mpm |A| == 0 (em. c1p. 120).

9 . P TagETMaxep
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Dopmyna (61) oxmarmiBaer Bce pemenus cuctemu (60) mnm (60),

MOCKOABKY HAYAJbHHE B3HAUEHAHA Ty U %, MOTYT OHTH BHODAHE IIPOU3BOIBHO.

B ¢opumynax (62) npassie gactu umeroT cmuicx u upu | A| = 0. Tlostomy (61)
mpemcrasageT coboil obuiee pemexnwe AAHHON cuCTeMH guddepeHIUAILHEX
ypaBHeHmii M B cxydae, korga |A|=0, ecnim Tompko moj QYHKIMAMU
cos(V/At) u (I/A)"l sin(]/A t), BXOJAIUMH B COCTAB BTOTO BEIPAKEHHA,

moHuMarth npaBsie dactu $opmyn (62).
IpegocTapiseM YUTATENI0 IPOBEPUTH, 4TO obmiee pemieHue HEOTHOPOX-

HOIi CHCTEMH

oy Az=f (), (63)
VIOBJETBOPAIONEe HATANHLHHM YCIOBUAM Li—g =Ty H <%—?>t=0=;¢0, MOKeT
OHITH 3aIHCAHO B BHJE

z=cos(VAt) o+ (Y A) " sin () A t)zo--
+ (VA (sin [VA@—v)]@de. (64

0
Ecaim B KagecTBe HAvYaJIbHOTO MOMEHTA BpeMeHm Oepercs =1, TO
B dopmynax (61) u (64) cuenyer samemmts cos(})/ At) m sin()/ A1)
¢ t

Ha cos ) A(t—ty) m sin )/ A (t—1,), a g Ha S

0 £

§ 7. YeroiiumsocTs JBMKEHMA B caydae amHeiiHONH cHcTeMbI

Hycts %y, s, ..., T, —HOapaMeTPH, XapaKTepHIYOI(He OTKIOHEHHE BO3-
MYIUIEHHOTO» JIBIGKOHHA [IAHHOY MEXaHWYECKOM CHCTEMHL OT HCCIEZYEMOTO
IBIKeHuA 1), ¥ IYCTh 3TH IApAMeTPH YHOBJIETBOPAIT cucteMe pnuddeperiu-
AJBHHX YpaBHeHWI HePBOTO HMOPAXKA:

dz; .

=l 2 o T, ) (=1, 2, ..., n); (65)
3[echb He3aBHCHMOe IepeMeHHoe { — BpeMd, IpaBbie 9acTu f; (Ly, Tz, - .., Ln, t) —
HeIlDepHBHHE QYHKIUH B HeKotopoll objactu 3HAYeHMH x4, Xy, ..., Zn (COHEp-
mamei Toury =0, 2,=0, ..., 1, =0) npu Bcex >t (t,— HauaNbHBIA

MOMEHT BpeMeHH).
Bremem ompepemeHMe ycToiguBOCTH IBWEHHA U0 JIAyHOBY 2).
WccrmexyeMoe [BWKEeHUWe HA3RBAETCA ycmoluuesis, €CIN Oif Ti060ro

gmena € >0 MommEO yKasarb umciao O >0 raroe, uwro mpu MOOHX Havaikb-

HHX (OpH ¢{=1{;) 3HAYEHHUAX [APAMETPOB X9, Lop, . . . Lng, MEHBIIHX HO MO-

Ay uyucaa O, TApaMeTpH Xy, Ly, ..., Lp BO BCE BpeMA [BUIKEHUS (t>1)

O MOAYJNI0 MeHblie &, T. e. Aad moboro &€ >0 Momuo yKasath Takoe 6 >0,

9T0 U3

| <8 (=1, 2, ..., n) (66)

1) B 37X DapaMeTpax NccaegyeMOe [ABUKEHHE XapakTepU3yercs NOCTOSHHBIME
HYJeBHMH sHaveHuaAMu z4=0, z3=0, ..., 2, =0. [loaToMy @IpH MaTeMaTHWUeCKO# TPaK-
TOBKE BOIPOCA TOBOPAT 00 yCTOWYMBOCTH HYIeBOro pelleHms cucTeMu auddepermmasn-

HHIX ypasreHwmit (65).
2) Cm. [22] cTp. 13; [38], ctp. 10— 11 mum 23}, crp. 11—12.
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caegyer:
|z ()| <<e  (I>1). (67)

Ecan npu sToM momoaruTenbHO mpyu HeKotropoM 0y > 0 Bcerga lim z; (1) =0
(=1, 2, ..., n), Koab CKOPo |x;|<<06 (i=1, 2, ..., n), Tot—;zoconenyeMoe

JBIDKEHUE HA3HBAGTCH QCUMNIMOIMUYECKU YCMOTUUBbLM.

PacemorpuM Temeph JIMHENHYH CHCTeMy, T. €. TOT YacTHHI CJyuaii,
Korga cucrema (65) ABagercs cucreMoil JUHEHHHIX OJHOPOAHHIX mudPepeH-
nNajibHHEX yPaBHCHHHT

n
dx;
=2 Pu () 2, (68)
k=1
rae pix (t) —HenpepuBHBe QyHKIUH nIpH t>1, (i, k=1, 2, ..., n).
B marpmunoit sanmcn cumcrema (68) sanmmercs Tak:
dzx ,
=P (68')
370ech X -—cToabueBas MaTpuIa ¢ 3JeMEeHTaMy 11,112, R R | P(t),—;

= || pix (8) || — MarTpuna koadduumeHTOE.
603HAYUM Hepe3s

qij (t), q2j (t)7 cees Gnj (t) (]: 1v 27 ety n) (69)

n NHHEHHO HesaBUCHMBIX pemenuii cucremsl (68)1). Marpuny Q(2)= | q¢;; |7,
cTon0uaMu KOTOPO# ABJANTCA 3TH DPelIeHHA, HASEIBAIOT UHIME2PAALHOU Mam-
puyeli cucreMar (68). : ‘

IIponsroiipAOE pemenne CHCTeMbl JWHEHHHX OJHOPOINHHX AHQPepeHLH-
ANBHBIX yPaBHeHMH NONydaeTcd Kak JuMHeHHAA KOMOMHAIMA € HOCTOAHHBIME
ko3 QuumeHTaMI U3 n JHHEHHO He3aBMCUMEIX pemieHMi:

n

xi:.Z ciqi; (1) (t=1, 2, ..., n),

j=1
HJINn B ManIl‘IHOﬁ 3anucn:
z=0Q(#)c, (70)

rae c— croabneBasg MATPHIA, 3JIeMEHTaMU KOTOPOl SBIAITCA IPOU3BOJBHEE
TOCTOAHHABIE Cq, €3, ..., Cp.
Briepem Tenepp cHennanbpHYH HMHTErPalbHYI0 MAaTPUIy, MJIA KOTOPOIL

Q (to) = E; (71)

ApyruMu clIoBaMH, UpH BHGOpe n NMHEHHO He3aBUCHMHX pemiennmit (69)
GyneM MCXONMTH W3 CJAEMYOMHUX CIENMANBHHX HAYAIBHHX YCJIOBHIA2):

‘#'7
t]ij(to)=5u'=[1 Z:].])) (G, j=1, 2, ..., n).

Torga, nmomaras B dopmyne (70) t=1t,, n3 (71) naiizem:

Ty=¢,

1) 3mecs BTOpOH WHFEKC j 0003HAYaeT HOMED pelleHHA.

%) Jofble HauaNRHHE YCAOBHA OUDPEJENAIOT, W OPUTOM OLHQIHAYNO, HeRoTOpOe
pelenne JAHHON CHCTEMEL. .

G%
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m motomy ¢opumyaa (70) mpmMer Bup

z = Q () xo, (72)
WA B Pa3BePHYTOM BHJE

:,-_21 g )z (=1, 2, ..., n). (72y

PaccmorpuM TpHM caydas:
1. Q(t) —oepanuvennas mampuya B HHTEpBate (f,, - 00), T. e. cyme-
crByer Tarkoe wucio M, uro

lg; <M (>t i,7=1,2,...,n).
B otom cayuae u3 (72') cuaegmyer:
| z; (2) | < nM max | x|

Yeaosue yCTOHIHBOCTA BHIIOIHAETCA. <,I[00TaTquo B (66), (67) B3ars

6 <if > Heuoacenue, zaparmepusyemoe Hyaesum peuteruem £, = 0, 5 =10,.

, %, =0, yemoiivuso.

2. lim Q (¢)=0. B stoM cayuae marpunma ( () orpaEmueHa B MHTepBale
{—>tx

(ty, -+ o0), U moTOMYy, Kak y:Ke GBUIO BHIACHEHO, iBWKeHHE ycToiiamso. Kpowme
Toro, us (72) ciexyer, 4TO

lim z(t)=0

t~»-}-00
opn a00M Zo. [Jeudcenue aAcuMnmOmMuULecKy Ycmoliuueo.

3. Q (t)— neoepanuuennas mampuya B WHIEDBATE (tyy + o). 9ro osHa-
waer, 4YTo 10 Kpalimeii Mepe ofgEa w3 QyERUEE g¢;; (1), HampmMmep gnx(f),
He orpaHWYeHa B HHTEpBade (fy, co). BospMeM HawadbHHE ycaoBuA Ly =0,

, Zno#=0, ..., Zpo=0. Torma

T (8) = qng (t) Tro.

KakpM 6K MaXeM 0 MOAYJ0 HA GHIIO Zpy, QYHRUHA Zp(f) Gymer He orpa-
HudeHa. Yciaosme (67) He GyneT BHNOIHATHCA HU Upu omHoM O. J[feudscenue
Heycmoliuugo.

PacemoTpuM Temepp YACTHHE clIyzail, Korja Kodp(HIUeHTH B CHCTEME
(68) — mocroanHKE wmCIA:

P (t) = P = const. (73)

B stom cay=ae (cM. § 5)

xz=eP (U=to) g, (74)
Comocrasasas (74) ¢ (72), HaxoamM, 4TO B JaHHOM CIydUae :

Q (t) =eP (=10, (75)

OGosmauuM uepes
P (A) = (A—h)™ (A—RAg)m2. .. (A—hg)"s

MEHAMAJBHNA MHOTOWIEH MATPHIOHN Koaddumuentos P.

