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§ 2. OnpegeauTenn BTOPOrO0 M TPETHEr0 HOPANKOB

Meton pemieHHs cHCTEMH JHHEHHHIX YpaBHeHHH, U3N0MeHHHH B npel-
mecTBylouieM naparpade, BecbMa NpocT H TpebyeT BHIOJHEHHS OXHO-
THIHBX BBIYMCAEHHH, JIerKO OCYMIECTB/ASEMbIX HA CYETHHIX MaumHax. Ero
CyHleCTBEHHHIM HENOCTATKOM fIBASieTCS, OJHAKO, TO, YTO OH He AaeT BO3-
MOHOCTH C(POPMY/IHPOBATL YCIOBHSA COBMECTHOCTH HJH ONpeJeeHHOCTH
CHCTeMB NpPH mNoMould Ko03hduuuentToB ¥ CBOGOAHHX 4YIEHOB STOH
cucreMy. C Apyroit CTOPOHH, Jlawe B CiAyYae OmpeleneHHOH CHCTEMH
3TOT MeTOS He M03BOJfAeT Halith GOPMYZH, BHIpa¥alOUiMe pelleHHe
cucTeMnl yepe3- ee KkodpduunedTH U cBoOoxHbie wieHn. Bce 3to oka-
3pBaeTCH, OJHAKO, HEOOXONMMHM B Pa3HHX TEOPEeTHYECKHX BOMpOCax,
B 4YaCTHOCTH, B FeOMETPHYECKMX HCCAENOBAHMAX, a4 MOITOMY TEOPHUIO
CHCTEM /MHEHHHX ypaBHeHWH MPHXOXHTCA PAa3BUBATh WHBIMH METOLAMH,
Gonee rayboxumu. OOmui cnyyait O6ymer paccMOTPEH B ciaeaymwieit
r/aBe, a AajnbHellee cofAepkaHnue HACTOSLIEH r1aBy NOCBALIAETCH CAY-
Yai0 ONpPEeJEeNeHHbX CHCTEM, HMeIOUHX PaBHOE YUCIO ypaBHEHMH U He-
H3BECTHHX, NPHIEM Mbl HAaYHEM C YWe H3yuaBIUHXCS B 27I€MEHTapHOM
aare6pe cHCTeM C ABYMf W TPeMf HEU3BECTHBIMH.
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NPEIUCHAOBUE K IHECTOMY HU3JAHHIO

IlepBoe u3nanue 3To#l KHUrH Buuwio B 1946 r., a 3arem ouna mepe-
u3fasanacb B 1950, 1952, 1955 u 1956 rr. Ilepen BTOPHM u yeTBep-
ThiM H3JlaHUAMH KHHUra NMOABEPranach 3HaYnTeNbHOM nepepaboTKe, HMeEs-
ple# uenbio OTPA3UTh ONBLIT ajarebpanyeckoro npenoraBaHus B Mockon-
cxom ynusepcurere, [Ipu MOAroToBKe K HACTORIEMY IUECTOMY H3AAHHIO
KHUTa nmojBepriach eute Gosee cephesHol nepepaboTKe, CTO/Db Cepbes-
HOH, YTO ¢ JOCTATOYHLIMH OCHOBAHMSIMH €€ MOXHO Obl10 68 CUUTATL
HOBOH KHHrofi, a He WIECTHM H3AaHHEeM CTapoH KHMUTH.

Dra nepepaboTka onpepensnach ABYMs 3anauamu. [Ipewiae scero,
HEOJAHOKPATHO BHLICKA3WBAAHCH NOXKENaHUS O PaCIIHPEHHH KHHULH A/
TOro, YToOH OHa ofecnedmBasa Bechb 00%3aTesibHLIA YHHBEPCUTETCKU
Kypc Buicieft anre6pbl, a He TOJNBKO ero nepaue ABa ceMecTpa, Kax
310 Ob10 A0 cux nop. C 370l Leabl0 B KHUIY BKJIOYEHO HECKONAbKO
nosuix raas, OfHa M3 HHX MOCBAIEHA OCHOBAM TEOPHH rPyNN, a 0CTalb-
Hhe OTHOCATCH K NnHeHHOH anrebpe — Teopud NUHEHHBIX TIPOCTPAHCTB,
TEOPHS €BKJMAOBHIX MPOCTPAHCTB, TEOPHS A-MATPHL H KOPLAHOBOH
HOPMaNbHOH GOPMH MaTPHUM, .

Koneuso, B coBercko#f anreGpauveckoil auTeparype B HacCTosuiee
BPEMA HMeEeTCs PsAld XOPOIIMX KHHUI No JuHe#lHoH airebpe, pa3auyHHX
no o0beMy, COAepWaHHIO, XapakTepy u3aaoxenus. HacTosias xuura,
Jaxe mocjie CTOJNb 3HaYUTeNbHOTO Ko0aBleHus K Hell MaTepuana, OTHO-
canterocs K Jjunneiinofi aiarebpe, He MOXET NPETEHAOBATH HA 3aMEHY
kakof-nn6o u3 atnx kHur. Tem He MeHee GECCNOPHO, YTO CTYAEHTAM
6ynet ynoOHO MMeTh BeCh 0683aTeAbHLIA MaTepHan COOPAHHLIM B OJHOM
yueOduKe H H3/MOWEHHHM €IHHLIM CTHJAEM, ,

C apyro#t CTOpOHBI, pacnonoXeHne r1as, IPHHITOE B NPEALIECTRYIO-
BIMX W3JaHHAX KHHUIH, YXe HaBHO He COOTBETCTBYET JIeHCTBYIOWEMY
B MockoBckoM yruBepcurete HaKkTHYECKOMY MOPSIAKY WBJA0KEHHS MaTe-
puana—3TOT nocneanuit B GoabiioR Mepe ompenpensieTcss HeoOXoLM-
MOCTBI0 K OMpeNe/eHHOMY CPOKY BBHIONHATH ONpendeleHHble 3aKasn
KYDPCOB aHaNIHTH4YeCKOH reoOMeTPHH H MaTEMaTHYECKOTO aHaausa, boapie
TOTO, TPH rofa TOMY Ha3ad B MoCKOBCKOM yuuBepcuTere Oublia BBELEHA
HOBaA MPOrpaMma Kypca Boicuteli ajre6pnl. 3a 3TH FOIB OHA YCHEHIHO
npouula HCNLITAHUA U NO9TOMY Ka3aaocCh Lesiecoo6pasHBIM I1ePeCcTPOUTh
KHHIY, PaCro/IOXHB B Hefi MaTepnan B TOUHOM COOTBETCTBUH C yKa3aH-
nodA mporpammoft, IlosBienue yue6HHKA, COOTBETCTBYIOIEro STOH



6 APEANCNOBHE K IUECTOMY HU3AAHHIO

nporpamMme, 0OGJETYHT, BepOATHO, €e BBEAEHHE H B NPYTHX YHUBEpP-
CUTETaX CTPaHHl,

YkaweM pacnpejelnenne maTepuana no cemectpam: 1-if cemectp—
raass 1 —3, 2-f1 cemectp—raaes 6—9, 3-#i cemecTp—raasy 10,
11, 13 u 14. Cneayer oTMETHTD, 4TO CTyJAeHTH-MEXaHHKH MOCKOBCKOrO
YHUBEPCHTETA M3Y4aloT BLICIUYI0 anre6Gpy auiub B 00beMe NepBHX ABYX
CeMecCTpOB. :

Hecomuenno, 4To 3Ta nepecTpolKa KHWTK Heé 3aTPYAHHT, a, OWTb
MOXeT, JAaxe # 06JeryuT ee HCNOJb30BaHHE B MEJArordyeCKUX HHCTH-
TyTax. '

[peantecrsyiomue nepepaboTKh, KHHFH YAaBadoCh BHNOAHHTL Ge3
BCAKOTO yBennuenus ee o6bema, Ha stor pas cumenatp 310 Omino,
KOHEYHO, HeBO3MOXHO, 2KesaHue B KaKOH-TO  mepe COKPAaTHTh 00beM
KHUTH 3aCTaBHJIO HCK/AIOYHTD W3 Hee HEKOTOPHH MaTepuan, B HaCTHOCTH
naparpadsl, nocBaLleHHbIe Teopeme ['ypBuIa, Teopuu aare6p u Teopeme
dpobennyca. Tem He Menee He Ka3al0Ch Pa3yMHHM OTPAHHUHTLCH N3N0~
JEeHHEeM B KHHUIe JHIIb TOr0 MaTepHaja, KOTOPHH BXOAHT ceifyac
B 003aTeNbHYIO NPOTPaMMy, <T. €. NPeBPaTHTh 9Ty KHUTY B npocrtoft
koncnext Aekunft, CoxpaneHHn#t B KHUre Heo6Gf3aTeNbHHH MaTepuan —
naparpadnl, LETHKOM K HEMY OTHOCSUIMECS, OTMEYEHH 3B€310YKOH,—
KaK npaBMAO, TaKOB, YTO B CBOE BPEeMA OH BXOAMJA B 0GA3aTE/bHYIO
nporpaMMy Kypca BhiCHIeH aiare6psl, B HEKOTOPHX YHHBEPIHTETAX AU
nefaroruyeckux HHCTHTYTAX BXOXAHT B NPOrpPaMMy ¥ ce#yac H BO BCS-
KOM cnyyae Ona Ob BKIIOYEH B mporpammy, ecaw On Kype Buciued
anre6pel pacnonaran GOAbIIEM YHMCTIOM 4acoB.

[pn nepepabGoTie KHUrH ObIM H3MEHEHH TaKkKe HEKOTOPHE NEeTasH,
Ha KOTOPHX Mbl He OyaeM, OJHAKO, Ceifiuac OCTaHaBAHBATLCA,

A. Kypowu
Mocksa, zeratps 1958 r.-



BBEJEHHUE

MartemaTtuyeckoe oOpa3oBaHue CTYLEHTa-MaTeMaTHKa HaYHHAETCd C
NU3yyeHUs TPeX OCHOBHBIX JUCUMIVIMH, 4 HMEHHO MAaTEeMaTH4YeCKOTrO
aHaAHM3a, AHANTHTHYECKOH TeOMEeTPUH U BHICINEH aare6psl. DTH AHCURIIMHBL
MMEIOT PAM TOYEK CONPHKOCHOBEHHUS, a MECTAMH U NMEPeKPHITUHIL, H BMeCTe
cocTaBaAA0T QyHAAMEHT, HA KOTOPOM CTPOMTCS BCe 3LAHHE COBPEMEH-
HOH MaTeMaTHYECKOH HaykKH.

Buicuras anre6pa, u3/10ueAHI0 KOTOPOH OCBAIIEHA HACTOSAILANK KHHTA,
‘npeacTaBiafeT coboil ganexo uayuiee, HO BNOJHE ecTeCTBEHHOE 0000ue-
HRe OCHOBHOTO COLEPWAaHud WKOAbHOLO Kypca d1emeHTapHo#t aarebpul.
LlenTpanbHpiM B WIKOAbHOM Kypce anre6phl isiigercs, GECCOOPHO, BOMPOC
0 peweHuy ypaBHennd. Kax uyuTtarenp NOMHHUT, U3yueHHEe YpPaBHEHHH
HAYNHaeTCd C OYEHb IPOCTOrO C/Ayyuas OJHOTO YPaBHEHHs NePBOY cTeneH
C OAHMM HEM3BECTHHIM, & 3aTeM pa3BHBAETCA B ABYX HAaNpaBIeHHHX.
C onHOH CTOPOHB, PacCMaTPUBAITCH CHCTEMb ABYX M TPeX yPaBHeHH
nepBod CTeMeHH ¢ ABYMA M, COOTBETCTBEHHO, TpPeM$i HEH3BECTHLIMH,
€ APYroH CTOPOHH, HM3y4aeTcs OJHO KBAJAPAaTHOE YPaBHEHNE C OXHHY
HEM3BECTHHIM, & TaKXKe HeKOTOphe 4YAaCTHHE THIML YypaBHeHuil Oonee
BHCOKOH CTENEHH, JerK0 CBOAfiHEecs K KBAAPaTHHM (OUKBAApaTHbE
ypaBHeHUs, Hanpumep).

