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Lnf(x)L<m—1, nostomy mfn L f(x) u | f(x)—mfn| L 1/n. D10
I0Ka3blBaeT, YTO ecJAu Mbl 0603HauuM uepe3 A, MHONECTBO palUOHAIb-
HBIX uWceJ mjn (m TOJOXKHTEJIbHOE WM OTpHUaTenbHoe, n > 1), Aas
xorophix a™ < x" (samerum, uro HepasenctBa a™ < x" n a™? L x",
rae g ——uenoe uuca0 > 0, SKBHBaJEHTHH), TO GyleT BHINOJHATHCA pa-
BeHCTBO f (x)==sup A,, KOTOpOe TNOKa3bIBaeT, YT0 f eNHHCTBEHHO.
Yro6ul 10Ka3aTh, 4TO OToOpaxenue f cyllecTByer, ocTaercs yOe-
JUTbCS B TOM,. uTo oOToOpaxeHue f:x—>sup A, YLOBJETBOPSET BCEM
HalfuM ycjaoBuaM. IIycTh X M y — JBa 3JeMEHTa MHOXECTBA R’. Mycts

aaa mo6oro uesoro 73> 1 ueasie udcna m M m’ TaKkoBu, uro a™
LxrLamtl woa™ L yrLam'+l U3 9TMX HepaBeHCTB CliENlyeT, |TO

™t < (xy)' L a™ ™ 2 Tlostomy %<f(x)<i_ﬁtl" 't%l_é
’ 1 ’ ! » ’
Foy<™ R ey < mEMER e MR <

<
L<fO+rfm< H—Zﬂ Orciona Mbl 3AK/IOYAEM, UTO
|F ) —F ) —F ()< 2,

W, Tak Kak n npoussoabHo, f(xy)==f(x)=4 f(¥).
Us (4.3.1.1) creayer, uwro ana Jmoboro 2z > 1 cyuwecTsyer Takoe

nenoe uucao n>> 1, uro a < 2" Tlostomy f(2)>> 1/n>0, otkyna
clelyeT, 4To f—CTpPOTO BO3pacTaoulee oTobpaxeHue, TaK Kak
ecnt x <y, 10 y=2zx, 8¢ z>1, u fM=F(x)Ff(2)> f(x).
C zapyroff CTODPOHB, MMeeM CJIEAYIOLLYIO JNeMMY:

(4.3.1.2) Lan aw6oz0 yerozo n>1 cywecmsyem maxoe z2>> 1,
ymo 2" L a. .

3aMeTuM, uTO CYLUECTBYET TaKOe X, UTO 1 < x < a, 103TOMy 2 == XY,
rie y> 1. Ecm z,=min(x, y), 10 22 xy=0a u z,> 1 Mo wuu-
AykuMu onpefeauM 2, > 1, Tak urobm 2% <z, ; oTKysa z‘;’:'<a H
TeM Gonee 2% a.

Jlemma moxasmiBaer, uto 0 < f(2) < 1/n. Haa moGoro xER: BO3b~

MeM Takoe B, uTo xi-a <zH x—;—a—>—‘1;. Torna |f(M—Sf (0|

L f(@)Ln npn |y— x| <3 Orum KokaszaHo, 4TO OTOGpaNKeHUe f
nenpepniBHo. CienoatensHo, B cuay (4.2.2) f apaserca romMeoMop¢us-
MoM mpoMexyTka R® Ha mekoropmi#t mnpomexyrox /cR. Ho mockoabky
_f(a™)==n npou3BO/JbLHO BEIUKO, STOT MPOMEKYTOK €CTb CaMa JeficTBU-
TenbHas npsMas R. : : :

(4.8.2) Lan aw60z0 nucaa a >0 u 1 cywmecmsyem 00HO U MOAbKO
00HO HenpepbiBHOe OmobGpajcenue f npomesncymra R: s R, yoo-

saemsopanuee ycaosuas f(xy)=f(x)+f(y) u f(a)=1.
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IIyC'rb b> 1. Ilo rteopeme (4.3.1) MBI uMeeM Taxko#f romeoMop(uamM
f, npowesxyTka R’ Ha R, w0 fo(xy)=F,(£)+ f,(¥) u fy(6)=1.
Iycte g¢— o6pa1‘m>m roMeoMopdusm, Tak uro gi(x + y) =
=go(X) oY) u go(1)=">. Ecam f ynosierBopser yc.IOBUSM TeOpeMbl
(4.3.2), 10 A="f o g, ecTb HempepLiBHOe OTOOpa¥eHHe mpocTpancTsa R
B cebs, Takoe, uto 2 (x—+ ¥)=h(x)-+ h(y). B cuny (4.1.3) h(x)=cx.
Caenosatensto, f(x)==cf,(x) n cymecTsyeT TO.IbKO OLHO 3HAuEHWE C,
npn koropom f(a)==1, muMenno c¢=1/f,(a) (1ak kKak a +1, ToO
fola) # 0= fo(1)). : ‘ ’

‘OroGpaxenue, OoXapakTepu3oBaHHoe B (4.3.2), HasmBaeTCs 202apud-
MOM npu OCHOBAHUL @, a GyHKuHs [ (x) 0603HauaeTcs cUMBOJIOM log, x
s noxasatenncTBa Teopemu (4.3.2) cpasy cuaeayer, uto ecau a, b >0
n +1, 10 log, x u log,, X nponopuuoHaabHb. [losToMy, moJaras x =a,
MOy UHM

(4.3.3) log, x=log,a - log, x.
M3 (4.3.1) u (4.2.1) creayer, uro

limlog, x=-—co u lim log,x=-4+0c0 nmpu a>1,
x>0 x>+
lim légax=+oo u lim log,x=—oc0 mpu a <l.
x>0 X->+co

[pu mo6om a >0 m +1 orobpaxkenue, oOparHoe OTOOGpaxeHHIO
x —>log, x, HasHBaeTcA noxasamessnold dyHxyueid (3Kcnonenmoi)
¢ OcHOBaHuem a u 0603HAuaeTCH CHMBOJOM X —> a*. (Jro— coraaco-
BaHHOE 0Go3HaueHue, Tak Kak log, (a")==n u, crelnoBaTejabHO, NI Lie-
JbIX 3HaueHu#t x HOBoe 00O3HAYeHMe MMEET TOT )XKe CMBICHA, YTO M cTapoe,
aare6pauveckoe.) Kpome TOro, no- onpelesieHuI0 Ml noaaraem =1
AJas BCeX JeHCTBHTENBHLIX 4YHCEN X.

Ecom >0, x u y — npousBoJabHHE JeHCTBHTEAbHHE YHC/a, TO H3
onipefesieHHst CJEAYeT, UYTO

a*t¥ =a*a’, e =—, a®=1.
3amensna B (4.3.3) x Ha b u Menas Mecramu @ u b, noayuaem

€4.3.4) log,(b")=xlog,b (b>0, x—odelicmsumensroe 4uucio),
‘2 sameHsin B 3Toft nocaenne#t dopmyse b Ha a’; HAXOLHM

(4.8.8) (a*)) =a* (x, y — delicmsumesroie wucsa, a > 0).

Ipu a>1 otob DAXKEeHHe X —> a* 9BJISETCA CTPOTO BO3PACTAIOIIUM
. P p
M ‘TaKuM, 4TO '

“lim a"=0, lim & =+ oo.
X > rco B T ’
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[lpu a <1 oroGpaxeHue Xx—>a* ABJAAETCA CTPOro yOBIBAIOWMM M Ta-
KUM, 4TO -
lim a* =4 oo, lim a*=0.
X = -0 X ~» +co

(4.3.6) Omo6 paxcenue (x, v)—> x* Henpepmsro 8 R‘+ X R u cmpe-

Mumca K npedery 8 Kaxc0ol mouxe NPOCMPANCMBa R Xﬁ-, npu-
Halzexcawell 3AMBKAHUIO MHONCECMBa R’;XR. u omauunoli om

mouex (0, 0), (400, 0), (1, 4 o0), (1, —o0).
Vs (4.3.4) nonyuaem xY=a’ '*%e* (a—dukcuposanHoe ncio > 1),
nosToMy peayabrat cieayer 3 (4.1.2) u (4.1.9).

(4.8.7) Jlwo6oe nenpepu8roe omobpadxcenue g npomelxymka R:

8 ce6n, ydosaremsopanuee ycrosuio g(xy)==g (x)g(y), umeem 840
x — x%, 20e a-— deficmsumenbnoe 4UcA0.

B camom aene, ecan b > 1, To oroGpaxeHnne f(x)=log,g (b*) nna
JeHCTBUTENbHBIX X4 Y yaoBiersopsier ycaosuio f(x—+y)==f(x)+ f(y)
u nenpepunBHo, Ilostomy B cuny (4.1.3) f(x)==cx, caenosaresbHo,
g (b") = b = (b*), ur0 W OKA3HBACT yTBEpXKIEHHE.

Tak kax log,(x?)=a - log, x, T0 OTOGpaNKeHHe x —> x% (cmenen-
Han gynxyus) npu a > 0 sBaseTcsa CTPOro Bo3pacraiowium, a npu ¢ < 0
crporo yGuiBaiomuM. Kpome rtoro, npu ¢ >0

limx*=0 u lim x*=-o00;
. x>0 x> +00
anpu a <0 _
limx*=-4o0c0 u lim x%=0.
x>0 X->+0

Takum o6pasom, mpu-a == 0 0T06pa>xem1e x — x® Ha ocHoBaunu (4.2.2)
sB/SeTCH roMeoMopdpu3MOM NPOMEKYTKA R Ha cebd. 06paTHbIM oTobpa-

WeHHeM gBJaseTcs X -—> x'/e,

3adana

Mycrs f ——oroGpa)erae nefictBureabHoit npamoii R B cebd, yAOBAETBO-
paiomee ycaosuaM f(x+y)=f ()4 () 1 f(xy)=7(x)f(y). Toxa-
®ute, 9T0 Jau6o f(x)=~0 npu kaxaoM x€R, aubo xe f(x)=x npn Kax-
xoM x €R.

[Ecam f(1)=40, 10 f(1)=1. Bo BTOpOM Ccayuae mokawure, 4r0 f(x)=x
AN DAmMOHANBHMX X, & 3aTeM, NOAb3Ysch TeM (akToM, 4TO MoGOE NeHACTBH-
TeabHoe uucao z >0 #BAAETCA KBaApaTOM, NMOKAXHTE, 4T0 f — CTPOro BO3pa-
cTapmee OTOGpaNeHue.] '
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4. KomnJaexcHbie uucaa
dopmynamu
((x, 9 (&2 ¥))=> (x4 %" y+9)
((x, ) (&' ¥))—>(xx"— ¥’ X'+ yx")
onpeleauM NBa oToGpaxenns MHoxectBa R2X R? B R%. Ouu coorser-
CTBEHHO HA3LIBAIOTCH CALONCEHUEM W YMHOJNCeKUeM ¥ 0GO3HAYAOTCH CHM-
sonamu (2, 2)—>z-+2" u (z, 2')—> 22’. Ecau nonoxursb

0=, 0), 1=(1, 0) u z‘l_(x2+y2, x2+y2) npu z2=(x, y)+0

[us (2.2.8) u (2.2.13) BunHo, uro npu z + 0 umeem x2-4-y2 == 0], ToO
oTH 1Ba orToGpamexus GyAyr yaosaetsopath akcuoMam [2.1,(I)] mous.

Takum o6pasom onpeseneHHoe moJje ob6o3Hauaerca Oykso#t C u Ha-
3bIBACTCA MOAEM KOMNACKCHOX 4ucen, a €r0 3JeMEHTH HasEIBAIOTCH
xomunsexcHumu yucsanmu. Qrobpaxenne x-—> (x, 0) npocrpancrsa R
B C MHBEKTHBHO H COXpaHder CJOMeHue W yMHOxenue. Ilostomy mmu
otoxaectsuM R ¢ noanosem nons C, cocroswtuM u3 sjeMeHtoB (x, 0).
Dnement [==(0, 1) o6aanaer TeM cBOHCTBOM, uyro i*=(—1, 0)=—1,
H aaa moboro 3neMeHTa (X, y)EC MB MOXeM mHCaTh, uTO (X, Y)==
= x-+iy.

Eciu z=x-}-iy, rie x u y— felcTBUTEAbHbE YHCIA, TO X 000-
3HAuaeTCsd CHUMBOJIOM &Rz U HaanBaeTcs Oelicm8umessHOl 4acmbio
yucaa 2, a y 00603HAyaeTcs CUMBOJIOM G Z M HasblBaeTcs MHuMOL 4a-
cmoio 2.

(4.4.1) Jlw6oe payuonassnoe omoGpascenue (2y, ..., 2,)—>

> P2y oovh 2,)Q(21 ooy 2,), 206 Py Q — MHO204AEHO C KOMN-
AEKCHOLMU  KOIPunuenmany, Henpepusno 8 Kadxodod mouxe
(ay, ..., a,) npocmparcmsa C", 8 komopod Q(ay, ..., a,)+ 0.

A10 IOKA3LBaeTCA TOYHO TaK ke, Kak (4.1.5), ¢ nomoublo Teopew,
asazornunbix (4.1.1), (4.1.2) u (4.1.4); a4 TeopeMbl cpasy CJAeAylOT W3
HANHCAHHBIX BblHe (POPMYJ] IS CyMMH, NPOH3BENEHUS, OGPATHOrO KOM-
TJekcHoro yucia u u3 (3.20.4) u (4.1. 5.

Jdas m060ro KOMIUIEKCHOTO 4MC/A z—-x—|—ly qMeno Z = x — iy

HA3BIBACTCH HUCAOM, CONPANCEHHUM ¢ Z. VmeeMm
=2 z42 =247, 22 =z.-2;

HHBIMH CNIOBAMM, Z—>Z €CTb aBTOMOpu3M noas C, KOTOPHH B CHiy
(3.20.4) u (4.1.2) sBagercs B3auMHO HenpepuiBHuIM. [Jedcmsumervrsie
YHC/A XAPAaKTEpHU3YIOTCA YCHOBHEM Zz==Z, udcAa Bula ix (x AefcTBu-
TEAbHO; TaKHE YHC/IA HA3BIBAIOTCA TAKKE HUCMO MHUMbBMU)— yCIO-
BHeM z==—2z. Ecau z=x 1y, T0 22 =x24-y2> 0.

[MonoxuteabHOe AeHCTBUTENbHOE UHCAO |Z] ==(2z2)"* wasuBaerca
Modyaem uMCAR Z H B CAyuae, KOrJa 2z JAeHCTBUTE]bHO, COBNAajaer
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¢ aGcomoTHOR BeqUuHHOM, ompelesrenHoR B (2.2). PaBeHcTBO |z|-—0
paBHOCHAbHO paBenctsy z==0. HWmeem |[22/|?=22'22' =222'2' =
=|2z|?|2’|2, nostomy .|22’|=|z|-|2’|, orkyma caenyer, uro mnpu
2 =+ 0 cnpaBennuso pasencTsd |1/z| =1/|z|. HaxoHeu, npsAMbiM BHIYH-
ClIEHHEM NPOBEPHETCS HEPABEHCTBO TPEYrOJbHUKA

242" < [2]+ 2],

KOTOpOE TNOKa3mBaeT, 4To0 |2 —2'|=d (2, 2’) écTb paccTosAHue,
onpeneiesioe B C=R X R, paBHOMepHO 3KBUBANEHTHOE PACCTOSHHUIO,
paccmoTpenHoMy B (3.20). lllapsl, COOTBeTCTBYIOLIKE ITOMY PacCTOSHUIO,
Ha3BIBAIOTCH KpYyzamu. ’

Jio6ce KOMNJEKCHOE HHCAO Z == 0 ONHHM H TOJALKO OJHHM CMOCO-
GoM MOxeT OHITb 3aMHCaHO B BHAE NMpousBenexus ri, rae r > 0u [{|=I,
a HMEHHO HYXHO ToJOXHuTh r=|2| u {=2/|z|.

Sadaua

IMycts f — HenmpepriBHOE OTOOpaxceHue mpocTpaHcTBa C B cebs, yA0BJIETBO-
paomee ycaoBusm f(z+2)=f(2)+f(z') u f(22')=f(2) f(2'). Toka-
KHTe, 4T0 au60 f (2) =0 npu xawnom z € C, nu6o xe f ecTb OAHO u3 oTOGpa-
Kemufi z2—>2, 2> 2.

[Bocmoasayiitecs (4.1.3).]

5. Teopema THTue — YpHICOHA O NPOAOMKEHHH

(4.5.1) (Teopema Turue—Yprconaonponoaxeuun) ITycms
E — mempuueckoe npocmparncmso, A—3aMKrYmoe nodmroxce-
cmso E u f—Henpepusroe ozparusernnoe omolpajcenue MHoxice-
cmea A 8 R. Tozda cywecmsyem Henpepssnoe omoGpascenue g
npocmpancmsa E 8 R, na A cosnadanwee ¢ f u maxoe, umo

sup g (x)==sup f(y). infg(x)= inf f ().
xcE yeA XEE yeA

3amenss, ecau norpelGyercs, f oroGpaxennem y-—>af(y)+f, a0
(cnyua#t, Koria f NMOCTOSHHO, TPHBHAJEH), MOXHO CYHTaTh, YTO '

inf f(y)=1, supf(y)=2.
yeAa yEA

Onpeneaum orobpaxenue g (x) Tak: g (x) paBHo f(x), eciu xE A, n

— ins SN d(x )
g(x)—y"gf, i A)

ecin x €EEN\ A Hs nepasects 1 < f(y) <2 npu yEA U omnpejee-
nus paccrosHus d(x, A) crenyer, yto 1 < g(x) <2 npu xCE\ A.
Ham uyxHo, TakuM 06pasoM, TOJbKO IOKa3aTh HENPEpPHLIBHOCTb OTOOpA-
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WeHust g B KaxnoH Touke x € E. Ecan xEA, TO HENPepHBHOCTL CJle-

AyeT M3 NPeAMOJIONKEHH OTHOCHTENbHO HenmpepniBHOCTH f. Ecam x npu-

HAaLJEeXHT OTKPHITOMY MHOXecTBY E '\ A, TO MBI MOXEM Hanucathb.g (X)==

= h(x)/d(x, A), rie h(x)=irét}f(y)d(x, y)), u Tak Kak d(x, A)
y

HenpepuiBHO ¥ =+ 0 [B cuay (3.8.9) u (3.11.8)], To [BBHMAY (4.1.2) B
(4.1.4)] HaM ocTaeTcd TOJBKO [0Ka3aTb, YTO f HeMpepHBHO B Kawiof
touke x € EN\ A. Ilycts r=d(x, A); npu d(x, x') e <r Mu uMeeM
d(x, y)<Ld(x', y)+ &, noatomy (tax kak f(¥)<2) h(x) < h(x)+2¢
u TouHo TaK ke h(x’) < h{x)-}-2e, uTo H HOKa3bIBAET HEMPEPHBHOCTDH
oroGpaxenus /. JlONMyCTHM, HaKOHeH, YTO X — FPaHHYHAd TOYKA MHO-
xectsa A. Tlycte r >0 BuOpaHo 1Axs nmanuoro € >0 Tak, uTO
|f(y)-——f(x)| e mpu yEANB(x; r) Mycte C=ANB(x; 1),

D=ANC. Ecmm X’ CENAnd(x, x r/4 TO LAA KaXAOR TOYKH
YED umeem d(x', y)>d(x, )—d(x, x "y> 3r[4, nostomy

inf(f(y)d(x', ¥))> i
yeD

C npyroft cropoun, f(x)d (%', x) < 2d(x', x) < r/2 u, crenoBaTeabHo,
inf(f(Md(x', y))=inf(f(»d(x', y)). Ho Tax xax npu y €C b~
yeA 3744 _

TO/HAIOTCS HEPaBeHCTBA
@) —e L fONL f(0)+¢ infd(x’, y=d(x', A,

TO

(f(x)—e)d(x, A iﬂf(f()’)d(x y)) (f (5)+e)d (5, A),

OTKyIa clelyer, 4TO |g(x’)——f(x)|<e npu x' CEN Aund(x, x)<
Lr/4. Ecmm xe X'€A u d(x, xXYr/4, 10 [g(x)—f (x)]___
=|f (x )— f(x)| <&, 4TO M 3aBepllaeT NOKa3aTeJbCTBO TEOPEMEHL.

(4.5.2) Tycms A u B— 083 Henycmux 3GMKRYMBX MHONCECMSa
8 Mmempuneckom npocmpancmse E, npusem AN\ B=@. Tozda cyue-
cmsyem maxan Henpepwsnan 8 E gyrxuus [ co 3navenusmu
8 10, 1], wmo f(x)==1 na A u f(x)=0 na B.

TIpumensiem (4.5.1) k oroGpaxenn AU B —R, pasiomy 0 nwa B
u 1 Ha A ¥ HenpepuBHOMY Ha AU B.

3adann

1. Myers (Fp) — mOCAeAOBATENLHOCTE 3AMKHYTHIX MHOXKECTB B METPHYECKOM
npoctpanctee £ u A — obbenunenne muoxecrs F,. [TokaxuTe, 9T0 mpH xeA

cyutecTByer $ynxuua f >0, orpanuuensas u HenpepuiBnas B E u Takas, uto
f(x)=04u f(y) >0 B xaxno#t Touke y¢€ A.
[Bocnoasayiitecs (4.5.2) u (7.2.1).]
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2. a) Ilyctb E — MeTpuueckoe NPOCTPAHCTBO, 06Janaioliee TeM CBOHCTBOM,
UTO KakAoe orpaHuuenHoe B E MHOXECTBO' OTHOCHTEAbHO KOMNakTHO. IToka-
XKuTe, 9T0 E NOKaAbHO KOMIAKTHO H cemnapabe’nbHo.

[Bocnoabsyiitecs (3.16.2).] )

b) Ilycts, Haobopor, £ — NOKaNbHO KOMIAKTHOE (HO He KOMNAKTHOE) cema-
paGeabHOe MeTpUYecKoe NpPOCTPAHCTBO ¥ d'— paccrosuue B E. Ilyers (Up) —
TaKasd NOCAEXOBATENbHOCTh OTHOCHTENbHO KOMIAKTHHX OTKPHITHX MOXMHOXECTB

npoctpancTea E, uro U,cUpy, 8 E aB1setcs o6beAHHEHHEM MOCAENOBATENb-
noct (Up) (3.18.3). IMokaxure, uTo cymecTByeT Taxas jAelfcTBHTeabHas GYHK-
uus f, nenpepuisHas B E, uto f(x) < n npu x €U, u f (x) >n npr x € ENU
Torga paccrosnue d’ (x, y)=d (x, y)+ | f(x)— f (y)| Tononoruueckn sKBusa-
NEHTHO PaccTOsiHUIO d M NpH paccTosHHd d’ Mmo6Goe OrpaHHuEHHOE MHOXECTBO
OTHOCHTEJBHO KOMMNAKTHO.

[MTpumenute (4.5.2).]



F'naBa 5

HOPMHUPOBAHHBIE NMPOCTPAHCTBA

Tepmunonorus, BBejentas B ra. 3, COOTBETCTBYeT TakuM CBOKCTBAM reoMe-
TPHYECKHX OOHEKTOB, KOTOPHE HHTYHTHBHO OCTAIOTCA HEUSMEHHHIMH TpH
»Aedopmanun“. B nacrosmei xe riase Mbl 3HAUHTEJNbHO 6Jrie NOAXOAUM K TO-
HATHAM KJA4CCHUECKOH TeOMeTpUH, TaK KaK 3/eCh C TONOJOIHYECKOH TOUKH 3pe-
HUfl M3YYAIOTCS MPSMBblE, MAOCKOCTH H T. f. (Hamomuuwm, 4ro uucTo aarebpauve-
CKHE acmeKTH STHX TMOHATHH COCTABJAAIOT JUHEeHHYI0 aiare6py, KOTODYIO Mbl
npeAnojaraeM H3BECTHOH YHTATENN.) .