Jdns wmcememoBaHWA WHTerPaibHOE MaTpumil (75) BocmoanayeMmcs ¢op-
myaoit (16) Ha crp. 141. B mamnoMm cayuae f(A)=ek (¢—%) (¢ pacecmarpusaercs
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xar mapamerp), f& (M) = (t —Lo)ie™s 710, Dopuyna (16) maer:

s
P (t—to) — kzi [Zay+Zro(t—1t0) 4 -« o+ Zm, (£ — £,)"H M TR (76)

PaccmorpuM T1pm caygad: |

1. ReAr < 0 (k=1, 2, ...,s), mpuueM JgaA Tex A, [JIA KOTOPHX
Re Ay =0, coorBercraymommee my =1 (T.e. 9MCTO MHNMHE XapaKTepUCTHIECKUE
9HCIa ABAAKTCA TIPOCTHIMA KOPHSAMM MHHIMAJIbHOTO MHOTOYJICHA).

2. Redy <0 (=1, 2, ..., 9).

3. Ipu mexotopom k mmeem ReA, >0 anb6o Rerp=0, so mpy>1.

W3 popmyam (76) caemyer, uro B caysae 1 marpuma Q (t)=eP (-t0
orpaEmueHa B mHTepBale (f,, -+ o), B caydae 2 eP(-%)— 0 mpm {— 4 oo
u B cayuae 3 marpuna eP ((—%) me orpammuena B muTepBase (f;, -} o).

3mecy 0coforo paccMOTpeRus TpeOyeT JIMHOIL TOT CIydaii, KOIfa B BEIpa:KeHHH (76)
mas ef 4=t pyeercs HecKOMBKO clATaeMHX MAaKCHMAaIBHOTO POCTa (IpE &> - co),
T, @, ¢ MaKcAMAJbHEM Re Ap—=0g >0 m (upz mamEoM Re Ap=0,) ¢ MAKCAMAILHEM 3HaYe-
HOeM mp=mgy. Torga Bripaxenue (76) MOKXHO IIPeICTABATEL B BH[P

: r
P Ut o tt) gyt [ ) 7, t=t) ()], (17)

i=1
rae PBi, B2y ..., Br—pasaAuUHEE BemlecTBEHHbIG YHCAA, A (>k) obosmagaer Mmarpuuy,

CTPeMAMmMYIOC K Hydlo mpm ¢ —> -}-co. 113 3T0r0 mpencTaBileHAs BHTEKAeT, ITO MaTpULa

r
eP (=t ye orpaumyena npu Og--mp—1 > 01), DOCKOIBKY MaTpuUma Z Zhjmoelﬁj (t—%0)
=1
He MOKeT CTDEMEThLCA K HYI Ipu I~ -koo. B mocmennem Mu ybepmmcs, ecid AoKa-
sKeM, 410 PyHKIUA

r
fty= ) csePt,
j=t

re ¢j— KOMIJIeKCHEIe 9HCIa, & fj— BeIleCTBeRHHE W PasIMuHble Meskay coboit wumcaa,
MO3KeT CTPeMATHCA K HYNI0 IpHE ¢ -—- --co ToabKO B ciaydae f(¢) =0. Ho, feiicTBuTeNEHO,

T
O= D) cje B, (78"
=1

|

—

Tlepemnoskan mowieHHO paBencrBa (78) (m (78’) m muTerpmpys mo t B mpejenax or O
mo T, moxydum:

T r
1
lim — S D) (2 dt= cj|2. 79
Am | e Ed=2 el (79)
0 =1
Ho u3 lim f(¢)=0 BHTeraer, 410 I
t—-}oo
T
lim — X | f ()12 dt =o0.
Totoo I
0
TosTomy m3 paBemcTBa (79) HAXOAUM, YTO cq==co=...=¢,=0, T. e. f(f)=0.
Iosromy B caydae 1 msmmenme (z;=0, 2,=0, ..., 2, =0) ycroituuso,

B CIydYae 2 —acUMITOTHYECKH YCTOHYMBO W B CiIyuae 3 — HEyCTOHUHBO.

1) Nnave ropopsA, upu ay>0 mubo npu ag=0, HO mo>1. —IIpum. ped.
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PeayasTatet ucciaegoannsa MOryr OHTH cHOPMYTMPOBAHE B BHAE CIENYIO-
meit TeopeMsit):

Teopema 3. Hyuesoe pewenue aunelinoti cucmems (68) npu P = const
sAeasemca yemoluuesia no Jlanynosy, ecau 1) ece xapaxmepucmuueckue wucaa
mamppys. P umeiom ompuyameavisie uau Hyaegble 6eujecmeeHibie HACMIL,
2) sce xrapakmepucmuvecKue HUCAR € HYAEELLMU GEULECMEEHHBIMU LACMAMU,
M. e. YUCmOo MHUMbE LGDAKMEDPUCIUNECKUE YUCLa (ecau Mmakoesvle uMezomcﬂ),
ABARIOMCI NPOCMBIMU  KODHAMU MUKUMAABHOC0 MHO20u4eHa mampuyw P,
u Heycmolwusslm, ecaw xroms 661 00no uz ycaosull 1), 2) ne swnoansemcs.

Hyaesoe pewenue auneiinoii cucmemur (68) seasemcs acumnmomuvecku
YCmoiuuehlM 8 MOM U MOALKO 6 MOM cayuae, Koeda éce xaparmepucmuue-
ckue wucaa mampuyst P umeom ompuyamessrbie seugecmeennbie wacmu.

[IpuBesenHEle BEIE COOOPAKEHUA. MO3BOIAOT BHICKA3aTh CYKIEHUE
© XaparTepe HATETPATbHON Marpuiil ef((—ft)) B ofmiem cayuae NpHU TPOMBBOIH-
HBIX XapPaKTePHCTHYECKHX YUCIAX IIOCTOSHHON Marpumsl P.

Teopema 4. Humezpasvras mampuya eP (=% quneiinot cucmemst (58)
npu P =const gcezda npedcmasuma ¢ sude

ePU=10) — Z_ (t) + Zo (£) + 24 (8), (80)

2de 1) lim Z_(8)=0, 2) Zy(¢t) aubo=const, aubo sessemcs o02paHUuEH-
400

HOU, mampuyeii ¢ unmepease (ty, -+ o), He umeiweli npedeaa npu t — -+ o,
3) Z,(t) aubo =0, aubo sgisemca HeozPAHUUEHHOU Mampuyell 6 uHmMepease
(t(h + OO)

JdorasateaxsbcrBo. Paso6bem B mpasoii wacru paseHcTBa (76) Bee
m ciaaraeMHXx Ha Tpu rpynnii. OGosHagnM vepes Z_ (f) cyMMY BCEX CAAraeMHX,

copepamux muokuTeap e ¢ Red, < 0. Uepes Z, (t) o6o3HagNM CyMMy
cjaaraeMeix, y KoTopHx jauGo Relp >0, an6o Re Ay =0 npm maamumm MHO-

auarens (t—t,)” mpu v>0. UYepes Z,(t) 0603HATUM CYMMY BCEX OCTATbHBIX
caaraemux. llpuseenasie panee coo0paskeHrs HOKA3KBAWT, aTo0 lim Z_(¢)=0,
tr+tw
a ¢yEKumnd Z, () He OorpaHWYeHa, eCIlM TOJLKO OHA He paBH& TO;K/ECTBEHHO
pyawn. Oyaxuua ke Z,(f) orpanmdena. lloxameMm, 4970 U3 CyImeCTBOBaHHHA
npegeia lim Z,(t) = B cuepyer, 4to Z,(t) = const. [leficTBuTe]IbHO, PA3HOCTH
+

i (tt

Z, (t) — B MosxeT GHTH IPeILTaBIeHA B BHAE CYMMEI 2 Zpm, ’BJ( o
S

crBa (77). OTHOCHTENILHO Re CYMMH TAKOTO BHJAA BHIIE 6HJ10 HOKA3aHO, YTO

ona Moker mMerh mpemen 0 mpm {—> - 0O JUNB TOT[A, KOTA OHA TOMIE-

CTBEHHO DaBHA HYJIO.

Teopema 4 morasaHa.

U3 paBeH-

1) O ToM, Kak YTOUHAIOTCA KPHTOPHH YCTOHYMBOCTH M HEYCTOHTMBOCTH AJA JIMHE-
apnaoBaHme cncteM (T. e. HeIMHeHHHX CHCTeM, CTaHOBANIHXCH JHHEHHBIME IIOCie IMpe-
gefpeskeHnA HelUHeIHKIME dYJeHaMm), cM. Jallee B Ta. XIV, § 3.



rIABA VI

3KBUBAJIEHTHBIE [IPEOBPA30BAHNA MHOTOYJIEHHBIX MATPHUL.
AHAJTUTHYECKAA TEOPUA 3JIEMEHTAPHBIX JEJNTEJIEN

Tlepesie Tpm maparpada HacTOsmeil rIaBhl MOCBAMIEHH ydYeRu:o 06 sKBH-
BaJeHTHOCTH MHOrOWIeHHHX maTpuin. Ha ocHoBe 3T0T0 B IOCTERYIOIIEX TPeX
naparpad)ax CTPOUTCS AHANMTHYECKAS TEOPUA dIeMeHTApDHHX [HejuTeled, T. e.
TeopuA NpHBEeHHsA TOCTOAHHON (HEMHOTOYIEHHON) KBapaTHOH Marpuus A
K HOPMATBHOI QopMme A(A=TAT™). B nocregunx asyx maparpadax IiIaBH
MAHBL JABa MeTOfa HocTpoeHusi Tpeobpasywomeil Marpunsl 1

§ 1. JaementapHbie NPeOGPA3OBAHNA MHOI'OYJIEHHOH MATpPHIbI

Onpemenenue 1. Muoeouaenroii mampuyeli nnu A-mampuyetl HA3E-
BaeTcH NPAMOYTroibHAA Matpmua A (A), 2iIeMeHTHl KOTOPOH CYTh MHOIOYIe-
HH OT A:

AM) =] an (M) || = QN +aDA £ L+ ad | (1:1 2 ;n)

1
? b

3jiech | —mamGonpmasn w3 CTeneHeil MHOTOUYNEHOB a;; (A).
IMoxaraa

A;=ad] (=12, ....m k=1,2,...,n0; j=0,1,...,1),

MBl MOMeM IIpef[CTaBUTh MHOTOWIeHHY Martpuny A (A) B BHJe MarpuIHOro
MHOTOUJIeEA OTHOCHTENBHO A, T. €. B BHIe MHOTOWJIeHA ¢ MATPHYHBIMH K03(-
PUIMeHTAMH:

AN =AM+ AN+ A A

Beenem B paccMOTpeHmE CIeAYIOLIUE I4eMEHMAPHbEe OREpayuyu Hax MHOTO-
unenHoi matpumein A (A): '

1° YMHOKeHHe KaKoii-1m6o, Hampumep i-ii, Crpokm Ha unmcao ¢ 7= 0.