Arn 062 HampaBieHUs NOJAYHAlOT JajbHeilliee PasBHUTHE B Kypce
Bucuiefl aare6pni, onpenensis ee pa3OueHHe Ha ABa GO/MbIIMX OTAeNa.
Onus H3 HHX, 2 UMEHHO OCHOBH JHHEHHOM anreGpnl, HMeeT HCXOMHOM
3apadeil U3ydyeHHe MPOU3BOAbHHIX CHCTEM YypaBHEeHUHl MepBOH cTemeHu
HAH, KAK TOBOPAT, AHHeHHbX ypaBHeHHH, [na peuwreHus Takux CHCTeM
B TOM CJyyae, KOrja 4MCJI0 yPaBHEHHH PABHO YHCAY HEU3BECTHHIX, Pa3-
pa6GaThiBaeTCH anmapaTt TEOPHU oOnpeaenureneil. DTOro amnmapara yxe
HELOCTATOYHO, OAHAKO, /5 U3YUEHHST TAKUX CHCTEM ANHeHHbIX YPaBHEHUH,
Yy KOTOPBIX YHCIO yPaBHEHHH He PaBHO YHC/IY HEH3BECTHHIX, — CJy4ai,
HENPUBLIYHEI ¢ TOYKU 3DEHHUS 3N1eMeHTAPHON anre6pnl, HO OYEHDb BAXHLIN
ans npunowenuft. Okasanoch HeOGXOAUMBIM, B 4aCTHOCTH, pa3paGarhbi-
BaTh TEOPHIO MaTPHl, T. €. CHCTEM 4HCeJ], Pacno/OKeHHBX B KBaApaT-
HEe WM TPAMOYTOJbHBE TaOAHUK W3 HECKOAbKHMX CTPOK H CTONGLOB,
3ra teopus okasanacb OYeHb rAyGOKOH M HAalIA TPHAOKEHHS HaNeKO
3a npele]aMy TEOPHHU CHCTeM NuHelHHX ypaBHenu#, C apyro# CTOpPOHHI,
H3YYeHHE CHCTeM JuHeHHbX ypaBHeHnit noTpebOBAIO BBELEHHS U U3yUe-
HUl  MHOTOMEpPHBIX (TaK Ha3WBAEMLIX BEKTOPHBIX HAH /JNHHEHHBIX)



8 BBEAEHHE

NpOCTPaHCTB. ¥ amioneH, Janeknx OT MATEMaTHKH, C MEOTOMEPHLIM (B 11ep-
BYIO OUepelib C YeTHpeXMepHhiM) NIPOCTPAHCTBOM CBA3LIBAIOTCH TYMAaHRHE
M 4aCTo OWHOOYHbe NPeACTaRACHNUS; B AeHCTBUTENbHOCTH %e 9TO NOHNA-
THE ABJISETCH YHCTO MATEMATHYECKHM, 1aKe B OCHOBHOM aireGpaudyecKnM,
H CIYXKHT BAXHBIM OPYAHEM BO MHOTHX MaTEMaTHYeCKHX MCCICLOBAHUNX,
a Takke B dH3NKE U MeXaHHKe,

Bropas nonosura kypca ssiciiefi anre0Opn, HasbiBaemas anreGpoil
MHOTOU/ICHOB, NOCBAILEHA H3YYEHHIO OJHOTO YPABHEHHUS OT OJHOIO HEH3-
BEeCTHOIO, HO yXe NMPOU3BOABHOM CTeneHH. YuuThiBas cyuleCTBOBaHne
dopMynbl NS pelleHHs KBAaJPaTHHX YypaBHeHHH, €CTECTREHHO OniNo
KCKaTh aHanoruudsle QOPMYInt A9 ypaBHeHull 60/ee BLICOKHX cTEneHed.
Victopuuecku 31oT oTAen anre6pH Tak ¥ pa3BHBa/cH, npuvem GopMmysn
AAd pelleHHst ypaBHeHHH TpeTbed W yeTBepTOit CTeneHu Ouniu Halilenu
eute B XVI Bexe. Tlocne sToro wayanuce GesycmeumHbie nOUCKH GOpMy,
KOTOpPBE Bhipamaad On KOPHH ypaBHeHWil naTod M Gojlee BHICOKHX
creneneif yepes K03pPUUUEHTH ITHX YpaBHEHHH NPH [OMOLLH PAXHKANOB,
6LTb MOXET M OuYeHb MHOTO3TAXHHIX. DTH MOMCKH MNPOAOMKAIUCH RO
nayana XIX Beka, Koraa Oni1Q, HaKOHell, JOKa3aHO, YTO Takue GopMynu
e MOTYT ObiTb HafileHbl ¥ 4TO AN BCeX CTemeHeil, HauuHad C NATO#H,
CyUIECTBYIOT JlaXe KOHKPEeTHhe MPHMEepPH YpaBHEHHH ¢ LeJ0YUCAEHHHMH
k03 HUHEHTaAMH, KOPHH KOTOPHIX He MOryT OHWTb 3alyucaHd OpH no-
MOWH paanKallioB.

OtcytcTBre QOpMYyN ANS pelieHHsl YPaBHEHHH BHICOKUX CTeneneil ne
CA€AYyeT CYHTATH OYEHDb MEYa/NbHLIM OGCTOATENbCTBOM — A3Xe B C/Aydae
ypaBHeHuH TpeTbeH H YeTBEPTOH CTeneHu, rie Takue GOpMyan cyure-
CTBYIOT, OHH OY€Hb TPOMO3IKH H NPAKTHYECKH INOYTH OecnoiesHu.
C npyro#t croponn, k03pQUUHEHTH TeX ypaBHeHHH, .KOTOpHE MPUXO-
ARTCA pewiaTh QU3UKAM H/M HHXEHEPaM, ABASIOTCS OGHYHO BeAHYHHAME,
TOJAYYEHHHIMH B pe3y/bTaTte U3MepeHHiH, T. e. H3BeCTHH NHIUIb NPudan-
WEHHO, a MO3TOMY H KOPHH HYXHO 3HATh JHINb NPHOAMKEHHO, € 3a1aH-
10l TOYHOCTBIO. DTO MPHUBENO K Pa3paboTKe Pa3NUYHLIX METOLOB MPH-
GAMIKEHHOrO pelueHHs ypaBHEHHH, JHIIb npocTeliine U3 xm'opux usna-
raloTcs B Kypce BHCIEH anre6phl.

llenTpanbHbiM B anreGpe MHOTOYAEHOB OKa3biBaeTcs, OMHAKO, He
BOMPOC O MPAKTHYECKOM PAa3blCKaHHH KOPHel ypasHeHuH, a BONPOC 06
uX cymecTBoBaHHU. M3BeCTHO, YTO CyWecTBYIOT Aaxe KBaApaTHHE ypas-
HeHud ¢ ReHCTBUTENbHEIME KO3PPULUEHTAMH, He HMeIoIHe KeHCTBUTEb-
nux kopued. [Tononuss 3amac uucen A0 COBOKYNHOCTH BCeX KOMIekc-
HLIX YHCEJ, Mbl OOHAPYXKUBAEM, UTO KBALPATHLIE YPABHEHHT YKE KOPHAMY
001a1210T M 4TO STO Ke <CNPaBeMNUBO M A ypaBHenHd TpPeTbel u
4eTBEPTOH CTENEHH, KaK BHITEKAeT M3 CYHIECTBOBAHUA QOPMYN M ux
peuwenusi. He Hafinercs nu, omnako, takoe ypaBHeHue NaTOH HAH Gonee
BHICOKOH CTeneHw, KOTOpOe He UMeeT HH OAHOTO KOPHH RaKe Cpeau
KOMIIJIEKCHBIX YKCEN, H He NPUIeTCd AH A/ Pa3biCKaHUfA KOpHeHd nono6-
HbIX YPaBHEHHH MEePeXOMHTh OT KOMMIEKCHHIX 4HCeN K 6osee IHHPOKOMY
3anacy uucea? OTBET Ha ITOT BONPOC JAaeT BaxHas TEOPEMa, YTBep-



BBEJEHHE 9

WAAWOULAA, YTO BCAKOE YpaBHeHHe ¢ JWObMHM YHCA0BHIMH KO3DduLHen-
TaMH, HE TONLKO NEHCTBUTEJbHHMH, HO W KOMIJIEKCHBLIMH, MMEET KOM-
nieKcHue (OHTh MOXET, B YaCTHOCTH, NeHCTBHTEe/NbHBIE) KOPHHU, NPHYEM
KopHe# 3TuX, BooOule roBops, Naxe CTOJbKO, KaKoBa CTeNeHb ypaB-
HEHHUA.

TakoB kpaTkiit 0630p OCHOBHOr'O COAEPKAHHA Kypca BHCIIeH ajireOpHl,
Cnepyer nOAYEPKHYTb, YTO BHiCilaf aare6pa fB/JAETCA JIHMIIb HA4a/JI0M
60ab1I0H anrebpanyeckoll HayKu, oyeHb pa3BeTB/eHHOH, Goratoil conep-
WaHHeM U MOCTOAHHO pa3BuBawpuefics. [lonmpitaeMcs maTtb ©630p, eue
Gonee Geramii, Tex BeTBeH anareOpn, KOTOpHEe B OCHOBHOM JekaT 3a
npeaenaMu Kypca BuiClle#t anre6Gphl.

Jluueitnas anrebpa, sBadiouiascs Goabmoil Hayko#, nocaauieRHoi
B OCHOBHOM TEOPHH MATPHIL W CBA3aHHOH C HEIO TEOPHH JHHEHHHX npe-
oOpa3oBanuil BEKTOPHLIX IPOCTPAHCTB, BKJIOYAET B ceb Takke TEOPHIO
¢opm, TEOPHIO HHBAPHAHTOB M TEH3OPHYIO anredpy, HIPaOULIYI0 BAKHYIO
poab B nuddepenuuanpro reomerpun. Teopus BeKTOPHLIX NPOCTPAHCTB
nosiyyaeT pajibHeliliee pa3BuTHe BHe anreGpe, BOYHKIUHOHAIbHOM 2HA/H3e
(6eckoHeuHoMepHbie npocTpaHcTaa). [1o pasnoo6pasuio H 3HAYHTENbHOCTH
NPUIOKEHHH Kax B MaTreMaTHKe, TaK W B MexaHuke, Qu3HKe H TeXHH-
YyeCKHX HayKkax JAuHeHHas anre6pa ocTaercs Moka nepBoH Cpean MHBOToO-
YHCTIEeHHBIX BeTBeH anrebphis

Anre6pa MHOrOY/IEHOB, pa3BUBABIIAACH HA NPOTHHEHHH MHOTUX ReCH-
THAETHH KaKk Hayka 00 OJHOM YpPaBHEHHH MNPOU3BOJbHOH CTENEHH OT
OLHOTO HEH3BECTHOTO, TENepb yie B OCHOBHOM 3akondena. Janbueinee
pasBUTHE OHAa YaCTHUYHO MOJYYHIA B HEKOTOPHLIX pasaenax Teopuu dyHk-
UHA KOMIJIEKCHOrO MepeMeHHOro, B OCHOBHOM e Mepepoc/a B TEOPHIO
nosei, 0 KOTopoi ckaxeMm Huwe. UTo e Kacaercs OdeHb TPYAHOro
BOMPOCA O CHCTEMAX YpaBHeHHH OT HECKOJbKHX HEH3BeCTHHX, HO He
AVHelHBX, a TPOU3BONbHLIX cTeneHelt, — 3TOT BOMpoc, 00 beANHAIOULH X
06a nanpasJienusi, pa3pa6aTeBaeMbie B Kypce BeiciueH aare6pu, B CaMoM
STOM KypCe NOYTH He 3aTParMBaeTCH, — TO OH M0 CYILECTBY OTHOCHTCH
K 0co00if BeTBM MaTeMaTHKH, Ha3nBaeMo# anreGpandeckoit reomerpuei.

