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npu £, EC iy 0iCr—1uw 1. j<s—1; Kkpome TOro, mycthb
To=Ty, n Y,=T, Toraa v; npu 0 j<s ectb KOHTYD B A, H

HAM OCTaeTCst TOJNbKO JOKa3aTh, 4YTO f f(2)dz = f f(@)dz npun 0.
: i fi Tj+1

< J<s—1. 3amerum, uro BBULy BHOOpa f; M &; BCe TOUKHM 1 (®)

U Yjq(f), TRe ;< E < Eyy, NMPUHALIEKAT OTKPHITOMY IHApy Q,; ¢ uen-

TpoM ¢(¢;, &;) u paaumycom p. B cuay (9.3.7) u (9.3.1) cywecrsyer

yHkuusa g£;;, aHaIMTHYeCKas B Q;; ¥ TaKas, 4TO g;j (2)=1/f(2) B Q.
Tak xak nepecedenue Q;_, ;1 Q;; He nycro u B cuay (9.1.1) caasno, ToO

PasHOCTL g;_), ;—&;; B TepeceveHun Q;_, ;NQ;; BBuny (8.6.1) mo-
crosHHa. Tenepb IO OmpeneJeHUI0

‘ r—1t4, r—1 Ly
[r@a=X [ ra,e)rjwa=Y [ g, o)1 d=
Y =0t i=0t,

r—1

= 2 185 (1; (ti00)) — &5 (v D))
i=0

TakuM 06pa3oM, HaM HYXKHO HOKa3aTh COOTHOUICHHE

r—1

r-1- .
igo g7 ) — 8y () = go 185 (V1 Gip))— 815 (111 G

KOTOpO€ MOXHO TaKXe 3anucaTts B BuUIe

r—1
(9.6.3.1) g;,) (87 (Ei1)) — 81 (Tjr Gia) ) — &4 (1; 8D+
+ & (1 )N =0.

Ho 7;(£) w 7;4,(¢) npu 1 i< r npunangexar Q;_,, ;N Q;;, nosromy,
KaKk Mbl BUJEJH BhILIE,

g () — 8Ny €))= 81, j (1)) — &i—1, j (N1 (8))

W, 3HauuT, JeBad yactb (9.6.3.1) cBoautcs x

81 (1)) —&rq, j (11 () — 805 (1 (£0) ) 480 (¥ j+1 () )-

Tak KaK 7; M 7;4; — KOHTYpH, Mbl uMeeM 7;(f)) =1, (t,) U Y4 ()=
=17j4+1(¢,). Kpome Toro, atu nBe TOUKM NpPHHALMERKAT MePeceyeHHI0
QyNQ,-y,; xOTOpOE CBA3HO; TakuM oGpasoM, B cuay (8.6.1) pasuocts
£;-1,j—&o; Ha STOM MHOXECTBE IMOCTOSHHA, M 5TO 3aBepIUaeT JOKa-
3aTeAbCTBO.
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(9.6.4) Ilycmo 7, u Y,— 08a nymu 8 omxpumom muosxecmse AcC,
umeouue 00KO U MO Jce HA4AA0 & L O0UH U MOm Hce KOHEY U u
maxue, 4mo cyuecmsyem 20MOMONUA ¢ nymu Y, 8 nyms Yo, 8 A,
OCMABARIOUAA HENOOBUNCHOLME 1 4 U (ITO O3HAYAET, YTO €CAU OTO-
GpaxeHne ¢ onpeneneHo B [a, b] X [a, B], T0 ¢(a, §)=u u ¢(b, )=
nas moGo# touku §€[a, B]). Tozda das xaxcdoii dynxyuu f, ana-
aumuieckoll 8 A, umeen ff(z)dz=ff(z)dz.
] Tl 72 o

IIycts ] — NyTb, NPOTHBOMOJIOKHBIA 1), U NYCTb T, (£) = 7, ({—b--a)
nast b <t 2b—a; Y3 ecTb NyTh, 9KBUBaNEHTHBIA nytd 7). Ilo ompe-
NeNeHHIo, COefUuHeHHs T, \/ T3 M 7o \V Y3 ABAAOTCA KOHTypamu. Kpome
TOrO, 3T KOHTYPH TOMOTONHB B A, MOTOMY HYTO eCJH Mbl ONpeldesuM

orobpanenue Y (£, £) Tak, yTo6bl OHO Gbl10 paBHO ¢ (£, &) npn & Lt b
u 13(f) npu b <t L2 —a, 10 ¢ Gyder metenbHOH romoronued B A.

Mpumensis  (9.6.3), noayuaem ff(z) dz—}—ff(z)dz —~J f(ydz+

f!

-|—ff(z)dz, 4. T. L.

7. NlepBooGpa3nas anaauTHYeCKOH (QYHKUHH
B OJHOCBA3HOH ofJacTH

Oonocsasnasn o6racme A C eCTb OTKPHITOE CBA3HOE MHOXECTBO,
obJaanaolee TeM CBOHCTBOM, uTo Jio6Gas netas B A rOMOTONHAa B A ner.e,
cpojsweica K Touke. $IcHo, 4ro moGoe OTKphTOe MHOXecTBO B C,
roMeoMopdHoe obnacTH A, ecTb OJHOCBSI3Has 06JaCTb. ’

(9.7.1) Nlpumep. 38e3doo6pasnas o6racms AcC OTHOCHTENLHO
TOUKK @ € A eCTh OTKDHTOE MHOXECTBO, TaKoe, 4TO 118 JoOo# ToukH
ZE A cerMeHT, coelMHSIOIHA @ W 2z, codepxurca B A. Takoe MHO-
WecTBO, oueBuzHO, cBa3Ho [(3.19.1) u (3.19.3)]. Ecau Y — npoussoin-
Has metas B A, TO MOXHO 3anucaTe ¢ (¢, §)=—a— (1 —§&)(y(f) — a)
npu 0 L& 1; rorna ¢ OGyzer neresbHOH roOMOTONHEH NeTaW Y B MeT/IO,
CBOAsILYIOCA K Touke @. OTKDHTHHA IWmap #ABAsSeTCS 3Be340006pasHOH -
06/1aCTbI0 OTHOCHTE/IbHO 060 M3 CBOMX TOYEK.

(9.7.2) Ecau AcC—omuptumoe C8A3HOE. MHONCECHBO, MO O0Af
21066LX 08YX mouex u u UV MHOXMcecmsa A cywecmsyem nyms ¢ Ha-
4AAOM U U KOHYOM 7.

HauM HyXHO TOJNBKO 10Ka3aTh, YTO MOAMHOXecTBO B A, cocroduiee
U3 _BCEX KOHLOB HYTCR B A, MMeOIIUX HAya/IoM &, OﬂHOBpeMeHHO‘

3aMKHYTO ¥ OTKpeTO B A (3.19). Ecam xEAnE, TO CYLIECTBYET
wap S ¢ ueHTpOM X, cojepxauwmiica B A, H, N0 NPelNOJOXEHHIQ,
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S COHEpXUT KOHEll ¥ HEKOTOPOro nyTtd | ¢ HavaioM u. Cermeur
C KOHUAMH U W X COIePKHTCS B S, M ecau myTb | onpeleneH B [a, b],
TO NMyTb 7y, paBHuilt ¥ B [a, bl u ¥, (§) =v 4 (t — b)(x —v) B [b, b+ 1],
CONEPXHMTCA B A M MMeeT HayaJloM #, a KOHIOM X, CJeI0BaTedbHO,
x € B. C apyro#t cropoub, ecau y € B, To cyumectsyer map S ¢ ueH-
TpoM ¥, colepxawutica 8 A. Ilng moGo#t Toukn v €S cerMeHT ¢ KOH-
UAMH Y M 4 COHePXUTCH B S, U MBI MOXEM TOYHO TAKMM XKe CHOCO6OM
ONpefeJnTh MyTb C HAYANOM 4 W KOHUOM ¥, colepxainufica B A; cie-
nosareasHo, SCB, u. T. A

(9.7.8) Ecau AcC— 00rOC8A3RAR 004acmb, mo 406as Hyukyus f,
anaiumuieckas 8 A, umeem nepsoobpasnyin, aHALUMULECKYI0 8 A.
ITycts @ u z —nBe ToukH obiactu A, a 7, M Yo— IBa nyTd B A

¢ HavaioM a u koHuoM 2. Torza ff(x)dx: ff(x) dx. [e#crtBu-
1 ' Ty

TeNbHO, 3aMEHMB, .€CJM HYXHO, Ty SKBUBAJECHTHBIM INYTEM, MBI MOKEM

CYUTATb, YTO NYyTb 1 omperenen B [b, ¢}, a 7,—38 [¢, d]. Toraa coe-

AuHeHue =17,V 12 eCTb KOHTYp B A, KOTOpHifl, TakuM 06pasom, romo-

toned B A rouke. CheposatesbHo, no teopeme Komu ff(x)dx:O,
-

s
M 9TO [OKasblBaeT Haime yreepkieHue. I103TOMY Mbi MOxeM B Ka-

yeCTBe g (2) B3STh 3HAUEHMe HHTErpasa ff(x) dx no 106OMYy NyTH |

s

B A, uMEOUleMy HAa4ajJOM @ M KOHUOM 2, W Toraa B cuay (9.7.2) pyHk-
uust g Oyzer onpeneneda B A. Tenepp aas moGott Touku 2z, € A cyuue-
CTBYET OTKPHTHIH map BC A ¢ ueHTPOM 2; B KOTOpoM ¢yHKuus f(2)
paBHa CyMMe CXOJSIUErOCR CTeNeHHOro pAAa OTHOCHTEJIBHO 2 — 2.
[Tostomy B cuny (9.3.7) cywecryer nepsooGpasuas 2 ¢yukuuu f B B,
KOTOpasi fBJAETCA aHaJuTHYeckoM u oO6jajgaeT TeM CBOHCTBOM, uTO
h(zp)= g (2,). CnenoBarenbHo, npH 2 € B MH HMMeeM

: 1
h(z)—h(zo)~_—ff(zo+t(z—z0))(z—z0)dt.
(¢}

Ho mpaBas yacTe ecTh, mo onpelneleHuIo, WHTerpan ff(x) dx, tne
-2

6—nyTb ¢—>2y-t(2—2,), onpeleneHunii B mnpomexyrtke [0, 1].

Tak Kax 3TOT NyTb colepxurcad B B A, To 10 onpepeeHuio GyHKIUHH &

Mbl HMeeM g (2) — g (2g)= ff(x) dx, u, caesosaTenbHO, g (2)=/1(2)

g

B B, u T A
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8. UHaexc TOUKH OTHOCHTEJLHO KOHTYypa

(9.8.1) Jlw6as mpaexkmopus <, onpeleseHHas 8 RpoMexcymKe
I==la, b] a maran, amo () codepoucumcs 8 eOuruynol oxpysic-
nocmu U= {2€C||z| =1}, umeem sud t->e'¥®, 20e § — nenpe-
puieHoe omob paxcenue npomexcymrxa I 8 R. Ecau |— nyms, mo
b ecmp nepsoo6pasnan nexomopold npocmol @dysxyuu.

Tak Kak 0oToOpawkeHHe | paBHOMEPHO HenpepuiBHO B [/, cyulecTsyet
TaxKas BO3pacTaOad InoOCAenoBaTeabHOCTh TOouek £, (0 <R p) B/,
uto fy==a, f,==b u uro konebanue (3.14) dyHKuMM Y| B KawIOM
U3 NPOMexXyTKOB [, =[f,, £, 411 (0 Lk L p—1) 6yner L 1. Orcona cae-
ayer, uto §(/,) #+ U. Ecan Touka 6, € R takosa, uto e k{'c'-f(lk) (9.5.7),

i(x+0
‘To orobpaxenne x—»>e (*+%) ecrs roMeomoppuam npomexyrtka ]0, 2n]

Ha nonoiHeHue Touku e'%* B U (9.5. 7). Eciu ¢, — o6paTHu#t roMeoMop-
¢usM, 10 npu ¢ €/, MH MOXeM, TakuM 0Opa3oM, Hamucarhb 1(t)——el‘*k(')
rae orobpamenne ¢, (£) =, (7(¢) )+ 8, uenpeprisro 8 /,. B cuay (9.5.5)
uMeeM qakﬂ(tkﬂ)—-qak g1+ 2n,m, tae nk-—HeKOTopoe LLeJI0€ YHC/IO
0Lk p—2).

Omnpenennm Tenepb oroOpaxenue ¢ B npoMexyTke / credyiouwuM
o6pasom: npu £ €1y §(£)=19,(¢), a npu £, <-t<t,,, onpenenum ¢ (£}
no uuAyKuud no k, nonaras ¢ (£)=1, (&) -4 (¢,) —¥p (¢2). Tlo unayk-
MM HeMelJeHHO yOexnaeMcs B TOM, yTO pasHocTb $(£,)—,(¢,) npu
0Lk p—1 ectb uenouncienHoe KkpatHoe 2n. CrenoBaTesbHO,
T(f) = e npu tE€[ n oroGpakenne ¢, oueBMIHO, HempepulBHO B 1.
Kpome Toro, eciu 7(f)=a(t)-+iB(f), To Mb nmeeM a(#)==cos{(¢),
B(f)==sin¢(f) u omuo u3 wuucexn cos¢(f) u siny(f) ue passo O,
U3 (9.5.4) u (8.2.3), mpuMensas ux K onHo#t u3 (yHKuu# cos X u sin %
B TOuKe, Tje 3Ta (YHKUMS HMeET NPOH3BOAHYI = 0, sakjouaem, 4To
€CM Y HMMeeT MNpPOM3BOAHYI0 B TOYKe £, TO ee uMeeT u ¢, u i/ (f)=
=" (£)/7(¢), 4ro u 3aBepluaeT Hawe NOKA3aTeJbCTBO.

(9.8.2) dnrsn awboii mouxu a€C u 4106020 KOHMYpPA Y, COVEpImw
wezoca 8 C\ {a}, unmezpax fdz/(z-—a) pasex 2nwi, 20e n — noao-

Y
JHCUMeAbHOE Uau OMPUUAMENbHOE UelOe HUCAO.

IMpousserd, ecau HyXKHO, NEPEHOC, MOMEM cuuTath, uro & =0;
Honyctum, uto otoOpaxenue 7 onpeldeneno B [==|[b, c]; GyuKuuD

¢t B)==¢ [;{8 ~+ (1 —£&)7(®) wuenpepusia B [ X [0, 1] H aB/seTCH

neTeJbHOM rommonueﬁ (8 C*=C\ {0}) xourypa y B KoHuTyp ¥,(f)=>
== 7(8)/|7 (t)|, ynmoBaerBopsiomu# ycioBuio 7y, (/)cU. Tax Kak ¢yHks
uus 1/z spaserca anamtudeckoft B C¥, To Teopema Komwu (9.6.3) nokas
3blBaeT, YTO d:__ il;'—' Ho B cuay (9.8.1) 71,(t)=e¥®, rpé
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) — nepBooGpasHasn HeKOTopoﬁ NPOCTOH (YHKLMH, MOITOMYy IO Onpe-

JieIeHUIO f___,_ i fq; (t)dt-—t(qa(c)—-dg(b)) TaK ‘Kak, no npezx-
T
nonoxenno, ¥, (d)=1,(c), 7o rpebyemoe 3akmouenue cieayet us (9.5.5).

3ameuanune. Bonee npocroe 1n0Ka3aTeabCTBO TeopeMu (9.8.2),
He onupaiouweecs Ha (9.8.1), MO)KHO IPOBECTH cnenyloumM obpasom

1(s)—

UCKJIOUeHHeM TOueK He OoJee yeM CYETHOTO MHOMXeCTBA, MMEET NpPOH3-
Y (5
1(@)—a
TO Mbl BUAMM, YTO BCIOAY B /, 332 HCK/OueHHeM He OoJjiee YeM CUETHOrO
mHOxecTBa, &' (f)=0. Orciofa Mbl 3axuoyaeM (8.6.1), uro QyHkuus g

1) —
1) —a

M, sHauuT, eh© =1, orkyma B cuay (9.5. 5) ciaexyet, uro h(c)==2nw=i,
rle 7 — HeKOTOpOe lieJioe YHCJO.

(/1. Aubdopc). Hycts A(f)= M. Ita dynkuus scioay B /, 3a
b

BOIHYIO, paBHyIO A’ (f)= . Noartomy ecu g (f)=e~*O(7(£)— a),

MOCTOSIHHA; CAefOBaTe/bHO, eh() =1t —— Ho Mb umeem 7 (c)=7(b),

Mbl 6yzeM rOBOpUTh, YTO YHCJO 1 eCTb UHOEKC MOYKHL G OMHOCU-
mesvHo Kowmypa | (4au e UHOEKC KOHMYPA | OMHOCUMEAbHO
moyxku @), u nucarb n=j(a; 7). Ua Tteopemn Kommu caenyer, uro
ecan Yy, M Yo— KOHTYpH B MHoxectBe C\ {4}, romoronume B sTOM
MHOXeCTBe, TO OHM MMEIOT OTHOCHTeJbHO TOYKH @ OINMH H TOT XKe
MHJEKC.

(9.8.8) HUndexc j(x; ) AAfEMCA NOCMOAHHMM 8 KANOOL KOM-
noHenme C8A3HOCMU OONOAHEHHS = A KOMRAKMHO0  MHOJCe-
cmsa Y (I). '

B camom Zese, 3aMeTuM, 4TO oTOOpaxeHHe X — f (X; 7) HeNpepHIBHO
B OTKPHTOM MHOXecTBe A. IleHCTBUTeJAbHO, MO ONpeleNeHHIO, HHIEKC

TOUKH X /A OTHOCHTENbHO KOHTYpa Y (ec.vm x—{—,h$1(1)) paBeH HH-

JeKCYy TOYKH. X OTHOCHTe/JIbHO KOHTypa T:f{—>7({)— k. Ho ecan
B—wap ¢ ueHTpoM X W paguycoM r, colepxkamuiics B A, TO 0TO-
Hpamenne ¢(f, §) =1 (f)—Eth (onpenenennoe B npouspeaenun / X [0, 1})
sBiasercs npu |k| < r nereasHoit romoromme#t B C\ {x} xonrypa y
B KOHTYp T, M, CJllelloBaTeqbHO, No Teopeme Komw j(x—4-k; 7)=Jj(x; 7).
Tak kak MHOXecTBO Z ue/ X YHCeJ SBJIsSETCH AUCKPETHLIM MPOCTPaH-
CTBOM, 3aKJiodeHue ciaeayer u3 (3.19.7).

(9.8.4) pumep. Iycrs e, — kouryp £-—>e"", onpenesenuuit B npo-
Mexytke [=[0, 2w], rle 7 — NOJNOXKHTEAbHOE HJM OTpPHLATE/IbHOE
ueaoe uucio. Mwmeem ¢,(/)==U. Kouryp &, HasuBaeTca eOunuunol
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OKPYHCHOCMBIO, 000060eHHOE n pa3. 3aMeTHM, YTO OTKPHITOE MHO-
x«e(:’mo CN\U wumeer nBe KOMIOHEHTH CBASHOCTH, a MMEHHO LIAp

B:|z| <1 u wmuoxectso E BHemIHWX TOdYeKk wmapa B, onperensgemoe
yciaosHem |z| > 1. JleHcTsutenbHo, map B cBszes Kax 3Be31006pas-
Hag obaacts (9.7.1), a B cuay 4.4 u (9.5.7) muoxecrso E sBisieTCs
o6pasom npoussenenua J1, 4-col X [0, 2x] npu venpepriHoM oTOGpa-
wennn (X, £)—> xe’, u nosTomy Hame yreepkuenue creayeT u3 (3.19.1),
(3.20.16) u (3.19.7) (TouHO TaKOe XKe pacCy¥AeHue NOKA3bIBAET TaKKe
CRASHOCTL Wapa B n muoxecrsa B\ {0} ). Hakoneu, muoxectsa B u E
OJHOBPEMEHHO OTKPHTH # 3aMKHYTH B8 C \ U, Tak kak B oTkputo B C

u B=(C\ U)NB n, xpove toro, BNE==(. Vs onpereiehns n
u3 (9.5.3) crenyer, uro j(0; e,)==n, u, 3Hauutr, j(2;e,)==n aaa
moGoit Toukn 2z wapa B. IlokaxeMm, uto j(z;¢,)=0 n1a mobo#
ToukM MHOXecTBa E. Mmeer Mecto Gojee oObiee yTBepxIeHHe.

(9.8.8) Ecau KoHmyp Y colepicumcs 8 3aAMKHYMOM wape
D:le—a|{Lr, mo j(z; 7)=0 0un awboii mouxu z, 8newmned
oan D. -
HelicTBuTe1bHO, AONYCTHM, YTO KOHTYP 7 ONpelelieH B IPOMEXYTKE
I=1[b, c] u uro B stom mpomexyrke |1’ (£)] < M. Tlo onpenenennio

c

N dz ' (Hadt
mij(e; V=) vz = y(t)—z
1
|y (&) —al<r, 10 BA3 moﬁoﬁ Touku £ C [ umeem |7 (£)—2|>|z2—a|—r
H, CJIelOBATE/bHO, MO TeOpeMe O CpeldHEM 3HAYEHUU 21:[](2 <
M(c—b)
STe—al—r"
HOBUTCA <[ 2%, W, TaK Kak j(2; 7)—ue/loe YHCIO, OTCIONA CJIENyer,
uro j(z; 1)==0. Ho MHOXecTBO BHemhux TOuex mapa D, kak Ml
BUJE/H BbiUle, CBASHO W, TakuM oOpasoM, TpeGyeMoe 3aK/OueHHE Clle-
Ayer H3 (983)

npu |z2—a|>r. Ho max kax

Korna [z2—af nocratouno semnio, mpasas yacTb CTa-

(9.8.6) Lasn w6020 rxoumypa § 8 C, onpedesennozo 8 I, mHo-
acecmso mouwex xECN\ 1), 022 xKomopux j(x; 1)#0 omuocu-
mesbHo Komnaxkmuo & C.

HedicTButenpno, B cuay (9.8.5) 9T0 MHOXKeCTBO CONePXKHTCH B JIOOOM
BaMKHYTOM wiape, conepxameM 7y (/).

(9.8.7) I[Iycmb AcC— odnocsnanan o6aacme (9.7) u | — KoOHmMYp
8 A. Han sw6od mouku x € C\ A undexc j(x; 7)=0

ITo npeanonoxennio B A cymectsyer onpefenaesuas B/ X J netefb-
Has TOMOTONHA ¢ KOHTYpa | B KOHTYp, CBOASiuiufics K Touke. Tax Kak

xécp(l X J), To Teopema Komm mOKasbiBaeT, 4To fdz/(z—— x):;O..
¥
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9. <l>0pmym{ Koumu

(9.9.1) ITycmv AcC—odrocsasnan ob6aacmy (9.7) u f—anaru-
musecxoe omoG paxcenue o6racmu A 8 6anaxoso npocmpancmso E.
Hdas aw60z20 Kowmypa | 8 A, onpedesennozo 8 I, u 2w060d mouku
XEAN W) umeem mecmo cuedyouan gopuyia: .

. 1 dz

J 5 Nf(x)= 5+ f———z(i P

(qwopMana K o m u). !