2° IlpnGaBienne K Kakoii-tmGo, HampuMep i-if, CTpOKe APYTOil, HAIpUMeD
j-ii, CTpOKW, TpeABapUTeNbHO YMHOMKEHHOH Ha OpOM3BOJABHEINE  MHOTO-
 wnen b (A).

3° TlepecramoBka  Mecramm JOOHX JBYX CTPOK, Hampumep [-if
u j-I CTPOK.

[IpemiaraeM @HTaTeN0 TPOBEPHTH, 4To omepamum 1°, 2°, 3° paBHOCHIbHEI
YMHO;KeHHI0 ~ MHOTOYnemHOH Marpuisl A (A) caeéa  COOTBETCTBEHHO HA
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CIemyomye KBaJPaTHBHE MATPUIE HOPARKA ml):

® (7)
1 0 1. 0
5= s b, .0
. c. - . .
0 1 0. .. ......1
)] (7) - (D
1 ' ' 0
A | U R
S” = . ,
1 0.
0o . ' 1

A

T. €. B pesyxbTate IpuMeHeHHs omepanmit 1°, 2°, 3° marpuma A (A) mpeoG-
pasyercs cooTBercTBeHHO B Marpumsl S'-A (A), S"-4 (A), $”-A (A). Hosromy
omepanun TEna 1°, 2°, 3° HA3HBAWTCA AEELLMU IAEMEHMAPHBIMU ONeDAULIMU.
- CoBepmeHHO aHAJOTHIHO ONPENENAITCI Npashle HAeMEeHMa PHbie One Payull
HaJ MHOTOWIEHHOH MaTpHIeil (3TH oIepanuy IPOM3BOJATCA HE HAJ CTPOKAMH,
a HajJ CTOIONAME MHOTQJIEHHOH MATPUIB) M COOTBETCTBYION[ME MM MATDHI[EE
(mopsamka n)t):

"1.. e
7 =|. e e, = oo f
. : . Y. . G)

1) B marpmnax (1) Bce HeoTMedeHHHe DJIeMEHTH Ha IVIABHON AHATOHANN pPaBHER
elUHULE, & B OCTAIBHHX MeCTax -— HYJII0.
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'

1.......0

TIII —_

0.......1

B pesynnTaTe IpUMEHEHHs OpPaBOH BIeMEHTADHOH ONEpalUU MaTpUI&
A (M) yMHOKaeTCA cnpasa HA COOTBETCTBYIINyl Martpuumy 7.

Marpunst taoa S’, §”, 8§’ (wam, 9ro o e, Tuma I, T”, T'"') Mu Gypem
HasHBaTh JJEMEHMADHEMU MAMPUYAMU. ,

OnpefemaTen s M0G0l 21eMeBETAPHON MATPHIIEL He 3ABACAT OT A W OTIUYEH
or myms. IlosToMy AnsA Kasmoil ieBoil (HpaBOi) daeMeHTapHON oONEpAIum
cymecTByer o6paTHas omepands, KOTOpasg TAaKKe ABIAETCA JeBOH (COOTBET-
CTBeHHO IPaBoli) dIeMeHTApHON omepanmein ).
. Onpenmexernne 2. Jlpe MHOrowrenHsie marpunsl A (A) mw B (A)

HAsHBAOTCA 1) .1809KEUSAIERMHBMU, 2) NPABOIKEUSLICHMHBMU, 3) IKEUEA~

AeHmMMBMIY, €CIHE OfHAa N3 HUX IOAYyIaeTca U3 APYroil ImyTeM HpPUMEeHEHU:d
COOTBETCTBEHHO 1) JTeBHIX DIIeMEHTADHHIX OLEPAaNUil, 2) IPABEHIX DIEMEHTAPHHX
omepamuit, 3) JeBHX M HpPaBHX 3JIEMEHTAPHHX omepanuii ?).

Iycrs maTpuna B (A) moxydaercs w3 A (A) IpE IMOMOINU JEBHX 3Ji€MEH-
TAPHEIX ONepanuii, COOTBeTCTBYHOMEX MarpumaMm Sy, Sz, ..., Sp. Torma

B\ =SpSp1...S1A (). : 2)

O6o3nagas gepes P (M) nponssegenue SpSp—y . . . Sy, ML paBeHCTBO (2)
3anunieM B BHU[Ee

B()=P()AM), 3)

rae P (M), kak m Kamgas us matpun Sy, Sa, . . o Sy, IMeeT OTIAUYHHI OT HY-
I HO0CTOSMAHHSMX 3 onpexeanTens.

B cuaegyomem maparpage Gymer JOKasaHO, UT0 KakAad KBafpaTHaA
A-marpuma P (A) ¢ HOCTOAHAHIM OTIHYHHIM OT HYJIA OHPEAENHUTENeM MOJKeT
GHTH HpeCTaBIeHA B BUJe LpPOM3BEJeHHA dJIeMeHTapHHX MaTpum. Ilostomy
paBeHCTBO (3) PKBHBAJIEHTHO PABEHCTBY (2) M TOTOMY 03HAYaeT JIEBYIO SKBU-
BajeHTHOCTh Matpuy A (A) u B (A).

B cayuae npaBoii SKBUBAJIGHTHOCTH MHOTOWIeHHHX Marpum A (A) m B (A)
BMecTo pasencTBa (3) GyfeM MMeTh PAaBEHCTBO

BM=A4AMQ M), (3')

1) Orcioma ciefyer, 9ro ecim Martpuna B (A) momywaercs u3 A (M) myTeM IpEMeHe-
HUs JeBHX (UpaBHX; JeBHX W OPABHX) 2I€MeHTaPHHX omepamumit, To u oGpaTHO MaTpuIa
A () Moxker GHTH MOTydYeHa M3 B (L) IMyTeM IpEMeHeHHAS DIEMEHTAPHHX oNepanmi TaKoro
/e Tmma. Kag jeBhie djieMeHTapHEE ONEPAlMH, TAK W OpaBHe o0pasyioT CPYHIY.

2) V3 ompefeneHNUs: clelyeT, 9TO JeBOIKBABAJICGHTHHIMY, PABOJKBUBAICHTHEIMY W%
IPOCTO YKBUBANEHTHEIMEM MOIYT OHTb TONBKO NPAMOYTOABHEIE MATPHIEL OFWHAKOBHIX.
pasMepoB.

) To ecTb He zaBHCAINHIA 0T A.
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a4 B ciaydae (ABYCTOpPOHHEH) SKBHBAJEHTHOCTH — PABEHCTBO
B)=P @) AR) QM. (3%

3gech ouaTh P (M) u Q (M) — MaTpULE ¢ OTAWYHEHIME OT HyJAA U He 3aBUCA-
JIIMHA 0T A OUPeAeAUTEIAMA,

Takum ofpazom, ompefenenne 2 MOKHO 3aMeHHTH PABHOCUIBHEIM OIpe-
JeIeHHEM,

Ounpegenenue 2. Ilpe mpaMoyroasasie A-matpunst 4 (A) u B (A)
BasuBaTea 1) sesosksusaseHmuuiMiL, 2) NRpasoIKGUBAICHMHLIMU, 3) KEUSA-
MEHMHHIMY, ©CIH COOTBETCTBEHHO

D BM=PMAQL), 2) BM=4AMQR), 3) BAO)=PHMAMQM),

rme P (M) m Q (A) — MHOTOUYJeHHSEe KBajpaTHLHE MATPHIL C TOCTOAHHBIMH
‘M OTIWYHBIMA OT HYJA OIpe[elUTeIAME.

Bce BBefenmtie BEINIe MOHATAA IPOMIAIOCTPHPYEM Ha CJIAYIONIEM Bajk-
HOM HIpHMepe.

Pacemorpum cueteMy m JuHEHHHX OXHOPOJHHX AuddepeHumaibHEX
ypaBHeHEW [-ro mopdAKAa C 7 HEU3BECTHHIMH QYHKIUAME Ty, L3, ..., Tp
.apTyMeHTa ! ¢ HOCTOSHHHME Rozfdunmenramu:

ay (D) xy+ay (D) 2o+ ... +ay (D) 2, =0,

Aaq (D) x1+ QAsg (D) $2+ .. —{»— Qsp (D) Iy = O7 (4)
amy (D) 21+ ama (D) 224 . .. + app (D) 2, = 0;
3lech
an(D)=aPD' + D" ra (=1, 2, ....m; k=1,2,...,n)
— MHOTOWIeH OTHOCUTeNbHO D ¢ nécToauHuME Koapdnuuentamu, D = % —

omepartop AuddepeHNNPOBAHNA.
Martpuna omeparopHHX Ko3QPHEHEHTOB

AD)=llan(D)|| (=1, 2, ...,m; k=1, 2, ..., n)]

ABIACTCA MHOTOWICHHOH Marpunei umau D-MaTpuue.

Ouesuano, 9T0 JeBad djeMeHTapHas omeparusa 1° majy martpumein A (D)
o3HauaeT MOYwJeHHOe YMHOMeHMe i-ro AuddepeHIUANBHOTO YPaBHOHUSA CHCTEMbL
Ha uncao ¢ = 0. JleBas smemeHrapHAs omepauds 2° os3Hadaer NOWIEHHOE
npuGasieHHe K {-My YPaBHEHHIO J-TO YPaBHEHWA, HpelBapHUTEIBHO IIOJBEpT-
myroro Auddepennuanbuoit onepanun b (D). Jlepaa snemenTapHas omepamnus
3° o3Hagaer NMEpPecTAHOBKY MeCTaMHU i-T0 U j-ro0 YPABHOHMIA.

