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20e P (A) m Q (M) — mHoeousennbie mampuytt 6 moxcoecmee
AE—B=P(\)(ME—A4)Q(N),

censviealouleM IKBUSAAENMHNE —~Xapakmepucmuueckue mampuyst AE —A
u ME —B; & gopmyae (35) Q(B) obosnauaem npagoe 3naueHue MampuLHo20

wmrozouaena Q (L), a P (B)—aesoe snauenue mampuunozo muozousena P (A)
npu sameHe apeymenma A mampuyéti B.

§ 6. Hopmaasubie ¢opMpl MATPHIBI

1. IlycTh paH HEKOTODHI MHOrOWIeH ¢ Koapgummenramm mus moaa K
g (}») =A™ -} al}\:ﬂ:‘]‘ + oo+ am_1}\. + Uy

PaccMorpuM KBajpaTHyI0 MaTpHULy m-I0 TIOPALKA

0 0...0 —an
1 O P 0 — Oy

I — F) 1. .. 0 — Op—2 . (36)
0 0...1 —aq

Herpynmo mposepurs, uro MHOTOUIEH g (A) ABIAETCA XapaKTepHCTHUe-
CKIM MHOTOYJIEHOM MaTpuis L:

0 0...0 an
—1 A O . .0 apy
|AE—L|= —1 A...0 oy, (=8O
0 0 0...—1 a,4A

C mpyro#i cTOpOHH, MUHOD BSIEMEHTA O, B xapaRTepnc'mqecROM onpe-
nenurene pagea 4 1. Hoaromy Dy (M) =11 i (M) = D’"i( ) =Dy (M) =g (}),
b(M)=...=ip(M)=1. '

TaKHM 06p330M, maTpuila L mMeeT eJUHCTBEHHHH OTAHYHHN OT ©JUEMI{H
HHBAPUAHTHHIE MHOTOWIeH, PaBHHE g (). :

Marpuny L Mul 6ymeM HaswBath conposoxcdarujel Ma'rpnuen OIS MHOTO-
qnena g (A).

Hycrs pama matpena A = | @ | ¢ MHBAPHAHTHHME MHOTOWIEHAME

LAy B2 (N, oeey i), it W) =1, ..., in (M) =1. (37)

3mecs Bce MHOTOYNEHH iy (A), is(A), ..., {¢(A) UMEIOT CTeIeHb BHIIE HyJe-
BOif, mpUYeM KKK W3 DTHX MHOTOTICHOB, HAYWHAS CO BTOPOIrO, SABIAETCA
peauregeM upenngymerc. ConpoBOMKAAOIUe MaTPHIE AJNA 3THX MHOTOYe-

HOB ofosHaumM wepes L,, Lo, ..., L.
Torga KBasuAmaroHadbHAsg MaTPHIA 7-TO HOPAJKA
Ly={Ly, Ly, ..., L} (38)

uMeeT CBOMME WHBAPUAHTHHIMA MHOTOWIeHaMHM MHOTo4leHH (37) (cM. Teo-
pemy 4 mHa crp. 145). Tockoapky Marpuumsl A m L; uMeior OfHE U Te 3Ke
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UHBapHAHTHEE MHOTOUIEHH, OHHM HOJOOHH, T. €. CYMeCTBYeT BCErjia TaKas
meocobennas marpana U (|U |5 0), aro

A=ULU. (I

Marpuna L; HaswBaeTcs nepeoll ecmecmeeHHOl HOPMAALHOE ¢HopMOE Oas
Marpums A. dta HopmampHasg ¢opMma xaparrepuayercsa: 1) ksasmpmaroHanb-
HEM BEgoM (38), 2) cmenuambHOH CTPYKTYpPOill [MAarOHAABHHX KIeToK (36)
¥ 3) MOHOJIHATEJBHEM YCJAOBHEM: B DANY XapaKTepPHCTHYECKUX MHOTOTIEHOB
OWATOHANBHEX KIETOK Ka/KIHN MHOTOYNEH, HAYAHAS CO BTOPOTO, ABIAETCH
JfequTeneM TMPeRHymero?l).

2. O6o3naunuM Temepp uepes

XAy x2(A)y --vs Yu(A) (39)

DIeMEHTAPHEE Reaureinm MaTpuui A =Ha,—k]lf B umcaoBoM moie K. Coorer-
CTRYIOIIHE COUPOBOKIAIOMINE MATPHUIH O003HAYHAM wuepes

L(l), L(z)’ ey L(u).
Hocrombky y; (A) — e[UHCTBEHHHLT dlleMEHTAPHEIA /IeIUTeNh MATPUIIBL LY
(G=1,2,...,u)%, To corizacEHO TeopeMe 5 ' KBa3WAUMATOHAJIbLHASA MATPUIZ
Ly={LY, L®, .., L%} (40)

MMeeT CBOMMM DIIGMEHTADHEIME JIETUTeNAME MHOrouxenH (39).

Marpunst ‘A m L;; #MeT ONEM W Te jKe OJJIeMeHTADHEIE eTuTeNR
B noxe K. Ilostomy srum Marpumsl momo6HE, T. €. CYIMECTBYeT BCerja TaKasd
HeocoGennaa marpuna V (|V |=£0), uro

A=VL3;V, (1)

Marpunia L,; HiasuiBaetca emopoil. ecmecmeennol HOpPMaAsbHOU ghopmolt
onsz matpen A. Jrta HopMmaabHas (opma xapartepmayercsa: 1) kBasmmma-
roraxbEEM BugoM (40), 2) coenmanpHOH CTPYKTYpOH ZMATOHANBHHX KJIETOK
(36) m 3) KONONHMTENBHEIM YCIOBHEM: XapaKTePHCTHYCCKHE MHOTOYJIEH
KayK[0if AWarOHaJABHON KJOTKE HpefcTaBaser coboil CTemeHb HEOPUBOZMMOTO:
B moae K MHOTOUIeHA.

3amevanue. JaeMeHTAPHHE JEeIUTEIN MaTPHAILL A B OTINYNE OT MHBA-
PUAHTHHIX MHOTOUICHOB CyINECTBeHHO CBABAHH ¢ JAHHHM 9HCIOBHM mojeM K.
Ecam Mm BMecTo HCXOmHOTO YuciaoBoro uois K Bo3bMeM Apyroe 4HCIOBOE
noje (KOTOPOMY TaK:Ke NPMHAJIEKAT DIEMEHTH JAHHOH MaTpumsl A), To aie-
MeHTapHHEe [eJNTeNM MOTYT H3MEHUTHCA. BMecre ¢ 3iIeMeHTapHHMH JeJIH-
TeXAMH M3MEHHWTCS W BTODPAfd €CTECTBEHHAss HOpPMAJbHAd (opMa MaTpHIHL,

Tak, Banpumep, mycTh fAasa Marpuma A=| a; |y ¢ BemecTBeHHEIME
sMeMeHTaMU. XAapPAKTePHCTUIECKUN MHOrOWIEH 3TOH MATpUnsl 0yger HMeTh
BemecTBeHHNe Ko3ddunmenTs. B 1o jxe BpeMs 9TOT MHOT0YJeH MOKET HMETh
KoMIneKCcHHe KopHH. Ecam K —moje BeuwleCTBEHHHX YHCEN, TO CPejy dJe-
MeHTApHHX AeanTexeii Moryr OHTH I CTeHeHH HONPHBORMMEIX KBaJDATHBIX

1y W3 yenosmit 1), 2), 3) aBTOMATHYECKH CIEAYET, ITO XaPaKTePHCTHIeCKHe MHOTO-
YIeHH DMATOHAIBHBIX KJIETOK B Ly ABIAIOTCA MHBADHAHTHHIMI MHOIOWIeHaMH MATDUIILE
L; m, crejgoBarellbHo, Marpaun A.

2} %; (A)—enuHCTREHHEl MABAPHAHTHEI MHOFOYIeH MATPHIH L9 7 B 0 me BpeMsS
+; (A) ecTh cTelleHL HeDPHBOTMMOro B mole K MHOTOWIeHd.
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TpexuJeHOB ¢ BemecTBemHEMH Kospduuuenramm. Ecam K —mome EKom-
IICKCHHX YHCeJ, TO Kayk[hli 2JeMeHTapHHH HeanTelab uMeeT BUL (A — Ag)P.

3. Jlouycram Temepp, 9T0 wHcIOBOe moie K COJEPMHT HE TOIBKO diIe~
MeHTH Marpuisl A, HO ¥ Bce XapaKTepHCTHIeCKHe YHClIA 9TOH Marpmim!).
Torga smeMeHTapHHe jeamtend Marpunmu A nMeor Bup ?)

A=) A=) ., A—2)™* (Dt pu=n). (41)

PaccmorpuM OguH M3 TAKUX DIeMEHTapHHX AeTHTenreil

(A —2o)?
K TOCTaBUM €MY B COOTBETCTBHE CJEAYHIMYI0 MaTpully IIOPAAKA p:
bo 1 0...0
0 2% 1...0
....... o |l == KOE(p)_‘_H(p)‘ (42)
000...1
0 0 0...%

Herpyaso mpoBepuTh, 9TO 9Ta MaTpUNa HMeeT TOJIBKO OAWH 3JIeMEeHTap-
HHiE menmrend (A—Ao)P. Marpuny (42) Me1 6yjgeM HA3EBATHL 2c0pOar060l
KaemEoii, COOTBETCTBYIOmEN DIEeMOHTAPHOMY HeJuTeNo (A — Ag)P.

FHopIaHOBH KJIETKH, COOTBETCTBYIIIWE dJIEeMEHTApHBIM pmexurensaM (41),
ofozEaTuM gepes

Jh J21 LS ] Ju'

Torpa KBasumgnaroHaibHAs MATPHIA

J= 4T Jor ooy T}

MMeeT CBOMMHU DIICMEHTAPHBIMHE Jexurerxamu cremenu (41).
Marpuny J MO¥HO eme 3ammCcaTh Tak:-

J={MEy+ Hy, NhEs+Hy, ..., ME,+H,},
rae

Ek=E(p")-, , Hk_——-“H(pk')

(k=1,2,...,u).

Iockonsky Marpuust A u J VMEOT OfHM M Te jKe BIEMEHTapHHE JelIH-
Telw, OBYM HONOOHH Mexpgy co0oif, T. e. CyNIeCTBYeT TaKasd HEOCOGeHHAs
marpuna I' (|7 |==0), uro

A=TIT =T {ME,+H;, ME,+H,, ..., ME,+H,} T, (111}
Marpuna J masmBaercs mcoplanosoli HOPMALbHOU Gopmol WM TIPOCTO

acopdanoeoli gopmoti marpunu A. Hoppasosa dopMa XapaKTepuayercs KBasm-
JAMATOHANLHEIM BHIOM K CHENUAJBHON CTPYKTYpoil (42) AMArOHAIbHEX KIETOK.

1) 9To Beerja HMeeT MecTO I N000H Marpmust A, ecnu K—Ioge KOMIJIEKCHEIX
ynce,
2) Cpepu umces Ay, Ag, ..., Ay MOTYT OHTH X paBHHE MexAY c00Oif.
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Ha mwxecregymomeil cxeme BHNECAaHA JKOpAaHoBa Marpuia J mpm sie-
MEBTAPHHX feduredasax (A —A)%, (A—A)3, A—Rs, (A—A %

A 110 0 00 0 0
0 4,j0 00000
0 0idg 1 040 0 0
0 010 210 0 0

T=lo 010 0 2,00 0 0] (43)
0 00 0 0(]0 0
0000001t
0000000 &

Ecnn Bce anemeHnrapasie [fexuTend MarTpmu - A -—mepBoit. crenenm
(1 TONBKO B ITOM Clydae), 3KOpOAHOBA (OpMa ABIAETCH [HATOHANBHOH MaT-
puneii, U B 9TOM CJIy4ae MHEl HMeeM:

A=T{hy by ooy A} T (44)

Tawkum obpasom, mampuya A umeem npocmyro empyrmypy (cm. ra. II,
§ 8) 6 mom u moavko ¢ mom cayuae, K020 ice ee sAeMEHMAPHEIE Oeauments
umerm nepeyio cmenexdvl).

Wuorpga BMecTo ;x0pgaHOBOI KIETKH (42) PACCMATPUBAIOT «HUNCHIOWN HCOD-
danosy kaemry p-TO IOPATKA

o 0. ..0 O
1.%...0 0
0. . .
.. =7\.0E(p)+F(p).
. '7»00
0....0 -1 &

Jdra Marpuuma TaK)Ke MMeeT TONBKO OfYIH dJIeMEeHTApHHE [eaurensb (A — o)P.
daemenrapuuyM fenurenaM (41) €ooTBETCTBYeT «HuMHARY scoplarcsa mam-

puya?)
v ](1)_:{7\’1E1+F17 )"2E2+F21 ey }"uEu_l"Fu}
‘(Esz(pk), Fk:‘F(ph); kzi, 2, . ey u).

IIpoussonsnas Marpuna A, uMemmas sdeMeRTaprble feaurenn (41), scerga
mogo6ra marpune J,, T. €. CYIecTByeT Takad HeEOCOOEHHAS MaTpuUOa
Ti([Til#O)v qTo

A = Tiju)T;l B T1 {7\,1E1+F1, }szz—l‘Fz, v ooy A’nEn +Fn} T;l. (IV)
3aMeTuM eille, 9TO0 €CaH Ag~ 0, TO KaMKgag H3 MATPHII

ho (E(p) + H(p)), Ao (E(P) +F(p))

1) YacTo BMeCTO «3ieMeHTapHHE JelIUTeNH IEpBOil CTelNeHW® IrOBOPAT «IMHeWHHEe
9lleMeHTApHSlEe NeNUTeJA» HMJIM «UPOCTHE 3jeMeHTapHEe NeJHTejIdy.
wi %) B oTamuge oT Hinkuel ;ﬂopgaﬁonoﬁ MaTpHOH J(, MaTpuily J BHOTJA HAa3H-
BAIOT eeprHeil orcopdanoeoli mampuyel,
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¥IMeeT TOMBKO OXMH DIeMEHTADHHI meaurent: (A— Ag)?. Ilosromy nag Heoco-
6ennoi Mmarpmum A, mMeomeil asieMenTapHsEe pmemurenu (41), mapamy
¢ (III) u (IV) uMeoT MeCTO IpemCTABIECHUS

A:Tz{y\'i (E1+Hi)a 7“2(E2+H2)’ LR 7‘u (Eu+Hu)} Tgl’ (V)
A=Ty{dy (Ex+F), My(Ea+Fa), ... oy (But+-Fu)} T3 (V)

§ 7. duemenrtapusie geamtean Marpunsl [ (A)

1. B nacroamem naparpade paccMOTPHM CIeIYIOMYIO 3ajady:
Hanw aaemenmapusie deaumenss (8 noie KOMRAEKCHWE HUCEL) MAM PULBL

A=llay|; u dana Pyukyus [ (L), onpedeacunas na cnekmpe mampuyb A.
Tpebyemes onpedeaums saemenmapwuble Oeaumean (6 NOAE KOMHACKCHBL
wucea) mampuysl f(A4).

O6ozrauuM uepes

A=), (h—A)'% oL, (h—Dy)™

snemMenTapabe geawrenu wmarpunsl A 1). Torga marpuma A mojo0H8 KOpAa-
HOBOIl Marpuue J

A=TJT?
u, cregoBarenbro (cM. 2° Ha crp. 106),
A =T{()T.
IIpu srom
J={J0, T oo Ty Ti=AET L H®Y (i=1,2, ..., w),

a
f(J):{f(Ji)7f(J2)’ --wf(‘,u)}’ (45)
rge (cm. mpumep 2 Ha crp. 106)
£.(h) 1270 ()
f(}"z) .“ L (p;— 1)
0 f0q) -
fI) = - CT : (=1, ...,un). (46)
: e
. 11
0 0 ... f ()

Tlocronpky mogoGHEeE Mmarpunsl f(4) u f(J) nMeloT ofHE M Te Ke aje-
MeHTapHLe [eAuTeNH, TO B JajibHelinieM BMecTo Marpuum f(A) mur Gygem
pacemarpusars marpuny f(J).

2. Oupegennm cHagana gedert d marpunu f(A) mum, 910 TO ’Ke, MarT-
puns f(J)?). Hdeperr KpasmpnaroHAJbHOH MaTpPHIE paBeH cyMmMe HepeKToB
OTHETbHHX AUATOHAIBHHX KIeToK, a medext marpunsl f(J;) [cM. (46)] pasen

1y Cpean amcen Ay A9y ..., Ay MOTyT OHITH W paBHHE MeXAY coGoi.
2y d=n-—r, TRe r—panr marpuuu | (4).



156 OSKBUBAJEHTHBIE IIPEOBPA3OBAHUA MHOUOYNEHHBIX MATPUI [TJI. VI

HauMeHbIleMy W3 4uceX k; W p;, rfe k;— KpaTHOCTh A; Kak KopuA f(A)1l),
THOCKONBKY

FO)=F M)=...=fT 0)=0, P )£0 (=12, ...,0). (46)

Ms1 npuman ® Teopeme:
Teopema 8. Hegerm mampuyer f(A), ede mampuya A umeem snemen-
mapHeie Geaumenn

=M™ A=) ..., (A—20)®, (47)
onpedeasemces opmyaoi
u
d= ‘21 min (k;, p;); (48)
=
adecv k;—xkpammnocmv A; kar kopua f(A) (i=1,2, ..., u).

B rauecrsBe npmiIoKeHWS [OKA3aHHOM TEOPEMHl OMpEeN UM BCe DIIEMEH-
TapDHEE JeJHuTe]N NPOM3BOMBHON Marpuusi A =| a;|{, coorsercrsynomue .
XapaKTePHCTUIECKOMY HHCIY Mgl
A—RAg vooy A—Ags (A—Ro)% ooy (A—A)% ot (A—AQ™, ...y (A—2Rp)™,

&1 82 gm
rae g:20 (i=1,2,...,m—1), gn>0, B cayuae, rorga pamusl gedexTst
dyy doy ..., dp

MaTpHIL
A—ME, (A=ME):?, ..., (A—AE)™.
Jlas sroro samermm, uto (A — AE)’ =f,; (4), rae fj MN=A— kq)j (7=1,
2, ..., m). Iloarémy pmas ompenenenns pedexra Marpunu (A — AE)’ caemyer
B dopMyne (48) momomTs k;=] ANA DIEMEHTAPHWX JeluTeseil, COOTBET-
CTBYIOINX XapPaKTEePHCTHUECKOMY UHCHAY Ay, ¥ k; =0 BO Becex papyrux ciaa-
raemux (j=1, 2, ..., m). Takum oGpasom, momyaum GOpMYIEl
g1+ 8ot &+ ...+ gn=4dy, }
g1+28:+28+ ... + 2gn=14d,,
g1+28+ 38+ .. + gm=ds, i (49)
g1+2g2+3g3+ e + mgm = dn. J
Orciopa ?)
gj=2dj—dj..1——dj+1 (]=1, 2, ey MG d0=0, dm+1—_—dm). (50)’
3. BepreMmcst k ocHOBHOMY BOIpocy 00 oupefie/ieHHH BJeMEHTAPHBIX [elH-
Teqaeir marpuns f(4). Hax yske oTmeuanoch BHmIe, 9iieMeHTapHHE JEIHTEINR

j (A) coBmagmaioT ¢ aneMeHTADHEIME HenmTeasmu f(J), a siIeMeHTapHHe Xelu-
TeJIH KBa3MHAarOHAILHON MATPHIE COCTABIAIOTCA M3 BIEMEHTAPHEIX [JEIHTE-

1) B ofmem cirygae, Korjia f (A)—He MHEOTOWIEH, IIOf] KPATHOCTHIO KODHSA A; yHK-
num f(A) DOHAMAOT HeJoe 4HCIO k;, ONpefeNseMoe H3 YCNOBEH (46). k; MorkeT W paB-
HATHCA HYNIO; B 3TOM chayuae f (A;) == 0.

?) Bcnim sajam pap amcex dy, dy, ds..., rge dj—pmederr crememm (A—AyE)F
(i=1,2,3...), T0o wmcn0 m—HAanbONLIMHUE 73 IOKA3aTejell creneHed sJeMeHTaPHHIX
Aexurenefl safa (A—Ahg)’—ompenenserca Kak HHIEKC, IPH KOTOPOM dpyy < dpy=dpm4q.
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Jeil JuaroHANBHEIX RJETOK (cM. Teopemy 9). IloatoMy Bompoc cBommTea
K DasHCHKAHAIO dJeMeHTapHHX meiaureneii Marpunst C, uMeomeNl TPaBUIBHYIO
TPEeyTONbHYI (GopMy:

QG a4 . . . Q4py
ot 0 a, .
c=Sam=| G
k=0 . . . a,
0 0 ... a

PaccMorpuM orgenbHO ABa Ciydas:
1° a, == 0. XaparTepucrruecknit MEOTowIer Marpunsl C, 09eBAAHO, paBeH
1

Dy (M) = (h—ay)".
Torma, mocKonbKYy Dp‘ (A) meamurca ma Dy, (A) Ges ocrarka, TO
Dyy (M) = (A —ao)? (8< p).

3mech wepes D,y (A) MH oGosHaumaum HauGoMbUil OGmMUE XeIWTEND
MEHOPOB (p—.1)-To mopsAaKa XapaKTePHCTHYECKOH MATPHIIEL

7\.—(10- — Q. + . . —ap-a
0 A—oy
ME—C=| - '
. —ay
+ »
0 0 « .. 7\,—-&0

Jlerko BHJeTb, 9TO MMHOD HYJIEBOTO 3JIEMEHTa, OTMEYEHHOI'O BHAYKOM
«-+», paser (—a,)’! m, caegoBaTeabHO, B HAMNEM CJIyYae OTIMYEH OT HYJIA.
Iosromy smecs g=0. Ho rorga ms

Dy(M)=(MA—ap)?, Dpy(A)=1
cuexyer, uro MaTpuna C mMeeT TOJIBKO OFVH dJIEMEHTADHEI AeauTers (A — ay)P.
2°ay=...=ap4=0, ay5%0. B arom cayuae
C=akE+aH" + ... +ap H™' (H=H"P).
IloaTomy mpu m0GOM IeJIOM IIOJOKUTENBHOM j fAe(eKT MaTpHIH
(C—aoE) = afH" ...
OIIPEJIEIUTCH PABEHCTBOM
kj mpm kj<p,
dj=

p upum kj>p.
TToaoxmunm

p=gk+h (O<h<k). (52)
Torpal)

dy=k, dy=2k, ..., dg=qk, dgs = p. (53)

1) B pjanmoM caywae wmcio ¢+-1' mrpaer poms uwmena m B fopmymax (49) m (50)
{cM. cHOCKY 2) K eTp. 156).
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IlosToMy cormacro dopmymam (90) mmeem:

g1:...:gq_1=O, gq:k‘—]l, gq+i=h~
Taxnm oGpasoM, maTtpuma C ¥MeeT HieMeHTapHHE [eJUTeNn
(A—ap)®™, ..., A—ap)®, (A—ag)?, ..., (A—ap)?, (54)
h k—nh

ne neame wmeaa ¢ >0 u A> 0 onpepensores us (52).
4, Temeph MH y3Ke MMeeM BO3MOKHOCTH BHISICHHTD, KAKHE 3IIEMEHTAapHHE
memarenu uveer Marpuna f(J) [cMm. ¢opmyam (45) m (46)]. Rampomy oame-
MEHTAPHOMY AEIMTEN0 MarTpumnl A

(A —2o)"

orsedaer B Marpune f(J) puaroHaJbpHAA KJIeTKa

F’ (M) FPL (ho)
f(’»o) “0 L (p——l)?
.ot 0 F (o)
FE+m =3 L0 g _p - (55)
~0 : : )
: : ool
o 0 f (ho)

OueBnHO, BOODPOC CBOAMTCH K HAXOICHWIO BIEMEHTADHBIX JeJuTene
raetox suga (55). Ho marpmma (55) uMeer HpaBMIbHYIO TPEYTOJABHYIO fop-
My (51), mpuuem gnech

e
a0=1 (), =1 (M), =132, ..
Taxmm o6GpazoM, TpUXOANM K Teopeme:
Teopema 9. uemenmapuve deaumeau mampuyw f(A) noaywaiomes
uz osemenmapHulx Oeaumenels mampuyvt A caedywowum 06pasom: d4eMeH~
mapromy Oeaumenro

(h— Ao)? (56)

mampuysy A npu p=1 uau npu p>1 u f' (h)5=0 omeewaem odun aae-
MeHmapHul OJeaumeans

(A —71 (ho))? (57)

mampuys f(A); npu p>1 f (ho)= ... =1 (), 1P (h) =0 (k< p)
saemenmapromy Oeaumenio (56) mampuyer A coomeemcmesyiom caedyioujue
sqemenmaprie deaumeau mampuyss f(4):

A—f Qo)) ., (AT (ho))‘”} A—=f Q) - (?»—f(%o))"; (58)
h ‘ k—h

20e
p=gk+h, 0<q, O0<K<h<Ek;

naxoney, npu p>1, f (M)=f"(h)=...= FP D (he) =0 saemenmapromy
deaumenro (56) coomeemcmeyiom p saemermapruz desumenels nepeoll cmenexu
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wmampuys f(4)1):

A—f (R -y A—F (ko). (59)
OrMmeTnM caexyrouine 9acTHEE HOJOKEHN, COIEP/KALINECH B 2TOM TeopeMe,
1. Ecau My hyy ..., ho—zapaxmepucmunecrue wucaa mampuyst A, mo

F)y F(A)s ooy f(An) cymo xaparmepucmuueckue wucaa mampuyst f(A)
(raX B mepBOM, TaK W BO BTOPOM PANAX 9HCE]d KAK/0€ XaPaKTePUCTHICCKOE
9HCJI0O TOBTOPAETCA CTOJIBKO a3, KAKOBa €ro KPaTHOCTh Kak KOPHA Xapak-
TEPHCTUIECKOTO ypaBHEHUA) 2).