B sTOM KOHTEKCTe CBOe eCTeCTBEHHOE ONpefejeHue MOAyHaeT MOHATHE
panxa OcobewHo creayer NOAUEPKHYTh TOT (akT, 4TO Ajf Hanbojaee BaXKHOTO
THN3 CXOAMIMHXCA PAfoB (5.3) OCTAOTCA CIOpaBefAHBHIMH OOGLIUHBIE CBOHCTBA
KOMMYT4THBHOCTH M aCCOIMaTHBHOCTH KOHEYHBIX CyMM. JTO, €CTECTBEHHO, IPH-
BOJAHT K 3aKJIOYEHHIO, YTO B CAydae TaKHX pSJOB INOPAAOK HX YJEHOB COBEp-
IIEHHO HecymecTBeH. IJTO ke NO3BOJAfCT pasyMHbiM o6pasoM chopmyauposath
TEOpPeMy O NMPOHU3BEJEHUM JBYX TaKHX PANOB ACHCTBUTEAbHEIX 4nced [cym. (5.5.3)]
B OTAHYHE OT HEJNENoro TaK HashBAEMOro ,yMHoxeHus Komm¢, Bce eme BCTpe-
HaoIerocs B HEKOTOPHX YyYe6HHKAaX M He HMEIOLIEr0 CMbICAd HH JJs KaKux
PAZOB, KpOME CTENEHHHX PHAOB OJHOH nepeMeHHOH.

OcCHOBHBIMY pe3yNbTaTaMH STOH INIaBhl ABAAIOTCA KPUTEPUH HENPEPHIBHOCTH
(5.5.1) u Teopema ®. Pucca (5.9.4), xapakTepH3yOlas KOHEUHOMEpHbE TPOCT-
PAHCTBA H ABAAIOINAACA KJIOUOM K 9JEMEHTAPHOH CHEKTPaibHOH TEOpHH, PA3BH-
BaeMo# B ri 9.

Konelmo, 9Ta raaBa npeacrasaser cobolf aumb Kpatkoe BBejeHue B o6myo
TEODHIO GAHAX0Bb.X NPOC PAHCME L AUHEEHX MONONOLUHECKILY npocmpancms,
KOTOpas uanaraercsd, Hampumep, B kuurax Teitaopa [23]) u Byp6aku [6]. Iras-
HHX K€ BONPOCOB -— NOHATUS ,639POBCKOH KaTeropuH* U TEOpHH ABOHCTBEH-
HOCTH, — Hrpalomux (yHAaMeHTalbHYI0 POJb B JOKasaTeJbCcTBe Gojee rayGoKux
pe3yabTatoB (yHKIHOHAJNBHONO aHaAH3a, MHl 3/1ECh HE KacaeMcs.

1. HopmupoBauubie npocTpancTsa M 6aHaxoBbl NpPOCTPaHCTBA

Korna B sToft m cleAyOlIMX TIJaBaX MBI TOBOPHM O B8EKMOPHOM
npocmpancmee, Mbl BCETAa MMEEM B BULY BEKTOPHOE NPOCTPAHCTBO
(koHeuHo#t uiam GeckoHeuHOR paa.uepuocma) Haj noJeMm JeHCTBUTENbHBIX
YhCeN WM Hajl NMOJEM KOMIIEKCHBIX 4YHCesa (9TH MPOCTPAHCTBA Haswl-
BAIOTCA COOTBETCTBEHHO Celicm8umensHuMm U KOMMACKCHbLM BEKTOD-
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HbLIMU MpocTpancTBamu). Ecau moje CKAIAPOB He yKA3aHO, TO NMOAPA3Y-
MeBaeTcsl, 4TO M ONpeleAeHUs W Pe3yJbTaTsl BepHH B 06ouX cay-
yasx1). EciM B OZHOM M TOM Xe YyTBEpXIeHHH peub HAET O HECKOMb-
KMX BEKTOPHHIX TNPOCTPAHCTBAX, TO MNpEANOJaraercs (eC/qu He CKa3aHo
TMPOTHBHOE), YTO BCe OHM MMEIOT OMHO M TO Xe MOJe CKAJIAPOB.

KoMmJexcHOe BeKTOpPHOE NpOCTPaHCTBO E MOXET TaKie paccMaTpu-
BAaThCS M KAK JeHCTBUTENbHOE BEKTOPHOE TNPOCTPAHCTBO, Y KOTOPOrO
ckansphl npuHangexat R; Korla HeoOXOAMMO pasiuyaTh STH NPOCTpaH-
¢TBa, MBI TOBODHMM, YTO 3TO NeHCTBUTENbHOE BEKTOPHOE NMPOCTpancTBO Ej
asisieTcsl 6@3UCHLLM JiNa KOMIJIEKCHOTO BEKTOPHOTO mnpocTpanctpa L.
Ecau E umeer Koueunyio pasmepHocts # nan C, to E;, umeer pasmep-
Hocth 2n Han R. '

Hopma B BextopHoM mpocrpancrBe E ecTb oToOpamenue (0GbHIYHO
sanuchiBaeMoe B Buie X — [ x|, mpuuem, eciu mnorpebyercs, sHak ||... ||
CONMpoBOXAaeTcs MHIeKcaMu) npocrpanctsa E B muoxecrso R aeHcTsn-
TeJIbHBIX uHCes, ofJajalollee CAelyIONIMMH CBOHCTBAMH:

(D) [|x]| >0 mas kaxnoro saementa x € E.

(1) Ornoulenne |[x|| =0 skBuBaNeHTHO OTHOWEHWIO X ==0.
(i) || Ax] == |A| - | x| ana moGoro saementa x €E u moGoro cka-
aspa A '

(V) x4y <lix|| 4 [yl ans nobo#t napwr 3/eMeHTOB NpOCTPaH-
crBa E (nepasencmBo mpeyzoasHuxa). '

(6.1.1) Ecau x—> ||x|| —#opmua & sexmoprom npocmpancmse E,

mo d(x, y)==|x— y|| —paccmosanue 8 E, o6radaiouee mes ceol-

cmeon, umo d(x—+z, y-+2)=d(x, ) u d(x, \y)=|Ad(x, y)

048 4106020 CKAAAPaA M. '
Tposepka akcuom u3 (3.1) TpHBHAJIbHA.

Hopmuposannoe Npocmpancmso eCTb BeKTOPHOE NPOCTPAHCTBO
¢ 3ajauHo# B HeM Hopmofi. Takoe NMpPOCTPZHCTBO BCEria MOXHO paccMa-
TPpUBATb KAK MeTPMYECKOe HPOCTPAHCTBO C PacCTOAHHEM d(x, )=
= ||x —y|. Fanaxo80 npocmparcmso ecth NOMHOE HOPMHPOBAHHOE
NPOCTPAHCTBO.

Ecan E — KOMIJIEKCHOE HOPMHPOBAHHOE BEKTOPHOE MPOCTPAHCTBO,
10 x—> ||x|| #BaseTcs TakKe HOPMOH # HAa 0a3UCHOM IEHCTBUTE]LHOM
BEKTODHOM npocTpaHcTBe Ej, ® NMOTOMYy MeTpHuYeCKHe MpOCTPAHCTBA E
u E, Toxnecrsenntl. Ecan E-— 6aHaxoBo NMPOCTPAHCTBO, TO H E,— 0Ga-
HAaX0BO MPOCTPAHCTBO.

Mpumepnt wuHopM. (5.1.2) IlpocrpancTsa, paccMOTpPeHHbIE
B (3.2.1)—(3.2.4), ABAAIOTCA AHCTBUTENbHHIMH BEKTOPHLIMA MpPOCTpAH-

1) TlpousBefenue CKaafpa A B BEKTOpa X SANHCHIBAETCA H B BUIE Ax u
B sune xA. HeiiTpaabhbiff saeMeHT ajIHTHBHOH TIpYNusl BEKTOPHOTO NPOCTPaH-
cTBa 0603Hauaetca cumsoaom 0.
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CTBAMH, a BBeJeHHEHE B HMX DACCTOAHMA TOJY4YeHB H3 HOPM YKA3aHHBIM
B (5.1.1) cnoco6om. Onpenenensbie B npumepax (3.2.1)— (3.2.3) Hop-
MHUpOBaHHble IIpocTpaHcTBa Ha ocHoBaHuM (3.20.16) u (3.14.3) spasorcs
MOJHEIMM ¥ NOTOMY GaHaxoBHIMH. ITpOCTPAaHCTBO, PACCMOTPEHHOE B TpPH-
Mepe (3.2.4), Oyner cneuuaabHO M3yyaThCs B IVI. 7 M, KaK MBl yBHIUM,
TaKKe sBJISeTCH OGaHaXOBBHIM. '

(5.1.3) Hosble npuMepn moayvaloTcs, €CaAd BCIOLY B NMpelblAYIUUX MpH-
Mepax 3aMeHHTb NeACTBUTE/bHHE WYMC/A KOMIJIEKCHHMH [ B mpumepe
(3.2.2) Buipaxenue (x; — y,)? sameHuth Ha |x;— y,|?].

(5.1.4) Ilycts [ =|a, b]— 3aMKkHyTHit OrpaHHYeHHHH NMpoMexyToK B R
# E=%nr(/)—MHOKeCTBO BCeX NeHCTBUTE/bHHX HeNpEpHBHHX B /.
¢ynkuuft. TIloxamem, uyro E —BexTopHOe mnpocTpaHcTBo "(rae f g
¥ Af COOTBETCTBEHHO SBAAIOTCA OTOOpaweuusmn (—>f ()4 g @) u
t—>Af(£)). Eciu mu 3anuimem

b

I£1h = [ {f @fat,

a

10 || f|l; 6yaer Hopmofi B E. ExmHcTBeHHOH aKcMOMOM, NpoBepKa Ko-
TOpo# HeTpMBuaibHa, sBagercs axcuoma (II), HO oHa creayer u3 Teo-
peMbl O cpenHeM 3HadeHun (cM. ra. 8). MoxHo nokasatb, uro E-— He-
NoJIHOEe NMPOCTPAHCTBO (CM. 3aaauy 1).

Ipyrue BaxKHble MPUMEPH HOPM ¢M. B 5.7 u B ra. 6.

(6.1.8) Ecau E— Oelicmsumeasnoe (cOOMBEMCMBEHHO KOMNACKCHOE)
HOPMUDPOBAKHOE NPOCMPAHCMBO, MmO OmoGpadNcerue (x, y)—> x -+ y
pasrhomepro Henpepsieno 8 E X E, omo6paxcenue (A, x)—>Ax ne-
npepvisno 8 RXE (coomsemcmsenno 8 C X E), omodpao:ceﬂue
x—>Ax pasmomepno nenpepwisno 8 E.

JlokasareabCTBa NMPOBOJATCS MO TOH Ke CXeMe, YTO H JOKas3arellb-
crtea yreepxaenuft (4.1.1) u (4.1.2). Hanpumep, uto6bl noOKasaTh Hempe-
pHBHOCTL OTOGpaxenns (A, x)—>Ax B Touke (&) Xo), Bocnonbsyemcsx
dopmynon

A — Aol == [[h (X — x0)+ A —Ag) xo+ (A — Ao} (x — x| <
< hol - 1 = %ol A [A—=2g] - [l %0l 4 [A—Rg] - |

Kak caencrsue us (5.1.5) moayuum, uro J0Go# cdsuz x—>a— x u
moboe 2omomemuuecxkoe omobpasxrcerue x —>Ax (A =+ 0) asasoTca ro-
meomMopdusmom mnpocrpaictea E Ha cebGs, moToMy uto obpaTHoe
oToOpaxeHue CHOBAa eCThb CABMT (COOTBETCTBEHHO FOMOTETHYECKOE OTO-
6paxenue).

x— Xolf.
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3adanu

1. Myere I=[0,1] u nyctb E— HOpMHPOBaHHOE TNPOCTPAHCTBO, ompeje-
nentoe. B (5.1.4).

a) IMyctb f, Ana mo6oro n>>3 ecTh HenpepuiBHA® (YHKLHS, ONpEleNEeHHA
p ] § YIOBIETBOpSIOLIas CIEXYOUHM ycaosuam: f,(f)=1 npr 012,
Fa®)=0 mpu 1/24+1/n<t <1 1 f,(f) umeer BuR oyt + B, HA MpoOMexyTke
[1/2, 124 1/n}, (rne a; B B, -— KOHCTAHTH, KOTOPHE CAepyeT nozo6parte). lo-
KaxuTe, 4T0 f, €cThb nociexoBaTeabHocTh Komu B E, KOTOpas He CXOAMTCH.

[Mokaxute, 4To ecau Ou y mocaenosareibHocTn f, B E cymecTsoBan
npeiea g, T0 HeOGXORMMO NOMKHO 60 O6H OLITh g@W=1mpr0Lt<2 0.
g(#)=0npu 12 <t 1, uto HECOBMECTHMO C HENPEPHBHOCTHIO -g.]

b) Moxaxure, yro paccrosnue B E, onpeneneHHoe B (5.1.4), Tonosoruuecku
He SKBHBAJEHTHO PacCTOsHHIO, onpexeneHHoMy B (3.2.4).

[Mpusenure npuMep nocJenosateannocTn B E, cxonsmeiics k 0 mpu pac-
crosuuu | f— g, HO He “HMeiowed npepeaa npu PAacCTOAHHY, ONpPEREHCHHOM
B (3.24).] _ ,

2. Mycts A B B—Ba MHOXECTBA B HODMHDOBAHHOM HPOCTPAHCTBE E.
O6o3naunM uepes A-}- B MHOKECTBO BCEBOMOXHMX CyMM a--b, rie a€ 4,
beB. :

a) TMokaxure, 4TO €CAH OLHO M3 MHOXeCTB A H B OTKpHTO. TO 4 A+ B
OTKPHITO. '

b) Mokaxure, uto ecan 1 A 1 B komnaktiu, T0 1 A+ B KOMIaKTHO.

[[Tpumenure (3.17.9) u (3.20.16).] _

¢) TMokaxute, uto ecau A xoMmaktHo u B aamxuyto, 10 A-}- B 3aMKHyTO.

d) TpuBenuTe MpEMEp ABYX 3aMKHYTHX MHOXecTB A u B B R, 111 KOTOPHIX
A+ B ue samknyto [cp. mpumep, mpuBenenunit nepen (3.4.1)].

3. Mycts E — HOPMHPOBAHHOE NPOCTPAHCTBO.

a) MokaxkuTe, WTO 3aMBIKaHHEe OTKPHTOro mapa B £ ectb 3aMKHYTHI map
C TeM e HEHTPOM H TOrO e Pajpuyca, BHYTPEHHOCTb 3aMKHyTOro mapa B E
ecTb OTKPHITHI HIap C TeM e HEHTPOM H TOFO e PajHyca H rpaHHua OTKPH-
toro mapa (uad 3aMknyToro mapa) B E ectb chepa ¢ TeM e OEHTPOM H
Toro xe pagnyca (cM. sanauy 4 § 3.8).1

b) ITokaxure, uto oTkpHTHH map B (0; r) romeomopden E.

[PaccMotprTe oToGpaxenne x —> rx/(14-{x|).

4, Cezmenm B HOPMMPOBAHHOM npocTpaicTBe E ecTb 06pa3 NpoMexyTKa fo, 11
npocTpancTBa R mpH HempephiBHOM otobpawenud ¢ —>ta (1 —7£) b, rae a€ £
M bcE a n b HaswBalOTCS KOHyaMi 9TOro cermenra. CerMeHt KOMMNAKTEH U
ceasen. Jomanass sunus B E ecTh Takoe MHOXeCTBO L C E, 4TO CymiecTByeT
KOHEYHadA MOCAENOBATENLHOCTb (X)g<; <, TOUEK MPOCTPAHCTBA E, obaanawias
TeM CBOMCTBOM, 9T0 L ecTb 0O6befMHEHHE CErMEHTOB §; C KOHIAMM X; H Xj4|
npu 0 i n— 1. Iosopar, uro nocnenosafenbug;n. (x;) onpedessiem AoMa-
nylo aunuie L (nannas nomauas auHud, BOOGIIE roBOpS, MOXeT ONPEfeAsTbCA
GecKOHEUHHM UMCAOM DA3AMUHBIX KOHEUHHX mocaenoBareabHoctedl). Ecan
A — mHOXecTBO ‘B npocTpanctse E M a, b—J1Be TOUKH MHOXECTBA A, 710
TOBOPAT, 4T0 G H b coedunens & A AOMAHOU Aunued, €CNW CYWIECTBYET TAKAA
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HOCJENOBATENbHOCTD (xi)0<l<_m 4T0 @ = X;, b= x, u uTO JoMaunas L, ompe-
JejseMas 5TOH MOCJeNOBaTeNbHOCTbIO, COAEPXKUTCH B A.

Ecau mo6bie 1Be TOYKM MHOXKeCTBA A MOIYT GbITh COeAHHEHH B A joMaHOM
nunuelt, 1o A cBasno. Iokaxure, 4T0, Ha060pOT, ecin A  E — CBA3HOE OTKPBI-
TOE MHOXECTBO, TO MoObe JBE TOYKH MHOXKECTBA A MOTYT GHTH COELHHEHHI
B A noMaHo# avuueii.

[AokamuTe, 9TO MHOXECTBO TeX TOYeK y € A, KOTOPHE MOrYT OBITh COEIH-
HeHH B A JoMaHOH JuHuell ¢ HDaHHOH TOYKOH & € A, ONHOBPEMEHHO OTKPHITO
H 3aMKHyTO B A].

" 8. Jluneiinoe MH02006pa3ue V B jeHCTBHTENLHOM BEKTOPHOM TIPOCTPAH-
ctee E ecTb MHOXecTBO BHMAAa a-+ M, rae M — auxeliHoe NONNIPOCTPAHCTBO
npoctpanctsa E; pasmeprocms (COOTBETCTBEHHO KOpa3mepHOCMs) MHOrooGpa-
3ust V ecTb, O ONpEJENEHHI0, PA3SMEPHOCTb (COOTBETCTBEHHO KOPA3MEPHOCTD !)

noxnpocTpanctea M. Ecan b% V u V uMeer KOHEUHYI0 PasMEpHOCTb p (COOT-

BETCTBEHHO KOHEYHYI0 KOPa3MEPHOCTH ¢), TO HauMeHblIee AHHeHHOe MHOroofpa-
ane W, comepwamee u & u V, nmeeT KOHeuHyio pasmepHocts p—1 (coorBer-
CTBEHHO KOHEYHYI0 KOpasMepHOcTs ¢ — 1).

Ilycts A — oTKpHITOE CBA3HOE MHOKECTBO B eHCTBHTEABHOM HOPMUPOBAHHOM
npoctpanctse £ u nycts (V,) — cueTHas NOCAEAOBATEABHOCTh JHHEHHBIX
MHOrooGpasuil B E, KaxJ0e H3 KOTODBIX MMEeT KopaaMmepHocTs > 2. [Tokaxure,
uto ecnn B — o6penunenue Bcex V,, 10 MHOxectBo A[)(E\ B) cBszHo.

[Bocnoasayfitece 3ajauedt 4; jokawure, 4TO ecam L — JOMaHas JAMHRA,
coequnaomasd B A jse Touku a u b muoxectBa A[)(E\ B), TO cyuwecTByer
Apyras JaoMaHas avHus L/, ,6au3kas“ k¥ L u comepxamascs B Af)(E\ B).
Yro6sl 310 KOKa3aTh, 3aMeTbTE, uTO BBUAY (2.2.17) Ana Mmook Toukk x € EN B
MHOXECTBO TeX TOYeK y € E, 1A KOTODHIX CEerMEHT C KOHIAMM X H y He mepe-
CEKaeT HU OJHOro U3 MHOroo6pasuéi V,, naotHo B. E.]

B wacthocts, ecam pasmepHocTh mpoctpanctBa E > 2 u D — cueTHOe MHO-
xectBo B E, T0 MHOMecTBO A()(E\ D) cBssHo.

6. INokaxure, yto ecan E — ne#cTBUTENbHOE HOPMHPOBAHHOE IPOCTPAHCTBO
Pa3MEPHOCTH > 2, TO HHKAKOe HENyCTOe MHOXECTBO, OTKPHTOE B E, HE MOXeT
6HITh rOMeOMOPHHO HUKAKOMY NOJMHOXECTBY AeHCTBHTEJbHOH mpamoi R.

[[Ipumenute sanauy 5.)

7. a) IlokawkuTe, YTO HMKaKOH INap B HOPMHPOBAHHOM mpocTpaHcte E He
MOXET CONepKaTh JAMHeHHOro MHOrooGpasua (3agauza 5) pasmepHocTH > 0.

b) Iycte (E,) — Geckoreunas NOCAENOBATENLHOCTh HOPMHPOBAHHHIX MpPO-
CTPaHCTB pasmepHocTdH > 0. IlokaxuTe, 94T0 B METPHYECKOM IPOCTPAHCTBE

o0
E= H E, He cymecTByeT TAaKOK HOPMbI, YTO PacCTOSHUE ||X-— y|| TOMOJMOTH-
n=0

') Kopaamepuoctoio (daxtop-pasmepHocTsio) mopmpocTpaHctBa M c E Ha-
3BIBAIOT PAa3MEPHOCTh aare6pan4yecKoro XOMOJHEHHS B E kK IOXOpPOCTPaHCTBY M.
Cwm., nanpumep, Paiixos /I. A. Bektopune npocrtpanctBa, dusmatrus, M.,
1962. — ITpun. peo. :
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YEeCKH SKBMBAJCHTHO pacCTOSHUIO, ompene’eHHoMy B 3agate 7 § 3.20 (rne
B KadecTBe d, B3ATO OrpaHHYEHHOE paccTogHue B £, 3KBHBAJEHTHOE PaccTof-
HHIO, onpexeaseMoMy B E, HOPMOH 3TOro NMpoOCTPAaHCTBA).

[[Tpumennute a).]

2. Paanl B HOPMHPOBAHHOM NPOCTPAHCTBE

[Mycte E — HOpMHpOBaHHOe MpPOCTPaHCTBO. [lapa moc/enoBaTebHO-
crelt (X,),5 0 (Sp),5 o HABHIBACTCH PAOOM, €CHH MX DIEMEHTH X,, S,
npd moGOM 7 CBA3aHE COOTHOLlEHUAMA S, = Xo—+ x; 4+ ... -+ x,, nin,
YTO PaBHOCWIBHO, Xo==8;, X,=S,—S,_; npu n>1, Diemenr x,
HA3bIBACTCAA M-M UAGHOM, & S, —n-i wacmu4noli cymmod psana. Pac-
CMaTpUBaeMBIH pSIA 4ACTO HA3HBAETCS pPAOOM C OOUWUM HACHOM X,
- ©o

W npocto pados (x,) | mam wmHorna padom XX, UTO CaAeryeT
n=0

NPU3HATD HEYZaUHbIM

Pan (x,) HaswBaercs cxodawumca K S, ecau lim §,==s; B 3TOM
) ) n-»oo
ciiyyae S Ha3bBAT CYMMOE pAla M MUWIY? S==X;—+ ...
co

+ X, ... wm s= X x,. Bemuumna r,=s—s, HasHBaeTCA N-M
n=0
OCMAmMKoM pAla; I, €CTb CyMMa DfNa, HMCIOIETO K-M HACHOM X, 5

U3 ompeneneHud caeayer, uro limr,=0.
n->co

(6.2.1) (Kpurepu#t Komu) Ecau pad ¢ o6uum 4ieHom Xx, €¢Xo-
oumcs, mo 048 406020 € >0 cywecmsyem marxold nHomep no, ymo
npu n>ny, u p>0 umeem mecmo HepaseHncmso

I$n4p—Sall = [ Xps1 4 - FXarpli<e

Hao6opom, ecau swnoansemcs smo ycposue u ecau E—noax-
Hoe npocmpancmso, mo pad ¢ OGUUM HAEHOM X, CXO00UMCS.

970 — Muuwb’ npuaoxeHue Kputepus Komw nas nocienoBateqbHOCTH
(s,) (cm. 3.14).