Paccmorpnm dynkumio g (2), onpelenennyio B A, paBHy10 %’Q

npu 2+ x U f'(x) B Touke x. PyHKUUA g ABJAAETCA AHAJIATHUECKOH

3 A, noromy uto B cuay (9.3.2) u (9.5.1) ona, oueBHIHO, aHAJUTHYHA

B AN\ {x}; c mpyro#t cropoHnl, CyulecTByer Tako#t wap BC A ¢ uen-
- n

tpon x, 410 f ()= () + G — 0 f () + ... +ETLLE L

npu zZE€ B, rae paa cxoaurcs B B; orciona caelyeT, yto A 060K

ToukM 2 € B ¢yHkuus g (z) paBHa CyMMe CXOASIErocs paia

1 , 11 p(n)
FO+5e—0f @+ ... +E=D L0
M MO3TOMy #ABAseTCs aHaauTHyecko#t B x. Ilo Teopeme Kommu (9.6.3)
uMeeM fg(Z)d2~0 M, 3amucaB g(z)—- f(z) — f(x)- 1 , noay-

1
yaeM ¢opmyay (9.9.1) u3 ompeieneHus HHIEKCa,
O6parHo:

(9.9.2) Ilycms y—nyms 8 C, onpedesrennuili 8 npomejcymre
I=1b, c], nycmb g — nenpepsisnoe omo6paxcenue mrodxcecmsa (f)
8 Komniexcnoe Ganaxoso npocmpancmso E.- Tozda @pysxyus

x) dx
f(z)=fg—x(£—;—~ onpedesena u ABASemMcs axasumuseckod 8 00-
1
noanenuy muoxecmsa (). Tounee, ecau Mol ROL0HUM C)==

(_____g ) ;ikjil ~dan awboii mouku aECN\7(), mo cmenennod
X —a

pAo (¢, (2 — a)*) 6ydem cx00umscs 8 HeKOMOPOM OmKpumos uape B
¢ yenmpon a,codepxcauencs 8 C\ 1(I), u ezo cymmas B 6yoem
pasrna f(2).

B camom jgene, zomyctuM, uro |z—a|<q-d(a, Y()), rae

0<g<1l. Torma gna moGo#t Toukn x¢€7(/) umeem ~—

(z—a)* |

(x _ a)fH—l

1 N\ _(z—0)
(x—-a)(l—— —-—a) n=0(x_a)n+1

n

1
<§q,

npuyem

X—a

17 XK. Hseaoune



258 Ta. 9. Anasuruseckue pynxyuy

rae 8=d(a, Y(/)). Ecan g <M B 1) n |7 ()] <m B 1, 10

- 1 /'
A4 mo6o# Touku £ € / BRINOJIHACTCA HepaBEHCTBO ‘7 ('tz g(g (t))fi; o <
1) —a
<Mﬁ—mq”. Tostomy psn ¢ ofuumM ujeHOM X 0 &) —ar HOp-

G@) —a)"*!
manpHo cxomurcs B /. Hs (8.7.9) caemyer, uro pan (c¢,(z — a)") cxo-
autcs B wape |z2—a| < ¢gd M ero cymMma B 3TOM liape pasHa f(2).

(9.9.8) I1pu npednoroxcenusnx meopems (9.9.1) 048 raxndoi mouru
xEANTU) u raxnoozo yerozo k>0 umeem mecmo gopmyira

. ®, N R [ _f(2)dz
J(x N =5 ; T
910 cpasy caenyer u3 dopmyasl Kown, eanHCTBeHHOCTH KOSDDHUUEHTOB

CTeMEeHHOro psna c AauHo#t cymmoi (9.1.6), cooTHowenutt (9.3.5) mexny
9TUMH KO3¢@ulUHEHTAMH ¥ NPOU3BOAHBIMK H, HakoHeu, u3 (9.9.2).

(9.9.4) Ilycmv A CP —omrpumoe muosxcecmso u f— nenpepss-
HOoe omo6pascenue MHONMCecmBa A 8 KOMRAeKCHOe CAHAX080 NpO-
cmpancmso E, maroe, umo oxsn 1 < k< p u aw6oli mouxu (a,)€ CP
omobpaxcenue z,—>f(ay ..., Gp_y, Zp Gpiys oo, G,) ABLACHCH
QHAAUMUBECKUM B OMKPHLMOM MHONCECTBE

Ay vooy Gy By ooy 8,) <G,

ecau Imo Mrodxcecmso ne nycmo (3.20.12). To20a omoGpavicenue f
neasemcn anasumuteckum 8 A. Tounee, nycms a=(a,)— mouxa
MmHoKncecmsa A u P—3aMKHymuli noauyusundp ¢ yeumpor a u
paduycanu r, (1 <k p) codepicamuiica 8 A. Han xaxidozo k

nycmo Y, —Kowmyp t—>a,+-r,e" 8 C (0 Lt K2R u nycms

1 L fE e x)dx,
C"x”z"'”;z'—Wfdxl fde ...f
11 T2

n +1 n_+
v (kg —ay) P

) —a v
Toz20a cmenennoid pad (c,(z—a)’) abcoaomno cymmupyers 8 }o")
u e20 cymma pasria f(2). '

[Monbayace ¢opmynot Kowm n Tem ¢axrom, uro [ (0; g =1
[cm. (9.8.4)], mo uHAyKUMH TO p — k TOJyuaeM

(9.9.4.1) f(x1| vees Xp, Zhg1s s zp)=

1 F(xy, .o, xp)dx
=——" |dx Afppg .- oot
(2ni)P~* f k+1 f k2 Fri1—241) .. (Xp — 2p)
Tp+1 Th+2 Tp :
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npu |x——a|—-r1 A<LILR) u jzj—a;| <r; (R+1<LJ < p)
C napyro#t CTOPOHH, mpH |zk—ak[ <r, A<k p) Mu MOKeM
HanucaTb

1 — E (2, —-al)”l - (2p —ap)np
(xi—2) ... (xp—2p) (*, a)n1+1 x p_ap)anl ’

rae |x,— a,| =r,. CrenenHo#t psn B mpaBo#t uacTu DaBEHCTBA B CUJY
(5.5.3) HOpMaJbHO CyMMHDYyeM Ha MHOXecTBe F, onpelenseMoM ycio-
BUSAMH | X, — @p| =71, Ecau Mbl Hanuuwem

Xis o 00y Xp)=
g”k+l"'”p( 1 ®)
_ 1 fdx f(xy oo xp)dxy
= o np—F 2 SR f " n +1 n +1°'
(2‘”) Yot Yp (xk-!-l - ak+l) Rt e (xp_ap) p

TO C TNOMOWLIO MHAYKUWH MO p— K, TOJBb3YACh TEOPEeMOH O CpelHeM
3HAUCHHM, MOJNYYHM

M
(9942) ”g"kJrl"‘np(xl,,..” xk)”<m,
ecad ||f(xp,.... x,)|| <M B F.-Orciona crenyer, YTo CTeNeHHOH# psn
(g”k+1 ey (xp - %) (Zpp — ak+l)"k+l ... (zp—ap)"p) OTHOCH-

TeAbHO 2Z;— @; aGCOMOTHO CyMMUDyeM B P. Tlposoxs HHAYKUMIO MO
p—*Fk wu npumenss (5.3.5) u (8.7.9), Buaum, 4TO CyMMa STOro psna
paBHa f(Xy, ...s Xps Zpyys «--» Zp). TpeOyeMoe 3aK/0UeHHE NONYHAeTCH
npu k=0.

Kpome Ttoro, HepasenctBo (9.9.4.2) npu k=0 noxasuiBaer [npH
TeX ke NPeanoJoKeHHsaX M 0603HaueHusx, yro u B (9.9.4)], uro

M
(9.9.5) “ Cnn, ... np“< 7;——— ’

n
P
rl’

ecaun || f(x)]| <M 8 npoussedenuu oxpyxcrocmeld |X,— Qp| =T,
(1<kLp) (nepasenctra Komu).

Ecau B (9.9.4) Mu BoabMeM A ==C”, To yBHAMM, 4TO

(9.9.8) Anasumuueckoe omo6padxcenue npocmpancmsa CP 8 Koms-
naexcrHoe 6ARAX080 NPOCMPAHCMBO ecmb yesas PYHKYuL.
3ameTHM, UYTO STOT NOCAEAHWH pe3yaAbTaT He BepeH AJA aHAJIUTHYE-
ckrx GyHKuMP NeHCTBHTEJbHB X mepeMeHHsX (NpOTUBOpedaututl
npumep aaer pynxumua 1/(1 4 x2)). Hanee, denjeprinnas gyuxuus f(x, y)

17*
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ABYyX AeHCTBUTEABHH X NMePpEMEHHBIX MOXET OBITh AHAMUTHYECKOH
no KaxIo# u3 nepemenamx HO He aHanutmyecko#t B R2. Ilpumep naer

dymawwn [ (x, ¥)= 72— npu (x, ¥) + (0. 0) u F(0. 0)=0.

3ameuanue, Uz (8.9.4) craeayer, uyro MHOsectso F — mpousse-
IeHHe OKpYyxHocTeH |x,—a,|=r, (1 <k p)—ecTb MHOXeCTBO
enuHcTBenHocTd B A (ecim A cBssHo). B camom nene, crenmeHHOH psn
(¢,(z — @)’) NOJHOCTBIO ONpelieNsieTCs 3HAYEHHAMH OTOGpaxeHus f Ha F.
Tlosromy ecam jpBe aHanuTuyeckue ¢yHKuuM B A cosnanaior B F, 10
OHH COBNajaT B P, W Hame yTBepxAeHue caeayer u3 (9.4.2).

3adanu

1. INyctb A — OTHOCHTENbHO KOMIIAKTHOE OTKPHITOE CBA3HOE MHOXeCTBO B C.
ITycts ¢ —Takoe HempepwBHOE OTOOpaxeHue npomsseaeHus [a, b] X [0, 1]
B A, uro orobpaxenue f->¢(f, )= 1 (¢) mpu 0 < €1 ectb KOHTYP, cozep-
wamuitcs B A, a oto6paxenue £ -> v, (£) = ¢ (¢, 0) — KOHTYp, conepxamusica B A
(xoTOpHH MOXeT cOZepXkaTh rPaHHuYHHeE TO4KH MHOXecTBa A). [Ipeanonoxum,
KDOME TOro, YTO AJA KaxAoro ¢ > 0 cymectByeT Takoe 3 > 0, uro u3 [A—u | B
npu te€[a, 5]\ D caenyer l 1," ) — -y; ) l < ¢, rne D -—nexoTopoe cueTHOe
mHoxecTBO. IlycThb Teneph f— HenmpepWBHOE OTOGpaXeHHE MHOXECTBa 71
B KOMIJIEKCHOe GaHaxOBO NPOCTPAHCTBO E, CyXeHHe KOTOpOro Ha A sBasercs

ananutuyeckuM. I[loxaxure, 4To TeopeMa Komu f f(@)dz= f f (2) dz coxpa-
To 1f]
HAeT cuay.

[Bocnoawayiitecs (8.7.8).]

2. Myctb A — orkpHTOe MHOXECTBO B C H f — HenpepuiBHOE OTOGpaxenye
MHOXECTBA A B KOMILIEKCHOe 6aHaX0BO NPOCTPAHCTBO E, ananutudeckoe 8B A} D,
H B AND_, rne D, (cootBercTBeHHO D_) onpeneasercs ycnosuem Iz2>0
(cooTBeTCTBEHHO 32<0) Hoxamme, q9T0 OTOGpaXeHHe f ABASETCH AHANHTH-
gecKuM B A. :

{[Ipeanonoxiuy, utO0 KpyT 2| < r comepxutca B A. Ilycts y 4 (coorseT-
CTBEHHO 7Y_)— KOHTYp, omnpejeacHHbH B mpoMexyTtke [—I1, 1] dopmyaoit
1, @O=@+1)r npu —1<E<<0 u dopmyaoit 1, (¢) = re™ npu 01
(cootsercrrenno y_ (t)=re™¥ mpn —1<Lt<0 u 1. =0—20)r npu
0 # < 1). Mokaxure, noasaysice 3ajaueii 1, uTo ecan |z2|<rugz>0 10

1 f(x)dx _ 1 f(x)dx
F@&= omi x—z ° 0= i x—2z °
T+ - T~
TMostomMy echu Y — KoHTYp £ -> re™t, onpenenenunii B [—1, -}-1], To
_ 1 f(x)dx
f @ =5z x—z °
1

3arem npumenure (9.9.2).] -
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3. MMoxaxute, uTo 3aKaodeHue TeopeMul (9.9.4) ocraerca BEpHHIM, €CaH
oro6paxenHe f NPeANOJAraeTCs TOAbKO OrPAHMYEHHHM B KAWJOM OrpaHHYeH-
HOM TOJHIMAHHPE, COAEpXKAEMCH B A, a He 06A3aTeJbHO HENMPEPLIBHBIM.

[Bocnonssyiitech 3anauest 6 § 8.9. B meiicTuTennHOCTH OfHa ray6okas Teo-
pema XapTorca NOKA3HBAET, UTO Jaxe STH OCHabieHHbE MPEANOJOKEHUA He
HeoOGxonMMH. WHHMH cnoBaMM, (QYHKIHS, AHAAMTHYECKad B OTHGJBHOCTH IO

KaXAoH M3 p KOMIIEKCHHX NEPEMeHHHX 2;, ABAACTCA AaHANMTHYECKOH B A.]
[ae]

4. Mycts f(2)= ) a,2" — aHanuTHUECKAA KOMIIEKCHAA $yHKuua B KpyTe
) n=0 .
|z} < R. TNokaxure, uto mpu 0L r < R

1 2n : o
My =z [ 1f (et dt =Y a2 rm
' 0 n=0
BuiBenuTe M3 9TOrO pesyabraTa Apyroe AOKA3aTeALCTBO HepaBercTs Komri.
[ee]
5. Myems f(2)= 2 a,2" — anamutuueckas ¢yHknua B kpyre |z2| <R wu

n=0
oycTh

M, (r; /)= D lanlir®
n=0

Mycts Takke M (r; f) = sulp FAELR
. lz =r
a) Moxaxure, ato mpn 0K r <r-}3 <R

r+3%
MEON<M@EHS—5— M+ )
[Mpumenure HepaBenctBa Komu.)
b) INokaxnre, 9To ecan, kpoMe TOro, f — KOMIAeKcHas ¢pyHkuus, 10 (B 060~
3HaueHuAx 3agaun 4)

%Ml (BN M(r+5HKME 3 1),

[TipuMennuTte HepaBencTBo Komu — IlBapna (6.2.1).]
¢) MokaxuTe, 4TO mpH TeX Ke NPEXNONOKEHUAX

im (M, (r; /)" = lim (M, (r; f®)* = M(r; f).
n=»oo n~yoo

[Bocnoabayiitecs HepaBeHCTBaMH, JOKasaHHHIMH B a) M b), TeM dakToM, 410
M (r; f)= (M (r; f))", u HenpephBHOCTbIO oTOGpamenus r —> M (r; f).]-

6. TlpexnonoxuM, 4To CTeMneHHOR pax (C,2") OTHOCHTENBHO OAHOH KOMIIEKC-
HOH TepeMeHHOH ¢ KOMIEKCHHMH Kosddunuentamu cxopures mpu |z| < R, u
nycts f(2) = Z ¢,2" Ias mo6oro r, ynosaeTBopsiomero ycaosuo 0 <r < K.

n
nycts A(r)= sup %f(2). Tokaxmnre, 4To Aas Kawaoro n >0
-r

Lenlr” + 221 (0) < sup (44 (), 0).
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[Hoxaxwure, uto npu n >0

2n
Meg|rt= —i— f e "¢ (re'®) a0.)
0

7. a) Ilyctb A — OTKpPBITOE MHOXECTBO B npocrtpauctBe KP u f— Gecko-
neuHo auddepenunpyemoe oro6pamenue MHOXecTBa A B 6aHaXOBO MPOCTPaH-
ctBo E. Jlas Ttoro uto6u ortob6pawenne f 6biio aHaautHueckuM B A, He06xo
I4MO M JOCTAaTOYHO, 4TOOBI JJA KaXJOro KOMNAKTHOrO MOIMHOxecTBa L C A
CYIIECTBOBANM TaKHe ILenoe uucao r>0 M uucao a >0, urto aas moboro

uHrexca « = (e, ..., @,) BEPXHsAA [PaHb supL” b"f(x)”< a(lal+r).
xe

[UToObl nokasaTh, uTO 3TO ycanOBHE HeoGxoauMo B caywae, korja K== C,
npuMeHuTe HepasencTBa Koww k mapaM (UKCHPOBAaHHOrO pajuyca, colepxa-
muMca_ B A M uMelomuM ueHTpu B L; B cayvae koraa K =R, BOCmOJb-
ayéitecs (9.4.5). Uto6bl n0Ka3aTh, YTO 3TO YCJAOBHE AOCTATOUHO, BOCHOMB3YHTECH
dopmynoit Teitnopa (8.14.3) u noxawure, 4TO mocAesHHH wAEH -9TOH (POPMyaHI
paBHOMepHO cTpeMuTcst K 0 B N06OM 3aMKHYTOM Iuape, coiepxamemcd B A u
HMEIOLIEM LEHTPOM x.] A

b) [Ipusenute npumep OeckoHeuHo mnddepennupyemoii dyuxuuu B R,
KOTOpas He ABJSETCA aHaauTHUecKoH (cM. 3agauy 2 § 8.12).

c) Ilpexnonoxum, uto oToGpawenue f NeHCTBHTEAbHO H GECKOHEWHO AH(-
(epeHnupyemo B OTKpHTOM mnpomexyTke / R. IlycTs, kpome TOro, cyue-
CTBYeT Takoe nenoe uucao p >0, aro f mnpu mo6om n > 0 obpamaerca B 0
He Goace uem B p Touxkax mpomexytka /. Tlokaxwure, uto f smBAseTcA aHauu-

THYECKUM B [.
[Bocnoasbsyiitecs a) u sapaueit 3, b) § 8.12.]

10, Kputepun aHalHTHYHOCTH QYHKIHA KOMIJEKCHBIX
nepeMeHHbIX

(9.10.1) Henpepusno dugpghepenyupyemoe omobpascenue f omxpsi-
mozo muoxecmsa AcC? 8 Ganaxoso npocmpancmso ssafiemcs.
QHARUMUYECKUM.

Tlpumenss (9.9.4), Mb HeMeANeHHO CBOAMM 3Ty TEOpEMy K CAyYalo
p==1. H106bl 10Ka3aTh, YTO f aHANMTHYHO B TOUKe & € A, Mbl MONEM
(npousBsels, ecau norpeGyercs, NEPEHOC H TOMOTETHYECKOE OTOOpaNEHUE)
cuutaTh, 4T0 a==0 # uT0 A colepkur enuHuuHn# map B: |z| 1.
Hns moGo#t Touku z2E€B u moBoro A, yIOBJAETBOPSIOLIErO YC/OBHIO
0LALL, nmeem |(1 —A)z—+-het| L1 —A--A=1. Paccmorpum

HHTErpan
2n

(9.10.11.1) g()\)—_—f fGEAAE—2)—1(2) et dt.

it
-~—2
5 e

B cuny (8.11.1) u npasuna Jlei6nnua (8.11.2) dyHkuus g HenpepHBHa
B npomexyTke [0, 1] u umeer B Kaxaolt Touke npomexyrka }0, 1] npous-
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BOLHYIO, PaBHYW

2n
g W= [ (z4Me"—2))e" at
0

[cM. sameuanue mocte (8.4.1)]. Ho Af/(z—A(e” —z))e” ectb mpous-
BoAHaa orobpawenus ¢ —»—if (2 A(e#* — 2z)); nostomy g’ (A) =0 npu
A= 0 u, crefoBaTe/bHO [CM. 3amedanue, ciaelywouree 3a (8.6.1)], dyuk-
uug g nocrosnsa B [0, 1]. Tak kak g£(0)=0, To g(A)==0 npu
0 <)\ < 1. B wuacrtHoct#, oTcioma mpu A=1 cueayer, uto f(2)=

f f{x)dx 5

—<

2m ans mobo#t Touku 2 € B [B cuay (9.8.4)], u TpeGye-

Moe 3axnmqeﬂne caenyer u3 (9.9.2).

(9.10.2) (Ycanosus Kowu—Pumana) Ilycms f— nenpepoisno
ougpbe penyupyesmoe omob pajcenue omrpumozo muoxcecmsa AcR??
8 KOMNACKCHOE 6AHAX080 npocmpancmso. Lan mozo umobo. HyHK-
yus g, onpedesennan 8 A (paccmuampusaemor KaxK noOMHOKHCeCMBO
npocmpancmea CP) pasencmsom f(x), Xy ..oy Xpo Yo ooy Y,)=
=g (xX,+iyy . -.r Xp+iy,), Oviaa anasumudeckod 8 A, Heo0xo0-
oumo u docmamovu-to, umo6b¢ npu 1<k p 8 A sunoansinucs

COOMHOUEHUSL 5 — +i

CHoBa ¢ moMouipio (8.9.1) Cpas3y CBOIUM IOKa3aTeJbCTBO K CJYYdio
==1. Ilyctb (X, y)—TOYKa MHOMKeCTBA A; MNO0JOKUM a:gi(o%y—)-

U bzﬂ—%—y—)—. Boipaxas TOT (pakKT, 4TO TNpefenbl

gutiyt+h—g+tiy) |, g EEFyFil—gx+iy)
ih

lim

R0 - h~>0
(h — ne#tctBuTeIbHOE uncI0 == 0) cosnapanoT, noaydaem a--ib=0.

Ecad, HanpoTHB, 9TO YCJIOBHe BHIMOJHAeTca, To B cuay (8.9.1.1)
aaa moboro &> 0 cyuwecrsyer - Takoe r >0, uro npu V2R L r
UMeeT MeCTO HepaBeHCTBO || g (x—+Hiy -+ ht+ik)—g (x+-iy)—a (k)| <
Ls Vh2+k2, i 9TO J0Ka3blBaeT, 4YTO OoToOpaweHue 2 — g (2) uMeer
B TOuKe 2 = X—} Iy npousBoAHyi a. Tpebyemoe yTBepaIAeHHE CJEAYyeT
rorga us (9.10.1).

3a0auq

1. Tlokaute, 410 AuddepeHnupyemoe orobpasenue f OTKPHTOrO MHONe-
ctBa A < CP B xoMmiexcHoe 6aHaXOBO NMPOCTPAHCTBO ABJAETCH AHANHTHIECKHM
B A (Teopema I'ypca; mpoussopHas f' He mpexnoJaraercs HENPEPHIBHOM.)

[Mycts A — nponsBoabHas touka w3 mpomexytka ]0, 1[. Hoxawute [B 0Go-
3HAUEHHAX AOKA3aTenbcTBa Teopemsl (9.10.1)], uto mpoussoaHas g’ () cymecTsyer
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v pasHa 0. CHauaza nokaxuTte, 9TO JAJd 3ajaHHOrO € >0 CywmecTBYIOT
Toukd f,=0<t, < ... <tp=2r, unciao p >0 u no Touxke 0, B KaxmoM H3

NPOMEXYTKOB [, Lp1;], Takue, uTO ecau (p =z—|—-l(ewk— ) u pt+x=
=2+ (A4-h) (€ —2), 10| f (G4 %) — F () — ' (Ce) ¥ | < ¢ x|, Kax TOABKO
lh)|<Lp 1 £ <t tpyy (MOKAXKHTE 3TO OT NPOTHBHOTO, MOJB3YACh KOMMAKT-
HOCTbIO npoMexyTka [0, 2r] u cymecTBOBaHHEM nNpoHM3BOAHOH f’ B KaxaoH
TOuKe). 3aTeM Kax Il MHTErpan )

t
}“ fEAO+ R —2))—F M e —2)) 4,

Tt —z

CPaBHUTE C BbIpaXeHHEM
h it
U Galeen —2))— sz +2(e"F —2)))

mpu | 2| <pl]
2. Tlycts A — OTKpHTOE OAHOCBsisHOe MHOxecTBO B C. [Tokawute, uto ecau
f — HenpepuiBHOe OToGpaxkeHHe MHOXECTBA A B KOMIIEKCHOe 6aHaxoBO Hpo-

cTpanctBo E, Takoe, 4TO f f(2)dz =0 pas mobGoro koHTYpa 7 B A, TO OTO-
1
Gpaxenue f sBasercs aHamuTHieckuM B A (teopema Mopepa).
[[Mokaxure, uto f HMeeT B A mepBOOOGpa3HYIo.]

