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pasMeproctd 214 1. HaM HyxHO HaifiTH 3JeMeHT M3 R;, Haxoxsumiics

Ha MUHHUMaJLHOM paccTosHuE of [ (f). Ora 3apasa cHoBa pemaercHd

onycKaHHeM NePHeHAUKYJsipa W3 ToukH f(f) Ha noampocTpaHcTBo Ry .
Tak kak GyHKuIuH

1 ¢ cost | ¢ sint e cos nt . sin nt
=, O="" 77— QTSI e ey -1 "I on=——F—"
V2n Vo Va Va V 4
006pasyloT OPTOTOHAJbHHEA M HOPMHPOBaHHLIA GasMC B 3TOM MNOANPOCT-

paHcTBe (CM. TpHMep 2 mnpelsfyliero NyHKTa), TO pelleHHeM 3TOH
3a71a4d CJIYXKHT JUHelHas KoMOuBauusa Ga3suCHLIX BEKTOPOB

€o=—

2n
PO)=2 ckem (18)
rae

ce=(f, ep),
T. €., BCIOMHHAsI OnpefeNieHHe CKaMAsAPHOTO NPOH3BeNeHHs, HMeeM:

2n 27
1 1

[ £y dt; Copy=—s— ) cos &kt dt;
) V2n0§m e Vnoju

2n
czk_—_vl_; yf(t) sin kt dt k=1, ..., n).
0

Toxcrasaan c, ¥ ex (k=1, ..., n) B dopmyay (18), Mn npuxonum,
TakuM 06pasoM, K CJACAYIOWEMY DPe3yabTary: das mozo umobut onpede-
AUMb MPUOHOMEMPULECKULL MHOZO4AEH

n
P (t):%"-[-Z ay cos kt - by, sin kt,
k=1

readpamuunoe YyKkioHewue Komopozo om 300annol Gyuxyuu f(f) munu-
MaAbHo, Hado onpedeaumns Kodppuyuenntot ap, by no Gopmyram

2n 2n 25
ao=% Sf(l) dt; ak=_:t_ Si(t) cos kt dt; bk:-:—c Sf(t) sin kt dt.
0 0 0

Tak onpezencHHEBle 4YHCIa 0Of, by HaswBaoTes kodduyuenmamu
Dypve pyuxund f ().

3. Usomopdu3M eBKAMIOBHIX NPOCTpaHCTB. Mnl paccmor-
pejd p#AL INPHMEPOB 7-MEPHBIX €BKJHIOBBIX IPOCTPAHCTB.
STH NpPOCTPAHCTBA OTJIMYAJHCh OAHO OT APYTOFO BO BCHKOM
cjyyae criocofoM 3aiaHus BEKTOPOB (TaK, B IpuMepe 2 §2
BEKTOp €CTh COBOKYIIHOCTb 1 YHCEJ, B mpumepe 5 § 2 — MHoro-
YyleH 4 T. 4.).
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BosHnukaer Bompoc: Kakue M3 3THX IPOCTPAHCTB JHeHCT-
BUTENLHO Da3/HuHBL H AjA KakKHX pasjuuMe sBJSeTCH JIHIUb
YHCTO BHEINHHM, T. €, PA3JHYHBL JHIIE CNOCOOBl 3ajaHHsA
S5THX NIPOCTPAHCTB?

s Toro yroObl BONpOC GBI TOYHO NOCTABJ]EH, HYKHO
OINpeNeJINTh, KaKHe JBa eBKJHAOBEIX IIPOCTPAHCTBA MBI OyaeM
CUNTATh JIHIIb HECYIIECTBEHHO 'pa3/IMYaolUMUCs {H3oMopd-
HBEIMH).

Onpenenenue 3. [Hea eskaubosoix npocmparcmea R
u R’ nasvisaromcs usomopprHoimu, ecau mexcdy ux s1eMeHmamu
MOJNCHO  YCIMAHOBUMb 63AUMHO  OOHOBHAYHOE  COOMBEMCmEUe
xe>x (X€R, x' €R’) max, umo:

1°Ecou xox' u yoou, mo x+yeox+y, me eau
sexmopy x€ R coomeemcmeyem eexmop x' € R', a eexmopy
Y€ R coomsemcmeyem eexmop y' €R’, mo cymme x-+y
coomeemcmeyem cymma x -+ y'.

2° Ecau x> x', mo Ax o Ax'.

3 Ecau xeox u yoy, mo (x, y)=&", y), m. e
CKOASPHblE NPOU3BEOEHUR  COOMBEMCMBYIOWUX NAP BEKMOpos
pasHsl mexcdy coboil.

Takum 0o6pa3oM, eBKJAHAOBEI npocTpaHcTBa R, H R, u30-
MopdHEI, ecliH OHH H30MOPGHBI KakK JHHeHHEIe IPOCTPaHCTBA
H 3TOT H30MOPDH3M TAKOB, YTO OH COXPaHAET cxa.rmpHoe
NpOH3BeICHHE COOTBETCTBYIOMHX BEKTOPOB.

Ecin B KakoM-HHOYZAb #-MEPHOM €BKJIMJOBOM TNpOCTpaH-
ctBe R nokasaHa teopeMa, chopMyJHPOBaHHAas B TEPMHHAEX
CJOMEHHUsl, YMHOXEHHS Ha YHCJa H CKa/sipHOrO IIPOH3Be-
JeHusl BEKTOPCB, TO 3Ta Je€ TeopeMa BepHa H B JIOGOM
nsoMopdHOM eMy mpocTpaHcTBe. B camom. zene, eciH  Kak
B (opMyaupoBKe, TaKk H B JOKAa3areJbCTBE TaKO# TeopeMsl
3aMeHHTb BEKTOPHl H3 R COOTBETCTBYIOIIHMH HM BEKTOpaMH
u3 R’, To B cuay cpoiict 1°, 2°, 3° onpejeneHusi H30MOp-
¢uaMa Bce paccyXIeHHSI OCTaHYTCs CIPABELNUBBIMH, T.e.
COOTBETCTBYIOLIAsl TeOopeMa BepHa H B R’.

Bepuemcss Kk Bompocy, mnocraBieHHoMy paHee. Okasbi-
BaeTcs, UTO HMEEeT MecCTO CleAyloilas

Teopema 2. Bee eskaudosol npocmpancmea danoil pas-
MepHoCmu . U30MOpgHbL Mexcdy coOod.

JokaszatreasctBo. JlokaxeM, 4YTO BCE€ n-MEpHbe
eBKJHJ0BB NPOCTPAHCTBA H30MOPGHH clenHanbHO BHIOpaH-
HOMY «CTaHAAPTHOMY» f-MEPHOMY IPOCTPaHCTBY. TeM cambiM
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6yier MOKas3aHO, uTO BCE f-MepHBIE eBKJIH,ZIOB]:I npocrpas-
CTBA H30MOPQHBEI MeKAy COGOH.

B kauecTBe TaKOro CTaHAEPTHOTO N-MEPHOIO MpPOCTPaH-
ctBa R’ MBI BO3BMeM paccMoTpeHHoe B § 2 (mpumep 2)
IPOCTPAHCTBO, B KOTOPOM BEKTOp ONDEIe/sieTc KaK COBO-

KYIHOCTb AeHcTBUTe IbHEIX uncen x' =(§,, &,, ... ,E,), a cka-
JAsapHOe mpouseegenue BekrtopoB ¥ =(§,, &, ..., E,) u
¥=0M; Ny --., M, 33jaercs GopMy/ioh

*, ¥)=Em+En,+ ... +E,

[Tyctb Ham jpaHO Kakoe-mHGO n-MepHOE  €BKJIHIOBO
HpOCTpaHCTBO R; BbilepeM B HeM HOPMHPOBaHHBIH OpPTOro-
HaJlbHBIH 6asuc e,, e,, ..., e, (Mbl IOKa3aju paHee, 4TQ
BO BCAKOM €BKJHUJOBOM IIPOCTPAHCTBe TakoH GasHc cyliecT-
Byer). IlocTaBuM B COOTBETCTBHE BEKTOPY

x=CEe +Ee,+...+Ee,
COBOKymHOCTb n umucen &, &,, ..., &, T.e. BeRTOp

x,:(gp Ez’ LI En)
U3 R'. :
[Toxaxkem, uTO yCTaHOBJEHHOEe COOTBETCTBHE €CTb H30-
MopPu3M.

310 COOTBETCTBHE B3aMMHO OfHO3HayHo. HyxHO mnpope-
puTb,” YTO BLINOJHEHbl ycaoBua 1°—3° onpejeseHdss H30-
MopdHu3Ma. .

CeofictBa 1° u-2° oueBUAHHI

HpOBepHM cBOHCTBO 3°, T. e. PaBEHCTBO CKAJAPHBIX NPo-
M3BEJCHHH COOTBETCTBYIOWKX JPYr APYry Map BEKTOPOB.
Hone3ysice BoiBeseHHOH Bhime (cTp. 42) dopmysol aas
CKaJIfpHOTO nponsBeﬂ,eﬂux B OPTOrOHA/NBbHOM HOpMPIpOBaHHOM
fa3uce, HMmeeM: :

@, P=8m+Em+t... +En.

C Apyrou CTOPOHEI, [0 ONpEJIENEHHI0 CKA/SPHOrG MPOH3BeE-
JeHHs B npocTtpaHcTBe R’ (mpumep 2. § 2) umeem:

', y)—§1n1+§m2+---+§mn.
TaKPIM o6pasom,
(x’ y)=(x', y’)r

T. €, PABEHCTBO CKaJIADHBIX NPOH3BEAEHHH JOKA3aHO.
Teopema noJHOCTBIO A0Ka3aHa.
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Vnpaxnenue JHoxasaTh 3Ty TEOPEMY METONOM, aHAaJOTrHYHLIM
JoxasatesiecTBY B n. 4 § 1,

M3 Teopembl 06 H3oMOpdu3Me MOXKHO BBIBECTH HHTepec-
Hoe caefcTBHe: Jmo6oe reoMeTpHYecKoe YTBepKAeHHe O IBYX
MAH TPEX BEKTOpax JIOCTATOYHO [POBEPHUTH B H3BECTHOM
H3 3JIleMEHTapHOH reoMeTpHH TPEXMEPHOM MPOCTPAHCTBe ¥).
B camoM nene, qHHeliHas KOMOHHALHA STHX BEKTOPOB o6pa-
3yeT NOJNPOCTPAHCTBO HAIllero NPOCTPAHCTBZ He GoJiee Tpex
usMepennii. B cuay Teopembl 06 M30MOpGH3Me 5TO MOANpO-
CTPaHCTBO H3OMOPGHO OGHIYHOMY TPEXMEPHOMY NPOCTPAHCTBY
(1u60 ero mnOANpPOCTPAaHCTBY) H, C/EJOBAaTe]bHO, Halle YT-
BepXKIeHHe JOCTATOMHO DPOEEPHTh B TOCJEILHEM NPOCT-
paHcTBe.

B wactHocTH, cnpapeasnBocTh HepasercrBa Komwu—DBy-
HAKOBCKOTO (fABJASAIOMIErOCs YTBEPXAEHHEM O Tape BEKTO-
pOB) cJefyeT M3 TOro, 4YTO OHO EEPHO B 3JeMeHTapHOH
reoMeTpHH (cM. npemep 1, crp. 36). Mbl nosyuaeM, TakuMm
o6pasoM, HOBOe JOKa3aTelbCTBO HepaseHcTBa Kowu—DbBy-
HAKOBCKOFO.

Eme oaun nmpumep. B § 2 Mul JoKasaju HepaBeHCTBO (7)

lx+yl<|x]+lyl-

B ajieMeHTapHOH reoMeTpHH 3TO HEPaBEHCTBO O3HAyaer, YyTo
JJIMHA JHaroHajy napaJjijenorpamma He MPEBOCXOJHUT CYMMHI
LJHH JBYX CMEXHBIX CTOPOH, H JOKasblBaeTcs B JIOO60M
yueGHHKe 3/1eMeHTapHOH reomeTpun. CleyoBaTeNbHO, B CHJY
CKa3aHHOrO paHee, 3TO HEPABEHCTBO CHPAaBENJIMBO B Jiio6OM
€BKJHJ0BOM npocTpaHctBe. Teopema 06 H3oMOpdH3Me Haer
HaM, TakuM o6pa3oM, BO3MOMHOCTbL NOJYYHTb, HAIpHMep,
HepaBeHCTBO

b b b
]/S (f () +g @) dt<l/ Y&U, dt+]/ § gty dts

a

aBidolleecs HepaseHCTBOM (7) § 2 B nmpocrpaHcTBe GyHK-
pui  (npuMep 4 § 2) Kak HenocpeACTBEHHOE CJeJCTBHE
TOJNLKO ¥TO COPMYJHDOBAHHOH TEOpPEMHl H3 3JE€MEHTapHOH
TeOMEeTpHHU.

*) FeoMerpHueckofi TeopeMoli Mbt GyneM HashBaTe YTBepXKieHHe
0 BEKTOpax, KOTOpoe MOXeT GbiThb c(OPMYyJNHPOBAHO B TePMHHAX €JOXe-
HHj1 BEKTOPOB, YMHOXCHHA HX Ha YHCJAA W CKaJAAPHOIO IPOH3BEAEHHA.
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§ 4. Bnanneinbie W KBaApaTHuHbie (HOPMBI

B stom naparpade Mel GyaeMm omnsTh 3aHHMathcs addun-
HBIM IIPOCTPAHCTBOM, a HMeHHo, GyJeM H3yuaTh mpocTeiiinye
YHCJIOBEE (QYHKLUHH OT BEKTOPOB B adbpHHHOM NPOCTPAHCTBE.

1. Jluneiinas ¢ynxuust. [lpocrefimesi dynkuuesi B apdus-
HOM NPOCTPAHCTBe fABJAETCA JHUHeHHaA YyHKIHS.

Onpenenenune 1. losopam, 4mo @ aggurnom npo-
cmpancmee 3a0ana  AuHedHas Pyukyus (auxeidnas gopma),
ecau Kas;coomy 6eKmopy X NOCIMABAEHO 8 COOMBEMCMBUE HUCAD
[ (x), max umo npu amom 6vINOAHEHbL YCAOBUA:

1° e+ m)=7x)+F ().

2° [ (hx) =Af (x).

BrifepeM B n-MepHOM NPOCTpPaHCTBe NPOU3BOJBHBEIN Ha3uc
e, €, ..., €. Tak Kak Kax/Iblii BeKTOP X MOXKHO Ipej-
CTaBHTbL B BHJE

x=8.e, +8e,+...+Ee,

TO B CHJY CBOHCTB JIMHeHHOH (QYHKIUH HMeeM!

F)=FEe;+8e+ ... +8e)=
= glf (el) + ng (62) ...t gnf (en)-

Hrak: B n-meprom npocmparcmee ¢ 3a0aHHbM 6a3ucOM
AUHelnas QynKyua moxcem Owvirmo npedcmasiena 6 6ude

f(x)=a1§1+a2§2+--' +at,, M
rae a;={(e;)—nocmoannbie, 308ucCAwue AuwL om  evb6opa
6asuca, a &, &, ..., §,—&oopOunamer gexmopa x @ 3mom
baastice.

Takum o6pa3oM, JaHHOe BbIlle ONpeje/eHHE JHHEHHOM
¢dyHKIHHK COBNAAAeT, M0 CYMECTBY, C NPHHATHIM B ajreGpe
onpeseseHneM JHHeHHOH QyHKIMH (AMHEAHOH DOPMEI); HaLO
JIMIb UMETb B BHIY, YTO B HailleM ciydae KO3(HIHEHTH a;
3aBucAT OT BeIGOpa GasHca.

BrisicHuM, KaK MeHSIOTCA KO3DDHIMEHTH JHHeHHOH
GyHKIMY NpH 3aMeHe OJHOTO 0a3uca APYruM.

Ilycts e, €, ..., e, 4 e, €, ..., e,—aBa 6a-
auca B R, llyctb, Znajiee, BEKTOPHl ¢; BHIPaXawTCH Yepes
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Gasuc e, e,, ..., e, GopMynamu -

ei=a,e +o,.e-+...+a,e,
€y = QU + Uygly + o o o Oy,

er=0,,6 40y, ...+,

Tlycte B Gasuce e, e, ..., e, JuHeiHad OYHKUUA Bhlpa-
XKaercsl dopmyJol

f)=af +at,+...+ak,
a B basuce ¢, €;, ..., e,—@opmyJioi
f=afi+at:+...+ak,
Tak kak a;=f(e), a ar={(e}), TO
Qp=F (G + g, + .. - +0pe,) =

= O‘lkf (e,) +a2kf (e)+ ... +ankf ()=

== Oyl F Olgply o o o -ty
Mbl BHAMM, CJIEIOBATENbHO, YTO KOIpuyuenmor AuHeiHol
dopmer npeobpasyromes npu nepexode Kk Opyeomy basucy max
Jce, Kak eexmopst Oasuca (MNAH, KaK HHOTAA TOBOPST, Kozpe-
Jduenmno BekTOpaM 6asuca).