2. Ecau npouseodnas f'(A) ne pasna mysw Ha cnekmpe mampuywn A 3),
mo npu nepexode om wmampuyw A r wmampuye f(A4) ssemenmapuvie Oerii-
meau He «PACWEnASOMCAY, M. e. ecau mampuya A umeem ssemenmapuiie
deaumeau

A=A A=A, ..., (A—An)Pn,
mo mampuya f(A) umeem asemenmaprvie deaumesu
(A—F Q)™ A—F ()™ ..oy (= ()",

§ 8. O6muii Meron mocrpoenmsa npeoGpasywmieii MaTPHIbE

Bo MHOTMX BOIpPOCAX TeOPHH MATDPHL M HX NPHIOKEHHH JOCTATOYHO 3HATH
TOJbKO HOPMANLHYH $opMy, K KOTOpoil mpuBopmTCcsa gaHHad Marpuauna A=|| ajp || npe-
o0pasoBanmeM mnofgobma. Hopmaibuaa ¢$opMa BIUONHe oNpefeNdeTcs WHBAPHAHTHHIMH
MHOTOUJIeHAMH XapaKTepuCTHYecKOH MaTtpunu AE—A., JiIa HaxoKIeHAA IIOCIeJHHX
MOKHO- BOCHOJB30BATECA OnpefenaomumMu dopMmymsamu [em. (10) ma crp. 143] mam npm-
Be/lCHHEM XADAKTEPUCTHYECKONX MAaTpHunl AK—A Hpum LOMOMmM 3JieMEHTAPHEIX Ipeobpa-
30BaHMU K KaHOHMYECKOW AWaTOHANBHON dopMe.

B meroroprx sxe pompocax Heo0XOIHMO 3HATL He TONGKO HOpManbsHylo dopmy A
RaRHOA MaTpuus A, HO M mpeoGpasylomylo HeocolerHyw MaTpumy 7.

Hemocpencrsennuit cnoco6 ompepenenms Marpuni I ¢OCTOMT B CiefyIOIIeM.
Pasencrso

A=TAT—
IepenuCcHBACTCA TAR:

AT —TA=0,

9TO MATPUUHOe YDAaBHEHME OTHOCHTENbHO 7 DABHOCHALAO cHcTeMe n? JWaeilHKX OHO-
POAHHX YpaBHEHWHl OTHOCHTENBHO n? HeHMsBecTHHX Koaddmnmenros marpmmsr T. Ompe-
Rejende mpeobpasylomeil MaTpANK CBOZATCA K PEMERNI0 5TOR cHCTeMEl u3 n2 ypaBHe-
nmit. [Ipy sToM W3 MAOecTBa pemenn#i HeoOxognMo BHODATL TaKoe pelleHHe, IR
roroporo | T |+ 0. CymecTBoBaHMe TaKOr0 pemeHHA 0o0ecHeTeHO TeM, UTO MATPUIH A
% A AMelOT OJBUM W Te jKe WHBapHAHTHHE MHOTOWISHEH 4),

3aMerHM, UTO B TO BpeMA KaK HOpPManbHag ¢opMa oupemeNseTcA ONHOBHATHO
3ajapueM J[aHHOH Marpunu A4 5), nua mpeobGpasyiomeit Marpmoer T ME Bcerjia uMMeeM
GecuncienHOe MHOMKeCTBO 3HAUCHEH, OXBATHBAEMHX GopMYI0iH

T= UTi, (60)

1) (57) momywaercs m3 (58), ecim momommrs k=1; (59) momxysaerca m3 (58), ecam
nonoKuUTE k=p aubo k > p. .

2) Mpennomenne 1 GHIO HaMU OTAEIBHO YCTaHOBIEHO B Til. V, crp. 106.

3) To ecrs f'(A;) =0 REAT Tex A;, KOTODHE ABJIAKNTCA KPATHHME KODHAMM MHHH-
MaIbHOTO MHOTOYJIEHA.

4) Us aroro daxra caemyer momoGme marpun 4 u A.

5) 910 yTBepmenne 0e30TOBOPOYHO CHPABENJIUBO B OTHOIIGHHE IIEPBOil ecTECTBEH-
HO#l HopMaJibHO# dopusr. Uro jxe KacaeTcA BTOPOH HOPManbHOM GOPME HIM KODPAAHOBOIM

HOpMAanbpHO# (OPMH, TO OHE ONpeNeNANTCA ONHOSHAYHO ¢ TOYHOCTBIO 70 HODALKA
AAaTOHATLHEX KIOTOK.
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rae Ty—-onsa u3 npeobpasylommx MaTpul, a U-—mopomspoJbHAS MATpPHIA, IepecTaHo-
BoyHasi ¢ 41).

Ipennosennnil Biime cmocof omnpemeleHns npeofpasyiomedr Marpznsr I odens
IIPOCT 1O CBOell mjee, KO NPAKTHIECKA MAal0 IPUTQieH, TAK KaK CBA3AH ¢ 0UeHb (Omb-
MMM BHUACIeHEAME (TaK, yme OPH n=—4 OH TpefyeT pemeHHs cECTeMH H3 16 mmmei-
HHIX YPaBHeHUII).

Tiepexonmm k maioxenmo Gonee sdHeRTHBHOrO MeTOJda MOCTPOSHHA Npeobpasylo-
et MaTpuus T. DTOT MeTO[ onmupaercs Ha pobapixenne ® Teopeme 7 (crp. 150). Cormacmo
aromMy fobaBieHdI0 B KadecTBe Ipeobpasylomeil MaTpPHIH MOKHO B3ATH MATPALY

T'=Q(4), (69)
HONb CKOPO )
AE—A=P (A AME—4)Q ().

[Mocinegnee PABEHCTBO BHPAKAeT cO00# BKBUBAICHTHOCTH XAPAKTEPHCTATCCKUX
warpunl, AE—A nm AME—A. 3pecs P(A) u Q(L)—MHOrowieHHEHe MATPHUH ¢ OOCTOAH-
HEMHA OTIWYHBLIMA OT HYJA ONpefeNuTeNsaMH.

J1A KOHKPETHOTO HAXOKIEHHA Marpunsl Q (M) MH OPHBOAMM K KaHOHWYECKOH
Jmaronaneuoit ¢opme Rakayio m3 A-marpun AE—A m AE—A TIpH DOMOIK COOTBET-
CTBYIOINX 9JeMeHTApPHEX npeobpasosanmil 2):

Ain3)y ing () ooy B (N}=PL(}) AE—4) QL (D), (62)
{in A), tn—t (A, +.., it (M}=P3 (A) (AE—4) Q2 (M), (63)

TIe -
QW=TTy ... Tp, QxM=TIT} ... 5y (64)

a Tyy ouey Tpl’ Tf, aees T;z—a.nemeﬂzrapnme MaTpPHUOH, coomerc'rnylomné 3JeMeHTap-
HHM OHepanmaM Haj cronbnamu A-MaTpun AE—A4 n AE—A. U3 (62), (63) m (64) caenyer:
AE—A=P (A (ME—4)Q (M),

rMe
QM=Q M) Qs W=T4T ... T, Tp 'ty ... 1y~ (65)
Marpnny Q (A) BHUMCAfeM, NPUMeEWB DOCIef0BATENRHG K CTOXOIaM eTwHMIHOM
MaTpHuH E 3neMeHTApHHE olepanum ¢ Martpuuamu T4, cees Tpi, T;;‘i, ceey T’;"i.
Ilocxe aroro [cormacuo gopmyne (61)] samersem B Q(A) apryMeHnt A Marpuuei 4.
IIpamenp.
1 0 1
0 1 —11.
—1 —1 1|}

Brenem cumBonmdeckme 0003HAYEHHA NJA JEBHX U IPAaBHX BJeMEHTap-
HEX OIepanuil ¥ COOTBETCTBYIOIUX MaTpui (cM. crp. 136 —137):
S'={()i}, S"={+GM)} S"={y}
I'=[(e)il, T'=[k+@MW)j, T"=Ij).
Yurarenp JerK0 IPOBEPHT, ITO XaPAKTEPACTHIECKAS MATPHIA
‘ A—1 0 —1
AE—A = 0 r—-1 1
1 1 r—1

1) ®opmyay (60) momkao 3amernTs dopMynon
=TV,
rae V—npousBonpHAS MATPUUA, HePecTAHOBOYHAA C 4.

?) 3nech cymecTBeHHO NEmME TO, uTe 06e A-Matpumml AE—A m AE—Z4 npuso-
JATCA K OfHOMY M TOMY ke BHAY.. Mpt m3fpalm KaHOHHYECKWIl AMATOHANBHEIA BAJ,
TIOCKONBKY CYLIeCTBYeT AJTOPHUTM, obecHedmMBaOMuil UpHBeJeHNe K TAKOMY BHLY.
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OPUBOANATCSA K KAHOHNYECKOMY WarOHalbHOMY BHAY

10 0
01 0
0 0 (A—1)

¢ HDOMOIIBIO CIeyIomiix IIOCIE0BATENBHO BHITIOJHCHHBX JJIEMEHTAPHBIX o1e-
panmii:

U+0—D3, 2+, GH0-D1, (D1, 0-2,

H—(2—204+1)2), 2—0—D1, (=12, 13, 3. &

VI3 KAaHOHMYECKOTO AMATOHAIBHOTO BUAa MaTpuui AE — A ycmarpusaew,

ar0 Marpuna A uMeeT TOJBKO OJMH 9jIeMeHTapHmii pmemurens (A—1)3°.
TloaToMy COOTBETCTBYXOILEH KOpAaHOBOE ¢opMmoil Gyzer Marpuna

11 0
J=10 1 1
0 0 1

Herpynmo Bujerh, uTo Xapakrepucrmieckas Marpuna AE —J mpuso-
OATCA K TOMY %€ HKAHOHMYECKOMY RHUATOHAJIBHOMY BUAY € IOMOMIBIO 3jie-
MEHTAPHHX OIlepanuil :

B+0—12, B2+, 2+0=D3L U+a—D2,
{(—=1) 1y {(—=1 2} 1131, {12}. _ ()

Bubpacrpasg u3 (#) m (*%) JIeBEe dIeMeHTAapHEe OHepaIuH, 0603HAYCHHEE
cumBoiom {...}, MB B cooTBeTcTBUE ¢ (opmymamu (64), (65) momyumm

Q) =0, (1) Q5 (W)= |
1+ (h—1) 3] [1—2] [1—(A2—2A+1) 2] [13] [13] [1—(A—1) 2] [2—(A—1) 8] =
4 (h—1) 31— (A2 —A+1)2] [2— (A —1)3].

HpI/IMeHI/IM K eJIHHPI‘IHOﬁ MaTpHIie OoCJeJ0BaTeJbHO 9TH IPaBHE 3Je-
MEHTapHBIE Omepanmuu:

1 0 0 1 00 1 0 0
E=]|0 1 00— 0 1 O|—) —A+i—1 1 0} —
0 0 1 1Aa—1 0 1 A—1 0 1

1 0 0
.Ql —a2A—1 1 0’=Q(x).
A—1 A1 1
Taxum 06pasos, -
0 0 0 0 0 0 1 0 O
Q=] —1 0 0jaz4i1 0 Offa4|j—1 1 O
.0 0 0 1 —1 0 —1 1 1
3ameuadg, 4TO
1 2 1
J2=]0 1 2 ‘,
1o 0 1]

11 o. ». TanrMaxep
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HaX0JuM
00 OfI1 2 1 0 0 ot 0
T=Q)=|—1 0 0[]0 1 2f4+|1 ool 1+
00 0fl[o 0 1 1 —1 olljo 0o 1
10 0 1 0 0!
=1 1 0= —1 0—1’,
11 1 0 +1 0
[IpoBepxa.
|t 1 0] 1 1 0
AT=| —1 —1 —1], 7= —1 —1 —1}|,
o 1 1] 0 1 1
10 0
[Ti=| =1 0 —1|=1.
01 0

Caenosarensno, AT =TJ (|T|s40), . e. A=TJT™

§ 9. Bropoit MeTox mocrpoennsa mpeoOpasyiomieii MaTPHIIbI

1. MH M3A0KHM eIe ONHH MeTOS HOCTpOoeHMS mpeolpasyiomeil MaTpAME, KOTOP R
4acTO HpMBOJUT K MEHHIIEM - BRITACTEHIAM, HEKeNU MeTOH HpeRLyIiero maparpada.
OnHAKO 9TOT BTOPOIl MeTOJ MpUMEHAM JIMIIb TOIJR, KOTMa HOpMannnad gopma sKOpPAAHOBA
¥ HM3BECTHH 3JIeMEHTApHEe JelHTeqn

A=A (h—A9)2 ... (66)
nmangoit MaTpunu A.
Tlyers A=TJT3, THe
b1
———
M 1 ... 0
1
0 7»1 P2
—————
T=EP 4 B, 3,57 gD, = by 1 ... 0
1
0 Ao

Torxa, o6o3aasasn gepes i k-it croxbern matpunu I (k=1, 2, ..., n), MEL MaTpHEIHOE

PAaBEHCTBO
AT =TJ
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3aMEHHM DKBHBAJIGHTHON CHMCTEMOl paBeHCTB
Aty=Mhty, Atg=Rhqtat1q, ..., Atpl_—_xltpl—{-tpl_l, 67)
Atp p1=hotp +1, Alpye=hatp rotip 1, Alpip,=hotp +p,+1p1py-ts  (68)
KOTOpYI0 TepenuiieM emle TaK:
(A—ME) =0, (A—ME)ty=ty,...,(A—ME)tp =ip 4, (67)
(A—RgB) tp1=0, (A—hoB) tp so=lps, - s (A—A2B) tp 15 =Ipspyts  (687)

.................................. . . .

TaxnM oGpasoM, Bce ¢ToROUH MaTpunsl I pasGUBAOTCA HA «HOPHAHOBH LEIOTKHY
¢Tonluos: [y, t2, ..., lPll’ (o +1s Epyt2s - o s tP1+Pz] ,... RasRpoll KOpJAHOBOM KIETHKe
B J [Wam, 9T0 TO 3Ke, Ka:KIOMY 5JeMeHTapHOMY ReduTelio (66)] cOOTBRETCTBYeT CBOA 3KOP-
AaHOBa LeHo9Ka cTod0IO0B. Hampgas HOpAAHOBA NENOYKA CTONOIOB XapaKTepHayeTrcs
chcTeMoill ypaBHenmi tmna (67), (68) m 1. m.

Haxompenne IpeoGpasyiomell MarpHOH I CBOAHTCH K PASHICKABHMIO 3KOPHAHOBHIX:
HencyeK, KOTOpsie B COBOKYITHOCTH JABAIN OH n JIMHEHHO He3aEMCHMEX CTOXOIOB.

Msl mOKaskeM, 9YTO 3TH KOPJAHOBH IeHOYKH CTOJI0I[0B MOMKHO ONpefeauTh HmpH:
noMomy npuBefeHHOH MaTpunu C (A) (cm. ra. IV, § 5).

Ias marpuuet € (A) EMeeM TORAECTBO

RE—AHCH)=YNE, (69y
rie ¢ (A) —MUHEMaJLEHI MHOrOYJeHd MaTpunh 4,
Mycrs
YAy =A—h)™ % (M) (% (Ao) = 0).

IIpopuddepennupyeM NOWIEHHO IOCTeNOBaTeNbHO m—1 pas TomAecTEO (69):

AE—A)C M) +CM=p" (M) E,
(AE—A4) C" (M +2C" (M) =" (M) E, ] (70)

HMopcrapasas Ay BMecTO A B (69), (70) m 3aMedas, YTO IIpaBble JaCTH IPH 3TOM 06paman0TCH
B HYIB, HOJYIHM:

(A —ME) C=0, (A—ME)D=C, (A—AE)F=D,...,(A—ME)K=G, (1)
riae

1 ’ 1 " 1 —_
C=C (M), D:TC (M), F=2—!C (Aa)s + - G=m con=2 (), )

. 72y
K =—m— cm-n 0\:0).

38MEeHUM B paBEHCTBAX (71) marpuns (72) wx k-mm cronbmamu k=1, 2, ..., n).
TlonygmM:

(A—XE) Cp=0, (A—MAE)Dp=Cp, ..., (A—hE) Kp=—Gy (73)
k=1, 2, ..., n).
Nocromsky C=C (hg) 5= 01), moxBo BHOpaTh Taroe k (< n), 94T0
Cp 0. (74)
Toraga m CTOIGLOB
Cpy, Dy, Fp, ..., Gy, K, (75)
nuHeliHO HesaBUCHMEL. B caMoM jene, OycTh
vCp+0Dp+ ... +xKp=0. (76)

1) Us C (h)=0 caeposanmo Ou, uTo Bce daemeHTH C (A) mMelOT o6muil LennTeNs.
CcTeleHy BHINE HYIeBOH, 970 HpoTHBOpedHUT onpenenenuo C (A).

11%#
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Nomuoman ofe wactm (76) mocnemoparencno ma A—MAE, ..., (A—AE)™-1, moaygum:
0Ck-+ ... F-%Gy=0, ..., xCp=0. (77)
Ws (76) u (77) B cmay (74) HEaxopmm:
y=080=...=%=0.

TlocKOIBKY JUHeHHO He3aBHCHMEE CTOXOHH (75) YHAOBIETBOPAIOT CHCTEME YpaBHEe-
gAi (73), oHM 06pas3yT KODHAHOBY IEIIOYKY BEKTOPOB, OTBEYANINYIO dJIeMEHTAPHOMY
peanrento (A—>Ag)™ [ep. (73) ¢ (67")].

Ecau mpu mexoropom k Cp=0, 8o Dy =4 0, To crombust Dy, ..., Gy, Ky o6pasyior
JHODAAHOBY I{eHOYKY u3 m-—1 BEeKTOpPOB m T. [.

2. IloxakeM CHadUajia, Kax IOCTPOMTH Ipeobpasynmyo Matpuny I B TOM ciydae,
Korjla MaTpuna A mMeeT HOMAapHO B3aHMHO NIPOCTHE 2leMEeHTAPHHE JIOIHTEH:

(h—hp)"

s (K—?»g)mz, RN (k—%s)ms (As 5= A5 mpm i=£7; i,i=1, 2, ..., 9).

ms
dnementapHOMy HeanTeao (A—A;) / cTaBUM B COOTBETCTBHE KODJAAHOBY LPIOUKY

cT0N010B C(j), D(j), NN G(j), K(’), TIOCTPOEHHYI0 IO YKasaHHoOMY Bume ciocoby. Torma
(A—MAGE) CN =0, (A—ME) DD =cWD . ., (A—K;E) KN =¢?, (78)
HNaBas j snavenns 1, 2, ..., s, HIOIYIAM S }KOPAAHOBHX NEIOYeK, COMEP/KANIAX B COBOKYI-

HOCTH 1 CTONONOB. ITH CTOMONE JIHHEHHO HE3ABHCUMH.
HelicTBUTENBbHO, NIYCTh

8
By, €9 480D - L w kD=0, (79)
J=1
ITomuo:uM ofe wacTH paBeHcTBa (79) cIHéBa HAa NPOM3BEIECHHE

s -1 s
(A—MEY™ .. (A=A B) ™ (A—ME)™ (A—Ajg B I+ (A—AE)™5. (80)
Honxyamm:

%;=0.
3amenaa B (80) m ;-1 mociegoBaTeABHO HA M;—2, m;—3, ..., HalijeM:
’y]=§j=...=%j=0 (i=1, 2, ...,9),
970 ¥ TPefoBajioch JOKaZaTh..
Marpmiy T ompefeldnM QopMyIon
T=(CM, DL, ..., KO, C® D@, K®; ; C®, D®, ., K8y,  (81)

Ilpamenp.

8 3 —10 —3

3 —1 —4 2 Y A=A M=A—1D2A}1)2=A%—2A2 -1,
2 3 — 2 —4 | omemenrapmpe pgexmremn: (A—1)2, (A4-1)2,
2
1

v, u>=&*ﬁ$(”=u3+xu2+w—2') b A8 — 21,
C W)=V (AE, A)=A3 LA+ (A2—2) A+ (A3 —21) E.

CocraBuM mepsuil crouben C; (A):

Co (M =[A%] A [A%]y + (A2 —2) 4+ (A3 —2M) By,
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Jlaa BHYHCIEHMS HEePBOTO cTON(NA MAaTpBOB A2 MH IOMHORMM BCe CTPOKM Marpmnut 4
Ha Depsmii cronben Marpuunl A. Homyumml): [A2),=(1, 4, O, 2). IloMHO®ag Ha 3TOT
cronben Bce cTporm Marpmus A, Haiinem [43],=(3, 6, 2, 3). [losromy

H 3 1 3 } 1 A34-3A2—h—3

6 4 2 0 . 202 +-4A -2

cu(x)—”z Fh || o[ F 0= | [Fes—2my | =10 T
3 2 1 0 A242A+1

Orcioga C; (1)=(0, 8, 0, 4) 1 C; (1)=1(8, 8, 4, 4). Ilockompkry C;(—1)=(0, 0, 0, 0},
TO LePeXOiEM KO BTOPHM croxfmaM u, neHcTBYS aHANOTHYHO HPelHAYIIeMy, HaXOAHM:
Co(—1N)=(—4, 0, —4, 0) m Cy(—1)=(4, —4, 4, —4). CocraBitzieM MaTpHIY:

0 8 —4 4

) ) 8 8 0 —4

€1, €1 (; Co (=0, Ci(=)=|| o, _,
4 &4 0 —4|

CorpamaeMm 2) nepsue aBa cronfna Ha 4 m Bropele ipa cTonbma Ha —4.