3. Ilycth A — OTKPHITOE MHOXECTBO B c?, 1 — OyTb, ONpERENEHHHH B NPO-
mexyTtke | = [a, b], 1 f — nenpephiBHOe oTOOpamenue npoussefenus 7 (/) X A
B KOMIJeKcHOe G6aHaxoBo mpoctpaHcTBo E. [lpeanonoxuM, 4TO Aag KamAOH
toukn x €Y (/) pynknua (zy, ..., 2,) > f(x, 2y, ..., 2,) ABARETCA aHAAHTHYE-

ckOk B A H uTO0 Kawknmad u3 QyHKUuH -g%(x, 2y, «u., 2,) HEOpepHBHA
B 7(H XA (1< kp) Tlokaxure, 970 NPH 9THX YCAOBHAX OYHKIHA

gz ... 2p) = ff(x, 21y ..y 2p) dx ABASETCA AHANMTHYECKOH B A.

I
[Bocnoapayiitecs (9.10.2). Tak kak mnpousBognas 7Y’ (f) SBASETCH TOJIbKO
npocroil pynxnueii u MoxeT He OLiThb HenmpepuiBHO#, mpasuio Jle#6uuna (8.11.2)
HEMOCPEICTBEHHO HENPHMEHUMO, HO ero AOKa3aTeNbCTBO ¢ HEeGOALINMMHM H3Me-
HEeHHAIMH COXpaHfeT cHay.]

4. Mlycts A — OTKPHTOE CBS3HOE MHOXeECTBO B mpocrtpaHctse R” (p> )
M f— aHAINTHYECKOE OTOOpaKeHHe MHOXECTBA A B KOMIVIEKCHOE 6aHAXOBO
npocTpanctBo E. Ilpeanonoxum, 4To cymecTByeT OTKPHTHI moaunuananp P c A
¢ HEHTPOM b=(bg)ycpc, ¥ paguycamu rp (1 < k< p), Tako#t, uto ana Ka-
KIOH TOoukH (Cp) MOMHUMAHHApA P cymecTByer Takoe gucio p < Inf (ry, r3), ut0
dyuxkuus x4 ixy > f (xy, Xa, €3 ..., Cp) ABASAETCH AHANATHYECKOHA B OTKPHITOM
MHOXecTBE | X, - ixy— (¢;+4-i¢)| < ¢ mpocTpancTea C (OTOXIECTBJAEHHOrO-
¢ R?). IMokaxure, 4To TeM xe CBOHCTBOM O6aafaer kamaas Touka (cg) € A.

{Bocnoanayiitecs (9.10.2) u (9.4.2).]
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5. Mycte S —wmaposoii caroi B R? (p>3), onpeieaseMHd yCIOBHEM
R—<B+x+ ... +25 <R+ (O<e<R).

[IpeanoNoKHuM, 4TO f — aHANHTHUECKOE oroﬁp:ix(enue S B xoMmaekcHoe OaHa-
X0BO MPOCTPancTBo E,  MycTh 1as moG0# TOUKH 4 = (X3, ..., X,) OTOOpaKe-
Hue x, 4 ixy —> f(x;, Xy ¢) ABASETCH AHAIHTHIECKHM B HEKOTOPOH OKPECTHOCTH
(8 C) xaxpok Toukn MHOXecTBa S (z) [ecau S (#) me mycro).

a) Ina moGoii TOUKM # = (X3, ..., Xp),” YAOBJETBOpSAOIIEH yCAOBHIO
la)?= xg—{— cee —{—xf, < R mycte 7 (u)—nyTs B C, onpeneasembiii 0To6pa-

wenueM £ —> (R? — ||u|2) ¢ npu — = <t < = Mycts

1 yu)d
g u)= ot f(;'_)zy'
1@

rae y = x,+ixg B f(y, ¥) = f (x4, X3 u); g onpenenexo npu | 21>+ u[? < R?,
u oToGpakenne 2 —> g (2, #) sBAAETCA aHANMTHYECKHM npH | 2| < (R? — |z |2).
Mycts, naiee, nas MmoGoi TOUKH v=(x§, . x'p), Tako#, uto ||v] < R, Ho-

cTpoeHa GyHKUHA
hyte, ) =gy [ L2BD
1@
Mokaxure, ut0 hy(z, u)=g(zu) nmpun Jvi<laj<ivi+e u |2|<
< (R2—Jjo 3 '

[Mpumenute Teopemy Kommu (9.6.3).]

TMoxkaxwurte, 9T0, ¢ APYro# €TOpoHH, g (2, 8) = f(z, u) ipu R—e < |lu||< R
ulz|<(R*—lul "’)'/’. 3aka09dTe OTCIOAA, 4TO f MOXKET OHTh NPOROMKEHO
B oTOGpawenHe f, anamTHUecKoe BO BeeM mape B:ixi ... 412 <(R+¢)
Ocraercs au 9Ta TeOpeMa BEpHOH NpH p=2

[[Tpumenure (9.4.2) u 3anauy 3.]

b) Moxaxute, uto ecan £=_C, 10 f(B) < £ (S)-

[PesyabTaT B3 3agaun a) npuMenurte K ¢yuxuun 1/(f —c), rme ¢ € £(S).]

B wacTHOCTH, ecnu oToOpaxenwe f OrpaHn4eHo B S, 1O OTOGpamenue f
orpanuuexo B B. PacnpoctpaHure 3T0 mnocaexHee CBOHCTBO Ha caydai, Korxa
E ectb KOMIJEKCHOE TrHALGEPTOBO IIPOCTPAHCTBO.

[Ucnoabayiite Merox samauu 6 § 8.5.]

11. Teopema JuyBuaas

(9.11.1) (Teopema Jinysunnsn) lTycms f— yeran gynxyus s C?
C 3HQUeHUAMU 8 KOMHAEKCHOM Oanaxosom npocmpancmse E.
ITpednososcun, 4mo cywecmsyom maxue p yesvtx ducer m, (1 <
Lk p) u makoe wucao a>0, ymo 0an aw6od mouxu z§&CP
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sunoansemen  nepasencmso ||f (D)< a |z (" |22 .. |2, .
Tozda f(2) ecmv cymma KOHeUHO20 Hucaa  ,00HO4AEHOB"

n n' } .
Cnl...npzll ooz 208 e n €E u g Ky npu 1<k p.

Ilyctb f(z)—-_—Ecvz" B C?, npuueM creneHHo# pan Bcloay aGco-

¥
motHO cymmupyem. Hepasencrsa Kommn (9.9.5), mpumeHeHHBle K 1OJM-
uuaunapy ¢ uenrpom 0 u pazuycamu r,(1 k< p), aas moGoro uH-
zekca v=(ny, ..., n,) 130T '

lenooon | <a-ri™™ e,

Tak xak pasuycwl r, NMPOM3BOJIbHH, 3TO TNOKA3BIBaeT, YTO Cn, ... ”p=0'
eCaU 1, He < M, TpH l\<k<p.

(9.11.2) (OcnoBHas Teopema aarebph) Jw6oi MHOZOYAEH
f@=ap"+a2z" '+ ... +a, (a,#0, n>1) ¢ Komnsexcuonu
Koappuyuenmanu umeem 8 C no xpaiinei mepe 00un Kopens.

B nporusHoM ciayuyae ¢yukuus 1/f OGbiaa 6wt amaautuyeckoit B C
(9.3.2) u, 3nauut, ueno#t ¢yskume# (9.9.6). Ilycts r —Taxkoe neHcTsu-
TeabHoe uucao, 4to TMpH 1< k<7 BHNOMHAETCA HEepaBEeHCTBO rf >
> (n—+1)|a,/ay|. Torna npu |2|>r

1f @] =lapz"| |1+

Do NI EN

aq ag2™ |

>Iaznl 1_ n > ldolrn

=1%o n¥1)Z af1 "
Wnpivn  ciosamu, ¢yuxuus 1/f npu | 2| > r orpannyena. C napyro#
CTOPOHHI, OHa HENMpephHBHA B KOMIAKTHOM MHOXeCTBe |2 | < r u nmosromy
orpannyena u Ha 3TOM MHOXecTse (3.17.10). Taxum o6pa3oM, (pyHK-
una 1/f orpanuuena B C. VI3 Teopemsl JluyBHJIAS TOTAA CJlEAyeT, 4TO
¢ynkuus 1/f nocrosHHa; 3HAuMT M YHKUMS [ NOCTOSHHA, YTO MPOTABO-
PeuuT IPENNOJOKEHHI0, TAK KaK NPH |Z| > r BHNOIHAETCA HepPaBeHCTBO

[ao]-]2}*
|f(z)]>n—+1-

3adanu

1. Moxaxure, 9To NP p > 2 GYHKUHA, aHATUTHYECKAS B AONOJHEHHH HEKO-
TOPOTO KOMIAKTHOTO MHOXecTBa B CF, sBaserca uenoit ¢ynkuueit. Toatomy
€ClY OHAa BNOGABOK H OTPaHHYEHA B JONMOJHEHHM HEKOTOPOTO KOMIIAKTHOLO MHO-
xectBa B CP, 10 ona mocrosuna. Bepen au stoT pesyabTar npu p=1?

[Bocnonbayiitecs (9.11.1) u sagauamu 4 u 5 § 9.10]
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2. Mycts f — xoMmnaexckas nenas oyuxmus B CP. IMokaxure, uro sak.o-
yenue TeopeMbt (9.11.1) ocTaHeTcs cnpaBeXaMBHIM, €CAH NMPEANOIOKHUTb, UTO

2f()<a- |z " ... ]2,|"P

nas mo6o# Touku 2 € c’.

[Bocnoas3yiitech 3anaueit 6 § 9.9.]
(Vo]

3. Mycts f(2) = Za,,z"—uenaﬂ dynknua. das mo6oro r>0 nycThb
n=0

p(r)= supll agllrtu M(r)= = stlxp | f(2)|l, Tak uto p(r) < M(r). o Tteo-
peme JIPIYBHJIJIH lim g (7) = + ¢%o. HonycTuM, 4TO CYWECTBYIOT TaKHe JABE KOH-
r->oo

ctaiT ¢ >0 u « >0, uro p(r)<<a-exp(r®). Ilokawure, UTO CymIECTBYIOT
TaKue MOJNOXHTENbHHE KOHCTaHTH b u ¢, 4ro M (r) < brop(r)+-c.

ea \"*
3ameTbTe, UTO ||a,,l]<(—n—) ]

12, Cxopsuiuecs NoOCJAeJOBATEJbHOCTH AHANHTHYECKHX QYHKuui

(9.12.1) Hycms (f,)— nocaedosamesbHocms QRAAUMUYECKUX OMO-
6paxcenuii omkpemozo mrooscecmsa A < CP 8 xomnaexcnoe 6ana-
x080 npocmpancmso E. Ilpednososxcur, uwmo 0asn xaxncooli modxu
2€ A nocaedosamensnocmsy (f,(2)) cxodumca x npedesy g(z) u
Ymo cx00uMOCMmb PABHOMEPHA HA KANOOM KOMBAKMHOM NOOMHO-
agcecmee Muodxcecmsa A. Tozda g — anarumuueckoe omoG pasxcernue
8 A, u 048 Kaowdozo undexca v=(ny, ..., n,)€N” nocaedosa-
meavrocms (D°f,(2)) 0as Kancdod mouku zE A cxodumes k D°g (2),
npuiesm cxo0umocmos PABHOMEPHA HQ Ka#O0OM KOMNAKMHOM noo-
MHOJMCECMBe MHONcecmsa A.

Tak kak ortoOpaxeHHe g HenpepwBHOo B A (7.2.1), T0, uTobH 10-
K43aTh, uTO & dHAJUTHYHO B A, HaM HYXKHO TOAbKO B cuay (9.9.4)
y6euTbCS B TOM, YTO Kaxaoe OToOpaxenue 2, —>g£(ay, ..., Zp ..., ap)
QHAIUTHYHO B MHOXeCTBEe A (@, ..., Gp_qs Bpyys --.» @p). VHLIMU CllO-
BAMH, 3ajaya CBOAUTCHA K cayvai p==1.

Jas xawaoit Touku a € A< C nyctb B — 3aMKHYThI} 1iap ¢ UCHTPOM @
¥ paguycoM r, cojepxamuBics B A, H mycTh '{—Komyp t—>a-

+re' (0 ¢ £ 2r). Torna ans kawaoh Tquu zQB H KaXIoro n no

dopmyne Komn (9.9.1) umeem f,(2)= 5— 5 ff"(x) dx. Ho mo mpexn-

TIOAOKEHUIO NOCAeA0BaTeNbHOCTs (f, (X)) npu | X — a|==r paBHOMepHO

cxopuTes K g£(x), a Tak Kak |2—x|>r—~|z|, fo u nocrenosa-

SFn(x) (2
—R

TeNLHOCTb QUKCHPOBAHO) TNPH |X—@&|==7r paBHOMEpHO
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g() g(x)dx«

CXORUTCA K>~ Hosmmy B cuay (8.7.8) g(z)-— , OT-

xyna B cuay (9.9.2) crenyer, uro ortobpaxeHue g anaauTHuHO B B.
Kpome Toro, Tak kak B cuay (9.9.3) f) (z)=% %%’—:—, TOYHO

7

Takoe e paccyxilenue [ Teopema (9.9.3), npumeHeHHaa K g] moKash-
BaeT, WYTO TOC/]eNOBaTeNbHOCTb [ (2) A9 Kaxiao#h Toukn 2 € B cxo-
autes K g7 (2). Hanee, no TeopeMe O CpelHeM 3HAYEHHU

9.12.1.1) | &' (@—f, ()| <%1xs_t;;;=r|l g(x)-—f,,(x) -

Bosppamasice k ofuieMy Cayuaio (p NpPOM3BOJIBLHO), TOKaXeM Tenepsb,
yro mnocaenoBarenbHocts (D,f,(2)) paBHoMepHo cxomuTcs K D,g (2)
Ha Jmwo6oM KoMnakTHOM MHOxectBe Mc A. CywmecrByer uuciao r >0
M _KOMIaKTHas OKpecTHOCTb V MuoxectBa M, colepxawasca B A u
cojiepxallias BCce TOYKM MHOxecTBa A, Haxoiswmuecs oT M Ha paccros-
mun L r (3.18.2). Jlna mpoussoabHoro € > 0 mycTb n,. BHOpPAaHO TaK,
YyTO I KaWIOTO 7> M, W KawAo# Touku 2 €V BuNojHseTcs Hepa-
BeHCTBO || g (2) — f,(2)|| < e. Torma, npumenss (9.12.1.1) x mocaexo-
BATENbHOCTH QYHKUMA 2, —> f,(@y ...y Gy gy 20 Gpyy, ..., @), AaA
Kaxjo#t Toukn z € M nonyuaem || D,g (2) —D,f,(2)]| <¢/r, xak ToabLKO
n>n, OTo 3aBepliaeT MNOKA3aTeNbCTBO TeOPeMH B cijyuyae, KOria
4~ ... +n,==1. Ilocre 3TOr0 10Ka3aTeIbCTBO B OOlIEM Ciyuae

NPOBOAUTCA C NOMOMWILIO MHAYKUKH N0 7, ... -1,

- OTMeTHM 3IeCb CHOB4, YTO TeOpeMa He OCTaeTCA BEpHOM I/ aHa-
JUTHYECKUX (YHKUUMA NeACTBUTENbHBIX TEPEMEHHBIX, TaK KaK N0 TeopeMe
Bettepmtpacca 06 annpoxcuMauuu (7.4.1) nocseroBaTeJbHOCTh MHOrO-
YJICHOB MOMET MMeTb Npele/oM NPOU3BOJAbHYI0 (Hanpumep, Helug-
(depeHLMpYyeMyIO) HenpephBHYI0 (YHKUHIO Ha KOMIAKTHOM MHOXECTBe.

Saaaéu

1. a) Mycts  (ag),; < k< p — KOHEUHas MOCHENOBATEILHOCTb KOMIMEKCHBIX -

qKced, A8 KOTOPOit E[ak[ =a < 1. INokaxure, uTO
i=1

P

I[(1+ak)—1 2

k=1
b) Leane ¢pyunxuuu E (2, 0) =1—2,

E@p=0—aem(s+5+ ... +2)
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Ha3bIBAIOTCA NEPEULHBLMU MHONCUmeARMu. TlokaxuTe, UTO NpH 12]1<1/2
|E@z p)—11<4] 2|7+
[3aMerbTe, uTOo MpH | 2| <L 1/2
2P 2]zlp+1 '

. 22
lﬂ(1—2)+2+7+...+—p~ < p—|—1

uuro [ — 1] 2]z] mpu |21 1]

c) Myctb (e,) — Takasg nocaen0BaTENbHOCTh KOMIUIEKCHHIX 4YHced == 0, uTo
nocaenoBateabHocTs (| e, |) Bospactaer u lim | a, | = - co. Ilokaxure, 4To Aad
' A n-»co

o z \*
060K Toukn 2 € C paAx ¢ o6muM UYJEHOM = abCcoNIOTHO CXORHUTCH.
n

d) BoiBepute H3 a), b) H c), 9TO NOCJAENOBATENbHOCTh HEAbIX (YHKIHK

pn(z):—iEE(%k, k——l)

PaBHOMEPHO CXONHTCH Ha KaX/10M KOMOAKTHOM MHOXECTBe mpoctpaHcrsa C.

[Mpumenute kpurepuit Komd u onesnte, noansyiace a) u b), pasHoCTb
2

1— &”—(—) np4 m > 1, 3ateM NPHMEHHTE c).]

Pn(?)
TakuM o6Gpasom, npexen f (2) mocnenoBaTeabHocTd (p, (2)) ABaseTcs unenoi

dyuxuueit, KOTOpyl0 3amuceiBaior B Buge f (2) = II E (—ai-, n—l). Moxa-
n=1 "

KHTe, UTO EHHCTBEHHBIMH TOYKaMu, B KOTOPHIX f (2) =0, ABIAIOTCH TOUKH &,

e) JdomycTum, 9To CyllecTBYeT Takoe Lenoe 4ucad p > 0, 4To pan ¢ obmum
wieHOM | ay |”? cxonurca. ITonoGHnM e 06pasoM NOKawxuTe, YTO MOCJIEHOBa-
TeAbHOCTH HeNBX $yHKnui ’

qn(z)~IIE( » p—1)

paBHOMEPHO CXOAMTCH Ha Ka)KIlOM KOMNakTHOM MHOxectBe B C. Ee npenedn

cHoBa o603HaunM uepe3 g (2) = ]:[E( s p—l) Hokaxure, 4to cyme-

cTByeT taxkas KOHCTaHTa ¢ > 0, uro
lg (@) <explc|z|P)

[Aas mwoboit nauHofi TOUKH 2 PacCMOTPHUTE OTACALHO NPOU3BEJEHHE MHOXH-
Tenel, AaA KOTOPHX |a,|>2| 2|, n ocraabHEX MHOXuTened. Ilepsoe mpousse-
IeHue oneHute ¢ nomousio b). C gpyroil cTOpOHH, AOKaXHuTe, YTO CYMIECTBYeET
Takaf KOHCTaHTa &, 4To. Aast MmoBoit Touku 2z € C HMeeT MECTO HEepaBEHCTBO

|E(z, p—1) | <exp(b]2P71).]
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2. [okaxuTe, 4YTO MOCAEAOBATEAbHOCTb HEAbIX QYHKIHH

PR TCE N

n®.n!

()

(rne, mo onpeneneHHo, n® = exp (znn) paBHOMEPHO CXOAHMTCA Ha KaXJIOM KOM-
nakTHOM MHoxecTBe B C K nenoi dyHkmuu
[s0)

() | rl(z‘)=zeﬂH (1‘*‘%) e,

n=1

rae '~{=nli_1;n°°(1—|——%+ —}—%—lnn) (mocTtosiHHag d#aepa).

[lho6b1 CPaBHHTBD () U (#x), BOCTIONb3YHTECh pe3yabTaTOM 3ajauu 1,-e), 3amu-

n
k
mute Inn = 2 lnﬁ U C NOMOLBI0 TEOPEMBl O CpelHeM 3HAaYCHHH MaXo-
k=2

o 1 k
pHpYHTE };“]nﬁ .]
* JlokaxuTe, 9TO, €CAM 2z He €CTh uenoe uucao —n <0, 2amma-@ynxyus
T'(2) ynoBaetBopseT GyHKUHOHAILHOMY YpaBHEHHIO

T (24 1)=2T(2)
u uto I (n) = (n—1)! aas neamx n > 0.

3. Beckoneunniii nyms B OTKpHTOM MHOxecTBe A G C ecTh HempepsiBHOE
orobpaxenue § mpocTpaHcTBa R B A, B KamaoM KoMnaktHoM mpomexyTtke / R
fBAsAIIeecs NepBooOpasnoli HekoTopoii mnpocroit ¢yukuuu. Ecau f — Henpe-
peiBHOe oOTOGpaxenne MHoxectBa 7 (R) B KoMmleKcHoe 6anaxoBO NMpOCTPaH- .

cTBO E, TO f Ha3bIBaeTCH HECOGCMEBEHHO UHMEZ pUpYeMblM BIOAb TIYTH Y, eCad B E
(e o]

CYIECTBYET HeCOOCMBeHHbLI UHmMezpai ff(x )Y () dt (1. e. ecim B_E

— 0o
> 0
CymecTBylT 06a npeaena lim f fa@®))y @ dt v lim f f &)Y (¢) di).
b +o0 S a-—)—ooa

3uaueHne 9TOro HHTerpaja Ha3blBaeTcd B 3TOM ChaydYae uxmezpaioM om

omoG padicenust f 80046 nymu | W OGO3HAUAETCA CHMBOJOM f f(2)da.

1
Iycts B — otkphitoe MuoxecTBo B CP u g — HenpepsiBHOE OTOGpasenHe
npoussenenus 7 (R) X B B E. JlonyctuM, 4TO i Kaxno# ToukH x € Y (R) dyHk-

was (2 ..., 2p) > g(x, 2, ..\, 2,) ABASETCS aHaAMTHUECKOH B B u 4TO Kax-

v . 0

las u3 QyHKuui —‘%(x, 2y ..., 2p) HenpepniBHa B mpousseseHvnu 7 (R) X B.
3

Honyctum, wnakoueu, 4To ads Kawaoit ToukH (zy, ..., 2p)€B dynxnus x>

> g(x 2, ..., 2p) HeCOGCTBEHHO HHTErpupyeMa BAOAb | H 9TO HHTErpan
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n
f g(@s 2u «vis 2p) Y (t) dt, korna TouKka (Z, ..., 2,) OCTAa€TC B HEKOTO-

-n
POM KOMIIAKTHOM NOJMHOXECTBE MHOXecTBa B u n crpemurca K —co, paBHO-

MEPHO CTPEMHTCH K HHTErpanay f g (x, 2y, ...y 2p) dx. Tokaxure, YTO MpH ITHX
¥
npenookenuax Gynkuua (2, ..., 2p) > f g.(x, 24y «vvy 2p) dx ABASETCA aHa-
. I
JUTHYECKOH B B,

4. PacnpocTpanute yTBepwaenne u3 3anaun 2 § 9.9 Ha OyHKuMH p KOM-
IICKCHBIX TEPEMEHHBIX, NpHYeM MHOxecTBo D, (coorsercTBenHo D_) ompe-
neasieTca ycnoBusaMu gz, >0 (cooTsercTBeHHO T2, <0).

[3amerbTe, uT0 B cuay (9.12.1) aaa kawof TOUKU 2, A% KOTOPOR T2, =0
n nepecedeHue B MHOMECTBA A ¢ MHOXECTBOM crt? X {2p} ue mycro, dpyHK-
s (2 -2 v Zp1) > F (215 .00y 251, 2p) ABAAETCSA aHanMTHYECKOR B B.]