B kavectBe oueBnmHoro cuenctaus u3 (5.2.1) moayuaem, uto ecau

psn (x,) cxomurca, To lim x, _llm (s —S,_1)=0. Ho sto Heobxo-
n-»co
IiMOe YCJOBME HH B KO6M cnyqae He ABAAETCH LOCTATOUYHH M.

(6.2.2) Ecau paown (xn) u (x;‘) cxodames u umeiom cymmeL s u s’
mo paod (x”-—{—'x;) cxodumen k cyume s—+s’, a pad (hx,) 048
2106020 CKAAAPA \— K cYMMe As.

Cpasy caenyer us onpedenesus u u3 (5.1.5).

8§ K. Hdvenonue
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(6.2.3) Ecau (x) " (x z}éa maxux pada, wmo X,=Xx, npu

8CexX N, 34 UCKAIOHEHUEM KOHEUHO0 UX HUCAQ, MO o6a o:eu cx0-
oamea usn o6a pacxodamcs.
B camoMm nene, pan (x ———x) CXONUTCA, TaK KaK ero ujeHnl npu

BCeX 1, 3a UCKJ/IIOUEHHEM KOHEYHOro MX 4ucCjJa, paBHBH 0.

(5.2.4) ITycms (k,)— cmpozo 803pacmawuas nociedosamesbROCMb
yeaovx uwucen }0 u ky==0. Ecau pao (x,) cxodumca K s u ecau

Bpyi~1
V.= 2 X, mo psd (y,) maxice cXodumcs K s.
p=k ’
" n n+1
10 cpasy CAEAYeT u3 paBeHCTBa Z = X; H u3 (3 13. 10)
]=0
3adanu

1) Tlycrs (a,;) — NPOM3BOAbHAS MOCAEROBATENbHOCTH B HOPMHPOBAHHOM NpO-
cTpancTee E. TNokaxuTe, uTO CYIMECTBYET Taxas NMOCAEXOBATENbHOCTb (X,) TO-

wex mpoctpancrsa E, uto lim x, =0, u Taxas CTporo Bo3apacTalomas mocaefo-
n-»oo

. BaTeabHOCTh (R,) LEAHX YHCEN, 9TO @ = X+ x;+ ... + %z, Opu KaxxoM n.
2. Mycts o — 6uektuBHOoe oToGpaxenue N Ha ceba u mycrp ¢ (n) Aas Ka-
WIOTO 7 O3HAYAeT HAUMEHbIIee YHCAO TaKHX NpoMexyTkoB [a, b]_ B N, utO
ob6benuHeHde STHX IpoMexyTkoB ecTh ¢ ( [0, 2] ).
a) lMpexnonoxuM, uto ¢ orpanuieso B N. IIycte (x,) cxomsmuiica psax
B Hopmupoaauﬂom npoctpanctee E. Ilokaxure, 4T0 PAR (X, (,) cXoautca B £

# 970 Zx,, Zxc(n)

b) Hpennonomuu, yto ¢ neorpaHuteso B N. Ilocrpoiite cxonnumﬁcn paxn
(xp) MEHCTBUTENbHBIX 4HMCER, AAS KOTOPOTO PAN (X, () HE CXOLHTCA B R.

[Munykuueit o k noctpofite CTPOrO BO3PACTAIOULYIO NOCAENOBATENLHOCTD (mp)
HeJHX 4HCeNd, 06/1aalouyo caelylomuMn cBoHCTRaMu: 1°) ecan np — HauG0Ab-
muit snement muoxectsa o ([0, mp]), 10 [0, ny} comepxurca B s ([0, mp,,]);
2°) @ (mp) > k- 1. 3arem npu n, < n < gy ONPEACAUTE X, TaK, YTOOR x, =0
npH BCEX 1, 33 MCKJAUEHUEM 2k MOXXOAAMMM O6pa3oM BHODAHHHX 3HAaueHHH n,
NPH KOTOPHX X, NooYepesHo paBHo 1/k wmm — 1/k.] )

3. fly¢th (Xx,) — CXOAAMMUHACH PAA B HOPMUPOBAHHOM NpOCTPaHCTBE E. Tlycts
o — 6uekTuBHOE OTOGpaxeHHe MHOWecTBa N Ha ce6sa M HycTh

r(my=|s(n)—n|- suvllxmll

[okaxure, uto ecau lim r(n) =0, T0 pan (x,(,,)) cxoautrcd B E, u uto

n-»oo
S ta= 3 50y
n=0

n=0

n n
[Oueﬂme pasHoCTh 2 Xok) — Z Xp TpH 60JBLIHX n.]
k=0 k=0
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4. TIycts (£mp) (m >0, n>0)— ABO/HAR, MOCAEIOBATENLHOCTL TOUEK HOP-
MHpoBaHHOro mpoctpanctsa E. Jomycrtum, uto:

1°) pan Xmo+ Xmi+ ..« +Xmn + ... Dpu kKaxaoM m >0 cxopurcs B E;
nycrs y, — €ro cymma u rmn—xmn+xm, PR T

2°) pa rop+rin+ .-« +7mnt ... npH xamaoM n >0 cxoaurca B E;
nycTb f,— €ro cyMma.
a) [Mokaxwure, 4T0 pag xo,,-}—xl,,—{- eeo +Xmp+ ... UpH KawaoM n >0
CXOAMTCH; NYCTb 2, — €ro CyMMa.
[so] o]
b) [las Toro uTOGH HMENO MECTO PABEHCTEO D Ym= 2, 2 HEOOXOLHMO
m=0 n=0
¥ JOCTATOYHO, uTO6H lim #,=0.
n-»co
D |
5. a) Ilokaxwurte, uTO PAA e rae m—nenoe gucao > 0,

n>l, ns=m
CXOAUTCH M €ro CyMMa paBHa — 3/4m?.
[Pasnoxure npo6s 1/(m? — x2).]

b) Mycts u,,=1/(m? —n?) npu m = n n u,, = 0. TTokaxure, 4TO

5 (3 0u) - 3 (Smn) o

m=0 \n=0 n=0 \m=0

6. Ecan f— dynknusa, onpefenenHHas B N X N c 3HaueHusiMH B MeTpHue-

CKOM NPOCTPAHCTBE, TO OGO3HAYHM Yepe3 lim f (m, n) npenea dyHkuuu f
m—><co, n-»co :

(ecnu on cymecrsyer) B TOYke (| 0O, --CO) IPOCTPAHCTBA RXR no no,zmpo-
crpanctBy N X N (3.13). Ilycts (x,,,) — ABOHHAS IOCJAENOBATEALHOCTh AEHCTBH-

TEABHBX WHCEN H Smp= |  Xpp
hm, R<Sn
a) Ecan mpezen lim Smn CYWECTBYET, TO lim X5 =0. Ipu-
m-»o0, 1-»00 m=>oQ, Nx¥»0
BEJTE MPHMED, B KOTOPOM Xpm = Xmm Xm, 20 = — Xm, 2n+1=— Xm+1, 2 BpU
m>2n+41, X, 2,=0, npenen lim Smn==0 M HM OIMH U3 pAIOB

m-»co, n~»co

Xmo+xXm~+ ... +Xma+ oo Xon+ X1t .. +Xmat ... HE cxomurcs.

b) MNpuseaure npumep, B KOTOPOM Xpp=0 npu Bcex m u n, .Kpome
o0

m=n+41, m=nu n=m+1( 12k 4T0 BCe PAAH X\ Xmn H me,, €X0-
n=0 m=0
o
zates |, D Xmp= z Xmp=0 TpPH BCEX M W n, HO TpEAes lim sy,
n=0 m=0. m-»00, >0

HE CYLUECTBYET.

3. AGCOMOTHO CXOAAU{HECS PALBI

(5.8.1) s mozo wmobw pad (x,) noL0NKUMENLRHX HuCeL CXQ-
ouacs, Heo6xo00umo u ocmamouno, 4mobv. 04l Hexomopolh 803-
pacmanoweli nocaedosameavocmu (k,) yeavx uucea >0 nocaedo-

8*
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8amesbHOCMb (skn) YACMULHOLX CYMM Cbiia 02PAHUYEHA C8epXY;

0
8 3MOM cay4ae CYMMQ s=2xn pasda sup Skﬂ-
n=0

[Ipeano/noxenne O TOM, 4YTO X, >0, 9KBMBAJEHTHO YCIOBHIO
§,-1< S, ¥ TIOTOMy pe3yabrar cpasy caeayer u3 (4.2.1).

Pax (x,) B OGanaxoBoM mnpocrtpanctse E HaswBaeTcs abcon0mMHO
CX00AWUMCA, eCIH CXOAUTCH Pl ¢ obmuM unexoM || x,|l.

(6.3.2) B Ganaxosom npocmpancmse E abcorwomuo cxodsuuiics

o [ee]
2 x| < X %]
n=0 n=0

Mo mpeanoJioxeHuo” Las moboro € > 0 cywecTByeT TaKo# Homep 7,
4to fpu n>ny, ¥ npu mobom p >0 umeem Nxpiall + oo+ +
+ || %pspll < & mOSTOMY

”xn+1+ e +xn+p”‘<e-

Orcioza B cuay (5.2.1) caemyer cxoaumocts pspa (x,). Kpowme roro,

lxo=4 -« %, L %l 4 - -. 4 llx,]| npn moBou n. Toraa Hyxuoe
HepaBeHCTBO CJeAyeT M3 NPHHUMNA NpPONOMKeHU HepaseHCTB (3.15.4).

pao (x,) cxodumcs u

(6.8.3) Ecau (x,)—abcosomuo cxodauuics psod u o— Ouekmus-
Hoe omoGpascenue Mmuoxcecmsa N na ce6s, mo (y,), 20e y,= X;@u),
ecmb a6coaomio cxo0suuics pao u

(o) [o0]
2%, =2 Vs
n=0 n=0

(KOMMYTaTHBHOCTH a0COMOTHO CXOASIUXCH paLoB).
n n

Iycts s, = Zxk, s, = D ¥, [lycTs AAs KakaOre n 9KCIO m—
E=0 £=0

Hauboapimee B MHoxkectse o([0, n]). Torma, mno onpelesenuio,

n m .
Dlivell < 2l %]l v w3 (5.3.1) caenyer, uto pan (y,) abCOMOTHO CXO-
k=0 izo

autca. Tlycts, nanee, 1is mpoussoabHOro € > 0 Homep n, BhGpaH Tax,
410 [ %pa1l b « -+ o | %aspll <& MpH #>ny M p>0. Ecau tornma
my— nan6oapmee uncao B -1 ([0, npl), To mpu n>> my p >0 umeem
I¥nsall + oo [ Yarpll e Paswocts s, —s, sBaseTcs cymmolt
YNEHOB X; C HOMepaMu J > ng, MOSTOMY ” Spne ™ Sn, | < & Carenosaresso,
NpU 1 >Ny U 1> m, BHIOJHACTCA HEPABEHCTBO “s;‘——sn u<35, a 370

. 00 . o0
JIOKa3bnBaeT, 4TO Z X, = Z Vu-
n=0 n=0

[lycTs A — NPOM3BOJILHOE CUETHOE MHOXECTBO. Msl GyleM roBOpHTS,
4TO CeMEHCTBO (X,), 4 9/ICMEHTOB GaHaxosa MPOCTPAHCTEA E a6coanwmno
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CYyMMUPYeMO, eCM LA HEKOTOPOro OHeKTHBHOTO OTOGPaeHus ¢ MHO-

wectBa N Ha A pad (X,(m) abcomorHo cxomurcs. Hs (5.3.3) caenyer,

YyTO 3TO CBOKCTBO He 3aBUCHT OT BHOOpa OUEKTHBHOTO OTOOpAXKEHMA @
oo}

H 4YTO MOXHO OIMNpeleyiuTh CYMMY ceMeicTBa (xa)aeA KaK 2, Xo(n)s
n=0

GyneM 0003HauaTb €e TAKKe CHMBOJOM > x,. Tak xak mo6oe CueTHOE
ac A :

MHoxectBo SCE MOXHO paccmatpusaTh Kaxk cemelicTBo (¢ S B Kave-
CTBE MHOXKECTBA MHAEKCOB), TO Mbl MOXEM TaKxe roBOPHTL 00 abco-
AOMHO CYMMUpYemOM (CHemHOM) MHONCecmBe B NpocTpauctse £ u
06 ero cymae.

(5.3.4) Lasn mozo 4mols. ciemuoe cemedcmso (X,),c o d4eHmenmos
6anaxosa npocmpancmsa E 6uno a6coriomno cymmupyero, neos-

x00umo u docmamouro, 4moGe. Kowewnsie cymme X [ x| (J<A
ac S

U KOHeuHO) Ousu O2panuuensi. B amom caywae oan aw6020 ¢ >0
cywecmsyem maxoe Koxewroe nodmwnosxcecmso Hc A, umo raxoso
660 Hu Gbla0 KOHeuHOe nooOMHoxucecmso Kc A, o0aa rkomopozo

HNK=0, uneem mecmo nepasencmso || x,|| <e, a 041 206020
a2t K

KOHe4H020 nodmuoncecmea LDOH muoxcecmsa A— nepasencmso

Dx,— 2 x| < 2.

o€ A ag L
[lepsrie J1Ba YTBeDKIEHMS Cpady CJAENYIOT W3 ONpelefeHHs W U3

(5.3.1). Ianee, nas moGoro KoHeuHoro noiamuoxecrsa LDH MHOXe-

crBa A Ml MoxeM Hanucats L=HUK, rae HNK =, nosromy
Dx,— D x,| e Us onpenesenus cymmbl Y x, caenyer (mocae

aCl ag H ) e A

TOr0, KaKk A YNOPSANOYEHO B COOTBETCTBHM C TPOU3BOJNbHEIM GHEKTHB-

Exa-— 2 x¢n<s. H,

aE A aEH

HeiM oToGpaxenueM mHoxectsa N na A), uro

K 2e.

cJaen0BaTeqibHo, 2 Xy — 2 X
ag A atcl

(6.8.5) ITycmas (xu)uEA—adcomomHo cyMMUpYeroe cemelicmeo 3ae-

Mmenmo8 Ganaxosa npocmparncmsa E. Toz0a 0as 4106020 MROdCE-
cmsa Bc A  cemelicmso (xa)aea alCconIOMHO CYMMUPYEMO U

PAEA RPN EAD
’EB aCA

Eciu B KoHeyHOo, TO pe3y/bTaT HeMeAJeHHO C/ellyeT M3 onpefee-
us. Ecan B Geckoneuno, 10 3 || %,]| < D || %,]| maa kawaoro koneu-
ac/ ag A

HOro moAMHOXecTBa JC B, # pesyabtar cieayer u3 (5.3.4).
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(6.3.6) Ilycms (x, )aeA"' abcoriomno cyxmupyeﬂoe cemelicmeo sne-
Menmo8 Ganaxosa npocmpancmsa E. ITycms (B,,)-—maxa;z 6ecko-
HEYHAR n0CAe008AMENbHOCML Henycmux nodMHoxcecms A, 4mo

A= UB u B,N\B,= Q@ npu p+q. lycms, dasce, 2,= 3 x,.
ac B
Tozaa pAad (z,) abcoarmno cxodumcs u *

= 2 x,

4
n=0 " 2€A

[o2]

M

(accounaTUBHOCTDH abCOMOTHO CXOMAUMXCHA PALOB).
IMycTs 3azaHO NpousBOJAbHOE & > 0 U nycTh 1 — 060€ 1e10e YHUCIO0
> 0. Torna B cuny (5.3.2) nna kawnoro k<7 CyWECTBYeT KOHEUYHOE

NOAMHOKECTBO J, & By, Takoe, uto [|2,]| < X || %,]| 4-¢/(n+1). Ecau
. o7,

n

MBI TIOJIOXHM J= UJ,,. TO OyleM, TakuM 00pa3oM, MMEThb 2 | zell <
k=0 =0

Z ol +e < S‘ || xu|| e, uus (5.3.1) Toraa CACLYET, UTO psA (z,)

_a6co.moTHo cxoluncx. Ilyctb, manee, H — Takoe KOHEYHOE NOIMHONE-
¢tBO A, uTO IJs mo6oro KOHeYHOro noamuoxectsa Kc A, Aas KoTo-

poro H 1K = ¢, Bunoansiercs HepasencTso | ||x,[|<{e, ® mostomy
(1 ¢ X

Ljas mo0Oro KOHeuHOro mnoamHoxecrsa Lc A, copepwawero H, Hepa-
BEHCTBO . Ilycre ny— nanboabiee

aeA
Lefoe UYUCAO, NAf Ko'roporo HnB,,oq& ), ¥ AYyCcTb 7 ~— IPOU3BOJNbHOE
nenoe 4ucao > ny. Ilyers J, ans xaxaoro k < n— KoHeyHoe NOA-
MHOXeCTBO B, coxepxaiee 118, u takoe, 4T0 AJaa AOGOr0 KOHey-
HOTO noaMHOMecTBa L,cB,, conepx(amero Jp, BHINOJHAETCH HepaBeH-

CTBO ’zk— > X, | < ef(n+1) (5.3.4). Tonoxum L= ULk' Toraa
ueL k=0
. n
MH HMeeM | X2, — Ex <e W, 1ak kak LoH, u3 onpenenehns H
£=0 '
caenyer 2 - Ex < 3¢, uTO ¥ 3aBepumaeT 0Ka3aTelbCTBO.
k=

CymiectByeT aHanoruunbit (4 Gonee npoc'roﬂ)' pe3yabTaT, OTHOCH-
muAcs K cayuaio, Koraa A pasnaraeTcd HAa KOHeYHOE YHCAO NOA-
muoxects B, (1< k< n). B srom cayuae cnpaseaamso u o6paTHOE

K (5.3.6) yrBepileHHe, a MMEHHO: eC/JM KakIOe M3 CeMeHCTB (xa)ae B
®

a0COMIOTHO CyMMHDYeMO, TO aGCOMIOTHO CYMMHPYEMO H CeMeHCTBO
(xa)ae 4 AokasatenbcTBo caenyer u3 kpurepus (5.3.4) MHAYKuue# no z.
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3adauu

1. Myct (d,) Ttakas nocneaosarenbnocn aefictBuTeAbHBIX uucea 4, >0,

uTO pﬂn (d,) pacxoautca| 1. e. lim Edk =4 oo) Yro MOXKHO CcKas3aTb O
n>c0 p2y '

CXORMMOCTH CACHYKOUIHX PHAAOB:
d’l . dﬂ . 'd" . dﬂ
14d,’ 14nd,’ 14-nd,’ 1+di

2. Mycrb (u,) — cxonamuiica (Ho He abCOMOTHO CXoAAMMICH) psA AeHCTBHU-
o]
TEJABHBIX YHCEA H MYCTb § = 2 u,. TlokaxuTe, YTO XAf KaXJIOro uucaa s’ > §
n=0 .
cymecTByeT Takoe GuexkTHBHOe oToGpaweHHe « MHOXecTBa N Ha cebs, uTO

0
a(n) = n RAA BCEX n, AAA KOTOPHIX 4, >0, u ut0 20 Uy =5
n=

[Tfo MBEAYKIEM NOKaxuTe caenyioinee: A KaXKAOro .71 CYHMIECTBYeT TaKoe
6uekTHBHOe oTo6pameHue o, MHOxkecTBa N Ha celd, 4t0 4, (k) =k naa Bcex &,
IS KOTOPHX up >0, U, ecin 0603HAYHTH ug‘) = U (4y CYWECTBYET HHAEKC Py

n
obaanaiomuit TeM CBOHCTBOM, UTO NpH 2 > pp
]

s'— u{®

1
< —.
i=o Sa

BuekTuBHOE oTOOpaxeHHe G, ;, KPOME TOr0, TaKOBO, UTO G,y ; (k) =0, (k) pan
BCeX &, I KOTOPHX G, (&) < p,, H BCeX R, Lad KOTOPHX up < — 1/n.}
3. Mokaxure, 4TO MM KaXAOro XoHeuHoro cemefictBa (x;); ¢1 Touex

npoctpanctsa R” (c  HopMo#t |lx|| =sup|€z|, rae x = (§p)1cp,) HMEET

MECTO HEPaBEHCTBO
E', X <2n-sup~ E',x .

il ieJ

[CHauana paccmoTpute cayyai n = 1.]

4. Pan (x,) B HODMHPOBaHHOM NPOCTPAHCTBE E HA3BHBACTCH KOMMYMAMUSHO
Cx00RWUMCS, €Can JAa KauAoro GHEKTHBHOro oTo6pamkenus o MHoXecrBa N
Ha ceba pan (X, (5)) CXOAMTCA.

a) Moxaxure, uTo, Aa9 TOro uTOGW cxoxAuguiica paa (x,) 6ua KOMMyTa-
THBHO CXOAAWMMCH, HEOOXONMMO H JXOCTAaTOMHO, 4TOOHW XA Kaxzaoro ¢ >0
CyIIECTBOBAJMO TaKOe KOHeyHoe noiMHoxecTso J mHoxectBa N, 410 Aas aio6oro
noxmaoxecrsa [/ N, nas kotoporo J nH:@ BHIMOJHAAOCH OB HEPaBEHCTBO

iIlé{
CHT OT a.

{doka3aTenbCTBO HOCAENHEr0 YTBEPXKJACHUA M JOCTATOYHOCTH YCJAOBHA NpPO-
BOpMTCH Tak ke, kak B (5.3.3). UToO6m 10Ka3aTh, 4TO YCJIOBHE HEOGXOZHUMO,
ronyctuTe npotHBHoe. Torza cymectsyer Takoe a > 0 u GECKOHEUHOE YHCAO

< e Ecau sto ycaoaue BHINOJHACTCA, TO CyMMa Z Xg (n) HE 3aBH-
n=0
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NoNapHO He mepecekawIHxca noxMHoxect8 M, N (k=1, 2, ...), iaa koro-
pHIX 2 Xp||>> o IpH KAXKAOM A; NOJL3YSACH 9THM, ONPERENUTE TaKOe d, 4TO
neH,
pan (x4 (»)) pacxozurcs.}

b) JonyctuM, uro psax (x,) oOaagaer TeM CBOHCTBOM, 4TO Aas moboi
CTPOro BO3pAacCTalOUIeH IIOCAENOBATENBHOCTH (71p) UEJBIX uucen np >0 psan (xnk)

cxonurcs. [lokawurte, 4to pax (x,) ABAAETCHA KOMMYTATHBHO CXOISIIHMCH.
B npexnoaoxenun, uto E — moaHoe NpOCTPAHCTBO, XOKaxuTe o6paTHoe.

[TTpumenute a)].

c) MMycts E=R" [loxaxure, uro B E M0o60H KOMMYTaTHBHO CXOAAUMHCS
PAI a6COMOTHO CXOAHUTCH. -

[BocnoansyiiTecy 3anauedt 3 u KpuTepHeM u3 a).]

d) PacmpocTpanuTe acconuatuBHOe CBOHCTBO (5.3.6) Ha KOMMYTAaTHBHO CXO-
AKIUECH PSAHL.

5. lycts E — peficTBHTENbHOE BEKTOPHOE MPOCTPAHCTBO, COCTOAUIEE U3 BCEX
6ECKOHEUHBX NOCIENOBATEALHOCTEH x=(&,,)n>0 JAeHCTBUTEJbHEIX YHCEN, YAO-
BAETBOpsAOIHX ycaosuw lim &, = 0. Jan w060k Touku x € E nosowum [ x| =

n-»co

==sup | &|.
n

a) [Mokaxkwure, uto || x|| ects HopMa B E u uto E ¢ 310 HOpMO#l sBasieTCs
6aHaxOBBIM NPOCTPAHCTBOM (npocmpancmso (c) Barnaxa).
b) Ilyctb e, — nocref0BaTeAbHOCTD (Bm,,)”>0, rae 3,,=0, ecan m=£n,

[ee]

¥ dym = L. [oxaxure, 410 Aas Kaxuoh Touxu x = ()€ E psn ¥ Eqe, KoM-
n=0

MyTaTHBHO cXOfMTcs B E M 9TO ero cymMa pasHa x. Ilpusenure mpumep, KOTAa

9TOT pAL CXOAUTCA HE a6CcoMoTHO.

