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neaeHo. Ilpu sTom, ecaim B He BHIPOXKAGHO, TO .(CM. 3ame-
uanue K semme 2) A; >0, smauwt, u VA; >0 u, caejo-
BaTesbtio, H He BHIPOXKIEHO.

[lepefizeM Temepb K JoKasarenbcTBy Teopemnl 1. Ilycts

A—mo6oe HeBHIpOXIEHHOE JHHefiHOe npeobpasoBanue. Ilo-
JIOXKHUM

H=V AA*.
B cuny noxasanHeix Jemm 1 u 3, H ecTb HeBHIpOXKIEGHHCE
NOJIOKUTEBHO oOnpejeneHHoe npeobpasosanue. [losnoxum,
nanee,
U=H-A. @
Ilpeo6pazopanne U yuurapHo. B camom gese,
UU*=H*AHA)*=H-*AA*H-*=H-*H*H-*=E.

Us (2) caenyer, yro A =HU. Teopema joxasaHa.

Onepanyio U3BJCUEHAS KBaJPaTHOTO KOPHMA, IIPUMEHEH-
HyI0O B 3TOM Haparpade, MOXKHO HCIIOJb30BaTh A AOKa-
3aTeJbCTBA CJAEAYIOWEro MpefjoKerus:

ITycms A u B—adsa camoconpsiceHHblx npecbpasoeanus,
npuvem A — HesoLPONCOCHHOE NOAONCUMENbHO — onpedeseHHoe
npeobpasosanue. Toeda cobcmeernble 3Ha4eHUs npeobpasoea-
Hus AB seujecmseHnbt.

HoxaszarteancTBo. Mbl 3HaeM, 49TO XapaKTepuCTH-
YyecKHe MHOT'OYJeHBl (a SHa4uT, W COGCTBeHHbIE 3HAUEHH)
npeobpasoBaHHi

X=A4B u CXC
1
cosnanawor. Ionoxum C=A?. Toraa

-4 L 1 1
C'XC=A ®* ABA* =A*BA:z.

Jlerko BHJETb, 4TO IIOJyYE€HHOE NpeoGpasoBaHue SBJAET -
€A CaMOCOTID SIKEHHbIM:

< A%BA%) " = (A%Y= B* (A%)* = A%BA%.
YTBepKICHHE JOKa3aHO.

Ynpaxunenune [okasate, yTo ecli A H B--TNOJOKHTENHLHO
onpeneneHHble Mpeo6pasoBaHusl, H3 KOTOPLIX OJIHO He BHIPOXKEEHO, TO
npeoGpasosanue AB uMeeT HeOTpHLaTeJbHble COGCTBEHHBIE 3HaYeHHS.
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§ 16. Jluneiinbie npeofpa3oBaHusl B BeleCTBEHHOM
€BKJINJI0BOM NPOCTPAHCTBE

B atom naparpaje Mbl OyAeM 3aHUMATbCHA JUHEHHBIMHA
npeo6pa3soBaHHAMH B BelleCTBeHHOM mpocrpaHcTee. M3 ma-
TepHa/sa JAAaHHON TIJaBpl ]/ 3TOr0 JOCTaTOYHO 3HATh CO-
nepxanne §§ 9—11.

1. Bce onpenenenns § 10, a HMeHHO onpe/iesieHHs] HHBA-
PMAHTHOrO MOJANPOCTPAaHCTBA, COGCTBEHHOTO BeKTOpa, COG-
CTBEHHOTO 3HaueHUs, OBbIH BBeJieHbl AJA JHHEHHOro Mpo-
CTPaHCTBA Haj MPOU3BOJILHBIM NIOJIEM U NIO3TOMY HMEIOT CMBIC/I
TaK¥e 4 Jis BemleCTBEHHOTO JIHHeHHOro NpOCTPaHCTBA.

CymecTBeHHYIO pPOJIb BO BCell TeOpPHH Hrpaja IoKasaH-
Hasn B § 10 TeopeMa o TOM, YTO B KOMIJIEKCHOM IIPOCTDaH-
CTBe BCsKOe JIMHeHHOoe Npeo0pa3oBaHHEe MMeeT COGCTBEHHBINH
EEKTOD (OHOMEPHOE HHBAPHAHTHOE MOANPOCTPAHCTBO). B cay-
yae BEHIECTBEHHOTO INPOCTPAHCTBA 3Ta TEOpeMa HeBepHa,
Hanpumep, noBopor NJOCKOCTH BOKPYI HayaJja KOOpJIHHAT
Ha YroJi, OTJIHYHBIH OT km, mpeicTaB/ifeT cofofi JHHEHHOe
npeoGpazoBanHe, He HMeIOHmee HH OAHOTO OJHOMEPHOTO
HHBAPHAHTHOrO noAnpocTpaHcTBa. OXHAKO MMEET MECTO cJe-
Aywollasi Teopema:

Teopema 1. ¥ ecakoeo aunedirozo npeobpasosanus A
8 BeLiECMBEHHOM AuHeliHom npocmparcmée R cywecmeyem
0GHOMepHOE UAU O8YMEDPHOE UHBAPUAHMHOE NOON POCMPAHCMEO.

HokasartenbcTBo. BubGepem B R Gasucey, e,, ..., €,
[1peobpasoBanmio A oTBeuaeT B 3TOM Gasuce MaTpHua [ oy |i.

PaccMOTpuUM cHCTeMy ypaBHeHMH

allgl + a12§2 + LU + alngn = }\'gp
azlgl +a22§2 + oo azngn = }"gzi

(1

anlgl +an2 2+ A +ann§n= A‘En
u 6yaeM HcKaTh JAJid Hee HeHyJeBoe pemenue &3, E9, ..., ES.

Takoe peileHHe CYINECTBYET TOrja M TOJBKO TOrja, Koria
onpejeauTeNb
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pased Hymo. [lpupaBHsB ero Hy/I0, MBI HOJYYHM ypaBHe-
HHE 7-H CTelIeHH OTHOCHTEJIBHO A C BellleCTBeHHBLIMH KO3(hdHu-
uventaMu. IlycTs A, ecTh KOpeHb 3TOTO ypaBHeHHA. Bos-
MOXHBI Ba CJyyas:

a) A, eCTb BelleCTBeHHbII KOpeHb 5TOT0 ypaBHeHHA., Torja
MOXHO HaHTH BEIECTBEHHLIC He BCE PABHBIE HYJIO uucsia £,
£, ..., &), sBasomuecs peueHuem cucremsi (1). Cunuras ux
KOODJMHATAMH HEKOTOPOTO BEKTODA X B OA3HCE €5, €4, ++ 4y €,y
MBI MOXeM cHucreMy (1) mepemucats B BHje

Ax=hx,

T. €. X TNOPOXKJAeT OJHOMEpPHOe HHBApPHAHTHOE MOANPOCT-
paHCTEBO,
b) Ay=a 4P, T. e. A, Kommaekcuo. [lycts

§1+iniv Ez—{—inz, ceey En+”]n

€CTb pellleHHe cHCTeMbl (l); MOACTaB/IsAst STH YHC/IA BMECTO
Er & ..., E, B(l) M OTHENAS BellleCTBEHHYIO 4aCTh OT MHH-
MOH, MBI TIOJIy4aeM:

a8+ a8+ .. Fa,k, = ag, — fn,,
a,§, -l—a“E + ‘e +a2n§ = OLEZ —pBn,,

a,.&, +an2§2 + s —}—a,,,,& ——OCE —ﬁ’fln
1 COOTBETCTBEHHO
agntapn,+ ... e, = an, + Bgl’
a,n, + azznz ‘I“ co + aznnn = omz + ﬁgz’

)

e . (2)
nlnl +an2n2 + A +annnn —O‘Tln‘*‘ﬁg
Bynem tenepn E,, &, ..., §, (cootB. M, My, ..., W,)

CYHTaTh KOOpJMHATaMH HEKOTOPOro BeKTopa X (COOTB. y)
B R; Torja cooTHoweHus (2) # (2') MOXHO 3amUCaTb CJe-
AyrouruM o0pasoM:

Ax=ax—Py; Ay=oy-+px. (3)

Papencreo (3) o3Hauaer, yTO AByMepHOE MOANPOCTPAHCTBO,
MOPOKAEHHOE BEKTOPAMH X H Y, WUHBAPHAHTHO OTHOCH-
TeqabHo A.
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B nanpHefimem Mpl GyaeM IOJIb30BaTbCS TEM, UYTO B ABY-
MEPHOM HHBaDHAHTHOM HOAMPOCTPAHCTBE, OTBEYAOIIEM KOPHIO
A=a-if, npeoGpasoBanue umeer BHI (3).

YnpaxuenHe. Jlokasarb, 4TO B BelleCTBEHHOM TNPOCTPAHCTBE
HEYETHOTO YHCJAa M3MePeHHH (B YaCTHOCTH B TPeXMEPHOM) Yy KaXkJoro
NHHEHHOTO TNIpeoOpa3oBaHHS €CTh ONHOMEPHOE WHBAPUAHTHOE HOAMPOCT-
paHcTso.

2. CamoconpsaxeHHbie NpeodpasoBaHus

Onpenenenue 1. Jluneidnoe npeobpasosatue A 8 ee-
uiecmeeHHom esxaudosom npocmparcmee R wnasvieaemcs camo-
CONPANCEHHOIM, ecatt 0Nl A0ObIX 8eKmMopos X u Y

(Ax, y)=(x, Ay). (4)

[lycrs ey, e,, ..., 6,—OpPTOTrOHAJbLHBIA HOPMHPOBAHHKI
6asuc B R u

x=Ee,+Ee+...+Ee, y=m1+Me+ ... +",0,

ITycrs, nanee, [;—KoopauHatel BekTopa z=Ax, T. e.

Li= Z (7RI

k=1

rae | a;||—maTtpuna npeoGpasoBanus A B Gasuce e,
€y ..., €,. CaenoBatesnHo,

(Ax, y)=(z, y)= i§1 gy =‘ g‘;l ;-

AmnaJjoruuso,
n
(6 Ay)= X azEm, ®)

Taxum obpasom, ycjoBue (4) o3Hauaer, uyto
Qip = Ay

Hrak, 022 moeo umobor npeobpasosarue 6oiro caroconpa-
HCeHHbIM, Heobxo0umo u Gocmamouno, 4mobst 8 0pPMOZOHAAL-
HOM HOpMuposanHom Oasuce ezo mampuya Oviaa cummen-
puuHa. '
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Bcakaa cuMMerpHuHas OuauHeliHas d¢opmMa A (x; y)
B IPOH3BOJbLHOM (as3uce HMeeT BHA

n

Ax, y)= ; kZ aiEMes (6)

rie a;,=4a,;. CpasHuBas (5) u (6), mosyyaem caexywoumui
pesysbTaT, KOTOPHH MH HCHOJb3yeM IJfA JOKasaTesNbCTBa
TeopeMbl 3 3Toro naparpada:

Han ecaxoti cummempuynoli Gusuneiinod gopmor A (x; y)
cyujecmeyerm makoe CamoconpajicenHoe npeobpaszosanue A, umo

A(x; y)=(Ax, y).

ITokaxem, YTO JAAs KaXKIOrO CaMOCONPSIKEHHOTO HpeoGpa-
30BaHHs CYLIECTBYET ODPTOrOHAJBHEIA Gasiuc, B KOTOPOM Mat-
puua sToro npeobpaszoBaHusl JHATCHAJNbHA.

JokasarenbcTBO OyJeT OCHOBAHO Ha CoAepKaHuUU m. 1.
Hpyroe JoxasaTenbCTBO, He 3aBucsmee oT 0. 1 (u, cjexora-
TeJbHO, OT TeOpeMbl CYIIECTBOBAHUSA KODHS aareGpanueckoro
ypaBHeHHs), cM. B § 17.

IlpenBapHTebHO JOKaXKeM CJEAYIOUHE JEMMEL.

Jlemma 1. ¥ ecaxoeo camocon pascerrozo npeodpasosanus
cywecmsyenm OOHOMEPHOEe UHBAPUARMHIE NOONPOCMPAHCTAD.

HokxasateancrtBo. CorsacHo Teopeme 1 3TOro mapa-
rpada KaxioMy KOPHIO A XapakTepHCTHUECKOTO YpaBHEHHsE
OTBeyaeT OJHOMEPHOEe HHBAPHAHTHOE MOANPOCTPAHCTBO, €CAU A
BElIeCTBEHHO, U JByMepHoe —ec/H A KommnnekcHo. [lostomy,
IR 10Ka3aTeJbCTBa JIEeMMBI OCTATOYHO MOKas3aTh, YTO BCe A
BeUIeCTBEHHHI.

IlpennonoxuM, uro A kKommaekcuo. [Ipu nokasarenncTee
TeopeMbl | MBI A TAaKOro A =o i} NMOCTPOMJIH JiBa TAKHX
BEKTOpa X H Y, UTO

Ax =ax—By,
Ay=Px-+ay.

Ho Ttorna

(Ax, y)=a(x, ) —B (¥, v),
(X, Ay):ﬁ(X, x)+a(x, y)'
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Tak kak (Ax, y)=(x, Ay), T0, BblUHTass H3 BTOPOrO pa-
BEHCTBA NIEPBOE, HMeeM:

0=p[(x, 9+, »]

U TaK Kak (%, x)4(y, y) =0, To =0, T. e. A BemecTBeHHO.
- Jlemma 2. Ilyemb A-—camoconpaxcenroe npeobpasosa-
Hue, a e—ez0 cobecmeennbli eexmop. Toeda cosoxynHocmo R’
8EKMOP08, OPMOOHAAbLHLX €, obpasyem (n— 1)-mepuoe uHsa-
PUAHITIHOE NOONpOCM PAKCINEO.

JokasartenbcTBoO. $CcHO, 4TO COBOKYyMHOCTH R’ Bek-
TOpPOB X € R, opTOroHaJbLHHX BEKTOPY €, ecTb (n— l)-Mephoe
moAnpocTparcTBo. [lokaxkeM, uto R’ MHBAPHAaHTHO OTHOCHTEb-
HO npeoGpasoBanus A.

Ilyete x€R', T. €. (x, e)=0. Torzaa

(Ax, e)=(x, Ae)=(x, Ae)=h(x, e)=0

1. e. 1 AxER'.

Teopema 2. Cyuwecmeyem opmoOHAAbHBIL  HOPMUPO-
sannbil basuc, 8 KOMOPOM MAMPUYUA CAMOCONDANEHHOZ0 N pe-
06 pa3osanus A duazoraivha.

Hoxk asarteabcTBo. CorjacHo semmve 1 mpeoGpasopa-
Hue A uMmeer XoTs Obl OAMH COOCTBEHHHIH BEKTOD e,.

OGo3HauuM uepe3 R’ MOAMPOCTPAHCTBO, COCTOALLEE H3 BeK-
TOpPOB, OPTOTOHAJBLHBEIX ¢,. Tak Kak R’ MHBapHaHTHO, TO B HeM,
corjacHo ToH Ke semme 1, Takxe CyHIeCTBYeT COGCTEEHHBIH
BeKTOp; 0GO3HAYuM ero e,. Ilpojo/kas 3TO NOCTPOEHHE, MBI
HOJYUHM N COOCTBEHHBIX BEKTOPOB, H3 KOTOPHIX KasJbli
CJENYIOWMA IO TOCTPOEHHIO OPTOTOHAJeH K NpelbAyliuM,
T. €. NMOJYYUM fi NONAPHO OPTOTOHAJbHBIX COGCTBEHHBIX BEK-

TOPOB €;, €5, «.-5 €y
Bri6epem ux 3a Gasuc B R. Tak Kak
Ae;=\g; (i=1, 2, ..., n),
TO Marpuua InpeobpazoBanus A B 5ToM Oasuce HMeer BUJ
AMO ... 0
0 A...0
. . - . . ?
0 0... A&

n

T. €. SIBJfAETCA AWATOHAJAbHOH MaTpuueil.
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3. TlpuBeneHue KBaxpaTHUHO# (OPMBI B OPTOrOHAJHHOM
Gasuce K cymme xBajgpatos. ([IphBeleHHe K [JIaBHBIM OCSM.)
Ilycts B n-mMepHOM €BKJIHIOBOM NPOCTPEHCTBE 3ajJaHa CHM-
MeTpHuHas OuauHefinas dopma A (x; y). Kak 6r10 HoKasaHo
BBHIIE, KAXKAOH cUMMeTpHuHOH Ounuuefinoit dopme A (x; y)
COOTBETCTBYET TaKOe JIHHEHHOE CaMOCONpsKeHHOe mpeoGpa-
soBanne A, uro A(x; y)=(A4x, y).

Corstacno Teopeme 2 sroro maparpada, CyuUlecTByeT Op-
TOTOHAJILHBIA HODMHDOBaHHBIH Gasuc e, €,, ..., €,, COCTOS-
mHui# M3 cOGCTBEHHBIX BEKTOPOB mpeoGpasoBanust A (T. e.
TakoH, uto Ae;=MAe;). B 3toMm Gasuce Mul uMeeM:

A(x; y)=(Ax, y)=

= (A (Elel +E232 +... +§nen)’ Ne+ M+ ...+ Tlnen) =

= 0"1&131 -+ hzgzez + .o }"ngnem Meey + Mol + .o - M,8,) =
=MEM F AL M+ o AEMN,

[lonaras y=x, noayyaem CJeRYIOULYIO TEOPEMY:

Teopema 3. Myeme A (x; x)—«keadpamuuran ¢opmua
8 n-mepHom eskaudosom npocmparcmee. Toe0a cywecmeyem
OPMO20OHANbHBIUL HOPMUPOBAHHYIL 6a3UC, 8 KOMOPOM 3Ma KEaJ-
pamuunas gopma umeem 6u0:

A(x; )= ML

Tak kKak Ay, A,, ..., A, ABASOTCA COOCTBEHHBIMM 3HaYeHH-~
SIMH A, TO OHH MOryT ObITh HaHJeHH H3 XapaKTepHCTHYE-
CKOTO ypaBHEHHSA MaTtpHUbl || a; |-

Inst enyuast TpeXMepHOro MPOCTPAHCTBA JOKA3aHHAS 3/ieCh TeopeMa
paccMarpuBaeTcst B aHaJHTHYeCKOH reomerpuu. [leficTBHTENBHO, B 3TOM
cliyyae ypaBHEHHE

A(x; x)=1

ecTh yPaBHeHHe LEHTPaJbHOH NOBEPXHOCTH BTOPOro nopsiaka. Oproro-
HaJbHBIA HOPDMHPOBaHHBIN 6asuc, O KOTOPOM HAET pedb B Teopeme 3,
€CcTb B 3TOM CjIyYae CHCTeMa KOODAMHAT, B KOTODOH MOBEPXMOCTH HMEeT
KaHOHHYECKH BUJ, & BEKTOPH €y, €3, €3 SIBAAIOTCA HANPABJICHHAMH I1aB-
HHIX OCell NMOBEPXHOCTH BTODPOrO MOpSIAKA.