5. Mycrts Q — kBaapar ¢ uentpoM 0 Ha maockocTs C, ompenefsieMbid ycio-
puamu | %z] < 1, |gz| < L. Mycrp Qq Q,, Q; # Q3 — 0b6pasw kBagpata Q mpH

144 z —14i, =z —1—i, 2z
OTOOpaXeHuax 2 —>»——p— -+ = z>——1 1 s "L g

P , 2t 5 T3 53

1—i z .
z>—o—+5. My m=0 u mp=4+4+ ...+4"* pan  mo6oro

h>1. Ecmt n=myt+4k}j, tne h>1, 0<k<<4"—1 n 0Kj<3, 10
N0 HHAYKLIMH oOnpeleiseM Ksampat Q, ciaenywomuM obpasoM. [lyers n, =
=m,_-+kn 2, — UEHTp KBajpara in. Toraa noaaraem ¢, () =2, + z/2k

u Q;; = ?”1 (Qj)"

a) Mycts B —epunuunntit kpyr |2| <1 u U—enuHuunas OKPYKHOCTh
|z]|=1. C noMompi0 MHAYKUMH N0 7 MOKAXHTE, 4YTO CYLWECTBYIOT TPH HOCJIe-
JoBaTeAbHOCTH ducen (a,), (c,) u (£,), onpeneteHHble npy n >4 U obiapawmue
caenylomumu cBoiictBamm: 1°) 0 <a, <1, [#,]=1, ¢,€C; 2°) ecan g,(2) =

=0Cn (1—(1—72;) n) npu z¢B (ompenesesne cM. B 3azaue 8 § 9.5) u

fa@=2z+ Dge@), 10 fa(B)cQ 1 fo(r)€Qp mpu k<nm 3) pan
q=4 :

Dlleql cxomutes.
n

[3ametnTe, 4TO g, (¢,) = 4y HO UTO AJA M0OOGOH 3aZAHHOH OKPECTHOCTH Vn
TOUKH £, B B uncA0' @, MOXHO B3ATh CTOAb MajblM, 4TOGH g, (2) GbIO
B B\ V, npousBonbHo MaamM. BuiGepure £, Gauskum K tn. (B 0003HaYEHHAX
BBEJICHHLIX BHIINE), IrAe BCe I, pas3AH4Hb, M BO3bMHTE OKPECTHOCTD Va TaK,
yTOGH OHa He CollepXala HH OHON M3 TOYEK f ¢ HOMepoM k < .

b) Ipu npenwmipymux ycaoBugx mpepea f (2) mocneioBaTeAbHOCTH (fu(2))
CylecTByeT mis awobo# Touku 2 ¢ B, oro6paxenne f HeNpPEPHIBHO B B u ana-

autauHo B B 1 f(U)=Q (xpusas Meano, cuM. 3amay 5§ 42).
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13. PaBHOCTENEHHO HenpephBHHE MHOXeCTBa
aHAHTHYECKHX OQYHKUHHA

(9.13.1) ITycmb A-—omxkpumoe MHONeCMBO 8 C? u ® — nexomo-
poe  MHOJNCeCmBO aHaAumudecKux omolbpascenuli muoxcecmsa A
8 Komnaexcioe 6anaxoso npocmpancmso E. Ilpednososcum, 4mo
048 Kax0020 KOMRAKMHO20 nodMroscecmsa Lc A cywecmsyem
maxoe wucao my, >0, umo || f(2)|| < m; 025 scex fE D u Kanood
mouxu z€L. Tozda ® paswocmenenno wnenpepsisno s A (7.5).
Ecau E, xpome moz20, KOHeLHOMEPHO, MO 04 KGIHOO020 KOMNAKM~
no20 nodunomecmea Lc A muosxcecmso @, cyxenud na L omo-
Gpascenui fE€D omuocumesbHo KOMRAKMHO 8 nRpoCmMpancmse
Ze(L) (1.2).

Iycte a € A. CywecTsyeT 3aMkHyTHH wap PcA ¢ ueHTpoM a o
pamuycoM r, W Tak kak wap P kommakrten, || f(2)]| < mp aas Bcex
Z2EP u Bcex fED. Tlyctp Q-—3aMKHYTHRt Mmap € UeHTPOM @ M pa-

auycom r/2. Jlaa moGok Toukn z€Q u moboro fE D@ Mu MOXKeM
HanucaTb

P
f@—f@)= 2@ o 2p Bpppooer 8 —

—f(Zy o oes Zpopy Bp Bppps -0 Bp))
Teneps
f(zl, CEEERIEY zk—l’ Zk. ak+l’ a0y llp)—-— .
. —f 2y s Zpors Qg Qg s Bp)=
:kaf(zl, ceor Zpop QA t(Zp— AR Gpirs +- s B,)(Zp—ap)dt.
0 .
TonowuM g, (8)=f (21, ..., Zp_y, U Bpiys +.., @p). OTOOpAKEHHE &)

SBAAETCA AHAJUTHYECKMM B HEKOTODOM OTKPHITOM MHOXECTBE NMPOCTpaH-
crea C, colepxawem wap [#—a,|<r u ||g,(w)]|< mp B aTom wape.
Ipumensn (9.9.3) x g, ¥ Kk Kourypy f{—> a,re", onperencnHoMy
B npomexytke [0,2x], noayuaem )

4m
FACIE S

npu |u— a,| L r/2. CrenoBatenbho, a8 moGok Touku 2 € Q u moboro
f €D umeem

4
If (@D — f @) 22 |z —al.

4TO NOKA3HBAeT PABHOCTENEHHYIO HEMPEPHBHACT MHOXecTBa @ B TOUKe 4.
Mocxennee yrBepxienne TeopeMu (9.13.1) crenyer us Toro ¢akra, 4to
mo6oe OrpaHMYEHHOE MHOXECTBO B KOHEYHOMEPHOM MPOCTPAHCTBE OTHO-

cutenbHo kKomnakTHO [(3.17.6) u (8.20.17)], n us Tteopemn AckoJau
(7.5.7).
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(9.18.2) Ilycms A—omxpumoe csaznoe muosxcecmso 8 C° u ®—ne-
KOMoOpoe MHOJNCecmso anasumaieckux omob pasxcenuli mioxcecmsa A
8 KOMnAeKcHoe Ganaxo80 npocmpancmso E. IMpednoroscurm, wmo
048 KANO020 KOMNAKMHOZO nodmHONecmBa Lc A muowecmso @,
cyncenui na L omob6pascenuli fC® omrocumessno xo.unaicmuo
8 (L) Ecau M — mnoocecmso eduncmsennocmu (9.4) 8 A u ecau
nocaedosamensrocms (f,) omob6pasxcenuii uz ® cxodumcs 8 M npo-
cmo, mo nocaredosamensHocms (f,) cxodumcs pasHomepro (k He-
Komopol anasumuyecKol ﬁymcuuu) Ha 21060M KOMRAKMHOM 100-
MHOdcecmse A.

U3 (3.16.4) crenyer, 4TO HaM HYXKHO TOJbKO NOKa3aTh, YTO IJf
Ka¥J0r0 KOMNAKTHOrO MHOXeCTBa L A MOC/eN0BATeLHOCTh CYMHKeHUR
otobpaxennt f, ua L umeer B @ (L) TONBKO OAHY NpelebHYIO
Touky. JomycTum nporusHoe W mycTb (g,) ¥ (k,)— ABe nNOAMOC/AENO-
BaTEIbHOCTU. NOC/EN0BATENLHOCTH (f,), Kau1as W3 KOTOPHIX DPaBHOMEPHO
cxomutcs B L u mpeneasl KOTOpHX pasanudbl. Tak kax A noxaasHO
xoMnakTHO (3.18.4) u cemapabenbHO, CYWECTBYET BO3PACTAIONIas NOC/E-
noBateabHoCTs (U,) OTKPHITHIX NOAMHOXECTB MHOXecCTBA A, IS KOTO-

pux U, (sambikanne B C”) wxommaxtHo m comepxurca B U,,,, u
_UU (3.18.3). o wHayxuuu mo k& ompeneanM Taxylo noc/eR0Ba-

TeJIbHOCTb (&rn) n=1,2, ...* Y4TO (£p,) €CTb NOAMOC/ENOBATENLHOCTD NIOCIE-
HOBATeNbHOCTH (Lp_y ,)» TPHYEM Lo, ==g,, U 4T0 (g,,) PABHOMEDHO
cxoautcd B U,; 9T0 BO3MOXKHO BBUAY NPEANOJIONKEHHA OTHOCHTeabHO .
Toraa ,anaroHanbHas® NOANOCAENOBATENLHOCTh (£,,) PaBHOMEDHO- CXO-
nutca B KawJoM u3 U, u nostomy B cuay (9.12.1) ee nperea g
aBaseTcd aHaquTHYeckuM B A. Touno TakuM xe oO6pasoM U3 mociaeno-
BaTeNbHOCTH (%,) MOMHO BHIEMUTH MOANOC/AEROBATENLHOCTb (/,,), CXO-
-pamylocs B A K aHaanTuuecko#t ¢ynHxuuuw . Ho mno npexanoJoxenuio
g((2)=~h(2) ana 2€M u no onpelreseHHi0 MH IOKHB MMeTh £ ==#,
YTO MPOTUBOPEYHT ONpEAeNeHHI0 NOAnocjefoBareabnocTelt (g,) u (4,),
4. T. A .

14. Pan Jlopana

(9.14.1) ITycms A —omrpwumoe mnoxcecmso 8 C u ry u r,— 08a
wucra, ydosaemsoparowue yiarosuw 0<ry<ry, u npednorosxcun,
umo ,omxpsmoe koab40“ S, onpedersnenoe ycaosuamu ro < [z| <ry,
maxoso, umo e20 3amsxanue S 8 C (m. e. ,3amKnymoe Koab4o*
ro < |z| K ry) codepucumesn 8 A. [as 2106020 ARG AUMULECKO20 OMO:
‘Gpancenus [ Mroucecmsa A 8 KomnaexcrHoe Ganaxo080 RPOCMPAH:
cmso E umeen

1 f(2)dz 1 f(2)dz
fR=55) 2% =) 2%
N To

18 XK. Hbenoxsne
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oas aw6oii mouxu x €S, 20e 7§, (coomeemcmsenno ) ecms Kow-

myp t—>rye' (coomsemcmeenno t—>re'), 0Lt 2r.
Kak u B 10Ka3aTelbCTBE TEOPEMbI (9 9.1), npexie BCero OTMETHM,

yro ¢yHkuus g (2), pasHas f'(Xx) B TOouke X H f(z)——ZTf;(x—) npu 2+ x,
2€ A, sBnsercs ananurTHyecko#t B A. Jlanee, oroGpawenue ¢ (f, £)=

=Erpe (1 — Bre 0Lt 2n, 0LE 1) sBaseTcss NerTelbHOH
romotonyel B A KOHTYpa Y, B KOHTYp T;, MO3TOMy no Teopeme Koiuu

(9.6.3) fg(z)dz:fg(z)dz. Ho mpu ry<|x|<r, Mb umeeMm

J(x; 10)_0 u Jj(x; 11)._1 [cM. (9.8.4) u (9.8.5)], omyna H ClelyeT
Halle yTBepXIeHHe.

(9.14.2) Ipu mex oce npednosoxcenunx, wmo u 8 (9.14.1), cyue-
cmeyem cmenentnoli paod g, (z)=§ 2", cxodsnuuiica npu (2| < ry
u cmeneuuod pao omﬂocume/lbu”;ol/z u 6e3 NOCMOAHHO20 HAeHA
gz(z)_Zd z=", cxodnuulica npu |z| > re makue, 4mo f(z)=

-—gl(z)—l—-gz(z) 8S (pan Jlopana otob6paxenus f). Kpoue
mozo, cmenennvie pads. gy & gy 004a0G0UULE IMUML CBOLCMBAMY,

eduncmeennsl, 1 048 Kax00z0 Kormypa | 8 S umeen

1 d
J O Peg=gr [LELE 0 = 2ifxﬂ Lf (x)dx.
1
B cuay (9.9.4) npu |2| < r, MH uMeeM 2—;- %:2 € 2
Y n=0
1 .
rie ¢, 2m f—(;,);de— M paa cxomurcs mnpu |z| <r;. C apyroft

CTOpOHBI, MpH ]zl >ry M | x| ==r, umMeem

xn—l

Z—X

rie psii B NPaBOH YaCTH DABEHCTBA HOPMAJbHO CXOZMTCS NpH |X|==r,

(z ¢uxcuposano). ITo Teopeme (8.7.9) noayuaem orTa %:
To

=2d,,z’”, rie dln=2+u.fx"-1f(x)dx H PRI CXORUTCA NpH

To
|2| > ry. Oro nokasbiBaer mepsyw uacTb Teopemsl (9.14.2).
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JonycTuM, pa’nee, 4yTOo Mbl HMeeM B S

(9.14.2.1) - f(z)=n§a,,z"+ib,,z—",

rae o6a psaa cxonasrcs B S. ITycTh cHauana 7 —xoHtyp B S, ompeje-
aennbitt B /. CywectByior Takue Touku £ m ¢’ B/, uto Y (f)=infy(s)=r
serl

" 1(t’)=sup1(s)=r’ (3.17.10); mostomy aaa mobo#t Toukm SE[

ro<r< (s)<r < ry. Ho npu r<|z| L r’ oba pana B (9.14.2.1)
HOpMaJIbHO cxoaarca (9.1.2), mostomy B cuay (8.7.9) nas moGoro no-
JOXHUTEJbHOTO WJIH OTPHUATENbHOrO 11eJ40T0 Yucaa m

fzm—lf(z)dz 2 fzn+m 1dz+2b fzm n-14z,

1 n=0 n=1

"Tak Kak z”“/(k—}-l)—nepaooépaaﬂaﬂ byHKU MU zk npu k+—1, 10
LS A1050TO KOH1Ypa ¢ Mbl HMeeM fz" dz=0. dPopmyan B (9.14.2),

a
TakuM 006pa3oM, CAELYIOT M3 ONpele/eHU WHIEKCA.
Ecan Tenepb 7 Jexut B S, TO 3aMeTHM, UTO CYLIECTBYET OTKPHITOE
koablo Sp: (1—e)ry < |z| < (1+4¢)r,, comepxareecs B A (3.17.11),
¥ MB BHOBb BO3BDAlLIAEMCA K NpPebIIYLEMY CJy4alo.

156, UsoaupoBanHbie 0COGHE TOUKH; MOJIOCH
HYJIH; BBIYEThb

[ycts F —— MHOXeCTBO B MeTpuueckoM mnpocrpanctse E. HM3oaupo-
sannas mouxa wmHoxecTBa F ecTb Touka x,€ F, y XOoTopo# cyiue-
CTByeT Takas OKpeCTHocTb V, uto VN F = {x,}. Ecau kaxnas Touka
MHOMeCTBAa F H30JHMpOBaHa, TO TONMOJOrMs MOANPOCTpPaHCTBAa F sBasercs
IuCcKpeTHO#M [T. e. coBnajaer ¢ Tonojaorue#f, ompenenseMoi paccros-
HueM (3.2.5)], 1 Hao6OpOT, TaK KaK 3TO O3HAYaeT, YTO Kamioe OIHO-
TOYeyHOe MHOXeCTBO {x} B F OTKpHITO.

(9.16.1) Ilyems A-—omrpumoe muoxecmso 8 C, @ — U304upoBaAH-
Has mouxka Mroxecmsa CN\ A, r—uucao >0, o6radarnuwee men
cgolicmBom, 4mo 8ce mouxu wapa |z—a| < r, uckronas a, npu-
Hadzedxcam A. Ecau f— anasumuveckoe omo6 pascenue Muoice-
cmea A 8 Komnaexcnoe Ganaxoso npocmpancmso E, mo npu
0<|z—a|l<r uneen

f(2)y= gocn(z _— a)”+”§dn (z—a)™"

18*
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npudem o6a pﬂOa cxooames npa 0 < lz—a[ <ru

1 d 1 -
1 [ fxdx ("))nj T = f (x— a)" ' f (x)dx,
_ ;

T ong 4 (x—a

20e |— Koumyp t—>a—re (0t 2m).
dto cpasy caelyet u3 Teopembl (9.14.2), mpuMeHeHHOH K KOJbLY
L |z—a| < r, Tae p CKOJb YTOLHO MaJo.

3aMeTuM, uTO pAA U (X)= Zd,,x" ABAAETCA L eNOR QyHKuue# u
’ n=1

1 (0)=0. ¢ynxuus u(zl

LMK f B OKPeCTHOCTH TOUkH @ (Wi B Touke a). Ecam u==0, ¢yuk-
uus f B OTKpblTOM mHoxectee U : 0 < |z—-—a; < r coBmajaer c (pymc-

a) HasbIBaeTCs 24Q8KOE Hacmvio QyHK-

uet g(2)= Zc (z — a)", aHanuTHUeCKOH mpH |z —a| < r. Hao6o-

port, eciu .f eCTb cyxenne Ha U amanutuueckoR ¢yHkumu f,, onpeje-
nenHo#t npu |z —a| <r, 10 B cuny (9.9.4) nu (9.15.1) fy=g u, 3Ha:
upt, #=0. B cayyae xorpa u == 0, Me O6yAZeM TOBOPHTb, UTO @ €CTb.
u304uposannas oco6as mouxa ¢yexunn f. Ecam u — mHOrOUNEH
cTenend 7 > 1, Mbl OyleM TOBODHTb, 4YTO & eCTb ROAIOC NROPAOKG R
¢yuxuun f. Ecam sto He Tak (T. e. ecan qm=,e0 a8 GeCKOHEeYHOro
yuc/ja HOMepOB m), Mbl OyAeM TOBOPUTb, HTO @ €CTb CYUeCMBEHHAA
oco6asn mouka (WK cymecmsennas oco6ennocms) byukunu f. BooGue
onpeze/uM nopadox o(a; f) uim o(a) oynxuud f B TOUKE a4 Clenylo-

wuM  ob6pasoM: - w(a)=-—00, eCAd a— CyIeCTBEHHas OCOOEHHOCTb;.

w(a)=—n, ecin a—nomoc nopaaka n>1; o(a)=m, ecmu f =0,
- ;

#=0 u eC/d B CTENEHHOM psile D ¢,(z—a)", pasioM f(z) npu
n=0 .

0<|z—a| <r, m ectb HauMmeHbUIMH HOMEp, LI KOTOPOro ¢, = 0;
naxosen, o(a; 0)=--oc0. B cayuae korna o(a; f)=m > 0, Mbl Oynem
TaKKe TOBOPUTb, UTO & e€CTb HY.b nopadxa m GyHKuuu f.

3ameTuM, yTo -ecad obe (PyHKUMM f U g FABAAOTCH 2HAJMTHUECKHMH'
B oTkpbiToM MHOXecTBe U:0< [2—a| <7 W eclM OHH NPHHUMAIOT
3HayeHWss B OINHOM M TOM Xe INpOCTpaHcTBe, To w(a; f-g)=
=min(w(a; f), o(a; &)). Ecan onxna u3 ¢yuxkuuft f u g KoMmJjekcua,
TO, mpelnoJaras, 4YTo OAHO H3 uucea- o(a@; f) ¥ w(a; &) KOHeuHo,
umeeM o(a; fg)=wv(a; f)+o(a; g). Mobas Pyuxuus f, aHamuTHYe-
ckas B U ¥ uMel0mas KOHeuHHH NMOPAAOK 7 (MOJOKUTENbHLIA WK OTpPH-
naTe bHbH), €AMHCTBEHHHIM 06pa3oM MoxeT OBITb 3amucaHa B Bule
(z—a)" f}» rie f,—oyHxuus, anaanTudeckas B U M HMelowmas B TOYKe @
nopanok 0. Haxowen, ecam f— xommieKkcHas (QyHKUMS, aHAJIMTHYECKAR
B U n uMelollas KOHEYHHIH MOPSAOK mt, TO M3 NPUHLMNA H3OJHPOBAH-
Hoctu Hyaei u us (9.3.2) crenyer, uTO CyuwiecTByeT Takoe 4uciao r’, 4TO
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0<r"<r wuro pysruusa 1/f sBiseTcs aHAMMTHYECKOH B OTKPHITOM
muoxectBe 0 < |z—a| <r’. B stoM cayyae M umeeM o(a; 1/f)=

=-—u0(a; f).

(9.16.2) Ilycms f— anarumuneckan GYHKYUL 8 OMKPUMOM MHO-
wecmse U:0< |z—a|<r. Han mozo umobu o(a; f)>n, 2de
n— NOAOJNCUMEAbHOE UAL OMPUKAMELbHOE Ues0e 4HUCA0, HeobXOo-
Oumo u 0ocmamouro, 4mobus cyujecmsosara maxKas oxkpecmuocms V

mouxu a 8 C, umobn pynryus (z— a)” " f(2) 6busra ozpanusena
s VNU. i

YcaoBue, o0ueBUAHO, HeoOXOAMMO, TaK Kak QYHKIUs, - UMeloLias
B Touke g nopsnok > 0, sBasercss cyxeHueM (YHKUUH, aHAJUTHYECKOH
B wape |z—a|<r. Paccmarpusas Tenepb, HaoGopoT, (yHKUHUIO

(z—a) " f(x), mbl MoxeM cuuTaTh, uTo n=0. Torza u3 (9.15.1) u
TeOopeMbl O CpellHeM 3HaueHMH cjienyer, 4to ecan | f(2)|| <M B U, 10
aas a06oro p, yaosierBopsioliero ycaoBuio 0 <p <r, npu Jo6oM
m > 1 BhHnoaHsercs HepaBeHCTBO ||d,,|| < Mp™. Tak Kak p npOM3BOJBHO,
OTCI0AA CJelyeT, 4TO AAd Kaxjaoro m > 1 xoapduunent d, =0, 4. T. 1.

Kospounuenr d, B (9.15.1) HasbiBaeTca suuemom oTOOpaxeHus f
B TOYKE &. '

Sadanu

1. Moxaxure, 9TO y aHaaHTHYECKHX OYHKUMA P 3> 2 KOMIIEKCHHX Tepe-
MEHHBIX HE CYUIECTBYET H30JMPOBAHHBIX OCOOBIX TOUEK (MHBIMH CIOBaMH, €Cld

A — OTKpBHITOE MHOXECTBO B C?, ac A v f— ananuruueckoe otofpaxeHue MHO-
xectBa A\ {a} B xoMmiekcHoe 6aHAXOBO NPOCTPAaHCTBO E, TO OHO sBAsETCA
CYKEHHEM HEKOTOPOro aHAaJHTHYECKOro orobpaxenus MHoxkectsa A B E).

[Bocnoabayiitech 3agzaueit 5 § 9.10.)

2. Mlyctb f — KOMIJEKCHast aHaJuTHYecKas GYHKuHA OXHOH KOMIJEKCHOMH
nepeMeHHoil, umeloutas B Touke 2 € C cymecTBeHHYl ocobennocTs. [lokaxuTe,
4TO, KaKOBO GBI HH GbiJO KOMIUIEKCHOE Yucho A, dyuxuus 1/(f — A) He MoxeT GHTh
onpeiencHa M OrpaHuieHa HH B KaKOM OTKPHTOM MHOXecTBe BuAa V '\ {a},
rie V — OTKpHTas OKPECTHOCTb.

[Bocnoabayiitecs (9.15.2).]

3akmouuTe OTCIOAA, 4TO A Ai0GOH OKpecTHOCTH V TOUKM @, AJsi KOTOPOH
OGynknua f ananutuuna B V'\ {a}, muoxectBo f(V\ {a}) maotso B C.
(Teopema BelfiepmrTpacca; cm 3amauy 8 § 10.3.)