HcuepnuiBajoniee peuwtenne Bonpoca 00 YCJAOBHSIX, TPH KOTOPLIX
ypaBHeHne MOxeT ObTh pelieHo B paauKanax, Oui0 AaHO PPAaHIY3CKHM
matematuxoM lanya (1811 —1832). Ero uccnenoBanusi yxasaiu HOBbie
HanpasJ/eHHs B Pa3BUTHU aare6pH, uTo npuseno yxe B XX Beke, nocae
paboT HeMeLKoil keHwnHb-anreGpaucta . Hétep (1882 — 1935), k odop-
MJIEHHIO HOBOH TOUYKH 3penud Ha 3agaun aareGpauveckol Hayku. Cefiuac
6eccrlopHo, 4YTO BOBCE He M3yueHHe YpaBHEHHH SIBASETCH LEeHTPanbHOMH
3anaved anre6pul, McTHHHBIM 06beKTOM anreGpanyeckoro MCCae 0BaHud
clepyeT CYHTaTb anrebpandeckue onepaluu, noAo0HLHE CAO0KEHHI ual
YMHOMWEHHIO YHCeJT, HO MNPOU3BOAHMbIE, BO3MOXHO, HEe Hal 4YHC/IAMH.

Yke HIKOJAbHHKY NPHXOAUTCA BCTpeYaThes B Kypce QU3UKHM C onepa-
nueil cnoumerns cul. MateMaTHyeCcKne AMCHHIIMHD, H3Y49aEMbie Ha NepBHX
Kypcax yHHBEPCHTETOB H NefarorHyecKuX HHCTHTYTOB, MPHHOCAT MHOTO-
YyHC/leHHbe IPHMepsl alre6panuecknx onepaund — c10KeHHe ¥ YMHOXKenue
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MaTpull, Gpydxnull, onepainuy Had npeo6pa3oBaHNAMH IPOCTPAHCTBA, HAX
BEKTOPaMH # T. X, JTH ONEPAUUH OOLYHO TOXOWH Ha OMepallHH Hax
YMCAaMH M HOCSIT Te e Ha3BaHHA, HO WHOTAA HEKOTOpHe CBOUCTBA,
MpUBBIIHBIE B CIyUae YUCeN, OKA3bBAKOTCA yrepsiannmu. Tak, oyens yacro
H B OUeHb BAWHLIX ClyYasix ONEPANHH OKA3BIBAIOTCH HEKOMMYTaTHBHBIMH
(npousBeneHne 3aBUCHT OT NOPANKA COMHOXKMTeNeH), a MHOrAa 1 Heacco-
LHATUBHHIMY (IpOM3BelleHNe TPEX MHOWHTENeH 3aBHCHT OT PacCTanOBKH
CKOGOK).

Haubonee CHCTEMaTHYECKOMY H3yYEHHIO HOABEPralTCs HEMHOTHE,
HauGo/ee BaKHLIE THIIB a/Are6panuecKyx CUCTEM, T. €. MHOXECTB, COCTa-
B/IEHHBIX U3 3/EMEHTOB KaKOH-1u00 MPHPOJL, AJAS KOTOPHIX ONPeLeneHml
HEKOTOpbIe anrebpaudeckne onepauuu. TakoBul, B 4aCTHOCTH, oA, JT0
OynyT anrefpanyecKue CHCTEME, B KOTOPHX, NOJOOHO cHCTeMEe AeHCTBH-
TEJbHBLIX ¥ CHCTEMEe KOMIUVIEKCHBIX YHCEN, .OnpejeleHs ONepalnyu C10wke-
HHA M yMHOWeHHd, 00e¢ KOMMYTaTHBHbiE H aCCOIMATHUBHEEC, CBA3AHHBIC
3aKOHOM AHCTPHOYTHBHOCTH (T. €. CHPAaBeAJIMBO OOBYHOE TPABUAO Pac-
KpLITHS CKOGOK) M obnafamouine o6paTHHMHA onedanusMu — BHIYHTAHHEM
u peneHueMm, Teopusa moje#t okasajsach eCTECTBEHHOH 06/1acThio A/
AanbHeHllero pa3sBUTHA TEOPHH YPaBHEHHil, a ee OCHOBHbIE BETBH — T€O-
pHst moneil anreGpanYecKHX YHCeN H TeOpHH TMOJeH anre6pamdeckux
(yHKUn — CBA3aAM €€ COOTBETCTBEHHO C© Teopuell 4Yucen W TeopHei
GyHxiud Komnnekcunoro nepementoro, Kypc Bricme#t anre6pol BKOYaer
B cefd 3/ieMEHTapHOe BBEIEHHE B TEODUIO MOJeH, a HEKOTOPLIE pa3ieibl
KypCa — MHOTOY/AEHH OT HECKOJbKHX HEH3BeCTHBIX, HOpMajbHas dopma
MaTPHULULI—HU31AraloTCa Cpa3y AJA c1ydast IPOH3BONBHOIC OCHOBHOTO OIS,

Bonee mupokum, dem. NOHATHE IO/f, SBASETCS MOHATHE KOJbLA.
B orauune or cayuad monas, 3/eCh yKe He TPeGYeTCs BHIIOAHHMOCTH
JNeneHus M, KPOMe TOro, YMHOXEHHE MOMXeT ObIThb HEKOMMYTATHBHLIM W
Rawe HeaccouuaTusneiM, [IpocTelnMn mpuMepaMu KoMel, CIYKAT COBO-
KYIHOCTb BCEX HeAbX Yucen (BK/IIOYAs M OTPHIlaTe]NbHhE), CHCTeMa
MHOTOU/ICHOB OT OJHOTO HEM3BECTHOTO M CHCTEMAa NAeHCTBHTENbHHX PYHK-
un ZeicTBUTENBbHOrO MepeMenHoro. Teopus konel BKII0YaeT B ceds Takue
cTaphie BeTBH a/ire6pel, KAK TEOPHS FHIEPKOMIUIEKCHBIX CHCTEM H TEopHs
MAEeasoB, OHA CBA3aHA C PALOM MAaTEMATHYECKHX HAYK,”B 4YaCTHOCTH
¢ QyHKUMOHAAbHBIM aHANM3OM, M YXe HAlUUla HEKOTOPble BHIXOLH
B ¢usuxy. Kype suicueli anre6pel, no cyuectsy, COAEPXHUT JUUIb Ofpe-
Je/eHue MOHATHS KOJbLA.

Eme 66nbmyio o6nacte npuMeHeHuil uMmeer teopus rpynn. [pynnoit
HasmiBaeTcs ajreGpayyeckas cucteMa C OXHOH OCHOBHOH omnepauuei,
NprYeM 9Ta ONepaus AomxkHa OHTh aCCOUUAaTHBHON, XOTS He 0043aTENbHO
KOMMYT4THBHOH, ¥ N0M%kHAa oO6namatk o6paTHOH omepauuei — JAeneHnem,
€C/ld OCHOBHAs ONepauus HasBaHa yMHoxeHnueM, TakoBa, HanpuMep, CoBo-
KY[HOCTh Le/blX YUCes, PaccMaTpUBaeMas OTHOCHTENAbHO OllePAllNH CII0WKE-
HUS, @ TAKKE COBOKYNHOCTD NOJOWHTEAbHHX HeHCTBUTEAbHBIX YA CeA, pac-
cMaTpuBaemad conepaunefi ymuoxenus, I pyansiurpanu 604bUIYI0 PONBYHKE
B Teopun lanya, B Bonpoce 0 paspemluMOCTH YpaBHeHui. 8 paguKanax,
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ceityac e OHKU SIBJASIOTCSA BAauHBIM OPYJAMEM B TEOPHH monelf, BO MHOI'AX
pasjlellax TeOMEeTPHH, B TOMONOIMH, a TaKWKe H BHE MaTEMATHKH—
B KpucCTanitorpaduu, B teopetnyeckolt ousnke. Boobuwe, no wwmpore
obnactu NpUACKeHUHl TEOpHA rpynn 3aHUMAET CPeaM BCeX BeTBeil
anrebpul creayiouiee nocne aAnHeliHolt anreGpsl Mecto. Haw xypc Bxiio-
yaet B ceba riaBy, NOCBAIIEHHYIO OCHOBAM TEOPHM TpynI.

B cample mnocieaHue MecATH/AETHS BO3HHMKAA M JaleKO Pa3BHIach
HoBasg 06nacTb anre6ph — Teopus crpykTyp. CTpykTypo#l HasbiBaercst
anrefpanyeckass CHUCTeMa € ABYMs ONEPaUUsIMM — CJIOWEHHEM M yMHO-
WEHHEM., DTH ONmepaluu LOMKHE ObTh KOMMYTATHBHHIMH H aCCOLHATHB-
HBIMH, a TaKKe yAOBNETBOPHATH CleAylomuM TpeGoBaHMAM: H CyMMa, H
NpOU3BEJEHHE JIeMEHTa ¢ caMum 06010 NOJKHH DPaBHSITHCA CaMOMY
3TOMY 2JIEMEHTY; €CJA¥ CyMMa JABYX 3/JEMEHTOB paBHAa OJLHOMY M3 HHX,
TO MPou3BeJeHne PaBHO Apyromy, u obparno. [lpumepoM CTPyKTYypHl
CHYKUT CHCTEMA HATypaabHBLIX YHces], paccMartpuBaeMas OTHOCHTEIbHO
onepauuil B39THs 06111€r0 HAUMEHbILIET0 KPaTHOTO H o6uiero Hanbosabuiero
deautenst, Teopus CTPYyKTYp HMeeT MHTepecHhe CBA3H ¢ TeopHuel rpynn
¥ TeopHeil KoJel, a Takwe C TeopueH MHOXECTB; OJAHA CTapas BeTsb
reOMEeTPHH, & HMEHHO NPOEKTHBHAS FeOMeTPHS, OKasanach, MO CyuiecTny,
4acThi0 TEOPHH CTPYKTYP; MOXHO OTMETHTb TaK¥e OJMH BHIXOJ TEOPHH
CTPYKTYP B TEOPHIO 3/JEKTPHYECKUX CceTel.

VsBecTHblif napanienusm, CymecTByOUHHA MEK LY HEKOTOPHIMU YaCTAMA
TEOpHH TPYNN, TEOPHH KOJEL ¥ TeOPHH CTPYKTYP, NPHBE] K BO3HUKHO-
BeHuio oOwed Teopur anare6panuyecKkuX CHCTEM (MM YHHBEPCAbHBIX
aare6p). Dra Teopus Coenana NoKa AUUIb CaMble MEPBbie WIATH, HO KOH-
TYpHl €€ yXe BHPHCOBLIBAIOTCA, a 0OHAPYKHUBILMECs 31ech CBA3U C MaTe-
MaTHYECKOH 1OruKOo# MO3BOJAIOT PaCCUNTHIBATD HA CEPhe3HOe AanbHeliliee
pa3BHTHeE.