4. OxHOBpEeMEHHOE NPHBEJCHHE NAPbl KBAAPATHYHLIX (l0pM
K cymMme KBaApaToB.

Teopema 4. ITyecms ¢ n-meprom npocmpancmee R 3a-
Oanbe Ose ksadpamudnoie gopmor A (x; x) u B(x; x), npuues
gopma B (x; x) nosoxumeroro onpederenuan. Toeda 6 R
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cywecmsyem 6asuc, 8 Komopom obe amu KeadpamudHoie (opmbt
sanucegdomen 8 eule cyMMb Keadpamos.
HoxasatreasctrBo. Ilycte B(x; y)—OGuauHeiinas
thopmMa, CcOOTBeTCTByIOUmIasi KBajapaTHuno#t dopme B{(x; x).
Onpenennm B R cKajaspHoe mnpousBesierue GopmyJoi

(x, Y)=B(x y).
CornacHo npeipiaymeli Teopeme B R CYWeCTBYeT HOPMHPO-
BaHHBIA. OpTOroHaJbHHIM ¥) Gasuc e, €,, ..., €, B KOTO-
poM dopma A (x; x) NpUBOZHUTCH K CyMMe KBaJparos, T. .

Alw 0= 3. M

CxaJysipHBli KBaApaT B HOPMHPOBAHHOM OPTOTOHAJILHOM
6asnce HMeeT BHA:

n
(x, )=B(x x)= 2} & ©)
Hrax, B Gasuce ey, €, ..., e, 06e KBaJpaTHUHble (POPMBI

3aMHCHIBAIOTCSA B BHJE CyMMH KBajpartoB. TeopeMa JoKasaua.

5. OproroHaabHuie npeoGpasoBanud.

Onpenpenenune. Juneinoe t’npeoépasosauue A eeuiecm-
BEHHO20 N-MEPHO20 e8KALI06a NPOCMPaKHcmBa HA3bIBAemcs op-
MO2OHAALHOIM 1LPeobpasosanuem, ecali OHO COXPAHSEM CKAAAD-
Hoe npouseeoerue 8eKxmopos, m. e.

(Ax, Ay)=(x, y) 9
05 6cex x, YER.
ITonaras B paseHcrBe (9) x =y, HoJayuaem
leP:ix{z’ (16)
T. €. OPMO2OHAbHOE Npeobpasoearue COXPaHsem OAUHbL 8eK-
mopos.

Ynpaxuenne. /lokasars, uro ycqaosue (10) sBasiercd AGCTATOY-
HBIM YCJIOBHEM OPTOTOHAJBHOCTH JHHeHHOro npeo6Gpa3oBaHus.

Tax kak

(x, 9)

fxilyl

M TaK KakK H UHUCJHTE/b, H 3HAMEHATeJb B 3TOM BbIparKeHHH
He MeHSIOTCH IIPH OPTOTOHANHLHOM HpeoGpa3OBaHHH, TO Op-

cos @ =

#*) B cMmbicsie ONpeAeicHHOTO HAMH B R CKa/AsPHOTO HPOU3BEJeHHS,



§161 TIPEOBPA3OBAHMS B BEHECTBEHHOM INPOCTPAHCTBE 159

TOrOHaJbHOEe NpeoGpa3oBaHHE COXpAHAET YIJH MeXJy BEK-
TOpaMH.

[lyers e, €, ..., €,—OPTOTOHAJBHEA HOPMHDPOBaHHBIH
Gasuc. Tak Kak npeoGpasoBanHe A COXpaHSIeT YIJIbl MEXAY

BEKTOpaMH H HX [JIHHB, TO Bekropu Ae,, Ae,, ..., Ae,
Takxe o6pasyioT OPTOroRaibHbIR HOpMAPOBaHHKI basuc, T. €.
Ae. A 1 npu i=k, (a1

e, Aey)= .
(Aew Aey) 0 npu ik )
Ilycte Teneps || a;||—Marpuua npeo6pasoBaHHs B OPTO-
roHaJLHOM HOPMHPOBaHHOM 0a3uce ey, €,, ..., €,. TaK Kak

crosibubl 3TOH MaTPHHBI SABJASIOTCH KOOPAZMHATAMHM BEKTOPOB
Ae;, o ycaosue (11) sannchiBaeTcs cjeAylOIEM o6pasoM:

n I nmpu i=k,
g,““““k:{o npu i~k (12)

Ynpaxneunne [lokasare, uro ycaoeus (11), a caegomarennvno,

n ycaopra (12), ABNAIOTCH JOCTATOYHBIMH YCJOBHAMH OPTOTOHANLHOCTH
npeofpasoBanus.

Ycaosus (12) MoXHO 3anucars B MaTpHuYHOH QopMe.
n

ﬂeﬁCTBPlTeJIbHO, Z QqiQgr CYTb 3JEMCHTHI [NPOH3BeJeHHS
o=1

MaTPHUR Ha ee TpaHcnonHpoBanHyw. [Tostomy ycnoBus (12)
03HAYAI0T, YTO Npoussedenue MAmMpUybl HA €8 MPAHCROHUPO-
sanHyw ecmv edunumnas mampuya. Tak Kak onpere/uTenb
npousBeJeHHss MaTPHIL paBeH NpPOH3BeJEHHIO HX OIpejeH-
TeJsiefl, TO Mbl IIOJIy4yaeM TaKXKe, UYTO KBaJAparT ONpeJesHIeNs]
MarpHisl OPTOFOHAJBHOrO NpeobpasoBaHUsS PaBeH efHHHILE,
T. €. 9TO onpedesumens Mampuybl OPMOeOHAALHOZ0 npeobpa-
306anus paset 1.

OproronansHbie peobpasoBanus, ONpefeHTeIb KOTOPhIX
paeeH -1, HasbIBAlOTCS CODCMIGEHHbIMU, @ T€, ONPENeHTENDb
KOTOpBIX paBeH —1, Ha3bIBAOTCH HecobcmseHHviMU.

HokaxeM crepywolee CYIIECTBEHHOE CBOHCTBO OpPTOrO-
HaJbHBIX TpeobpazoBaHuil.

Jlemma. Ecau R,—nodnpocmpancmso npocmpancmsa R,
UHBAPUARMHOE OMAOCUMEABHO OPMOSORANLHO20 AUKEIHO20 npe-
obpasosanuss A, mo eeo opmozoHarsioe donoaxenue R,, m. e.
COBOKYNHOCMb 6CEX BEKIMOPO8 I, OPIMOZOHANbHBIX K KAHOOMY
X € R, (cMm. ynpaxHeHHe Ha CTp. 4D), maxoce ecrmo unsapuatisi-
HOE NoGnpocmpancmeo.
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HokasarteabctBo. Ilycre y€R,, T. e. (x, y)=0
05 BCAKOro X € R,. .

[Toxaxewm, uro mpu stoM (x, Ay)=0 n1a Beaxoro x € R,.
Tak kak npeo6pasoBanue A OpTOroHaJIbHO, TO OHO HEBHIPOK-
AeHO H ero o6pas Ha Jsilo6OM MHBADHAHTHOM NOANPOCTPAEH-
CTBE COBNAajaeT ¢ 3THM nojnpocTpaHcTBoM. [Toaromy Beskoe
x € R, npejcraBumMo B BHJE

x=Az, rre ZER,.

Orciona (x, Ay)=(Az, Ay)=(z, y)=0, 1. e. Ay€ER,.
Jlemma pokasaHa.

YnpaxHuenne. [lokasate, 4TO NPOH3BENEHHE JABYX COGCTBEHHBIX
HJIH IBYX HECOGCTBEHHBIX OPTOrOHaJbHEIX Npeo6pa3oBaHR ecTh COGCTReH-
HOe OpTOroHajbHOe npeoGpasoBalHe, & NPOH3BelIeHHe COGCTBEHHOro Ha
HECOGCTBEHHOE €CTh HecoGCTBEHHOEe OPTOroHallbHOe NpeofpasoBanme.

Sameuanne. PasfeseHde OPTOTOHANbHHX INpeoGpazoBaHuii na
co6CcTBeHHbie H HecOGCTBEHHbBIE CBA3aHO C TeM, 4TO OPTOTOHAJBLHOE Npe-
ofpa3oBaHHe, KOTOPOE MOXKHO INOMYYHTb HENPEPHIBHBIM MEPEXOAOM OT
eAMHUYHOro nmpeo6pa3oBaHusd, ofa3arenbHe colcTBeHHO. [leficTBuTentHo,
nycTs A;—opTOroHajibHOe NpeoGpasoBaHHe, HENMPePHIBHO 3aBHCHLlee OT
napamerpa ! (3T0 3HAUHT, 4TO 3JEMEHTHI MaTPHIE 3TOr0 NpeoGpasoBaHus
B KaxkoM-au6Go 6a3nce HenpephiBHO 3aBHCAT OT ), npnyeM Ay,=E. Torza
ONpefie/INTeNb 3TOr0 npeoGpa3oBaHuA ecTh TakkKe HenpepblBHAA (QYHKIHS
ot f. Tak Kak HenpephlBHas (QYHKLHKS, NPHRAMAIOWlAsl JIMUIb 3HAYEHM ST
+1, nonxHa OHTb HOCTOAHHOM, a npu {=0 ompefesuTens npeoGpaso-
Banusl A, paBed 1, To u npn 3 0 onpegenuTens npeoGpasoBaHns A
pased 1. HMcnosapsys Teopemy & atoro naparpada, MOXKHO NOKasarh o
o6paTHoe, a HMEHHO, YTO BCSKOE COGCTBEHHOE OPTOrOHAJIbHOE IIpeobpaso-
BaHue MOXeET ObiTh NMOJYUYeHC HETNPEPHIBHHIM M3MEHEHHEM H3 eNUHHYHOTO.

M3yuum oproroHasbHble nNpeobpasoBaHHsA B OAHOMEDHCM
¥ JByMepHOM mpocTpaHcTBaX. Huxe MBI yBHAMM, uTO H3V-
yeHHe OPTOrOHAJBHHIX Npeo6pa3soBaHHil B IPOCTPAHCTBE JiO-
6oro yKcJsa u3MepeHHH CBOAUTCA K 3THM IPOCTe HIIHM CaIydasiM.

[lycTe e—BexTop, NOPOMKIAAIONHHA OJHOMEPHOE NPOCTPaH-
CTBO, B KOTOPOM 3aJ1aHO OPTOTOHaJIbHOe npeobpasoBaune A.
Torza Ae= he ¥ TaK KaK B CHJY OPTOTrOHAJAbHOCTH (Ae, Ae)=
=(e, €), TO A%(e, e)={(e, €), T. €. A==c1.

TaguM o6pasoM, B OZHOMEPHOM IIPOCTPAHCTBE €CTh JHIUb
ABa OPTOrOHaLHLIX npeoGpasoBanus: npeobpasoBanue Ax==x
i npeobpasopanne Ax=-—Xx; NePBOE H3 HHX COOCTBEHHCeE,
a BTOpoe — HecoOCTBEHHOE.

PaccMOTpHM OpTOTOHANbHBIE NIPe0Opa3soBaHHsA B AByMep-
nom mpocrpaHctse R. Ilycts e, e,—oOpTOTOHAMBHBIA HOp-
mupopaHHupii Gasuc B R. Ilycte manee nmpeoGpasosanue A
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B 3T0M Oasuce sajaercss marpuief

a B
) w

PasGepem cHayajia cyyaii cOGCTBEHHOI'O OPTOrOHA/bLHOIO
npeo6pasosanusi, T. e. nosoxuM ad—Py=1.

YcnoBHE OPTOTOHaJbLHOCTH Ipeo6pa3oBaHMS O3HAYAeT,
YTO npou3BeAeHHe maTpuubl (13) Ha ee TPaHCIIOHHPOBAHHYIO
€CTh eJUHHYHAA MaTpHma, T. e. 4To

CUGy w

Tax xak onpegenurens marpuunl (13) paBen exunune, TO

G s (o o) @

Ms (14) u (15) cneayer, yro marpHua InpeobpasoBanus A
B 3TOM CJ/iyyae HMeer BH] :

a —p

B o)’
rie o?-+Pp2=1. [loraras a=cos¢, P=singp, noayuaem
UTO 6CAKOE COOCMBEHHOE OPMO2OHAAbHOE Npeobpasoearie & 0ey-

MEPHOM NPOCPAHCIMBE UMEEM 8 OPIMOSOHAALHOM HOPMUPOBAH-
Hom Gasuce mampuyy euda

cosQp ~—sing
sing cos @
(MOBOPOT B IVIOCKOCTH Ha YroJa ).

Ilycts Tenmepps A —HecoGcTBeHHOE npeoGpasoBaHue, T. €.
ad —pPy=—1. B sTom cayuae XxapakTepHCTHUECKOE ypaBHe-
pue Mmatpunnl (13) umeer Bup AM—(a-}-8) A—1 H, caegosa-
TeJbHO, MMEET BEUIECTBEHHhIe KOPHH. 3HAYHT, y mpeobpa-
soBanun A uMeeTcsi coGCcTBeHHHIH BekTop ¢, Ae=Aie. M3
ODTOTOHAMBHOCTH Npeo6pasoBaHHs cjeAyeT, uTo Ae= + e,
Ho oproronanbHoe npeobpa3oBaHHe He MEHSET YIJIOB MeXAY
BEKTOPaMH H HX JJHMH. 3HaUHT, OPTOTOHAJbLHHLIA € BEKTOD &,
HepexoQuT Tmocjke IpeoOpa3oBaHHA B BEKTOP, OPTOTOHA/b-
Hblli Ae= e, T. e. B e,. lrak, B Gasuce ¢, e, MaTpHua
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npecOpasosaius A HMeeT BHA

+1 0
0 x+1/°
Tak Kak onpelesHTesNb MaTpullbl HecoGCTBEHHOTO INpeobpa-
30BaHMsA paBed — 1, TO BO3MOXKHEI JIHIIL CHEAYIOILHE KaHO-

HHYeCKHe BHJIH MATPHIB HecOGCTEEHHOrO OPTOrOHAJLHOIO
npeoGpa3oBaHUs B JBYMEPHOM IIPOCTPAHCTBE

<+1 0 —1 0
0 —-l> ’ 0 + 1>'
(3epkanbHbBle OTPa’KeHHS OTHOCHTENHHO ONHOH M3 ocefl.)

Hafigem Teneps mnpocTefiiiii BUI MaTPHIL OPTOrOHaJ b~
Horo npeo6pa3soBaHHA JJs caydass NPOCTPAHCTBA JO6Oro
yucsia H3MEPeHHH.

Teopema b. Ilyemv A—opmoeonasstoe npeobpasocea-
Hue 8 n-mepHom esxaudosom npocmparcmee R. B R cyuwe-
cmayent 0pmoeOHANbHbIL HOPMUPOSAHHBIL 6a3UC €, ey, .. ., €,,
& Komopom mampuya npeobpasoeanus A umeem 6ud

—1
cos @, —sin @,
singp, cosq,

cos ¢, —sin ¢,
sing, cosq,

Ece aremetmmol, Kpome 6bINUCAHHLIX, CYMib HYAU.
IHoxazaTtedabcTBo. CornacHo TeopeMe 1 storo mapa-

rpaga B R MOXnO BhGpath /K60 ofHOMepHOe, JHGO ABY-

MepHoe WHBaphHaHTHOE noAmpoctpanctso RY. Ecaum cyme-
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CTBYeT OJHOMEPHOe MHBapHaHTHOe NoAnpoctpadcTBo R, 1o
0003HauUuM uepes e, cojepxalnuiics B HeM BEKTOP eAMHHYHOH
AnuHbl. Ecjy 2Ke ORHOMEPHOro HHBAaPHAHTHOTO IIOANPOCTPaH-
CTBA HeT, TO BO3bMEM JBYMepHOe M O0003HAUUM uepes3 e, e,
€ro OpTOrOHAJIBHEIA HOPMHUPOBAHHBIN Gasuc.

B cayuae, ecaiu R'Y ogHOMepHO, npeoOpazoBaHue A HMeeT
B HeM BHA: Ax=4x.

B cayuae, ecau mnoanmpoctpanctso RY npymepHo, Hale
npeo0pasoBaHue SBJIsSETCH B HeM COOCTBEHHBIM OpPTOTOHAJIb-
HBIM TIpecOpazoBaHKeM (TAK Kak B NPOTHBHOM ciyuae B R
CyllecTEOBa/IO Obl OJHOMEDHOE HHBAPHAHTHOE IIOANIPOCTPAaH-
CTBO), H, cJaejoBaTeqbHO, A umeer B R Martpuuy

cosp —sing
sing cosg/’
CoBoKynHOCTE R BEKTOpOB, OPTOrOHAJBHBIX KO BCEM

BexTOopam H3 R, corsiacHO KOKa3aHHOH BHIIIE JIeMMe, eCTh
CHOBa WHBApHAHTHOE MNOJIIPOCTPAHCTBO.

B uHBapHaHTHOM HOATIPOCTPAaHCTBe R CHOBA HAXOAHM OJ-
HOMEpDHOe HJH J[BYMEpHOE HHBAapHAHTHOE IOANPOCTPAHCTBO,
BbibUpaeM B HeM 6asuc H TaK Jajee.