Taxkum ofpaszoM, ecIM B cucTeMe ypaBHeHHil (4) MaTpHIy OIepPATOPHBIX
Kospdurmenrtos A (D)) zaMeHNTH JNEeBOSKBHBaJeHTHOH eii marpuneit B (D),
TO MH OJYYUM HOBYIO cucreMy ypaBHeBmHii. llockomsky, o6parHo, MCXOAHAA
CHCTOMA MOMKET OHITh MOJIYYeHA M3 ITOH CHCTEMEl IIPH IIOMOLIY AHATOTHIHEIX
onmepanuii, 10 00e cUCTEMs YpaBHOHUII PaBHOCUIBHEE ).

Herpyauo npounrepnpernposats Ha JRHHOM IIpUMepe W HpaBHe 3JIeMeH-
TapHble omepauwu. IlepBas W3 »TAX omepanui O3HAYAaeT BBelJeHUE BMeCTO

1) IIpu 37T0M OPUHAMAETCA, YTO UCKOMEe QYHKOMYU Zy, Z3, . . ., &, TAKOBH, 9TO IPO-
M3BOJIHEE OT 3TUX QYHKKHUH BceX MOPAAKOB, KOTODHle BCTPEIATCA IPH npeclpa3oBaHuAX,
<cymecTByoT. Torma fBe CHCTEeMH ypaBHEHHI ¢ /eBOIKBHBAJEHTHHME MaTpuimamu A (D)
# B (D) uMeioT ONHM ¥ Te e PeIICHHUA.
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. . . . o . 1
OMlHOH W3 HEH3BeCTHHX QYHKUMII £; HOBOH HeM3BeCTHOH QYHKIUH I; = — T

"BTOpas oNEMEHTADHAS ONEDANMA O3HAYACT BEEJCHUE HOBOM HEWBBEeCTHOM
¢pymruuu z; = x; — b (D) z; (BMecTO Z;); TpeThs omepanusa osHadaer nepe-
MeEY MeCTAME B YDaBHeHNAX TI€HOB, coflep;Kaux ; m x; (1. €. %; = Ij,
x; = x7).

7 i

§ 2. Kanonmuecknii BUJ A-MaTpuUEI

1. BuacHuMm cHauaga, K KaKOMY CpPaBBUTEJIBHO NMPOCTOMY BHAY MOKHO
IPUBECTH MPAMOYTOJIBHYI MHOrouJeHHYI Matpuny A (A) myTeM DpUMeHeHHA
OIHMX TOJBKO JIEBHIX BDIIEMEHTAPHHX oOHepanmil.

Honycrum, uro B mepsoM croiabme Matpuusl A (A) HMEIOTCA 3JTEeMeHTH,
‘He paBHHE TOKIecTBeHHO Hymi0. BospMeM cpelim HMX MHOrOYIeH HAWMEHb-
mieif cTeleHM U IyTeM IEePecTAHOBKH CTPOK C/lesiaeM ero. JeMeHTOM aiq (A).
IToce sToro pasfgennM MHOTOWIEH a;; HA dy (A); YacTHOE U 0CTATOK 0003HA-
auM depes ¢ (A) u iy (A)

ay (7“) = ay; (M) qiy (M) +ris (A)

BrrateM Temeps U3 i-it CTPOKK HEPBYI0 CTPOKY, MpefBapUTeibHO YMHOMKEHHYIO
HAa ¢y (M) (I = 2, ., m). Ecnu mpu sToM He BCe OCTaTKE 7y (A) paBHEH
“TOKIECTBEHHO HYJI0, TO TOT W3 HUX, KOTODHIL He PaBeH HYII0 M HMeeT Hau-
MEeHBIIYI0 CTEeIeHb, MOMKET OHTL HepecTaHOBKO# CTPOK IOCTaBIAeH HA MECTO
.ay; (A). B pesynsrare BCex dTMX OIepaLuil cTeNEHh MHOTOYICHA a4y (A) MOHH-
3UTCA.

Temeps MuI cHOBa OBTOPUM STOT IPOLECT U T. . Takr KaKk cTemeHb MHOTO~
yneHa ay (A) KomedHa, TO Ha HEKOTOPOM 3Tale 3TOT IIPOIECC yie Heabas
‘6yer TPOLONIKHUTH, T. €. HA DTOM ITAle BCe DIEMEHTH dyy (A), @z (A), . . .

.2 @mq (M) oRaKyTCH pPABHHMHU TOJAECTBEHHO HYIIO.

Ilocne »Toro BO3BEMEM DIEMEHT dpp (A) W TPEMEHHM Ty :Ke IPONELypPY

RCTpoxawcnomepaMn2 3, ..., m. Tornano6pemecs Toro, 9To M dze (M= . . .
o= @y (A) = 0. Hpono.nmaﬂ TaK fajiee, MH B KOHIE KOHI|OB TpuBeaeM
Mannuy A (M) k crmefywooIeMy BHAY:

(=2, ..., m).

byy (M) bia(A) .. by () ... By (R) by (M) by» (A) ... by (M)
0 by () +e. bom(h) - . by (R) 0 by(A) ... bon (1)
0 0 o bm® b0 0 L b
n) 0 o ... o0 | ©
SEREETREE
(m> n)

Ecau MHOrouneH bis (M) He paBeH TOMIECTBOHHO HYIW, TO, IPUMEHIA
JIeBYI0 DIeMeHTApPHYI0 oIepanuio BTOPOTO THHA, MEL CllejaeM CTeleHb sie-
menTa bz (M) MeHbINeH, He;KeJIH cTeleHb byy (A) (ecau: byy (A) mMeeT HyNEBYIO
cTeleHb, TO by (A) craHeT ToAECTBEHHO paBeH Hymo). TouHo Tak xe, ecan
b33 (A) == 0, TO UpKM MOMOIM NEBHX dJIEMEHTapPHEIX ONePalui BTOPOTO THHA
MH cllellaeM CTEIeHH 3JIeMeHTOB b,3 (A), baz (A) MeHBIIUME, HEKeNH CTEIeHb
bss (M), He U3MEHNB IPU ITOM diIeMeHTa by (A), ¥ 1. A.

My yCTAHOBHAM CIHEAYIOIIYI0 TeOpeMy:
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Teopema 1. IIpoussosvras npamoyz0.bHas MHOZ0UICHHAL MAMPUYA
¢ pasmepamu m X n npu NOMOWU JEE6LLT IAEMEHMAPHHEI onepayull ecezdd
Mozcem Gvmb npusedena k eudy (5), 20e mmozousernws by (A), by (A), . . .

vy bpy,n (A) umerom menvwylo cmenenv, Hewceau bpy (M), ecau moavko
brr (A) == 0, u ece pasww moocdecmsenno Hyaio, ecau bpy (L) = const = O
(k=2, 3, ..., min (m, n)).

CoBepIIeEHO aHAIOTUIHO HOKABHBAETCH

Teopewma 2. Ilpoussosvnas Npamoyz04vHas MHOZOWIEHHAS MAMPUYE
¢ pasmepamiu, m X B NPU ROMOWU NDAGHT IAIeMEHMAPHBL ORepayull ecezda
Mmosicem Guimb npugedena k eudy

C“(}\/) 0 . e 0 0...0 C“(}\:) 0 ... 0
C21(}\4) 022(7\4) ... =0 0...0 Cay (7») 022(7\«)‘ ... O
mt V) emz (V) oo Com (W0 ... 0| [t ) caz(A) .oscan(V)(|» (6}
(m<n)
cmi (A) Cma (A) - .. cmn (M)
(m>n)
e0e mmuozousens cpy (A), cpz (M), - . ., Cpn—1 (M) umerom menviuyo cmenens,
Heaxcear Cpp (M), ecau moavko cyp (M)=E0, u éce pasws. mosxcdecmeenno uyao,
ecau cpp (M) = const 5= 0 (k = 2, 3, ..., min (m, n)).

2. N3 1eopeM 1 u 2 BHTEKaeT cieRymoIee

Cxenmcrru e. Ecau onpedesumens K6a0pammoll MHO20UACHHOT MAMPUYDL
P (M) ne sasucum om A u omaudeHn Om HYAL, MO MY MAMPUYY MONCHO
npedcmasume ¢ 6ude NpPou3eedeHUL KOHEUH020 HUCAQ IACMEHMAPHBLE MAMPUY.

HeiicTBuTenbHO, cornacHo Teopeme 1 mMarpmny P (A) mpu mMOMOIE JeBHX
3JIGMEHTAPHHIX oOHEePAUXi MOKHO HOPHBECTH K BE/IY

by (M) bz (D) ... b (R)

0 bag (A) ... bap (A)

0 0 ...buw(})

©ie n — mopanok Martpumsl P (A). Tak Kak Opnm DpHMeHEHWH DJIeMEHTAPHHIX
onepanuii K KBaflpaTHOX MHOTOWIEHHOH MaTpHiie OmMpefeuTedb dTOR MaTPHUIHL
YMHOaeTCA JUIb HAa MOCTGAHHHI OTIMYHEIA OT HYJA MHOMKHTENIb, TO OIpe-

AenamTenb MATpHNH (7), Kak m ompefexntens P (A), He 3aBHCHT OT A W OTIH-
9eH OT HYJA, T. €.

, (7)

byt (A) boa (A) - . . Bpn (A) = const == 0.

OTcroa
bar (M) =const =0 (k=1, 2, ..., n).

