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4) Cmcrema (68) mpepcrasasier coGoil cmcreMy BmAa

N® ((%) z=F (80)
uIx B MORpo0HOil 3ammen

dz ~ dz ~ dz ~ ~
7,52*+21=f1, 'd—t3+zz=f2, svoy 7%+Zu—1=fu—1, Zy= fu. (81)

Orcrofa moceoBaTeIbHO OJHO3HAYHO ONpefelsieM pelleHme

= 7 dfy 7 dfs a2 A%y,
Zu=fu, Zu-1=fu—1—7];f R z1=f1-—-7ft2— _d_ia — (=) dtu—fl .
(82)
0) Cmcrema (69) mpexcrasmser coboil cmcremy Bupa
. d T
Jz4 S =7. (83)

Hax 6muo mokasamo B raase V, § 5, ofmee pemenme Takoil cHCTEMET
MMeeT BH]

z2=e—Jz,-}- S e=Jt=" f (1) dr; (84)
0

37IeCh Zp— CTOJGEI] ¢ MPOXM3BONBHEIMHA HJIEMEHTAMH (HAYANBHBIMA 3HAUCHUSME
HEU3BeCTHHX (yHKumi upu ¢ =0),

O6paTeEti mepexop ot cucTeMsl (61) k cucteme (59) ocymecTragercsa ¢op-
mynamu (60) m (62), cormacHO KOTODPHM Kakgas m3 QYHKIUH Zj, . .., Z,
ABJIAETCA NWHOHHOH KoMOmEanmued QYHKIUN Zy, . . ., Z,, & Kakgad U3 PYHK-

mmit fy (), ..., fm (f) dWBEe#EO (c DOCTOARBEIME Kod(PHEImeHTAMH) BHpA-
Aaercsa wepes QYEERIME fy (2), . . ., fm (2).

Ilporenennnii ananms MOKasHBaeT, 4TO 04 cosmecmuocmu cucmenms (58)
6 00wem cayuae OO0AKHCHbL GUNOAHAMBCA HEKOMOPbe OnpedeseHHble AUHETHGE
KOHeuHble U Ougghepenyuavrbie sasucumocmu (C NOCIMOAHHLIMU KOSPPuyuer-
mamu) mexndy npasuMu Hacmamu YpasHeHut.

Ecau smu ycaosus ewnoamensi, mo obuyee peuieHue cucmemws. codepicum
(6 obujem cayuae) aumelino KAk RPOU3EOALHElE NOCMOAKHGE, MAK U NPOUS-
804bHbBlEe PYHKYUL.

Xaparmep ycaosutl coemecmHocmu u zapakmep peutenuli (8 wacmmocmu
KOAUYECNE0 NPOUSEOALHYL NOCMOAHHWE U NPOU3EOALHBE GYHKYULL) onpede-
AAOMEA MUHUMAADHOIMU UHOCKCAMU U 9MeMEHMADHUMU Oeaumerimu ny4ka
A + AB, nockoarky om smux uHOekcos u Oeaumeneli 3a6UCUM KAHOHUMECKAS
gopma cucmemvr Juggepenyuarvunxr ypasrenuii (65) — (69).



I'TA BA XIII

MATPUHIBI C HEOTPHIATEJIBHBIMUA 3JIEMEHTAMHU

B sr0it riase msyualoTcsa CBOHCTBA BEINECTBEHHBIX MATPHI, ¢ HEOTPHIA-
TONBLHHMA 9JIEMBHTAME. OTH MATPHIK HAXOAAT ce6e CYMEeCTBeHHOe HPHAMEHE-
HHMEe B TEODMH BEDOATHOCTEH IpH mccIeToBaHMEM Hemedl Mapkrosa («croxacrm:-
JecKHe MATPUOED, cM. [25]) m B Teopmm MaIHX Kolde0aHmii yupyrux cucreMm
(«OCTIHILIATIMOEHBI® MAaTPHIED, cM. [7]).

§ 1. O0mume cpoiicTea

Haumem ¢ ompenenenns.
Oupexenenme 1. IIpamoyroxpEyio Marpunmy A ¢ BeMECTBOHHHIME

3eMEeHTaMI
A:Haihll (i:1,2,...'m;k=1'2, .-.,n)
Mel 6ynem HaswBarth HeompuyameabHoli (oGosmagenue: 4 > 0) mam nosoxcu
meavnoli (oGosmauenme: A >>0), ecnm Bce ameMeHTH MaTpmnE A HeoTpHIa-
TeIBHH (COOTBETCTBEHHO IIONOMHTENABHH): @i > (coorsercraemmo >>0).
Onpenmenenme 2. KsagparHas marpuua A =| a;;||7 HassBaerca pas-
A0NCUMOLl, ecid Dpu HeKoropoM pasOmeHmE Bcex mHfexcoB 1, 2, ..., n
Ha J[Bé [[ONONHHATEJIbHHE cucreMH (6e3 oOMEX MHAEKCOB) iy, iz, ..., Iy}
ki, k3 ooy ky W+v=n)

aiahﬁ=0 (a":i’z’-"vp‘;ﬁ=1’21"'} V)-

B mpormsrOM cayuae marpunmy A GymeM HasHIBATH HEDPA3ALONCUMOTL.
Ilox nepecmanogkoti pados B KpagparHoil Marpune A = | a;z|[T Mst Gymem
IOHAMATH COeNUHEHN® IEePeCTAHOBKE CTPOK ¢ TAKOH e IIepecTaHOBKOM

croabmos mMarpumur A.
OmnpefesieHEe Pa3IORAMOL ¥ jHepPasdoKMMOH MaTpAn Mo:xeT OHTH cop-

MYJIHPOBAHO TaK:
Onpenenernne 2. Marpuna A =| a;s|7 HasmBaerca paasoxcumoil,
ecJIM IepecTAHOBKOU DPsOB OHA MOKeT GHITH IPHBEeHA K BHAY
T B 0
“||C D
rie B m D —xsagpatdasie Marpunsl. B mpormBEOM ciaydae Marpuna 4 HasH
BAETCH HePA3AONUMOL.

Oycres marpuma A= a;||f coorsercreyer ammeiimoMy omeparopy .4
B n-MepHOM BEKTOpPHOM npocrpamcTBe R ¢ GasucoM ey, €z, ..., e,. llepe-
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CTAaHOBKE PAJOB B Marpunie A COOTBETCTBYyeT HepeEyMepanus GasWCHHX REK-

TOPOB, T. €. Tepexopx oT Oas3mca e, €, ..., €, K HOBOMYy Gasmcy e;= ej,
€,=¢€j,, ..., en=_=Ej,, vae (ji, ja, ..., Jn) — HEKOTOPAs MEPECTAHOBKA HHJECKCOB
1, 2, ..., n. Ilpm orom matpmma A mepexofutr B NOgoGHYW0 eif Marpummy

A=T7AT (B RaKION CTPOKe U B KayKioM croabue npeobpasywomeii maTpuns T
OfIMH 3JIeMEHT DaBeH eJWHHIe, a BCe OCTAJNBHHE DIEMEHTH DPAaBHH HYJIIO).
Hox ~v-MepuEIM KoopOunamusiy nodnpocmpancmeosm B R Mm 6ymeMm
noEAEMAaTh J0boe momgmpocTpamcTBO B R ¢ Gasmcom €r,, €ry .-y eh:
U<k <k<<...<<ky<n). C raxpguyM GasmcoMm ey, €3, ..., €, IPOCTPaH-
ctBa R cessaus Cy V-MEPHHX KOOpPAMHATHHX IojmpocTpamcte. OmpemeneHue
pasiQKuMoil MaTpWI(sl MOsKeT GHITh eme JaHO B CJAeAyomeH Qopme:
Onpegemenme 2. Marpuna A=| a;||i HasmBaercs pastosxcumols
B TOM M TOIBKO B TOM CIyuae, €ClIH COOTBETCTBYIOINHI aT0H MaTpmile omepa-
TOp A mMeeT v-MepHOe HHBAPHAHTHOE KOODAWHATHOE IOANPOCTPAHCTBO € V < 1.
HoxaxxeM caefyomyio jJeMmy:
Jdemma 1. Ecau A>O0-—rnepassomumas mampuya u n— nopadok
mampuysr A, mo

(E 4 4)"1>0. 1)

HorxaszarexncrBo. Jl1a rokasareabcTBa JOMMEL JOCTATOYHO MOKA3aTh,
gr0 gaa moboro Bekropa (croxbma)l) y >0 (y = 0) mmeer Mecto HepaBeHCTBO

(E+A4)"y>0,

J10 Ke HEPaBeHCTBO OYyaeT YCTAHOBIEHO, €CJU MHE TOJNBKO TOKayKeM,
umo npu ycaosuu y >0 u y=s£0 ¢exmop z=(E - A)y 6ceeda umeem menvue
Hyaesulx Koopounam, Hexceau eekmop y. HNomycrmm mpormsroe. Torpa Bek-
TOPDEl y M 2z ¥WMEIOT OfHH H Te ke HyJIeBHe KoopawHath 2). He mapymas
OOIHOCTA pacCy/eHnit, MO/KHO NPUHATH, YTO CTOAGIE ¥ W Z HMEIOT BHFA 3)

u v
0 0

rpe OTOJI6HLI U n v IMEIT OAWH I TOT Ke pas3Mep.
Ilosarasa coOTBETCTBEHHO

y= y Z== (u>0,'v>0),

A= Aii AiZ
Ay Anl’
6ymem - UMeTh:
lu _!_'A“ Aplllu _|®
|0 1Ay Azl |0 o]’
OTKYja
A,u=0,

1) Speck u pasee B 9TOH TnaBe MEI DOJ BeKTopoM OymeM IOBMMaTh cToiGer
W3 n qmced. JTUM GAMEIM MH KaK OH OTOKAECTBASEM BEKTOD CO CTONGIOM €ro K0op-
JumaT B ToM Gasmce, B KOTOPOM JaHHas MaTpmua A=|| a;; ||? samaer mexoropuil mmmedi-
HHIT omepaTop.

2) 3Aech MH HMCXOANM M3 TOTO, UTO z=Y--Ay u Ay > 0; HI05TOMY HOJIORUTEIHHHM
KOODAHHATAM BEKTOpA Y COOTBETCTBYIOT IONOMKHUTEJbHBI® KOOPAMHATH BeKTOPA Z.

8) K TaxoMy BHAY MOHO IPHBECTH CTONGIH y H z OPH IOMONTH HEKOTOpoil (ofHOl
¥ Toif jKe NNA y W z) NepeHyMepalUu KOOPAHEHAT.

23 @. p. ramrmaxep
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Ilockomsry u >0, T0 0OTCIOKA BHITEKAET:
A21 —_ 0.

JT0 PaBeHCTBO IIPOTHBOPEUYAT HEPABJIOKIMOCTH MATPHIH A.
Taxum oGpasoM, JeMMa JORa3aHa.
Bgemem B paccMoTpeHHe cTeleHH MaTpHLIE A:

A= dP |7 (¢=1,2,...).

Torga m3 JeMMEl BEHITEKaer
Canepmcraue Ecau A > 0 — nepasromumas mampuya, mo das a060ii

napw undercos (1<) i, k ( < n) cywecmeyem yeaoe noaoHUMesbHOE YUCLO (
makoe, Ymo

aP > 0. (2)

ITpu smom qucao g ecezda moxcHo swbpamsv 6 npedeaax
g<<m—1, ecav i5=k,
g<m, ecau i =k,

3)

IHe m — cTelmeHb MHHUMAJIBHOTO MHoro4meHa ¢ (A) marpmmer A.
IeitcTpuTenbo, 0603HaguM wepes 7 (A) ocraTok or peneHus (A - 1)7~!
ma P (A). Torma B cuay (1) 7 (4) > 0. Tax xax cremens r (A) MeHbIme m, TO
U3 IOJyIeHHOro HepaBeHCTBA BEITeKaer, 4ro mpu mobux (1 <) i, k(< n)
Mo KpafiHell Mepe OfHO M3 HEOTPHIATeNBHEX dYnces
aikv Ain, as‘.i)’ c ey ag;n—i)
He paBHo Hynw. Ilockonbry 8;, = O mpm i % k, 1o oTcloja caenyer mepsoe
n3 coornomennit (3). Bropoe coorrnomenne (gns i = k) monydaercsa amaso-
rmuHo, ecam HepaseHceTso r (A) > 0 zamenmrs HepaBeHCTBOM Ar(4) > 01).
3amMewanmue. ITO CAECTBAE U3 JEeMMH IOKa3HBAaer, 4YTO B HepaBeH-
cree (1) MoxHO 3aMeHuTH umeIo n — 1 wmeaom m — 1, rae m — cTemeHs
MIHUMAJIBHOTO MHOIOYIeHA MATPHOH 4.

§ 2. CnexrpannHbie CBOHCTBA HEPasd0KMMBIX HEOTPHHATEJILHBIX MATPHIL

1. Ileppor B 1907 r. ycraHOBMI 3aMedaTeJbHEIE CBOHCTBA CIEKTpa
(T. e. COBOKYIHOCTH XapaKTePHCTHYCCKUX UHCEN U COGCTBEHHHX BEKTOPOB)

[IOJOKATEABHEX MaTpHil %).
Teopema 1 (Ileppora). IHoirxumervnas mampuyd A =

= || a; || 6cezda umeem eewjecmeernoe U NPUMOM TOLONCUMEALHOE ZAPAK-
MepUCmuU4eckoe YUcA0 7', KOMOpoe A8ASemcs NPOCMuli KODHeM TapAKmepucmu-
YecK020 YpasHeRUR U RPesocrodum MOO0YAU ecexr OpYzu Zaparmepucmiuueckur
yuces. 9MoMy (MAKCUMALLHOMYY TAPAKMEPUCMUNECKOMY HUCAY T COOMEem-
cmayem coOCMEeHHbIL 8eEMOp 2 = (21, 22, - - ., 2Z,) mampuysl A ¢ noroxcu-
meavrbmu koopdunamanu z; >0(i =1, 2, ..., n)3).

1) MpousBefieHHe HEPAZTOMHIMON HEOTPUIATEABHOR MATPUUH Ha IONOMKUTAIBHYH
Beerga IpefcTaBiAer ¢o0o0fl IOJOKUTEILHYI MATPHIY.

2y Cm. [230 a, b], a mamme [7], crp. 100.

3) IloCKOTBKY YHMCHO r SBAseTCA MPOCTHIM XAPAKTEeDUCTHYOCKHM WUHCIOM, TO CoD-
CTBeHHEI BEKTOP 3, OTBEUAIONIHI 9TOMY 9YHCIY, ONpefelAeTcA ¢ TOYHOCTHI0 X0 CKAIAPHOTO
MEOKETeNd. [To Teopeme IleppoHa Bce KOOPAMHATH BEKTODP3 z OTIMYHHL OT HyJss, Belme-
CTBeHHBL M OTHOTO 3HaKa. YMHOMKEHHeM BeKTopa z Ha +1 MOMKHO cJelaTh BCe ero Koop-
AMBATH TOIORETENbHLIMA. B 3ToM HociefHeM ciydae BeKToD (ctonbem) z = (zy, 2o, . . .
z,) OymeM HashBATH nosoxumeabnsiy (CPABHU ¢ olpeiemenmem 1).

iR}
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NMonoxnrenpHana MaTpuIla ABIAETCA YACTHEIM BHAOM HEPA3I0KUMOM
HeorpunarenpHoil Marpunsl. ®Opobernuye ') o0606mua reopemy Ileppona,
HCCIE[0BAB CHEKTPAJBHEIE CBOMCTBA HEPA3NOMUMEX HEOTPUIIATENBHEIX
Marpmi.

Teopema 2 (DpobGernuyca). Hepasorumas neompuyameno-
nas mampuya A = || a;; ||} eceeda umeem noaosxcumenvHoe TAPAKMEPUCTIU-
YeckKOe HUCA0 T, KOMOpOe A8JAEMCA NPOCMBLM KODHEM IAPAKMEPUCTUHECKOZ0
ypasnenus. Modyau ecex Opyeux TAPAKMEPUCIMUMECKUT HUCCA HE NPeEocTo-
0am uucaa r. «MakcumaavHOMY» TAPAKMEDUCIIUHECKOMY HUCAY I COOMEEMm-
cmgyem coOCIMBEHHBTL 6eKMOD Z ¢ NOAOHCUMEALHUMY KOOPOUHAMAMU.

Eecau npu amom A umeem h xaparmepucmuyecKur uucea hy = r, Ay, . .
e+ vy An—q, RO MOOYAI PABHBIE T, MO MU HUCAA 6CC PASAUMHBL MexcdYy co60oii
U A6ARAIOMCA KOPHAMU YPAGHEHUS .

h__ . h

At—rt=0, (%)
U 60061ye COBOKYNHOCMY 6CEL LA PAKMEPUCTRULECKUL HUCEA Mg, A, . . ., hyy
mampuytt A = || a;p |7, paccmampusaenas KAk cucmema mouer ¢ KOMRACKCHOL

A-naockocmu, nepexodum cama 6 ceb6i npu nosopome Mol NAOCKOCTIU HG Y204

27? I pu h > 1 nepecmanogkoil psdos moxcro mampuyy A npusecmu K cae-

dywwemy «yukiudeckomy» eudy:

0 4, 0 ... 0

0 0 4,5 ... 0
A: ..............', (5)
0 0 0 ... 4,
4 0 0 ... 0
ede edoav Ouaeonaru cmoam keadpammvie GAO0KU.

IMockonsky rteopema Ileppona caexyer Kak YacTHHIH CaydYail W3 TEOpeME
Dpobermyca, To MH OymeM HOKasHBaTh TOABKO mociaeqmoio 2). Ilpensapu-
TeJILHO YCJOBHMCSA OTHOCHTEJBHO HEKOTOPHX 000sHAYeHMUI.

Mu GymeM mmcath:

CLD unm D> C,
rge C m D — BemecTBeHHEE NPAMOYIOJbHEE MATPHIE OJMHAKOBHX pasMepoB
mXn
C‘:HcikH1 D=”dlk|| (i=1,2,...,m;k=1,2,...,n),
B TOM U TOJBKO B TOM ciIydae, KOrja
cik<dik (z=1,2, ...,m;lt=1,2, ceey n). (6)

Ecim Bo BceXx HepaBeHCTBaX (6) MomHo 0T6pOCHTEL 3HAK paBeHCTBA,

TO MH OyJeM THCaTh:
C<D wm D>C.

B qactrOCTH, C > 0 (C> 0) 06o3magaer, 4To BCE BIEMEHTH MATpuumn C

HEOTPUIATEJIbHE! (COOTBETCTBEHHO IIOJOKUTEJHHE).

HKpome Toro, wepes C* mu 6ygem obosunagars mod C, 1. e. MaTpuiy, Koro-
pad IONyYaercd, eCIE BCe IIEMEHTH MaTpuin C 3aMEHHTh WX MOAYJIAMI.

) Cu. [182d, e].
2) HemocpeZicTBeHHOS JOKA3aTeALCTBO TeopeMnl Ileppora cm. [7], crp. 100 n manee.

23*



356 MATPHIIBL C HEOTPUITATEJIBHBIME 3JIEMEHTAMH [TJI. XIII

2. foxasareaxrcTBOo TeopeMs DPpobenmuycal) Daa

PUKCEPOBAHHOIO BEIeCTBEHHOTO BEKTOPA X == (4, &3, . . ., &) > 0 (x 5= 0)
moJiaraem:
A n
r,= min (x—)’ <(Ax)i:>_l agprg; L=1, 2, ,n> ;
1gign 4 het

OPH 2TOM UPH OIPefeeHAN MAHUMYyMa HCKIKYAIOTCA Te 3HAUCHHA WHIeKca i,
mia roropux z; = (. Ouesmpno, r, > 0 u r, ectb Hamboxabllee M3 BemMie-
CTBEHHEIX 9HCEeI Q, A KOTOPHIX HMEET MeCTO HepaBeHCTBO

r <L Ax.

Mu poxakeM, 4To (QYHEIHS 7, MOCTUraeT CBOero HauboIpIIero 3Hade-
HUA 7 HA HEKOTOPOM BeKTope 2z > (:

r=r,= maxr,=—max min (Az); (7)
(x20) (x20) i<isn ¥
W3 onpenenenns r, cienyer, 4To IPH yMHOKeHHH BekTopa z > 0 (z 5= 0)
Ha gucao A > 0 Beawdwuna r, He MeHAercsa. llosroMy mpu pashcKaEEM MakCH-
MyMa QYHKOUZ 7, MOKHO OTPAHUIUTLCSA 3aMKHYTHM MHO:kecTBOM M, cocrof-
UM B3 BeKTOPOB &, JJIA KOTOPHIX

Ecnu 6m ¢yEruma r, Oblia HenpepHBHA HAa MHOMKecTBe M, TO CymecTBo-
BaHMe MakcmMmyMa Opiiio 6 oGecmedeno. OgHako GyHKOUS 7, HeOpepHBHA
B @060l «TouKe» z >> 0, HO B TPAHMYHEIX TOYKAX MHoxecTBa M, rie ofHa
73 KOOpAWHAT 00pamaeTcs B HYIb, MOKeT HCIOHITHBATH PAa3pHBH. lloaTomy
MH BMeCTO MHO;xecTBa M BBeJeM MHO;KeCTBO [V, COCTOAMEe W3 BCEX BEKTOPOB
y BHAA

y=(E+ A"tz  (@EM).

MauoxectBo NV, Kak ¥ M, orpaHH9eHO M 3aMKHYTO W COCTOMT COIJIACHO
geMMe 1 M3 D ON O MU TE NI bBHE X BEKTOPOB.
Kpome toro, momHOmas o0e 4acTu HepaBeHCTBA

rot< Az
Ha (E£ + 4)*1 > 0, moxygaem:
ray <Ay ly=(E+ A)" zx].
Orciona, mcxoxd U3 OIDefleleHHA 7'y, HAXOIHUM:
2Ty

IlosroMy npE pasbiCKAHHA MaKCUMyMa I, MB MOKeM MHoOmectBo M
3aMEHHTb MHO;KECTBOM [V, COCTOAIIMM TOJNBKO U3 IOJOKUTETHHEX BEKTODPOB.
Ha orpanudenHOM 3aMKHYTOM MHO;kecTBe N (QyHKIUS r, HeIpepHBHA M I03-
TOMY JOCTHTaeT CBOero HamGoJIbIIero 3HaUeHHA HA HEKOTOPOM BeKTope z > O.