Mur nosyunm TakuM o0pas’oM n onapHo OpTOI‘OHaJIbeIX
BeKTOpoB AJMHH 1. [lpumem ux 3a 6asuc B R. Torza marpuua
npeobpasoBaHusa B 3TOM Gasuce Oyner UMeTb BHJ

! ]

cos @, —sing,
sing, cosg,

cos @, —sing,
L sing, cosqg,
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rje crofuide 1o guarodaju -4 1! orseyaror OJHOMEpHBIM HHBa-
PHAHTHBIM MOANPOCTPAHCTBAM, a «KJIETKH»

<cos ¢; —sing;
sin g cOS @;

— JIByMEpHBIM HHBADHAHTHBIM MOANPOCTPaHCTBaM. TeopeMa
JloKasaHa.

i 3awmeuanue. Hasosem npocmowm epawenuen cobeTsenHoe oproro-
HaJbHOe Tipeo6pasoBanue, NpejcTaBJadomee co6ol MOBOPOT B HEKOTOPOH
JBYMEDHO} IJIOCKOCTH H OCTABJSIOILee HEN3IMEHHBIM (n-— 2)-MepHOe NOf-
IPOCTPAHCTBO, OPTOTOHAJNEBHOE K 3Tolt maockoctH. Takum o6pasom npoctoe
BpaulenHe ecTb npeoGpasoBaHue, MaTPHIA KOTOPOro MOXeT OHITh NpHBe-
JeHa K BHAY

cos ¢ —sin @
sing cos¢@ y
1

ITpocmown ompaxcenuem Mbl HazoBeM HEeCOGCTBEHHOE JHHeHHOe mpe-
ofpasoBaHHe, MeHsiIOllee HalpaBJeHHe BCEX BEKTOPOB, NPHHALJIEKAMHX
HEKOTOPOMY OJHOMEPHOMY NOANPOCTPAHCTBY, HA IIPOTHBONOJOCKHOE
W OCTaBJsiioUlee HEU3MEHHBIMH BEKTOPH ero (n— l)-MepHOro oprorosans-
HOTO jomonneHus. Takum o6pasoM NpocToe OTpaMeHHe ecTh Ipeo6paso-
BaHue, MaTpHIA KOTOPOTO B HeKOTOpoM Ga3uce HMeeT BHI

(1
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[Monb3ysch pe3ynbTaToM TeopeMbl 5, HETPYAHO IOKA3aTh, YTO BCHAKOER
OPTOroHa/bHOe MpeoGpa3oBaHHe MOMXKeT GLITh NpPEICTABJEHO KakK NPOH3BE-
JIEHHE HEKOTOPOrO YHCJa MPOCTHIX BpalleHHH U TPOCTBIX OTPameHUil.
JloKasarenpCTBO NPEROCTABJASETCS YHTATEJO.

§ 17. 3xcTpemajsHble CBOACTBA COOCTBEHHBLIX 3HAUYEHMUH

PaccMoTpuM camoconpsiKeHHOe JHHeliHoe npeobGpasoBa-
Hye A B 7-MEepHOM €BKJIMJIOBOM IIpOCTpaHCTBe. Mbl OKaxeM,
uTO €ro cOOCTBEHHBIE 3HAUEHHS MOXKHO MOJYUHTb, PaccMar-
pHBas HEKOTOPYIO 3aJauyy HAa MHHHMYM, CBSI3aHHYIO C COOT-
BercTByiolell A KBanpaTHyHoll ¢opmoii (Ax, x). Dro, B yacr-
HOCTH, TI03BOJIUT JOKa3aThb CYLIECTBOBaHHME COGCTBEHHBIX
BEKTOPOB H COOGCTBEHHBIX 3HAUE€HHH, HE NOJAb3YACH TEOpeMoi
O CYLIECTBOBAHHH KODHS YPaBHEHHA n-H CTeleHH. DTH SKCTPe-
MaJjiblble CBOMCTBA TOJE3HBLI TAKKe NMPH BLIUHC/ASHHU COBCT-
BEHHBIX 3HaueHuid. Mul paccMOTpHUM cCHaudaJia BelleCTBEHHOe
IIPOCTPAHCTBO, A 3aTeM MepeHeceM IOJyUYeHHBIE PEe3yJbTaThl
Ha cJyyall KOMILJIEKCHOTO IpPOCTPaHCTBA.

JlokaxeM cHauasa CJeYIOLYIO JIeMMY.

Jlemma 1. [Tycme B— nexomopoe camoconpaxcernoe au-
HetiHoe npeobpasosanue 8 BeLUECMBEHHOM NPOCMPAHCMSE MAKoe,
4ymo keadpamuunas gopma (Bx, x) HeompuyamessHa, m. e.

(Bx, x) =0 0sa amoboeco x.
Toeda, ecau 0an Hekomopozo x =e
(Be, ) =0,

mo u Be=0.

HokasateabcTBo. [lokaxeM, uro anda Jao6oro Bek-
tTopa h umeeM (Be, ) =0. Jlaa storo nonoxum x=e--th,
rie !{—npoHu3BoJbHOEe uHCJ0, a h—Bekrop. Torma umeem

(B(e-t+th), etth)=
= (Be, e)+t (Be, h)+ ¢ (Bh, e)+t*(Bh, h) =0,

T. e. Tak Kak (Bh, e)y=(h, Be)=(Be, h) u (Be, e)=0, 10
2t (Be, h)+t2(Bh, h)=0 nas mobbix ¢. Orciona cienyer,
uro (Be, h)=0.

He#ctButensho, Gyuruus gf -+ bt? npu a = 0 MeHseT 3HaK
B Touke {=1{0, Mbl e NOJYUYH/IH, YTO BHIPAKEHHE

2t (Be, h)+1* (Bh, h)
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LA mobelX { HEOTpHUATebHO, CJe)0BATe/IbHO,
(Be, h)=0.

Tak kKax k nmpousBosnbHO, T0 Be=0, uto H TpeGoranoch
LOKa3aTb.

[Tycre A— HeKOTOpOe CaMOCONPSIKEHHOE JHHelHoe Ipe-
o0pasoBaHHe B N-MEPHOM EEIeCTBEHHOM €BKJHJOBOM HpPOCT-
pancrBe. CooTeercrByromyio A xBaipaTHunylo gopmy (Ax, x)
GylneM paccMaTpHBaThb Ha eduruuxol cghepe, T. €. Ha MHO-
XKeCTBE BEKTOPOB X, AJsl KOTOPHIX

(x, x)=1.

Hneer Mmecro caeayromasn

Teopema 1. Ilyecms A-——camoconpsycentoe aunetinoe
npeobpasosanue. Toeda coomgemcmeyowan A xeadparuu-
nan ¢opma (Ax, x) Oocmueaem Ha eOunuuHol chepe Mu-
Humyma A,. Bexmop e,, na xomopom 3mom murumym Oo-
cmueaemca, ecmob cobcmeennbitl sexmop npeobpasosanui A,
a BHaYeHUe MUHUMYMQ A — coomeemcmelrouiee CcobcmaerHoe
3HadeHUe 3moeo npeodpasoeanus.

HdokasarenscTBo. EanHuynas cdepa ecTb OrpaH-
yeHHOe 3aMKHYTOE MHOMKECTEO B A-MEDHOM IIPOCTPaHCTBE.
[Mostomy (Ax, x) KaK HenpepniBHAfA Ha HeM QYHKUUSA, HOCTH-
raer MHHEMyMa B HeKoTopofl Touke e,. (O603HauuM 3TOT
MHHUMYM uepe3 A,. Torma mmeem

(Ax, x) =7, ecau (x, x)=1, (1)
Ip HueM
(Ae,, e,)=1,, tae (e, €)=1.
3anumem HepaBekcTBO (1) B BHIe
(Ax, x)=h, (x, x), tHe (x, x)=1. 2

Ono cipapeAsuBO AJf BEKTOPOB AJMHHBI ejuuuua. Tak Kax
IpH VMHOXEHHUH X Ha HEKOTOPOe UHCJIO o KakK IpaBas, Tak
¥ JieBast 4acTH HEepaBeHCTBA YMHOMXKATCH Ha a2, TO OHO CIIpa-
BeJJIHBO A5 BeKTOpPOB JHOOOH AJUHBI (HOCKOJALKY Jit0GOi
ECKTOP MOXKHO HOJIyUHTh H3 BEKTOpA JAJIHMHBEI €IHHHIA YMHO-
JKeHUeM €ro Ha HEKOTopoe YUC/IO o).

IToayyeHHO® HEPABSHCTBO MOXHO NEPEHHCHTb TaK:

(Ax—Aix, x) =20 paa mobelx X,
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OpHYeM LA X =e; HMEEeT MEeCTO
(Ae,—Mey, e)=0

D10 3HAYHT, 4TO Npeobpasosanne B=A—MFE ynosser-
BODfET yc/IoBHAM JeMmMbl 1. OTCiofa, MPHMeHAs 3Ty Jemmy,
1I0J1y4aeM:

(A—ME)e, =0, 1. e. Ae,=Mhe,.

Takum o6pasoM, e, AB/seTCH COGCTBEHHBIM BEKTOPOM Ipe-
o6pa30BaHus A, COOTBETCTBYIOUIUM COGCTBEHHOMY 3HAUCHHIOA, .
Teopema jokasaHa.

Hns HaxoxAeHus caefyioliero COGCTBEHHOID 3HAYEHH S
paccMOTPHM BCe BEKTOPHI M3 R, opTOroHasnbHble K coBCTBeH-
HOMy BeKTopy e,. Kak Oniio mokasaso B m. 2 § 16 (1emma 2),
5TH BEKTOpHl 00pasyior (n— l)-mMepHOe MOANPOCTPaHCTBO R,
UHBAPUAHTHO® OTHOCHTENBHO MPeOGPasOBAHHS A.

OTeickHBa MHHHMYyM KBaZpaTHuHoO# dopmbl (Ax, Xx), npH
ycaoBud (¥, x)=1, B 3TOM NOAMPOCTPAHCTBE MHI NPHIEM
K HOBOMY COOGCTBEHHOMY BEKTODY €, M COGCTBEHHOMY 3Haue-
HHIO A,.

OueBunHO, 4TO A, 2= A,, TaK Kak MHHHEMYM (Ax, x) BO BceM
NpPOCTPAHCTBE He MOXKeT ObiTh GoJsblie, YeM MHHHMYM TOH e
¢yHKIMHE B IOANPOCTPAHCTEE.

Caenyoliuii  coGCTBEHHBI BEKTOP MBI IOJAYYdM, peluas
Ty e 3ajauy B (n—2)-MepHOM MHBADHAHTHOM IIOJNPOCTPaH-
CTBEe, COCTOSIIEM H3 BEKTOPOB, OPTOrOHAJEBHBIX H €, H €,.
3uaueHue MuHUMyMa (Ax, x) B 3TOM moanpocrpauctee Gyier
TPETbUM COOCTBEHHHIM 3HAUCHHEM,

TIpononxas sTOoT Ipouecc, MH HcuepniaeM Bce A cOOCT-
BeHHBIX 3HaYeHUH H COOTBETCTBYIOU[MX HM COOGCTBEHHBIX BeK-
TOPOB HAIIero npeofpasoBaHus.

Hnrorna GniBaer nosie3Ho ONpefiesliTh BTOPO#H, TpeTud H T. 4. cOG-
CTBeHHBEIE BEKTOPH Tpeo0pasoBaHHA H3 3a34a4H HA MAKCHMYM HJH MH-
HUMYM HENOCPEeACTBEHHO, He CYHTAsl IPH 5TOM HSBECTHBIMH IIpelbiyliue
cOGCTBeHHBIE BEKTODHL.

Ilycte A— caMoconpsikenHoe JiuHefiHoe npeoGpasoBande. O603HaunM
qepes

M<sh<..<),
ero coGCTBEHHBIE 3Ha4YeHHU#, PacIOJOKEHHLIE B BO3pacTaiolieM mopsiake,

a yepes €y, €3, ..., €,— COOTBETCTBYIOLUC UM Hopmupoealmue H OpTOe
roHajnbHbBle COOCTBEHHEIE BEKTODHI.
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TTokaxeM, 4TO ecau Mol €03bMEM nepesie k cobecmeennoix 8eKmMopos
€15 €9y +eey Ef

u nopoxcOerHoe umu noonpocmparcmeo S, mo 0as awboz20 exkmopa x u3 S
UMEE MECINO HEPABEHCIMEO

A (x, ©)<<(Ax, X) << hg (x, X).
[eficTBUTEMLHO, TYCTH

x=81e1 00+ ... +-Epepe
Tar Kak Aep=MAgep, (er. er)=1, (ep, €;)=0 npu i £k, 10
(Ax, X)=(A Erer+8sea+ ... +Erep), Ere1+Eeeat e +Erep)=
= (A1 +AoBoe. ... - ApEre, Erer + 8o+ ... +Erer) =
=hEFME 4. MEE

K OMe€ TOI'O, TAK KAK BEKTOPH! &4, €53, «.., € OPTOrOHAJILHLI H HODMH-
1 €2 » C%
poBaHbl, TO

(x, x)=E1+E+... +8

H, CJEeNOBAaTEJBHO,

(Ax, )=MEl+ME+. .. F MEe >
=M (E+E+. .. +§g)=711 (x, x).

AHasnoruyso
(Ax, )<< Ay (%, x)

W, CJIefOBATELHO, ‘
Ap (x, x) << (Ax, x) << Ap(x, x).

IMycte Temeph Rjy—npousBoibHOE MOANPOCTPaHCTBO 71—k 1 Hame-
pennii. B § 7 (nemma m. 1) Mbl NIOKa3aJIH, YTO €CJIH CyMMa pasMepHOCTeil
JBYX TOANPOCTPAHCTE A-MEPHOTO NPOCTPAHCTBA NIPEBBIMIAET 7, TO CYHIECT-
ByeT OTJHYHBIA OT HyJs BeKTOp, NPHHaAJEXallHA 06OHM MOANIPOCTpaH-
crBaM. CrnejoBaTelbHo, TaK Kak (n—k-4-1)4-k > n, To cywecrsyer Bek-
TOP Xo, NPHHALIERAWMHA KaK Ry, T2aK H NOANPOCTPAHCTBY S, NOPOKIEH-
HOMY BEKTODAMH €y, €2, ..., €. Mbl MOXKeM CUHTaTh, 4TO JJIHHA €ro paBHa I,
T. €. 4T0o (%p, Xo)=1. Tak kax Bcioly B S, Kak Mm YyXe JOKasaJjH,
(Ax, x) << hp (x, ), TO (Axg, xp) << hp.

Urak, MH 10Kasanm, 4To B Rj CyllecTByeT BEKTOpP X, AJHHE |
Takoi, 4ro

(AxOv Xo) << }"k'

Ho Torpa w nopasno, mummmy™m (Ax, x), rae x npoGeraer Bce BeKTOpH
JJuHB 1 u3 R, TakkKe MeHbIIE KM PaBeH Aj.
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Taxum o6pasom, dan a0boeo (n— k- 1)-meprozo nodnpocmpancmea R,
min (Ax, x) < Ag,

2de (x, x)=1 u x€ Ry.

3aMeTHM, 9TO CpeNH MOANPOCTPAaHCTB Ry pasmepHocTH n—Fk-F1
€CTh Takoe, M KoToporo min (Ax, x), x€ Ry, (x, x)==1, B TOYHOCTH
paBeH Ap. TakHM NOANMPOCTPAHCTBOM SIBJSIETCS] IOANPOCTPAHCTBO, COCTOSI-
lee H3 BEKTOPOB, OPTOrOHaJIbHEIX NepBHIM k—1 COGCTBEHHHIM BEKTOpaM
ey, ey, ..., €p_q. HeficTBuTeNIbHO, B 3ToM naparpade Mbi JOKa3aJu, YTO

min (Ax, x), pacnpocTpaHeHHHl TO BCeM BEKTOPaM, OPTOTOHA/bHBEIM
{x, x}=1
nepshiM k—1 COGCTBEHHBIM BEKTOpaM, paBeH Aj.

Hrak, MBI QOKa3aJH Clelyloulee yTBepiKJeHHe:

[Tyemos Rp— nexomopoe (n—*k--1)-meproe nodnpocmparcmso npocm-
pancmsa R. Toeda munumym (Ax, x) 0aa ecex x us Ry maxux, umo
(x, x)=1, menowe uru pasen hy. Iodnpocmpancmeo Rp moxHo swibpamo
max, umobbL 3MOM MUNUMYM DABHAACT Ag.

D10 yTBepKAEHHE MOXKHO 3anucath caenyouesl ¢opmyJoi:

max min (Ax, x)=MAg. 3)
Rp x, =1
x€Rp

B 310t dopMynre min Gepercsi N0 yKasaHHBIM BEKTOpaM, a max 1o
BCEBO3MOXKHLIM NOARpocTpaHcTBaM R, pasmeproctd n—k--1.

113 foxkasaHHOH TeopeMbi CJIeRyerT:

fyemo A— camoconpsncennoe aunelinoe npeobpasosanue, a B— noao-
onumeabro onpedesennoe Aaunelinoe npeobpasosanue. Iyeme Ay <<hg<C. ..
... << A, —cobcmsennbie SHAUEHUA A, G Py << Pg << . .. << L, —COBCINGENHbLIE
sravenus A+ B; mozda hp << pp.

JleficTBHTENBEHO, BCIORY

(Ax, x) <<((A+B) x, x).

Caenopatenbio, B JioGoM (n—k--1)-MepHoM mnoanpocrpaHcTse Ry
HMeeT MecTO HepaBeHCTBO:

min (Ax, x)<< min ((A4B)x, x).
x, x)=1 (x, x)=1
XeR, XER,

3HaunT, MaKCHMyM JIeBOHl 4aCTH 0O BCEBO3MOXKHLIM [OAIIPOCTpPaH-
cTBaM R He NPEBOCXOAMT MaKcHMyMa npasofi yacTH. Tak kak B cuay
dopMyasl (3) MaKCHMYM JieBOR UYacTH paBeH Mg, a MAKCHMYM NpaBoii
paBeH Up, TO Ay <<, 9TO W TpeGoBasoChH JOKA3aTh.

[TepeneceM NoJiyueHHBIE Pe3y/bTaTHl Ha CJIy4all KOMILJIEKC-
HOro TPOCTPAHCTBA.

Jlns 3TOro HaM NPHAETCS 3aMeHHTb JHIIb Jemmy 1 cie-
Ayiomwed JNeMMOit.