0 2 1 —1

T 2 2 0 1

0 1 1 —1

11 1 0 1}
IlpennaraeM 9nTATENI0 NPOBEPUTE, ITO

1 1 0 0
AT —T. 0 1 0 0
0 0 —1 1
0 0 0 —t

3. Iepexona k obnieMy ciaydalo, GyfeM PashICKUBATD KOPHAHOBH IEIOYKHA BEKTODPOB,
OTBEYAIONHe XaPAKTEPUCTHYECKOMY UHCILY Ag, KOTOPOMY COOTBETCTBYIOT p dJeMEHTAPHHX
genuteneii (A—Ag)™, g olemenTapHEX Aenmrexeit (A—Ag)™1, r pexmresmeir (A—Ag)" 2
HT. [

YeTanoBAM IIpe/(BAPATEIBHO HEKOTOPHE CBOMCTBA MATPHIl

1

¥ l " e re—
C=C M), D=C"(g), F=57C" (o) ...r K=y

Cm=D (). (82)

1° Mampuyn (82) moeym 6umb npedcmasaens ¢ sude muoeounencs om A:

C=hi(4), D=ha(A), ..., K=hy, (4), (83)
20e
Y (M .
hi (A= . =1, 2, ..., m). 4
=T m) (84)

B camMom pnexe,
C(M=Y (AE, 4),
rae

w3, p=tW=P® ('3:;3’ @

1) CronGer;, HA KOTODHI yMHOMKaeM CTDOKH, MH IIO/(IACHIBaeM I0J CTPOKAMH
Matpuins A. KypcnBoM BHaOpaHH 3jeMeHTH KORTPOJLHOU CYMMAapHOUW CTPOKH.

2) [Ipm yMHOKOHHHE BCeX CTOAOIOB KODJAHOBOU LENOYKH Ha THCIO ¢ == 0 enouKsa
0CTaeTeA HOPAAHOBOM.
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ITosromy
1 1
77 € (o) = W (AoE, A), (85)

e

il}!‘(k)(;v ):i[iw(}v ):l =
;! oR=R Lo Y L,

1o vw b
SR Lok p— daca,  (p—hg)iH

3 (82), (85) m (86) cmenyer (83).
2° Mampuyw (82) umerom coomsemcmeenho panai

ps 2p-+q, 3p+2g9+4r1, ...

9ro cmodcTBO Martpui (82) HemOCpPEACTBEHHO moidywaerca m3 1° m Teopemm 8 ra. VI,
€CJM - MOJIOKHTHh DAAT PABHHM n-—d ¥ BOCHOXBL30BaTheA Popmyaoil (48) gna nKedexrra
¢yERumA o A (cTp. 130).

3° B pady mampuy (82) cmoabey rax»cdoi mampuys Aeasemcs AuKelinol KOMOUHA-
Yueii cmoabyos 060l nocaedytowel mampuysi.

BospmeM aBe Matpmuil h; (4) @ hy (4) B pagy (82) (cM. 1°). Hycrs i <k. Torpga
u3 (84) cuemyert:

=het (). (86)

hi (A)=hy, (4) (A—KoE)~2.

Orciofa j-it croader Y; (j=1, 2, ..., n) marpuun h; (4) auueiio BHIpa)KaeTcs depe3d
CTONGHE 24, Zg, ... 2z, MATPULH Ay (A):
n
y; = 2 GgZp
g=1
rre ay, U, ..., G —DBIEMEHTH j-I'0 cTOX6ma MaTpamH (A4 —AgE)R-t,
° He menas ocuoswnz Hopmya (71), mooxcrno & mampuye C - awboii cmoabey

3AMERUMD NPOU3EOABHOL AUNElnOl Kombunayuel ecexr cmoabyos, cdeaas coOmaemcmayouyo
sameny ¢ D, ..., K

Temepp mepeifzfeM K MOCTPOSHWIO YKOPAAHOBEIX UEHOYOK CTOAGI[OB HIA 3JIeMeHTAD-
HEIX JeJnTeNeir

=A™, ..., A—=AQ)™;  (h—Ag)™1, ..., (h—hg)™-1

3 s

P q
flonpaysace cBoitcreamm 2° m 4°, Mu MaTpuny C mpeoGpasyeM K BHOY
C=(Cy, Ca ..., Cp; 0, 0, ..., 0), 87
£ae croabust Cy, Cy, ..., Cp NuHeiiHO HesaBmCHMH MEEAY coboi. Ilpu sroM
D=(Dy, D3, «.., Dp; Dpi1y ..« Dn)s
Cornacro 3° gaa xwboro i {1 <Ci<Cp) crouben C; ects JuHeitmas KoMOWHALEA
cronduos Dy, Dg, ..., Dn:
Ci=0yDy+...40pDp+apiDpsy+ ... 40 Dy (88)
Tomuosmm ofe gacTm sToro pasencrsa Ha A—AgE. Torpa, samesas, wre oM. {(73))
(A—ME)C;=0 (i=1,2, ..., p), (A—ME)D;=C; (j=1, 2, ..., n),

gmonyuaM B cuay (87):
0=0,C;-+aCs- ... +apCp,
oTKyaa B (88)
ay=...=0p=0.
Toaromy cronbust Cy, Cy, ..., Cp IPEACTABIAIOT COO0H NMHEHHO He3aBUCHUMEE KOMOHHA-

mun cronbuos Dpiy, ..., Dp, # TOTOMY, cOrIacHO 4° U 2°, He MeHAA MATPHIH C, MOKEO
amecto Dyyy, ..., Dap B3aTh cronbnu Cy, ..., Cp, a BMecTO Dipygyy, i+vy Dp—nyan.
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Torpa Marpunia D IpuMeT. B[
D=(Dy, ..., Dp; Cy, Ca, ..., Cp; Dopyty -oos Dapigs 0,0, ..., O) 89)

TaumM e oOpasoM, coxpamsa sBuj (87) u (89) mgns marpunm € m D, MH CIefyIOIYIO
Marpuny F mpefcTaBiM B BUIe

F:(Fi, ceey Fp; D1, ooy Dp;~ F2p+17 ey F2p+q; Ci’ ey Cp; } (90)
D2p+17 ERX] D2p+q1 F3p+2q+1v ey F3p+2q+r7 0, ..., 0)
b: B O
®opmyar (73) magyT HaM KOPAAHOBH LeMOYKH
m m
mm——t e rmm——— e
(Cl, D1, ey Ki)a ey (Cp, Dp, ey Kp);
D
m—1 m—1 ¢ (91)
,, N A~
(Dapt1s Fopras - s Kopsa)s -2 (Dopigr Fapigr -+os Kapig)s - -
q

Amu scopdarosny yenouru Hesqsucumvl mencdy coboi. JeHCTBUTENILHO, BC® CTOIOIH
C; B nenouxax (91) He3aBHCHMH, Tak KAaK OHH O06pasyloT p HE3aBHCHMMHX CTONONOB
marpuns C. Bee croxduur C;, D; B (91) He3aBHCEMH, Tak Kak oHH o0pasyoT 2p--g¢
He3aBUCHMHX CTONON 0B B MaTpuue D m 1. A.; HaxkoHen, éce cmoabyst ¢ (1) nesasucumbl,
max kak ouu obpasyrm ng==mp-t(m—1) g-+ ... nesasucumuir cmoabyos & mampuye K.
Yucno cronduos B (31) paBHO cyMMe cTemeHell 9IeMeHTAPHHX [eInTedelH, COOTBETCTBYIO-
INEX JAHHOMY XapPaKTepHCTHUCCKOMY THCIY Ag.

TlycTs MaTpuma A=||a;; ||} mMeeT s pasIUYHHX XapaKTEPUCTHUYECKHAX HUHCEN Aj
=142 ..., s AQ)=A—2)" A—2A)" ... (A—2A)"; M) =A—A)™ A—29)"% ...
co (A—Ag)™s]. JlaiA KaKOTO XapPAKTEPHCTHYECKOTO UHCHA Aj COCTABUM CBOI0 CHCTEMY
He3aBHCUMEIX KOPAAHOBHX memouer (91); wucao cTonbuoB B 3T0H cucTeMe OymeT paBHO
n; (=1, 2, ..., §). Bce momyveHHHe TakmM 00pa3oM NEMOYKH COMEPMAT n="n,-
+no+4 ...+ ng cronbnos. .

Imu n cmoabyos AuHelHO HE3QEUCUMBL U COCTMABARIOM O0HY U3 UCKOMBIL npeobpasyio-
wur smampuy T.

JI0Ka3aTeNhCTBO IAHEHHOH He3aBUCHAMOCTH, HOJYJYeHHHX 72 CTOJAOI0OB LIPOBOAUTCA
caepyommuM ofpasom.

JIro6as numeiiHas KOMOWHAIMA STHX 7 CTONGIOB MOMeT OHITH MpEACTABJIEHA B BUfe

8
D) H;=0, (92)
i=1

rpe H;—amuaeiinag xomOmaanua cronbnoB B 3ROPJAHOBHX nenogkax (91), cOOTBETCTBYIO-
WMUX XapakTepHCTHYecKoMy wucky Aj (f==1, 2, ..., s). Ho moboit cronber B :xOpaano-
HOM IeloYKe, COOTBETCTBYIOMEH XapaKTePUCTAIECKOMY WHCIY Aj, YAOBIETBOpPAET ypaB-
HEHHIO

(A—A;E) ™ =0,
Iloaromy

(A—ME)"T Hy=0, (93)

Bossmem ¢mucmpoBannoe gmcno j (1< j<{s) m mocTpomM HETOPHONAUKOHHHIA MHO-
rouner Jlarpamsxa—Cuaseecrpa r (A), (eMm. ra. 'V, §§ 1, 2) mo cregyomuEM 3HAYEHHAM
Ha CIEKTPe MaTPHITH:

r(Ay=r'(A)=...=r

7 (M) =0 mpm i 2 1
rON=1, rGp=...=""""a =0

Torpa npm awbom i=£j r(\) pexmrca Ha ()vmhi)mi 6e3 ocTaTKa; DOITOMY
8 caay (93)

r{d) H;= (&= ). (94)
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Toguo Taw e pasHocTsh 7 (A)—1 memurca ma (A.—}\,j)mj Ge3 ocraTKa; HOSTOMY
r(4) Hj=Hj. (95)

Nomuoman obe wactu (92) Ha r (4), Mut coramacHo (94) u (95) momyuum:
Hj=0,

9ro cmpaBefnuBo fug awboro j=1, 2, ..., s, Ho H; ecth nuneiinas RoMGuHanms
HE3aBACUMHX CTOJIGIOB, OTBEYAOMNX OIHOMY M TOMY Ke XapPAKTEPHCTHUECKOMY MHCIY Aj
(j=1, 2, ..., 8). IlostoMy Bce roapdunuentst B juneiHnoi wrombumuanum Hj; (j=1,
2, ..., §) U, clexoBaTeNbHO, Bee Kospdmruents B (92) paBHE HYyJO.

3aMewaHnme. YKaeM HA HeKOTOpHe npeoGpasosanns Haj cTonblaMu MAaTpH-
sl 7', OpE KOTODHX OHA OCTaeTCA Ipeobpasywolieidl K TOH ke MOpHaHOBOA Qopme (mpm
TOM 3Ke DACIONOKeHMH JKODIAaHOBHX JHATOHAJBHHX KJIETOKR):

1. Vanoocenue ecex cmoabyos raroii-aubo scopOarogoli YEenouru Ha NPOU3IEOALHOE
YUCA0, OMAUYHOE OM HYAA.

11, IIpubasaerue K namaomy (ranunas co emopozo) cmoabyy ocopdarnosol yenouru
npedsidyujezo cmoabya moi e Yenouku, npedeapUmesbHo NOMHONCEHHO20 KA 00HO U MO e
npOUasoABHOE UUCAO,

II1. ITpubasaenue Ko écem cmoabyam acopIaro8ol YenouEy COOMEEMcmayroWus cmon6uoe
dpyeoii yenouru, codepmcaujeii maroe oce uau 6oabutee UCAO cmoabyos U omeeuaroujels
moMmy owe TAPAEMEPUCTIUNECKEOMY HUCAY.

Hpumep 1.
1 0 _
0 3—2 é—-é AN =A—1R+1),
A4=]0 0 —1 2 —2|; VA=A —1)P2A+)=—A—h+1.

1 —1 1 0 1 aJIeMEHTapHHe AeJATeJN MaTPUIH A
!’1 —1 1 —1 2 A—1)2, A—12, A1

11 00 0

0100 O

J=|{0 0 1 1 0|,
0001 O
o 0.0 0 —1

¥ (h, )= “’—“"’—“’1’9 —pt+ Q—Dp+ir—h—1,
(}v)—-‘lf(xE A)_A2+(2,——1)A+(?»2——}»—1)E
BriuucasgeM moclel0BATENILHO c’ron6um MaTpUnsl A2 ¥ COOTBETCTBYIOWME CTOXOINb:

marpun C (A), € (1), €' (M), €' (1), C(—1). Ham HyKHO monyumrb [Ba NHHEHHO HE3ABH-
CHMEX cTonOma Marpunsl, C (1) U opmH OoTAMYHHE OoT Hyns crombern marpuusr C (—1).

1 00 2x 1 0 0 1x! 10000
0 10 2% 0 1—2 3x% 01000
cmy=lo 01 ox|+r—1l0 0 —1 2x|4+@2—r—nl00100],
2 22 —1 % 1 —1 1 0% 00010
2 —22 —2 % 1 —1 1 —1% 00001
o 00 2% 1 0 0 1 106000
0 00 2% 0 1 -—2 33x 01000
c(+D=llo 00 ox|,cm=[0 0—1 2x|+Er—tjloo100],
2 .22 —2 % 1 —1 1 03X 00010
2 —22 —2 % 1 —1 1—1*] 00001
2X X 1 00 0 XK Xk
0k 33X ‘004**
C{+D=)0XK X 23X, C(—1)=‘0 0 4 X X
1 X X 11X 10 0 0 X X
1K K —1 X ‘000**
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Ioaromy 1
o) 0 2 2 10
0 0 2 3 4
T=(C(+1), Ci(+1), Cu(+1), Ci(+1), C3(—1)=]|0 0 0 2 4
21 =2 1 0
21 —2 —1 0

Marpuny I MOKHO HeCKOJLKO YIPOCTHETE. IloclefoBaTesbHO

1) pasmenmm narTHil cronbem Ha 4;

2) ® Tperbemy croifny nmpubaBEM HepPBHH, K TeTBEPTOMY — BTOPOIL;

3) u3 "weTBepTOro CTOJAOWA BHIYTEM TPETHI;

4) pasfgenum IepBHI W BTOPOU cTOonbNEl Ha 2;

5) BHYTEM H3 BTOPOrO cTOMOIA HEePBHI, NPeXBAPATENLHO NIOMHOKEHHBIA Ha 1/,
Honyuum maTpuny

0121090
00 211
Ty=i0 0 0 2 1}.
1.0 0 2 0
1 0000
[Ipennaraem wmraremio mposeputs, 4ro AT,=T\J u |T4| 5= 0.
IIpumep 2.
1 — 1 1 —1 N
AM)=(R+1)4,
— 3 3 —5 4

8 — 4 3 — 4
15 —10 11 —11

dnemenTapuiie geaurenn: (A 1)3, A-41.

—1 1 0 0
0—1 1 0

7=l 0 0—1 o
0 0 0—1

CocTaBisieM MHOTOUIIEHH

m W= F =0 0% h 0=l A1, k()= Gh R =1

K MaTpUIH 2)
C=nh(A)=(A+E)2, D=hy(A)=A+-E, F=E:

O o0 0 O 2 — 1 1 —1 1 0 0 0
2 —1 1 —1 — 3 — 5 ' 4 0100

C= , D= 4 , F=
. o 0 o0 O 8 — 4 4 — 4 0 010
-2 1 -1 1 15 —10 11 —10 0 0 0 1

B xavecTBe HmepBHX Tpex CTONGHOB Marpuubl 7 BO3BMEM TPETHH CTOMOLEL JTHX
marpuu: T'=(C;, D3, F3, X). B marpumax C, D, F w3 nepBoro ¢Toi6ma BHYTEM Y[ BOEH-
HEll TpeTHi, ‘a4 KO BTOpOMY M deTBepTomy croixbmam npubapmM Tpermid. Ilomydmm:

00 00 0 0 1 0 1.0 00
-00101~)_ 7 —1 —5 —1 1 0 0
00 0O0f”" || o o 4 o7 Tll—2 1 1 1
0 0—10 —17 1 11 1 00 0 1

1) 3pech EWKHEN HWHIEKC O3HadaeT HoMep croabma; nampumep, C;(--1) obosHaTaer
geTBepTsI cronben marpmuet C’ (+1).

2) Tak Kak HMMeeTCH TOJLKO OJWH 3IeMEHTADHHH [eNuTelb HAUBHICIIEH CTemeHH,
To panr matpunil C pmomuen OwTh paBeH epmumite. IloaToMy ROCTATOYHO, HANPHMeD,
BHYECINTE 7 DJEMEHTOB, CTOSU[UX B TepBoM cTonblie ¥ BO BTOPOH ¢TpOKe MarTpmum C,
Torga cpagy OMpeHeNsATes OCTAlbHEeE 3IeMeHTH Marpuui C.
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B marpuuax D, F g mepsomy cTonGHy IpuGaBuM deTBepTEI cTonbell, YMHOMKEHHANH Ha 7,
a ®3 BTOPOrO CTOJNONA BLIATEM 9YeTBepTHil. Ilomyumm:

00 0 0 00 1 0 1 00
~ 10 0 1 0 ~] 00 —5 —1 = {0 1 00
C: Py D: , ==
0 0 00 0 0 4 0 5 11
00 —1 0 0 0 11 1 7 —1 0 1
B kagectBe mociegHero crondna B T° GepeM mepBHE cTos0el B 7.
Nmeem:
0 1 0 1
= 1 —5 00
T'=(C3, D3, Fg, F))=
(C3y D3, Fg, Fy) 0 41 5
—1 11 0 7

JaA KOHTPOJA MOKHO HPOBepHUTH, uro AT=TJ u |T| £ 0.



I'JIABA VII

CTPYKTYPA JINMHENTHOI'O OIIEPATOPA
B n-MEPHOM ITPOCTPAHCTBE
(TEOMETPUYECKAA TEOPHA 3JIEMEHTAPHBIX [EJINTEJEN)

HsmoxenHEad B IpegHAyMell riaBe aHAINTHIECKA:A TEOPHA dIeMeHTapHEIX
Jenmrelell [ana HAM BO3MOKHOCTH I JTI060H KBaJPATHON MATPUIH OIPEeINTH
moA06HYI0 eif MaTPHIY, MMEINYI0 <HOPMAIBHYI0» MIN (KAHOHMYECKYI0» GopMYy.
C ppyro#t croponst, B raase Il mu Bumenu, 9To moBeZeHTe JNHEIHOTO omepa-
TOpa B M-MEPHOM IIPOCTPAaHCTBe B DAasINYHHX 0asmcax 3afaeTcA IPH IOMOMHA
Raacca Hojo0HEX Marpmn. Haimame B 9TOM Kiacce MaTPHIH, MMEIOMeN HOpP-
MANBHYI0 QOPMY, TECHO CBA3AHO C Ba/KHHMI W IIYOOKMMHI CBOHCTBaMH JIHHEH-
HOTO OIiepaTopa B n-MepHOM IpoctpaHcTBe. Vsyuenuio 5Tmx cBOHCTB MOCBAMEHA
macroAmas raapa. VccregoBanue CTPYKTYPH JUHEHHOIO ollepaTopa IPUBORHT
HaC HEBaBUCHMO OT COZED;KAHNA IpefBAyIieil riaBe K Teophn mpeodpa3oBaHUA
MaTpunbl K HopManbHOH ¢opme. Ilostromy comepsxkamme mHacroAmeil riaBw
MOKeT OHITH HA3BaHO 2e0Mempuueckoli meopuell ssemeHmapuuzr Oesumeneli?l).

§ 1. MranManbHBIE MHOrOWIEH BEKTOpa, IPOCTPAHCTBA
(oTHOCHTEIBHO 3aAHHOTO AMHEHHOrO onepaTopa)

PaccMoTprnM n-MepHOe BeKTOpPHOE mpocrpaHcTBo B Hapx mogem K m numei-
HHil omepaTop 4 B 3TOM HPOCTPaHCTBE.

Ilycrs 2 — npoussonbEB BerTop m3 K. CocraBuM psAjl BEKTOPOB ,
x, Ax, A%, ... , (1)
B cmry KOHE€THOMEPHOCTH LPOCTPAHCTBA HAKETCH TAKOE LEI0e THCIO

p(0< p<n), aro BexTOpPH X, A%, ..., AP ) anBeiiHO HesaBuCcUMH, a APx
ecTh JHHeWHAas KOMOWHAINA 3THX BEKTOPOB ¢ KospdumueHnramu m3 mois K:

APx= — 'YjAp—lw —_ 'YzAp—zw'—‘ e —Yp&s (2)

CocraBuM MuOrouneH ¢ (A)=AP+yAP7 4. ..+ vp_sh+ vy, Torga papem-
CTBO (2) B3aUMDIETCA TaK:

¢(A)x=0. 3)

Bearmit Maorousen ¢ (A), A5 KOTOPOTO MMEET MECTO DPAaBEHCTBO (3), MH
6yneM HasHBATh AHHYAUPYIOUWUM MHO20YAeHOM Oas sexmopa x 2). Ho BeTpynaO

1) B ocHOBY H3IaraeMoil 3jech TeoMeTpMUecKoli TeODHH dJEeMeHTADHHX JenuTeseid
MONOsKeHa ¢TaThsA aBropa [81a]. Jpyrue reoMeTpuieckne IIOCTPOEHUA TEODHH BJIeMEHTap-
HHEX JenwuTeleit cM. B [14], §§ 96—99, a ramsxe {24] w [4206].

2) KomeuHo, mOAPasyMeBaeTcA: OTHOCHTENBHO JaHHOTO omeparopa 4. 8To 06cTos-
TeJILCTBO MH AN KPATKOCTH B ONpeielieHAN He OrOBapHBaeM, HOCKOJLKY HA NPOTHMKEHWH
Bcell HTOH riaBH MH GyAeM HMETHL JeJio ¢ OAHHM omepatopoM A.
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BHJIeTh, 9TO W3 BCEX AHHYJINPYIONUX MHOTOYJEHOB IJIA BEKTOPA € MOCTPOCH-
HHII HAMY MHOTOYJIEH SIBISETCS AHHYIAPYIOLIMM MHOTOYJICHOM HAaHMEHLIIeil
cremeny co crapmnM rosddunuentom 1. Taxroii MEOrowIeH MH GyieM HasHBaTh
MUHUMAALHOIM  GHEYALDYIOWUM  MHO0HAEHOM 6CKMOPA o WIH TPOCTO MUHU-
MAABHBIM MHOSOUAEHOM BEKINODA X.

daMernM, 49TO NPOU3BOALHBIL AHHYAUPYWUL MHO204AeH (L) eexmopa I
deaumces Hayeao HG MUHUMAAbHBILE mHo20useH ¢ (M).
B camom meme, mycrth

M =0M)x% () +e ), (4)
rae % (A), @ (A) —gacTHOe u ocraTok or meienusa ¢ (A) Ha ¢ (A). Torma
PA)r=x(d)g(d)x+o(4)x=0(4) (5)
H, CJIeROBATEIbHO,
e(4)x=0. (6)

Ho cremenp ocrarka @ (A) HoKHa OWHTHb MeHbINE CTeNEeHH MHEHHMAJBHOIO
muorowreHa ¢ (A). 3Haumr, @ (A) =0 .

W3 pmoxasaHEHOTO UPEHIIOMKeHMA CHeXYeT, B TACTHOCTH, YTO KaKIOMY
BEKTODPY € OTBEYaeT MOAbK0 00UH MWHUMAJIBHHIN MHOTOYJIEH.