[Ipumep 1. B mpocTpancTBe, BEKTOPAaMH KOTOPOro
ABJIAIOTCA HenpepbiBHBle (GYyHKUMH ¢ (f);” 3afiaHHBle Ha OT-
peske [a, b]; paccmoTpuM OyHKuHIO [ (@), 3ajanuHylo ¢op-
MyJiof

b
f(cp)=Sq>(t> dt.

Ara dyHKIMA JHHe!iHA, TaK KaK BHIOJNHFIOTCSA YCJAOBHSA
1°n 2° .

JeiicTBHTE/IbHO, NepBOe H3 HHX O3HAa4aeT, YTO HHTerpas
CYMMB! DaBeH CyMMe HHTETpajoB, a BTOpOe O3HAUaeT, YTO
NOCTOSIHHBIA MHOXHTE/Ib MOXHO BBHIHOCHTb 84 3HAaK HH-
Terpasna.

[Ipumep 2. B TOM XKe NpOCTpaHCTBE PacCMOTPHM
¢ynkuuo f(p), onpeieneHnywo ciepyrouuM obpasom. BriGe-
peM Ha orpeske (a, b] HekOTOpOE 3HaYeHue ¢ = £, U NOJIOKHM

[ (@) =9 ().

IpoepbTe, uTo 3Ta GYHKUMA [ () TakxKe JHHeHHa,
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2. Buauneitupie ¢opmul. CylecTBeHHYIO pPOJib’ B Jajb-
HefinleM GyayT urparth GHJIMHEHHLE H KBaJpaTHuHbe (YHK-
uuH (dopmmr).

Onpenenenne 2. Mo eosopum, umo A(x; y) ecms
6usunetinas Qyuryus (busunelinas d:op)ua) om 6eKmopos x
u y, ecau:

1° npu d)urccupoeannom y A(x; y) ecmp aunednan QyHk-
yus om x,

2° npu ¢urcuposannom x A(x; y) ecmv auneldnas Qyuk-
yus om y.

HHbIMU cJIOBaMH, B CHJy ONpejesieHHs JHHeAHOH QyHK-
HuH ycaoBud 1° m 2° 03HaYalOT COOTBETCTBEHHO

I° Al +xy; y)=A(x; )+ A (x b),
A(Mx; y)=2rA(x; y).
2° A (s yl+y2)_‘A(x1 y1)+A(x yz)v

A(x Hy)_‘ (x’ Y)-

ITpumepn 1. PaccMOTpEM n-MepHOe TIPOCTPAHCTBO,
B KOTOpOM BEeKTOP €cTb COBOKYNHOCTb 1 uHces. [losomum

A y)=a,Em +aRgm.+ ... + dinEm}, +
F @y EaMly + Agefata + o o a8 M, -

...............

+ amﬁnm + anzgn'rh + + anngnnm ’ (2)
roe x ectb Bektop (E; & ..., ,,), a y — BeKTop
(Mys Mgy -+ » M,)- PopMyaa (2) omnpenensier 6mmaennyro

¢ynximmo. B camoMm fese, ecaH 3apuKCHpPOBATH Y, T.e.
1
CYUMTATb My, Ny « o+ , 1), NOCTOSHHBIMH, TO ;a,.kgm, 3aBHCHT
i, k=1

or §; JuHeHHO, T.e. eCThb JHHeHHas QyHKUHA OT X=
=(gn Ez:--- ’ gn)! a npn TICCTOAHHBIX gp Ev sery §,,
dopma A (x; y)—ausefinas dyHKuMS oOT y.

2. B mpocTtpaHcTBe, B KOTOPOM BEKTOPaMH SBJSIOTCH
HenmpepuiBHbIE (QYHKUMM f(f), paccCMOTpHM CjepylOWHi npa-
mep Oununednod ¢ynkuun. ITycts K (s, ¢)— Hekoropas He-
npeprIBHAs GyHKUHS nepemeﬂnux s u t. [Nonoxum

Alf; 9= SSK(s t)f(s)g(t)dsdt

A(f; g) ectb GuinHeliHas (yHKUHS. BEKTOPOB f H g.
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HefictBurennHo, ycaoBua 1° M 2° mpoBepsioTC Tak Ke,
KaK H B IpuMepe | mpejanAymiero nyHKTa.
Ecau K (s, t)=1, 10

b b

b b
A, 9= @ edsdt={f@ds e at,

1. e. A({f, @ ecTb npousBenenne NMHeHHBIX QYyHKUMH Sf(s)ds
a

b

aSg@dt

Ynpaxuenue. Ilokasars, uro ecau f(x) u g (y)—nuneilnne
¢yuxuuu, To BX mnpoussefesne [ (x)-g (y) ecTb GuimHefiHas GyHKIUA.

Onpenenenune 3. buaunelinaa pyuxyus (fopma) Ha-
SbiBaemC CUMMEMPUUECKOll, ecau 0aa aobbix 6eKmopos x u y
UMeem MeCcmo paseHcHneo

A n)=A(y »).

B mpuBefeHHOM Builile mpHMepe 1 ompegeseHHas ¢opmy-
aoi (2) OuanHeliHasg ¢opma A (x; y) CHMMeTpHuYHA Torja H
TOJIBKO TOTHA, KOTHAA G, =04; A JIOGHX [ H k.

Cranaproe npoussederue (X, Y) 8 e8KAUOOBOM RPOCTIPAH-
cmge  ABAALMCA  NPUMEPOM  CUMMEMpPU4eckol  OGuiunednod
gopmbL.

B camoMm jpene, akcuomsl 1°, 2°, 3° CKaJIﬂpHOI‘O npous-
peneHus (§ 2) Kak pa3 ¥ O3HAYalT, YTO CKaJasipHOE NPOU3-
BeJleHHe eCTb CHMMeTpHuecKasi OusiMHedHas ¢opma.

3. Marpuua Guamueiinoi dopmbl. Mbi onpenennsu GHIH-
HefiHylo GOpPMYy akKcHoMaTHuYeCcKH. BrifepeM temeph B n-mep-

HOM [POCTPAHCTBe KakoM-Aub6o Oasuc e, €, ..., e, H
BhipasuM OuauHeHHyl0 ¢opmy A (x; y) Yepe3 KOODAWHATHL
8., & ..., & HM, Ny ..., N, BEKTOPOB X H Y B 3TOM
Gasuce. Mol umeem:

Ax; y)=

= A (Elel +gle2 + LI +Enen; n131+nzez+ LA +nnen)'
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B cuay cpoiictB 1° u 2° 6ununefinofl GopMml

AEe, B+ .. 8l Mttt .. e =
= 5171114 (e; &) +§17|2A (e; ex)+ ... +Em.A (ey; €,) 4~
""EzThA (% e1)+§27hA (€ €)+ ... +EM,Ae,; e,)+

+EmA (e, &)+ EMmA (e )+ ... - Emad (6 €)s

HJN, Kopoue
A(x; y)=i kZ_IA,(ei; €,) EMg-

O6osHaunm nocrosiHHble A(e; ;) uepes aq;,. Toraa HMeem:

npu sadannom 6asuce e, €, ..., €, 6CAKAS Ouaunelnas
opma 8 n-mepHom npocmpancmee moxcem Obume sanucana
8 6ude

n

Ax; y) =i élaik&m, 3)

ede &, &, ..., E,—KoopOunamo. eexmopa x, a My, 1M, ...
..., M,—KoopduHamo eexmopa y 8 OanHom bazuce. Yucaq
a;, 30sucam om evibopa 6asucd u uiUCAUOMCR no Gopmy-
A0M

a;=A(e; ). 4)

Marpuua A= lla;ll HaswiBaeTcss mampuyeti OuauHeiinol
gopmot A (x; y) 6 basuce e, e,, ..., €,

Takum ofpasoM, B KaxioM Gasuce 6uauHefiHass dopma
A (x; y) onperensierca cBoel MaTpHUeH A= |{a,ll.

MMpumep. Ilyeth R—TpexmepHOoe NpOCTPAaHCTBO, BEKTOPAMH Ko-
TOPOro SBJSIOTCS TpOﬁKPI_ ancesr (§y, &, &s). 3agaaum B R Guannefinyio
dopmy A (x; y) Gopmynon

A (x5 y) =8+ 285m,+- 3Egms.

BoseMem B R B KauecTBe Gasnca TPH BeKTOpa

e=(l, 1, 1) e=(l, 1, =1) eg=(1, =1, =1).
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Hafizem wmatpuuy A GuauHefinofl dopMm A (x; y) B 3ToM Gaskce.

B cuay (4) noayuuwm:
ay=1:142.1.143.1.1=6, _
@1p=dy,=1.14-2.1.14-3.1.(=1)==0,
tyg=1-142.1. 143 (—1)-(—1)=6,
ayy=ag=1-142.1(=1)+3-1 (=1)=—4,
Oya =g =1-142.1 (= 1)43 (=1) (—)=2,
By =112 (—1)-(—1)+-3 (—1) (—1)=6,

60 —4
A=< 06 2>.
—42 6

’ r ’ ) , ’
Takum o6pasoM, ecitn oGosHauuTh depes &;, &a, &3 ¥ My, 7y, Mg XOOp-
JHHATE BEKTOPOB X W y B Gasuce e;, €,, €3, TO

A (x; y)= 6811 — 4803 +- 68an0 - 285ms ~ 4Egm; 4 285ma + 6Ema.

4. IlpeofipazoBanue MaTpuubl OMJanHelRHOH dopmMbl TPH
uaMeHeHuu Oasuca. [lycTb JaHBl B n-MEPHOM TNPOCTPAHCTBE
aBa Gasuca: e, €, ..., €, 4 [, s «.., [ne IlycTh BeKTOpHL

fio fs ..., [, BHpaxaioTcsi uyepes BEKTOpHE 0asuca e,
€ «--» €, COPMyJaMH »

fl =016 F 66+ .. -t Cpi6y,
fz =C156y +sze? +... +Cn2em

©)

Fn="Cins FCono+ + o + Conly

TakuMm 06pasoM, C,j,, Cops - .., Cpp— KOODAHHATHI BEKTOpA
f. B Oasuce e, €, ..., e, Marpuuy

€111z +C1n
Cy1Cg9+ + «C
C= 21vae n

CriCna+ « Cnn

Ha3oseM MaTpHileil mepexopna ot Oasuca e, €,, ..., e, K 0Oa-
sucy fo, for ovs fuo : SR
[lycte A=|a;| ecTb Marpuma OHAMHEAHOH QOpPMBI
A(x; y) B Oasuce e, &, ..., €,, a B=| b, ||—marpuua
TOl Xe GHJHHelHON (opmbl B Gasuce f,, f,, ..., f,. Hama
3ajlaya COCTOMT B TOM, 4ToObl no Marpuue |la;| Haftu
marpuiy | by |- :
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TTo ompenenennio [(bopngyna D} byg=A(fr 1), 1. e
b,,—3Hauenve OUIMHEHHOH (HOPMBL j(x; y) npu x=f,
Y={[g nmna TOro yTOGHl HAHTH €ro, BOCTOJb3yeMcs (GopMy-
Jofl (3), nogcrasus B Hee BMecT0 §,, &, .., €, M N, 1, ...
..., T, KOODAUHATH BEKTOPOB f, U [, B Gasuce e, e,,

vy €y T. € UHCHA Cypy Copy v vy Cpp U Crgy Cogy « 5 Cpg. TloO-
JIYUHM: _
n
bpq =A (fp; fq) = ; ;_laikcipckq‘ (6)

310 ecThb HckoMas dopmyJa.
3annmeM ee B MaTpuyHOH ¢opme. /51 3TOro MONOKHM
Cpi=Cip, TAKHM 06DA3OM, Cp; SBJSIOTCA 3/MEMEHTAMH MaT-
puust C’, TpaHcnoHHpoBaHHOH K Marpuue C. Torza
n

bpq = i kz_lcpia,-kckq.

B matpnuHo#i dopme 3710 O3Hauaer *):

B=C'AC. M
Hrak: ecau A u B cymov mampuyol 6uruneinod ¢opmot
A(x; y) coomsgemcineenrno e 6asucax e, €, ..., e, u f,,

faor «ovs [y mo B=C'AC, 20e C—mampuya nepexoda om

*) Ilpoussenenre ABYX MaTpHIl onpefessiercs, KaK H3BECTHO, Tak:
SNEMEHT MNPOU3BENEHHS MaTPHL, CTOSMUH Ha TNepeceyeRHH i-H CTPOKH
H k-ro cronfua, paBeH CyMMe NpOH3BEJEHHH 37eMEHTOB i-H CTPOKM mep-
BOH MarpHUEI Ha COOTBETCTBEHHBle 3JeMEHTH k-ro cronbua Bropoii mar-
pulpbl. YoOHee 3TO NPABHJIO 3aMHCHBATL B BHAE QOPMYJIHI

n
Cip= 2 Qb aks
a=1

TAE @;,— SJIEMEHTHI TIePBO#l MaTpHUE!, & b,p— 3JeMEHTH BTOpOH MaTpm-
upl. OTclofa, npHMeHsis STO' TPABHJO . JBaXAH, MOXHO IOJYYHTb, YTO
TIpOH3BeficHHe TpeX MaTpHll BEIYHcAseTcs Tak: ecan D=ABC, To

. n
dik== D} Giobaglor
o, p=1 ‘
Ecan A’—marpnna, TpaHCIOHHPOBaHHAS K MaTpHIe A, TO sJeMeHTH
n : )

matpuus A'BC HMEOT BHA Y G,buglar
o, f=1
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6asuca e,, €, ..., e, K 6asucy f,, f,» ..:5 fin @ C'—
mampuya, mpascnoHuposannas k mampuye C. '

5. KeajaparnuHbie Gopmsi. :

Onpenenenune 4, [Tyems A(x; y)—cummempuunas
6uauneiinan gopma. Dyuxkyus A (x; x), Komopas noayiaemcs
uz A(x; y), ecau nosoxcume Yy =Xx, HQA3bi6AeMC Keadpamud-
Hotl ghopmoil.

A(x; y) HaspiBaeTcs Ou/anHefiHOH ¢OpMOH, noasprod
K kBajapatuunofi dopme A (x; x).

TpeGoBanue cummerpuysocTd Gopmel A (x; y) B onpene-
JIeHHH KBajpaTHuyHOfi (OpMBI ONpAaBABIBAETCA CJIEAYIOUIUM
npejJioKeHueM, Koropoe Oe3 3Toro Obliio 6b1 HEeBEPHO.

IToaapuas gopma A (x; y) 00HO3HA4HO onpedeasemcea ceoel
readpamuunoid gopmol A (x; x). o

HoxkasateabcTBo. V3 onpepnenenns GuanHefHoH
topMHEL JIETKO cJenyeT, YTO

A4y x+9)=A0; )+ A0 )+ Ay, D+ A Y.
Orciofa B cuay cuMmmeTpuu (T. e. paBeHcTBa A (x; y) =
= A (y;, x)) nonayuaem:

Al )=+ [Al+u 249 —A@ D—A@ o).

B npaBofi 4YacTH 3TOr0 PaBeHCTBA CTOAT 3HayeHUs KBajpa-
THYHOK (OPMBI, CJeHOBaTeJbHO, MBI JIOKa3ajH, 4To GHJH-
pefigas dopma A (x; y) ompejensiercsa CBoed KBaApaTH4HOH

dopmoii *).

*) Oynguns A (x; x), nNoJaydYeHHas H3 NPOM3BOJNLHOR (He off3a-
TeJLHO CHMMETpHYHOH) OujuHeiHOH ¢opMH A (x; y), MOXeT GHTbL no-
nyyeHa M M3 CHMMeTpHuHOH Guaumefinof dopmu. [edicrBuTeNbHO, NMycTh
A (x; y)—npousBosbHasi GuauHelHas ¢opma; TOraa

Al y)=% [4 (5 )+ A )

ecTb cHoBa OuanHefiHas $opMa H NPHTOM, KaK MOXKHO BHJETb, CHMMeT-
puunasa. Ho

4, (x; x)=é—[A (5 )+ A 0)]|=A(x %),

T. e. A;(x; y) npuBogdr Hac (HpH y==x) K TOH ke KBajpaTH4HOR
dopume, uto H A (%; y).
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Bhille Mbl yXe JOKa3ajlH, UTO BCsAKAas CHMMETDHYHas
Onnunefinas ¢opMa A(x; y) 3anuceBaeTcd 4Yepe3 KOOPAH-
HaTH BEKTOPOB X H y B BHJE

n

Ax; y)= . 2 apkEm

rae a; = a,; Ilostomy:
scAkas keadpamudHas gopma A(x;, X) npu 300aHHOM
6asuce eoparcaemcs opmyrol

n
= . i
A (xr x) E a:kg gk’
i, k=1
TOE Q;, =0, DBBeleM elne OLHO BaXKHOE
Onpenenenne 5. Keadpamuunas gopma A (x; x) na-
Bu16AeMCS  NOAOKCUTNEALHO ONPEdeneHHOl, ecaw 0aa  Aobo2o
sexmopa x 0,

Ax x)>0.