Jdemma 1. Hycme B-—camoconpscentoe npeobpasosa-
Hue 6 KOMNAEKCHOM NpPOCMpAaHcmee, U COOMBEMCMBYOUAR
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eiy spmumosa gopma (Bx, x) He ompuyamensna, m. e.
(Bx, x)==0 0aa aroboix x.

Toz0a, ecau 0aa Hexomopoeo e (Be, €)=0, mo u Be=0.
HoxasarenbcTpo. [lycrb {—IPOH3BOJILHOE BeLIECT-
ECHHCE 4HCJO, a h—BexkTop. Torza

(B{e+-th),e4-th)y=0,
uiad, TaKk Kak (Be, e)=0, 10
t [(Be, B)+(Bh, ¢)] 42 (Bh, k) >0
ana goboro £ Otciona caenyer, 4to
(Be, h)+-(Bh, ¢)=0. 4)

Tak kag h mpousBoJbHO, TO, 3aMeHsisl A Ha ih, momyuaem
(Be, ih)+ (iBh, e)=0, T. e.

—i(Be, h)y+i(Bh, ¢)=0. (5)
H3 (4) u (b) moayuaem, uro
(Be, B)=0,

H TaK Kak h 1pom3sonpHO, To Be=0. Jlemma nokasaua.

Bce ocrasibHble Teopembl 3TOro naparpada M WX J0Ka3a-
TeNbCTBA MEPEHOCATCA Ha Caydal KOMILIEKCHOLO NmpPOCTpPaH-
ctBa 6e3 BCAKHX H3MEHeHHH.



FJTABA HI

KAHOHHUYECKHUHA BHJ NMPOU3BOJIbHBIX
JIMHEHHDBIX NPEOBPA30BAHKN

§ 18. Hopmanbnan cdopMa JuHeiiHoro
npecfpasoBanus

B rnase Il Mbl MO3HAKOMHJIMCE € Pas/iHYHBIMH KJaccaMu
JIHHEHHBEIX Ipeo0pasoBaHHH n-MEPHOrO MPOCTPaHCTBa, HMEo-
WHX 1 JAHEHHO HEe3aBHCHMBIX COGCTBEHHEIX BEKTOPOB. Mul
3HaeM, 4ro B 0a3uce, COCTOSAIEM H3 COOCTBEHHHIX BEKTOPOB
TAaKOro npecO6pa3oBaHHS, €O MaTpHLlAa HMMeeT OCOGEHHO IIpo-
CTOH BHJA, TaK HasblBaeMyi0 JAHaroHaJnHyI0 (opMmy.

Onzako 4HC/i0 JMHEHHO HEe3aBHCHMBIX COOCTBEHHBIX EeK-
TOPOB y JIMHEHHOTo NpeoOpAa3OBaHHS MOXKeT ORITh MeHblle,
yeM n*). Ilpumep JuHefiHOro mnpeo6pa3oBaHMsA C HEAOCTA-
TOYHBIM YHCJOM COOCTBEHHBIX BEKTOpOB MLl HpHBeeM He-
CKOJMBbKC mo3xe (cM. Takxke § 10, nm. I, npumep 3). Taxoe
npeoGpasnBaHue 3aBEOMO He MOXKeT ObiTh DPHBCACHO K JMa-
ronajsbHol ¢opme, Tak Kaxk 6azuc, B KOTOPOM MaTpHua mnpe-
06pa3oBaHuA [MaroHajJbHa, COCTOMT H3 COOCTBEHHBIX BEKTO-
poB. BosHukaeT Bompoc: KakoB INpOCTEHINMA BHJ MaTpHLEL
TAKOro JHHEeHAHOro mpeolpasoBarus?

B 3r0il rnage Mpl AJs NPOHM3BOJbHOrO NpeobpasoBaHud
yKaxeM 6asHc, B KOTODOM €ro MaTpHIla HMeeT CPaBHHTe/bHO
npoctoil BUA (TaK HazpiBaeMas #opoarosa HOPMAALHASA opma).
B cayuae, Korza 4mcio JITHEHHO He3aBUCHMBIX COOCTBEHHBIX

*) HanoMunM, 4YTO e€C/IH BCe KODHH XapaKTePHCTHYECKOTO MHOTO-
yJeHa pas3JIHYHbBl, TO NpeoGpasoBaHye HMeeT n JHHEHHO HE3aBUCHMbIX
COGCTBEHHBIX BEKTOPOB. [109TOMY, IJs TOTO uTGOBl YHCJO COBCTBEHHBIX
BEKTOpOB GHLIO MeHbIUe 4eM 71, HeOGXOAMMO HaJHUHEe KPAaTHHX KOopHell
Y XapaxTepUCTHYECKOro MHorouwaeHa. Taxkum ofpasom, 70T cayqafl as-
JISIETCH B HEKOTGPOM CMBICJE HMCKVUGUMTEJbUBIM.
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BEKTOPOB IIpe0GpasoBaHdsa PaBHO Pa3MEPHOCTU NIPCCTPAHCTEA,
5Ta HOpMasbHaf ¢Qopma COBNAJaeT ¢ JHaroHanabHOH. Mul
chopMyTHpYeM ceHuac OKOHYAaTe/bHEIH De3yJabTaT, KOTOpPBIH
Zoxaxem B § 19

Hycme 3a0ano npoussoasroe auxeiiHoe npeobpasosanue A
8 KOMRAPKCHOM npocmparcmee n usmepenuil. 11 pednoarovcum,
umo y A umeemcs k (R<Sn) AUHEUHO HE306UCUMBIX COOCMBEH-
HbLX 6eKIMOpo8

ey, fir -onr By,

COOMEEMCMBYIOUUX COBCIMBEHHbIM SHGHEHUAM Ay, Xy, vy Ay
Toeeda cywecmsyem 6asuc, cocmoswuti u3 k epynn 6exmo-
pos *):

2)

€y wuvs €y f1s cony fgs ooy By i By, (1)
6 kKomopom npeobpascearue A umeem credy srowutl 6ud:
Ae, =he,, Ae,=¢e +Mre,, ..., Ae =e,_,+Ae,
f ——7»21‘1, Af —fl +7»2f2, f —fq 1+?»2f,,,

Ah ——kkhl, Ah _h +Akh2, Ah = by - Dyh.

Mul BHAMM, 4TO Oa3uCHbBiE BEKTOPHl KamJIOfl Ipynusl nepe-
XOAST NpH HamleM nNpeocOpa3soBaHUH B JHHEHHYI0O KOMGHHA-
110 BEKTOPOB TOH -3Ke rpynisl. OTCIOAa CleyeT, UTo Kam/as
rpynna Ga3HCHBIX BEKTOPOB IOpPOKJaeT MOANPOCTPAHCTBO,
HHBapHaHTHOe OTHOCHUTE/IbHO NpeoGpasoBanus A. Pacemor-
pUM HECKOJLKO NoApolHee mnpeobpasoBaHue, 3ajaBaeMoe
dopmynamu (2).

B mnoanpocrpancTBe, MOPOXKICHHOM KaXXJIOH rpynnof,
ecTh COOCTBEHHBIH BEKTOP; Hanpumep, B MOANDPOCTPAHCTBE,
NIOPOXK/JICHHOM BEKTOpPaMH €, &,, ..., TAKHM COOCTBeH-
HBEIM BeKTOpDOM SsiBJisieTCs e,.

BekTop e, HA3RIBAIOT MHOTJAA NMPUCOETUHEHHBIM COGCTBEH-
HBIM BEKTODOM NePBOTO NOPAAKA. JTO 3HAYuT, uto Ae,
IPONOPIHOHANLHO €, C TOYHCCTBIO JJO COGCTBEHHOTO BEKTOpa,

P

*) Slcho, uto p~+g-+ ... s=n. Ecan xe k=n, To Kaxjaa rpynna
COCTOMT H3 OJHOI0 BeKTOpa, a MMEHHO COGCTBEHHOro BEKTOpa.
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KaK 3TO BHJHO H3 paBeHCTBA
Ae,=Me,+e,.

AHanoruuHo e,, €;, ... HA3LIBAIOT NPHUCOEMHEHHBIMH BeK-
TOPAMH BTOPOrQ, TPeThero W T. JA. HOPSAAKOB.

Kaxapiii U3 HHUX faBJageTcs «Kak Obl COGCTBEHHBIM», T. €.
cOGCTBEHHBIM ¢ TOYHOCTBIO JO IPHCOEJHHEHHOI'O BeKTOpa
HHU3ILIEro Nnopaika

Ae,=he,+e,_,.

Takum o6pasom, 6a3uC KaxKAOrc HHBAPHAHTHOTO MOAIPO-
CTPAHCTBa COCTOHT H3 OJHOTO COGCTBEHHOrO BEKTOPA M Ta-
KOTO KOJIMYeCTBa NpPUCOEJAMHEHHBIX, KOTOpoe HYXKHO jxo6a-
BHTb, YTOGLI NOJYYUTh 0a3HC JAHHOTO MOAMPOCTPAHCTBA.

[TokaxkeM, YTO B KaXAOM H3 3ITHUX MNOANPOCTPAHCTB
HMEeTCst, C TOYHOCTbIO O MHOXKHTE/s, Auulb 00uH COGCTBEH-
HBLI# BEKTOp.

JleficTBUTEILHO, PACCMOTPHM, Hanpumep, MNOAMPOCTPAHCTBO, IIOPO-
KIeHHOE BEKTODAMH €, €4, ..., €,- JIOMYCTHM, YTO HEKOTODHIi BEKTOp
U3 3TOTO TOANPOCTPAHCTBA, T. €. HEKOTOpasi JHHeHHAs KOMSHHAUUS BUAA

cie1+Co54 ... —i—cpep,
TJie He Bce ¢ PaBHBI HyJMO, sBJsAETCA COOCTBEHHBIM BEKTOPOM, T. €.

A(cier oot ... Cpep)=h (cre1+Coty+ . .. F-Cpep).

TloncraBnsisi BMECTO JIeBOH 4WacTH ee Bhpaxenue no Qopmyaam (2), no-
JiyyaeM paBeHCTBO ‘

crhies+ g (er-Hhea) + oo 6p (61 Hhey) =
=Acie; Mgy ...+ Acpep.
Orciona, TPHPaBHEBAs KO(POULHEHTH [DH KaXKJIOM H3 Oa3HCHBIX BeK-

TOpOB, MMeeM CHCTEMY ypaBHeHHHl I/ HAaXOMIEHHS BeJHUMH A, ¢y, -
Cor veny Cpf

chy ey =hey,
Cahycg =hey,
Cp—l)"l +ep:7"cp—1v

Cphy = M},.
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IMokaxeM npexje Bcero, uro A=2Ax,. HelicTBATeNsHO, ecd 66 A # Aq,
TO M3 TMOCJEIHEro PABEHCTBA Mbl HMeJH Obl ¢,==0 M 3aTeM H3 ocTa’b-
HHX PpaBeHCTB ¢ _1=cp_2=02=01=0. Hrak, A=3,; Torga us mep-
BOFO YypaBHeHHs HMeeM c,=0, u3 Broporo ¢;=0 n 1. 1. g0 ¢,=0.
3nauut, coGCTBeHHBIH BEKTOD paBeH Ciey H, CJeJ0BaTeNbHO, ¢ TOYHOCTLIO
L0 MHONHTEJS COBNaJaeT ¢ NEPBBIM BEKTOPOM COOTBETCTBYIOLIEH IpYIIHL

Bunumem matpuny npeoSpasosanua (2). Tak kak Bex-
TOPH KaxJof TpYNIel 1peo6pasyioTcs B JUHEHHBIE KoMOH-
HAUWH BEKTOPOB TOH JKe FPYMNIH, TO B NEpBBIX p CcTOJ6LAX
MaTpHiLl NpeoOpPa3oBaHHs MOrYT OBITH OTJHYHBEL OT HYJfl
JIMIlL 3JIEeMEHTHl NMEPBHIX p CTPOK, B CJAEAYIOMHUX ¢ CTOIOLAX
MOryT OBITb OTJHYHBl OT HYJsl JIMHIb 3JIeMEeHTHI, CTOSILHe
B CTPOUKAX C TeMH XKe HOMEpPaMH, Y4TO H Yy 3THX CTOI6UOB,
M T. a. Takum ob6pasoMm, B naHHOM 6a3hce MaTpHHa npeos-
Jpasopanus GYJeT COCTOATL H3 k KneToK, pacHoJIoXKEeHHBIX
0 rJaBHOM JHMAaroHaJjH, a BCe 3JeMeHTH, He NpHHajIeKa-
mHe HH OJHOH M3 3THX KJerox, OyAyT PaBHBE HYJIO.

Jas Toro utcOH MOHSITH, YTO CTOHT B KaXIoH KJ/eTke
MaTpHUub peoGpa3oBaHus A, JOCTATOYHO ellle Pa3 HamucaTh,
Kak npeo6pasyioTcsl EeKTOPbl OAHOH rpymmsl. Mel HMeeM:

Ae,=he,,
Ae, = e, + M8,

Ae, = oo+ MEpey,
Aep = €p—1 1+ MEy.

BcnomuHasi, Kak CTPOUTCH MarpHIia, OTBeyaiollas AaHHOMY
npeobGpasoBaHui0 Gasuca, IOJyyaeM, 4TO KJeETKa MaTPHIBbI,
COOTBETCTBYIOIIAsl NaHHOH rpynne BEKTOPOB, HMEET BHJ

A, 1 0...0 0
0 A, 1...0 0
A1= e (3)
0 0 0...4 1
lo 0 0o...0 )"

Bea xe mMartpuua oKasbiBaeTca COCTABJAEHHOH M3 TaKHX
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KJIETOK IIOPAJKOB p, ¢, ..., S COOTBETCTBEHHO, T. €. HMEET BHA

A, 1 0...0

0 & 1...0

0 0 0...%
A1 0...0
0 A 1...0
00 0...4,

T BCe 3JEeMEHTHI BHE KJIETOK — HYJIH.

Ay 1 0...0
0 & 1 ...0
0 0 0...04,

» (4

3aneTHM TaKiKe, YTO He Bee A; 06fi3aHbl GLITh PA3JIHYHBIMIL

Ynpaxsaedue Hafith Bce HHBapHaHTHBIE NOANPOCTPAHCTBA MNpe-

o6pascBaHus ¢ Marpuuefi (3).

Xors npuBefieHRas 3jech HopMasibHas ¢opMa BEITJISAAT CJOXKHee,
ueM, HanpHMep, AHaroHa/JbHasl MaTpPHLA, ONHAKO H € Hell MOMXKHO joCTa-
TOYHO TNPOCTO NPOH3BOAMTL aJreGpauueckue onepauHu. Mu mokamem,
HanpHMep, KaK BHIUHCAHTH MHOTOWJeH or Marpuus (4). Marpuua (4)

m
Ay

BMeCT BUHE
4
A,
A= "
Ag
rfie A;—oOTheJbHbie KJETKH, a BCE HEBLINUCAHHbIE SJEMEHTH — HYJH,
Torjaa
[ 4t
A
A= * s eeey AB=
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T. €. A8 TOro, 4ToGel BO3BECTH B HEKOTOPYIO CTeNeHb MaTpuuy A, Ho-
CTaTOYHO yMeTb BO3BeCTH B 3Ty CTelleHb KaXAyl H3 KJerok. llycts
tenepb P (f)=ay,+a,t 4 ... +a,t”—npoussoibHblil MHorouneH. Toraa
JIETKO BHJETh, 4TO

(P (4 \

P (4)
P(A)= g
( P4y

TMoxaxeM Temepb, Kak BLIUHCAHTL P (A;), T. . MHOTOUJIeH OT OfHOMH
KJeTKH HOpMasibHOf ¢opmbl Marpuuel (3). Jas sToro sanumeMm mMa-
Tpuny (3) B BHIE

Alz}le‘i—I,

rae E —epnnunynas Mmarpupa nopdjixa p, a Marpuia I umeer Bug
01 0...0°0
00 1...00

00 0...01
00 0...00

3amern™, uro marpuusl 2, I3, ..., IP~1 umeT caepylowuii Bug *):

001....0\ 000 ... 01

0001 ...0 000 ..00
P=| . | £ e R N R RS s
000....0/ 000 ... 00
000 ., ... 0 000 ... 00
a
IP=[P+1=  —=0.

Teneps HETPYAHO BBIYMCJAUTL NPOM3BONLHEIN MHOTOUWIEH OT MaTpuusl (3).
HelicTautennH0, MHOrousieH P (f) moxnO no ¢dopmyte Teitnopa npencra-
BHUTb B Bule

‘ /7 (t_"'}“l)2 "
P(t)ZP(M)‘i‘(t—M)P 0‘1)"!"‘—2!‘—1) (7~1)+---

f— A
ot M pen gy,

*) Ilpome Bcero 3910 cocyuraTh Tak. Mbl  umeem Je, =0,
ley=¢,, ..., Ie,==e,_,. ChenoBateibHo, 1%, =0, [2¢,=0, [2¢5=e,, ...
wo, 12e,=e, 5. "Ananornuso, [3¢;=1I3%,=[3¢;=0, [3e;=e,, ...

ey I3ep=ep_3.
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rge n—creneHb MHoroundena. [Topcrasassa Bmecro ! MaTtpuny Al’ HMEEM:

P (A)—P () E-+ (A —DE) P o+ A= E by g

... +(ﬁ‘1__—’l_!*.@.’ip<n> (Ay)-

Ho A{—A,E=1, caenoBatensHo,

P" (A Pl (),
P(A)=P (M) E+P" (A) 1+ ( 1),2+ PR < ),
[ogcraBaas Bmecto [, I2, ..., JP~' uX BHIpaXKeHHS H YUMTHIBas, 4TO
IP=JP+1=_ =0, nojyyaeM OKOHUAaTe/LHLI BHI MaTpHUH P (A;):
P (M) P" (M) PP=1)(}))
(Pog 200 200 - FE00)
P’ (7» ) PwP=2 (},))
P (4)= PP ()
(41) 0 P(\) -
Lo o o POy )

Mzl BupuM, TakaM o6pa3oM, UTO, AJIsI TOTO YTOGH! BHIYUCJHTH MHOIO-
4jeH OT OAHOM KJeTKH HOpMaJbHOH GOpMBI TOpsiAKA p, MOCTATOUHO
8HATh 3HAYeHHE 3ITOrO MHOrOYJIEHA H ero NPOM3BOLHBLIX N0 NOpsAKa p— 1
B TOUKe Ay, [le A, —CcOGCTBEHHOE 3HaueHMe, OoTBeuawuiee Kiaerke. Orciona
cJleflyeT, YTO ecaH MaTphua A HMeeT HOpMaJbHYIO GopMmy (4) ¢ KJeTkamu

NOPSAKOB P, ¢, ..., §, TO AJs Bbl'-lHCJIeHHSI matpuusl P (A;) nocTaTouHo
sHath 3HaueHHsi P (f) B Toukax f=A;, Ay, ..., Ap C NPOU3BOAHEIMH 110
nopsakos p—1, ¢g—1, ..., s—1 cooTBercTBeHHO.