Jl1060it BeKTOpP 2 > 0, 774 KoToporo

ry,=r, (8)
OymeM HasuBaTh P KCTpPeMaJ b HEM

1) IIpuBenienHOE 37eCh OKA3aTENbCTBO IPHHANIEKAT Bunauary [260].
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Hoxamem Temepb, uto: 1) onpedeaennoe pasencmeom (7) uucao r noao-
HCUMEALHO U S6AREMCS TAPAKMEPUCTRUNECKUM YUCALoM Mampuybl A u 2) 41060l
IKCMPEMANLHBLY 6EEMOD 2 NOAONCUMEAEH U ABAAEMCA COOCTNEEHHBIM 6EKMODPOM
mampuys, A Oaf TAPAKMEPUCTRUYECK020 Hucad T, m. e.

r>0, z>0, Az=raz. 9
n
. . i
Heiicreurensro, ecau u = (1,1, ..., 1), ro r, = min Z a;5. Ho rorga
— 1ign k=1
ry, > 0, DOCKONBKYy HE OfH& CTPOKaZ HEDPARNOKNMOK MATPUIL HEe MOKeT
COCTOATH CILIOM B U3 Hyneii. CregoBarennno, u r >> 0, Tak Kak r > ry. Haaxee,
OyCTh
z=(E-+ A"z (10)
Torna cornacuo aemme 1 & > 0. Nomycrtum Teneps, 910 Az — rz = 0. Torna
B cmay (1), (8) n (10) moxyduaeM mocienoBaTeNBHO:
Az—rz>0, (E4A)"1(4z—rz)>0, Az—rz>0.
ITocnennee e HEPABEHCTBO NpPOTABOPEYHMT ONpefeIeHHIO UNCAA F, TaK Kak
H3 3TOr0 HepaBeHCTBA ciaefgosano 0w Az — (r - e) z > 0 mpm mocraTouno
Marom € >0, 1. e. r, > r -+ & > r. Caenosarensno, 4z = rz. Ho rorma
O<<a=(E+A4)"z=(1+4r)"gz, '

oTKyma BHTekaer: z > 0.
ITokasxeM Temeph, 9TO MOIYAU 6ceX TAPAKMEPUCIMUNECKUT YUcCes HE npe-
gocxodam r. llycrn

Ay=ay (y=+0). (11)
Ilepexona k MogynAM B JeBoii W mpaBoit uacTax pasencrsa (11), moayamm 1):
la|y" < Ay*. (12)

OTtryna
la|<ryp <.

HooyctuM, 4T0 XApaKTepHCTHYECKOMY HWHCAY 7 COOTBETCTBYeT KaKoil-
au60 coOCTBEeHHHI BEKTOP ¥:

Ay=ry (y+#0).

Torma, momaras 8 (11) u (12) @ = r, zakmiodaeM, 4TO ¥t — DKCTPEMAJLHHI
BeKTOp W, clefoBartenbHo, y* >0, 1. e. y = (Y1, Y2, .+ - -, Yn), THE ¥; =0
(i=1, 2, ..., n). Orcioga caegyer, UTO ZaAPAKMEPUCMUYECKOMY HUCAY T
coomsememsyem MmoAvKO 00HO cOGCMeeHHoe HanpasieHue, TaKk Kak OPH HaJIW-
UU¥M IBYX AMHEHAHO He3aBUCHMHLX COOCTBEHHBIX BEKTODOB Z U z; MK CMOTJH O
nogobpars uncaa ¢ u d Tak, 4To0u ¢oGCTBOHHHI BEKTOp ¥ = ¢Z -+ d3; UMeJ
HyJIeBYI0 KOOPAWHATY, a 3T0 0 JOKa3aHHOMY HeBO3MOKHO.

Beenem B paccMoTpeHUe TPHUCOCIUHEHHYIO MATPHUY [iAA XapaKTepHCTH-
geckoit Marpuun AE — A:

B(M\)=|Bu M) [} =A () AE—A)7,
rae A (M) — xapakTepucTHyuecKuit MHorowieH Marpunil A, a B (A) —
anrebpamieckoe XONOJHeHHe aiaeMeHTa AMdy; — a; B ompepenutene A (A).

N3 Toro, 4ro XapakTepUCTAYECKOMY YHCIY I COOTBeTCTBYyeT (C TOYHOCTHIO
IO MBO;KWUTEIA) TOILKO ONMH COGCTBEHHBI BEKTOP 2 = (24, Z2, . . ., Zn), T1O

1)y OrHocHTeNbHO 0603HAYEHEA y+ cM. CTp. 355.
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2,>0, 2,>0, ..., z, >0, Bureraer, aro B (r)5= 0 m aro B mI060M
HEHYJIeBOM cToabIe MaTpuns B (r) BCe 2JeMEHTH OTJIHYHE OT HYJA U OFHOrO
sraka. To ke momo:KkeHNIe IMeeT MeCTO M IJs CTPOK MAaTPULE B (7),IOCKOIBKY
B OPefHAYMUX PACCY;KACHHAX MOKHO MaTpuny A saMeHMTH TPAHCHOHHUPO-
BaHHOA Matpuieid A’. U3 orMeYeHHEIX CBOMCTB CTPOK U CTOXGI[OB MaTPpUOH A
BHITeKaeT, 910 B¢ e B, (r) (i, k=1, 2, ..., n) OTIAYHK OT HYJA M OHOIO
sHaka ¢. IlosTomy

oA’ (rY=0 X B;; (r)>0,
i=1

1. e. A'(r)==0 n r—npocmoii kopenv TAPAEMEPUCTIUYECKO20 Y DASHEHUS

A (h)=0.

Tarx Kax r—MakcHMAmbHEE KopeHh MuorouleHa A(M)=A"--..., TO
A (A) Bospacraer upm A=r. [losromy A’ (r)>0 1 o=1, 1. e.
Bin(r)>0 (i, k=1, 2, ..., n). (13)

3. llepexoma ® fAoKasaresbeTBY BTOpoi wacTH TeopeMut MpobGenmyca, MH
BOCTIONBAYEMCA CHEAYIoell MHTOPECHON JeMMOM 1):
Jemma 2. Ecan A=||ay |} u C=||cin|]}— 06e keadpamnrie mam puyst

00H020 u mozo e nopadka n, npuiesm A— HePAZAOICUMAR MAMPUYA U
cr< A4, (14)

mo smexwdy awbbslm raparmepucmuueckum wucaom y wmampuyst C u marcu-
MAABHBIM LG PDEEMEPUCTIUYECKUM HUCAOM T sampuyst A umeem mecmo nepa-
6eHCcmE0

NESL (15)
B coomnowenun (15) smak paeerncmea Mmoxycem UMeMb MeECMO 8 MOM

U MOAbKO 6 mom cayiae, koezda
C=¢l*DAD™, (16)

ede ¢i®=Y a D— Quaconasvnas mampu a, Yy komopoti OUuazorHasbHbIE 34e=
r b

MeHmul no modyaio pasus edunuye (Dt =E).
HoxrasatennscrBo aemmsl. OGo3HauuM depes y c¢OOCTBEHHHIH BOKTOD
Marpunu C, orBedanmieil XapakTepUCTHYECKOMY dHCIAY Y:
Cy=vy (v=0). (17
Ws (14) m (17) maxomum:
vy <Oyt <Ay (18)
[MosTomy
[ Y [ Lrp<kr.

PasGepem Temeps moapoGHO caywail |y|=r. B arom cayuae ms (18) cae-
ayer, uro y*-——osKeTpeMalbHEE BEKTOp [ia MATpumel A m, ¢IeJoBATENBHO,
y" >0 n y*—coberennnii BekTOp Marpumel A A XapaKTEPHCTHIECKOrO
qucaa r. Ilostomy coormomenue (18) mpmummaer BHA,

Ayt =Ctyr=ry*, y*>0. (19)

1) Cm. [260].
2) C—xoMmyiekcnasa Marpuna, a 4 > 0.
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Orcropga B cuny (14)

Cr=A. (20)
Oyere y=(y1, Y2, - - -, Yn), TNE
yi=lyiletvi (j=1, 2, ..., n).
OunpefesuM qUATOHANBHYI Marpumy [) paBeHCTBOM
D ={eivr, ¢ivs . ¢'Vn},
Torga
y=Dy".

HogeraBasns sro BHpaskenwe Aas y B (17) m poxaras tam y=re'%, Jerko
HamrigeM:

Fyt=ry*, (21
rae
F=e-toD1CD, (22)
ComocraBasa (19) ¢ (21), moayumm:
Fyt=Cty* = Ay". (23)
Ho B cmay (22) n (20)
Ft=C*=4.
Ioaromy mz (23) maxopmm:
Fyt=Fty*,
HMockoasky y* >0, To 3T0 PaBEHCTBO MOKET UMETH MECTO JHINb TOTAA, KOTAa
F=F*
T..€
e~0D7ICD = A.
Orcoma
C=¢c9DAD™,

Jlemma pmoxasana.

4. Bepmemcs K Teopeme DpofeHmyca W IPUMEHWM JOKA3aHHYI IEMMY
K Hepasnokumoii Marpune A >0, mMmeomedl poBHO k& pasiMYHEX XapaKTepH-
CTUYECKHX UHCEJT ¢ MAKCHMAJBHEM MOLYJIEM 7
Ao=Tel00, hy=rei®, ..., Apy=re'%h-t O=qo <@ <<Po<< ... << Ppy << 2m).

Torga, nomaraa B aemme C=A m y=2».,, muasa moboro k=0, 1, ...

.., h—1 6yneM nmers:
A=¢"%D, AD7Y, (24)

rae Dp— pqunarosansHas Matpuna ¢ Di=FE.

Ilyers cHOBa 2 —DONOMATENBHEH COGCTBOHHHH BeKTOp Marpmmu A,
COOTBETCTBYIOIMIA MAKCAMATHHOMY XAPAKTEPUCTHYECKOMY GHCIY 7:

Az=rz (z>>0). (25)
Torma, womaras

kR k
y=2Dpz (y*=2>0), (26)
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m3 (25) m (26) Haiimem:

k k )
Ay=ny (Ap=re% k=0,1, ..., h—1). (27)
0 1 h—1
Tlocnemame paBencTBa MOKA3HBAOT, YTO BEKTOPH ¥, U, ..., §, oUpeleiaeMue

m3 (26), sBasiorcss cOOCTBeHHEIMM BeKTopaMm Marpunosl A p[as xapakTe-
PHECTHYECKUX 9HCEX Ag, Ay, ..., Ap—q.

Ns (24) cmemyer, 9T0 HE TOIBKO Ag==r, HO U Kaxdoe us zrapakmepi-
CIUYECKUT yucea Ay, . L An—y mampuyvt A asasemcs npocmuim. Ilosromy

co0CTBeHHHE BEKTODH Yy, a 3HaunT, m Marpuou Dy (k=0, 1, ..., h—1)

OIIPeJeAAIOTCA ¢ TOYHOCTBIO 0 CRAJAAPHHX MHOKureneii. [ns opHosrauHOoro

ompepenenua marpun, Dy, Dy, ..., Dy MH OyAeM BHOmparh IepBHE [HEATO-
0

HaJbHEIE DIIEMEHTH dTUX MaTpuI paBHNME efunnite. Torna Dy=FE ny —z>0.
Hamee, ua (24) cuemyer:

P +1 F1p-—1 .
A=%D . DEADTIDTY (f, k=0, 1, ..., h—1).
Orciofla aHAJOTHYHO NPeIHAYIIEMY BaKII09aeM, UTO BEKTOp
D;D¥'z
ecTh COOCTBEHHHIA BEKTOP MaTpuOobi A, COOTBETCTBYIONUII XapaKTepUCTH-
yeckoMy wmcay re(®itOs),
Mosromy €“®7%%) copmagaer ¢ opmmm ms uncen €%, a marpmna D;DF'—
¢ coorBercrBylomeit marpuneir D;, 1. e. upm merkoroprx (0<) Yy, lL(Kh—1)
ei(lpj'i’(Pk): iq?ll’ ei(‘Pj—‘Pk)=e'lcPlz’

D;Dy=Dy, D;Di'=Dy,.

Taxum 06pasoM, uucaa €9, €9, ..., €1 u coomeemcmsyowue Oua-
2onaabbie mampuyst Dy, Dy, ..., Dyp_y 06pasyom Odee uzomopdure mexncdy
co60ll MysbmMUNALEAMUSHELE abesesbl 2pYnnsl.

B Kapoii KOHeWHOH TpymIe, COCTOAMeN M3 /i pasIWYHLIX 3JIEMEHTOB,
h-a cremen» nwGoro smemenTta pasHa egummmne rpynosil). [losromy €%,
e, ..., e¥r-1—xopHu h-ii cremeHm W3 eguHMIE. TaK KaKk CYIIeCTrByeT
BCero h pasnMuYAHIX KOpHeH m3 efumEmOE ¥ Qo=0<@; << @< ... <{Ppy <<
< 2m, TO

=" (=0, 1, 2, ..., h—1)

h
A
. my
=gk (e=é¢n=¢" k=0, 1. ..., k1), (28)
Ap=red (k=0,1, ..., h—1). (29)
Ynmeaa Aoy M, ..., Ap—y 0OpasyoT HOJHYIO CHCTEMY KopHeil ypaBHeHHA (4).
B coorserctun ¢ (28) Gymem mmers ?):

D,=D* (D=D,; k=0, 1, ..., h—1). (30)

1) Cm., Banpmmep, [39], cTp. 324.
2) 37ech MK ONHpaeMCa Ha H30MOPPHOCTD MyJIbTHIVINKATUBHLIX TPYII €

1Py
soey € h~1 1 Do, Di, cevs Dh—1~

i i
Po, (i01

gy oo
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Temeps pamemcrso (24) mam paer (mpm k=1):
2%
A=e "DAD, (31)
2mi
Otciofia caIefyer, 910 MAaTpuOa A IpH YMHOMKEHMH Ha e " IepeXOHT B IO-

AOOHYI0 MaTpHIy, W, CIEHOBATEIBHO, 6CH CUCEMA I XAPAKMEPUCTIUMECKUT
. 2n
1-—
yucea mampuybst 4 Npu YMHOMCEHUL HA e t
Hanee,

nepexodum & camoe ce6al).

D'=E,
109TOMY BCe [AHArOHAJIbHEE 3JeMEHTH B [) — KOpHN h-# cTeneHM M3 eIHHHUIIH.

Ilepecranosroit pagoB B A (u coorBercrBeHEO B D) MOMKHO [g06MTBCA TOTO,
gro6u mMarpmua D mMerda clemylomuil KBasnAHarOHAJILHBIA B[

D= {ﬂoEo, 7|1E1, ey ns—lEs—l}v (32)
rae Ey, Ey, ..., E,-y—enuHWYHEEe MATPHIH, a
i 2
Mp=e"p, Pp=ny _;;I‘
(np—menoe; p=0, 1, ...,s—1; O=no<<n < ...<<ngy<<h).
Ouesnpao, aro s<h.
SamncrBag 4 B 6iouAoM BuAe [B coorsercTBHH C (32)]

Ay Ay ... Ay
A= A21 Azz .« .. AZS . (33)
Asi Asz e Ass |I
ME paBeHcTBO (31) BameHMM cmcTeMOil PaBeHCTB
25,
Ng-1 Tt
squ-—-T—li;:qu (p, g=1, 2, ..., s e=e" ). (34)
Ng-
Orcrona mpm aw6HX p u ¢ amIGO n"—i:e, au6g Apq=0.
-
Bossmem p=1. Ilocrkoabxy Bce Marpuusr Aip, Asz, ..., Ay He MOTYT
OJJHOBPEMEHHO OGPATHTLCA B HYIb, TO OHO M3 GHCEJ ::—; , 2—2 y e ﬂfl”—i (o =1y
0 0
HOKHO PaBHATHCA €,  ITO BoaMomHOo smmb npum ny=1. Torza -::—1—=s "
0
Ay=A4;3=...=A4,,=0. llomaras B (34) p==2, amamormuso Haiizem, urO
No=2 m 410 Apy=Agpp=As,=...=As5=0 u 1. 7. B peayaprare moxyumm:
0 4,0 ...0
0 0 Ay...0
A=\ .- .

0 0 0 ...d4cy,,
Asi Asz Ass---Ass

1) Yucao k ectb HauGoabinee eloe YUCI0, 00JaJal0lee 5THM CBOACTEOM, OCKOIBKY
MaTpuna A IMeeT POBHO h XapaKTEePHCTUYECKHMX UMCel ¢ MAKCAMAIBHEIM MOJyJIeM r.
Kpome Toro, ms (31) BETeKaeT, 4TO BCe XaPAKTEPUCTHYECKME WHCIA MATPHNE Dpasbm-
BAIOTCH HA CACTEMH (II0 & wmced B Kasuoll) BHEAA g, g€, ..., Weeh1 # uTO B mpene-
JnaxX KajKmoll TaKo# cucTeMHl MIOOHM [ABYM XapaKTepUCTHYeCKHM dHCIaM OTBEYAIoT Ble-
MeHTapHHe CIUTeNH COOTBETCTBOHHO OfMHAKOBHX cremedeil. ONHy W3 TaKUX CHCTeM
006pasyloT KOpHE ypaBHEHHS (4): Ag, A, ...y Apq.
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IIpu arom ny=1, ny,=2, ..., ngy=s—1. Ho torga mpnm p=s B mpasmx
9acTAX PaBeHCTBA (34) CTOAT MHOMRUTENH
2,
Ng—-1 (g—3)-1t
=e =1,2,...,9).
s (¢=1, 2, ..., 9)
zm,
OfHO W3 BTHX UMCeT FOJIKHO DABHATHCA €=¢" . DTO BOSMOMKHO JINIIB,
Korga s=h n g=1 m, cregosarearno, Ag=...=A:,=0.
Taxum oGpasowm,
h—
D ={E,, eE,, €E,, ..., & Ey }

u marpuiia A umeer Bup (O).

Teopema DpofeHnmyca moKazaHa IOJIHOCTHIO.

5. CnemaeM HecKONbLKO saMedammii K Teopeme (Dpobemmyca.

3amevanune 1. Ilpnm gorasarenbcree Teopemer Ppofennyca Mul MOOYTHO
YCTAHOBHJIM, YTO [Js HEPasIoxmMoii marpuusl 4 3> 0, nMeomell MarcHMAaJIb-
HOE XapaKTepUCTHYeCKOe YUCIO r, HpHcoefmHeHHass marpuna B(A) mpu A=r
TIOTIOMATEILHA

B(r)>0, (35)
T. €.

Bik (7‘)>O (i, ]ﬂ:i, 2, eeey n), (351)

rae By (r) —aareGpangeckoe HOIOJHEHHe dIeMeHTa '8y — ay; B OIpefeauTeNe
IrE—A4]|.

PaccMotpiM  Tereph TpUBEeHHYI0 TUPHCOGRUHEHHYI0 MATpUIY (cM.
ra. 1V, § 6)

_ _B®»
CO=5m
rae D,-i (A) —HanGoapmuit obmpnit Aexmrens (co crapmuM xoddduImEHTOM
eIuHUIA) BeeX MHOrOuIeHoB B (A) (i, k=1, 2, ..., n). IlIpn atom ua (35")

caenyer, aro D,_,(r)s=0. Bce xopru muorounena D, ,(A) aBidlorcs xapax-
TepPUCTHICCKUMH uucaaMu l), oraumaasmu ot r. IHosromy Bee wopHm D, (A)
an6o KoMmiekcHsl, gubo BemecTBeHHH, HO Membme r. Orcioga D, (r) >0,
qro B coegmHeHdn ¢ (35) nmaer:

C (r) =20

Dot O > 02). (36)

dameuanue 2. Hepasencrsa (35) mo3BOIAOT ONpPedeJHAT:H TDAHMIEL
751 BEJIMIMHBL MaKCHMAJIBHOTO XapaKTePUCTHIECKOTO THCIA T.
Bregem o0osmauenus

siziaik (i=1, 2, ..., n), s==min s, S= max s;.
=t 1<ign 1<isn
Torma das Hepasaoxcumoii mampuyst A >0
s<r<S, 37
npudem 3HAK DAGEHCMEA CACEA UL CNPAEA OM I UMEEm MECMO JAUWb NpU

1) Dp_4 (M) ABOAeTCA [ennTeleM XapPaKTEPUCTHHGECKOro MHOrowaeHa Dp (A) =
=|AE—A4]|.

2) B cxegyiomem maparpade OGymer gorasaHo, 9T0 AN HEPA3NOKEMON MAaTPHIH
B(M) >0, C(A) >0 opu nofoMm BeUIECTBEHHOM A > r.
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s=35, m. e. Ko2da e6ce «cmpoumble CYMMB Si, Sz, ..., Sp PAGHB MEHIY
coboii t).

HeiicTBATeNBHO, npnﬁaBnM K T0CIefHEMY CTOIGLY XapaKTePHCTHYECKOIO
OIIpe/eIuTels

r—ayu —a2 ... — Q4
A(T)= —Qoy '—Qgy ... — Qon
—Qpngy —Qpa ... T—Aapp

BCE NPeAHIyIue CTOJOUB W PA3JOREM YIOCTE 9TOTO OUPefedUTeNh HO 3Jie-
MeHTaM nociennero croadma. IMomyamm:

g (r—ss) Ban (r)=0.

k=1

Orcroma B cuny {(35°) snirexaer HepaBeHCTBO (37).

Bamewarnue 3. Hepassoocumas mampuya A>0 ne moxem umemsb
08y AUHETLHO He3asUCUMBIL HEOm DU amesbHbLL co6cmaennbzx eekmopog. e
CTBUTENHHO, NMYCTH MTOMUMO IOJORUTENTBEOT0 COGCTBEeHHOTO Bekropa 2 >0,
COOTBETCTBYIOMIEN0 MAKCUMAIBHOMY XapPaKTePUCTHIECKOMY 4HCIy I, MaTprna A
AMeeT eme coGerTBeHHEH BekTop Y>>0 (nuHeiiHO HesaBECMMEIH OT 2Z) AuA
XapaKTepHCTAYECKOrO0 YHCIa O

Ay=ay (y=+0; y>0).

Iockoasky r—mpocTofi KOpeHP  XapaKTepPHCTHYECKOTO  ypaBHEHMSA
[AE—A]=0, 10

asEr.

