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[fonyctdM npoTHBHOE W JAA NPOCTOTH MPEANOMNOKHM, 9TO 3Ta BepuIMHaA
ectb 0. B takom cayuae, Hanpumep, Qg ¥ Q_;, _y Bxomar B D M CYWECTBYIOT
Touka 2, € Q_;, o ¥ Touka 2,€Qy, _;, npuHamaexampme Fr (4). C nomompio
3ajaun 1 moxawure, 4To Ha#jgerca mpocras metas I, comepwamasca B DU {0}
u conepxamtas cerMeHT ¢ konuamu (14 )af2 u —(14-i)e/2. Paccyxnas,
kak B ([1.4.2.2), nokawure, uro uHgekch j(z; T) u j(2y T) me MoryT Outh
PaBHH, 4TO ¥ NIPHBOZHT K NPOTHBOPEYHIO.]

e) B o6osHauennax sazaun d) noxaxmre, uto rpanuna Fr (D) ects mpocras
3aMKHYTas KprBas.

[Moabaysce b) u 3amaueit 3, d), aokaxinre, aTo ecan 6u rpanuua Fr (D)
6piia ob6benuHendeM OGoJdee ueM ORHOH NpocTof 3aMKHYTOH KpHBOH, TO Ha-
wauch On npocras metas Y B A u Touka 2 € Fr (4), aaa Koropux BLIMOJIHAJOCH
6n paBeHcTBO j(2; ¥) =1.] :

f) 3akmouute M3 AoOKaszaHHOro, UTO0 A ONHOCBASHO M 910 OHO SBAAETCH
obbeauHeHHEM Bo3pacTaiomed nocaexosateabHoCTH (D)) OTKPHTHX OZHOCBA3HHX
MHOXECTB, KaXJA0e H3 KOTOPHX €CTb OrpaHAYEHHAas KOMIIOHEHTa JONOJHEHHSH
HEKOTOpOH mpocToil 3aMKHYTOH KPHUBOM.

[Bocnoan3syiitech ¢) u e).]

Hao6opor, Taxoe o6benuHeHue BCErxa ONHOCBSA3HO.

g) Pacnpocrpanute yrsepxjenne u3 f) Ha NPOHIBOAbHHE OJHOCBH3HHE
OTKpPHTHE MHOXecTBa B C.

[[as xawporo n paccMoTpute 3ammyme KBaApaTH pemeTkH ¢ maroM 1/nm,
cojepxamuecss B mepeceueHuH MHOXecTBa A ¢ wapom B (G; n).]
~ h) Ilyctse A—otkpuitoe cBAsHoe MHOmecTBO B C, monoinenne C\ A
KOTOPOrO HE MMEET OrpaHMuYeHHOH KoMnoHeHTH. IToxawuTe, 9TO B STOM Clydae
MHOXECTBO A OIHOCBS3HO.

[Bocnoansyiitecs (9.8.5).]

5. IMokaxuTe, 4TO CHENYONHE OTKPHTHE B C MHOXECTBA OXHOCBA3HBI, HO
HX FPaHUIla He ABAAETCH MPOCTOH 3aMKHYTOR KPUBOM:

1°)-muokectBo A, Touek x+iy, rae 0 < x <1 n —2 <y < sin(l/x);

2°) mHOMECTBO A, Touek x-+iy, rie —l<x<0u —1<y<1l, um
0<Lx<luld<iyl< .

[B kampoM u3 3TMX CayYaeB NOCTPOHTE BO3PACTAICUIYIO NMOCAENOBATEALHOCTD
orpaHH4eHHbX koMmnouneHt B (H,), rae H, — npoctag 3aMKHyTaa KpuBas, TaKyw,
4T0 - 06beuHenne Beex B (f1,) ectb AaHHOe OTKPHTOE MHOXKECTBO. UTOOH Ho-
Ka3aTy, uT0 rpauna Fr(A,) e romeomopdua U, nokauure, noassyscs (3.19.1),
UTO OHa He JOKAaAbHO CBfA3HA. YTOOH JI0Ka3aTh AaHAJOTHUHOE CBOACTBO AJAA
Fr (A;), paccmorpure nomoanenne Touky z=1 B 910l rpannie.]

Fomeomopdnn an muoxectBa Fr(4;) u Fr (4.)?

6. Ilycth A— onnocBsi3HOe OTKpHITOE MHOXecTBO B C, oramssoe or C.
[Moxaxmure, 4TO rpaHuma MHOXecCTBa ‘A COJEpXHMT no KpaiiHeidi Mepe ABE pas-
AYYHbIE TOYKH.

[Mokaxure, uto B nporupHoM cayuae A= C\ {a}. Ilpu stoM, urobu xo-
KasaTh, 9TO TOYEK, BHEIHUx a8 A, He CYIIECTBYeT, BOCHOJABb3YyHTECH Teope-
Mot (3.19.9) u rem dakrtoM, uro MHOxectBo C\ {2} cBasHo. C mOMOIWBIO
(9.84) u (9.8.7) npuaute K TPe6yeMOMY 3aKIOUEHHIO.} :
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7. Ilycts y—mpoctag mnetas, onpeneieHHas B npomexytke [ =[0, 2], u
nycts H =y (I) — cooTBeTCTByIOmas NpOCTas 3aMKHyTas Kkpusas. IlycTe o —
npocTasi TpaeKTOpHfl, onpejenenHas B mpomexyrtke f,=([1, 2} wu rakas, uro:
1°ya (1) = y(1), ¢ (2) = 7(2) = 1(0); 2°) a (£) € B (H) nns xaxzao# Touxn £€ |1, 2f.
Mycts L =oa(/;). Onpeneaum npocTele NETAH Y, U Y B / yCHAOBHAMH:

nO=10)  mpr 0<KI<L, 1 ()=c(t) npr 1<I<2
p@=a@—5 mpn 0<E<], L@ =1() mprn 1<I<2.

Nyers Hy =71, (/) u Hy =1, ({).

a) Moxaxute, uto AAs Mo60H Touku 2 € C, He mpuHamnexainert H, () H,,
ungekc j(z V) =7z 1)+Jj @ 1)

[Bocnoabayiitecs (. 1.1).]

b) JloxaxuTe, 4TO CYMECTBYWOT Touka 2, € § (H), ans xoropoit j(zy; v,) =0,
u TOUKA 2 € B (H), ana xoTopoit j(zz 1) =0. '

[BocmoabsyiiTech yrBepxkaenueM b) teopembnt Kopaana o kpusbix (I.4.2).]

c) BuBemute 13 a) u b), uto B (H) ecth o6benuHeHne MHOXecTB B (H)),
8 (H;) ¥ LB (H), npuueM HuKaKue [Ba U3 STHX MHOMECTB HE MMEOT OOuleH
TOUKH.

8. a) Mycrs H — npocras samxHyTas kpusas, Ly (1 < k< n)—n npocrux
IyT, TaKHX, 4TO MX KOHUH mnpuHaanexaT /, a ocTajpHble TOUKHM, OTJIHYHBIE OT
KOHLOB, cofepkarca B B (F7). [IpeAnonoxuM, KpoMe TOro, UTO HHKAKHE ABE H3
ayr L, ne mmeioT ofmux Todek, mpuHamiaéxamux f§ (F7). Torna BHyTpennocTb

n
nonoanenns MHowectBa | Lp umeer B B(H) n+1 KOMNOHEHTY CBS3HOCTH,
k=1 . :

KaX/afd H3 KOTOPHIX ABJAETCH OrPAaHHYEHHOH KOMNOHEHTOH NOMOJHEHMS HeKO-
TOPOHK npocToll 3aMKHYTOR KpuBO# B C.

[TTpoBeanTe MHAYKUMIO HO 72 B BOCNOJb3yfTech 3apaueit 7.}

b) Mycts Hy, n H, — xse npocTeie 3aMKHyTHe KpuBme B C, mepeceueHue
* H,(}H, xoTopuXx KoHeuHo. [TokaxuTe, 9TO KamAasA KOMIOHEHTa CBA3HOCTH mepe-
ceuenns f (F,)NB (H,) aBasercd orpaHHueHHOH KOMIOHEHTOH pomoanenHs B C
HeKOTOPOH NpOCTO# 3aMKHYTOH KPHBOM.

[Bocmoasbayittecs a).] '

9. Mycrs Y — npocras netas B C, onpeaeaennan B npoMexytke / = [—1, 1],
nycts H =+ (I), 1 (119 0pocTOTH) npeinoaoxuy, 4ro y (0) =0 u ut0 gUameTp
mHOxkecTBa [ > 2. Onpefe/uM MO HHIYKUMH ABe YOHBAlOLIHE NOCJAENOBATE/Nb-
HOCTH unced (a,) u (p,;), cTpemsamuecs x 0, Takue, ato p;, = 1, «, €CTh HanboOJb-
mee uucao >0, IS KOTOPOro BHIOJHAETCA HepaBeHCTBO |7y (f)| < p, npu
|t| <ap H ppi1 3= inf (1/(n 4 1), ¥,), rae b, — paccrosnue or 104k 0 1O MHO-
secTBa ToueK Y (f), Y XOTOpHX {f|>ay,.

a) JlokaxuTe, 4T0 eciH z M 2’ — JBe TOUKH KOMNOHEHTH B (H), ymopaer-
BOPAIOUIHE YCAOBHIO |Z|<ppyy H |2'| <ppyy TO CYIMECTBYET TPaeKTOPHA
¢ KOHuaMu 2z u 2, comepxamasca B nepeceuenun f (F) u 3aMKHYTOro Kpyra
¢ nedtpoM O W paauycoMm p,.

[MMycts L — npocTas JOMaHasd JAHHUA C KOHILAMH 2 H 2, cOfepxautasca B § ()
(3apdua 1). [Tpeanonoxum cHayaja, 4TO cerMeHT S ¢ KOHLaMH 2 K 2’ He uMeeT
¢ L o6mHx TOUeK, OTAHYHBX oT 2 u 2. Torga R=L|JS ecTb npocras saMx-~
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nyras kpusad. lokawute, uro ecau Touka £€/ Taxosa, uro Y(f)€B(R), 10
|#] < a; 3ameTbTe, uTO mepecedenne R{)1F comepxurca B S, H IOKakKuTe, 4TO
ecan 66 Hamuach Touka £ € /, aas xotopo#t Y (£) €8 (R)u | ¢| > a,, To Hamaach 6w
u npyras Touka t' €/, mas xoropo#t Y(¢)€S u |#'|>a, B nporusopeunn
C ONMpENENEHHEM P,y . 3aBEPIATE NOKA3ATEALCTEO B PACCMATPHBAEMOM CAydae,
B3AB KOMIIOHEHTY CBASHOCTH IepecedeHns MHOxecTBa § (R) H OTKPHTOro Kpyra
¢ neHtpoM 0 M PamHyCOM p, COAEPXKALIYId TOYKH, CKOJIb YrOZHO GaH3KHE K S,
¥ TNpPHMEHMB K rpaHuWle 3TOM KOMIOHEHTH 3anauy 8, b). B obwem cayuae,
korza L u S umeior Goabite ueMm ABe oOllHEe TOUKH, NPOBEAHTE HHIYKIHUIO IO
YHCAY ITHX TOYEK.] )

b) Hokamure, uTo Aas Mmo6oit toukd x € P (F) cymecTsyer mpocras myra
¢ xonuamu 0 4 x, Bce TOUKM KOTOpOH, oramunbie oT 0, comepxarcs B B (H)
(Teopema leund nuca).

[PaccmorpuTe mocaenosaTeapHOCTh (2,) Touex MHomecTBa B (H), yxomaer-
BOPRIOWUX YCAOBHIO |Z,| < ppirp M K ABYM COCEJHHM TOUKAM 3TOH mocaeno-
BAaTEJAbHOCTH NPHMEHHTE a).]
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TEOPEMbI CYHECTBOBAHUA

B MaTeMaTHke, pasyMeercsl, BCTPEUAIOTCA TEOPEMB! CYIIECTBOBAHMS MHOTHX
BHIOB, OAHAKO B STOH IMaBe MH GYNEM MMETb HeJO JHIIb C TEOPEMAMH OJHOTO
BUAA, HMEHHO C TEMH, KOTOphHE CBf3aHL C MNOHATHEM HOJAHOTH. Haubosee
HHTYHTUBHHIH pesyabTar (10.1.3) yrBepxmaer, rosops rpy6o, 4To ecid TOXHECT-
BeHHOe oToOpasenne B 6aHaXOBOM NPOCTPAHCTBE ,CJAErKa“ BO3MYILEHO B OKpe-
CTHOCTH HEKOTOPOH TOUKH AOMONHMTEAbHHIM UYJAEHOM, TO BOJHM3M 3TOH TOUKH OHO
eme ocraerca roMeomopbusmoM. CloBo ,ciaerka* MOHHMaeTcs 3AeCh BO BHOJHE
OmpeneaeHHOM CMBICJI€, O3HajaloleM HedTo Goabmee, ueM OXHY JAMMb ,MajOCTh*
BosMymaiome# ¢pynxuun (cM. 3apagy 2 § 10.2), nasecTHble OrpaHudYeHus, OOLTHO
Ha3HBaeMble YCAOBHAMH ,JHMINHIEBCKOTO* THIA, HAKJIAABIBAIOTCA ¥ HA CKOPOCTh
u3MeHeHus 9Toi Qynkuuu. BBULY 3TOrO eCTeCTBEHHOE NOJE MPHIOKEHHS TEopeM
STOrO BH/Ia COCTOHT M3 YPaBHEHHH, AN KOTOPHX H3BECTHH HEKOTOPHE OrpaHu-
4eHHsi Ha TPOHM 3B O HH e paccMaTpuBaeMux yHkuuil. KpoMe Toro, Teopemu
CYIlECTBOBaHuUs, NO/JYYaeMHE TaKHM IIyTeM, HMEOT AO0KaJabHH B Xapakrtep.
B caenyomeit raaBe MM BCTPETHMCH C TEOPEMaMH CYIIECTBOBAHHA APYTOro THIA,
KOTOPHE MOTYT GHITh NPHMEHEHH K FJA06aAbHB M 3agagaM.

I"aaBHBIMH NPHIOXKEHHAMH OGIMHX TeopeM cymecTBoBanus u3 10.1 aBasoTcs:

1. Teopema o HeaBHo#t dynkuuu (10.2.1) BMecTe ¢ ee caeacTBHEM — T€O-.
pemoii o panre (10.3.1), xoTopas (NOKaAbHO) NPHBOIUT HeNpephBHO Au(dEpeH-
nupyemble oTo6paxKeHHs NOCTOAHHONO paHra B xouequomepuux NPOCTPAHCTBAX
K KaHoHHuecko#t (opme.

2. Teopema cymecTBoBaHHS KoM Aas OGHKHOBEHHHX AupepeHIUaTbHHX
ypaBuenn#i (10.4.5) c pasiMUHHIMH €€ YCHACHUSMH H CJEACTBHAMH.

OG6e stu TeopeMB BXOAAT B IHMCAO Hauboiee MOJE3HHX OPYIAXH H KiacCH-
YeCKOTO M COBPEMEHHOr0 aHaauaa.

Koneuno, 1o, 4T0 B 9TOH M caeaylome# riasax rosopurca o auddepenuy-
aNbHBIX YPABHEHHSX, COCTABAAET JUIIb OYeHb HEGOJBIIYI0 YaCTh 3TOH OGUPHOI
Teopuu. UYurarens, KOTOPHHA 3axoTea 6bl NPOABHHYThCH JAaiblie B 3TOM Hampa-
BJEHHH, Mbl OTCHITAEM K KHHraM Kon)mmona u Jlesuncona [10], . Aiinca [15]
n Kamxe [17].

B kauecTBe mocaenHero NpHJAOKEHHA MH NPHBOAUM TeopeMmy Ppobenuyca
(10.94), kotopas B TOM BHje, B KaKkOM OHa Y HAC BHICKA3aHAa, BO3HMKAeT Kak
ecTecTBeHHOe 0606ieHne TeopeMb CymecTBOBaHus Koy na cayuait gpynxnmii He-
CKOJBKUX TiepeMeHHHX. O6HynoO ee (dopMyaupyor -60Jee FeOMETPHUECKH: KaK
TeOpEMY CyLIeCTBOBAHHS MHOr006pasus, HMEIOMEro B KaKAOH TOUKE JaHHOE ,Kacas
TeAbHOE NPOCTPaHcTBO*, Takyio GOPMYAHPOBKY H BamHble NPHAOKEHUS, KOTOPHIE
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oHa umeeT B JauddepennuanbHo#t reoMeTpuH M B Teopuu rpynn Jlu, gutarenn
Haiiger B kHurax 3. Kaprana [7] u Wlepanre [9].

HeT Heo6XOZMMOCTH elie Pa3 HAaMOMMHATH, UTO BCE pe3yAbTaTh MM @opmy-
aupyeM A8 (YHKUUME € BEKTODHBIMU 3HAYEHUSAMH, TaKk 49TO, HANPUMEP, MH
NPAaKTAYECKH HAKOrAa He FOBOPUM O ,CUCTEMAX ypaBHeHuit*. OAHO U3 AOCTOHUHCTB
»METOIa BEKTOPHHX NPOCTPAHCTB* KaK pPa3 M COCTOHT B TOM, YTO HMKOTIA He
HYXHO paccMaTpuBaTh Oojbllle, YeM OJHO YDaBHEHue, N0 KpaiiHe#dl Mepe NpH
J0Ka3aTeabCcTBE OOIHX TEOpeM.

1. Meroa mocaepoBaTesibHBX NPUGAHKEHH#H

Kak m B ra. 9, K Oyzer oGoanayaTh mnoJe JeHCTBUTE/NbHBIX W/IH
KOMIUIEKCHEIX 4YHMCeJ, ¥ MpPeNnoJaraerTcs, 4to B /OOOM BHICKA3LIBAHHH
OTHOCHTeJIbHO §aHAXOBBIX NMPOCTPAHCTB, B KOTOPOM He T'OBOPUTCH, KAKOBO
nose K, peub uAeT Bcerja o GaHaXOBHX NPOCTPAHCTBAX Hal OLHHM H
TeM Ke TO/EM, '

(10.1.1) ITycme E u F-—08a Ganaxo8ux npocmpancmsa u U
(coomsemcmsenno V) — omxpomud uwap 8 E (coomeememsenno 8 F)
¢ yewmpon O u paduycom o (coomsemcmsenno B). Ilycmv v — He-
npepusnoe omobpasxcenue npoussedenus U XV 8 F, o6radanuyee
mem cgolicmeom, wmo npu xCU, y,€V u y,€V gonoansemcs ne-
pasencmso  ||v(x, y)—v(x, Y| <k - |y — ||, 2de k— won-
cmanma, ‘yoosaemsopsouas ycaosuio 0Lk <1. To20a ecau
lo(x, O)))| <B(1—&) Osn awbokd mouyku xEU, mo cywecmsyem
eduncmseennoe maxoe omo6pasxcenue f wapa U 8 V, ymo

(10.1.1.1) fx)=v(x f(x))

oan awboii mouwku xCU, u f nenpepwsno 8 U.

TMokaxeM, uto Aas mobo# Touku x € U cywecrByer mocsenosaTeb-
HoCTh (y,) Touex wapa V, rtakas, uro y,=0n y,=v(x, y,_,) npu
moGoM n > 1. Ham HykHO noxasaTh, YTO €C/M TOUKH Y, OMpedeNeHbl
mpu 1L pCn n npunamgexar V, 10 v(x, y,)EV. Ho rorma npu
2LpKn o ouveeM y,— Yy, =0(X, ¥, 1) —V(X, y¥,_q), Cllen0Ba-
TeabHO, ||¥p — 3,1l L&« ||¥,-1 — Yp—-oll, ¥ wHAyKuUMeH TO p Mbl 3a-
Kmouaem, 40 ||y, — ¥,_,|| << k77| y,]|. Tostomy :

(10.1.1.9) |yl (1 +-4K"4 ... +£7) 3] < l“f'L<a

¥ Halle YTBepxJeHue J[0KasaHo. KpoMe TOro, mno.as3yach HHAYKUMeH
0 n, MBI MOXeM Hanucath y,=f,(x), rie f,— HenpeprBHOe 0TOGpA-
xenne mapa U B V (3.11.5). Hdanee, Mbt umeem | f, (%)~ f,_; (0
LEB(1—k) npu x€U, u, sHaunr, pan (f,—/f,—) HOPMaIbHO
cxonurca (7.1) B # g (V).

20 K. Jsenonne
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Tak xak F — nmoanoe mnpoctpancTso, pan (f,(x)— f,-1(x)) cxo-
autca ang 6o Toukn x CU M, ecau f(x)—ero cymma, otoGpaxe-
Hue f HenpepmBHo B U (7.2.1). Kpome TOro, mnpuMeHss npHHUMN
nponomkenus Hepaseucts k (10.1.1.2), moaywaem, uro | f(x)|| <
L jw(x, O)))/(1 —k)< B nns moGo# Toukn x E€U; nostomy f ectb
orobpaxenne mapa U B V. Mas coorHomenus f,(x)=ov(x, f,_;(x))
Ias mo6o# Touku x € U, nepexois K mnpeleay, BLIBOLUM COOTHOIIE-
nue (10.1.1.1). Hakoxen, nmycts g — npyroe oro6paxenue mapa U B V,
TaKoe, 4T0 g£(x)=v(x, £(x)) ana mobo#t Touku xECU. Torna us
storo cootHomeHus u u3 (10.1.1.1) noayuaem

g (x)—F (D =lv(x. gx)—v(x F] <k &) —F)]

M, TaK Kak kR <1, orciona caeayer, uto g(x)=f(x).

(10.1.2) (Teopema o HenoaBuXHOHK Touke) [Iycms F—6a-
Hax080 npocmpancm8o uV —omxpomuili wap 8 F ¢ yenmpon y,
u paduycom B. ITycms v — omo6 pascenue wapa V 8 F, o6radan-
wee mem ceoldcmsor, umo 0an Aw060E napw mouex y,, ¥, uwiapa 'V
sonoanfiemcs Hepasencmso ||v(y,)—v(W)| Lk Hyl—yQH, 20e
k—roncmanma, ydosaemsopanwyan ycaosuwo 0k <1. Tozda
ecau (|[v(V)— yoll <B(l—R)., mo cywecmsyem oaua u moavKo
00Ha markan mouka z2€V, umo z=1v(2).

3ameuaeM, 4TO OTOGpaXeHHe ¥ HeNpepHIBHO B V, W NMpHUMeHseM Teo-
pemy (10.1.1) k oroBpaxenuio (X, ¥)—>v(y—+ y))— ¥, KOTOpOe He
3aBHCHUT OT X.

(10.1.3) ITycmo F-—-6auaxoso npocmpancmso u V — omx poimsiil
wap 8 F ¢ yenmpon O u paduycor B. Ilycms w — omo6 pascenue
wapa V 8 F, o6aadantyee mem c8olicmsom, wmo 048 20608 napsl
mouex ¥\, y, wapa 'V sunosnsemca Hepasencmso ||w(y) —w ()|l <
Lk Iy —v|l, 20e k—roncmanma u 0L k<1 Tozda ecau
| (0)|| <B(l — k)2, mo cymecmsyem maxas omxkpumas OKpecm-
nwocme WV mouku 0, umo cywenue na W omo6paxcenus
y>g(W)=y+w(y) ecmb zoneomopgusm oxpecmuocmu W Ha He-
Komopyw omxpumyio oxpecmuocme moiku 0 8 F.

[pumenum teopemy (10.1.1) x E=F, rie U —oOTkpHTH# wWwap
¢ uenrpoM 0 u pammycom a==8(1—£)/2, u k oToOpaxeHuO
(x, )—>v(x, y)y=x—w(y). Ycaosus Teopemn (10.1.1) B sTOM cay-
yae BHINOJHAIOTCA, U NMOITOMY CYMECTBYeT TAKOe HenpephBHOe OTOOpa-
wenne f mapa U B V, uro f(x)==x—w(f(x)); UHBIMH CJIOBaMH,
£(f(x))=x npu x€U. Yrobu 10Ka3aTh, YTO f e€CTb rOMEOMOpPGH3M
mapa U Ha f(U)., Ham HYXHO TOJbKO MOKa3aTh, 4TO £ €CTb MHDBEK-
TuBHOe oToOpaxenue V B g(V) (rax Kak f, OUeBHIHO, WHDEKTUBHOE
orobpamenne mapa U). Ho us g(y,)=g(¥y) crenyer ||y, — ¥l =
=lw(y) —@w W) <k y1—¥s||, n. Tax xak k<1, y,==y, Cae-
JOoBaTe/JbHO, g eCTb romeoMopguam MHoxmecTBa W = f(U) Ha U, obpart-
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uut f; npu stoM mHoxectBo W =g 1(U) orkpurto B F, nockoisky U
otkpuTro B F (3.11.4). Hakoneu, wmei umeem 0 €W, u6o ato yciaosue
skBUBaJeHTHO ycaobuio £ (0)€ U, xoropoe ozHauaer, uyto ||w(0)) < «,
a noclielHee ' HepaBeHCTBO 3IKBHBAJEHTHO HepaseHcTBY [[w (0)| <

< B —4R)2.
Sadauu

1. Ilycts A — KOMIaKTHOE MeTpHUeckoe NpOCTPAHCTBO, o — paccrosiue
5 A B v— ortofpaxenne npoctpaHcTBa A B cebs, obaaganomee TeM CBOHCTBOM,
4To AAf% -KawAoH mape (¥, y) Pa3jqHuHBIX TOYEK MpPOCTpPaHCTBa A patcTosHue
d (v(x), v(y)) <d(x, y). Nokaxure, 4yT0 cyilecTByeT Takasd Touka 2z ¢ A, uto
v(2) =2

[TpoBeauTe IOKa3aTeAbCTBO OT NMPOTHBHOrO. PaccMoTpure umciaO

¢c=infd (x, v(x))
XeA

¥ JIOKaWHTE, YTO CYmeCTBYeT Touka y € A, sas xotopoit d (y, v (y)) = c.]