Mgl fokaxeM CJefyioUIyIo TeopeMy.

Teopema. [Tycme 8 KOMNAECKCHOM N-MEPHOM NPOCMPAH-
cmee 3a0ano Auneldnoe npeobpasosanue A. Tozda moxcro
Haimu 6a3uc, 6 KOMopoM mampuya AuHelHo20 npeodpasosa-
HUSL uMeem HOPMAAbHYyo dopmy. [pyeumu crosamut, MONCHO
Haliimu 06asuc, 8 KOmMOPoMm AuHelHoe npeobpasosanue umeem
sud (2).

JlBa He3aBHCUMBIX JOKasaTeJbcTBa c(OpMYJHDPOBAHHOM
TeopeMel OyAyT aauul B § 19 m 20. Kpome Toro, Baxuas
Teopusl HHBAPHAHTHBIX MHOMXKHTEJEH M A-MATPHIl J2eT HaMm
TPeTbe He3aBHCHMOE HOKa3aTeslbCTBO 5TOrO pe3yJibTara.
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§ 19. Ipuseaenne npoussomHOro npeobpasopaHus
K HopMmaJbHOH copme

Mbl yxe ynomuuanau B § 18, wto B cayuwae, koria y
npeoGpasoBaHus A He XBaTaeT JMHEHO HE3aBHCHMHIX COG-
CTBEHHBIX BEKTOPOB (T. €. KOTJa HX YHCJIO MeHbIlle pasMep-
HOCTH IIPOCTPAHCTBA), 6a3UC NMPUXOAUTCS JOMOJHATL 34 CYET
Tak Ha3blBaeMbIX MNPHCOEJHHEHHBIX BEKTOPOB (HX TOYHOE
onpeje/enre OyzeT JaHO 4yTh No3xke). B atom naparpade
Jaercs cnoco6 noctpoeHHs 6Ga3nca, B KOTOPOM MaTpuua
npeo6pasoBaHus A HMeeT KOpAaHOBY HopmanbHylo dopMmy.
3ror Gasuc Mbl HeNOCPeACTBEHHO HafepeM M3 COGCTREHHEIX
H TIpHCOEAHHEHHBIX BEKTOpPOB, H Takofl cnocol6 BEGopa
ABJISETCSA, B HEKOTOPOM CMbICje, HaHboJ/iee eCTeCTECHHBIM *).

[lepen sTum mnaparpagoM MBI PEKOMEHAYEM UHTATEO
nepeuutaTh M. 4 § 9 0 pazobparth NPHBEIEHHEBIE TaM HPEMEpEL

1. CoGcTBeREDe H RpUCCEIMHEHHLE EEKTCDH! JHMefHOro
npecOpa3orauns. Ilycts A,-—HeKoTOpOE cofCTEEHHOE 3HAue-
Hue npeoOpasoBanus A. Mel yXe HMeNIH paHbuie Taxce
onpejecHue, :

Onpeaenenne 1. Bexmop x==0 rasveaemca cobcm-
BeHHBIM BEKIMOPOM NPeodpasosanuss A, Omeedarouum coicnice -
HOMY BHAYEHUIO Ay, ecau

Ax=MAx, T.e. (A—ME)x=0. (N

PaccMOTpPHM COBOKYIIHOCTb BCEX BEKTOPOB, YAOBJETEO-
pstoux ycaosHio (1) npH QHKCHPOBaHHOM A,. fcHO, uTO
COBOKYIIHOCTb STHX BEKTOPOB SABJACTCS HOANPOCTPEHCTEOM
npocrpadcra R.

Mzt o6o3HauuM ero Nﬁ,). Jlerko BHEETb, 4TO Nﬁ,’ HHPBAa-
PHAHTHO OTHOCHTeJLHO IpeoOpa3soBaHusi A (mposepbrel).

3ameTHM, YTO TIORNPOCTPAHCTBO N(ﬁ,’ COCTOHT H3 BCex
cOGCTBEHHBIX BEKTOPOB npeofpasoBaHus A, orBeualouux
cOGCTBEHHOMY 3HAYEHHIO A;, K KOTODHIM J00aBJIEH elle Hyae-
80t eexmop.

Onpenenenne 2. Bekmop X Hasvieaemcs nplcoe-
Ounennoim  eexmopom 1-20 nopsadka npeoGpasosatus A,

*) Cm. taxke M. B. [Ipockypsakos, C6opHuK 3ajay 00 JH=-
HeliHOH anreGpe, rje HMeeTcA aHAJOTHYHOE JAOKa3aTesibCTBO.
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OMBEHQIOUUM COBCIMBEHHOMY BHAHEHUO Ny, €CAU 6eKmop
y=(A—MhE)x

ABASeMES COOCMBEHHbIM 6eKMOPOM Npeobpasosanus A.
[lycrs A,—coGcTBeHHOE 3HaueHwe npeobpasoBanus A.
PaccMOTpHM NOJIIPOCTPAHCTBO, COCTOsAIIEe H3 BCEX BeK-
TOPOB X, L/15 KOTOPHIX BLINOJHEHO YCJOBHE

(A—MNE)2x=0, 2
T.e. Anpo npeobpasosanus (A —AE)?. OGosHauuM 510 Moj-
npocrpancteo Ni2; Ni2 sBiasiercss WHBapHaHTHEIM nolmpo-

CTPaHCTBOM npOCTpchma R. B camoMm jpene, mycrb xEN
T.e. (A—AE)?x=0. Ham namo noxkasarb, uTo H BeKTOp

Ax€N?, 1.e. uto (A—AE)* Ax=0. Ho npeo6pasopanne A
nepecraroBoyHo ¢ (A—MAE)?, T.e.
(A—ME)2 Ax=A(A—ME)*x=0

PaccMOTPHM HeCKOJIbKO 60siee HOAPOGHO CTPYKTYPY Npo-
crpanctsa NiJ). B HeM ecTb BEKTOpHI ABYX THIIOB.

Ecan xé€ N“,), T.e. (A—ME)x=0, TO mnojaBHO H
(A—2AEPx=0, T.e. x€N$2. Takum o6pasom, Nl ek~
koM conepxurca B NiZ. Ecnin x€NY, wo XENY, 1. e.

(A—W,E) x 0,
(A—M\,E)* x=0,

TO X-— NPUCOeZHHEHHBIH BekTop l-ro mopsaka. HeficTBu-

TeJLHO, B 3TOM caydae y==(A—A,E)x ecrb coGcTBeHHBIH
BEKTOp.

Taxum o6pasoM, MOANPOCTPAHCTBO NM NoJIy4aeTcs, ecin

1
K MOANPOCTPAHCTBY Ni n’ NoGaBHTL TMPHCOEAHHEHHBIE BEKTOPLI
l-ro nopsjka.

AmanorauHO BBOAMM HOAIPOCTPaHCTBO NM, cocrosee
H3 BCeX BEKTOPOB X, HJSi KOTOPHIX

(A—ME)t x =0, 3)
310 OOANIPOCTPAHCTBO HHBAPHAHTHO OTHOCHTEJIBHO npeo6-

pasosanusi A. S$IcHO, uTO TOATPOCTPAHCTE0 N§2 copepxur
npeABIIyiee NOANPOCTPaHCTBO N~
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Onpenenenune 3. Bexmop x mHaswieaemcs npucoedu-
HEHKbIM 6eKMOpoM k-20 NOpadKka, ecau 6exmop

y=(A—MhE)x

ecmo npucoeOurennoil éexmop nopadka k—1,
[To MHIYKIHM MOXKHO NMOKa3aTh, YTO €CJH X— NPHUCOENH-
HEHHBIH BEKTOp k-ro mopsijaka, To

(A—M\,E) x =£0,
(A— A E)e*1 x =0,

JIpyrumu cioBaMu, TPHCOeIHHEHHBEIM BEKTOPOM R-TO II0-
pAlKa HasbBaeTCs BEKTOP, NpuHaaiexamuit N+ i we npu-
Hagnexamui N3,

[Ipumep. Ilycre R—npocTpaHCTBO MHOTOUJIEHOB CTe-
nesn <, n—1 u npeobpasoBanue A— pudibepeHnupoBaHue:

AP (t) =2 P (2).

Jlerko BHIeTb, uTo A =0 ecTb COGCTBeHHOE 3HAUEHHe,
CoorBeTcTBYIOIIHA eMy co6GcTBeHHHBIN BekTop P (f) =const.
Haiinem nss sToro mpeo6pasoBaHHs INOANPOCTPAHCTBA N.
Mo onpexenenmio N§ cocToMT M3 BCeX MHOrOUWIEHOB P (),
Jas koropuix AXP (£)=0, T.e.

dk
= P (£)=0.

Jro GyayT BCe MHOroYJeHEH!, CTeNeHb KOTOPHIX He INpeBhIlaer
k—1. TlpucoeuneHHbBIMH BEKTOpaMH k-ro mopsiika Gynyt
MHOTOUJIEHE], CTelleHb KOTOPHIX B TOYHOCTH paBHa k—1.
B 3roM mnipHMepe pasMepHOCTb KaXKAOro H3 MOANpo-
crpancts pasHa N wm oma pacrer or 1 10 n Bmecre
¢ pocrom k. IToxmpocrpanctso N yxe cosnazmaer co Bcem
npocTpaHCTBOM R, M ecaH Mbl 3aXOTHM ONpeNeJATh N§HY,
N{*® 1 1. X, To Bee 5TH MOANpPOCTPAHCTBA GYAYT COBNAAATH
c N§V.
(k+1) (k)
Jlerko BHJETh TaK¥e, uTo B 3ToM mpuMepe ANy =Ny .
310 c/aefyeT M3 TOrO, YTO KaXJEBIl MHOTouJeH CTeleHH kR
ecTb IPOHM3BOAHAS OT MHOrouieHa cremeHd k- 1.
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Ynpaxuenue. Ilokasars, uro zasa mwoboro JuHeiiHoro npeo6pa-
30BaHHST A HMeer MeCTO DPaBEHCTBO ,

(A—AE) N{EFD= NP,

ITycts A— nunelinoe npeoGpa3oBaHue, a A, — ero COGCTBeH-

Hoe snauenne. [TokaxeM, uro moampocrpaucrsa Ni', Ni,
CHayada CTPOTO BO3PACTAlOT C DOCTOM HHJEKCa, a 3aTeM,
HAuHHAA C HEKOTOPOTO HOMepa p<{n, 3TOT POCT MpeKpa-
ulaercs, T.e.

N(P) N(P‘l— h_

(cM. npuBeleHHBIH B 3TOM NYHKTe npmvxep).
Mrl yke NOKasanu, YTO KaxJoe HOAIPOCTPaHCTBO N&’z’
k-
cofepxur Ni-™!, T.e. uto ¢ yBennuenueM HOMepa MOAIPO-

CTpaHCTBa Nx , 4 3HQUUT, U UX Pa3MEPHOCTH, MOTYT TOJbLKO
YBE€IHIUBATHCSA.

Tak kak Haiue IIPpOCTPAaHCTBO KOHEYHOMEPHO, TO Ha4

KaKOro-To p< A Mbl BIEpPBbIE NOJYYHM, YTO Nﬁ’:N&’;“’
(cM. ynpaxHeHHe Ha crtp. 22).

Jlokaxem, uto B sToM cayyae NP D =NP P = . | 1.e.
YTO fajbHefiero Bo3pacTaHus nozmpOCTpaHCTB NPOUCXOIHTD
He Oyzer.

JleficTBHTEILHO, [IPEINOI0XKUM IPOTHBHOE, 4 HMEHHO, YTO
NP*D = NP, wo nas wexoroporo i >0 NOATPOCTPAHCTBO
N{**Y crporo Gombme, wem N§P*Y. Toraa cymectsyel Bek-
TOp X Takoi, 4YTo

+i+1 — +1i)
x € NP*HHD - yENPT,
Oro 3HAUUT, 4TO
(A—ME)+i+1 x =0, HO (A—AE)P+1 x40, 4)

OGosnauum yepes y BexTop y=(A—AE)'x. Toraa nep-
Boe M3 paBeHCTB (4) 03HayaeT, uro y € Ni’;“), a BTOpOE; 4TO
y EN{, uto HeBosMOXHO, Tak Kak mopmpocrpancrea NPTV
¥ NiP no mpeanosoXeHHIO COBIAZAIOT.

Wrak, nyctb A,— HEKOTOpOe COOCTBEHHOE 3HaueHHe IIpe-
o6pasopanusi A. OCHOBHBEIM pe3yJbTATOM 3TOr0 HYHKTa

ABJACTCA NOCTPOCHHE HHBAPHAHTHOTO NOATIPOCTPAHCTEA NP,
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COCTOSIIET0 U3 BceX COOGCTBEHHBIX MU NPUCOCJUHCHHEIX BEK-
TOpOB, OTBCHAKCHIUX 3TOMY CO6CTB€HHOMY 3HAYEHHIO.

Kpome Toro, B n. 3 Ham moHanoGutcs Gojee aeTajbHasl

crpykrypa NiP. A umenno, oGosHauas uepes N moampo-

CTPAHCTBO, COCTOAILEE H3 MPHUCOEAHHEHHLIX BEKTOPOB MOPAIKa
< k—1, Mbl MOJYYHJIH BO3PACTAIOUIYIO LENOYKY UHBApPHAHT-
HBIX [IOJIPOCTPAHCTB

(1) (2) (
0c N N <...cNP. (5)
Bee uneHsl 3TOH uenoukd passmubbl. [loAnmpocTpaHCTBO
k
Nﬁm) COCTOHT NPHU 3TOM H3 BCEX BEKTOPOB X, AJA KOTOPHIX

(A—MEYe x =0,

T.€. 3T0 ecThb AApo npeobpaseBanusa (A—Ai E)E.

TIpeoGpasosanne A—A,E nepeBOAHT Kax1Ge U3 HOAMPO-
CTPaHCTB Lenouku (5) B mpealecTBYIOIIEE.

2. Boigenerue NMOANPOCTPAHCTSA, B KOTOpOM mpesOpa3oBa-
Hie A HMeeT TOJLKO OJHO coGcTBeHHoe 3navenue. [lycrn
A, —mHeKoropoe COOGCTBeHHOe 3HaueHHe IpeobpascBaHHA A.
B 3TOM NyHKTe Mbl [OKa)eM, YTO HPOCTPEHCTBO . R MOXHO
Pa3A0KUTh B NPAMYIO CYMMY JABYX HHBapHaHTHBIX NOANPO-
CTPaHCTB, B MEPBOM M3 KOTODHIX IpecGpasoBaHHe A HMeer
JHIb OJHO cOOCTBEHHOE 3HaueHHe A,, a BO BTOPOM Yy Ipe-
c6pasoBanus A yxe Her cOOCTBEHHOrO 3HauyeHHA A,. '

He orpanuuuBas ofUIHOCTH, MOMHO CUHTATh, 4TO A, =0,

HelictButennHo, nyctb A, ==0. PaccMoTpuM npecfpazo-
panue B=A—A,E; oHO yxe HMeeT COGCTBEHHOE 3HaueHHE,
pasHoe HyJwo *). OueBHAHO TakKe, YTO MHBApPHAHTHHIE HOA-
npocTpaHcTBa NpeobpasoBaHuii A u B coBnagaror.

Wtax, Bupens Mbl GyaeM CulTaTh, yTo npecépasoBanue A
nMeeT cofeTBeHHOoe 3HaueHue A = 0. JlokaikeM Haie yTBepxie-
HHe CHayaJia JJifl YacTHOTO cJjydas, KOrla 8 npocmpaxcmee
Hem NPUCOEOUREHHbLX BEKMOPO8, OMBELAIOUUX SmomYy cobemeer-
HOMY 3HQUEHUIO, @ eCmb MOAbKO coOCcmeerHble  geKmopol **),

*) B caMoM jene, ecid Ay —coGCTBEHHOe 3HayeHHe npeobpasosa-
ausa A, T.e. Af=Mf (f £ 0), To Bf=(A—AE) =0, T.e. f—cobecr-
BeHHBI BeKTop B, orBeyalomuil coGCTBEHHOMY 3HAUYeHHIO A =60,

**) XoTsl NOTOM Halle yTBep:KAeHHe OyzeT HEe3aBHCHMO JOKa3aHo
Aast ofmwero cJydasl, pacCMOTDeHHe 3TOr0 4YacTHOTO CJyuast MNOJesHo,
TAK KaK, BO-IEPBHIX, Ha HeM Gojee BHINYKJO BHJAHAa OCHOBHAsA HAed
NOKA3aTeJbCTBA M, BO-BTODBIX, CT2HOBHTCA OYEBHAHOH HEOGX0MMMOCTh
BBEJEHHs IOAIPOCTPAHCTB, OTJHUHHIX OT BBeJeHHLIX 3fech Ng u M.
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HaM HYXHO NOGCTPOUTHL ABa HHBAPHMAHTHEIX MOINPOCTPAH-
CTBa, TpAMas CyMMa KOTOpHIX paBHa R. B KauwecTse mepBoro
H3 HHX, B KOTOpoM A =0 ecTb eJIMHCTBEHHOE COOCTBEHHOE
3HayeHHe, MOXKHO B3STh COBOKYIHOCTh N, BCeX COGCTBEHHBIX
BEKTOPOB, OTBEYAIOWIHX coOCTBeHHOMY 3HaveHudo A =0 wnau,
JIPYTHMH CJIOBaMH, siipo npeobpasoBaHus A.