OGosHavuM uepes3 U IOJOMUTEIBHHHE COGCTBEHHBH BEKTOD TPAHCIOHH-
poBauHOl Marpmuet A’ gus A=r:

A'u=ru (u>0).
Torpga 2)
r(y, u)=(y, A'u)=(4y, u)=a(yu);
OTCIOa, IIOCKOJBKY Q. =%=T,
(y, u)=0,
a aro mesoamomuO nmpn u >0, y>0, y=%0.
Sameuanune 4. Ilpm morasareambcrse Teopemsi DpobeHmyca Mu ycra-

HOBHIN CJACAYIOIYI0 XapaKTePUCTHKY MaKCUMAaIbHOrO COGCTBEHHOrO 9WHCIA T
Hepa3xouMoll Marpunsl A > 0:

F=max ry,
(x=0)

1) VeramoBnenwio ANA r HHTePBaja, 0o0jee y3KOTO, HeRenu (s, S), IMOCBAMIEHH
pabormr [207], [222a] n [161, IV].
2) Eonum y=(y1, Y21 -+ Yn) n u=/(uq, Uy, ..., ¥p), TO HOA (Y, %) MH DIOHHMAaEM

«CKAJNAPHOe NPOU3BeJeHme» ¥y u_E yiu;. Torpa (y, A'u)=y'A’'v u (4y, u)=(Ay)' u=
i=1
=y’A’u,
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rjge rx———Hanﬁo.nbmee n3 9uces Q, AJA KOTOPHX HMEeT MeCTO HEPaBeHCTBO

. Ax);
or < Ax. Hdpyrumu cirosamMu, NOCKOJLKY 7= min (—l’
igigsn 1
. (A.‘L'),
r=max min %,
(x20) 1<isn Ti

, TO 1

CoBepIIeHHO aHANOTUYHO MOMKHO A Jaoboro Bexropa x> 0(z5=0)
ONpefleNIATL r* KAK HAUMEHbIIEe W3 YACEN ¢, YOBIETBOPAIOIAX HEPABOHCTBY
ox > Az,

T. €. IIOJIOKUTD:

r*—max 42

1gisn %

[Ipm arom, ecan mpu HEKOTOPOM { HMEIOT MecTo cooTHomenus x; =0, (4z); == 0,

TO CIEAyeT CIUTaTh r*=— -\ 0o.
CoBepIIeHHO TaK e, KaK M AAA QyHKOUM 7., JOKA3KBaeTCA, 4T0 HyHK-

ousa r* JAOCTHraeT CBOEro HauMMeHbIIero 3Ha4YeHHs 7 Ha HEKOTOPOM BeKTOope
v>0.
HoxameM, 49TO0 4YHCJIO r, ompejenseMoe PaBEeHCTBOM

F—minr* — min max 4% . (38)

(x=0) (x=0) 1gisn T

COBIAZIAET ¢ YUCAOM 7, & BerTop U > 0 (v=540), HA KOTOPOM JOCTHTaeTICs 3TOT
MHHHAMYM, ABIAETCA COOCTBEHHHIM BEKTOPOM Marpumu A mpu A=r.
HelicruressHo,

rw—Av>0 (>0, v=£0).

Homycrmm, uro sfgech 3HAK > HeNIb3A 3aMEHHTH 3HAKOM paBeHCTBa. Torga
coraacHo Jemme 1

(E4+A)™ (rv—Av) >0, (E+A)"1v>0. (39)
Honaran
u=(E-+4)"1v>0,

0y/meM HMETb:

ru> Au
M, CIeX0BAaTeIBHO, TPHW A0CcTaTOYHO Majom & > {

(r—e)u>Au (u>0),

9TO HPOTHBOPEUNT ONpejeleHMI0 gmcaa r. Urax,

Av=rv.
Ho rtorgma

u=E+Aw=1+r"1p.

Hosromy m3 u >0 caexgyer v > 0.
B cmny samewanus 3 orciopna
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TaruM 06pa3oM, MH HMeeM [JiA 9HCIa r JBOHHYIO XapaKTePHCTHKY:

. Azx); . Ax);
r—max min 22 — min max —(—)l ) (40)
(x20) 1<isn i (x20) 1<ign Tl .
TpAYeM JOKAsaHO, 9T0 MaX WK min JOCTHraeTcs TOJIBKO HA IOJOMKHTEIHRHOM
(x20) (x=0)
cOBCTBEHHOM BEKTOpe NI A=r.
U3 ycramomieHHO# XapaKTePUCTMKH 9YHWCIa I BEITEKAOT HepaBeHCTBa ')

min %<r< max L“’L)L (x>0, z=0). (41)

igisn T tgign %
3ameuarmue 5. [Mocroanky B (40) max uw min Bcerfa gocTHTAKTCH
(x=0) (x=0)
TONBKO HA OJOKUTEIHHOM COOCTBEHHOM BEKTOPE HepasiosrmMoil MaTpuist A>0,
“TO M3 HePABEHCTB

rz<<Adz, z>»0, z5%0
AR

rzz>Az, 23>0, z+0
BCEra ClemyeT:

Az=rz, z>0.

§ 3. Pazno:xnmeie mMaTpmubl

1. Ycramosienune B NpeAsAyIneM maparpage CIeKTPaJBHEIE CBOHCTBA
HePasIoKUMEX HeOTPHIATeIbHEX MATPUI[ He COXPAHAKTCA IIPH TEPexofe
K pasiomaMev MatpumaMm. OJHAKO, MOCKOJBKY TPOMBBOJBHAS HEOTPHIIATEIb-
gas Marpuma A >0 Bcerma MoskeT OHTH IpPEICTABJICHA KAk Npefiedi IIOCIE0-
BATEJHHOCTY HEPA3NOKUMBIX U Jlase HOJOKHTeNbHHX Martpul, A,

A=1limA4,, (4»>0, m=1, 2,...), (42)
m—roo
“T0 HEKOTOPHE 13 CIEeKTPAJIBHHX CBOMCTB HePASNOMUMEIX MATPUI] B OocIa0ieH-
HO#l dopMe WMEIT MECTO WM IS PAsIOKUMBIX MAaTpHI.

Jlna mpomsBompHO#E HeoTpEmaTenbEol MatTpmmEl A = || @ ||T MH FoKamKeM
CHOAYIOMYI0 TeOpeMy:

Teopema 3. Heompuyameavrnas mampuya A=/| a;|[7 «cezda umeem
HeOmpuyamesvHoe TaPAKMePUCUNECKOe HUCA0 T makroe, umo 'modyau ecex
ZAPAKMEPUCTIUNECKUT wuces mampuybl A He npeeoczodsm r. Smomy «marcu-
MEABHOMYY LA PAKMEPUCTIULECKOMY HUCAY T COOMEEMCMeyem Heompuyamess-
HbllL cOBCMBenHbIl 8eKMOD

Ay=ry (y>0, y=0).

Horasareascreo. Ilycrs gasa marpumer A4 mMeer MecTO mpeficTaB-
sieHne (42). O6osmaumM wepes r(™) g y(™) MaKCHMAaJbHOE XapaKTePHCTHIECKO
YACIO HOJOMKUTeNbHOH MaTpumbl A, ¥ COOTBETCTBYIOWMI PTOMY YHCIy HOD-
"MEPOBAHHEIH %) IIOMOKUTETBHEIH COGCTBEHHEIN BOKTOP:

Ay = pmym)  [(ymym) =1, ym >0; m=1, 2, ...]. (43)

1y Cm. [167], a Taxsxe {7], crp. 3256 u paxee.
2) Hopx HOPMEPOBAHHKIM BEKTOPOM MHE IOHHMAaeM CTOX0eL, ¥ ==(¥y, U2, -..» Yn)s AIAA

n
WOTOPOTo (yy) = ) yi=
imt
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Tbrua n3 (42) ciaexyer, 4T0 CYImECTByeT mpefes
lim (™) =p,

rie r—XapakTepucTmueckoe wumcio Mmarpumum A. M3 Ttoro, uwro r(m >0
u rm > |A{™ |, rae AJ™ —mo6oe xapaxrepmeTmgeckoe WHCIO MATPHIE Ap
(m=1, 2, ...), UpefleIbHEIM ILIEPEXOJOM IIOJIyIaeM:

r>0i 7‘}“»0], (44)

rae Ag— a000e XapaKTEPHCTHYECKOe TMCIO MATpUIBl A. ITOT 7He Ipefe’ibHEIH
mepexof maer HaMm BMecTo (3D)

B(r)>0. (49)

Tanee, w3 mocaeoBaTeAbHOCTH HOPMHDOBAHHEIX COGCTBEHHEX BEKTODOB
yim (m=1, 2, ...) MOKHO BHIEIHTb NOANOCIEJOBATEIBHOCTD y™p (p=1,
2, ...), CXOHAMYIOCA K HEKOTOPOMY HODMHDOBAHHOMY (M, CIeJ0BaTeIbHO,
He paBHOMY Hyxdwo) Bexropy y. Ilepeiimem x mpemeny B o0enx gwacrax paBeH-
crBa (43), Aasag m WOCAeHOBATEILHOCTh 3HAweHMA mp (p=1, 2, ...). Mu
TNOXYYuM:

Ay=ry (y>0, y==0).

Teopema pmoxaszaHa.

3ameuwanue. llpn npepeasnom nepexone (42) mepaBencrBa (37) coxpa-
gsaorea. [loaToMy 3TH HEPABeHCTBA MMEIOT MeCTO IJs1 IIPOU3BOJBHON HEOTpPH-
mareisHoir Marpunsl. OfHaKo ycioBHe, npad koropoM B (37) mMeer MecTo
3HAK PABEHCTBA, MU PASIOMKUMOIl MATPHIH yKe HeBepHO.

2. YcraHOBMM DAJ B/KHEIX NPEJNOKEHWH IJA MATPUI] ¢ HEOTPHIATENb-
HHIMU 3JIeMEHTAMU:

1° Ecau A=| aix |} —neompuyameavias mampuya ¢ MaKCUMALLHOLM

XA PpaKmepucmu1eckum YUcaom r, mo

(AE—A)*>0, 2 AE—Ay'<0 npu A>r. (46)
HeftcTButensno, upn A >>r >0 cupaBeInBoO. pasioKeHue
(ME— Ay = % ;‘; >0 (47)
n, CiIefl0BaTeNBHO, JO
2 (E—Ayt= 2 4 7;]?2“" (48)
2° Ecau A= ay|}—Heompuyameavnas Mampuya ¢ MAKCUMALLHBLM

xaparmepucmutieckus wucaom r, a B (k) u C (L) —ee npucoedunennas u npu-
6edenHas npucoeOUHEeHHAN MAmPUybl, mo

BX)>0, CA)y>0 npu A>r. (49)
Hockompky B(A)=(AE—A)Y1TA@R), C(A)=(RAE—A)*¢y(A) n
A()>0, ¢(2) >0 mpn A>r, (90)

T0 U3 TEpBOro HepaBeHcTBA (46) cpasy BEITeKAKwT coorHomeHHs (49).
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3° Ecau A= anl||] —repassomumas mampuya ¢ makcUMALLHEM TAPAK-
me PUCIUYECKUM YUCAOM T'y MO

(AE—A)1 >0, 5 (AE—Ay1<<0 npu h=>r, (51)
B(A) >0, C(A) >0 npu A>r. (52)

HelicTprrensuo, cordaacHo ciaepersmio u3 demMmsr 1 (crp. 394), B cayuae
Hepazmomumoii Marpumst A > 0 B coormomenwax (47) m (48) mommHO 3HAK
paBencrBa or6pocuts. Torga um B (A) >0, C{A) >0 npu A >r. Ho, xax Ouuio
mokazano B § 2, muA Hepasaommmoii marpunel B (r) >0, C(r) > 0. Cxegmo-
BATENHHO, CHpPABE[JUBH HepaBeHCTBA (D2).

4° MarcumaivHoe 1apaKmepPucmuieckoe yucao r’ 406020 24461020 MUHODA

(nopadra < n) Heompuyamesvholr mampuyn A= ayl||; ne npesocxodum
MEECUMAABHO20 LA PAKMEPUCIMUNECKO20 YucAa T mampuys A
rr. (53)

Ecau 0as eaasnoeo munopa (n—1)-e0 nopadra r' <r, mo das zaparmepu-
cmuuecroeo onpedeaumens A (A)=|AE —A| umeem wHepasercmeo

A <<0 mpu r’ << A<Zr. (54)

Ecaw A-—mnepasaoxncumas mampuya, mo 6 (d93) ecezda 3Harx pasencmea
omnadaem.

Ecau A — pazaoncumas mampuya, mo no kpaiineii mepe 0as 00H020
2AQCHOZ0 MUHOPA UMeem mecmo 6 (D3) 8HaK paseHcmea.

HeficrBurenpHo, DYCTH AIA KOHKPETHOCTH 7’ — MaKCHMAJIbHOE XapaKkTepi-

CTHYECKOe YHUCIO MATPHI[HI A1=||ai,§{|?,}1:1, MMEIONiedl XapaKTepuCTHYECKIH
muoroanen Ay (A) =B, (A). Torga B.,(r'Y=0 ® B cryuae HepasmoyKuUMOI
marpunel A coriacuo (92) Bun,(A) >0 mpu A>>r. Caemomareabro, r’ < r.
Orcoga B ciaydae pas3io:RUMOIl MaTPHUIEL IIPEJeNbHHIM IePEeXCHAOM HOJIydaeM
HepaseHcreo (53).

lycrs r'<<A<<Cr. Torga, pasmaras ompemenurenb A (A) mo »smeMeRTaM
mocaeeil. CTPOKM W TIOCEHETO. CTOJ0IA, IONydaeM:

n—1

AR =Ar(A) (h—ann)— 2 AR (A) Ginni, (55)

15

rae AY (M) —anreGpandeckoe MONOTHEHWe daeMeHTa Az — a;; B OHmpefesn-
rene Ay(A)=DBn, M) (i, k=1, 2, ..., n—1). Pasmennm, obe wactm TOMK-
mectna (5D) Ha Ay (A):
n—1
A (A .
S =t 2 {CE—A) s aintan. (56)

i, k=1

Ucnonbsys Bropoe HepaseHCTBQ (46) musa marpumer A, sameuaem, 4dTo
Hpu A >>r' mepBHil uleH A—a,, B OpaBoil gactu (56) MOHOTOHHO BO3PACTAET,
a Bropoii-—He yOmBaer. CmefoparenbHo,  orHomenne A (A)/A; (L) moHOTOHHO
Bospacraer upu A >>7r'. Ho Torga s10 orHOIIEHNE OTPULATENBHO TPH 77’ < A < T,
mockonbky A (r)=0. Ho A;(A) >0 npu A >r’. Ciregosarelbmo, mMeeT MECTO
HepaBeHCcTRO (94).

Mp#1 ycTaHOBHIIHN CIIPaBeJIHBOCTH HepapeHCTRA (D3) miIst Munopos (n— 1)-ro
nopanka. IlocremennasiM mepexofoM or n—1 KR n—2, or n—2 K n—3
M T. . MB [JOR&OKeM CHpaBefauBOCTH HepaseHctBa (53) (6es sHaka — B
ciyuae HepasJToMHMON MATPUINE) IJA TJABHOTO MHHODA JO60re TOPANKA.
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Eciu A — pasmokuMas MaTtpuna, TO MEPeCTAHOBKOM pAZOB OHA MOMKeT
‘OHTH Tpe/ICTaBIeHA B BHJE

B0
C D|
Torma wmcao r HOMKHO GHITH XapAKTEPHCTHYCCKAM YHCIOM OJHOTO W3 JBYX
raaBHEIX MuHOpoB B m D. Ilpeanoxkenue 4° moxasamo.

Nz 4° muireraer
5% Ecanw A >0 u ¢ xaparmepucmuueckom onpedesumene

r—a;;  —ap ... —yy

—a r—a [ —a
A(r): 21 22 2n
} — Qny —dpy ... I'—Qyuy

Karol-Aubo U3 24A8HBT MUHODOE 00pawaemcs ¢ Hyav (mampuya A pasao-
aicumal), mo obpawyaemcs 6 Hyab 210000 OOBEMAOUWULY 2LAGHBUL MUHOD
U, ¢ wacmuocmy, odur u3 eaasHuzr muHopo¢ (n—1)-ro nopadka

By (8), Ba (M)s vy Bun (R).

Uz 4° u 5° cuepyer:
6° Mampuya A>0 seagemcs pasiorcumols 6 mom U MOALEC 6 MOM .
cayuae, Ko020a ¢ 00HOM U3 COOMHOULEHUTE

By (r) >0 =1, 2, ..., n)

UMeem Mecmo sHaK DAGEHCMEA.

Uz 4° purenaer Tanme

7° Ecau r— makcumaabroe xaparmepucmuieckoe uucao mampugs A >0,
Mo npu awbom A>T 6ce 24a8HblE MUHODYL TAPAKMEPUCUMECKOT MM PUILL
Ay = AE — A noaoxmcumenvni:

lly.e.ip o .

i ; >0A>r I<hi<<hh<<...<ip<n; p=1,2,...,n). (57)

1 2 . p

Herpynno supmers, 9to, H 0GpaTHO, M3 HepaBeHCTB (D7) cuemyer: A > r.
JleiicrBurenpHo,

A(tp)=| (At E—A|=| Ay pE] = 3 S,

rge Sp—cCyMmMa BCeX TJIABHBIX MHUHODPOB A-TO MOPSIKA XApaKTepHCTHIECKOH
marpunsl 4, =AE—A4 (k=1, 2, ..., n)!). llostoMy, ecnium npm HeKOTOpOM
BEMIECTBEHHOM A BCeé TJIABHBIE MUHOPHI XapaKTePHCTHYECKON Marpunil 4, modo-
RUTENBHE, TO0 mpu JoGoMm | >0

A (h+p) 0,

“T. €. BCAKOE 4UCIO > A He ABIAETCA XapAKTePHCTHIECKNM UHCJIOM MATPHUEL A,
CreposareabHo,

r<<a.

Tawkum ofpasom, Hepaserncrsa (D7) TpencTaBIAT cOGOH HeOGXOmUMEIR
¥ DOCTATOYHHE YCJOBHA IS TOLO, 4TOOBI 4HCI0 A ORIIO BepXHeit TrpaHHie

1) Cm. crp. 83.
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InA Mopyleit xapaxrepucrmdeckmx uucea wMarpunsi Al)., Opmako He Bce
HepaBeHCTBa (D7) HE3aBHCHMHEL MEKHEY COOOI.

Marprna AE — A npepcraBaser co0oifl MaTpHIY ¢ HEIOJOKHUTEILHHIME
HefmaroHaJdbHEmMU aaemertamu 2). II. M. Horensacruit mokasad 3), aro jaA rakux
MAaTPHAL, KaK W A CHMMETPHICCKHX MATPHI, HOJOKUTEIBHOCTh BCEX IAaBHEIX
MEHODPOB BHITEKAET M3 HOJOKUTENBHOCTH MOCIeNOBATEIbHEX TJABHEX MUHOPOB,

JJemma 3 (Horemsmckoro). Ecau e eewecmeennoli mampuye

G=|/gul] 6ce HeduaconaavHble 9.4eMEHMEL OMPUYAMENLHY UL DAGHBL HYAI0

gik<0 (lq&k, i’ k:l, 27 "'!n)v (58)
Va nocaedogamesbrble 2AA6HbBE MUHOPLL NOAOHCUMEALHDBL
1 12 12...n
g11=G<1)>0, 6 2)>0, G(1 B B USNCE)

mo 6ce 24asHble MUHOPBL Mam puybl G noaoxcumesvHbL:

1A l PR l
(1 2 i>>0 I<ii<<ir<<...<ip<n; p=1,2,...,n).
P

121 lz . e

HoxasareabcrBo. Byinem noxassiBarh JleMMy HHIYKTHBHO OTHOCH-
TeJBHO INOpARKA Marpuisl n. llpm n=2 jeMma mMeer MecTo, Tak Kak u3

g2<0 gu<0, g1u>0, gugew—giga>0

ciegyer: ggp>>0. llycrp nemMma cnpaBepgmumsa Ajaa MaTpUL NOPAAKa < n;

moKaseM ee 4aA Marpunil G=| g ||;. BeeseM B paccmorpenne oraiimMiasomue
OnpefielIUTeN R

1
Lin= G(1 k)=g11gih-g1kgi1 (¢, k=2, ..., n).
3 (98) m (59) cmexyer:
4 <0 (i=£k; i, k=2, ..., n).

C npyroii cropons!, npumeHss K Marpune T =|| ¢ |; Tompmectro Cmirbsectpa
[ra. 11, pasemcrso (30), crp. 48], momyuaem:

()
lilZ"'lp
oy dy en i) (20 <in<T ... <ip<n,
— -1
= (gu) G(iiiiz...ip)( p=1, 2, ...on—1 )= 69

Orciofa B cmry (59) ceiyer, 9To NOCHe/[0BATEIBHEE 1A BHEE MEHODPE MATPHIE
T = ||t |y HOTMOMUTEILHEL:

2\, p(23\_ EEREE A
tzz:T(2)> ’ T(z 3>> (23... n) ="

Taxmm o6pasom, marpuna (n—1)-ro nopanka I'=||f; ||, ymoBimerBopser
ycaopusam gemMul. IlosroMy corjacHoO JonymeHHI0 MHAYKLIUH BCe IIABHEIE

1) Cm. [123].

2) HerpyZAHO BARETH, 9T0, X HA000OPOT, BCAKAA MATPHLA C OTPULATEIHHEME HIH HYI1e-
BHIMHM HEIMATOHANLHEIMHE SJeMeHTaMH Bcerja MOKeT GHTH IpejcTaBieHa B BUfie AE—A,
rie A—HeoTpHUATEIbHAA MATPHIA, a A — BeleCTBEHHOE THCJIO.

3) Cum. [97B]. Ora pabora cOFepsKMT PAMN PesyJbTATOB, OTHOCAMIMXCA K MaTpHUAM,
Y KOTOPHX BCe HeJWarcHAaNbHLE HJIEMEeHTH OJHOTO 3HAKA.

24 @. P. TautMaxep
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MHIHOPEL MATPUITHL T mOMOMHUTEIBHEL:

iy iy ... 1 o )

T(i ; ip>>0 CLiu<<i<< ... <ip<n; p=1, 2, ... n—1).
1l ... tp

Ho torga ms (60) BrTeKaer, dYTO IOJOKUTEIBHH BCE TIJIABHHE MAHOD

marpunil G, cogep/Kamue HIEPBYIO CTPOKY:

Liiy ... ip) o .
G . )>0(2<L1<z2< e <ip<n; p=1,2, ...,n—1). (61)

1 i1 iz cenlp
Boabmem ¢mrcupoBammsie umHmeKCH (1<) iy<Tir<T ... << ipo(<n)
u cocrasaM Martpany (n—1)-ro mopamka:
”gaﬁ ” (a! 6 == 1, ii, 7:2, ceny in_z). (62)

[TocaenoBaTesbHbIe TIaBHKE MIHODH 3T0l MaTpuns B cuay (61) momomurenpas:
1 14,1 i
2.0 In—g
>0, G .]>0,...,G .. , 0
g1t ’ 1 1 T, ? 1 i lg oo Ilp-9 = ’
a HeJWAaroHAJTbHEE 3JIEMEHTH HEeIOJOKATeJNbHEL:

gaﬁ<0 (a#ﬁ; a, ﬁ=1, ii i27 --'7in..2)-
Ho mnopapmor wmarpuust (62) pasem n—1. Iloaromy cormacHo momymennio
MHEYKIUA BCe TJIABHBIE MIHODHL 3TOH MaTpUILI MOJOKHTETIBHH; B 9ACTHOCTH,

Iy iy v
G<.‘ N .”) >0 (63)
1y g ... lp
(2<i4<i2< e<Zipgn; p=1, 2, ..., n=2). -
Takam o6pa3oM, BCe MIHODH HOpAZKAa <7 —2 MaTpuisl G IIOJIOKATENBHEI.

IMocroasry B cuay (63) gz >0, To MH MO3eM Temephb BBECTH B pac-
CMOTPEHHE OIpefleIUTe M BTOPOTO NOPAAKA, OKANMIAIIME 3IEMEHT goy

(a me gy, Kar pambime):
21

tz‘k=G<2 k) G, k=1, 3, ..., n).

Onepupys ¢ Matpuneit 7% =||#},|| Tak, Kar MH paHee ONePEPOBAJIH C MATPH-
neit 7', MuI HOJy4rM HEeDABEHCTBA, aHAJOTMIHEE HepaBeHcTBaM (61):

G’_ 2 ii .- ip' 0 .
T (64)
(B <lp<< ... <<ip; iy, ..o, ip=1, 3, ...,n; p=1, 2, ..., n—1).