KoHeuHo, B H3/10X%eHHYIO BHllEe CXEMY 1a/leKO He YK/JIARALBAeTCH BCe
mHoroo6pasnoe coaepxanne aarebpandeckoit Hayku. CyuecTsyer, B yacT-
HOCTH, PAA OTAENOB aaredpul, NOrpaHHYHbLIX C APYTHMH Pa3aeamMu mare-
matnku. TakoBa Tomonaorudeckas anredpa, usyuvampomas anrebpanyeckue
CHCTEMBb, B KOTOPHIX Onepaluyu HenpepuBHL OTHOCHTENbHO HEKOTOPOH
CXOLMUMOCTH, ONpefleeHHON [/ 9N1eMeHTOB 9THX CHCTEM; NPHUMEpPOM
CNYyWHUT CHcTeMa AeiicTBuTe bHuXx uyncen. K Tononorunueckofi anrebpe
6/M3Ka TEOPUS HEMPepPLIBHBIX (MW JMUeBBIX) TPYMN, HMEIOLas MHOrO-
YUCJAEHHHE TNPHNOKEHHSI B PA3JHYHHX BONPOCAX TEOMETPHHU, B TEOPETH-
ueckoit du3nKe, B TUAPOAHHAMUKE. Brpouem, Teopus /aHeBHX rpynn
OTAHYAETCA TAKUM MepelieTeHHeM anre6pauvyecKHX, TOMOJOTHYECKHX,
FeOMETPHUYECKHX M TEOPeTHKO-PYHKUMOHANbHHX METOJOB, YTO Obiio Onl
NPaBANbHEM CuuTaTh ee o0coboii BeTBbio Martemartuku. Cymecrsyer,
najee, TEOpUS YNOPALOYEHHbIX anrebOpamvyecKHX CHCTEM, BOIHHUKINAS
B CBA3M ¢ HCCACNOBAHUSIMH MO OCHOBaHWAM TCEOMETPUH U HalueAmas
npuaoxenus B PyHkuHOHANbHOM ananuse. Haunnaer passuBatbes, Hako-
vel, Anddepenunanpuas anre6pa, yCTaHaBAHBAIOLIAT HOBBIE CBA3Y MEWAY
anre6pofl 1 Teopuefl auddepenynanbHLX ypaBnexu,
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Camo cofoft pasymeercs, 4To To Gnectsiniee passuTHe anreGpaunue-
CKOR HayKH, KOTOpOE NPHBENO0 K ee CeroAHIIHeMY COCTOSRUIO, HE OHIIO0
CNy4alHbIM — OHO SBHJIOCH 4aCThI0 OOCILEr0 PasBHTHA MAaTeMaTHKH H
B 3HA4YUTEeNLHOH Mepe BH3WBANOCh HEOGXOAUMOCTBIO OTBETHTh HA 3aNIPOCH,
npeabsBAsgeMbe K ajre6pe cO CTOPOHW IPYTHX MaTeMaTHYeCKUX HayK.
C npyro#t ctopoums, passnTHe anrefpw caMO OKa3bBajl0 W OKa3biBAET
oYedb OO/MbINOE B/AHSIHME HA Da3BHTHE CMEXHBLIX BeTBeH Hayku, 0CO-
6enno ycunuplueecs 6/1arofapsi TOMY paciinpeHno o61acTH npuaoKeHui,
KOTOPOE XapaKTepHO IUIA COBPeMEHHOH anreOpH, W NO3TOMY WMHOrAA
roBOPAT Aawe O npoucxonsue# celfuac «anre6pan3auvHy MareMaTHKH.

O630p anre6prl, AaHHWH HAMH BhIIE, HE TOJbKO HBIYETCA OYEHD
Ger/iniM, HO M He NaeT NPejiCTaB/ieHHs 06 HCTOPHH PA3BHTHA 9TOH HAYKH.
Mui 3akon4YHM NO3TOMY Hallle BBEIAEHHE OYEHb KPATKHM 0630pOM HCTOPHH
anre6pHi,

Hexotopuimu Bonpocamu anre6pbl, B YaCTHOCTH peleHUEM. NPOCTeH-
HIMX ypaBHEeHHH, 3aHMMauCh enlle BaBHJOHCKHE, a 3aTeM APEBHEr peYecKHe
mareMaTHku. BepunHofi anrebpaunyeckux uccneroBannlt 3Toro nepuosa
ABAAIOTC  COYMHEHH FPeYecKoro (anexCaHAPHICKOro) MareMaTHxa
HuodanTta (IIl Bex 1. 3.). B naapueiliiem sTH Hcene0BaHNA PAa3BHBAAKCH
HHAMACKUMH MaTemaTHKaMu — ApuaGxara (VI Bex), Bpamarynra (VI Bex),
Bxackapa (X11 Bek). Ouens pano sauanach pa3paéoTKa BOMPOCOB aare6Gpnl
B Kurae —Yxkan Lau (Il Bex a0 H. 3.), Lzun Yoy-uyau (I ek H. s.).
Becbma KpynuuiM KuTaickum anre6pauctom 6 Liuns Lso-wao (X111 sek).

bBoabmoRk Bknaa B passuTHe aareGpbl BHECAH MATEMaTHKH CPeAte-
BEKOBOTO BOCTOKA, NucaBuive Ha apabCKoM #3biKe, B OCOGEHHOCTH ypo-
wenun Cpeaneidi Asunm y36exckHH yuenwh Myxammen Anb-Xopeamu
(IX Bek) n Tamwukcku# marematuk ¥ noat Omap Xaisam (1040—1123).
B yactHocTH, camMO €10BO «ajre6pay BO3HHKJAO B CBA3HM C 3arjaBuem
kuurw Anp-Xopeamu «Anb-gke6p anb-mykabanas,

YrnoMsaHyThie Bullie HCCASNOBAHHA BABHAOHCKHX, FPEUYECKUX, HHIHMH-
CKHX, KHTAHCKUX W CPeAHea3narcKux anreGpaHCcTOB OTHOCHAHMCH K TeM
BONPOCaM anre6pbl, KOTOPbie BXOAAT HulHE B NPOrpPaMMy Kypca /eMeH-
TapHo#t aare6pbi, H AHLIb HHOTAA KACAANCh ypaBHeHult TpeThell CTeneHy,
B 3toM ke kpyre BONPOCOB OCTaBajiuCh B OCHOBHOM H HCC/IEXOBAaHHS
CPeIHEBEKOBHLIX 3aMa HOEBPONEHCKUX aareGpancToB ¥ anre6panCcToB 9M0-
xu Bospowaenns; 4asoBeM HTanbsHCKOro maremaruka Jleodapno [1usaa-
ckoro (Pubonauun) (X1l Bex) v cosnartens coppementoft anreGpanyeckoil
cuMBoauku ¢$panuysa Boera (1540 — 1603). Bupouem, Bbiule yxe orme-
yanocb, 4to B XVI Beke ObiiM HalilleHn MeTOAH peHICHHA ypaBHenui
TpeTbell M yersepToif CreneHH; 3AeCh HOMKHBM OLTh Ha3BaHH HMeHa
nranbanies Peppo (1465—1526), Tapraabs (1500—1557), Kapnauo
(1501 —1576) u Peppapu (1522 — 1565),

B XVl u XVl sexax nponcxonnna untencusras paspaborka obuleil
TCOPHH ypaBHeHUH (T. e. anreO6pn MHOTO4YIEHOB), B KOTOPOH NPHRH-
Maau ywacTue kpynuehiume yyenne Toro ppemedd — dpannys -dekapt
(1596—1650), aurnuyanuy Heioton (1643—1727), dpanuyss Rasrambep
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(1717—1783) u Jlarpanx (1736—1813). B XVIII Beke nauanocr rakwe
IOCTPOSHHE TEOPHUM OnpejeiuTenel — mBeHnapckuid matTematuk Kpamep
(1704—1752), Pppanuysckuit yyeuwit Jlannac (1749—1827). Ha pyGewe
XVHI u XIX Bexos nemeuku# matematuk laycc (1777—1855) gokaszan
yIOMHHABIIYIOCS BHIIE OCHOBHYI) TEOPEMY O CYLIeCTBOBAHWH KopHel
ypaBHeHHA € YNCAOBHIMH -KO3(puLyeHTaMu,

flepsasa tTperp XIX Bexa 03HaMeHOBAHA B UCTOPUHU anreGpH pelieHneM
npobieMsl O pa3pemiuMOCTH ypaBHeHWUM B paankanax. JlokazaTteabcTso
HEBO3MOWHOCTH Halltw opmMyan Aas pelleHus ypaBHeHHH, CcTemeHs
KOTOPWX 6osbIIe NN paBHaA 0OsdATH, 6H.’10 NOJYy4Y€HO HTANbAHCKUM MaTe-
matrHkoM Pyddunu (1765—1822) u B 6onee cTporoit hopme HOPBEKCKAM
1829). Kax ywme oTMeualoch Bhillle, HCYEPlibi-
Baollee PellieHne BOMpoca 06 yCJIOBHAX, PU KOTOPHIX ypaaueune aouy-
cKaerT penieHue B paiukanax, npuHaaiexut [anya.

Teopus [anya sBusach TOIYKOM AU HIMPOKOTO PAa3BUTHA ajAredpui
B cepeguHe H BTopo#t monoeude XIX Bexka, B TOM 4HC/IE H HOBHX ee
nanpasnaenuit. Tax, nossuancey teopus nojnefl aare0pamyeckux 4ucen u
noael aareBpanueckux GyHKUHHE # CBA3aHHAsA C HEeH TeOpPHR HAEanos.
3mech HYXHO Ha3BaTh HeMeukux marematnxkos Kymmepa (1810—1893),
Kponekepa (1823—1891) u Henekunna (1831—1916) u pycckux Mare-
maruxos E. M. 3onorapesa (1847—1878) ul'. ®. Boponoro (1868—1908).
bBoabuioe Pa3sBUTHE MOJAYYHIA TEOPUS KOHEHHHX TPYMI, HAYL{As eufe oT
Jlarpawxa u [anya; szecp pa6otanu ¢panunyss Kown (1789—1857) u
HKoprau (1838—1922), nopeexckuit matematux Cunos (1832 —1918),
nemenkueanredpanctu ®podennyc(1849—1918)ulenpaep (1859—1937).
Hauano Teopuu HelpepuiBHHIX PPYMMN MONOKHAM HCCAEL0BAHUA HOPBEK-
ckoro maremaruka C. Jlu (1842—1899),

-Paboramu anrauiickoro yuenoro amuiastona (1805—1865) u nemeu-
xoro marematuka ['pacmana (1809—1877) navanacr TeopHus runepkKom-
ANEKCHBIX CHCTEM WM, KaK Tenepb FOBOPAT, Teopusa anre6p. Boabuwyio
poab B JajibHelilleM pa3BuTHH STOH BeTBUM anreGpu Hrpadn OTHOCH-
mHecs K KOHUy Beka pa6otw pycckoro MarematHka ®. . Moauua
(1861—1941),

Jlunefinaq am‘e6pa nocrurna B XIX Beke OOAbLIOrO pacuBera,
npewae Bcero Graroaaps paGortam anrauiickux mateMatvkos Cunabsectpa
(1814—1897) u Kanu (1821—1895). [lpomomxkanach paspaGoTka u
.anrebppl MHOTOM/IEHOB; MH OTMETHM JHILb METOL MPHOIMIKEHHOr0 peiue-
Hua ypasvennit, HalneHunt pycckum reomerpom H. WM. JloGauescium
(1792—1856), u padots Hemenkoro maremaTuka ['ypsuua (1859—1919),
BoBTopolinonoBine BexaHaATa/1a cO3AaBaThCA aare6panyeckas reoMeTpus,
B 4aCTHOCTH B pafoTax HeMenKoro matematuka M. Hérepa (1844-—1922).

B XX Bexe anreGpanyeckne nccaeloBaHus NpHoGpeny odeHs GOAbHIYIO
‘WHPOTY H anare6pa, Kak Mbl ye 3HAeM, 3aHf/Aa B MaTEMaTHKE BeChbMa
noYeTHoe MecTo. B STOT nmepuols BO3HHMKAOT MHOCME HOBHE pasfess
anre6pu, B TOM uucae obuias Teopua nojefl (pecATuie rofu), TEOpUd
gonent 4 ofwan Teopus rpynn (ABAAUATHE FOAH), TOMONOrHYECKAs
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anre6pa ¥ TEOPHUR CTPYKTYP (TPHANATHE TOAM); B COPOKOBHIX M NATH-
ASCHTHX FOMAX HOSBHANCL TEOPHA TNOJYLPYNN M TEOPHS KBa3HIPYMI,
TEOpHsl YHUBEPCANbHHX anre6p, roMonoruyeckas aare6pa, reopus Kate-
ropuii. Bo Bcex uacrtsx anare6pul paGOTAIOT KPYNHbie yueHpe, BHECHIHE
Cepbe3HbI BKAAA B HayKy, B PANE CTPaH BO3HHKAOT Gonbmue anrebpan-
yeckue MWKOAM, ITO OTHOCHTCH, B yacTHocTH, K CoBerckomy Coio3y.
V3 yncna pyccKnx XOPeBOJIONHOHHBX aareGpancToB, HOMIMO Ha3BaH-
HHX Bbllue, caenyer ykasath tTakxe C. O, llarysosckoro (1859—1929)
u JI. A. Tpase (1863—1939). Oanako nactoswuii pacuser anreGpan-
YECKHX HCCIEN0BAHMY B Haulel CTpaHe HayuHaeTcd auib nocte Benukoit
OxT1a0pbCcKO# peBOMIOLHH. DTH HCC/ACAOBAHUS 3aXBATHBAIOT MOYTH BCE
paslesin! COBPEMEHHOH anrebpanyecKoff HayKu, NPHYEM B HEKOTOPHIX H3
HUX PaGOTH COBETCKMX aare0PancTOB HIPAT PYKOBOAAILYIO Ponb, Mu
nazosem Jauwb ABa uMenn—H. I'. YeGorapesa (1894—1947), paGo-
TaplIero B TEOPHH NOJeH u Teopun aueBwx rpymu, u O, [0, muara
(1891—1956), mn3BeCTHOrO NONAPHKKA H B TO e BPeMs KPYMHOTO
aare6pancTa, CO3LATENs COBETCKOH TEOPETHKO-TPYIIOBOH KON,
3axanuuBas Haul KPAaTKUH 0630p COBPEMEHHOrO COCTONHHS W TyTeit
Pa3BuTHA anreGpLi, Mbl IOJKHI €ilje Pa3 NOLYEPKHYTh, 4YTO PACCMOTPEH-
HHE 3J€Cb BOMPOCH B OCHOBHOM JeXdT 3a MpelenaMu Kypca BhiCieH
aarebpui. 3anavyed 00630pa. ObiN0 ML NOMOYb YHTATENO TMONYYHTH
NpaBHIbHOE NPEJCTaBIEHHE O MECTE, BRHHMAEMOM KYPCOM BriciieH anreGpul