B xayecTBe BTOPOro NOANDPOCTpaHCTBA BO3bMeMm 06pa3s M
npoctpaHcTsa R npu mpeoGpasoBaHuu A, T. e. COBOKYNHOCTb
BEKTOpOB Y= Ax, Ife Xx Tpoberaer Bce MNPOCTPaHCTBO R.
Jlerxo BUJETh, UTO KaxKJa0o€ H3 3THX MNOANPOCTPAHCTB HWHBA-
puaHTHO (3TO JNOKasaHo B m. 4 § 9).

Jlokamkem, 4TO OHH JAIOT pPa3soKeHHe MPOCTPAHCTBA B Nps-
Myl cymmy. Tak Kak cymMma pasmepHocTelt siipa u obpasa
ILxsa Juoforo npeoGpasosanus A paBHa n (eM. 1. 4 § 9), TO
JOCTaTOYHO JHOKAa3aTh, YTO HepeceyeHHe 3THX NOANPOCTPAHCTB
pPaBHO HYJIO. '

[IpennonoxuM, 4YTO 3TO HE Tak, T.e. IYCTh CYIIECTBYeT
BeKTop 4= 0 Takoil, uto yéM u ye€N, Tak kak yeM,
TO OH HMeEeT BHUJ

y= Ax, (6)
rie x—HekoTopwilt Bektop H3 R. Tak kak y€N,, T0
Ay=0, rme y=+0. (7)

PasencTBo (7) 03HauyaeT, YTO y €CTb COOCTBEHHBIH BEKTOp
npeoOpa3osaHua A, OTBeYaoUU#i COGCTBEHHOMY 3HAYEeHHIO
A =0, a paBeHcTBO (6) NMpPH 3TOM O3HAYaeT, YTO X €CTb NpH-
coeHHeHHBIH BEKTOpP MNepBOro HOpPAAKa, OTBEHAOWUH TOMY
ke COOCTBEHHOMY 3HaYeHHI0. MBI Xe NpPEANOJNOKHJH, YTO Y
npeo6pa3oBaHusl A HeT NPHCOeIHHEHHLIX BEKTOPOB, OTBEYAIO-
mux co6CTBEHHOMY 3HaueHHIo A =0.

Takum o6pasoM JioKasaHo, 4To nognpocrpaHcTea M u N,
He UMeIOT OOLI¥X BEKTOPOB KpPOME€ HYJeBOro.

Bcnompnas, uto cymMMa pasmepHocTe#r ofpasa H sjpa
paBHa n, Mbl NoJydaeM OTCIOA3, YTO HPOCTPAaHCTBO R pas-
JIOXKHMO B MNPSMYI0O CyMMy HWHBADHAHTHBIX HOANPOCTPAHCTB
M u Ny

R=M+N,.

3ameuyaHue, U3 IIPpHBCACHHOrIO BLILIE JOKa3aTeJ/bCTBa
BHAHO, 4TO 06p33 H A1pO HMEIOT nepecedycHue, OTIHYHOE OT
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Hy/Jd B TOM H TOJBKO TOM CJydae, Korja npeobGpasosanue A
MMeeT NPHUCOEJHHEHHBIE BEKTODHI, OTBEYalOMHE COOCTBEHHOMY
3HaueHuo A =0,

PasobpanHblil yacTHBIN Caydall JaeT HaM HJEI0 TOrO, Kak
NPOBOAUTb JOKa3aTelbCTBO B oOllleM cayuae, Korga A wuMeer
TaKXke ¥ NPHCOeJUHeHHbIe BEKTOPHI, OTBEYaloniie COGCTBEHHOMY
snavennio A = 0. IoxnpocrpaHctBo N, npu 3TOM OKasHBaeTCA
C/IMUIKOM Y3KHM, H €rO €CTeCTBeHHO pacCIIHPHUTh 3a cuet JAoba-
BJICHHS BCeX NIPUCOeUHEHHBIX BEKTOPOB, OTBEUAOIIAX COOCTREH-
HoMy 3HaweHuio A =0. Bropoe xe noampoctpascreo M oka-
3bIBaeTCS TPH 3TOM CJHUIIKOM 6OabluM *).

Hrtak, paccMorpuM BBeJeHHOe B 0. | MHBapHaHTHOE IOA-
npocrpaHcTBo N{P’, cocTosilee U3 BceX COGCTBEHHBIX W NPH-
COEJIMHEHHBIX BEKTOPOB npeolpasoBaHus A, orsevalomux cof-
cTBeHHOMY 3HaueHuto A =0. Kak MBI NOMHHMM, OHO fIBJSIETCH
fApoM npeobpasoBaHusi AP, T. e. COCTOMT H3 BCeX BEKTOPOB X,
JUJISL KOTOPBIX

Arx=0.

B kauecTBe BTOpOro cj1araeMoro mpsiMOH CyMMBI ME! BO3b-
MeM NOAnpocTpancTBo M'P— o6pas mpoctpaHcTBa R mpu ToM
e npecObpasoBaHuu AP, ,

Jlerko BHIeTh, uto M'P’ TakKe HHBAPMAHTHO OTHOCHTE/IbLHO
npeoGpasoBanusa A. [efictButesnpHo, ecad Yy E MP, 1. e.
y= A?x, TO

Ay = APtix = AP(Ax),

T. e. Ay Takke npuHagzexur M.

Teopewma. ITpocmparcmso R mosxcro pasroxcumes e npa-
MYl0 cymmy unsapuanmubix noonpocmparcms NP u M.
Mpu smom nodnpocmparcmeo N cocmoum moavko u3 cob-
CMBEHHBIX U NPUCOCOUHEHHbIX BEKIMOPO8, OMBedaouux cob-
cmeextomy sHauenuo A =0, a 6 nodnpocmpancmsee M'P npe-
obpascgarue A obpamumo (m. e. A =0 ne agasemcs cobcmeen-
Hbim 3raueruem npeobpasosanus A e nodnpocmparcmse M'P)).

Il JOoKasaTesqbCTBA [EPBOTO YTBEPKACHHA HaM, KakK
B PacCMOTPEHHOM Bplllle YaCTHOM CJIyyae, JOCTATOYHO IOKa-
3aTh, 4TO Ilepecedyetne nopnpocrpaucTs NP u M'? pasHo nymo.

*) Uro M «CJHIUKOM BEJHKO», BHJHO IIpH STOM HE TOJbKO H3 €O06-
paXkeHuil PasMEpHOCTH, HO TakKe W H3 Toro, uro M nepecekaercs paxe
¢ caMuM N,, a He TOJBKO C €ro pacllipeHHeM.
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JlonycTuM mpoTHBHOE, T. €. NMyCTh CYIIECTBYeT BeKTop § =0
Takoll, uto y € M» u ye NP. Tak kak y& M?P, 1o

y=Arx. ®)
Janee, tak kak y € NP, 10
APy =0. 9)

Ho us paeencrB (8) u (9) crenyer, uTo CylecTByeT TaKoOi
BEKTOP X, VIS KOTOPOro ‘

APx 50

H B TO Xe BpeMs
Ay = APy =0.

310 3HAUMT, YTO X €CTb MPHUCOEJMHEHHBIH BEKTOp mpeobpa-
3oBaHusi A ¢ coGCTBeHHBIM 3HaueHWeM A =0, He NpHHAI/IEXKA-
muii nmoanpocTpaHcTBY N{P, UTO HEBO3MOXKHO, Tak Kak N§”
COCTOHT H3 6CeX TaKHX BEKTOPOB.

Taxum o6pas3oM, Mbl IOKasaJsl, 4To nepeceuenue N u M'»
paBHO Hymo. Tak kKakK cymMmMa pasMEpHOCTeH 3THX MOANPO-
CTPaHCTB paBHA n (3TO AApO M 00pa3 mnpeobpa3oBanus AP),
TO OTCIO@a CJAeyeT, YTO TPOCTPaHCTBO R PacKJajibiBaercs
B NPSMYIO CYMMY 5THX TOANpPOCTPAHCTB!

R=MP» NP, (10)

JlokaxeM Tenepb BTOPOE YTBEDPIKIEHHWE TEOPEMEHI, T. €. HTO
B noanpoctpanctee M'” mpeoGpasopanue A He HMeeT HyJe-
BOr0 COGCTBEHHOrO 3HayeHHsi. [leficTBUTeNbHO, ecM GBI 3TO
610 He TaK, To B M'” cymecrBoBast 6bt BeKTOp X =0 Takoi,
4yTO

Arx =0,

Ho 310 paBeHcTBO o3Hawaer, uto x &N, T. e. sBasercs
obmum BekTopoM MY u N{P, a Mbl jAOKasadd, 4YTO TAKHM
BEKTOPOM MOMKeT OBITh TOJBKO HYJb. '

TeopeMa j0Ka3aHa MOJHOCTHIO.

Tenepp MBI MOXeM OCBOGOZHTBLCS OT NPEATNONIOXKEHHS, UTO
BBIJIE/IEHHOE TIOANPOCTPAHCTBO OTBEUaeT HYJIEBOMY COGCTBEH-
HOMY 3HAQUEHHIO, M CUMTAThL YCTAHOBJEHHBIM CJAEIYIOUHH (AKT.

Ecau N, — nexomopoe cobcemeertoe 3uaverue npeod pazosa-
HUs A, mo npocmpancmeo R . MONCHO pA3A0%cumb 8 RPAMYIO
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cymmy uHeapuanmuoix nodnpocmparcme Ry u R, 6 nepsom
u3 Komopeix npeobpasoéarue A umeem moAKO coGCmMBeHHOe
SHQuEeHue A;, @ 80 8MOPOM 8ce CoOCmBeHHbie 3HaueHus A
omauunsL om A,

Tlpumensis NOJyueHHHIH pe3yJbTaT K MpeoOpasoBaHuio A

B IIPOCTPAHCTBE R M K HEKOTOPOMY COOCTBEHHOMY 3HAUEHHIO A,
3TOTO IpecOpa3oBaHMs, MB! «OTIIENUM» HHBapDHAHTHOE MOJA-
[pPCCTPAHCTBO, OTBeuawlliee cOOGCTBEHHOMY 3Hauenmio A,. Ilpo-
JIO/2Kast STOT Ipolece, NoKa He OyayT HcyepHaHbl Bce €o0-
CTBEHHLIE 3HaueHWs npeobpaszoBaHua A, Mbl NOJTYyYHM JOKa-
3aTeJIbCTBO CJIEIYIOMEH TeOpeMsl:

Teopewma. Ilyeme npeobpascearue A npocmpancmea R
umeem k pazautinolx cobemeenHolx SHaderul Ay, . . ., Ay, To20a R
MOJNCHO POBAONCUMb 8 NPAMYIO CYymmy R uHBApUAHmMHBLX NO0-

npocmparcme N{22,. .., N{E9:
R=N" 4+ ... NP, (11)

Kaocdoe us nodnpocmpancme N{Fd cocmoum moabko u3

COBCMBEHHBIX U NPUCOEOUHEHHbIX BEKMIOPO8, OMBELAIOUUX OG-
CMBeHHOMY BHAYEHUO M;.

JIpyrumu cJOBaMH, A KaxAoro i CYHIIECTByeT TaKoe
YHCJIO pP;, YTO AJAA Beex x € Ngjl’i)

(A—ME)ix =0,

Y Hac ocrajach emie TOJbKO OJHa, BIPOYEM, He MeHee
BaXHa# 3aJauya — BEIOpaTh B KaXJAOM H3 3THX MOAINPOCTPAHCTB
fasHc, B KOTOPOM MAaIpHIa IIpeoGpa3soBaHHA HMeET KopJa-
HOBY HOpMaJbHyio QopMy. D10 GyleT CleNaHO B c/elylomem
IyHKTE.

3. MNpusenenne X HOPMaJLHOH (hopMe MATPHLBI C OAHHUM
coGCTBeHHbIM 3HaueHHeM. B ciaydae, eciH NIPOCTPaHCTBO CO-
CTOMT TOJbKO H3 CCOCTBEHHBIX BeKTOpoB, 6asuc B mpo-
CTPaHCTBE MOXKHO BHIOHpATh TIPOM3BOJNBHO M MATpula mnpe-
06pasoBaHus B 3TOM GasHce HMeCT [JHATOHAJbLHLIA BHA.

B ofilleM cayuae HEOCTOPOXKHHHA BHIGOD O0asuca MOXKeT
8amyTaTbh KapTHHY.

Yro6sl BEIGpaTH Ga3uc, B KOTOPOM MaTpuua mnpeobpaso-
BaHHsA MMeeT HauboJsiee TPOCTONH BHA, Mbl OyleM TAHYTh
LEeHOYKH COOCTBEHHRIX M NPHCOCJHHEHHBIX BEKTOPOB, BhIGpaB
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HEKOTOpHI# 6a3uc B noanpocrpadcTee NP’ 0 nocnenosatesbEo
npUMeHss K BekTopaM 3toro 6asuca npeoOpasoBanue A.

BBeseM mnpeiBapHTe/NbHO HEKOTOPHiC IOHATHSA, YyAOOHBIR
JJs JanbHeHero.

Onpenenenve 4. Bexmoper uz npocmparcmea R Ha-
B6IBAIOMCA  OMHOCUMEALHO AUHEUHO He3asucumbimy Had nod-
npocmpancmsom R, ecau wnuxaxas ux auHetiHas kombuua-
Hus, OMAUYHASL OM HYAR, He npunadiexcum R,.

3aMeTHM, UTO BCSIKHE JMHEHHO 3aBHCHMble BEKTOPLI H3 R
OTHOCHTEJLHO JIMHEAHO 3aBHCHMBEI HaJ JOObIM HOAIPOCTPAH-
CTBOM.

Onpenenenue 5. Basucom npocmpancmea R omHo-
cumeasHo nodnpocmparcmea R, Hasoieaemcs  makas  cu-
cmema e, ..., €, AUHEUHO He3aeucumolx eexmopos u3 R,
KOmopas nocae NONOAMeHUS Kaxkum-Hubylo Oasucom u3 R,
obpasyem 6asuc 60 6cem npocmMparcmee.

Takoi#t 6asuc .ierko HOCTPOHTh. [/ 3TOTO AOCTATOYHO
BHIOpATh KaKOH-HUOYJAbL GasHc B R, JONMOJHHUTL €ro Jo 6asuca
BO ECeM HPOCTPAHCTEE W 3aTeM OTOPOCHTb BEKTOP HCXOAHOIO
6asnca u3 R,. Uucio EEKTODOB B TaKOM OmHocumenstom 6a-
3uce PaBHO PasHOCTH pa3MepHOCTell NpocTpaHCTBa H IOAMpPO-
CTpAaHCTBA. ‘

Beskylo cHCTeMY OTHOCHTe/IbHO JIHHEAHO HE3aBHCHMBIX
BeKTOPOB Haj R, MOXHO JOIOJHHTH O OTHOCHTEJALHOTO Ga-
suca. I 3TOr0 HYXKHO K BHIOpAaHHBEIM EEKTOpPaM XOGAaBHTHL
kako#-Hubyap 6Gasuc moxmpocrpancrea R,. Tlonyuurtcst ne-
KOTOpas CHCTEMAa BEKTOPOB M3 R, KOTOpHle, KaK JIeTKO MHpo-
BEpUTh, JHEEHAHO He3aBUCHMbE. YTOOH! MONYUHTH OTHOCHTENb-
HEI 6a3uc, HYXKHO JOTMOJIHUTE 3Ty CHCTeMy Jo 6a3Hca EO BceM
npocTpaHcTee R, a 3ateM oTOpOCHTH Gasuc NOAIPOCTPAHCTBA.

Hrak, nycts npeoGpasosadue A B mpocTpaHcTBe R HMeeT
TOJILKO OfHO coGcTBeHHOe 3HaueHue. He orpanuunBas ofuixo-
CTH, MOXKHO TPEJNOJIOKHTbL, YTO OHO PaBHO HYJIO.

PaccMoTpuM cHOBa 1eNouky (5) MOANPOCTPAHCTB, MOAY-
yeHHEIX B I. l:

OcNPc...cNP =NPV=_,.,

rae nopnpoctpadctBo NP ects sgpo npeoGpasosanus A,
Tax gak npeob6pasopaume A B npocTpaHctee R He HMeer
OTAHYHBIX OT HYyAA COOCTBEHHBIX 3HaueHHH, TO, OUCBHUAHO,
NP coonagzeT npH TOM €O BCeM IPOCTPaHCTBOM R.-
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Briepem B MakCHMaJbHOM M3 3THX ToAnpoctpancTs N
6a3uC OTHOCHTEJBHO COJEPKAMErocs B HeM MOJANPOCTPAHCTBA
NP-v, Ilycte BekTOpbi 3TOro Gasuca GyayT

€ -vny €y

OueBunHO, 4TO 5TO OYAYT IIPUCOEMHEHHBIE BEKTODHI (p— !)-TO
nopajaka. Mu yxe Bujenu (cMm. ynpaxkHeHuwe Ha crp. 181),
yto AN = NP~V TlosToMy BeKTOPH!

Ae,, ..., Ae

q

aexar B NPP~V. TlokaxkeM, 4YTO 3TH BeKTOpH! JIHHEHHO He-
3aBHCHMBI B N{P~P OTHOCHMTEJBHO Jexaulero B HeM NOj-
npocTpanctBa NgP~?. JlelcTBUTeNbHO, NYCTb He Bce o; =0 H

o, de,+ ... ta,de,=Aae, + ... +ae)ENP?

Torpa BekTop X=o8 + ... +a.e, € NP, a 310 npo-
THBOPEUHT NPEATOJIOKEHHUIO, UTO BEKTOPBI €, ..., €, JH-
HeHHO HesaBUCHMBI Haja NP~V
Hononnum eekrop Ae,, ..., Ae, no 6asuca B NP~" or-
HocHTeIbHO N{P~?, MBI MoJyyuM TOTHA ¢ -+S BEKTOPOB
Aeyy ... Aey fiy oiy o

KOTOPBIE NPEACTABASIOT OG0 MaKCHMaJbHOEe YHC/O JIHHEHHO
HEe3aBUCHMBIX TIPUCOEAMHEHHBIX BEKTOPOB nopsjaka p—2. '

CHoBa NMpHUMEHUM K 3THM BeKTOpaM npeoGpasoBanue A
H TIOJyYEeHHYIO CHCTeMY BeKTOpPOB M3 N{P~% nonosHum, Kax
¥ Boie, A0 Gasuca B N{P~® orHocuTesibHO N{P~9.