Tax kKak m000#l TaaBHHI MuUHOP MAaTpumu G =] g |y au6o comep:ur
HePBYIO CTPORY, JAuGO CONEPHAT BTOPYIO CTPORY, JAG0 nMeeT IOPALOK L n—2,
to m3 HepasesctB .(61), (63) m (64) cxemyer, 4ro Bce TrJaBHEE MHHODPH
maTpansl A MONOKUTeTbHH. JlemMa fMokasaHa.

loxasanHas JeMMa IIO3BOJAET B YCAOBAAX (97) COXPAHATH JHIUE
110CIIe/[0BATEIbHNE TIABHEE MAHODH K CHOPMYIHPOBATH CAOAYIOMYID TEOPEMY:

Teopema 4. Jlaa moeo umoGul sewpecmsennoe wucao A Guao 6oavwse

MAKCUMAABHO20 TAPAKMePUcmudeckozo ducaa r mampugs A =| a; 7 >0,
r<X,
HeobxoduMO U Oocmamoduro, umobu Npu IMoM 3HAYEHUL A 6ce nocaedosament-
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Hble 2aaeHBle MUHOPHL rapakmepucmuueckoil sampuys, A = AE— A 6uau
nOAOHCTUMEADHBL:

}\’ — Q44 > 01
A—ay —ap ... —ay,
{A—ay —agp —ay A—a —a
>0, ..., = 2o o =0. 65
i =y A —ag (69)
—Qny —apz ... }‘f—ann
Paccmorpum onmo npuiokenne srofi Teopemst. llycrs y marpmist C=||¢;s 14
BC® HE[MATOHAIBHEIE DIIEMEHTH HCOTPUIATENBHEI. Torpa npn HeKoropOM A> 0
matpana A =C-+AE>0. Xapakrepmcrudeckue umecaa A;(i=1, 2, n)

marparit € pACHONOKUM B TIOPAJKE BO3PACTAHMA BelleCTBeHHBIX aacreii:
ReA <ReAry ... < Re k.

OGosHauuM wepe3 7 MAKCHMaJbHOE XapaKTePHCTHIOCKOC 9HCIO MATPHIH A.

[lockoabKy XapaKTePHCTHUECKUMH 4YHCIAMU MATPUOE A ABISIOTCA CYMMH
M+A (=1, 2, ...,n), 10

At+A=r.

B gaEHOM ciydae HepaBeHCTBO 7' < A HMeeT MeCTO JUIIE XpH A, << 0 u o3Hauaer,
yro y mMarpuusl C Bce XapAaKTePHCTHYECKHE YACHA WMEKT OTPUIATEIbHHS
BeIMeCTBeHHEIE 9aCTH. JanMCHBasg HepaBeHcTBa (65) nma marputs — C=AF—A4,
MBI TOJYYHM TeopeMy !):

Teopema 5. [uas mozo umobw y eéewecmeennoii mampuysn, C = Hc,kH1
¢ HeOmpUYAmesbHBLMU HEOUAOHANLHUMU IACMEHMAMU

cin >0 (E#k i, k=1, 2,...,n)

gce TAPAKMEPUCMUNECKUE HUCAA UMEAL OMPUYAMEAbHYE BEUIECMEEHHbLE HaACTL,
He06T00UMO U JOCMAamOuHO, YMOGE EBNOAHAAUCH HEPAGEHCMEA

C11 C13 ... Cqp
cu Ci2l Coy C c
21 Cag ... Cop
C11<0, . l>0, ...,(-1)” >O (66)
6‘21 622 e e e e <« 4 e @
Cn1 Cpno « o« Cpn

Ilycre cmHoBa A —mpowMs3BonbHAasA HEPA3IOKHMASA HEOTPHIATEILHAH
marpuna, a z >0 (z540) —HeroTOpHIT BeKTOp 2), He ABIAWMNUICA COGCTBEH-
HEM JJA MAaKCHMaJbHOIO XapakrTepuctuueckoro umeia r. Torma B cmay
saMeuaHus D Ha ctp. 369 cymecrsyior mEmekcH [ ¥ j (1<, j<n) Takue,
9TO BHIIOJIHAIOTCA HEPaBEHCTBA

(Az);>rx; n (Ax);<<rz;. (67)
Ecnu e x-—coGcrBenHBIi Bextop Marpunii A [JiA XapaKTepacTHYe-

CKOTO H9HCJa 7, TO B COOTHOWeHHAX (67) 3makm HEPABEHCTB CJICHLYeT 3aMe-
HATL 3HaKoM paBemcrBa. llosTomy pum mroGoro mextopa x>0 cymecTByIOT

1) Cu. [123, 9/B] Tockonsry C=A—AE, A >0, 10 A;, BemecTBeHHO (3T0 Cliegyer
u3 paBeHcTBa An-t-A=r), u sTOMY XapaKTePHCTHYCCHOMY YHCIY COOTBETCTBYeT HEOTpH-
HaTeabHHM CO0CTBeHHEI BeKTOp MaTpmusl C: Cy=Ai,y (y >0, y == 0).

2) OGospauenne x>0 oBHawaeT, uTO croxlueBasg MATPHIA T HEOTPHIATEIBHA,

24%
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uapexcu { n £k (1<i, k< n), npn KoTopmx
(Az);>re; n (dz);<ra;. (67"

B rarom ocinabnernom Buje coorHomenus (67') ocraworca B cmie m s
pasmouMoil MaTpue A >0, HOCKOIbKY OHAa MOKeT OHTH MpefcTaBIeHa
B BHAC IPeJiesia MOCHE0BATENBHOCTH HEPASNOMKUMEIX MATPHIL.

Coornowmennss (67') MO3BOINAIT YCTAHOBHThH CIEAYIOUIYIO TEOPEMY:

Teopema 6. Ilpu yseauuenuw 1106020 s4eMEHMA HEOM PULLAMEALHOL
mampuysl A marcumaavroe xoparmepucmudeckoe wucao He ybweaem. Oxo
cmpozo gogpacmaem, ecau A--Hepasn0NCUMAL MAMPUYA.

Ata TeopeMa MOUYCKAeT HKBHBAJEHTHYW (OPMYJIMPOBKY.

Teopema 6. Ecau Oagnel 0se neompuyamesvurie mampuyst A u 4,
¢ MAKCUMAALHVIMU LADAKMEPUCTRUYECKUMI, HYUCAGMU T U Ty, MO U3 Hepa-
gencmea AL A, (A#A4,) caedyem wnepasencmeo r<ry. Ecau mwe A—mnepas-
AOHCUMAA MOmPUYa, mo r<ry.

HNoxasareasncTBo. Ilycrs A— mepasnomumas marpuna. Torma A, —
Tarke HepasioiuMas Marpmma. OGosHaumM ueped & COGCTBEHHHH BEKTOD
maTpuni A; A8 XapaKTePACTAYECKOro dHCya Ty

Ax=rz (2>0).

Orcrona
(ry-—r)z=Az—rz+ (4, —A) x. (67°)

Ho (A,—A)z>0. Tloaromy, ecau & He ABIAETCH COGCTBEHHKIM BEKTOPOM
MarTpuIE A [UIA XapaKTePHCTHYECKOTO YHCIA r, T0 B cuay (67) mpu meko-

topom mugekce i (1<<i<n)
(ry—r)z; > (Az); —ra; >0,

orkyma rq—r >0, 1. e. r<{ry.
Ecau e Z— COOCTBEHHHI BEKTOP MATPUIEI A NP XapaKTePHCTHICCKOM

amene r, 10 Az —rz=0, H TOCKONBKY IPH HEKOTOPOM MHJEKCe i
[(A;—A4)z]; >0, 1o u3 papencrsa (67") caemyer:

(ry—r) z;= (4, — 4) z; >0,

T. €, CHOB& r<(Ty.
B caydae pasmopmMoOil MATPWULL BBENEM B pacCMOTpPeHAe MATpPHIOH

A,==A-+eB u A, =A,+¢&B, tpe B>0, ¢>0. Torma A, <<4;e 1 4,>0.

T105TOMY 7'y < T'ye, TRE I's U I'ig— MAKCUMAJbHbE XaPaKTEPHCTHYOCKHE THCJIA

marpuny A, v A, B mnpepexe npm e—0 marpunm A, m A,, DepexomsT

B Matpuni A u A4;, a HEPABEHCTBO 7y < Tie—B COOTHOINGHHE I < Ty
Teopema [JOKa3aHa.

§ 4. Hopmanbuag ¢gopma pa3ioKaMOi MaTPHUBI

PaccMOTpUM TPOM3BOIBHYI0 Pa3OKUMYI0 MaTpHLY A == | a; IIf. Iepecra-
HOBKOII PAJOB €e MOKHO NPEICTABHTH B BHJE

B 0|

cD (68)

A=

*

rge B, D -—wBajpaTHbie MAaTpPHILL.
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Ecau xakag-mm6o ms marpum B um D pasnomumma, TO ee MOMKHO TaKKe
MpeficTaBETh B Buge, aHaxormgaoM (68), mocie wero marpupa A npaMer BHL

K 0 0
A=\ L 01,
F G M

Ecunu raxkasg-nuGo msz matpurn, K, L, M pasnoskuma, TO 5TOT IpPOIECC
MOJKHO MPOJOKUTB. B pesyabprate Hajjeskamell IePeCTAHOBKOI PANOB
MBI Marpune A TpUAaguM TPeyroabHyo 0109Hyic ¢gopMy:

A“ O N 0
A— A21 A22 . e 0 , (69)
Ay Ay ... A

I'fe AuaroHajbHbEe GJOKH — KBajpATHEE HEPABJIO)KAMBIE MATPHILEL.
Huaronansusiit 600k A;; (1 <i<C s) 6yneM HABBIBATE U304 POSAHHBLM, €CITH

App=0 (k=1,2,...,i—1,i+1, ...,9).
ITepecranoskoit GaouHbix pAgos (cM. crp. 352) B Marpuue (69) MoxHO Bce

HU30JUPOBAHHBIC OJOKM TOCTABHTL HA epBeie MecTa BIOJb rJIaBHOH Aauaro-
Haam, moc/Jie 9ero Marpmia A OpuMeT BH]L

4, 0 ... 0 0 ... O
0 A, ... 0 0 ... 0
A=10 0 . 4g 0 o 0 (70)
Ag+1’ 1 Ag+1’ 2 .« . Ag+1, g Ag+1 ... 0
Agy Ay ce. Agg Ag ge1 .. A
amecs Ay, Ay, ..., A;—HepasmoKUMEE MATPHIH, & B KaKLOM PALY

Afis Af2r R ) Af,f—i (/:g+1, ceey S)

O KpaliHell Mepe OJHA W3 MATPUI] He paBHA HYIIO.

Marpuny (70) 6yzem HasHBaTh HOpMAAbHOU (fopaoli PABIOKEMOH MaT-
pune A.

TTorameMm, aT0 HopmasbHas gopma mampuyst A onpedeasemcs 0OHOZHAUHO
¢ moynocmvio 0o nepecmarnosky 6aounsiy padesel). Has sroro paccMOTpUM
anHeiiHbT onepatop A, cooTBercTByOInuit MaTpuile A B n-MEpHOM BEKTODHOM
mpocrpaucree K. Ilpepcrasnenmio Matpunisl A B Bupe (70) coorBercTByeT
pacimerieHue mpocrpancrsa JT Ha KOOPAWHATHHE MOZIPOCTPAHCTBA

E=R, 4By~ ...+ By+ By ... + R (71)

upu atom Beerma B, B, -+ Ry, B3+ By -} R, ... —nABapDHaHTHLIE KOOP-
AUHATHEE OOAIIPOCTPAHCTBA AJs oleparopa 4, mpmueM MeKAy NOOLIME [ByMS

1) He mapymas HopMalIsHO# (OPME, MOMKHO NPOMBBOJLAO IEPECTABUTH MEKLY
c000#i mepBHe g GuOUHEX pAROB. HpoMe TOTO, HHOTZA BO3MOKHEL HEKOTOPHe mepe-
CTAHOBKM MEHK[Iy HOCIEIHWMH s— g OJOYHHIME DpAJAaMH, COXpaHsomine HOPMAJLHOCTH

$opME,
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COCeIHUME M3 OTHX IIOJIIPOCTPAHCTB HEe CYHIECTBYeT IIPOMEKYTOYHOTO HHBA-
PHAHTHOTO IOAIPOCTPAHCTBA.

HomycruM, gro Hapsgy ¢ Hopmaibmoil ¢opmoit (70) mammoi MaTpuuLl
mMeeTcs Apyras HOPMaiabHas (popMa, KOTOpag COOTBETCTBYeT NpPyroMy pac-
menyeEnio 2 Ha KOOPAWHATHBIE ITOJMPOCTPAHCTBA:

R=R,+Ry+ ...+ Ryt RBgus+... +Ry. 1)

OnHO3HAYHOCTE HOPMANBHOH ¢(opMEl 6yger IOKAasaHA, €CIH MLl JOKAKeM
cosnagenne pacmeunennii (71) u (71') ¢ TOYHOCTHIO 70 TIOPAZKA CIATAEMHIX.
-~

Ilycrs musapmanTHOE mommpoctpancTBo R; umeer obIMue KOOpAHHATHLIE
BeKTOpHL ¢ Ry m me umeer TakoBwX ¢ Rpyy, ..., B,. Torma I/?\t IOJIKHO
LelNKOM cofiepsaTrhes B B, TAK KaK B IPOTHBHOM Clydae 1/%; cofiep:aio On
«MeHbIIlee» MHBAPMAHTHOE IIO/[IPOCTPAHCTBO — IepecedeHne I/E\t ¢ B+ Bryy+
+ ...+ R,. Hanee, I/E\t TOJKHO COBNACTh ¢ Ry, TaK Kak B IPOTHBHOM CIY-

~~
9ae WMHBAPHAHTHO® NOAUpOCcTpaHcTBO R -+ Rpwy+ ...+ B, 6uno 6s1 mpoMe-
AWYTOYHEIM MEKAY WHBADHAHTHHEIME mnognpoctpamcTBaMm Ry -+ Bpiq 1+ - -
-~

oo+ R, u Bpyy+ ...+ R,. Ilockonsrky Ry copmagaer ¢ R;, R, — unpapn-
anTHOe mojnpocrpadcrBo. IlosToMy Ge3 HapymieHWs HOPMAJLHON (OPMHI MAT-
punst Ry Mosker GBITh mocraBiaeHo Ha Mecro F,. Taxmm o06pasoM, ME MOKEM

cuntath B pacmemnesnsax (71) u (71'): R, Eﬁt.

Paccmorpum Temepp KoopaumHaTHOe mommpoctpanctBo R; ;. Ilycrs omo
pMeeT ofmue KoopiuHaTHHIE BEeKTOPH ¢ I, (I<(s), Ho He uMeeT TaKOBHEIX
N B

¢ B+ ...+ R, Torna nasapuantHOe mommpocrpaHcTBo I, -+ R, HOmKHO
IeJUKOM cofep:xarbca B f8; -+ B+ ... + B, Tak KAk B IPOTHBHOM ClIy-
gae CymecTBOBAJIO 6LI TPOMe;RYTOTHO® nHBapnaHTHoe KOOP/IMHATHO®  TOZIPO-

CTPAHCTBO MY Rt u R\t 1+ Rt IosTomy Rt s R;. Jlanee, Rt =Ry,

IOCKOIBKY B IPOTHBHOM CJIy4ae RH—{—R,H—l— ...+ R, 6o O0m nOpoMeRy-
TOYHHIM ¥MHBapUAHTHHIM TIOANPOCTPaHCTBOM Mexpy I+ B+ ...+ By

—~
u B+ ...+ R, Us RBR;_ =R, caegyer, uro R;-+ R;—naBapmantHoe
nogupoctpancteo. [loatomy R; MomHO mocTaBuTh HA Mecto IP,_;, mocie wero
OymeM wumern:

Rt—l = Rs—h Rt = RS'

Ilpopomxasn aror mpomece mamee, MBI B KOHIE KOHIOB IPHAEM K TOMY,
9T0 $=1 1 uro pacmemiennus (V1) u (71°) coBmajgaror ¢ TOYHOCTHIO [0 HOPALKA
ciraraeMerx. Torga ¢ TOYHOCTHIO [0 TEPECTAHOBKM GIOYHEIX PANOB COBIAJIAIOT
H COOTBETCTBYIOI(UE HOPMAJIbHEC (HOPMEL.

Mz ogHosHawnocTM mHOpPMAdBHOU (OPMEL CieAyer, dro 9HcAa g M S
SIBJIAIOTCA HEKOTOPHIMA WHBAPHAHTAMHU [l HeOTpUUATeNbHOH Marpumsr A 1).

Honesysics HopMasnbHOW (GopMON MATPHIE, JOKAMKEM TeOpeMy:

Teopema 7. MarcumasvHomy xapaKmePUCMULECEOMY HUCAY T MaAMm-
puytt A >0 coomeemcmeyem noaomcumenvuslii cobcmeeHHVUL GeKMOP 6 MoM
L MOAYKO 8 MmOM caydae, Koeda & Hopmaavrol gopme (69) mampuynr A:
1° KancOan us mampuy Ay, A,, ..., Ay uMeem 4ucao r ceOUM TApPaKMePUCTRU-

1) Iaa mepas3noxaMoi MaTpuuH g=s=1.
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veckum uucaom u (npu g<<s) 2° Hu odna us mampuy Agyy, ..., Ag smum
ceolicmeom He obaadaem.

Noxasateasctso. 1. Ilycrs MakcEManbHOMY XapaKTepPHCTHYECKOMY
YUCITy 7 COOTBETCTBYeT HOJIOKHTENbHHIN cobcTBeHHBIH Bexrop z>0. B coor-
BercTBuH ¢ pasbmermsamu Ha Giaoku B (70) MH croxGew z paso6neM Ha 9acTh
z* (k=1,2, ..., s). Torga paBeHCTBO

Az=rz (2>>0) (72)
3aMEHUTCHA JBYMS CHCTEMaMy PaBEHCTB:
Aizt=rzt  (=1,2,..., 89, (72%)
i . .
D Ap A =rd (j=+1, ..., ). (72")
h=1
Ns (72') cremyer, 4To uWCIO r ABIAETCA XAPAKTEPHCTHYECKMM UHCIIOM
Kaskgoil ms Marpun Ay, A, ..., Az W (72") maxomum:
A <rd, Ag s=rd  (j=g+1, ..., 59). (73)

OGoszHaunmM gYepes r; MAKCAMAJIbHOE XaPAKTEPICTHYECKOe YHCJIO MaTPHITH
A; (j=g+1, ..., s). Torpa [eM. (41) Ba crp. 365) m3 (73) maxommm:
(4j27); ,
rj<max —<Lr (j=g+1, ..., 9).

2
2

C [pyroif CTOPOHEI, PABEHCTBO I'j==r HNPOTHBOPEYUT BTOPHM COOTHOmMeHHAM (73)
(cm. samewamme D ma crp. 369). Iloaromy

r;<<r (=g+1, ...,9. (74)

2. Ilycrs, Teneps, o0paTHO, aHO, 9TO MAKCUMAIBHEE XaPAKTePHCTAYECKAE
aucna marpunm A; (i=1, 2, ..., g) pasust r, a gaa marpun A4; (j=g-+1, ..., s)
mMelOT MecTo HepaBeHcTBa (74). Torma, samermAs mckoMoe paseHcTBO (72)
cucremoil pasemers (72°), (72"), M cMmomeM m3 (72') ompegeadTs HOJOMKH-

TeldbHEE COOCTBeHHEe cToaMOuE: z2* Marpuuu A; (=1, 2, ..., g). Ilocxe aroro
n3 (72") mafigem croxbuwr z' (j=g-+1, ..., s):
, i—1
z’:(rEj~Aj)‘1h21 Ap (j=g+1, ..., 59), (75)

rae Ej;—epmuEnWuHAs MaTpHOd TOrO jKe TIOPANAKA, 9r0 W Marpuma A;
G=g+1, ..., 9). ‘ )
Hockombry r;<<r(j=g+1, ...,s), 1o [eMm. (51) {Ha crp. 367]

(rE;—A4)7">0 (j=g+1, ..., 9). (76)

JloraxeM MHAYKTHBHO, 4TO ompefieleHHEe H0 QopmyraaMm (75) cToAGIE

, 2° monomnrenbHEl. Mu mokraykeM, dro mpm sobom j(g-+1<j7<s)
U3 IOMOKATeJbHOCTH CTOXOWOB 2, 22, ..., 2'™' caegyer: z' >0. [efcrsm-
TEJBHO, B 3TOM Cilydae

zg+1’

j—1
h21 Az >0, hgi Az =0,
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aro0 B coegmueHuu ¢ (76) Ha ocHoBammu ¢opmyan (75) naer:
2 >0.
zt \

TaruM 06pasoM, NOIOKATENBHEIH crounben z= | - 1 Oyner coGcTBEHHBIM

8

Z
BeKTOpOM i MaTtpmun A mnpm XapakrepuctmyeckoM umene r. Teopema
JOKa3aHa.

Crepyiomaa TeopemMa faer HaM XapakrepucTury marpuns A > 0, xoro-
paA BMecre co CBOe# TpPaHCHOHMpPOBAHHOM Marpuieii A’ ofGaagaer TeM CBoii-
CTBOM, YT0 MAKCHMAJIBHOMY XapaKTePHCTHIECKOMY THCIY OTBEUAET IOJIOMKH-
TeJabHBIE COOCTBEHHHIT BOKTOD.

Teopema 7'1Y). Marcumarvhomy raparmepucmuieckomy wucty r mam-
puytt A >0 omeewaem nosoxcumenviriti cobecmeennslll eexkmop mampuyst A
U NOKOIHUMEAbHBITL COOCTNGEHH, 6EKMOD MPAHCROHUPOsaHHoU mampuyst A’
6 MOM U MOAbKO 8 MmoMm cayuae, ko2da mampuya A moxcem Guimd nepecma-
Hoekol pados npedcmasaerna ¢ KeasuduazoHasvHoMm ude

A= {A17 AZ; ey As}v (77)
ade Ay, Ay, ..., As—Hepasrodcumsie mampuysl, Eax0as U3 KOMOPLT umeem
YUCAO T COOUM MAKCUMAABHBIM LQPAKME PUCIMUNECKUM YUCAOM .