Mpumep. A(x; x) =8 +E-+...+8 sasrsercs,
OYEBHAHO, TIOJIOXKMTEJNBHO OIPeAeJCHHOH  KBaLpaTHUHOM
dopmoii.

Iycte A (x; x)—TNOJIOXKHTEJBHO ONpejeseHHas KBalpa-
THuHas ¢opMa H A(x; y)—ee noaspnaa c¢opMa. B cuay
cOpMY/IHPOBAHHLIX BHIIE OMNpeNe/ieHHH 3TO O3Hauaer:

1° A(x; =AY x).
2° A(x,+ x5 y)——A(xl, Y)+ A(x,; y)-
3 A(x; y)=2A

 Y)-

4 Ax; x)=0mn A(x, x) >0 npu x==0.

Mol BHIHM, YTO STH YCJOBHS COBNAJAlOT C aKCHOMAaMH
CKaJAApHOTO MNPOH3BeAeHHA, cPOPMYy/JHPOBAHHBIMH B § 2.
CJie 10BaTENIBHO,

cKarapHoe npousgederue ecmp buaunelinas gopma, coom-
8eMCMBYIOWAA  NOAONCUMEABHO onpedeseRHoll  KealdpamuuHoll
gopme, u mobas marxan ¢opua moxem Obime HPUHAMA
3a craaapHoe npoussederue.

TlosToMy MBI MOXKEM ONpeJEJHTb €BKJHAOBO NPOCTPaH-
CTBO CJIEAYIOMHM 00pasoM.

Eexaudoseim npocmparcmeom Hassieaemes apourroe npo-
CMPAHcmeo, 6 Komopom ebibpana Kakaa-rubylb uKcupo-
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BAHHAS NONONICUMENLHO ONpPedeAeHHAs Keadpamuunas gopma
A(x; x). Snouenue A(x; y) coomeememsyrowesd *) el buiu-
HelHO (hopmbl Ccuumaemcs npu SMOM CKAAAPHLIM NPou3se-
Oeruem™*) gexmopos x u Y.

§ 5. Mpusenenue Kizanpamqnoﬁ ¢GOpMEI K CyMMe KBaZpaTOB

Mpr 3naeM yxke, 4TO BbIPaXKeHHe KBAJIPATHUHOH $OpPMbE
A (x; x) uepe3 KOODAMHATHI BEKTOPa X 3aBHCHT OT Bribopa
6asuca. B atom naparpade Oyzer nokasaHo, KaK HPHBECTH
KBajpaTHyHYy10 (OpMy K CYMMe KBaAparoB, T. €. BHOpaTh
TaKo 6asuc (cucTeMy KOODAMHAT), B KOTOPOM KBaJparuu-
Hasi opMa uMeeT NPOCTOH BHJ

A(x x)=ME +AE + ..+ hE (1)
[lycre B HexkoTopoM 6Gasuce f,, f,, ..., f, AMeeM pasen-
CTBO
n
A x)=z kZ_ laikninkr 2

rie M, My «..; M,—KOOPJHHATH BEKTOpa X B 5TOM Gaswuce.
Bynem nocrenenHo npeoOpasoBeBaTh 6a3HC TaK, YTOGH B Gop-
MyJe (2) npomajajd¥ IPOH3BENEHHS KOODIAHHAT C paszJjiHy-
HBEIMH HHJAeKcaMH. Tak Kak Kaxaomy npeo6pa3oBaHuio 6asuca
OTBeYaeT onpejenienHoe npeoGpasoBanre KoopanHat (cM. § 1,
n. 6) u o6paTHO, TO MBI MOXeM mHcaTb GOpPMyJas mpeobpa-
30BaHHs KOOPJAHHAT.

Has npusenenns ¢opmbl A(x; X) K cyMmMMe KBaaparos
HaM HyXHO OyJer, uTOObI XOTh ONHH H3 KO3I(DHUIHEHTOB
ay, (ko3ddunHeHT npu 1;) OB OT/IMYEH OT HYJASA. 3T0r0
Bcerfia MOXHO JAOOHTbCA. JIeHCTBUTENbHO, NPERNONONKHM,
yro ¢opma A(x; X), He paBHas TOMXIECTBEHHO HYJIO, He
COAEPKHT HH OJHOTO KBajpara INepeMeHHOro; Torja oHa
CONIEPIKHT XOT# Obl OAHO NpPOU3BeJeHHE, HANpUMED, 2a,,1],1,.
3amMeHHM KOODIHHATHL 1; H 1, no dopmyaam

M =N+ Na,
N =M — T,

_ *) Mu yxe foxasanu, 9ro Guiumseiinas dopMa A (x; y) oiHO3HauHO
ONpelesIsieTcsl CBOEH KpalpatuyHod gopmoit A (x; x).
-+ **) Bouwe ono ofosnavanoch (x, y), a He A(x; y).
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He H3MEeHsAs OCTaJibHHIX nepemeHHHX. IIpH 3ToMm' mpeoGpa-
30BaHUM 4neH 2a,m,n, nepeitrer B 2a, (NE—mn?), H Tax
KaK, 10 MIPEATOJOXKEHHIO, 4, =a,, =0, To OH HH C ueM He
MOXET COKDaTHThCH, T. €. KO3D)HUMEeHT NpH m? OTJIHUeH
OT HyJid.

Bynem tenepn cuutats, uto yxe B gopmyne (2) Ko
bunment a,, %= 0 *). BeineauM B Hawelt KBajgpaTuunoll dopme
Y/Ielbl, COAepKallUe 1),:

au"’ﬁ + 2a12n1n2 "" “en + 2amnmn,

JlOI'IOJlHHM 3Ty CyMMYy AO IIOJHOTC KBajhparta, T. €. 3anHIueM
ee B BHjIC

ayMi+2a,, M+ - . 20,0, =
i
= ™ (@ +...+am,)—B, @

rae depes B mpl 0603HauHAM 4I€HH, COIepiKallue JIHIhL
KBaJpaThl U TNONapHbie TMPOU3BEAEHHSN YJAEHOB a1, ...
.-y QyN,. Ilocne noacranoskn Buipamenus (3) B (2) pac-
CMaTpUBaEMas KBaapaTHuHas ¢opma NPUMET BHJ

A(x; x):alu(a”n,—I— e a4 ..,

Fi¢ HepbINHCAHHbIE 4YJEHH COJePXKAT TOJbKQ nepeMeHHbIe

TNy oy W
IMonoxum
n; =My T8N oo o+ 8N
Ny = N
= e

Torna keaapatuunas ¢opMa NpHMET BHX

l *; X * k&
A () =2=1"1+ Y aini.

i, k=g

*) Ecan a;; =0, no orsmuen or Hyas kospduuHeHT NpH KBaapare
Kakefi-iuGylb ADYTOM KOODAHHATH, TO K DACCMaTpPHBAaEMOMY CJay4alo
MOKHO NPufiTH, HHaue 3aHYMepOBaB BEKTOPH €y, &y, ..., €,, 4TO TaKXKe
ABNIRETCS HEKOTODHIM npeclpa3oBanHeM sTOro Gasuca.
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n

Bripaxkeuue 2 G;xM;7, BIOJIHE AaHaJOrHYHO MparoH
i, k=2

uactd @opmyan (2) ¢ TOH TOJBKO pasHHle#, YTO OHO he
COfepXKHT nepBOoH KoopiuHaThl. [lpeanonoxum, uTO KO3(-
¢uuMeHT @, %0 (5TOro, Kak MBl BHJEJiH, BCETJa MOXKHO
ICOHTBCS TPOCTHIMH BCHOMOTaTe/bHBIMH NpecGpa3oBaHHAMHE).
Torza MOXHO mNpOH3BeCTH HOBOE, aHAJOTHYHOE IIepBOMY,
npeobpa3cBalHHe nepeMeHHHX IO GopMy.naMm

*R %
N ="
R3] * % * * * *
N, = Qoo + oMy + + + -+ Aoy
e *
Ny = Ma»
k3 *
Ny = MNye

B uoBmx nepeMeHHbIX q:Opma IIpUMET BHJ

n
i 1
A(x; x)y= an - = n -+ E agEn; e
22

i, k=3

[Tpononzxkasn 3ToT mpolecc, MBI HOCJe KOHEUHOTO YHCJa Iaros
npufeM K nepemennniM &, E,, ..., E,, B koropeix dopma
A (x; x) 6yzer umerb BUJL

A(x x) =ME+ME 4 ..+ A8

npuueM m<_ n.

Mzl mpenocTaBasieM YHTATE IO BRUIMCATh NpeoGpasoBaHHe
6asuca, oTBeyamollee KaxAOMy U3 IIDOH3BeJleHHHIX IpeoGpa-
30BaHH# KooppmHar (cMm. 1. 6 § 1), m ybeauThcsi, UTO HalIH
npeoGpa3oBaHust JeHCTBHTENbHO TepeBOAAT O(asnuc CHoOBa
B 6asuc, T. € HYTO MNOJyuYeHHbie U3 0asuca B pesyJabTate
npeo6pa3oBaHUsT BEKTOPhl CHOBA JHHEHAHO HE3aBHCHMEL.

ITonaras B cayuae m <n, 4T0 A,y =...=»%r,=0, Mu
NPHXOJHM, TAaKHM 00pasoM, K cJjenymlleii Teopeme:

Teopewma. ITycmo 6 n-meprom npocmparcmse R 3adana
npousgoasHas Keadpamuunas opma A(x; x). Toeda 6 R
cywecmeyem 6asuc e, €,, ..., €,, 6 KOMOPOM 3ma Keadpa-
muunaa gopma umeem 6ud

A (x; X) = ?\'IE% + ;"223 + ...+ ;\’ngg’
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20e &, &, ..., E,—KoopOunams: eexmopa x 8 6asuce ey,

€y «vey €y

ITpuseneM mnpHMeD TIpHBENEHHA KBaApaTHYHOH GOPMEL K CyMmMme
KB3J[paTOB NO ONHCAHHOMY MeToxy. IIyctb B TpexMepHOM TNpOCTpaHCTBE
¢ HekorophmiM Gasucom fy, f,, f; 3ajana xBajgparuuHas dopma

A (% x)=21n,+ 4nym;—n3—8n.

Ionoxum
W= 7}’27
N =",
Ny="Ta-

Torna nonyunm:

.2 s s, ,2
A (% Xy=—m -+2qna-+4n2n3—8n;s -
Hanbie, noJsaras

"h = *"'h + "hy
T]z——- "}z,
"]3 = N3y

MHl TIOJAYYHM HOBOE BHIpaXeHHe Mt KBajpaTHHOR QopME:

%2 2
A5 xy=—ni + 13 +-4nins—8n; -

[peoGpasosanie
gl = 7];,
* *
Ea=  mat2ms,
8= N3

BBIIGINT M3 HauleH KBAfpaTHYHOR (OPMEI elle ONUH MOJHHE KBaApaT,
nociie 9ero ¢gopMa NpHMeT KaHOHHYeCKUH BHA:

A )=—E+E—128.

Hmes ¢opMyJibl, Bepaxamomue ni, n3, ..., 0, uepes v,

R %

Ngr -- -5 Ny 3aTEM 1,7, ..., 15 Uepes 7;, May - ««» Ny H T. 1.,
MBIl MOXKEM NOJIYUHTh BhIPa’kKeHHe KOOpAMHarT &;, &, ..., §,
yepe3 IEPBOHAYAJBHBIE KOOPAKHHATHL )y, Mgy «« -, N,

B =CoMF M+ - oo - Ciallys
gz - 0217]1 + 022n2 _\L e + cznnn'

« e .

g nlnl —I_C 2”]2 + e +Cnnnn'
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Tak, B npuBeieHHOM BHILIe npuUMepe 5TH (HOPMYyJH HMEOT BHR

gl‘: — 2
§2=21 nz +2T|3,
&= N3-

Bcnomunas (§ 1, n. 6), uro maTpuua, pawias npeoGpa-
30BaHHe KOODJHHAT, ABJfAETCS 06paTHOH H TPaHCIOHHPOBAH-
HOH K MmaTpuue npeo6pasoBaHHs ©aszuca, Mbl MOXKEM BhIpa-
3UTh BEKTOPHL HOBOI'O Gasuca e, €,, ..., €, 4epe3 BEeKTOpPH
craporo 6asuca f,, fo, ..., fu

d11f1+d12f2+ cer +d1nfn’
92:d21f1+d22f2+ R +d2nfm
en=thfy +dpuls . .. +dofe
Ecsin B mpollecce NpHBelleHHA HaM HYM Pasy He NPHXOAHJIOCH
NPOU3BOJHUTL NpeoGpa3cBaHHA, MEHAIOMIEro cpasy JBe Koop-
JuHatel (Takoe npeoOpasoBaHue, KaK MBI HNOMHHM, HPHXO-
JMTCA CcoBepllaTh, KOrja B NpeobpasyeMoii ¢opMe OTCYTCT-
BYIOT KBaJpaTel KOODJHHAT, JHOO eClH NPUXOINJIOCHE MEHATh
HyMepauHio), To GopMyJbl HPecOpa30BaHUA HMEIOT BHJ

Ei=CM+CiaMet - -+ T CipMps
gz = CoaMat + « - +ConMys
E,= CanMns

T. €. MaTpHLa npeoOpasoBaHHsA SBJSETCS TaK Ha3LIBaeMOM
TpeyrosbHOH MmaTpuue#. Jlerko npoBepuTb, 4TO Marpuua
npeo6pasoBaHus Gasuca OGyJeT B 3TOM cJlyyae TaKmKe Tpe-
VIrOJbHOH Matpuled Bujia

€ :dnfv
€, = d21f1 -+ dzzfz!

* e e e s e

eﬂzdﬂ1f1+dn2f2+ s +dﬂ"fﬂ'

31eck d“B— anre6panyeckoe JONOJMHEHHE 2IEMEHTA Cag MATPHILEY
lcyll, ZeneHHOe Ha ONpeAesUuTeNb 3TOH MaTpHILEL
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§ 6. IlpnBenenne KeajapaTuuHOW ¢opMbI K cymMme KBAJIPaTOB
TPEYroJbHLiM npeoGpa3oBanuemM

1. B sToM naparpade MBI yKa)KeM ellie OZHH cHOCO§ IO-
cTpoeHHA ©6asHca, B KOTOPOM KBaApaTHYHAA ¢opma INPHBO-
JHUTCS K CyMMe KBajgpartoB. B oTauume oOT mnpexbijymero
naparpada Mbl JaguM (OPMYJBI, BbIpaXKawolie HCKOMBIH
6asuc e,, e,, ..., €, HENOCPEJCTBEHHO uepe3 HCXOJHBIH 6asuc
(a He B HeCKOJbKO IIaroB, kKak B § D).

Tlpu sToM, onHaxo, MBI JOJIKHEEL 6yneM Ha Gopmy A (x; y)

H Hcxojpmeift Gasuc f,, f,, ..., [, HaJOXKUTb CJjejylonlee
orpaHHuYeHHE: NYCTh | @ || —MaTpuna OuauHelino#l Gopmet
A(x; y) B 6asuce f,, f,, ..., [,- Mst DpeanosoxuM, uro
cJeyIolHe MHHOPB MaTPHUM || 4,y || BCE OTJHYHEL OT HYJ15 *):
all a12
A=a,550; A= #0; ...
gy Qo )
Ay Qg ... G
A — Aazl a22 A a%n :/:0
n o v .
anl anz e ann
B xaxgom 6asuce f,, f,, ..., f, kBagparuunas dopma
A (x; x) umeer BHJ :
n
L
A(x; x)=£ 2._4 ;€& tre ay = A(f; fo).
Hama nesap—omnpenennts BekTOpH ey, €,, ..., €, Tax,
4TO0B!
Ales e)=0 mpu i<k (i, k=1,2, ..., n). (2

Ipotuecc, ¢ noMowibio KOTOPOro 310 GyJeT cleIaHo, COBNa-
Jaet C IPOIECCOM OPTOrOHA/IN3alUH, ONHCAaHHBIM B L. 1 § 3,
€CJIH 3aMEHHTb B 3TOM IIPOLECCE CKaJISIPHOE MPOHM3BEJICHHUE
BEKTOPOB nponsBoanou Guauneiinofi dopmoit A (x; y), yio-
BaeTBopsoed ycaouam (1).

*) MoxHO MNOKasath, 4TO 3TO TpeﬁosaHne PaBHOCHJIBHO TOMY, 4TO
Tp# IPHBEJEHHH KBaAPaTHYHON (boprx K CyMMe KBaJparoB IO METOLY,
onucannoMy B § 5, a1 #0, 632 #£0 B T. &
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Byaem uckaTh BEKTOpH €, ..., €, B BUIE

€= a’llfl’
€, =Cyyf, -+ 0yof,,

@)

en:au1f1+an2f2+ R L

KosbduuuenTsl o, MOXHO Obli0 Obl HalTH M3 ycjoBui (2),

NOJACTABUB B 3TH YCJOBHS BMECTO €, €,, ..., €, WX BHpa-

sxenus u3 (3). Opuako 310 HeyZOGHO AJS BBIUKCJCHHIT, Tak

KaK npuiwiloch Obl pemaTb YpaBHEHHsi BTOpOH cCreneHd or-

HGCHTEJbHO ;. I1OCTYyIHM NO3TOMY HECKOJhKO HHAUE.
Ecin

Ay f)=0 ana i=1,2, ..., k—1,

TO H
Aey e)=0 maa i=1,2, ..., k—1.