2. Tlyers' B—map |lx||<<1 B npoctpancTse (¢;) Banaxa (3amaza 5 § 5.3).
[iycTh ©— HenpepoiBHOE JHHEHHOe OTOOpaxeHue RpocTpaHcTBa (¢;) B cebd,
TaKoe, 9TO & (8,) = (1 — 1/2* 1) e 1, (n220), 1 mycrs v (x) = (1/2) (14 [ x]) et
+ u(x). Tokaxure, 4TO v €CTh HEOPEPHBHOE 0To6pameuue mapa B B cebs,
obnajalomee TeM CBOMCTBOM, UTO s Jo60# mapnt (x, y) PasiHUHBIX TOuYeK
mwapa B HopMa ||v(x)—v{(y)lI</x —y], HO YTO He CYIIECTBYET TOUKH Z € B,
s kotopo#t v (2) = 2.

n

[Bocnoabayiitech HepaBeHCTBOM H(l——al) 1—2 o npn 0oy 1]

i=1

3. Myers E m F— 1Ba HOPMHDOBAHHHIX npom'pancnsa " u_—:ml_{eﬁﬂu‘ﬁ
romeoMopduamM mnpoctpaictBa E Ha noxpnpocrtpanctBo u (E) npocrtpancrea F.
[lyers v:u (£) > E — otobpaxkenue, o6paTHOe 4, U NMyCTb m = || v||.

a) Mycte A — oTkpuTOE MHOXECTBO B £ M @ — oTO6paeHHe MHOmeeTBa A
B F, o6aanaomee TeM CBOHCTBOM, YTO || @ (X)) — w (xg) || < &l X, — x3}] Ann mo-
O6BX TOYeK X, X, MHOxectBa A. Ilokaxure, 4TO eciH KOHCTaHTa Kk TaKOBa,
yto km <1, 10 OTOGpawenue x> f(x) =u(x)+ w(x) ecTb romeoMopduam
muoxectBa A Ha f (4). [Nokaxure, uto ecau Bao6asox E u F ssiasioTcs 6ana-
XOBHIMH mpocTpaHcTBaMu H u (E) = F, 10 f (A) eCTb MHOXECTBO, OTKPHTOE B +,

[Bocnoasayittecs (10.1.3.).]

b) [IpeamnonoxuM, 9T0 w €CTh HENpPEPHIBHOE JlHEHHOe OoTOOpaxceHHe HpPOCT-
panctBa E B F, takoe, uro [|w|] < 1/m. Tloxaxure, 4To B 9TOM ciyuae f ecTh
nauHeRHB# roMeomMopduam mpocrpaHcTBa E Ha f (E). Ilanee, mokaxure, 410 aas
ao6oit ToukH Yo € #(E), Ans xotopo# [ ypll == 1, cymecrByer Takas TOuKa
yEf(E), uto [|ly—yoll< m|lw|. Haobopor, nas awGoit Touku y € f(E), nas
koTopoit {|yll = 1, cymecTByer Taxas TO4YKA Y, € u (E), 4To

Iy—yoll <mjlwll/(1 —m|lw|).

4, Mycts E 1 F — HOPMHDOBAHHBIE TPOCTPAHCTBA H 4 — HENPEPHIBHOE JH-
ne#inoe orobpameHdHe mpocTpaHcTBa £ B F, Takoe, yto N =u"1(0) ecrs

20+
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KOHEYHOMEPHOE NOAMPOCTPAHCTBO H YTO CYLIECTBYET ') 3aAMKHYTOE TOMOJOTHYIECKOE
nonmonuenne M mommpoctpanctBa N (5.4), IIS KOTOPOro cyxeHue o0TOGpa-
swenuss u Ha M ectb romeomopdusM M Ha u (M) = u (E). Mycts w — Henpe-
puanoe auneiinoe ortobpaxenue npoctpancTBa E B F. Ilokaxwurte, 9t0 ecau
nopma @] Rocratouno Maxa M f =u--w, 10" f~'(0) HMeer KoHeunyio pas-
MEpHOCTb, He TpeBocxonsamyio pasMeprHoctd u~!(0), u UTO CYMECTBYET 3aMKHY-
TOoe TONOJOTH4ecKoe jomoaHeHune P nopnpoctpauctea f~!(0), pas Kotoparo
cyxenue orobpaxenns f nma P ecTb roMeomopdusm P na f (P) = f (£E).

[Bocnoabayiitech 3apateit 3, b).]

5. fycty E — 6aHaxoBo NpOCTPaHCTBO, F — HOPMKHPOBAHHOE MPOCTPAHCTBO M
u — avHedHu romeoMopduaM npoctpancisa E Ha Takoe noanpocTpanctso u (E),
YTO CYLIECTBYEeT TONOJOruyeckoe jponoanenne Q noxmpoctpancrsa u(E) B F.
TMoxaxuTe, 4TO €CIM W — HempephiBHOE JHHEHHOe 0TOGpa)ceHHEe NPOCTPAHCTBa
E B F ¢ mocrarouno Mano# Hopmodt ||w|l u f=u-}w, 10 Q aABAseTcs TONO-
JIOTHYECKUM JOHO/AHeHueM noampoctpanctea f(£) B F.

[Tloab3ysack 3agaueit 3, mokaxure, YTO ecau HOpMa [|w]|| AOCTaToOYHO Maxa,
1O mpoekuus npocrpancrsa F Ha u (E), ecan ee paccmoTpetb ToAbKO Ha f (E),
apasercd JuHeHHHM oTob6paxeHueM Ha u (E).]

6. Mlycts £ m F — gBa 6aHaxOBbIX NPOCTPAHCTBA M & — TAKOE HENPEPHIBHOE
auneiiHoe oto6paxeunne npocrpactsa E Ha F, uto N = a~! (0) uMeeT KOHEUHY
PasMEpHOCTb p M TONOJOTHUECKOe HOMmOAHEHWEe M, AJs KOTOpPOro CYXEHHE OTO-
Gpaxenna u Ha M ectp romeomopdusMm M na u(M)=u(E). Ipennonoxum,
kpoMe Toro, uto u (E) uMeeT KOHeUHY0 KopasMmepHocTh ¢ B F. IlycTh @ — He-
npepHBHOe JHHelHOe oTo6paxenne mpocTpanctsa E B F. [lokaxure, 410 ecau
HopMa |[|w|| A0cTaTOYHO Maxa, To oTobpaxenue f = u - w obaanaet Tem ceoicT-
BOM, UTO PasMEpHOCTb 7 moAnpocTpaHcTBa f~!(0) yROBAETBOPAET HEPaBEHCTBAM
p—q < r< p 4ITO KOpasMepHOCTb nognpocTpanctsa f (£) B F pasua g — p-|-r.

[Bocnoasayiitech 3anauamu 4 u 5, a Takxe (5.9.3).]

7. Mycrs 7=1[0,1] 1 nycth P — mOANPOCTPAHCTBO 6aHaxoBa NPOCTPAHCTBA

Zr (/) (7.2), cocronuee U3 cCy)eHuil Ha / MHOTOYAEHOB x (f) ¢ AeHCTBUTENbHHME
KospduuuentamMu. IycTh u — TOXIECTBEHHOE OTOGpaXEHHE X—>X B HOPMUPOBaH-
HOM NpoOCTpaHcTBe P M NycTh ® — auHefiHoe oToGpaxeHHe NpocTpaHcTBa P,
cTaBsllee KaXAOMY MHorouneny x {f) (paccmMatpuBaeMoMy ToAbko Ha /) B COOT-
BETCTBHE MHOrOuJeH X (£2), paccmarpupaeMui Ha /. Jlas mo6oro e, ynOBAETBO-
psomero ycaosuio 0 < e < 1, aunefinoe orobpakenue f = u-cw ecTb auHei-
Huil roMeoMopdpusm P Ha noampocrTpaHcTBe f (P), HO KOPa3MEPHOCTb MOAIPOCT-
pauctBa f (P) B P Geckoneuna (cp. ¢ 3agaueit 6).

8. INycts E m F—pBa 6GaHaxoBHX NPOCTPAHCTBA H & — HENPEPHBHOE
auHeliHoe oroGpaxenne mnpocrpauctsa E B F, takoe, 4to u(E)=F u 4ro cy-
mecTByer !) Takoe uwmcao m >0, uTo ;Aas Jmoboik Touku y € F HaitpeTca TOUKa
x 6 E, aas koropo#t u(x) =y u ||x|[<m]| yll. [lycTh w — HenpepuiBHOE 0TOGpa-
xenue oTKpHToro mapa U =B (a; r)c E B F, o6aajaimee TeM CBOACTBOM,
ato [jw (x) — @ (x) | <kl x; — xo|| masg mobuix ABYX TOUEK X, Xz B U. [loka-

1) MoXHO NOKa3aTh, 4YTO 9TO NOCHEIHEE YCJAOBHE SBIAACTCA CACACTBHEM
octanpHeix (cM. H. Byp6akn [6]). )
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XKHTE, UTO eciu & u [|@(a)] mocratouno Maaml, T0 o6pa3 f (U) npH Henpepuis-
HoM oTofpaxennn x—>f (x)=u(x)4 @ (x) COAEPXUT HEKOTOPHIA OTKPHTHIM
1ap ¢ WeHTPOM u (a).

[BocrroabayfiTech TeM ke METONOM, 4YTO 4 B onaaa‘renbcme TEOpeMH
(10.1.1)]

9. Jonyctum, aro E, F, U, V u v yIOBAETBOPSIOT NPENINOJIOXEHUAM TEO-
pemnt (10.1.1). Iycts, xpome TOrOo, ¢ — HempepuBHOe OTOOpawenue mapa U
B ceba, nas awbolt Ttouku x €U yrnoBaerBopsiomee ycaoBuwo || () <Hx)l.
Mokaxure, 4t0 [npu ycaosuy, uto ||v(x, 0))] < B (1 — &) npu x¢ U] cyme-
CTByeT €RMHCTBEHHOE Takoe orobpakesne f mapa U B V, uwro f(x) =
=v(x, f(p(x))) nuro f HENPEPHIBHO, B U. O6o6myute 3T0 yTBEPKICHHE HA
ypaBHEHHS BHIA

F=vx fle (D) ... f(?p(x)))-

10. Mycts E, F, U u V umewt TOT *e cMmbica, uto u B (10.1.1). Mpeamno-
JOXHUM, UTO HenpepbBHOe oToGpaxeHue v npoussenenus UX V B F ynosae-
TBOPAET CHAEAYIOIUM YCAOBHUAM:

1) 1w y)— v vl < el ™ 1% 4 1520 1y — yal;
) o 0 <chxii?, re ¢ - — KOHCTAHTH > 0.

Mycre A — saement noas K, aas xoroporo | A{ > 1. [Tycts, HakoHen, x - L (x)—
HenpepuiBHOE JHHEHHOe oToOpaxeHue mpocTpaHcTBa, £ B F u x->¢(x)—
HempepHBHOe oOTOGpawenue mapa U B cebs, maa xoroporo |[l¢ (x)|<Hx]l-
[Toxaxure, 4T0 cymecrsyer oro6pamenue f okpectHoctd W U Touku 0 8 V,
obaazawoinee CcAeAYIONIMMH CBOHCTBaAMU:

1°) f ynosaetBopsier B W ypasHeHuio f (x) -—)\f xMN)=v(x f(p (x)))

2’) llm (f(x)—L(x))/x]|=0.

Jaanee, mo(me ABa oTo0paxeHus, o6najawlue 3THMH CBONCTBAMH, COBNAAAIOT
B HEKOTOPOH OKpPECTHOCTH TOuKH 0.

[CBenute samauy x chyuaw, koraa L(x)=0. 3aMersre, uto ecau f yno-
BJETBOPAET NDEAbAYUIMM YCJAOBHAM, TO B HEKOTOPOH OKPECTHOCTH TOUKH 0 MM
ROMKHH HMMETb

) f(x)=il"v(%.—,- 1(+(3)))-
n=0

rle psAn HOPMalbHO CXOJMTCA B 3TOH OKPECTHOCTH. 3aTeM, MOJb3YACh METOLOM
noxasateabctsa teopemst (10.1.1), - mokaxure, 4T6 B ZOCTATOUHO ManoH OKpecT-
HocTH Touku O cyumlecTByeT pelneHue ypaBHewus (X). C moMOWbI HHAYKUHHK
N0 7 MOKAXUTE CYecTBOBaHHe Takoro r >0, uto mpu || x| < 7 BHIIOIHARTCA
- 1 . r . 1+2
nepasenctBa || £, (X)X 1 [ f5 () — Froy (I N2 7]

11. a) Ilyers F(x;; ..., xp y)—uesas QyHkuusa B KP+1, obnanawomas
TeM CBOHCTBOM, UTO B CTENEHHOM pajxe, paBHOM F (x;, ..., Xp, ¥), BCE WieHH
HMEIOT NOAHYI© cremeHs >>2. Ilycts ¢ — Takoe Juueiinoe orobpaxenue npo-
crpanctea K? B ce6a, uto Anm mo6oii TOUKH x = (X, ..., Xp) €K’ BHIION-
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Haetca HepaseHCTBO [l¢ (x)||<llx|l. Ilycrts, Hakonen, L (x)— nmpoHsBoabHas

aunedHas opma B KP. Toxawure, uro CyUIeCTBYeT €JHHCTBEHHOE pelieHHe f
YpaBHeHus

FO—=M(T)=FE 7@ UA>D,

ONpeNe/ieHHOE B HEKOTOPOﬁ OKPECTHOCTH TQUYKH 0 u Takoe, 4TO

lim (f (%) —L(x))/lix]i=0.
X0 :

IMoxaxute, nanee, 4To 5T0 pemenue ects uexas dynkuus B K’.

{TipumennTe 3apauy 10 x okpecTHocTn Touku 0; cBeiuTe 3agauy k cay-
yailo K=C u, 4ro6b j0Ka3aTh, 4TO f—uesad QYHKUHS, BOCHOAB3YHTECH
(9.12.1) u (94.2).]

b) IMokaxure, 4TO He cyluecTByeT peumeHHs ypaBHeHHa f (x) — Af (x/h) =
= x (A > 1), onpexenesHoro B HekOTOPOH okpecTHOCTH TOukH 0 B R H Takoro,
410 yacTHoe f (x)/X OrpaHHYEHO B OKPECTHOCTH TOuKH 0.

12. Mycts I=[0,a), H=[—b, ] u nycts f— pelicTBUTENbHASA HeEMpe-
puiBHas dyuknus B XX H. [Monoxum

M= sup | f(x,y)}; J=1[0, inf(a, b/M)].
o M)eIxH

a) Ilas mo6oit Touku x € J mycts E (x) ecTb MHOWECTBO TaKuxX TOUeK y € H,
Aas KOTOPHX y == xf (x, y). Tlokaxure, uto E(x) ecTb HENyCTOe 3aMKHYTOE
mHoxecTBO. [loxaxure, uro ecaum g, (x)=inf(E(x)) u ga(x)=sup (E(x)),

10 £ (0)=g0)=0 u lim gl(x)/x= im gz (x)/x = f (0, 0).
x>0 0, x>0

(] ]

Ecau g, =gs=g B J, T0 dyHukuus g HenpepuiBHa (cp. ¢ 3ajauet 5 § 3.20).

b) IpeanoaoxuM, ato @ = b = 1. [lyctp E— 06beauHeHHe CEMeHCTBa cer-
MentoB Spix=1/2", 1/4"*'Cy<1/4" (n>0), cermentos S,:y=1/4",
1/2° L x <12 (n=1) u Tourn (0, 0). Onpenenum dyuxuuio f(x, y) cae-
nywomum obpasom: f (0, y)=0; npr 1/2” < x <1/2"1 u y < 1/4" noaaraem
LS =0x+d((x ), )Y mpr 12" <x<12%0 w14y <4
nonaraeM f(x,y)=y/x—d ((x, ¥), E) n, Hakomeu, mpu 1/2" < x< 1/2” 1
H y > x? noaaraem f(x, y)=x—d ((x, x?), E), n > 1. [lokaxure, 410 PyHxK-
uua f HenpephiBHa, HO YTO He CYWIECTBYeT QYHKUMM £, HENPEPHBHOH B Heko-
Topo#t oxpecTHocTH ToukH O B / u TakoH, uto g (x) = xf (x, g(x)) B 3TOH
OKPECTHOCTH. '

¢) Iyctb uy — HenpepHBHOEe oTOGpamenne mpoMexyrtka J B H. Tlo uHayk-
LHHK OnpeiesuM OTOOpaxeHua i, (x) = xf (x, #,_,(x)) npu n > 1; it,, ABAKIOTCS
HENpPEPHBHHMHA OTO6paxeHuaMu npoMexytka J B H. Jlonyctum, B 0603HaueHuax
3afayd a), 970 B npoMexyTke [0, ¢) < J npexea lim (a1 (X) — 1, (x))=0

Ads K&OKEOH TOUKM x u g, (x) = gy (x). Hoxaxcme, uto npH O < x < ¢ mpegen
lim u,, (x) = g, (x). TlpuMenute 3TOT KpHTEPHH K ABYM CJAGRYIOILIHM caydaam:

°) cymecTByeT Takoe 2> 0, uro npu x€/, 2, ¢ H u z, € H Bunoausercs
HepaBeuctso | f(x, 2))— f(x, 22) | < kl2;— 22| [cp. ¢ (10.1.1)];
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2) mpr O0<xgKy1<a, 2€H u 2z,¢ H BHnoaasercy HEPaBEHCTRO
| f(x, 2)—F(x 2) | <|21—2]/x.

d) Ecau f — dyukuus, onpenesenHas B b), To nmocaeaoBaTeabHOCThb (&, (x))
CXOMMTCA B KaXIOH TOouKe x €/ K npelenabHOH (yHKuuH, KOTOpas He Hempe-
pHIBHa. .
e) MonowuMm a=b=1; f(x,y)=y/x npu0<x <L |yl fx,)=x
mpu 0 x <L, y 2 x% fx, 9)=—x mpu 0 < x <1, y < — x2 Jliobas pynk-
uua g, HempepuBHas B / u ynoBjaeTBoOpsiomas ycaosuw | g (x)| < x2?, aBaserca
pelieHueM ypaBHenus g (x)=xf(x, g(x)), xora nmpu O<x 1, 2, €H n
2z, € H BuNOAHAETCS HepPaBeHCTBO | f(x, 2,)— f(x, 23)| <l2) — 2z |/x. Tpu
mo6oM BHIGOpe 4, IIOC]ENOBATENbHOCTD (un) P3BHOMEDHO CXOJHTCH K TaKOMY
pEIIeHHIO.

f) Onpenenum f, KaK ¥ B e), H nych fi(x, y)=—f(x,y). Pynxuusa 0
€CTh €MHCTBEHHOE pellleHHe YpaBHeHHs g (x) = xf, (x, g (x)), HO cymecTByer
HenpepbiBHAA QYHKIMA Uy IIS Koropoﬁ nocaexoBaTeabHOCTh (&, (X)) He cXO-
JATCR HU AR KaKoH TOuKH x == 0, HecMoTpa Ha To, uro mpu O < x 1, 2, €H
U 2, € H BHNoAHsAETCE HepaBeHCTBO | f (x, 2j) — f1 (X, 29) 1|2, — 23 |/x.

13. O606mure pesyabTaTl 3afau 12, a) u c) Ha cayua#, koria npomemy-
tox H 3amensercs xpyrom c uentpom (0, 0) B R2

[Bocnoasayiiteck pesyabTatoM 3afaud 3 § 10.2.)

2. Hessunie PyHnxunn

(10,2.1) (Teopema o HeaBuo# pyuxuuu) lHycms E, F u G—
mpu 6Ganaxossix npocmpancmea u f— Henpepu6HO Oughe penyu-
pyemoe omo6pascenue (8.9) omxpwmozo nodmuoxcecmsa A npous-
sedenus EX F 8 G. ITycms (xy, y,) — marxas mouxa Mroxcecmsa A,
umo f (x5 ¥o)=0 u umo wuacmuan npouszgodnas Dof (xy y,) ecms
AuHelinoli 2omeomopgusm npocmpancmsa F na G. Tozda cyue-
cmeyem maxas omxpumas oxpecmnocms U, mourxu x, 8 E, umo
o Kaxcdold omxpeumol c8asnod oxpecmnocmu U mouxu xg co-
Oepocaweiica 8 Uy, cymecmsyem eduncmsennoe Henpepuigrnoe omo6 pa-
scenue u oxpecmuocmu U 8 F, maxoe, wmo u (xy) =y, (x.u(x))EA
u f(x, u(x))=0 0an awboi mowxu xCU. Kpome mozo, omo6pa-
acenue u Henpepuisno Ougpgepenyupyesmo 8 U i e20 npoussodnas
onpedessiemcs Hopmysol

(10.2.1.1) &/ (x)=—(Dpf (x. a(x))) " o(Dyf (x, u(x))).
Mycth TO-—nnHengm romeomop(puam Dyf (x4, ¥,) mpocTpancTsa F

va G u Ty —oépamun JHHeHHbIA roMeoMophuaM. 3anuineM COOTHO-
wenne f(x, ¥y)==0 B skBUBaNeHTHOH dopMe

(10.2.1.2) y=y—T5" " f(x, y)
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u 0603HauuM uepes g (x, y) npasyio 4acTh (10.2.1.2). Joxkaxem, uto
K 0TOOpaxeHHnIo

(%', ¥) > & (%t %' $o+¥)— ¥
npoussesedus E X F B F B nocratouHo Maxolt okpectsoctd Touku (0, 0)
MO)I(HO npumennts Teopemy (10.1.1). Tak Kkak, N0 onpeieseHHIO,

To'loTo==1, To #ns MOOHX IBYX Touek (X, ¥;) H (X, ¥3) B A Mu
MOMEM HAamucaTh

(X, y)—g(x, yo)==
’=T()—1 i (sz(xo' yo)'(yl—yz)_(f(x' yl)—f(x’ y2)_)).

Tycts e >0 suGpano Tak, uto & To_l"< 1/2. Tax xak otobGpaxe-
Hue f HempepniBHO nuddepenuupyemo B A, 10 M3 (8.6.2) u (8.9.1)
crefyeT, 4TO CymecTByeT Takolt wap U, (coorseTcTBeHHo V() c ueH-
TPOM X, (COOTBETCTBEHHO Y,) W panuycoM a (COOTBeTCTBEHHO f) B B
(coorBerctBenno B F), uto npu x €U, y,EV, u y,€V, Bunoanserca
HEPaBeHCTBO

£ (0 30— F (% 2) —Daof (Xg: 9o) * (11— 9| <& 91— 3alls
nosToMy Aas moGbix touek x €U, y,EV, u y,£V, Bunoauaerca He-

paserctso [|g (% y) — & (%, W< e[ T [ 31 =31 <llyy — all/2-
C npyroit cropoHm, g (x, yo)—yo_—T < f(x, yy) u. TaK Kak
J(x5 ¥9)=0 u f HenpepHBHO, MH MOXeM B3ATb O CTOJb MaJbIM,
yro6sl npu x € U, sHOoAHsnOCh HepaBeHCTBO ||g (X, ¥o) — Yol << B/2..
Takum o6pasom, MH MOXeM NMPUMEHUTD TEOpeMy (10.1.1), us xoropo#
ClelyeT CyuleCTBOBaHHe U eAMHCTBEHHOCTb TaKOro OToOpamenus u
okpectHoctn ¥, B V, uto f(x, u(x))==0 ana xaxno trouku x.€ Uy
[Mockonbky f(x, ¥o)==0, 270, B uacTHOCTH, HaeT u#({x,)==y, Hako-
Hell, oToOpaxeHue u HenpepnBHO B U,

Hokaxem, nanee, uro ecan U < Uy,—cBA3HAA OTKpPHTAH OKpecT-
HOCTb TOUKH X, TO 4 eCTb eNUHCTBEHHOe HemnmpepL BHOe oToGpa-
weHne okpectHocTd U B F, nas xoroporo u(xg)==y, (x, u(x))EA
u f(x, u(x))==0. [Iycte v — BTOpOe OTOGpaXKeHHe, YIOBJETBOPSAIOLIEE
3THM YCJIOBHAM; paccMoTpuM MHOXecTBO M c U Touek X, B KOTOPHX
u(x)=v(x). IT0 MHONKECTBO, NO ONpele/eHHIO, COACPKUT X, H 3aAM~
KHyto (3.15.1). Ham HyxHo, TakuM o06pasoM, TOJBKO J1OKa3aTh,
uto M otkpwro (3.19). Ho, mo mnpennoaoxenuio, orobpamenue
x—~>Dyf (x, u(x)) nenpepuiBHo B U,, mosToMmy (3aMeHsis, eciu mOTpe-
Oyercs, U, menbine#f OKpeCTHOCTBIO) MBI MOXeM cuuTaTh B cuay (8.3.2),
uto Dyf (%, u(x)) npu x €U, .ecTb /auHeftHpil roMeoMop¢usM npo-
crpaictBa F Ha G. Ilycte a € M. Tlepsas uacTh mokasaTeabCTBa TOKa-
3bIBAET, YTO CYUIECTBYIOT TaKas OTKphiTas okpectHocTs U, = U Touku a
M Takas OoTKpHTas oxpectHocts V,c V Toukn b=u(a), u4ro u(x) Axs
mo6oit Touku X €U, ecTh eIAUHCTBEHHOe pelleHHe Y YpaBHeHUs
f(x,9)=0, nm xoroporo y€V,. Oanako, Tak KaKk oToOpaxeHue v
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HENpPEPBIBHO B TOYKe @ H v(a)=u(a), CywecTByeT TaKas OKpecT-
HocTe W TouKHM @, coaepxamasca B U,, uto npu-x € W nveem v (x)€V,.
[pensiaywee 3aMeyanue TOrla NOKaswBaeT, uTo ¥ (x)==1u(x) npu x & W,
a 9TO NOKasbiBaeT, 4ro M OTKpHITO, ¥, 3HauuT, u=7v B U

IToxaxceM, HaKOHeW, YTO €CJAM O B3STO JOCTATOYHO MAJbIM, TO OTO-
Opaxenue & nempepbiBHO Indepennupyemo B U, Tlonokum ¢ =
=u(x-48)—u(x), rae x ¥ x-}s npunanaexar U, Ilo npeamnoo-
wewmwo, f(x—s, u(x)~-£)==0 u f crpemurcs k 0, Xorza s crpemurcs
x 0. ITosromy nas ZLaneoft Touku x € Uy u aasg moboro &> 0 cyme-
cTByer Takoe r >0, uro u3 ||s||<{r caenyer :

I f(x+ts, u(x)+t)—f(x, u(x))—8(x)-s—T(x) t|<
8(HSH-HVH)
rae S(x)==D,f (x, u(x)) u T(x)=Dyf (x, u(x)) (8.9.1). Ilo onpe-
HeJEeHWIO, 3TO SKBHBAJEHTHO HEPABEHCTBY
[S(x)- s+ T(x)- ¢ll\3(llsli+|ltll)-

M Tak Kak T (x) ectb nuHeHbih romeoMopdusM npocrpanctsa F Ha G,
TO M3 TMOCJeNHEr0 HepaBeHCTBA MOJyYaeM

(10.2.1.3) lI(T“(x)oS(x))-s+t[1 3T (o dlisl =+ (£

TonyctuM, urto 8 Bmﬁpauo TaK, YTO 8[]7‘ (x)“ «1/2. Torna, ecau Mu

AOJIOXKHM a-—QHT (x)o S(x)]|+1, ro u3 (10.2.1.3) 6yzmer cxexo-
BaTb, YTO

el — 25 sl < 5 (el s,
e. |t < alsl|, u, cremoBaresbHo,

e+ (T (x) oS (%) - s| < B a4 DT ()] - |5,

Kak toabko ||s}|<r. Ilo ofipenenennio f 3TO NOKasbiBaeT, 4T0 # Aud-
depeHnupyeMO B TOYKE X W MMeeT INPOU3BOAHYIO, ONMpele]seMyl (op-
myaost (10.2.1.1). Bsuny (8.3.2) u (8.3.1) ¢opmyaa (10.2.1.1) toraa
AokasbiBaeT, 4TO OTOOpaMeHue # HempepelBHO Auddepenuupyemo B U,

Cdopmyaupyem B ABHOM BHIe Hanbojee BaNKHBIH 4YaCTHHH Cayyah
teopeMst (10.2.1), 1. e. cayuadt, xorsa E=K" y F=G=K"—xo-
HeUYHOMepHH € NPOCTPAHCTBA.’