INpoxonxkas 5TOoT mpolecc, Mbl AOHJeM A0 NOANPOCTpaH-
crBa N§U W BoiepeMm 6asuc B 3TOM IIPOCTPaHCTBE, COCTOSI-
WHHA M3 MaKCHMaJbHOTO YHCJA JHHEHHO HE3aBHCHMBIX €G-
CTBEHHBIX BEKTOPOB.

PacnosioXuM IOJyYeHHble BEKTOphl B CJEAYIOLLYIO Tab-

JIHILY

...

e
Ae,... Ae: | P
Ate,... Ate, Af,... Af; (12)

AP’IIeIZ . ..A.P‘.le,; APL“fl.-. ..AP.'Z.fs.‘ . :hl. ..h,
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BekTophl HHKHell cTpoukH 0GpasylT 6asuc B MOANPOCT-
pauctee N{. BekTopsl [BYX HHIKHHX CTPOK 06pasyior
6asuc B N®, Tak Kak 310 ecTh 6asuc N{® OTHOCHTEJBHO
N B coemunenuu c¢ OGasucoM N. Bekrtopbl Tpex HHXK-
HHX CTPOK ofpa3yior 6aszuc B N§ u T. 1. Hakonen Bce
BEKTOpH TalbiHuel o6pasyior Oasuc B N§P, T. e. BO BceM
npocrpaHctee R. ‘

Iokaxewm, uTo B 3TOM Gasuce MaTpuia npeobpasoBanus A
HMeeT XKOPAAHOBY HOpMa/bHy® ¢opMy. JleHAcTBHUTEBHO,
paccMOTPHM IIPOM3BOJBHEIA cTosbel Tabmauubl (12), Hanpu-
Mep, LSl ONpPEAeJIEHHOCTH INepPBBIf.

O6osnaunm anas ynobersa AP~ 'e, uepes e,, AP 2e,—ue-
pes e, H T. I. H PacCMOTPHM JieiicTBHe mpeobpa3oBaHus A
Ha KaXJbl#i M3 5THX BEKTOPOB. Tak Kak e, — COGCTBEHHBLA
BEKTOD, OTBEYAIMHH HY/JIeBOMY COGCTBEHHOMY 3HAUEHHIO, TO

Ae, =0.
Jlajbiie, TO ONpejeseHHIo,

Ae,= AAP~ %, = Ar e, =¢,

H aHaJIOTH4YHO

Ae,=e,,
Ae,=e,_,.

Takum obpasom, npeo6pasoBanue A NEePEBOJAHT BEKTODHI
nepBoro crosifia cHoBa B ce6sA, T.e. NOANPOCTPAHCTBO R,
HaTAHYTOe Ha 3TH BEKTOPHI, HHBAPHAHTHO OTHOCHUTEJNLHO A.
Matpuua npeobpasosanus A B mojmpocTpaHctee R, B Oa-
3UCE €, ..., €, HMEET BUJ

I (13)
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T. €. 3TO €CTb JKOPJAZHOBA KJ/ETKa, OTBEYaoLias coGCTBEH-
HOMY 3HaueHuio A =0. AHaJOrayHOe HHBAPHAHTHOE NOANPO-
CTPAHCTEO OTBEYAaeT KaxkKJIOMY H3 cTosa6uoB Tabauubl (12), u
Pa3MepPHOCTh KaXKAOTO TAKOro NOANIPOCTPAHCTBA PABHA YUCHTY
BEKTOPOB B COOTBETCTBYIOMleM cToJifue. Tak Kak MaTpHua
npeoGpasopaHus A B 6GasHce, COCTORIIEM H3 BEKTOPOB Ka-
koro-ju6o crosbua tabnuus (12), nmeer sux (i3), To mart-
puua npeobpasoBaHMsA BO BCeM mpocTpancTse R B Hasuce,
CcOCTOAUIEM H3 BceX BeKTopoB Tabauusl (12), cocrout u3
JKODJAHOBBIX KJIETOK, YHCJIO KOTOPHIX paBHO YHCJAY CTOJO-
OB B 3T0H Tabsiuue, a pasMep KaKJIOH KJETKH paBeH Uucay
BEKTOPOB COOTBETCTBYIOINETO CTOJGIA.

Ecnu Bmecro mpeoGpasoBanus A paccmorpeTb npectpa-
sopanne A4 AE, 1O, Tak xak ‘Marpuuna npeo6pa3oBaHHSA
A’ E nuaronasnbHa, Mbl HOJYY#M TOT Ke Pe3y/bTar AJs mpe-
06pa30oBaHUsl NPOCTPAHCTBA R, HMEIOLIEro TOJIbKO OJHO cob-
CTBEHHCE 3HAuEHHE, paBHOE TNPOM3BOJLHOMY HHCAY A,.
CoOoTEeTCTBYIOLINE KOPAAHOBBL KJAETKH MaTpHUbl Npeobpaso-
panusi A+ AME Oyayr uMeTb BHA!

(f 1 0...0
0 A 1...0
(14)

00 0...1)

BenomuHasi Tenepb, 4YTO AJS IIPOM3BOJILHOIO Npeobpaso-
BaHuA A MBl MOXKEM pa3JOXKUTb IPOCTPAHCTBO R B cymmy
HHBADHAHTHBIX INOANPOCTPAHCTB, B KaXJAOM H3 KOTOPBIX
npeoGpasoBanne A HMeeT TOJNbKO OAHO COOGCTBEHHOE 3Haue-
nue (cm. opmyay (11)), Ml noayyaeM oTClOAa MOJHOE AO-
Ka3aTeJbCTBO Teopembl § 18.

§ 20. Jipyroe noKa3aTeJbCTBO TeOpeMbl O NpPHBEIEHHH
K HopmaJbHoO# dopme

370 10Ka3aTeJbCTBO MBI 6y/IeM BeCTH IO HHAYKUHH, KMEHHO
TIPEANOJIONKHM, UTO /8 JHHEHHOro npeoOpasoBaHus B Ipo-
CTpaHCTBe 71 H3MepeHHH TaKo# Bashc CyWeCTByeT, H JOKa-
KeM, 4TO Mbl MOXKeM HafiTh HYXKHBIH 6asHC B POCTPAHCTBE
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n+1 nsmepennit. Jlna JokasaTenbCTBA TEOPEMbI Ham TO-
HajobuTCs creaywman

JlemMma., ¥ ecakoeo aumnetlinoeo npeobpasosarus A ¢ n-
MEPHOM KOMNAEKCHOM npocmparcmee R cyuwecmeyem xoms 6ol
00no (n— 1)-meproe unsapuarmnoe nodnpocmparcmeo R'.

HokasateabcTBo. Paccmorpum npec6pasoBanve A¥;
y Hero, Kak H y BCAKOro npeoGpa3oBaEHfA, €CTh COOCTBEH-
HBIH BEKTOp e

A*e=)e.

Iloxaxem, uro (n—1)-mepHoe mnojpnpocrpaHcTBo R’, co-
CTOfiIlee U3 BEKTOPOB X, OPTOroHAJbHEIX *) e, T. e. A4
KOTOpHIX (x, ¢)=0, MHBapHaHTHO oTHOCHTeJbHO A. [eficr-
BHTeJbhHO, NycTh XER', 1. e. (x, ¢)=0. Toraa

(Ax, e)=(x, A*e)=(x, he)=0

U, 3HaunT, Ax rtakxke npuHamjexur R’. HusapuantHocTb
NOANPOCTPAHCTBA R’ OTHOCHTENBLHO npeoépasoBaHHu A noka-
3aHa.

JlokaxeMm Teneps cGOPMYJHPOBAHHYIO BhIIE OCHOBHYIO
TEOpeMy 5TOro naparpada.

[Tycts A—npousBonbHoe JuHeHHOe npeo6pasoBaHHe B
(n+ 1)-mepuom npocrpanctee R. Corznacho snemme, B R cy-
IECTBYET n-MepPHOE INOANPOCTPAHCTBO R’', HHBapHaHTHGCe
orHocuresbHo A. Tak kak B M-MEPHOM TPOCTDAHCTBE Ml
TIpenoaraem. Teopemy JOKa3aHHOH, To B R’ cymecrByer 6a-
8HC, B KOTOPDOM JIMHelHOe mpeoOpa3oBaHHe HMEET HOPMallb-
Hyw ¢opmy. OGosnauuM aror 6asuc B R’ uepes

€15 €35 «ovy € fv fz: seey fq; v} hl’ hzi ceey hs:

rie p-+q-+...-+s=n. B stom Gasuce nuHefiHOe mnpeobpa-

*) M sgecb HcnonpsyeM HajHuMe B R CKaJsIPHOTO IIpOW3Bele-
HHA, T. €. CUMT2eM @pOCTpPaHCTBO R eBKJuRoBbiM. HesHauurenbHbiM
H3MEeHEHHEM ﬂoxasa‘renbcma MOHO 0C8060,:[HTBCH CT 3TOro npeanc-
JIOXKEHHs] U Ha NPOTSMEHHH Bcell raapel cyuTaTe R aduHHBIM Dpoct-
PaHCTBOM.
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30BaHHe B N-MeDHOM NOANPOCTPAHCTBE R’ HMeeT BHJ

Ae, = rey,
Ae, = el—{-xlez,
Ae p_1—|-7»1
Af = 2f1r
Afz f1+?»2f2,
f '_fq 1+?"2fq’
Ah, = Ak,
Ah2: h1+}"kh27
Ah = h,_ M,
HononHuMm 3TOT 6a3uc KakKUM-HUOYAb BEKTOPOM €, KOTOpBI
BMeCTe C €, &,, .. o P YRR P TR

hs cocraBjsier 6a3uc B R.
HpmvleHHM K e npeoGpa3opaHne A H pasjOXuUM MOJY-
yeHHBIH BeKTOp Ae HO BeKTOpam Gasuca:

Ae=ae+ ... +ae,+pfi+ ... +Bf,+.

ceeFO0A 8 FTe ™).
Mel MoxkeMm cuHrtaTk, uTo tT=0. B camom JeJse, ecsin B He-
KoropoM Gasuce A wMeer HopmaslbHYIO Gopmy, To A—1E
TaKKe HMeeT B 3ToM 6a3uce HopMaIbHYyIO opmy. [ToaTomy, ecn
T+ 0, TO MOXHO BMecTO npeoOpas3oBaHHMs A paccMOTpeThb
npeoGpasoBanne A-—1E, npuuem A u A—<E, coraacHo
CAEJAaHHOMY 3aMedaHHIO, HMEIOT HOPMaJbHYIO GOpMY B OJHOM
H TOM ke 6Oasuce.

*) Jluneiinoe mnpeoGpasobanne A umeer B (n--1)-MepHOM npocrpas-
ctBe R coGcTBeHHBE 3HAUEHUSt Ay, Ay, ..., Ap H T. [leficTBuTenbHo, Ha-
THLIEM MaTpHIL npeoGpasopanus A B Gasuce e, €y, ooy €pi fro Far o
. fg3 s By, Bay ..., kg e Ona 6}’}.161' TpeyroJibHOM MaTpuliell, B KOTO-
pOM 110 THATOHAJNH CTOSIT YHCAA Ay, Ag, ..y Agp H T. -

Tak Kak cOGCTBEHHBIMH 3HAYEHHSMH TDEYroJbHOH MarpHUbl SBJs-
I0TCST 4HCJa, CTOsUIMe [0 JAMaroHaau (cM., Hampumep, § 10, m. 4), T0
Ay, Ay o hk H T GyAyT cOGCTBEHHLIMH 3HaueHHsMH A B (n—}—l)-Mep-
HOM I‘lpOCTpaHCTBe Takum 0GpasoM, NpH nepexole OT HHBaPHAHTHOrO
n-mepHoro k. (n--1)-MepHoMy mpocTpaHCTBY A06aBHJIOCH OAHO COGCTBEH-
HOe 3HaueHHe: T.
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Mur nogaraem, cJegoBareqbHO, 4YTO

Ae=a«1€1+ e +a'pep+B1f1+ Py
Y P SR N S R NN (1)
Tenepp mocrapaeMcsl 3aMEeHHTb BEKTOP e BEKTOPOM e’ Tak,

yTOOH 1MOCJe 3TOH 3aMeHEl BekTOp Ae’ cras BO3MOXKHO
npome. BynaeM unckath BekTOp € B BHIE

e,:e—_nlel_—' ...-—_%Pep—ulfl_."
by fy— .m0 — . —0h. (2)
Mur umeem
Ad'=Ae—A(ne,+ ... +n.e )
—Apfid e u ) = — A @By . F0hy),

HaH, noab3ysck dopmyaoi (1),

Ae—alel-I_ .+ ep+ﬁlf1+" +ﬁqfq
RS S — Aot ) —
-—A<u1f1+...+uqf,,>—...—A(mlhl+...+mshs). ()

KoaQpuuuenTsl x,y, ..., %y fy, ovny Rgi o vves 05 oou, O
MBI MOXKEeM BLIOMpPATb nponsBoano HozlﬁepeM HX TakK, YTO6L
B NpaBoH HactH ¢opMyJH (3) 0CTaJOCh KAK MOMKHO MeHblle
¢JlaraeMblx.

Mbl 3HaeM, 9TO Kaxao# rpynne Ga3UCHEIX BEKTOPOB H-Mep-
HOTO noanmpocTpadctBa R’, B KoTopoM mpeoGpasoBanue A
UMeeT HOpMaJbHyIo GOpPMY, OTBEUaeT CBOe COGCTBEHHOE 3Ha-
uenne Ay, A, M T. A. Msl paccMOTpHM OTZE/NBHO [1Ba Cly-
4yas, a HWMeHHO pasfepem cHauasa ciayyad, KOTJa HH OJHO
U3 3THX COOGCTBCHHBIX 3HAUCHHH He paBHO HYJIO, a 3areM
cayuyaif, XKorfia 1o He TaK.

Pasz6epemM nepswii cayua#, korma A,==0, A,50, ...

, My==0. B s1OM cjydae, MBI IOKaxeM, uTO BeKTOp &’
MO}KHO BHIOpaTh Tak, uTobet Ae’ =0, T, €. nozxoépaTb Ky oo -

., O Tax, 4TOOBl Bce cjaraemble B npaso#l uyactu (3) co-
KpaTHaAHCh. Tak Kak BeXTOpHl KaMJIOH TIpyMIbl NepexoisT
Tip  1peoOpasoBaHUH B KOMOWHAILMIO BEKTOPOB TOH Ke
I'DYNNBL, TO BEKTOPH Pa3JHYHBLIX TPYNN MOXKHO yHHUTOXKAThb
He3aBuCUMO APYTr oT gpyra. [Joxkaxem, kKak mnomo6pars KO-
SPPUUMEHTHI %,, %,, ..., %, 4YTOOH B npaBoit uacTd (3)

COKDATHJIHCh BEKTOPHL €, €, ..., €, Usedn, copepxamue
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3TH BEKTOPbI, HMCIOT BRI

Sl Fae,—A(Ge . Re) =
=08+ ... Fae,— % e, —
— %y (e, + Mey) — —_up(ep 1+ Me )"
(oc — %A, x)el+(a.z—u7»——'n3)e +...
...—}—(oc e P e e e o A T Y -

ITpupaBruBas Hyso KOSQ‘@HHI/IQHT NPH e,, ONPEe/IsieM X,
YTO BOSMOXKHO, TaK Kak A, 7= 0, 3atem, npnpaBHnBaH HYJO
KO3 HIKEHT IPH €,_ 4, onpezxeﬂﬁeM %,_, H TaK jaziee J0 x,.
TakuM 06pasoM, MBI YHHUTOXKHJIH B (3) WIEHHI C €, €,, ...
ceey €pe AnanoruyHo BLIUKC/IAEM Jpyrue Fpynmsl Kosddu-
I HEHTOB,

Mp1 nmonyumsn, TakuM oGpasoM, BEeKTOp €', I KOTOPOro

Ae' =0.

JobaBissg 3TOT BEKTOp K HMeEWileMycd 6a3ncy, oJIyyaeM
Gasuc €5 ey, €5, ...y €4 foy o oo [ ooy By By oo B
B (n - 1)-MepHOoM HpOCTpaHCTBe B KOTOpO‘\/I npeoépaaoaaﬁne‘
HMeeT KaHOHHYeCKuMH BHA. Bekrtop € ofpasyeT npH 3TOM
OTJIeJbHYIO TPynny ¢ coG6CTBEHHBIM 3HaueHHeM, PABHEIM HYJIIO
(caenoBaresibHO, ¢ COGCTBEHHEIM 3HAYEHHEM T, €CJH Obl MbI
He paccMmarpuBanu Bmecto A npeoGpasoBanne A-—1E).
Paccmorpum Tenepr BTOPOH cjaywal, a HMEHHO NYCTh
HEKOTOPBIM IPyHNIIaM BEKTOPOB Ga3uca B /7-MEPHOM IIDOCT-
paHcTBe R’ COOTBeTCTBYIOT CcOOCTEeHHHIE 3HayeHMs npeobpa-
30BaHus A, paBHple Hymo. Torza B mpaBoif yacTd GOpMYy.iHE
(3) y Hac OyAyT cJaraemele JByX COPTOB— COQTBETCTBYIOIIHE
TPYNIAaM C OTJAMYHBIM OT HYJAf COOCTBEHHHIM 3HAueHHEM H
rpynnaM, I8 KOTOPHIX COOCTECHHOE 3HaueHHe PABHO HYJIO.
C rpynuaMm#, y KOTOPHIX COOGCTBEHHBIE 3HAUYCHUS OTJIHUHBL OT
HYyJsl, Ml MOXeM INOCTYOHUTb TaK JXe, KaKk H B NEPBOM CJIy-
uae, T. €. NoA6opomM Ko3(PPHUNHEHTOB YHHUYTONKHTH BEKTOPLE
B npasofi uacty (3). Jlomycrum, yTo nocae 3TOH onepaudu
Yy Hac OCTaHyTcsl, HanpuMep, TPK TPYyNIbl CJAaraemuXx e,
€y -os €5 [y [as oovy [y 81v 8oy --.» & € COBCTBEHHBIM
3HayeHHeM, PaBHBIM HYJ/HO, T. €. 4YT0 A, = A, =M\, =0. Torza

Ae,:alel +apep+ﬁlf1+ .. +ﬁqfq+?1g1+
cAv.g,—A(ne .. —|—uep)
- A (P’lfl cee quq) AMVgi+ ... +v8) 4
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Tak Kak A,=M,=2A;=0, TO

Ae, =0, Ae,=e, ..., Ae,=e, ,,
Af;=0, Af,=f, ..., Af::fq—l'
Ag, =0, Ag,=g, ..., Agr:gr—l’

Ilostomy nnmefiHas KOMGMHALHS BEKTODOB &y, €5, ..., £,
BXOJsHIIas B NPABYIO YacTh paseHCTBa (4), 6yIeT HMeTh BUJ

%€y Oyt e e s F 8, — Mgy — Ky — o . — K.