BuGeper B npocrpancrse K HEeKoTOpHEA Gasuc ey, €y, ..., €,. OGo3HaunM
qepes @y (A), ¢2(A), ..., ¢p (A) MUHUMATBHEIE MHOTOWIEHH GAa3HCHEX BeK-
TOPOB €4, €5, ..., €y, & Tepes P (A) — HauMeHbIIee 00IIee KPAaTHOE 3THX MHOTO-
aienos (P {A) Oepem co crapmum Koapdunuentom 1). Torma (L) Oymer
AHHYIMPYOIAM MHOTOYJIEHOM /I BCeX OABHCHEIX BEKTOPOB €4, €3, ..., €n.
Tar kak OPOU3BOJABHEIN BeKTOP & € I mpeicraBliAeTCA B BUAE & = Xy --

—+ x9€5+ ... - Tpen, TO
' Y(d)x=1x1p(A) es+ 2P (d) e;+ ... +z2p (4) en =0,

¥ (4) =0. ™

Msuorounes P (A) ABIACTCA GHHYAUDYIOUWUM MHO20UAEHOM OAS 6CE20 N PO~
cmpancmsa R. Ilyctb w(l)—npomBonmmu AHHYAUPYIOUUN MHOLOUNAEH IS
Bcero mpocrpamcrBa K. Torga 1]3(}») oyner aHHYINPYOILIM MHOTOYJIEHOM
nasA 0asHCHHIX BEKTOPOB €y, €, ..., €,. (emoBaTenbHO, 1|J(7\,) n0ipKed OHITH
obmmumM KPAaTHHM /A MHHUMAJBHBIX MHOTOWIEHOB @y (M), ©(A)y « -y On(A)
3THX BEKTOPOB, W HOTOMY MHOrOYJEeH 1p (A) moxeH JenuThCA HA HAHME Hb-
mee obmee xpatHoe P () 6es ocrarxa. Orciofa cmegyer, 94T0 W3 BCEX
AHHYIUPYIOMAX MHOTOWIEHOB OJsA BCceTo TpocTpaHcTBa J& MOCTPOEHHHN HaMu
MHOro4IeH 1P (A) HMeeT HANMEHBIIYIO cTelleHb U crapmuii kospdunment 1.
Taxoii MHOrO4JeH OJNHOZHAYHO OIpPEAe/IeTCA 3aJaHmeM npocrpaHcTea R
7 omepaTopa A ¥ HASHBAETCH MUHUMALBHELM MHOZOUACHOM npocmpancmea 1),
ExupcreennocTs MUHMMAJBHOTO MHOUOYJIeHA npocrpauctsa R cuepyer
13 YCTAHOBJIEHHOTO BHINE IOAOKCHUA: NPOUSEOABHBIL AHHYAUDYIOUUL MH020-

uaer P (A) npocmparncmea B deaumces nayeao 1a MUHUMAAbHBE MHO2044eH P (L).
Xora caMO NOCTpOeHHEe MEHMMAaJbHOTO MHOrowieHa Y (A) Owmo cBA3aHO

1) Eenmnm oueparopy A B HexoropoMm Oasmuce e, €y, ..., €, COOTBETCTBYeT MaTpHLa

A=|| a;; |, TO aEHYIUPYIOMMII MK MEAMMATBHbI MHOTOUIeH mpocTparcTsa B (oTHOCH-
TelbHo 4) OyAeT AaHHYJIMDYIONAM WJIH COOTBeTCTBEHHO MOHMMAJBLHHM MHOTOWIGHOM
MaTpuns A um Haobopor. Cp. ¢ ra. IV,
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¢ OIIpEjIeIeHHHM 0asucoM &, €, ..., €,, OOHAKC MHOrodxeH ¢ (A) He 3aBUCHT
or BHOOpa 2TOro 0asuca (9T0 BHTEKAeT U3 €JNHCTBEHHOCTH MHMHHMAJLHOTO
MHOTOUJIeHA [AJf mpocrpaHcrBa ).

Hagomer, orMeTnM eme, uTO MEUHHMAJNbHBA MHOTOWIEH mpocrpancrsa R
ABIACTCA AHHYJIHPYIOWUM [’ JM060ro BekTopa & u3 I, m TOTOMY MUHU-
MAALHBULL MHO20UACH RPOCMPAHCMEa Jeaumcsa Ges ocmamua HO MUHUMAADHBLL
MHO20UAEH 4106020 BEKMOPL U3 9MO020 RPOCIMPAHCILEA.

§ 2. Pacmenienne Ha MHBAPMAHTHDIE HMOJIIPOCTPAHCTBA
¢ B33aMMHO HOPOCTHIMH MNWHHAMAJbHBIMH MHOI'OWICHAMM

IMognpocrparcTso B’ < R Ha3HBaeTCsa UHEAPUAHNHbLM OTHOCUTEIBHO JaH-
Horo omepatopa 4, ecim AR ' — R, 1. e. us ¢ R caepyer AxcR'.
Hpyrumu caoBamu, omeparop A TepeBOAMT BEKTOPH WHBAPHMAHTHOIO IOJ-
MPOCTPAHCTBA CHOBA B BEKTOPHL 3TOTO K€ HONIPOCTPAHCTBA.

B mansmeiimem Mu 0yneM TPOH3BOOUTH PacilelieHHe BCEro MPOCTPAHCTBa
{em. ra. III, § 1) Ha mEBapHAaETHEIE OTHOCHTENbHO A mogmpoctpancrBa. Takoe
pacrienieHue CBOJWT H3yUYeHUe IOReJIeHHS OIlepaTtopa BO BCeM IIPOCTPAHCTBE
K H3YYEHHI0 €r0 IOBENeHHS B OTHEIbHBIX COCTABIAIIIHNX HOAIPOCTPAHCTBAX.

HoraskeM Teumeps CIEHYIOILYI0 TEOpeMy:

Teopema 1 (1-2 TeopeMa 0 pacienNJIeHH NPOCTPAaHCTBA
Ha MHBAPHAHTHHE HopgnpocrpaHcrBa) FEcau das dannozo auneli-
HO20 onepamopa A MUHUMAALHBE MHO20YAeH npocmparcmea P (L) npedcmas-
asemes ¢ noae K 6.eude npouseedenus Osyx 63aumMHO NPOCMBIL MHO20ULE-
Hoe Py (A) um Py (M) (co cmapwumn rwosffuyuenmanu, pasnuimu eduruye),

Y (A) =P (A) ¥ (A), (8)

mo ece mpocmpancmeo R pacwyenasemcs na 0séa uneapuanmuwx nodnpo-
empancmea I, u I,
R211+Iz, (9)

048 KOMOPHT MUHUMAADHLIMU MHO0UACHAMU CAYHCAM COOMBEMCMEEHHO MHO-
orcumenu by () uw ¥y (W),

Hoxasareanpbctso., Obo3nagmm wepes I; COBOKYIHOCTH BCEX BEKTO-
POB &, YEOBIETBOPsOMUX ypasEeHuo P, (4) k= 0. Ananoruzro onpegeaum I,
¢ noMompblo ypaBHeHUA Py (A)x = 0. Onupegenennrie TakuMm obpasom I, u I,
¢yTh mopgmpocTpancTBa B [

Wz Bzammuoit mpoctoTel P, (A) U P, (1) BHITEKaeT ') cymecTBOBAHME TAKHUX
MHOTOUIEHOB %y (A) myz (M) (c kospdumuenrammus K), 4To MMeeT MECTO TOK-
JEeCTBO

T=; (A) %1 (M) 4=z (A) %2 (A)- (10)

Tlycts remepb x — mpousBoibHEIL BekTop m3 K. 3amemmm B (10) A ma A4
U IpUMeHuM ofe 9YacTH MONYYEeHHOTO OIePATOPHOTO PABEHCTBA K BEKTODY X:

x =y (A) %1 (A) 2+ (4) 12 (4) 2, (11)

e x=ux 4 x, (12)
TIe

x' =Py (A) y2 (A) 22, X" =1y (d) x4 (A) 2. (13)

1y Cm., manpumep, [20], crp. 177.
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Hamee,
Pr(d)a' =9 (A4) %2 (A) =0, P, (d)x"=1p(4)y (A)2=0,

r.e. €I, uwa"cl,.
I, u I, He mMeloT 00IMAX BEKTOPOB, OTIUTHHX OT HyJas. [eiicTBuTeanHo,
ecmn oL, mw ap€Xy, 1. 0. Py (A)Xo=0 u P, (A)xe=0, To B cuay (11)

2= %1 (A) Y1 (A) X0+ %2 (A) P2 (A) 29=0.

Taxknm o0pasoM, fokasago, 410 B=1,-+ T,.

IIycrs, ganee, € I,. Torpa Py (A)a =0. llomnosxast o6e wactn aroro pa-
BeHCTBa clieBa Ha 4 u nepectanaas mecramu A u P (A), moxyaum P, (A4) Ax=0,"
T. 6. Aax€I;. ITUM [OKa3aHO, YTO HONMPOCTPAHCTBO I, MABAPUAHTHO OTHOCH~
TedRHO A. AHAJOTHTIHO [IOKABHBAETCA WHBADHAHTHOCTH MONUIpPOCTpaHCTBA I,.

Il;oicameM Tenepb, YT0 P, (A) €cTh MHHMMAJBHHME MHOrowien fadg I,.
Iyers 1, (A) —mpowsBoibHEI aHEYINPYIOI A MHOTOUIeH nad I, a o — Ipo-
3BONBHKEA BexTop W3 K. Ucmombsys yke ycramoBIeHHoe pasmoskermme (12),
HaTNMeM:

D1 (4) Pz (4) =Py (A) 1 (4) " Py (4) 3 (4) 2" =0.

Iocronpry % —IpOM3BONBHEI BekTop M3 R, To OTCIOfa BHTEKAeT, 4TO UPO-
maBepieEne Py (A) P, (A) ecrb aHHyIMpyIOmMH MHOTOWIeH A J H HOTOMY
mexures Ges ocTarka Ha (M) =, (A) Yo (A); Apyrumu cosamm, P, (A) geaurcs
Ha P (). Ho s (1) —OpousBoNpHNN aHEyIUpYOWUH MHOro4YwIeH aas I,
a P, (\) —ommH M3 AHHYJIMPYOIUX MHOTOUNEHOB (B cHIy ompemeiaenmusa I,).
Sumaunr, P (A) ecTh MuHEMAALHEI MHorodnes mas I;. Cosepmenno aHa-
JIOTHYHO [OKA3HBAETCH, UT0 YP,(A) €CTh MHHUMAJIHHKN MHOTOUJIEH IS
WHBAPHAHTHOrO noxmpocrpaHcrsa I,

Teopema moKa3aHa HOJHOCTHIO.

Pasnosxum MmEOroumedn P (A) Ha HempwBoZmMEE B mone K MHOKUTEIH:

¥ (M) =[ps W)t [@2 (M)]°2 . ... (s (M)]°s (14)

(3zech @y (M), Pa(A)s ..., @s(A) —pasanuEme HempuBoguMHe B K MEOrowIeHE.
co crapmumu koapdumuenramu 1). Torga ma ocEOBaHHE JOKA3AHHON TeOpeMEE

R=I,+TI,+... +1, (15)

rae I, —wuHBapmaHTHOE NOANPOCTPAHCTBO C MHUHHMAJABLHHIM MHOTOTICHOM
[pr (M)I% (k=1, 2, ..., s).

TakaM ofpasoM, MHOKazaHHAs TeopeMa CBOJAHUT HU3YYEHHe NOBEIOHUS
JIMHEHHOTO OIepaTopa B HPOU3BOJILHOM HOPOCTPAHCTBE K M3YYEHUIO MOBEXEHHS
9TOr0 omepatopa B IPOCTPAHCTBe, I/le MEUHNMAJBHHIT MHOTOYJIEH ecTh CTENEeHb.
genprBoguMoro B K MHOrowiIeHa. O9To 06CTOATENILCTBO GyMeT HAME HCHOTIb30-
BaHO AAS J[OKABATENBCTBA CIEGAYONMET0 BARKHOTO A HAC HPeRJIOMKEeHNA:

Teopema 2. B npocmpancmse eceeda cywecmeyem 6ekmop, MuHUMALb-
HYllL MHO204A€H KOMODO020 c06nadaem ¢ MUKUMALLHILM MHOZOUACHOM 6C€20 N po-
Cmpancmea.

HNorasaTeabcTBo. PaccMOTpEM CHasaJa TOT wacTHHI cayuaii,
KOTfia MHHEMAJbHHA MHOrOWJIEH IPOCTPAHCTBA R ecTh CTemeHb HempMBO-
nuMoro B K muorouneHa ¢ (A):

¥ (3)=lp M]"
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BuGepem B R 6Gasuc ey, €, ..., €,. MEHEIMATBHEIE MHOTOYJIEH BEKTOPA €,
ABIAETCA JieJnTeleM MHOTOYIeHa 1 (A) M HMOITOMY HpPEJCTABIAETCA B BUNLE
[p (W) e ;<L (i=1, 2, ..., n).

Ho- MpamManpHHH MHOTOWIEH IPOCTPAHCTBA €CTh HamMeHbmee obmee
KpaTHO® MHAHUMAJIbHHX MHOTOUWIEHOB O6asHCHEX BEKTOPOB, T. €. ¥ (A) cos-
magaer ¢ Hamboasmei ms crememedt [ (M)): (i=1, 2, ..., n). Jpyruum
crosamu, P (A) coBmajaerT ¢ MEHENMANbLHHM MHOTOWIEHOM OJHOTO U3 GasHMCHEX
BEKTODOB €y, €3, ..., €.

Ilepexonsa r o6meMy cIyd9amo, MOKaKEM IPeXBAPUTEIBHO CJELYIOMyIo
IEeMMY:

JJemma. Ecau MUHUMGABHBIE MHOLOUAEHBL GEKMOPOE € U e” ezaumHo
npocmel, Mo MUHUMAALHBIE MHO20UAEH CYMMBL 6exmopos e’ -+ e” pasen npous-
80EHUI0 MUHUMANLHBLEL MHOZOUACHOE CAAZACMBLEL BEKIMOPOE.

Hoxaszareunbcrso. B camom peme, mycrs % (A) B %3 (A) — MEERMATE-
HEle MHOTO4IeHH BekTopoB € mu e”. Ilo ycnosmmo y,(A) m Y% (A) B3aumHO
* mpocTH. IlycTs i (A) — IpOM3BONBHEI aHHYINPYIOMUN MEOTOYIEH [JIs BEKTOpa
e=¢e' -}e". Torma

Xe(A4)y (A)e' =%2(4)y(A)e—y(4)x2(A)e" =0,

T. e X2 (A) ¥ (M) ecre aHEyampyomui Muorozmen mius e’. CiaemosaTeabHo,
%2 (A) x (A) memmrca Ges ocraTka Ha Y4 (A), m Tak Kak Yy (A) M % (A) B3aMMEHO
mpoctH, TO ¥ (A) meamrcA Ha ¥4 (A). Amajormumo JokassiBaercs, 4to y (A)
memmrcst Ha ¥z (A). Ho o4 () m %2 () B3ammmo mpocrr. CuegosareanHo, 7 (M)
IDenntcd Ha mpousBefieEue ¥, (A) ¥ (A). UTar, mpousBoNbHHIA aHHEYIMPYIOMMi
MHOT'OYWJIEH BEKTODA € [eNATCA HAa AHHYJAUpPYOmui MHOrowmeH 7 (A) %o (A).
Ioaromy %4(A)%2(A) m Oymer MEEEMAIBHHM MHOTOWIEHOM BEKTOpA e =
— e’ _]_e//

Bepremca k Teopeme 2. Ili1a moxasarenbcTBa B OGHIEM ClyYae HCHOMIb-
syem pacmenierne (15). Tax rax MEHEMaJIbHEIE MHOTOYIEHH IOIIPOCTPAHCTB
I, I, ...,I, cyTh cTemeEN HEHIPUBOAMMOIO MHOIOWIEHA, TO AJS BTHX IOf-
IPOCTPAHCTB Hallle IIpelJIoMeHne yiKe J0KazaHo. IlosToMy CyImecTByioT Takue
BeRTOpH e €Iy, e €1, ...,e0®) €I, MUHUMANGHEMA MHOTOYJIEHAMH KOTO-
pEx Oyayr coorBeTcTBeHHO [Q1 (A)]°Y, [Pz (A)I%, ..., [@s (M)]%. B cuny nemmmu
MUHHMAJBHHI MHOTOYICH BeKTopa ¢ = ¢’ -}-e” -- ... 1 e(®) paseHn mpousBegenuo
[@1 (M)t [@a (A)]¢2 . .. @s (A)]°s, T. e. paBeH MUHMMATIBHOMY MHOTOWIEHY IpO-
cTpaHcTBa K.

§ 3. CpaBrenna. HapgupoctpascTso

IIycrs pasHo Heroropoe moxupocrpanctso I < R. Mu 6ymeM roBOpHTH,
4T0 ABa BeKTopa &, ¥ us B cpapamME 1m0 mod I, m Gymem mmcars o = ¥y
(mod I) B ToM u TOMBKO B TOM cayuae, ecan ¥ —a € L. Jlerko mposeps-
ercs, 9TO BBEJEHHOe TAaKuUM O0pasoM IIOHATHE CpaBHeHWA o0Jagaer Caegyio-
IAMHA CBONCTBAMM: IIA J0O0HX X, Y, 2 B

1. x =2 (modI) (pedreKTHBHOCTL CPABHEHHS).

2. U3 x =y (modI) caegyer ¢ = o (mod I) (oGparmmocTs mam cuMMe-
TPHYHOCTSH CPABHEHHA).

3. Iz x=vy, y=2z (modI) caegyer & = z(mod I) (TpaH3UTHBHOCTH
CPaBHEHNA).

Hanmame sTux Tpex CBOMCTB CpaBHEHHSA JaeT HaM BO3MOKHOCTH paclipe-
[JeINTH BC® BEKTODH HPOCTPAHCTBA HA KJIACCH, OTHOCH B KayKOHIL KJIacc BeK-
TOpH, NONApHO CpPaBHEMHE MexEAY coboii go mod I (BeKTOPH M3 pasHEX
KiaaccoB y:xe Oymyr mecpasHuMH mo mod I). Kuace, comepsxamiuii BexTop o,
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Gynem oGosmauarh wepes xl). Camo mopmpocrpameTso I Gymer OXHHM U3 BTHX
RJacCcoB, a MMeHHO, KiaaccoM 0. OCpaTmM BHUMaHWE, 4TO KAMAOMY CpaBHe-

mn ¢ =y (mod I) orBeuaeT paBEHCTBO %) COOTBETCTBYIOIHX KJACCOB: X = ¥/.

JiIeMeHTapHO JOKAa3HBAETCHA, UTO CPABHEHHUSA MOKHO MOWITEHHO CRJIAJH-
BATH W IOWIEHHO YMHOKaTh Ha umncio us K:

1. Is x=%', y =y’ (modI) cregyer x4y =a’ -4 (mod I).

2. Uz x=x'(mod I) ciegyer ax = ax’ (mod 1) (a € K).

JTu cBoficTBA CPaBHEHMSA MOKABHIBAIOT, YTO ONEPAI[MH CJOKEHHA W YMHO-
srernsi Ha umcao us K me wiomaiory kmaccos. Ecam BoshMeM fBa Kiacca

2 u ¢ u OymeM CKIAJHBATh DIEMEHTHL &, X, ... TEPBOTO RIACCA ¢ AHOOBIME
dIeMEeHTaMH ¥, ¥, ... BTOPOTO KJjaccd, TO BCE MONY-

bei T § I*y uemnsle TakuM ofpasoM CyMMH OYAYT UDPMHAIEHATDH
OHOMY H TOMY ;K€ KJACCY, KOTODHIA ME HA30BEM CyM-

-

MO#l KiaccoB & u ¥ m obosHawnM uepes a - Y. Amamo-

IMYHO, eCJH BCE BEKTODH X, &', ... KlIacca X YMHOKIM

- Ha uymcao o €K, To monyueHHHe HpPOH3BeReHHUA OYAYT

T4y OpUHAZJIERATh OJHOMY KRJaccy, KOTOPHIE 0003HATHM
gepes 0.

ydVi

Taxum o6pasom, B MHoroo6pasuu R BCex KIaccoB

%, Y, ... BBEIEHHI iB€ OIEPAIH: (CIOKCHHE» U «YMHO-
AeHMey Ha gucao u3 K. ITH omepammm, KAk JIETKO
TPOBEPUTH, 00JagaloT cBOHCTBAMH, CHOPMYNVPOBAHHEIME
B ompejeneHuy BeKTOpHOro npocrparcrsa (ria. III, § 1).

Prc. 4. Hostomy R, xak u R, ecTh BEKTOPHOE HPOCTPAHCTBO HAJ

nomem K. Mu Gymem HaswBarh J HAIpOCTPAHCTBOM

mo orsomenm K K. Ecam n, m, n— wmcaa W3MEPEeHU COOTBETCTBEHHO
mpocrparcts R, I, R, 10 n=n—m.

Bce BBejenHbie B 9TOM naparpade DOHATHA MOMKHO OYeHb XOPODIO IIPO-
HITIOCTPAPOBATH HA CIENYIOmeM IpHMepe.

TMpumep. ycre B — cOBOKYNHOCTL BCEX BEKTODPOB B TPEXMEPHOM IIPOCTPAHGTBE,
K —mnoje BemecTseHHHX uncel. [as Goapuieldl HAaraggHocTH OyjeM BeKTOpH u30Gpa-
MaTh B BHle HANPaBIGHHHIX OFPE3KOB ¢ navaxom B Touke 0. Ilycts I —meworopas
mpaMas, npoxopsamag "epes O (TouHee, COBOKYIHOCTH BEKTODOB, HAYIIMX BJOIb HEKO-
TOpPOH IIPAMOW, NpoXopdAleil wepes O; puc. 4).

Cpasuenne ® = o’ (mod I) o3HauaeT, 9TO BEKTOPH & MW &' OTIMUAIOTCA HA-BEKTOP
ua3 I, T. e. OTpe3oK, COeUHAONINA KOHUK & u &', Napaiiexed unpamoil IZ. Iloatomy

Riace % M300pasMTICH IIPAMOIL, HPOXOJANIeH Yepes KOHEI BekTopa & ¥ mapajmentuoi T,
TOUHee, (IeTKOI» BEKTOPOB, MCXOJAMMX M3 O, KOHIE KOTOPHIX JIeKaT HA ATOH LPAMOH.
«[leTEW» MOMKHO CKIAJHBATL H YMHOMATH HA BEI(ECTBEHHOE YHCJO (CKIABIBaA M YMHO-
JRAd BEKTOPH, BXOJAINWE B HTH INETKHU). JTH (HIeTKH» M ABJIAITCA 3JIeMEHTAMH HAJX-
nmpoctpancTBa R. B pammom mpmmepe n=23, m=1, n=2,

Hpyroii npmMep moxy<nM, ecid B KagecTBe J BO3bMEM IJOCKOCTH, HPOXONALIYIO
yepe3 touxy O. B atoMm mpumepe n=3, m=2, n=1.

Tlycrs Teneps B R sagan amuednsi#t omepatop A. Ilpepmomosxum, ato I
ecmdb UHBApUAHMHOe nodnpocmpancmso omuocumesvio A. Umrarenb Jerko

1) Tagx KaKk KOKAHEA RiIace cojpep:RuT OecunmclIeHHOe MHOMKECTBO BEKTOPOB, TO
B CHJIy STOTO YCJIOBHS OH MMeeT M OecuuCIeHHOe MHOMKECTBO 0003HAYEHWI.
2) To ecTp coBHaymeHue.
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noxakeT, uto u3 x =’ (modI) caexyer Ax= Ax’ (modI), 1. e. uTO
K ofenmM 9YacTsIM CPaRBHEHWS MOMKHO IOpHMeHATHL omepatop A. Hpyrmmm cio-

BaMM, €CIM KO BCEM BEKTOpAM &, X', ... HEKOTOPOTO KJACCa X IPHMEHUTH
omeparop A, TO NOJIy9eHHEE BeKTOpH .Ax, AXx’,... Takie NPHHAIJIEKAT

K OOHOMY KJAaccy, KOTODHI MH o0osEaumm dgepes Ao. Jlumeilnsil omepa-
TOp A TEpeBOJUT KJIAacC B KIACC M, TAKAM 00pazoM, ABIAMETCA JIWHEHHEIM

onepatopoM B K.