(10.2.2) ITycmo moe umees n cxarsprox gynxyuii f;, onpedesen-
HBX u Henpepusno Juppepenyupyensx 8 oxpecmrocmu U XV
mouku. (@y, ««., By by vou, By) npouasedenuﬂ EXF, marux,
amo  fi(@y ves Gy by oo, b)) =0 npu 1LiLn u umo
akobuan O(fy, ... f )0y «..v ¥,) He pasen O 8 smod moure.
To2da cywmecmsyem marxas omxpsmas oxpecmrocme Wy U mou-
xu (8;, ..., @,), #mo 048 410008 CBA3HOL OMKPHMOE OKpPeCMHO-
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cmu W W, mouku (ay, ..., a,) cywecmsyem eOurncmeennas cu-
cmema n cxaraprux @Gyuxyui g, (1 Lin), onpedesennsix
u Henpepvisuox 8 W u maxux, uwmo g;(a,, ..., a,)=0b, npu
1LiLn u

filxy oovs X &1(x4 Xh vovs En(Xp ovvs X))=0
orn 1Lin u 2060i mouku (X -ovs X )EW. HKpome mozo,

Pynxyun g, Renpepu8ro Judgepenyupyenss 8 W u mampuya
Hro6u (D;g,(x)) pasna —B7'A, 20e A (coomsemcmsenno B) noay-
waemcs u3 mampuuss Sro6u (0f;/0x,) (coomsemcmsenno 0f:/0y;)
npu 3amene ¥, Ha g; (X1, ..., x,) 1 LiLn)

(10.2.3) Ecau swnoansomca npednorodxcernus meopenms: (10.2.1) u
ecau, Kpome moz0, omobpascenue f HenpepvsHo Ougdepenyu-
pyemo p pa3 8 Hexomopod oxpecmuocmu mouxu (Xg ¥y), mo omo-
6padicenue u Henpeps8ro Ougdbdepernyupyero p pai 8 HeKomopol
OKpecmHoCmu MoYKU X. '

Hunyxuuelt mo 2 noxawmem, uyro npu 1<Ck<p otobpaxenue u
HempepbiBHO nudpdepesuupyeMo %k pas. Ilpu k=1 3T0 cuenyer
us (10.2.1). Kpome toro, u'(x)==F(x, u(x)), rie oroGpaxenne
F(x, )=—(Dyf (x, 3)) ' o(Df(x, y)) B cury (8.12.9), (8.12.11)
u (8.12.10) p—1 pas uenpepniBio nuddepennupyemo. B ciny (8.12.10)
OTCI0Ad CJAeAYeT, YTO NpPOM3BOAHAA 4’ HenpephHBHO AuddepeHUHpyeMa
k—1 pas (npu B<{p), u sro Ha ocHoBaHuu (8.12.5) o3nauaer, uyro
oToOpaxeHue 4 HempepbiBHO ILHuddepeHnupyemMo 2 pas.

(10.2.4) Ilpednososicum, wmo npocmpancmsa E, F u G roneuno-
MmepHsl & umo omo6paxcenue f anasumuuno 8 A. Tozda omo6pa-
ocenue U SBAACMCA QHAALUMUMECKUM 8 HEKOMOPOIU OKpecmHocmu
mouKu X,

Ecan nozne ckanspos K ectb C, To yTBepxaeHue caeayer us (10.2.1)
n u3 (9.10.1). .

[Tpeanomoxum Ttenepb, 4T0 K =R, E=R™ u F =G =R". Torna
CYLIeCTBYeT TaKOe OTKpHTOe MHOXecTBO B = C™+*, uro B R™+" = A,
M aHaquTHYeCKoe oToGpaxeHue g MHOXecTBa B B C”, siBisiolieecss npo-
nomkenneM f (9.4.5). Oroxnectsass Dyof u Dog ¢ marpunamu fko6u,
puauM, 4o Dog (x). yo) npeobpasyer 6asuc npocrpanctBa R” man R
B Gasuc npocrpancta R”, u 9TH Gasuchl sBJASIOTCA Takke Gasucamu mpo-
crpancta C" nan C. TlosTomy Dyg (x,, ¥,) €CTb AuHe#HbI# rOMEOMOpHH3M
npocrpancTsa C” Ha ce6a. Takum o6GpasoM, Mbl MOXeM NPHUMEHATb K £
teopemy (10.2.1), n u3 Hee Oymer c/iefOBATH CYLUECTBOBAHHE M elMH-
CTBEHHOCTb TAKOTO aHANHTHYECKOTO. OTOOpaxeHHs v oOkpecTHOCTH W
Touku x, B8 C”, uro g(z, v(2))=0 u v(xp)==y,. Kpome roro, u3
dopmyast (10.2.1.1) ¢ nomompio WHAYKUMH 1O |¥| caedyer, uTO BCe
npoussoansie D'v B TOuKe X, oToGpawanT mnpocrpaHctso R™ B mpo-
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ctpancTBO R” [TaK Kak Bce MpousBOAHHE OTOSpaXeHHs g B TOUKe (X,, o)
paBHbHl COOTBETCTBYIOLIMM INPOU3BOIHLIM oTOoGpaxenus f]. Iloatomy
8 cuay (9.3.5.1) v orobpaxaeT OKPeCTHOCTb TOuKH X, B R™ B npo-
crpanctBo R”, u Ta wacth Teopemb (10.2.1), xoTOpas OTHOCHTCA K €IHH-
CTBEHHOCTH, TaKUM 06pa3oM, NOKA3bIBAET, YTO CYXKeHHe OTOGpaxeHHA v
#a WNR™ ToXIeCTBEHHO € &, 4. T. I,

Onxum u3 HauboJ/ee BAXHBIX NpudaoxkeHu#t teopemsl (10.2.1) aeasercs
Cleyiolas TeopeMa:’

(10.2.6) ITycms E u F —08a 6anaxossx npocmpancmsa u f— He-
npepuisHo Ougpdbepenyupyemoe omobpaxenue oxpecmuocmu V
mouku Xqa€CE 8 F. Ecau f'(x;) ecmv sunelinoti 20meomopgbuis
npocmpancmea E Ha F, mo cywecmsyem maxas Omxpumas OK-
pecmuocms U <V mourku x, umo cyscenue omobpascenun f na U
ecmb 20MeoMmopPusn oxpecmuocmu U Ka Hexomopyiwo omxpeimyio
oxpecmrocms mouku Yo==f(x,)-8 F. Lasce, ecau f nenpeputsno
ougpgpepenyupyerno 8 U p pa3 (eoomsemcmsenno anasumuyno 8 U,
npuwerm E u F rouneunHomeprw), mo o6pamnoe omobpagcenye g
oxpecmuocmu f(U) na U Henpepusno Ougpdepenyupyemo p pa3
(coomsememsenrno anarumuyuno) 8 f(U).

[Tpumennm Tteopemy (10.2.1) k yuxkuuu £ (x, y)=f(x)—y, no-
meHsB poau x u y. Tax kak D, k(x, v,)=f (x,), MB 3axaouaem,
YTO CYUIECTBYIOT OTKpHTHfA map W c¢ neutrpoM y, B F u Takoe He-
npepeiBHOe oToOpaxenue g wapa W B E, uto g(W)cU, f(g(»))=y
8 W u g(y))= x, Ianee, B cuny (10.2.3) [coorBercTBeHHO (10.2.4)],
eciu orto6paxenue f HenpepuiBHO Auggepenuupyemo p pas (coorser-
CTBEHHO AaHAJMTUYHO), TO H OTOOpaKeHHe g HempepHIBHO NuddepeHLHU-
pyemMo p pas (COOTBETCTBeHHO aHaauTHuHO). M3 ToxiaectBa f(g(¥))=1y
crenyer, u4to orobpaxeHue g Ha W B3auMHO OJHO3HAYHO M, 3HAYHT,
apasercs OuekTvBHBHIM oOTOGpaxenuem mapa W na A=gW)c U.
Kpome TOro, MHOXKecTBO g(W):f'_l(W) oTkpHTO B E m f sBasercs
roMeoMopduzMoM MHOXecrBa A=—=g (W) na W, uro u 3aBepaer 1o-

Ka3aTeJbCTBO,
3adauu

1. Oycte £ u F—pBa 6aHaxOBBIX HPOCTPAHCTBA, A -—OTKPHITa® OKpeCT-
HOCTb TOUKH X, € E H f — HempepbiBHOe oTOGpaxeHne okpectHoctd A B F, aud-
(depeHuMpyeMoe B TOYKe X, (HO He 06s3aTeabHO aubdepeHUHpPyeMoe B OCTadb- -
HHX TOukax oxpecTHocTH A). Ilpeanonoxum, uto f’ (x,) ecTb AHHEHHBIA romMeo-
mMopduam npocrpauctea E Ha ero o6pa3 B F. [lokaxute, 4TO cymiecTByeT Taxas
okpectHocTs U < A TOukH Xy, uTO f (X) 5= f(x,) Ana kaxmoi ToukH x €U,
OTJHYHOH OT Xg. '

[3ameTbTe, YTO M3 MPEANONOKEHHS CAELYET CYLIECTBOBAHHE TAKOH KOHCTAHTbI
€>0, uto || f' (x0)-sll>c¢ls]l nna Bcex Touexk s€ E (5.5.1).]

2. Mycts f == (f}, f2) — oTOBpaxenume npocTpancrBa R? B cebq, onpejense-

Moe creaylomum o6pasom: f, (xl, x,‘,) =x; 7/, (xl, x2) =Xy — X3 npn A xy s
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Folxn x)=(5—xix)/x} mpn 0<x, <} m maxomwen, fy(x;, —xy)=
= — fa (%, x3) OpH x, > 0. IMokaxkure, uro oroGpaxenue f nudpdepennupyemo
B kawno# Touke npoctpancTBa R2. B rouke (0,0) mpoussoguas Df ectb ToXAe-
CTBEHHOe OTOGpaxeHue mpocTpaHcTBa R? Ha ce6s, HO npousBoaHas Df ue nenpe-
puBHa. [lokaxure, uT0 B Kaxao# oxpectHocTd ‘Touku (0,0) cymecTByer Takas -
napa pasauuHmX Towexk x’ u x”, uro f(x')= f(x") [cp. ¢ (10.2.5)].

3. ITycts B — epunnunnit xpyr ||z{|<1 B C v nycts 2>f (2) = 24 g (2)—
HenpephiBHOe OTOOpaweHue kpyra B B C, A1 KaXJO- TOMKHM 2, 1A KOTOPO#H
|z|=1, ynoBaerBopsiomee ycaoBuw | g (2)]| < |z |. Iokawure, ato f (B) ecth
okpecrHocth T0uku 0 B8 C (reopema Bpayaspa aas miockoctu !)).

[Mycts §— metas £ > f (e¥f), onpeneneHnas B npomexytke [0, 2n]. INoka-
3KHTE, 4TO Il BCEX TOYEK X HEKOoTopo# okpectHocTH V Touku 0 muzekc j (x; 7)=1:
(cM. nokasateabcTso TeopeMmu (9.8.3)). IToabsysch TeM daxtom, uto B B metas T
roMoronsa 0, 3akmouuTe, 9T0 B V He CYNIeCTBYET TOUKH, NPHHAAAEKAIEH A0NOA-
Henmo MHOXecTBa f (B).]

4. Nycts E 1 F— 1Ba 6aHaxoOBHX NPOCTPAHCTBA H B — efHHUIHBIE OTKPH-
Thilt map |lx| <1 B E. Ilycts uy — nenpepuBHo pubdepeHnupyeMuii romeo-
mMopdu3m mapa B Ha HexoTOpYI0 OKPECTHOCTH TO'-]KH 0 B F, nas xoroporo u,(0)=0.

IIpennonokum, ato o6patHsiil roMeoMopduam "0 HenpepHBHO AubdepeHnupyem
B mape Vo: [|y]l < r, comepxamemcs B u, (B), u 9T0 npoussoxHas Du, orpasy-
ueHa B B, a npousBojiHas Dué‘lorpaﬂuqeﬂa B V. [Tycte V—map ||y[| <B,rmef <r,

a) IToxaxure, uto nmaa Joboro a <1 cymecTByeT Takas OKpecTHOCTb F
OTOOpaXeHHs U, B MPOCTPAHCTBE QF) (B) (3amaua 8 .§ 8.12), uro mas moGoro-
otobpaxenus u € H cyxenne storo oroGpawenus Ha U: [|x|| < a ecTb romeos
mopbusm mapa U Ha OTKpHiTOE Muomecrso npoctpancta F, coaepxawee V,
TaKo#, 9T0 CykeHHe romeomop¢usmMa ¥ - Ha V ecThb’ HenpepHIBHO zmdnbepeuuu—
pyemoe otoGpaxenue & (z) mapa V B E

[Bocnoabayiitecs (10.1.1).]

b) INokaxwure, uto orobpaxenue u —> P (u) oxpecrHoctu H » npocrpaucmo*

2 (V) nupdepennupyeMo B TouKe u M UTO €ro NPOUIBOAHAR B TOUKE u, ects

- nuHefioe OTOGpaxenue s> — (uyo @ (ug)) - (50 @ (1))

5. Mycth E u F— 1Ba 6aHaxoBHX INPOCTPAHCTSA H f — HenpepuBHO Aud-
depennupyemoe oTobpa)eHHe OKPecTHOCTH V T0uKE xo € E B F. [Ipennonoxuns,
YTO CYMECTBYIOT Takue ABa uuciaa >0 u A>0, uro: 1° | f(xo)l < B/2x
2°) koneGanne mpoussonHo#t f’ B mape U: ||.x— x,|] < § ne npesocxomut 1/2);

~3°) maa xaxnoi Touku x €U mpousBopHan f’ (x) ecrb xuHeHHBIH romMeoMopdusM
npocTpaHcTBa E Ha MPOCTPAHCTBO F, YIOBJAETBOPAIOLIHA YCAOBHIO H(f’(;c))_1 [P
Mycts (2,) — nMpousBOAbHafA MOCAEAOBAaTEALHOCTh TOUek mapa U/, TokaxuTte, uTo
CYWIECTBYET TaKas NOCHEAOBATENBHOCTh (X,),~o TOYek mapa U, uto x,, ;-

=xp,—(f () - F(x,) Mpu n>0. ‘HoxaxuTte, 4TO 3Ta WOCJEAOBATEJb-
') MoxHO mOKa3aTh, YTO TOT e pe3yabrarT OyAeT BepeH M Aas mo6oro

npoctpancTsa R”, mpuueMm B — sBkangoB map [ x| <1, u ycaosne, Hanaraemoe
Ha g, umeer Bua || g (x)|| < |lx| npu [jx) =1
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HOCTb (Xx,) cxomurca k Touke y €U, ABiaAOWEHcs €XMHCTBEHHBIM pemeﬂueM
ypaBHenus f(x)=0 B U (Mmeton npubauxenui HboToHa)

[C nomompio (8.6.2) nokawute HUAYKUMEH N0 7, uTO || X, — x,_, || <27"8

n | f )l < B2t

6. Mycts £ u F-—jBa KOHEYHOMEDHBIX BEKTOPHHX HpPOCTPaHcTBa Hax K,
A — cBA3HOE OTKpPHTOE MHOXecTBO B £ n f — HempepuBHO auddepennupyemoe
otobpaxenue npousBegenus AXF B F. [lpeanonoxum, uto MHoxectBo I' map
(x, y)€ AXF, naa koropux f(x, y)=0, He nycTo ¥ 4TO0 A4 moGoH napu
(x, y) €T uactHas npousBopHas D, f (x, y) ectb obpatumoe aunefinoe oroGpa-
XeHue MpocCTpaHcTBa F Ha cebs.

a) Mokaxute, 4To Jas KaWAOH TOUKH (X, Yo) €' cymecTByeT Takas OTKpPH-
Tas OKpecTHOeTh V »5To# TOoukH B I, uTO CY)XX€HHe mNpoeknun pr, Ha V
eCThb FOMEOMOD(H3M OKPECTHOCTH V Ha HEeKOTOPHH Iap ¢ HEHTPOM X,, COHep-
Kamuiica B A.

[Bocnoabsyiitecs TeM (akToOM, WTO CYMECTBYIOT TakoH OTKPHTHI map U
¢ UEHTPOM Xg B A ¥ Tako# oTKpHITHH map W ¢ HeHTpoM y, B F, 94T0 A8 Kax-
zoit Touku x €U ypasmenue f(x, y)=0 umeeT efuHCTBEHHOE pemeﬂne yeWw,
u npuMenute teopemy (10.2.1).]

b) Bmsenure wu3 a), .u70 Kaxaad KoMNOHeHTa cBA3HOCTH G MHONKe-
crBa I' (3.19) orkpura B T' u uro muoxecrso pr, (G) orkpurto B A. He 064-
3aTeNbHO MOMKHO 6mTh pry () = A [kak mokasmpaer npumep A=E=F =R,
f{xy) = xy?—1]. He o6sa3ateapHo Takxke B cayuae, koraa pry (T) = A, xomxuo
6uTh pr; (G)="A aas kaxnodl KOMNOHEeHTH cCBssHocTH ( mHoxkecTBa I [Kak
noxasuBaer npumep A=E=F =R, f(x, y)= xy?— y]. Jokaxure, 9T0 ecau
MHOXecTBO pry (I') orpanmueno B F, To pr; (G) = A 1aa Kaxno# KOMIOHEHTH
ceasnoctd G muoxectBa I. .

[[ToxaxuTre, 9TO ecam x, — TOUKA NPHUKOCHOBEHUs MHOXecTBa pri(G) B A4,
TO CYHIECTBYET TaKas IOCJAENOBATEALHOCTb (Xp, y,) TO4eKk MHoxecTBa G, uTO

lim x,=xp # uT0 B F cymecrByer npe,uen hm Yni 3aTEM MPHMEHHTE a).]
n->o0

c) lonatus mpaexmopuu, nemau, zouomonuu U nemeAbHOL 20MOmMONUL
B A ompeneasiorca Tak xe, kak B 9.6, Toapko C 3aMeHsieTCs NPOCTPAHCTBOM E.
IpeanonoxuM, 9T0 CyWECTByeT Takas KOMIOHeHTa cBf3HocTH G MHoxectsa T,
uto pry (G) = A. Tokaxure, 4To ecau Y — TpaekTopus B A, ONpele/ienHas B npo-
mexytke [=1[a, b)JR, 10 CcymecTByeT Takoe HenpepmBHoe oTofpaxenue u
npomexytka [ B G, yto pry (u(f)) =y (f) nan xaxno#t Toukm t€l.

[PaccMoTpuTe B / HHXHIOW TIpaHb ¢ MHOXECTBa TEX TOUEK §, Jaf KOTOPHIX
CYWECTBYET HeNpepHBHOe OTOGpaxceH:ie U MPOMEXYTKa [a, €] B G, obaanaomee
TeM CBOHCTBOM, 4TO pr, (5 @)=1() npu a <ILE u BOCHOAB3YHTECE 2).]

Bcerna au sTo oroGpaxenne exuHCTBEHHO?

[Paccmotpute cayualt E=F=C, A=C— {0} u f(x, y)=y*—x.]

TMokaxuTe, 4T0 €CAM B2 HenpephiBHHX OTOGPANEHHS & B U npomemyma 1
B G 061ajanT TeM cBoficTBOM, 4T0 pr; (2 (£)) = pr; (v (f)) = 1 (f) AnA Kaxp0H
ToukM €/, H eciu OHM paBHH JAf OAHOTO 3HaueHua f€J, TO L==1U.

d) Ilycts npu Tex e IPEANOAOKEHHSX, YTO H B C), ¢ — HENPEPHIBHOE OTO-
Opaxenue npoussefenus /XJ B A, rae J=|[c, d] < R. Ilyctb v— Takoe Hempe-
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priBHOe oTo6paxenne mpomexyTtka J B G, uto pry (v (§)) =¢ (a, &) npu £€J, un
nycTh Aast Kawaoi Toukn € J u; €CTh eIMHCTBEHHOE HENPEPHBHOE OTOGPaXeHHe
npomexytka [ B (G, Takoe, TO pr, (E@)=9¢(@¢ &) mpu teln u (@) = v (§).
Mokaxure, uto orobpaxenue (f, &)—>uE (¢) nenpepwiBHO B IXJ.

[Aas nauxoit Touxm (€ J cymectByer Takoe yucio 7 > 0, yro aas aw6oi
touku £ € I nepeceuenue V; MuoxecrBa I' ¢ 3aMkHyTHM mapoM B EX F ¢ nes-
TpOM uy (£) ¥ panuycoM r coaepxkutrca B G u o6nafaer TeM CBOMCTBOM, 4TO NPOEK-
1us pr, ectb romeoMopdusM V', na 3amxHy Thi# map B E ¢ nenrpom Y(f) u paguycom r.
Ecau L = u; (1), To nycTh M 03HauaeT BEPXHIOK I'PaHb HOPMBI (D, £ (£, ) To
(D, f(x, y)I mam Bcex Touek (x, y)€ G, HaxOAAWMUXCH HA PACCTOSHUH < I
ot L. ITyctb & > 0 Buibpano Tak, uto ¢ < rf4 u e M < r/4. INokaxure, uyto ecau 3
TakoBo, 4to M3 |E— L | <3 caenyer |9 (f, §)—o¢ (£ )|l <= npu t€/, 0 u3
|§—C1 <3 npu £€/ caenyer ||u (£) —u, ()| < r/4. Iokaxure 31O, PaCCMOTPEB
BEPXHIOI I'PaHb ToueK €/, A KOTOPHIX HMEET MECTO 3TO HEPABEHCTBO, H NIPH-
menn (10.2.1).]

¢) 3akmoyute u3 d), 1TO €CAM NETAA Y, ONpefeNeHHas B npoMexyTke [=[a, b],
neTeJbHO roMoTonHa B A Touke, TO Jio6oe HenpepniBHOE OTOGpaXeHue u Npo-
mexytka I B G, nna xoroporo pry(u (t)) = y(f) npu £€/, obaanaer TeM CBOii-
crBoM, uT0 u (b)) = u (a). B wactHocTH, ecam A omHOcBaA3HO (T. e. ecau Jwobas
netas B A roMortonHa B A Touke), TO Npoekuus pr; ectb romeomopdusm G Ha A,
T. €. CYIeCTBYeT eIHHCTBEHHOE HENPEPLIBHO Auddepennnpyemoe oTro6paxenue g
mHoxectBa A B F, 1akoe, uto f(x, g(x))=0 B A u uto TOUKa (X, g (X)) NpH-
Hanaexut G pans mo kpaliHedt Mepe ogHOM Touku x € A.

7. TlokaxuTe, 410 B 0603Hauennsx 3sagaun 6 ycnosue pr, (G)= A ynosuie-
TBOPAETCA AJA KawAoi KOMIOHEHTH CBA3HOCTH G MHoxectBa I B KaxaoM
U3 CAEAYIONIHX CAYYaes: ‘

1°) f(x, ¥)=F1(y)— f3(x, y) u cymecTByOT Takue uucia R>0,2>0u
h > 0 u Taxkas MOJOXUTENbHAs HempephiBHasg yHkuusa x ->H (x) B A, uto mpu
Iyl >R punomssorca mepasenctsa [If; (NI > Iyl* n 1f2(x 9 <
<H@IyI* ™"

2°) F=C, E—BekTtopHoe npocrpaHctBo Hag C u f(x, y)=eY— g(x),
rae g —aamtHuHo B A 1 g(x) £ 0 B A

[310 mnocaennee ycnosue yixe obGecneuwusaer, uto pr, () = A. 3ameTum, uto
us f(x, y)=F(x, y’) caenyer, 4To yucao y’ — y ABAAETCH KPATHLIM uHucjaa 2xi;
NO3TOMY Aas JMoGoH ToukM x € A cymecTsyeT Tako# oTkphiTHii map U c uneur-
poM x, comepxainuiica B A, 4To xaA MoGOR KOMIOHEHTH CBA3HOCTH V mepece-

UeHHs Pr; taynr npoeknus pr; ectb roMeoMopduam MHomectsa V Ha U.

Ecau x — Touka npukocHoBeHus MHoxecTBa pry (G), To MHOXECTBO G IOKHO
HMEeTb O6IIYI0 TOUKY € OAHOH M3 3THX KOMIOHEHT V W, 3HauuTt, coaepxath V.]

8. a) Mokaxure, ur0 ecau f — KOMILIGKCHas uenas QYHKUUA B C?, raxas,
uto f(x)#0 mas kaxno#t Touks x € C?, To cymecTByeT Takas KOMIIEKCHas
uexas ¢pynkuus g B C?, uto f(x) =8 (cp. ¢ 3apaueit 7).

b) Ilycts f— npoussoabHas KOMILIEKCHasi wueaast ¢yuxnus B C, He paBHas
ToxaectBento 0. CymecTByer Takas KOHEUHas AW GECKOHEUHAs NOCAENOBATENb-
HOCTb (@) (rae n > 1) KOMINEKCHBIX Yncen (KOTOpas MOXET OKa3aTbCsa M mycToh)
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ut0 | @l | 8@pyr | f(ap) =0 ana xawmo# Ttouxu ¢ € C, ans kotopo# f(c) =0

¥ YHCJIO HOMEpPOB 71, NPHU KOTOPHIX &, = ¢, PaBHO NOPAAKY o(c; f); B cayuyae

KOTZa 3Ta NOCAeNOBATeNEHOCTh (a,) GeckoneuHa, lim|a,| = -4 oo (9.1.5). [Noka~
n-»o0

xute (B o6o3Havenusnx 3agaun 1 § 9.12), uto cymectsyer Takaa uenas GpyHkuus g,

[ee)
at0 f(2) = €8 (® H E(zlay n—1).
n=1

9. Ilyctb A ¥ B —Be OTKpDHITHIE OKPECTHOCTH TO4KH 0 B MNpOCTPaHCTBE
E = CP, npuueM okpecTHOCTb A cBasHa. [Tycts (x, y) > U (%, y) — aHanutuueckoe
otobpaxenue npousseaenus A X B B npocrpaictBo ¥ (E; E) (oToxuecTBiaeHHOe
¢ MPOCTPAHCTBOM MAaTpHl, pa3Mepa p X p ¢ KOMIIEKCHHIMH KO3dduuueHTaMu).

a) Ilpeanonoxum, 9TO CYyWECTBYET Takas MNOCAEAOBAaTEAbHOCTh (u,) aHAaKH-
TUUECKHX oOToOpaxeHu#t oxpectHocTH A B B, ut0 #5(x)=0 B A u u,(x) =
=U(x, ap_1(x))-x B A npu n>>1l. [llpennonoxum Taxwie, 4TO) AN KAXAOTO
KOMITaKTHOTO MHOMecTBa L C A cyxeHus oro6pawmeHuil u, Ha L o6pasyior OTHO-
CHTENBHO KOMIIAKTHOE MNOJMHOXECTBO mpoctpaHcTBa ¥p(L). lokaxure, 4to no-
CJeJ0BaTEALHOCTD (i) PABHOMEPHO CXONHTCS Ha JIOGOM KOMITAKTHOM IIOJMHOXECTBE
OKPeCTHOCTH A K TAKOMY aHaJHTHYeCKOMY OTOGpaxeHuio v okpecTHocTH A B B,
ato v (x) =U (x, v(x))-x B A. KpoMe TOro, v ectb eauHcTBeHHOE OTOGpaKe-
HHE, YAOBJIETBOPSIOLIEE ITOMY YpaBHEHHIO.