3. Uenas ¢ynknus, ne 9BJAIOMAACA MHOTOUJECHOM, HA3BIBAETCH M PAHCUEH-
Oenmnoti nenoit ¢ynknueir. Ilyctb f— KOMINIEKCHAs ueJas TPaHCUEHACHTHAs
(yHKUHS OQHOH KOMIIEKCHOH mepeMeHHOM.

a) Mokaxure, 9T0 1as mo6oro nexoro n > 0 otkpuitoe Muoxectso D (n)=C,
cocrosmee u3 Bcex Touek z € C, pna KoTopHx | f (2)| > 7, He IyCTO H HE MOXET
COoflepXKaTh MHOXECTBA BHEIUHHMX TOYEK HMKAKOro Liapa.

[Mpumenure samauy 2 x dynknuu f (1/2).]



278 La. 9. Anaaurudeckue ¢ynkyuu

b) Mycts K(n) — xomnonenra csasnoctH (3.19.5) muoxkectBa D (n). [Toka-
xure, 9T0 MHOXecTBO K (n) He orpanuueHo H uto dyHkuus | f (2)| Heorpanu-
vena B K(n).

[Ec.rm aéK (n), T0 paccmorpute QyHknuio f (:l_—a-) H BOCHOJb3YHTECH

sanatedt 14 § 9.5.]

c) ITokawure, 4TO CYIMECTByeT TaKOe HENpEpHBHOE OTOGpaxeHHe | IpOMe-
xytka [0, 4o B C, uro 7 B . kawaom mnpomewyTke [0, a] sBaserca nepso-
ofpasHoii mekoTopodl nmpocto# ¢yHkumm u uro lim |y(f)|=-+o0 wu

' t-»+oo ’

lim | (1) =+co.
{t—> 4o

[PaccmMoTpuTe mnOCA€N0BATENLHOCTb TAKMX OTKPHITHX MHONecTB L, C,
u4t0 L, ecTb KOMIOHEHTa CBA3HOCTH MHOxectBa D(n) u uro L,,, <=L, npu
KaXJAOM n; CyLIecTBOBaHHE TaKoM l‘lOC.’lellOBaTeJleOCTH BHITEKAaeT H3 b). Sa'reu.
Bocnoab3yirech (9.7.2).]

&) PacmpocTpanute NpeRHAYIIHE Pe3yabTaThl Ha KOMILIEKCHBIE EJbIE TPAHC-
HeBJeHTHEE QYHKUHM NPOM3BOJLHOTO UHC/]A KOMIAEKCHHIX MEpEMEHHBIX.

[Ec.am Fy .o )= Za . z ... ZZp, TO CYIECTByeT MmO KpaiHeH’

Mepe OIMH TaKoil MHIeKC &, 4TO ech 6ecxox—xe!mo MHOT'0 UJIEHOB C HEHYJEBHIM
kosbdunreHTOM a, ... n, H CKONb YrofgHo GoabumuM n,. C ApYyro#t CTOpORH,

ZOKAKHTE, UTO €CHH (g,) — CYETHOE CeMEHCTBO LEMBIX KOMIIEKCHHX GQYHKUUE p
KOMIIIEKCHEIX MEPEMEHHbIX, HAKAaKasg M3 KOTOPHX HE PaBHa ToxAecTBeHHO 0, 10
CYWECTBYIOT TOUKH (€y, ..., Cp), B KOTOPHX &m (€, ..., ¢y) # 0 npu xaxnaom m.
Yro6m 3TO AOKa3aTh, MPOBEAMTE HHAYKIHIO IO P H BOCHOJAb3YHTECH TeM (ak-
TOM, 4TO XA GYHKUHM £ (2) OAHOM KOMIJEKCHOH mepeMeHHOH, aHAJMTHYECKOW.
B AcC u He paBHOH TOXJAeCTBeHHO 0, MHOXECTBO pelIeHHH 2 ypaBHEHHS
h (2) =0 He 6oaee uem cuetHo (cM. (9.1.5).)

4. Iycth ¢ (x) — NPOK3BONbHAA BO3pAcTAloOmMas H NOJOXKHTEAbHasd JeHCTBH-
TeabHag Qynxuua B mpomexyTke [0, 4 oco[. Iycrs (k,) — Takas ctporo BO3-

; k
: n n
pacralomas nocCJeNOBaTEeAbHOCTh HEAbIX UHCEHd, YTO kl =1mn (T—l-) >

> 9(n+1) npu n > 1. Noxaxure, 4YTO CTENEHHOHA paAx

F@=1 +§] (;;Lf)""

nel

cxomuTc np¥ Bcex 2&C M 9TO AJAA KaXIOro JAeHCTBHTENbLHOIO YHCAA X > 2
BBHITIONHAGTCH HEPABEHCTBO f (x) > ¢ (x) (MHBIMH CJIOBaMH, CYIIECTBYIOT LeJHe
tynkuuy, crpeMsmuecs K 6ecCKOHEYHOCTH ,6BICTpee, ueM JmoGast 3anaHHas ,ueu-

¢iBUTeNbHAS tbym(unﬂ) .
5. Mas mo6bix AeHCTBUTENbHBIX WHCEN au B, rae B> 0, myctb L,, B——ﬁec-

KOHGUHHA nyTs (3anmava 3 § 9.12), onpefeaeMulil  caeaylomuM  06pasoM:
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Lyg@=c—B—t—1 mpu tL—1 Ly, g(t)=0a4ift mpu —1<E<1
Lyg@)=c+i+¢t—1nput>1 Iycts Gy, 5= L, g (R).

n 3
a) INoxaxure, 4to ecau 75 < B < Tn H eClH x éG«, g To dyHknua z->

exp (exp 2
_>—_————s( p?) HeCOGCTBEHHO HHTErpHpyeMa BAOAb L, g Manee, ecan uncna §,

# B TakoBHl, 4TO | Tx| < B, < By HAM |Tx| > By > B, Han Zx <o, TO uHTE-
rpanst BRoab L, o u BROAb L, o coBmagant. Toudo Tak e, ecin #x < o, < ay,
HIH o) < ay < &x, WM |Ix| > B, TO HHTErpaisl BLOADb Lal,ﬁ H BIOMb L
COBMNAJAIOT.

[Bocnoasayiitech Teopemo#t Koimn.]

b) Beiseante u3 a), uto ecaun L = Loy ;, T0 dyHKnuUA

exp (exp 2)
E(x)= 2m f—-———z_x dz

ag, B

MOXeT GBITh IPOJOMKEHA B Leayio (yHxmuio.
¢) IMokaxure, 4TO

211” f exp(exp2)dz=1.
L

T
[ﬂoxamme, 4TO HHTErpal BIOJb Lm? oT GyHKRUUM exp (exp 2), ecau 5 <

3n
< f < —, He 3aBHCHT OT ¢ ¥ .

d) IMokaxure, 4TO €CAH TOUKA X NPHHANJIEKHT OTKPHITOMY MHOXKECTBY A,
onpejenaseMoMy ycaoBuaMu #x <0 wau |Zx| > w, 10
‘ 1 , F(x)
E@==gt—a
rae ¢pyuxuusa F (x) orpannuena B A.
[Buipasute [ (x) uepes uHTErpax BioJb L, g Tae § < m, noab3yach a)
u c).]
e) [MokaxuTe, 4TO €CAH TOYKA X NPHHALACKUT OTKPHITOMY MHO)KeCTBy B,
onpezeaseMoMy ycaoBusMu x>0 u |Ix| <=, TO

G (x)

E (x) =exp (exp x) — ——|—

rae ¢yuxuus G (x) orpanuueHa B B.
[MToasaysick dopmynoit Komw, nokaxure cHauaxa, 4yto ecmm —1 < Zx <0
Hl|Ix|<m, 1O

1
E(")=exp<exx)x)+%f§%(§?c—z)d
Ll

rie L’ = L_,, ,. 3aTeM, noabsyace (9.4.2), mokaxure, uto sra ¢GopMysa ocraercs
cupasefauBolt mpu x € B, u Bupasute G (x) uepes MHTErpax BaOJb L_,, g TAe
B>=]
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) Dyers H(x) = E (x) e~ EW), HNokaxure, uro / ecTh nexas TpaHcHeH-

IneHTHas dyHxkuus, obaajaowas TeM CBOHCTBOM, 410 lim A (re‘°)=0 nas
r=» 4o
Kamaoro AefcTBHTENbHOrO uucaa 6.

[Bocnoanayiitecy d) u e); cpaBHuTe ¢ pe3yabTaToM 3afaud 3.]
6. Ilycts f— koMmmiekcHas neaas GyHKnus p > 2 KOMILIEKCHHIX NepeMeH-
nuix. IMoxaxure, aro ecau f(ay, ..., ay) = b, T0 axa kaxnoro r > 0 cymecrsyer

TaKasi TOUKa z = (2, ..., 2p), 4TO Zizk—ak]2=r’ u f(z, ..., 2p) =0
k

[Bocnoabsyiitecs 3agaueit 5, b) § 9.10.]

7. Tlyeth f — aHaauTHUECKOE OTOOpaXeHHE OTKPHTOro MHoxecTBa Ac CP
B KOMIJEKCHoe 6aHaxoBo mnpoctpaHcTBO E. 'paHuuHas Touxka 2, MHOXecTBa A
Ha3BIBAETCA NPasuAbHOL TOUKOH oTOOpaxeHus f, ecld CYMECTBYeT OTKpHITas:
OKPECTHOCTh V TOUKH 2, M aHaJuTHueCKOe OoToOpawenwe obbenunenua AV
B E Ha A, cosmagawomee ¢ f. ['paHuyHas Touka MHOMECTBa A HasblBaeTcs -
0co060ii pas f, eciu OHa He HPaBHJbHA. '

a) Mycts R < 4 oo —paauyc cxopuMoctd (3samaua 1 § 9.1) cremennoro

paia f(2) = D\ a,2" or omHo#i kommnexcHoli mepemenHodl. CymecTsyer mno
~ N

KpaiiHeli Mepe OZHa TOUKa 2o, AMA KOTOPo# | 2,| = R u KoTopas SBIgeTCH OCO-
6Go#t Toukoit mas f.

[B nporuBHOM cayuae OKPYKHOCTb |Z|==R MOXHO 6h10 OGH HOKPHTE
KOHEUHBIM YHCAOM OTKDHITHX HIapOB By, HEHTPH b, KOTOPHIX JexaT Ha 3TOH
OKPYXHOCTH M KOTOpHeE O006JajaioT - TeM CBOHCTBOM, 4YTO B KAXJOM OTKPHITOM.
muoxectse B (0; R)U B, cymecTByer aHaauTHueckas QYHKIuS f,, COBIAjaOMas
¢ £ B B(0; R). Moavayser (9.4.2), mokamute, 9T0 TOrAa AAd MOOHX ABYX HH-'
nexkcoB h u k, paa xoropux BBy == (), byHkumu fj u f, coBnagaiu 6u
B BN By u zakmouute u3 (9.9.1) m (9.9.2), uro pamuyc CXOAUMOCTH psaa

>\ 242" Guin 66t > R.)
~ )

b) Homyctum, 4To B 0603HaveHHsx a) KOIbdULHEHTH @, > 0 npH KawIOM B
Ioxawure, ¥T0 TOUKA 2 = R aBaseTca 0co60i Toukoi Qywkuum f. _
[MoxHo cuurath, uto R = 1. TycTb £'® — ocobast Touka dpyskuuu f. Toraa

- n
mpr 0 <7 <1 pammyc CXOMHMOCTH CTENEHHOrO pPsAa 2 ™ (re'®) % B TOu-
' - n
Hoctu paser 1= r (9.9.1). 3amersre, uto | F (re'®) | < f™ (#), u BOCHOMBIYH-
Tecp (9.1.2).] ' ' '
c) Honycruy, uto B o603HaueHHax a) paauyc cxogumoctd R = 1. Mycts b’
M. C—JBa JEHCTBHUTE]bHHX UMCAA, YAOBJACTBOPAIIHX YycaoBuaM 0< b < 1
u c=1—b& u mnycr p—mnenoe wucao > 1. Hasn Toro 4ro6u Touka =1
6nna 0co60i Toukol dyHknun f, HEO6XONMMO U OCTATOUHO, YTOGH paa Teitaopa

n
E Pad (1)) %T dymxuun g () = f (buP 4+ cu?t1) umen pamuyc cxommmocts 1.
- ,

[3amerbre, uto mpu |u| <1 u | buP 4 cuP*1| 1 u uto 0be wacTn nocaes-.
HEro HEPABEHCTBA MOTYT OHTh PaBHW TOAbKO Npu = 1. B poxasarespcrse’
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Heo6xoauMocTH Bocnoan3yirech (10.2.5), nas Toro uto6bl MOKA3aTh, YTO B He-
KOTOPOH OKDECTHOCTH TOUKHM 2= 1 cymecTByeT Takasd aHaqdTHUECKasx (YHK-
nug h(2), 910 2= g (h(2)) B 3TOH OKpecTHOCTH.]

d) Jonyctum [B ob6o3HaueHusx a)], 4To Kosbduuuentn a, =0 g Bcex n,
MCKMOUas MNOCAENOBAaTENbHOCTh (1) HOMEDPOB, YROBJAETBOPSIOLIMX YCAOBHIO
npa1 > (14 0) np Tipu KaxnoM &, rre 6 > 0 — HexoTopoe (uxCHPOBaHHOE YHCIO.
[TokawuTe, 9T0 KaxJas TOYKA 2, OKPYKHOCTH |2z|=1 saBaseTca oco6oi
Toukoii GyHkuum f (Teopema AjnamMapa O JaKYHax; OKPYXHOCTh
| 2| = R nasniBaeTca ecmecmeennoii epanuyed gysxuun f).

[MoxHoO cuuTaTh, 4T0 R = 1. Bocnoanayiitech KpuTepueM u3 c), B3a8 p > 1/6,
(o]
Mycrs g (#) = ), dnu" — Teiinoposckoe pasnoxenne Gynkuun g B TouKe 1 = 0.
n=0 :
Ilo mpexnoaoxkenuo, Al AaHHOro & > 0 cymelTByeT Takas NOCAEIOBATENbHOCTD

(m;) nomepos, 4TO ]amjl>(1-—s)mf (3agaua 1 § 9.1). C nppyroit cropon,

m;
dynxuns F () = D) (bu? + cuP1)") = ¥ e,u" B cuny b) umeer Touky u=1
j n ‘
coeit ocoboit Toukoi. [losToMy cyuwecTByeT Takasd MNOCHeNOBATENbHOCTD )

2
HOMEpOB, YTO [eql[>(l —-e)ql. Jlokaxure, 4To ]d > (1 —¢) u,

qll'

16. Teopema o BhIueTax

[Tpexze Bcero 3aMeTuM, uTo J000e MHOXecTBO ScC, cocrosiuee
M3 M30/JMPOBAHHHIX TOYeK, He OGoJee yeM cueTHo. B camom nene, noax-
npoctpaHcTBo S npocrpaHcrsa C B 3TOM Cayuyae IUCKPeTHO M cemapa-
6eabHo [B cuay (3.9.2), (3.20.16) u (3.10.9)] u nosToMy sBJASETCH eNMH-
CTBEHHBIM CBOMM IVIOTHHIM NOJAMHOXecTBOM (3.8.4).

(9.16.1) (Teopema o Buuetax) [Tycms AcC— 00HOC8A3HAR
o6aacms, (a,)— (KoHeunas uau GeCKOKEYHAR) NOCAEA0BAMENbHOCMY
passusnblx mouex obaracmu A u S — mnoxcecmso mouex smod no-
caedosamesvrocmu. Ilpednorosxcur, umo 8ce mousku S u304uposarst
8 S. ITycms f — anaaramuueckoe omob pascenue Muoxcecmsa A\ S
8 KoMnieKcHOe Ganaxo8o npocmparncmso E u nycms { —KoHmYp
8 AN\S. Tozda umeem mecmo gpopmyra

[r@az=251 Y j@s 1R @,
e n

20e R(a,)— soisem omoGpaxcenusn f 8 mouke a, u 8 npasoi 4acmu
DABEHCMBA MOABKO KOHE4HOe 4ucao 4.1eHo8 =+ 0.

OueBUAHO, MBI MOXEM CUHTaTb, YTO KaXJ1asd TOYKA @, ABJASETCH O C O-
60#t Touko#t orobpaxenus: f. IeHCTBUTeJbHO, MBI MOMeEM IO HEMpe-
PHIBHOCTH TpPOJO/KHTL OTOOpasenue f Ha BCe Heocobnle TOUKM a,.
He - MaMeHAA oOeux 4yacred QopMysasl (TaKk Kak -eC/ld TOYKA 4, He
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spaserca ocobott, o R (a,)==0). IIpu 3TOM npeino0xeHuu 415 JO60T0
KOMNAaKTHOT O MHoXecTBa L A nepeceyenue LN S koHeuno. B ca-
MOM feje, MOCKOJAbKY, MO0 OIlpelfeseHuio, 'MHOXeCTBO AN\'S OTKpHTO
B C, nepecevenie L (1S samxHyro 8 L. Takum oOpasoM, 3To mepeceue-
HHe, ABJASACH KOMIAKTHBIM M JMCKDeTHBIM, KoHeuHo (3.16.3).

[lycts / — nNpoMexyToK, B KOTOPOM ONpeje]eH KOHTYP Y, M IyCThb
P — MHOWecTBO Touek X € A, maa Koropux j(x;7) =+ 0. Mb 3Haem

(9.8.6.), uTo 3aMbIKaHue P wmuowectsa P B C kOMnakTHo U uto P He co-
JEepXHUT HH OLHOH rpanuuHot ToukM MHOxecTBa A. JleHcTBUTENbHO,
TaKasd TOYKA He MOXeT HH IPHHANJNEeXATh MHOXKECTBY v (/), HH HMeTb
ungexc = 0 orwocurespHo. 7 [B cuay (9.8.7)]. Tak xax MHOXecTBO TO-
yek x €C\ y(/), B KOTOPHIX WHIEKC J(X; 7) NpHHAMAaeT NPOH3BOJbHOE

ngaHHoe 3Hauenue, oTkpuTO Y9.8.3), TO /MmOOas TOouka 3ambikanus P,

He mpuHapnexawas | (/), conepxurca B P, u mnostomy PcA. C npy-
roft CTOpoHb!, mycTh ¢ (f,£)-—reTeibHasd romoronus B A KOHTypa 7Y
B OZHOTOYeuHbH KOHTYP ((E€ [, §€J, rae J—HeKOTOPHH KOMNAaKTHLIN
npomexyTok). Toria M=¢(/ X J) €cTb KOMNAKTHOE INOAMHOXECTBO
obnactu A. Ilycts Hc N — KoHeUHOe MHOXECTBO T€X HOMEpoB 1, IJf

\

xoToprx a,E MU P. Ilas xawgoro n€ H mycts u, (ZTI—)— riaaBHas

a
yacth orobpaxenus f B Touke a,. [lycTs B-,uonom4eﬂge B A MHO-
KeCTBa TOYEK @, C HOMEpamu néEH. Toraa mHOMecTBO B OTKpH TO,
NOTOMYy uTO J00as KOMIAKTHAs OKPEeCTHOCTh NMPOM3BOJbHOM TOukM u3 B,
comepxaiuasica B A, uMeeT C S KOHEYHOE rNepecevyeHue.

ITo onpege/eHUI0 IIaBHOH YACTH CYLIECTBYeT (PyHKUMS g, aHAJIHTH-
yeckast B B u paBHaa B Kaxuo#t Touke 2z #+ a, (n € H) pasnoctu f(2)—

(1
- E uﬂ(}:{f . Tak xak no onpefeneduio Mc B, KOHTYp T romo-
neH n ! ) .
toned B B ozxoroueunoMmy kourypy. Ilostomy no teopeMe Komtn

fg(z)dz__o HJIH, HHaYe, ff(z)dz—Ef ( )dz Tpebye-
n€Hy
Mbm pesyabTaT CcJaenyeT Tenepb us3 Teopems (9.14.2), npumenenHoft
K Kaxnao# us QyHxuuit &, (ﬁ) B OTKDPHITOM «KOJbLE» C LEHTPOM @,
— @n

coaepxamweM 7 (/).

17. Mepomopdune dyHKUHH

[Mycts A ~—oTKpHToe MHOMecTBO B C u S — nopMHONecTBO A, co-
cTosinlee U3 M30JAMPOBaHHHIX ToueK. OrtoGpawenue f MuoxectBa AN\ S
B KOMIIEKCHOe OaHaXO0BO INPOCTPaHCTBO E Ha3biBAETCH MEPOMOPPHHEM
8 A (B HapyumweHHe NPHHATOTO CJHAOBOYNOTpPeOAECHHSA)
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" ecqd OHO ABAfeTCA aHaauTHdeckuM B A N\'S u uMeer nmopsaiok > — oo
B KaXLOH Touke MHOXecTBa S. HecKoabKO Hapywas TepMHHOJOTHIO, .
Mbl GyleM BCerja OTOXIECTBJAATb OTOGpaXeHHe f C ero NpoAOJKeHHeM
10 HENPepHIBHOLTH Ha BCe TOYKY MBOXECTBA S, He SBJAAIOL(UECH MOJIO-
camu f. PaccyxaeHue, NpoBeleHHOE B JOKa3aTeabCTBe TeopeMsl (9.16.1),
TOFAA HOKa3hIBAaeT, YTO Mbl MOXeM BCeria CYHTaTh, 4YTO JLas Ji6oro
KOMNaKTHOTrO MHOXecTBa L A nepeceuenue LNS koHeuno.

Ecmu f u g — nBe MepoMopHHe (YHKUMA B A, npuHEMaOliHe 3HA-
ueHusl B ONHOM M TOM Ke npoctpaHctse, u ecad S u S’ — coorser-
CTBEHHO MHOXeCTBA MX HOJIOCOB B A, TO B CHJAY NpelblIyliero 3ame-
yaHus BCe TOukM oObeluHenus SU S’ u30aHpOBaHE B HeM. PyHKins
f—+ g ompenenena u asanutnuna B MuHoxectBe AN (SUS’) u umeer
NOpaAOK > — OO0 B Kaxao# Touke MuoxectBa S S’. Iloaromy oma
mepoMop¢Ha B A (3aMeTHM, YTO HEKOTOPble M3 ToueK obbennnenus SU S’
MOTYT OKa3athCi He ocoOmmu mas f—g). IloaoGuniM xe oO6pasow,
ecad f u g MepOMOpPQHH B A U g, NPUHUMAET KOMIJEKCHble 3HAUEHMS,
TO TpousBeleHue fg MepoMopdHo B A.

Ecau oro6paxenue f Mepomopduo B A, S — MHOXECTBO ero nofo-
coB u T — MHOXeCTBO ero HyJeH, To Bce TOUKH MHOxectBa SUT7T sB-
AAIOTCA HSOJIHpOBaHHblMH. B camoM Zene, eciu 2 €A u w(a)=h, TO
f(z)——(z—a) f1(2) na mHoxectse 0 < |z— a|<r, rie oroGpaxe-
Hue f; amanutauno B |2—a| <r u f,(a) 5 0. IpuHuun usoanposau-
Hocrd HyJelt (9.1.5) nmoxasmiBaeT, 4TO CYIECTBYeT TakOe YMCIO r’, 4TQ
O<Lr'<r v uto f(2)#+0 npu 0<|]z—a|<r’. Dro noxassiBaer
Halle YTBepXAeHWe M, KPOMe TOro, MOKa3blBaeT, YTO AJf JOOOro. KOM-
naktHoro noaMuoxectsa Lc A nepeceuenne L1(SU T) xoHeuHo [To ke
paccyxaenue, yto 4 B (9.16.1)].

B uactHocTH, ecau f NpPHHMUMAaeT KOMIUIEKCHble 3HAa4eHH, TO OTOG-
paxenue 1/f B A mepoMopdHO, S ecTb MHOMecTBO ero Hyxe#t, a T —
MHOXECTBO ero nmoJiocoB. Ceepx Toro, mpu TeX x#e 0OGO3HAYeHUSX,
4TO M BHIe, MH HMeeM f'(2)==h(z —a)*"1f, (z)—-l—(z—a)hf; (2)
npu 0 <|z—a|<r. IlosToMy ¢yukuus f’/f, ABAAOMIAACA aHATMTHYE-
ckofi npu 0 < |z —a|<r’, umeer B Touke @ mnopsasok 0, ecim A==0,
v nopanoxk — 1 u BHueT A, ecimm 2= 0.