Ho rorma B cmay Toii sxe teopems 1 Marpuma (7) mMeeT AmaroHAIBHHIL BUJ,
| brrdix ||t m moToMy MoskeT OHITH OPHBe/IOHA U HOMOIIA JEBHX 3IeMEHTAD-
HHX omepanuii TAma 1° K eammmuHoll MaTpune £. Torga m ofparso, eéXmEMI-
HyI Matpuny £ MosxHO mpusecT: K P (A) IpM moMOmu JeBHX 3TeMEHTAPHEIX
omepanmi ¢ Marpumamm S, Ss, ..., Sp,. CuaegoBareasso,

P (}\/) :—SpSp_i oo SIE:SpSp—i s o e Si‘
W3 pokasammoro  ciemctBus  moaydaeM  (cM. erp. 137 —138)

PaBHOCHIBHOCTD JABYX ompefieeHuil 2 u 2’ >KBEBAJEHTHOCTH MHOTOTICHHEIX
MaTpuIm,.
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3. BepmeMcs K HamemMy HIpEMepy cucTeMH AuddepeHnuaibHEX ypaBHe-
mmit (4). IIpumenum teopemy 1 K Marpume OmepaTopHHIX roaduiineHTos
|} @iz (D) ||. Torna, xak Omimo ykasaHo Ha cTp. 138, cmcrema (4) sameHuUTCS
PaBHOCHJIBHOH CHCTEMOH

by (D) x4 bin (D) 2o+ . . . - bys (D) zs= 1

= — bi, st+1 (D) Lgpg— oo o — bin (D) Zn,
bas (D) ma- . . . 4 bas (D) 25 = &)

= — bz’ s+l (D) Lgt1— o0 e — b2n (D) Zny

bes (D) zs= '_"bs, s+ (D) Lory— .. —bgp (D) Zn,
TAe s = min (m, n). B arofi cmcreme MH QYHKNUH Zgiq, ..., T MOMKEM
BHOpaTh MPOM3BONBHO, MOCHE Fero IocielloBaTeAbHO olpefendarcA QyHKIUU
ZLg, Tg—1, « - +, Ly, OPHIEM Ha Ka;KA0M 3Tale 3TOI0 ONpefleieHud NPHUXOAUTCA

WMHTErpHpPOBaThL ofHO AudpdepeHNMasbHOe ypapHeHNHe ¢ OJHON HeM3BeCTHOH
PynrIUTE. o

4, TlepeiieM Temeph K YCTAHOBJIEHWIO (KaHOHHIECKOTO» BHAA, K KOTO-
POMY MOMKHO IPUBECTH HPAMOYTONBHYI0 MHOTOWICHHYI Marpuuy A. (A), mpn-
 MeHASA K Hell Kar JieBHe, TAaK U HpaBhle dleMeHTapHEIe oHepaiui.

Cpemm Bcex He pAaBHHX TORIECTBEHHO HYNI0 DIEMEHTOB a;; (A) Mart-
puusr A (A) BO3bMEM TOT bDIEMEHT, KOTODHH HMMeeT HAUMEHBLUIYI0 CTeIeHb
OTHOCHTEIBHO A, M NyTeM COOTBETCTBYIOMmEN IePecTAHOBKE CTPOK H CTOJOLOB
chenaeM ero smeMeHToM 4y (A). Ilocme sToro HalileM WacTHEIE M OCTATKH
OT JAelleHAA MHOTOWIEHOB &y (M) U aqx (A) Ha ay (A):

ai (A) = a1 (M) qu (A) -+ ruy (A), asn (M) =ay (A) gun (A) —l— rin (M)
i=23,...,m k=2,3,...,n).

Ecmz xora 6m ofmH m3 ocTaTKOB rjy (A), rip MY (i =2, ..., m; k=
= 2, ..., n), HampmMep r;; (A), He paBeH TOMKIECTBEHHO HYII0, TO, BEITH-
tag m3 k-ro crombuma mepBHIH cTombenm, IpeIBAapHTENBHO IIOMHOKEHHBHIN
Ha ¢3 (A), MBL 3aMeHUM BJIeMeHT dgj (A) ocTaTKOM ryz (A), KoTopHIil mMeeT
MEeHBIIYI) CTeHeHb, Hekemu dy (A). Torja ME mMeeM BO3MOKHOCTH CHOBA
VMEHBIIATH CTEIEeHb JJIeMEeHTa, CTOAIIETO B JI6BOM BePXHEM YIIYy MATpPHUIH,
MOMECTHB HA DTO MeCTO DIEMEHT ¢ HAMMEHBIIeH CTeMeHBIO OTHOCUTENIBHO A.

Eenu ;xe Bce octatRU raq (A), . . o, Tmg (A); P2 (A), . . ., rin (A) paBHE
"TOAECTBEHHO HYJI0, TO, BHYUTAAg W3 i-H CTPOKM TePBYI0, IMOMHOKEHHYIO
mperBapuTenbuo Ha ¢; (A) (i = 2, ..., m), a u3 k-ro cronbiia — mepBHIii,
npegBapuTeNbHO HOMHOMGHHEA Ha ¢z (A) (K = 2, ..., n), MH npusefieM
‘Hally MHOTOWIeHHYI0O MATpUOy K BHIY :

a1 (}\,) 0 cen, 0

0 (222 (}\4) o Qop (}\,)
0 am(0) ... aun(N)

Ecam opu sroM xora OB ONWH U3 3IEMEHTOB a;x (A) (i = 2, ..., m;

k=2, ..., n)muegemnrca 6es ocraTKa Ha ay (A), To, mpubaBisgd K mepBoMy

croabuy ToT cronbew, KOTOPHI COAEP;KUT BTOT IIEMeHT, MBI IPHJEM K Ipe-

JHAYINeMY cIyd4al0 H, CAeJoBATeNBbHO, CHOBA CMOKeM 3aMEHUTBH 3JIeMEHT
aq; (M) MHOTOUIeHOM MeHBIIeHl CTEHEeHH.



142 HSKBUBAJIEHTHBIE TPEOBPA3BOBAHUA MHOTOWIEHHBIX MATPUI[ [IJI. VI

TlocronbKy MepBOHAYANBHBIA AJEMEHT @44 (A) HEMeJ OIMPeieIeHHYI0 CTeIeHb
u npodecc yMeHBIIEHMsS 3TOH cTelleHU He MO)KeT HEOTDaHWYEHHO HPOJOJI-
JKATHCA, TO I0CJHe KOHEYHOTO 9HCJIA DIEeMEHTapPHHIX oHepauuii MBEL JOJLKHEL
IONMYYATH MATPHIY BHIA
‘ a(d)y 0 ... O
0 by(h) ... by ()
, 8y

B KOTODOIl Bce dieMeHTH b;j (M) meiastca Oes ocratka Ha a; (A). Ecam cpépm
THX 3JIeMeHTOB b;; (A) MMeIOTCA He PABHEE TOKIECTBEHHO HYIW, TO, IPO-

HoJKas TOT ke MPOIecC IPHUBeJeHNS A CTPOK C HoMepamd 2, ..., m
u croalnoB ¢ HoMepaMH 2, . . ., h, Msl Matpuny (8) OIpuBefeM K BHIY

a(h) O 0 ... ©

0 a® 0 ... 0
0 0 ca(A) ... com (M) ||
0 0 cma(M) ... emn(A)
rie a, (A) menmres Ges ocTarka Ha a4 (A), a Bce MHOTOWIERH c¢;; (A) memArcs ‘

fes ocrarka Ha @ (A). Ilpomommas sToT mpomecc janee, MEl B KOHIle KOHIIOB:
OpuAeM K MaTpuIe Buja

a(h)y O 0 0...0
0 a®)... 0 0...0
0 0 ...a;(x)0...0[, (9):
0 0 ... 0 0...0
, 0 0 ... ¢ 0...0
rae MHEoroanens a; (A), as (A), - . ., as (A) (s < m, n) He paBHH TORECTBEHHO

HYJI0 W RORIHH W3 HEX feanTca Ge3 ocTaTka HA IPebIyIHMiL.

ITomMHO;Ras HepBHe S CTPOK HA COOTBETCTBYWOINHE OTIAMYHBIC OT HYIS
IUCIOBEE MHOMKHUTEIN, MEI CMOKeM JOOMTHCH TOTO, 4TOOH crapmme Koaddu--
LMEHTH MHOTOWIEHOB @, (A), az (A), . . ., @; (A) ObLAM PaBHH egWHUIE.

Onpexenernue 3. MHorowreHHas OPAMOYTOJbHAA MAaTpUila HAZHI-
BAeTCA KQHOWUUECKOl Juaeonasbnoli, ecau oma umeer Buf (9), rme 1) mMHOTO--
wrenst a; (A), a3 (A), . . ., as (A) He PaBHHI TOMIECTBEHHO HYJNI0 U 2) KambIi
13 MHOTOWIEHOB ay (A), . .., @ (A) memmrca Ge3 ocTaTKa Ha NpeBAyMIMI.
Ilpn »ToM mpemmo;araercs, 4TO CTapuIMe Ko3QQUIHMEHTH BCEX MHOTOYICHOB:
a; (A), az (A), ..., a; (A) paBHH eJuHHTE.

Takem o6pa3oM, MH [JOKA3adu, 9TO NPOU3EOANbHAS NPAMOYZONbHASL MHO-
2ousennas mampuya A (A) IxeusaseHmHA HeKOMOPOl KanoHuweckol duazo--
waavnoii. B cuegywmem wuaparpade MBI IIOKasKeM, UTO MHOOUAEHL-
ais (A), az(A), ..., a; () odnosmauno onpedersomes sadarnuem MAMPuysl-
A (A), n ycraBoBEM (OPMYJIE, CBASHBAININE B3TH MHOIOYIEHE C HIEMEHTAMIL
matpuge A4 (A).
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§ 3. UnBapuanTabie MHOPOWIEHbI H 3JIeMEHTApHBIE
JeIUTEeAN MHOTOUYAEHHOH MaTpmipb

1. BBemem moHATHe 00 HHBapHMAHTHHX MHOTOYJIeHAX A-Martpuumsi 4 (A).
Mycrs muorowsennas Matpuna A (A) mMeer paHr 7, T. €. B BTOH MaTpule
IMeIOTCs He PaBHBIe TOKECTBeHHO HYJI0 MUHODHL I-I0 IOPAXKA, B TO BPeMs
KaK BCe MUHOPH IOPANKA ~>7 TOMIECTBEHHO OTHOCHUTEIBHO A PaBHHI HYIIO.
OGosnauum uepes D; (A) mauGonpmmii oOmuil JeauTelb BCEX MHHOPOB j-TO:
mopaaka Marpumst 4 (M) (j =1, 2, . .., r)Y). Torma, xak HeTpyAHO BUAETH,

o P D,(3), Dri(A)s ..., Di(h), Do) =1

KayKIpli MHOTOWIeH jeautcs Ges ocratka Ha mocienytomuii ?). CoorBercrByio-

mue uactHHe ofosHaumMm depes iy (A), iz (A), ..., i (A): -
oy D (V) oy De (V) . v DN ;
it (M) = Do) e (A= Doy’ (A) = D, (M_"Dl (A). (10)
Onpengemenune 4 Mnaorowmens iy (A), is (A), ..., i, (A), ompe-

neaseMele ¢opmynamu (10), HasmBalOTCA UHEAPUAHMHBLMU MHOZOYAECHAMY
upaMoyroxbHoit Matpumsl A (A).