[Bocnoabayiitech (10.2.1) 1 (9.13.2).]

b) Tlpennonoxkum, uto A u B — oTkpHTEHe mapkw B £ ¢ ueurpom 0 u pa-
auycamMu a M b. Ilycte ¢ — Takoe HenpephiBHOE OTOOpaxeHHe NPOH3BEACHUSN
[0,a[X[0,6] B R, uro dyuxuua 7n—>¢ (¢ n) naa xawnod Ttouku €€[0, a[
apasercs Bo3pacraiomiei Ha npomexyrtke [0, 4[, u npepnosoxuM, HTO
NG NN<e(llxll [ly1l) B AX B. IIpexnoaoxym, KpoMme TOro, 4TO Cyme-
CTByeT Takoe HempepbiBHOe otofpaxenue 0 mpomexyrtka [0, a[ B npomexyTok
[0, 5], uto 0(§)=1¢ (5, 6 ())& B [0, a[. Hdoxkawure, 4TO NPH STHX YCHOBHAX
CYUIECTBYET €IMHCTBEHHOE aHaAuTHIECKOe oToOpameHue v mapa A B B, Ttakoe,
aro v(x)=U(x, v(x))-x B Anuro f[v(x)]|<<O(lx|) B A

[Bocnoxnbayiitech a); cyliecTBOBaHuE omﬁpa)xemm U, LOKaXHUTEe HHAYKIHeH
no n.]

c) [Ipennonoxum, 4ro wapsi A 1 B onpenenenst, kak B b). I[Iycts ¢ (1) —
pepxHa# rpais Hopmul || U (x, y)|| npn x|l <a u |yl <=w, rae 1> 0, u no-
aoxuM ¢ (0) =14 (04). Hdonycrum, uto ¢ (0) >0 u wro dysxkuus 1-> /4 (n)
BO3pacTaeT B HexotopoM npomexytke [0, y[, rae v< & u 7/¢ (y—) < a Torna
CYIECTBYET EAMHCTBEHHOE aHAaAUTHYECKOE OTOOpaMceHHe U OTKpHTOro Imapa P
¢ uenrpomM O u paxmycom 7/ (y—) B B, Takoe, uto v(x)=U(x, v(x)) -x
B P. .

10. Mycts f u g — ABe KOMONEKCHBE aHATHTHYECKHE (QYHKIMU B HEKOTOPOH
OKPECTHOCTH 3aMKHyToro noaunuaunipa P < C? ¢ uenrpom (0, 0) u paauycamu a
u b Tlycts M (coorBercTBenHo N) — BepxHsas rpaus | f (x, y)| (cOOTBETCTBEHHO
lg(x,¥))) npu | x| =a n |y!<b (cooTBercrBenno npn |x|<a n|y|=0>).
Torga cywecTBYIOT IBE OIHO3HAYHO OmpejeieHHble OGyHKuUuH u (S, t) U v (s, ),
aHaauThHIeckue mpu |S| < a/M u |t]| < /N u takue, uto (4 (S, %), v(s,£))EP,
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Koraa Touka (S, f) NPHHANAEKUT NOJMUMAHHAPY Q, onpegeaseMoMy Tpensiny-
H{AMH HEpaBEHCTBAMH, U YTO

u(s,)—sf (s, 1), v(s,8))=0 u v(s, t)—tg(u(s t), v(s t))=0
B Q. llycts, nanee,

of of

Aoyt l=s5 —S%
X, ¥, S8 e

' 1 98 1_ 498

ox oy

4 nyctb h(x, y, S, t) — NpOH3BOJbHAA AHAJUTHYECKAS tbym(uml B PX Q. Moka-

WKHUTE, 4TO B B vl ), 5 B
u(s, t), v(s, t), s, t) _ Z

Au(s, t), v(s, t), s, t)—m>o n>0

CnS™t?

upu (s, #) € Q, rae Ccp, — 3HaueHue QyHKIHH

m4
T 2o gy LB (5 908, 0) (F (e, )™ (8 (5, )"
npu ¥ =y =0 ® pax B npaBoit wacTH paBeHCTBa CXOxuTcA B Q. 3amerum, uTO
k03GQUIUHEHTEl Cp, 3aBHCAT OT S M f, €ClM OT HHX 3aBHCHT A (tbopmy.vla _
o6pamenns Jlarpanxa)

[Chawana npumenute Teopemy Pyme (9.17.3) k ¢yrxuun x—sf (x, ¥),
paccmarpuBaemoil kak Qymkuus or x; B cuay (10.2.4) ona ompeneauT aHanuTH-
yeckylo dyHknuio w (s, y), a8 KoTopoH w (s, y) — sf (w (s, y), y) =0. 3arem
nono6HuM Xe o6pa3om npuMenure Teopemy Pyme k dbynknuu y —1g (w (s, y), ¥)
paccmarpuBaeModt Kak Qynxkuus or y. Ilycth, Hakomem, Y M B — KOHTYpH

0->ae® m 0> 8 C (00 < 2r). PaccMOTpHTE MOBTOPHBIA HHTErpa

h(x, y, 8 b)dx
!“y_[f G—=sFm M —tgx )

C onHofi CTOpOHBI, HaHAWTE 3HAYEHHE 3TOrO HHTErpasa NMOBTOPHHM IpHMEHe-
HHem TeopeMbl o Bmuetax (9.16.1), a ¢ npyro#t — paccmoTpuTe cTemenHolt psz,

saBasiomuiica pasnoxenueM dpynkuun (1—§&~! (1—mn~!, B KOTOpoM £ 3ame-

neHo Ha Sf(x, y)/x, a n—na tg (x, y)/y.]
© OGofmure 9TO YTBEPWACHUE HAa caydadl Jio6oro YHCAa KOMIJEKCHHX -Tmepe-
meHHNX. U3 dopmynn obpaulenus A4 OJHOH nepeMeHHOH BmBexute Gopmyny

B (©)=h O+ Y2 D=1 (0 0) (F O,

n=1 ,
rae z(s)—sf{u(s))=9,1s|<a/M (3aecs M= ls‘lq; 1 F ()], a h—dyHk-
X f:3

Iuf, aHaJMHTHYECKas MpH |x] < a.
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3. Teopema o pasre

Mycts E u F — nBa KOHEYHOMEPHBIX BEKTOPHBIX IPOCTPAHCTBA pPas-
MepHOCTed n M m, A — OTKpHITOE MHOXeCTBO B E' M [ — HenpepuiBHO
auddepeHnupyemoe ortobpaxenue MHOxkecTBa A B F. Pane nunetinoro
otoGpaxennss f’(x) B Touke x € A ecTb HaubGoJblliee YUCIO p, TAKOE,
410 ‘B Matpuue orobpaxenus f’(x) OTHOCHTENBHO HEKOTOPHX ABYX Oa-
3aucoB npocTpaHcTs E u F cyuiecTByeT nO KpaliHelt Mepe OZMH MHHOP
nopsika p, orauuHbit ot 0. Takue MUHODH SBASIOTCA HeNpPEPHIBHBEIMH
GbyHKUMSAMH OT X; NOSTOMY ecsy paHr otoGpaseHnus f’(x,) pasen p,
TO y TOUKH X, CYLIeCTBYeT OKPeCTHOCTb, B KOTOPOH paHr orobpaxe-
Hua f/(x) He menbwe p. Ho on moxer OumTb > p B KaxioH
TOYKE X = X, STOH OKPECTHOCTH, KaK MOKA3bBaeT NpUMep OTOOpameHus
(x, y)—>(x2—y?, xy) B Touke (0,0). '

(10.3.1) (Teopema o paure) Ilycms E—n-mepHoe npocmpan-
cm8o, F —m-meproe npocmpancmso, A — omxpotmas OKpecmuocms
mouku a €E u f—nenpepusno Ouggepenyupyenoe omobpaxcenue
(coomsemcmsenno q pa3 Henpepusro Ougdepenyupyemoe omo6 pa-
erue, anarumuyeckoe omob pascenue) okpecmunocmuy A 8 F, dasn
Komopoz2o panz f'(x) 8 A ecmb ROCMOAHKHKOE HUCAO p. Toz20a
cywecmsyom:

1°Y. omxpumas oxpecmuocms UCA mouKu a u 20MeoOMOp-
gusm u oxpecmuocmu U ra edunusnwnid wap I"*: | x| <11 Lin)
8 K", Henpepvieno OudpgpepenyupyeMmutli (cOOmMBemcmsenno q pas
HenpepuiBro Judhghe pernyupyemvill, aﬂaﬂumuuecxuﬁ) 8mecme c o6 pan-
RBLM 20MEOMOPHUIMOM,;

2°) omkpamas oxpecmuocms VO f(U) mouku b= f(a) u zoneo-
Mopuzm v edunuynozo wapa I™:|y;| <1 (1 i m)npocmpan- .
cmea K™ na'V, nenpepesno ougpgepenyupyemnii (coomsemcmeenro q
pa3 HenpepusHo Ougpdepenyupyemsiil, auamzmzmectcuu) smecme
C oGpamubi emy 20Me0M0pHUIMOM,

— nputem 2OMEOMOPPHUIMb U UV ydosﬂemsopmom COOMHOUEeHUID
f=vo foou, 20e f,— omobpascenue

(CTTINPE o ¢ S Xp 0,000, 0)

wapa 1" 8 map I™.

Ml IpoBesieM JOKA3aTeAbCTBO /IS C/Iyuas HenpepuBHO AuddepeHuupye-
MHX 0TOOpaxeHu#l; M3MEHEHHs, HYXHbe NJ8 APYruX CJAYyYaes, OUEBHIIHEL.

3ameHss, ecau 5T0 HeoOGxonnmo, oTobpaxenue f oToOGpaKeHHEM X —>
—f(a—+ x)—b, Mol Moxem cumtath, 4o a =0 u b=0. Ilyctb M —
a1po JAuHeitHoro orobpaxenus f’(0), asasiomeeca (4 —— p)-MEpPHHIM MOK-
npoctpaucTsoM npocrpanctsa E, u nycts N —(p-mepHoe) anre6paunye-
CKOe lHomofHeHne noanpocrpanctsa M B E. B xavectse Gasuca mnpo-
crpanctsa E BosbMeM cucTeMy (¢;), <i<n COCTORULYIO M3 TAKMX 7 BeK-
TOPOB, 4TO €y, ..., €, Obpasywr Gasuc N, a ¢,y ..., ¢, —0a3uc
noxnpocrpanctsa M, u Ans moboro saementa x CE Oyzem nucars

21 K. Orenomue
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n
x::E ¢;(x)¢;, The @, — nuneHHvie ¢opMmbl. Ecau e, ..., e, — KaHo-
i1

Huyeckuft 6aauc npOC’l‘paﬂCTBa K”*, 10 0603HauumM uepes x —> G (x) au-

HefiHOe OTOOpaxXeHue X -—> 2 cpl(x)e npocrpaHctea E Ha moampo-
l—

crpaictso K" P mpocrpanctsa K", MOPOKIAEHHOE 3/MeMEHTAMH e€; C HO-
mepamu > p.

Iycrs P —o6pas npoctpauctea E (M moampoctpahcTsa N) mpu
anHefiHoM oTo6pakenuu f’(0). OuesunHo, P ecTb p-MepHOe NOANPO-
CTPaHCTBO IpocTpaHcTBa F, HMelollee B KauecTBe (asuca 3JIeMeHThHI
d;=f"(0)-¢; (1<i< p). Bosbmem Gazuc (dj)1<j<m npocrpauctsa F,
B KOTOpOM IlepBbie p 3JeMeHTOB 06pasyloT yKas3aHHHR 6asnc moAmpo-
crpaictea P, n nas mo6oro anementa yEF OGylem nucath y=

m

== Eq)j(y) d;, rie $;— nunefiusie dopMmel. OOo3HauuM yepes y —> H (y)
I A ¥

P
anHe#HOe OTOOpaXceHUe y—>2 $;(y)e; mpocrpanctsa. F Ha MOAMpo-
. f=1

crpanctBo K¥ mpocrpanctsa K”, mOpoxIeHHOe S/eMEHTAMH e, C HOMe-
pamu i < p.

Paccvorpum Temepbh oToOpaweHnne x—>g (x)=H (f(x))+ G (x)
okpecTHocTH A B K". 3710 0TOGpareHue HenpepuBHO Auddepenuupyemo.
Kpome Ttoro, aas moGo#t Toukm s€E wmum B cuay (8.1.3) u (8.2.1)
umeeM g'(x)-s=H(f'(x)) s+ G(s); nosromy g’'(0)-c¢,=e; mpu
1 Lin [T, e. oroGpaxenne g’ (0) mpeacTaBasieTcss eNMHHYHOH MaTpH-
ue#t orHocutenbHo Gaaucos (c¢;) u (e;)]. Iloawsysacy Teopemo (10.2.5),
3aK/I0YaeM, 4TO CYIIECTBYeT Takas OTKpHTas okxpectHocts Uy A
Toukn 0, urto cyxenne orobpamenus g Ha U, ecTb romeoMopousm
okpecTHocTH U, Ha HexOTOpYIO okpectHocts Touku 0 B K" H uto 06-
paTHe#! romeoMmop¢usM g~! HenpepniBHO Auddepenuupyem B g (Up).
Iyctb 7 > 0 BuiGpano Tak, urto map |x;| <r (1 i< n) conepxurcs
B g Uy, n nycty U —npoobpas sToro wapa npu romMeoMopbusme g,
ABJAIOIMACA OTKpPHITOH OKpecTHOCTBIO Touku 0. Hawe oto6paxenue «
Oyner cyxenneMm Ha U otobpaxenus x—> g (x)/r.

Ilo 3Tore MoMeHTa Mbl He MOJb30BAMUCH TNpPEAINOJIOXEHNEM O TOM,
yTo paHr oroGpaxenus f'(x) mocTosHeH B A. M3 aroro mpexno-
JOWeHus CaelyeT, yto o6pa3 P, npocrpanctsa E npu orobpaxenun f’ (x)
ana mo6o# Toukm x € A uMeeT pasmepHocTh p. Temnepb Mbi MOXEM
TIPEANOJIONKHUTb, YTO OKpecTHOCTh U B3ATa cTOJL Majdot, uro g’ (x) npu
x €U, ectb nuHefiHOe GUEKTHBHOE 0'ro6pa>i<euue npocrpauctsa E na K"
(8.3.2). Tak kax mpu SEN wmb umeeM g'(x)-s=H(f'(x)-s), 10
cyxenue oroOpaxenus f’(x) Ha N JO/KHO ObiTh GUEKTHBHBIM OTOGpa-
XKEHHEM 9TOTO pP-MePHOro NpocrpaHcTsa Ha P,, a cyxenne orobpaxe-
nus H na P_— GueKTUBHEIM OTOGpaxeHHeM HpOCTpaHCTBa P, na K7,
O6o3nauum qepes L, GuexTuBHoe oTOGpaxeHWe NPOCTPaHCTBA K” Ha P,
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obparHoe mnpelbayuieMy oroOpaxenuto. Torga Mbl MOXeM HamucaTh
J (x)=L,oHo f'(x)

PaccMotpum Temepb mpocTpaHctBo K” kak npoussenenue E; X E,,
rae E;=KP w E,=K"™ P, Tlepeftnem x IokasateabCTBy TOrO, HTO
oToGpaxenue (2, 29)—> f1(24, 29)=f(u"1(2,, 2,)) wapa /" B F He
3aBHCHUT OT 25 T. €. uT0 Dof,(2,, 2,)==0 8 /" (8.6.1). Tlo omnpe-
IefleHUI0 MBl MOXeM HamucaTe f(x)=f,(H (f(x))/r, G(x)r). Tlo-
sToMy B cuay (8.9.2) ana moGofi Touxu ¢ € E

rf' @) t=Dif,(FHF (). + G H{f (x)- O+
+Dof (7 H(F (). 7 G(0))- 0.0

dto Aaer
(10.3.1.1) Dofy (7 HF (). +G (®))- CEO=S, H(f (x)- 1)

rie S,=rL, —D,fi(H(f(x))/r, G(x)/r) ects muHeHHoe oTOGpa-
*kenne mpocrpauctBa KP =E, B F. Jlokaxem, uro S, =0 aaa mo6oi
Toukn Xx € U, JlefictButenbHo, ecan £EN, To mno onpelelieHHIo
G (£)=0 u, sHauut, B CHJIy (10.3.1.1) S, -H(f'(x)-t)=0. Ho oro-
Opaxenne t—>H(f (x)-t)=g'(x)-t nmpu x€U, ecTb OueKkTHBHOE
orobGpaxenne npocrpancTea N na E,, u 3To AokasmaeT, uro S,=0.
HMs (10.3.1.1) Me TOrza 3akaioudeM, 4YTO CHpaBELIUBO paBeHCTBO
Dofy (H (f (x))[r, G(x)[r)- G(t)=0 pna n1060# Touku fECE. Ho G
otobpaxaeT npocTpanctso E Ha E,, nmo3TOMy 10 OnpelesieHHI0 MPOH3BO-
vaa Dyof, (H (f(x))/r. G(x)/r), ssasiomancs duHeHHHM OTOOpaXKeHHeM
npocrpanctsa E, 8 F, naa mo6o#t toukn £ € U, pasna 0. CooTHouenue
D,f,(2;, 25)=08 /" Torna cneayer ua Toro ¢axra, uTo oToGpaxeHue
x—>(H (f(x))r, G(x)[r) ectb romeomopdusm okpectHocTH U, Ha He-
KOTOpOE OTKPLITOE MHOXECTBO, colepxauuee /”.

Mu MoxeM Tenepb BMecTO f,(2,, 2;) mucaTh f,(2,) m paccmaTpu-
BaTh f; KaK HenpephBHO AHdtepeHuupyeMoe 0ToGpaxeHne NpoCTPaHCTBA
E,=K? 8 F. Torna mb umeeM f(x)=f,(H(f(x))/r) npu x€U,
WHBIMK caoBamu, Y= f,(H (y)/r) npu y € f(U). D10 7AOKa3bIBAET, UTO
oToOpaxenue y-—>H (y)/r ects romeomoppusM mHoxecTBa f(U) Ha
I? c E; u uto z,-> f,(2,) ecTb 0GpaTHEIft eMy roMeoMOpQu3M.

PaccmoTpuM Teneper npoctpancteo K™ kax npoussesenue E; X Ej,
rae E;=K™ %, Tlycts T — nuneiine OGuexkTHBHOE OTOGpaeHHe Npo-
crpaictBa Ey Ha JonoaHenne @ moxnpoctpauctsa P B F, mopoxuaemoe
anementamu d, .4, ..., d,, oToOpaxaiollee KaHOHMYeCKUH Gazuc mpo-
crpanctea K™ 7 na suementn dyy1s o o1 A Tlonoxum v (2y, 25)==
= f1(2;)+T(23) upn z,€1° n 2z, €1™ ", Ouesunno (8.9.1) v (2;, 23)
ecTb HenpephiBHO HH(pdepennupyemoe oTobpaxenne. I[lo onpenenenuo
umeeM H(v(z;, 23))=H(f,(2,))=rz,. TlostoMy u3 COOTHOIIEHHUS
v (2 23)=fu(z;, z;) Caellyer 2;=2,, H, SHAYAT, OHO CBOAWTCA

21



324 Ta. 10. Teopempr cyuwect808anua

K COOTHOLUEHHIO T( )—T(z') KoTOpoe J1aer z,==2,. CJenopareabHo,

oToGpaxeHue ¥ WHBEKTHBHO. J[lOKasaHHOe BbIllie COOTHOWEHHe S, ==0
nokaswBaer, uto fi(z))=rL, ana moGo#t Touxm 2z, € /¥, rae x —npo-

u3poabHad Touka u3 U, ana xoropo#t f(x)= f,(z,). IlpousBoaHas oro-
Opaxenus v B TOuke (2Z,, 23) €CTb, TakuM 00Opa3oM, JHHeHHoe oTOGpa-
wenue (¢, t5)—>rl, - t;,T(t;) (8.9.1) u (8.1.3). Ho rak xax cyxenue
oroGpaxenus /{1 wa P, B3aUMHO OAHO3HAuHO, P, — anre6Gpanyeckoe
IoTo/IHeHWe NoAnpocTpancTBa Q B F u v'(2z), 25)— JUHEHHHIH romeo-
Mopdusm mnpocrtpanctea K™ wa F. Jlas moGo# Touku (2z;, 25)€ 1™,
Takum obpasom, B cuay (10.2.5) cymwecTByeT Takas OTKpHITas OKpecT-
Hocte W atoff Toukm B /™, uro cyxmeHue oToGpawenus v Ha W ecth
romeomopduam okpectHocth W Ha oTkpeiToe MHOxectBo o (W) npo-
crpaictBa F. Tak kak, kxpome TOro, OToOpa)eHHe ¥ B3aMMHO OJHO-
3HAYHO, TO OHO fBJAETCA roMeoMopdusmoM inapa /™ Ha OTKPHTOE MHO-
xecTB0 V=0 (/™), naa kotroporo- o6paTHLIt roMEOMOP(U3M HeNpepLIBHO
anpdepennupyem B V. CootHowenne f==wvo fyou caelyer Toria ua
onpeaeneHut,

Jadanu

1. Mycts E u F—pBa 6aHaxOBHX MPOCTPaHCTBA, A — OTKPHTas OKDECT-
HOCTb TOUKH X3 € E 1 f — HenpeprBHO nnd)(bepeﬂuupyemoe 0TO6paxeHHe OKpPeCT-
Hocty A B F.

a) IIpexnosoxum, uato f’ (x;) ecTh aMHERHHI roMeoMopdH3M NpocTpau-
ctBa E na ero obpas B F. Ilokaxure, 4TO cylecTByeT Takas okpecTHocts U < A
TOYKH Xy, 4TO f ecTb romeomopdusm oxpecrtHoctd U na f (U).

|Bocnoabayiitech 3anaueii 34§ 10.1.]

b) MNpexnonoxum, uto oroGpaxenue f’(x,) COPBEKTHBHO H 4TO CyIle-
crByer Takoe a4 >0, uTo aas MoGOH TOYKH s € E BHIOJHAETCH HEPAaBEHCTBO
1f (x0)-sll>>al s||). Tlokaxure, YTO CymecTByeT Takas OKpeCTHOCTh V C A
TOUKH X, 4T0 f (V) ecrb oxpecTHOCTh TOuk# f (x,) B F.

[BocnonpayiiTeen 3anaueit 8 § 10.1.]

2. Myctb A ~——otkpnitoe MHOXECTBO B CP M f— aHaJAuTHYECKOE O0TOGpa-
wenne MHOXectBa A B CP. TIOKaXHTe, UTO €CaM f WHDBEKTHBHO, TO PaHr OTO-
6paxenus Df (x) ana xaxmo# Touku x € A paBeH p.

[TTpoBenuTe KOKA3aTEABLCTBO OT NMPOTHBHOIO M MHAYKHMIO mo p. Ipu p=1
npnmensem teopemy Pyme (9.17.3). Hpeanonoxum, uro Df (@) mas nexoTopoi
‘ToukM @€ A uMeer panr < p. [loxaxure cHauana, uTo (NPOHM3BEAs, €CAM IIO-
Tpebyercs, JuHelinoe npeobpasoBaHne B F) MOMHO CYHTaTh, 4TO ecau f (2) =

=(f1(2): ..., [p(2), 10 Dif1 (@) =0, u ecan g (2)=(f22), ..., f»(2)), 10
paur Dg(a) B TouHocTH paBeH p—1; Torja CymecTByeT Takas OKPECTHOCTb
U c A touku a, 4to Dg (x) npu x € U umeer paur p— 1. INoabayscs Teopemoit

') MoxHO mnoxasaTh, 4TO 3TO NOCAEAHEE CBOHCTBO SBJMAETCA CACACTBHEM

T0r0 ¢akra, uT0 OTOGPaWeHnne [’ (x,) HCNPEPHIBHO H CIOPBEKTHBHO; CM..
H. Byp6axu [6].
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o paure (10.3.1), ceeante n0Ka3aTEALCTBO K cayuaw, koraa a =0 u f; (2) = 2,
npr 2< &< Pl

Ocraercq au yTBepkAeHHE BepHuIM, ecau C sameHuts Ha R?

3. a) Iycts A — onHOCBA3HOE OTKPHTOE MHOMECTBO B C, oTauuHoe oT C,
U NyCTb @ M b— jBe pasnuuHble TOUKH rpaHuusl Fr (A) (sapaua 6 §91.4). IMo-
KaXHTE, YTO CYIECTBYET TaKas KOMIJIeKCHas aHaiuTHieckas B A ¢ymkuus h,
uto (2 (2))*>=(2-—a)/{z—b) (sanaua 7 § 10.2). Naxee, s ecTh ananuTHyecKui
romeoMopdu3M MHOMECTBAa A Ha HEKOTOPOE OJHOCBA3HOE OTKPHITOE MHOXECTBO
Bc C.[sapnaua 2 u (10.3.1)]. Hakonen, BM(— B) = (7); nostoMy cymecrByioT
TOYKH npoctpancTtBa C, BHemHue fasm B.

b) BuBenute 3 -a), 4TO CymecTBYeT aHaauTuueckHii roMeoMopdusM MHo-
»(ecma A Ha opHocBf3HOe OTKpHTOe B C MHOXECTBO, conepxauleecs B Kpyre

:]2] <1 u conepxamee touxy 0.

4. a) Ilycte A — onHOCBA3HOE OTKPHTOE MHOXeCTBO B C, coaepxameecs
B equnuunoM kpyre U :]2] <1 n conepxawee Touky 0, u nyctb f{ — MHOXe:
CTBO BCEX KOMILJIEKCHHIX aHAAUTHYECKHX B A QyHkuud g, Nalolmux UHBEKTHBHOE
otobpaxenne A B C M yI0BAETBOPSIOMHUX caenyomuM ycaosuanm: | g (2) | <1
B A g0)=0u g’ (0) ects nefictButeabnoe uncao > 0. Juas. kaxxoro Kom-
NaKTHOrO NoAMHOXecTBa L < A muoxectBo H, cymenui na L dynkuud ws H
oTHOCHTENbHO KoMmaktHo B %o(L) (9.13.2). Mokaxure, 9T0 MHOMECTBO ECex

IeficrBuTeabHbx wucen g’ (0) (mam g€ H) orpanuueno [cp. A0KA3aTeABCTBO
teopemn (9.13.1)]. IIycrp A — Bepxuss rpaup sT0ro MHOXecrtBa. Ilokaxure, uTO
cymecTByeT GYHKUHA g, € [, nas KoTOpOH g(') ©0)=Ax

[Bocnoapaylitech yreepxkaenveMm us sagauu 5 § 9.17.)