4. ToanpocTpaucTBa M KOHEUYHBIE MPOH3BEREHHS
HOPMHPOBAHHLIX NPOCTPAHCTB

ITycts E — HOpMHpPOBaHHOE NPOCTPAHCTBO U F — 8eKmMOpHOe nod-
npocmpancmso mnpoctpanctBa E (T. e. MOAMHOXeCTBO, obJajaioliee
TeM CBOHCTBOM, 4TO AAf nioGo#t mapw a u B ckanspoB u3 XEF u yEF
cnenyer ax-+By € F). Cywenue ua F HopMm mnpocrpanctsa E, oue-
BUIHO, fBASETCA HOopMo#t B F, onpejensioumeit B F paccTosHue M TOMO-
JIOTHIO, MHAYLUHPOBAHHbLIE PACCTOSHHEM W TOMOJOrHe#t npocrpaucrsa E.
Koraa Mbl 6ylem rosoputb 0 ,NOANPOCTPAHCTBE* mnpocTpaHcTBa E, M
G yzeM, eClM He OTOBOPEHO NPOTHBHOE, IOAPa3yMeBaTh BEKTOpPHOE
€ro NnOAMPOCTPAHCTBO C 3 T OH MHAYUMPOBAHHOH HOPMOH.

Ecmu E— 6aHaxoBO NPOCTPAHCTBO, TO JMI060€ 3aVKHYTOE MOANPO-
crpaHctBo FcE B cuay (3.14.5) sBasercs 6aHaxoBbiM MPOCTPAHCTBOM.
Hao6oporT, eciu noanpocTpaHcTBo F HOPMHPOBaHHOTO npoctTpancTsa E
aBageTca OaHaxoBwM npocTpancTsoM, To B cuay (3.14.4) F samxnyTo
B E.
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(6.4.1) Ecau F — gexmoproe nodnpocmpancmso HOpMUPOBAHHO2Z0

npocmpancmsa E, mo ezo 3ammxanue F 8 E ecmv sexmoproe
noonpocmpancmso.

Ilo rnpeano/oxeHHIO 0To6pa)xeﬂue (x, y)—>x-+}y npousseseHus
EXE B E E nepesonnt F X F B F, 1 no3TOMy B iy B cuay (3 11. 4) 0TO-

Gpaxaer F><F B F. Tak xak _BBULY (3.20.3) FXF= FXF, 10 u3

x€F, yEF crenyer x4y € F. TouHo TaK xe, TMOJb3YACh HenpepIB-
HOCTbIO oToGpaxenus (A, x)—>Ax, moOKaswiBaeM, 4TO 144 JMmoGoro cka-

aspa A u3 xEF creayer Ax € F.

Mub 6yZeM TOBODHTb, 4YTO MHOXECTBO A B HOPMHUDOBRHHOM NpoO-
crpanctse E momaabno, ecid (KOHedHBle) JMHEHHBle KOMOUHAUUH
BeKTOpOB M3 A 00pasyl0oT MOANPOCTPAHCTBO, naomuoe B E. Mu Gynem
rOBOPHUTb, UTO cemencmo (x,) momasbro, ecau TOTAJIbHO MHOMKECTBO
ero 95JeMeHTOB.

Iycts E; u E,— B2 HOPMHPOBAHHBIX MNPOCTPAHCTBA; PACCMOTPUM
BEKTOPHOE NMPOCTPaHCTBO — npousseledne E=FE, X E, [rme (x;. x,)-
¥y, Yoy=(x,F Y1 X9+ ¥9) H A(x;, X5)=(Ax;, Ax,)]. Hemennenuo
nposepsieTcs, 4TO oOToGpaxenue (x;, Xy)—>sup (||x;|[, || %s|) ABAAETCA
nopMoit B E, onpeneasiomeit B E paccTosHue, COOTBETCTByIOLUee pac-
croanusM B E; um E, u, cleloBaTelbHO, TOHOJOTHIO IIPOCTPAHCTBA-
npousselenus E; X E,, xak oHo ompenenedo B 3.20. ,EcrecTBenHbie®
Broxenus x;—>(x;, 0) ¥ x,—(0, x,) npeacrasagior co60# H3OMETpHH
npoctpaHct E; u E; COOTBETCTBEHHO HAa 3aMKHYTHe MOANPOCTPAaHCTBA
Ei=E,; X {0} u E3={0} XE, NpOCTpaHCTBa E (3.20.11), u E ectb
npsMas CyMMa CBOMX TOANPOCTPAHCTB E; u Ej, 4acTo OTOMIECTB/AEMBIX
coorserctBerHo ¢ E; u Ey: E=E,+ E,.

HaoGopoT, LOMYCTHM, uYTO HOpMHPOBaHHOe mnpocTpaHcTBo E ectb
npAMas cyMMa JIBYX BEeKTOPHHX moampocrpaHcts F,, F,. Kawanifi
sneMeHT X CE MoxeT ObIThb eNMHCTBeHHHIM 00pasoM sanucan B Bule
x=p,(X)+py(%). tae p(*)€F1. py(X)EFy; u py. P, ABAAOTCA
JvHeHHBIMH OTOGpaxeHusMu npoctpaHctBa E coorsercTsenHo B F, u Fy
(,mpoexuusamu® mnpoctpanctsa E Ha F; u F,). ,Ecrecrsennoe“ oroOpa-
Kenue (¥, ¥o)—> ¥+ ¥, npocTpaHcTBa-nponssencuns F, X F, Ha E
JuHeliHo, GuekTuBHO M B cuay (5.1.5) HenpephiBHO, HO He 0043aTeNbHO
B3aUMHO HempepuiBHO (CM. 3ajauy 2 § 6.5).

(5.4.2) Hasn mozo umobu. omoGpasxcenue (Y, Y9)—> Y-+ Yy O8tr0
zomeomopgusmon npocmpauncmea Fy X Fy na E, neo6xodumo u
docmamouro, 4moGe. 00HO u3 AUHedRbLX 0mOO pascenud p,, p, 6bir0
Henpepueno.

3aMeTuM, UYTO TaK Kak x—-pl(x)—}— Do (x), 10, ecam ﬂenpepmaﬁo
ONHO u3 OTOGpameHWH p; M p,, HempephBHHIM GyieT u apyroe. Oro-
Gpamenne x—>(p,(x), py(x)) npocrpaucrsa E na F, X F, asagercs
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oToGpaxenneM, o6paTHbM oroGpaxenuo (¥,, ¥,)—> ¥, -+ y,; 1N03TOMY
3akaioueHue caenyer us (3.20.4).

B cayuae Koraa “BHINOJHAETCH ycJoBMe yrBepxAeHus (5.4.2), E
H43BLIBACTCA MON0.L02uecKod npamoli cymmol npocrpancts F, u F,.
Moanpocrpancteo FcE, Ans KOTOPOTO CYWESCTBYeT TaKoe ApYroe moj-
npoctpaHcTBo G, yro E ecTh Tomonoruyeckas npsaMas cymma F u G,
H43BIBAETCS MONOAOUMECKUM NPAMBM CAazaeHuM TpocTparctsa E,
a moGoe mnoanpocrpancTBo G, - obJjanaolee YKasaHHBIM CBOHCTBOM,
Ha3bIBACTCHA TONOJNGTHYECKHM NONOAHEHHEM noanpocrpaHcTea F,
JlioGoe TOMOJOrHYECKOE NpAMOe cCjaraeMoe 00f3aTe/IbHO 3aMKHYTO
[8 cuay (3.20.11)], HO MOTyT CylIeCTBOBaTh 3AMKHYThie MOANPOCTPAHCTBA,
He ABASIOLLAECH TOMOJNOTHYECKHMH TNPSAMBIMH cJaraeMbiM# (XOT# J06oe
MOANPOCTPAHCTBO Bceraa umeer B E auzeGpauuecxoe donosnenue).
Tlpumepsl Takux NMPOCTPAHCTB CM. B KHHre DByp6aku [6].

OnpefleseHuss M pe3yabTaThi OTHOCHTE/BHO NMPOM3BEAEHHS ABYX HOp-
MHPOBZHHBIX NPOCTPAHCTB HEMEJJEHHO PACNIPOCTPAHAITCH (MHAYKUMEH
no n) Ha cayyalt npowsBeleHWs KOHEYHOT O 4YHCJA N HOPMHPOBAHHBIX
NPOCTPAHCTB. ’

5. Kpurtepuit HempepHBHOCTH noJnauHeliHOro oTOOpame:Hns

(6.5.1) Iycmv E,, ..., E,—n HOopuuposarrux npocmpancms,.
F—uopMuposauuoe npocmpaucmao 4— noaurunelnoe omodpa-:
ocenne E\ X ... X E, 8 F. llan mozo umo6a 1 Gwso Henpepusro,
HeoGX00UMO u 0ocmamouuo, umobs. CYWEeCMB08a40 MAKOE HUUCAC:
a >0, umo 0sxsn awbod mouxu (xy, ..., X, )EE, X E;X ... XE,

la(xn X s X< @l - 120 - 2]

IlposeseM NOK43aTeNbCTBO A4S Cayuas 7 =2,
JoctaTouyHOCTb., Yro6H MNOKasaTh, uTO # HEAPEPHIBHO B Npo-
M3BOJILHOR TOuke (¢, C,), HaNUIIeM:

u(Xy X9)—u(ey, c)=u(x;— ¢y, xg)-{—u(c,, Xo— C9).
OTtclona ciaexyer, 4To . N
a(xy, xg)—u (e el <alllxey—cyll - [l +llerll - [l 22— el

Mycts 8 —moboe uucio, yAoBaeTBOpsOuee ycaosuaM 0 <3 <1,
%=l <8 1 [[xy— ]| <3 w, smaunr, || %]l [legfl 4~ 1. Torna
[lu(xy x)—u(cp c)|<a (”.‘31” el + 13,
rie npaeas 4acTb MPOUBBOJALHO Mana BMecTe C O.
Heo6xonumocth. Ecau u Henpepmsuo B Touke (0, 0), 1o
B E, X E, cyumectByer Taxo#t ‘map B :sup([[x,|l, ||%]])<<r, 4o us
(%y, %) € B caenyer |u(x,, xp)||<< 1..Ilycts Temepb (x;, X3)— mpo-
M3BOMbHAs Touka. Jlomyctum cHawasna, uyro x; + 0, x, 0. Toraa,
nonaran 2, = rx,/|| £l 2= rayf||%;||, noaywmu |z, = |zl =r .
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caenosatensio, |4 (zy, 2)|| < 1. Ho u(zy, 2)=r%u (xy, %)/l %]l - [ %]
v, 3HawMT, |[l@(x), x|l allx| ¢ || %;|l, rme @=1/r?. Ecau xe x,=0
Wi xX,=0, To u(x;, x;)==0 U nNo3TOMy npennAylllee HePaBEHCTBO
OCTaeTCS CrpaBel/IMBbIM. .

(6.5.2) ITycms it — nenpepuisnoe aunelinoe omo6 paxenie 6aHaxX084
npocmpancmea E 8 Ganaxoso npocmpancmso F. Ecau (x,)—
cxo0gmuiica (coomsemcmsento ab6coromuo cxodauuics) pso 8 E,
mo (u(x,))— cxodawuiica (coomsemcmsenno abCOLOMRO CX00%-

wuiica) pad 8 F u Du(x,)=1u (Z x,,).
n n
CxoanMocts pssa (#(x,)) ¥ paBeHCTBO 2 u(x,)=u (Z x,,) cpasy
n n

ClefyIOT M3 Ompele/eHusl HeNnpPEPHIBHOTO JMHEHHOTO OTOGpameHus [cM.
(3.13.14)}. Us (5.5.1) caenyet, 4T0 CyleCTByeT Takasd KOHCTaHTa a > 0,
uro |lu(x,)| < ellx,||, u nostomy B cuay (5.3.1) paa (2(x,)) a6co-
JIOTHO CXOAMTCSH, €CJH aBCOMOTHO CXOMMTCH PAR (X,).

(6.5.8) IIycmv E, F u G—mpu GanHaxossix npocmparcmea u

8 G. Ecau (x,)— ab6cosomuo cxodswulica pad 8 E u (y,)— abco:
aromuo cxolauyulica psd 8 F, mo cemelcmso (u(x,. y,)) abco-
AIOMHO CYMMUDPYEMO K

> u(x, y,,):ﬁ(% X, ;'yn).

m, n
Ha ocnosauuu xpurepus (5.3.4) HaM HYXHO JOKa3aTh, 4TO A/
Mo6Oro p CyMMBl > Ilu(xm. ¥,)|| orpannuens. Ho B cuay (5.5.1)
m<p,n . :
cywectsyer Takoe a > 0, '-ITO e (%, YOI < a|[x,] - |y, nosTomy
2 NeGmdl<a X xall - 1941 =
m<p, n<p m<p,ng

=a<ﬁ_ |lx,,|l> (ﬁ: [l ¥z H>,

H M3 npeanonoxeHu# oTHOCHTEAbHO (x,) W (¥,) cienyer, 4TO npaBas
vacTh orpanuvena. Kpome toro, us (5.3.6) u (él 5.2) caenyer, uTO

2 (X V)= 2 <20u_(xm. y,.)>— 2 U(Xy S)=u(s &)

m, n m= n= m=0

e s=x, &=y,
n ’ n

(5.6.4) ITycms E— nopmuposannoe npocmpancmso, F —6anaxoso
npocmpancmso, G— noonpocmpancmso, naomnoe 8 E, u f— ne-
npepui8Hoe auHelinoe omo6Gpaxcenue nodnpocmpancmsa G 8 F,
Toz0a cywecmsyem eduncm8ennoe Kenpepusroe sunelinoe omobpa-

Henue f npocmpancmea E s F, asannweecs npodosxenuen f.
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Tak kak ||f()—fWI=If(x—=W| <a-|x—y]., 13 (3.5.1)
chelyeT, 4To 'f paBHOMEPHO HENPepbLIBHO B G I'losrromy B cinay (3.15.6)
CylIeCTBYyeT eXMHCTBEHHOE HeNpepbiBHOe MpPOLOJIKeHHe f otoOpaxeHus
f na E. Vs (5.1.5) u mpuHuuMna NpolOJnKEHHA TOXAECTB (3.15.2) cie-

AyeT, 4T0 f AMHeHHO.

3adauu

1. Mycte u — oro6paeHWe HOPMHUPOBAHHOIC NPOCTpaHCTBA £ B HOPMHPO-
BaHHOE NPOCTPAHCTBO F, o6aajaloliee TeM CBOHCTBOM, UTO u (X +-y) = u(x) 4 u(y)
aas M060# Nape TOYEK X, y NpoCTpancTBa E M 4YTO & OrpaHH4YeHO B IIape
B (0; 1) E. Tokaxure, 9T0 # JAMHEHHO ¥ HeNPEPHIBHO.

[Paccmotpute otoGpaxenne x —> | u (x)|| mpoctpanctea £ B R u ybemurecnh
B ToM, 910 flu (x4 y) < lle ()| F e ()] wu(rx)=ru(x) i1m pauuoHaib-
HBIX 7, IJf JOKa3aTeJbCTBA TOro, 4TO & (Ax) == Au (x) npu mobGoM AeHCTBHTENDb-
HOM )&, BOCIIOJb3YHTeCh TeM ke PAcCykKAeHHeM, 4To u B 3ajaye 1 § 4.2.]

2. Mlycte E, F—1Ba HOPMHPOBAHHEIX MPOCTPAHCTBA M 4 — JuHeHHOe oTo6pa-
senue E B F. Tlokaxute, 4TO eC/u AJa Kaxao# IOCAENOBATENbHOCTH (X,) B NpO-

ctpaictBe E, mna xotopoi lim x,=0, nociepoBateapHocts (2(X,)) B F
n->co

OrpaHHYEHA, TO & HENpPEPLIBHO.

[[TpoBenuTe AOKa3aTeAbCTBO OT MPOTHBHOTO.]

3. a) Ilyctb @ U b— 1Be TOUKH HOPMHPOBaHHOro npocrpaHcTBa E. ITycth
B, — MHOXeCTBO Bcex . ToueK XE€E, nag KOTOpHx |x—al = jjx—¥b] =
=[ a—b]/2, a B,, n>1,—MHOKeCTBO Bcex Touek x € B,_,, Aus KoTopHX || x—y | <
<¥(B,_1)/2 aan Bcex y € B,_, (rae b (A) — auamMerp MHOxecTBa A). Ilokaxwure,
uto 8 (Bp) < ¥ (B,_1)/2 v uto nepeceueHue Bcex B, ectb Touka (a - b)/2.

b) BeiBegure M3 a), uTO ecaH f— H3OMETpHA JACHCTBUTENbHOrO HOPMHPO-
BaHHOrO HpocTpaHcTBa E Ha JAeficTBHTEAbHOE HOPMHUPOBAHHOE NMPOCTPAHCTBO F,
10 f(x) = u(x)-+} ¢, rie u— auneltnas uzoMeTpHa u C€ F.

4. HazoBem npamoyzossrnurxos B N DN npousBeleHue ABYX IPOMEKYTKOB
muoxectsa N. Jlaa mo6Goro komeusoro muoxecrtsa N XN, nycts ¢ (H)—
HaUMeHbIllee YHCAO TNpPSMOYrOJAbHHKOBR, OGheIMHEHHEM KOTOPHX sBJaserca F.
Myctb (H,)— Bo3pacraiomias MOCJAeI0BATENbHOCTh KOHEUHBIX MOAMHOXKECTB PO~
nssenedus NN, o6penunenue kotophix pasHo N XN, o6aajaiomas TeM cBoO#-
CTBOM, 4TO nocaefoBaTedbHOCTs (Y (F/,)) orpanuuena. Ilycty E, F, G— 1pn
HOPMHPOBAHHBEIX NPOCTPAHCTBA, (X,) (COOTBETCTBERHO (y,)) cxoxamuiica psag B E
(cooTBerTcTBEHHO B F) H f — HenpephiBHOe GuanHeRHOe oToGpaxenne E X F B G.
[Toxaxwure, 4ro ’

) S senw=r(F w3

B> (4 & n=0

5. Tlycts (f,) — Bo3pacraiomas NOCAEIOBaTEAbHOCTh KOHEYHBIX IOJAMHO-
xects npousseaenus N X N, o6benunenue koropeix paBio N X N. as kaxaoro
J€N u xaxporo n¢N nycts 9 (j, n) — HaHMeHbIlee YHCAO MPOMEXYTKOB MHO-
wecTBa N, o6beiyHeHHE KOTOPHX €CTh MHOIKECTBO H;l (/) Bcex neanix wuced i,
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aas Koropuix (i, j) € H,. [Tlpexnonoxum, uro ¢(j, n) orpanngseso B NXN.
[ycts (x,)— cxoamuiuiics pal B HOPMHPOBAHHOM npocrTpaHcTBe E, (¥,) — abco-
JIOTHO CXOAALIMICA PSR B HOPMHPOBAHHOM NpOCTPaHCTBe F M & — HenpepriBHOE
6uauneinoe oro6paxenue £ X F B HopMHpOBaHHOe npoctpaHctBo G. [lokaxure,
uto (opmyaa (x) U3 3ajmaud 4 coxpaHser CHIy.

[Bocmoabaysitecs (5.5.1) u yGegurech B TOM, HTO CYMMBI 2 X; TipH

(i, NeH,

BCeX j U n orpanuuennl B E.]

6. OxBHBaJEHTHLIE HOPMBI

ITycts E — BextopHoe IIpOCTpaHCTBO (Hax noJeM aeHCTBUTENbHBIX
WAM KOMIJeKCHBIX uucend), ||x|; u ||x|l;—aBe Hopmpl B E. Mb Gyzem
roBoputh, 410 HopMa |[|x||; cuabree Hopmbl | x|, ecau Tononorus,
onpenenseMas HOpPMOH || x||,, CU/bHee TOMOJOTHH, OnpeleaseMolt HOPMOH
lxll [cM. 3.12]. Ecnu mb o603naunm ueped E; (cooTserctBenHo E,)
HOPMMPOBAHHOE IIPOCTPAHCTBO, ONpeleaseMoe HopMOH l|x]l, (coorset-
cTBeHHO |[x|ly), TO 3TO O03HAaYaer, YTO TOXKIAECTBEHHOE OTOOpaMeHHe
x —> x npocrpaictea E, Ha E, nenpepmiBHo. [loatomy B cuny (5.5.1)
3T0 YCJOBHe SKBHUBAJEHTHO CYLIECTBOBAHHIO TAKOro uicaa a > 0, 4ro
x)e < all %]y :

ByneM roBopuTb, 4TO JIBe HOpMB | X|l;. || *|ly oxsusasenmuu,
ecan oHM onpefeaaoT B E ofny u Ty ke Tomosoruio. Ilpeampyuiee
HEPaBeHCTBO Cpa3y [Haer

(6.6.1) Laa mozo umobu dse nopue | x|, u || x|, 8 sexmopron .
npocmpancmee E Golau 3x8usareRmHbL, HeOOX00UMO. & OOCMAMOLHO,
ymobo. cyuecmeogary maxue 0se woHcmanmot a >0 u b>0, umo

aflx ] <l *ll2<L bl %11

oxsn awboli mouku x €E.

CoorBeTcTBYIOLIME pPACCTOSAHUS 6YJIYT B 3TOM CJyuyae paBHOMEPHO
9KBUBaJEHTHH (3.14).

Hanpuwep, nopmtt sup (]| x|, | %)) Hxlll + %l Viie P [ ]
B npousselednn £; X E, 1ByX HOPMHPOBAHHLIX NPOCTPAHCTB SKBHBAEHTHHI.

Hopma || f|l; B HpOCTpaHCTBe E==%r ({), onpenenennas B (5.1.4), He
SKBUBaNeHTHA HopMe | fl| —suplf(t)l (cM. samauy 1 § 5.1).