HoxasateascrBo. Ilycrp Marpunst A u A’ EMEOT HONOKATEIHHEE
coGcTBennEle BeKTOpH aas A=r. Torga mo teopeme 7 marpuua A4 wpejcra-

BEMa B HoOpMaubHO# ¢opme (69), rme marpuumt A, A4, ..., Ag uMewnr
MaKCHIMaJBHOE XapAKTEPHCTHYECKOe UHCIO r U (opu g<< §) MATpHIH
Agyyy, ..., A; IMEOT MAKCHMaABHBIE XapaKTepHCTHIeCKMe umena << r. Torpa
A7 ... 0 A, ... Ay
4 0 ... A4z Api,5 ... A
=10 ... 0 Agti :
0o ... 0 0 R 14
ITomensiem 3%ech HOPAXOR OJOIHEIX PAJOB HA 0OpaTHBIi:
Aj 0 0 ... 0
Ag s—4 Ay 0 ... O
) . (78)
Ada Aoy, 4 oo Al
Ilockompky marpunsr Ag, As_yq, ..., A; HEPasIORUME, To H3 MAaTPHIH (78)

NePecTaHOBKOM GJIOYHEIX PANOB MH IOJYIAM HOPMAJbHYI0 (OPMY, IIOCTABHB

1) Cum. [182e].
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Ha mepBhie MecTa BIAONL TJIABHOM HHATOHAIW HM30/IMpoBaHHbe O6a0Km. OmHEM
M3 TAKHX H30JAUPOBAHHHIX ONOKOB sABisgerca 0aox A, Ilockonbry HOpManb-
Hag ¢opma MaTpuumbsl A’ HO/UKHA YIOBIETBODATH YCOOBHIO NpeABIAYINEH Teo-
peMbl, TO MAKCHMAaJbHOC XapaKTePHCTHYECKOS UHMCJIO MATPHIE . A; TONKHO
paBHSTBCA r. JTO BO3MOMKHO JWIMb Opu £=s. B »ToM cayuae HOpPMAIbHAs]
dopma (69) mepexopur B (77).

Ecnm, oGparno, paHo mupeacrarienme (77) mias matpunsl 4, To Torpa

A ={4], A, ..., A} 79)

Torpa m3 (77) m (79) B cuny mpefEAymell TeopeMK 3aRI0YaeM, 9TO MAaTPHIEL
u A’ HMET HOJORUTEIBHKE COGCTBEHHBIE BEKTOPH I MAKCHMAJIBHOTO
XapaKTePHCTAYECKOTO 4HCIA I.

Teopema poxasana.

Cnepcreue. Ecau MmarcumaivHoe xaparmepUCUMECKoe YUCA0 T Mam-
puytt A>0 seasemcs npocmbm U emy COOMEEMCIMEYIMN NOAONCUMELDHBLE
co6cmeennbie éekmoptt mampuy A u A’, mo A—mHepassorwumas mampuya.

IMockonpky, o6paTHO, BeAKas HepasaoRuMasa Marpuana o0jgajaer CBOI-
CTBAMH, YKA3AHHBIMH B JTOM CJHENCTBUM, TO 9TH CBOHCTBA HPEACTABISAIOT
cOGOH CHOKTPAJBHYI0 XapaKTePHCTHKY HepasiIOKUMOH  HeOTPHIAaTeNbHOM
MaTPHITHL.

§ 5. IlpeMUTHBHEbIE M AMOPAMMTHEHBIE MATPHIBI

HauneMm ¢ mexoropoil KiaccHduKamum HePasOKAMBIX MaTPHIL.

Oupepmeneunune 3. Ecanm mepasimomumas Matpuua A > 0 umeer Bcero 2
XapPAKTEPUCTHICCKIX THCET Aq, Ag, ..., Ay C MAKCHMANLHBIM MOAYIeM r (A =
=|Ag|=...=|Mp|=r), To MaTpuna A Ha3uBaeTcA npumumuenol mpn h=1
u umnpusmumuerctd npu kh>1. Yucno h HazeBaeTCA UHOCKCOM UMD DUMUMUG-
Hocmu MaTpunsl A.

Wnnexc mmmpumutusHOCTH A Cpasy OHpeedsercsd, eCNU M3BECTHH KO-
QHUINERTH XapaKTePUCTHIECKOTO YPaBHEHUA

AQ)=A"+a A" +ad™+ ... +adA"t=0
n>m>...>n; a%=0, ay+#0, ..., a;50)
MATPUIIEL, & UMEHHO “UC.A0 h pasno nauboavuwemy obujemy Oeaumenro pasHo-
cmeu
n—mny, N—Ry ..., Agq— M. (80)
Heiicreurennno, coraacHo Tteopeme MpoGenmyca cnexrp Marpumsl A

o 21
B KOMIUIEKCHOH A-ILIOCKOCTH nepexopur B cedsa IIpx 1TIOBOPOTE Ha YTIOoJa —h—

Bokpyr Toaku A =0. [losTromy mEOTOUNeH A (A) mOM:KeH HONYIUTHCA U3 HEKO-
TOPOr0 MHOTOYNeHa g (W) Ho dopmyiae

A()y=g W)™,

Orcioma caepyer, uro h—obmmii  memarens pasuaoctel (80). Hakowmen, 2 pas-
HAeTcA HaubonbmeMmy ofmeMy NeJAUTENI0 ¢ 3THX PasHocreil, Tak KAk CHEKTP

2n
He W3MEHAeTCHA Ompu II0BOPOTE HA YTOM -—-, & BTO HEBO3MOKHO IpH h<Zd.

Cremyomas TeopeMa YyCTaHABAMBAET BAJKHOE CBOHCTBO TPUMUTHBHOI
MaTPHUIEL

Teopema 8. Mampuya A>0 asasisemca npumumusHol e mon
L moAbko & moMm cayuae, Koeda HeKomopas cmeneHv  mampuys A
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noaoxcumetbHa:

AP >0 (p=1). (81)

Hokaszareabcrso. Ecaim AP >0, to Marpuna A HepasioRuMma,
TaK Kak M3 Pa3IOKHMOCTH Marpuusl A ciefyer pasiosKuMocTs Marpnun AP.
Hauee, gns marpumst A gpcino 2=1, Tak Kak B OPOTHBHOM cCiIydae HOJO-
aureapnag marpuma AP umena Ou A(>>1) xapaKTepECTUYECKHX YHCeIX
AL, A%, ..., Al ¢ MakcMMAaILHHM MoAyJdeM 7P, uTO IIPOTMBOPEYNT TeopeMe
Ieppona.

Hycrs reneps, obparHo, naHo, uro A — npmMmTUBHAA MaTpuHa. Bocmomnsb-
ayeMcs paa cremenn AP dopmymeit (24) rmasm V (crp. 113)

: 1 C (M) AP J(my—1)
A7 = 2 (mp—1)! [ i ) :I ol (82)
R=1 YA da=p,

rae
YY) = (h—A)™ (A—2A)™ ... (A—he)"s (hyw=dy upm j=)

PN
m (lc=1,‘2, ey 8),

a C (A)—nupuBegerHas mnpucoefuueEHas Martpuna C (A)==(AE—A) 1) (A).
B JAaHHOM cJjiaydae MOMHO IIOJOKHNTH:

)\41:7'>’}\/2‘>...>/l7\/s{, m1=1- (83)

k
— MMHUMAJbHHI MHOrowjien Marpurs 4, ¢ (A)=

Torga dopmyaa (82) npumer Bup
p_. C() p 1 C () AP Jema—1)
A vy -+ 52 (ma—1)! [ \T)(}\,) ]h:xk .

Orcrona merko sariouurp B cmay (83)

. AP C(r)

C npyroit cropomsr, C(r) [cm. (93)] u ¢’ (r) >0 B cuxy (83). Iloaromy

. AP
lim = 0,
D00
A, CJIefOBATEIRHO, HAYMHAA C HEKOTOPOro p, MMeeT Mecto HepaseHcrBo (81).

Teopema morasama.

3ameuanue. Ecau wmampuya A npumumuena u A* >0, mo A" >0
dan ecex m = p, max rar mampuya A He coleprucum HYyreewr pados.

Cuaegcrsue. Cmenend npumumugHol Mampuybl ecezda Hepa3LoIHCUMA
I RPUMOM N PDUMUMUEHA.

s wamMeHBIEro HOMEPA p= p,, HAYWHAS C KOTOPOTO BEIHONHSIETCH
mepasencreo (81), Opoberuycl) yrasal BEPXHIO ONEHKY, BaBUCAMIYIO TOJXBKO
OT WOpATKA M MaTpuun A:

pa<<2n®—2n.

Brmamgr *) ormernmi (Ge3 fjoKazaTenbcTBa), YTO HA CAMOM Hele
pa<n®—2n+2, (85)

1) Cm. [182e].
2) Cm. [260].
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1t ata omenRa rtouma. OHa JOCTHraercA HA MaTpHIle
0 1 0 0...0
0 01 0...0

0 0 1...0

<

6 0...1
11 0 0...0
IlpuBoguMOe HIFKG NOKA3ATEIHCTRO HepaBeHCTBA (80) IO CyNIeCTBY COBIIAjaeT
¢ JmoKrasarenbcTBOM, npmEammeskamuM Cepmragzery t).
Jdemma. Ecau A—npumumuenas sampuya, mo 048 awbuixr Oeyr

(e ofasameabro pasauunwir) uudercoe i, k cywecmeyem makas yenouka
undercos i, iy, o, ..., is, k (§3>0), umo

Aii > O, Qiyip = 0, ey Qigp > 0.
O Taxoii memouxe GyjeM IOBODHTH, 4T0 OHA BejeT B marpune A maiB k.
Yueao s-+1 mazomem pmumoil memoukm. OueBWmHO, B KparTdaiimteil memouxe,

Befymeit w3 i B k, Bce MHAEKCH IONAPHO PA3IIIHEL.
Jlms mokasaTenbcTBA JIEMMHL [OCTATOTHO B3sATh >0 Tar, 9T00H GHLIO

AT =1 o5 > 0.

[}
@ .

Torpa

n

(s+1)
2 aiilailiz e s a‘ish = Qip > 07

42, 18y o ooy 9=

4 TaK KaK BCe cJaraeMble 3[ech HEOTPHIATENBHEl, TO 10 KpaiiHeil Mepe OfHO
n3 Enx nojgomnreabHo. OHO ¥ Haer TpefyeMylo IeNOUKY HHIIEKCOB.

IlepeiimemM K mOKaszaTelNbCTBY HepapeHCTBA (89).

O6osHaumM depes /; HAMMEHLINYI0 M3 JJIMH IlEN0YEK, BOAYIHX B MaTPH-
me Auzisi (i=1,2,...,n), n H0IKAM 2)

= min li.
1gign
[Iyers mas oupemeseHHOCTH
a12>0, a23>0, “eey a“>0. (86)

Torma B marpune A' Gyayr mONOKUTENbHHIME NEpPBHE [ [MAaroHAIBHEX
3JIEMEHTOB:

a®>0, af) >0, ..., aff >0. (87)

Bossmem mnpomssonbEHII wHpAekc i. Ipardaiimas nemouka, Bepyulas
B Mmarpure A u3 [ B Karoi-umGyns ms mugekcos 1, 2, ..., I, mmeer, oge-
BUJ(HO, AMAHY, He Goabmyw n—I. B cuay (86) 3Ty Iemouxky MOKHO Hpo-
HOKATEH 3a cuetr mEAeKcos 1, 2, ..., | M0 IENOYKM ¢ JIMHOHA pOBHO n—I.
Tlonyumrea Heroropas IEmOTKA

i) iiy i27 L) in-—l—h j7
rme 1<ji<l.

1y Cu. [245]. Jpyrme pmoxasaTenwcTBa Oblau fgaHsl B crarbax [190], [119], [229].
B pa6ore [110] mepaBemcTBO BuIamgTa IOCLY’RUJIO OTIPABHEIM HYHKTOM A 060Gme-
HHH, OTHOCAMHUXCA K JI06uM MatpanaMm 4 > 0.

2) | MOKHO ONMPENeNuTh KAaK HAUMEHBIIMI IOKA3aTellb, [JfA KOTOPOr0 MATPHIA Al
neer ﬂOJIO?KHTeJIbHI:Iﬁ ,I[HaI'OHaJIBHHﬁ 9N EMEHT.
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BosbMeM eme ofwH NpOM3BONBHELL MHAEKC k (He 06A3aTeNbHO OTIMTHBIR
or i). Tak wrar marpunma A', COTIACHO CIE[CTBAI0 TEOPEMH 8, TOMe IMPHMH-
THBHA, TO HAHJeTcA IeNOYKA WHEEKCOB NJNMHH, He Ooabmeidl n— 1, Begymasn
B marpune A' m3 j B k. B cmay (87) Ty nenmouky MOKHO HTPOJOIKHTH
3a CUeT HMHPKcA j [0 IeHOYKHU ¢ jAamHoil poHO n— 1. [lonyunres mexoropas
I[eNoTKA

jv ji, j27 ey jn—27 k'

Nrax,
aii; >0, Qiyig > 0, ..., Qg q1j = 0
"
) (€5} )
a5 = O, 54 = O, ey Qip o = 0.
Orcioma
(DD )
QiiyQiyig -« » ain_l_ljajjlajlj2 cos @ gn >0,
CaeposaTeasHo,
agz—H*l(n—i)) ~ 0.
Brugy npomsBONBHOCTH MHIEKCOB [, & OKA3HIBAGTC
A'n—l—l—l(n—l) ~ 0
Tem cammm

pa<n—I+l(n—1)=(n—2)l+n.

3ameTum Terepb, 4T0 [ < n — 1. JleiicTBUTENIBHO, B TPOTUBHOM ClIyYae
!l = n u B cully onpepexeBnd wuciaa [ Matpuna A OKasHBaeTCA NUKIAIECKOI:

0 a3 0 ...0
0 0 ay3...0

A=l . . . ,
\0 0 0 Gt m
ay 0 O . 0

T. €. NMIPHMHATHBHOMN.
Takum obpasom,

970 B TPeboBaIoOCh JOKA3ATh.

HoraskeM Temeps CIELYIOIYI0 TeOpeMY:

Teopema 9. Ecau A > 0 — Hepasioxumas mampuya u Hekomopas
cmenenb A9 amoil MAMPUYBL PABLOAHUME, MO cmenenb AY 6noaHe pasioxcuma,
m. e. nepecmanoskol pados A moxcem Gvimv npedcmagacna ¢ sude

AT={A}, 4y, ..., A}, (88)

e0e Ay, As, ..., Az — HepasaoscuMbie Mampuybl. Imiu. MAmMPUYL uMewm
00HO U MO Jce MAKCUMAIbHOE Taparmepucmuyeckoe yucao, Ipu smom yucao
d ecmb naubosvwiuli o6uyull deaumensv yuces q u h, 2de h — underc umnpumu-
musrocmu mampuyst A.

HorwasaTtennctso. Ilockonpky Marpuma A ABJIAeTCA Hepasio-
KEMOI, To coriacHO Teopeme (DpobeHmyca MaKCHMaABHOMY XapaKTepUCTH-
9eCKOMY YUCIY 7 OTBEYAIOT IIOJORUTENBHEE COOCTBOHHBIE BEKTOPH MATPHIL
A nm A’. Ho Torga »Tn ste TMoN0KATeAbHEE BEeKTOPH ABJIAITCA COOCTBeHHBIME
IS HEOTpHIaTeNbHHX Marpum A? m (49)" mpH XapaKTepUCTHIECKOM TUCIe
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A = r?, Tloaromy, mpuMerss K cremeHn A9 TeopeMy 7', MEI IIPeCTaBEM (IOCIe
HajJIeKameil IIepecTaHOBKU PANOB) 8Ty creneHb B Buge (88), rme Ay, 4z, . ..
..., Ay — HepasnoKMMEIE MATPHIH C OZHUM W TEM K€ MaKCHMAaJIbHHM
xapakrepucrugeckuM dumciaom 9. Ho marpmma A mmeer s XapakTepucImyue-
CKUX UHCEeJ ¢ MAaKCHMAaJbHBIM MOJYJEM 7:
2ni
r,re, ..., re"l (g=el).
IMosTomy u marpura A9 umeer - XapakTepHCTHISCKUX YUCET C MAKCHMAJILHEIM
MOy eM
re, ried, ..., rlgt®-D,

cpeiu KOTOPHX ¢ 4YmCeJa paBHE rY. ITo BO3MOKHO JMING Torga, Korga d —
Haubonbmul obmuil gemurens uncenx g u k. Teopema mokasama.
Ecau B GopMyinpoBRe TeOpPeMEl UOJOMHUTE § = A, TO HOIYIAM
Canegcreue. Fcau A — umnpumumuswas mampuya ¢ UnOexcom
umnpumumuerocmu h, mo cmenens A pasaazaemes Ha h npUMUMUSHRT MaAM-~
puly, Komopule umelom 00HO U MO JHe MAKCUMALbHOE TAPAKMEPUCTIUYECKOE HUCAO0,

§ 6. CroxacTnueckme MaTpPUIhI

PaccmorpuM 7 BOSMOMKHBIX COCTOAHUH HEKOTOPOH CHCTEMEI
S1y 2y veny Sy (89)
U HOCIeJ0BATeJIHHOCTh MOMEHTOB BPEeMeHN

to, B4 £y o

IIycrs B KayKIBlA M3 3TUX MOMEHTOB BpEMeHH CHCTeMa HaXOTUTCA B OTHOM
H TONbKO B ofgHOM u3 cocrogHuil (89), mpuuem p;; o0o3HAUaeT B e p o-
ATHOCTh HAXOMEZEHUA CHCTEMH B COCTOAHHTHU I
B MOMEHT BpeMeHHN lp, 6eCIHE HB3BECTHO, 4T0 B IODpe-
AHOIYMUA MOMEHT BpPeMeHHu f—y CHCTEeMa HAaXOIU-
nachb B cocrtoauunm I;(i,j=1,2,...,n k=1,2,...) Mu
fymeM mpemnoiarath, 4To neperodHue eepoamiuocmu pi; (i, ] =1, 2, ...
..., n) He 3aBUCAT OT WHAEKCA Kk (HoMepa MOMeHTA BPeMEHH ).

Ecau Marpuma mepeXofHHX BeposTHocTei

P = il Pz;'”?

3ajaHa, TO TOBOPAT, 4TO 3aJaHa 00HOpodHas yenv Mapkosa ¢ KomeuHbM YUC-
aom cocmosnuil Y). Ilpu srom oweBmAHO, 4TO

n
pi; >0, Zipi]:i (,7==1,2, ..., n). (90)
=
Onpenenenne 4 HKeagparaasa marpuna P = || p;;|It HassBaetcs

cmozxacmuyeckoii, ecam Matpuna P HeoTpunaTesbHa W CYMMa BIEMEHTOB KauK-
Moit cTpoku MaTpuIH P pasHa equHUILE, T. €. ©MeIOT Mecto cooTHomerus (90) 2).

Tagum o0pasoM, qud Kapoll omgHopogHo#l menm Mapxoea MaTpuma
MepexXojHbX BePOATHOCTEH ABIAETCA CTOXacTHUeCKoil u, HaoGopor, awbas

1) €M, [96], a rTamme [29], crp. 9—12.
2) WHorma B oONpefleieHNe CTOXACTHYECKON MATPHIH BHKIKYAOT IOTOJHHTEIbHOE
n

rpeboBanue Z pi; =0(0G=1,2,... n). Cu [29], crp. 13.

i=1
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CTOXACTHYECKAas MATPHNA Mo;KeT OHITH paccMarpmBaeMa KaK MaTpHIa Hepe-
XOHEIX BepOATHOCTeH HeKoTopoit omHopomHoid memu Mapkosa. Ha srom
OCHOBHIBAaeTCA MAaTPHYHEIA MeTof HcCIefoBaHUA OJHOPOAHHIX Hemed Map-
KoBa 1).

CroxacTmueckad "MaTpHIA sBIAETCA YACTHMM BHAOM HEOTPHIATEIBHON
maTtpuni. IlosToMy kK Heit IpHMeHMMH BCe MOHATHA U LOJOMEHHA HPENHIAY-
mux maparpagos.

OTMerHM HEKOTOpHE cHenu(uIecKHe CBOMCTBA CTOXacTHUYECKOlI Mar-
puns. M3 ompefeneHrA cTOXacTHIeCKOil MATPHOE CIEAYET, 4T0. 5Ta MATPHIA
AMeeT XapaKTePHCTAYECKO® YUCHO 1 ¢ HOMOKHUTENBHHM COOCTBEHHEM BEKTO-
pom z = (1, 1, ..., 1). Jlerko Bupmers, uro, m ofpaTHo, BCAKAA MATpHIa
P > 0, nmetomasn cobcrBeHHHE BeKTOop (1, 1, .. ., 1) npm xapakrepmerude-
cxoM umese 1, apusercs croxactudecKoit. Ilpu 3ToM egununa aBasgeTca MaKCH-
MaJIBHEIM XapaKTepPUCTHICCKHEM THCJIOM CTOXACTUYECKON MaTPHUIIH, MOCKOILKY
MaKCUMAaJIbHOe XapaKTePHCTHIeCKOe UHCIO0 BCOrfa 3aKI0YeHO ME:KIy Hau-
Goublneil 1 HauMeHbIIeH U3 CTPOIHHX CYMM 2), a AJiA CTOXACTHIECKO MaTPHILBE
BCe CTPOIHEIE CYMMEI DPaBHH efuAHOe. Takum o6pasoM, HAMH IOKABAHO Iped-
I0KeHne:

1° Heompuyameavnas mampuye P > 0 ssasemes cmozacmuueckoii mozda
u Moabko mozda, Kozda ona umeem cobecmeennuli sekmop (1, 1, ..., 1) npu
zaparmepucmudeckom yucae 1. Xapakmepucmuyeckoe uwucao 1 ssasemes max-
CUMAALHBLM 048 CIOTACMUNECKOT MAMPUYDL.

ITycrs Temeph gaHA HeoTpHIareabHas Marpana 4 = || a; |7, uMeomasn
HOJOMRUTEIbHOE MaKCUMalXbHOE XapaKrepucruiecKoe uuesao r > 0 m coor-
BeTCTBYWIIUIT 9TOMY YHCJAY NOJOKUTENBHHIN COOGCTBEHHBIH BeKTOp 2 ==
- (ZI’ 22y« v oy Zn) >O

n .
Dayzi=rz  ((=1,2,...,n). (91)
o=
BBeneM B paccMoTpeHHe NUarOHANBHYI MaTtpuny Z = {z;, 2s, . .., 25}
u matpuny P = || p;;|I?
P=Lz4z.
Torma
pi,-:-%z{la,-jzj}() (&,]:1, 2, ...,n),

n B cuay (91)

n

A} F .
Dpii=1 (i=1,2, ..., n).
i=1
Taxum o6pazom,
2° Heompuyameavras mampuya A > 0, umeiowyas noaoxcumenvroe Marcy-

MAADHOEC TAPAKMEPUCTIULECKOE HUCAO T >0u coomeemcmeylou;uﬁ amomy wucay

NOAOHCUMEALHBLL COOGCMBEHHBT 6eKmOp 2 = (23, 33, . .., Z,) > 0, eceeda
nodo6ra npoussedeHulo HucAa r K4 HEKOMOPYI CMOXACIMUYECKYIO MAmpPuyy:
A=ZrPZ71 (Z=A{21, 23y ..., 20} >0)3). (92)

1) Teopust oxHOPORHEX neneil MapKoBa ¢ KOHEYHHM (U CO CUETHHIM) UUCIOM COCTOS-
anii Onuta paspabortana axaf. A. H. KoamoropossiM {cM. [96]). IlocmezoBarTenbHoe mpose-
JeHUe ¥ pa3BUTHE MATPHYHOTO METOJA B NDHMEHEHWH K ONHOPOZHHM IensAM Mapxrosa
ymTaTens HalifieT B Memyape [1206] u momorpadum [29] B. . PomamOBCKOrO (CM. Tamke
[4], momoxmemme B5).