'b) [Ipeanonoxum, uro ¢yuxuua g€ H takosa; uto g (A) == U, u nycts
ceUN\g (A). 3amenus, ecam mnortpebyercs, pyHkuuio g dyHkuue# g,, ompere-
nsieMoil COOTHOWEHHEM g, (2) =e“°g (zew) np¥ noaxoAsmeM suGope 6, moxem
CYHTaTh, 4TO HHCIO ¢ AelcTBuTeabHo u > 0. CymectByer Qynxkuus 4, adanu-
THueckas B A n Takas, urto .

e C—g(2) .

LR - . oL A
@ ==
uh(0)=¥Vc >0

[To xe paccyxnenwe, 4To H B 3ajaue 3,a).]

[Mokaxure, 9T0 GYHKUHA g, ONPEAEAFEMas COOTHOIUCHHOM

_ V‘i_'—gz(z)
P e n@

npunagaexut H u ato g,(0) > g (0).

¢) 3akmouure M3 a) U b), uTO GYHKUUA go, ONMpEHCNCHHAA B a), ABAACTC.
aHAIMTHYECKHM roMeoMophusmom Muoxectda A HaU. Ha ocuoBanuu 3ajaun 3, b)
OTCIOfIa CAeAyeT, YTO XA Mo6Oro. OXHOCBA3HOTO H OTKPHITOre MHoxectBa D < C,
oranunoro ot C, CymmecTByer aHaiauTuuecku#i romeomopthusM MHOxecTsa D Ha U
(reopemMa 0 KOHGOPMHOM OTOGPAXKEHHKHE). .
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5. a) Ilyctb. f — xoMmNeKCHad aHaAUTHUECKAH QYHKUMA B EXHHHIHOM
kpyre U: |z <1, Takasg, uro f(O)=1 u |f(2)| <M B U. Nokaxure, yto
npu | 2| < 1/M punoauserca nepasenctso | f(2)—1| L M|z

[K dynkmun g (2) = M (f (2) — 1)/(M? — f (2) ) npumennTte aemmy Ilsapua
(3anava 7 § 9.5).] : ’

b) Ilycts f— xomniekcHas aHaamTHueckas ¢ynknus B [, Taxkad, uTo
FO)=0, fFO)=1u |/ ()< M8 U. lokaxure, uto npu |z| <YM su-
TOJNHAETCA HepaBeHCTBO |f () — 2| M|z (%2

[Mpumenute a) k f'.]

c) TokaxwuTe, 4TO NpH NpeANONOXKeHHAX b) cyxenune QyHkunu f Ha xpyre
B (0; 1/M) ectb aHaauTHueckHil roMeoMOp(H3M 3TOr0 Kpyra Ha OTKDHTOE MHO-
XecTBo, cofepxkamee kpyr B (0; 1/2M).

[[TpuMenute Teopemy Pyme (9.17.3), BOCmOAL30BaBUIMCH PE3YALTATOM 3a-
nauu b).)

d) Ias moboro koMmaekcHoro uucaa a €U mycrs u(z)——(z-—-a)/(az—])
TlokaxuTte, 4To AAA MOGOH KOMILIEKCHON (ByHKuMH f, aHanuTH4ecKoR B U, ecau
g@=/@@) 1 |g@I1—]2P)=|F @) (1—2@E?) mm no-
6oit Toukn z€U.

e) IMoxaxuTe, uTO CcymwecTByeT AeHcTBUTEabHOE wucio b >1/3V 3 (no-
ctoanHaa Baéxa), obrapaiomee crenyiomuM cBOHCTBOM: Iaa J060# KOM-
nAeKcHOH Gyuknuu f, aHaautrueckoit B U u Tako#, uto f’ (0) =1, cywectsyer
Takag Touka 2,€ U, 4T0 OTKPHTHI Kpyr B ¢ UEHTPOM Xy, TAe Xo= f (),
u papguycoM b copepwurcs B f (U), H cymecTByer (GYHKUUA g, aHAIHTHUECKAs
B B n takas, uro g(ByccU u f(g(2))=2z2 npu z¢ B.

[PaccmoTpuTe chawana cayuwail, xoria GyHkuHA f aHAAMTHYHA B HEKOTOPOi
OKPECTHOCTH MHOXECTBA [/, M BO3bMHTE B KauecTBe 2, TOUKY, B KOTOPOH 10-
cruraet mMakcumyma dyunkuua | f (2) | (1 —|2|?). 3arem, noawvayscs d), cBexute
3318y K cayvawo, korja Z,==0, M 3aTeM NpHMEHUTE PE3yAbTaT M3 3ahaUd C)
K QyHkuuu Buga a-+ f(Rz) rae ¢ 4 R — nopxoxamuM o6pa3oM mopo6panHbie
KOMILIeKCHBle uucaa. B obmem cayuae paccMorpute dyrkuuo f((1—e) 2)/(1—¢),
rie & > 0 npousBoNbHO MaJo.]

6. a) Mycrs M — MHOMECTBO Beex KOMl'uleKCHle ¢dbynxuuit f, amaautuve-
CKHX B equHHyHOM Kpyre U:|z| <1, nna xoropux f(U) He CONEPXHT TOYex
0 u 1. Ina moGo#i byrkuun f€ I cymecTBYeT Takas eMHCTBEHHAS AHAJUTH-
ueckas B U dynxnua g, uto exp(2rig(2))=/f(2) B U n ato |Ig(0) <=
(3anaua 7 § 10.2); muoxectBo g (U/) He COAEPXKHUT HHKAKOLO NOJAOKHTEIBHOTO
ham oTpHHATeaBHOrO uenoro uucaa. Janee (Ta xe CCHIKA), CYIECTBYeT Takas
dbyuknusa k, ananntuveckas B U, ut0 g (2)/(g ()—1) = ((14+4(2))/(1—~ @))%

MHOXECTBO h.(U) HE CONlepXHT HH omHOH u3 Touek 0, 1, c;=(Vl7 —i—VnTI)2
H cZ=(V’ﬁ—Vn_——1)2 (n—nenoe uncao >1). Hakowen, cymecrByer Takas"
dbyukuus ¢, anaxutHueckas B U, uto exp (¢ (2) ) = & (2); muoxkectBo ¢ (U/) He
COIEPXHT HH ORHOH H3 Towek In c;+2km’ nIn c;:+2km' (k£ — nonoxureabHoe

HJIH OTPHUATEJbHOE lenoe uHcAo, n 3> 1). TMoxaxkuTte, YTO HHKAKOH Kpyr paxu-
yca >4 ne moxer copepxarsca B p (U). Iloabaysch 3agauedt 5, €), BhBesnte



3. Teopena o panze 327

43 3TOTO pe3yabTara, YTo mpH | x| <1
4
)L m—.

[Paccmorpute dynxumo £ —>ce (x4 (1 —|x|)¢) Anm noaxozaummum o6pasom
BHIOPAHHOH NMOCTOAHHOH C.]

3axmoudTe OTCI0[A, YTO CydlecTByeT Takas dyukuus F (z, v) KOHEYHasA H
HenpepniBHaa B npoussefenud (C\ {0, 1}) X [0, 1[, uto ana xaxnoit dyuxmuu
£ €M npu mobom |z| < r < 1 BHOoAHseTcs HepaBeHcTBO In| f(2) | F (£ (0), r).

b) Mycts dynxuua f € IM taxosa, ato | f(0)| <1/2 mam | F(0)—1] < 1/2.
[okaxute, YTO AAA JAHHOrO 7, YAROBAeTBOpawulero ycioBuw 0<Lr <1 mam
np |z|<r Bmmoansercs nepaBencrBoe |f(2)]<5/2, uaum xe cymectsyer
Takas Touka X, |x|<r aro [f() =12, | f () =112 n [l/f(x)|>1/2
INpumenss pesyabTat u3 3agaud a) k ¢ysxuum f( (2 — x)/(xz2—1)), sakmo-
uhTe, 4TO CylecTByer Taxkas QyHxmus F| (&, U), KOHeUHas H HenpepbiBHas
B npousBegeHun [0, oo X [0, 1[, uro ans mobo# oynkuuu fEIM us
105 u |21 r caenyeT |f()I<F (s, r) (reopema IHoTTk ).

7. Mlycts A — oTkpeiTOE” CBA3Hoe MHOXecTBO B C M (f,) — nocaenosaTens-
pocth $ysknmi u3 muoxectsa M (3amawa 6). [Nokaxure, 9TO AAg MO6Oro KoM-
[NaKTHOTO MOAMHOXecTBa L C A cymecTByeT Takas MOANOCAENOBATEALHOCTD ()

YTO HJAH 3Ta NOANOCJAEJOBATEJbHOCTb PABHOMEPHO CXOAHTCA B L, HaM xe mocae-
JIOBaTEJbHOCTh (1/f,,k) paBHOMepHO cxoautcs B L k O,

[dokamure, noapsyach TeopeMo#l LHorTku, uTo TOUKH X € A, 118 KOTOPHIX
lim (1/fp(x)) =0, o6pa3yioT OTKDPHITOE M 3aMKHYTOE NOJAMHOXECTBO MHOXe-
n-»co

ctBa A, TakuM ofpasom, pasHoe A uam myctoe. Bo BTOpOM ciyvae mokamuTe,
HOAB3YACH KOMIIAKTHOCTBIO MHOXECTBAa L, 4TO CYIIECTBYeT MOAMOCAEeR0BATENb~
HOCTh IMOCAEAOBATEALHOCTH (f,), OrpaHMuYeHHasd B HEKOTODOH KOMIAKTHOMH
okpecTHoCTH MHOxectBa L, u npumenute (9.13.1). B nepsoM caywae nopoG-
HEIM Xe 06pa3oM BocmoJb3yiTech Teopemoit (9.13.1), anMEHeHHOH K Rocaeno-
BareabHocTH (1/£p).]

8. a) Iycrs f-— xoMniexcHas QYHKUHSA, aHAAMTUIECKAH B OTKPHITOM MHO-
wecTse Vi 0<]z—!al<r, M NYCTb 4 — CYIIECTBEHHad OCOGEHHOCTh GYHK-
umk -f (9.15). Ilokaxure, uto MHOxkecTBO C\ f (V) Mau mycTo, HIH CBOXHTCH
K oxHoit Touke (Teopema [Tukapa) '

[Mlycts, W — OTKpHTOE MOAMHOKECTBO MHOWKECTBAa V, ONpenelrseMoe ycJao-
BuaMH 72 < |z —a| < r. PaccMotpure B W cemeilcTBO aHaJAHTHYECKHX (yHK-
nui f,(2) = f (2/2"). Ecan muoxectso C\ f (V) conepxkur no kpaiineif mepe
ABE pasJMYHbIE TOUKH, TO NPHMEHHTE K NOCAeAOBaTeAbHOCTH (f,) 3agady 7 H,
noasaysch (9.15.2), npuxute x nporusopeumo c. 3agaued 2 § 9.15.]

b) Buseaure u3 a), uto ecam g —uneaas ¢yHxuua B C, He gBafgOmAancs
nocrosuuoi, T0 MHO)ecTBo C\ g (C) nmycTo Mau CBOJUTCHA K OAHOH TOUKe.

[Paccmotpute dynxuuio g (1/2) ra muoxecrse C\ {0}.]

9. a) INokaxure, uTo cymecTByeT neaas o¢ynxkuus f(x, y) B C2%, ynosae-
TBOPAIOWAN TOXIECTBY

Fx, 4y)—4f (%, ) =—5(f (2%, —29) )2+ 2(f (2x, —2y) )2
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H Takad, 4TO WICHH cTemeHu <l B TEHNODPOBCKOM pasiOXeHHH QYHKIHA f
B touxe (0, 0) cytp x-} y (samawa 11 § 10.1).

b) Iycts g(x, ¥)=f(2x, —2y) u mycs J(x, y)=0(f, g)/0(x, ).
Moxaxute, uto J (2x, —2y) = J («, y), M 33aKJ09ATE OTCIAa, Y10 J (X, y) = —4
B C2

[Bupasute f(x, y) u g(x, y) aepes f(2x, —2y) u g (2x, —2y).]

DoxaxuTe, 310 aHaauTHYeckoe oTobOpamenue u: (X, ¥)>(f(x, ), g(x, »)
npocrpaHcTBa C? B ce6s HHBEKTUBHO.

[Ecam 6b 970 6HIO HE TaK, TO M3 MPEABAYUIMX BHpPaxeHu# ciaexoBano O,
UTO OHO HE B3aMMHO OJHO3HAYHO B HeKoTopoll oxpecTHOCcTH TOuKH: (0, 0).]

c) Moxkaxmnure, 4To cymecTByeT okpecTHocTb TOukH (1, 1), He cozepxamasca
8 Muoxectse u (C2).

[3amernTe, uTOo cymiecTtByeT Takoe wucao € uto 0 <e<1l m uro us
(f@x, —20)—11<e n |g@2x, —2y)—1]|<e caenyer |f(x, y)—1]|<e
nlg(x, y)—1]< e Iloxaxure nanee, 4TO M3 NOCJAEAHHX JABYX HEDAaBEHCTB
caepoBaao G6et | f(0,0) —1|<e u |g(0,0)—1]< e, UTO HEBO3MOXKHO; CP.
¢ sagaueit 8, b).]

-4, JlujdepeHnnaipuye ypaBHeHHS

Mycts E —6anaxoBo mpocTpaHcTBO, [ -— OTKPHTOE MHOXECTBO
B nose K, H-—otxpuToe MHOXecTBO B mpoctpanctBe E u f—ue-
npepHBHO AuddepeHuupyemoe orTo6paxeHHe HPOHU3BEJeHNA
I X H B E. Nubdepennupyemoe orobpamenue & oTkpuToro mapa Jc/
B H HasbiBaeTcsl peutenuem Oughgpe peHyuasbr020 YPABHERUS

(10.4.1) x'=f(t, x)
ecan naa moOo#t Touku £ € J »
(10.4.2) u' (t)y=f (¢t u(®)).

Hs (10.4.2) cpasy caenyer, uTO B 3TOM chayyae oJobpawende u# He-
NpPEePHBHO nurp(pepeﬂuupyemo B J [4, 3naunur, B cuay (9.10.1)
aHaJauTHYHO, eciu K = Cl.

(10.4.3) Zdaa mozo wmobe 8 wape J= 1 ¢ ueumpmu t, omoGpa-
scenue u wapa J 8 H Guro pewenuem ypasnenus (10.4.1), ydo-
saemsopaomusm yearosuo u(t)==x,C H, neoGxodumo u oOocma-
mouno, umobo. omob pasicenue 1 OsA0 HenpepusHo (COOMBemMcmeen o
anasumuino) 8 J, ecau K=R (coomsemcmsenno K=C), u umobun

. t
(10.4.4) u(t)= x, =+ f f(s, u(s))ds

ty
{ede, ecau K=C, unmezpanr Gepemcs 80046 NPAMOAUHEHEHON
mpaexmopun §—>ty-+5(E—1£), 0.LEL 1)
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VI3 onpelenenvsi nepsooGpasHofl caenyer, 4To ecau oTobpaxenus f
M ¥ SBASIOTCA AHANUTUYECKMMH, TO aHAJAMTHYyecKuM OyieT M OTOOGpaxe-
Hue s—»f(s. u(s)) (9.3.2).

(10.4.5) (Teopema cymecreosanus Kowu) Ecau omo6 pace-
Hue f Henpepusno Oudbpepenyupyemo 8 I X H, mo oan anbol
mouku ty&1 u nwbol mowxu x,€H cywecmsyem maroli omrpul-
mud wap Jcl ¢ uenmpom t,, uwmo 8 J cywecmsyem 00HO u
MOAbKO OOHO peuterue u YPABHEHUS (104 1), - y0osaemsopsousee
yerosuw u(ty)= x,.

CHauana JoKameM JeMMy:

(10.4.5.1) ITycmb A —Komnaxmuoe mempuyecioe npOCHMPAHCMBO,
F — uempuneckoe npocmpancmso, B-—Komnaxmuoe MHOINCeCMBO
8 F u g-—nenpeposrnoe omo6pasxcenue npoussedenus AX F
8 mempuueckoe npocmpancmeo E. Tozda cywecmsyem maxas
okpecmrocms 'V muoocecmsa B 8 F, umo muoocecmso g (A X V)
ozpanuveno 8 E.

Tak kak oToOpaxeHne g HempepHBHO, TO i /mobGo# Toukn £E€ A
u moGo# Touku 2z €& B cymecryior map S,, ¢ uewtpom £ B A u
wap U, , ¢ ueutpom z B B, Takue, uro muoxectso g (S, ,X Uy ,)
orpanuueno. Jas mo6o#t Touku 2z & B NMOKpPOeM MpPOCTPaHcTBO A KoHey-
HBIM YUCJOM WIAPOB S’i’z‘ u mycts V,—wap V. HauMeHbuiero paau-
yca. Torna muoxectso & (A X V,) orpanuueno (3.4.4). IToxpoeM Temeps
MHOXKECTBO B~ KOHEYHHIM 4YHCIOM LIAPOB. Vz]_; obbeauneHne V  aTex

HIapoB sz yAOBAETBOPseT HYXHHM TpeboBanusam (3.4.4).

Hoxaxem Temepb TeopeMy (10.4.5) B cayuae, korna K ==R. Ilycts
J, — KOMIAKTHBIH 11ap C UEHTPOM f;, M pajuycoM &, CoAepxamuics
B I. B cuay (10.4.5.1) cyuwecTByeT Takok OTKpHTHH map B ¢ ueHr-
poM x, u paiduycoM b, comepwammiica B F, uTO BepXHue TIpaHH
M= sup ||f( x)] n k= sup |Dyf (¢4, X)|]| KoHeudHH.

(t, X)€J X B (t, €T, XB

Oycts J,, rae r < @, €CTb 3aMKHYTHIH 1uap ¢ HEeHTPOM [y, U PaluyCcoM r
M nycTb F,—nNpoCTpaHCTBO HenpepHBHEIX OToOpasceHu#i y mapa J,
B NpOCTPAaHCTBO-E, nBAAOIIeeCs GaHAXOBEIM MPOCTPAHCTBOM C HOPMO#H

||y|]'=lseujp[|y(t)|] (7.2.1). Iyctb V, — otkpuiThift wap B F,, uMelomu#
r

UEeHTP X, (OTOMIECTBJEHHB# C NOCTOAHHEIM OTOGPaXEH:deM t—> xy). 1
paguyc b. Jna moboro y €V, oroGpaxenue t—->x0+ ff(s, y(s))ds
ONpele/eHO K HenmpepuBHO B J,, TaK Kak 1o onpeneneﬂub npu yEV,
umeeM y(s)E€B. Ilycts g (y)-—o9T0  oToOpaxenue; TaKkHM 06pa3om

g ectb oToOpaxenue wapa V, B F,. Mb JpokaxeM, 4TO Ipu JHoCTa-
TOYHO MaJoM r OTOOpaxeHde & YAOBJAETBOPAET YC/IOBHAM TeOpeMbl
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(10.1.2). Toraa, npuMeHss 3Ty TeopeMy # TeopeMy (10.4.3), Mul 3aKOH-~

YHM J0K33aTeJbCTBO Halled TeopeMbl, mpuueM J Oyaer cosnasate ¢ J,.
Ias moOuiX IByX TOouek ¥y, u y, u3 wmapa V, mul B cuiay, (8.5.4)
uNeem

17 (s 1())—F (s, Yo <Kk I9)—y, &)<k Iy — sl

A17 moGoH TOuKH s€J,. Crenosareasno, B cuay (8.7.7) naa moGo#
TOukH L€ J,

L Ekrlly,— .

¢
[ s ) —fs. ya(9)))ds
t

nostomy ||g (y,) —& (W)l < krlly,— yall. C apyro# croponm, ans
mo6oro oroBpaxenus y &V, u Ang mobGo#t Touku s € J, BHNOJHSETCH He-

paBeHcTBO || f (s, y(5))|| < M, a sHauur — B cuay (8.7.7) — HepaBeHCTBO
p .

ff(s, v (s))ds“< Mr u, crenosatennHo, ||g (xy) — xoll < Mr. Taxum
fo

00pasoM, MH BHIHM, YTO AJf TOTO, YTOOGH HMETh BO3MOXHOCTH IpHME-
HUTbL Teopemy (10.1.2), Ml pomknnl uMets kr < 1 u Mr < b(l1 —kr),
v o0a 3TM HepaBeHCTBA OYIAyT VIAOBJAETBOPATLCH, €CAH  B3AThb
r < b{(M— kb). ,

Ilpeanonoxum Tteneps, yro K ==C. .Onpeneannm J,, J,, B, M u %
T4K XKe, KaK W BHlle, W 0003HAYMM uepes [, MpoCTpaHcTBO OTOGpame-
Hu# Y wapa J, B NpocTpaHcTBO E, HenpepHBHHIX B J, M aHAAHTHYECKHX

o

B J.. B cuny (7.2.1) u (9.12.1) sT0 cHOBa 6aHaXOBO HPOCTPAHCTBO
¢ HopMo# ||y[|=sup ||y (®)||. Das y €V, (wap V, onpenesien Bhiwe) 01O~
teJ

r
¢

Opaxenne f—> x - ff(s. y(s))ds u Ha 3TOT pa3 mnpuHagAemur F .
‘tﬂ o o

B camom aene, oHo awanuTHYHO B J,, MOCKOJbKY B J, aHaJAMTHYHO

oToGpaxenue s—> f(s, y(s)) (9.7.3), a ero HenmpepuBHOCTb B J, cpasy

crenayer u3 (8.11.1). Hrax, Mul omnpeienunu ortobpaxenne g wapa V,

B F,, 1 I0Ka33aTeAbCTBO 3aKAHUMBAETCH TAK Ke, KAK HeBHILE.

(10.4.6) 3ameuanue. Jokasateasctso Teopembl (10.4.5) nokaswisaer,
YTO pe3yJbTaT OCTaeTcs B cuie, ecau K =R u ecan f yIosrersopser
caenyiouM GoJee C1aGLIM RPeNNO/OKEHHAM:

a) AJA KaXAOrO HempepHBHOro oTofpaxeHus f—> w (f) MHOxecTBa [
B H oroGpawxenne f—> f(f, w(f)) sBasercs NMpoOCTOR QyHKuuen
B / (7.6); )

b) nna mobo# Touxum (£, xYEJ X H cyuwecrsyior Tako#t map J
¢ ueHtpoM ¢ B I u Taxod map B c ueHTpoM x B H, uro oTOGpa)e-
Hue f orpanuyeHo B JX B u uro cywecTByeT Takas KOHCTAHTA
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k>0 (sasucswas or J u or B), uro nasa mobGokt Touku SE€J u MOOGHIX
1 M ¥, us B Bumoansercs nepaseHcTBO ||f(s, ¥)— f(5 )|l <
<L k||y; — ¥o||. Taxkas dyHKuUMA f HA3BIBACTCH LOKQAAbHO AUNWUYEBCKOL
B I X H. B stoM cayuae uMeercs B BHLy, uTo ypasHeHue (10.4.2)
VAOBJAETBOPSETCA TOJbKO Ha NONOJHeHHHM He O60jee 4eM CYETHOTO MOXA-
MHOXkecTBa wapa J. 3710 noclejHee B3aMevyaHHe MO3BOJAET TaKKe 3aMe-
HUTb OTKpHITHie nmpomexyTku / u J npomexyrkamum mwoboro suaa B R.

6. CpaBHenune pemenull audpdepeHunadbHLIX ypasHeHui

Mut Gysem roBopuTh, uYTO AnddepéHuupyemoe orobpaxkeHne & 0OT-
kputoro wapa J < [ B H ecTs npubarusicennoe peuenue YpasHenus
(10.4.1) ¢ mounocmsro € (und, KOpOHe, €-peutexue), ecau Aas noGoH
TOUKU ¢ € J BHIIONHAETCA HePaBEHCTBO

e/ @y—ft. u () <e

(10.5.1) I1pednonroscum, umo ||Dof (¢, x)||<<k 8 IXH. Ecau u
u v—08a npubaudcennox peuenus ypasuenusn (10.4.1) 8 omrper-
mon wape J ¢ ueumpoJu ty ¢ MmOUHOCMbBIO € U &, MO 0aR 1000
mouxu t€J

(10.5.1.1) [la(H)— v(t)ll 12 (F)—v E [ €* 1ol - (e +-e9) 2

k'f £ —1

Ipu k=0 omomeune% (ek 1=l — 1) uyxHO samenuts Ma |t —f, ]]

ITonaras ¢t =+¢;,-}at, |a|=1, £> 0, HeMelNMeHHO CBOAMM TeOpeMY
k caysaio K=R, £{=0 u £2>0. B caMom jnene, Toraa u,(t)=
=u(fy+at) nu v,E)=v(f{;—+ af) aBASOTCE NPUOMMKEHHBIME pelle-
HuAMM ypasHeHus x'=af ({,+ at, x/a).

s nepasenctsa ||u’ (s)— f (s, .u(s))|| < e, B npomexytke 0 s ¢
Ha ocHosanun (8.7.7) monyuaem

t
u(t)'—u(O),—-ff(s, u(s))ds| et
[¢]

1 aHaJMOTHYHO

t
«o(t)—v(O)-ff(s, v(s))ds| < eot.
0

OTKYZAa

lla ()= @l <[« (©) —v O]+
it
+| [ 2@ =7 (s vi)))ds |+ EFept.
Q
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Ha ochoBanun npennonoxenus orHocuréabho D,f u BBHAy (8.5.4) u -
(8.7.7) aro naer

{
(10.5.1.2) WO < @O +E+et+k [w(s)ds,
) 0 .

rae @ (f)=|lu(f)—v(f)]|. Teopema (10.5.1) BhiTexaer Temepb M3 cie-
Ayouied JIeMMBI:

(10.5.1.8) Ecau ¢ u —0d8e npocmeie @yuxyuu >0 8 npome-
sgcymre [0, cl, mo Oan aw6oii npocmol gywkyuu w>0 8 npo-
seocymre . [0, cl, ydossemsopsioueli Hepasencmsy .