7. MpocTpancTBa HenpepbBHBIX MOJMHAHHEHHBIX OTOOpaeHu#

IMMycts E u F— Ba HOPMUPOBAHHBIX INpocTpaHcTBa. Kak caeayer
u3 (5.1.5), (3.20.4) u (3.11.5), mHoxectB0 & (E, F) BCeX HempephHIBHHIX
JuHeRHBIX 0TOOpaxeHu#t npocrpanctsa E B F 4BafeTcs BEKTOPHBIM NpPO-
CTPAHCTBOM.
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Oas kaxnoro orobpaxenus u€ Z(E; F) nycts | u| — uwxkuss
rpaus Bcex uuced @ >0, 119 KOTOpPHX npu Bcex x € E BHnosHsercs
HepasenctBo | u (x)|| <Lallx| [cM. (8.5.1)]. MBI MOXEM TaKikKe HAMUCATDH

(6.71) ]l = sup [jz(x)].
i<

B camoM nene, mo ompenejenuio, AAS Kawaoro a > [lu|| u kaxno#
ToukH X ¢ HopMoH |[[x||<{1 wumeem [lu(x)}<a wu, a3nauur,
sup {la(x)||<||#|l; sro noxasuiBaer papenctBo (5.7.1) npu [lu|| =0.
x|I<1 ’

<

Ecmn [[z]> 0, 10 nis mo6oro b, yIOB/ETBOPSIOLIETO HEPAaBEHCTBAM
0 <& < |lu|l, cywecrsyer Ttakam Touka xE€E, uro fla(x)||> b|x].
Caenosateqbho, x = 0 M NOITOMYy ecau Mul NMOJOKUM 2 = x/| x|/, To
Bce eue OyaeM umerh |lu(2)||>b]lz|| =05, u rtak xak [|z||=1, 10
oTCloNa CJAELyeT, YTO b<u slup e (x)], ™. e. |]u[l<"s;1pl”a(x)|], H

’ x|<1 < ’

dopMyna (5.7.1) noxasawa..
- TouHo Takoe ke pacCyxAeHHE NOKa3bIBAET, YTO

(6.7.2) llall = “?ﬁgluu_ )|l

IMoxawem Tteneps, uto ||#|] ecTb HOpPMa B BEKTOPHOM NpPOCTpaH-
cree P (E; F). B camom nene, ecin 2 =0, To B cuny (5.7.1) jju|| =0.
HaoGopor, ecim ||u||==0, To # (x)==0 npu || x|| <1, nostomy nas moGot
TOUKH X #+ 0 npocrpanctea E nmeem u(x)= |l x|la(x/{|x]||)=0.
U3 (5.7.1) raixe caenyer, uto [zl ==|X|- ||#||. Hakoweu, ecam
w==y~v, 10 ||w ()| ||u(x)|| 4+ ||lv{x)||. u, crenosareasto, B cuay
(5.7.1) [lw] < la] + o] |

(6.7.3) Ecau F —noanoe npocmpancmso, mo u F(E; F)—noa- .
Hoe npocmpancmso. ‘ :

B camom pene, nycrb (#,) — nocaenosareasHocts Kown 8 2 (E;~F).
Takum o6pasoM, ans moboro e> 0 cymecrByeT Takoe n, 4uTO NMpH
m>n, ¥ n>n, BHNOMHAETCS HepaBeHCTBO |lu,, —u,||< e. Caenosa-
TeJbHO, B cuay (5.7.1) aas moGoro x ¢ Hopmo#t || x||<1 npu m>n,
¥ n>n, Mu umeeM |{u,(x)—u,(x)|<e a 3TO0 nokasmsaer, uYTo
(u,(x)) ectp nocnenoBaresibHocTb Komm B F. [lotOoMy OHa cxoautcs
K HEKOTOpOMY 3/eMenty v(x)E& F. 3to BepHo u ans moGoro x € E,
TaK KaK Mbl MOXeM 3anucath x=Az, rae ||z||<1, n nosromy u,(x)=
= hu, (z) cxonurcs K npeseny v (x)==Av(z). U3 pasencrsa u, (x4 y)=
=u,(x)~+a,(y) u u3 (5.1.5) caeayer, uro v (x4 y)=v(x)-+0(y).
¥ TOYHO TaK Ke MOKaxeM, u4T0 U(Ax)==Mv(X); MHLIMH CJIOBaMH, ¥
JuHeRtHo. llanee, u3 nepasenctsa || u,, (x)— 4, (x)||< &, Bunoausomerocs
npy m>n, M n>n, 3akmoyaeM, uro |[|v(x)—a,(x)||<<e npu
x| 1. Caenosarensno, [jv(x)||<||4,]l+4¢, uem [B cuay (5.5.1)]
JO0Ka3aHO, YTO U HEeMpepHBHO H, TAKMM 0OpasoM, npuHamiexur & (E; F).
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. Haxonen, ||v—u,| e npu 2> ny [B cuay (5.7. 1\] ¥, 3HAYAT, moOcCae-
AOBaTeJbHOCTb (#,) CXONHUTCA K .

H3 onpejesieHust caepyer, 4TO A9 KaXAOM TOuKM X € E W Kaxaoro

u€ Z(E; F)
(6.7.4) la ()<L u] - [lx].

OTKyla Ha ocHoBaHmu (5.5.1) cienyer,- uto OuauHeliHOoe OTOGpaxeHme
(x, u)— u(x) npoussenenus E X F(E; F) B F uenpepnBHo.
Onpenenenve HopMul B & (E; F) saBucut ot HopM B E u B F. Ho
JerKO BHJETb, YTO eCIM MH 3aMeHHM HOPMH B E u B F 3KBuBaJjieHT-
HBIMH HOpMaMH, TO HOBas HopMa B .% (E; F) OyneT sKkBMBaJeHTHa CTapoH.

(6.7.6) ITycmv u— Henpepuisnoe aunelinoe omoGpascenue HopMu-
posannozo npocmpancmsa E 8 nopmuposannoe npocmpancmso F
u v—Henpepusnoe aunelinoe omobpascenue npocmpancmsa F

8 Hopmuposannoe npocmpancmso G. Tozda |voeu|<||v| - |l«].
B camom nene, eciu ||x||<1, To B cuny (5.7.4) ||lv(u(x))|| <
Lol - HlaD<||v|| - ||#]l, u yrBepxnenne caenyer us (5.7.1).

(6.7.6) Ecau F — deidicmsumensroe (cOoomsemcmeenno KoMNAEKCHOR)
"HOPMUPOBAHHOE NPOCMPAHCMEBO,. MO Omo6pajncerue, Ccmassuee
kaxcdomy aCF 8 coomsemcmsue sasemenm 8,:%—Eta npocmpan-
cmsa Z (R, F) [coomsemcmeenno F(C; F)l, ecmv auneinan uso-
mempus npocmparcmsa F una Z(R; F) [coomsemcmsenno wna
Z(C; F).

OroGpaxenne a—>0,, ouemnano, muHeitHo. OHO CIOP'BEKTHERHO, TaK
KaK Kaxnaoe JuHefiHoe oTo6pamenune f npocrpaHcTBa R (coorsercrBento C)
B F umeer Bun f(§)=f(-1)=&f(1)=¢ta, rue a=f(1). Haxouen,

no axcuome (III) § 5.1 ||6,] = sup HEa” = ||a||.

Iyctb renepy Ey, ..., E,, F —-—n-{— 1 HOpMUpOBaHHOE IPOCTPAHCTBO.
Onpenenum Z(E;, ..., E,; F) kak BeKTOpHOe MPOCTPAHCTBO BCeX He-
NPEPHBHEIX NMOMUIMHERHBX oTOOpaxceHuit mpoussenenus E; X ... X E,

8 F. Paccyxienusi, ananOTMYHHE NpelblAylUuM, MNOKAa3HBAKT, UYTO npu

uCL(E, ..., E,;; F) muxuss rpaus - ||uf Bcex uncen e >0, mms

KOTOpHIX _ '
TIC S P2 PY B PR}

MoXeT GhTb ONpelelNeHa PAaBEHCTBOM

617 fel= s [l ... )]
%1€ oo [ 2,] <1 .

Mu suauM Takxke, uyto ||u|| ects HopMa B P (E,, ..., E,; F). Oanako
B NeHCTBHTENLHOCTH 3TO BEKTOPHOE NPOCTPAHCTBO MOXET GbiTb CBEAEHO.
K npocrpauicreaM ,Z (X; V).



128 Ia. 5. HopmuposauHsie npoctpancrsa

(6.7.8) Zasn rascoozo u€ . Z(E, F; G) u waxdozo xEE. nycms
u, — aunelinoe omobpascenue y-—>u(x, y). To20a “: X —> 1, ecmo
AuHelinoe omodpamcemze npocmpancmsa E 8 & (F; G), a omoGpa-
JCeHUue U —> U ecmb AUHEUHAL U30Mempus npocmpancmsa Z (E, F; G)
Ha npocmpancmso F(E; F(F; G)).

Hween [u, (D) = lu(x. nII<]| 2] -

NOTOMY B CuAY

(5.5.1) oroGpaxenne u, HenpephiBHo. Hanee, |u, || = sup |lu(x,-y)|.
Iyl
C/1el0BaTe/IbHO, yuHTHBas (2.3.7),
sup flugll= sup la(x, y)||=u].
1x1<1 lel <Lyl

ITostomy oroGpaxenne x-—>u, (O4eBHIHO, JMHEeHHOE) HENPEPHIBHO,
a oro0paxeHnue u4—>u ecTb H30MeTpusi npocrpatctsa Z(E, F; Q)
B mpoctpanctso F(E; Z(F; G)). Haxoueu, orobGpawenne u—> u
CIODBEKTHUBHO, TaK Kak ecan v € . Z(E; L (F; G)), to oroGpaxeHue
u:(x,y)—>(v(x))(y), oueBunano, GuaMHeRHO , mockoabKy ||(v (x) )(¥)|| <
Iyllvll - B cuiy (5.7.4) HeNpepHIBHO K U (X)=i,,
llTO 3aBEpUIAET NOKA3ATEALCTBO.

Wunyxunett no n yGexaaemcs, uro npocrpanctso & (Ey, E,. ..., E; F)
MOXKeT ObiTb eCTeCTBEHHHM 00pa3oM (C COXpaHeHWeM HOPMEI) OTOMXIe-
CTBJIEHO C NPOCTPAHCTBOM

ZLEy ZEy ..or L(Ey F))..0)

Saodanu

1. a) Mycts £ — npocTpanctso (¢,) Banaxa, onpenesentoe B sanave 5 § 5.3;
MBI coXpanuM oO6o3HaueHus sTOH 3ajauu. [lycTh u — HenpepbiBHOE axHEiHOE

oto6paxenue mnpoctpanctBa £ B R u u(e,) = 1, [lokaxure, 1to psax 27),,
a6CcoMOTHO CXOAHTCH H 4TO B 6aHaxOBOM mpocTpahcTBe E’ = _% (E; R) HopMa

laf= [l
n=0

[Mpumenute (5.5.1) x moaxoaamum 3HayeHuaM x € F.]

Hao6opor, xaa mo6oro abcoMmoTHO CXOANMIErOCA PsAa (1,) AeHCTBUTEAbHBIX
yxceld CYMECTBYET OLHO M TONbKO OIHO HempephiBHOE JHHEHHOe 0TOGpaweHHe u
npoctpaictea E B R, ana xoroporo u(¢;)=1, OpH KaxaOM n, ¥ €ClH

0 [o]

X = Zéne,,EE, 10 u(x)= Y1, (npoctpancTso E’ ¢ ompejelennoll Bhie
n=0
uopuoﬁ ecTb npocmparcmso I' banaxa).

b) Kak BextopHOe mpoctpancTBo (6ea HOpMBbI) E’/ MOXeT paccMaTpHBATLCS
Kak NOAMPOCTPAHCTBO mpoctpaHctBa £E. [lokaxure, uto HopMa B E’ crporo
cuabHee (B cMbichie 5.6), ueM cywenue Ha E’ nopmul npoctpaxctsa E.

¢) [okaxure, uyro npocrpancreo E” = P (E’; R) HenpepuBHHIX JHHEHHBIX
oto0paxeHuit npocTpaHcTBa £/ B R MOXHO OTOXAECTBUTH C MPOCTPAHCTBOM BCEX
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OrpaHMYeHHBIX NocjeRoBaTeabHOCTeH X = ({,) AeHCTBHTENbHHX YHCeN ¢ HOPMOi
||x|]=supl?:,,| (npocmpancmso 1° Banaxa). TIpoctpanctso £ MOXer paccMa-

TpHBaTLCﬁ KaK 3aMKHyTOe NOMIPOCTPAHCTBO NPOCTPAHCTBA E”.

[[IpuMeHHTE TOT Xe METOX, 49TO H B a).]

d) IMycts P — noaMHOXeCTBO NpocTpaHCTBA E’, cocrosiiiee M3 Bcex a6co-
JIOTHO CXONAUIMXCA PAAOB u# = (7,) C 4ieHaMH 7, >0. JlioBokt sieMeHT mpo-
ctpaHcTBa E’ MoxeT GHITh 3amHCaH B BHAe 4—U, TAe 4 M U NpUHAxAexkar P.
[Toxaxure, 4T0 BHYTPEHHOCTh MHOMECTBA P TeM He MEHEe MycTa.

2. a) Ilycrs E — npoctpanctso (¢p) Banaxa u U — HenpepHBHOe JauHeRHOe

'oroﬁpa)xeﬂne- npoctpaictBa E B ceba. [lycte B o6o3naueHHAX 3ajaud 1.

U(ey) = Zamnem Hoxamme, uro: 1°) lxm apn =0; 2°) pax 2|am,,| cxo-

n=0
0

AMTCH NP KaWAOM m; 3°) BepXHds IPaHb sup il amn | KoHeuHa.
n=0

[Tor xe Meroz, utTo u B 3axaue 1,a).]
Hokaxure o6paTHoe M mNOKaxure, 4T0 6aHaxoBO mnpocTpaHcTBo 9 (E; E)
MOXHO OTOX/JECTBHTL C MPOCTPAHCTBOM JABOHHKIX nocne.uosare.ubﬂoneﬁ U = (ama)

YAOBIETBOPHOUWMX NPEABYWIAM YCIOBHAM, ¢ HOpMOR U] = sup 2] tman -
n=0
'b) Mycts E’ — npoctpanctso 1! Banaxa (sapaua 1). l'loxaxm’re, 4r0 GaHa-

XOBO NPOCTPAHCTBO & (E’; E’) MOXHO OTOXJAECTBHTb C NPOCTPAHCTBOM ABOHHHEIX
. co
nocAefoBarenbuocTeit U = (¢,,), yAOBACTBOPAIOMUX yeaopuam: 1°) pan 2 | emn |
i m=0

CXOAMTCS [pH KaXAOM n; 2°) BepxHAs rpaHb sup Elam,,l KOHeuHa. B sToM
m=0

cayuae nopMa pasHa ||U || = sup 2"’"1"“
m=0 C

3. Nycrs E — HopMHpOBaHHOE MOPOCTPAHCTBO. [lokawute, uTO HE MOXET
' CYWecTBOBAaTh JBYX HeNpepHIBHHX JMHHEHHBX OTOGpaXeHHi i, v npocrpaHctsa E
B cebs, A KOTOPHX #oU —vou =1 (TOXKAECTBEHHOMY OTOGPaXEHHIO):

[Hdokaxure, 4TO H3 NPEANONOKEHHS O CYUIECTBOBAHHH TAKOI'O OTOOpAXEHUA
caenoBano 6u, uro uovttl —g¢ttlop=(n+1)v? 1 e (ntl)jo*|<L
L2 all-|w|-]|v*], orkyna v” =0, kak TOALKO n AOCTATOYHO BEJHKO, H, 3HAYHT,
v=0]

8. 3aMKuyTBi¢ T'HUEPIIOCKOCTH H HENpepuiBHbE JHHEHHLIe
GopMu
HartoMHuMm, uto sunelnas dopma B HeficTBUTENbHOM (COOTBET-

CTBEHHO KOMIJIEKCHOM) BEKTOPHOM NpocTpaHnctBe E ectb AuHeHHOe OTO-
6pmeﬂﬂe f npocrpanctea E B R (coorsercrsenno B C). Sdpo

H=f"'(0) storo oTo6paxeHus ecTh TOrAa TaKOe BEKTOPHOE MOMIPO=

9 K. Hseaonne
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CTPAHCTBO, uYTO mag 1060r0 aéH npocrpaHctBo E ecth aareGpanye-
ckas npsamas cymma H u Ra (coorsercrsedto Ca).

IMoanpocTpaHcTBo, 06JAafaiollee ITHM NOCHAEJHHM CBOHCTBOM, Ha3bi-
Baercs 2unepnaockocmsio. Ecim H — HekoTOpas TMNeplIoCKOCTb,

-aéh‘r H ecqad 4ad modoro'xEE MB HanumeM X ==f(x).a-y, rae

f(x)—ckanap u YyEH, 10 f ectb JnuHeliHas ¢opma u H=f"1(0).
Orxouenue f(x)=—0 HasbiBaeTCd YPaBHeHues TUNepIocKocTH FH.

Ecmu f,—apyras JauHeHHaa ¢opma, AAd KOTOpO# H=f1"1(0), T0
fi=af (a—cxanap). HanmoMHuM Takxe, YTO THNEPAJIOCKOCTb MAaKCH-
MajbHa: JM1060e BEKTOPHOE MOAMPOCTPAHCTBO mpocrpaHcTBa E, colepxa-
ee rumepnaockocts M, ecan au6o H, nubo camo E.

(5.!4.1) Iycmo H —2unepnaockocms ¢ ypasnenuen f(x)=0 8 dei-
CMBuUmMessHoM (COOMBEMCMBENHO KOMNACKCHOM) HOPMUPOBARHOM
npocmpancmee E. Has mozo0 umo6w 2unepnaockocms H Gwoiaa
samxnyma 8 E, neo6xodumo u docmamouno, umobu dopma f

6usra Henpepwsna. B smom caysae 028 2106020 bde npocmpat-
cmso E ecms monono2useckas nparmas cysmrna (5.4) zunepnaio-
cxocmu H u 00HOMepHOZ20 noanpocmpaucmsa D =Rb (coomsem-
cmsenno D =Cb).

flcHo, yTOo ecau QopMa f HenpepblBHa, TO TI'HNEPNAOCKOCTb Ff ==
=f*1(0) samknyra [cM. (3.15.1)]. Hokaxem oOparnoe. Ilycth 3ie-
MEHT a@H BoiGpan Tak, uro f(a)=1. Tak kak runepmiaockocts H

samkuyra, To [B cuiy (5.1.5)] u MHOxecTBO @ —{- H 3aMKHyTO, M, TaK

Kak Oéa—}—H, Haitperca map V: ||x||< r, He nepecexalowu#t a -+ H.
TakuM o6pazoM, u3 x €V caenyer f(x)= 1. Iloxameum, uto u3 x €V
caenyer |f(x)| < 1. Honyctum mnpoTuBHoe, u mycts f(x)==a, rae
|a] > 1. Torma ||x/a||=(1/jaDl|x]] <r u f(x/a)==1, ur0 nporuso-
Peunt _onpejieeHiio V. W3 ozHopoaHoCTH u (5 5.1) caeayer, qTo

q)opma f HenpepwBHa. Ecau béH. TO Aas Kaxkjaoro x & E wmu HMeeM

x=g(x)b-+y, rae YyEH, n g(x)=0— 1pyroe ypaBHeHHe Turep-
nmnockoctd H. TTostoMy ¢opma g HenpepbiBHA M, 3HAYAT, OTOGpameHue
x —>g(x)b npocrpauctBa E B D =Rb (coorsercrsenno Cb) Henpe-.
PHBHO, WTO B cHAY (542) H JOKa3bBaeT IOC/ENHION YacTh HAILUEro
YTBEPKACHNS,

(6.8.2) Tunepnaockocms H 8 HOpMuposannoM npocmpancmse E
usruw 3aMKHYma uau chdy nAOMHG.

B camom nene, H [B cuay (5.4.1)] ecTh BeKTOpPHOE MOLMPOCTPAH-=
CTBO, KOTOpOE MOMET TOJbKO cosmamats uwian ¢ E, wm ¢ H,
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Sadanu

7 1. Iycts E— (HEMOAHOE) NOANPOCTPAHCTBO NpPOCTpaHcTBA (Co) Damaxa,
cocTosuiee M3 nochefoBareabHocTed x = (§,;) AeHCTBUTENBHKRIX YMCEJ], HMEWLHX

UMb KOHEUHOE YUCAO OTAHYHBIX OT HYJs saeMentos, Jaa nwo 60t mo-
[oe]

" cIeIOBATENBPHOCTH (2,) AEACTBHTEAbHHIX yHCEd OTOOpamenue x —>u (x) = 2 anfy
n=0
ecTh auHeiiHas ¢opMa B E, U TaKHM cnOCOGOM NOAYHAINTCA BCE AUHEHHBIE POPMBI
B E. Kakue M3 HHX HENPEPHIBHHI?
[CM. (5.5.4) n 3amauy 1 § 5.7.]
2. a) Iycts H —3aMKHYTa#d THMNEPIIOCKOCTh C ypaBHeHweM u(x)=0
B HOPMHDOBAHHOM npocrpanctee F, Iie & — HeNpephiBHAA JuHeliHas dopma,
TMokaxure, 410 Aaa Alobol Touku g € E paccrosuue d (¢, f)=|u(a)l/|lu]l.

o0
b) Mycts F{—3amMKHYTas FHIEPIVIOCKOCTD C YPABHEHUEM 4 (x) = Z 2""&,,=0
n=0

B mpocTpanctse (c,) Banaxa. INokaxure, uto ecau a € /1, T0 He cymecTByer
Touxku b¢ H, aaa xoropo# d (a, H)=d (a, b).

3. Jluneiiunie MHOroo6pasusi kopasmepHocTH 1 (3ajmaua 5 § 5.1) B peficTBu-
TeAbHOM BEKTODHOM NPOCTPaHCTBE £ TaKke HasblBAOTCH 2unepnAoCKOCMAMU,
OHK TIPE/ICTABAAOT COGOH MHOXECTBA, ONpPeAeAAeMble YPaBHEHHEM BHAA L (x) = a,
rRe u— AHHeHHas (OpMa, a « — NPOH3BOJbHOE NEHCTBHTEAbHOE THCHO. B Tek-
“cte § 5.8 paccMaTPHBAAKCH (AKTHYECKH Te H3 STHX THIEPIVIOCKOCTEH, KOTOphIe
conepxar 0; OHH HAa3bLIBAIOTCA TaKkKe OOHOPOOHbLMU 2UnePpRAOCKOCMAMU. Jlwbas
FHNEPIAOCKOCTh, ONpejedeMas ypaBHEHHEM i (x) = o, HABHBACTCA napatiets:
HO ONHOPOAHOH T'HNEPIAOCKOCTH, ONpEAENSeMOH yPABHEHHEM u(x)=0. Ecau
A — HenmycTOe MHOXECTBO B MPOCTpaHcTBE E, TO ONOpHAS 2unepnrocKocms
MHOXECTBA A ectb runepnnockoctb F, ompeneaseMas TaKHM yYPaBHEHHEM
u(x)=a, uTo Mubo ANA BCEX TOUEK X € A BHINOXHAETCH HEPABEHCTBO u(x)—
—a >0, 1u6o e pas Bcex TOYEK x € A BHIMONHAETCS HEPABEHCTBO U (x) —~—a<0,
H 1o xpaﬁﬂeﬁ Mepe Aas ozmoﬁ TO‘IKH Xo € A HMEET MecTO PaBEHCTBO i (xp) = a.

a) OnopHas THNEPTIAOCKGCTH nmox(ec'raa A B neficTBUTEILHOM HopanoaaH-
HOoM mpoctpancTpe E, COREPHal[ero XoTs Onl OXHY BHYTPEHHIOK TOUKY, 3aMK-
nyta [cm. (5.8.2)]

b) Myers A — KOMIIAKTHOE MHOXECTBO B NEHCTBHTEJIBHOM HODMHDOBAHHOM
npoctpauctse E. TNokaxure, uto Anst a06oH OXHOPONHOH 3aMKHYTOH rumepnao-
ckoctH H,, onpeneasemoit ypaBueHueM u (x)=0, CyIeCIBYIOT nse ONnopHbIE
muepmocxocm MHOXECTBA A, KOTOpHE ONpeAesoTCH ypannenunmq BUAA
u(x)=o W, Boobue rosops, MOTyT M COBHajaTh. PacCTORHHE MEXAY STHMH
THIEPRAOCKOCTAMH He npesocxonm‘ AHamMeTpa MHOXecTBa A. ’

c) Paccuorpme B npocTpaHcTBe (c,) Danaxa HENPEPHIEHYI AHHEHHYIO

popmMy x > u (x) = Z 2"’"&,,. [Mokaxure, uTo 3aMkHyThl map B’ (0; 1) ne umeer
n=0

0'1opnoﬁ rnnepnnocxoc?u, onpe,uememoﬁ ypaBHeHHeM BuAa u(x) ==« [cp ¢ 3a-

naueit 2, b)].

9*
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9. KoHeuHOMepHHE HOPMHPOBAHHHE NPOCTPAHCTBA

(6.9.1) ITycmv E — n-meproe . delicmeumenssroe (CoOomsemcmsenno
KOMNACKCKOE) HOPMUPOBAHHOE BeKmoproe npocmparcmeo. Ecau
(@), «... a,)—6asuc npocmpancmsae E, mo omobpasxcenue

Gp o B)he L H e,

npocmparcmsa R® (coomsemcmsenno C") na E 83aumno uenpe-
pusio.