TepMuH «MHBAPHAHTHEIE MHOTOWJIEHH)» CBAZAH CO CIEAYONMMHE coobpa--
smenmamu. llycts A (A) m B (M) — 1Be sKBUBaJCGHTHBIE MHOTOYJAEHHEE MAaT-
puns. Torga oHU TWOAYHAIOTCS APYT M3 APYyTa IPH HOMOIM 3JIeMeHTapPHEIX
oneparnuii. Ho HeTpyaHO HemocpeCTBEHREO IIPOBEPUTD, UTO 3JeMEHTAPHbIE OMe-
panuE He WIMEHAT HH pamnra r Marpumit 4 (A), HH caMHX MHOTOYJEHOB
Dy (A), Ds(M\), ..~, Dy (M). JeiicTeurenpHo, TpAMEHAS K TOMKEECTBY (3 )
$opMyny, BHPAKAIOIYI0 MEHOP IPOM3BEIeHNA MATPHIl 4epe3 MUHOPEI COMHO-
suTesei (M. crp. 22), MB AJs% NPOW3BOIBHOTO MUHOpa MaTpumul B (A) moxy-
9nIM BEIpayKeHHe
B(L i)

1 2 e e P

1 ].1 jZ---jp a; ¢y ... Gp ﬁiﬁ."."-ﬁp
i P A SR K i
I <ar<ass . . . <ap<m ay Oz ... Gp ﬁj_ Bz N ﬁp 1 g ... Rp

1<P1<Be<...<Bpsm .
(p: 17 2’ L} mln(m7 n))

"Orciofa ciaeayeT, 4TO BCe MHHODH HOPAAKA > r MaTpunsl B (A) paBHH
HYIIO ¥, CjlefoBaTelbHo, A padra r* marpuusl B (A) mmeem:
r*<r.

Kpome Toro, ms aroif ke (QopMyias BhTeKaer, uro Dj (A) — mambGombuimit
obImumil NeaMTENH BCeX MHUHOPOB p-TO IOpAAKa Marpumsl B (M) — memurcs

Ha D, (M) manero (p = 1, 2, ..., min (m, n)). Ho marpuns A (A) u B (A)
MOKHO IOMeHaTh podsmu. Iloaromy r < r*, u D, (A) memutcsa Gea ocraTka
na D} (A) (p =1, 2, ..., min (m, n)). Orciona ?)

r=r* Di(M)=Di(n), Di(W)=Dy(A), ..., Di())=D, ().

1) B raxmom D; (M) GepeM crapmuil KoadPunnesT paBHHM eIHHALE.

2?) Ecu K KaKOMy-HEOyZb MHHODY j-Fo MOPAAKA IPEMeHWTh pasnoenue bLesy
[0 BIeMeHTaM KaKoi-1u00 CTPOKH, To KaKoe cllaraeMoe B 9T0M pasnokennn Gyner femuThb-
e¢a ma Dj_; (M); ciaeposartenbHo, I000H MWHOD j-ro ITopAARa, a mwauwuT u Dj (A),
penwress ma Dy (M (G =2, 3, ..., 1.

3) Crapurme Koabdunmentsr y Dy (A) 1 Dy (A (p =1, 2, ..., ry DaBEH ejuHHLe.
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{TocKOMBKY dleMeHTAPHEE OTlepalliy He MeHAWT MHEoTowIeHoB Dy (A), D2 (A),

, D, (), To oHU He WM3MeHAIOT M MHOTOYNEHOB iy (A}, iz (A), . .., i, (A),
onpegenseMux dopmynramu (10).
Takum o6paszom, MEOTOwIeHH iy (A), iy (A), ..., i, (A) ocraiorcs Hems-

MEHHHMH, I EBAPH A HTHLMHZ IPH Iepexofe OT OfHONH MATPUIEL K Py~
roil, el SKBUBAICHTHOH.

Ecam Mmorowinennas MaTpuOa WMeeT KAHOHMYECKWH [MATOHAJNBHEIH
sug (9), To, KaK HETPYAHO BHAETH, I 5TOH MaTPHILE

Di()y=ai(®), DyM)=ai(Maz(d), ..., D () =a;(M) ez (V) ... a; (N).

Ho rtorma B cmay coormomenmmit (10) pmaromanpHEe MHOrowieER B (9)

a, (M), az (A), ..., a, () copmajaloT ¢ HEBaPHAHTHEIMH MHOTOYJIeHAMHA
ihL{(AM)=a, (2»), ip(A)=a,1 (A), ..., L (A)=1as (A). 11
3necw iy (A), iz (A), . .., iy (A) ABIAIOTCA OTHOBPEMEHHO U MHBAaPUAHTHBIMU

MHOTOYIEeHAMU #cXofHOA Marpupms A (A), HOCKOABKY 3Ta MATpHALA SKBHBA- -
JerTHa Marpmme (9).
© TomyueHHBle pesyabTATH ME MOKeM cOpPMYIHpPOBATH B BUIE CIeNyI0-
et TeopeMsi.

Teopema 3. Muozourennas npamoyeosvnas mampuya A (M) ecezda
IKGUBAAEHMHA KAHOHUYCCKOU OuazoHasbHOU MAmMpuye

LA 0 ... 0 0...0
0 4y@A)y... 0 0...0
0 0 ... 04L()0...0]. (12)
0 0O ... 0 0...0
0 0 ... 0 0...0
Ilpu smom 3decv o6a3ameavno r — panz, a iy (A), iz (A), ..., i, (A) — unsa-

puarnmune Mmuoeouaenn mampuys A (L), onpe@mxemwe dopmyaany (10).
CanegctBue 1. Jux mozo umoGs 0se npPAMOYSOAbHBIE MAMPUYL
odunaroewx pasmepos A () u B (A) 6uiau sksusasenmul, Heob6xodumo u docma-
Mmouno, wmobs OHU UMeAU OOMI W Me e UHEAPUGHIMHbE MHO2OMAEHUL.
IeiicTBHTOILHO, HEOOXOQMMOCTh BTOr0 YCJHOBHsA OHLIa BHIACHEHA BHIMIe.
HocraToumocTs clieayeT M3 Toro, YTo ABe MHOTOWIEHHE® MATPUIL, MMEOMue
OOHM 7 Te 3Ke MHBAPHAHTHHE MHOTOIICHH, DKBHBAJEHTHH ONHOH M TOH jKe
KAaHOHMYECKOH [UATOHAJBHOW MAaTpHOEe M, CJIeZOBATENHHO, SKBUBAIECHTHH
Mexay coboii.
Tarum o6pasoM, uUHEAPUAHMHELE MHO2044EHE 00PA3YIOM NOAKYIO cucmemy
UHEADUAHMO8 A-mampuyul.
Crnegcrsme 2. B pagy uHBapMAaHTHHX MHOTOYICHOB
. D, (M R Dy_y (A . Dy (M
B =gl BM=PERE. LR M)=FE D=1 (13
EaxcObil MHO20YACH, HAYUHAL CO 8MOP020, Asaiemcs Oeaumenem npeduidyuezo.
910 yTBepHieHNe He BHITEKaeT HEIOCPE/ICTBEHHO M3 dopmyn (13). Ono
clefyeT U3 TG=.:, 9T0 MHOTOWIeRnH iy (A), iz (A), . . ., ir (A) coBmagaior ¢ MHO-
ro4yesaMn a, {A), ar—g (A), ., @y (\) KaHOHMYeCKOHl [qUATOHANBHONW MaT-
puas (9).
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2. YxasKeM MeTONH BHYHCJICHHA WHBAPHAHTHEIX MHOTOTJIEHOB JJIA KBa-
3UAMATOHAJIBHHX A-MaTPUI, €CIM N3BeCTHH MHBAaPUMAHTHEC MHOI'0YIEHH
MaTpHI, CTOAIHUX B AMATOHANBHEIX KJETKAX.

Teopema 4. Lcau B KEeasuduazoHatbHol RPAMOY204bHOL Mampuye

= (Aéx) B(()%))

a06oll  uneapuanmuuli muozougen mampuys A (M) aessemcn Odeaumesem
2106020 UHBADUAHMHO020 MHO2oUAcHA mampuys B (L), mo coeorynnocme umsa-
puarnmunx mrozousenos mampuy C (M) noayuaemea o6oedurnenuem uHeapu-
aHmunx mruozodaenos mampuy A (L) u B (A).

3 ,T_[OKa.?aTeJILCTBO. O6osraunm wepes i; (A), iy (A), ..., i (A) m i (M),
iy(A), ..., g (A) COOTBETCTBEHHO MHBAPUAHTHHEE MHOTOWJIeHH A-marpunm A (A)
u B()). Torgal) '

AW ~{r()y o 00, 0, .., 0}, BAY~{5 (), o.vy ©5(A), O, ..., 0}
u, clIenoBaTeldbHO,
CO)~Lr (N ooty 6 (W)y Eg(W)y ooy £2(N), O, ..., O (14)

A-MaTpHIA, CTOAMNAA B IPABOM HYacTU 9TOr0 COOTHOINEHHS, MMeeT KaHOo-
HO9ECKRY© JIuaroHanbHyl ¢opmy. Torma cormacHo TeopeMe 3 He paBHEE
TOKTECTBEHHO HYJIIO [HAroHAJIbHbIE 3IEMEHTH 9TOH MATPHI{H 06PasyioT MOJIHYIO
CHUCTEMY WHBAapHMAaHTHHX MHorowieHoB marpuns C (A). Teopéma moxazama.

Aaa Toro 4rofE B 00meM ciydae NOpM NPOM3BOJBHEX HEBAPHAHTHHX
muorounesax Marpun A (A) m B (L) oupemeanth WHBAPHAHRTHHE MHOTOWJIEHE!
C (A), MH BOCHOJB3YEMCHA BRKHHIM. HOHATHEM 00 SIEMEHTADHHX TeIHTElIAX.

Paznosxum uHBapHaHTHEIC MHOTOWIEHH i (A), iy(A), ..., i, (A) Ha Hempm-
BOAMMEe B JAaHHOM dmcaoBoM moje K Mmomwmrenu:

i () =[os (M1 (@2 (M1 . . . {5 (W17,

i () = [py (W] [z (I . ... [gs (W%, (W B> >h> O;) . (15)

(M) =lps WI" (g2 W2 ... [ps (W]

3pecs @y (M), @2 (A), ..., @s(A)—Bce pasnmubbie HempmBogEMEeE B nole K
MHOTOWIEHH (CO CcrapmuMm Kod(dumumenTaMu, PaBHHMYU eLHHWIE), BXOJANIHE
B cocTaB i1 (A), ia(A), ..., ir(A).