B anrebpanyeckoli Hayke B 1eJOM ¥ BO BCeM OOAbLIOM 34aHMH MaTe-
MaTHKH,



CJIABA TIEPBA4
CUCTEMB! JIMHEHHBIX YPABHEHHH. ONPENEJIUTEJHN

§ 1. Meron ROCJICAOBATEABHOI0O HCKJIIOUEHUSA HEH3BECTHBIX

Mbl HauduaeM Kypc BbiCiIell anre6pul ¢ M3y4yeHus CHCTEM ypaBHeHuUH
nepBoHl CTEMeHM C HECKO/IBKMMM HEH3BECTHHIMH HJH, KaK OOLYHO TOBO-
PAT, cucTem Aunellnvlx ypasrenuil).

Teopust cucreM JiHHEHHBIX ypaBHeHu#l knameT Haualo 60/bIOMY
H BaXHOMY OTHAeqy aireOpbl— JuHeHHON anrebpe,—K KOTOPOMY OTHO-
cutcst Gonbinas yacThb ryaB Hawefft KHHUCH, B YACTHOCTH €e MepBble TPH
raasel. Koagduunents ypasHenuii, paccMaTpHBaeMbX B 3THX TpeX ria-
Bax, 3HAYEHUS HEU3BECTHHIX M BOOOIE BCe 9YHCAa, ¢ KOTODBIMH MH
OyleM BCTpeYaTbCsl, ClelyeT CuMTaTh AeHCTBUTeNbHHIMH. Brpouewm, Bce
COAEPWAHHE ITHX TIJ1aB JOCJOBHO MEPEHOCHTCH M Ha Cnyyal Mpou3BO/b-
HBIX KOMIUICKCHBIX YHCeJ, YKe U3BECTHHX YHTATENI0 H3 Kypca cpeasHel
LIKOJBL.

B otanyue oT snemeHTapHOH ajreGpH Mo OyJeM H3yuaTh CHCTEMB
C NPOHM3BO/NbHHEIM YHCJIOM YpDaBHeHHH W HEM3BECTHHIX, MNPHYEM HHOTrAA
YUCAO YpaBHeHUHH cucTeMbl He GyleT Jaxe MPeAnoJararbcs COBMNajalo-
wuM ¢ yucaoM HeuadpecTHbX. IlycTh Ham nAaHa cucTeMa M3 § JiMHEHHBIX
ypaBHeHuil C 71 HEeH3BECTHHLIMH. Y CJIOBHMCH ynoTpebnsiTh CAEAYIOLLYIO
CHMBOJIMKY: HEH3BeCTHHEe Mbl Gynem o6o3tauyaTh OYKBOH X ¢ MHIAEKCAMHU:
Xy, X9y ..., X, ypaBHeHus OyJeM CYUTATh NEPeHyMepPOBAHHLIMH — Iep-
BO€, BTOpOE, ..., S-e; KO3(pHUHEHT H3 i-ro YpaBHEHHS NPH HEHs-
BECTHOM X; 0003HauyuM 4epes ai/?); HaKoHell, CBOGOJHLIH uysieH i-ro
ypaBHenusi 0603HAuYHM uepe3 b;.

) 310 nasBaHHe CBA33HO C TeM, YTO B aHAJIHTHYECKOH TreOMeTpHH YypaBHe-
HHe 11epBOfl CTereHM ¢ JBYMS HEH3BECTHBIMH ONpejesifeT MPAMYIO JHHHIO Ha
MJI0CKOCTH.

2) Mol ynorpeliisieM, C/efOBATE/bHO, ABA MHIEKCa, H3 KOTOPHIX ITepBbHIl YKa-
3bIBa€T Ha HOMEp ypaBHeHH#A, BTOpPO—HA HOMep Heu3BecTHOro. Jna cokpame-
HHUS [HACbMA 3TH HHJEKCH He Pa3le/IsloTCs 3amsToH; He cjaelyeT, OAHAKO, B CJy-
“ae @;; BMECTO «a OJHH OAMH» YHTATb «a OJHHHAJANATby, B CJyYae gy BMECTO
«a TPH uYeThiPpe» UHTATb «a TPHAUATL UYeTHIpe».
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Hawa cucrema sanumercda Temeps B caexyiouieM o6uieM BHie:

Ay Xyt GypXot oes Fa3X, =0y,
gy Xyt Aok + oo X, =by,

A Xy - QgXy + oo g%, =0b,.

)

Kosdduunentst npu HensBeCTHHX COCTAaBALIOT INPAMOYTOJbHYIO Talb-
anuy

Ay v ve Qpp

gy Qoy «oo Qg

, @)

D I N Y

A1y -+ Qg

Ha3bIBAEMYIO marpuyed M3 S CTPOK W 1 CTOAO4OS; UMCAA Q;; HA3H-
BalOTCa saementamu matpuupl). Ecam s=n (1. e. wucao cTpox jpasuo
yucay CTONGUOB), TO MaTpHUA HaswBaeTcd = keadparHol MaTpuyed
nopsadka n. JuaroHanb STOH MAaTpHUb, HAYULas OT JEBOTO BepXHEro
K TIePBOMY HHXHEMY Yriy (T. €. COCTABJIEHHAS H3 SNEMEHTOB Oyy, fgy, ...
..., Q,,), naswiBaercd 2aaenoii Ouazonaisio.’ KBagpaTHas MaTpuua
nopsnka n OGyneT Ha3WBAaThC eJURUYHOL maTpuyed nopadka n, eciu
BCEe 3IEMEHTH €e T/aBHON NMarOHanu paBHH EIMHHLE, a BCE 3I/IEMEHTH
BHE 3TOH AHArOHANH PABHEL HYMIO.

Pewernuem cyuctemn numneHHbHX ypasneHn#H (1) HaswiBaeTcs Takas
cucteMa n uyucen ky, Ry, ..., k,, 4TO Kawmoe u3 ypabuenuit (1) oGpa-
12€TCS B TOXAECTBO NOCJE 3aMEHBl B HEM HEH3BECTHWX X; COOTBET-
cTByloLtMM uncnamu k;, i=1, 2, ..., n?).

CucTeMa NMHeHHBIX ypaBHEHHH MOXET HE HMETb HH OAHOTO pemle-
HUA M TOrJa OHAa Ha3piBaeTcs HecosmecTnoi. TakoBa, HanpuMep, Cu-
cTema

x1+5x2=]7
X+ 5x,=1T7;

TeBHe 4acTH 3THX ypaBHeHHH COBNAlNalOT, HO IIPaBhle Pa3JHYHbL, H f0-
TOMY HHMKaKas CHCTeMa 3Ha4Y€HHil HeH3BECTHbHIX He MOXeT YIAOBJeTBO-
puTb 0OOMM ypaBHEHUSM Cpa3y.

Ecan e cucrema nuneliHnix ypaBHeHHH 00/1a1aeT pEIUEeHHAMH, TO
oHa HaauBaercs cosmecrroi. CoBmecTnas CHCTEMa HA3KIBAeTCH onpe-
Oesennoii, ecnn oHa 06GnagaeT OJHUM-€NHHCTBEHHKIM peilieHHeM — JHIlb
TaKHe CHCTeMB JONYCKAIOTCH K PAaCCMOTPEHMIO B 371eMeHTapHOH anrebpe,—

1) Takum o6pasoM, ecid MaTpuuy (2) paccmaTpuBaTh BHE CBSI3H € CHCTe-
moit (1), To mepBHIf WHAEKC 3MNEMEHTa &;; yKa3siBaeT Ha HOMED CTpOKH, BTo-
poii —Ha HoMmep cToJfla, Ha IlepeceyeHuH’ KOTOPHIX 3TOT JIEMEHT CTOMT.

2) TlopuepkHBaem, 910 YHCA3 kyy Ky <o+, Ry COCTABNAIOT O HO Peluenye
CHCTEMEl, 38 He n pellenud.
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M HeonpedefeHnoli, ecnn peiienu#t Gonpuie YeM OLHO; KaK Mb y3HaeM
no3we, Hx 6yleT B 3TOM CAyyae maxe GeckoHeuno MHoro. Tak, cucrema

x1+2x2=7, }
X, +x,=4

OTMpelesieHHa: OHa MMeeT pewleHue x;=1, X,=3 U, KaK JerKko npo-
BepAeTCA METOAOM HCK/IOUEHHS HEH3BECTHOrO, 3TO peuleHne 6yIeT eAun-
creesHuM. C fipyro#t CTOpoHH, cHCTeMa

3x;—x,=1,
6x1—2x2=2

HEONpee/I€HHA, TaK KakK MMeeT GecKOHEYHO MHOTO pemiennii Buma
X, =R, x,=3k—1, 3)

TA€ 4YHCAO R TPOHM3BOJBHO, NpPHUEM PeIleHHSMH, MOJyYaOWHUMHCH TI0
dopmynam (3), McuepnHBAIOTCH BCe PEIIGHHS HalueH CHCTEMH.

3agaya Teopuu cucTeM JHHEHHHX ypaBHeHu#l cocTonT B pa3paborke
MeTOIOB, NO3BOJSIOIMX Y3HATh, COBMECTHA /M JaHHaf CHCTEeMa ypaBHe-
HAH WM HeT, B CAyd4ae COBMECTHOCTH YCTAHOBHTb 4YMCJIO pelleHud,
a Takxe ykasaTh cnoco6 Ha#TH Bce 3TH pellenus.

Mu HayneM ¢ MeTOnd, Haubonee YAOOHOTO AN MPAKTHYECKOTO Pa3H-
CKaHUA pelleHHH CUCTEM C YHCJIOBHIMH KO3D(HIUHEHTAMH, @ HMEHHO Me-
mooa nocAe008amenbHO20  UCKAOUEHUS Hel3BeCmHHX WIN Memvoa
Taycca.

Brauane omHO npeapBapuTe/sbHOe 3aMmeuaHue, HaM TpUAETCS Aenarth
Janbile Takue TIPeoOpasOBaHHs CHCTEMb JHHEHHHIX YpaBHeHHi: obe
YaCTH OLHOTO M3 yPaBHEHHWH CHCTEMH, YMHOXEHHBE Ha ONHO H TO Xe
YHC/I0, BLIYMTATh M3 COOTBETCTBYIOWMX 4YacTeH HEKOTOPOTO APYroro
ypaBHeHust cucteMul. [lycTh maf ompeneneHHOCTH MH 06€ YaCTH NEePBOro
ypaBHeHust cucrempl (1), YMHOWEHHBIE HA YHCAO ¢, BHYMTAEM H3 COOT-
BeTCTBYIOWMX YacTel BTOPOro ypaBHeHHS. MB DOJYYHM HOBYIO CHCTEMY
AMHERHbIX ypaBHeHuH:

« ¢ e s e 4 e o .