(9.17.1) ITycms A— 00Hocsa3nan o6racms 8 C, f—rounsexcrasn
Mepomoppran Pyuxgusn 8 A, S (coomsemcmeenno T)— mroxHcecmso
noancos (COOMBeMCMBERRO Kyaelk) smold BYRKUuL U g — QRAIUMU-
weckas gynnyun 8 A. Tozda drn aw6o20 kormypa 1 8 AN(SUT)
umeem mecmo Popuyra

fg(z)’}(‘))dz=2«=z Y i@ng@o@n.
acs|T

npuves. 8 npaaozi 4acmu pasexcmsa MOALKO KOHEHHO08 HUCAO HAe-
Kos =+ 0, »
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D10 cpasdy chaelyeT W3 TeEOpeMB O BHYETaX, IOTOMY 9YTO BhIUET
q)ynkuuu g}f B Touke a €SUT pasen mpousselennio g(a) Ha BbHYET

!

pyHKUHM if B 3TOH TOuKe.

(9.17.2) ITycms 8 npednososcenunx meopems (9.17.1) t—vq (t)
(€D ecms konmyp 8 AN(SUT). Ecau T'—roumyp t— f(1(£)), mo

JjOD= Y j@poe@r.
agsyr

B camom Jjene, us (8.7.4)'cpaay clenyeT, YTO f 4 ,((Zz)) dz,
TlostoMy TpeGyeMuilt pe3yabTaT SBASETCH qac'r_abm cnylxaeM TEOpeMHb
(9.17.1), noayyaiomumcst npu g == 1..

(9.17.3) (Teopema Pyme) [Tycms AcC—o00Hoc8R30A% 06racmb
“u f u g—08e anasumuneckue Komnaexcusie gpynxguu 8 A. ITycme.
T —(ne Gonee nem cuemnoe) mnooxcecmso wyseld gyuxyuu f, T/ —
MHOXMcecmBo Hysed pyurkyuu f—+-g& 8 A u 1—wroumyp 8 A\T,
onpederennnii 8 npomexcymse I. Toz2da ecau (g (2)|<|f(2)] 8 1)
mo gyrryus g ne umeem wyred 8 () u .

Y i@noe@n=Y, jG:ne®; f+g)
a€T bET!

TlepBoe yTBepiKAeHHE OUEBUAHO, TaK Kak u3 f(2)+4 g(2)==0 cze-
f +g

ayer |f(2)| =g (2)|. dyukuus b= onpeAeneHa B ANT u Me~

poMopdua B A. ViMeem (]}__"__?' + B AN(TUT’). Beuny

(9.17.2) HaM HYXHO TOJBKO I0OKAasaTb, ln‘o mulexc TOuKK 0 OTHOCHTE/ILHO
Koutypa I': £ — A (7 (¢)) paBen 0. Tax xak ¢yskuus g/f HenpepuBHa
H KOHeuHa B KOMnaxTHOM Muoxectse 7 (/), To u3 (3.17.10) u mpeano-

JOXEHHs CaeAyeT, 4TO 7 == Sup §§z; < 1. ViuumMu caoBamu, KOHTYP

z€y(
I' conmepxutcs B mape |z— 1] <r, u, Tak Kak Touka O JexXuT BHe
sTOro mapa, Tpebyembiit pesyabrar caenyer u3 (9.8.5).

(9.17.4) (HenpepHBHOCTh KOpPpHER ypaBHEHUS KaK P yHK-
uu#t or mapamerpoB) [lycms A— omxpsmoe muosxecmso 6 C,
F — mempuyeckoe npocmpancmso i f — maKan Henpepusias KoM-
naexcran gyuxuyus 8 AX F, umo 0asn xasncooid mouxu a € F gyux-
yus z— f(z,a) asanemcn anasumuseckost 8 A. Ilycms B—om-

Kpsmoe ROOMHOICECMBO MHONECMBa A, 3aMbKAHUE B Komopoza
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8 C xomnaxmno u codepxrcumca 8 A, u nycmov mouxka oy & F o6ra-
daem mem c8OHCMBOM, ¥moO KHu 00un Hyas pysryuu f(2,%,) He npu-
nadaexcum 2panuye Muoswcecmsa B. Tozda cywecmeyem maras
oxpecmuocms W mouxu ay, 8 F, umo:

1%) 0an anboi mouxu o« €W dyurxyusn f(z, a) He umeem Hyael,
npurRadseawux zpanuye Mroxcecmsa B;

2°) 0an aw6oii mouku s EW cymuma nopﬂdxos nyred pyHryuu
f(z,2), npunadsexncawmux B, ne 3a8ucum om o.

UYucao pasauyHbX Hyne# ¢ynkunu f(2,¢) B B KOHeuHO; mycTthb
G0« Gp-——3TH TOYKH. ¥ KaXAOH IpaHHYHOM TOYKH X MHOXKecCTBa B
CYLIECTBYeT KOMIAKTHAas OKpecTHocTe U, colepxamasdcs B A, Takas,
uro ¢yukumus f (2, a,) He uMeeT B 9TOH okpecTHocTH Hyudeh (9.1.5). Ecan
Mbl MOKPOeM (KOMINAKTHYI0) FPaHHLY MHOMXECTBA B KOHEYHHM 4HCIOM

MHOXECTB U x; , TO 0ObelduHeHHe U 3aMBIKAHHS Bu 3THX MHOXECTB U

oyner Komnaxmoﬂ OKDECTHOCTBIO 3aMbIKaHus B, colepxaieics B A u
Tako#, uTo ‘QyHkuua f(z,a,) He umeer Hyxett B U N(A \ B). Iycts
r — HaUMEHbIee U3 Yucen {ak—aj[ (B+7), v xaa xaxnoro k (1 Lk n)
nycte D, — OTKpHTHH wap |2 — a,| < r, pauyca r, < r/2, comepxa-
wmitca B B; Toraa DknDj—Q npu k= j. Iycrs H= U\(U D,).

970 — KOMIAKTHOE MHOXECTBO; MYCTb 7 — HAHMEHbIUEE 3HAYCHHE q)ymc-
unk |f(2.%)| B H; B cuny (3.17.10) m > 0.

Temepb AMA KaXIOA TOUKH X € B CyllecTByloT TaKas OerCTHOCTb
V, Touks X, colepxawasci B A, W Takas OKPeCTHOCT> W, TOYKH &
B F, yro npu YEV, u a &£ W, BHnosnseTcs HepaBeHCTBO ,|f(y,a)——
— f(x,2p)] < mf2. Tak KaK MHOXecTBO B KOMNaKTHO, €r0 MOXHO MO-
KpBITh KOHEUHHIM uncaom Muoxects Vi (1 I p). Myem W= nu'/,

2
9TO ~— OKPEeCTHOCTb TOYKH &, B F,umno OonpeneIeHUI0 3TOro MHO)KeCTBa il 3|

nwb6oh Toukn a €W u 11060 # Touky ¥y € B BHNOJHAETCH HEPaBEHCTBO
[f(y,a)— f(y, ao)l < m. OTCI04a npexIe BCcero caenyert, uto f (¥, ) == 0
npu yEH u a €W. C npyro#t croponn, TaKk Kak |f(2,a)— f (2, a5)| <
<|f (2, %)| B H, 10, npumenas teopemy Pyie K KaxIOMy M3 KOHTY-
poB £ —> a,+r, e (0 <t 2r), BUAMM, UTO CyMMa NOPAAKOB HyJleHt
¢byukuuu f(2,a) B D; ne 3aBucur or a € W. Teopema noka3ana.

3adaun

1. NMycts A C — OTKpHTOE ONHOCBA3HOE MHOXECTBO U f — KOMIJIEKCHas
MepomoptHas ¢yHknus B A, o6naxaomas TeM CBOHCTBOM, 4TO Ka/bii ee MOJI0C
SIBJiIeTCA NPOCTHIM H YTO ee BHUYET B KAXKAOM M3 STHX IIOJIOCOB €CTh NOJOXH-
TeJbHOE HJH OTpHIlaTeabHOe ueaoe 4uucao. [lokaxute, 410 B A cymecTByer
Takas MepoMopdHaa QyHkuus g, uto f=g’/g. .

[[Toxaxute, 4TO eciu TOUKa 2, HE ABAAETCA MOMOCOM tbynmmn f, T0 paa
A060# TouKH 2, € A, He sBagoWedics nomocoM pyHkuus f, ¥ AOGOro mYTH Y
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B A, onpenenentoro B /CR, ¢ HauanoM 2, M KOHHOM 2, M TaKOro, YT0 MHO-

%ecTBO Y (/) He COZEPKHUT HUKAKOro MoJioca QYHKUUU f, YUCAO exp ff(x) dx)
. Y
3aBHCHT TONbKO OT 2y M 2; M HE 3aBHCHT OT IYyTH Y, YAOBJIETBOPAIOLIEro mpe-
AWAyOIMM yenoBEAM. BocmoassyHiTech TeopeMoH o BHIuETax.]
2. Mycty f —uenas GYHKUMS OJHOH KOMIJIEKCHOH NMEPEMEHHOH, 1ad M06HX

IeHCTBUTEABHBIX UHced X ¥ y YAOBJAeTBOpsaiomas ycaosuio | f (x+iy) | < eyl
MokaxuTre, 4T0 A4 MOBOr0 YMCAd 2 == AT HMEET MecTO MpejCcTaBieHde

_g_’f(z))___+o° (—1)" £ (nn)
dz (sinz - (z — nw)?

Ilie Pl B NpaBoil 4aCTH PABEHCTBA HOPMAJABHO CXONHMTCA HA JMOGOM KOMIAKTHOM
MHOXecTBe B C, He CcOJlepKaleM HH OAHOH M3 TOUEK nw (7 -— nenoe YHCIO0)..
[PaccmoTpuTte uHTErpan

1 f(x) éx

i sinx (x—2)2°
Tn

e 1, ecTb koHTYp f—>(n-+1/2) ne’ mpu —= ¢ <= 3amerste, uTO AN
kaxnoro ¢ >0 cymectByer Takoe uucao ¢ (e) >0, uTO M3 TOroO, UTO AAA
KaX0ro IUeJoro n€ Z BHIOJHAETCH HEPaBEHCTBO |2 — nwm | > s, CAefyeT, 4To

{sinz}| > c{e) elg‘l, H_ BOCNOJb3YHTECh TeOpeMOH O BHIYETAX.]
3. a) Tokaxure, 410 €Cau Z =+ nAn (n— HeAoe UYUCIAO), TO

[ee]

O 2z
+ 24 22— nn2’

n=1

ctg 2 =

n|—

i€ Pl B NPaBOH YaCTH PABEHCTBA HOPMAaABHO CXORUTCH Ha AGOM KOMIAKTHOM
mHoxecTBe B C, He cofepxkameM HU OINHOH M3 TOUEK AT. '

[Bocnoabay#tecs 3ajmaveit 2 u- cooTHOmEHueM lim (ctg z2— -l-) =0.]
z>0

b) Buiegure u3 a), uTo

[oe) 2
a <z
S‘“z‘—zﬂ(l“w),
n=1

n

’

22
TAE NpOoH3BeleHue ONpeneNseTCss Kak IMPEeAesa NPOU3BEILeHus I I (1 . W).
k=1

PABBOMEPHO CXOAALLEroCd Ha KAXIOM KOMIAKTHOM MHOMXKECTBE B C.
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+oo

. i ___f_ —z/nm _
[PaCCMOTpHTe neayio odyHkuuo f(z)_ﬂ(l nw)e (§ 9.12, 3a

— 00
naua 1) u ¢ momompbio a) nokaxwure, uto HyHKUKA (sin 2)/zf (2) mOCTOAHHA.]

c) BoiBemure u3 b) tomzecTBo (cM. 3amauy 2 § 9.12)

1 1 .

= ——— = — sinnz.
I'(®T(1—2) T

4. MNycts f — KoMIAEKCHAs (YHKUHMA, aHAIHTHYECKAS B OTKPHITOH OKpeCt-
woctu A Touku 0 B C”; nas ymo6ersa Gymem mucaTh w BMecTo 2, U Z BMECTO
(21, ...y 2p_). Npeanonowum, uro f (0, 0) =0 u ato dyuxuus f (0, w), apasio-
masgcs AHAJIMTHUECKOH B HEKOTOPOH OKpecTHOCTH Touku w =0 B C, He TOXIe-
crBenHo pasHa 0. Torma cymecrtByioT uenoe uucao r > 0, r yskuui hj(2),
aHAMMTHIECKHX B HEKOTOPOH okpecThocTH Touku 0 B CP~1, u dynkuus g (z, w),

aHaAMTHYECKasA B HEKOTOpoil okpecthoct B A rtouku 0 B C¥ u =+ 0 B 370#
OKPECTHOCTH, TaKHe, UTO

fEe)=@ 4@+ ... +h2) gz )

B HEKOTOPO# okpecTHocTH Touku 0 B C¥ (moxrortoBuTeAbHaAS TeopeMma
Besiepmrpacca).

[Ecin dynkuus f (0, w) umeer B Touke w =0 Hyab mopsgKa 7, TOo ¢ Io-
mompio (9.17.4) mokaxure, 4TO CYWIECTBYIT Takoe YHCAO & > 0 M Takas OKpecT-
HocTh V touxu 0 B CP~Y, ar0 gas mio6oit Touku z€ V ¢yskuua w — f (2, w)
uMeeT B Kpyre |w|<e TOUHO r HyJded u He HMeeT HyJeH HA OKPYKHOCTH
|w]|=-¢e. Tlyctb 7—KOHTYp ¢—>ee' mpu — = ¢ n [okaxure, uto cyue-
crByoT ‘¢yuxkuuu hj(2) (1< j<r), aHandTuueckue B V M Takue, 4TO MHOIO-
wien F(z, wy=w"+4h, (2)w' "4 ... 4k, (2) npn 2€V u|w| > ¢ yrosae-
TBOPSET TOXAECTBY

Fo@w®) 1 o fizu 1

F(z,w) i S (2, u) w_udu.]
i

5. Mycte (f,) — nocaenoBaTeALHOCTh KOMINEKCHBIX AHAMUTHYECKHX DYHKOUHA
B CBA3HOM OTKpbiToM MHOxecTBe A C. [Ipegnojoxum, uTo A Kamao#
Touku 2 ¢ A nocaenoBarenbHocTh (f,(2)) cxoautca k npeneay g (2) u uro ata
CXOZIIMOCTb PABHOMEPHA HAa KAWIOM KOMIAKTHOM MOAMHOXeCTBE MHOXecTBa A.
IlpexnonoxuM, KpoMe TOro, 4TO Kawioe oOToGpaxenue 2-> f,(2) MHOXKe-
ctBa A B C uwbekrTuBHO. [lokauTe, 4TO OTOOpaXeHue g HAM IOCTOAHHO
B A uau We SIBISETCA MHBEKTUBHBIM.

[laa mo6oit TOUKHK 2o € A paccMOTpPUTE NOCAELOBATEABHOCTD (f, (2)—fy (20))
u npuMendte TeopeMy (9.17.4) u npHHUUN H30JAMPOBAHHOCTH HYyJei.]

6. MlycTb ¢ — neficteutenpnas nsaxan fuddepennupyemas GYHKLUHA B mpo-
mewyrtke [0, 1}. Ilpeanonoxum, uro |[¢(0)| <|9(l)|, u nycTs x;— omuu
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u3- xopHe#l ypasueHus ¢ (0) —¢ (1) cos x =0 B npomexyrtke }—=, =n[. [loka-
®uTe, 9T0 Leaas pyHknus
' 1

F@)= | o()sinztdt
!

HMEEeT CUeTHOE MHOXeCTBO HyaeH. llaiee, MOXHO OmpeneauTb CIOPHEKTHUBHOE
oro6paxenue n— 2, MHOXecTBa Z Ha MHOXeCTBO HyJe#l dynkuuu zF (2), TaKoe,

YTO B KaXAHHK HyJb omﬁpa;xaerca CTOJbKO HEJbiX YHCEJH, KAKOB €ro l'lOpﬂllOI(,-i
u 4TO

lim (25— x9—2nzx)= lim (23p4,+ %o —2n7)=0.
n>itoo n- o

[ﬂsamnu NPOHHTErPHPOBAB N0 HaCTAM, NOKAXHTE, UYTO MOXHO HamHCaTh:

2F(2)=90)—9p(l)cosz+ G(2), rae | G(2) | < aelgz l/l 2|. Onenure ¢ynk-
uuo |9(0) —¢ (1) cos z| cHusy BHe OKPYKHOCTEH, HMEOIMX NEHTPH B HYanX:.
aToit dyHKUUM TAKuM e 06pa3oM, kaK B 3ajade 2 Gnn oleHeH |sinz|, u mos
xoaamuM o6pa3oM Bocmoab3yiiTech TeopeModl Pyme.] !

AHanoruyHo paccMorpure cayuad, korda |9 (0)| > |¢(1)| mau xe

le (@] =1l¢ )]
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NMPUJIOXEHKS AHAJMTHYECKUX ®YHKIHH
K TONMOJIOFMH MAOCKOCTHU

(Memod 3Jiirenbepza)

1. Hnaexkc TOYKH OTHOCHTEJNBHO NETJAH

(A.1.1) Ecau t >y (t) (a Lt L b)—mpaexmopusn 8 omxpoimor muo-

aecmse Ac C, mo 8 A cywecmeyem zomomonus ¢ mpaexmopuu 7

8 Hexomopul nyms Yy, maxas, wmo omobpajzcenue ¢ onpedenexo

8 [a, ] X [0, 1] u Oum kaxmdod mourxu §€[0, 1] sunosnsomcs -
pasencmsa ¢(a, §)="7(a) u ¢(b, &)=1().

Hycts I==[a, b]. Tak kak MHOKecTBO Y (/) KOMNAKTHO, PaccTof-
e d (7 (1), C\ A)=p > 0 (3.17.11). [Tockoabky oToGpaxeHue | paBHO-
MepHO HenpepuiBHO B [ (3.16.5), cywecTtByeT Takas cTporo Bospacraioiias
NOC/IeI0BATeNbHOCTD (£5), < k< m TOYEK MpOMexyTKa /, uTO fy=a, t,=b

W KoieGanue (3.14) oToOpameHMs Y Ha KaKAOM M3 TNPOMEXYT-
KOB [£4, fpyq] (0 & m—1) menbuie p. OToGpaxenue 7, onpeleaum
B [ caepywomum o6pasom: npu £, < ¢ < #p,q TONAraeM T1O=7)+

+ —lﬁk—(*{(l‘kﬂ)—'{(tk)) OLkL<m—1). flcho, uro 7, ecb

nyrs, npuiem 7, (a)==1(a)  1,(6)=="7 (), u, nockombky 1, [ty t5s1])
COACPXKHUTCA B OTKPHITOM IIape C UEHTPOM 7 (f,) M panuycoM p, MHO-
#ectBo 7, (/) comepxurca B A. Toraa nonoxmm (¢, §)==Ey,(H)+
—+ (1 —§) 7 (¢). Jlerko nposeputs, uto npht £, < ¢ L tpyy (0 Lk L m—1)
n 0. CE< 1 TouKa ¢ (£, £) colepXHUTCS B OTKPHTOM LIape C UEHTPOM 7 (f))
W panuycom p. ITosTOMy ¢ yAOBAETBOpSET TPeGyeMHIM YCAOBHSM.

B uactHocTd, ecu | —nemss, TO MH BUIHM, YTO ¢ €CTb nemess-
HQA 20MOmMONUA B A NMeTIM | B KOHTYD 7.

PaccMoTpum Temepsr npomusBoibHyl mnetmo | B C, OnpelefeHHYIO
B I/, u mobyio TOUKy a¢1(1). Tak kak B cuay (I.1.1) cymecryer

KOHTYp, roMoTonHufl 1 B C \ {a}, To M MOXeM onpeleauts undexc f(a;y)
KaK YHCJIO, paBHOe HHIEKCY j(a; 7,) Aas moGoro KoHTypa 7T,, IrOMO-
tonHoro 7 B C\ {a}. ITo reopeme Kowi (9.6.3) sTOT MHIeKkC He 8aBu-
CHT OT BHGOpa Kourypa T,, romoromsoro | B C\ {a}.

[loabaysce ([1.1.1), nerko y6eAHTLCH B TOM, YTO HHAEKC TOYKH OTHOCH-
TeJbHO NEeT/M He 3aBHCAT OT Hauaja netau (9.6) u uro ecaun B dopmy-
Juposkax cBoHcTB (9.8.3) u (9.8.5) —(9.8.7) caoBo ,KOHTYP® 3aMeHHThb
C/I0BOM ,MeTag”, TO BCe 3TU CBOHCTBA OCTAHYTCA CNPABEJIMBLIMH.

19 K. Jveaonue
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2. CyniecTBesHpie OTOOpaXeHUs B @NUMHHYHYIO OKPYKHOCTh

IMycte E — MeTpuyecKoe NpOCTPaHCTBO. Mpl OyleM roBOpHTb, 4TO
otofpaxenue f mpocrpaHctsa E B efuHuuHylo okpyxHocTb U:|2|==1
Hecywecmsenno, eciv HallieTcs TAKOe HeNpephiBHOE OTOGpaeHue g
npocrpaictea E B R, uro f(x)==e8¥ xna kawno#t Touxu xEE.
HenpepriBioe oToGpaxenne f mnpocrpanctsa E B U HaseiBaercs cyuje-
CMBEHHHM, €CAH OHO He ABJIAETCH HEeCYIleCTBEHHBIM. '

(10.2.1) Ecau f, u fo— necywecmsennse omob pajcesus npocmpan-
cmsa E 8 U, mo u omo6paxcenusn f,f, u 1/f,=f, necyuecmsenns.
Ecau f, cywecmsenno, a f,—HecywecmBenrno, mo omo6padwe-
nun fify & fi/fo cyuwecmeenns.

(A.2.2) Ecau f— necywecmsennoe omo6 pascenie npocmpancmsa E
8 U u g—nenpepuisioe omob pasxcenue mempuseckozo npocmpan-
cmsa F 8 E, mo omoGpascenue fog Hecyuwecmseuno.

A1r CBOHCTBA SIBAAIOTCA OUYEBUAHBLIMY CJeACTBHIMHU onpenelieHUA.

(1.2.3) Jlo6oe nenpepsignoe omob pascenue f mempuueckozo npo-
cmpancmsa E 8 U, yoosaemsopsiouee ycaosuwo f(E)=+ U, Hecy-
uecmsenHo.
Mycre €U N f(E). Cymectsyer Takas Touka a €R, uro {j=-e®,
M CyXeHue oToOpaxenus £—>e'f Ha OTKPHTOM NpoMexyike Ja, a— 2%
ABJseTCs TOMeoMOpusMOM 3TOro npomexnytka na U\ {{y) (9.5.7). Ecam
— ofpaTHu#t roMeoMopdusM, TO AAF Kaxiao# Toukd X € E MBl uMeeM
f(x)==el¥ (/) u, 1, R

(A.2.4) Ecau f, u f,—O08a Henpepusnox omobpascenus mempu-
weckozo npocmpanemsa E 8 U, dan kasxdoi mouxu x € E yoosue-
meopsowux ycaosuw [fi(x) £ — fo(x), # ecaun f, cywecmsernno
(coomsemcmseno Hecyuwecmeerrno), mo & [, cyuecmseenno (coom-
8eMCMBEHHO NecYWecm8enno).