Hosaras ®, =0, %3 =0, ..., %, =0, ;, Ml YHHUTOXKHM
3Jlecb BCe C/laraeMele KPOMe OJHOTO, PaBHOTO o.¢,. [1ponenas
Ty e OTepauuio B Irpynnax fy, ..., f; 4 g, ..., g, Mbl

OJNY4YHM BEKTOp e', Aas KOTOpOro
Ae' = a’pep—}— ﬁqfq + .8

CrnyuafiHO MOXKeT OKasaThCsl, 4TO o, =fB,=17,=0; Torna
MBI NIDUXOJHMM K BEKTODY €', IJis1 KOTOpOTO

Ae =0,

B TOrja, Kak M B TepBOM cJyuae, Hame mpeoSpasoBaHue
yxke B Gasuce €5 e, ..., €, fy, ooy o oo By, oo, By
HMeeT HOpManbHYIO dopMy. Bekrop ¢ B 3TOM ciyyae ofipa-
3yeT HOBYIO KJ/I€TKY C COGCTREHHBIM 3Hau€HHEM, PABHBIM HYJIIO.

Hycte Tenepb X0Ts Gl OAHH M3 KOPUIHEHTOB 2, By
Y, OT/IH4EH OT HyJjs. B 3ToM ciydae, B OTJIHYHE OT PacCMOT-
PeHHHX paHee, HAM NPHIETCH A/ NPUBENEHHS K HOPMAJb-
HOH HopMe TakXKe H3MEHHTb HEKOTOPHE M3 BEKTOPOB Oasuca,
yxe uMewoilerocd B R’'. PacnosnoxuM wHcaa p, ¢, r 1m0 HX
seanyusie. [lycrs, Hanpamep, p > g > r. Toria cTpouam HOBYIO
Tpynay,HaunHas ¢ &, caenyiounm obpasoM.lonaraeme’,,, =¢’,
e,=Ae,,, e,oy=Ae,, ..., e/ =Ae;. Mul umeeM, c/efOBa-
TEJbHO,
€pe =€

€= Ae;’+1 = ocpep—]— ﬁqfq 4+ V.8

e;’—l = Ae;’ =0, 5qfq-—1 + V&1

. « e e L I

€prin= A€y, = Lplyrt1t 6qfq-r+1 + V:&1
Cpr= Aep—r+1 =0y, + 6qfq—r’

3 L S I I Y

e; = Ae, =ae,.
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3aMeHHM Tenepb BEKTOPH €', €;, €,, ..., €, 0asnca BEKTO-
paMu

7 ’ ’ 4
€1s €ar ++vy €py Eprys

a ocTalbHBE OCTaBHM 6e3 H3MeHeHHA. Mpl mosyuuM TOrZa
"HOpMaJbHYI0 opMy npec6pazoBaHHs, NpHYEM pasMephl mep-
BOH KJIETKH YBEJHUYH/AXChH Ha €JWHULIY. TeopeMa MOJHOCTBIO
Jl0KasaHa.

Mpr BHAMM, 4TO B Ipollecce MOCTPOEHHS HOpMaJbHOH
¢opMEI HY:KHO GBUIO passinyath ABa CJydas.

1. Cayuafi, koraa jnoGaBieHHOe COOCTBEHHOE 3HAueHHe T
(MBI ero moJiarajid paBHBIM HYJIIO) HE COBIJAeT HH C OLHHM
U3 IMpeXHUX COOCTBEHHBIX 3HaueHHH A, ..., A, B sTom
caydae jfofaBasiach OTHe/bHAad KJeTka NepBOro MNOPsAjKa.

2. Cnyua#, korga AoGaBieHHoe coOCTBeHHOe 3HauyeHHe
COBHAZAJIO C OFZHMM H3 YyXKe HMeBmIHxcsi. B atoM cayuae,
BooGHIe TOBOpA, pasMep OAHOH M3 HMEBIIHXCS KJETOK yBe-
auuuBancst Ha 1. Eciu ®e xosdduuuedtsr o, §, vy paBHH
HyJIO, TO, Kak H B IepBOM cJjyuae, Jo6aBisaach HOBas
KJIeTKa,

§ 21. UHBapHaHTHbIE MHOXHTENH

B srom maparpade Mbl yKaxeMm CHocof, Kaouipi BO3MOX-~
HOCTh HAXOJIHTh JKOPAAHOBY HOpMajbHYyIO (opMmy JHHeHHOro
opeoGpa3oBaHus. V3 pe3yJbTaToB 3TOro mnaparpada Oyner
TaKIKe BBITEKATh [0 CHX IOp €lle He J0Ka3aHHASl eJHHCT-
E€HHOCTb 3TOH (JOPMBL.

Ounpenenenune 1. Mampuyor A u A, =C™*AC, 20e
C —npousgorbHas  HeBLIPOXCOCHHAA MAMPUYa, HA3HIBAIOMC
noGobHbIMU.

Ecan matpuna A, nopo6Ha marpHue A,, 10 H obpaTHo,
A, nogo6Ha A,. IeficTBuTe/IbHO, HYCTb

A, =C*AC.
Torga orcioaa
A,=CAC,
T. e, ecqu notoxuth C-'= C,, umeem:
Azzcl—lAlCl

H, cjaejfoBateJrHO, A, nojobHa A,.
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Jlerko Takxe mokasarth, uTO ec/H ABe Matpuusl A, u A,
NoJoGHbl OfHOH M TOH ke MaTpuue A, TO OHH TNOAOGHHI
Mexay coGoi. JleHicTBHTENbHO, MYCThb

A=Cr'AC,, A=C;*A,C,.
Torpa €i'A,C,=C;3;'A,C,, 7. e.
A, =C,C;A,C.CH,
u ecan nojoxuth C,Cr'={C, To monyunm:
A,=C1A,C,

T. e. A, u A, noJo6HHL

ITlycte A—matpuna npecGpasosanus A B HEKOTOPOM
Gasuce. [lpu nepexose x xapyromy Gasucy marpuua A 3a-
meHsietcsl nmopoGHo# el mMarpuuedt C-'AC, rae C—wmarpuua
nepexofa ot mnepsoro Oasuca kKo Bropomy (§ 9). Takum
oGpasom, mojo6Hble MaTPHILI—3TO MATPHILBI OJHOTO H TOTO
Xe JIHHeHHOro npeo6pa3oBaHMs B Pas/iMYHBIX OasHcax.

Hama 3agaua—mno marpuue npeoGpasoBaHusi NOCTPOHTE
UHBapUAHMbLL CAMOTO INPeo6Pa3OBaHUN, T. €. BHIPAKEHHUS,
3aBHCAIHE JHMWIb OT camoro npeobpasosanusa A. pyruamu
CJIOBaMH, HaM HYXHO MOCTPOHTh GYHKIHH OT 3JEMEHTOB
MaTpHIbl, COBMAJAIOMIKE AJisi NMOZOOHBIX MAaTpHIL.

Ogzun takoél MHBapHAHT ycTaHoBjeH yxe B § 10. Mmenno,
TaM OblJIO JIOKa3aHO, YUTO XapaKTePUCTHYECKHH MHOTOYJEH
marpuisl A, T. e. ompeflenurtesib MaTpunsl A —AE:

D, () =] A—MAE]|

He MeHsleTcsl NPH 3aMeHe MaTpuunl A noaoGHON MaTpuue,
Mgl nOCTPOHM 37eCh DS MEBAPHAHTOB, CPEM KOTOPHIX Oy-
JeT CONePXKATLCA M XapaKTEPUCTHYECKHH MHOTOWIeH, OHH
OyAYT noAHOU cucmemoli UHEApUaHmos, B TOM CMBICJIe, UTO
H3 UX COBNAJEHHA IJs ABYX MaTPHIL Cjielyer nomobue sTHX
MaTpHIl.

[lycts A~—nmpoussosibHast MaTpuila 71-ro nop#agka. Mu-
HOPBI k-ro nopsaka marpuusl A—AE CyTb HEKOTOpPbE MHO-
rounedst OoT A. Q6osnauum uepes D, (M) ux wnauGorvuud
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obuwuii  deaumean *). B uacthoctd, D, (M)— ompeneiETenb
matpuusl A—AE, T. €. XapaKTeDUCTHUECKHE MHOTOUJIEH
MaTpunsl A. B paspHefumleM Mel noxkaxem, u1o Bce Dy (d)
AB/ISIIOTCA MHBaPHAHTAMHU.

3amertuM, uto D, (A) neautcs na D,_, ¢A). HeficTBHTE 1B~
BO, no onpenenexnuio D, _, (A) Bce MuHOpH (n— 1)-ro nopsiaka
pensrcs Ha D,_,(A). Pasnaraa omnpejenutelb Ha cyMmMy
NpOH3BelieHUl 2JIeMEHTOB KaxKOH-HHOYAL CTPOKM Ha HX
anareGpanyeckne JONOJIMEHHS, MBI I10Y4aeM, uTO M onpene-
auteab D, (A) nenutcs ua D,_, (A). Auanoruuno, D,_, (A)
peautest va D,_,(A) 1 1. A.

Yunpaxuenue Haiitn Dy (M) (k=1, 2, 3) ana marpuus

A 1 0
<o " 1>.
0 0 A
Omsem. Dy (A)=(h—h)?, Dy (A)=D; (\)=1.

Jlemma 1. Ecau C—npouseorsrais He8upoXtIeHHas
mampuya, mo obuue Haubobuiiie Oerumesu MuHopos k-eo
nopadsa mampuy A—ME u € (A—AE) coenadaiom. Anano-
euunoe ymeepacOerue umeem meemo u daa (A—XE)C.

IHIokasatenscrtBo. Crpokr wmarpuust C (4—AFE)
ABNAIOTCSH  JHHEHHBIMA  KOMOWHAUUAMH CTPOK  MarpHIbE
A—MAE c kxoadduumeHTaMH, SBJAAOLIEMHCSH 3Je€MeHTaMH
marpuset C, T. e. He 3aBHCsinuMH oT k. Jle#icTBHTENbHO,
0603HaunM yepe3s @;, eMenTh Martpuusl A —AE n uepes
aj, snementht marpuusl € (A—AMAE). Torga, ranmpumep,

n
1t 2.21 C1j@jps
]:

T. €. 9J1eMeHTH nepsoi cTpoku Marpuub € (4 —AE) sBasoTca
JHHEHHBIMH KOMOHHALUSIMH CTPOK MaTpHub A —AE ¢ Ko3h-
duunenTaMu ¢, AHaAJOTMYHO MOKa3blBaeM 3TO H JJist Apy-
FHX €TPOK.

Tlostomy mmuop marpuunl C(A—AMAE) pasnaraercas Ha
cymMMy MHHOpPOB Marpuisl A—AE ¢ HEKOTOPHIMH UHCJ/IEH-

*) HaunGoapmui o6iuit JequTeslb ONpefeseH C TOYHOCTHIO JO YHCJHO-
Boro mpomurens. Mwu puSupaem Dy (XY Tak, uro6er crapumit xospdu-
HWenT Oua paser 1. B gacTHOCTH, ecid MBHODPH k-ro NOpajKa B3aHMHO
npoctil, 16 Dy (M)=1.
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‘HeIMH Kosbguumentamu., C/jellOBAaTebHO, BCAKHEH He/HTENb
MHHOPOB k-ro nopsaxa Mmatpuubl A—AE OyZeT Takme fhe-
JIMTeJieM MHHOPOB TOro ke nopsinka watpuusl C (4 —AE).
Tax kak or matpuubnl C(A—AE) Mpl MOMKeM nepefiTd K
matpuie A—AE ymuHoxenuem Ha C-1, 70 H 06paTHO, KaK-
IOblH fesuTeNb MHHOPOB k-ro nopsaka Marpuub C(4—AE)
SIBJISICTCA ACJUTENIEM MHHOPOB k-ro NopsAAKa MaTpuubl A — AE,
CrenoBarensHo, y A—AE u C(A—ME) cGuiue AenuTeH
MHHODOR k-ro mopsiika COBIAJatoT.

Jemma 2. ¥ nodobueix mampuy muozousenst D, (M)
cosnadaiom.

JokazateasctBo. [lycte 4 n A =C-'AC—fse
nojacOHbte Matpunsl. CorjiacHo npeiwayinefi JemMe, obinde
HauboJIbIIie [eJHTEJH MUHOPOB k-ro mopsinika y A—AE u
(A—AMAE) C coBnagaiot. [lo To# Xe AeMMe COBNAJalOT MEXAY
cobolt ofbine HauboJbIIME AGAHTENH MHHOPOB R-TO MopfAgka
yC 1 (A—AE) u C-*(A—AE)C=A’'—\E. CiiefoBate/bHO,
D,.(M\) ana A u A’ paBaBl MeXny cOGOH.

Tak xax npu nepexone oT OZHOro 6asuca K Ipyromy
MaTpHLla JHHeHHOr0 npeoGPA30BaHUA 3aMeHsieTcs Tofo6Ho,
TO ¥3 JeMMH 2 BHITEKaeT CJejyiouias

Teopema 1. [Myeme A—auneiinoe npeobpasosanue.
Toe20a wnaubosvtuuti obuwuii deaumeav D, (A) murnopos k-z0
nopadka mampuyor A—AE, 20e A—mampuya npeobpasosa-
Hus A 8 nekomopom Gasuce, He 3asucum om swifopa Gasuca.

Ilepefizem K BblYHCJAEHHIO MHOrousneHoB D, (A) maa paH-
Horo JuHeAHOro mnpeoGpasoBaHusa A. B cuny teopemm 1,
TPH WX BHIMUCJCHHH MOXKHO IIOJIB30BAThCS MaTpHUeH JHHEH-
HOro npeobpa3oBaHHA B AwOoM Oasnce. BriGepem Gasuc, B
KOTOpOM MaTpuna JHHeHROro npeoOpa3oBaHUA HMEET XKOp-
JAaHoOBYy HOpManabHyw ¢opmy. Ham HyxHO, clienosarenbHo,
BLMUCIHTDL MHOTowieHs! D, (M) ans matpuust A, HMeomel
HODMaAbHYIO (GopMy.

Haiizem cuauana sce D, (M) Aas mMaTpHulbpl n1-TO NOPAAKA
BYJA

M, 1 0...0)

0 &l ... 0

(1)
000...1

lo 00...4,
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T. €. JJ5 OJHOA «KJETKH» HOpMaJabHOH ¢opmbl. Mpr umeeM
D, (M) = (A—»,)". Ecau B marpuue (1) 3auepxsayrs nepsbifi
crosfeny ¥ [OCJHEAHICIO CTPOKY, TO MOJYyYHM Mmarpuny A,
B KOTOPOH TO [UaroHa/]H CrosiT eIMHHMIBl, a Haj Juaro-
Haaeio Hymd. [lostomy D, (A)==1. Brouepkusaa pajee B
marpuie A; CTPOKH M CTOJOUBL C OJAMHAKOBLIMH HOMepamu,
MBI CMOXEM JoKasaTk, 40 W D, ,(M)=...=D,(A)=1.
OxkoHuaTeqbHO Mbl HMeeM, 4TO JAa2 omOeAbHOd KAaemKu
[mampuyer (1)) nocredosamersrocms D, (M) caedyowas:

(A—2y) 1,1, ..., L

Hanee, samerum: nycme mampuya B umeem 6ud

<B1 0
0B,/
20e B, u B,—kaxue-aubo mampuyet nopadkos n, u n,. Toeda

OMAUYdHblE OM HYAR MUHOPLL m-20 nopsadka mampuys. B
umewom 8ud

A,=ADAND m, 4+ m,=m,

ede Ay —muroper my-eo nopsdka mampuyet B, a A2 — uu-
HOpbL my-20 nopadka mampuyel B, *). JlefictBuTenbHO, ecsM
BBUIEJIHTh T€ U3 TePBHIX 71, CTPOK, KOTODHIE BXOASAT B COCTAB
JIaHHOrO MHHODA, H DPAa3JIOXKHTb NO HHM MHHOD (BOCIOJB30-
BaBIIKMChL Teopemoll Jlamsiaca), to 3ToT MHEOp GyZer nuGO
paBex HyJio, JuOO HMETh BUX A“’A,(,f).m‘.

HaiinemM Tenepe MHOrowiaenol D, (A) A8 HPOH3BOJBHOM
MaTpuubl A, HMEOWEed KOPAAHOBY HODMaJbHYI (¢opMy.
Mbi NpeANONIOKHM, YTO B MaTpuie A HMeeTcss p KJeToK,
OTBCYAIOUIUX COOCTBEHHOMY 3HAuUEHHI0 A,, ¢ KJIETOK, OTEE-
yaloUMx COOGCTBEHHOMY 3HaueHHIO A,, U T. . O6osHauum
NOPSAAKH KJ/ETOK, OTBEYAIOIHX COGCTEEHHOMY 3HAUEHHIO A,
yepes ny, My, «..x Ny (=0, 2n,2>...2n0,).

*) Orauunblf OT HYAd MHHOD Ap k-ro mopsika MaTpunbl B Moxer,
KoneuHo, HuMeTb BHA Am, T. ¢. ObiTh COCTaBJleH H3 3JEMEHTOB B1
(1 2
B s3ToM cayuae Mel ero 3anHumeM GOpMajibHO B BHIAE Ap=Ag AP,

noaoxero AL =