Mu GynmeM roBopHTh, 9TO BEKIODH 2, &, ..., %p JAHHEHHO 3aBACHMEL
po mod I, ecim CymecTBYIOT TaKWe UHCIA Oy, Og, ...,0p B K, He panHble
OJHOBPEMEHHO HYJI0, 9YTO

W+ X2+ . .. F o, =0 (modI). (16)

daMeTHM, 4TO He TOABKO NOHATHE O JIWHEHHOH SaBACHMOCTH BEKTOPOB, HO
BCe NOHATHS, BCE IPEJJIOKEHEA M DACCY:K[OEHUS], NPUBEHNEHHEHE B IPOAHTY-
muX maparpad)ax sTOH IJaBH, MOI'YT GHTH CJOBO B CIOBO IOBTOPEHEH C OFHOL
IMmb 3aMEHOH BCOAY BHAKA = 3HaKoM = (mod I), rge I —Heroropoe (umrcn-
POBaHHOE TIOXIIPOCTPAHCTBO, MHBAPHAHTHOE OTHOCHTENLHO A.

Taxum o0GpasoM, BBOOATCH NOHATAA AHAYIUPYIOIMUYE, MEHEMAILHEHR
MHOTOTJIEH BeKTOpa, mpocTpancTBa 1o mod I. Bcee st momaTaA M Oymem
HA3HBATh «OTHOCHUTEJNBHHMI» B OTJIMIME OT BBEJIOHHHX pamee «alCOTIOTHEIXY
IOHATHN (MMEIOIMX MeCTO OPH 3HAKe =).

O6paTnM BHEMaHWE YATATEHA HA TO, UTO OMHOCUMEAbHBIL MUHUMAA6HELLE
MHO204AeH (6eKEMOpa, npocmpancmea) ecme Oeaumens abcoaromuozo. IlycTs,
Hanmpumep, 04 (A) eCTh OTHOCUTENBHEI MAHHMAJNBHEI MHOTOUYJEH BeKTopa o,
a 0 (A) — cooTBeTCTBYIOmMUA a0COMOTHHA MUHAMAJBHEIE MHOI'OYIEH.

Torma

o(d)x=0;
HO OTCIOJa Clefyer, UTO M
oc(4)x=0 (modI).

Ilosromy o (M) mBiseTCH -OTHOCUTONBHHM AHHYJIUPYIOHIEM MHOTOWLICHOM
JUIA BEKTOpPA 9 M KaK TaKOBO# jenmtes 0es 0CcTaTKAa Ha OTHOCUTEILHEI MEHT-
MaJIbHHE MHOTOIIeH 4 (A).

Hapaay ¢ «aGcomoTHEIME» IpeNIOKeHWAME HpefHIYINEX Iaparpados
MHL MMeeM ¥ (OTHOCHTeJBHEIe) NPeJIokeHnsA. Tak, HampmMmep, HMeeM IIpefi-
aosxeHme: «B m060oM IpOCTpaHCTBEe BCErfa CYMECTBYET BEKTOP, OTHOCHTOIb-
HHII MEEAMAJBHH MHOTOYJIeH KOTOPOTO COBIAHAeT ¢ OTHOCHUTEILHHM MHOHM-
MaJbHEIM MHOIOUJIGHOM BCEr0 HPOCTPAHCTBA.

CopaBeidBOCTS BCOX «OTHOCHTONBHEIX» MPeIokeHRH 06yCiIoBIeHA TeM,
9T0, OHEPHPYA CO cpaBHeHWAME 1o mod I, MH II0 CymECTBY HmMeeM [eio

C paBeHCTBaMu, TOJABKO HE B IIPOCTPAHCTBE R, & B HAAOPOCTPaHCTBE R.

§ 4. Pacmennenue mpocTpancTBa HA NEKIHYECKHE HHBAPHAHTHBIE

HOIIPOCTPAHCTRA
Ilycrs 6 (M) = AP fooyAPt e+ . dp—yA o, — MUBEMAXBHHB MHO-
1 pP—1 D
rounieH BeKTopa e. Torma BeKTOpH!
e, Ae, ..., A’ e 17
JNHEHO HEe3aBHCHMEI, a
APe= —aze—ay de— ... —a AP e. (18)

12 @©. P. IanTMaxep
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Bexrtopst (17) o0pasymor 6asmc HEKOTOPOTO p-MEPHOTO MOJIPOCTPAaH-
ctBa 1. OT0 HOANPOCTPAHCTEO MEL 0yeM HA3ZHBATH YUKAUHECKUM, AMES B BARY
cmemmanbHHIT xapakTep Gasuca (17) m pasemctso (18) !). Omeparop A mepe-
BOJUT TePBHit W3 BeKTopoB (17) Bo BTOpOIi, BTOpOH — B Tpetumii u T. A. Ilo-
ciefamil ke 6a3UCHBI BEKTODP DEPeBOJUTCSA omepaTopoM A B ImHEHHYI0 KomOn-
Hanmio 6a3mCHEIX BeKTopoB coraacHo paseHctsy (18). Tarmm obpasou, ome-
patop A mepeBoguT k000N 0asWCHHI BeKTOp B BeKTop m3 I; 3HAYAT, OH
¥ Opom3BoNbHEI BekTop u3 I mepesogur B Bekrop m3 I. Jlpyrumm crosamm,
YUKAUHECKOe nOINpPOCIMPAHCME0 6ce20a UHBADUAHIMHO OMHOocumesbho A.

ITpomssonbrErii BeKTOp & € I mpeacTaBisAeTcs B BUAe JMHEHHo# KoMOuHa-
oun GasmcHEX BeKRTOpoB (17), T. e. B BHfe

x=7x(4) e, (19)

re (M) — MBOTOYIEH 0T A ¢ Koaddumumerramu us K crenenn < p — 1. Ilepe-
fmpas BCeBO3MOKHbBIe MHOrowieHsl Y (A) cremenm < p — 1 ¢ Kosppmumen-
taMe 73 K, MH DOJTyYEM BCe BeKTOPH u3 I, ¥ mPH 3ToM KaKAwl BexTop % € I
TONBKO OFHH Pas, T. €. TOJBKO HpH OgHoM MEHorouxeHe Y (A). Mmesa B Bmuy
Gasuc (17) auGo popmyuay (19), M 6yaeM TOBOPHTE, UTO BEKTOP € hopoxcdaem
mopupocrpancTso I.

3aMeTEM emie, UTO MUHUMAALHBILL MHO20UIEH NOpONCOayez0 éeKmopa e
6ydem 00HOBPEMEHHO U MUHUMALLHELM MHOZ0UACHOM 6ce20 noOnpocmpancmsa I.

Cefitac HaM NPEJCTOMT YCTAHOBETH OCHOBHO® HPeJIO:KEeHHe BCeil 3TOM
TEOpUH, COrTIACHO KOTOPOMY HMPOCTPAaHCTBO |} pacienmidercs Ha MUKJIMIECKUE
HOAIpOCTPAHCTBA.

ITyers Py (A) = P (A) = A 4-a,A™T ., .+ o ecTh MUHAMANBHELE
MHOTOuIeH mpocTpamcrea J. Torma B mpocrpaHCTBe CYMIeCTBYeT BEKTOp e,
IS KOTOPOTO 9TOT MHOTOUJIEH ABJIAETCA MAHAMANBHEM (TeopeMa 2, crp. 174).
Ilyets I, oGosmagaeT OUKIAIECKOe IOANPOCTPAHCTBO ¢ GasmcoM

e, de, ..., A™e. (20)
Ecau n = m, ro B = I,. llyetb » => m m nycTh MHOTO4JIEH
P2 (A) =AP +BAP L By

6ymer MmBUMaIBEHM MEOrodwreHoM 2 mo mod I,. CoriacHo 3aMeuaHHIO, Cle-
NaHEHOMY B KoHIe § 3, Vs (A) Oymer gemutemem P, (A), T. e. CymecTBYeT TaKOH

MHOTOWIEH X% (A), 4TO
Py (A) =2 (M) % (A). (21)

Ianee, B R cymecTByeT BeKTOp ¢g*, OTHOCHTONbHE MOHNMAJIBHEIA MEOT0-
4j1eH Koroporo ecTh Py (A). Torma

Po(d)g*=0  (modl), (22)
T. e. cymiecTByeT MHOTO0IIeH ¥ (A) cremerm < m — 1 Takoii, 4ro
V2 (4) g* =% (4) e. (23)

[pumenuM K obemM dWacTAM 9TOro paBeHcTBAa omeparop % (A4). Torga
caesa B cmay (21) momydum vy, (A) g%, T. e. Hyns, HOCKOABRY P (A) ecTh
abCcoMIOTHEIT MUHHMAABHEH MHOTOWIEH IPOCTPAHCTBA; ClXe0BATeIHHO,

®(A)y(4)e=0. (24)

1) IIpasmrbHee OHUIO OH HASHBATE 5T0 MOAIPOCTPAHCTBO NUKIAYECKAM OTHOCHTEIbLHEO
amubeiinoro omepaTopa A. Ho, HOCROIBKY BCA TEOPHA CTPOMUTCA JJIA OZHOTO omepaTopa A,
MH JJIA COKPaIleBEHA OIIyCHaeM CJj0Ba «OTHOCHTEJALHO NUHeAHOrO omepaTtopa A» (cM. aHa-
JOTHYHO® 3aMeYaHHe B CHOCKe 2) k. crp. 171).
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9TO paBeHCTBO IOKA3HBaeT, 3T0 MpomsBefenue % (A)y (A) asisgerca ammy-
JUPYOIUM MHOTOYJIeHOM JIiS BEKTOpPA € W TOTOMY jenuTca Ges ocraTka
Ha MEHWMAaTBEE MEOTOUNeH Yy (A) =% (A) P2 (A), T. €. y (A) meamres HA P, (A):

x (&) =21 (M) $2 (M), (25)

rae %y (M) — mexoTopHit MHOrowneH. Mcmombsys »To pasioskeHme MHOIO-
anesa | (M), M pasenctBo (23) cMomeM zammcaTh Tak:

P2 (4) g=0, (26)

e BEKTOD ¢ ompenesdaeTcsa PaBeHCTBOM
g=9"—x(4d)e. (27)

Hocnennee PaBeHCTBO MOKA3EIBaeT, 4TO
g=g* (mod I;). (28)

Iloaromy P, (A), GyAyIN OTHOCHTENIFHHM MEHNMAJBHHM MHOTOYICHOM IS
BEKTOpa g*, Gymer TakoBmM ¥ mua Bextopa g. Ho rtorma us pasemcrsa (26)
caexyer, 4To g (A) ABIAETCH OFHOBPEMEHHO M AGCONIOTHEIM MAEEMAJBHEIM
MHOTO4JICHOM [ BEKTOpa (.

N3 Toro, uro P, (A) ects abCOTOTHHA MUBMMAJBHEI MHOTOYIEH BeK-
TOpa ¢, cilexyer, 9T0 momnupoctpancTso I, ¢ GazucoM

g, Ag, ..., AP g (29)
OynmeT OUKINTECKHUM.

3 TOro, 9T0 Yy (A) €CTh OTHOCHTEJNBHEI!i MUHHMAJBHBIA MHOTOUIEH I
g mo mod I, BEITeKaeT, 9T0 BeKTOPH (29) numedAHo mezaBmcmMel mwo mod I,
T. €. HHKaKafd JuHeilHasa xKoMOuBanua BeKTopoB (29) ¢ He paBHHIMA OHO-
BPEMEeHHO HYJI0 KodpPuumeHTaMd HE MOMET PAaBHATHCA JIHHeHHON KoMOmma-
nuu BekTopoB (20). Tar kKak aTM mocienmme caMH IWHEHHO He3aBHCHAMEL, TO
HOCJIefHEe HAIIE YTBePAeHAe O03HAYaeT JIMHEHHYI0 HE3aBHCHMOCTB M - p
BEKTODOB

e, Ae, ey .A.m_le; gy Ag7 RN Ap_lg' (30)

Bexropu (30) oSpasyior Gasme mEBapmanTHOro mogmpocrparcTa I; ~- I,
¢ UMCJOM u3MepeHnd m - p.

Ecnmn = m +-p, 0o B = I; 4 I,. Eciu sxe n > m 4 p, To MH pac-
cmorpuM B mo mod (I; 4 I,) # TPOToIKUM [ajee HAII TPOIECC BEIIeNeHHS
OUKIVIeCKUX WHBAPAAHTHHX DONIPOCTPAHCTB. Tak Kak Bce mpocTpaHCTBo I
KOHEYHOMEpPHO, WMeeT 7 WM3MEDeHHH, To B3TOT MpPOmece FOJNMKEH IIPHOCTAHO-
BUTHCHA Ha HEKOTOPOM mopumpocrpamctBe I, rme ¢ < m.

M=u npuxopmM K ciegyiomeil TeopeMe:

Teopema 3 (2-m TeopemMa o pacmenJTeHHH: IDPo-
CTPaHCTBAa Ha MHBAPDHAHTHHEe ODOJUOIPOCTPAHCTBa).
IIpocmpancmeo ecezda ModicHo pacujenums HA YUKIUHECKUE OMHOCUMEALHO

dannozo auneiinozo onepamopa A nodnpocmpanemea Iy, Is, . .., It ¢ Munu-
MaapHbLML mHozoureHamy Py (A), Po (), . . ., P (A),

B=I,+I,+...+1; (31)
mak, umobs. P, (A) cosnadaso ¢ munumarvHum mrozousenom P (A) ecezo npo-
cmpancmea u kaxcdoe b; (A) 6vio 6u deaumenem H;—y (A) (i =2, 3, ..., b).

OTmeTnM Temepb HEKOTOpHe CBOHCTBA MUKAMYECKHX mpocTpamcTs. IlycTs
R — umuknwdecKoe n-MepHOe IMPOCTPAHCTBO, P (A) = A™ 4 . .. — MUHEMAIL-

HE MHOTOWIEH 3TOr0 HPOCTPAHCTBA. lorja W3 ompejielieHUsA IARIMISCKOTO
npocTpaHcTBa caenyer, 9to m = n. O6parHO, HyCTH HaM /]JaHO IPOM3BOABHOE

12%
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npoerpanctso B m msBectHO, 4T0 m = n. llpuMensas pgoxasamEyl Teopemy
o pacmemnenny, MH npexcrasuM I B Bune (31). Ho aucao namepennit nukmu-
9eCKOTO DOAIpocTpancTBa I, paBHO m, Tak Kak €10 MUHIMANBLHLIA MHOTOUIICH
coBIIagaeT ¢ MHHEMAQJIBHEIM MHOUOYIEHOM BCET'0 IPOCTPAHCTBA. Tak Kak
mo ycaopmo m = n, T0 A& = Iy, T. e. i ecTb UUKIAYeCKOoe HPOCTPAHCTRO.

TaxuMm o0pasoM, YCTAHOBJEH CJAYyOIUHA KpHTepHmit N u K JIMKU-
HOCTH MPOCTPAaHCTBa:

Teopewa 4. Ilpocmpancmeo yurauuno mozda u moavko mozda, Kozda
€20 YUCAO UIMEPERUL COBRAdaem €O CMENEHBID €20 MUHUMAALHOCO MHOZ0HACHA.

Ilycrs Temeps MBI MMeeM paclienieHme IUKJIMYECKOTO mpocTpanctsa R
Ha JIBa WHBADHMAHTHEX HojupocTpaHcTBa Iy W I,

B=1I,+1I,. (32)

O6osHaunym uncaa uaMmepenuit mpocrpaucte B, I, u I, COOTBeTCTBEHHO
uepes n, ny W Ny, MHBEMAJbHEBE MHOTOWIEHH 3THX OPOCTPAHCTB — Yepes
P (A), by (M) 1 Py (A), cTemeRH dTMX MIHMMAJIBHEIX MHOTOWIEHOB — depes m,
my u my. Torma

my < ny, my < 1. (33)

ClouM TOWIEHHO OTH HepaBeHCTBA:
my -+ mo << Ny -1y, (34)
Tak xax P (A) ecTr HamMeHbIXee o0mee KpaTHOe MHOTOWIEHOB W (A))
7 Ps (A), TO

m-<{my+ ms. (35)
Kpome Ttoro, ms (32) caegyer:
n=ny -} n,. (36)
(34), (35) u (36) maOT HaM UENMOYKY COOTHOIISHHN
mLmytment+ny=n. (37

Ho B cuxy IuKIXIHOCTH mpoerpaHcTBa B KpafiHue umciaa B 310 Hewod-
Ke, 9UCaa m & 1, pPaBEbI MoKy cobolt. CirexoBaTesbHO, IMEET MECTO PABEHCTBO
¥ B TPOME;KYTOYHHX BBeHBAX BTOM IENOYKH, T. e.

m=m, -+ my="ny -+ ns.

N3 toro, 910 m = m, - ma, 3aKa04aeM, 910 YP; (M) u ¢, (A) BsamMHO

TPOCTHL.
W3 my 4+ my = ny -+ ny, OPUEAMAA BO BEHMaHUe (33), HaAXOAUM:

myq =1y, Moy = Na. (38)

JTE jKe paBeHCTBA 03HAYAIOT NUKIMYHOCTH HommpoctpaHcrsa I, wu Is.

TaxuM o6pasoM, MH OPHXOEM K CIeXyHIeMy IpeII0KeHHIO:

Teopewma 5. Ifurauueckoe npOCMPAHCMEO pACUYENALEMCL MOALKO
HA makue uHeapuaHmHse nodnpocmpancmea, xomopre 1° camu yurauueckue
u 2° uMem 63aQUMHO NPOCMbE MUHUMALLHOE MHOZOYACHL.

Te sxe paccym/eHus (OpoBeleHHEe B 00paTHOM HOpAZKe) IOKasHBaIOT,
uro TeopeMa D gomyckaer obpamenue.

Teopema 6. Eciu npocmpancmso pacuenisemca HG UHEAPUAHMMHbE
nodnpocmpancmea, Komopue 1° asasiomes yurkauueckumy u 2° umeom 63auMHO
npocmuie MUHUMALIbHEE MHO204ACHbL, MO CAMO NDOCMPAHCIGO KEAACMCA YUK-

AUYECKUM.
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IIycrs temeps R — OHKINYECKOS UPOCTPAHCTBO H MMHUMAJIBHHH MHOTO-
YIeH ero ecTh CTeleHp Hempusogumoro B mosie K muorowmeHa: Y (A) =
= [@ (A)]°. B sToM caydae MEHHMAJIBHHI MHOTOWIEH JH060T0 MHBAPHAHT-
HOTO HmommpocTpaHcrea B K Tome OygeT CTENEHBIO 5TOro HEIPHBOLMMOIO
mHOrounera ¢ (A). CaemoBarensHO, MUHEMAJXGHEE MHOTOYIEHB! JTHOOBIX [BYX
HHBapHAHTHHX IOAIPOCTPAHCTB He MOTYT OHTh B3aHMHO npoctemm. Ho
TOTHA B CUNY OKA3aHHOTO OpepioskeHna K He pacileligeTcs Ha MHBAPUAHT-
HEE IIONIPOCTPAHCTRA.

Ilyers, o6paTtHo, M3BECTHO, 9YTO HEKOTOPOE HpOCTpaHCTBO [ He pacmen-
JIdercsa Ea WHBAPMAHTHBEE mOgnpocrpaHcTBa. Torma I — puEiImdeckoe Opo-
CTPAHCTBO, UHAYE €r0 MOMHO OHIo PACHENNTSH ¢ IOMOILEIO BTOPOI TeopeM:l
0 pacIiemueHNy Ha IWKINYeCKME HOJOPOCTPAHCTBA; KpOMe TOT'0, MUHEHMANb-
HHI MHorounsed J joieHE OHTH CTEMEHbI0 HENPHBOJUMOTO MHOIOWIEHA, TAaK
KaKk B HPOTHBHOM cay4ae K MomHO 6Hao 65 pacmennTh HAa MHBADHAHTHEE
TOIIPOCTPAHCTBA B CHJIY IePBOH TEOPEMH 0O pPacHieIIeHHIL.

Taxum o6pasoM, HPUXOZUM K CIEAYIOIEMY BEIBOAY:

Teopewma 7. IIpocmpancmeo He pacujenasemcs Ha UHGApUARMHHLE
nodnpocmpancmea mozda u moavko mozda, koeda 1° ono yurauueckoe u 2°
MURUMAABHBLL MHO20UACH €20 ecmb CMenerb Henpugodumozo 6 nose K muo-
2044eHA.

BepueMca teneps k pacmeriennto (31) u pasmoskuM MTAMMAJILHLE MHO~
rowiaessl Yy (A), P2 (A), ..., P (A) nuramdgeckux nognpocrpancts I, I, .. .
.+« I; Ha HeupuBojamMse B nmome K MHORuUTENH:

b (M) =1 W™ [P W] - [a (W7, )
Ve (h) = [cmx)]dl [CPZ(M s (01 1%, (39)

e (7¥) =[¢1 (70]11 [Pz (Mll2 [(Ps (70 ] J
(Ck>dk/...>lh>0; k=1,2,...,8)1).

Ilpumerum x I, mepsyio TeopeMy o pacmemieHuu. Torga momyumM:
L=I,+I+...+1I®,

rpe I, I, ..., I(IS) — OWKINYEeCKHe MOANPOCTPAHCTBA ¢ MUHHEMAJIBHEIMH
muorounenamm [, (A) e, [@s (A)]2, . . ., [@s (A)]%. Amamoruwno pacmenmm
mopupocrpancTea Iy, . . ., I;. Tem caMEIM MH HOXYIHM DacIeINIEHHe BCOIO
upocTpaHCcTBa [} Ha NUKIWYECKHEe IOJIPOCTPAHCTBA ¢ MEHUMAIBHEIMHE MHO-
rownenamua | @x (A)°k, [@p (M%, ..., [op W]k (k=1, 2, ..., 5) (upm
5TOM BHIOPACHBAKTCA Te CTENeHW, y KOTOPHX NOKA3aTeNH pAaBHEL HYIM).
N3 TeopeMu 7 cxepyer, 9T0 5TH MUKJIMYECKWe HOAUPOCTPAHCTBA Y:e Jaimee
HOD ACIIeTIHMBL (ma muBapwaunTHHe mojupocrpanctsa). Ilpuxogum K caegyro-
meil Teopeme:

Teopema 8 (3sreopema o pacmenJeHN” IPOCT-
PaECTBA Ha WUHBApPWAHTHEE NOAZIOIPOCTPAHCTSaA).
IIpocmpancmeo ecezda MOHCHO PACERUMB HA YUKAUMECKUE UHEADUAHMHbLE

nodnpocmpancmen
RBR=I+T1+...+I% (40)

mak, 4mobs MUHUMAILHOL MHOZ0MACH KEAHCO020 U3 IMUT YUKAUHECKUT noo-
npocmpancms Obla CMENEHbI0 HENpusoduM020 MHO204IEHA,

1) Hexoropnie ms IoKazarexeit d,, ..., [ Opm k> 1 MoryT DaBHATECA HYIIO.
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dTa TeopeMa JaeT paciiensieHme IPOCTPAHCTBA HA HepacHenUMEE Jajiee
HHBAPMAHTHEE IOAOPOCTPAHCTBA.

3amevanume. Teopemy 8 (3-10 TeopeMy o pacimenieHMH) MH IIOLY-
mIE, IPUMEHAA IIePBHE JBe TeopeMH o pacmemneEun. OnHako 3-10 TeopeMy
0 DaCHIeIJICHAE MOKHO HONYYUTH APYTHM IyTeM, a MMEHHO, KaK HeIocpep-
CTBeHHOe (IIOYTH TPHUBHAJIBHOE) CJIEJICTBEE M3 TEOPeMH 7.

Ieiicteutensro, mpocrpamcrso K, ecam oHo BoobIme pacimenisgercs,
BCeTJ{a MOKHO PacIleNHTh Ha HepaclieluMbie jajiee HHBAPHAHTHEE IOJAIPO-
CTPAHCTBA:

B=I+I+...4+I".

Corxnacuo Teopeme 7 Kajxfioe W3 CJaraeMuX NOJHPOCTPAHCTB ABIASTCA HUKIN~
YeCKUM M MMeeT B KadecTBe CBOEr0 MHHUEMAJbHOIO MHOIOYJIEeHA CTEICHBb
HeIIpUBOAMMOIO B K mHorousieHa.