4
(10.5.1.4) w ()< o)+ f ¢ (s)w (s)ds,
0
8 [0, c] cnpasedrusa oyenra
t t
(10.5.1.5) w<t><<p(t)+f<p<s)q»(s>exp(fq»@)da) ds.
_ ; /

t
TTonoxum y(t):fq)(s)w(s)ds. DYHKUUA y .HenpepuiBHA, MW U3
0

(10.5.1.5) crneayer, 4TO Ha JONMOJHEHHH HEKOTOPOrO CYETHOTO TIOAMHO-
wecTBa npomexyTka [0, c] umeem

(10.5.1.6) V(=@ yBO)<e@® (@)

'
B cuay (8.7). ITonoxum z(t)=y(t)exp(— f qa(s)ds); HepaBeHCTBO
0

(10.5.1.6) sKBUBAJEHTHO HEPaBEHCTBY

) t
2O <o @y @)exp (—- [9© ds) :
0

Hcnom3sys ycaosue z(O)‘=O npu £ €10, ¢], nonyuaem Ha OCHOBAaHHH
(8.5.3)

t s
20< [e®()exp (—" IKIG da) ds,
0 0

OTKyZAa NO OMNpeneIeHUIo

¢ t
Y(t)<f?(s)¢(s)exp(f\P(E)dE) ds,
¢ s
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1 HepasencTBo (10.5.1.5) cneayer Temepb W3 MCXOAHOTO HepaBeHCTBA

w(t) < o (1) 4y (O).

(10.5.2) [1pednoaoscur, umo omobpascenue [ Henpepsl8ro Ough-
gepernyupyemo 8 I X H. Ecau u u v—08a peuweHuss YpasHerus
(10.4.1), onpedesennbie 8 OmMKpPLLMOM uape J ¢ yenmpon ty, u ma-
Kue, ymo u(ty)=v(ty), mo u=wv 8 J.

JIOCTaTOYHO 1OKa3aTh, YTO # M U COBNANAIOT HA KAMAOM KOMITAKT-
nom mape L C ueHTpoM f, coxepwxaiieMcd B J. A 310 cienyerT u3
teopembi (10.5.1), npuMenenHoit K # M v, ecTH TOABKO Mbl GydeM 3HATH,
yro npouaroaHas D,f orpanuuena Ha HexoTopoM MHOXectBe L X H,
rie H’ — oTKphHITOe NOAMHONECTBO MHOXKecTBa H, cosepwxautee u u (L)
1 v (L). Ho cymecTBOBaH)e TAKOrO MHOXeCTBa Cpa3y BuiTekaer u3 (10.4.5.1).

(10.5.3) Ilpednososicum, wmo E KOHeyHOMepHO, 4 [ aAHAALMUUHO
8 I X H. To20a anboe pewenue ypasuenusn (10.4.1) 8 om:cpbtmoM
wape JcI ssanemca anaiumusecKuM.

Ecar K=0C, T0 970 HeMelJeHHO C/IeAyeT U3 ONpele/eHus.

[pennonoxuM, uto K =R, u nycts E=R™. Torma nas moGo#
Toukn (f), X)€/ X H cymectsyor Ttako#f map LycC c uenrpom £,
u rakoft wap PcC™ ¢ uentpoM x; uto LyiRc/ u PAR™=H u cy-
LleCTBYeT aHa/JuTHYeCKoe OTOOpakeHne g npousseXeyus Ly X P B C™,
cyxenue xoroporo Ha (LyR) X (PnR”’) cosnazaet ¢ f (9.4.5). B cuay -
(10.4.5) Hanercs Tako# OTKpuTH# mwap LcL, ¢ uentpom £, B C, uro
CyLlecTBYeT eNMHCTBEHHOe pelleHHe ¥ AHPGepeHUUaNLHOTO YpaBHEHus
2/ =g (t, 2), NnpuHUMalOllee B TOYKE £, 3HaYeHHe X, M OTOOpaWeHHe ¥
ABAseTCq aHaauTHyeckuM B L. TTonb3ysach cooTHowenueM v/ () =g (¢, v (#))
1 onpeleseHMeM £ U U, HeMeJJeHHO HHAYKu4e#i NO 7 NpOBepsieM, yTO
BCce npoussoinbie v (f,) npunamiexkar R™. TTostomy (cM. (9.3.5.1))
anaveHue. ©(f) npu f€ LNR npunamnewxur R™. D10 noxaswiBaer, uTo
cyxenne. # orobpaxeHus v Ha MHOxectBe L [}R sBaseTcs peuieHueMm
ypasHenus (10.4.1) [cm. 8.4, 3ameuanue|, yOOBJAETBOPAOWUM YCJIO-
Bu0 u(f))=x, Ho B cuny (10.5.2) moGoe pelleHue @ YypaBHeHusn
(10.4.1) B wape M c uenTpoM £, yIOBIeTBOpsIOillee YCIOBUIO w (fy) ==
== X;, B mepecedeHuu L M cosmajaer ¢ # ¥ NO3TOMY SBJIAETCS aHa-
JAUTHYECKHM B TOuke f;, 4d.7.n. -

(10.6.4) 3amevanue. JlokazateascTBo Teopemsl (10.5.1) nokaswipaer,
yto, ecmu K =R, nepaBencrBo (10.5.1.1) coxpanser cuiy B cayuae,
Koraa oroOpaxcenue f sBasercs aunuuyesckum B 1 X H ¢ xoucrantot
k>0 (1. e. ynoBaeTBopsier ycnaosnio a) sameuanus (10.4.6) u aaa mo-
6uix Touex t€/, x,€EH u x,€H umeem [[f(f, x)—f(¢ x) <
L k- |lx;—xy]l). B KauecTse J MOXHO B3SIThH HPOMEXYTOK C HAYaJiOM
(M1 KoHUOM) £y, colepxamuit £, a B KauecTBe X U U — NepBooOpas-
Hble HeKOTODHIX NPOCTHIX (yHKuuit B J, ¥ MOXHO NpeinonaraTe, .uTo
nepasencaa [|u’ () —f (¢, u ()| <&y uw o' ()— [t v(B)| <z
BLUTO/HAKTCS TOALKO HA AOMOJHEHMH HEKOTOPOro He (O0Jee ueM CUeTHOTO
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noamMHoxecrsa mnpoMexyrtka J. Teopema eauncrBenHoctd. (10.5.2) tak
ke ocraercas B cuiae (B cayuae, korna K ==R) npu eIuHCTBeHHOM
NPEANnoNOkKeH!UH, 4YTO OTOOpaxeHue f SABISETCH LOKAAbHO AUNWUYE8-
ciunm (10.4.6) B I X H.

(10.5.6) ITycmb f— anasumunecxoe omobpascenue 8 I X H, ecau
K=C, u aokaavno aunwuyesckoe omobpaxcenue 8 [ X H, ecau
K=R. [lpednoroscum, umo v — peuedue ypassenusn (10.4.1),
onpedenennoe 8 omxpumom wape J. |t—t)| <r, 021 rKomopozo

Jel u v(J)cH, u umo omoGpascenue t— f(¢t, v(t)) oepanuneno
8 J. To20a cywecmsyom wap J': |[t—1t,)| <r', r'>r, codepia-
wulica 8 I, u pewenue ypasnenus (10.4.1), onpedesennoe 8 J
u cosnadarwwee 8 J ¢ 0.

K =R. Tlo npeanonoxenuto, npu £ € J mbl umeem | f (£, v ()| < M,
nostomy |7’ (£)|| < M Ha HDonojHeHuu HeKOTOPOro He 0OJee YeM CUETHOro
noaMHoxecTsa mapa J. OTciofa no Teopeme O cpesHeM 3HaueHuu (8.5.2)
cnenyet, 4To npu s € J u £ €J BuinoauseTcss HepaBeHCTBO ||V (s) — v (£)[| <
< M|s—t|. Ha ocnoBauun kpurepus cxoaumoctd Komu (3.14.6) sa-
KMouaeM, u4ro mpeneanl v(((p—r)4) u v(({y+r)—) cywecrsyior
M npuHajjJexar MHoxecTBy v(J)cH. B cuay (10.4.6) cymectsyer pe-
- 1leHue W, (COOTBETCTBEHHO W,) ypaBheHus x’'==f(f, X), onpeneieHHoe
B HeKOTOpPOM OTKpHITOM mape U, (coorsercTsentio U,) ¢ ueHTpoM £, —-r
(cooTBeTCTBEHHO f,— r), coiepxkaileMmcs B /, M npuHHMaKOLiee B 3TOM
Touke 3HaveHue U((f,—+ r)—) (coorBercTBenHo v(({;—r)+). Ha
(10.5.2), xpome TOro, cieldyer, 4To O0ToOpaxceHHe w; (COOTBETCTBEHHO W,)
B nepecevenun U;NJ (coorBerctBenno U, J) cosnanaer ¢ v, u Teo-
pema, TakuM o6pa3oM, AOKasaHa.

K =C. Jlna moGoro xommiekcuoro uuciaa C, aas koroporo |G| =1,
nonowuM t=t,-+ (s, rne s>0, u v (s)=v (£, +Cs). Torna To xe pac-
CYXJEHHE, 4TO U BHILE, N0Ka3biBaeT, 4To B I CylUecTByer npenen v, (r—).
ITosToMy CyluecTBYyeT pellieHHe w, ypaBHenus x’ == f(f, x), onpeleneH-
HOe B HEKOTOPOM OTKphITOM mape V. ¢ uentpom f,-+Cr, conepxa-
uiemcs B /, yA0oBJeTBOpAOILee ycaoBuio Wy (£ 4r)=v, (r—). W3 (10.5.2)
cjelyer, YTO W, M U COBNAjAOT HA NepeceyeHHH MHOMecTBa JV
C CerMeHTOM C KoHuamu £y u ¥, Cr. Tak kak 9TH (pyHkuum sBJIAIOTCA
aHanuTHyeckuMd B JNVy, onu B cuay (9.4.4) COBNAJaloT Ha MHOXe-
cree J1 V. Tenep, moxpoeM KOMMaKTHOe MHOXECTBO |f—f;|=r xo-
HeunbiM uucaoM auapos Ve, (1 <im). Ecan Vy, ﬂVc]_=# @, 10 ¢yHK-
UMM W, H W, COBNAAAOT B VunVCj. B camom pene, 06e onu comna-
BAalT C U HAa HEMyCTOM OTKPHITOM MHOXecTBe J[) Vcithj, H Ham

OCTaeTCs TOMLKO INpuMeHuth Teopemy (9.4.2). [UroOb mokasaTh, 4TO
npeiblayliee NepeceyeHUe He INYCTO, 3aMETHM, 4YTO (KaK CJAeAyeT u3
npeanoxoxenus) r|G; —C;| <p,4-p; rae p, u p;— paauych wWapos
Vi, u V¢, Nostomy cywecrsyer takoe uucao A€ 10, 1[, uro rAjl, — i<
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<p n r(t—n|,—C;|<p; Orciona crenyer, uyto Touka Zfo-f-
+r((1 =N+ AC,) npunannexur nepeceuenuio JM Ve, N V[j.] Taxuu

06pasoM, CyLIeCTBYyeT pelleHue ypaBHeHus x’' = f(f, x), paBHoe ©v B J
W W, B KawaoM u3 Vi, M HaMAeTCs OTKPHTHA WAp C LEHTPOM f,

¥ paguycoM r’ > r, colepXawuicd B OOBEAMHEHMH 3THX MHOXECTB
(3.17.11). Teopema nokasaHa.

(10.6.6) ITycms f u g—08a HenpepvsHo Oudpgepenyupyemox
omob pasicenus npoussedenus I X H 8 E; npednosoxcur, 4mo
8 IX H sunosnaomes Hepasencmsa || f(f, x)—g¢ x)|<a
u |Dog (¢, L ko ITyemy (Y4, x,) — Hexomopas mouxa npousse-
denun I X H, p>0, e>0uq¢)=pet-(a-fe)(e—1)/k npu
£>0. Ilyeme u ecms e-peuenue ypasuenus x' =gt x),
onpedereinoe 8 omxpumon wape J: |t —t)| < b, coleprcaumencs
8 I\ u maxoe, umo 0asn aw60il mouxu t € J 3amKHymeli wap ¢ yeu-
mpon u(t) u paduycom @(|t—1t,|) codeprcumcs 8 H. Toz0a din
a060i moukun y & H, 0as komopoit ||y — x,|| < . cyusecmsyem edun-
cmsenHoe peuwienue v ypasnenus x'=Ff(f, x), onpedesennoe 8 J,
npurumanuee 3naverus 8 H u yoosaemsopsiouee ycaosuio v(t)=y
Kpoue mozo, npu tCJ swnoansemcsn Hepasencmso ||u(t) —v(@)||<<
Lo(lf—4])

Iycte A — mHoMecTBO uucen r, Takux, yro 0 <r < b u uto cy-
LIeCTBYeT pellleHHe U, ypaBHeHus x’' = f(f, X), npHHUMaOLlee 3HAve-
nus B f1, onpesenewHoe B mape J,: |f—{£,| <r W ynoiaerBopsioliee
ycnosuo v, (¢fy)=1y. Ilo Teopeme cyumecrtosauus Komwmn (10.4.5) muo-
xectBo A He nycro. Kpome Ttoro, B J, g(t v, (t))"<a;

MHBIMM C/IOBaMH, U, €CTb a-pellleHHe YypaBHeHus X' =g (£, X), U Ha
ocuosanuu (10.5.1.1) bl 3akmouaeM, uto |[u(f)— v, (O| <ot —1,])
B J,. Ecau uncaa r u 7’ npunammexar A u ecan 7 <r’, 10 B cuay
(10.5.2) v, u v,r cosnanawr B J,.

Tlycte ¢ —Bepxmss rpaup MHOWecTBa A. Ham HyKHO 10Kasath,
yto ¢=~. Honycrtum NPOTHBHOE, TOI‘Ila CYIIECTBYeT eIUHCTBEHHOe pe-
HmeHRe U ypaBHenus x' = f (¢, x) B paBHOE U, B KamIOM U3 1Ua-
poB J, npu r < ¢, NpUHAMAIOLIEE CBOH 3Haquux B H M Taxkoe, 4T0 B J,
||u(t)~—'u(t)||<cp([t——t0]) Taxum o6pasom, nmeems J: | g (¢, 'v(t))[,\
L& u@®))|4ke(|t—1;]). n rax xax oroépameﬂne t—>g(t, u(®))
HEeMpepLHBHO B J,, TO OHO OrpaHHYeHO B 3TOM KOMNAKTHOM liape, OTKYyla
crenyer, 4TO 0'r06pa)i<eﬂue t— g (¢t v(t)) orpanuyenoc B J,. C apyro#
CTOPOHHI, N100as TOUKA NPUKOCHOBEHHA 2 MHOMXECTBa 'v( ) ABafeTCA
npeleioM nocrenosatenshoctn (v(f,)), rae f,€J, w f, crpemurcs
k rouke fy4-¢b, |G 1. B cuny Henpepbmuocm Ml  HMeeM
12— u(ty+ Q)| << tp(CICI) NOSTOMY IO Npelnonoxenuto z € H. Takum
o6pa3oM, Mbl MOXeM npuMeHutb teopemy (10.5.5) n noayuutsb pemeHne
ypasuenus x’ == f (£, x), onpele/eHHOE B HeKOTOpOM 1pe J,/, rie r’ > ¢,
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¥ TNpUHUMAlOLlee B TOYKe £y 3HaYeHHe Y, YTO HPOTHBOPEUUT ONpele-
JCHUIO ¢,

CnoBa 3amerum, uto, ecad K =R, Mbl MOXeM OCIaGUTH NpeANo/o-
MEHHS OTHOCHTeNbHO oToOpaxenu#t f W g, moTpebOBaB TOALKO, UTOOH &
ObIO AMNLIMUEBCKAM C KOHCTAHTON K, a f — NOKaJbHO JIMIIIHLEBCKHM
Bl X H. :

Badauu

1. Tlyers f (¢, x) — neficTBuTeAbHas HenpepbiBras gyHkuua B mape | )< a,
lx]<b B R? ob6aajmaomas TeMm cBoicTBoM, uT0 f(f, x) <O mpu fx >0
u f(t, x) >0 npu £x < 0. TMoxawure, 4to x =0 ecTh eIHHCTBEHHOE DELIEHHE
audidbepeHnHanbHOrO  ypaBHenHa x’ = f (£, X), onpeieieHHoe B Hexoropon
okpecTHOCTH Toukd 0 M ynosaersopsiomiee ycaosio x (0) = 0.

-{llomycTnte NPOTHBHOE M PAacCMOTPUTE B HEKOTOPOM KOMIAKTHOM HpOME-
XKyTke, comepkameM O, TOUKH, B KOTOPHIX pEIIEHHE NOCTATAET MaKCHMyMa

H MHHEMYMa.]
2. IMycrs f (¢, x) — nefictBuTeanHas HenpepHiBHas (YHKHUS, ONpeAeaeHHAs
B R? creaywomumn ycaouamu: f (£, x)=—2t npu x>, f (¢, x)=—2x/t
npu | x| <t u f(f, x)=2¢ npn x < —1*2% Tlycts (y,;) — NOCAENOBATEABHOCTD
¢

byHKIHH, pnpenen‘ﬂemaﬂ COOTHOIIEHHAMH Y, (£) = 12, y, (£) ='f S(u, yo_1(2))du

npu n > 1. [NokaxuTte, 410 NOCAEAOBATENBHOCTD (¥, () He cxozuTca HH B oOI-
HO#i Touke f ¢ R, HecmoTps Ha TO, uTo AubdepennuanbHoe ypaslienne x’ = f (f, x)
MMEeT eMHCTBeHHOE pellenue, yaosieTBopawemee ycaosuio x (0) = 0 (3anava 1).

3. Hag mo6oit mapw AelicTBHTENbHBX yuced a >0 u.8 > 0 pyuxuus, pas-
Hat — (f—a)? npu ¢t <o, 0 npu a<CE B u (£—B)2 npu £ > B, aBasercs pe-
weHueM auddepeHunansroro ypastehus x’ = 2 |x |2, yaoBaeTBOPSIOUINM YCAOBHIO
x(0) = 0. Ilycrs &, — Npou3BoAbHanA HeNpepHBHas GyHKIUS B KOMIAKTHOM MPOME-

: ¢

®yTke [a, b], M ONpENeNMM 1O MHAYKUMH QYHKIHH U, (t)=2flu,,_, (s) 1" ds

npu £ € [a, b]. IloxaxnTe, 4TO ecau Y eCTb HAuBoabluee YUCHO B NPOMEXYTKE
[a, 8], maa kotoporo uy(f)=0 B [a, 7], TO nocremosaTeabHOCTh (1) paBHO-
MepHO cxonutcs Ha [a, 4] k pemenno ypaBHeHus x’ =2 |x [, paBHomy O npm
ety (E—7)? mpu Y <EL .

[Paccmorpure cHavana cayuad, korma u, (f) =0 npu t<-{ u uy(t)y=
=k (t—7y)? npu y ¢ b 3arem 3amerbre, 9TO, 3aMEHMUB, ecad norpebyered,
Uy HA Uy, MOXHO CHMTaTh, 4TO JyHKHUA u, BoO3pactaetr Ha [a, b]. Ybemurecnh
B TOM, 4TO JAJA a060ro umcna e >0 CYmeEcTBYIOT Takue JBa uyucaa &, >0
U ky > 0, uT0 B ipoMexyTKe [a, b] uMeem kv, (¢ —1—e) <uy (F) < oty (E—7F €),
rae vy (£)=0 npu £ <0 u v, (f) =¢2 npu £30.]

4. O6ognauenua 1€ xe, urto u B 10.4. Ilpeanosoxnm, uto K =R, oro6pa-

Kenue f wenpepuiBHO  orpawnueno B J )X H, u nyctb M= sup Hf (@ x))
(6 x)CIXH
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[lycts xo— TOuka MHOXecTBA F{ M S — OTKPHTHH MIap C IEHTPOM Xo M pa-
AUyCOM r, copepxaumuiics B F. ’ '

a) H)&ennonomnm BX06aBOK, uTO f paBHOMepHo HenpephiBHO B /XX S (310
ycaoBHE  ABTOMATHYECKH BHIIOAHAETCH, ecnt E KOHeuHoMepHO H [ COAepKHTCH
B TaKOM KOMIAKTHOM MpoMexyTke /o, 4T0 oTO6paxenne f HenpephBHO B [oXH).
Jlokaxure, 4T0 118 M060ro ¢ > 0 H M06Oro KOMIAKTHOTO NpoMexyTKa [£y, £+ k]
(cooTBeTcTBEHHO [t — A, £,] ), conepxamerocs B [ u Takoro, uro h < r/(M—-¢),
B 5TOM NPOMEXYTKE CYIIECTBYET NPUOIMKEHHOE pelleHre ypasHenus x' = f (£, x)
¢ TOYHOCTBIO €&, TIPHHHMAIOLIEE NpPH f =< f; 3HAYEHHE Xo.

[Mpeanosoxum, 4o 3 > 0 BHGpaHO TaK, uTo H3 [#; — £ | B H 2, — xo{<CT
caenyer || f (¢, x)) — f (t» x2)| < e. Paccmorpute noapasjenerte INPOMEKYTKA
{tor to—+h] Ha TPOMEWMYTKM JJMHH, He mpeBocxoiamed inf (3, 3/M), u Tocae-
NOBATENbHO ONpejeiuTe NPHONMKEHHOe pEIICHHE B Kaw/JoM H3 3THX MaJkeHb-
KHX TNPOMEXYTKOB, HauuHas C &.] ' '

b) Mpennosoxuy, uto E xoneunoMepHo u uto /=l —a, f,+ afs Hdoka-
KHTE, YTO CYIWIECTBYET pelleHuHe ypaBheHus x° = f (f, x), ompejie]eHHOe B IpO-
MexyTKe [fo, f, 4 ¢] (cootBeTCTBEHHO [fm— €, fo]), TAe ¢ = inf(a, r/M), npu-
HUMalomee 3aHueHas B S U paBHOE X, npu t=1F, (reopema [leano).

[Aas kaxaoro n myctb 4, €cTb 1/n-pemenue (onpene.neﬂuoe B OPOMEXYTKE

1 i
Jp= [to, to+c— 7]) , CYIECTBOBaHME KOTOPOrO XOKa3aHO B a). 3aMerbTe, 470

A8 KaWIOro m CymeHus (yHkumil u, (npy n 3> m) Ha npomexyTtke J, o6pa-
3YIOT OTHOCHTEJbHO KOMNAKTHOE MHOXECTBO B HODMHPOBAHHOM NPOCTPAHCIBE
¢p(Jn) (7:5.7), u BoCmOAL3YHTECH ,JAHATOHANbHBIM NPONECCOM*, KK B A0Ka3a-

TeancTe Teopemu (9.13.2). B saxmouenue npumenute (10.4.3) u (8.7.8).]

5. Tycts f— oTobpaxenue mpocTpauctBa (c,) Damaxa (sajava 5 § 5.3)
B cebs, TaKoe, YTO €CAH X = (X,), T0 f (x)==(y,), THe Yp=| X, I'/2+1/(n+1).
[Moxaxute, yTO0 OTOGpaxkeHHe f HeNpephBHO B (o), HO He CyUIeCTBYeT pele-
nus auddepeHuuaabHOro ypaBHeHHs x' = f (x), ONpPEAC]EHHOTO B HEKOTOpOH
oxpectHocTH Touk O B R, mpHHEMaiomero sHauewus B (¢) M pasHoro 0

mpu £=0. :
’ {Honycrtus, uto Takoe pemenue u (f) = (2,(f)) cymecrByer, BHYHUCIHTE
3HAYEHHA KawHOH W3 dyHKuuil u, (f) ¢ NOMOMBI HENOCPEACTBEHHOTO HHTErpH-
pOBaHHS M [OKAXHUTE, 9TO MPH t=0 nocaenoBareJbHOCTh (&g (£) ), >0 He CTpe-
mutca K 0.] : .

6. a) Ofo3uauenus te xe, uto U B 10.4. [lycTh orobpawmeHue f sSBAAETCH
anamutuueckuM B [ ) H, ecru K =C, u JaokanpHO JaunumunesckuM B 1 XCH.
eciu K =R. TlycTs o — OTKpHTHi Wap ¢ UeHTPOM £, H PaAUYyCOM &, cofepKa-
wuiics B /, 1 S — OTKpHITHI Iap C LEHTPOM X, H PAAUYCOM 7, CONEpKalLMHCca
B H. Tlycte h (s, 2) — HenpephiBHas (YHKLUsA, OmpeneieHHas B NPOM3BECHHH
[0, a[X[0, r[ = R?, Takas, uto k(s, 2) >0 u uro ana kaxnoro s € [0, a[ dynxk-
nMa 2->h (s, 2) BospacTaeT Ha mpoMmexyrtke [0, r[. [lpeamoaoxum, uTO:
)1 FE DI h(IE—4], [x—x]) B [,XS; 2°) cymecTByioT Tako# mpo-
mexyTok [0, ], rae a <a, H Takas QYyHKOHA ¢, ABAAIOMAACH B TPOMEXYTKE
[0, «] nepBooGpasno#t HexkoTOpo#i - mpocroit -dyuxnmum ¢’, uro ¢ (0)=0,

22 K. Hveaonse
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\
q:(s)E[O,/ r{ u ¢ (s)>h(s, ¢(s)) B npomexyrke [0, ], 3a HCKIOYEeHHEM
He Gojee ueM CUETHOrO MHOWecTBa 3HaueHuit s. ITokaxuTe, yTO cymecrsyer
pemienne 4 ypaBHeHus x’ = f(f, x), oupejeJeHHOe B OTKpHTOM mape J
C LEHTPOM %, H PaJUyCcOM «, MPUHHMAIOWIEe 3HAa4YeHHA B S H YAOBJETBOpAOUIEE
ycaoBuio u (f,) = xo. Tlpu stoM [u{f) —xo <o (12 —14 1) B J.

[C momombio (10.5.5) noxaxure, uto HafizeTca HauGOJbIIHI OTKPHTHIH map J,
¢ HEHTpoM 2y, coziepxamuiica B /,, B KOTOPOM CYIIECTBYeT pEelleHHe U YpaBHEHHS
x’ = f (¢, x), NpuHUMaoIee 3HaYeHuA B S H yXoBiaeTBopsioulee B J, yCJAOBHIO
| v (#)—xo <9 (| t—F5 | ), ¥, KpOME TOro, YTO 3TO pelleHHe eJUHCTBEHHO. 3aTeM,
TOJAb3YACh TEOPEMOH O CpeiHeM 3HaueHH I, OT MPOTHBHOIO NOKaxure, 4to J=J,.]

b) Ipennonoxum, uto H = E n uro cymectsyer $hynkuua h(2) > 0, onpe-
AeNeHHas, HeMpephHIBHAA W Bo3pacraiomad B npoMexyTke [0, -+ co] u Takas, uro
-+ 00

f dz{h(2) = -+ o0 u ut0 || f (¢, X) < h(|x]l) B Io)X E. TlokaxuTe, YTO Kam-
0

Ioe pelieHde ypaBHeHus x’ = f (f, Xx), onpeleleHHOE B HEKOTOPOK OKPECTHOCTH
TOYKHU f,, onpeneneHo B /.

[Bocnouibayiitecs a).]