Onpepmenenme 5. Bce oTiamupele 0T eUEHIN CTGHEHH cCpejfd

{ps (W1 ..., [9s (M)]® B pasmoennn (15) HassIBaOTCA saeMeHmA PHBLMY Deau-
meaamu MATPHIH A () B mome K?3).

Teopema 5. Cosokynnocmv saemeHmapruz deaumenets npamoy20.46HOL
¥6a3u0UA20HALLHOT MAm DU

cor-(0" o)

1) 3maxom ~ MH 37ech 0603HAYACM SKBEBAIEHTHOCTH MATDHI, & GETyPHEIMH CKOG-
xaMa { }—IEaroHANBLHYI0 OPAMOYTOJBHEYI0 MaTpumy smpa (12).

2) Heroropuie m3 nokasareneif ¢z, dg, ..., lp (k=1, 2, ..., s) MOTYT PaBHATHCS HYILIO.

3) ®opmyan (15) HAIOT BO3MOKHOCTH He TOJBKO II0 HHBAPHAHTHEIM MHOTOYIOHAM
ONpeJeTNTs dIIeMeRTapHEe fAenurtennm A (A) B mome K, o m maobopor, — 1o sleMeHTap-
HHM JIeETeIAM ONpeJeJuTh WHBADHAHTHEE MHOTOYJIEHH. ‘

10 ®. P. TamTMaxep
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sceeda noayuaemcs obeedunenuem saemenmapusir Oeaumenetc mampuyst 4 (L)
¢ sseMmenmapHELMU Deaumeramu mampuyst B (L),

0Ka3aTexbCcTBO. PasnoskuM HHBADMAHTHHE MHOTOTJIEHEl MATpPHI
A (M) u B(L) ma menpusopumsie B mome K wmmo:kmrennl):

iy (1) = [0 (1% [ (I . (@0 (W15, 25 (1) = lps W1 [z (A1 ... [ (M1,
2 () = Lo (W14 [z (W12 . ... {9 (W1%, i3 (M) = [ (W14 [z (M)I% . . . [@s (W)]%>

i () = 1 (AWM [z (W1 . . . [@s (M1, i (M) = T2 (W15 @ (M1 . . . [ (R)]56-

O6osHaguM gTepes
Ci>d1>.-.>l1>0 (16)

BCe OTJIHYHEE OT HYJNS WHCAA CPeRu ¢, dy, ..., ~y, ¢y, d;, ..., g
Torga marpuna C (A) sxBuBaienTHa Marpume (14), a mocaegHAs Hepe-
CTAHOBKOH CTPOK U CTOJIGIOB MOKeT ORITH MPUBeJeHA K ¢AHATOHAJBHOMY» BHLY

{Ips I )y T N (6)y - on Tor (I OK)y (KK, «ony (RK)) (A7)

rme uepes (k) MH OCOBHAYINIM MHOTOWJIEHH, B3aHMHO KIPOCTHE C ¢y (A),
a gepes (3K >K)— MHOroYJeHH, B3aUMHO HPOCTHE C @ (A) 1mb0 TOKAECTBEHHO
pasuse mymo. V3 Bmpa marpuni (17) HemocpeaCTBEHHO BHTEKAlT CJIeyIO-
mue pasmoykeEnsa mumoroxaeHoB D, (X), D,y (A), ... uw iy (A), ia(X), ... Aas
marpuns C (A):

D, (M) =[gy ()FIT oy D ) =le(MI*T (k) morom,
() =[p N (K), (W) =IpsMI*(K) = T &

Orcroma cxenyet, aro [@y (M1 [@r (W)Y, «. .y (91 (W], T. e. Bee He paBHHIO
e[VMHHIe W3 CTelleHel

o1 (W% .oy [oe (WM, Tea (M1, < - ., Tos (W),

ABIAIOTCA SIAeMEHTAPHHIMEH genumreaamu Marpuust C (A).

ABanormuHo OUpeReNAOTCA DdIeMeHTapHHIe meiamTenn Marpuns C (A),
spIgomueca cremeramu ¢, (A) m T. 1. Teopema jfoxasama.

II parMeda HUeE, Conepmem{o AHAJOTHYHO HOpeIHIYIEeMy MOMKHO IIOGTpOHTL TE€0-
pawo DKBUBAJEHTHOCTH JJA IIeJOYHWCICHHBIX MaTpHI (T. e. Marpug, y KOTOPHX B3Je-
MeHTH —Iease gmcia). IIpm atom B 1°, 2° (eM. crp. 135) c¢=1-1, b (L) sameHsmerca
HeXHM umexoM, a B fopmynax (3), (3'), (3") smecro P (A) B Q (A) cTOAT menoUNCICHHBIS
MATPHLE ¢ OOpefe]nTe]IAMH, PaBENME + 1.

3. [Iycrs mama vemepp Matpuma A= au | ¢ saemerramz w3 moma K.
CocTaBuM i Hee XapaKTEePUCTHUIECKYI0 MATPUIY

x'—'a“ — a3 «.. —Qyp
—ay ;M—aiz cee —Qop

AE — A — JR (18)
~=0pn1 ~—0n2 ... —dpp

1) Ecm Kakoit-tu60 HenpHBOAMMHI MHOTOWIEH @ (A) BXONHT MHORHTeNeM B OJHK
EHBADHAHTHHE MEOTOWIEHH ¥ He BXOJHT B APYrHe, TO B OTH IOCICAHHE MHOTOWICHE!
MH BOHCHBaeM Qg (A) ¢ HyJeBEIM fIOKa3saTeleM.
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XapakTepucTudecKas MaTpuia ABIAETCA A-MaTpuieil panra n. Ee umpa-
PHaHTHEE MHOTOYJICHH

() =-2n M y= BB )=

Dy (M)
Dpy(d) ° Dn2(d)°

Doy (DoM=1) (19)
HA3HBAIOTCA UHBAPDUAHMHBIMU MHO2OUAEHAMU Mampuyst A, a COOTBETCTBYIO-
m@e B3JeMeHTapHEE JeAUTeNH B moide K —asemenmapHsimy OeAumessmu
6 noae K mampuyw A. IlepBuii maBapmaHTHHN MHOTOYIeH i) (A) coBmamaer
¢ MUHHUMAJBHHM MHOTOUWIeHOM 1 (A) Marpmmel A41'). 3HaHme WHBAPMAHTHHIX
MHOTOYJIEHOB (@ CJef0oBATeIbHO, M JJEMEHTAPHHX JeJuTejiel) Marpmuu A
MO3BOJISACT HCCJHEROBATH ee CTPYRTYpy. llosroMy mnpefcTaBIsiioT WHTEpecC
NIPaKTHYeCKHe CIOCOOH BHYWCICHNA WHBAPUAHTHHIX MHOTOWICHOB MATPHIIEL.
Camu dopmyan (19) maror amropmTM. [ BHYHCIEHHA OTUX MHOTOUYJIEHOB,
HO 9TOT AJTOPUTM IPH GOJBHIIMX A O0YeHB T'POMOBIOK.

Teopema 3 paer apyroit cmocof. BHYUCIEHUS HHBAPHANTHHX MHOTOGJE-
HOB, OCHOBAaHHHI HA INPHUBEJEHHH XapaKTepucTHYecKoX Marpupu (18) mpxm
IOMOIY BJIEMEHTADHHX oIepanmuii K KAHOHUYECKOMY [IMATOHAJLHOMY BHIY.

s

IIpamenp.
"3 1 00 A—-3 —1 0 0
—4 —1 00 4241 0 0
A: —_— ==
6 1 21|’ M—4 —6 —1A—2 —1
—14 —5 —1 0 14 5 1 A

B xapaxtepmcTudeckoi mMarpmue AE — A npubaBuM K WeTBePTOH CTPOKE TPETHIO,
Ipe ABaPUTENHHO NOMHOKEHHYIO HA A:

A—3  —1 0 0
4 A1 0 0
—8 —1 A—2 —1
14—6) 5—A A2—20 11 0

Teneps, NprOaBiAA K OepBEIM TpeM cTOJ0NaM HeTBEPTHI, IpejBaPATENBHO NOMHOMKEH-

HHil cOOTBeTCTBeHno Ha —6, —1, A—2, moayunm:
A—3 —1 0 0
4 A1 0 0
0 0 0 -1l

14—6A 5—A A2—2)--1 0

K nmepsomy croaluy umpmGapisiem BTOpPOH, IOMHOKeHHEHR Ha A—3:

0 -1 0 0
A2—2h41 A1 0 0
0 0 0 —1"

—A2424—1 5—A A2—2441 O

IIpmGaBmM Ko BTOpOH ¥ YeTBepTOH CTPOKAM NEPBYIO, IOMHOMKEHHYK COOTBETCTBEHHO
Ha A1 m 5—); Haiifem: ‘

0 —1 0 0
A2—20+1 0O 0 0
0 0 0 -1

—A2424—1 0 A2—2A4+1 O

1) Cu, dopmyay (49) ma crp. 99; Tam A (R) = D, (A).
. - 10*
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Ilpn6aBEM K 9eTBEPTOH CTPOKE BTOPYIO, 3aTeM YMHOMKEM IEpPBYI0 M TDETHI0 CTPOKHE
ma —1. Ilocie 1mepecTaHOBKE CTPOK M CTOIGLOB TOJXYyYdM:

1.0 0 0
01 0 0
00 =12 0O
00 0 (A—1)2

Marpnua 4 wmeer fpa sMeMeRTapHEX feinutensd: (A—1)2 m (A—1)2,

§ 4. OxBHBaIEHTHOCTH JMHEHHBIX JBYYIEHOB

B mpemmimymux maparpadax MH = paccMaTpHBAIH  UPAMOYTOJLHBIE
A-maTpunsi. B 9Tom ke maparpade MH pAcCMOTPEM fABE€ KBajXpaTHHE
Z-marpumer A (A) m B (M) n-ro HOpPARKa, Y KOTODHX BCE DIEMEHTH HMEIOT
cTemeHb He BHIIE eJWHANB OTHOCHTEALHO A. OTH MHOTOWIEHHHE MATPUIIE
MOryT OHTH HIpefCTABJCHH B BHIE MATPHYHHX ABYUICHOB:

A0\ =A4A+A4,, B(O)=B+B,.