§ 5. Hopmaabunas dopma MaTPHOBI

Ilycrs I, — m-MepHoe WHBapHaHTHOe mojupocrpancTBo B M. BriGepem
B I, mpomsBoinHO 0asue ey, €3, . .., €, N AOUNOTEUM ero jo Gasuca B R:

€1, €3y ...y Cmy €ty - ooy En

IlocMotpum, Kakr 6ymer BHraamers Marpuma A omepatopa A B 3ToM
Gasuce. HanoMmmmM uwmratenio, 9ro k-ii cronbem Marpumsl A 3amoiHAETCH
roopaunaramu Bekropa Aey (k= 1,2,...,n). lIpu k < m Berrop Aey, € I4
(B cuny mmBapmamTHOCTH I,) W, CIeIOBaTeNbHO, MOCIe[HHE 7 — m KOOD-
nmEaT BekTopa Aey pasue mHyao. [Tosromy mMarpuma A mMmeer Takyio ¢opmy:

m n—m
v pr———

(Ai 4; \}m "
4=\o A, )}n-—m’ (41)
rae A; m A, — KBafpaTHHE MATPUIE UOPARKA m ¥ n — m, a Ay — npsMo-
yroJpHAA MATPUIA. PaBeHCTBO HYJI0 UeTBEPTOTO «OIOKAy I BHPA)KaeT MHBA-
PHAETEOCTH DOAIPOCTPAHCTBA I,. Martpuna A, sagmaer omeparop A B I, (mpu
fasmce €1, €3, . . .y Cm).

IomyctaM Temeph, YTO €p4q, . - -, €n TOKE €CTH fasuc HEKOTOPOTO
WHBapUaHTHOTO MogupocrpancTsa Ip, 7. 6. B = Iy + I, u 6asuc BCero mpo-
CIpPaHCTBA COCTAaBIGH W3 JBYX dacrell, KOTopHe ciysar GasmcaMum B HHBa-
pranTEHX mogmpoctpancrsax I, u I,. Torma, ouesunso, B (41) m Guaok Aj
Gyner paBeH Hymo B MaTtpuua A Gyger MeTh KBa3WAWArQHANBHHIN BAJ:

A (A‘ 0 ) A, 4 42

0 A2 { 1 2}: / ( )

rne A; m A, — KBajgpaTHbIe MATPUIE IOPAAKOB M ¥ n — m, 3ajaiomue oIe-

patop B monumpoctparctBax I, m I, (upm fasmeax COOTBETCTBEHHO €,, €s, . . .

., €m O €mi1, - - -, €,). Herpynro Buuers, uTo H, 00paTHO, KBasHAKATO-

HAJIBHOMY BHJY MAaTPHOH BCEIa COOTBETCTBYET DacilelljieHHe LIPOCTPAHCTBA

Ha WHBADEARTHHE HOANDPOCTPAHCTBA (Hpu 3ToM 0asuc BCEro IPOCTPAHCTBA

COCTaBNEH H3 6asMCOB ITHX HOXIPOCTPAHCTB). :

B cmry 2-# TeopeMbl 0 pacIIelNIeHMM MEl MOKEM pacIleNUTh BCe UPO-
crparcTBo B Ha IMKIMYeCKHe MOUPOCTPAHCTBA I, I, ..., I

R=I,+I,+...+ 1 (43)
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B pamy MEEAMaIbHEIX MHOIOYICHOB 3THX IoAOpocTpaHCTB Py (A), Yo (A), . . .
. vy P: (M) Rasmgeiii MHOTOWIEH €CTh [eJduTedb IpeAHIymero (oTcofa yike
aBTOMATHYECKH CJeqyer, YTO HEepBHA MHOTOWIEH €CTh MMHEMAJBHEIH MHO-
TOYJIEH BCETO LPOCTPABCTBA).
Ilyers
Py (A) =A™+ AL a,

Yo (A) = AP +B AP+ .. 4By,

(m>p>...>»v). (44)

Pr (M) =A"4- A"+ ... e,
O6o3nagnm 9epes €, ¢, ..., | MOpoKFaOmue BeKTOPH B IMOANPOCTPAH-
creax Iy, I,, ..., I;ud cocraBuM Gasuc Bcero mpocrpaHcTBa i m3 ciegyio-

mux 6asmcos MEUKIMIECKHX ORI OCTPAHCTB:
e, Ae, ..., A" e; g, Ag, ..., A" lg; ...; 1, AL, ..., A, (45)
Tlocmorpmm, kakoBa Oymer Marpuma Lp, orBewalomas oueparopy A

B 9TOM Oasuce.

Kar Ohio BBACHeHO B Hawaje aroro maparpada, Marpmma Ly momxma
¥MeTh KBA3MAHACOHAJIBHYW (GopMy

Li 0 « o O
L= 0 Ly,... 0 . (46)
0 0...L
Marpuna L, oteeuaet omepatopy A B [, mpu Gasuce e, = e, e; = Ade, ...

v ey €m = A™ e, IlpumoMMHAA HpaBWIO COCTABAEGHWA MATPHOEL OO 3afaH~
HOMY omepartopy ¥ 3agaHEoMy Gasucy (riu. III, ctp. 71), maimem:

0 0...0 —a,
1 0...0 — Um—1

=0 1 - (47)
. O — Oy
6 0 . 1 — Uy

Ananormano

0 0...0 —p
1 0...0 —Ppu

L,=]0 1 : (48)
. o 0 —B
0 0...1 —pB

" T. O

Brramenue xapaxkrepmerugeckne MuOrowmemn Mmatpunm Li, L, ..., L,
MOIYIUM:

|AE—Ly|=%;(A), |AE—Ly|=%2(A), ..., |AE—Le|=%: (1)

(oA NEKIAYECKEX TOAOPOCTPAHCTB XAapPAKTEPHCTHYSCKHH MHOTOYIEH olle-
paropa A coBmajgaeT ¢ MEHAMAJIbLHHM MHOTOYIEHOM IOZOPOCTDAHCTBA OTHO-
CHTEeNIBHO 3TOTO OHepaTopa).
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- Marpuna L; orseuaer omeparopy A B «KaHOHHYeCKoM» Oasmce (45).
Eciu A — matpunma, oTBedalomas omepaTopy A B IPOM3BOJBHOM 0a3uce,
tro Matpuna A momo6Ha MaTpmme Lp, T. e. cymecTByeT Takad HeocoGeHHas
martpzma 7', 9T0

A=TL,T™ (49)

IIpo marpuny Ly Mu 6ypmeM TOBOPUTH, 4TO OHA UMEET NEPYI0 eCNecmeeH-
Hyto nopmaabHyilo gopmy. Ilepsas ecrecTBeHHAs HopMalXbHAs GopMa Xapak-
TepH3yeTCH :

1) xBasmpmaroHanNBHHM BumoM (46),

2) cmenuaNRHON CTPYKTYpOH AMAaroHAUBHHX Kiaerok (47), (48) m 1. m.,

3) MONONHMTENBHHIM YCJIOBHEM: XApPaKTEePECTHUYECKHUN MHOTOUNEH Kajmi-
Toll IUaroHANbHOH KIETKE AEJNTCA HANEI0 HA XapaKTepPECTHYeCKHil MHOTO-
YjleH CHeIYIOmed KJIeTKIU.

Touro Tax sxe, ecam 6 MEH HCXOAWJM He U3 2-i, a u3 3-H TeopeMsr o pac-
meljeHHH, TO B COOTBETCTBYOIIeM Oasuce omeparopy .4 orBedama OH Ma-
rpuna L1y, HMeOmAas BTOPYIO ECTECTEEHHYI0 HODMAAbHYIO PopMY, XapaKTe-
pU3yeMYyI0 »
‘ 1) KBasHAWATrOHAJBLHEIM BHIOM '

LII ={L1’ LZ: LS} Lu}y

' 2) cmenmanpHOH CTPYKTYPOH AMAroHaABHEX KiaeTok (47), (48) m T. m.,

3) mOmONHMTENHHEIM YCJIOBHEM: XapPAKTEPUCTHYCCKHUI MHOTOYIEH KaiK-
OOi KIeTKH SBIsETCA CTENEeHBbI0 HEOPHBOMEMoro B moine K MHOTOYIEHA.

B caenmylomem wmaparpade Mul moxaj;keM, 9TO B Kiacce IOHOGHEIX Ma-
TPHI, OTBEYAIONMX OAHOMY M TOMY JK€ OLEDATOPY, CYMIECTBYET TONBKO OJHA
MaTpHna, EMeIas IepBy0 HOPMAJbHYI0 opMy 1), M TOIBKO ofHA %), MMelo-
maA BTOPYIO HopMaxbEyM ¢opMmy. Bosee Toro, M jagmm axroput™ ais
HAXOMIEHUA MHOTOWIeHOB Y, (A), ¥ (A), . .., ¢: (A) mo saemenrTaM wMa-
Tpunsl A. 3HaHAe 9THX MHOTOYIGHOB JACT HAM BO3MOMKHOCTEL BHINCATL BCE
gaemerTH Marpunm Li m Ly, momo6Hmx Mmarpume A ¥ MMEOIIUX COOTBET-
CTBEHHO HEPBYI0 ¥ BTOPYIO HOPMANBHYI $opMmy.

§ 6. NuBapmanTHBIE MHOTOWIEHBI. JJIE€MEHTAPHbIC [eJNTeH

1 3). OGosraamm wepes D, (A) Hamboxpmuii o6mmii feanTe b BCEX MUHO-
pPOB p-Tr0 HOPARKA XapakTepucTuwdeckoll Marpmmel A, = AE — 4 (p =
=1,2, ..., n*. Tax rax B pagy

Dn (}")1 Dn—i (}")1 »e ey Di (}")

KaKOelil MHOTOYIGH [eaurcsas HA mocaexylomuii 6e3 ocraTka, TO (GopMyIs

. Dy (M . Dy (A . Dy (A .
(=il am =5 L am =30 D) =1) (50)

1y 910 He 03HAWAET, UTO CYIIECTBYET TOABKO OfMH KAHOHHIecKmH Gasuc Buma (45).
Kamonmyecknx 6a3mcoB MOKeT OBITH MHOFO, HO BCEM UM OTBeYaeT OJEA U Ta ke MaTpuna Li.

2) C TOYHOCTHIO [0 MOpPAAKA AUATOHANBLHHX KJIETOK.

3) B n. 1 macrosamero maparpada IOBTOPAKNTCA A XapaKTePHCTHIECKONR MaTPHIH
OCHOBHHIe momaTusa i, VI, § 3, ycraHoBieHHHe TaM [UIA IPON3BONXLHON MEOrOWIEHHOMH
MAaTDHIEL. .

4) B mamGonbmem o0meM JenuTene Bcerfa BHOHpaeM crapmuii KosdgmmumeRT pas-
HEIM eJUHUIE.
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OLPeNENA0T » MHOIOYWJIEHOB, IPOM3BefeHNE KOTOPHX PABHO XapaKTepPUCTH-
JeCKOMY MHOTOWIEHY

AM)=|AE—A|=Dy (M) =5 Wiz (A) ... in (). (51)

M=uorouwnern i, (A) (p = 1, 2, ..., n) pasioKuM Ha HEIPHBOJUMEI®
B moie K MEBOMKUTENH:

M =[p WP lga MI* ... (p=1,2, ..., n), (52)

rme @4 (A), 92 (A), .. . — pasauuHEEe HEIPHBOAEMEE B Ioie K MHOTOYIEHH.

M=uorounenst} iy (A), iz (A), ..., in (A) HABHBAIOTCA UHEADUAHMHBLMU
MHO204AEHAMY, 8 BCe CTeIEHH, OTIMYHE® 0T HOCTOAHHOH, cpemu [g@; (A)lve,
(@2 (A)] %, . . ., HABHBAIOTCA MEMEHMADHUMY OeAumessMy XapaKTePUCTH-
geckord matpunul A; = AE — A wmium mpocro Marpunb A.

IlpomspefeHEe BCeX 3HeMEHTAapHHEX [eadTenedl, Kak ¥ IOPOW3BeJeHHE
BCeX WMHBAPMAHTHEIX MHOTOY/IEHOB, pPABHO XapPaKTePHCTHYECKOMY MHOIO-
aneny A (M) = |AE — A4 |.

Haspanue «mHEBapHaHTHREE MHOTOYJIEHB» ONPABAAHO TeM, ITO HBE MOX06-
Hele' Matpunst A m A

—~

A=T714T (53)
BCerJa MMeIT OJHA W Te Ke HHBAaPHAHTHEE MHOTOWIEHEH!
LbM=5L} (p=1,2,...,n). (54)
HeiicreurensHo, u3 (53) carepryer:
Ay,=LE—A=TYAE—A)T =T"4,T. (55)

Orcioma (cm. ra. I, § 2) momywaeM COOTHOmIEHME MeKAYy MUHODaAMH IOZ06-
EHX marpny A; um Aj:

[ iige.ip
A"(kikz...lcp)—

iy isg...1 Qs .., O
S DRl it P8 v Ll el I
M<a2<... <o 152 .- - 1P P2 -+« Pp the ... By
l31<[32<...<ﬁp

(p=1 2,...,n).

ATo paBeHCTBO NOKABHBAET, YTO K&KAHH oOmuil KexuTess BCeX MUHOPOB
p-TO mOpAAka MATpHIH A; ABIAETCA OOMuM JelurTeneM BCeX MHHOPOB p-TO
nopsgKa Marpans A4, m Hao60pOT (IOCKOABKY MaTpHIEL A n A MoxHO mO-
meHATH Mecramu). Otciopa sureraer: Dp(AM)=D,(A) (p=1, 2,...,n) =,
cJIefoBaTebHO, MMeeT MecTo (94).

TockonsKy Bce MATPHUIH, HpPEACTABIAKINHEe NAHHHI omepatop 4 B pas-
JYHEHX Gasmeax, HOHOOHH MEXAY c0G0H M IOTOMY HMEKT OZHE H Te ke
MHBAPHAHTHEE MHOTOWJGHS M, CJEXOBATeJbHO, ONHH I Te Ke DISMEHTapHHE
HeNuTeNN, TO MOKHO TOBODHTh 00 WHBADWAHTHHIX MHOTOYIEHAX H 9JIEMEH-
TapHHIX fleuTensAx omepatopa A.

2. Bossmem temepsr B rauecrse A Mmarpumy Ly, HMeOmy® IEpBYO
€CTeCTBEHHYI0 HOPMAIGHYIO (OpPMy, W BHIHCINM HHBAPMAHTHEE MHOI'0YJIEHE
Marpuns A, mexons W3 pumpa Marpums A =AE—A (ma cxeme (57) ora
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MATpHI]A BHIHCAHA JIA cIydad m=>5, p=4, ¢q=4, r=3):

A 0 00 af 0 0 0O O 0 0 0 O 0 0 0
—1 % 00 «{ 0000 0000 00 0
0—1 4 0 | 00 00 00 00 00 0
0 0—1 A @i 0 0 00O 00 0 O 00 0
0 0 O—1a+A O 0 0 0O 0 0 0 O 00 0
0 0707070 TAT0O0 B 00 00 00 0
0000 0 f{—1 2 0 B 0 0 0 0 00 0
0 0.0 0 0 0—1 A B! 0 0 0 O 0 0,0
0000 0 | 0 0—1B+A 0 0 0 0 00 0
0 0 0 0 0 070 00~ 00 v 000
00000 00O0O0 I |—1 a0 vy {000
00000 0000, 0—1 & y] 0.0 0
00000 000 0] 0 0O=fy+A 00 0-
00000 ©0O0O0O0 0000 | & 0 g
00000 0000 0000 |—1 & g
00000 0000 O0O0O0O 0—1e,+2

67)

Tonssysachs Teopemoii Jlammaca, maiimem:

Dy ()= |ME— A| = | AE — Ly\E — Laj...[\E — Le| =9y () 2 (M)---e (A)-

Tlepeiinem ® oTsickaBm0 D, (). O6patuM BEAMaHWe Ha MHHOD 3ie-
MEHTA O,. ITOT MEHODP € TOYHOCTHIO KO MHOKHTeNA -1 paBeH

|ME—Lp| ... |ME—Le|=2(2) ... e (A).

MH pokaeM, 9To 3TOT MHUHOpP (rn — 1)-ro mopsgka OymeT jeimTeneM
BCeX TIPOYUX MUHOPOB (n — 1)-ro mopaAnka m 4To, CielOBATEIHHO,

Dyy () =%2 (M) - - 9t (A).

Jlna sToro BO3HMEM CHAYAJIA MEEOD 3JI€MEeHTa, HaXOJAMeErocs BHE Nua-
TOHANBHHX KIeTOK, M IOKayKkeM, 4TO TaKoil MAHOD paBeH Hymo. Ilxa moxyde-
HUS 9TOT0 MEHOpA HaM LPHJETCA U3 MATPHIE (D7) BEUEPKHYTH OFHY CTPOKY
B ofuE cronGen. BHYePKHYTHe IHHAHM B PACCMATPHBAGMOM CIyuae Hepece-
KYT JiBe pasHHE AUATOHAJBLHEC KIGTKH U, CIef0BaTeNbHO, Y KasKkIoll M3 DTHUX
IBYX KJIeTOK OyfeT BEYepKHYTO o ofEoil amumu. Ilycrs, mampmmep, y j-it
IMATOHATBHON KieTKu OyneT BHYepKHyTa ofHA M3 CTPOK. BoabMeM B MEmHOD®
Ty BOPTHKAJIBHYI0 HOJOCY, B KOTOPOil COfepKUTCA 3Ta AHATOHATBHAA KJIETKA.
B »10ii momoce, uMeomeR s ¢TombIoB, BCe CTPOKE, 34 MCKAOYeHmeM s — 1
CTpOK, GYIyT COCTOATH CILIONIL U3 HyJel (37ech depes s MH 0003HAYHIH
mopsiok MaTpunsl A ;). Pasnaras paccMarpuBaeMHii onpefennrens (n — 1)-ro
HmOpANKa HA OCHOBAHUM TeopeMH Jlammaca mo MmHOpaM s-Io HOpAJKA, COXEp-
JKAmMEMCS B YKasaHHOH mojoce, MH E y0eEMCA B TOM, YTO OH paBeH HYJIO.

BozsMeM Temeph MEHOP DIEMEHTA, HaXOAAMErocsa BHYTPH ofHOA u3 Ada-
TOHANBHHX KIEeTOK. B 3ToM ciIydae BHYepKHBAeMble JHHEN (HCKaJedaTy
TOJBKO OfHY W3 IMATOHAJNBHHX KIETOK, HAmpuMep j-10, M MaTpuila MHHOpa
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cHoBa Oyner kBasmauaronaiabHod. Ilosromy rtakoit mmHOp Gymer pasen

Pr(A) oo Yy W)Y (A) L. P (A) x(A), (61)
rae % (A) — ompejenmTenh <(HCKANEYOHHOM» J-fi [MAaroHambHON  KJIOTKIH.
B cmay toro, gro y;(A) meamrcs mameno Ha P;44 (A) ( =1, 2, ., t—1),

npoussefenue (61) pasgenmrcsa Ges ocrarka Ha IpOoH3BETeHHTe (59) Taxum
obpasom, paBeHcTBO (60) MOKHO cUmMTATH AOKA3aHHEIM. AHAJOTHMYHEIME Pac-
CYEJCHUAME IIOJIYyTAM:

Dna (M) =193 (A) ... P (A),

Detst () =91 (), | (62)
Dy s(AM)=...=D; (M) =1.
s (58), (60) u (62) maxomum:
0 ()= =i (), () =P =iy ), @@
e (= Bt iy (), ()= =) =1, \
@opmyust (63) moKasHBaoT, 9TO MHOTOWIEHE Py (A), Ya (A), . . ., Ps (A)

COBIIQIAKOT ¢ OTIMYHELIMH OT eJUHUNE HHBAPWAHTHHIME MHOTOYJIEHAMH OIle-
paropa A (1mbo coorBercrBylomeit Marpunsl A). Ho rorma oramumsie or emm-
aunsr  [@p (A)]r, l@p (M), ..., (=1, 2, ...) B pasnoxenmm (39),
COBNIAZIAIOT C anemeHTapHHMn I[eJIPITeJIi{ME[ onepaTopa A (aubo cooTBeTCTB Yo-
meit Matpuns A). IlosroMy sagamme MHBAPUAHTHEIX MHOTOWIECHOB, HIH, 9TO
TO jKe, 3aJaHUe dIEMeHTAaPHHX fenutenell B mone K, ofrosHaTHO ompegeser
3JeMeBTH HopMaXbHEX ¢dopM L m Liyp

Ha ctp. 185 Grimo ycranoBieHo, 9T0 fBe HOXOGHEE MATPHIE HMEIOT O HE
U Te ke MHBAapWAaHTHEE MHOroWIeHEH. llycrs Temeps, o6partHo, maBecTHO, 4TO
oBe Matpunsl A m B ¢ anemenTamu u3 K uMerT OQHI U Te ke HHBapHAHTHELE
MHorouwienn. Tak Kak Marpuma L ogHO3ZHATHO ONpeNeSIACTCA 3a/aHIeM
9THX MHOTOYJIEHOB, To 00e MaTpuusl A m B 1mogo0HH oxHO# W TOH ke Mar-
pune L; m, cregoBaTenbHo, MOZOOHE Mesrmy coGoii. Tawxum oGpasom, mpu-
XOUM K CIeNYIOMEMY HpelI0KeHNIO;

Teopema 9. Jua mozo umobn dée mampuys c saemenmamy usz K
6viay no0oOnw, Heo6rodumo w Oocmamouno, Ymobu y smuz mampuy Ouau
00HL u me e UHEAPUAHMHEE MHOZOUMeHb 1),

Xapaxrrtepucraueckuii MEOrowieH A (A) onepaTopa A cosunagaer ¢ D, (A)
M IIOTOMY paBeH IPOH3BEJeHUI0 BCeX MHBAPHMAHTHHIX MHOTOTICHOB:

A= (1) 2 (1) - - 92 (V. (%

Ho v, (A) ects MUHUMAJBHEII MHOrOYIEH BCETO IPOCTPAHCTBA OTHOCH-
TexbHO A; sHawmT, P; (A) = 0 m B cuny (64)

A(4)=0. ((965)“7

Taxam 06pa30M MBI HONYTHO XIONyduau Teopemy l'ammnproma — HaJm
(em. ra. IV, § 3).

1) Uam onnHaROBme 3jIeMeHTapHEE HeduTeJd B nojle K,
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§ 7. Hopmanbuaa skopmaHoBa opMa MarpHifbl

Ilycrs Bce KOpHH XapaKrepmctmdeckoro Muorounesa A (L) omeparopa
A wpumagnesar moato K. 310, B wacTHoCTH, Beerga OyJeT MMeTh MecCTo,
ecim K ecTh mome BCeX KOMILTOKCHEIX IHCEII.