ﬂefICTBHTeJIbHO, NOACTaBJ/AA BMECTO €; BbIpazkKeHHC

anfy ol .o ol

noJqriyuyaeM.

Aley; €)= Aley aufi+opufo+ ... Foyf)=
= ailA (ek; fl) +0'i2A (ek; f2)'|" v +°"iiA (ek; fi)-

Taxum obpasom, ecan A (e, [;)=0 aas moboro k u mo6oro
i<k, T0Hu Afe,; €)=0 gasai <k, u ciejoBaTesbHO, B CHIY
cuMMmeTpun OuynHeHHOH GopMEL M 1 i >k, T.€e. ¢, ¢,, ...
..., €,—TpebyeMuiil 6a3uc. Hama safaua ceejeHa, TakuM obpa-
30M, K cjelyome:

onpenesuTh KOIPDHIHEHTBI Oy, Qpyy «» v, Cpp TAK, YTOOHL
BEKTOP

ep =gy fy Qo+ o o - Tl
V/IOBAETBOP A7 yCJAOBU M
Ae; [)=0, i=1,2, ..., k—L 4)
STHMH YCJOBUAMH BEKTOD e, ONpelessieTcs ¢ TOUHOCTBHIO

L0 TIOCTOSIHHOrO MHOXKHTess. 3apHKCHPYyeM 5TOT MHOXKHTeJb
€ TOMOIILIO TpeGoBaHHSA

Al fr)=1. (5)
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Mel yBuauM ceftuac, uto ycsaosusaMH (4) u (5) Bexrop ¢,
ONpefiesieH yiKe OJHO3HAYyHO. '

IMoxgcraBus B (4) H (D) BHIpaxeHHEe A €, MBI IOJAYYHM
CleNyIOMYI0 CHCTEMY YPaBHEHHH NepBOH CTemeHH OTHOCH-
TEJBHO Oyt

oA (fis [+ oA (Fis F) 4o oA (F; ) =0, ]

A (Fos )+ ol (fo f) 4 - oA (s fr) =0,

i et s o
oA (s =0, |

oA (Fy [+ el (Frs Fo)+ o+ A f) =1 J

Onpesenutesis 3TOfl CHCTEMB! YPABHEHUH DaseH

Ay f) A fo) ... A(fs Fo)

Ak= A(fz; fI) A(fz; fz) A(fz; fk) (7)

Afe F) AT f) ... Alfu T2

u no ycaosuio (1) orimuer or Hyas. [lostomy pelenue cu-

" cremsl (6) cyiiecTByeT H eAMHCTBeHHO. TakuMm 06pasomM, 3aiaua

HaxOXKJeHUA BEKTOpA e, HaMH peuieHa anas noboro k.

‘ Hafizem Tenepb kosdxpuiiHeHTH! b;, KBaJApaTH4HOH GOPMEL
A(x; x) B Oasuce ¢, e,, ..., ,. Kak HaMm yxKe H3BECTHO,

bip=A(e;; e).
ITo noctpoenmio atoro Gasuca, Af(e; e,)=0 npu i %k, T. e.
b;,=0 npu i~k
BoiuncauM by, = A (e, e,):
Ay e)=Aley tpfyt ol oy f) =
=04 A (€ [+ @A ey fo)+ .. - HogAler fo) *)
B B cuHJy ycqaoBuit (4) u (B)
A (e €)= Ay
Uucno o, MoxHO HalTH M3 cHcTeMbl (6); coracHO mpaBHay
Kpamepa

Ap_y
o ey

*) BhlkAajika CHJIBHO YCJIOXHHJACh GH, €csii Gbl MBI 3aMEHHJH ¢p ero
BHpaX(eHHEM uYepe3 f; ¥ HA MePBOM, H Ha BTODOM MecTe.
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ie A,-,-—onpene/uTeb, aHaJorHuHbi (7) nopsgka k—1,
u rge nojoxeHo A,=1.
Taxkum 06pa30M,

Ap_
bur=A(e; €)= ﬁ .

Hrak, JokaszaHa cjaeiyiomas
Teopema 1. Iyeme 6 Gasuce fi, f, ..., [, x6adpa-
muunas gopma umeem 8ud

A x)=DapnMy, TAe ay=A(f; [p).
Ilycmo, Oaxee, onpedeaumenu

a;; 4y,
Al =0y Az =

3 e ey

aZl a22

a, Q4 ... 4,

Qy Qyy oot Gy
An = - - . . . - .
Ay Quy +o-

omauunet om Hyaa. Toeda cywecmeyem 6asuc ey, e,, ..., e,,

6 komopom A (x; x) 3anucoisaemca 6 eude cymmbvi Keadpamos
caedyrowum 0bpasom:

A(x; x)— E“—I— SR ”‘ s

20e &,— Koopduramer eexmopa x 6 6asuce e,, €, ..., e,.

2101 crnoco® INpUBEJeHHS KBaApPaTHYHOH (QOpPMBI K CyMmMMe
KBaJpaTOB OOLIYHO HasplBaeTcst Memodom Skobu.

3aMeuaHnue. B npouecce J0oKa3aTeJbCTBa TEOPEMbl Mbi
NPHIIK K HEKOTOPOMY BIOJIHE oOnpeleseHHOMY Gasucy
€, €5, ..., €,. DTO, KOHEUHO, He O3HayaeT, 4YTo GasHc, B KO-
TOPOM KBajJpaTHuHasi ¢opMa NPHBOAMTCSH K CYMMe KBalpaToB,
Eoofiie efuHCTBeH. JleHACTBHTENBbHO, ecad B3fiThb JAPYrof
ucxonuwi 6azuc f,, f,, ..., f, (Haxe mpocro, ecau 3aHyme-
POBATH €r'0 BEKTODHI B IPYTOM MOpSJAKe), TO ONHUCAHHLI Bhlille
npouecc TpHBeAeT Hac, Booblie roBops, K ApyroMmy Gasucy
é,, €, ..., e, (He TOBOPS y¥Ke O TOM, UTO Gasuc e, €,, ..., €,
He c6fizaTeNbHO HCKaTb B BHJAE (3)).
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MTpumep. Paccmorpum kpazpatuunyio gopmy

28} + 385, - 45,85 +E2 4- 83
B TPeXMEPHOM MpPOCTPaHCTBE ¢ (a3HCOM
fr=(1, 0, 0), f,=(0, 1, 0), f3=(0, 0, 1).

CootpercTBytomiasn efi GuJiuneiinas GopMa uMeerT BHA
3 3
Al p)=2m+ 5 Eime 4 2&yms + 5 St 8oy - 285my 5.

Briuncsus onpenenutenn Ay, A, @4 Ay, NMOJYYHM, 9TO OHH PAaBHBEI COOT-
1

BETCTBEHHO 2, —7 " ~—4 —, T. e. H1 OJMH M3 HHX He HyJb. YCJOBHA

TeopeMu!, TaKHM 06pasoM, BEuITOJHeHH. [losoxuM

&=y, ={o;, 0, 0),
2y ==0s1f1 + aaaf s = (%g1, s, 0),
€3 =01 f1 b Oaafy -+ 0gaf3 = (231, O3, 33)-

KoasdxpuiuenT oj; HaX0AHM H3 YCJOBHS
Ales f)=1,

T e 20y=1, wan o= H, SHAYHT,

1
2
' 1 1
a=gh=(7. 0 0).
Last dp; B Oy MMEEM ABA ypaBHEHHS

Afey [1)==0 n Ales f2)=1,
HIH »
3 3
2053 + 3’“22=O; '2—0521+°522=1,

OTKyZa o :
Ay =6, ay=—38§,

T. e. e,=6f, —8f,=(6; —8; 0):
Haxkonen, Aas Oy, O3y, Q33 HMEEM CHCTeMY YPaBHeHHH

Ales; 1)=0, Aley; f)=0, Ales fg)=1,
3
2031+ 5 %2 42053 =0,

3
"2* Qg1+ Oy =0,

2034 +ogz=1,
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OTKy A2
8 . 12 |
Cai =777 %= 150 Qg =13

8 12 1 8 12 1
e=1h—phtymh= (ﬁ, 1 1—-;) .

Keagparnunas dopma B Ga3duce &5, €, €3 HMEET BHJ
) 1 oa A o2 Ay o 1 0 2, 1 .o
Ax; x)—-z—l‘ §1+K2— Ca‘i‘x; Qa-———g §1—8§2+17 &3,
rae &y, §s, {3—KoOOpAMHATH BekTOpa X B Oasuce ey, &, €3.

2. Brime mpu JoxasaTebCTBE TeopeMbl | ME He TOJBKO
nocTpousin Gasuc, B KOTOPOM JaHHadA KBajpaTHuHad Qopma
sanuchBaeTcsl KaK CyMMa KBaJparoB KOODAMHAT, HO H MO-
JIYUHJIH BIOJIHE Onpeje/eHHBIe BBIpaXKeHHR JJA KO3(bHIH-
€HTOB IPH 3THX KBajJpaTax, a HMEHHO:

1 A1 An—l
Al’ A2’ se ey A,, 4
TaK 4To KBajpaTHuHas ¢opMa HMeeT BHJ

le—g%_*—%:gg—i—'"'_}_%;—l ?1-" . (8)

D710 KaeT HaM BO3MOXHOCTE HaHTH HHCJIO NOJOKHTEJIBbHBIX
M OTpHUATEeNbHEIX Ko3(dunnentoB npu ksajparax. MmenHo,
ecan A;_, U A; UMEIOT OIMHAKOBHE 3HAKH, TO KO3DDHIHEHT
npH £} noJjoxuTeseH, eClH XKe HX 3HAKH PasjHUHBL, TO 3TOT
K03h(dHIHEHT OTpHULiaTeIeH, T. €. YHCJO OTPHIIATeJbHEIX KO3(-
¢uIHEeHTOB NpPH KBajparax paBHO 4YHCJAY IepeMeH 3HaKa
B pAany

1, Ay A, ..., A,

Hrak, 10oKa3aHa CJIeAYIOmas TeopeMma.

Teopema 2. Hucao ompuyamensusix Kospguyuenmos
npu xeadpamax KoopOuram 8 KauoHuseckom 6ude (8) xead-
pamudHoll opMbL PABHO HUCAY NepeMer SHaKa 6 nocaedosa-
measHocmu onpedeaumeneli

1, Ay A, ooy AL %)

*) Mpl NOKasaJH, KaK HafiTH YHCJIO TOJIOKHTeNbHEIX H OTPHIATENb-
HMX KBajpaTOB IpH ONpeleJeHHOM COocofe NPHBeNeHHs KBaXpaTHYHON
dopMbl K cyMme KBajparos. B crenyiomem mnaparpade Gyider mokasawo,
YTO 3TO YHCJIO—OLHO M TO Ke UPH BceX cmoco6ax MpHBeAeHHs GopMB
K Cymme KBaJparos.
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Ilyers, B wacraoern, A; >0, A, >0, ..., A,> 0. Torza
cymecrsyer Oasuc e, €,, ..., €,, B KOTOPOM KBaJpaTHuHas
JopMa HMeeT BHJ

A x)=ME+AE+ ... +AE,

npuuem Bce A; > 0. Caeposatensho, A (x; x) =0 aaa Bes-
KOTO X, H IIPHTOM PaBEHCTRO

Alx; )= hEl=

BO3MOZXHO, JHIb €CJIH

Vnauve rosops:

Ecau A, >0, A, >0, ..., A, >0, mo keadpamuunan
opma A (x; x)—noaoxrcumessHo- onpedesenHas.

O6parro, nycte A (x; x)—NOJOKUTENHHO OfipefiesieHHasn
KBajipaTHuHaa ¢opma. [lokaxeM, 4T0 B 3TOM CJjydae

A>0 (=1, 2, ..., n)

JAJs1 3TOTO NOKaxeM panbine, yro A, ==0. Ilpegnonoxum
[pPOTUBHOE, T. €. YTO

A(fp f1) A(fl’ fe) fp fk)
A__Mhh)AmJa At |_,,
L . =%

A ) AGs F) - Mmh

TOrjga ojHa H3 CTPOK 3TOro ONpele/IuTENd €CTb JHHedHasn
KOMOHHANKUSA OCTaJbHHIX, T. €.

WAFs I +rAGs ).+ A F)=0,
i=1, 2, ..., k, rae He Bce p, paBHbl HyJmo. Ho Toraa

A(uxfl‘}‘pzfz’l_""l'p‘kfk; f‘)=0 (i=l, 2, DRI k)s

a ¢JAeloBare/LHo,

Ay fi-tpafot oo el pafoFmafo oo ) =0,

B TO BpeMsf Kak

I e e U P N L A St N
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YTO TPOTHBOPEUHUT OMpEJeJeHHIO MOJOKHTEJIbHO OIpeleseH-
HOU KBaJpaTHYHOH (OpPMBIL.

CnegoBaTenbHo, corgacHo Tteopeme 1, A (x; x) MoxkHO
IPHBECTH K BHAY

A(x; x)=ME+ ... +AE%

rae
Ap-y
Ap -’

Tax KaK AJs NOJOKUTENbHO ONpeleJeHHOH KBaJlpaTHYHOM
dopmbl Bce A, > 0, 10 1 Bce A, > 0. (Hanomuum, uyto Ag=1.)

Hrak, HaMH JoKaszaHa

Teopema 3. Iycme A (x; y)— cummempudnasn 6usured-
nag opma u fy, f,, ..., f,—6a3uc ¢ n-meprom npocmpar-
cmee R. Jlaa mozo umobbt keadpamuunas ¢popma A(x; x)
6bLAQ NOAOHCUMEALHO OnpedeneHHOl, Heobxo0umo u Jocmarmoy-
HO, 4mobbL

A=

A, >0, A, >0, ..., A, >0,
Sra TeopeMa HasbiBaeTcs ycaosuem Cusavgecmpa TOJIOXKH-
TeJLHOHN OIlpelleleHHOCTH KBaZpaTHUHOH (OpMEL.

Mbl Morgn 66l B3siTB BMeCTO fy, fo, ..., [, Kakofi-nubo apyrofi Ga-
3HC M HANHCATL YCJIOBHS MOJIONKHTEJLHOM onpefeseHHOCTH (opMbl A (x; x)
yepes BEKTOPH 3TOro HoBoro Gasuca. B uacTHOCTH, ecoli Ml B KayecTse

HoBOTO Ga3Hca BO3bMEM Te XKe CaMble BEKTODHI fy, fg, ..., f,, HO TOJBKO
B JIPyroM HOpsijxe, TO HOBBIMH MHHOpamMH Ay, A,, ..., A, Gyayr pas-
JIHUHBIE TJIaBHBIE MUHOPH ¥) MaTphuy || @ ||. Orcioza BHTeKaer HHTepecHoe

Caenpctaue. Ecau ece erasnoe muropot Ay, Ay, ..., A, mampuyer

la;x || xeadpamuunodii gopmee A (x; x) 6 Oanrom 6a3uce norOIUMERbHbL,
mo 6000uje 602 2AQBHbIE MUHODbL MO MAMPULLI NOAOKHCUMEAbHDL.

B camoM feJie, €CJiH BCe MHHOPBI Ap MAaTPHIM! || a7 || MOJOKHTENBHEI,
To dopma A (x; x) nosoxuTebHO onpejeneHHasn. [Tycre A —Kakoit-1u6o
rJAaBHHIH MHHOpP MaTpuubl || a;¢ || u nycts p;, pg, ..., Pp— HOMepa BXo-
JASUMX B HErO CTPOK M CTOJIOLOB 3TOH MaTPHUB (TaK KaK MMHOD—TJaB-
HBIH, TO 5TH HOMepa JJd CTPOK H CTOJOUOB OfHH M Te xke). IlepectaBus
B HCXOAHOM Gasnce BEKTODHI C HOMepaMH p;, P, ..., Pp HA NepBoe, BTO-
poe H T. A., k-e MeCcTo W 3anMcaB B 3TOM HOBOM 0asHce yCJOBHS HOJO-
JKUTEJLHOH OrnpefeseHHOCTH GOPMEI, moaydnM A > 0.

3. Onpepesurean I'pama. Pesynbratel 3TOro mnaparpaga
MBI M3JIOXKHM cefiuac JJsi cayyasi, KOrja B KauecTBe KBajpa-
THYHOH (OpMbl BbIOpaHO CKaJsipHCE IPOHM3BEACHHE B €BKJIH-

*) I"naBHBIMH MHHOpaMH Ha3bIBaIOTCA Te, IIPH COCTABJEHHH KOTOPbIX
CLIIE/SIOTCS CTOJIOLBI C TEMH XKe HOMEpaMH, 4YTO H- CTPOKH.
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JIOBOM IIPOCTpaHCTBE, T. €.
A(x; x)y=(x, x).