B camom mene, f= f,/f, ecTb HenpepriBHOe OTOOpaxeHue NPoCTpan-
crea £ 8 U, He npunuMaioumee 3HaveHus —1 u mostomy B cuay ([1.2.3)
HeCylieCTBeHHOeE. . ’

(A.2.8) Ilycms E —xomnaxmuoe MempusecKoe npocmpancmso,
I=10, 11 u f—nenpepwsnoe omobpascerue npoussedenusn E X I
8 U. Ecau omo6Gpasxenue x— f(x, 0) cywyecmsenno (coomsem-
CMBERHO HeCcYyujecmsenno), mo u omobpaxcenue x—>f(x, 1) cyue-
cmBerHO (COOMBEMCMBEHHO HECYUECMBERHO).

Tak kak oToGpasenne f pasHOMepHO HempepsiBHo B E X [ (3.16.5),
TO HafiZeTca TAKOe lesoe uncao n > 1, uto u3 |s —¢| < 1/n ana moGo#
ToukH ¥ € E caenyer | f(x, §)— f(x, H)] < 1. Hyerb f,(x)=f(x, k[n)
npu 0k n Takuum o6GpasoM, aaa /oGoft ToukH xCE npu
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0Lk n—1 umeeM | fr(X)— fr1(x)| <1, u Tak Kak | fp(x)|=
=|fry1(x)|=1 naa mobo#t Toukn XE€E, 10 [fi(X)+F — fry1(X)
npu x € E. Orciona Ha ocHosanuu (I1.2.4) crenyer Haule yTBepiieHue.

(11.2.8) Jl6oe nenpepusroe omolpadxcenue [ 3aMKHYymMoO20 wapa
(8 R*) 8 oxpyxcnocms U necyuecmsenno.

Mycrs E—map d(x, a) < r. Ionoxum g (x, £)= f(a—+t(x—a)).
Torna oroOpaxenue g HenpepwBHO B E X [0, 1], g(x. 1)=f(x) u
g(x, 0)=f(a). Tax xak oroOpamenue x—> g (x, 0) HecyumecTBeHHO

*(11.2.3), To HecyuwiecTBeHHO u oToOpamenne f (1.2.5).

(A.2.7) ITycmb A u B— 080 3a MKHYMbLX MHONECMER 8 MEMPULECKOM
npocmpancmee E, maxue, wmo E= AU B u umo nepecewenue AN B
c8a3no. Ilycms f— nenpepoisnoe omob pascernue npocmpancmsa E
8 U. Ecau cyxenus omo6pasenun f na A u na B necywecmsennss,
mo u f Hecywecmsenno.

ITo NpeANOMONEHUIO CYUIECTBYIOT TaKHe HempephiBHbe 0OTOOpaxe-
Hust g u h MHoecTs Au B B R, uro f(x)=e8® B A n f(x)==¢t®
B B. Ilpy xEANB wmb, Takum o0OpasoM, umeeM e'8 () ==glh(¥,
[Toatomy (9.5.5) (g(x)— A (x))/2= ecTb uenoe uucao. Ho (mockoibky
oTofpaxeHHe g — h HeNpephHBHO B CBA3HOM MHOXecTBe A (] B) orciona
B cuay (3.19.7) caenmyer, uTo pasHOoCTb & —h Ha A1 B ecTb nocTosH-
waa 2nw. Ilycrb Ttorma u(x)=g(x) B A n u(x)=~h(x)42nv 8 B.
dcuo, uTo f(x)=—e!*® B E, a Tak Kak & U A 2nw Hva AN B cos-
najgalT, TO oToGpaxeHHe u HenpepwBHo B E, u. T. 4.

(1.2.8) Ass mozo uwmoGs. Henpepbvi8Hoe omobpadxcenue f oKpyn-
nocmu U 8 ce65 Guino cyulecmsennum, KeoOX00UMO & 00CMAMOLHO,
umoGo. undexc j(0; 1) nemau 7y:t— f(et) (0 Lt < 2r) omuocu-
meapno mouxu O 6wn + 0. :

B cuny (9.8.1) Mb MoxeM Hanucath f(e¥)=e/®, rne ¢ynkums ¢
HenpepsiHa B npomexytke [0, 2x] u Beuay (9.5.5), § (27) — ¢ (0) = 2nm,
rae n—ungexc j(0; 7). Hycts o(f, &)= F+-E(nt+3(0)—(@®)).
Ecau s {=-eit (0 <t < 2m) u 0 &< 1 nonoxuts g (G, §)=el®®9),
To oTOOpaweHue g Ha ocHoBamuu (9.5.7) Oynder HenpephIBHO
B (UN {1}) X [0, 11, u, Tak Kak e/ @m0 =¢i*0 = f(1) naa mo6oH
TOUKH £, OTOGpaweHHe £ MOXHO IO HeNpepHBHOCTH NPOAOJIKUTH
na U X [0, 1]. B cuay ([.2.5) 10kasaTe/ib,CTBO TeOPEMBI CBeJeHO K Cly-
yaio oro6paxenus f:{—>C"%

flcio, uro npu n=0 oro6paxenne f HecymecrsenHo. Ilpeano-
a0XuM, uro n = 0, U JOKaxeM, uyTo oroOpawenue f He MOXKeT ObITh
HecylieCTBeHHbIM. B NpOTHBHOM C/iyyae CyeCTBOBAJO Obl HEMOCTOSHHOE
HenpepniBHOE oToGpaxenue & okpykuocta U B R, 1as koroporo (" = Py
8 U. Tak kak obpas h(U) ectb xommaktHoe (3.17.9) m cpssHoe
[(9.5.8) u (3.19.7)] muoxectso B R, 7o A(U) ecTb KOMNAKTHHIA mpo-
MexyToK {a, bl rie a < b (3.19.1). Iycte Touka §y €U phbpana Tak,

19*
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uto h ({y) = a. Takum 06pasoM, Mbl UMeeM §j = e’ CyuecTByer OKpect-
Hocth V Touxu {; B U, kone6anue (3.14) oroGpaxenus i B koTopo#t < .
C zpyro#t CcTOpOHHI, NPHUMEHSS K MPOMEXYTKY @ — w/n, a—}—at/n[ Teo-
pemy (9.5.7), BAMM, YTO CymecTBYyeT Takas Touka § €V, uro (" =¢' @),
rie ¢ > 0 nocraroyso Mano. B cuay (9.5.5) A () —(a —ce) ecTsb uucio,
KpatHoe 2w, a H3 BHOOpa OKpeCTHOCTM V cjelyeT, 4YTO 9TO YHCIO
npu e < ® MoxeT OHTh Toabko paBio 0. Ho sto mporusopeunt ompe-
IENCHHI0 4. '

(A.2.9) Toodecmsennoe omolpacenue L—>C oxpywrnocmu U na
ce6a cyuecmsenno.

8. Pa3pesn HJOCKOCTH

Mu GyzeM roBOpHTb, YTO MHOXECTBO A B METPHYECKOM NPOCTPaH-
crBe E omoeassem pBe Toukn x um y MHOXectBa E \ A, ecau KoMmmo-
HeHTH CBA3HOCTH (3.19) Touek x m y B E\ A pasnanunsl. Mu Gylem
rOBOPHTb, 4T0 A pa3pe3aem npoctpanctBo E (unun aBAAeTCA pa3pe3on
npoctpadctsa E), ecau MHOxecTBO E \ A HecBsi3HO.

Das mobuix IByX Touek @ u &, @ + b, B C paccmorpum qum{umo
S, 5(2): 2—>(2—a)/(z—>b), onpenenennyio B C\ {b}. Jlerko mpose-
pHTb, 4TO S, , ecThb roMeoMopdusM MHoxectsa C\ {b} ua C\ {1}.:

(A.8.1) (Kpureputt Dfinenbepra) Ilycmv H-—rxomnaxmuoe
Muoxcecmso 8 C. Han mozo umobw H omoeasro 0se pa3iuinbie
mouxu a n b mnoxmcecmsa C\ H, neo6xodumo u docmamouno,
umoGs. omoGpasxcenue 2—>5S, ,(2)| S, 5(2)| muoxecmsa H 8 U 6aao
cyuecmsenno.

Hocratounoctb. JonyctuM, uto @ ¥ b npuHamjexat OLHOH
M TOR e KoMmOHeHTe CBA3HOoCcTH A MHOxectBa C \ H. Tak Kak MHO-
xectBo C\ H otkpuro B C n C snokanpHo cBssHo [(3.19.1) u (3.20. 16)]
TO MHOMecTBO A orkpuro B C (3.19.5). B cuny (9.7.2) B A cyime-
cTByeT Tpaekropus f—> 7(f), onpenenenHas B [={0, 1] u Takas,
yro 7(0)=ea n 7(1)=>. Tak kax T(t)éH npu JM000M 3HaueHuH f,
T0 oTtobpaxenie (2, £)— f(z, t)——sa,r(;,(z)/lsa 1((2)| HenpepuiBHO
3 HXIu, xpowe 1010, f(z, 0)=1u f(z. 1)=s5, ,(@)/|s, ()|
Hame yreepaaenue ciaeayer us (I.2.5).

Heo6xoaumoctb. Ilycth A —KOMNOHEHTA CBASHOCTH  MHOXE-
cred C\ H, coxepxamas Touky @. Muoxectso A otkputo B C, u BCe
€ro TrpaHuyHble TOYKH mpuHaLJexxar I (ouM He MOryT HpHHaLIe-
Katb Apyro#t xommnonenre Muoxectsa C\ H, u6o rtoraa A umeno 6wl
C 3roit OTKpHITOR KOMNOHeHTOH oOwue Touku). Tak Kak bEA UH,
To d(b, AUH)>0. Ilyctv A’ u H'—o06pashi Muoxects A u H
npH romeoMopdusMe Z-—>s, ,(2) wmHokectBa C\ {#} mHa MHOMe-
ctBo ‘C \ {1}. Muoxecrso H’ xoMmaxTHO, @ A’ eCTb CBS3HOE OTKDBHITOE
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noAMHOMXecTBO MHOxecTBa C \ H’, orpanuueHHoe u colepxailee Touky 0.
KpoMe TOro, rpaHuuHbiMH TOukaMu MHOXectTBa A’ B C ABJIAIOTCA TOUKH

w3 MHOXecTBa M’ u (BosmoMuo) Touka 1. ITosromy MHOxectBa A’

u A'UH’' xomnaktHel. Ecau mpH 3TOM TOuKa 1 NpHHANLJIEKHT TPaHHle
MHOMeCTBa A’, TO 3TO O03HAYaeT, YTO MHOXeCTBO A HeOrpaHH4yeHO H
NOSTOMY COZEPMKHUT TOYKY, BHEWHIOI NO OTHOWIEHHIO K HEKOTOPOMY
wapy, conxepxauteMy FH. Ho MHOXeCTBO BHEIIHMX TOYEK STOro Iapa
cazo (9.8.4) u, 3HayuT, NO ONpelleleHHIO KOMHOHEHTH CBA3HOCTH
(§ 3.19) ono colepxurcd B A. DTO MOKasbiBaeT, YTO CYLIECTBYeT TakO#
map V ¢ uentpoum 1, uro V \ {1} = A’. Crenosateavno, | He sBaseTcs
rpanuyHoft Touko#t MHoxectBa C\ A, u, Takum oO0pasom, IOKa3aHo,
YTO I'paHMLA ITOTO MHOXECTBAa BCeraa conepxurca B H'.

Ham HyXHO noKasaTb, uTo oroGpawenue u—> uf|u| mnoxecrsa H’
B U cymecrsenro (1.2.2). Honycrum mnpotuBHoe. Torza cyuecTByer
TaKoe HenpephiBHOe oOToGpaxenue f MHokectea H’ B R, uto
uf|u| = e @ npu u € H'. Tlo Teopeme Turie — Ypuicona (4.5.1) f moxer
GHTh MPOZOMKEHO B HempephlBHOe oToGpaxenue g MHoxectsa A’ U H'
B R. Omnpeseaum oro6paxenue £ mnpoctpancrsa C B U, noxaras
h(u)=uf|u| npp u€CN\ A n h(u)y=2e€® npu u€ A’. Us onpene-
MeHus g Cpas3y cienyeT, 4To oToGpaxenue £ HempepuiBHo B C. IlycTb
yacno r >0 Bubpano Tak, yro A’ conepxurcs B mape B:|z|<r.
Cyxenue oroGpaxenus 7 Ha B mecywectsenso (I1.2.6); mostomy Hecy-
WECTBEHHO M CYyXeHue orToGpaxenus h w na S:|z|=r. Ho Toxne-
crenHoe orobpaxenne {—>{ okpyxHoctn U Ha ce6a Moxer GbTh 3ami-
caHo B Bue k,0g,, The h; —orobpasenune z—>z[|z| oxpyxuocru S
na U, a g, — oro6paxenne {—>r{ okpyxunocty U na S. Oxxako oto-
Opaxenne k, ecTb cyxenue OTOGpaxeHMs A Ha S M NOTOMY HeCymie-
cTBenHo. CleNoBaTebHO, NOMKHO OHTb HECYLIECTBEHHO H OTOGpaxe-
Hue kyog, (1.2.2). Ho sro nporusopeunt ([1.2.9).

(1.3.2) (Teopema fAuuwmesckoro) Tycms A u B—Odsa
KoMnaxmunx Mmuozcecmsa 8 C, u a, b—08e pa3autinsie mouru
snoxcecmsa C\ (AU B). Ecau nu A, Hu B ne omdeasiom mouxu &
u b u ecau nepecewenue AQNB c8asno, mo u obsedunenue AUB
He omDeasiem mouxu a u b. '

U3 npeanonoxenns u us (J1.3.1) ciaeiyeT, 4TO CyxeHus OTOOpaxe-
HUSL Z—> S, ,(2)/|S,,»(2)] Ha A m na B necymectsenns. B cuay (11.2.7)
cymeHue 3TOro otobpaxeHus Ha AU B Taike HecywecTBeHHO. IlosTomy
~ TpeGyeMoe 3akaovenue BuiTekaer u3 (I1.3.1).

4. MpocThie AYrH M WPOCTHE 3aMKHYTHie KpHBHIE

Tpaektopus .£— () B C, onpeneiensas B mpoMexytke [ =a, ]
W ABAKIOLIAACT WHBEKTHBHuM oToGpasmenueM / B C, Ha3uiBaeTcs npocmol
mpaexmo pueii. Muoxectso B C Hasuiaercs npocmod 0yzol, eciiu OHO
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ABJIACTCS- MHOXKECTBOM TOYEK Y (/) HEKOTOPOH npocTo# TpaexkTopuu.
IMetns 7y, onpenenexnas B /, HaspiBaeTCA npocmoid nemaed, ecam nas
BCAKOH Mapbl (S, ) PA3AMUHBIX TOueK _MpoMmexyTka /, Xora 6wl OjHa
M3 KOTOPHIX He fBJAETCS €ro KOHUOM, T (S)= 7(¢). Muoxecrso B C
Ha3biBaeTCa npocmoll 3amMKHymol Kpusoll, ecau OHO ABIAETCHS MHOXe-
CTBOM TOYEK HEKOTOPOH MNPOCTOR meTau. DKBHBAJEHTHble ONpele/eHus:
npocmas 0yza eCTb MHOXeCTBO, roMeoMoppuoe mnpomexyrky [0, 1],
a npocmas 3aMKRYMAS KPUBAs €CTb MHOXECTBO, roMeoMopdHOe elu-
ruyHO# oxpyxmuocty U (9.5.7).

(A.4.1) ldonosnenue 8 C npou3sosvroi npocmoii 0yzu c8R3HO
(unoemu crosamu, npocmas 0yza He pazpe3aem NAOCKOCMD).

ITyctb Y ~—npocras TpaexTopus, onpeleteHHas B /, u NycTb f — He-
npepuiBHoe oToGpaxenue MHOoxecTsa Y (/) wa I, obpatHoe ¥. Ilyctb a
¥ b— nBe pasnuuubie Touku MHOxecTBa C \ (/). B cuay (J1.3.1) mam
HYXKHO J0Ka3aTh, 4YTO CYxeHue @ OTOOpaweHus z — S, ,(2)/|s,, »(2)|
Ha (/) Hecywectsenno. Ho Mbi MOneM Hamucats ¢ = (¢o 7)o f. Henpe-
priBHOe oTOGpaxeHue ¢ oy npomexyTka / B U Hecywecrtsenno (11.2.6);
nostomy Beuny (I1.2.2) HecyllecTBEHHO H ¢.

(1.4.2) (Teopema XKopnaua o Kkpusux) Hycms H—npocmas
3anmxnymasn kpusas 8 C. Tozda:

a) Muoxcecmso C\ H umeem mouno 08e KoMROHeHmb (BA3-
HOCMu, 00HA U3 KOMOPHX 02PAHUYEHA, a OPY2as He 02PARUYEHA.

b) F'panuyeli Kasxool kounonenms c8asnocmu mroscecmsa C \ H
asanemcn H. :

¢) Ecau y—npocman nemasn, onpedesennas 8 1 u maxas,
umo Y(I)=H, mo j(x; 1)=0, ecau mouxa x npunadsexcum ne-
O2panuvennol Komnonenme mnoxecmsa C\H, u j(x; 7)==+ 1,
ecau X RPUHGONEHCUM OZPAHUYEHHOD KOMNOHeHMe  MHOXNCe-
cmsa C\ H. )

Jlokas3aTe bCTBO NPOBOAMUTCA B HECKOJAbKO IIATOB.

(1.4.2.1) Cravaza dokadsices b) 6e3 kaxKozo 66 mo nu 6us0 nped-
ROAONERUS OMHOCUMEABHO YUCAQ KOMNOHenm Muoxcecmsa C\ H.

[Tyctb A — xomnonenTa casHocTH MHOXecTBa C \ H. Tak Kak MHo-
xkectBo C \ .H oTkputo, TO, Kak Mbl Buleau B (J.3.1), rpanuua Muo-
xecTBa A coxepxurca B H. Ilycts 2€ H u nycts f — romeoMopduam
okpyxHocT U Ha H. TTycrs Touka { = ¢’8 € U BriGpana Tax, uro f ({) = 2.
ITycte W —npousBoibHas OTKPHITaA OKPECTHOCTb TOYKH 2 B C M
V < W —szamknyTeit map ¢ uentpoM z. Toria CYLIeCTBYET TaKoe
uncao o, 4ro 0 <o <w u uro f(e#)EV npu §—o0 < ¢ < 64 o.
Ilycte  J—o06pas sToro npoMexyTka npu O0TOGpaXKeHHH t— f(e!).
Torna nomoanenue L muoxecrsa J B H sBiasercs o6pasoM npn oToGpa-
WeHUH £ —> f (e'*) KOMNaKTHOro mpoMexyTka [0 4 o — 2%, 6§ — ] (9.5.7)
u B cuay (9.5.7) —npocroit nyro#. Us (I.4.1) caenyer, uto OTKPHITOE
mMHOXectBO C\NLDC\H c¢BasHuo. ‘



4. IIpoctole Oyeu u npocTbie 3amMKHYTble KpUsbie 295

Iostomy (9.7.2) nas mobo# Toukn x€ A= C\L B C\ L cyue-
cTByeT TpaeKkTopus Y, onpeleneHnas B / =|[a, b] u Takaq, yro y(a)=x
u 7(b)=2z. Muoxectso 7 (/) J xomnaktho u comxepxurca B V. Ilycrb
M —ero npoo6pas npu 7. Torma M ecTb KOMNAaKTHOE NMOJMHOXKECTBO

npomexytka / u a¢ M. Tlycts ¢=inf M > a. Toraa oGpas mpu ¥
npomexyTka [a, ¢[ ecTh cBAsHoe MuoxecTBO P [(3.19.7) u (3.19.1)),
He mepecekaipinee Hu J, Hu L 1 noaromy conepxaueecs B C\ (JUL)==
=C\ H. Tak KaKk MHOXeCTBO P COJepKdT X, OHO B COOTBETCTBHMH
¢ ompeje/ieHHEM KOMIIOHEHTH CBA3HOCTH collepwuTtcs B A. Ho xorma ¢ < ¢
CTpeMHTCH K ¢, Touka Y (£) € A crpemurca k ¥ (¢) € V. Tlosromy Y (1) EW,
eCli PasHOCTb ¢—F AOCTATOYHO Ma/a, U 9TO AOKAsHIBAET, 4TO 2 € A T .

(11.4.2.2) loxaxem 3amem meopemy npu GONOLHUMENbHOM npeod-
nososcenun, ymo H codepocum wnexomopwuii ceemenm S ¢ pazsuy-
HOLMU KOHYAMU.

Cosepuasi, ecad HyxHO, B C roMeoMopduaMm z — Az —p, MH MOXeM
cuuTath, 4TO S ecTb NpPOMEXYTOK [— a, @] ne#cTBuTenbHOH ocu R.
TMycts p==d (0, H\ S). PaccMorpum oTkpurhit map D:|2z| < r, rue
r<p. Torma DN(C\H)=DN(C\S) u scuo, uro nepeceyeuue
DN(C\'S) ecrb o6benuHenne aByx Muoxects D, :|z|<r, gz>0
u Dy:jz|<r, gz <0, He umeiownx o6wux toueK. Hemennenuo npo-
pepAeTCH, YTO CErMEeHT, COeNMHSAIWMA IBE TOUKM MHOXecTBa D) (cooT-
sercTeenHo D), colepxurca B D, (coorsercrBenHo B D). Ilostomy
mHoxecrsa D; u D, casuui. C apyro#t croponn, B ([1.4.2.1) Mb BH-
JeJd, YTO Kaxlas KOMIIOHeHTa CBsisHOCTH MHOxectBa C \ H mepece-
kaercda ¢ D u, sHauur, ¢ D; wm ¢ D, Ho eciu 1Be KOMNOHEHTHI
cessnocTd MHoxectsa C \ H nepecexalorcs ¢ D) (coorserctsenno ¢ D),
TO OHM HeMpeMeHHO COBMNANAOT, TaK Kak MHOxectBo D, (cooTser-
crBenno D,) cessno u comepxurca B C\ H (3.19.4). Jro nokasbiaer,
yro MHOXecTBO, C \ H umeer He 6osee ABYX KOMIOHEHT CBA3HOCTH.

Ilokaxem, jaaee, uyro MHOXecTBO C N\ H HecBfi3HO H NO3TOMY
nMeeT TOUHO HBe KOMIOHeHTH. JomycTuM mnporusHoe, u nycrtb X €D,
u yED, Tax xak map D cesased, muoxectBo C\ D He orTaeaser
todex x u y. C apyroit croponn, ecau C\ / cBasHO, TO MHOXecTBO
ve orgenser x 4 y. Ho nepecesenne H[)(C \ D) ecrb nonoanenue B H
OTKpHTOro npomexyrka |—r, r[. B cuay (9.5.7) sro aonomenne
sBaAseTCd, TaKuM .06pa3oM, mpocToft Ayro#t u mostomy cesasHo. Ilo Teo-
peme Huumescxoro ([1.3.2) obvenunenne HY(C\ D) He oraeaser
Touek x M Y. Ho 3TO HeBO3MOXHO, TAK KaK NOMOJIHEHHE MHOXKeCTBA
HU(C\D)s C ecrv D;UD,, a D; u D, 9BasioTC OTKPBITHIMH MHO-
KecTBaMH 06e3 OOLIMX TOYEK M, 3HAYUT, UX OObEIHHEHHE HeCBIIHO.

Tak Kax MHOXeCTBO H KOMOAKTHO, OHO COJEPXUTCS B HEKOTOPOM
mape ¢ ueHTpoM 0, nomonHenue KOTOporo B € CBA3HO M NMOTOMY colep-
KHTC B HEKOTOPOH KOMMOHenTe cBsfdHocTH MHoxectBa C\ H. 3ro
MOKa3HBaeT, YTO OJHA U3 3TUX KOMIOHeHT A He OrpaHuyena, a apyras
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B orpanuyena. Kpome Toro, sicho, uto mpu x € A uniekc j(x; 1)==0
(9.8.5). C znpyroi cTOpoHH, MHOXecTBO D) colepXHuTcA B OIHOR M3
komnonent MHoxectea C \ H, a MmuoxectBo D,—B apyro#i. Taxum
o6pa3oM, Bce, YTO HaM HYXKHO JOKas3aTh, 9TO TO, 4TO Jj(Xy; 7)—
—J(xy P)==% 1 nna xaxkoH-uuGynap onaHo#f ToukH X, €D, u Kakoi-
HHOYAb OAHOM TOoukHM X, € D, (9.8.3).