JlokaxeM cHauana 3TO yTBepiieHue Ans n==1, a 3aTeM nposenem
pHaykauwio no n. M3 (5.1.5) mbl 3HaeM, uTO oTOGpaxenue E—>Ea He-

npepuipro. Tak kax a; + 0 u [[ta,[|=|la,]| - [¢], o [¢] <L (1/]a, s
OoTKyAa Ha ocHoanud (5.5.1) chelyer HenpepuBHOCTD OToépameHna
ta, &

HonycTuM, uTo Teopema jokasaHa ansa n-—-1, u mycte H —runep-
NAOCKOCTb B NpoctpaHctee E, mopoxiaeMas SJNeMEHTaMu @y, ..., @,_,.

Vi3 HHAYKTMBHOTO NPEANOJOXEHHS CJaeiyeT, 4To HopMa B H (MHAYyLH-
_poBaHHas HopMo# B E) 3KBHBaJZEHTHAa HOpME 1 sup [Eil, HO3TOMY
<i
H —nonsoe npocTpaHcTBO (M € TOH # ¢ ApYro# Hopmoﬁ) H, CJIelOBa-
teqbHo [B cuny (3.14.4)], 3amxnymo B E. U3 (8.8.1) caenyer, yrto
orobpaxenne (5,8, ... -+%,8,)—>E, HenpepuBHO, M 3TO BMecTe
¢ MHIYKTHBHBIM INPENNOJOXEHHeM 3aBepliaeT XOKa3aTeabCTBO [B cuiy
3.20.4) u (5.4.2)].

(5.9.2) ITycms V — 3amxuymoe noonpocmpancmso & W — xonesno-
MepHOEe NOONPOCMPARCMEO HOPpMUposarnrozo npocmparcmsa E.
To20a V+W samxrymo 8 E. B wacmnocmu, awboe xouermo»tep-
Hoe nodnpocmparcmso 3amxrymo 8 E.

MB MOXEM NPOBECTH HHAYKUHMIO IO Pa3MepPHOCTH noianpocrpaxcTsa W
M, TaKkuM o06pasoM, CBeCTM [O0Ka3aTeJbCTBO K CJy4al0, KOrZa 9Ta pas-.
meprocts paBia 1. Tlycte W=Ra (coorsercrsenno W = Ca). Ecmu

a€V, 10 VW=V, u nau Heuero noka3miBath. Ecin a%V. TO0

mo6oi 3nement X €V —4~W Mu MoxeM 3anncate B Buie x = f(x)a-}y,
rie YEV, u Tak kak V —3samkHyras runepmiaockocts 8 V4 W, 10
B cuay (5.8.1) f—nenpepunas ¢opma B V4 W. Ilycts (x,) —no-
C/IeI0BATEAbHOCTL TOYeK moanpocrpanctea V -+ W, cxonamascs kK mpe-
nejbHO# Touke b sToro moanmpocrpaHcta [cm. (3.13.13)]; 3amumem
x,=f(x,)a-+y, B cuny (5.5.1) nocrenosatesbuocts (f(x,)) fB-
agetcs B R (coorBercrsenHo B C) mocaenoBareabHOCTHI0 Ko u mo-
3TOMY CXOHMTCS K HekoTopomy mnpeleny A, Toraa nocuefoBareJbHOCTDb
Yo=2%,—[(X)a cxomurca K b—>Xa. Ho V samkuyro, mpenea mo-
cnenoaaTeanocm (¥,) mpunaanexur V, u, svawm eV W, .1 1
(cm. samauy 2 § 6.5).
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(5.9.8) ITycms V — 3amxnymoe noodnpocmpancmso KOHewnolk Ko-
pasmeprocmu (m. e. nodnpocmpancmso, uMenuee KOHeLHOMePHOE
aaze6 pauiecKoe OONOAHeHUE) HOPMUPOBAHKO20 npocmpancmsa E.
Tozda aw06oe aazelpauuweckoe Oonosnenue nodnpocmpancmsa V
A8AREMCA U €20 MONOA02UYECKUM OONOAREHUEM. :

Mycte W — anreGpauveckoe nonoaHenue noanpocrpancrsa V B E.
TposeseM MHIYKUHMIO MO pasMepHOCTH n moanpocrpanctsa W; nas n=1
yTBepXIeHHe Yike NokasaHo B (5.8.1). Mu MoxeM Hanucatb W=D-U,
rae D omnoMepro u U — (n — 1)-mMepHo (npaMas cymma). B cuay (5.9.2)
V4D samknyto B E, NO3TOMy NO MHIYKTHBHOMY Hpeanoaoxexuio U
eCThb TOMOJOTHYECKOEe - JoToJHeHne moanpocrpasctsa V -+ D. Hunimu
ciosamu, E ecrectBenno romeoMopdpuo (V4 D)X U. B cuay (5.8.1)
V4D ecrectsenno romeomopduo V X D, nostomy E eCTecTBEeHHO
romeomoppuo V X D X U. Hakownen, Tak kak D X U ecrecTBeHHO ro-
meomoppuo W, 1o E ectecrsenno romeomopdHo VX W, u. 1. 1.

(5.9.4) (Teopema &. Pucca) JIoKasbHo KOMNAKMHOE HOpMU-
posarroe npocmparcmso E xoneunonmepro. ’

3amenss, ecad norpe6yeTcs, HOpMY npocTpaHcTBa E 9KBHBAJIEHTHOH
HopMOH, MoxeM cuutath, uto map B: ||x|l<1 xomnakren. Taxum
obpasom (3.16.1), cymecTByer Takas KOHeyHas TIOC/IeOBAaTeNbHOCT
touek a@; (1<Li n),- uto B colepkurcs B OGbeNUHEHWH IUApOB
¢ uentpoM a; u c paauycom 1/2. Ilycth V — KoHeyHOMEpHOE TOANPO-
CTPaHCTBO, TODOXKIEHHOE TOYKAaMM &, JIOKaweM OT NPOTHBHOrO, UTO
V =E. TIlycts, B camOM IeJe, CyllecTByeT Touka X € E, He npuHaj-
aexawas V. Tak kak V samkuyto [3 cuay (5.9.2)], d(x, V)=a>0.
o onpenenennio pacctossus d(x, V) narercs Takas Touka ygV,
uro a ||x —y| <3a/2. Myems z=(x—y)/|[x—yl. Tak xak
iz =1, To cywecrsyer tako#t uumexc i, uro ||z—a; || < 1/2.
Hanumenm ,

s=y+ls—ylz=y+lx =yl o+ xr—ylc—a)

n sametM, uto y- ||x — i @, EVV. [TosTOMy NO ONpeleNeHHIo pac-
crosuus d(x, V) Mu 6yzem umets [|x— V| - ||z—a,|| >a, u, 3Ha-
wnt, |[x —y| > 2a, uro, tak Kak a =+ 0, mpoTUBOpeYyHT BHOOPY Y.

3adanu

1. Tloxaxute, yT0 ecau E — KOHEUHOMEPHOE HOPDMHPOBAHHOE MPOCTPAHCTBO,
T0 Kaxpoe auHeiinoe oTo6paxeHue E B HOPMHPOBAHHOE NPOCTPAHCTBO F He-
npepHBHO. : -
" [Bocmomsayiitecs (5.9.1) u (5.1.5).] ,

2. HanomuuM, 410 6a3uc BeKTOPHOro mpocTpaHcTBa E ecTb Takoe cemed-
CTBO (ax)xe , €r0 3JEMEHTOB, 4To MoGOH 3JeMeHT NMPOCTPaHCTBA E voxer 6HTH

eIMHCTBEHHHM O6pasoM 3amucan B Bue nuHeliHof KoMOUHALHMM KOReW-



134 I'a. 5. Hopmuposannsie npoctpaucrsa

HOro uHcaa M3 a). OTCIORa, B 9aCTHOCTH, CACAYET, YTO SJEMEHTH @, JHHEHHO
HE3aBHCHUMBL.

a) [Tycth (a,) — nocrefoBareabHOCTh B 6aHAXOBOM MNpOCTpaHcTBe E, 3le-
MeHTH KOTOpoH JauHeiiHO He3aBucuMbl. CuaenyiomuM o6pasoM onpenesuM M0
HHIYKIMH TOCJAENOBATeNbHOCTh (M) AEHCTBHTEABHHIX uHcea > 0: ecmuw d,—
PAacCTOSHHE TOYKH [,a, OT MOANPOCTPaHCTBA V,_;, MOPOXKNAEMOro 3/J€MEHTaMH

@y, «.., 8y, [3ameTuM, uto B cHay (5.9.2) d,>0], To BHOepeM p,,, TaK,
, e

9TO6H | fpty |« @il < dyf3. Tloxkawure, 4ro pstp,,a,, a6coNOTHO CXO-
n=1

QMTCS H UTO €ro CyMMa X He NPUHANIEKHT HH OXHOMY H3 NOATNPOCTPAHCTB V.

b) BuBeaute u3 a), uto 6aHaxOBO NPOCTPAHCTBO GECKOHEUHOH PasMEpPHOCTH
He MOXET HMEeTh cyeTHOro 6asuca.

3. IlokaxuTte, 4TO HOPMHPOBAHHOE NPOCTPAHCTBO, B KOTOPOM CYIIECTBYET
KOMIIaKTHag Cdepa, KOHETHOMEPHO, ) :

[3ameThTe, uYTO MHOXECTBO TOUEK HOPMUPOBAHHOTO HpOCTpaHcTBa E, yAO-
BJAETBOPAIOIMUX HepaBeHCTBaM a < || x| b (rxe a > 0), roMmeoMopdpHO npoH3BeE-
NeHHI0 TpoMexyTKa [4, b] H cdepn S: | x| =1; mpumenute Teopemy Pucca
(5.94).]

10. CenapaGeiabHBle HOPMHPOBAHHBIE MPOCTPaHCTBA

(6.10.1) Ecau 8 HopmuposanHor npocmpancmse E cywecmsyem
riomaasnan (5.4) nocsedosamensnocms, mo E cenapabensno. Ha-
oGopom, 8 21060M cenapabesbHOM HOPMUPOBAHHOM npocmpancmse E
cyujecmsyem momanbHas nocae008amesbHOCMb, COCMOAWAS U3 AU-
HelHO He3aBUCUMBX BEKMOPOS.

IIycth (@,) — TOTaNbHAA MOCAENOBATEALHOCTb U [ — MHOXECTBO BCeX
(KOHEUHBIX) JMHEHHHIX KOMOWHaum#A r,a,— ... -+r,@, C paukOHaIb-
HHIMH  KO3(dunMenTaMu (B cayyae KOriaa E — KOMIIEKCHOE BEKTOPHOE
MPOCTPAHCTBO," MO ,PAUUORAABHHUM" CKAGAAPOM Mbl TOHMMAEM KOM-
niexcHoe uyucno a—I8 ¢ paudonaabHeiMm a H 8). B cuay (1.9.3) u
(1.9.4) D —cuerHoe MHOXecTBO. TaK Kak, NO ONpeleJeHHIO, MHOXe-
¢1B0 L BCeX /MHeHHHX KOMOMHALHH BEKTODOB~a, MAOTHO B E, TO HaM
HYXHO JIHlb J0Ka3aTh, uto D miotHo B L, a TaK Kak

1wt A ha) =yt o raal < B y—ryl- g

TO 3TO caenyer u3 (2.2.16).

HonyctuM, HaoGopor, uro E cemapabenbno. Mui MOXeM, KOHeuHO,
CuMTaTh, uT0 E GecKOHeYHOMEPHO (B MPOTHBHOM Ciyyae MoGo# Gazuc npo-
crpanctBa E yxe Ob 6bl KOHEYHBIM TOTAJIbHBIM TIOAMHOXECTBOM).
Iyets (a,) — Geckouneunas BCIOAY MJIOTHAs MOCNENOBATENLHOCTh BEKTOPOB
npoctpancTia E. 1o HHIYKINK MOCTPOUM ee IOATIOCAeA0BATE NLHOCTD (ak"),
006/1a1a1011y10 TeM CBOMCTBOM, YTO OHA COCTOMT W3 JUHEHHO He3aBUCHMBIX
BEKTOPOB U 4YTO 4, €CTh JHHeAHad KOMOMHALMA BEKTOPOB iy oo Va;i,fﬁ

]
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ans moGoro m < k,. Jias 9TOr0 BO3bMeM B KaueCTBe R, MEPBHH MHIEKC,
npH KOTOpoM @, 0, a B KauecTse K, — HauMeHbIUMIt MHAEKC m > R,
NpUd KOTOPOM &, He NMPUHALJIEKUT NOANPOCTPAHCTBY V,, MOPOXKIaeMOMY
BeKTOPAMH Qg , + .., G, Takoi#t uHIOeKC cyilecTByer, TaK Kak B NpO-
THBHOM cayvae V, [aBasiomeecs, B cuay (5.9.2), 3aMKHYTHIM MHOMe-
CTBOM] coRepxkano Onl 3aMbikaHue E MHOXecCTBa Bcex a,, YTO NPOTHBO-
peunT NpeAno/oKeHuio. Temepb HCHO, YTO MNOC/AELAOBATENbHOCTD (akn)

o6nanaer TpeGyeMbMH CBOHCTBAMH, M M3 MOCTPOEHHS OUEBHIHO, YTO OHA
SIBJSETCS. TOTANbHOM MOC/EN0BATEALHOCTLIO. ~

3adasa
IToxawure, uro npoctpauctsa (¢;) ¥ /! Basaxa (3azaua 5 § 53 u sama.
ya 1 § 5.7) cenapaGenbHst, a npocTpancTBo [ (3anada 1§ 57) we cenapaGeanno.

[Moabaysch 3anaueii 2,b) § 4.2 u (2.2.17), nokaxure, 410 B [ cymecrsyer
HECUETHOE CeMeiCTBO (X)) TAaKUX TOYEK, 4TO |4y — X, =1 mpu A+ ]



F'rasa.6

THJIbBEPTOBbI MTPOCTPAHCTBA

- T'uab6epTOBH MPOCTPAHCTBA ABAAITCH HanGonee BAKHHMH NPHMEpaMH -GaHa-
XOBHX NPOCTPAHCTB HE TOJBKO NOTOMY, UTO OHM NPEACTABAAKT HauGoaee ecte-
cTBenHoe M Ommkaiimee o6oGumeHne Ha caydait ,6eckoHeuHOH pPasMEpPHOCTH*
KJAacCUIecKOd 9BKJIMIAOBOH reoMeTpHH, HO MABHHIM 00pa3oM H3-3a TOTrO, 4TO OHH
#o cux mop sBAAIOTCA Hambojee NOJE3HHMH MPOCTPAHCTBAMH B HPHAOKEHHAX
pYHKIHOHANLHOrO AHANM3A.

. 3a uckmouenuenm teopemsl (6.3.1), Bce pesyJbTaTH HACTOAIER rAABHl JErKO
CAEAYIOT M3 OUpeNeAeHHit W M3 OCHOBHOro Hepasencrsa Komu — lllsapua (6.2.4).

1. OpmuTtosel GopMH

Naa mo6oro AefCTBHTENBHONO MM KOMIVIEKCHOT'O YHCAA A CHMBOJIOM A
Mbi 0603HAYaeM COMPSKEHHOE C HHM KOMILIEKCHOe uucao (paBHOe A,
ec/u A HeHCTBUTENLHO). Ipmumose ¢gopma B IeRCTBHTENLHOM (COOT-
BETCTBEHHO KOMILIEKCHOM) BEKTOPHOM mpocTtpatctBe E ecTb oroGpake-
nue f npoussenenus E X E B R (coorserctsenno B C), oG.anaiouiee
CAeAyIOUMMH CBOHCTBAMM:

M flx4x', =f(x N+ 9
an F y+y)=f(x, N+ Y)
(i) CfOx, y)=Af(x. ),

av) A=A (%),

V) F. x)=f(x.y)

[3ameruM, uyro Tomaectsa (II) u (IV) caenyioT u3 oCTaAbHBIX TOXIECTB;
u3 (V) BHrekaer, uro f(x, x) ZeRcTBHTeaAbHO.] B ciay4ae xoraa
E—-—neficTBuTeAbHOe BeKTOpHOe mpocTpaucTso, ycaosua (I)—(IV)
BHIPAXAIOT TOT (akKT, 4To oToGpaxeHue f OGusunedinol), a ycaosue (V)
npespawaercs B ycaoeue f(y, x)==f(x, ¥), Bupaxaiomee TOT d¢axr,
uyTO f CcuMMempuino.

Jas moGeIX KOHeyHBIX cucteM (X;), (¥;), (@) (BI) CKa/IapoB HHAYK-
el MO YUCHAY BJEMEHTOB STUX CHCTEM MNOJydYaeM

(6.1.1) f(ga;x,. ;3,y1)= iZj%F;f(xp ).

') Buauneiinoe oro6paxenne f(x, y):E X E->R uHoraa B jJaivHeRmeM
o6osnagaercs cuMBoaoM (x, y)-»[x-yl.— Hpu,u peo.
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- U3 (6.1.1) caenyer, uro ecau E koHeunomepHo H (a@;) — 6asuc mpo-
crpaictBa E, To d¢opMa f MNOJHOCTHbIO onmpenenserTcs ee 3HaueHUAMH
a;j==f (a;, a;), npuieM B cuay (V) MMEIOT MeCTO PaBEHCTBA

(6.1.2) : @y =0

B camoM nene, B 3TOM cCiyyae npH ~x=ZEia, H y=2n,ai HMeeM
i J

(6.1.3) : fx, y)=12j o £y

Hao6opor, kakoBa On Hu Ohlia cucTeMa (a;;) AeHCTBHTENLHEIX (COOT-

BETCTBEHHO KOMNJEKCHBIX) YHUCeJ, YAOBJeTBOpsioWMX ychaosusM (6.1.2),
npasas uacts (6.1.3) onpelenser B neficTBHTEAbHOM (COOTBETCTBEHHO
KOMIIZIEKCHOM) BEKTOPHOM NpocTpaHcTBe E HEKOTOPYIO 3pMHTOBY (GOPMY.

(6.1.4) ITpumep. Ilycts D — 0OTHOCUTEIbHO KOMNAKTHOE OTKPHITOR
MHOXecTBO B R? n E — JeficTBHTeNbHOE (COOTBETCTBEHHO KOMILIEKCHOE)
BEKTOPHOE MPOCTPAHCTBO BCEX JEHCTBHUTEJbHBIX (COOTBETCTBEHHO KOM-
NAEKCHHIX) OTPaHHYEHHBIX HenpepuBHbIX ¢yHkuu# B D, nMeomux B D
OrpaHHuEHHHE HenpepHBHHE NepBhe Npou3BoaHue. Toria oroGpawmenue

f > = [@x »fx NECE N+
D

of og of og ‘
00 LB e ) L) axay

(tae a@, b, ¢ — HenpephiBHHE OrpaHHuYeHHBle JAeHCTBUTeJbHbIE (QYHKILMA
8 D) ectv spmuroBa ¢opma B E.

[Mapa BeKTOPOB X, Y BEKTOPHOro mpoctpancTea E opmozonasvia
omuocumessno sprumosol gopmu f 8 E, ecnn f{x, y)=0 [us (V)
C/eAyeT, YTO B5TO OTHOLIEHHE CHMMETDHYHO OTHOCHTENbHO X 4 Y}
BexTop, oproroHaibHuit camomy cebe [T. e. Tako#,” uro f(x, x)==0],
HA3LIBAETCH H3OMPONnHuM OTHOCHTENHO f. Jlas mo6oro MHOXECTBA
M c E MHOXeCTBO BEKTOPOB ), OPTOFOHaJbHHX BCeM BeKTopaM X € M
eCTh BEKTOPHOE NOANPOCTPAHCTBO mpocTpanctsa E, HasmsaeMoe opmo-
20HaAbHOM MHOoxcecmsy M (omunocumessno f). Mower cayuurbes,
YTO CyLIECTBYeT BEKTOpP & % 0, OpTOroHa/bHHA BCeMy npoctpaHcTBy E.
B 9ToM cayuae rosopst, uto dopMa f sspoxmdaemcs. Cpenu SpMuTO-
BHX ¢opM f B KOHeyHOMepHOM HpoctpascTse E, ompenenseMbx ¢opmy-
n0# (6.1.3), He BHPOXKEAIOTCA Te, AJA KOTOPHX MaTpuua (a;;) obparuma.

3adana
a) IMycts f— spmuroBa popma B BeKTOpPHOM mpocTpancrse E. Mokaxwure,
410 ecin E — nelcTBUTENbHOE BEKTOPHOE HPOCTPAHCTBO, TO
Af (o )=Ffx+y, x+—Fx—y x=y),
a ecmu E — xoMnaexcHoe BEKTOPHOE ripdcmaucmo, TO - .
Y =rx+yx+—,flx—y x—9+
+if (x+iy, x+iy)—if (x—iy, x—1y),
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b) BuBepure u3 3), uto ecau f(x, x) =0 arg moboro BekTOpa, NMpHHAA-
Jexamero noanpocrpaictBy M mpocrpanctBa E, 10 f(x, y)=0 pas mo6oi
napH BEKTOPOB X, Yy, HpHHamaexamux M.

c) Jloxawure b), He NOAB3YACh TOXASCTBAMH, YCTAHOBJICHHLIMH B a).

[3anumute, 9t0 f (x Ay, x-+Ay) =0 aas moboro A]

2. MoaoxureabHbie 3PMHUTOBH GOpMbI

ToBopsiT, uro 3pMuToBa ¢opMa f B BEKTOPHOM mnpoctpaHcTBe E
noaoxcumessna, ecam f(x, x)>0 nma moboro x EE. Hampuwmep,
ecau a, b, c >0 B D, 1o dopma ¢, onpelesenHas B mpumepe (6.1.4),
AOJIOXHUTEbHA.

(6.2.1) (HepaBeucrso Kowmu—Itlsapua) Ecau f—noroxu-
measran pmumosa gopma, mo

NG P 0 f (9, )

osn aw06oii nape x, y sekmopos npocmpancmsa E.

Momoxum a=f(x, x), b=f(x.y), ¢=f(y. ¥) 4 BCUOMHHUM,
yT0 @ ¥ ¢ JefictBuresbHbl ¥ > 0. [lpeanonoxum cHauana, uro ¢ + 0,
n 3amumed, uto f (X Ly, x+Ay)> 0 naa moboro cxafapa A, orkyna
a—+ b\ 4 bh— A > 0. Toncrasass cioga A= — b/c, nonyyaem nyxHoe
HepaBeHCTBO. TOYHO Takoe e pacCyX[AeHHE TOJAUTCA B CJyyae, KOraa
c=0, a #0. Haxkonen, ecim a=c¢=0, TO, NOACTABAAA A==—b,
Haxoaum — 266 >0, T. e. b=0.

(6.2.2) Laa mozo umobo nosoxumessnas spmumosa gopra f s E
Osira Hesupoxiclanueiica, Heo6xo0umo u docmamouno, 4mobu He
cYUecmsosa.s U3OMPONHLIL OMHOCUMEAbHO [ B8eKmop, OmAudKbLl
om 0, m. e. umoGst 0an a06020 sexmopa x + 0 npocmpancmsa E
BUNOAHANOCE Hepasercmso f(x, x)> 0.

B camom zene, us f(x, x)==0 B cuay nepasenctBa Kowwu — [lIpapua
caeayer f(x, y)=0 ana scex yEE. :

(6.2.8) (HepaBenctso Muukosckoro) Ecau f—nososxu-
MmesbHaAR Ipmumosa dopma, mo

VIic+y x+0< Vi o9+V7il »

048 410604 napu x, y sekmopos npocmpancmsa E,

Tax kak (x4, X49)=f(x, £)+f(x, y)+F N+ O .