Mul 3HaeM, YTO CKaJiIpHOEe MpOU3BEJEHHe BeKTopa C coboil
eCTh IOJIOKHTEJbHO ONpefe/ieHHas KBajapaThudas gopma, H
o6paTHO, KaxkAasd CHMMerTpuyHasi OHaxHehHasa dopMa, KOTo-
POl COOTBETCTBYET MOJIOXKH1eJBLHO ONpeje/eHHas KBajpaTuu-
Haa ¢opMa, MOXKeT OHITL NMPUHATA 32 CKaJsSPHOE NPOHU3BElE-
nue. [loaToMy BcfKasi TeopeMa O IOJIOKHTENbHO ONpeJiesIeHHbIX
KBaJpaTHYHLIX GopMax sBJASETCH OJHOBPEMEHHO HEKOTOPOH
TeopeMo#l O BEKTOPAX B €BKJIM/0BOM NPOCTPAHCTBE.

[lyctb ey, €,, . . ., €,— BEKTODHI B €BKJIHAOBOM NIPOCTPAHCTBE.
Onpenenntens .
(el’ el) (el’ e?) A (eli ek)
(82, el) (82, ez) v (621 ek)

A« s e e v s & e e o s e

(e, €) (er, ) .. (e &)

HasuBaetrcs onpedeaumenem I pama 5To#i CHCTEME! BEKTODOB.
. Teopema 4. Onpedeaumenss I'pama aoboii cucmemvt
gexmopos ecez0a Goaowie uau paser wyso. OH pasen Hywo

moefa u moabko moeda, Ko20a 6eKmMOpsl €y, €y, ..., €, JH-
HEHO ‘3aBUCHMEL. » ;
HokaszareabctBo. IlycTh BexktOpnl €, €,, ..., €
JUHeHHO He3aBHCHMBI. PaccMOTpHM OGHJHHeliHYIO (opMmy
Ax Y=, y),

rje (x, y)—ecKajsgpHoe Hpou3BeleHMe BEKTOpPOoB X H y. Toria
onpeneanteab 'pama ectb onpenenurtens A, paccMOTpeHHbIR
B stoM maparpade [cm. dopmyay (7)]. Tak xak A (x; x) —
[OJIOXKHATEJBHO onpeueneﬂnaﬂ KBaJpaTHyHas ¢opma, TO, B CHIY
Teopemsl 3, A, > 0.

JokaxeM, U4TO B cjyyae JIHHEHHO 3aBHCHMBIX BeKTOpOB
onpenenutenp ['pava paBed Hymw. JleACTBHTeJbHO, ecau
€, €, ..., €, JUHEHHO 3aBHCHMbI, TO XOTb OJMH U3 HHX,
HampuMep e,, ecThb JuHefiHag KOMOMHALlHs OCTaJbHBIX:

N e =he,+re+ . A
IToatoMy nocnepuss cTpoka B onpenesantesie I'pama ecTb



78 n-MEPHOE ITPOCTPAHCTBRO [rJi 1t

JHHefiHas KOMOHWHALHKf OCTaJbHBIX. 3HAYHUT, OH paBeH HYJIO.

Teopema MOJHOCTBIO JIOKA3aHA. \
B xauecTBe mnpuMepa pacCMOTpHM onpelesiHTesb [ pama

ABYX BEKTOPOB X H Y:

(x, x) (x, )

v, %) @ 91

YrtBepxienue, uyro A, > 0, npespamaercsi B 310M cayyae

B HepaBeHcTBo Koiu-Bynsirosckoro.

IMTpumepn. 1. B eBKIHZOBOM TPeXMepHOM NpOCTpaHcTBe (AJNH Ha
NJIOCKOCTH) ONpeJeJIHTeb

s =

(*, x) (£, y)
¥, » v

HMeeT CJEAYIOMHI reoMeTpHuecKuil CMbIC: A, PaBHO KBajipaTy NJIOMLAAH
napaJijleiorpaMma, MOCTPOEHHOTO Ha BEKTOpax X H y. B camom jgene, no
onpejieleHUIO CKAaJASAPHOTO NPOH3BEACHHS

(5 v)=(, x)=|x]|y|cos @,
rae ¢— yroJ Mexny BekTopam# x H y. ITosromy

Ap=1x[?|g|P—|x || y|? cos? p= v
' =|x|*ly P (1—cos® g)=|x[*| y 2 sin? p,

9=

T. e. A, paBHO KBaJpaTy MJOWaJM Napa/Jeyiorpamma, NOCTPOEHHOro Ha
BEKTODAX X H Y.

2. B TpexMepHOM NPOCTPAHCTBe 06beM DapaselellHiesa, NOCTPOeH-
HOr0 Ha BeKTOpaX X, Y, Z, KaK TIOKa3blBAeTCsl B aHAJMTHYCCKOR FeoMer-
pHH, paBeH aGCOMOTHON BeJIUHHE ONpeNeJHTes

X, X3 X3
U= Y1 Ys Ys|,
21 22 2

The X;, Y;, 2;— KOODAMHATHI BeKTOPOB X, Y, 2 B OPTOTOHAJbLHOM Gasmuce.
BHYHCIMM KBaipar 3TOro ONpeje/nTe/ss, YMHOXAd CTPDOKH HA CTPOKH.
Mg nostyanm:

xf—!—x:—{—xg Xyt KXol Xaks %123+ Xa2a--X52s
=%, + YoXs + Ya¥s y21+!/§+y§ Y121+ Ys2a+ Ys2a =
2%+ 22Xy +23%3 2141 22824233 zf—{—zg—l— FH
(*, %) (%, 9 (x 2
=i, %) Wy @ 2],
(@ x) @y (2

Takum o6pasom, onpesenurent I'pama BekTOpOB x, y, 2z paBeH KBaj-
pary ofnema napaJuiesicliunefa, NOCTPOCHHOro Ha STHX BEKTOPaXx.
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AHaNOTHYHO MOXKHO NOKasaTh, 9T0 onpesenutesb paMa £ BekTOpoR
X, Y, «.., W B k-MEDHOM NpOCTpaHCTBE *) paBer KBajpaty ONpejeHTens

X1 X o0 Xp
Y1 Y2 ««- Yr )

)
e v s & s

Wy Wy o0 Wg

The X;, COOTBETCTBEHHO Y; H T. A.— KOODJHHATH BEKTODA X, COOTBETCT-
BEHHO ¥ H T. Ji. B KaKOM-HHOYAb OpPTOroHaALHOM GasHce.

o amanormu ¢ TpexMepHEIM IPOCTPAHCTBOM MOAY.Ib onpefenntend (9)
Ha3bIBAIOT 00BEMOM k-MepHOro mapaJjesenunena, ONPEIe/seMOr0 BeKTO-
pamu x, ¥, ..., .

3. B npocrpaunctse Gyuknuit (npamep 4 § 2) onpemeswtens I pama
NAMETCHA TaK:

b b b

§roa  (honoda. (Lomoad

" s I
Sronoe (aoa L (hoRo

b
(nonwa (nobod..(Road
a a a
H JOKa3anxasHaMy TeopeMa O3Hadaer:

Onpederumens pama cucmentr pynxyud = 0. das sunednoid sasu-
cumocmu cucmembt Pyrxyud neo6rodumo u docmamourio, 4mobe. ux onpe-
Oesumene I'pama Goia pasen Hyaso.

§ 7. 3aKOH HKHepUHH

1. 3axkon unepuun. Ilpusonst kpapparuunyo gopmy A (x; x)
K CyMMe KBaJpaTOB, MOXHO NO-Pa3HOMY BHIOHPATh TOT GasHc,
B KOTOPOM 3Ta OopMa NPHBOJMTCS K CyMMe KBaJparos, T. €.
K BHAY ’

A(x; x) =.-=21 MER. M

*) JlAsi Hac, KOHEUYHO, BeCYHmeCTBEHHO, 4YTO DA3MePHOCTb IPOCTpa-
cTBa paBHa k. B jeHCTBHTeNILEOCTH HPOCTPAHCTBO R MOMXKET HMETh Mpo-
u3poJibHOe (faxke GeCKOHEYHOE) YHCJIO H3MEPEeHH{, NOCKOJNBKY HAIH pac-
CYXJeHHA MOryT OHTh OTHEeCeHH K IORIPOCTPAHCTBY, NOPOKACHHOMY
BEKTOPaMHE X, ¥, +.., W.



80 n-MEPHOE MPOCTPAHCTBO (ra. 1

Bece 1e A;, KOTOpHE OTJMYHBEL OT HYJA, MOXHO, 3aMEHAs
BeKTOPLl 0askca UM IIPONOPUHOLAJLHBIMH, CIEAaTh PABHEIMH
= 1. Takum o6pasoMm, kaHOHHYecKHH BUA dopMel A (x; X)
B HEKOTOPOM COOTBETCTBYIOIIHM 006pa3oM MOROOPAHHOM Gasuce
BIIOJIHE MOXKHO XapaKTepH30BAaTh KoOJiHYecTBOM Ko3dbunueH-
TOB, PaBHBIX COOTBETCTBEHHO Hywmo0, -+ 1 B —1. Tak xak Mbr
MOKeM FO-PasHOMY BHIOpaTh TOT Gasuc, B KOTGPOM KBajpaTHY-
Haa ¢opMa 3anuchiBaercs B BHAE CYMMbL KBajpaToB, TO BO3-
HHKaeT BOIPOC, 3aBHCHT JH KOJHUECTBO KO3(HILUEHTOB,
paBHBIX Hymo, 41 u —1, or BH6opa 6a3uca HAH XKe ITH
4[cJa 3aBHCAT JHIOL OT KBajpaTuuHoél ¢opmbel A (x; x) (aB-
JISIIOTCA ee WHBAapHaHTaMH).

Hanpumep, ectu kBampatuunas ¢opma A (x; X) B HeKO-
TopoM fasuce e, €,, ..., €, UMeeT MaTpuly

" Qi ”’
rae a;, = A(e; e,) B Bce ONpefeNHTE]NH

Ay A, ... 4,

a;,;, a4y, a,, a a
21 22 °** 2
Al=a,, A= B L "

Qg gy -
Apy Gpy o oo Qpy

OT/IMYHBI OT HYJISl, TO, KaK MBI [IOKa3aJH B 1. 2 NPeABAYILEro
naparpada, Bce A; B gopmysie (1) OTJAMYHBI OT HYJAA H TNPH
npusefieHdn A (x; x) K CyMMe KBaZpaToB N0 ONHCAHHOMY Tam
crocofy YHCJO OTPHUATEJNbHBEIX KO3(PULIEHTOB PaBHO HUCJY
nepeMeH sHaka B pajdy onpeneautened 1, A, A,, ..., A,.

Ho mbt MOT/IH B3ATH ApYrofi HCXORHEIA 6asuc e), €3, . .-, e,
(nanpumep, xorsa Obl B3ATb T€ XKe CaMhle BEKTOPbI, HO B ApY-
rOM MOPfAKe);, NPH ITOM NOJyyaTcs Apyras MatpHua || ai||
H Jpyrue onpeieauTe/H

8, B oo, A

H 3apaHee COBEpPIIEHHO HesACHO, NOYEMY UYHCJIO NepeMeH 3HaKa
B G0OHX C/AydYasx JOJKHO OBITh OJHO M TO IKe.
B stom naparpade 6yner n0KasaHa ChAelyiolias Teopema,
Ha3bIBAaeMasl 30KOHOM uHepyuu keadpamuunot ghopmet:
Teopema 1. Ecau ksadpamuunas dopma npusedena
0syma passudupimu cnocobamuy (m. e. 8 08yx pasasuurolx 6a-
3ucax) K cymme Keadpamog, mo 4UcA0 NOAOHCUMEALHIX KO-
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huyueHmos, MaK sice KaKk U YUCA0 OMPULAMEeNbHbIX, 8 0060UX
cAyHanx 00HO U mo oke.

Tak kak obmee ynca0 KO3PDHIHEHTOB A; B KAHOHHUECKOM
BUJE KBaJpaTHUHOH (OPMBI PaBHO 7, TO OTCIOAA HEIOCPEACT-
BEHHO CJeLyeT, 4YTO 4UCAO rcoat,iupuuueﬂmoe A;, pasHeix HY 0,
makxce ecmb UHBAPUAHM KEA0pamudHol opmst.

HokasareancrtBo. Ilycrs B Gasuce e, €, ..., €,
KBajparuyHas ¢opma A (x; x) umeer BHA*)

A )=8+84+ ... +5—8B.u—...—8.45 @
IIDH 3TOM §1, Eg, ey E — KOOpJAWHAaThl BEKTOpa X, T. €.
X = E]el +§262+ + °op p+§p+1ep+1 + LRI '
A Eprglprg o FE

[Tycts B Gasuce f,, f,, ..., [, 3Ta xe KBaAparuuHas gopma
HMeeT BHJ

A@ )=ni+m+ ...+ — s —.cc—Mgrsgn ()

rAe My, M, ..., N,— KOODAMHATHI BeKTOpa X B Gasuce [,,

fsr --., fn- Ham HyXHO nOKa3aTh, 4TO0 p=p’ U g= q [Ipen-

no.nome, YTO 3TO He TaK, HalpuMmep, OycTh p > p'.
PaccmorpuM noanpocTpaHcTBo R, cocrosiiee U3 JHHEHHBIX

KOMOHHAIUA EEKTOPOB €, €,, ..., €, OHO HMeer p H3Mepe-
HuM. HO,Z[HpOCTpaHCTBO R’, cocmmuee n3 JXHHEHHbIX KOMOH-
HAUUHA BEKTOPOB fpriy, fpitgr «-., fnr HMEET n—p’ H3Mepe-

uufl, Tak kak n—p'-Fp>n (H60 MBI TIpEAINONOKHJIH, YTO
p> p’), TO cymlecTByeT BeKTOp x =0, Jexanui B nepece-
yenun R’ u R”, 1. e. Tako#, utO

x=§1e1+§2ez+ L +§pep

74

X=Nprsfprart oo FNosglpag+ oo F Ml e
B 6asuce e, €,, ..., €, 3TOT BEKTOD HMeeT KOOPAHHATH &,,
&, -+» E» O, ..., 0, B 6asuce f,, f,, ..., [, OH HMmeer
KOOpllHHaTbI 0,0 ..., 0, npyq, ..., M, IloncraBasisa stu

*) Koaqxpnuuembx A; B dopmyse (1) MOXKHO, KaK Mbl 3HaeM, cAeJarh
parHbMu ‘£ 1 uam 0. Te Y4JIeHB!, AJIS Kowopux }»,_.0 Mbl Bcpopuy.uax (2)
H (3) onmycKaem. .
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KCOPAMHATH B dopmyant (2) u (3), MBI moaydum, ¢ OXHOM
CTOPOHE,

A )=B+E+... 48>0 4)

(tak kak wne Bce umcaa &y, &, ..., §, paBHE HyMO), a
¢ Jpyro#fl CTOPOHHI,

A ==y —Mpts— e — My < 0%, (5)

Mpl TpUIIZIM K NIPOTHBOpPEUHio, CJAEAOBATEJNBHO, HEPaBEHCTBO
p > p’ HeBo3MmOxHO. TOUHO TaxK Ke JOKA3LIBae€TCH HEBO3MOXK-
HOCTb HepaeeHCTB p < p', ¢ > ¢ u g < ¢'. Takum o6pasom,
3aKOH HHepUHUH JJd KBaJpaTHYHLIX (GOpM J0KasaH.

2. Panr xkBagparuuneit dopmst.

Onpenenenue 1. Yucao omaunnsix om Hyarsn koapcu-
yuenmos A; 8 KaroHudeckom eule keadpamu4rol popmol Ha-
3pl8aemea paneom Keadpamudnoil gopmet.

Kak yxe OuljI0 yKasaHO Bhiiie, ¥3 JOKA3aHHOTO HaMH 3a-
KOHA HMHEDIWH HEINOCPeJCTBEHHO CJELyeT, YTO paHr xBaipa-
THYHOH (POPMBI 3aBUCHT TOJILKO OT CaMoOH (OPMHI, a He OT
crnocoba ee NpUBEJeHUA K KaHOHWYecKoMy BHAY. Ilocmorpum,
Kak (akTuuecKM HAHTH paHr KsafpaTHuyHOH ¢opMer. das
5TOrO MHl OIpejeJuM paHr KBajpaTH4yHOi (opMul, He npube-
ras K ee KaHOHHYECKOMY BHIy. [lomyTHO MBI NOJYYHM on-
pejeJieHHe OJHOIO NOANPOCTPAHCTBA, TECHO CBA3AHHOIO C JaH-
HOlt GHAHHeHHOH GopMOi.