B paccmarpuBaeMoM ciaydae pasiioyKeHHE HHBapHaHTHHX MHOT0YJIeHOB
Ha BjIeMEeHTapHbe RejuTeiad B moje K OyAer BHIJANETH TaK:

i (M) = (A=A (A—A)® ... (A—Ae)™, _
12(7»)_(?» A (A —2 )d2 (x A%, (Ck>dk> 2> 0,) (66)
. . cp > 0; k= 11 2,
ldM—@ A a . (o)
Tak Kar OpoMsBefeHHE BCeX WHBAPHMAHTHHX MHOTOYJIEHOB pPAaBHO XapaKTepu-
crugeckoMy MEOrouiaeRY A (A), To Ay, Ay, ..., As B (66) cyrp Bce pazmuambie

MEKEY c000fi KODHE XapaKTepHCTHUeCKOTO MHOToujeHa A (A). -+
BospMeM Kaxoii-nmGo 9iaeMeHTAapDHHIH eIWTENb

(A—Do)?; (67
3[I6CH Ag-—OJHO W3 UHUCEN Ag, Ag, ... As & p-—o0quH M3 (OTIUTIHHX OT HYJIA)
morasarexeit cg, dg, ..., la(k=1, 2,...,38). ‘

JToMy dieMeHTapHOMY feiauTedio B pacimemwienuu (40) orsegaer ompepe-
JIeHHO® ILUHJIWIECKOe NOAUPOCTPAHCTBO [, IOPOKOAIOIIUI BEKTOP KOTOPOTO

oGosmauuM OyrBoit e. Hlas sroro Berrtopa (A—Ag)® Gymer MUHAMAIBHEIM
MHOTOIJIEHOM.
PaceMorpuM BEKTOPH

ey=(A4A—ME)’le, e=(4—ME)" 2, ...,ep=e. (68)
Bewropst ey, e, ...,€, IOMHEEHHO HE3ABHCAMH, TaK KaK B IPOTHBHOM

“reJydae CYI[eCTBOBAJ OH AHHYIMPYIONHH MHOTOQJIEH JJSA BEKTOPA € CTEeNeHH
< p, 970 HeBOBMO;KHO. Temeph 3aMeTHM, YTO

(A—ME)e,=0, (A4—AE)es=ey,...,(Ad—ME)ep,=ep, (69)
WK ’
A61=?\/031, ) Aez=7\4062+61, .. .,Aep.—:?»oep—}-ep_l. (70’)

Umesn pasencrsa (70), HeTPYZHO BEIOMCATH MATPHIY, OTBEYAONIYIO OIepa-
topy 4 B I upm Gasmce (68). Jra marpuma Gyfer BHIIANETH TaK:

W 1 0...0
0 2 1...0
: - | = hE® 1 H®), (71)
. M
0 0 0...%

rae E(®) —epmumupas Marpuna nopspra p, a H®) —marpuna mopsapka p, ¥
KOTOpOii 3ieMeHTH MepBoil «HAMIHATOHANNY PABHE €JUHMIE, a BCe OCTAJIBHEE
HJIEMEHTH DPAaBHH HYIIO. : ' :
JlumeiiHO He3aBHCUMEIE BEKTODH €4, €z, ...,€p, HAJIA KOTODHX HMe-
10T Mecto pasenctBa (70), of6pasywT Tax HazwBaeMyw opldawosy ye-
noury eexmopos B I. VI3 KOpDHAaHOBHX HEHNOUYEK, B3ATHX B KaKAOM U3 IOfi-
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upocrparcrs I’, I”,...,IM, cocrasuserca acopdarog Gasuc B R. Ecan
MHUEAMAJIBHBE MHOTOWIEHH 3THX TORNPOCTPAHCTB, T. €. HIeMeHTapHHe [elu-
rejim omeparopa A, o6osHAUMM Telieps depes

(A—=A)P,  (A—Ag)Pz, ..., (A—Ay)Pu (72)

(cpemm wmcex Ay, Ag, ..., Ay, MOTYT OBHITH M paBHHe), TO Marpmma J, oTBe-
garomasg omepatopy 4 B KopmaHoBoM Gasuce, 6ymer uMeTh CIEIYIOMUIT
KBA3WAMArOHATBHBIT BU[:

J={ME®D L HpD,  J,E® 4 HEd, Ao 2 Pu) _I_H(pu)}_ (73)

Tlpo marpugy J roBopAr, UTO OHA WMMEET HODMAABLHYIO IHOPOAHOeY
gopmy mau mpocto wcopdarnosy Hopmy. Marpuma J cpasy BHOUCHBaercs,
€CJIM MBBECTHHL dJIEMEHTapHEe Jenurenn omeparopa .4 B moxe K, comepsxa-
meM BCe KODHH Xapaxrepucrmaeckoro ypasmenms A (A)=0.

Il poussosvras mampuya A ecezda nodobra mampuye J, umewweld Hop-
MARLHYI ocopdanogy Popmy, T. €. INA NPOMBBOIBHON MaTtpunmel A Beerga
cymecTByeT Takad HeocobeHHas marpuna T (|7|=£0), aro

A=TJT1, (74)
Ecam Bce ameMeHTapHBIE Mexurelum omeparopa A 1epBoit cTemeHa

(¥ TOMBEO B BTOM CIydae), yKOpJaHOBA (opMa SBISIETCS [HATOHAIBHON Ma-
TpELeH, I B STOM CJIydYae MEL UMeeM:

A=T {hiy Mgy .- s dn} T7L (75)

Taxkum obpasom, auxetinsli onepamop A umeem npocmyio cmpykmypy
{cm. ta. III, § 8) ¢ mom u moavko 6 mom cayvae, Koeda ece snemenmapHsle
deaumeau onepamopa A AuHELH. '

Bexropu ey, €, ..., ep, ompemendemue paseHctBamu (70), samymepyem
B8 obpaTHOM HOpANKe:

gi=ep=0, ¢ga=ep 1=(A—ME)e,...,gp=e=(4—rE)" . (76)
Torpma

(A—}\()E) g1={¢s, (A—?»()E) go=4¢gs3, .. .,(A—?vo.E) gp=0, (77)
OTKY/A

Ags = hogy1 -+ gas Ags=hg2--9s, - . oy Agp=Aofp- (78)

Bexrops (76) oGpasyior 6asuc B IUKINYECKOM HHBAPWAHTHOM IIORIPO-
ctparcree I, coorsercrBywmeM B pacmemienmn (40) smemeHTapHOMY mesu-
remio (A—Ag)?. B sroM Oasmce, Kak Jerxko BHAeTh, omepatopy A4 Oymer
0TBEYATH MATPUOA

% 0 0...0
1 % 0...0
0 1 % — AE® L D), (79)
0 0...12

ITpo Bextopm (76) roBopAT, 9TO OHE OGPASYIOT HUNCHIONN JHCOPOAHOGY
yenoury Bexropos. Ecam Me B xamkmoM ma mogmpoctpamets I, I”, ..., TW™
B pacmenienwn (40) BozbMeM HIDKHIOW JKOPJAHOBY IIENIOYKY BEKTODOB, TO M3
STHX IENOYeK COCTABUTCH HUMHUL scopdanos 6asuc, B KOTOPOM omepaTopy .A
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OTBE€UAET KBasujuaroHaJbHAasd Marpuana
Jy={ME®) - FoD,  JE®D 4 o), . A,E® | FPS ). (80)

IIpo marpuny J; roBopAr, UTO OHA MMEET HUXMCKIOW X#0pIaHosy Hopmy.
B oramume or wmarpmnm (80) marpunmy (73) Mu mHOorza GymeM HA3HBATD
gepxHell xHopdaHoeoll mampuyel.

Tarum o6pasoM, npousgoavras mampuya A ecezda nodobuma rax wHero-
mopoti éepIHeli, Mar U HeKomopol HUNCHEW wopdaHosol mampuye.

§ 8. Merox axan. A. H. Kpsinosa npeoGpazoBamms BEKOBOrO ypaBHEHHA

1. Ecau pama Marpuna A=]|aik|]{‘,, TO ee XapaKTepACTHMYIeCKOe (BEeKOBOe) ypasB-
HeHue 3AMACHIBAETCA B BHJE

ay—A ag v Oyp
AGy=(—pn| O fm—ho. e g 31)
Api  Qpg ' .. Gpp—A

B neBoil gacT® 5TOTO YPABHEHHA CTONT XAPARTEPHCTHUCCKHA MHOTOWIEH n-if cTe-
nesn A (M), Jasg BenocpescTBeHHOTO BHYMCIEHHS KO3QDHIACHTOB 3TOr0 MHOTOUJEHA
HY/XHO DacKpHTh XapaKTepHCTHHYecKHH ompefenntens |A—AE|], a 5To cBf3aEo NpH
Gonpmnx n ¢ GoXbmAM O00GHEMOM BHYHMCINTENBHOHR 'PabOTH, ITOCKOIBKY A BXOJHT
B HArOHAJBHEE JJIEMEHTH OIpeHeNnTessl).

Aranemax A. H. Kpuaor B 1937 r. [103] mpepnoxmn mpeoGpasosanme xapaxTte-
PHCTHYECKOTO ONpefeINTeNA, B PesylbTaTe KOTOPOTO A BXOMUT TOJBKO B DIIEMEHTH
ofHOro crombma (uam cTpowm). IIpeo6pasoBamme HpHIOBa CymecTBeHHO ympomaer
BHUHKCICHAe KO3PPUINEeHTOB XapaKTePHUCTHIECKOTO ypaBHeHUA 2),

B sTomM maparpade MEl Jagum anreGpamuecKHi BHBOJ NPe06GDPasoBAHHOTO XapaxTe-
PUCTUIECKOTO YPABHEHAS, HECKONBKO OTIMUalomuiicad oT BHBoAa camoro Kpnimosa 3).

BeesieM B paccMOTpeRHe 7n-MEPHO® BEKTOpHOE mOpocrpaHcTBO B ¢ Oasucom ey,

€, ..., €y W InHelHH} omepartop 4 BB, ompepgenseMuil namEO# MaTpunel 4= a;; e
npa 310M Gasmce. Brifepem B B mpomsBONMBLHHIE BEKTODP & == 0 M COCTABEM DAJ BEKTOPOB
w, Ax, A%, ... (82}
: Ilyers mepBHe p BeKTOPOB 3TOr0 paAna @, Ax, ..., AP~1x auneiHo He3aBHCHMEL
a (p--1)-it BexTOop AP ecrh auHeliHas KOMOMHANESA 3THX p BEKTOPOB:
AP = — Oy —0y g AX—... —y AP 1g, (83}
wan
¢ (4) 2=0, (84)
rae :
@ (A)=AP -+ APl oy (85)

Bee panpHeiimue BeKTODH pAja (82) Tawie JUHOHHO BHIPA’KAIOTCS Yepe3 MepBHIE p
BeKTOPOB 310r0 pAfa?). Taxkmm oGpasoM, B pAAy (82) mMeeTcd p NWHEHHO He3aBHCUMEIX

% # 1) Hamommmaem, uto KoagdumueHT HpE AR B A (A) paBed (C TOUHOCTHIO [0 3HAKA)
cyMMe BCeX TIAaBHEIX MUHODOB mnopaAfka n—k wmarpunu 4 (k=1, 2, ..., n). TaxmM
06pas3oM, yxe Upu n==06 HJIA HENOCPe[CTBEHHOTO oOmpejelNeHHA Koapdunmenra mpH A
B A (A) Hy#HO BHYMCIUTL IIECTH ONIpPelelHTeNel IATOrO NOPAAKA, a Aui wosdduunenta
mpm A% HYMKHO BEMMCIATE 1Q omperenuTelnedl deTBEPTOro MOPAAKA H T. I.

2) AnreGpawueckomy amanmsy merofa A, H. HpumoBa mpeoGpasoBaHEA BEKOBOTO
ypaBHeHUS HOCBAINeH panx mccxenopanmit [109a, 6; 133, 816, 132].

3) A, H. KpsuioB mprmes K cBOGMY Ipeo0pasoBaHHOMY VPaBHEHHIO, HCXOnd H3
PaCCMOTpPeHHs CHUCTOMH 1 JNHefHHX AuPepeRnmanibnHX ypaBHeHHI ¢ ITOCTOSHHHME
ros$dunnentamu. Brros Kpsuiosa B anrebpamsmposamHoil dopMe MOKHO HailTH, HAODPH-
Mep, B [109a, 816], a Taxme B wuumre {33], § 21. - -

4) [Ipumenssi K obGeuM vacTAM paBeHcTBa (83) omepatop A, MH BHpaxtaeM JUHeHHO
APtly wepes BeKTOPH A, ..., AP 1w, APx. Ho APx B cuny (83) mumeitmo BrIpa-
JKaeTCA 4epes BEKTOPH &, AX, ..., AP~1x. I103TOMY MHL molyddaeM aHATOTHYHOE BHIPA-
menne gaa AP+lp. [IpmMenss K 3TOMY BEpameHmIO BeKTopa APty oneparop 4, MH
pupasuM AP+2p uepes x, Ax, ..., APl m T, 4.
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BEKTOPOB, W 5TO MAKCHMaIbHOe UHCIO JNHHEeHHO HE3aBHCHMHX BEKTOPOB paga (82)
Moer OHTEL Bcerja pealim30BaHO HA HePBH X p BeKTOpax paAja.

M=uorognen @ (A) ABIAeTCH MUHEMAJABHHM (QHHYIHPYIOINM) MHOTOWICHOM BEKTOpA
x oTHOCHTenbHO omeparopa A (cM. § 1). Memod A. H. Rpeiiosa ecmb memod sdgenmus-
1020 OnpedescHus MUHUMAALLHOZO MH020ueHa @ (A) sexkmopa .

M3 paccMOTPHM pasfelibHO B CIydYasd: pesyiaApHuii caydad, KOTHa p=n, & ocobuii
caydail, Rorga p < n.

Muorowien ¢ (A) sBAfeTcA HRelwTeleM MHUHEMANLHOTO MHOTrowieHa 1 (A) Bcero
npocrpancTBa B 1), a ¢ (A) B CBOIO ouepenhb ABIAETCH JeNNTENEM XapaKTepHCTHYecKOIO
muorownena A (A). Iloaromy @ (M) Beerpa aBaAercs Aeamrernem A (A).

B peryaspuom caydae ¢ {A) ¥ A (A) mMenT OJHY ¥ TY :Re CTCHEHDL 1, ¥ IHOCKOIBRY
crapmue KoagduuMeHTH y HEHX PaBHH, TO 9TH MHOTOUWNEHE cosmagailoT. Taxum ofpa-
30M, 8 pesyAAPHOM Ccayuae

ARy =9 ()=o)

u notoMy Memod Kpeiiosa 6 peeyaapuom cayuae ecmv memod evinucaenus xoapduyuenmos
xaparmepucmuieckozo muozowaena A (A).

B ocoGom ciydae, KaKk Ms yBAAUM HIEe, MeTof HpHIOBRa He AaeT BOBMOMKHOCTH
ompemennTs A (A) @ B 9TOM CcIydde OH OOpefelAeT TOABKO MHOTOUNEH @ (A), ABIAL-
muiica menutenem A (A).

Ilpn uznoskenmu npeobpasosanma Hpmiosa M OymeM 0603Ha9aTh KOODPAMHATH

BEeKTOpa & B 3aJaHHOM (asmce €, €, ..., € Uepe3 a, b, ..., [, A ROOPAHHATH BEKTOPa
Akx wepes ag, by, ..., I (k=1, 2, ..., n).
2. Perynspaui caygai: p=n. B atoMm ciyuae Bextopu x, Ax, ..., A" ke
IuHefHO’ He3aBucHMH, u paserctsa (83), (84), (85) mpmEmMaOT BUR
A= —apt—Op g Adx—... —oy A" 1 (86)
niaa
A (A) x==0, 87)
rae
AN =A"F A1 oy Ao (88)

VYceaoBue numHeHHOH HE3aBHCHMOCTH BEKTOpOB @, Ax, ..., A"l wmomer OmThH
agaduTAYeCKH sanmcano Tak {eM. ra. III, § 1):

a b ... 1
ay bi . e li ,
M= + 0. (89
an—t bp—a ... Iny

PaccMOTpUM MaTpHIly, COCTABICHHYIO H3 KOOPAUHAT BeKTOPOB X, Ax, ..., A™x:

a b ... 1

ay . bi l1
e . (90)
Qn-1 bn_1 N ln_i

ap, by ... Iy !

BperynApHOM ciaydYae paHr BTOH MATPULH paBeH n. IlepBue n CTPOK 3TOH MaTPHIH

JIWHeAHO HE3aBUCHMEH, a mochaenuaAs, (n--1)-9, CTPOKAa ecTh JMHeMHAsS KoMOmHAIUA
IpeAHAYINUX 7. ’

3aBUCHMOCTh MekAy cTporamm Marpmusl (90) monydnm, 3aMeHAA BEKTOPHOE DPABEH-

¢180 (86) SKBUBAJEHTHOH CHCTEMOH N CHANAPHHX DPaBEHCTB

—Qp@—0Op_48)~— ... —04lp_4 ==0ap,

——anb-——an..1b1— .o -—aibn_izbn,

(91)

—anl_—-an_ili—- e —ailn_izln.

1) ¢ (N)—MARMManbHHE MHEOTOWIOH MaTpHuu A.



192 CTPYHKTYPA NUHEWHOTO OIEPATOPA B n-MEPHOM IIPOCTPAHCTBE [TJI. VII

Wz ar0if cHCTEMH n IMHeHHHX ypaBHOHHMA MH MOKeM OJHO3HAYHO ONPEefeldTh

MCKOMEIe KO3PPUIEenTs 04, Us, ..., Op 1) B HOXCTABETE HONYYCHHLIE SHAYEHUA B (88).
3TO0 WCKIIOUEn¥e Oy, Qg, ..., Up U3 (88) m (91) MOKHO mHpoBecTH B CHAMMETPHYHOL
¢opme. Naa storo mepemmmem (88) m (91) rax:

atn - a1an_1+ .. . +a2p-g014-apag =0, ]

boy +bi0n g . . . - bp_gar+ bpay =0,

f e e v e e e e e e e e e e e e e e ((1021).

l(ln—]— lian—i .. -+ ln_1a1 + lnao =0,

fan+Man—g+ . .. + A" lag - [A"—A (W] ag=0 |
TMockonpky 9Ta fcmcrema u3 (n-+1) ypasHeHmii ¢ (n--1) HemsBecTHEME g, O4, ..., 0y

uMeeT HEHyJeBOe pemieHme (Gp=1), TO ompejenIUTeNb ITOH. CHCTEMH NOJLKEH PaBHATLCA
HYJIO:
@ a1 ... Ap_y an
b by ... bpy by,
=0. (92)
Doly oot lpy In
1 A0 AP AR LA
Orciofia MBI onpepnexsieM A (A), HPeXBAPATeILHO TPAHCHOHEPYS onpenexurtend (92)
OTHOCHTENBHO IVIABHOH AMATOHANH:
a b ... 1 1
ay by ... 4 A
MA M= .....
Un_y bpog ... lp_qy AP1
an bp ... I An
Tie NOCTOAHHMIY MHOmuTenbs M ompenensercsa QgopMymnoi (89) m orim™eH OT HYIA.
Tosxnectro (93) m mpepcraBager co6oit mpeoGpasoBanme Hpurmopa. B ompepesm-
rese Hpriosa, crofimeM B IPaBOfl 9acTH STOTO TOMASCTBA, A BXOAHT TONBKO B Die-
MEHTH NocHeJHEro CTON6HA; OCTANBLHEIE Ke DIEMEHTH STOT0 ONpeTeN:TeJs OT A
H® 3aBHCAT.

3ameganue. B peryaApHoM ciaydae Bce mpocTpancTBo B ABISerca IUKIHU-
gecKEM (OTHOCHTeNbHO omeparopa 4). Ecam B KadeciBe Gasmca BHOpaTh BEKTODH o,

Az, ..., A"z, To B sToM (asmce omeparopy 4 cooTBercTByer MaTpuuma A, mMenomadA
©CTOCTBEHHYI0 HODMaJIbHYI Qopmy

’ (93)

| 00 ... 0 —op
1 0 ... 0 —op_y
A—| - . : i (94)
. L0 —a
0 R | —Qy
Ilepexox oT ocHOBHOrO Gasmca ey, €2, .... €p K Oasucy w, Ax, ..., A" 1lx ocy-

MecTBIAETCA HPH INOMOMM HeocoO0eHHOU Ipeofpasylomeil MATPHIH

a ag ... Gp.y

b by ... by
r=| 7 %t O (95)
|2 TR
ITpu sTom : -
A=TAT1, (96)

1) OnpegennTens 3TOH cHCTeMH B cHAy (89) OTIHYER OT HYJIA.
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3. Ocobuit cayuail: p<n. B asroM ciyuae BekTOpH «, Ax, ..., 4" e
JIAHEAHO 3aBUCHMEI, U HOTOMY

a b ... 1
by ... 1

M= Y=o
an—t bpq ... lpoy

Pasenctpo (93) 6mao BuBememo mpm yexoBum M == 0. Ho o6e wactm 3TOrc pases-
CTBa NpeACcTAaBIAKT co00# Iemse panmoHanburle (QyHKUEE OT A H IapaMeTpoB a,
b, ..., l1). IosTomy «m3 cooOpasKeHHI HEIPEPHBHOCTH» CjlegyeT, YTO paBeHCTBO (93)
umeer Mecto u upm M=0. Ho torma B oumpegennrene Kpunosa (93) mocme ero pac-
KPHITUA Bce KOo(QUIUMEHTH OKaKyTcA paBHHME Hymio. TaxmM oGpasoM, B ocoGoM ciy-
gae (p<n) fopmyna (93) mepexomur B TPHBHAJBHOE TOMFecTBO 0==0,

PaccMoTpEM MAaTPUNY, COCTABIGHHYI0 N3 KOODJHUHAT BEKTOPOB &, Ax, ..., APx

a b1

ay bi e li

A | @7
Ap-1 bp—i [ lp—i

ap bp ... Ip

dra MaTpUNa MMeeT PAHT p M INeEPBHE p CTPOR B Hell JUHEHHO He3aBHCUMH, HOCIEIHAN
e (p-+1)-s1 cTpoka ecTh JuHeHAA KOMOMHAIMA IEPBHX p CTPOK € KO3PQHIMenTaMM

—ap, —Op_q, ..., —0Oy [eM. (83)]. s n noopauEAT a, b, ..., | MH cMokeM BmGpaTh
TaKkde p KOOPAHHAT ¢, f, ..., h, YTOGH OOpefeMHTENb, COCTABICHHHI U3 9THX KOOPLH-
HAT BEKTOPOB ®, 4%, ..., AP~lp, 65a OTIHYEH OT HYIA:

c f ... h
[} fi N hi

M*= = 0. (98)
Cp_1 f’p—l “on hp—i
Hamxee, u3 (83) BHTEHaeT:

—apc——-ap_lci— e _aicp—l :Cp,
'—‘apf—ap—ifi—" cee _alfp—i=fp7 99)

'—"o'ph_a‘p—lh:l_ e —alhpszhp.
U3 srou’cmcTeMH YPaBHEHWMH OJHOBHATHO OLPeNeIAIOTCH KO>POUIUEenTH a4, o, ..., ap
MHOTOYAEHA @ (A) (MEHHEMAJIBHOTO MHOTOWIGHA BeKTOPa ). COBEPHIEHHO aHAJOIHTHO
peryJiApHOMY clydalo (IHIb ¢ 3aMeHOH n Ha p u O6ykB a, b, ..., ! Oyksamum ¢, f, ..., h)
MEl CMOKEM MCKNIWHTD Oy, Og, ..., Gp &3 (85) m (99) um moaywurs cuemyromyi op-

MyJXy Aaa @ (A):
¢ f ... h 1
[} fj sae h'l }\a

MW= . . .. ..o vu ... (100)
Cp—1 fp_1 cee hp__1 Ap-1
cp fo oo By AP

i
4. OcranoBuMcs Ha BHIAACHEHWH BONPOCA, A Kawux wmartpun A= a; I[’i' H OpE

KakoM BHOODe MCXOZHOTO BEKTOpPA & MM, YTO TO K@, IPH KAKOM BEIGOP® MCXONHHX
mapaMeTpoB a, b. ..., Il mMeeT MecTo perymApHHIT ciydait.

Y esi=afatafp ... +afdl, bi=aflot oot ... +a{l wr m (=1, 2, ...
..y 1), TTIE a§§3 (7, k=1, 2, ..., n)—osaemenrs marpaum A' (i=1, 2, ..., n).

13 ®. P. TanTmaxep
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MEH yKe BUjeNH, 4T0 B PeryisApHOM Ciiydae
AQ)=p0) =)

CoBIaeHNe XaPARTEPHCTHIECKOTO MHOTo4IeHa A (A) ¢ MHHIMAALHEIM MHOTOWISHOM
(M) osHauaeT, UTo y MaTpHUH A==||a; ||l HeT ABYX BIeMEHTAPHEX felHTeNeld ¢ OLHAM

¥ TeM jKe XapaKTePHCTHYeCKUM WHHCIOM, T. €. BCe DIeMeHTapHHe JelNTelH IIOIAPHO
B3aEMHO IPOCTH. B ciaydae, Korma A-—MaTpuua OPOCTON CTPYKTYDH, 5T0 TpeGoBaHHe
PaBHOCHIBLHO YCHOBHIO, 9TO XapaKTepHUCTHYeCKOe ypaBHeHMe MaTpuuel A He HMeeT
KpATHHX KODHeH.