HEPAaBEHCTBO MuHKOBCKOro 3KBHBAMEHTHO HepaBeHCTBY

2Rf (x, My=f(x. N+ f(x L2V (% ) F (. ¥

KoTOpOe caeiyet u3 HepasencrTsa Komu — Lllsapua.
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Takum o6pasom, dynkuus x—>V f(%, %) ynosaersopser ycio-
suam (I), (III) u (IV) § 5.1. B cuay (6.2.2) ycaosue (II) § 5.1 sksu-
BaJeHTHO Tpe6oBaHuI0, YTo6b dopMa f Gbiaa HeBbipoxnalomedcs. Caeno-
BATENbHO, B C/yuae, Korja f ecTb HeBHPOXKAAMIIAACK -MOJOXKUTEIbHAN
apmuToBa (opMa (HasbiBaemas TaKke MOLONCUMEAHO ONpedeseHHOl

gopmoii), Vf(x, x) ects HopMa B mpocrpancrse E.

ITpedzuasGepmoso NPOCMPAHCNMBO eCTb BEKTOPHOE NpoCtpaHcTBo E
BMecTe ¢ 3alaHHo#t B E HeBRIpOmJalollecs MOJIOXKHTEIbHOH 3PMHTOBOH
dopmoit. Koraa He MOXeT BO3HHKHYTh HHUKAKHX HeNODa3yMeHuH, Mbl
Gynem 3Ty dopmy 06o3HAayaTh CHMBOJIOM (X|y), a ee 3HAYECHHE HA3LIBATD
CKAAAPRUM npou3sedenuem BeKTOpoB x K Y. Ilperrmm62proso npo-
crpanctBo E Mbl Bcerma OylleM . pacCMaTpuBaTh KAaK HOPMHPOBaHHOE

npoctpancTso ¢ HopMo# | x| == }/(x]x); KoHeuHo, Takoe MPOCTPAHCTBO
OIHOBPEMEHHO SIBJSIETCS METPHYECKHM IIPOCTPAHCTBOM C COOTBETCTBYlO-
wuM paccrosHueM d(x, y)==|x—y|.

B stux o6Go3HaueHusx HepaseHcTBO Komu — lliBapua sanumercs
B BHle

(6.2.4) (Il - Iyl

M ¥3 Hero Ha ocHoBaHuu (5.5.1) crenyer, uro ecan E — peficButelb-
HOe TNpeAruabGepTOBO NMPOCTPAHCTBO, TO (X, ¥)—>(X|y) ecTb Hempe-
puBHas GuiuHeHHas dopma B E X E. [B cayuae korna E—xomniexcHoe
npeliruib6epTOBO MPOCTPAHCTBO, MOMXKHO IPOBECTH PACCYKIUEHHA Teo-
pemsl (5.5.1) u Takxke KOKasaTh HeNPepHIBHOCTb OTOOpasenus (X, y)—>
—>(x|y), XxoTa B ITOM ciydyae OHO He sBisfeTcs Ou/aMHEHHOH ¢opMmok.]

B kauectBe uactHoro caydas (6.1.1) umeem '

(6.2.5) (Teopema IMudaropa) Ecau x u y—0pmozorarsrble 8ex-
mope. 8 npedeussbepmosom npocmparcmse E, mo

= pl2=1lx]> 4| >

Hsomopguam npenruanGeproBa npoctpaHcTea E Ha npelruanGep-
TOBO NPOCTPAHCTBO L‘g ecTb JMHeHHOe GMekTHBHOe oTOGpaxenue E Ha E',
obnanaiomee TeM cBofcTBoM, u4t0 (f(X)|f(¥))==(x|y) ana moboH
nape x, y BekTopoB npocrpaHcrtea E. flcHo, uto M3oMOp¢u3M eCTb
AuHe#tHas usoMeTpust mpoctpauctsa E na E’.

Mycrs E —npearnnn6eproBo MpocTpaHcTBO. Toraa CymeHue cka-
JSPHOrO TPOU3BeJeHHs Ha M0GOM BeKTOPHOM mnoampocrpaxctse F mpo-
crpaictsa E ecTb NMOJONHTE/bHAA HEBHIPOXAAIOWAACA 3PMHTOBA opma.
Ecau He OroBOopeHo NMpOTMBHOE, TO BCeraa, korxa F paccMaTpuBaeTcs
KaK NpeirH/Ib6epTOBO NPOCTPAHCTBO, HMMEeTCH B BHAY UMEHHO 3TO CKa-
JAspHOe NpousBeleHHE.

Turbfepmoso npocmpancmeo eCT MONHOE NPeAruab6epToBo,
npoctpaHcTso. Jliofoe KOHEuHOMEpPHOE NpeArd/Ib6epTOBO NMPOCTPAHCTBO
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B cuny (5.9.1) sBaseTcs THALGEPTOBHIM NPOCTPAHCTBOM;. ADYyrHe Ipu-
MepH TuJIb6epTOBHX NPOCTpaHCTB GyayT mocrpoeds B 6.4.

Ecau B npumepe (6.1.4) B3ate @ >0, 52>0, ¢>>0, T0 MOXHO
NOKa3aTh, YTO TAKHM OGPa3oM ONpeleeHHOe INpPeArHIb6epTOBO MNpo-
CTPaHCTBO He OGydeT NOMHEIM.

3adanqu

1. JokaxkuTe mOcAenHee yTBEpkAeHHe B ciyuae a=1, b=c=0 (cm. 3a-
zauy 1 § 5.1). ]

- 2. Tlycrs  E — neficTBuTe bHOE HOPMHPOBaHHOE NPOCTPAHCTBO, B KOTOPOM
1A MoGHX ABYX TOUEK X, y MPOCTPaHCTBA E CrpaBerauBO paBeHcTBo [ x-|-y |2 -
A x—y P=2 (| £ [P |9 [F). Toxaxure, 4to f (x, y) =[x+ y[?—[x—]y[?
ecTh NMOJOXHTEJbHAs HEBHpOXAaiouraaca spMuToBa dopMa B E.

"3. Tlyctb f — NONOXKHUTEAbHAR ~ HEBHIPOXKAAIMAsca spMuTOBa Qopma. [Jlas
Toro 9TOGH GHAY PaBHM npaBas u JeBas wuacTH HepaBeHcrsa (6.2.1), neofxo-
AHMO H JOCTATOYHO, YTO6H X H y Ouax JuHeHHO 3aBHCHMBL Jlaa TOro 4TOoOH
6uiu paBHH IpaBas u Jesas uacrd Hepasenctsa (6.2.3), meo6xomumo H xocra-
TOUHO, 4TO6GH X ¥ ¥y OHAM JHHEAHO 3aBHCHMH H, ecan 06a sTH BekTopa = 0,
qT06H y = Ax, T@e A meficTButeasHO M >0. Jlokaxurte STH yTBepXKJCHHS.

4. Mlycty @, b, ¢, d — ueTHpe TOUKH B HpeAriab6epToOBOM NMPOCTPAHCTBE E.
[Mokaxute, 910 '

la—cj-lb—dl<la—b]-le—d]+[b—c|-la—d]|

Korza npaBas u JeBas 49acTH HEPABEHCTBA PABHH?
~ [Csemure sapauy x caygawo, xorpa a=~0, u paccmorpute B E mpeoGpaso-
sanue x -> xf] x|, onpenenesHoe mpu x == 0.]

3. OproroHaibHas HPOEKNHA HA NOJHOE MOANPOCTPAHCTBO

(6.8.1) ITycms E — npedzuas6epmoso npocmpancmso, F —noanoe
sexmoproe nodnpocmparcmso npocmpancmsa, E (m. e. 2uivbep-
moso npocmpancmgo). Aan aw6oii mouku x € E cyuecmeyem odna
u moavko 00ra maxas moika Yy=Pr(x)EF, uro || x—y| =d(x, F).
Touxa y==Pr(x) nsasemcs maxoce eduncmsennold mourod z¢F,
o0as Komopod pa3nocmbs x—2 opmozonasvna F. Omo6padcenue
x—>Pp(x) npocmpancmsa E na F aunelno, Henpepusno u, ecau

F + [0}, umeem nopmy 1. Ezo adpo F' =Pg"(0) ecms nodnpo-
cmpancmso, opmozonassroe F, u E ecmb monosozuneckan npamas
cysuma (5.4) F u F'. Hakoney, F ecms nodnpocmpancmso,
opmozonaasroe F'.
Mycts a=d(x, F);, no onpeneieHuio CyUIECTBYET MOCAENOBATE b~
HOCTb (y,) TOoYek moampoctpanctsa F, aas xotopoft lim lx—yull=0.
: e
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IoxaxeM, uto (y,) ecTb mociexopareabHOCTh Kown. B camom nene, ua
(6.1.1) caenyer, uto nas moOHX ABYX TOYeK #, ¥ mpocrpanctsa E

(6.3.1.1) a4 |24 [lu — )2 =2 (]| u]|2 4 |||
Mlostowy 1 9m—Yal#=2 (2 —ypl*+ ]| x— 3l 4|2 — g utanf-

Ho & ()’m+ y,) € F, caenosarenso, H X—= (ym+ yn)i

06pa30M. ecan f; BHODPAHO TaK, uYTO MpH n> N, BLHINOJHAETCH Hepa-
BEHCTBO ]]x—y,,[l2 a?4-e, To npu m>n, B N> ny M GyneM HMETb
|9, — ¥all? < 4e, 4TO NOKa3HBAET HAllle YTBEPKACHHE.

Taxk kak F — noJHoe, NOCAEA0BATENBHOCTh (Y,) CXOAUTCH K HEKOTO-
poﬂ Touke y € F, ans koropo# | x—y||=d(x, F). Lonycray, yro Touka
y’ € F takxke obGnanaetr TeM cBoHcTBOM, 4TO ||x—y'|| =d (¥, F). Cuopa

noAb3YsCh (6 3.1.1), nonyuyaem [fy—y’ |]2~—4a2-—-4" x—%(y—}-y’)n

> a2, Takum

M, TaK KaK —2—(y+y’)€F orciona caexyet, uto ||y —y'[|2<<0, 1. e,

y' =y. Ilycts Tenepn 2 = 0-—-Ilp0H3BOJH>HaSI Touka moxnpoctpascTea F.
JLas moe60oro Ae#CTBUTEALHOTO cKadapa A = 0 BHMOJHAETCH HEPABEHCTBO
| —(9+1r2)|| > «2. Beuay (6.1.1) orciona noayuaem

DR (x — y| )+ W] 2|2 > 0,

u ecan 66 R (x — y|2) # 0, To, BLGPas cOOTBeTCTBYIOUUM 06pasoM A,
Mbl Apuuuy 6l K nporuBopednio. ITostomy R (x—y|2)=0, a (8 cay-.
yae goria E — KoMIIEKCHOe Tpeiruab6epToBO MPOCTPAHCTBO) 3aMEHAA 2
Ha iz, noayyaeM, 4to H & (X — y|2)==0. 3nauur, B moGoM cayuae
(x—y|2)==0, uHHMH c/IOBaMM, DAa3HOCTb X— Y OpTOroHanwua F.
[Mycts y’ € F —Tako# BEKTOp, UTO PasHOCTh X — Yy’ oprorosaasHa F.
Torma aas moGoro BekrTopa 2 # 0, npuHaasexawero F, no Teopeme
Mudaropa ||x—(y’'4- 2)||*= le-—y’ll2+ lz|}2, ' s10 B cHay npemsi-
Ayulero AOKAasbiBaeT, uro y’ ==y.

~ Teneps Jerko yGeIHTbCH, aTO moépameﬂue y=~P, (x) MHHe#HO.

B camoM nene, ecim x—y ¥ x'—y’ OPTOroHaAbHLI nonnpochchTBy F,

TO €My OpTOFOHAMLHE M BeKTOpH Ax —Ay u (x4 x)—(y+y)=
=(x—y)+ (¥ —y) a 1ak kak y-+y' €F n A\y€EF, 10 310 NOKa-
3biBaet, 4o y-+ v’ -..P,,-(x—{-x’) u Ay==Pp(x). Tlo teopeme ITu-
¢aropa

(6.3.1.2) I%lI?=11Pp (x)llz-!- % — Pr(2)]%

Caenonatensro, ||Pp(x)||<|l*]l, u B cuny (5.5.1) orobpaxenue Pp
HerlpepniBHO ¥ uMeeT HopMy < 1. Ho nockoasky npu x € F Mu HMeeM
Pp(x)==x, To, ecmu F He COCTOMT H3 OAHOR b TOUKH O, ]]PF"—-I
Ua onpeneienns oroGpawenns Pp cleayer, 4Yro ALPO F' =Pz (0)
COCTOMT W3 BEKTOPOB X, OPTOrOHaJbHHX F. ‘
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Tak kaxk g moboro BeK’l‘Opa xECE Mu umeeM x=Pp(x)+4
—{-—(x—PF(x)) U x—Pgp(x)EF’, To E=F - F'. Kpome Toro, eciu
xEFnF' , T0 X Hu30TponeH, mno3tomMy x==0, M 3T0 NOKa3bBaeT, YTO
cymMma F+F' apech mpsamas. lanee, nockoabKy oToOpamenue x—Pg(x)
nenpepuisio, E ecTb Tomonsoruueckas mpamas cymva F ou F/ (5.4.2).
Haxonen, e€can sexrop xEE oproroHaner F’, TO, B YacTHOCTH,
(x|x —Pg(x))=0. Ho mb umeem Takxe (Pg(x)|x —Pp(x))=0,
HaudT, [[X¥ —Pp(0)|2=0, 1. e. x=Pp(¥)EF, u. 7. L.

J]uHeﬂHoe orobpaxenue Pp Ha3bHIBAETCA OPMOZORAAbHOU npoexyueil
l'[pOCTpaHCTBa E wa F, a ero sapo F'— opmozonassnois donosne-
nuex noanpoctpanctsa F B E. Teopema (6.3.1) B cuay (3.14.5) npu-
MeHHMa K JHI060My 3aMKHYTOMY TOANpOCTpaHcTBY F ruiabbeprosa mnpo-
crpaucra E u B cuay (5.9.1)—xk moGoMy KoHeuHOMEpHOMY noanpo-
CTPaHCTBY NpeAruJbOeproBa NPOCTPAHCTBA.

(6.3.2) ITycme E — npedzurv6epmoso npocmpancmso. Tozda 0an
4106020 8exmopa aCE omoGpasenue x—(x|a) ecms nenpepuis-
Has aunelinan gopmua ¢ nopxoi ||all. Hao6opom, ecau E — 2uns-
6epmoso npocmpancmso, mo 0 210606 HenpepusHoli Aunelnod
gopusi u 8 E cywmecmsyem eduncmsennsi maxod sexmop aCE,
¥mo u(x)=(x|a) daa awbo20 xEE.

ITo wepaBenctBy Komm — LlBapua [(x|a)|<]le| - ||x], ortkyna
B cuay (5.5.1) caenyer, uto ¢opmMa x—>(x|a) HempepHBHA U HMeET
nopmy |lal|. C apyro#t croponn, ecam a =0, To amm x,=a/flal
mb umMeeM (x;]a@)= | al||. Tak kak [ x,|]| =1, To 310 noKa3miBaer, 4TO
HopMa GopME x — (x| @) He MeHbuie |[[a|.

Ionyctum Temepb, uTo E —ruabbeproBo mnpocTpaHcTBo. Tak Kak
B caydde, korla #=0, cywecrsoBaHue BeKTOpa a4 (==0) oueBHAHO,
MBI MOXeM NpeAnoJoKuTh, 4T0 # = 0. Toraa H == u~1(0) ecTb 3aMKHy-
Tag rumepmiaockocts B E. OproroHamsHoe xomoaxewue H’ runepnio-
ckoctH H ecTb OJHOMEpHOe MNOXNPOCTPAHCTBO; NycTh b =+ 0 — Touxa
w3 H’. Torma B cuay (6.3.1) rumepmiockocts H oproroHaibHa b,
APYTHMH C10BaMH, Mb uMeeM (x|b)==0 naa moGoro Bexropa x € H.
Ho moGwue 1Ba ypaBHeHUs THNEPIJIOCKOCTH NPONOPLHOHAMLHBI, MO3TOMY
cymecrsyer Takoff ckaasp A, uro u#(x)=A(x|b)=(x|a) nna Bcex
x€E, rie a==M\b. EnMHCTBEHHOCTb @ CJelyeT u3 TOro ¢akra, 4TO
¢dopma (x|y) He BhHpOXAaewca:

Sabanu

1. Mycts B—samxnymﬁ map ¢ uempou 0 u papuycom 1 B mpearuanbep-
ToBoM TmpoctpaHcTBe E. [lokakuTe, YUTO A8 KawAOH TOUKM X Cdepn € UeHT-
pov O u pamuycom 1 cymecTByeT eZMHCTBEHHAaR ONOPHASl THNEPILIOCKOCTH
mwapa B (3anaua 3 § 5.8), comepxamas x.

2. llycts E — npearnab6epToBO MPOCTPAHCTBO, A — KOMIIAKTHOE MHOXECTBO
B E, 8—qro auametp. [lokaxuTte, 9TO CYWECTBYIOT [BE TOUYKH & u b MHO-
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xectBa A, aaa KOTOpWX [a—&[ =73, u ABe napaaneibHbie ONOpHHE rHNEp-
naockoctH MHOXecTBa A (3agasa 3 § 5.8), comepxkause COOTBETCTBEHHO @ U b
H TaKue, YTO PacCTOAHHE MEexAYy HUMH PaBHO d.

[PaccmoTpuTe mIAp € UEHTPOM @ M PajUyCcoM 3 M NPHMEHHTE YTBEpNJeHUe
u3 3agayu 1)

3. Ilycrs E-——rnap6epToBo NPOCTPAHCTBO, F — BCIOAY WJIOTHOE JUHEHHOE
HORNPOCTPAHCTBO MpocTpancTBa E, oramuHoe oT E. [TokaxuTe, 9T0 B MPEArHib-
GeproBoM mpocTpaHcTBe F CYWECTBYeT TaKas 3aMKHyTas I'MIEpIIIOCKOCTh H,
yto B F He cymectByeT BekTOpa 0, opToronansuoro f,

4, TnabGepToBa CyMMa rHAbGepPTOBHLIX MPOCTPAHCTB

Mycts (E,) — n0C1eA0BaTENLHOCTh THIALOEPTOBLIX MPOCTPAHCTB; CKa-
aspHoe mnpoussenienne B E, Mu OyneM o0603HauaTh CUMBOOM (x,|Y,).

Iycte E — MHOXECTBO BCeX TAaKHX NOCJAENOBATENLHOCTER X =—
= (X Xg0 oo Xppoo.) UTO X, €E, npu xawaom n u psan (||x,|2)
cxonurtcs. Coavana onpenemum Ha E CTPYKTYypy BEKTOPHOro npo-
crpaicta. $lcio, uro ecim x=(x,)EE, TO mnoc/ien0BaTeILHOCTb
(Axy. ..., kx,, ...) Take npuHannexut E. Ecsu, ¢ Apyro# cropows,
y=(y,)—BTOpas MNOCIEAOBATENbLHOCTD, nanannemamaﬂ E, To 3aMe-
maw, at0 B cuay (6.3.1.1) |12, 9,[2°< 2(|x,4 )12~ || 9,]1%), nostomy
‘pyuz Ulx,+y.1>» B cuny (5.3.1) cxomurcs H, 3HauuT, NOCAENO-
BaTENBHOCTb (X1~ Y1+« .y Xy~ Yi» - . .) Tipunasjexur E. TTo onpene-
JIeHUIO HoJsaraeM x —+ y ==(x,—+ ¥,), Ax =(Ax,); IpOBepKa AKCHOM BEK-
TOPHOTO NPOCTPAHCTBA TPHBHAJbHA.

Hanee, no HepasenctBy Komm — IliBapua

|Gl ) <11 - 190l < 5 Xl 13112

[oatomy ecan x=(x,) U y==(y,)— N0CJeAOBATEIbHOCTH, NPHHALJe-
waue E, 1o pan ((X,|y,)) (ReHCTBUTENbHBIX MM KOMIUVIEKCHBIX 4HCe)
a6COMOTHO CXOMUTCH. ll.rm x¥x=(x,)EE u y=(y,) €E nonoxum, mno

onpelenennio, (x| y)—-Z (x,1y,). Hemennenso nposepsercs, 4to oTO-

6pameﬂue (x, y)-—a(x]y) ecTb spmuroBa ¢opma B E. Kpome rtoro,

(x|x):=2 ll%,1|% nostomy (x|y) ecTb mojomuTeNbHAs HEBHIPOKARIO-

ugasics spuu'roaa ¢opMa, n oHa onpeaenser Ha ‘E cTpyxrypy IIPEIII‘PIJIb-
6eproBa NpPOCTPAHCTBA.

HoxaxeM, HakoHen, yto E B AefcTBUTENbHOCTH sBJfeTCS T'HabGepTo-
BLIM NPOCTPAHCTBOM, WHBIMH C/OBAMM, YTO OHO MO A HO. IlycTb, B camoM
nese, (x™)==(x4")— nocaenosareasrocts Komn 8 E. D10 o3nauaer,
4TO Aas Mo6oro e > O cyulecTByeT TaKoe my, UTO NpPH p > Mo U g > m
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uMeeM
. [od "
(6.4.1) 2P —xO <.
n=1

Orciona npekie BCErO CJENyeT, YTO NPH KAKIAOM (HUKCHPOBAHHOM 7
BHIMOJIHAEGTCA HEPAaBEHCTBO l]x(”) %9 "2 e, NMO3TOMYy TNOC/IENOBATENDb-
HOCTh (x{" )) -1, 9, ... ABaserca B E nocaenosarenbHocTsio Kowm u; 3na-
YAT, CXOAMTCH K HeKOTOpOMy npeneny yn. Ws (6.4.1) saxmovaewm, uTO
aaa moboro mamsoro N

% H xﬁ,”) (q) “2

n=1

Kak TOMbKO p u g OyayT > m; TOTOMy U3 HeNpephBHOCTH
HOprI crenyeT, uYTO MNpH p >m, OyXeT BHIOJHATLCA HEPABEHCTBO

Zuxm y,,”2<e. M TaK KaK OHO BEepHO AnS MOGHX HoMepoB N,

TO 2 [ — y,|F <e. 3ro, Bo-nepsux, NOKa3bIBACT, YTO NOCJEAOBA-

reabuocts (£ — y,) npunannexut E, a BO-BTOPHX, 4TO IpH P 3> m,
BHIMOJIHAETCH HepaBeHCTBO || X — y||2. e u, 3HAauUuT, NOC/AENOBATE/b-
HocTb (x™) cxomurca B E K y. YTBepkIeHHe NOKA3aHO.

Tak onpenenennoe ruab6epToBO NPOCTPAaHCTBO E HasbiBaeTca 2usb-
Gepmo8od cymMmol TOCTeJOBATENLHOCTH [H/IbOEPTOBIX NpocTpancTs (E,).
3ameTHM, uTO Kaxaoe Hu3 npoctpaHcTs E, Mbl MoxeM oto6pasuts B E,
MOCTaBMB B COOTBETCTBHE KaXJOMY BEKTOPY X, € E, nocirenosareanHOCTH
Ja(x,)EE, paBuyo (0, ..., 0, x,,0,...) (ace uyjeHs paBHb 0, 3a
KCKJIOYEHHEeM, I1-To, xompuﬁ paBed x,). Jlerko mpoBsepsieTcs, 4TO j,,
ecTb usomopduaMm E, Ha (Heo6XoauMO 3aMKHyToe) noanpocrpanctso E,
npoctpanctea E; j, Ha3HIBACTCS ECTMECMBEHHK UM 8A0%CeH e H TPOCTPAH-
crsa E, B E.