Onpexnenenue 2. Hyaesoim nodnpocmpancmeom Oaw-
HoU busutelinoil opmst A (X; y) mot HasbisaeM COBOKYNHOCTL R,
8eKmMoOpos Y, yoosaemeopawowux ycaroeuwo A (x; y)=0 0aa ao-
6020 eexmopa x € R.

Jlerko BHgeTh, uto R, ZeHcTBHTEJbHO €CTb NOANPOCTPaH-
crBo. B camom pene, nycteb y,, Y,€R,, T.e. A(x; y,)=0mn
A(x; y,)=0 nna moboro x€R. Torma A(x; y,+y,)=0
1 A(x; My)=0 ana mobbx x H A, T. €. y=y,+ Yy, €ER, H
My, ER,.

[TocTaBuM Bompoc: HaK HakTH noanpocTpaHcTBo R,? Ilyerh
fio fo oovs [n—xaxkofi-nub6o 6Gasuc B R. Jana Toro 4yroGu
BEKTOP

y=mfr+nfo+ ... S, (6)
*) B ¢opmyae (5) Hesab3si BMECTO 3HaKa < NOCTaBHTh 3HAK <, TaK

KaK, XOTsi CpeiH 4HCeN pry1, ..., N, €CTh OTJIMUHBIC OT JyJs, HO BO3-
MOMHO, 4TO Mp/+1=Tp +2==,..=Yp +¢q' =0,
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OpHHaJJIeRa] HYJeBOMY HNOANPOCTPAHCTBY, MAGCTATOUHO,
Y1006l

A(f; =0 naa i=1, 2, ..., n (N

JelicTBHTeBHO, €CaAH S5TH paBeHCTBA BHIIGAHEHH, JO H s
motGoro x umeeM A (x; y) =0, TaK KaK BCAKHH BEKTOP X eCTb
JuHeHHas KoMOHHanus OasHCHBIX BEKTOPOB.

Tloacrasnsig B (7) BMecTo y ero BuipaxkeHue (6), MEI Ipu-
XOAMM K CJeAYIOUleH CHCTeMe ypaBHeHHiA:

A(il; n1f1+n2f2+ ---+7],,f,,)=0
A(fy mf1+n2f2+ oo M) =0,

« o . « e & s s 4 & 6 e s o a4 & =

Ay it e ee M) =0,

und, ecan nonoxurs A(f; f.)=a;,, x cucreme

a, My + a4 ..o Fa,m, =0,
zlnl + a22n2 + LR + aznnu - 0

. " e 4 e s s 0 s s s e

nlnl + anﬂ"z + + armnn - 0

COBOKYNMHOCTb BEKTOPOB Y, KOOPAHHATHL M, M,, ..., 1, KO-
TOPHX SABJAMIOTCS pEWIEHHAMH 3TOR CHCTeMBl, H o6pasyer
HyJeBoe MOANPOCTPaHCTBO R, Kak H3BeCTHO M3 TeopuH
JHHEHHHX YDaBHEHHH, PasMEDHOCTh 3TOFO NOANPOCTPAHCTBA
paBHa n—r, Tie r—panr Marpuusl fla; .

Mbl MoxeM Temephb cfelaTh CJHERYIOILHH BHIBOJ:

Panz  mampuger  |a, || Ousuneiinod dopmor  A(x; y)
8 Hexomopom Oasuce He 3asucum om ewibopa smoeo 6asuca
(xora cama Mmarpuua |{a;|l, kak Mpt 3Haem u3 § 5, saBHCHT
or Beiopa Gasuca).

B camoM Jesie, paHr stofi MaTpPHIBI paBeH f—r,, Tie

—pasMepHOCTL HYJEBOTO noanpocrpancrsa. Hynesoe e
NOATPOCTPAHCTBO HH OT KAaKOH CHCTeMBI KOODAHHAT Boobme
He 3aBHCHT.

CssixkeM paHT MaTPHUB KBaJpPaTHYHOH (OPMBL C PaHroM
caMoi KBajJpaTHuHOA ¢opmbi. Panrom KpajpatHuHON ¢op-
MbE MBI Ha3Ba/JH YHCJIO OTVIHYHHBIX OT HYJs KBajpaToB B
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KaHOHHMYeCKOM BHJe KBajpaTHuHOH (opmbl. Ho B xanonuue-
cxoM Gasuce MaTpuLa KBaJApaTHUHOH (OPMBI HMEET BHJ

A, 0 ...0
04 ...0
00 ...,

M PAHT 3TOil MaTPHIBI paBeH 7, [Je r — YHCJ0 K03(hdHIHEHTOB,
OTJIHYHBIX OT HYJid, T. €. PaBeH paHry KBafpaTH4YHOH (OPMEL
Tak kak paHr MaTpuubl KBagpaTHIHOH GOPMBI, KAK MBI JOKa-
3a/, HE 3aBHCHT OT CHCTEMbl KOOpAHHAT, TO H B J0GOMH
JAPYro# CcHCTeME€ KOOpPAMHAT paHr MaTpPHIbI KBaApaTHUHOH
(opMBI paBeH paHry caMol KBaApaTHUHOH (GOpPMEL *).

Nrak, HaMH JoKasaHa CJAEAYIOLLA

Teopema 2. Mampuyst keadpamunrol popmet 6 pasauu-
HbIX cucmemax KoopOuHam umerom oOun U MOM e paHe r.
Omom panz pasen uucay Keadpamos 8 KAHOHU4ECKOM 6ule
Gopmel, KoauyLeHmbL NPU  KOMOPbIX OMAULHLL OM HYAA.

Takum o6pasom, njsi Toro urobbl HAaWTH paHr kKeajpa-
THYHOH QOpMbI, HYKHO BHIUHCJIHTL DAHr €e MaTpHlbl B Ka-
KOH-HUOYAbL OJHOH CHCTEME KOOPJIHHAT.

§ 8. KomnsiekcHoe 7-MepHOE MPOCTPAHCTBO

Bo Bcex mnpegblIyliux ' maparpagax Mbl BCIOAY, KpoMe
TeX CJy4aeB, KOT[Ja 3TO 0coG0 OroBapHBAaJIOCh, HMEJH JHeJo
C MpOCTPAHCTBOM Haj MOJEM BelIeCTBEHHBIX uHcesd. Psag
H3JIOKEHHBIX Bhlle DPE3YJbTAaTOB CIIpaBel/IUB AJa J060ro
ocHoBHOro nojs. Ilyis panbHefiero ocofoe sHaueHHe, KpoMme
NPOCTPAHCTBA HAa/l MNOJEM BeleCTBEeHHBIX uuces, OyleT HMeTb
MPOCTPAHCTBO Haj IOJeM KOMILIeKCHBIX uucesn. Pas6epem
coliepxaHue NpeblAyuX naparpagos IPUMEHHTEILHO K 3TOMY
cJIydalo.

1. KomnaekcHoe Jauneiinoe npoctparcTteo. Kak ykaswiBa-
jocs B § 1, BCe W3/IOKeHHble TaM pe3yJ/ibTaThl CHpPaBeJ/HBLI

*) Tloab3ysich TeM H3BECTHBIM K3 TEODHH MaTpHI (akTOM, YTO pPaHT
MaTpHIbl He MEHSeTCS NDH YMHOXeHHH €e Ha Jo0yl HeocoGeHHYIo
MaTpHily, STOT De3yJbTaT MOXKHO MOJYYHThH H HENOCPEACTBEHHO H3 BbiRe-
nenHoli B § 4 dopMynb npeoGpa3oBaHHA . MATPHLLL OHJHHEAHON ¢oOpMEI
npu H3MeHeHHH Oasuca B=C'AC. )
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I8 TIPOCTpPaHCTBA HaJ JcOHM IOJieM H, 3HaYHUT, B YACTHOCTH
JJist IPOCTPAHCTBA HAJ II0JIEM KOMIJIEKCHBIX - UHCE,

2. KoMnjekcHoe eBKJHIOBO NMPOCTPAHCTBO. KOMIIEKCHBIM
€BKJ/IUMJIOBBIM IPOCTPAHCTBOM HA3HIBAETCSI KOMILJIGKCHOE JIH-
HelHOe IPOCTPAHCTBO, B KOTODOM BBeJEHO CKaJIsipHOE IIpO-
H3BeJileHHe, T.e. KaXJO0H Iape BEKTOPOB X H Y IIOCTaBJIEHO
B COOTBETCTBHE KOMILJIEKCHOE YHCJIO (X, Y), TpHUEM BHIIOJ-
HeHBl CJeAYIOIHE aKCHOMBL:

1° (x, y)=(y, x) (mox (y, x) MBI MOHMMaeM YHCJIO, KOM-
TJIEKCHO COTIpsizKeHHOe ¢ (Y, X));

2° (Ax, y)=A(x, y);

3% (% + %55 §)=(x1, Y)+ (a5 Y);

4° (x, x) ecTb BellleCTBEHHOe HEOTPHLATEJbHOE UHCIO,
paBHOe HyJi0 Jgumb npu x=0.

W3 axkcuom 1° u 2° caenyer, uro (x, Ay)=A~(x, y). ,H,eﬁ—
CTBHTE/IBHO,

(x, Ay)=(ry, x) =M (y, x)=4(x, y).

Janee crmpaBeAsiuBO paBeBCTBO (X, y, +y,)={(x, y,)+(x, 4,)-
B camom pnene,

(%, Y1+ 43) = U1+ Yo X) = (Y1, X) + Y5 ) = (%, y,)+ (%, 5).

Axcroma 1° oTanyaeTcs OT cooTBeTcTBYIOmEN akcHombl 1°  puis
BeIECTBEHHOTO €BKJIHJ0BA TPOCTPAHCTBA; NPH NMEPEXOZE K KOMIJIEKCHOMY
NPOCTPAHCTBY MEI He MOIJIH OB COXpaHHTH akcHoMBl 1°, 2°, 4° gewe-
CTBEHHOI'O eBKJHJOBAa NpoCTpaHcTBa Ges H3MeHeHuit. B camom gene,
ecau O

(xr y)=(yr x)’
TO )
(*, A=\ (x, y).
Ho Ttorna
(Ax, Ax)=A2 (x, x);
cJIelOBaTeJIbHO, B YaCTHOCTH
" (ix, tx) —(x, x),

T. e. uHcaa (x, x) u (y, y) rae y—=ix, GblE Gbl PA3HBIX 3HAKOB, YTO
TIPOTHBOPEYHT aKkcHoMe 4°

IpuMepH KOMIJEKCHBX €BKJHLOBH X npo-
cTpaHcTB. 1. BektopoM npocrpancTBa R Mbl Ha30BeM CHCTe-
MY 71 KOMIIJIEKCHBIX guces]. CloKeHue BEKTOPOB H YMHOMKEHHe
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HX Ha YicJa onlpejeJuM OOhMHBIM oO6pasoM. CKajsipHOoe mpo-
u3BeleHHe BEKTOPOB

x=(§1, gz) ooy Ek) u y=(n1: TMNas +00s nn)
sajanuM gopmynoi
(x' y)=glﬁl+§2ﬁ2+ e +§nﬁn'

Mbl npegjocraBsisieM UMTATeN0 I[POBEPHTb, YTO AKCHOMED
1°—4° puiosHeHbl. B YacTHOCTH CKaJsipHOE DpPOH3BeJEHHE
BEeKTOpa C caMuM cobofi 3agaercsi ¢opmytof

(6, )=EE +EE ... +EE, =|E P+ ... HE 1

2. Bekrtops B HpocTpaHcTBe R ONIpeHesHM, KaK H B IpH-
mepe 1. CkanspHoe mpousBeicHHe 3ajaeM GoOpMyJoi

) —
(*, 9) =!i,§=1 a;EiMgs

rle a;—3aJaHHBle KOMILVIEKCHHE YHCJ/a, YAOBJ/IETBOPSIONLNe
YCJIOBHAM:

OL) a k—‘b_kn
B) Dlaut: £, =0 nas mobuix &, &, ..., &, oGpamaerca
B Hy.ﬂb anms Oope §, =E,=...=§,=0.

3. Bexrtopamu npocrpasctsa R Met 6yAeM cuutath QyHK-
uHH oOT ¢, sajaHHble Ha ortpeske [a, b] H npuEHMaOIHe
KOMIJIEKCHHle 3HaueHHs. CkaJfgpHOe NPOH3BeJileHHe JABYX
Takux QyHKUHMA onpefeanM GopMyJaoi

b
¢, etn={Fg@ar.

MoxHo NpOBEPUTH, YTO BCE AKCHOMbI CKAJSIPHOIO NPOH3BE-
JieHus TIpH 3TOM BBINIOJIHECHEL.

Haunoll eexmopa x Ha30BEM V(x, x). U3 akcuoms 4°
cjenyer, 4TO AJAMHA BEKTOpa HEOTPHIATe/ibHAa M obpamiaercs
B HyJb JIMIIb IJs HyJdeBOro BekTopa. Tak Kak cKaJspHOe
IIpOM3BEJEHHE NBYX BEKTOPOB, BOOOIIE IOBOPS, KOMILIEKCHO,
TO MbI He GyIeM ompefiesifiTh YIJa MeXAy BEKTOpaMH, a BBe-
AeM JIHIb TOHATHE OPTOrOHAJbHOCTH ABYX BEKTODOB.

Bexmopst X W Y HQ3LI6AIOMCA  OPIMOSOHAAGHBIMUL,  €CAU

x, y)=0
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3. Oprororanbupiiit 6azuc. H3omopphU3M KOMNJIEKCHBIX
€BKJHIOBLIX NpocTpancTB. OpPTOrOHAJbHBIM Ga3HCOM B n-Mep-
HOM KOMIIJIEKCHOM €BKJIHJOBOM HPOCTPAHCTBE HA3KIBAETCS
COBOKYITHOCTh 7 TOMAPHO OPTOTOHAJBHEIX HE DPAaBHEIX HYJIO

BEKTOPOB ¢,, €,, ..., &,. 14K Xe, KaK H B § 3, JokassBaeTcH,
YTO BEKTODHI €, €,, ..., €, JUHEHHO HE3aBHCHUMEHI, T.e. obpa-
3ytoT 6asuc.

CymecTBOBaHME OPTOTOHAJNBHOro 6a3Hca B KOMILIEKCHOM
n-MePHOM €BKJIHJIOBOM IIPOCTPAHCTBe [0KasblBaeTcsl IMPOoIec-
COM OPTOTrOHAJIH3alHH, B TOYHOCTH COBIAJAIOMHM C IpHBE-
IeHusM B § 3.

BeipasuMm cKajspHOe NpOH3BeJeHHe ABYX BEKTOPOB X H §f
uyepe3 HX KoopauHatht &, &, ..., &, H My, My ooy T
B OpPTOTOHaJLHOM HOPMHPOBaHHOM 6asuce. Mel umeem:

x=8e,+8e-t...+Ee, U y=me +net ... +ne,
Torna

(x, ) =Eer + &+ ... +Enen ey "*‘_nzez + ... +nnen)_=_'"

= §1"11 +§zn2 ... +§n"ln-
(Cp. npumep 1 storo maparpada.)
Bripasum KoopawHAaTHL &; BeKTOpa X B OPTOrOHAJLHOM
HOPDMHDOBaHHOM 0a3uce uepe3 BeKTOpPH! 0asmca H caM Bek-
Top x. Mmeem:

x=§161+gzez+ fee +§ne .

YMHOXKAsi CKaJspHO ofe YacTH paBEeHCTBA Ha ¢;, NOJYIHM!
(x,e)=E,(e;, e)+E, (e €)+...+E; (s €)+. .. +E, (ens )
WK

(xv ei) = E'i'

Tak xe, Kak U B § 3, TOKa3bIBaeTCs, YTO BCe KOMILJIEKCHEI@
€BKJIMJIOBE NPOCTPAHCTBA JaHHOIO YHCJAA H3MEpPeHHH N H30-
MopdbHEL MeXAY coGof.

4. buanHedHbie M KpafpatHuHble ¢opmbi. Bce onpenene-
HuA (nuHeHHOH (YHKIHMH, KBaJpaTHYHOH (OPMEI H T. 1.),
BBelleHHbIe B § 4 (32 MCKJ/IOYEHHEM TOHSITHS MOJOXUTENbHON
ornpefieIeHHOCTH), HMEIOT CMBICJ /IS JTHHEHHOTO MpPOCTPaHCTBA
HaJ NoGEIM T0JeM, B TOM YHCJE H Haj IoJIeM KOMIJIEKCHBIX
unces1. OfHaKo B cJyyae KOMIJIEKCHOTO JIMHEHHOTO IIpo-
CTPAHCTBA MOXHO €lile NO-APYroMy BBECTH STH MOHATHA; AJA
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Hac HMEHHO 3TOT BTOPO# cnocof Oyaer naxke Gojee cylie-
CTBEHHEIM.

Jlunefinble GyHKUHMH NepBOrO0 H BTOPOTO
pona. OyHKIHSA, CTaBsillasd B COOTBETCTBHE KAKIOMY BEK-
TOPY KOMILAGKCHOE YHCJO, HA3HIBAETCHA AUHEUROU ynkyued
nepgoeo poda, ec/IM OHAa YIOBJIETBOP €T CJAEAYIOMIIM YC/AOBH AM:

1° fx+y)=Ff@)+F©),
2° [ (Ax) =Af (x).