2) Cm. HepaBeHcTBa (37) M 3aMewaHHe Ha CTD. 366.
3) Ipemnoskerne 2° mmeeT MecTo W TpH r = 0, TaK Kak u3 A 3> 0, z > 0 cienyer
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B mpepgsirymiemM maparpade Ouia ycTaHOBIEeHa (CM. TeopeMy 7) Xapak-
TepPHCTHKA KJacca HEOTPUIATENBHHX MATPUI[, WMEIOMHAX IIOJOFAKUTEN HHER
coOcTBeHHHI BeKTOp mpu A = r. Mopmyna (92) ycramasauBaeT TECHYIO CBA3b
9TOr0 Kjacca MaTpul ¢ KJIACCOM CTOXACTHYECKUX MATPHUIL.

HoKaskeM Temeps CaeqyoOIMy0 TEOPeMy:

Teopema 10. Xaparmepucmuueckomy uucay 1 cmoxacmuueckoti
Mampuys écezda coomeemcmgyiom MoOAbKO dMeMeHMApHLe Jealmenl nepeoli
cImeneHu. .

Horxasareasbcrtso. IlpuMenum g croxactmaeckoit mMarpmme P =
= || pi;lI* pasmoskenne (69) § 4:

Ay o .............0
0 7 P
P=0....... 4,0 L0,
Ag+]’1 c e e e e Ag+1,gAg+1 . e O
Ty o Ay A,
rge Ay, As, ..., Ay — HEpPABIOKEMEE MaTPHUOH I
Afl—‘j—Ajz'Jr...—l—Af,f_i;éO (f=g—{—1,..‘,8).
3necs Ay, Ao, .. ., Ag — HepaszJIoWUMEE CTOoXacCTHIeCKHeEe Mar-

PUOE, ¥ HDOTOMY KaskAad U3 DTUX MaTpHIl HMeeT IMPOCTOe XapaKTepHcThde-
cxoe gncxo 1. Uro sxe KacaeTCA oCTANBHEIX HEPA3IOKUMBIX MATPAL Agqy, - . -
- +., Ag, To cormacEO 3aMedaHHI0 2 Ha cTp. 362 MX MaKCEHMalIbHHE Xapak-
TepUCTHIeCKUe UNCcaa < 1, MOCKOABKY B Kaskgoif M3 STHX MaTpHUL XOTA OH
OfHA CTPOYHAA CyMMa MeHbBbIIe eJMHWIH 1).

Taxnm obpasom, mMatpuma P mpegcraBuMa B BHje

0y 0
S Q

rAe y MaTpuie (J; XapaKTePHCTHYECKOMY d4uciay 1 COOTBeTCTBYIOT 3JIeMeH-
TapHBI® [eNUTeNN HepBodl cTemeHH, a And Marpunsl (J, unmcio 1 He ABaAerca
xapakTepuctTHIeckuM auciaoM. [Tocme aroro copamegmmpocTh TeOpeME Hemo-
CPEICTBEHHO BEITEKaeT W3 CIERYIOINeH JeMMEL:

Jdemma 4. Ecau mampuya A umeem 6ud

Q. 0
S Q.
ede )y u Q; — Keadpammvie MAMPUYBL, U TAPAKMEPUCRUNECKOE HUCAO Ao

Mmampuys A Aeasemca TAPAKMEPUCTRUYECKUM HYucaom mampuys Q u He
aeanemes marosum 0as mampuys Q,,

[Qi—ME | =0, |Qo—AE |0,

mo daemenmapisie Oeaumeau mampuy 4 u Qy, coomgememsyoujue raparmepu-
cmuMeckomy uucay Ay, 00URAKOSHL.

P:

*

A= ‘ , (93)

') Ot cBoiicTBa MaTpuy Aj, ..., A BHTeKalOT TAKKe M2 TEOPeMHl 7.
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HDorxasareaxscrtso 1. PaceMorpum cravama cayuad, xorga (),
u Q, He mMeloT 00mMUX XapaKTepucTHdecKHX umces. llokamem, uTo B BTOM
ciydae pleMeHTapHEE fenmrenm marpun Q) m (s B COBOKyHOHOCTH 06pasyior
CHCTeMy DJeMeHTaPHBIX jejiuTenell MATpumel A, T. e. 970 IpH HeKoTopoi
Mmarpume I (| T | == 0)

TAT”1=)§1 gz ) (94)
Marpuny I 6ymem uckarb B BH[E
E, 0O
U E,

(pasbmenne Ha Gnoku B T coorBercTByeT pasbuenuio B A; £y u E, — equemY-
mee Matpuus). Torga

E, 0 ||Q 0 0, 0
U Eils @ ZHU@——QzU—E—S, Qs

Pasenctso (94') mepeiiger B paBeHCTRBO (94), ecim DPAMOYTOJLHYI0 MaT-
puny U mopnGepeM Tak, 9To0H OHA Y/0BJETBOPANAa MATPHIHOMY YpPaBHEHUIO
QU —UQ,=5.

TAT 1= f £ 0

—U E,

. (94)

B cayuaae, xorma Q, u (Q, He HMeOT OOMUX XapAKTEPHCTAIECKUX THUCEN, DTO
ypaBHeHHe mpu J0Goi mpasBoit wactu S BCerdga MMeeT OJHO ONPeIeJIeHHO
pemenue (cm. rua. VIII, § 3).

2. B cayuae, xorga matpuusi Q4 u (s MOTYT HMeTh U o0ImHe XapaKTepH-
cTAYeCKUe ducia, Mel 3amennM B (93) Matpumy (; ee :ropmaHoBoi dopmoil J
(B pesynwTate sTOro Marpuma A 3aMeHHTCH MaTpHIeil, eit mopmoGmoir). llpm
arom J = {J4, J3}, roe B J coGpaHsl BCe ;KOP/IaHOBE KJIETKH ¢ XapaKTePUCTA-
gecKHUM guciaoM Ay. Torma

9rta MaTpHIa IOAXOAUT HOJ PasofpAHHEIA yske HEPBHIl Ciay4Yail, MOCKOIBKY
Marpuns J, # Q. He mMeloT 0OMMX XapaKkTepucTHIecKHX dncex. Orciofa cie-
Iyer, 4TO BJeMeHTAapHHe meiruTtean BEAA (A — Ao)? OMMHAKOBH y MaTpHI| y:|
u J, ®, clegoBaTeibHO, ofuHaKoBn y Marpum A um Q. Jlemma moxasama.
Ecan HepasmoskuMmas cToxacTHiecKasg Marpuna P nMeeT KOMILIEKCHOe
XapaKTepuCTAYeCKoe FUCH0 Ay € | Ay | = 1, to marpunma A,P momobma Mart-
pume P [cm. (16)] n motomy us Teopemst 10 BriTexaeT, 9To wmCIy Ay OTBEHAIOT
TOJNBKO 3J6MEHTapHHE feauTenu mepsoil cremedu. I[lompaysack HopmasibHOI
dopMmoit MATpHIBHI U JeMMOH 4, JeTKO PacUpPOCTPAHHTL JTO YTBEPIKACHHE
H HA PA3IOKUMEe cToxacTwdeckme Marpumbl. Taxum obpasom, momydaeM
Conenmcrsue 1. Ecau by — zaparmepucmuueckoe “uci0 Crmoracmude-
ckoli mampuyn u | Ay | = 1, mo smomy uucay Ao coomeemcmeyom 3IieMeH-
maprble Oeaumenu nNepeoll CMeEneHu MAMPUlbl P.
W3 teopemsr 10 B cmuy 2° (ctp. 382) BhTeKaeT TaK:ke
Canengcreue 2. Ecau MAKCUMAIbHOMY TAPAKMEPUCTIUHECKOMY HUCAY
r neompuyamesbnoli mampuys. A omeeuaem nos0HCUMENbHbL COOCMEEHHLL
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8eKMOp, MO ace saeMeHmapusie Jeaumean mampuybtt A, coomeememsywwue
awbomy rapakmepucmudeckomy uucay by ¢ | Ay | = r, umerom nepsyw cmenens.

YRaeM Ha HeKOTOpHe PaboThl, CBA3AHHEIE C PACIONOMEHNEM XapaKTe-
PHUCTHYECKUX YHCEA CTOXACTHYECKOHM MAaTpPHIEL.

X apaKkTepHCTHYECKOE YHCI0 CTOXACTUYECKoH Marpumsl P Bcerja JemKHT
B Kpyre | A | << 1 A-mmockoctm. CoBOKYDHOCTH BCEX TOYGK DHTOTO Kpyra,
ABAAIOIMUXCA XaPAKTePUCTHYCCKUMHA YHCIAME KaKHAX-IHG0 CTOXACTHICCKHAX
MaTpun n-ro mopsaaxa, obosHawmm depes M.

B 1938 r. B cBsaA3u ¢ uceaegosanmem neuneit Maprosa axang. A. H. Hoamo-
TOPOB TOCTABHI 3afady OmpefelieHHA CTPYRTYDPH obiaactu M,. Jra samaua
Onna gactuyHo pemena B 1945 r. H. A. Hmurpuessm u E. B. urkzanm
[67a, 6] u monmocTsIO pemiena B 1951 r. B paGore ®. WI. Kapnenesuua [72].
Oxasanoch, 9ro rpaauna M, COCTOMT H3 KOHEUHOTO YHCIA TOYEK Ha OKDPYiK-
HoCTH | A | = 1 1 ompefeneHHKX KPUBOJWHEHHHX JYT, COSUHAIMEX B KPY-
TOBOM IOPAKE 3TU TOYKH.

SameruM, 9To B cuiay npemmomenus 2° (crp. 382) xaparTepucrTmuecKye
gucaa Marpun, A = |} a;p [[* > 0, mMeoDWX HOMOMKATENBHBIH COGCTBEHHBIR
BEeKTOp IpE A = r, Opu (QUKCHpPoBaHHOM r ofpasyior MHOmecTBO r-M, 1).
Ilockonsky mpomsBoasHas Marpuma A = || a;p ||P > 0 momer Owth pac-
CcMaTpUBaeMa KakK Mpefed IMOCHe0BATEABHOCTA HEOTPUNATEIbHEX MATPHIL
YKazaHHOTO THIA, a MHOMecTBO r-M, 3aMKHYTO, TO XapaKTepHCTHYCCKHe
qpcia OpoM3BOABHEIX Marpun 4 = || g [|[F > 0 ¢ maHAENM MaKCHMAIBHEIM
XapaKTepUCTHIECKAM YHCIOM 7 3ALMOIHAIT MHOmecTBo r-M, ?).

H aromy wpyry sompocoe ormHocuress m pabora X. P. Cymeiimanosoii [100],
B KOTOpPOHl YCTAHABIMBAKITCH HEKOTODHE [OCTATOYHEIC KPHTePHH [IJIA TOTO,
yTOOEE 7 3aJAHHBIX BEMIECTBEHHBEIX WHCET Ay, Az, ..., A, OBIH Xapaxrepu-

CTHYECKUMH THCIAMA HeKoTopoil croxacrmueckoit marpuist P = | p;;|[}2).

§ 7. llpesiesibable BEPOATHOCTH A OMHOPONHON Nemn
MaproBa ¢ KoHEuHBIM YHCJIOM COCTOAHHUIT

1. Ilyers
Sy, S oo, Sy
— BCE BO3MOKHLIE COCTOSHUA CHCTeMH B ofHopogHoii menm Maprosa,
a P:Hpin'i’——onpeneJImomaﬂ 3Ty IeOh CTOXACTUYECKAA MAaTpHIa, COCTaB-

JIeHHAasA H3 IepexofiHHX BepoATHocred pi; (4, j=1, 2, ..., n) (cm. crp. 381).
O6ozmaunm gepes pgg.) BEPOATHOCTh HAXOKAEHAA CHCTEMHL B COCTOSHMH S

B MOMEHT BDEMEHH [, €CIHM M3BECTHO, YTO B MOMEHT BPEMEHH fj_, CHCTEMa
Haxogmmack B cocrosHmE S; (I, j=1,2, ...,n; ¢=1,2, ...). Ouesugno,
pE=py (@, j=1,2, ..., n). loapsydach TeopeMaMu 0 CJIOKEHNH H YMHOKESHIN
BEPOATHOCTEN, MH JErK0 Halgem:

n

pg?—'—” = hgi pgz)phj (lv ]: 1’ 27 ey n),
WM B MATPHYHOH 3amucu
PO =N PP pas Il

1y r. M, ecTb COBOKYDHOCThH TOYER A-IIOCKOCTH BUAA rii, Fhe U € M,.

2) Ha BO3MOXHOCTH CBe/leHAS yKa3aHHOR 3a/aud AId NPou3BONbHON MaTpumsr A > 0
K aHaJOTHYBOH 3ajave JJIA croXacThdecKoil Marpmus Geuro yxkasaso A. H. Kommoropo-
BeIM (cM. [896], momomuenue). i

3) Cm. ramme [228Db].

25 . P TauTMaxep
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Orciofa, maBas ¢ NHOCae0BaTeNsHO 3HAaYeHHms 1, 2, ..., momyumM BasKHYIO
$opmyy *)
Ip@=P" (¢=1,2,...).
Ecan cymecrsyor mpemeis
G, i=1,2,...,n)

ij

lim p{® = p
g—roo

nin B Manﬁ‘IHOﬁ 3aO0rACH
s q oo oo N
lim P%=P™=| pi i,
g—roo

TO BOAWIHHH Pg3 (7, j=1, 2, ..., n) HazsBaNOTCA npedesbHBMU UL HUHALL-

HYMU NePeTOTHBIMU 6eDOSMHOCMAMY 2). :

Jiisi BHSCHEHHAs, B KAKHX CIydasX CYMIECTBYIOT IIpejiellbHEE IePeX0oHEe
BePOATHOCTH, ¥ [Jig BHBOJA COOTBOTCTBYIOIIUX (JODPMYJd BBefeM CJICHYIOIYIO
TePMIHOJIOTHIO.

Mt 6ymeM CTOXacTHIECKYK Marpuny P K COOTBETCTBYIOINYIO €if OfHO-
ponHEylo menb MapkoBa HAsHBATH NPAEULbLHOL, ecaum y MaTpuiHs P mer xapak-
TePHCTHYECKUX UHMCEN, OTIUIHHX OT OJUHAIH ¥ PABHEX L0 MOLYJIO eIUHHIE,
H peeyasapHoli, €CIM JONMOJHHTEJIbHO eIHANIA ABIACTCA npocn,nv[ Kop~
HeM XapaKTepHCTHYeCKOTO ypaBHeHHA Marpuinsl P.

IIpasmapuas marpunma P xapakrepusyercA TeM, 9TO B €e HODPMAaJbHOM
dopme (69) (crp. 373) marpunm A;, As, ..., Ay ABRATCA IPIMATHBHEIMHE.
s perynApHO# MaTpHIEI I[OHOJIHI/ITGJILHO g=1.

Kpome Toro, ommoposHas nemb MapKoBa HA3HBAEGTCA HeEPA3A0HCUMOU,
pasaoxcumoll, QYUEAUNECKOl, YUKAuweckol, €CIH s STO IeHHM CTOXacTH-
geckasd Marpuna P gBigercA COOTBeTCTBEHHO HEPA3IOKUMOH, PasioyKHMOM,
NPEMUTHBHON, MMOPHMHUTHBHOM.

TlockonbKy HpUMHUTHBHAS CTOXacTWYeCKAs MATPHIA ABIAETCA YACTHHM
BHIOM INPABHJIABHOH MATDPHIE, IOCTONbKY AaNUWKIMYecKasd Iels MapKosa
ABJAETCA YAaCTHHM BHOM IPAaBUIBHON Iemnd.

Mz noraskeM, 9T0 RpedenbHble NepexodHble 6ePOSMHOCIMU CYULeCMBYIom
moavko § npaeusvkbly 00Hopodnux yeneli Maprosa.

HeiictBnTenpso, nycts 1P (A) —MHHEMMAIBHHEI MHOTOYIEH IPaBUIBHOM

marpuns P = || 1~ Torma

PA)=A—2)" A—2A)™ ... A—2)™ (s £, k=1,2, ..., u). (95)

Coraacao Teopeme 10 MomHO DPHHATH, UTO
M=1, m=1. (95"

Ha ocmosanun ¢opmyan (24) ra. V (crp. 113)

B c M) | < 1 cQy ,q]me—D
i e R v el N (96)
1!’ (1)  r=2 1l> M) A=hp

1) s oroit ¢PopMydAH caegyeT, YTO BEPOATHOCTHU pﬁg), TaK e KaK U p;;

i, j=1, 2, ..., n; g=1, 2, ...), He 3aBUCAT OT HOMepa k NCXOLHOTO MOMEHTA BPEMEHH Ip.
2) Marpuma P® Kaxk mpefiel CTOXACTAYECKMX MATDMI| TaKiKe SABIAETCA CTOXACTH-
qecKoil,
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rpe C (A)==(LE — P)™W (A) — mpnBefeHHas IPHCOGIMHEHHAs MATPUIA K
h
o =—2E =12
(A—2p) *
opu 3TOM
1 1
p(h)= 2By ()= (1).
Ecnm P —mpaBmipHAs MaTpmOa, TO
[Ar <1 (k=2,3, ..., u),

K II0TOMY B InpaBoii uwactu ¢opmyasi (96) Bce caaraeMsle, KpoMme ILepBOTO,
Opu g —> co cTpeMATcs K Hydo. [loaromy Ans npasmiasHOil MaTpunsl P cyme-

crByer Marpmma P, cocraBieHHas U3 TPEAEJLHHX HEPeXOJHHX BepOAT-
HOCTell, H

o C(1)
p =5 (97)
O0parHoe nHoJOKeHWe o4eBUAHO. Ecam cymecrsyer mpemen
P® =1im PY, (97"
g—>00

TO Marpuna P He MOMKeT MMerh XapaKTEePUCTHYECKOTO TUCHA Ag, M KOTOPOTO
Ar~=1, a |Ay|=1, Tar xak TOrga He cymecrtpoBaa Gl Ipefea lim Af. [9ror
g-»o0
sKe Tpefes [OJUKeH - CYyIeCcTBOBATL B CHIY cymiecTBoBamms mpegeraa (977).]
Mu pokasanmm, 9TO AN TPAaBHIBHOH (U TOJBKO A NPABHIBHOH) OIHO-
poxmoit menn Mapropa cymecTayer marpuna P%. 9r1a Marpuma ompenesnserca
dopmymoit (97). '
IMoxaskeM, Kax Mo;kHO BHpasuth Marpuiny P™ uepes xapaxkTepHCTHUECKHI
MHOFO9JIEH

ARy =A—A)" (A=) ... (A—Ay)™ (98)
¥ npucoef@HeHHYI Marpuny B (A)= (AE-— P)7A (A).
W3 Tompmecrna

B@) _ M)

AGR) T H
B caay (95), (95') u (98) BhiTeraer:

BNy c@
AM )y T ()T

Tloaromy ¢opmyay (97) MoxkHO saMeHHTH (OPMYITOii
o mBM=11)
P™ = Aln1) ()

Jas peryasproi nenn Mapkosa, IOCKOIBKY OHA ABIACTCA YACTHEIM BHAOM
npaBnabHOH memn, Marpunma P cymecrsyer u ompegensiercsa a06oit u3 ¢op-
mya (97), (97°). B arom caygae n;=1 n ¢opmyna (97') mmeer Bup

w __ B(1)

25%

O7)
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2. PaccMoTpuM mpaBuabHYH Iienb o0mero tuna (seperyiaspaywo). Coor-
BETCTBYIOIMYI0 Marpuny P samwmieM B HOPMAdbHOH Qopme

Q......0 O........0
0 Q, 0 0

P= Ug+1,1- . -Ug+1,g Qg+1 . ’ (100)
Ug o oo o Ug. o o Us sn Qs

rme Q4 ..., Qy— OPUMUTHBHEIE CTOXacTWYECKHAe MATPULHI, & Y HEPABIOKAMEIX
marput; Qgiy, - . ., Qs MAKCHMANBHEE XapaKkTepucrnueckne uncaa < 1. Ilomaras

I Ugsi,1 Ugit, g Qg1 0
U=} ......... , =...... Al
Usi Usg Us, g+1 Qs
samumeM P B BuUOe
Q, . 0 0
P ==
0 .Qg O
U w
Torpma
Q! 0 0
pPi= .. (101)
0 Qf 0
U, we
or 0 0
p® =1im P'=|. .
U W
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Ho W* =1lim W?=0, mockoabKy Bce XapaKTepHCTHYECKHE dhCJA MATPH-

g—>00
s W mo mopymio menvire emummunir. [Tosromy
QY ... 0 0
Poo: ¢ . ° N ] (102)
0 . Q70
U 0
ITockompry @y, ..., Qg —IPUMUTUBHEE CTOXacTUUECKHe MATPUILL, TO
matpunsr QF, ..., Qg cormacHo dopmynam (99) m (35) (crp. 362) momosu-
TeJBHEL:
Q:°>O’ DR Q?>Or

¥ B KaKAOM cToj01e M000H W3 9THX MATPHI BCE JIEMEHTH PABHEI MEMKLY
coboii:

QZO:” qg".;)”:t j=1 (k:11 27 ey g)'

3amernm, uro mopmaneEOMy Bupy (100) croxactuueckoit marpmumer P
COOTBETCTBYET pazbumeHue cocroAnmii cumereMbr Sy, Ss, ..., §, Ha IPYNIH:

217 221 ey Zgr Zg;“b cey ZS' (103)

Kampoit rpymme D, B (104) coorsercrByer cBos rpymma pamos B (101).
ITo repmmmomormm A. H. Hoamoroposal) cocrosmms cucreMsl, BXOAAMHe
B D1, Dg, +..r 2ig, HABHBAIOTCHA CYUJECMEEHHBMI, A COCTOSHMSA, BXOATIHE
B OCTANIBHBIE TDYIIEL Mgy, ..., Ds— HECYULECTIBEHHBLMUL.

Ws puma (101) marpumm P? cregyer, uro mpu A060M KOHEYHOM dHCIe
maros g (0T MOMEHTa fj., K MOMEHTY fz) BO3MOKEH TOJIBKO IIEPEXOJ CHCTEMEL
a) U3 CYIIECTREHHOrO COCTOSHWS B CYINGCTBEHHOE COCTOSIHWE TOH 3Ke I'PYIIIH,
6) M3 HeCcYMmEeCTBEHHOTO COCTOSHWSA B CYINECTEEHHO® COCTOSHWE U B) U3 HeCy-
INECTBEHHOTO COCTOSIHAS B HECYLIECTBEHHOE COCTOSIHEE TOH jKe WIM TIpej-
MecTBYIOmiedl I'PYNOH.