Cosnajenve muorounesa YP(A) ¢ ¢(A) osmagaer, 9T0 B KadecTBe' BEKTOPA &L
BuGpaR BeKTOp, NOPOKAAIOIINE (OIPH OMOIE omepatopa .4) Bce mpocrpanctso R.
TaKoi BeKTOpP COTJACHO TeopeMe 2 § 2 Bcerja cymecTByer.

Ecanm e yciosme A (A) = P (A) He Bmmonmsercd, T0, Kak OH HHE BHOPATH BEKTOD
@ == 0, MH MHOTOdYNeHA A (A) He HIOJydYuM, TaKk KaK IOJYdYeHHHH Io meromy Hpnizosa
MHOrO4WIeH @ (A) aABAsercA peamreneM 1 (A), KOTODHH B pacCMATDHBREMOM Clydae
He COBMAJiaeT ¢ MHOrO4ieHoM A (A), a sABAsdeTcA NHINb €r0 HenmredeM. Bappupya Bek-
TOp @, MH MOKeM B KadecTBe @ (A) moayumrs dioGoi pemmreas P (A)1).

Ilonyuenuse BEBOJH MBI MOKeM CQODMYJAHPOBATH B BH[E CHEAYIOMeEd TeopeME:

Teopema 14. ITpeobpasosanue HKpwiaosa Oaem swipascenue 04% Taparmepucmu-
yeckozo Mmuozounena A (A) ymampuyrr A=|| aik”? ¢ eude onpedeaumeasn (93) 6 mom
U MOALED 8 MOM CAYHAE, K0204 6LINOAHAIOMCAE 064 YCA08UA:

1° Daemenmapnusie deaumern mampuysl A nonapHo 63aUMHO RPOCMEL.

2° Hcxodnvie napamempwt a, b, ..., I asasomes roopdunamamu eekmopa &, nOpo-
orcdaroupezo (npu nomowu onepamopa A, coomeemcmsyiougezo mampuye A) 6ce n-meproe
npocmparcmeo 2).

B obuyem orce cayuae npeobpasosanue Kpwiaosa npusodum E Hekomopomy Jesumenro
@ (M) zaparmepucmuueckozo muozouaena A (A). IGmom deaumeav @(A) Aeasemes MuHU-
MAABHBIM  MHOZ0ULEHOM Oas eekmopa X ¢ koopdunamamu a, b, ..., L (a, b, ..., I—
uczodusie napamempsl ¢ npeobpasosanuu K peaosa).

5. IMoxakeM, HKa®R HAWTH KOOPAWHATH COGCTBEHHOr0 BERTOPA ¥ AAA IWOOTO
XapaKTepPUCTUIECKOTO HYHCHA Mg, KOTOpOe SBJIAeTCA KOpHeM MHoTowIeHna ¢ (A), moxy-
yapomerocAa mo Merody Hprimosa 3).

Bexrtop y == 0 O0yneM mckarb B BHJE

y=bx+Edot ...+ 5,47 . : (101)
TlogcTaBuas 9TO BHPa)KeHWe NJAA Y B BEKTOPHOe PaBEHCTBO
Ay =My

u ucnoanayq (101), MBI Hmodydmm:

B Ax+ By A2 ...+ Ep g A" 0 Ep (—apT —ap A —. .. —a; AP )=
=ho G+ Edw ... +E,4" @), (102)

Otciona, | MesiIy IpodmM, clefpyer, 4T0 §p == 0, Tar Kak pasencTBo £p=0 B cuay

(102) maBaso 6m JMMHElHYI0 3aBHCAMOCTE MeKIY BerTopamu @, 4w, ..., A" % B Janb-
Heiimem Mer monaraeM Ep=1. Torpga w3 (102) moxywaem:

Ep=1, Ep-1=MoEp+ a1, Ep2=MoEp-1t02, ..., §=RhoEa+0p 4, (103)
O==Rofs+ap.
llepBie p; W3 OTAX DABEHCTB ONPENENSIOT HAM OCTE[OBATEILHO  BEJIIAMHEI

Ep» Ep-ts ...» B4 (ROODAMHATHL BEKTOPA & B «HOBOM» Oasmce x, Awx, ..., AP Ty
mocliefHee Ke PaBeHCTBO ABIAETCA CJENCTBHEM U3 NPeNLAYMAX M W3 COOTHOMOHHSA

M4adE~ 4. a,=0.

1y Cm., manpmmep, [816], cTp. 48.

2) B aHAXHTHYECKOM BHJEe 3TO YCIOBHe O3Hadaer, uro croabum z, Az, ..., A" 1z,
e r=(a, b, ..., 1), I1NHEHHO HE3aBHCUMHI.

3) Tlocaenyomue paccyRAeHAA HMEIOT MECTO KaK [JA DPeryiApHOTO CIydaA p=n,
Tak B a8 0c000ro ciaywas p < n. :
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Koopnunara a', b', ..., I’ BexTOpa % B McXOo[HOM Gasuce MOTyT OHTH HaijeHH
no caepyromuM gopMysiaM, KoTopsie BeiTeKalor m3 (101):
a'=8ja+Eay+ ... +Epop1,
b =EibtEabyt .+ Epbpr, | (104)
"=El Bl Eplpg. )
Mpumep 1.
PeKoMeHyeM YHTATENI0 CHE[YOIYI0 CXeMy BHYHCICHHI.
ITox pauxHOW MaTpuied A BHNICHBaeM CTPOKY W3 KOOPAWHAT BeKTOopa z: a, b, ..., I

OTEMH WHCIAMHU 3aJlaeMCs LPOMSBOJILHO (IIPH OZHOM WML OTPAHHMYEHHY: IO Kpanded
Mepe O[HO M3 ITHX dYUCeJ OTIHYHO oT Hyas). llox crpowroi e, b, ..., [ IHIIeM CTPOKY

as, by, ..., , T. e. RoOpAHHATH BeKTOpa Ax. Umena ay, by, ..., | moxydalores myrem
mOCAel0BaTeIbHOTO YMHOKEHHA CTPOKW da, b, ..., ] HAa CTPOKA JaHHOM Marpunu A.
Tax, HanpuMmep, ay=daya--appb-++ ... +ajpl, by=—asatassb+...+aspl m v. g Iog
CTPOKOH ay, by, ..., !y IHIIEM CTPORY dy, by, ..., lp M T. . HayK[aA M3 OPHOUCHBAEMEIX

CTPOK, HAaYMHASA CO BTOPOM, oNpejendercd IIyTeM IOCIEOBATEILHOTO YMHOMKEHHS MIpe-
AHAymeHl ¢TPOKM Ha CTPOKH JAHHOH MaTpHIHL.
- Hajg cTpoKaMM [aHHOM MaTPHIE BHIOWNCHBAEM KOHTPOJBHYID CYMMApHYIO CTPOKY

§ 3 —10 —3
3 1 —4 2
oz s =2 =
2 —1 —3 2
t 2 —1 =3y
r=e+e | 1 1 0 0j—1] 1]
Aw 2 5 1 3 —1i—1]
A 305 2 2 ti—t]
A% 0 9 —t 5 1] 1]
A 5 9 4 4
o 8 0 4
Y { o 2 0 1
—4 0 —4 0
? { 1t 0 1 0
B manuoM caydae MH IMeeM DeTyIADHHE cirydali, MOCKOIBKY
11 00
25 1.3
09 —15
OnpegennTtent KpeioBa uMeeT BHUJ
14 001
25 132
—16A(M=[3 5 2 2 A2
09 —1 5 a8
5 9 4 )

PackpirBag 3TOT ompefenuTeNhk M COKpamas Ha—16, Baligem:
A A=A =202+ 1=(A—1)2 (A-4-1)2.

OGosuagnm uepes 4 =&+ Eg dw + E3. 42 -+ £, 43 coGCTBERHBIT BEKTOP MATPUIE A,
COOTBETCTBYIOMUI XapaKTepucTHdecKoMy umciy Ag=1. Umcama &, .&y, E3, &, madijmem

13%
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no gopmynam (103):
=1, B=lAgF0=1, B=1-Ag—2=—1, E=—1-AgO0=—1.

Hourpoarsaoe paBeHCTBO —1-Ag--1=0, KoHeUHO, YJOBIETBOPAETCH.

IMonygennrie wmena §;, &, &3, §, pacmolaraeM B BePTHKANBHOM cToji6Ie Hapaj-
AdeabHO cTONONY  BeKTOpPOB X, Ax, A%r, A%rc. INoMmmomaa cronbexm §&;, &, &3, &
Ha croxben ay, ap, a3, @i, MH IIOJIYYHEM IePBYI0 KOODJUHATY &’ BEKTOpPA ¥ B HMCXOIHOM
Oasmce e;, ey, €3, €;; AHANOTMUHO NHoaydaeMm b', ¢/, d’. HaxoZmm KoopamraTsl (mociue
coxpamerna Ha 4) Bexropa y: 0, 2, 0, 1. Anmanormuso onpepensem koopamaars 1, 0, 1, 0
coOCTBEHHOTO BEKTOPA z AJA XaPAKTePHCTHYECKOTO dHCHa Ag— —1.

Haxee, cormacHo (94) m (95)

A=TAT-1,
rage
000_1[ 1 23 0
~ 1100 0 155 9
A= , T—=
010 2 01 2 —1
0 01 0 032 5

Ilpumep 2. PaccMoTpuM Ty e MaTpuuny A4, HO B KadecTBe HCXOAHHX mapa-
MeTpoB Bo3bMeM umcaa a=1, b=0, ¢=0, d=0.

8 3 —10 -3
3 —1 —4 2
|z 3 —2 —4
2 —1 —3 2
1 2 —1 —3
w=e 1 0 0 0
Ae (3 2 2 1
A 1 4 0 2
A% {3 6 2 3
Ho B manmmoM cayuae
1000
3221
M=\ 4 o 2/7°
36 2 3

m p=3. Mu mMeeM [el0 ¢ 0COOLIM cayuaeM.
Beps neppue TPH KOOPAUHATH BeKTOPOB x, Ax, A%xr, A3x, onpefenntens Kpraopa
3a0UCHBaeM B BHUME
1 0 0 1

32 2 A
1 4 0 Al
36 2 A3
PacanBa;{ 9TOT ONpefeNnuTes] b U conpamaﬂ Ha -—8, NOonIyInM:
@ (A)=A3—A2— A -1 =(A—1)2 (A1 1).

OTclofia HAXOMMUM TPY XapaKTePHCTHUISCKHX Tmeaa: Ay=1, Ag=1, A3=—1., Yerseproe
XapaKTePUCTHIECKOE YHCIO HONYINM U3 YCIOBUSA, UTO CYMMa BCeX XAPAKTEPHCTHUECKHX
amcent pasHa ciaeny marpuuii. Ho Sp 4=0. Ilostomy Az=—1.

IIpuBefionHEle IpAMepH IOKABHBAKT, UTO NPE NPHEMEHEHAH MeTofa HKphHioBa,
BHIOMCHBAA IOCHETOBATENBHO CTPORH MATPUILE
a b ...1

as bz e lz ’ (105)
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HY;RHO CIE[NTHL 33 PAHIOM IONYYaeMOil MATPHUH ¢ TeM, YTOOH OCTAHOBUTHCA HA MEPBOR
{(p+1)-6i cBepxy] cTpOKe, KOTOpad MBIAETCH JUHeHHOK KoMOMHanwed IpPeXHYIIMX.
Onpefieniennie paHra CBASAHO ¢ BRUUCJEHWEM HM3BECTHHX oupefleamTeneit. Hpome toro,
mosyunB onpemenurens Kpuaosa B Buae (93) mum (100), nna pacKPHTHAA €ro IO dJICMEH-
TaM HOOCJIEeRHETO cTOoN6IIa clefyeT BHYACIATH M3BECTHOS THCJIO OmpefenuTenei (p—1)-ro
mopAfKa [B peryaapaoM ciydae (r—1)-ro mopspral.

BMecto packpmtusa ompefendTens KpPHIOBA MOMKHO ompenenmts KoadduumeHTs
a4, Oz, ... HENOCPEJCTBEHHO W3 CHUCTeMH ypasHeHuil (91) [mau (99)], mpumenss x sroi
cucTeMe KaKoH-1mO0 3QQexTHBHEI MeTOJ pelleHNd, HANPHMED MeToJ HCKJIIO9eHud,
ITOT MeTO[ MOJKHO IPHMEHNTE: HEDOCPEJCTBEHHO K MaTpuIe

a & ...1 1
ay bi “os Zi A
as bz cen 12 Azl (106)

TONB3YACH UM NAPaiIedbHO ¢ HONYIeHHEM COOTBEeTCTBYOUINX CTPOK 1o MeToxy Hpruiosa.
Torfa MBI CBOGBPeMEeHHO OOHApPY;KHM 3aBHCAMYIO OT IIPEfHAYIIUX CTPOKY Marpuus (105)
6e3 BHUMCIEHHs KakmMX-Jubo ompemenmreiei. .

Tloacamm sto moppobuee, B mepsoii crpoxe marpunkr (106) BnGmpaem xaxkoi-nmbo
sneMeHT ¢=£0 W c. ero momMomslo ofpamiaeM B HYIb CTOANUIT ITOJ HAM DIEMEHT ¢y,

. ¢ .

BEIYUTAA M3 BTOPOH CTPOKE LmePBYH, HOMHOKEHHYIO HA Ti . 3areM BO BTOPOH CTpOXKe
BHOUpaeM Kakoid-nmbo 3aeMeHT fF =0 H ¢ IDOMOmMBIO 2j1eMEHTOR ¢ ¥ fi obpamaem
B HYJNb 3JIEMEHTH ¢y B fo U T. 1.1). B pesynbprare Takoro mpeoGpasonaEnA B IOCJHETHEM
cronbne marpunit (106) cTememm A% sameHsATCA MHOTOWIeHAMH k-if cTemenm g, (A)=
=AM (6=0, 1,2, ...). .

Tax Kak IpW BameM unpeo0pasoBaHm¥ TP NOGOM %k pPaHr MATPHUIH, 00pasoBaH-
HO# NDepBHMM % CTpOKaMM W mepBeIMU n cToabuamu Marpmiusl (106), He MeHAeTcH, TO
(p-+1)-1 cTpoxa >TOH MAaTPHUE HOCJKe NpeoGpasoBaHUA OyneM HMMeTh BHJ

01 01 sy 01 gp("')-

IIposenepnoe Hamm npeo0pasoBaHMe HE U3MOHAET BeNNUYAHH ONPOJEIUTENA
Hpsutosa

c f ...h 1

Cy fi v h1 '

e e e e a e e e e e e :M*q)(}\,)
cp—1 fp-ieeehpa APt

¢p fp e.ohp AP
IToatomy
Mo (My=cff ... &p (A),‘ (107)

T. e. 2) gp(A) m OynmeM HCKOMHM MEOTOWIEHOM @ (M), g5 (M) = ¢ (A).
PexoMmenpyem craemyioniee ympomenwe. [[0XyquB k-0 OPecOpa30BAaHHAYIO CTPOKY
B marpune (106)

a;_l, b:_l, ey l:—x’ 8ry A), (108)

d £ *
crenyomyio (k4 1)-10 CTpoKy clefyeT MONY4aTb, YMHOMAS DAL Ghyy bp-ys -- v by
(2 He UepBOHAYAABHMH PAN dp—y, Op—1, -.., {p—y) HA CTPOKE JAHROM MATPHIH 3).

Torma mu Hafimem (k--1)-10 cTpoKy B BHJe
ahs Bh - lp Mgpoy (M)

1) DnemenTH ¢4, f¥, ... HO [OJUKHL NPAHALJIEKATE HOCHeAHEMY CTOAOIy, cofep-
sKaIeMy CTEeneHH A.

2) Hamomunaem, aro crapmue xosddmnmentsr mmorounenos ¢ (A) # gy (A) paBHH
eABHALE.

8) Yupoiiienre 3aKI0YaeTcsa B TOM, 4T0 B mpeofpasoBamHOil cTpore (108) k—1 aae-
MEHTOB paBfint Hymo. I103TOMy TaKyio CTPOKY IPOINe YMHOMKATh HA CTPOKH MATPHIE A,
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H DOocje BRIYUTAHNA npe;mp;ymnx CTpOI{ noxydanMm:
Qb b, I gy (M)

Pexomengyemoe Hamu HeGOJbImoe BAMOM3MeHeHHe MerToxa HpHmoBa (COeTHmHEHU®
ero ¢ MeTOJ0M HCKIIOUeHWS) HO3BOJsAeT CPa3y HOIYUNTh MHTEPeCYINHAd HAC MHOTOUICH
¢ (M) [B peryasproM ciaydae A (A)] Ges Bi9MCHeHNA KaRuX-iub0 ompejeluTesed u peme-
HHA BCIOMOraTeNbHOH CHCTeME ypaBHeHHmi 1),

TIpamenp.
4 4 1 5 0
1 1 —1 1 0
1 2 —1 0 1
A=| —1 2 3 —1 0
1 —2 1 2 —1
2 1 —1 3 0
0 0 0 0 1)1
0 1 0 —1 0} A
0 2 3 —4 —21A2 [2%A)
0 —2 3 0 0] A2—4h42
-5 =7 5 7 —5] AB—4A242L [5TA]
-5 0 5 0 0] AB—4A24-9A+5
—10 —10 20 0 —15 A4—4A349A2H5A  [15—5 (A2 —4A--2) —
— 2 (A3—4A2-+ 9A+5)]
0 0 —5 0 0] AM—6A3F12A27h—5
5 5 —15 —5 0 AS—6AS 1203 TA2—50 [—5—5A-+(A3—
— 42 -9\ 4 5) —2 (M —6A3 4 1242 4-TA —5)]
0 0 0 0 O] A5—8A4--2548—21A2— 154410

A

1) Hapsapy ¢ merogoM axaf. A. H. Kpnnosa Mb IO3HAKOMHAM wmTaTens B Tia. IV
¢ merogom J[. K. @aapeena Brducienns KosQPHIMEHTOB XapaKTePUCTAIISCKOTO MEOTOWIe-
Ha. Metopn JI. K. ®agneena cBasan ¢ GONBIINME BHYMCICHHAMI, He;kenn MeTon KHpsiiosa.
B0 meroy Qapgfeesa asisercs Gomee ofmuM, B HeM neT ocobmx caydaes. OOpaimaem
BHEMaHWe dYHTaTens emle Ha BechMa sddexrmsumii meron A. M. Jlanumesckoro [88];
cM. Tame [8], ctp. 235—239, obzoprym crarbio [79] u wumry [33], § 24.



FJIABA VIII

MATPHUYHBIE YPABHEHNA

B s70it raaBe ME PacCMOTPYUM HEKOTODHle THOE MATPUUHEIX ypPaBHEHHH,
BCTpPEUAOMHUECS B Pa3HOOGPasHEX BOIPOCAX TEOPHN MATPUIL ¥ ee HPUIOKEHMUI.
§ 1. Ypasuenme AX=XB

Ilycrs gaHG ypaBHeHHe
AX = XB, (1)

rie A uw B—Be sajaEHbe KBajgpaTHBe MaTpmusl (BooOIe rOBOpsH, PasHHX
HOPAJKOB)

A=|la;|P, B=|bull}
a X"—‘HCKOMaﬂ HpHMoyI‘OJILHaH ManHHa paBMep0M mXn.
X=lleml  G=1 2, ...,m k=1, 2, ..., n)

BrmnmmeM siementapase fexntenu Matpun A u B (B mojle KOMINIEKCHEIX
qucen):

(4): (A—A)PL, ~(A—hg)P2, oo, (A—A)"% (pi+pat ... 4 pu=m),
(B): A—p)8, (A—p)? ..., A=) (¢s+@+ ... +qp=n).

B cooTBETCTBHI ¢ 3TMMH 2JeMEHTAPHKIMY JedUTeJAMY IPHBeLeM MaTPHIH
A n B Kk HOpMaabHO# sxoppraHoBOil gopme

A=UAU", B=VBvY, (2)

rae 7 m V —xBagparasle HeocoOeHHEE MATPUOEL COOTBETCTBEHHO IOPAIKA m
un aAa B—;HopHaHOBH MaTPHITH:

Z — {ME(“) - H#v), }\,ZE(D?Z_I__H(pz)’ e, ?»uE(pu) —l—H(pu)},
B={wE@+ HW, p,FE 4 Ha, . ., pE 4 H'%Y,
TlogcraBuss B ypasHenue (1) BMecto A m B uX BHpayKeHHA (2), NOXyTHM:

UAUX = XVBV,

(3)

VuuoEuM 00e gacT:m 3TOTO paBeHcTBa ciaesa ma U™, a cupasa-—mHa V:

AUXV =UXVB. (4)
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Bropst BMecro mckomoii marpunm X HOBYH HCKOMy® Matpmnmy X (Tex ske
pasMepoB m X 1)

~

X=U1XV, ()
MH ypaBHeHHe (4) 3aumMIIEM Tax:
AX =XB. (6)
Mu samernmam Marpuusoe ypaBHeHHe (1) ypasmenmeM (6) Toro ke BHAa,
HO B KOTODOM 33/IaHHHG MATDHIEI HMEIOT HOPMAJIBHYI KOpAaHOBY Qopmy.

B coorBercTBHME ¢ KBasHmAEAroHaJBLHHM BuAoM Marpun A m B pasoGnem
marpuny X HA OIOKH:

X=(Xq) (a=1,2,...,u; p=1,2,...,0)

(3mech Xqp—IPAMOYTONBHASA MATPHUA DPasMEPOM pg X g 0=1, 2, ..., u;
p=1, 2, ..., v). :
" Hcmonbsysa NHpaBuWio YMHOKEHHA ONOYHON MaTPHUE HA KBASHIUATOHAJL-
By (cM. ¢Tp. 96), mpomsBeseM YMHOKEHHE MATpPHUI, B JEBOM M IIPaBOL 9acTAX
ypasHeHus (6). Torpa aTo ypasHeHHWe pacnafgaerca Ha LU MATPUYHKX yPaBHEHHI

[haES + H®) Xop = Xap [pE % + H%']
(a=1, 2, ...,u; p=1, 2,...,0),
KOTOpPRHIE HepelniieM emje Tak:
(Be—2a) Xap=HoXop—XopGg  (a=1, 2, ...,u; B=1,2,...,0); (D
OpA 5TOM MEI BBeJil COKpalieHHbIE ofo3HaueHNsA )
H,=H®), Gg=H!"¢ (@=1,2,..,u B=1,2,...,v). (8

BosnMeM xaroe-EmOynb m3 ypasHeHmH (7). MoryT mpeactasmThcA gBa cayuas:
1. Ay ==ppg. Ilpomrepmpyem r—1 pas pasemcrso (7)1):

(b —2a) Xop = a+2 (—1)*HgX 45Gp. (9)

T=r
3amernM, 410 B emay (8)
Hyoe=Gip=0. (10)

Ecam B (9) B3ATD r>» py+gg—1, TO B RKUKIOM UieHe CYMMEI, CTOAINQI
B IpaBoii gactu paBeHcTBa (9), BHOOMHAETCA IO KpaiiHelr Mepe OZHO H3 COOT-
HOIIeHui

6> Day T2 (s,

m moromy B cmny (10) am6o H3=0, am6o G§=0. Tak xak, KpoMe TOrO,
B pacCcMaTpHBaeMOM CIydae Aq = g, T0 u3 (9) Haxomum:

Xop=0. (11)
2. Ag=pg. B stoM cayuae ypaBueHme (7) mpuHEMaer Bu
HoXop= XapGp- (12)

1) O6e wactm paBeHcTBa (7) yMHOKAeM Ha Ug—Aqg M B KasKioM dAeHE npaBoﬁ
gacTa 3aMenseM (Ug—Ag) Xgg Ha HoXop—XqpGg. 970T npomece mosTopseM r—1 pas.