3To coBnajaer c onpejejieHneM JuHeAHOH GpyHkuHY B § 4.
Junelinot pynxyueii smopoeo poda HaspBaeTcd QyHKUUSA,
YAOBJIETBOPSAIOLIAA YCJIOBHSM

1° Fa+y=F@-+Ffw),
2 f (Ax) =Af (x).

Tak ke, Kak ¥ B § 4, MOXHO JAOKa3aTh, YTO BCAKAS
JuHefnas (YHKIHS NepBoro poaa MoxKeT OHTH 3alHcaHa
B BHJe :

f)=at +ak,+ ... +ak,

rae §;—KOOpAMHATHL BeKTOpa . X B 0Oasuce e, e, ..., €
a g;— NocTosHHbE, a;=f (e;).

Besikaa xe nnHelRHaa GyHKUHS BTOPOTrO poja MoOxeT CblTh
samycaHa B BHIE ‘

f(x)=bF +bE,+ ... +bE,

OueBupgHO, 4TO ecad [ (x)—JiuHeliHan . GyHKUHUS . 1€pBOro
pora, To f(x)—auHeHHaa QYHKIHsA BTOPOro poia.

Kak Owisio onpejlesieHo Beiie (m. 2, § 4), Gununefisoil
GbyHKUHeH HasblBaeTcsl (PYHKLHS JBYX BeKTopos A (x; y),
JMHeHHAsi TO KaxJAoMy H3 aprymeHToB. Hasnuune B Komm-
JIEKCHOM IIPOCTPaHCTBE JBYX THNOB JIMHEHHBIX (QyHKIMA
NPUBCAAT K CYIIECTBOBAHHIO WEJBIX YETbIpeX THNOB Ouau-
HeHHBIX (PYyHKLHII— JUHEHHBIX HEPBOIO poja H Mo X H Mo y,
IepBOro poja Mo X H BTOPOro poja Mo y, BTOPOro poja no
X ¥ TepBoro 1o y H BTOPOro poja no o0OHM apryMeHTaM.
[Ho TpeTM#i u ueTBEpPTHIH THUMBL KOMIJIEKCHO COIIPSIKCHEL
COOTBETCTBEHHO KO BTOPOMY H NepBOMY, a GUauHeHHbie (yHK-
IlMM NEPBOTO THNA ONPeleNsiloTCs B KOMIJIEKCHOM TpOCTpaH-
ctBe OYKBaJbHO TAaK Xe, Kak M B BellecTBeHHOM. IlcaTomy
MBI OCTAHOBHMCS NoApo0Hee JiHIUb Ha OHJHHEHHBIX ¢opmax

ne



§ 8] KOMIJIEKCHOE N-MEPHOE NPOCTPAHCTBO 89

proporo THma. Jljs KpatkocTd OyjeM HaskiBaTb HX IPOCTO
6ununeiinoiMH. MTak, BBeleM cienyiwluee onpepeneHue:
Onpeneanenne 1. Bydem eosopums, umo A (x; y) ecmo
buruneinan ynxyus (gopma) om eexmopos x u y, eciu
1° npu ¢urcuposanrom y A (x; y) ecme aunelinas pynk-
yus nepeozo poda om x;
2° npu ¢urcuposarom x A (x; y) ecmov AuHelHAS (PYHK-
yusa emopoeo poda om y. Vlau, nxauve:

I° A(xl +x2; y)=A(x1; y)‘l‘A(xz; y):
A(Ax; y)=AA(x; y),
2° A g +9)=Ax; )+ A% y,),

A(x; py)=pA(x; y).
[TlpumepoM OuauHeRHOH GYHKIHH SBJSETCS CKaJspHOE
npousBefieHNe B KOMIJIEKCHOM €BK/JIHJOBOM NPOCTPAHCTBE
A(x y)=(x, ),

paccMaTpHBaeMoe KaK (YHKIUHMA BEeKTOpOB x M y. [pyrum
npuMepoM GHHHeHHOH QOPMBI B KOMIIJIEKCHOM NPOCTPAHCTBE
AIB15ETCS BEIPAXKEHHE

A(x; !/)=i_;ll ek Mg
paccMaTpuBaeMoe Kak (YHKIHS BEKTOPOB
x=§161+§232+ s +gnen H =M€ + N8+ ... +1,e,

Jlerko npoBepHTEL, YTO YCJOBHSA, ONpelesiouHe GHANHEAHYIO
(YHKUMIO, TIPH 5TOM BbITIOJIHEHBI.

[lycts ey, €,, ..., e,—HEKOTOpHII Gasuc B n-MEepHOM
KOMILJIEKCHOM npoctpaHcTtBe. Ilycre A (x; y) —Ouauneiinas
¢dopMa, x ¥ y MOXKHO 3alHCaTh B BHIE

x=te, 8+ ... FE8 y=me + 18,4+ ...+ e,
Torna

A (x; y) = A (glel+§2ez_l_ L +§nen; 7]161"}'7]232—*‘ . _‘_nnen):
=, kZ_l EmeA (e ep).
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Marpuna ||a;, || us uncen
ap=Al(e; &)

HasuiBaeTcs mampuyeli 6uruneiizol gopmer A (x; y) B Gasuce
€1y €ys «vny €y

Ecan B Guauneiinoft dopme A (x; y) NOJOKHTb Yy =X, TO
nonyuntcs ¢yskuus A (x; x), HaspiBaemas KeadpamusHol
¢opmoti (B KoMIJeKcHOM npocrpancTee). CrpaBenanBo cJe-
LYIOliee YTBEpIKICHHE!

Beskas  6usureiinan @opma O0OHOZHAYHO onpedeisiemicA
ceoeti keadpamuinoll gopmod *).

Jokazartenbcrpo. [Ilycte A (x; x)—xkBagpaTHuxas
thopMa, a X B Yy — NPOM3BOJILHEE BEKTOPH. JIerKo HPOBEpHTS,
UYTO UMeeT MECTO TOMKIAECTBO **)

Ax; y)=-i—{A (+y x+y)+id(x+iy; x+iy)—
—A(x—y, x—y)—iA(x—iy; x—iy)}. (1)

Belpaxenue, crosimiee cnpaBa B ¢opmyae (1), mpeacraBiser
co60ii KOMOWHALHWIO 3HAUEHHH KBaJpaTHUHOH ¢QOopMbl AJjd
BEeKTOpoB X+ ¥, x—Y, x+iy B x—iy. Chepa CTOHT 3HAYCHHE
OunuHeiHOH ¢GOpMBL AJI NPON3BOJILHBIX BEKTOPOB X H .
Takum ob6pa3oMm, GunuHeliHas ¢opMa ONHO3HAYHO Onpefe-
JseTca cBOeH KBajpaTH4YHOH ¢opMmoil.

Onpepenenue 2. buauneldnas Gopma Hassieaemes
apmumosol, ecau

Al y)=A(y; x).

310 MOHATHE SBJISETCA aHAJOrOM NOHSATHSA CHMMETpPHY-
Hol OusunefiHON (POPMHl B BEILIECTBEHHOM €BKJIHIOBOM HpO-
CTPaHCTBe.

Hdas toro uro6nt ¢opMa A (x; y) O6bina 3pMHTOBO#H, HeOG-
XOIMMO H JIOCTATOUHO, 4TOOH ee MarpHia [l a; [| B KakoM-1u6o
6asuce YAOBJETBODPSAJ/IA YCJIOBHIO

Qi = Qg

*) B oraumune or ompeneseHHHX B § 4 dopM B BemecTBeHHOM
IPOCTPAHCTBE, JI/I KOTOPEIX COOTBETCTBYIOMES YTREPKACHHE CNpaBe/JIHBO
JIMIL A CHMMETPHUHBIX GHJHHEHHLIX (OpM. _

**) Uphrateas foJiKeH NOMHATH, u4To A (x; Ay)=AA(x; y) u, cje-
LoBaTeslbHO, B yactHoctH, A (x; iy)=—iA(x; y)- :
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JeficTBuTenbHO, ecau ¢opMa A (x; y) SPMHTOBA, TO
ap=Ale; er) = A (e €) = ;.
O6paTHO, ec/H a;=4a;, TO

A(x; y)= ZaskEmk =X amEi =AY %) ‘
3ameuaHnue. Ecin B KakoM-1160 6asuce MaTpuia 61~
HeHHOH (JOpPMBI YIOBJETBOPSET YCJAOBHIO @ ==ap;, TO 3TO XKe

YCJIOBHE BBIIOJIHEHO JJIst MATPHIEL 3TOH GHIMHEHHOH GOPMHL H
B JnoGoMm apyrom Gasuce. B camoM Jesie, eciM B KAKOM-JHOO

Gasuce paBEeHCTBO a;;, = ,; UMeeT MecTo, TO A (X, y) ABIsAeTCS
5pMHTOBOH OuJiHHeHHOH GOpMOH; HO Torja U B JI0GOM JPYIoM
6asuce a;, =a,;.

Ecan 6ununefiHas ¢opMa 3pMHTOBa, TO COOTBETCTBYIOLIAA
efl KBajpaTHuHas (opMa TOXe HA3LIBAETCS IPMHUTOBOH.

Hasn moeo umobor Ouaunetinas gopma A (x; y) Oviia
apmumosoti, Heobxodumo u Jdocrmamouno, 4mober A (x; X)
ObLa0 GeuiecmeeHNO 04 MOB020 8eKMIOPA X.

HokasareabcTBo. Ilycts ¢opma A (x; y) spMmurosa,

T. e. A{x; y)=A(y; x). Toraa, nonaras x=y, nojysaem:
Ax; x)=A(x; x),

T. €. uncao A (x; x) paBHO CBOeMy CONpPSKEHHOMY H, 3HAumT,
peutecTBeHHo. O6patHo, nyctb A (x; x) BemecTBeHHO AJs JIo-
6oro sekropa x. Torna A(x-+y;, x+y), A(x-+iy; x-+iy),
A{x—y; x—y), A{x—iy, x— iy) BelleCTBEHHH], U TO3TOMY
u3 dopmyas (1) HemocpeACTBeHHO BHJHO, YTO BhIpaXKeHusd
A(x;y) 1 A(y; x) ABASIOTCS KOMIIEKCHO CONPKEHHEIMH.

CunepnctrBue. Keadpamuunas (Gopma 3pmumoea 8 mom
IL MOAbKO 8 mMOM caydde, Koe0ad OHA NPUHUMAEM MOALKO
BELECMBEHHbIe 3HOMERUSL.

JleHcTBHTEILHO, TOJLKO 9TC OHLIO JA0OKAa3aHo, 4UTO AAf
5pMHTOBOCTH OHJHHefHOR ¢opmbl A (x; y) HeOGXOLHUMO H JO-
.cTatoyHo, uToOBl A (x; x) OblNa BellecTBeHHa JJAS BCeX X.

[lpumepoM 3pMHTOBOH KBaJApaTudynoH ¢opMbl dBJAETCH
¢opma

A(x; x)=(x, x),

rae (x, X) O3HauaeT CKaJsfpHOe INPOH3BEJeHHE BEKTOpa X



92 N-MEPHOE IIPOCTPAHCTBO [T 1

¢ caMuM cobofl. [lefictBuTenbHO, akcHOMB 1°—3° ckasApHOrO
NpOW3BEJEHHs] B KOMILJIEKCHOM €BKJHIOBOM IIPOCTPAHCTBE
03HAualoT, 4TO (X, y) ecTh pMHTOBA GHJMHeHHas ¢opMa, H
nosToMy (X, X) €cThb SPMHTOBa KBajpaTuuHas dopma.

Ecau, xak 1 B § 4, HasBath IOJIOXKHTEJILHO OMpeleseH-
HOH KBaJpaTHUHYIO (OpMY, YJAOBJIETBOPSIOILIYIO YCJIOBHIO

A(x;x) >0 npn x50,

TO KOMILJIEKCHOE €BKJIHJOBO IPOCTPAHCTBO MOMKHO ONpee/IuTh
KaK KOMIIJIEKCHOE JHHefHOe POCTPaHCTBO, B KOTOPOM 3alaHa
N0JIOKHTEbHO Ollpefie/leHHAS 3PMUTOBa KBapaTiHuHas ¢opma.

AnajlornuHO TOMYy, KaK 3TO CJIeJ1aHO B BEHIECTBEHHOM IIPO-
CTPAaHCTBE, MOXKHO NOKa3aTh, uto ecad A u B cyrs Marpu-
nbl 6uauHefiHol ¢opmbl A (X; y) COOTBETCTBEHHO B 6asHcax

€ €y -ws € U fi, for oo, [ TO

B = C*AC,
rae C—wMarpHiua nepexoja ot 6asuca e, €, ..., €, K 6asucy
fio for ooy [ @ C*—mMarpuua, TPAHCIOHHPOBAHHAA W KOM-

nJAeKCHO-conpsixkeHHas k Marpuue C.
5. lipusegenue KBajpaTu4Hoit c¢opmbl K CyMMe KBaapaToOB.
Teopema 1. Ilyeme A(x; x)—apmumosa Keadpamuu-
Hai chopma 8 KOMNAeKCHOM athpunHnoM npocmparcmse R.
Tozda 6 R cywecmsyem Oasuc e, e,, ..., €, 8 KOMOPoM
ama Keadpamuunaa ¢hopma umeem 8ud

A (x; x)=M0EE + 3‘{2&2&2 4 HREE,
ede );— sewjecrneenot.

JokasateJbCTBO MOXHO NMOJYYHTh, IEPEHOCS HOUTH
ROCJIOBHO [0Ka3aTeJbCTBO COOTBETCTBYIOMIEH TEOpeMbi B Belile-
CTBEHHOM IIpPQCTpaHCTBe. '

Onnako BBHLY TOro, uto B § 5 3TO J0Ka3aTeAbCTBG H3J0-
XKeHo Ge3 YSCHEHHs €Tro eoMeTPHUeCKOH CTOPOHBI, MHL 3/1ech
BKpaTHe IIOBTOPHM 3TO JOKa3aTesJbCTBO B HHOM, GoJlee reome-
TPHUYECKOM, H3JI0XKeHHH. s aToro Mel GyeM OJMHH 3a APYTHUM
BHOMpAaTh BEKTOPH TOTO Gasuca, B Koropom ¢opMa IPHBO-
JUTCS K CYMMe KBaJpaToB. '

BriGepem BekTOp e, Tak, uto A (e;; ;) 7= 0; 5T0 BO3MOXKHO,
TaK KaK B TPOTHBHOM CJyyae Mbl HMead 66 A (x; x) =0 ans
J060ro X, a CJelloBaTe IbHO, B cuay opmydbl (1), u A (x; 1)=0.
B (n—1)-meproM npocrpanctse RW, cocTosmleM H3 BEKTO-



§ 8] KOMITJIEKCHOE n-MEPHOE I1POCTPAHCTEO 93

POB X, yIOBJeTBOp AtOHX yc/oBHIO A (e;; x) =0, BrOepeM Bek-
TOp e, TakoH, uto A (e, e,) =0, u T. A. 3rOT IpoIEcE NMpo-
JOJIKHM IO TeX IOop, NOKA Mbl He NpHJEM K NOANpPOCTpPaH-
crBy R™, B kotopom A(x; y)=0 (R MoxkeT oKasaTbCsl
COCTOAMIMM JHIIL H3 HyJas). Ecan R'MY oTJHYHO OT HYyJd, TO
BpilepEM B HEM I1IDOU3BOJIbHBIH Oa3HC €,.q, €450 v -) 4o
BmecTe ¢ mocTpOeHHBIMH BEKTODaMH e, €, ..., &, OHH 00pa-
sytor 6asuc e, e,, ..., ¢, Bcero R.
Mo nmoctpoenuro

Ae; e,)=0 maa i<k,
a 3HaydT, B CHJY SPMHTOBOCTH ¢opMul A (x; y),

A, e)=0 u gaa i>k,
T. €.

Aese,)=0 nna i<k

TlosTomy, ecan

x=te,+Ee+...+Ee,

-_— HpOH3BOJIbHHﬁ BEKTOp, TO
A(x; ) =EE A (e; ) +EEA (e &)+ .. . +EE A (en 2,).