¢) Ecin [|f (¢ x)|<M B I, S, TO cymecTByer peuteRHe & ypaBHEHdl
x" == f(t, x) B mape J c uentpoM t, u paguycoM min (2, r/M), npuHUMamLLIEe
3HayeHHusi B S H yZOBJeTBOpALLIEE YCAOBHIO ¥ (fy) = x, (Bo3bMuTE A (S, 2) = M).
INpennonoxusM, uto K= E = C u a > r/ M. llokaxure, uTo eciu oTofpaxenue f
He NOCTOSHHO, TO CYUIECTBYET TaKOH OTKPHITHEA map J' D J, uT0 u MOXeT GHTh
NPOACMIKEHO B pelleHHe ypaBHerus x’ = f(f, x) B mape J’, npuHuMaONiee 3Ha-
uenus B S.

[3amerbTe, uTO Ha oOCHOBaHMM npuHUHNAa Makcumyma (9.5.9) mpu f€J Bh-
noxHsiercs HepaeenctBo |u’ (£)| < M. Ilaa mo6oit Touku {, aas kotopoit |{| =1,
paccmotpute (yHKuEI0 ug (S) = 4 (£, (s) m, paccyxnas kak B (10.5.5), noka-
X HUTe, YTO BHNOIHANTCA ycacBus teopemul (10.5.5).]

Kak nokasmBaer mpumep dyukuuu f (4, x) = ((1+ x)/2) (samava 8
§95) tp=x=0 H a=r=M=1 (n— npousBoibHO® Iuejoe uucio > 1),
B KayecTBe pajguyca Imapa J' Heib3s B3#Thb YHCJIO, 3aBHCAMlEE TOJAbBKO OT &, /
u M u He 3aBHCcAmee or caMoro orobpaxenus f.

7. MlycTs f — neicTBHTENbHAd OrpaHHYEHHAs HeNMpephBHAas (PyHKUHA B OT-
KPBITOM moduiiuannape P: |[t—f|<a, |x—x|<b B R? u nycrp M=

= tsu)pepif(t, x) |. Hycte r = min (a, /M) u nycts I=])t4—r, t,-+r[. Mycts
(¢ x
® — MHOXECTBO BCceX peuleHH#l 1 ypaBuenns x’ = f (¢, x), onpese’eHHbx B /,

NPHHHMAOUIYX 3HAYCHHS B OTKPHITOM NPOMEKYTKE Jxo — b, xo-+ 0] unpu £ =14,

PaBHBIX X,; MHOXecTBO @ He mycTo (3agaua 4, b)). Jasa xaxnofi Touku £ €/ mycThb

v, ty, xo)= inf u(f) u w(t, ¢, x,) = supu(f). INokaxure, yT0 byHKUHMH U
uce uce '

1/n

1 w npuHagnexar ® (samava 11§ 7.5); v (COOTBETCTBEHHO ) HA3BIBACTCH MUHU-
ManroHolm (COOTBETCTBEHHO MAKCUMAAbHOLM) peuteriler ypaBrenud x' = f (¢, x)
B J, COOTBETCTBYIOIMHM TOuke (£, Xo).

Nas  wawpo#t ToukM t€/ nonomum E=wv (s, 4, x,). Ilokawurte, uTO
v(t, =, §) =vu(t, £, x,) B HEKOTOPOM NpOMexyTke BUAa [t, T+ Af, ecan = > #;,
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U BUEA Jt— 4, 1], ecan T <ty (rme A >0). 3akmoydte OTCIONA, YTO CyIue-
CTBYeT HauboAbLIMH OTKPBITHIH TnpoMexyTok J¢,, 4,[, coaepxamuiica B nmpome-
KyTKe [fo—a, {o-al, comepxawmit Touky f, M obaajalowuii TEeM CBOHCTBOM,
9TO QyHKnus v (4, fo, Xxy) MOXET OHITL NPOJOMKEHA B HENPEPHEHYIO GYHKUHIO g,
ONpEeleNeHHYI0 B NpPOMeXYTKe )i, f,[, MPHHUMAIOMYI0 3HAaYEHUS B NPOMEKYTKe
Jxo— b, xo -+ b 1 Takymw, uto g(s)=v (s, t, g (¥)) ana xawnoit TouKH £ € J¢;, fo[
Ha HEKOTOPOM MPOMeXyTKe Buia [f, {4 h[, ecau ¢ > t,, u BuKa 1t — 4, t], ecan
t <ty (tae 2> 0).

[MM)xaxkure, 4TO ecay gy — APYroe TaKoe NMpONO/IKEHHE dyukuHn v (¢, £, xo)
Ha DNPOMEXYTOK ), £y, TO £ M g, COBNAjAOT Ha NEPEeceYCHHH NPOMEKYTKOB
¢ to] ® ]t;, t;[. Ilag storo paccMoTpuTe BEpPXHIONW (COOTBETCTBEHHO HHKHION)
rpaHb MHOXECTBA TOYEK S 3TOro nepecedeHHs, AJs KOTOPHX g H g COBNAAIOT
ua [, s{ (coorserctsemno ua Js, ¢;]). IToxaxute naiee, uto aubo ¢, =f;—a
(cooTBeTCTBEHHO, ¢, =1y} a), An6o xe g (f;+) = xotbh (cOOTBETCTBEHHO
g(ta—) = x4 b).] :

6. Jluneiinnie auddepeniHaibHbie ypaBHEHNH

Teopema cymwecTBobanug -(10.4.5) B uyaCTHBHIX c/ayyasx MOxeT ObITb
ycuJeHa:

(10.6.1) ITycms IcK —omipumud wap ¢ yenmpos Ly u paduy-
com r. Ilycms f—omobpascenue, nenpepsisnoe 8 I X E, ecau
K =R, u anaaumuueckoe 8 I X E, ecau K==C, u nycms npu
scegoasmoncnox tEIl, x,€E u x,€E 8unoinsemca Hepasencmso
£t x)—S (& IS k([E—1o])- |y — %], 20 E—>k(E)— ne-
Komopas npocmas @Hyuxgus 8 nponexcymxe [0, r[. Tozda dasn
Kanwdoii mouku x,€E cywecmsyem eduncmsennoe peuernue u ypas-
nenun (10.4.1), onpédesennce 8 I u ydosaemsopsiowee Yca08uio
u(t0)= xo.

[ycte ¢ — BepXusus rpaHb Takux uucen p, 0 <p <r, yro- cywe-
cTByeT pelnenue ypasHenuss (10.4.1), ompenmenennoe mpu [f—f,} <o
M NMpHHHMAIONUlee B TOYKe £y 3HaueHHe X, Ham HyXHO TOJbKO 10Ka-
satb [B cuay (10.5.2)], uto ¢==r. JonyctuM npoTusHoe. Torna B cuiy
(10.5.2) cymecrByer pemenue v ypasHenus (10.4.1), ompenenentoe
B wape J: |f—{)| <c¢ u yroBJeTBOpSAIOLIEe YCAOBUIO U (fy) = X,.
Mbl cobupaeMcd TOKasaTh, YTO BHINOJHAOTCA NPEANOJIOXKEHHS TeopeMbl
(10.5.5).- Toraa, npumenss TeopeMmy (10.5.3), Mbl NpuxoauM K mpoTH-
BOpeuHIO. L

Tak kak B HaweM cayuae f/=E, 1o yciosue v (J)cH Brinoausercs
TpuBManbio. TakuM 06pasoM, HaM HYXKHO TONbKO NMPOBEPHTb, YTO OTO-
6paxenue ¢—> f(¢, v(f)) orpauuueno B J. Ho ¢yuxkuus B orpanuuena
Ha KOMMAaKTHOM mnpoMmexyTke [0, ¢]; TOUHO Tax e HenpephiBHas (HyHK-
uus ¢t —> || f(t, x,)|| orpaHuueHa Ha KOMNaxkTHOM MHOXecTBe J. [Tosromy

22*
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CymecTBleT Takue ABa uucaa m > 0 u > 0, uto ||f(t Ol mijxi|+4

npu ¢€J u x€E. Orciona cnenyer, uto |0’ (t)]|<mHv(t)ll+h npu

t€J. Ecau bl nonoxuM w@ ()= ||v(t,+AE)|, rae [A|=1, 10 TO
1

TeopeMe O CpelHeM 3HaYeHHH noayunm w (8) < || X, ] + he+ mf w (C)dt.

0
CrenoBatenbHo, Mb MOxeM upuMenuts jgemmy (10.5.1.3), xoropas noxa-
apiBaet, 4to ||v(f)|| <L ae™!i~bltLb B J (a u b— xoncrauth). ITostomy
otobpaxenue v orpanuyeqo B J, a anauut, u || f (¢, v ()| Lml||v ()||+ 4.

B cnyuae xorza K =R, ycioBue HenpepHIBHOCTH, Hajnaraemoe Ha f,
MOXHO O0C/J1a0uTh, 3aMeHuB ycaoBueM a) 3aMeuaus (10.4.6).°

Junelinoe oughepenyuassnoe ypasnenue ects ypasuenne (10.4.1)
CTelHajlbHOTO BHIA

(10.6.2) x'=A@)- x+b(@) (r.e. f(t, X)=A@F)-x+b()).

_ rae A-—orobpaxenne mHoxecTBa / B 6aHaX0BO npoctpanctso & (E; E)
'HeNpepHBHBIX JMHeHHBIX OTOGpaxenn#t mnpoctpanctea E B cebs (5.7),
a b—orobpawenue muoxectsa / B E. Mu umeem 3pecy H=EF, u
B onny (5.7.4) [If (¢, x)—f (¢, )| <IA@)] - | x,— %]l ann seex
tel, x,€E w x,CE. Tlpumensas teopemy (10.6.1) u cienyomwee 3a
He#l 3aMeuaHHe, Mbl, TakuM 00pasoM, NOJyuaeM

(10.6.3) TTycms 1K —omupomoli wap ¢ yenmponr ty. Ilpednoro-
gcum, wmo gpynxyun A ubnpocmu 8 I, ecau K =R, u anarumusnu
8 I, ecau K=C. Tozda daa xaxodoli mouxu x,CE cyuwecmsyem
edurncmsennoe peuenue u ypasienun (10.6.2), onpedesennoe 8 I
u yoossemsopawuee ycaosuw u(ty)= x,.

3aMeTHM, YTO ecan b= 0 u x,=0, TO pelueHue u ypasHenus (10.6.2)
pasHo O.

Hs (10.6.3) nerko BbiBoauM Goaee oburuit pesyabTart:

(10.6.4) IIpu mex sce npednososcenusx, imo u 8 meopere (10.6.3),
O Kawdod mouxu s&l u raxmdoir mouxu xyCE cywecmsyem
eduncmeennoe peuwenue u ypasienusn (10.6.2), onpedesenrnoe 8 I
u yoosaremsopsaouee Yca08uw0 u(s) =X,

3aMeHss, eC/IM HYXKHO, £ Ha {—{f), MOXEeM CYHTATb, UTO t0~_0
IpeanonoxuM, uro [ —map paguyca r. Jlerko npOBepHTb, HYTO

otobpaxenue f-—>r2 -

eCcTb aHaJuTHuYeCKu# romeomopduam wapa /

st—r?
Ha ceDBd, nepeBoAsAUA TOYKY § B TOuky O (HyHO TOJbKO HANMCATDH
5y t—s r? r?—|s|?
r? = =—=|1 ————=-), uTOGH OLEHHTL BEPXHWIO rpaHb aGco-
st—r? s r?—st

JOTHOH Be/MYHHBL MDPABOH wacTv npu |f|<{r u yOeluTbcsd, 4TO OHa
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paBHa r). OueBHIHQ, 4YTO eC/aH Tenepb
Ay (== A(’2 t—s) W by (f) = —LE= b(ﬂ t_S)
! rr(lsiz—ry) st—r? ! rr(sp—r) \ st—r?

H eCIH U €CTh eAUHCTBEHHOE peuleHune ,zm(b(pepeﬂunanbﬂoro YPAaBHEHUA
7
X = A 0) x4 (),

onpesenenHoe B J u ynosjeTsopsiomiee ycaosuw v(0)=x, TO

u (t)-:v(r? _t"sz) eCcTh €AHHCTBeHHOe peliende ypasuenus (10.6.2),
st—r

onpejegesHoe B [ ¥ yAOBJETBOpAIOlee YCJAOBHIO 4 ()= X.

B cayuae korma E=K", A(t)==(a;;(#)) ecTb kBajzpaTHas Marpuua
nopsiaka n, a b(t)==(b;(t)) — Bexrop, npuueM Qynxunu @;;(¢) n b;(f)
npoctet B [/, ecam K =R, wu anamutuuun, eciu K=C. Ecan
<n TO ypaBHeHne (10.6.2) sKBUBANEHTHO .cUCMeEME CKARAD-

HbLX AUHelHbx OudhpepeHyuasbHbLX YPABHEHUE

n

(10.6.5) x‘;=21aij(t) X,-+b,(t) (1 <i L n).

Junetinoe cxaraproe dugghe penyuarsnoe ypasuenue nopaoxa n > 1

(10.8.6) D"x —a,())D" 'x— ... —a, () Dx—a,(t) x=b(?)

5KBUBANEHTHO cucTeMe BuAa (10.6,5): nonoxum x; = x, x, = D1k npu
2L pLn, u roria ypasnenue (10.6.6) npeapamrcx B CuCTEMY

X,==Xx, , npp 1<LhLn—

(f0.6.7) {x;,=al(t)xn+az(t)x ot +a (t)x +b().

7. 3aBHCHMOCT pelleHHs OT NapaMeTpoB

(10.7.1) Ilycms E —G6anaxoso npocmpancmso #ad nozem K,
I —omrpoumoe mnoscecmso 8 K, H— omxpomoe mrosxcecmso 8 E,
P — mempuuecxoe npocmpancmso u f—omo6pascenue npoussede-
run I X HXP 8 E. Hpednoroxcun, amo: 1° (£, x)— f (¢, x, 2)
ecmb HenpepusHo Ougdepenyupyemoe omob pascenue npou3sedenus
I'XH 8 E 0an awboii mouxu zE€P; 2° f u Dyof nenpeposun
8 I XHXP. Tozda 0as awboli mouku (ty Xq 20)ET X H X P
cyuecmsyiom marxod omxpumsd wap J=I ¢ yenmpon t, u marxod
omupamud wap TcP ¢ yewmpom 2, umo Oasn KaxcOol mouxu
2€T 8 J cywecmsyem 00HO u moasko 00HO peuwenue t— u(t, 2)
ypasrenun x' = f (¢, x, 2), ydosaemsopsaiouee yca08uio u(ly 2)= X,
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Kpome mozo, omobpasxcenue (t, 2)—> u(t,2) o2panuteno u Henpe-
pouisro 8 J X T.

Jloka3areqbCTBO OYeHb MOXOXe Ha J0Ka3aTeabcTBO TeopeMnl (10.4.5).
[Mycts J, — KOMNAakTHHI® 1ap C LEHTPOM f;, W PalUycOM @, colepika-
wukica B /. B cuay (10.4.5.1) cymecTByiOT Taxo# OTKpHITHE wap B
C UeHTPOM X, M paiauycoM b, colepxawuiica B F, U TaKOH OTKPHITHIA
wap T c uentpoM 2, 8 P, uto || f (£, x, 2)||<M u [|[Dof (¢, x, 2)[|< &
B J, X BXT. Tlyctb J,— 3aMKHYTH#f 11ap C LEHTPOM £y U palHycoM 7,
rie r < a. Ecin K=R, To onpenenum F, Kak MPOCTPaHCTBO OrpaHu-
YeHHHIX HelpepuLiBHEX oToOpaxenu#t y mnpoussenenus J, X 7T B E,
aBasiolleecs 6aHaxoBbiM fpocrpancTBoM. Eciiw K==C, T0 onpenemum F,
KaK npocTpaHCTBO OToGpawenu#t y npoussefenus J, X T B-E, orpauu-
YEHHBIX K. HempephBHBIX B J, X T M Takux, 4YT0 Mg KaxIOH# TOYKH

2 €T oroGpaxeHue £ —> ¥ (£, z) ABNACTCA aHANUTHYECKUM B J,; 3TO CHOBA
B cuay (9.12.1) OanaxoBo mnpocTpaHcTBO. OCTAOINAACA INOCAE ITOrO
yacTh NlOKasaTenncTBa TeopeMmbl (10.4.5) He uamensercs.

(10.7.2) ITycms IcK —omxpoamei wap c yeumponr ty. Il1pednoaro-
gcum, 4mo A u b Henpepuisusl 8 [ X P u, ecau K =C, o61adarwom
mem cgoldcmsor, umo 0an Kaxc0oli mourxu 2 EP omob6pasenusn
t— A, 2) u t—>b(¢, 2) asraiomca anarumuveckumu 8 1. Jan
210608 mouku x€E nycme t—>u(t, z) ecms pewenue ypasuenus
x'=A(t, z)- x4+ b(t 2), onpedesennoe 8 I u yoosaemsopsaouee
verosuwo u(ty, 2)==x, Tozda u nenpepwsno 8 I X P.

' Tlyers 2y € P; paccMOTpuM MNPOM3BOJbHBIA KOMNAaKTHHE Inap Jof
C-UEHTPOM £, U paguycoM r. JIOCTaTOYHO NOKa3aTh, YTQ & HEMPEPHIBHO
B KaxaAoH Touke (£, 2y), rae € J. Taxk kak orobpaxenue u(f, 2;) He-
npepeiBHO B J, TO OHO OrpaHHYeHO HA STOM KOMIIAKTHOM MHOMXECTBE;
nycts ||a(t, 2)| < M B J. B cuny (10.4.5.1) cymecTsyeT Takas OKpecT-
Hocts U Touku 2, B P, uro ||A(¢, 2)|| <k npu z€U u £ € J. Tlokamem
Tenepb, YTO €CAH 3a1aHO NPOU3BOAbHOe € > 0, TO CcyllecTByeT Takas
okpectHocty VU Touku 2y B P, uto npu £€J un 2 €V Bunoaxsorcs
HepasencTa || A(f, 2)— A(t, zp)|| e u ||b (¢, 2)—b(¢, 2p)||<e. Hyxno
TOJAbKO 3aMETHTb, UTO I MOGOR TOukM SE€J CYLECTBYIOT OKpeCT-
Hocts W Touku s B Ju oxpectiocts V,cU TOuKH 2, B P, 1451 KOTOpHIX
npenbmymue HepaBeHCTBA BEITOMHAIOTCA B W, X V. Ilokpoem Torxa
wap J KOHEUHBIM HYHCJIOM OKPeCTHOCTelH W, n B kauectse V Bo3bMeM

NepeceyéHue OKPECTHOCTeH Vs« Mo moxeM Temepb Hamucats

u’(t, z)-——-u’(t, 2y=A(t, z) - (u(t, 2)—u(t, zp))+
+ (A 2)— At 29) - ult, 29+ bt 2)—b(¢, zy).

Hostomy npu ¢€J u z€V
fla' (6 2) =~ 29| < k- u(t, 2)—u(t, 29| 4-e (M4 1).
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TMonoxum £ =ty M, rae |[A|=1 u 0 LEr, v BBeAeM dyHKUMIO @ (§) =
=||a (ty A, 2)— u(ty—+ A, 25)|l. Toraa mo TeopeMe O CpelHeM 3Ha-
3 ‘

venwmn w(@®) <e(M4D)r-+k [w@dl npr 0<ELr H, TOMB3YACH
0

(10.5.1.3), noayuum w () Le(M—+1) re®*” npu 0 <t r. Unsimu cio-
samu, npu L€ J u 2 €V mbl uMeeM ||u (¢, 2) —u(t, 2| < e (M~ 1) re¥.
Tak Kak € NpPOM3BOJIBHO, 3TO 3aBepIlaeT JOKAa3aTeAbCTBO (MOCKOABKY
otoOpaxenne £—> 4 (¢, 2;) HempepelBHO B J).

(10.7.3) B doGasrenue r npednoroxenunm meopens (10.7.1) do-
nycmus, wmo P ecmb omkpoimoe MHOJNCeCmB0 8 GAHAX080M NPO-
cmpancmse G u umo f nHenpepusno dugpgepenyupyemo 81X H X P.
ITyems Jicl — omupamud wap ¢ yewmponm ty u TP — omupy-
Mol wap c.4eHmpom 2z, maxue, umo 048 Kaxncdoh mouxu z €T,
cyujecmeyem peuwenue t —> u(t, z) ypassenua x' = f(t, x, 2) [8 cury
(10.5.2) neo6x00umo eduncmsennoe], onpedenrennoe 8 J, u ydosae-
meopawuee ycaosuo u(ty, 2)==x, Tozda 0as 2100020 oMK pHMO20
wapa J ¢ yewmpon t,, 0xz rxomopozo JCJ,, cywecmsyem maroi
omkpomuli wap TcT, ¢ yenmpor z, umo omobpadcernue (t, z)—
—>u(t, z) nenpepwsno Jugpdepenyupyesmo 8 JXT. Hanree, 0as
210608 mouxu z€T omo6pasxcenue t— Dyu(t, 2) pasno 8 J peuie-
ruw U(t, z) runelinozo oudigpepenyuarviozo YpasHerus

(10.7.3.1) U =A(, 2)c U+ B(t, 2),
yoosaemeopsioueny ycaosuw U(ty, 2)=0, 20e
A(t, 2)=Dyf (¢, u(t, 2), 2) u B(t, 2)=Dyf (¢, u(t, 2), 2).

[ycts J— OTKPHITHH wWwap C UEHTPOM £, U PalAHycOM r, IJi KOTO-
poro JcJ,. B cuny (10.4.5.1) cywectsyior Tako#t oTkpuTHA wap ScH
C UeHTPOM X; U Tako#f OTkpuThi wap T<T, c uesrpoM 2, uro
uacTHele mnpoussoiHble Dof u Dyf orpammsenn B J X S X T; nycrts
IDf(t, x, )| a u |[Dyf (¢ x, 2)]|<d. Torma s cuny (8.5.2)
u (8.9.1)

(10.7.3.2) ||t x;, 2)—f(t x5 2| all6y — %3]0l 2, — 25|

npu £€J, X, 1 Xy B S U 2, u 2y 8B T, IIpunnmas Bo BuuManue (10.7.3.2),
BuduM, yro B cuay (10.5.1) npu t€J, 2, €T n 2, & T uMeer MecTd
'HepaBeHCTBO

(10.7.3.3) latt, z2)—ult, )| <cllzi =2,

e ¢=b(e” — 1){a. ]JlokameM Tenepp, Y4TO eC]d 3ahaHb TOuka 2 € T
ue>0, To cymectByer Takoe p >0, uyro Aas 000K TOukH W E P,
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ans kotopoit z—+wEeT u ||[w|<p, 1 ans moGof TOUKH ¢ € J sunoa-
HAeTCH HEPaBEHCTBO
(10.7.3.4) If (¢, a(t, 24+ ©), z+w)—f (¢, u(ts 2), 2)—

— At 2) (u(t, z+w)—u(t, 2))—B(t 2)- w||<e|w].

B camom nenre [#Ha ocHoBanuu (8.6.2), (8.9.1), HenpepriBHOCTM HpoOH3-
BoZHEIX Dof u Dyf B [ X H X P n nepasenctsa (10.7.3.3)]; ang xaxnoft
TOukH S§E€J cymecTByeT Takad okpecTHOCTb W, Touku s B J, u Taxoe
uncno p(s) >0, uro nepasexcrso (10.7.3.4) sminoansercs npu £ €W,
u ||w|<<p(s). Ecam Temepb MOKPHTb J KOHEUHHIM UHCIOM OKDECTHO-
cret Wy, 70, 4ro0bi umets (10.7.3.4), 10CTATOUHO TOMBKO B KauecTse p
B3ATH HAWMeHbIlee 3 p(s;). YuntbiBas onpelenenue otobpameHus u (¢, z),
Mb MOxeM HepaBeHcTBO (10.7.3.4) mepenucath TaKke B BHze

(10.7.3.5) Dz (¢, 2~ w)—Dyu(t, 2)—
— At 2)- (b, 2 W) —ult, 2)—B(t 2)- w]|<c]w].

Tenepb cywecrsoBanue pemtenus U (¢, 2) B J X T rapantupyercs
treopeMott  (10.6.1). Tlonoxum v (¢, 2, w)=u(t, z-+w)—u(t, z)—
— U (¢, 2) - w. I1a PyHKuus UMeeT NPOU3BOLHYIO IO £, B cuay (10.7.3.1)
PaBHYIO

Dy (t, 2, wy=Du(t, 2+ w)—Du(t, 2)—
— Al 2)-(U(t, 2)-w)—B(t, 2) w.

HepagsencTso (10.7.3:5), TakuM 00pa3oM, MOXHO 3amucaTh B Bule
ID(t, 2, ) — At 2) - v(t, 2. )| <¢]|w]

ans moboft Touku #€J u Aaa moBok Touku w, Aas xkoTopoh z+wE T
u ||w||p. Vubimu cioBamu, v (£, 2, W) eCTb NPUGIMIKEHHOE pelUeHMe
C TOYHOCTbIO €||w|| AuHEHHOTO NupdePeHIHaTLHOTO ypaBHEHHH

(10.7.3.6) y=A(, 2)-y.

Hanee, no onpefnenenHyio Mn uMeeM v(f, 2z, w)==0. Tak xax
A 2)|<a 8 JXT, to u3 (10.5.1) Mu 3akmouaem [nockoibky O
ABISETCH DELICHHEM yPaBHeHHR (10.7.3.6)], uto

ot 2. @< cellwl.

rae ¢o=(e“ —1)/a. D10 HepaBeHCTBO cnpaBelJUBO LIS JIOGOR TOUKH
t€J u moGo Toukm w, aas koropot z—+wET u [w|<p. Tak
KAaK € NPOHM3BOJbLHO, OnpelejeHue NPOU3BOJAHOM NOKA3LIBAET, YTO OTO-
O6paxenue u nudpdepesEupyemo nozs moQo# Touke (£, 2)EJ X T u uto
Dou(t, 2)=U (¢, 2).

Hakouen, u3 npennonomenmﬂ n u3 (10.7.2) caenyer, uro U menpe-
puBio B JXT. € n1pyro#h cropoHs, npoussofHas Dyu(¢, 2)=
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== f(t, u(t, 2), 2) nenpepsisa B JXT B cuay (10.7.1). Caenosa-
TenbHO, MO Teopeme (8.9.1) oTobpaxenne u# HenpephBHO JIudepeH-
nupyemo B J X T, n 370 3aBepiuaeT AOKa3aTe/qbCTBO.