TIpeAnonoxuM, YTO Hauano mneTid Y ectb Touka a€S. Ilycts

JoI —npoobpas npu y MuoxectBa H\S (rie S— BHYTPEHHOCTb
MHOxecTBA S B H), #BASIOLMACS KOMNaKTHHM npomexyTkoM [o, B,
M mycTh T, — Tpaexkropus {—>7(f), onpeneieHHas B J, ¢ KOHUAMH — @
u a. B cuay (O.1.1) B C\ D cyumecTByer rOMOTONHS ¢, TPAEKTOPHH Ty
B TPaeKTOPHIO Y, TaKas, uTo oToOpamenue ¢, onpenenero B J X [0, 1],
¢y (@, &)= (a) u ¢, (B, £)=="7(B) npu moGom §. Onpenennm ¢ B /X0, 1],
Kak otoGpaxenwe B J X [0, 1], paBHoe ¢;, a naf /00O TOUKH
(£, )EU\J) X [0, 1] paBnoe 7(f). Torma ans moGo# Touku x, € D,
(cooTBeTCTBEHHO X, € D,) ¢ ects mereapHas romoronus B C\ {x,}
(cootsercTBenHo B C \-{X,}) meTiu 7 B HEKOTOPHH KOHTYP Ts.

‘TaxuM 06pasoM, MH MOXeM OrpPaHMYHTbCA NOKa3aTeJbCTBOM TOTO,
uto j(%;3 7)—J (% Y)==E 1 B cayyae, kKoria | ecTb KOHTYD,
onpelefeHHH# B mpoMexytke / u o6aajaiomuil CleAyOWUME CBORCTBAMH:

1y Sc 1), u ectu T —npoobpas 71~1(S), To T ecTb yacTHuHBIN
NPOMEXYTOK TNpOMexyTKa /, H cyxeHHe omépamenuﬂ Y Ha-T ecTs
romeomoppuam T Ha S;

2°) o6pas 7(/ \ T) comepxurca B C\ D (sameTum, 4TO He HCKMIO-
YEHO, YTO 3TOT HOBHI KOHTYP | He fBJASeTCd NPOCTOR mneTJelt).

Toraa npoobpas npu 7 NpOMeXYTKa [—r, r] eCTh YaCTUYHBIA NpOMEXKY- .
ToK [A, p] npomexyrka T. JlonycTuM, HanpuMep, 4to {(A)==—r, T (@) =r.
MB MoXeM cudTaTb (3aMeHAs | SKBUBAJEHTHHIM KOHTYPOM), HTO A= —=x
u p=0 u, KpoMe TOro, YT0 -—7 eCThb HayaJO KOHTYpa 7Y, TaK uTO
I=[—m, o], rie © > 0. Bozsmem x;, =it u xy=—1 Joe 0 <E<r. "~
Mycts o —nyts £ —7(f), — 7 Lt L0, B —nyms t—>re, —n L0
ud —nyms t—>re~¥, —xntL0. Torna, npumenss teopemy Koumn
K moaymiockoctd g z <E (cooTBeTCTBeHHO G 2 > —F), aABJsiowefica
3ce3noobpasHoft obaacteio (9.7.1), noayuaem

fzd—zie =fzd—ziE " fzil:ie;fzfi&

@ 8, G &

ITostomy

2 (J (6 =T (x5 1)) = z d—zzE f z4i8 + f (3‘5‘)’)(3:22 ’

52 l

JleBas yacTb 9TOrO PaBEeHCTBA He 3aBUCHT OT . [lOMb3YSCh XKe TeM,
uro |7(O)|>r npu 0t w, ¥ TeopeMOH O CpelHEM 3HAYCHHH AJS
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OLEHKH mocJelHero uHterpaia u teopemo# (8.11.1), BuauM, uro, xorxa &
crpemutcs K 0, npaBas 4acTh STOFO DaBeHCTBAa CTPeMUTCs K 2w,

(Il 4.2.3) O6pamumcs menepy K cayuan, Kozda H He co@epolcum
HU 00HO20 Ce2MeHMa € PA3AULHHMUL KORKAMU.

[lycte @ u b — 1Be pas3iuuHble TOYKM MHOXecTBa H u S — cermet
C KOHUAMH & W b. Msl CHOBa MOXeM CUHTaTh, 4TO S ecThb 3aMKHYTHIH
npoMexxytok B R. Ilo npeamonoxenuio, CyliecTByeT 1o KpaHue#t Mepe
oana Touka x €SN (C\ H). ITyctb J-— KOMIIOHEHTd CBA3HOCTH TOYKH X
B SN(C\ H), ABAA0IAACH OTKPHTHM NPOMEXYTKOM | ¥, Z[, MOCKOJbKY
muoxectso S1(C\ H) orkpuro B R [(3.19.1) u (3.19.5)]. IIpu srom
ero KOHIUH y u 2z npuHaaaexar H. IlycTb g — romeomMopdusM MHOMKe-

crea H Ha enmununyio okpyxuocts U u mycts g(y)=e” u g(2)=¢e'
npuyeM Mbl MOXeM cuuTath, uyro ¢ <d < c—42wn (9.5.7). Ilyers U,
u U,—aBe mpocThie Ayru, spasiouuecs o6pasamu NpH OTOOpakeHHH
t—>e" mpomexyrkos c<LtLd v d<t<Lc+2x, u nycte H,
u H,— 06pa3u 5THX Ayr npu romedmopdusme f oxpyxuocrd U Ha H,
obparioM g. Tloasaysach (9.5.7), HeMelJeHHO  BUAUM, 4YTO CYILECTBYeT
romeoMopduaM f, (cooTBeTCTBeHHO f,) MHOXecTBa U, (coorBercTBeHHO U,)

Ha 3aMKHYTHHA npoMexyTok J==[y, 2], Takoft, uto f,(e")= f,(e)=1y
n fi(e)="1(e")=2. :

Iyctb h; (COOTBETCTBEHHO hz)—OToﬁpa)erue OKDYKHOCTH UsC
na U, (coorBetctsenno Ha -U), pasHoe f, a Ha U, (coorsercrBenno Ha U,),
paBHoe f, (coorsercteenHo f,). W3 ompenenenus J cremyer, uto Ay M
hy saBAsIOTCH ToMeoMopduaMaMu okpyxHocTd U Ha ABe MPOCTHE 3aMKHY-
Thie Kpusble G;=H,UJ u G,=H, U J, xaxnas H3 KOTOPHX COJEPXHT
cerment J. Ilycts w € H; —Touka, oTauyHas ot y i 2. CyuecTByer
OTKPHTH# Iap D ¢ UEHTPOM W, He NepeceKaloMiCa ¢ KOMIAKTHHIM
muoxectsoM G,. B cuny (I1.4.2.1) xaxnas KOMIOOHEHTa CBASHOCTM MHO-
wectea C\ G, HMeeT TOUKH B D.

Hazee, ecma w’ u @’ — 1pe Touku mwapa D, npuﬂannemaume 0.11H0ﬂ
W TOR e KOMIOHeHTe cBA3HOCTH MHOXectBa C \ G, To ToukH @' n @”
He oTHeasmloTcs MHOKecTBOM (. OHUM He OTAeAnioTCd H MHOXeCTBOM Gy,
tak kak npuHangexar mapy D c C\ G, koropui#t cpasen. Ho mepe-

cevenue G, N G, =J cBssHo. [Tostomy mo Teopeme fnumesckoro (J1.3.2)
touku @’ u @’ He omdensmorTcs Hu oObvenunenueM G, UG, HH TeM
Gonee muoxectsoM Hc G, U G,. Huumu ciosamu, Toukd @' v @” npu-
HalJexXaT OAHOH M TO# iKe KOMIOHeHTe CBs3HOCTH MHomectBa C\ H.
Ho tak kaxk wmuoxectBo €\ G; uMeeT TOYHO [iBe KOMIOHEHTH CBfi3-
HOCTH, a Kaxnmas M3 xoMmnoHent MHoxectsa C\ H B cuny (1.4.2.1)
umeeT Toukn B D, To orcioga caenyer, uyro C\ H umeer He 6oJee
IBYX KOMIIOHEHT CBSIBHOCTH.

C apyro#t cropons, u3 ([1.4.2.2) caenyer, uro B D cymecrtsyior
IBe Toukd @' u w”, oTneasembie MHOXecTBOM (,. Mpbl nokaxeM, yTO
OHH OTHAEJAITCA H MHOXecTBOM H. B npoTusHOM cnyqae, TaK KaK OHH
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_He OTHensioTca MHOXecTBOM (o, a nepecedyenneé G, H = H, cBasHo,
OHH He OTAensanch Gul M obvemunennem G, UH o> G, (1.3.2), uro npo-
THBOPEUHT Npeanosoxenyio. Mrak, Mul nokasann, yro MHoxectso C \ H
UMeeT TOYHO JHBe KOMIOHEHTH CBA3HOCTH. TOYHO TaKOe Ke paccy-
swaenue, kak B (J.4.2.2), nmokasbiBaeT, 4TO OIHAa M3 HMX, A, He Orpa-.
HWuYeHa, a Jpyrasd, B, orpaHuueHa.

Hakoneu, Mbi MOXeM CYHTaTb, YTO Y €CTb HAdyajo NeTAH Y, W, eCin
I=]a, B}, wro Hy=1(la, \]) u Hy=7([\ B]). Onpeneaum nerau
11 M 7y caenyomum obpasom: T,(f)=(—a—-1)(y—2)+ 2z, npu
a—1Lt<a u 1 (O=1() nmpr ¢ LECh 1(H)=71() npu
AELB n () =y4+(¢—B)(z—y) npu BLEL B+ 1. Toas-
ayace ([.1.1), HemenaeHHO mpoBepseM, YTO AJS JIOGOH TOUKH x{G1 UG,
uuleke j(x; 7)==j(x; {0+ J(x; 12). Ilycts D —map, paccmoTpeH-
HBI{ Bbllle, W NyCTb CHOBA @’ M w” — ABe TOuku wapa DD, oraenseMble
muoxectsoM G;. Torza Ml uMeeM paBeHCTBO j(w'; Ya)=j(w"; 7,
TaK Kak TOukH @’ u @” He oTsensioTcs MHoxmectBoM G, (9.8.3), u
J(@'; 1)—Jj@"; 1)==%t1 B cuny (1.4.2.2). Orciona crenyer, u4ro
J(@'s Y)— j(w"”; yY)="Et 1, n Teopema NOKa3aHa.

(B.4.83) ITycme H—npocmasn samxnymasn xpusas 8 C u D — ozpa-
HUYeHHAR KOMNOHenma c8sa3Hocmu muodxcecmsa C\ H. Tozda dan
a060l nemau | 8 D undexc j(x; 7)=0, xaxosa 6u nu Cwaa
mouyxa x € H.

ITycts U — OTKPHTHI 11ap C LEHTPOM - X, He HMelOIUH O6uIMX
Touek ¢ MHOXeCTBOM 7(/) Tovek metam Y. B U wuattgercs Towka
zEC\(DUH)GC\D ([.4.2), u, Tak xak wap U ceasen, j(x; 7)==
= j(2; 1) (9.8.3). Ho j(2; Y)==/(y; 1) AnA BCeX TOYEK y HeOrpaHu- -
yeHHO#t KkoMmmoHeHTHt cBA3HOCTH C N\ D wMHOxectBa C\ H (9.8.3),
4 B 9TOH KOMMNOHEHTE CYLIECTBYIOT TOUKH Y, BHEIIHEE AJA 3AMKHYTOrO
mapa, codepxamero (/). Jlam Ttaknx Touek j(y; 7)==0 (9.8.5),
OTKyla H ClelyeT Halle yTBepXJeHHe. '

Sadanu

1. ITycte A-— cBasHoe ortkpHrToe MHOXecTBo B C. [loxawure, uTo g
MoBbIX IBYyX TOuEK a W b MHOXecTBa A CymecTBYeT NpOCTas TPaeKTODHA 7,
conepxanlaica B A M HMelomas TOYKH & M & CBOHMH KOHIlAMH, MHOXECTBO
TOYeKk KOTOPOH ecTh JoMaHas Jjunus (3agasa 4 § 5.1; unawe MOXHO ckasath,
4970 OTOOpaXKEHHE | KYCOUHO JMHEHHO).

[[IpoBexute paccyxaeune, Noxokee Ha paccyxnenve B (9.7.2). Ecau
JkBampat® Q==/X/I<c A (rme /—3aMxuyTHii npomexyTok B R, uMemomui
BHYTDEHHHE TOYKH) HE COJEPXHT TOUKY & ¥ eCAH CYUIECTBYET IpOCTas Tpaek-
Topusa £->7, (f) B A, onpenenennas B JC R, ¢ HauajloM @ H KOHUOM ¢ €Q, To
paccMOTpUTe HaHMeHbHEe 3HaueHue f, € J, 1aa Kotoporo v, (f;) € Q, U 3ametnte,
YTO CErMEHT € KOHUAaMH Y, (fp) U IMPOH3BOABHOH TOukOH H3 Q coaepxkurca B Q.]
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2. Byaer Jau BepHa TeopeMa SlHmmeBckoro, ecan A u B npegnoaarawrcs
TONBKO 3aMKHYTHIMH MHOXecTBamMu B C, gaxe ecau nepeceuerne A[]B xoM-
nakTHO (¥ CBA3HO)? [ToKaxuTe, YTO YTBEPKAEHHE ITOH TEOPEMbl OCTAETCH BEPHBIM
B caenyoux Asyx caydasx: 1°) A u B—[Ba 3aMKHyTHIX MHOXECTBA, OIHO
U3 KOTOPHX KOMIaKTHO; 2°) A M B -—1Ba 3aMKHYTHX MHOXeCTBa 6e3 OOmHX
TOYeK. .

[Ecan ¢— Touka, KOCTaTOYHO 6AH3KAs K @, TO PacCMQIpHTE, oioépameﬂne
2—>1/(z—c) u obpasu a, b, A u B npu atom oroGpaxeHuu.)

3. oas mo6olt mnpoctoit 3amxHyTo#t kpuBOH H B C ofo3Hauum uepes B (H)
OrpaHHYEHHYI0 KOMIIOHEHTY MHoxectBa C\ F.

a) Ilycte A — cBsi3HOE OTKPHITOE MHOXECTBO B C M F{ — mpocTas 3aMKHyTas
kpuBag, cogepxkamasca B A. [loxaxure, uto MHOXxecTBO A\ H HMeeT TOWHO
IBE KOMIIOHEHTH CBS3HOCTH, ABAAKIHECST NePeceuyeHusIMH A W KOMMOHEHT cBA3-
HocTH MHOXectBa C\ H.

[Bocnoabayiitech 3amaueit 2.

b) Bosee oBuiee yrsepxaenne: ecan H; (1 i< r) —r NIPOCTHX 3aMKHYTHX
KPHBHIX, COJEPKAIUXCA B A M NOMAPHO HE UMEOWHX OGIHX TOYEK, TO AOMOJ-
nenne B A obbenunenns |J H; umeer Touno r -1 xoMnowenry.

L

[poBenuTe HHAYKLUIO 1O r.]

¢) Moxawxure, uto ecau A w H’-— jgBe NpocThe 3aMKHyThle KpuBbie B C
6e3 obmux Touex, 10 JuGo B (H)N\B (H')=(J, 160 e 3aMblKaHde ONHOrQ
n3 mMHOxecTB f (H) u B (H’) conepxurcs B APYroM.

[Moabayack (3.19.9), moxawmure, uto ecay H B (H’), To HeorpanudeHHas
KoMnoHenTa MHoxecTBa C\ H’ we mmeer obmux Touek c B (H).]

d) [IpenmonoxuM, YTO CBA3HOE OTKpMTOE MHOXecTBO 7 B C HMeer rpa-
HHLY, SIBAAIOILYIOCA OGDbeAHHEHHeM 7 IONAPHO He MNePeceKaloIHXCd NPOCTHX
3aMkHyTHX KpuBmX H; (1 <i<r). loxaxkure, 9T0 CyeCTBYIOT TOJbKQ IB€
so3moxHoctH: 1°) T HeorpannueHo, MHoxecTBa P (/;) nomapHo He mepecekalTca
W MX O6beIMHEHHE ABAAETCA JONOJHEHHEM 3aMHIKaHHA T; 2°) CYIIECTBYET OIHO

H3 MHOWecTB Hj, ckawxeM, H,, Takoe, 4to 3ambikanua § (H;) npu 1 (i r—1
conepxkarcs B § (£1;), muoxecrsa § (H;) (1 i< r—1) nonapHo He nepecexawTCs

u T sBaserca ponojHeHueM B B (H,) ob6bexuHeHus 3ambikanu#i 8 (f;) mpu -
IigKr—1 -

‘[3ameTbTe, 4TO €caM Y, — NPOCTanA IETA, MHONECTBO TOUEK KOTOPOH eCTh
Hi (1<Li<r), 10 uHEEKCH J(x; 1) npu x €T nocTosHHH, W 4TO He foJee
YeM OAMH M3 HHX MOXeT 6mTb = 0. IToaAb3yACh C), NMOKAXUTE, YTO B NPOTHBHOM

ciyuae no kpaHHe#t mMepe opHa M3 KkpuBWX F; He coiepxajiach 6H B rpaHuue
muoXxecTBa 7.) :

4. Iyctb A — orpaHuueHHOE OTKPHTOE CBsi3HOE MHOXecTBO B C, 06J1agaio-
mee TeM CBOMCTBOM, 4TO Ras J06o# netan 7 B A u moGok touku 2€ C\ A
ungexc j(z; 1) =0.

a) IMoxaxwure, uto #aa moGoi mpocroi 3amkHyTo# xpuso#t H < A orpanu-
yeHHa KOMNOHeHTa § (1) comepxnrca B A.
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[Moabsysacy (3.19.9) u yrsepxnenneM b) u3 teopemb XKopAaHa o KpHBBIX,
noKaxuTe, YTO B NPOTHBHOM CAy4ae 9Ta KpHBad cofepxana 6u rouku us C\ A.]

-b) Pewemra ¢ wazon a>0 B C ecTh MHONECTBO TOuEeK BHaa (m -} in)a,
rie m U n— NpPOH3BOJNbHHIE LEJBe TUCJIA; STH TOUKH HA3BIBAIOTCH 8¢ PULUHAMU
pemerkn. Jlas xawgot Bepmmmm (m-}-in)a uerwpe BepmuHnl ((m + 1) |
~-i(n £ 1) ) a Ha3HBalOTCH COCeOHUMU ¢ BepmuHOH (m - in) «. MHOXeCTBO Qmn,
cocTosimee U3, ToweK x-f-iy, e ma<x<(m-+1)a u ne<y<(n41)a
Ha3HBAETCH OMKPoLMbIM K8AOpamom pewemxu C WHieKcamu m, n. Ero 3aMb-
KaHHe Q;, HA3bIBAETCH 3AMKHYMUM K8AOPAMOM peulemku C MHAEKCAMH m, n,
Ipannna xBanpata Q, COREPXHT UeTHpPE BEPUIMHH U SBAAETCH OODBEAHHEHHAEM
CErMEHTOB, COCJHHAIOMHMX T¢ W3 9THX BEPIIMH, KOTOpHE ABJIAIOTCH COCETHHMH
(cmopons xBagpata Qp, uad xBanpara Q).

Mycte B -— o6befnHeHHe KOHEUHOTO UHC/IA 3aMKHYTHX KBAaJPATOB PEMIETKH.
INokaxure, 4TO €CAY HEKOTOPaa BepWIHHA pemerxku npunaarexur Fr(B8), to
9HCAO COCEHHX ¢ Hel BepmuH, npuxagnexamux Fr(B), paBuo 2 uau 4. Iloka-
WuTe, UTO €CAY HET HH OAHOH BepHIHHH pemeTkd, npuHagaexamei Fr(B) u
Tako#, 4TO BCe HeTHpe cocelHue C Heli BepmuHm npuHagaexar Fr(B), To
Fr (B) ecTb o6bejuHeHHe KOHEUHOTO YHCAA MONAPHO HE MEPECEeKAMHUXCs NMpo-
CTHIX 3aMKHYTHX KPHBHX, KaXAas M3 KOTOPHX fBAfeTCA O0beIHHEHHEM CTOPOH
KBajJ[paTOB DEMETKH.

[Hauap ¢ xakux-EuGyab ABYX COCEIHHX BEpIUH &, H dy PEIIETKH, NPUHAA-
aexamnx Fr(B), nokaxure, 9TO MOXHO IO HHAYKIMH ONPEAENHTb NOCAELOBA~
TeAbHOCTh (@,) BepHmIMH pemeTKH, NpuHagiexamux Fr(B) u Takux, 9T0 2, M
Gp ABISIOTCA COCEIHHMH BepITMHAMH.]

¢) Ilycrs B — o6benuHeHue KOHEYHOTO™ WHCAA 3am<nyrux KBaJpaToB

- PeMIeTKH € maroM o, obiajaiinee TeM cBoOcTBOM, uT0 B rpanune Fr(B) ner
BEPIIHHH, BCE COCEAHME € KOTOPOH ueThipe BepuidHbl mnpHHapaexar Fr(B),
u uto Fr (B) ects mpocras 3aMKHyTas kpuBas (06-beIuHEHHE CTOPOH KBaapaToB
pemetku). Ilycts @ m b— ABe coceanne BepIMHH, npuHaaaexawue Fr (B).
TokaxuTe, UTO CyWECTBYeT TaKOe HempepuHBHOe oToGpaxmenue (2, £)—> ¢ (2, f)
npoussefenus B X [0,1] B B, uto: 1°) ¢(2,0)=2 B B; 2°) 9 (2, f) =2 paa
mo6oit Touxm £€[0, 1] u moGoli ToukH 2 cermMentra S ¢ KOHUAMH & K. b
3°) v(2, 1)€S npaa moGoil Touxku z€ B.

[lTpoBenure wuayknuio no wucay N xsanpa'roa, o6benuHeHHEM KOTOPHX
spaserca B. Ilycts m — HanGosblee Leaoe. YHCAO, AAA KOTOPOro CYIIECTBYET
QmnC B, u mag sToro m myctb n— HauGoJbllee NEJNOE HHCAO, AAf KOTOPOTo
Qmn< B. Caexyer pasangaTh fABa cayduas B' COOTBETCTBHH € TeM, NPHHaX-
JeXHT Ju Touka (m-}in)a rpawune Fr(B) uam Her, M B KaXJOM M3 3THX
cayuaeB HYXHO paccMOTpeTh B kaxk o6befuHEHHE JBYX AHAJOTHIHHX MHOXKECTB,
KaXJ0e M3 KOTOPHX fBAfETCA 06beAuHenueM MeHee ueM N KBafpaToB pelIeTKH.}

3akJI09HTe OTCI0AA, YTO BHYTPEHHOCTh MHOXeCTBAa B onHocBA3Ha.

d) Mycts B — o6beguHenne BceX 3aMKHYTHIX KBajpaToB pEIETKH C Mia-
roM a, cojepxamuxcs B A; 4MCAO ¢ NPEANOAAraeTCs HACTONABKO MaikM, YTo6u B
6nao He nycro. Ilycts D — onHa m3 (OTKPHITHX) KOMIIOHEHT CBSI3HOCTH MHO-
xectBa B. IMokaxure, uto B Fr (D) HET HH OJHOH BepIIHHN peLIeTKH, BCe
coceZHue C KOTOpOH ueTHpe BepIMHH npHHagaexat Fr (D).