Tlpu stoMm uucaa A (e;; e;) BEUIECTBEHHE], KaK 3HAYEHH 51 3PMH-
TOBOH KpajiparuuHo#i ¢opMel. OGosnauas A (e; e;) uepes A,
HMeeM:

A (x; X) =)"1§1_gl+7”2gzzz+ s —I'}"ngn?gn:
C=MIE A E P A B

6. Ilpuseenre spMHTOBOI KBaApaTHUYHOH (OPMBI K CyMMe
KBAJPaTOB TPEyroJbHeiM npeoGpasosanuem. Ilycrs A (x; x) —
SDMHTOBA KBajpaThuHas ¢GopMa B KOMIJIEKCHOM JIHHEHHOM
NPOCTPAHCTBE H €, &,, ..., &,—06asuc. Mel 6yzeM npearnoa-
rathb, 4TO ONpejesIUTENH

Ay Gy,-..44,
yy Ay,

A =a A, =
1 112 2 a a
21 22

A,y Ayy...0
s e, An: 21 Yag 2n

aﬂl aﬂ?' * 'ann

rae a;, = A(e; e,) oranuust ot uyas. Torna, Tak e Kak H
B § 6, Mol MoxeM HamucaTb (OpMYJay s HAXOXKAEHHS
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6a31CcoB, B KOTOPHIX KBajpaTHyHasa (opMa NPHBONUTCH K CyMMe
KBaApatoB. 318 ¢OPMYJB B TOYHOCTH COBNRJAIOT ¢ (OpMy-
namd (3) u (6) § 6. [Ipn sToM cama KBajgpaTHuHas ¢opma
B HOBOM (asuce HMMeeT BHJ

A

A ) =2IRP+ R+ T2 RE @

rie A,=1. Orcioma, B YaCTHOCTH, CJENYET, UTO ONpeNe/in-
Teqan A;, A,, ..., A, BellecTBeHHH; AeHCTBHTEJNBHO, €CJH
3PMHTOBa KBaJpaTUYHasi opMa IpHBelieHa K KAHOHHYECKOMY
Buny (2), To koapdunuentsr A; paeant A{e; e;) 4 Bemecr-
BEHHEL

Yunpaxunenue. JloxazaTp HENOCPeJCTBEHHO, 4YTO €CJH KBaipa-
tHudas dopma A (x; X} spmuTOBa, TO onpenenuTeaH Ay, Az ..., Ap
BeIeCTBEHHbI.

Tak e, kak # B § 6, MU oJydaeM, 4To 028 Mo2o 4mobsl
apmumosa Keadpamuunas opua A (x; x) Ooaa  nosowu-
meabHo onpedeneHHoll, Heobxodumo u Jocmamouno, 4mobel
nocmpoensvie no mell onpedeaumesu Ay, A,, ..., A, Gouau
_ NOAOHCUINEALHDL. :

Hucao ompuyamenorsix Kosgpuyuermos npu keadpamax
8 KaHOHUYeCKOM 6tide 3pmumosoti xeadpanudroid Gopmot
POBHO HUCAY NEPeMer BHAKA 8 NOCAE008QMEALROCMIL Onpe-
Oeaumeneti

1, A, Ay oty A

7. 3akon usepuuu. Miveer MecTo Teopema, I0Ka3aTe/bCTBO
KOTOpO#l HHYeM He OTJHYAeTCs OT JOKa3aTe]bCTBA COOTBET-
CTBYyIOUIEH TeopeMbl B § 7:

Teopema 2. Ecau spmumosa keadpamuunas gopma
umeem ¢ Jeyx 6asucax KawoHudeckuld 6ud, mo 4uUCA0 H0AC-
HCUMEABHBIX, OMPUYAMEAbROIX 1 HYAEBHX  KOIppuyuenmos
8 oboux cayqanax o0HO U Mo Me.

[lonaTue paHra xBajgpaTHyHOH (GOpMbI, BBeJeHHOEe HaMH
B § 7 Aaa cJydad BeUleCTBEHHOrO HpPOCTPAHCTBA, NEPEHO-
curcsi 6e3 M3MEHEHHMH M Ha KOMILIGKCHHIA cJyuyaH.

ne



FrTABA I
JIMHEWHDIE MPEOGPA30BAHMS

§ 9. JIuneiinbie npeo6pa3oBaHHs M ONEPAUHM HAX HUMH

1. GcroBuble onpefeaenus. B npenpiayieii riaase Mul H3y-
wyand QYHKOHH B #-MEPHOM JHHEHHOM NPOCTPAHCTBE, TPHHU~
MarolllHe YHCIEHHbIe 3HaueHHs (JHHeHHbIe (DYHKUHH, KBaJipa-
THYHBIE B T. A.). Ho B pAse cayuaeB BO3HHKaeT HOTPeOGHOCTh
paccMarpuBaTh (QYHKUHH APYroro THNAa, a MMEeHHO, GyHKIHH,
KOTOpbI€ TOYKaM NPOCTPAHCTBA CTABAT B COOTBETCTBHE CHOBA
" TOYKH TOFO JKe NpOoCTPaHcTBa (a He umcJja). Ilpocreiimnmy
cpein GYHKUHMH TAaKOTO PoAa SBASAIOTCH JIHHeiiHbe Tpeobpa-
30BaHHUA.

Onpenenenne 1. Ilycmo xamdomy sexmopy x n-mep-
HO20 NPOCMPARCMEa NOCIMAGAEH 8 COOmeemcmeiue 6eKmop Y
amoao e npocmpancmeq. Pymxyuwo y= A(x) mer Hadosem
npeobpasoearuem npocmpancmea R.

Il peobpazosanue A HO3bi6aeMCS AUHEUHBIM, €CAL 8bIHO0A-
Hetbl caedyrowue Ycaosus:

1° A (xl +x2) =4 (xl) + A (xz)r
g0 A (hx) = A A (%),

Tam, rae 370 He CMOXKET NPHBECTH K HeIOpa3yMeHHAM,
“Bmecto A (x) mbl Gyrem mucath Ax.

[Ipumepuni. 1. PaccMoTpum TpexmepHOe eBKJHAOBO Npo-
CTpaHCTBO R M B HeM Ipeo0GpasoBanue, COCTOALICe B IIOBO-
pore R BOKPYI KakOH-AHG0 OCH, NPOXOASEH uepes Hy.lb.
KaxnoMy BEKTODY X CTaBHTCS B COOTBETCTBHE BeKTOp Ax,
NONyUeHHBA M3 Hero JaHHKIM HOBOPOTOM. ¥YcaoBus 1° u 29
nposepsiiorcst 6e3s Tpyxa. Ilpoeepum, Hanpumep, ycaosue 1°,
A (x,+x,) O3HayaeT, YTO BEKTOPH X; H X, CHaUaAa CKJIaIbl-
BalOTCH, a 3aTeM TOJYy4eHHBIl BeKTOpP MOBOPAaYHBAETCA.
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Ax, -+ Ax, o3HauaeT, yTO BEKTOPH X, H X, CrepBa IOBOpa-
YUBAlOTCH, a 3aTeM CKJajbBaioTcs. SIcHO, uTo B 0GOHX Cay-
4afx pesyJbTaT OJHH H TOT XKe.

2. Ilyere R’ —wHexkoropass OJIOCKOCTh B TPEXMEPHOM Ipo-
crpaHcTBe R, npoxopsmas yepes HyJb. [locTaBuM B cooTBeT-
CTBHE KaXKJOMYy BEKTOPY ¥ ero mpoekuuio x'= Ax Ha 3Ty
NJOCKOCTh, YcaoBHsA 1° u 2° onsiTh JIerko NpPOBEPSIOTCH.
Hanpumep, 1° osnayaer, 4yTO NPOEKLMS CYMMEI pAaBHA CyMMe
I pOeKIHH.

3. Paccmorpum adduHHOe r-MepHOe TPOCTPaHCTBO, B KOTO-
pOM BEKTOpP olpejeseH KaK COBOKYIHOCTb M UHCEJ.

[lyers |l gy, | —HekoTOpasi Matpuna. IloctaBuM B cOOTBET-
CTBHE KaXKJIOMY BEKTOPY '

x'_:(gp %2, sy gn)
BEKTOP
!/=Ax=(7h» Moy <o es TIn)»
rAe€ 1); BBIUHCAAIOTCA MO QJOpMYJIaM

N == 2 AixEpe
k=1

YenoBus 1° u 2°, onpenensiomue ArHelinoe npeo6paso-
Banue, nposepswTcs 6es Tpyja.

4. PaccMOTpHM n-MepHOE NPOCTPAHCTBO, 3JeMeHTaMu Ko-
TOPOro SIBJISIIOTCA MHOTOYJIGHBI CTeNeHH < n— 1.

TToaoxum

AP (t)y =P’ (1),

tne P’ (f)—npowussonHas MHoroujgeHa P (f).
310 npeobpasoBaHue — IHHeHHoe. JleHCTBHTEIBHO,

P (P (D) + P, (1)) = PL()+ P (2),
2 (AP (1)) = AP’ (8).

5. PaccMOTpUM MPOCTPAHCTBO, B “KOTOPOM BEKTOPAMH HR-
asiorcsl HenpepbiBHble GYHKUHA [ (), 0<Cf<C 1. [Nonoxum

.
Af @ty ={fwar.
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IlpeoGpasoBanne A-—nuneiinoe. JeftcTBUTENbHO,
i

1 A+ = h@+@)d=

0
[2 t

= hwart (@ dv= a8+ 41,

0 0
t t

2 AM ={M@di=2 {f)di=24f.

0 ]

6. PaccMOTpHM TO Xe IIPOCTPAHCTBO, YTO M B Ipumepe 5.
Ilycrb & (f, s)—HenpepriBHAast QYHKILMSA, 3alaHHast B KBagpare
01, 0Cs< 1. Togoxum

1

e=AF )=\ k(t, 9] (93s.

0

ITposepbTe camu, yTo 3TO NmpeobGpasoBaHHE JHHEHHO.

Cpenu JuHeAHBIX NpeoOpa3oBaHHU OCOGYI0 POJb HrPalOT
cienyiollde IpoCcThie NpecOGpasoBaHust:

Edunuunoe npeobpasosanue E, craBsimee B COOTBETCTBHE
KaXJOMY BEKTODY 3TOT e caMblii BeKTOp, T. &,

Ex=x.

Hyaesoe npeobpasosariue O, cTapsiiee B COOTBETCTBHE KaXK-
JOMY BeKTOPY X HYJIEBOH BeKTOp:

Ox=0.

2. CB3b MeXAy MATpHUAMH U JMHEHAHBIMH npeoGpa3oBa-
Huamu. Ilycte e, e, ..., €,— HEKOTODHIHA 6a3uc B n-MEPHOM
npocrpanctee R u A—uHefiHoe npeoGpasoBanue B R.

Hasn  moboix n eexmopos g, 8., ..., 8. Cyuecmsyem
00HO U mOAbKO O0HO auHelHoe npeobpasceanue A, maxoe,
4mo

Ae, =g, Ae,=g,, ..., Ae,=g,.
IokaxeM 370. IlokaxkeM cHauana, uto npeoGpasosanue A

OJHO3HA4YHO omnpeje/dsiercs BeKTopamu Ae,, Ae,, ..., Ae,.
JeficTBUTENBHO, NYCTh

x=§lel+§2e,—l—...+§ne,, (1)
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— npoussoabHLf BekTop W3 R. Torza

Ax=A (glel + Ezez + v +Enen) =
=E,Ae, +E,Ae, ... +E, e, 2)

M, cnejoBatesibHO, Ax OJHO3HauHO ompejessierca no Ae,
Ae,, ..., Ae,.

Tenepr mokxakem, uTo A/Il BCAKUX EE€KTODOB g, &ys « + -2 &n
CYILeCTBYeT JinHeliHoe npecOpasopanue A, Taxkoe, uto Ae; = g,.
g 3TOr0 MOCTaBHM B COOTEETCTBHE EEKTODAaM €; BEKTODHL g3
NPOU3BOJNILHOMY K€ BeXTOpy x=§e | ...-E,e, mocTaBUM
B COOTBETCTBHE EBeKTop §,g,-+ ...-+&,8,- Tak Kak BexTop x
BHIPAKaeTCs 4epe3 €; ONHO3HAaYHO, TO €My CTABHTCH B COOTEET-
CTBHE BIIOJIHE ompejeneHHH BekTop Ax. Jlerko npoeseputs,
YTO TaK ONpejeneHHoe npeofpasobaHHe A JHHEHHO.

O6o3naunM KOOpAHHATEL BEKTOpa g, B Gasuce e, €,, ..., €,
UePe3 Qyp, Qupy oo ey Augy T. €. TOJOKHM
n
gr=Ae,= 12 Q;pe;. @)
=1
CoBOKYNHOCTB UHCed @, (i, k=1, 2, ..., n) o6pasyer maTpuuy

KOTOPYIO MBI HAa30BeM mMampuyell Aunelinozo npeobpasosa-
nus A 8 6asuce e, €, ..., e,.

Wrtak, Mbr JoKa3ajy, 4to npu 3adanrom 6asuce e,, e,, . . ., e,
Kaxcoomy auneldHomy npeobpasoeanuro A 00HO3HAUHO coom-
gememsyern  mampuya | a;\l, H, obpaTHo, kaxcdold mam-
puye | a;, || 00HO3HALHO omeewaem auHeliHoe npeobpasosarie,
onpedeasemoe opmyramu (3), (1), (2).

Mu BupuM, TakuM 06pasoM, YTO JHHeHHEEe npeoOpa3oBa-
HHf MOXHO ONHCHBATh C IIOMOUIbIO MAaTPHL H MarpHUbI
ABJASIOTCH TeM aHAJHTHYECKHM anliapaTtoM, C MOMOUILIO KOTO-
poro H3yvatorcsi JHHeHHble Npeo6pa3oBaHHg B KOHEYHOMEp-
HBIX IPOCTPaHCTBAaX.

3ameTsM, YTO NpH H3Mej\ieHHH 6a3uca Marpuua, COOTBET-
CTBylOWas JAaHHOMY JHMHeHHOMY npeoGpa3oBaHuio, BooGLle
FOBOPS, H3MEHHTCH.

Ilpumepn. 1. IlycTe R—rTpexMepHoe IIPOCTPAaHCTBO,
A — nnnefiHoe npeoGpasoBanue, COCTOSMIEE B IPOEKTHPOBAHHH
Kaxaoro Eekropa Ha njockocte XY. IlpumeMm 3a Gasuc



§ 91 JIMHEWHBIE [MPEOBPA3SOBAHUS W OMNEPALIMY HAZ HUMHU 99

eMHAYHbIE BEKTOPH e,, €,, €,, HalpaBJEHHLIE IO OCAM KOOp-
munar. Torga

Ae, =e,, Ae,—=e, Ae,=0,
T. e. Marpuua npeobpasoBanus A B 3TOM 6a3uce HMeeT B[

100
010 .
000’

Ynpaxuenne. Hafirn marpuuy toro xe mnpeoGpasosanust B 6a-
suce ey, ey, €3, e
e;:el, e;:eg, e3=e; ey 1 e;.
2. Ilycrp E—epuHUYHOE NpeoOpa3oBaHHe U €, €,, ...
..., e,~—06asuc B R. Toraa
Ae;=¢; (i=1,2,...,n),
T. €. MaTpuila eIVNHHYHOrOo Npeobpa3oBaHUA B JTOGOM Gasice
uMeeT BHJL
10...0
01..

00...1

Jlerko Takxe BHIETH, YTO MaTPHIa HYJeEBOro npeofpasopa-
HHA B Jo6oM (Gasuce COCTOMT CILIOWb H3 HYJeH.

3. Ilyers R —npocTpaHCTBO MHOI'OU/IEHOB CTENeHH <Cn— 1.
Ipeo6pasopanne A— auddepeHnuposaHue, 1. €.

AP (£) =P’ (§).

BuiGepem B R Gasuc ciaegymomuM oGpasoM:

t2 fn—1
=1, e=t e=q, or €= e
Torza
Ae,=1'=0, Ae,=1'=1=e, Ae3=(’2—“)’=t=e2,

cony dey= <(::;)l)l =(::;)l =€,
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TakuM obpasoM, Mmarpuna npeofpasoBanusa A B 3TOM Gasuce
HMeeT BUJ

010... 0)
0o0t1...0
000...1
000...0

Ilycts A-—nunefinoe npeoOpasoBaHue, ¢, e,, .. ., e, —0a-

3uc B R u |la;|| —marpuna npeofpasoBannsi A B sTOM 6a-
zuce. Ilyctb

x=8e +Ee,+ ... +Ee, 4)

Ax=m.e,+ M8, + ... + 1,8, (4)

Haiizem BepaxeHHe KOOPAMHAT M, N, ..., N, BekTopa Ax
yepe3 KoopauHaTh &, &, ..., §, Bekropa x. Mmeem:

Ax=A e, +Ee,+ ... +Ee,)=
=& (@8 +ane+ ... +a,6,) 4
+ E‘Z (alzel _l- aZze‘z + R + aIIZen) +
+ En (alnel + 3,8y 4.t annen) =
= (au%x + amgz 4. +a1n§n) e+
+ (@8, + a5k, + . - a8 e+

+ (anlgl +an2§2 + v +ahn§n) €y -
CuoefoBarenibHO, cpaBHUBadA ¢ (4'), noaydaem:

M =08 +a,5+ ... +a,t,,
N, = a21§1 + azzgz + .. +a2ngm

...........

Hnau Kopoqe:
z .
n= k21 ?ikgk' (5)

Takum ofpasom: ecau auneiinoe npeobpasosarue A umeem
6 OanHom basuce ey, €, ..., e, mampuyy |la,ll, mo Gaguc-