Wz Bupa (102) marpuusr P™ ciemyer, 4ro B Ipejeie Ipu ¢ —> oo nepe-
200 03MONCEH MOABKO U3 AWG020 COCIMOAHUA 8 CYUECMEEHHOe COCMOSHUE,
T. €. BePOATHOCTH Tepexoja B JMi06oe HEeCYyHmECTBeHHOE COCTOSHUE OpH YHCXEe
WAaroB g —> co CTpeMurca K Hyaw. [losToMy cymecrBeHHbIe COCTOSHUA NHOTHA
HABLIBAIOTCA W NPEeDeAbHBLMU COCMOAHUSMU.

3. s dopmyast (97) caenyer:

(E—P)P™=0?),

Orcloga BugHO, 4TO Kaxcdwi cmoabey mampuys P® Aearsemces cobcmeenmolm
8eEmMOpoM cmoxacmuueckol mampuyw P Oas raparmepucmuyecroeo uucaa
A= 1.

Has peryasproit Marpunsl P uncio 1 ABAseTCA OPOCTHM KODHEM Xapak-
TEePHCTHYECKOI0 YPABHEHWS M 9TOMY YUCJIY COOTBETCTBYET TOJBKO OJUH
(c TOYHOCTHIO {0 CKANSAPHOT0 MHOKHUTENA) cobeTBerHsil Bextop (1,1, .. ., 1)

1) Cm. [96], a Taxme [29], crp. 37—39.
2) dra GopMyEa mMEET MeCTO [ LPOM3BOJILHON MPAaBHILHON LENH W MOMKET OHTb
monyueHa M3 0YeBHIHOr0 paBeHeTBa P? — P.P?71 == () mpepe/ibHEIM HEPEX0LOM ¢ — CO.
P P q
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marpuns P. Iloaromy B mo6om j-M cronbue Matpumsl P Bce 5IeMeHTH PaBHEL
OHOMY ¥ TOMY ke HEOTPHLATENBHOMY HHCIY pJy:

n
J=

Tarum o6paszoM, B peryaApHOi mend HpefesHLHE MePEXONHEE BepOaT-
HOCTH He BaBHCAT OT HAYATBHOTO COCTOSHHSA.

OGpatHo, ecim B HeKOTOpPOW HpPaBHIBHOH ogHOpOAHOH memm MapkoBa
IpefebHEE IIePeXOSHEHE BePOATHOCTH He 3aBUCAT OT HAYAJAbHOTO COCTOAHNA,
T. e. HMeloT MecTo (fopmyns (104), To B cxeme (102) gng marpmne P> o6s3a-
reasHo g = 1. Ho Torma ny; = 1 u neus aBigerca peryispHom.

Has aqmenndecKol menu, KoTopas ABIAETCA YACTHHM CIYyYaeM peryisap-
Holl memu, P — mpumumruBHas warpuuna. Ilostomy mpm Hekoropom ¢ =0
P2 > 0 (cm. Teopemy 8 ma crp. 377). Ho rorga m P> = P*P1 > (01).

O6patro, na P> > 0 caenyer, aro mpu HexoTopoMm g > 0 P4 > 0, a 10
II0 TeopeMe 8 03HaYaeT NPHMUTHBHOCTL MAaTPUUs P m, ciefoBaTenbHO, amu-
KJIMYHOCTh JaHHOW onHOpomHOo# memm MapKosa.

Ioxygennsie peaynbraTel MH ¢HOPMYINPYeM B BAXE CHCTYIOMEH TeOPEMEI:

T eospema 11. 1. Juas mozo umobu ¢ 00nopodroti yenu Maprosa cyue-
cmaeosasyu éce npedesvrbie neperodrule seposmuocmu, Heobzodumo u docma-
mouro, umobsl yendv Ouaa nPasuabHol. B amom cayuae mampuya P>, cocmas-
ACHHASL U3 npedesbHBlr nepexodnwx eepoimmuocmeli, onpedeasemces dopmysoll
(95) uwau (98).

2. Maa mozo umobu ¢ npaguavroli 0d0nopodnoli yenu Maprosa npedesv-
Hble nepexodHble 6ePOAMHOCTRU He 3aeUcesl Om HAYAALHO20 COCTMOAHUL, HeoO-
zodumo u docmamourno, umobsl yend Guiaa peyiaprol. B amom cayuae mampuya
P> onpedeasemes gopmyaoti (99).

3. Jas moeo umobu ¢ npasuavrol o0HOpodnol yenu Mapkosa ece npe-
deavnbie nepexoOHvie eeposTnHOCIMU OBLAU OMAUMHBL OM HYai, Heo6Todumo
u docmamouno, umoGsl yenv 6viaa QYuEAUHECKol ).

4. Beegem B paccMoTpeHme CTONGHE U3 AGCOLIOMHUL 6€POAMHOCMEL

B B R 3
p':(plr D2y ooy pn) (k=0, 11 2s "')1 (105)
R
T p;— BEPOATHOCTh HAXOMIEHMS CHCTEMH B MOMEHT [ B cocroAEdd S;
i=1,2,...,n; k=0,1,2, ...). [logs3ydacs TeopeMaMu CIOMKEHHS H YMHO-
SKeHUA BePOATHOCTel, HANJeM:
R nog
Pz=2php§£) (i=1121-'-1n;k=1’ 21"'))
=1
uiaz B MATPUYHOH 3ammcm
R .0
p=PFp (k=1,2, ...), (106)

rge P’ — TpaHCHOHEPOBAHHAS MATPHNA A Marpuiel P.

1) 310 MaTpHEIHOS PABEHCTBO IONYYAeTCS HPelebHEIM IePeX00M m — OO U3 PaBeH-
ctBa P™ = P™ %, p? (m > ¢q).P® — croxacrudeckad MaTpuma; uostoMy PP > 0,
u B 106 0ii cTpore MaTpunst P uMeioTcsa HeHynense daemeETH. Orciona P¥P? > (. Bmecro
TeopeMH 8 MO}KHO 37eCh BOCIIOIb30BaThCA (QopMynoi (99) m HepasercTBoM (35) (cTp. 362).
2) 3ametmM, 9To u3 P™ > ( BHTEKaeT alMKIAIHOCTD, 4 CAEGXOBATONLHO, M PeTyIAp-

HocTh Ienum. IloaToMy m3 P >> () aBTOMATHYECKH CJIeLyeT, 9T0 IpefelbHHE MepeXojHEe
BEPOATHOCTH He 3aBUCAT OT HAYAILHOTO COCTOAHHSA, T. €. HMelT MecTo (opmynsl (104).
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Bee abcomorasie BepostHocTm (105) ompemensmioress wa ¢opmyast (106),
0 o0 0

€CIIM WBBECTHH HAYANBHEE BEPOSTHOCTH Py, P2, + .., Pn M MATPHIA IIEPEXOM-
HEX BepostEOCTeN P = || pis ;-
Beefiem B paccMoTpeHHe npedeabrbie GGCOLNMHbIE 6€POAMHOCIU

o0 kR
pl=11mp, (l:l, 2, ,TL)

B o0
I

00

© oo = . kR
p’:(pb D2y ooy pn):}llm D

Ilepexonsa B obemx wacrax papeHcrsa (106) x mpemery npm k—> oo,
TONYIHM:

oo 00'0
p=Pp. (107)
3aMeTHM 4TO CYINeCTBOBaHWE MATPHUOEl IPEJeABHRX NEPeXONHBIX BOPOAT-
HOCTeH P BJIetIeT CymecTBOBaHAEe NPeneIbHbIX a0COIOTHRIX BGPOHTHOCTGH

,oo ) 0 0 0 0
= (py, pz, - pn) npu Mo0HX HAYAJIBHEX BEPOATHOCTAX P =(Pi, P2, -+ .+, Pn)
12[ Haobopor.

Us gopmynsr (107) m m3 suma (102) marpunmr P™ BHTeKaeT, uTO N pe-
deabnrie abcosromusie 6eDOAMHOCMU, COOMBELMCMBYIOWUE HECYUeCTNEEHHbIM
COCOSHUAM, DASHBL HYAI0.

VYMHOMtan 066 wacTH MAaTPHYHOrO PaBeHCTBA
p’.p> =p~
0

cupaBa Ha p, MH B cmiry (107) momyamm:

P'p=p, (108)

o]
m. e. cmoabey npedesbHBL ABCOAOMHWT éeposmHOcmell p asasemcs cobem-
senHBLM eexmopom mampuytt P’ das xapaxmepucmuneckozo wucaa A=1.
Ecnu pammas mens Maprosa peryaspma, 10 A=1 dABisercA IPOCTHM
KODHEM XaPAKTOPHCTHYOCKOTO YPABHEHM MATPHIEL P’. B arom caygae crouaGen,
NpeeqbHREIX aGCOMIOTHEIX BEPOATHOCTeH ofHo3nawHo ompegexserca us (108)

(IOCKOMBRY c]z‘;j>0 (G=1,2,...,n) 1 X ;j_—_i).
=1

Ilyers pama perynspmasa nenb Mapkosa. Torma ws (104) u ma (107)
crexyer:

@© it L3 — 1]
1 1 .
pi= 2 PP =p5 2 =y (=12 ..., ). (109)
(o) [o0] (o)
B srom cmyuae upemennHnie aGCONIOTHHS BePOATHOCTH Py, P2y - - -3 Pa
0 0 0
HEe 3aBHCAT o'r HaJalbHEX BepOHTHOOTeH Pis P2y - - «s Pn.

O6parro, p MOREeT He 3aBHCETH OT p npu mammamu gopmyas: (107) rorma
7 TONBKO TOrJA, KOTAA BCE CTPOKA MATpuuH P® ofWMHAKOBH, T. e.

py=p5  (hj=1,2...,n),

m moroMy (cormacHo Teopeme 11) P — peryinAapBEad MaTpHIa.
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Ecmn P — npumurmBHasg MaTtpuma, To P* >0, a orciona B cmiry (109)
p;i>0  (=1,2,...,n).

oo

Haob6opor, ecim Bce p; >0 (j= 1, 2, ..., n) X He 3aBUCAT OT HAYAIb-
HHX BePOATHOCTEH, TO B KaxkxoM cTonbme MaTpumer P Bce smeMeHTH oOfm-
HaKoBH u cormacuo (109) P~ > 0, a s10 mo Teopeme 11 osmazaer, ato P —
IPEMUTABHAA MaTpHIa, T. €. faHHAA Henb anuKIAYHA.

W3 uanomenHoro seITeKaeT, 9To Teopemy 11 Mosxuo chopMyanporaTs Tak:

Teopema 11. 1. Jas moeo umobn e odnopodroti yenu Maprosa
cywecmaosanu, ece npedeavHile abCOAIOMHE GEPOLMHOCINY RPU AI06BE HAYALb-
HBLT 6ePOAMHOCIMAZL, He0OZ00uMO U Jocmamouno, umobdun yens 61 NpasuibHOl.

2. Mg mozo umobu ¢ 0dnopodnoti yenu Maprosa cywecmeoeaau npe-
OeavHbie Q6CONIOMHEE GEPOAMHOCIMIUL RPU AIO0HE HAHAALHWL 8EPOAMHOCMAL
I He saguceal 0m IMUL HAYAALHBIEL 6ePOAMHOCIel, Heobzo0umo u docmamouno,
umooOs yensv Gbvlaa pesyaspHol. ;

3. das mozo umobn ¢ 0dnopodnol yenu Maproea npu 406BT HA4AAb-
HUZ 8ePOAMHOCINAT CYUJECME08AAL NOAOHCUMEAbHBE npedenbHble AbCOAMHbE
8eDOAMHOCIMY U IMU *BpedenbHble 8EPOAMHOCINY HE 3Aa8Ucesl OM HAYAALHUT,
Heobzodumo u Gocmamouno, umobw yensv Ovlia QyUKAUHECKO 1),

5. PaccMoTpuM Temeph ONHOPOAHYIO memb MapkoBa ofIiero Tuma ¢ Mart-
pumeil pmepexogEHX BepomTHocTeR P.

BozeMem HopMagsEylo d¢opmy (69) marpuupr P m ofosHaumm depes
hy, hs, ..., hy wmHEeKcH mMupuMuTHBHOCTH Matpun A;, A,, ..., Ag
B (69). Ilycts # — HamMeHBIIee o0IMee KPaTHO® HeNHX YuCeX Ay, hg, . . ., Ag.
Torga marpuna P" He uMeeT XapaKTePUCTUIECKHX YUCOJ, PABHLIX IO MOLYIIO
eIUEANe, HO OTIMYHHX OT eHHUNE, T. e. P" — mpammmeHas Marpuma; opm
3TOM h — HaWMeHBUIH moKasaTexb, HPE KoTopom P" — mpasmapmas mat-
puna. Yucno h mazoseM nepuodom mauuHo#l ogHopongHoit nenn Mapkosa.

Iockoxsxy P" — mpaBmapHas MaTpHUI(a, TO CYMECTBYIOT IIPejel

lim P"? = (PM*,
g—ro0

a 3HAYNAT, M HOPemesHl

lim P = P, = P (PM” r=0,1, ..., h—=1).
Taxmm oqﬁ—i)o;:—;om, B o0meM CIyuae MOCIeNOBATENBHOCTH MATPHIL
P, p2, P3, ..
11)a36nBaZTc;11)Ha h mopnocaexosatTespHOCTEl ¢ peaeaamu P, = PT (Ph)°° (r=0,
y oeey B—1).

[epexoma OT HePEXONHHX BePOATHOCTeH K aGCOMIOTHEIM OPM IIOMOIIH
dopmyast (106), MBI moIyuMM, UTO TOCIEROBATENHHOCTH

1 2 3
b, p, Py .-

pacnazaercsa Ha h IIOI[IIOCJIB,E[OB&TGJIBHOCTBIZI C mpefejaMiu

r+qh Thoo
lim p =P p’ (r=0,1,2, ..., h—1).
g—o0

1) Bropyo WacTh TeopeMsl 11/ mHOrfa HABHBAKT speoduueckoil, a MEPBYI0 — obuyelt
Keasuspzodunecrol meopemoii ANA OFHODONHEX memedl Mapkosa (cm. [4], crp. 473 m 476).
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Ilasn mpowmssoasHO# opmopogHoil memu MaproBa ¢ KOHEYHEIM YHCIOM
COCTOSIHHI BCErJa CYMECTBYIT IpefelNsl CPefHEX apupMeTHIeCKHX

N
P=lim — 3 P*=—1 (E+P+...+P'Y)(PY” (110)
N—oo Bt
u
N
~ . 1 k ~/0 ’
k=1
3;’160]’ f': H ;ij H:L n Al')z (}’)17 ;727 AR pn)- Benmanas ’l;ij (L7 ]: 1, 2’ s
..,n) 1 p; (j=1,2, ..., n) HA3HBAIOTCA COOTBETCTBEHHO CPEOHUMU N pe-

deavHuIMU NePeTodHBIMU U CPeOHUMU npedesviulmi aGCOMOMHUMU 8€DOAM-
HOCAMU.

Ilocroasry
. N1 . N
lim — > P*=lim — >\ P*
N N ’
N-ooo B2 N-oo Bt
TO
Pp=p
u, caepmosaresnsHo, B cuay (1107)
P'p=1D, (111)

T. e. p—coOcTBeRHEHH BeKkTOp Marpuuu P’ maa A=1.

3amernm, uro mo dopmynam (69) m (110) Me1 Moxkem Marpumy P mpen-
CTABUTH B BHJE

4, 0 0
~ 0 ~2 0
P=j . ....... 0 !
0 0 /Tg
i 11%
rae
1< L
AIIZLT:OTZ 4} (=12, ..., 9), W:I%LTOTZ W,
bt h=1
Agy O 0
W— XK Ag+2 0
X ok 4

IlockonpKy Bce XapaKTepuCcTHUecKme wumciaa warpumsl W mo Momyumo
MEHBIIEe CIUHUIEI, TO
. B
lim W*=0
koo

~

7, caefosareansHo, W =0,
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IToaTomy
4, 0 ... 0
0 4, ... 0
P= o0 ) (112)
0 0 ... 4,
U 0

ITocxonpky P — croxacrryeckas Marpuia, TO CTOXACTHYECKUMH SBJIAIOTCA
spech u Mmarpmist A, A, ..., A,

VI3 moy9eHHOT0 NpEICTABICHAA NI P m u3 (107) cmemyer, uTo cped-
Hue npedesbHbie abCOMIOMHBE GePOSMHOCIMU, COOMEECMCMEYIoWUe Hecyujecm-
BEHHBLM COCTROSHUAM, 6Cee00 DABHBL HYAH.

Ecan B HopManpEOH ¢opme Marpurpmn P gwmcno g =1, ro gas marpuns P’
gucao A=1 sABiIfeTcA MPOCTHM XaPAKTEPUCTHYECKUM UHCIOM.

B 2ToM ciIygae p OJHOBHAYHO ONPEEIACTCH U3 (111), n cpemame mpe-

JeNTbHEE BEPOATHOCTH Pi, Dg, ..., Pn HE BABHCAT OT HAYAJIbHHX BePOATHOCTEH
0 0 0 0

Pis Do» -+ +y Pn. OGpaTHO, €CIE D He BABHCHT OT P, TO B CHIY (110') mar-
puna P mmeer panr 1. Ho marpuma (112) moxer mmers pamr 1 Tonbro TOrga,
Korma g=1.
[Monygenusie pe3yabrarsl MK CHOPMYIAPYEM B BUME CICAYIOMEH TeopeMnl 1):
Teopema 12. Jua npoussoavroii odnopodnol yenu Maprosa ¢ nepuo-

dom h mampuyw eeposmmuocmeis P* u p npu k — co cmpemames & nepuodu-
UeckOMY NOSMOPEHUI0 ¢ nepuodom h; npu smom ecezda cywjecmeyiom cpedrue
npedeabHbie Nepexodnsle U AGCOAIOMHBE 8EPOAMHOCIU P-—_—”Ri)ij ¥ = =
= (D1, D2, - .., Dn), ONpPedeasniembie HoPMYIAMY (110) u (110").

Cpednue npedesvnrie abcoslomuble 8ePOAMHOCINU, COOMBEMCMBEYULE

HECYUECMBEHHBIM COCTIOAHUAM, 6ce20a DABHEL HYAH.
Ecau 6 nopmaavnoti gopme mampuyw P wucao g=1 (u moavro ¢ amon

cayiae), cpedHue npedeavHvie abcosOMHBE 6¢PORMHOCIU Dy, Poy - -+, Pn
0 0 0
He 3asUCAM OM HAUAALHBIL 6ePOAMHOCMEN Dy, Doy, «.., Pn U OOHOZHAUHO

onpedeasiomesn us ypasuenus (111).

§ 8. Bonoane HeoTpHUATEIBHBIE MATPHIILL

B srom u caemgyiomem maparpagax Mel pacCMOTPHIM BeIECTBEHHE® MATPHAIIHL,
Y KOTODPEIX He TOJHbKO DIEMEHTH, HO M BCe MHHOPH JIOOHX NOPALKOB HEOT-
punateabHE. Takwe MATPAIHL MMEIOT BaKHHE NPIMEHEHWs B TEOPHH MAJRIX
rKoxebanmii ympyrmx cucreM. IlogpoGHoe mcciefoBaHMe DTHX MAaTPUL ¥ MX
OPUJIOMeHTIl YuTaTeNh Halimer B Kmure [7]. 3pech ke OYAYT MOAHEL TOABKO
HEKOTODHE OCHOBHHE CBOCTBA STHX MAaTPHI.

1. Haumem c ompepmeneHus:

Onpegeanenme 5. IlpaMoyrosbpHas MaTpHIa

A=|lap| @¢=1,2,...,m; k=1,2,...,n)

1) Bty Teopemy HMHOIr[a HA3HBAIOT QCUMNMOMUYECKOU meopemoti IJIA OAHOPOAHBIX
nemeii Mapxosa. Cm. [4], cTp. 479—482.
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HAa3HBAGTCA 6NOAHE Heompuyamervrol (8noAHE NOAONCUMEAbHOL), €CIH Bee
MHUHOPH JIOOHX IOPAKOB 5TOH MATPUIE HEOTPHIATEJbHHE (COOTBETCTBEHHO
MOJIOKATEAbHE):

4 (i1 Iy vu. ip 0 0
ki koo by >0 (coorsercreerno > 0)

< << ... <1
(1<1 2 »

\k1<k2<_,_<kp<n? p=1, 2, ..., min(m, n)) }

B janpmeiiimeM MH OTPAaHMYHMCA DPACCMOTDEHHEM TOJBKO KBaJpaTHHX
BUOJHE HEOTPUIATENLHBIX M BIOJHe IOJOKATEILHHIX MATpHL.

Mpumep 1. Obobwyennan mampuya Bandepmonda
a
V=l O<a<ap<. .. <an;t;<o2< ... < n)

SIBNACTCA BIONHE NOJNOKUTENbHOHE. JlomaskeM cHauzaina, 910 |V | == 0. B camom gexne,
u3 paBencTBa |V [=0 caepoBajo OB, UTO MOMHO TaK ONPEeNATs HE DPaBHEE ONHOBpE-
MEHHO HyJi0 BelleCTBeHHHe YHCJA ¢y, T2, ..., Cp, YTOOH QYyBEIHA

(@)= i] cpzh
k=1

uMena Os n Hydeil B TouRax z;j=ga; (i=14, 2, ..., n), rle n—uncHO CTeNeHHHX cCJja-
raemntX. Ilpu n=1 5ro HeBo3MOKHO. JlpuMeM HHIYKTUBHO® JOIIyIleHMe, YTO 9TO HEBO3-
MOMKHO JIJIA CYMMH MEHBLINEro, HeelH n, 9YNCAd CTEOeHHHX CJaTaeMHX, ¥ [OKaeM,
9T0 5TO HEBO3MOKHO W JJfA jamHoi ¢yaxuum f(z). Homycrmm mporuerOoe. Torma
1o teopeme Ponna dymxmus fy (z)=[z~®f (z)]’, cocroaman u3 n—1 CTONEHHHX clxarae-
MHX, GMela 6H 7— 1 TOJ0MATEINLHHX HyJleil, a 9TO HPOTHBOPEYNT JONYIIEHNI0 NEAYKIINH,

Wrag, |V | == 0. Ho opm a;=0, as=1, ..., @py=n—1 onpegeanreas | V| mepexo-
AuT B OOWIYHHI ompefiennTeNb BammepmoHZa ]a’{“‘1 [;‘, KOTOpHIT mostosKmTeNeH. Tak Kax
Iepexo OT 3TOro ompepennTeis Bampepmorpa ® 0000IMeHHOMY MOMKHO OCYINECTBUTH
33 CUeT HENPEePH BHOT O M3MeHEHMs IIOKasareiledl €4, @z, ..., Op © COXPAHEHHEM
HEPAaBEHCTB MeKAY HAMA (0 < g < ... < Op), X TaK KaK MO JJOKA3aHHOMY OIpPeAeluTeNb
npu 9ToM He ofpardTed B Hyds, 0 M |V | >0 mpr aobux (0<) oy <az< ... <0pn.