@y1%y+ @ypXy -+ +a1nx =by, )

Q31X+ oaXg 4. ‘!“%nx =b,, l

A5y Xy T GgpXp + . +a3nx —ba’ l} (4)
I

X+ apx, -+ . —}—a Xy _b
rae
’ B . ’
@yj=0y;—ca,; npu j=1, 2, ..., n, by=0b,—cb,.
Cucmemw ypasnenuii (1) u (4) swsusarenmubl, m. e, OHIL ULl
o0e Hecosmecmubl, UL dié 00e cosmecmub U obaadeiom 00ruML U
menu oxe peuwenusmu. B camoMm -npene, myctb Ry, Ry ..., kR, Oyner
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NpoH3BONbHOE pemiexne cucTemb (1), OTH urcaa yaosnerBopfIOT, Ode-
BHIHO, BCeM ypaBHeHusM cHcTeMbl (4), kpoMme Broporo, Ouu ymosie-
TBOPSIOT, OAHAKO, W BTOPOMY YPaBHCHUIO CHCTEMH (4)— ZCCTATOYHO
BCHIOMHHTb, KAK STO YyPaBHEHHe BHIPAXaeTCcs uepe3 BTOPOe M MepBoe
ypasHenus - cuctemul (1). OOpaTHo, BCSKOE PelleHHe cucteMmsul (4) Oyaer
ynosnaeteopath u cucteme (1). leficTBuTeAbHO, BTOPOE ypaBHERME CH-
cteMst (1) mosyyaeTcs BHYHTaHHeM M3 00eHX yacTeH BTOPOro ypapHeHus
cucteMsl {4) COOTBEeTCTBYIOILMX 4dacTell IIEPBOTO YPaBHEHHH 3TOH . CH-
CTeMbl, YMHOXEHHHX HA YUCAO —C.

ToustHo, uto ecau k cucmeme (1) 6ydym wuecrosvko pa3 npu-
JeHersl  npeoGpa308aHUSL PACCMOMPEHHO20 MUNQ, IMO BKOGh NOAY-
HeHHAS CUCMeMQ YPASHeHUl ocmanemcss sK8UBALCHMHOL LcX00Kok cu-
cmenme (1). .

Moxer CIy4HThCH, YTO NOC/AE BHIOJIHEHHS TAKHX npeoGpasoBauuﬁ
B Haiuei cucTeMe MOSBHTCA ypaBHeHue, BCe KOIduuuenTs! NeBoii YacTH
KOTOPOro paBHul Hyno. Ecau u cBOGOAHLIN YieH 5TOr0 ypaBHeHHs PAaBeH
HYJ10, TO yPaBHEeHUE YXOBIETBOPAETCH NPH MIOOHX 3HAYCHUAX HEH3BECT-
HHX, M NO3TOMY, ombpacusas 3mo ypagHerue, Mbl npuded K cucmerne
YpasHenuti, axeusasenmuoii’ucxoonol cucmenme. Ecin xe cBoGomnmil
YleH PacCMaTPHBAEMOrO YpaBHEHHS OT/MYEH OT HYJM, TO 3TO ypaBHeHHe
He MOXEeT YJLOBIETBOPATBHCA HHM NMPH KAKUX 3HAYEHHAX HEU3BeCTHHIX,
2 TIOITOMY 7IOAYZENKHAA HUMU cUcmeMa YPasHenul, PASHO.KaK U 3K-
susaseHmHan el ucxooHan cucmera, 6Y0ym HecogmecmHHMU,

ITepefinem Temepb x H3NOweHuio Merona [aycca.

IMycth naHa NPOU3BOJBHAR CHCTEMA NHHeHHHWX ypaBHeHuH (1) Mono-
WUM, AJis ONPENEeNeHHOCTH, 4To Ko3PpduuueHr @,y =0, xoTa HA caMoM
Jiesie OH MOMKeT, KOHEYHO, OKa3aThCH PABHHM HYJMIO, H Mbl KOMKHH OyeMm
HaYaTh ¢ Kakoro-aubo JAPyroro, OTAHYHOTO OT HyAs, kodddrunenta
N3 MEePBOTO YPABHEHHA CHCTEMH, '

[IpeoGpasyem tenepn cuctemy (1), HCKMIOYas HEU3BECTHOE X; M3 BCeX
ypasHewn#, xpouMe neproro. [ns 3toro o6e yacTH NEPBOro ypaBHEHH:

. a. - § .
YMHOXHM Ha YHCIO E’—‘ W BHIYTEM H3 COOTBETCTBYIOIUMX YacTel BTOPOro
n -

ypaBHeHus, 3aTeM 06e YaCTH MEPBOrO YPABHEHHS, YMHOXEHHHe Ha

YHCIO0 —‘"‘—‘, BWUTEM H3 COOTBETCTBYIOLIMX YacTtell TPeTbero ypaBHeHwus,
ayy
HT. I

Mu npujeM 3THM IyTeM K HOBOH CHCTeMe M3 S NHHEAHBIX ypaBHe-
HUHE € 7 HEW3BECTHHMMU: '

A Xy QX QX+ oL al,,x,,=b1’, ]
Qp9X, +a23x3+ e +aanxn=b21
, ; ; ; “
QgaXg T AgaXz+ .. +azﬂxn=b31 i } ©)

aszxﬂ—{—assxs—}— +asnx,,—~bs J
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Ham Her Heoéxonmocm SIBHO 3aMNHCHBATbh BHPAaWEHHS HOBLIX Ko3ddn-
ILMEHTOB ai, W HOBHX CBOGOMHHX uleHOB b; uyepe3 KOIPOHIHEHTH H
cBOGOAHBIE WIeHH HCXOHLHOH cucremu (1).

Kak Mo 3taeM, cucreMa ypaBHenuit (5) axsuBanenTHa cucteme (1),
Bynem npeobpasosuiBaTh Tenepb cueteMy (5). [Ipu 3ToM mepsoe ypas-
Henue Mb He GymeM GoJibllle TPOTaTh COBCEM W MOJNJaexauiei mpe-
o6pa3oBaHuAMOyHeM CUHTATD JIMLIb YACTh CHCTEMH (5), COCTOSLIYIO
M3 BCeX ypaBHeHHUH, xpoMme nepsoro. [Ipy STOM MBI CUHTaeM, KOHEYHO,
4TO CPeAH 3THX YpaBHEHHH HeT TakuX, Bce KO3(IHIHEHTH JeBHX uacTeil
KOTOPBIX PaBHH HY/IO,— TaKHe YPaBHEHHS MH BHOPOCHIH Oul, ecAn Oul
M UX CBOGOJHHE ujieHbl OBUIM PaBHH HYNIO, 2 B NPOTHBHOM CJydae Mbl
yxe AoKasanun Ouh HeCOBMECTHOCTD Hamelt cuctemu. Takum o6pasom,

cpenn xoaqxpnuuemoa a;, €CTh OTAMYHHE OT HYJis; AAS ONpeneleHHOCTH
NPHMEM, UYTO a“qéo [IpeoGpasyem Temepb cucremy (5), Bh4YHTad H3
o6enx yacrtel TPeThEro M KaXIOro 3 CNeAYIUIUX ypaBHeHUH 00e yacTu
BTOPOr0 ypaBHEeHHsl, YMHOXeHHbE COOTBETCTBEHHO Ha YHC/A

’ ’ ’

a42 ) asz

] 7y e ey 7.

a22 a22 a22

Otum 6yNeT HCKIIOYEHO HEH3BECTHOE X, M3 BCEX YpaBHEHuH, xpome mep-
BOTO W BTOPOYO, M MH NPHAEM K CleAyiouleH cucTeMe ypaBHeHHH, SKBH-
Ba/leHTHOH cucreme (5), a mostomy u cucreme (1):
Q11X + @yoXy FQygxs+ o0 Fagx, =0,
QysXy—t QasXy+ ..o QanX, = by,

” ” ) ”
Q33X3F ... +AsnX,=by,
@ 4 e 4.8 v e @ e o o e & & o

” ” ”
a3 X3+ ... tamx,=b.

I —

Hawa cucreMa comepx ut temepd ¢ ypaBHeHmH, £<< S, TaK KaK HEKOTO-
poie ypaBHeHHS OKa3aducCb, BO3MOXKHO, OTOpouieHHHIMH. [IOHATHO, 4TO
YHC/AO YPAaBHEHHH CHCTEMbl MOIJIO YMEHBIIHTBCS yiKe MOCJAe WCKJIoue-
HHA HEM3BECTHOTO X,. B manpuefimuem noasexut npeo6pa3soBaHusm Auulb
YaCTh TONYYEHHOH CHCTEMHl, ColepKauias BCe ypaaﬂeﬂm KpoMe IBYX
nepBuiX,

Korma ocraHoBuTCH 3TOT mpouece nocnenoaarenbﬂoro HCKITIOYEHUST
HEH3BECTHHIX?

Ecan Mpl npumem K Tako# cHcTeMe, OJHO U3 ypaBHeHHH KOTOPOH
UMeeT OTIAMYHHIN OT HynAs CcBOGOAHLIH 4leH, a Bce xk03PPULHEHTH JIeBOK
YaCTH PaBHB HYMO, TO, KaK Mbl 3HaeM, Haiia -#CXojHas cuCrema He-
COBMeCTHA,
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B .npoTHBHOM Cityyae Mbl MOAYYHM C/ICLAYIOUIYIO CHCTEMY ypanuemm
SKBUBANEHTHYIO CHCcTeme (1):

a11v1+a12x2+...+a1,k 1Xp- 1+a1kxk+.. +a1,,x —~b1, )
anxz-;—'.. +a2k lxk 1+a2kxk+...+az,,x -—-—bg, |

k- = 5
afz 1)k 1xk—1+ ak Ty kxk—f‘...—{—a}g ln)nx = Se 12),
el Vst a =, )
3nech a,; 70, @y =0 aff=® 0, otV £0. 0
J1eCh @, ) Qg s oo s 1, B 1# a E= TMETHM Tak-

we, 4TO R =<IS ¥, OYEBHIHO, k<n.

B amon cayuae cucmena (1) cosmecmuan. Ona Oydem onpede-
AeHHOU npu k=rn u Heonpedesennoli npu k<n.

Hekicrautenpio, ecnmu k=n, 1o cucrema (6) umeer BHA

@y X+ X+ L aln n= b1v
QppXy+ . +a2nx —'bm (7

iV = 07,
M3 nocnenrero ypaBHeHUs Mul MOJAy4YaeM BIOJIHe ONpele/eHHOE 3HaYeHHe
AJifi HEM3BeCTHOTro X,. [loAacTaBnfs ero B MpeAnoC/ieHee YPABHEHHE, Mbl
HaltieM ONMHO3HAYHO ONMpejeneHHOe 3HAYeHHe AJIS HEH3BECTHOTO X,_y.
Tipononwan rak panee, mu Haitmem, 4uro cucrema (7), a NMOITOMYy H
cucrema (1), 061asal0T €NARHCTBEHHBIM pPELIEHHEM, T. €. COBMECTHH H
OnpepeeHHN.

Ecau we B<Cfl, TO NS CBOGOMAHMX» HEH3BECTHBIX x,,H, ey Xy,
M BO3bMEM IPOH3BOJbHLIE YHCIOBHE 3HAYEHHS, TIOC/e 4ero, ABHIasch
no cucreme (6) CHH3y BBepX, M, KaK M Bbllle, Halixem XSl HEH3BECT-
HBIX Xg, Xpoqy o»., X5, X; BUNOJIHE ONpeNeNeHHbe 3HaueHus. Tax kak
3HayeHus AAS CBOOOAHHX HEU3BECTHHX MOXHO BHIOPaTh GECKOHEYHbIM
YHEAOM PA3AUYHBIX COCO60B, TO Hauma cucrema (6) u, CJeAOBATENbHO,
cucrema (1) 6yAyT COBMECTHBIMHM, HO HeONpexeneHHHMH. Jlerko npose-
PHTb, YTO YKA3aHHBIM 3AeChb METOLOM (NPH BCEBO3IMOXHHX BHOOpPax
3HaYeHHH A3 CBOGOAHBLIX HEH3BECTHHX) GYNYT HalmeHH BCE DelleHus
cucremsl (1).