Mu GymeM mpepmosiaraTh, 4TO STH JABYWIEHH MMEIOT IIEPBYI0 CTelieHb
¥ peryispEH, T. e. 910 |Ay|5£0, | By|5=0 (cm. crp. 87).

Crenywomas reopeMa YCTAHABIMNBAET KPHUTEPUN SKBUBAJICHTHOCTH TAKHUX
JIBY9JIEHORB:

Teopema 6. Ecau dsa peeyasaprorr deyurena nepeoti cmenenu Agh -+ Ay
u Boh-+ B, skeusasenmubl, mo smu JdeydaeHsl cmpPo20 dKEUBAACHMHLL, M. €.
¢ moscdecmee

Boh-+By=P () (Aoh+41) Q (1) (20)

moxcro P(A) u Q(A) —mampuysl ¢ NOCMOAHHBLMU U OMAUYHBIMU OM HYALS
onpedesumessmy — 3aMEHUMb  NOCIMOAHHBIMU  HEOCODEHHBLMU  MAIM DURLML
P u Q
Boh+ By =P (Ash+ 44) Q. (21)
HoxrasareascrBo. Tar Kar ompefeanTenb MaTpupH P (L) He zaBu-
cAT OT A u oramueH oT HyuAf), To ob6patHas marpmma M (1) = P-'(A) taxme
6yner MuorounenHoii. llompsysch oroii MaTpmmeit, Me TomgecTBo (20) mepe-
numeM B BHJE

M () (Boh - By) = (Aoh+ 43) Q (A). (22)
Paccmarpusas M (M) m @ (A) Kak MarpHUHEIe MHOTOYNEHH, pasTeLAM
M (A) caesa Ha Aoh+ 44, a Q(A)—cnpasa Ha Byl By:
M (M) = (4dh+A) S () + M, 23)
Q (M) =T (A) (Bok+ By) + @5 (24)

sgecb M m Q—mnocrodHHHe (HE 3aBHCANMME OT A) KBAaJpaTHHE MATPUIH

B B szénec*mo {21) paBHOCHIBHO JBYM MaTPHYEKM DpaBeHcTBaM: By=PA4,Q
u By=PAQ. .

2) DKBEBATEHTHOCTh ABY4NeHOB Agh-+A4; m Boh+B; o3Hawaer Hanmame TOMK-
JectBa (20), B KoTopoM | P (M) |=const==0 m | Q (M) | =const=£0. Ograko mocresume cooT-
HOIGHMA B HIHHOM CIydae BHTERAOT M3 CaMoro To;mectBa (20). JleficTBuTexanHoO,
ONpeNeNATeNN POryIAPHHX ‘JBYWIOHOR IePBOHl CTEIeHM AMOIOT cTemeHp n: | Agh+-4; |=
=|Ag| A" ..., | BoA4-By|==| Bo| A" +...; | Ag|#0, | By|0. Ilosromy m3 | Byh}
4By |=|P (M| [4oh--4]]Q ()| crenyer:

| P (M) |=const. 5 0, |Q (A)|==const = 0,
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n-ro nopazgxa. Ilomydennne supasenns pus M (A) u Q (M) mocrasum B (22).
Ilocae meGonpmux IpeoGpasoBaHMil IIOJIYUHM:

(Aoh 4 A) [T (A) — S (M1 (Boh + By) = M (Boh -+ By) — (Aoh + 41) Q. (29)
Pasnocrs, croAmias B KBafpaTHHX CKOOKAX, JO/KHA TOKIECTBEHHO PABHATHCH
HYJI0, TAK KaK B LPOTHBHOM CJydYae IIpOM3BE[€HUE, CTOAMEe B JIeBOH FacTm
paBencrBa (25), mMmeno OH cremens >>2, B TO BpeMA KaK B IIPaBOi 4acTH
DTOTO Ke PABEHCTBA CTOAT MHOTOYJEH HE BEIIe mepsoit cremenu. lloatomy

SR =T(); (26)
HO TOTAa U3 (25) momyamm:
M (Boh+ By) = (Aoh + 41) Q. (27)

[Moxasxem Temepsb, uro M — HeocoGenmasa Mmarpuna. [lns storo paspemum
P ()) cnesa ma Byh - By:

P(\)=(BA+ By U (L)-+ P. (28)
Mz (22), (23) r (28) cuemyer:
E=M ()P ()= M (M) (Bh+B)U )+ M () P=
= (Aoh+ A1) Q () U (M) + (Ah+ A1) S () P+ MP =
= (Aoh+ 40 [Q (WU () + S (A) P]-+ MP. (29)
Tax Kar HocaegHAA YacTh 3TOH LEMOYKH PABEHCTB JOJKHA HMETh HYJIEeBYIO

CTeIleHb OTHOCUTEJIBHO A (IOCKOABKY OHAa paBHA F), TO BHpa)KeHUE® B KBaj-
PATHHX CKOGKAX JOJBKHO TOXRIAECTBEHHO paBHATHCA Hyaw. Ho Torma ma (29)

MP=E. (30)

Orcopa cmeagyer: | M |0 n M1=P,
Ymuoxaa obe "gactu pasencrBa (27) ciesa Ha P, momyumm:

Boh+ By =P (Ash+- By) Q.

HeocoGernocrs Matpuns P caepyer ua (30). Ho meocoGennocts marpun P
u Q caegyer m u3 camoro Togectsa (21), Tak KaK W3 ITOrO TOMIECTBA
BHITEKAET PABEHCTBO

By=PA,Q
H TIOTOMY
: | P[40} Q|=|Bo| 0.
Teopema moxasaHa.
IIpumewanne. W3 jorazarenncTRa ciexyer [cm. (24) m (28)], uro
B KadecTBe HOCTOSHHHX Marpun P m (), KOTODHME MEI 3aMEHAEM A~MAaTPHIH

P (i) m Q(A) B Toxpecre (20), MOKHO B3ATH COOTBETCTBEHHO JOBHN W Iipa-
BHI octaTku oT fexenms P (A) u Q (L) ma Bygh-+ Bi.

§ 5. Kpurepmii momoGua marpm

Hycrs mama marpuna A =||ay||{ ¢ wucaoBEMm snemenrtamn us noias K.
Ee xaparTepmcrmueckas Mmarpuna AE — A aABiAercs A-MaTpuileit panra n
U TOTOMY UMeeT n HEEAPHAHTHEX MHOroujeHoB (cM. § 3)

(), iz (M), ..., in(3).

Caenyomas TeopeMa NOKa3HBaeT, YTO 3TH MHBAPHAHTHEE MHOTOYJICHEH
OIPeeqA0T UCXOZHYI0 MATPURY A ¢ TOYHOCTHIO 10 HpeobpasoBaHus HofFoOMs.
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Teopema 7. Jas moeo umobs dse mampuyer A=|aw|l} 1 B=| by
6vrau nodobuer (B=T"*AT), neobxodumo u docmamouno, 4mobbl OHL UMeAL
O0HU U me Jice UHEA PUAHMHBlE MHOLOUAEHB, WAL, HMO MO dce, 00HU U Mme e
oaemenmapnusie deaumean ¢ nose K.

Jlokaszarexbcrso. Ycaosue HeoGxogmmo. Jleficturensno,
ecanm marpunisi A m B nogoGHB, TO CYIECTBYeT Takas HeocoOeHHAsS Mat-
puna I, 110

B =T7AT,
Orcrona
AE—B=T7YAE—A)T.

JTo pAaBeHCTBO IIOKAZKIBAET, 4YTO0 XapAKTePUCTHUeCKHe Marpumu AE.— A
n AE —B »’KBUBaJeHTHH ¥ NHOTOMY HMEIOT OJHHM M Te ;K€ HNHBAPHAHTHHE
MHOTOYJIEHH.

Venosue pmocraroumo. Ilyers xapakTepACTHYECKHEe MaTPHILHL
AE—A n AE — B uMeoT OFHH ¥ Te jKe HHBAPHAHTHEE MHOTOWIeHH. Torma
BTH A-MaTpHMIH BKBUBaNEeHTHH (cM. ciexcrsue 1 m3 Teopemu 3), u, cieno-
BaTeJbHO, CYMeECTBYT JiBe MHOrouwienHme marpuust P (A) m Q (M) Taxme, uTo

AE —B =P (A) (hE — A) Q (A). (31)

Hpumersiss K MaTPHYHEIM I{ByqneHéM AME—A u AE—B meopemy 6,
MH MOReM B Tokmecte (31) samenurh A-Marpmum P (A) m Q(A) mocroam-
BrMa Marpunama P u Q:

AE—B=P (LE—A4)Q, (32)

npuuem B Kagecrse P m @ MOKHO B3ATH (CM. IpHMedaHme Ha crp. 124)
COOTBETCTBEHHO JIEBHA M npaBulil ocTaTky ot gexesud P (A) u Q.(A) Ha AE — B,
T. e. Ha oCHOoBaHUM 0600menHo# Teopems Besy Mo:xHO HomosmTSY):

P=P(B), Q=0Q(B). (33)

Hpnpasrupasg B o0emx wacTax paBeHcTBa (32) KooduumenTH HpH HyIeBOi
‘M IpH TEePBOH CTEmEHAX A, TMOIyIHM:

B=PAQ, E=PQ,

B=T714T,
rae
I'=Q=P71
Teopema fokasaHa.

3ameuanue, lloyrHo HaMu YCTAHOBIEHO CIEXYIONIEE IIPeIO}KeHHUE,
KOTOpoe MEL cOPMYyINPyeM Kak

Ho6asanermue k teopeme 7. Ecau A=||awl|y m B=| bl — dee
nodoGuule mam puybl

B=TAT, (34)
mo ¢ Kauecmee npeod pasyiowell mampuyst T MoxHO 63amv mampuyy
T=Q(B)=[P (B)], , (35)

1) HamomMunaeM, 49TO P (B)—aneBoe sHauenme MHOrOodaeHa P (A), a - Q (B)—upagoe
sHageHme Muorouaena Q(A) mocume samensl A Ha B (c. crp. 90--92).