TlocKoabRy m060il MHHOP MATPUUE V MoskeT OHTH paccMaTpHBaeM Kak olperenu-
TeIh HEKoTopol o06o0menmoil MaTpuuu BamgepmoHja, TO BCe MEHODH MaTtpuun V
IOJIOKUTENBHH,

IIpumep 2. PaceMorpmMm axobuesy mampuyy

aq b10 cen 0 0
¢y ag by ... 00

J=||0 c2az ... 0 0y, (113)
000 ... Ch-1 Qn

T. . MATPHIY, B KOTOPOM BCe dIeMeHTH, He NpAHAAIEKAINNE TJIAaBHOR JWaTOHANH,
nepsoit Haj[MArONANE M NEPBOM INOAJAMATOHANM, PaBHH HYJNI0. YcTaHoBEM (opMydmy,
BHPAKAIOITYI0 MPOA3BONBHAIN MUHOD 9TON MATPUIHE Yepes TIaBHbe MUHODH 1 3J16MeHTH b, ¢.
Iycrs
1<i1<i2< <ip<
X =
Ry <kp<l ... <kp

n

u
y=ky, ia=ky, ..., ivi=kv1; Ty 1 =+ k"rH’ RN ivz#: sz; fyy b=

R PE S URRRE ‘v3=kv3;
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Torpa

iy iy e.. i TR ; i i o
J( p'):.f( ”i)J(k"i“) ) J(VZ)J(V2+1 ”3)... (114)

kl kz SO kp kl .o kvj v1+1 kVZ kV2+1 ces k'V3

CopaBeiuBocTh 310# GOPMYNE BEHTEKAeT W3 JETKO UPOBEPAEMOr0 PABEHCTBA:

J(q ip) ; (i1 i) iV)J(ivH ip> o 1 B
= mpu ). (115
Fy oeo kp By oo kyeg)” \ky)” \kvrt ooe Bp v ) (115)

W3 dopmyam (114) caepyer, uro 0G0 MHMHOP paBeH NPOM3BEIEHNI0 HEKOTOPHX
TIaBHHIX MMHOPOB W HEKOTODHX aleMeHToB Marpuusl J. TakmMm o6pasoMm, das mozo
umobe mampuya J Guiaq énoane Heompuyameadroi, Heodzodumo u docmamouno, umobs eéce
€€ 2aaeHble MUHODLL U daeMmeHmbl b, ¢ 6blau HEOMPUYAIMELbHbL.

2. Jlna Bmojme HeorpumaTtelbHodl Marpuusl A =|| aik”f BCerga mMmeer
MeCTO CJeAyIOMee Ba;KHOE [ETePMHHAHTHO® HEPABEHCTBO!):

12...n 12...p pt+1l...n '
A(lZ...n)<A(12...p)A(p+1._.n) (p <<n). (116}

Bripony sroro HepaBeHCTBA MPEANONLIEM CAEKYIOMYIO JEMMY:

Jemma 5. Ecau 6o enoane wneompuyameavroli mampuye A= a;l;
EaKk0U-A160 2AQ8HBITE MUHOD DABeH HYMIO, MO Paser HYA0 41060l «00BemA0uuii>
2408HBIL MUHOD.

HorkaszarennpcrBo. JlemMa Gymer goxasaHa, eciid MH IOKAKEM, d4TO

A7A BOOJNHE HEOTPHIATENBHOHD MATPHUEL A = || ai Hf u3

12...¢
A(iz.“q)zo (g<<nm) (117
Bcerga cliefyer:
12...n
Tlpu sTOoM paccMOTPHM [Ba CIyyas:
1) ay;=0. TocroapKy Zfi Z?: = —aya;; >0, 4,>0, apn>0 (i, k=
=2, ..., n), Toaubo Bce a“:(l)i(i-l—-Z, ...,n), mbo Bee a;,=0(k=2, ...,n).

Us arux pasescts u u3 a, =0 cmemyer (118).
2) ay 0. Torga npu HEKOTOpOM p (1<p<g)

2... p— 2...p—1
A(i 2. i_:)*o’ A-(i 5 ... ;)—1 i):o. (119)
Beeflem oKafMIAIOIIME OOpPeeIUTOTH '
12...p—1i\ |
dik:A<1 9 p—1 k) (i, k=p, p+1, ..., 0 (120

1) Cm. [828], a Taxme [7], ctp. 111 u mamee. TaMm sKe BHIACHEHe, UTO 3HAK paBeH-
crBa B (116) MoskeT WMeTH MeCTO TONBKO JMMIb B CIENYIOMKX OYeBUAHEX CIydYamx:

1) opwa W3 MHOKHKTeJel B mpaBoil dactu (116) paBen mymio,

2) Bce oueMeHTH ajx(i=1, 2, ..., p; k=p+1, ..., n) anbo Bce DIEMEHTHE
aip (i=p+1, ..., n; k=1, 2, ..., p) paBgH HYIIO,

Hepasenctso (116) umeer Tor sKe BHeurHnuil Bwj, 4To M 0000ImeHHoe HePaBeHCTBO
Apnamapa fem. ' (29) ma crp. 231] fAdA DOAGKUTENBHO ONPEREJIEHHON SPMUTOBOK MM
KBaApaTHIHOHN (ODPMEIL.
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M3 nux cocrasmm marpuny D = || din |p-
Corxacuo tospecrsy Cumnbpectrpa (rar. 11, § 3)

ii iz... lg
D(k1 kz.,.kg):
12...p—‘-1 g-1 12...p—'1 il iz...ig
:[A(12...p—1” A(1 2 ... p—1 ki kz...kg)>0 (121)
i<y ... <<ig
(p<k1<k2<...<kg<n, g-‘1’ 21"'7n~p+1)

u mosroMy [)— BIloJIHe HeoTpHIaTeNbHAsS MATpHUA.
Ilocronsky B cuxy (119)

v A12...p 0
dpp == (12...p =

To mMarpuna D =||d;; || mogxonur mop yse pasoOpammsii caydgair 1) u

1... 192, p—1\T—? [12...
D(pp+ n—.—A( P A( "\ _o.
P p+l...n 12... p—1 12...n
12...p

12...
3. Temepn M mMeeM B'OBMOH{HOCTL opu BuiBofie Hepasencrsa (116) mpex-
TWOJIAraTh, YTO BCE IJABHHE MHHOPH MATPHIE A OTINYEH OT HYJA, TAK KaK
COTJIACHHO JIeMMe O PaBEeHCTBO HYJIW OIHOTO W3 TJIABHEIX MHHODPOB BO3MOMKHO
ammsb Torga, korga |A|=0, a B srom caywae mepaseHcTBo (116) owemmuHO.
IIpr n=2 cmnpasegausocts HepasencTBa (116) mpoBepserca Hemocpen-
CTBEHHO:

—1
Orcoa, ToCKOIBRY A ( ) =0, cremyer (118). Jlemma goxazana.

12
4 (1 2) = Q1 gy — Q120a1 < Q11 Q22,

TOCKONBRY ay5>> 0, as > 0. Bynem ycramasiusare mepasencrBo (116) pusa
n>>2, npejmoiarag, uTO OHO YK€ CIIPABEIJIMEO s Marpmy HOPARka < n.
Hpome Toro, me mapymas oGmHOCTH, MOKeM cumTarh, 49ro p>1, Tar Kak
B TIPOTHBHOM cJiydae 34 cueT OOPATHON HyMepamwm CTPOK ¥ CTOJAOLOB MEL
TOMEHANA GH PONAMU 9HCAA p W n— P.

BBoga. cuoma B paccmorpenne marpuny D =| du; |p, THe din (i, k=p,
p-+1, :.., n) onpegensorcs popmynamu (120), ncnonsdyd ABayKIH TOAIECTBO
Cuiabsecrpa u ocHoBHoe HepasencTBo (116) nna marpun mopagka < n, uMeeM

ppti. p+1.
A<12n): D pp-i—i ) \ dPPD +1 > _
12...n [ < >]np l: < Jn-—p
12...p ——1p+1...
_ 4 12... p>A <1 2...p—1p+1 ... n) <
4 12...p—1 =
(1 2...p—1
12...p p+1...n
< .
\A(12...p)A(p+1...n) (122)

Taknm obpasom, HepaserctBo-(116) MoxHO cumraTh yCTAHOBISHHEIM.
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Beemem caepyiomiee
Onpenemenue 6. Munop

(ii iz ..lp)(l l1<l2< <lp<n
ky ky ... k Shi<k<...<kp>

marpuni A = | a; ||y GymeM HasHBaTbL nowmu 2AagHBLAC, €CIH CPeIH PasHOCTE
iy—Fky, ig—ks, ..., ip—kp, TONBKO O7HA PaBHOCTH He PaBHA HYJIO.

OGpamaeM BHEMaHHe ma TO, UTO Bech BEIBOJ HepaBeHcTBa (116) (B TOM
4ycie W ZOKABATEALCTBO BCIOMOTATENBHON JIGMMBI) COXDAHSET CBOKO CHIY,
eciIm yclIoBue «A— BIOOJHe HEOTPHIATEJIbHAd MATPHUIA» BaMEHHTH Goiee cla-
65M ycaoBHEM «B Marpuile A HeOTPHI[ATENbHHl BCO IJIABHEE M HOYTH IJAB-
HEE MWHODED 1).

(123)

§ 9. OcnunaAnUOHHbBIE MATPHIBE

1. XaparTepucTayeckue YmciIa X COOCTBEHHEIE BEKTOPHI BIIOJHE IOJOKK-
TEABHHIX MATPHL 00Jafal0T UENEIM PAZOM 3aMeYaTenbHHX cBolicts. Ommako
KJIACC BIOJIHE MOMOKATEIbHHX MATPHI HEIOCTATOTHO HIMPOK € TOYKH 3pe-
HEA TPUIOKEHHHE K MalbM KoJe0anmaM YOpPYTHX cHcTeM. B pToM oTHOmIeHHME
KJIACC BIOJIHE HEOTPUIATEJIBHEIX MATPHUI] IMeeT yike HocTaTounkii o6sem. Ho me
AN BCex BIOJHE HEOTPUIATEILHBIX MATPHUI] MMEIOT MeCTO HYYKHBIC HAaM CIIERT-
panbubie cpoiicTBa. OfHAKO CYMECTBYET HPOMEKYTOUHBIA Kiace (MERIY KIac-
CaMH BIIOJIHE MOJIOMUTEJNBHBIX W BIIOJHE HEOTPHIATENbHHX MATPHI), B KOTOPOM
COXPAHAITCA CHEKTPAIbHEIE CBOMCTBA BIONHE HONOMKATENbHEIX MATPHUI] I KOTO-
PHIA TOCTATOYHO MWPOK JJIs 0XBATA HPUIOKeHHH. MarTpuiisl 3TOTO IPOMEKY-
TOYHOTO KJACCA MOAYYMIN Ha3BAHUE «OCTUJIIANUOHHBIX». JTO Ha3BaHME CBI3aHO
¢ TeM, 9TO OCUZIASIMOHHbEIE MAaTPHUE o00pasyildr MaTeMaTHUYeCKMil ammapar
OIA WCCIeOBAHEA OCIMIISUMOHHEX CBOHCTB MaldbiX KoJeOaHHN NHHEAHEIX
yUpyrux cucrem ?). :

Onpenenenme 7. Marpuna A=| a;||? HasbBaeTCA OCYUALAYUOH-
HOY, eciiu A—BOOJHe HEOTPHIATEIHHAA MATPHIA H CYIIECTBYET TAKOE Iie-
ao0e gucao g >0, a0 A—BmonHe MOJOKUTEIbHAS MATPHUIA.

IMpumep. fAxobumeBa matpuma J [cM. (113)] sBIsgeTcA OCHMNIANHOHHON B TOM
¥ TOJIBKO B TOM clydgae, Korja 1° Bce wmcaa b, ¢ IOJOMRUTENBHB B 2° HOCIEJOBATENb-
HEle TJaBHEE MEHODH IIOJOKHUTEJIBHEL:

a1b10 ...0°0

o b a1b10 Ciﬁzbz...oo
a1 >0, cia‘ >0,lc; a3 b3|>0, ..., [0 czaz...0 0 |>0. (124)
1 @2
002!13 o 4 e e 8 e

00 0...¢cpqay

1) Cm. [976]. Mu mombsyemcsa ciaydaeM oTMeTHTh, 970 B KHure @. P. Ianrmaxepa
u M. T, eruHa [7] (Bo BTOpOM WBgaHZM) B TOM NYHKTe AoNylieHa omuOKa, Ha KOTO-
PyI0 IepBHK oﬁpaTIzm BamMaume asropoB [. M. Horewsuckmit. B xxure [7], ctp. 111
NOYTH IIaBHEE MuBOp (123) ompenenserca paBeHCTBOM

D
S Hiy—ky | =1.
v=1 N

Ilpn TakoM oODpe[eleHNH IOUYTH TJaBHOIO MHHODA W3 HEOTPHIATENLHOCTH TJIaBHBIX
M IOYTH IJIaBHHIX MHHODOB He cieayer emme HepaBemcrso (116). Opgmakoe Bce Qopmynn-
PoBKM ¥ powasaTeabcTBa § 6 ra. II B [7], mocBAmeRHOro OCHOBHOMY HEPaBeHCTBY,
CTAHOBATCA BEPHEIMH, €CJIN A HOYTH IVIABHOTO MHUHOpA [AaTh TpPHBEJEHHOE 3[ecCh
onpepenenne, B3ATOe HAMU u3 paborer [976].

2) Cum. [7], Beegenne, a tawxe ra. I1i, IV,
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Heob6xoguMocTs yecanoBmit 1°, 2°. Ynena b, ¢ HEOTPHLATENBHE, IOCKOJILKY
Matpuna J > 0, Ilpm atoM HE ofHO W3 wmcesx b, ¢ He MOKET PaBHATHCA HYJIO, TAK KAK
B OPOTHBHOM cCiIy4ae MaTpuia Guaa O pasiosmumoi, m Torga npm mioboMm g >0 Hepa-
BeHcTBO J9 >0 He coGamoopanocs O, CjefoBaTedbHO, BCe WHCIA b, ¢ INONOKATENBHH.
Bee raaBEbie MEHODPH (124) HONO/RATENLHE COTHACHO JieMMe 5, MOCKOABKY us |J | >0
u | J2|>0 caepyer: |J|>0.

DocratTounocTs yenoBui 1°, 2°. Packpeisag |J|, serxo yOempaemca
B TOM, YTO 9HCJa b, ¢ BXogAT B €OCTaB |J | TONBKO IPOM3BeleHUAMH biey, bgca, ...

vey bpetn_y. DTO e OTHOCHTCA K I00OMY TIaBHOMY MHMHOPY «HYJIeBOH IIOTHOCTHY,
T. . MHHODY, 06pasoBaEHOMY NOApPAA HAymuMu (Ges DPONYCKOB) CTPOKAMU M CTONG-
namMu, Ho mro6oir raaBEH MHHOP MaTpunsl J pacmafaeTcs B DPOH3BeJeHHe IJaBHEIX
MUHOPOB HYJEBOH OIOTHOCTH. JI09TOMY 6 wio6oli enasnviti wmunop mampuybl J uucaa b
u ¢ ¢zodam moavko npoussedenuamu bicy, bace, ..., bn_yCn_y.
CocTaBUM CHMMETPHUYECKYIO AKOOHmeBYy MaTpHIY

as 77’1 0
7;1 az 32
[
J= LT . bi=Vhie; >0  (i=1,2, ..., n). (125)
* 7;n—i
0 zn—i an

W3 ycraHOBAeHHOro BHIE CBOACTBA INIABHEIX MHHOPOB AKOOMEBOM MATPHMIEL cile-

Lyer, °9TO COOTBETCTBYIONMIMe IMABHEIE MMHODH wMarpmn J m'.J paBem 'Apyr Apyry.
Ho rorzma ycaosus (124) osmHazaior, 9T0 KBagpaTHusas dopma

7(9&, x)

ABIAECTCA NDOJORUTENbLHO onpefenennoin (em. ria. X, recpema 3, crp. 277). Ho y moao-
SRUTENbHO ONpeflelIeHHo# KBajgpaTHIHOH (HOPMEI BCe IiaBHEHE MIHOPH HOJOMHATENbHH.
CriefoBaTelbHo, @ B Marpmme J Bce TiaBHEE MHHOPH HOJOMHUTEeNbHEL. I[IOCKOIBKY
mo ycaoBmio 1° Bce umcaa b, ¢ DONORUTENBHH, T0 mo ¢opmyrxe (114) Bce MEHEOPH
MaTpuns J HeOTPUUATEIBEH, T. 6. J —BrHojHe HeOTPAHATeJNbHAS MAaTpPHIA.

OCUBINANAOAHOCTS BIOJHE HEOTPHIATENbHOM MATPHOE J, AIA KOTOPOH BHIIOJN-
HAIOTCA yeaoBusa 1°, 2°, BHTeKAaeT HENOCPEACTBEHHO M3 CJIEAYIIHero KpuUTepud
OCOMANIAMHEOHHOCTH. : ]

Jlas Toro uTOGH BHOXHE AeOTpHUATeNbHAR MarTpuma A=|| a;; ||} Orma ocmummns-

[UOHHOH, Heo0X0oqUuMO M JOCTATOYHO, WTOOH BEIIONHAINCH YCIOBWMA:
1) A—mneocobennas matpuna (| 4|>0),
2) Bce BIeMEHTH MATPHIH A4, PAcIIONO;KeHHHE HA TJABHON JWATOHAJNM, HA IIePBOH
HaAJMAroORaIyW ¥ HA IepPROH IOAANATOHAA¥, OTIWYHEL OT HYIA (a;; >0 mpm | i—k | < 1).
JoKazaTeqECTBO 3TOTO INpeANOKEHWsa 9uTaTelb Hanger B [7], raasa II, § 7.

2. Ina Toro urofm cHOPMyIHPOBATH CBOHCTBA XAPaKTEPHCTHICCKHUX
grcea X COGCTBEHHEIX BEKTOPOB OCIHUAMAINMOHEON MATPHEB, BBEJEM HEKOTO-
puie TIpeBApUTEIbHEE HOHATHA M 0003HAUEHUA,

Paccmorpum Bextop (cronberm)

T={(Uyy Uz, «o~y Up)e

BygeM mOACUMTHIEBATE YHCJIO MEPEeMEH 3HAKA B DAY KOODAMHAT Uy, Us, ... Uy
BeKTOpA U, NPUNHCHBAS HYJIEBHM KOODAHHATAM (eCIH TAKOBHE WMMEKTCH)
IPOW3ROJbHLIE 3HAKH. B 3aBHECAMOCTH OT TOr0, KaKuWe MEl 3HAKYM IPANKHIIEM
HYJeBHIM KOODOHHATAM, YHCJIO IIepeMeH B3HaKa OymerT KomeGarbcsi B H3Be-
CTHHIX Ipemeax. IllodyuamoIquecs IpH 5TOM MAECUMAALHOE W MUHUMAALHOE
qicia TepemeH 3HaKa OymeM o6osHawaTh COOTBETCTBEHHO wuepes S5 # Sj.
B rom cnywae, worga Sy=S53, Mo Oyjem TOBOPHTH O Mmo4HOM WYHCHE Tepe-
MeH 3HakKa m oGosHauarh ero uepes . Ouesugmo, S, =S8} Torga m Touapko
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Torga, Korma 1° mpaiitmme RKOOPOUHATH U; W U, BEKTOpPA U OTJIMIHEL OT HYJIA

? 3 ?
u 2° pasemerBo u; =0 (1<Ci<Cn) BCerpga CONPOBOKAAETCA HEPABEHCTBOM
u;_quiy << 0.

Teneps ML JOKajkeM CJAEAYIOMYIO OCHOBHYIO TEOPEMY:

Teopema 13.1. Ocyussayuonnasn mampuya A=|'a; |1 écezda umeem
n pasAuYHBL ROAOHCUMEADHEL TADAKMEPUCULECKUT Yucel

M>h> ... >kh>0. (126)
1
2. ¥V cobcmesennozo sermopa u= Uy, Uz, <., Uy) Mampuys A, omse-
yanueeo Hauboavliemy IapAKmMepPUCULeCKoMY HYUCAY Ay, 6Ce Koo pOUHQmbL
2

omAuUuMHBL OM HYAR U O00HO20 3HAKA, Y cobcmeeHH020 6ermopa U= (U3,
Usg, .+, Ups), OMEEUAIOULL20 6MOPOMY RO GEAUNUHE XA PAKMEPUCMUYECKOMY

ucay Ay, 6 pady koopdunam umeemcs, MOYHO 00HA NepemeHa 3HAKA U 6000uje
k .
¢ pady koopdunam cobcmeenno20 6ekmopa U= (Ux, Uk ..., Unp), COOMBEM-

CMeYywee0 XAPAKMePUCTIULECKOMY HUcay- Ay, umeemcs mouro k— 1 nepemen
snara (k=1, 2, ..., n).

3. Ilpu a060x 6ewecmEeHHBEL UUCAAT Cg, Cgity »» -, Ch (1 Lgghm

h
> ¢t>0) ¢ pady woopdunam sexmopa
K=g

h k
= 3 cpu (127)
h=g
uuca0 nepemer 3Hara 3arawiaemcs mexwdy g—1 u h—1
g— 1S SEi<h—1. (128)
HJorasarteabcTBo. 1. JSamymMepyeM xapakrepucTHdeCKHMe dHCJIA
M, Aoy oo., Ay MaTpHIH A TR, 4TOOH
M| > kel > oo > 0],
11 BBeJleM B PaccMOTpeHHe p-10 acconuupopannyso Matpuny A, (p=1,2, ..., n;

cm. ra. I, § 4). Xapaxrepucrmueckmmu wmcxamm Marpuust A, SBISOTCS
BCEBOSMO;KHEI® NPOM3BeJEHHA IO P M3 XaPAKTEPHCTHYECKNX THCEd MATPHIE A
(cM. cTp. 86), T. e. mpomsBemeHUA

Mda wee Apy Mada oo Apihprs, .o

W3 ycaoBuii TeopeMH cIexyeT, 4TO LPH HEKOTOPOM IEJOM ¢ CTeNmEHb
AY— pnoare nonoxurensHas Mmarpuma. Ho torpa %, >0, AZ>0Y), 1. e.
A, — HepasIoEUMaA HEOTPHLATeJbHAA M LPUTOM IPUMUTHBHAS MATpHIA.
IIpnmensas teopemy @pobGemmyca (cm. § 2, crp. 355) K NpEMAUTHBHOH MaT-
pune U, (p=1, 2, ..., n), Hoxyunm:

Mho oo dp>0. (p=1,2, ..., n),
7\,1}.2... }\tp>;\417\'2 cen }”p-—l}"p'!-i (p=1, 2, . ey n—-i).
Orciopa BrTekaoT HepaseHcTBa (129).
2. W ycradosinenmnx uepasencts (125) neireraer, wro 4 =| a;l|1—

Marpuna mpocroii cTpykrype. Torma m Bce accomuuposamHmie MaTpunil 2

(p=1, 2, ..., n) 6yayr mMeTh HmPOCTYI0 CTPYKTYPY (cM. cTp. 86). :

1) Marpuna %I apnsmerca p-it accolldupoBaHHOMi Marpunes gna A9 (eM. ra. I, crp. 31).
p P ) CTP