B nepBbift MOMEHT KaeTCs BO3MOMHLIM €llle ONLMH BUX, K KOTOpOMy
MOXET NPHBORUTHCH CHCTeMa JaHHeHHbIX ypaBHenu#t meroaom laycca,
a MMEHHO BMJ, MONyHalOU(HHCS NPHUUCHBAHHeM K cucteme (7) eme ne-
CKONbKHX YPaBHEHWH, COpepHKalLIMX NHIUIb HeH3BeCTHOe X,. B meicrpu-
TE/ABHOCTH, OJIHAKO, B STOM ciydae npeoGpasOBAHKA MPOCTO He AOBE/eHN
DO KOHuA: TaK Kak aby 1)#0 TO M3 BCEX ypaBHeHWH, HauuHag
¢ {n-+41)-ro, HeuaBecTHO® X, MOXeT OHTb HCKIIOYEHO.

Crenyér 3amMeTHTh, YTO «Tpeyro/ibHas» Gopma cUCTEMBl YPaBHennt
(7) wan «rTpaneuouaasbHasy opma cucteMu ypashenn#t (6) (npu &k << rn)



§ 1 METOJ MOCHELOBATE/NBHOTO HCKIOYEHHE HEH3BECTHEIX 21

nofyunaach BBHIY NPEATIONOKEHNS, YTO KOIPPUIHEHTH a4y, a;z HT A
OT/IMYHH OT Ryad. B obuiem ciyyae Ta cucTeMa ypaBHEHHH, K KOTOPOH
MB OpHIEM 1I0C/ie AOBEeJEHHS JO KOHLA NPOIEecca MCKIIUEHHS Hen3Be-
CTHHIX, MPHOGPETET TPEYroAbHYI0 WIH TPaNneloHZanbHyw ¢GopMy audlib
10C1e HaAMeWaAUlero H3MEHEHHs HyMepallud HEU3BECTHBIX.

Cymmupys Bce H3NOXeHHOE BHllle, MH [0MyYaem, 4To #emod Iaycca
npusmenum K Aw0608 cucmeme auHelHwx ypaswewuli. [lpu amom cu-
cmena 6yOem HecoBMecmHOW, ecan 8 npouecce npeolbpa3osanuii mb
noayuum ypasHenile, 8 KOMOPOM KOIPPHUULenmb npu SBcex Heusse-
CIMHBLX PAGHBL ‘HYAI0, @ CBOCOOHBIL 4AeH OmAutern Om HYAS; eCAll e
Mbl maKozo YPASHeHUS He scmpemum, mo cucmema 6ydem cogMmecm-
Hod. CosmecmHuan cucmema ypaswenuli 6ydem onpedesennoli, eciu
OHQ npusodumcs Kk mpeyzoasromy eudy (7), u Heonpedesennod, ecau
npugooumcs x mpaneyoudassiony sudy (6). npu k<<n.

[IpuMesnM cka3aHHOEe K CAyYal CHCTEMH JIMHEHHBIX OOHOPOJHBLY
ypaBHeHH#, T. e, ypaBHeHHH, CBOGOJHbIE 4Y/JeHH KOTOPHIX PaBHH HYJIO.
Takas cuctema Bcerga COBMeCTHAa, TAK KaK OONajfaeT Hy.Ae6biM pelie-
nuem (0, 0, ..., 0). Ilyerp B paccMaTpuBaeMoil CHCTEME YHCJAO ypas-
HEHHH MEeHb e 4yHcla HeH3BeCTHHX. Torza Hama cucTeMa He MoMeT
NPHBOAUTLCA K TPEYroibHOMY BHAY, TaK Kak B mpouecce npeoGpaso-
BaHuii no merony 'aycca unciao ypaBHeuunii cucremMb MOXeT YMEHbUIATHCS,
HO He MOXET yBeIWUHBATbCH; OHA MPHUBOLAMTCA, CNENOBATENbHO, K TPa-
nelnounaibHOMy BHAY, T. €. HeolpeleleHHa.

MubiMH  cllOBaMHu, ecau 8 cucmeme AUHEUHOX OOHOPOOHBX Ypas-
HeHUl qucA0 YPABHeHUl MeHblie HUCAQ HeU3BECMHBIX, MO 3Ma cu-
cmema obaadaem, NOMUMO HYNEB020 peuleHUsT, MAKICe U HeHYy.ae-
8HMUL PeuleHUs MU, T. €. PELIEHHSMH, B KOTOPHIX 3HAYeHHs HEKOTOPHX
(nnu maxe BCeX) HEM3BECTHHIX OT/IUYHE OT uynﬂ‘ maKux peuteruil
6yoem 0GecroHedHO MHOZ0. ‘ \

[Tpu mpakTHYeCKOM pewieHHM CHCTEMH JHHEHHHX ypaBHeHHdl MeTO-
noMm laycca caexyeT BHINUCAaTh MaTPHLY U3 K03(DHLMEHTOB CHCTEMBI,
NPUCOCAMHUTL K Hell cTon6ell H3 CROGOMHBX 4JIeHOB, AN yL00CTBa oTae-
JIeHHW BePTHKAJIbHOK 4epTOH, U BCe npeo6paaoaaﬂuﬂ BHINO/IHSATh Haﬂ.
CTPOKaMH 3TOMH «pacmnpeﬂuoﬁ» MaTPHUILLL.

NMpumepmn. 1. Pemmb CHCTEMY.

X4 2x, +5x3=— 9,
X1— Xp4-3x5= 2,
3x;—6xy— x3= 25

MoxsepraeM npeo6paszoBaHisiM PaCIIMPEHHYIO MATPHIY 3TOH CHCTEMBI:

1 2 5} —9 C /L 2 5] —9 1 2 5] —9
<] —1 3 2>—> (0 —3 —2 1]>—> (0 —3 =2 ll).
3 —6 —1 25 0 —12 —16| :52/ 0 0 —8 8
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Mul IpHXOJHM, CAejOBaTeJbHO, K CHCTEME YpaBHeHuH '
X1+ 2%+ 5x3=— 9,
—3xy—2x3=11, 1
—8r,= 8, )
ob1aaiomell elMHCTBEHHLIM PelICHHEM
xi=2 Xo=—3, xz3=—1L

Vicxognan cucrema okasanace onpejenenHoil.
2. Pewnthb cuctemy

Ky— bxg— Bxg+ x,= 3,
3ty 4 xg— Bxz—bxy,= 1,
X, c— Tx3+2x,=-—5,
© llxy4-20x,—9x, = 2.
[Ipeo6pazyeM pacmiHpeHHYIO Marpﬁuy CHCTEMEI:
-5 —8 1 3\ I —5 —8 1 3
1 -3 -5 1 0 16 21 —&| -8 .
0 =7 2|5 ]77t0 5 1 1|—8]| "
11 20 -9 2 ‘N0 1 20 -9 2

1 —8 —8 1] 3 1 -5 —8 1 3
[0 —8 0 —29| 160 0 —89 0 —29| 160
10 5 1 1] —8 0 5 1 1] -8
0 —89 0 —29] 162 0 0 0 0 2

O W

Mu npuman K cHereMe, copepxauiedl ypasaenne 0= 2. Hcxoauas cucreMa 6yzer,

clleOBaTe/bHO, HeCOBMECTHOH.
3. Pewnts cucremy

4x1-}- x2—3x3—- x4=0,
201 +3x3+ x5-—bxg==
Xy —2%9—2x5+3x,=0.

210 cHcTeMa OJHOPORHLIX YpPaBHEHHI, NpHYEM 4uCNO ypasHeHnH Meubuie
YHCJla HeH3BECTHHIX; OHa AOJKHA OHTh NO3TOMY Heonpepenennofi. Tak Kak Bce
cBoGO/IHEIE U/IeHBl DPaBHB HYJI0, TO MB GyleM NOABEprath npeoGpasoBanu M

JIMIUb MaTPHUY U3 KO3bQHIHEHTOB CHCTEMEI:

4 1 =3 -l 0 9 5 —I3 0- 2 0 —2
<2 3 1 ~5>,__><0 7 5 —11>—-><0 7 5 —11>.
1 —2 —2 3 1 —2 —9 3 1 —2 —2 3

Mb nprman K cucreMe ypasHeawh
C 9x, — 92x,=0,
Txy+5x3—11x,=0,
Xy —2x9—2x3+ 3x4=0.

B xayectBe CBOGONHOrO HEHM3BECTHOIO MOXKHO NPHHATH JI06G0e H3 HEH3BECTHHIX 12
u x4 Ilycte xg==0. Torza u3 neproro ypasHeHHS CJERyeT Xp=G, I[0CJTe Yero
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4
#3 BTOPOTO YPaBHEHHA MOJYHAEM Xy==5- G H, HAKOHEl, H3 TPETbEro ypaBHEHU

3
x; =—=a. Taxum obpazom,

5
3
5

Gyner ofmull BuA pellleHH#i 3aJaHHON CHCTEMBI ypaBHeHHH.

4
a, 0, =0, o

§ 2. OnpegeauTenn BTOPOrO0 M TPETHEr0 HOPANKOB

Meton pemieHHs cHCTEMH JHHEHHHIX YpaBHeHHH, U3N0MeHHHH B npel-
mecTBylouieM naparpade, BecbMa NpocT H TpebyeT BHIOJHEHHS OXHO-
THIHBX BBIYMCAEHHH, JIerKO OCYMIECTB/ASEMbIX HA CYETHHIX MaumHax. Ero
CyHleCTBEHHHIM HENOCTATKOM fIBASieTCS, OJHAKO, TO, YTO OH He AaeT BO3-
MOHOCTH C(POPMY/IHPOBATL YCIOBHSA COBMECTHOCTH HJH ONpeJeeHHOCTH
CHCTeMB NpPH mNoMould Ko03hduuuentToB ¥ CBOGOAHHX 4YIEHOB STOH
cucreMy. C Apyroit CTOPOHH, Jlawe B CiAyYae OmpeleneHHOH CHCTEMH
3TOT MeTOS He M03BOJfAeT Halith GOPMYZH, BHIpa¥alOUiMe pelleHHe
cucTeMnl yepe3- ee KkodpduunedTH U cBoOoxHbie wieHn. Bce 3to oka-
3pBaeTCH, OJHAKO, HEOOXONMMHM B Pa3HHX TEOPEeTHYECKHX BOMpOCax,
B 4YaCTHOCTH, B FeOMETPHYECKMX HCCAENOBAHMAX, a4 MOITOMY TEOPHUIO
CHCTEM /MHEHHHX ypaBHeHWH MPHXOXHTCA PAa3BUBATh WHBIMH METOLAMH,
Gonee rayboxumu. OOmui cnyyait O6ymer paccMOTPEH B ciaeaymwieit
r/aBe, a AajnbHellee cofAepkaHnue HACTOSLIEH r1aBy NOCBALIAETCH CAY-
Yai0 ONpPEeJEeNeHHbX CHCTEM, HMeIOUHX PaBHOE YUCIO ypaBHEHMH U He-
H3BECTHHX, NPHIEM Mbl HAaYHEM C YWe H3yuaBIUHXCS B 27I€MEHTapHOM
aare6pe cHCTeM C ABYMf W TPeMf HEU3BECTHBIMH.