Us - onpenenenus CKaIspHOTO MpOH3BeNeHUs B E cm;nyeT, 4TO npu
m=n moOo# BekTOp M3 E, OpTOroHaneH JMOOOMY . BEKTOPY U3 E,.
Ilanee, u3 omnpenenenus HopMul B E caenyer, 4to Ijas JI060ro X —=

= (x,)EE pan (j,(x)) cxomurcs B E n x = D ja(x,) [3ameTam, qfo,
. n=1 z

BooOwe rosopa, pan (j,(x,)) cxomurcs He abcomoTHO). DTO AOKA3HI-

. 7 -
.Baet, ur0o (anreGpamdyeckas) cymma noanpocrpaucts E, npoctpauctsa E
(oyeBHaHO, fABJAIOMIARCA IPAMON) naoTHa B E, MHHMH C/IOBaMH, 4TO
HauMeHbllee 3AMKHYTOE ~BEKTOPHOE MOANPOCTPAHCTBO, ~COAEpxKaliee

BCe E,,, ectb camo E. OGpathoe yTBepKAeHHe:

(6.4.2) ITycms F —zuss6epmoso npocmpancmso u (F,)—maxan
noc.edosamesbHOCms 3AMKHYMBX €20 NOONPOCMPAHCME, 4mO:
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1°) npu m=n aw60d sexmop u3 F, opmozonaren /uodwuy
sexmopy us F,;

2°) aazebpauneckan cymna H nodonpocmpancms F, naomua 8 F

Toz0a ecau E —zuavbepmosa cymma nodnpocmpaucms F, m
cymgecmeyem eOuncmsenusili uzomoppusm npocmpancmsa F Ha E,'
cosnadaowuli ¢ ecmecmsenHbM BAONCEHUEM [, nodnpocmpan-
cmsa F, 8 E na rascoom F,.

Hyc'rb F,,_j,,(F) H MyCTb h,,—OToépa)KeHne F Ha F,, 06pa'r-

poe j,. Ilycte G — asre6pandeckas cyMMa NOANPOCTPAHCTB F, B E.
ITockOALKY 3Ta CyMMa NpsMas, Mbi MOXeM OTIpeNe TS JuHe#HOe oTOGpa-
xenne k cymmol G B F T1ak, uT0GH Ha KaXIOM F, OHO COBNIAna€o ¢ h,.

JoxaxeM, uro k ectb usomop¢pusM G Ha npearuaLGepTOBO ﬂpOCTpaH-
cTB0 H [3T0 BMecTe C TeM - loKaxeT, uTo (aareGpamueckas) cymma Hop-
npocrpaucTB F, apaserca npsmoft cymmoit B F]. VYuuthiBas onpenene-
HHE CKaJ4pHOrO NpousseleHus B E, HAM HYXHO NpPOBEPUTb, YTO

(2 PADY yk>= D U () x (92))
k=1 k=1 k=1

npu x, € Fp, ¥, € Fp. Ho no npeanooxenuio eciu h+k, 10 (x,|y,)=0
1 TpebyeMbi#t pesyibTaT CJAEAyeT H3 TOTO (})aKTa, 4TO Kaxpoe j, fB-
JSIeTC U30MOPGHUIMOM.

Teneps B cuny (5.5.4) CymeCTByeT eXMHCTBEHHOE HelpephLBHOE TPO-
nomxenue A orToGpameHus h, SBIIOMEECS JHHEHHEIM  OTOGpaXeHHeM
G=E B H=F. V3 npunnuna npojomxesus Toxaects (3.15.2) u He-
NPEPLIBHOCTH CKAJIAPHOTO TNPOM3BEJNEHUA CJeLyeT, 4TO A eCTb H30MOp-
(usm npocrpanctsa E Ha NOANPOCTPAaHCTBO mpocTtpanctsa F, xoropoe,
Oyayud NOJMHBIM M BCIOAY IAOTHHIM, ZO/DKHO cosmnagats ¢ F. Vsomop-
¢usM, oOGpaTHEM k&, YHOBJETBOPSET YCJOBHSAM, YKasaHHbIM B (6.4.2).
ENHHCTBEHHOCTb TAKOTO H30MOp(HU3MA BHITEKaeT U3 TOro (haKTa, 4TO OH
NOJHOCTIO onpefienied B [ u HenpepuiBeH B F (3.15.2). ,

Ilpu ycnoBusax, yxasanHbix B (6.4,2), runs6epToBO NPOCTPAHCTBO F
YacTO OTOXIECTBJAeTCS C FHALOepTOBOH cCyMMo#t ero mogmpocrtpakcTs F,,.

(6.4.3) 3ameuanue. ‘Mo MoxeM Takke Jnokasath (6.4.2), ycra-
HOBHB cuaqana YTO CyMMa mNoAnpocTpaHcTs [, npYmas- B camom

Dene, ecau Ex,_—O rae 5, €F;, 1<K n) TO MB TAKKE HMeeM

4 n
( Z x; J=0 npu moBom j<n, u, Tak kak (] x;)=0 npn l#j, 370 Aaer
\

lej”2=0 u, snawur, x;==0 npu 1 < j < n: 3arem onpe;ie M otobpa-
*eHue g, oOpaTHOe k Tak, 4TOGH OHO COBNaiajgo C j, Ha kKawiom F .
Cpasy (xax Bblie) nposepsieTcs, uTo g eCTh u3oMopmuam H Ha G,
M 3aTeM TOYHO TaK Ke, KaK M paHblle, mpuMeHseM (5.5.4).

10 K. Heeposue
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3aMeTHM, 4TO 3TO pacCyXIeHHE COXpaHAeT CHJAY M B ¢jydae, KOria
F—npenrunpb6epTOBO NPOCTPAHCTBO, @ F,—€ro nonHb € NOA-
npoctpaHctsa. OHO NOKA3EIBAET, YTO CYLIECTBYeT W3OMODdHM3M mpocTpaH-
crBa F Ha mnoANpOCTPaHCTBO, MJAOTHOe B ruabGeproBoit cymme E moj-
npoctpaHcTs F,, npuueM 3T0T HaomopdusM Ha kaxaom F, cosnanaer c j,.

B. OpTOoHOpMAJBHbIE CHCTEMb

Ecau (B o6osnauennax 6.4) B kauecTse kaxioro E, MH BO3bMeM 0JHO-
MepHOe NPOCTPAHCTBO [TOMAECTBEHHOE HOJIO CKAJIAPOB CO CKAJSAPHEIM NPOH3-
BenenneM (5|n) == &x], T0 uX runbGepToBa CyMMa AacT MpuMep GeCKOHeYHO-

.MEPHOro ruiibGepTOBa NPOCTPAHCTBA, OOLIYHO 0603HAYAEMOrO CHMBOJOM [2

(¢ unaexkcom R uau C, ecau HeoOXOAMMO yKasaTh, KaKHUe CKaJsApH).

[TpocTpanctso I (COOTBCTCTBeHHO l?;) eCcTb, TaKuM oOpasoM, npocm-

panemso scex nocaedosamessnocmeli x ==(E,) neHCTBHTENbHBIX (COOT-
o2}

BETCTBEHHO KOMI/IEKCHEIX) HHCEJ, maKux, 4mo pad X |&,|2 cxodumes.
n=1

[z
" CransipHoe npoussenenue (x|y)= 2 &,7,.
n=1

Tycte (e,) — npuHainexawas /2 mocne10BaTENbHOCTb, BCE 3JEMEHTHI
koTopolt paBHb 0, 32 HCKAOYeHWeM n-ro, KoTopu# pasen 1. Torma mul
umeeM (e,]e,)==0 npu m=+n u |le,|| =1 npu xamaom n, a B 6.4 Mu
BUIeNM, YTO B STOM CJyuyae 1Jf KaxAoro BekTopa x ==(£,)€ % MoxHO

. 0 '
Hanucath x = 3 §,6,, TAe pan cxomurcs B /2. D10 TNOKasbIBAET, YTO
n=1

fOCIe0BaTeABHOCTL (e,) ToTanbHa B [2, w moaromy B cuay (5.10.1)
npocrpaHctso /2 cenapaGeabHo.

Paccmorpum Tenepb NPOH3BO/bHOE NPEArWALOEPTOBO NMPOCTPAHCTBO F,
Byusem roBopuTh, uTO (KOHeuHas uaH OeCKoHeuHas) NOCJENOBATE/IbHOCTD
(a,) B F asaserca opmozorassnotli cucmemot, ecin (a,la,)=0 npu
msn u @,+0 npu xaxaoMm n. Mu 6ynem rosopurs, uto (@,)— 0pmo-
HOPMQABHAR clucmeMa, ecan, Kpome Toro, | a,| =1 npu xaxiom n.
U3 mobo#t opToroHasbHOR cucTeMbl (@,) C NMOMOLIBIO ,HOPMUPOBKH® MHI
Cpa3y mnoJy4YaeM OpPTOHODMAJIbHYI0 CHCTEMY: JOCTATOYHO pAacCMOTPeThH
10C/Ie10BaTeILHOCTh BeKTOPOB b, == a,/||a,|l.

Mu yxe BHIOENH NpHMEpP OPTOHOPMAJbHOM cucreMb B /2. Bor apy-
TOl BaXXHBIH MpHMEDP.
(6.5.1) Myctb I — npomexyrok [—1, 1] aeticrureasnott npsimott R u nycts
F=%¢ (I) — BexTOpHOE NPOCTPAHCTBO BCEX HEMpPEePBIBHLIX Ha / KOMIIeKC-
HoiX QyHkuufi. OnpefesuM B F ckanspHoe mpousseleHne dopmyiioft

1
to= [reygwat
- -1
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(TOT ¢akT, YTO 9TO — HEBHIPONKIAOWAACS TOJMOKHUTEAbHAA SPMUTOBA
¢dopma, Jerko nposepsiercs). TlycTe A KaXAOro MOJOXKHUTENLHOTO HJIH
OTpULATENBHOIO LeJOro 4ucjia n

on (£) = v,

Jlerko yGenuTbCsl B TOM, 4TO (cp,,/]/Q)—op'ronopmaanaﬂ cucreMa B F;
OHa Ha3blBAeTCH MPUZOHOMEmPu4ecKol cucmemol.

ITycte Tenepsb (@,) — NPOU3BOJIbHAS OPTOHOPMAJbHAS CUCTEMA B IHJib-
GeproBoM npoctpaierBe F. Iaa kawaoro x € F uucno ¢, (x)=(x|a,)
HA3bIBAETCS N-M Ko3guyuenmom (M n-f Koopdurnamot) BexkTOpa X
OTHOCHTEJbHO cucteMbl (a,) [n-# rxosdguyuenm Pypve BekTOopa Xx
B cayuae cucteMs (6.5.1)].

(6.5.2) ITycmob (a,)— OpmOHOPMANLRASL CUCHEMQ 8 2UAb6ePMOBOM
npocmpancmee F-u V — 3aMKHYMOe noonpocmpancmso npocmpan-
cmsa F, nopoocoennoe sexmopamu a, Tozda 0an aw060z0 8ek-
mopa x € F:

1° pao D) |(x]|a,)|? cxodumcs, npusen
n=1 .

S |(<lanl= [Py ()2 <]l x]? (epasencrao Becceas),
n=1 .

2 (x]e) (e = (Py (0)IPy ()
2°) pad ¢ o6wun wienom (x|a,)a, cxodumcs 8 F, npusen
z (xl an) an = PV (x)‘

Hao6opom, nycmb (X ) — nocaedo8amebHOCMs CKAARPOS, Ofm Ko-

mopoi psd Z [A, |2 cxo00umcsa. Toz20a cywecmsyem maKoi edun-

CMmBeH L aelcmop YEV, umo (y|a,)=>\, npu xaxdor n; sw6oi
opyzoii sexkmop xEF, dan Komopozo (x|a,)==M\, npu xaxdon n,
umeem 8ud x = y— z, 20e sexmop z opmozonaser V, u naobopom.

Oas moboro x € F Mu MoxeM HamucaTb x==P) (x)—2, rie Bek-
Top 2 oproroHasen V (6.3.1), m, Takum o6pasom, umeeM (x|a,)=
= (Py (x)|a,). Yro6H n0Ka3aTb TeOpeMy, MOXHO, C/AeAO0BaTeJbHO, CUH-
Tath, uTo V = F. Ho Torna onsoMepHbie noanpocTpaHctsa F,, MOpoxaeH-
Hble BEKTOPAMY @,, YAOBJETBODPAIOT MPEANOJOKeHNM Teopembl (6.4.2), u
TpeOyeMbi#t pe3yiabTaT (NpUHHMAs BO. BHUMaHUe omnpeleneHue TuibGepro-
BO# cyMMbl) siBaserca Teopemo#t (6.4.2), yumb uHave cdopMyJMpOBaHHOR
B NpUMEHEHHHM K PACCMATPHUBAEMOMY 4YACTHOMY C/yvalo,

10*
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Hau6Gosnee untepecen cayuaht, korna V =F, T. e. Koria opTOHOp-
MaJbHag cuctema. (@,) ToTalbHa. B sToM cayuae oHa HaswiBaeTcs opmo-
HOpMasbHbiM Ga3ucom mpocTpaucrsa F; cucreMa (e,) mpeacTasiser
rakoit 6Gasuc aas 2. B (7.4.3) Gyzer 10Ka3aHO, 4YTO TPUIOHOMETpPHU-
yeckass cucrema (6.5.1) ToTanbHa.

B cayuae ruabGeproBa mpocrpasctBa F u TOTanbHOH OPTOHOpMA/b-
Ho#t cucteMbl (@,) Mbl MoxeM Bciony B (6.5.2) samennTh oToGpamenue Py
TOXASCTBEHHBIM OTOGpaxenneM. Torfla paBeHCTBa

[eo]

3 Ixlap= x|

[oe]

2 (x]a,) (y]a) = (x|y)

n=1

Ha3LIBAIOTCH pasencmeamu Ilapcesarsn. V3 (6.5.2) cpasy caenyer, uTo
3TH PABEHCTBA MpPEACTaB/AKIOT HE TOJbBKO Heo6X0JuMOe, HO ¥ A OCTa-
TOYHOE YC/IOBHE TOro, 4ToOH cHcTeMa (a@,) Obia TOTaNbHOR CHCTeMOR
B ruab6epTOBOM NPOCTPAHCTBE.

(6.5.3) lan mozo umoGer opmonopmassian cucmema (a,) 8 2uab-
6epmosom npocmpancmse F Goiaa momaassnoii, Heo6xod0umo u 0o-
CMamourno, umobo u3 BHNOAKERUR npu KaxcooMm 1 YCA08ui (xla,,)—— 0
caedosanro, wmo x ==0.

IetictButebHO, B cuay (6.5.2) aro osnauaér, uro u3 Py (x)=0
crenyer x==0, a aro [rak kak P, (x —P,(x))==0] 9KBUBA/IEHTHO
Tomy, ur0 V=F,

(6.5.4) 3ameuanue. Ilycts E — npearnan6epToBo NPOCTPAHCTBO
¥ opToHOopMaabHas cucrema (a,) B E Torampna. Torma coxpausior cuiay
yrBepxdenus 1° u 2° teopemsl (6.5.2), B KoTOpHX Py, (X) 3aMeHEHO Ha X.
D10 IHOKasbiBaeTca aHajorMuHo (6.5.2), mpuueM HYXHO yuecTh 3aMeva-
Hue (6.4.3).

3adanu

1. Mlyers £ — ruab6epToBO NIPOCTPAHCTBO € OPTOHOPMAJLHEIM GasHCOM
(én)p>1- Tlycte A — MuoxecTBO B E, coCTOdllee M3 BCEX MMHEHHMX KOMOHHa-
n o

n .
i x == 2 Ay (1 _“}5) ep, rie Ap >0 u 2 Ap =1 (n MPOU3BOJBLHO).
. k=l ' k=1

a) Moxaxure, w10 3aMblkanue A ecTb MHOXKECTBO BCEX CYMM DAIOB

L7s

) [e )
X, (1 ——1—) e e A, >0, pan 2}\,, CXOAMTCA M HMeeT cyMMy, paBaywo I
1 n=1
b) Hokaxute, 970 JUaMETP MHONECTBA A paBen 2, HO He cymecTByeT mapel
TO4eK a4, b MHOXecCTBa A ARfl KOTOPHX la—&]=2 (cp. sanauy 2 § 6.3).

It

n
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2. llyctb  E — ruap6epToBO MPOCTPAHCTBO C OPTOHOPMANBHHM Ga3HCOM
(en)p>o TIyeth @y =635 0 bp= e,,,+n+ 1'e2,,+, npu kaxaom n > 0. Iycts A

(COOTBETCTBEHHO B) — 3aMKHYTOE BEKTOPHOE NOANPOCTPAHCTBO HpOCTpancTsa E,
NOpPOX/JEHHOE BEKTOPaMHu 4, (COOTBETCTBEHHO b,). [lokaxwure, uTo:

.a) Af1B= {0}, nosromy cymMma A-} B npamas (aareGpanuecky).

b) Mpamas cymma A-}+ B He gBaseTcs TONOJIOrHYECKOR NpaMOR CcyMMOH.

[PaccmoTpuTe B 9TOM HOANPOCTPAHCTRE NOCAEAO0BATEALHOCTh TOUEK by — &,
u npumenute (5.4.2).]

¢) HoanpocTtpancTeo A+B npocrpancTsa E nJAOTHO, HO He 3aMKnyTo B E.

n=0
3. MokaxuTe, uTo 6aHaxoBO NpocTpaHcTBo P (I!; 1) MOXKHO OTOXAECTBUTH
€ IPOCTPAHCTBOM JBOHAHHX mocaefoBareibHocTell U = (ap,), YAOBIETBOPAOMHX

oo
[Hoxamme, YTO BEKTOP Z(b,,—-a,,) He TIPHHARACKUT A+B.J

=]
ycaopusam: 1°) psin 2 | amnl|? cxomdTCH TPH KaXAOM n; 2°) BEpXHAA TIPaHb
m=0

© 2
sup E | @mn |2 KOHETHA. Hopma B 3TOM caydae paBHa |U ||= sup < 2 |a,,,,,|2> .

m=0 m=0
[Tor xe METOX, 9T0 W B 3ajaue 2, b) § 5.7.]
4. a) Ilycts © — HenpepuiBHOE JHHEliHOE omépamenue HpocTpaucrBa I3

(2] [20]
B Ce6AMMYCTh U (€n) = ) dmnem- [TOKaNMHTE, 910 PAAN Z [tmal? 1 ) | amal?
m=0 n=0 m=0

[Y6enurecr B TOM, 4TO OTOGpaXKEHHE X > (1 (x)]e,,,) ABAAETCH HenpepLBHOM
Jaunetno dopmoi B E n mpumenure (6.3.2).)

b) IpuBesute npumep Takoi NBOHHOH TOCAEA0BATEALHOCTH (@mn), HTO
[e]

2|am,,|2<l H 2 lamn|? << 1 mpm BCEX 3HaueHHAX m M n, HO He Cylle-

n=0 m=0

cmye‘g HERPEPHBHOTO AuHERHOro oTo6pameHus u mpocTpaHcTBa [2 B cebs, Aad

koToporo aias aoGofi mapu (m, n) BHIOOMHATCA YCAOBHA (X ()| em) = Cmn.
[Mycts V — NOANPOCTPaHCTBO MPOCTPAHCTBA 12, NOPOMAEHHOE BEKTOPAMH €,

rie n€ H n H— MHOXecTBO, cocTosmee Hu3 p ueanx uucea > 0. IMoxaxure,

970 CymecTByeT Takoe JauHefinoe oroGpameHme u, moanpocTpancTBa V B cefs,

uto (¥, (€)em) =1/V p n1a Bcex wuHIeKCOB m U n K3 MHOXECTBA H, no

u, 1>V Pl

6. OpronopMaaH3anus

(6.6.1) ITycms E— cenapabervnoe npedaursbepmogo npocmpan-
cmso, (b)) —momaissnan nocredosamessRocms AUHedRO He3asucu-
nuox sexmopos 8 E (5.10.1) u nycms V,— n-meproe nodnpocmpan-
cmgo npocmpancmea E, nopoxdenroe sexmopamu by ..., b,
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Toz0a ecau Mol NORONCUM ¢p=2b,—Py__ (b,), mo nocasedosamenrs-

rnocms (c,) 6ydem momassHoli 0 pmMO2OHANbHO cucmenmoli, o6radain-
wel mem cBOLCMBOM, 4MO NpU KANHOOM N BeKMOPH ¢y, ..., C,
ropoxcdawm V. )

IMposeneM MHAYKUHMIO MO 7, MpeAnonaras, 4ro ¢y, ..., €,_,— OpPTO-
roHa/ibHas cHcTeMa, mopoxaaiowas V,_,. Toraa no onpeieneHu npoex-
MU Pvn_l (6.3.1) Bextop ¢, oproronajeH V,_,, OTKyAa cleiyer, uTO

(c;lep)=0 npu 1 Li<jn [anee, TaK Kak, N0 ¥PeANOJIOKEHHUIO,

b, &V, 1, 10 ¢,#0 n NO3TOMy ¢y, ..., €,_, €, OPTOrOHAAbHAA
cucrema. Kpowme roro, b,—c, €V, _,, crenoBarensHo, BEKTOPH ¢y, ..., ¢
MOPOXKAAIOT TO XKe MOANPOCTPAHCTBO, YTO M oObemuHenne V,_, u {b,}
T. €. noAnpoctpaHcTo V. 310 3aBepuiaeT A0Ka3aTeabCTBO.

n
’

Hopmupys cucteMy (c,), To ectb nosaras @,==c,/||c,||, npuxonum
K cucteMme (@,), 1p0 KOTOpPYIO TOBOPAT, YTO OHA moayyaetcs u3 (b,) npo-
yeccom opmonopmaru3dayuu. Hanpumep, B npocrpancrse F = &¢(/),
paccMotperHoM B (6.5.1), nocaenosateasHocTs (£7) ToTasbHa [Kak Gyner
n0kasaHo B (7.4.1)] #, OYeBHIAHO, COCTOMUT H3 JMHEHHO HE3ABHCHMBIX BeK-
TopoB. Ecim Mbl 0603HaunM uepe3 (Q,) OPTOHOPMAJBHYI0 CHCTEMY, NO-
JyYeHHYI0 M3 (f”) ¢ NOMOWHI OPTOHOPMANH3AUMH, TO SCHO, YTO
Q,(&)=a,t" 4 ... ecTb MHOrOUIeH cTeneHu n (Tde @, + 0) c meHcTH-
TeJbHbIMH KO3¢duunentamu. MHorounessl @, (C TOYHOCTBIO 10 MOCTOSH-
HOro MHOXHTeNs) paBHH nosuHoMaM Jlexanapa (cm. 3agauy 1 § 8.14).

(6.6.2) Jlw6oe cenapaGeasnoe npedzussbepmoso npocmpancmso
(coomsemcmesenno zurvbepmoso nPocmMpPancmso) u30OMopPHo 8crody
nAOMHOMY nodnpocmpancmsy npocmpancmsa 12 (coomsemcmsenno
npocmpancmsy I2).

Tax kak B cenapaGejbHOM NpeArnab6epTOBOM NPOCTPAHCTBE B CHIY
(6.6.1) cymecTByer ToTaibHAa# OPTOHOPMa/ibHAas CHCTEMa, TO yTBEpWIe-
nue cpasy caenyer us (6.5.2).

Sadauu

1. Mycts E— cenapa6eabHoe HENOJHOE - MPEArMALGEPTOBO NPOCTPAHCTBO.
Mokaxure, uto B E cymecTByeT OPTOHOPMaabHAA CUCTEMA, KOTOPAsA He TOTalbHA,
HO He fABAfeTCA COGCTBEHHOH acThI0 HHKAKOH OPTOHOPMANLHOH CHCTEMHI.

, [[Torpysute E B ruap6epToBO MPOCTPAHCTBO B KAUECTBE €0 MJIOTHOrO MOA-
TPOCTPAHCTBA M NpuMeHuTe 3anaty 3 § 6.3.]

2. Mycte E — GeckoHeuHOMEPHOE cenapabebHOE HAL6ePTOBO MPOCTPAHCTBO
u V —3aMKHYTOe €ro BEKTOpHOE NOANMPOCTpaHCTBO. IlokamuTe, uro ecau -V
6eCKOHETHOMEPHO, TO CYWIECTBYET H3OMETpHS NpocTpaHcTBa E Ha V.

[Banumute E kak npamyo cyMMy V u ero OpTOrOHaJbHOrO AONOAHeHHs V'
u BossMHTe B V u V' opToHOpMajibHBIE 6a3HCHI.)