(10.7.4) B odoGasaenue x npednososcenunim meopems (10.7.3) do-
nycmur, 4mo omobpascenue [ Henpepvsno Ouggepenyupyerno
81X HXUP p pas. Tozoa dra 406020 omxpumozo wapa J ¢ yenm-

pox t,, 028 romopoeo JcJ,, wap T moxno swépams max,
umobu omobpajcedue u Guao p pa3 Henpepusno Ouggeperyu-
pyexno 8 JXT. i

B cayuae p==1 sto Teopema (10.7.3). IlpoBeleM uHAyKuuO nO p,
Jonyctum, 4YTO yTBepXIeHHe YXKe AOKa3aHO A4 (p — 1) pa3 Hempe-
puiBHO nuddepennupyeMux otobpaxennt. Torna A u B B npaBo# uacTu
ypaBuenus (10.7.3.1) asamorca B J X T [B cuay (8.12.10)] p—1 pas
HenpephiBHO IuddepennupyembiMu oToGpaxenusmMu. ClexoBaTesbHO, MO
teopeme (10.7.3) (npumenennot k U (¢, 2)) npomssommas D,u(t, z)
HENPEPHIBHO nuqmepeﬂunpyema B JX.T p—1 pa3 (echu T Bnibpano
noaxoaamuM o6pasom). C npyro# croponni, mpousponnast D,u (¢, z)==
= f (¢, u(t, z), 2) nenpepuiBHo Auddepenuupyema 8 J X T p-—1 pas
10 NpeAnonoKeHuo uuaykiiy u (8.12.10). Takum o6pasom, B cuay (8.9.1),
(8.12.9) n (8.12.10) npomssomuas Du (¢, z) HenpepuiBHO AHdepeH-
uupyema B JX T p—1 pas. Ho orciona BBuay (8.12.5) caeayer, uto
oro6paxenne g HenpepuBHO Audpdepenuupyemo B J X T p pas.

(10.7.6) IIpednososcum, umo Ganaxosu npocmparcmea E u G ro-
HeunoMepH u umo omobpagcenue [ anasumuuno 8 I X H X P.
Toz0a 08 2106020 omkpumozo wapa J ¢ yenmpos ty, 028 KOmo-

pozo JcJy, wap T moscno swGpams max, umobu omol paxcenue u
6oin0 anasumuveckum 8 JX T,

Ecau K=C, 10 3T0 cpasy caesyer u3 (10.7.1), (10.7.3), (9.10.1)
u (9.9.4). Eciu K==R, T0 MpoBOAUM pacCcyxieHue, B TOYHOCTH MNOXO-
Xee Ha BOKazarTeancTso Teopems (10.5.3).

(10.7.6) 3ameuanua. CymecTByeT HeCKONLKO YCHJEHHH M BapHaHTOB
npeauaymux teopeMm. Hanpumep, B Teopeme (10.7.3) B cayuae, xorna
K==R, naa Toro uro6m oO6ecneyuTp CYLIECTBOBaHHE IIPOMBBOAHOH
Dya (¢, z), cywecrBopauue npoussoinolt -D,f He Tpebyerca. Hysxun
TOJIbKO HENPePHBHOCTL NMPOH3BOAHHX Dof u Dyf kak dyukuu#t or (x, 2)
B ux orpanmyeHHocTb B JX S X T, a Takke TOT ¢akT, 4ro oToGpane-
uue t— f (¢, h(¢), z) npoctoe B I naa moGok ¢yukuuu B, Henpeprip-
Hoft B /, ¥ avanoruunsie TpeGoBaHMs OTHOCHTeNbHO Dof u Dsf.

Moxuo Takxe paccMoTpeTb cayda#h, Korza / eCThb OTKPHITOE MHO-
KectBO B R M E — pefictBuTebHoe 6aHaXxoBO MPOCTPaHCTBO, a8 G—Kom:
_ MiekcHoe 6aHAXOBO NMPOCTPaHCTBO. Jlaa moGo# Toukwu ¢ € J; oToGpaxeHue
Z—>u(t, z) aBageTCa TOrga aHaauTuveckuM B 7,
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Sadauwu

1. O6osnavenust te xe, uro u B 10.4. Ilycts / — orxpeiteit map B K
C HEHTPOM f, U paguycoM a, S — OTKpPHITHI map B £ ¢ LCHTPOM X, H panuy-

com r u G — HopmupoBanHoe npocTpancTso T (/ X S) (7.2). Ras kamporo
M >0 nyets G, —map |f|<M B G. lNycrs L— mHokectBo B G, coctos-
nlee M3 BCEX HENPEPHIBHBIX JHMIIHLUEBCKUX OTOGpaxeHuR npousBenenus I X S
B E (10.54). Ias kaxmoro M >0 nycts J —OTKPHITHE wap B K ¢ ueHTpoM
u paguycoM min (@, r/M). laa kaxaol dynkumu f¢ LﬂGM CYWECTBYET eXUH-
cTBenHoe pemenue u == U (f) ypaBuenus x’ = f ({, x), npuHuMalONlee 3HAYEHHUA
B S, onpeznenentoe B J u ¥ YAoBAeTBOpsiomee ycaosuio & (fp) = x, (3anaua 6, c)
§ 10.5%
a) ITyctp ( f,,)—nocnenoaarenbﬂocrb (yHKIHUHA, NPHHAAAEK AKX LﬂG

NpPEefNoNOKUM, UYTO MNOCAEAOBATENbHOCTb f, paBHOMepHO cxoxutca B [ X S
k ¢ynxuuu f. [TokaxuTte, YTO KakJas NpeleibHas TOUKA MOCAENOBATEAbHOCTH

dyuxunit v, =U (f;) B npoctpanctse ¥z (J M) ABJSAIETCA PEIleHHEM YPaBHEHHA

x’ = f (¢, x), NpHHUMaOIKM 3HaYeHud B S M NpH f =7, PaBHHM x,.
[Bocnoanayiirecs (10.4.3) u (8.7.8).]

[lpuBenuTe HpuMep, KOTAA NOCJELOBATEAbHOCTh (U,) HE MMEET B ‘gz,f(JM)

HH OfHOH mpenenbHo# Touku (cM. 3anauy 5 § 10.5).

b) IIpexnoaoxum, kpome Toro, uto E koHeuHOMepHO. [1oab3yAch pesyabTa-
TOM 3ahayy a), maiiTe HOBOE NOKa3aTeabCTBO TeopeMmsl [leano (sagaua 4, b) § 10.5).

[Bocnoassyiitech Tteopemoit Ackoau (7.5.7) u Teopemoll Beitepmrpacca 06
annpoKCHAMAIKH. |

2. a) Ilyctb g u h— nBe HeficTBHTENbHBIE HENPEPbiBHbE (GYHKIUK B IOJH-
nuaunnpe P: [t —¢;| < a, | x— x| < b B R?, ynosieTsopsiomue B P HepaseH-
ctBy g (¢, x) < h (¢ x). TlycTe u (COOTBETCTBEHHO ) — PEIIEHHE YpABHEHHA
x" = g (¢, x). (cooTBeTCTBEHHO X' = A (¢, X)),  ONpEefeNeHHOE B TNPOMEKYTKE
[¢0, o+ ¢ [, mpunnMamee 3HaueHus B npoMexyTke | xo—b, X b u yaosae-
TBOpAiloIee YCAOBHIO 4 (fp) = x, (COOTBETCTBEHHO v (f,) = Xp). Ilokawure, uTO
npu £, <t < £y} ¢ umeer MecTo HepaseHcTBO U (£) < v (£).

[PaccMoTpuTe BEpXHIOIO I'DaHb TAKHX TOYEK S NPOMEXYTKA [fy, #o-- ¢ [, ansa
KOTOPHIX OPH fp. < f < § HMEET MeCTO HEepPaBeHCTBO i (f) < v (f).]

b) Ilycte g — HenpepuiBHas AeHcTBHTEAbHAs GyHKIuA B P M 4 — MaKCH-
MaapHOE pellleHue ypasHenus x' = g (f, x), cooTBeTcTByIOmEee Touke (£, Xo)
(sagawa 7 § 10.5). IlpeanoaowuM, 4To & onpeneneno (no xpaitneii Mepe) B mpo-
MexyTke [fy, Zo~-c[ ¥ npHHEMaeT sHaueHHs B NPOMEeXyTKe | Xo— b, xo+ b
‘Tokaxure, 4TO B KaXIOM KOMIAKTHOM NPOMEXYTKe (£, £, -l d], copepxamemcst
B [fo, tp-4- ¢ [, mpu nocraTouHo ManoM € > 0 onpefeneHH MaKCHMAaAbHOE H MHHH-
MalbHOe pelleHns” ypasHeHus x' = g (f, X)-} & OHM DNPHHHMAIOT 3HAUEHHA
B NpOMEXYTKe | Xo— b, Xo~+ b M paBHOMEPHO CXOAATCA K U, KOTAA ¢ CTpe-
mutcs k 0.

- [Ecamn 3amaHo ¢ >0, TO cymecTByer Takoe. s > £, uTO MaKCHMaJbHbe H
MHHHMAJIbHbIE peLICHHS BCEX ypaBHeHu# x' = g (¢, x) ¢ npu 0 e < ¢, coOT-
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BeTCTBYIOIIHE TOUKe (fp, X,), OmpefeneHbl B MpoMexyTke [f,, §] M npuHuMaloT
HA HeM 3HAUEHHA B NpPOMeXyTKe] xo — b, X9+ b [. 3ameTbTe, UTO BCE 3TH PyHK-
nun o6pasyior H3 MPOMEXYTKe [fy, S] PABHOCTENEHHO HENMpPEPHIBHOE MHOMECTBO
1, IPHMEHAA Pe3yJbTaT 3aiauu a), TeopeMy Ackoau u teopemn (10.4.3) u (8.7.8),
ZOKaXKHTe PABHOMEPHYI0 CXONMMOCTb K & Ha TpOMexyTke [f,, s]. Hakouen,
NOJb3YSACh, B YACTHOCTH, MOCJAEXHUM yTBepwIeHueM 3amaun 7 § 10.5, nokaxure,
4YTO BEPXHAA rpaHb uucex d, O6JANAIOIMMX YKA3AHHMIM CBOHCTBOM, HEOGXOAMMO
paBHAETCH C.]

¢) Hycts g u h— nBe HempepsiBHhE AeHCTBUTENbHEIC GYHKUMH B IOAH-
uuauHape P, ynosaeTsopsiomue B P HepaBeHCTRY g (¢, x) < h (¢, x). Ilycts
[f0, £o -+ ¢] — mpoMexyTOK, B KOTOPOM ONpENENeHBl M NPUHUMAIOT 3HAYEHHUA
B NPOMEeXYyTKe ] xy, — b, x,+ b [ peiwenne u ypasHewus x' = g (f, x), ynoBue-
TBopmomee yenoBuio u (fp) = X5 H MAKCHMAJIbHOE peLIEHHE U YpaBHEHHs

= h (¢, x), coorBeTcTByIOUIEE TOUKE (fg, Xo). [Tokamute, uro npufy << hp+¢
MMeeT MeCTo HepameHcTBo u (1) << v (f).

[[Tpumenute a) u b).]

3. a) INoxaxure, uTo 3aKkmoueHns sapaun 6,a) § 10.5 ocraieTcs cnpasepuu-
BbIMH, ecad F KOHEYHOMEDHO H €CJHH IpPEeNNOJOXEHHS H3MEHEHbl CIENYIOLHM
o6pasom: 1°) oToGpaxenne f-mpernosaraercs HempepuBHHM B /X H (B cayuae
xorna K=R), HO He 0653aTENbHO JOKAJbHO JMMIMHIEBCKHM; 2°) QyHKUHA ¢
ABASETCS MaKCHManbHBIM pemenweM (samaua. 7 § 10.5) ypaBrewus 2’ = h (s, 2)
8 npomexyTke [0, ], coorBercTBylomum Touxe (0, 0).

[BocnoasayiiTech peayabTaTaMu 3anay 1,a) u 2,b) u MPUMEHHTE IHArOHAMb-
HWil mpouece, kak B 3amaue 4,b) § 10.5.]

b) [IpeanoaoxumM, KpOME TOro, 4TO CYIHIECTBYET NMOCHeROBATENbHOCTD (Y,,)"> 0

IeHcTBUTEAbHBX (PYHKUHil, HENpEpHBHHX B npomexyTke [0, o}, npHHuUMaUHX
aHauenus B mpomexytke [0, r] 1 Takux, uto jaa n>l Y, (s) = f R Ya_(8))dE
’ 0

npu 0< s<Ca. Tlycrs oroGpaxenue y, HenpepuiBHo B J, eciu K =R, u anauu-
tuuno B J, ecad K = C, npunuMaer 3nauenus B S M ynosaerBopseT B J ycuno-
BHIO || ¥o (£) — Xo || << Yo (1£—%,]). loxakuTte, 4T0 CymECTBYeT MOCAEAOBATENb-
HOCTD (Yp),~, OTOOpaxeHuit mapa J B S, uenpepmBHbix, ecin K =R, aHaanrn-

yeckHx, ecii K=C, u Takux, 4T0 y,(¢) = x,+ ff(ﬂ, Yn_y (8))d0 u uro
ty
1Y @) — Xl < < Ya(lt—1t 1) B J npu kaxaom n>1. B cayuae korma K=C,
3aKMI0YHTE OTCIONA, YTO NMOCAEAOBATEALHOCTH (¥,) cxoautcs B J (paBHOMEPHO Ha
KaK/IOM KOMIAKTHOM MOIMHOXECTBe mapa J) K ERUHCTBEHHOMY PEHISHHI0 &
ypasuenus x’ = f (¢, x). '
[Bocnoabayiitec (9.13.2) 1 noxasateabctBoM Teopemnt (10.4.5).]
CrnpaBelaMBO JH MOCJAENHEE YTBEpXKJEeHHE B Cayuyae, KOria K=R u otobpa-
WeHHe f He NpPeANOJaraeTcsi JOKAJbHO JMMMHNEBcKMM (cp. ¢ 3amavedt 2 § 10.5)?
4, a) Tlycts I =[fy to-+¢[=R u nycTb © — AeHCTBUTEAbHAR HENPEPHIB-
Hag ymsxuua >0, onpexeachHas B / X R. IlycTs S —— OTKpHITHH 1Wap ¢ LEHT-
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poM x, B E u nyctb f-— nenpepsisnoe otofpaxenue npoussexesus I X S » E,
Jisi KOTOPOTO NPU BCEBO3MOXHBIX £ € [, x| € S M X, € S BHNOJHACTCH HEPABEHCTBO
lf ¢t x)— f (¢ x) <o (¢ || x—xz|). Ilycts # M v—pBa pemeHHs ypaBHEHHS
x’ = f (t, x), onpenenenHsie B /, npMHUMAIOUIME 3HateHus B S M YIOBJAETBOPAW-
mHe ycaoBHAM U (f) =X, H U (fy)) == x,. [lycTb w — MakcHMaJbHOE pemeHue
(sapaua 7 § 10.5) ypaBnenus 2’ = o (¢, 2), coornercrByomee ToIKe (£, X, — x5 |),
H NpefnoNoXuM, uTo w onpeneiaeHo B /. IToxaxuTe, yT0o B / HMEET MeCTO He--
pasencTBo ||u (f) — v () | < w (B).

[Paccmorpme a8 ZOCTAaTO4YHO Maxoro ¢ > 0 MakcHMaabHoe pemeHue w (¢, €)
ypaBHenus 2’ = w (f, 2) -} ¢, cooTBETCTBYIOIEE TOUKE (fy, || X; — X3 [ ), Ompexenen-’
Hoe B mpoMexyTke [fy, f5}d], rae d <c¢ (3amaua 2). ITokaxure, JONYCTHB
npoTHBHOE, 4TO NpH Iy i<+ d uMeer MecTo HepaBeHCTBO f u (f) — v ()| <
< w (f, ). PaccMOTpUTE BEPXHIOW FPanb £, TOYeK ¢, B KOTOPHX ||y (£)]| > w (¢, &)’
rae y (f) = u (f) — v (f), u 3amertbTe, 4TO NpH £ >, :

ly@l—ly®I<iy@®—yE)I< . Sup 1y - ¢—t)]

b) Mycrs /' ==}43—¢, £], ¥ NPEANONONKHUM, HYTO BHINOJHAIOTCA TPEANOJNO-,
weHusa 3agauu a), ecan [/ zamenutpb Ha J’. Ilycte Teneps w—MHHPIMaJleOG‘j
pewmeHue ypasHeHus 2’ = o (f, 2), cooTBeTcTByIOmEe Touke (£, | X, — X3 [), ¥
TIPENNOCKHM, 49TO OHO ompexeaeHo B J'. Tloxaxure, 4To B /' MMeeT MecTo)
HepaBeHCTBO |i (f) — v (f) | > w ().

[Tor xe Mmeton.] .

5. a) Mycts [ — oTkpuTHE npomexytok ]0, a[ B R ¥ nyctb «— Takas
HenpepuiBHas ¢yunknua B npomseeneHun /X [0, J-cof, uto o(f, 2)>0 =n
w(f, 0)=0 npu #€/. Pynkuus o Moxer 6HTh mpogomxensa Ha / X R, ycaoBuem
o(,2y=o(t, —2) npu 2<0. [Ilycth, nazee, w-— pemeHue YpaBHEHHHA
2’ = o (t, 2), onpegedeHHoe B OTKPHTOM npomexyTtke ] 0, q, [ < 7, xoTopoe, moaa~
ras @ (0) =0, MOXHO O HENPEepPHBHOCTH NPOXOMKHTL HA NOAYOTKPHTHH mpo-
‘MexyTtok {0, a[. lonycraM, 4To ecas, BLo6aBOK, B 3TOM CAyYae NPOU3BOAHAS
w’ (0) 6yzer ompeneaexa u pasHa 0, T0 Heo6xoauMo w (f) = 0 TOXAECTBEHHO HA
npomexyTke 10, «[. ITycts Temepbr S -— OTKPHTHH mWap ¢ NEHTPOM X, B nefi-
CTBHTENbHOM OaHaxoBOM HpocTpaHcTBe E u f— HenpepuBHOe oToGpaxkeHue
npousBenenns [0, a[ XS B E, naa kotoporo mpu 0<f<a, x;,¢S H x¢8
BBINOJHACTCA HEpaBeHCTBO || f(f, x))— F (¢, xa)|| C w(t, [ x, —xz|}). Mokaxure,
uTo B npomexytke [0, a], rme ¢ < a, cymecTByer He 60Je€ OXHOrO DEIICHHA U
ypaBHenus x’ = f(¢, x), ynoBaersopsomero ycaosuwo # (0) = x,. '

[TIposennte noKa3aTeAbCTBO OT NPOTHBHOTO: €CIH U — BTOPOE peElIEHHE,
ynosaersopsioniee ycaosuio v (0) = x,, 10 onenure || u () — v (£)|| 8 ] 0, «] cuuay,
noap3ysach pesyibraToM sazaud 4,b).]

b) Myctb 0 (f) — HenpepniBHas YHKUYA, ONpPENENEHHAA B NPOMEKYTKE

B 6 @)
10, a[ u. Ttakas, uto 6.(f) > 0. Hoxaxm're. 49TO €CAH MHTerpan f ——T—dt Cx0-
! 0
RWTCH, TO Pe3yabTaT 3aAAuM a) mpuMeHuM K Oyukuum o (¢, 2)=(14-0()) 2/t
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t
Eca, HaNpoOTHB, f —udtm-r oC, TO NPHBEAHTE NPHUMEP HEeMpPepbIBHOH JeH-
0
crauteapoil GyHkuun f B npousseienuu [0, a [XR, 118 KOTOPOH BHINOAHAETCHA

B 1+te ®

uepaBeHcTBO | f (¢, x)) — f (¢, x2) | < | Xy —X2|, & ypaBHenue x’ =

== f(t, x) umeer B mnpoMexyTtke [0, a[ 6eckOHeuHOE MHOXECTBO pelUEHHUH,
paBHeX Q npu £ =0,
a
[Hycﬂ; o (f) =exp (_—f —1——_%6(—8)
t
umio, pasnyw (1-4+6())x/t mpu |x| <9 () ¥ He saBuCAWYIO OT X mpw
lx1>9 )]

6. ITyctb 7 — oTKpHiTHH npoMexyTok B R M /7 — QTKPBITOE MHOXKECTBO
B GanaxoBoM npoctpaictse E Han R. Iyctb #,— Touka npomexytka /.

a) Ilpexnonoxum, uto orobpaxenne f HenpepuBro B / X H u cymecrByer
Takoe uHcao k, 0 < k<1, uto npu fs~f, 1 NPOM3BOMBHLIX X, € H u x,¢ H
BBUIOAHAETCH HepaBeHCTBO || f (5, x))— f (¢, x)|<(R/E—15| )Xy — o+
Torma cymectByer He 6ojee OXHOrO pemIeHHs ypaBHeHus x' = f (¢, x),” npu-
HAMaoIEero mpH f=1{, NaHHOE 3HaueHHe X, € H M ONpeNeNeHHOTO B HEKOTO-
poit OKpecTHOCTH TOukH f, (3agaua 5, a)). Ilycts, nazee, # ¥ v — ABa upuban-
WEHHHIX pEeIeHus ¢ TOYHOCTBIO ¢, K ¢, ypaBHeHHA x' = f (f, X) B OTKPHTOM
npomexyTke J ¢ HEHTPOM %, leNMKOM cojepxkauteMcs B J, YIOBJAETBOPAOIHE
yenosuaM & (£)) = v (tp) = x,. Toraa aas mo6oit Touxu £¢J

ds) . Onpeneaure f (f, x) kak QyHK-

IO OI< <atig g,

[Ucnoabsyite TOT e Merox, uto H B (10.5.1).]

b) Mycte I=]—1, 1[, H=E=R u nyctb ® — MHOXECTBO BCex AcH-
cTBuTeabHBIX (yHkuu# f, HenmpepmBHuX B /X H u Takux, uTO A48 Mo6oi
TOUKHM ?=~0 npomesmyTka / BHIIONHAETCH HEPABEHCTBO | f (£, x)— f (2, x1)| <
< llxg—x2lI/]#I. Torma cymectByeT He Gojee OZHOTO PELIEHHS YpaBHEHHS
x'=f (¢, X), NpHHMMAIOMIEr0 mNpH f=1, NaHHOE 3HAYEHHE U ONPEACIEHHOTO
B HEKOTOPOH OKPECTHOCTH TOuKH %, (3axaua 5, a)). Ho nokamuTe, 4TO He cyme-
CTByeT HH OJNHOH Takoi OyHxkuuu ¢ (£, ¢) >0, urobn jas Jw6o0# napw
(#, v) npHOMMHKEHHBIX PEIICHUH C TOYHOCTBIO ¢ 110 6 Or 0 ypaBHeHus x'=f (£, x),
rae f €@, onpenenennny B / M YIOBASTBOPAIOWHUX Yca0BuIO & (f) = v (£,), Ang
KauAOH TOUKM € J BHIOAHANOCH, HepaBeHCTBO ||u () — v (E)]| <9 (|£], ¢).

[Mas awboro a€]0, 1[mycts f— nenpepsiBHass GyHKUuS, paBHas x/f OpH
| % [<t3(a—1), O<E<a, u npu £>a ¥ He 3YBHCAWAS OT / NPH OCTANBHHX 3HA-
yeHuax (f, x), aaa xoropux £>0. llpu ¢ 0 monoxkum f(f, x)=f(—1¢, x).
[Mycts u=0 u v ()= ¢f npu ]tl < 9, a NpH OCTaJbHHX 3HAUEHHAX [ B Kaue-
CTBE ¥ BO3bMHTE pellleHHe ypaBHeHus x’ = f (¢, x).]

7. O6osnauenns Te ke, 4ro u B 10.4. Ilpeanonowum, uto E KOHeuHo-
MepHo u f memnpepwisHo B /X f, Tlyctb (£, X,) — TouKa mpoussencuus /X H,
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J~brxpmmﬁ map ¢ UEHTPOM Zo, copepwamuitcs B /, u S — OTKPHITHH wap
C HEHTPOM X,, A% KoToporo S < /. [Ipeanonoxus, uTo oTOGpaxeHue f orpa-
HHUEHO B J )X S M YTO BHNOJHAITCA CAELYIOUIHE YCIOBHA:

1°) cymecTByer He Goiee onHOrO pelieHHs ypaBHenua x’ = f(f, x), onpe-
AEJICHHOTO B HEKOTOPOM OTKPHITOM NIPOMEXYTKe, colepkawemcs B J H copep-
WAaMEM £, U NMPHHHUMAOINETO Npu f = f, 3HaUEHHE X,

2°) cymecTByeT Taka® MOCAEAOBATEALHOCTD (7% PR REeNpephBHX oTobpa-

t

wenuft mapa J B S, 4TO u,,(t):xo—}—ff(s, p_1(s))ds mpun>1u tel,
/ X t
3°) aasm kaxaod TOUKM £€J NOCAEAOBATENBHOCTh (U, (£) — u, (f)) npu n,
cTpemsueMcs K + oo, cxomurcs x 0. T,

- TloxaxuTe, YTO NOCAEAOBATENbHOCTb (,;) PABHOMEPHO CXOJHTCH HAa KawAOM
KOMIIAKTHOM mpomexyTke J' C J, copepxameM f,, X TAKOMY DEUICHHIO ypaBHEHHS
x'= f (t, x), KOTOpPOE NpH f =1, PABHO X,.

[3ameTbTe, YTO MOCAENOBATENBHOCTb (4,) PABHOCTENEHHO HENPEPHIBHA; BOC-
rionp3yiTecs Teopemoi Ackoau (7.5.7), a Takke teopemamu (3.16.4) u (8.7.8).]

8. IIpeanmonoXxuM, YTO NPOCTPAHCTBO £ KOHEYHOMEPHO, ® U f YAOBJETBO-
PAIOT YCNOBHAM 3a%a%M 5 H, KpoMe TOro, Aas Kawaoro €0, a [dyuxuus
z—>o (¢, 2) Bo3pacrtaetr Ha mpomexytke [0, 4 oco[. Toraa cymectByer ne Goaee
OJHOIO pelieHNns ypaBHewns x’ = f(f, x), ONpeleNeHHOr0 B IPOMEKYTKE
{0, a [ [0, a [ w npuaumaromero npu { = @ 3Hauenue x, (3agaua 5, a)). [Ipexno-
JoxuM BAOGaBOK, 4To B npoMexyTke J = [0, ] = [0, a[ cymecrsyer nocaeno-
BaTeNbHOCTb (¥p),~, o HENPEpHBHbHIX oTOOpaxcennét mpomexyTka J B S, Takux,

¢

4TO u,,(t)———xo—l—ff(s, Up_1(s))ds mpu n>1u teJ.
0

a) Has kaxpoit toukum f€J mycts Y, (6)= upp: () — (), 2, (t) =

= su% Ynie(l) B w ()= i;foz,, (). Tloxaxure, 9T0 GYHKUHH 2, U W Hempe-
rR> n>

poiBHK B J.

[Bocnoabayiitecs 3amaueii 11 § 7.5.]

b) Mycts # u #— h— nBe Touku mpomexytka J (k> 0). ITokaxure, uT0
aas kawjaoro 3 > 0 cymectByer Takoe N, uto npu n >N

t

3n @O —yalt—m1< [0 w5+ ds

t-h

[Bocnoabayfitec Teopemoi o .cpeanem sHauenmu (8.5.1), a Takue Teope-
MOk (7.5.5).]
c) Busenure u3 b), uto npu n > N
¢

22— 20t =) < [0(s w(o)+0ds.
t—h '
{Paccmotpute caydan 2, (£) <z, (t—h) u 2, () > 25t —h).] .