[lyctp nasa cucmema 08yx AuHelHbX ypasHenul ¢ 08y M Heus-
8ecmublnu
@13%1 T+ Ayp%y = blh} (1
A1 %1+ AyaXy = by,

K03(PhUUEEHTH KOTOPOH COCTaB/AAOT KBAAPATHYH MAaTPHILY BTOPOTO

nopsakKa
(au a12> 2)
\Qoy Qa3

[Tpumensas x cucreMme (1) meron ypaBHuBaHWS KO3POUUHUEHTOB, MHl
0Ny YU M: . . '

(11022 — @15827) Xy == D1Gp5 — ay2D,,

(@11@22 — @15Q4,) Xy = @yyb05— b0y,

[Tpeanonoxnm, 4TO @y 02 — 04,84, = 0. Torza

__ bjagy—aysb, o = ay1bp—byay ' (3)

X = o
1 2 gy — 150y

- ]
- Qy199—G1alyy
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JIerko npoBepHTh, HOACTABAAT NONYYEHHBIE 3HaYEHHS HEU3BECTHMX B ypai-
Henus (1), 470 (3) caymur pemennem aan cucrems (1); BONIPOC O eAUH-
CTBEHHOCTH 9TOro peuleHus OYIET pacCMaTpHBATHCH B § 7. :

Oo6uiuit 3namenatenb 3Hauenudt neuspectHux (3) oueHb APOCTO BLIPA-
HACTCH 4Yepe3 3JEMEeHTH MaTpPuub (2): OH paBeH NPOU3BEHLEHHIO BTEMEH-
TOB TJaBlUOH AHATOHAJH MHHYC IIPOU3BEXEHHE 3/1€MEHTOB BTOPOH Amaro-
HaMu. JTO YUCNO HA3HWBACTCH onpedesumenes (WINH OemepMUHAHMOM)
MaTpuLbl (2), DpHYeM, KaK rOBODAT, onpedesumeneM 8MmMopo20 nopaoka,
TaK Kax maTpuua (2) ecth marpuua sroporo nopaiaka. [Jas o6osnauenus
onpesenutens Marpuln (2) ynmorpebnasiercs caeayouiuf CHMBOJ: BbilH-
CHiBAETCH MaTpHLA (2), HO 3aK/I0HaeTCsd BMECTO KPYT/bX CKoOOK B mps-
MHIE YePTOUKH; TAKUM 06pasom,

Q11 Qs
= Ay Ay — A1y, . 4)
azl Qs 11722 12721
Npumepn.
1 ,3 ! 3:4—7-1==5;
) Y I
2 R (—2)-3=11
) 3 5|” —=23=11

Caenyer €uie pa3 mOAYEPKHYTb, YTO B TO BPEMS KaK MaTPHUA eCTh
TabAMLa U3 YHCEN, ONPENEIUTEIb €CTb YHCA0, BMOJAHE ONPEREACHHHM
06pa3om cBsi3aHluOe C KBaApaTHOH MaTpuiell. 3ameTuM, 4TO NPoU3Bee-
HHS Qy,@45, H Q1,05 HA3HBAIOTCA LAEHAMY ONIPEACIHTE/IS BTOPOTO NOPALKA.

Yucnurenn Buipaxendit (3) HMEIOT TaKOR we BUMX, KAK U 3HAMEHATENDb,
T. €. TaKxke ABJSIOTCH ONpejeNHTeNIMH BTOPOrO MNOPSAKA: YHCIAUTENh
BhIpaMennn AAsi X, SABJASETCH OlpefenHTeneM MaTPHilbl, lI0Jyyalouiehcs
M3 maTpuusl (2) 3ameno#l. ee nmepBoro croadua CroJbGUOM H3 CBOGOAHBIK
4AeHOB cucTeMb (1), WHCAHTENb BHIPAXEHHS IS X, €CThb ONPEAeTHTE/ND
MaTpulibl, Roaydawuiefics n3 mMatpuus (2) Tako# we 3ameHoH ee BTO-
poro croabua. Popmyas (3) Tenepp MOXKHO 3anucaTh B CACAYIOUIEM
Buae:

I by @y ay by

Xy = by agq 9 by (5)
a3 Q49 Qayy Gy
gy Qog Qg1 Qg

CnosaMu ®TO [PAaBWIO PEIUEHHS CHCTEMH ABYX AuHeHHBX ypapHenuil
'C NBYMs HEU3BECTHHIMH (Ha3uiBaeMoe npasusom Kpamepa) dbopmymn-
pyercst caeaylowium obpasom:

Ecau onpedeaumens (4) u3 rkoadgunuenmos cucmemvt ypasrenuii (1)
omAuner om HYAS, MO Mmb noayuusm pewerue cucmemsi (1), Geps
8 Kaecmse 3HAenUll 0N Heu3seCmublx Opobu, 00WUM FHAMEHAMeNe M
romopsx cayxcum onpedeaumens (4), a 4ducaumenesr 028 Heu3secn-
nozo x;{i==1, 2) neasemcsa onpedesumens, NOAYLQOWRICA 3aMeHol
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8 onpedesumene (4) i-2o0 cmoabya (m. e. cmoabya roaghhuntienmos
npuw UCKOMOM Hel3gecmHom) cmoabuom u3 c80600HHX 4AeH08 CU-
cmemn (1)14). ‘

MNpumep. Pewrnts cucremy
26+ x9=T7,
X3 —3xy=—2. }

Onpenenntens U3 Ko3hPHLUHEHTOB ecTb
2 1

=] 3

OH OTJHYEH OT HYJfA, W MNO3TOMY K CHCTEMe IMPHMEHHMO npasuyo KpaMepa.
YucaurensiMi AJIS HEH3BECTHBIX 6y1‘,yT onpeacynTeN |

a= T Me—to 4=]® 7|——u.
—2 —3 1 —2
Takum 06pa30M, pelueHueM Haime#d cucremst CAYXHT CJaeRywowas cucrema qucen:
d, 19 _dy_ 1

T4TT ATETT
Bsenenne onpefenntesnei BTOPOro MOpsAKa He BHOCHT CYLIECTBEH-
HHIX YNPOLUEHHIl B pelieHne CHCTeM ABYX JUHEHHHX yPaBHEHHH C AByMs
HEH3BECTHLIMH, M Oe3 3TOro He mpeACTaBisloUlee HAKAKKX TPYLHOCTEH.
Ananorndduie MeTOAN AN CAYYas CUCMeM mpeX AUHEHHWX YpasHerul
C mpemn Hel3BeCMHbIMU OKA3LBAOTCA YKe NPAKTHYECKH MNONEIHBIMH.
Ilycts mana cucrema

@y X1+ @y Xyt @yaX =0y,
Ag1 %) + Qg9 Xy + AyaXy = by, (6)
Qg1 Xy -+ AgaXy + AgaX3 = by

¢ MaTtpuueit u3 Kosd¢uuueHToB

Ay Gyp Gy
Qyy Gy Qyg . (7)

Q31 G35y Q33

Ecau Mpt ymuowuM o6Ge 4YacTH nepBoro us ypasHenu#l (6) Ha yucno
QyyQgs— Qg3lg,, 00 YACTH BTOPOTO YDPABHEHMS HA G304, — Q,,833, 00€
YACTH TPETHErO HA @ 2@y — O, 384,, 4 32TEM CJIOXKHM BCE TPH YPaBHEHHUH,
TO, KaK Jerko mnposepuTh, Ko3(pPHLUEHTH NpPH X, H Xz OKAKYyTCH

') Mbl 8 37Ol QOPMYJHpPOBKe A/ KPAaTKOCTH TIOBOPHM O 3aMeHe CTOA6LOB
«8 onpejenutese». [logo6HbIM xe o6pasoMm u B OyaymeMm Mbi OGyAeM TOBOPHTH,
ecau 310 Gyjer yiao6Hee, o CTPOKAX H CTO/OLAX oONpeAeauTessA, O ero 3JeMeH-
Tax, AMArOHAJAX W T. A.
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paBHBIMH HYJ/IO0, T. €. 3TH HCH3BECTHHIE OJAHOBPEMECHHO HCKAWUYAIOTId, u
MBI [IOJIYYUM DPABCHCTRBO

(211899035 1015093837 + Q305,035 — 013055055 — G151 8g3— :
—y183050) Xy = 01055055+ @19g305 + @130505, — @y 502005 —
— 2Dy a55— Uy G2305,. 8)

‘Kosdduunenr npu x, B 9TOM paBeHCTBE HA3HBAETCH onpedesumenes
mpembeeo nopadxa, cooTBeTCTByoOmuM Mmatpuie (7). Ias ero 3anHcu
ynorpebaserca Taxasd ¥e CHUMBOJHKA, KaK W B Ciayyae onpejeinurencH
BTOPOro nopAjfka; TakuM o6Gpasom,

Qyy Q39 Q43
Qg1 @3y Qg | == 1305955+ Q1209305 + 81305055 —
Qgy Qgy dgs — Qy3@galgy — Ayl Qg5 — 011 Bp5055.  (9)

* XoTH BHpaXeHHe ONpelendTeNs TPETbero MopsifKa SBAAeTCs N0CTa-
TOYHO TPOMO3JAKHM, 3aKOH €ro COCTaB/JAEHUS U3 -SJEMEHTOB MaTpHLH (7)
OKa3nBaeTCs BecbMa MNpPOCTHIM. B caMoM jeljie, OAHH H3 TPeX YIEHOB
onpeneauTens, BXOAAIUX B ero Bupaxedue (9) co sHakom miwoc; 6yaer
NPOU3BENEHHEM D/IEMEHTOB I/IABHOK AHaroHaH, KawAu# M3 IBYX Apy-
THX —IPOU3BEeJEHUEM 3JIEMEHTOB, JeXalHX Ha mapasjentH K 3Tod aHa-
TOHa/H, ¢ A06aBleHUeM TPEThEero MHOXHTENS H3 NPOTURBONOJIOKHOTO yTiaa
Matpuusl. Ynens, sxongmue B (9) CO 3HAKOM MUHYC, CTPOATCA TAKHM ¥Ke
06pa3oM, HO OTHOCHTENbHO BTOPOM AuaroHaan. Mul mosnydaem crioco6
BLIYACICHHUS OTIpeiénuTenell TPETbero NMopsiaKa, NPHBOAALIMHA (NpH HANU-
YiM HEKOTOPOH TPEHHPOBKH) BechbMa OLCTPO K pe3dyabrary. Ha puc. 1

B3

c/ieBa CXeMAaTH4YeCKH yxa3aﬂo'npaBnno BHIYHC/ICHUA NMOJIOXUTRAbHBIX Yjie-
HOB OIpeje/inTe]lss TPeThero nopsaKa, Cnpasa —InpaBUNO BLIYKUCICHUS
€ro OTpHUaTeJbHbIX YIEHOB.

Puc. 1,

Mpumepw.
- 2 1 2
1) —4 3 1|=235+41:1.2+2.(—4)-3—
—2.3:2—1.(—4)-5~2:1.3=
=30-+2—24—12420—6==10.
1 0 —5
2) —2 3 21=1:3-04+0-2:14(—5)-(—2)-(—2) —

— —~(—5)-3:1—0- (—2) 0—1-2: (—2) =
1 —2 0 =—2(0+)15+4=-£1.) —2)
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Ilpasag uacth paBencTBa (8) Takwe OyAeT OmpenennTeseM TPeTbEro
nopsiiKa, 4 UMEHHO Ompefe/uTe/]eM MaTPHUS, MoayyalouieHics H3 Ma-
tpuns (7) 3amMeHolt ee mepsoro cronbua cToA6LOM U3 CBOOGOIHLX Y/IEHOB
cucreMst (6). Eciu Mo o603nauum onpegenntens (9) 6ykeo#i d, a onpe-
Jenutesb, monydaowufica samenoft ero jro cronbua (fj=1, 2, 3)
cronGuoM u3 cBOOGOXHHIX 4/NeHOB cHCTeMH (6), cumBoIOM d;, TO paBeH-
cTBo (8) mpuobpeter BHA dx;=d,, oTkyla npu d==0 crenyer

x=. : (10)

Takum xe myTeMm, yMHOWAd ypaBHeHus (6) COOTBETCTBEHHO Ha YHCIa
G93031— Q31033, @11033— A13031, 1391 — 11893, MH NONYUHM LAA Xy
crenyiouiee BHpaxenHe (cHoBa npu d5=0):

Xy= . (11)

Hakonen, yMHOWad 3TH yPaBHEHHS COOTBETCTBEHHO HA G,y @gp — 0,05,
Q505 — G183y, Q11099 — G13Gy;, MH TPHAEM K BEPAWEHHIO NIf X,
d
Xg = a“l-. {12)
Noxacrasnss Bupaxennus (10)—(12) B ypaBuenus (6) (npeanonaraercs,
TOHATHO, 4YTO onpenennrteny d u Bce dj 3amucaHbl B pa3sBePHYTOM Buje),
MBl MOAy4uaAH OW 1mocje FPOMO3EKHX, HO BMOJHE ZOCTYHHBIX YHTATEIO
BBIYHC/AEHHH, YTO BCe STH YPaBHEHH# YA OBJIETBOPHIOTCH, T. €. UTO YHCIA
(10)—{12) cocrasasior pemesue cucteMul (6). Taxkum obpasom, ecau
onpedesumens u3 Koaduyuenmos cucmemv mpex AUHeUHbLX YpasHe-
HUl ¢ mpeMs. Hell38eCMHbBIMU OMAUYeH Om HYAR, Mo peuieHue 9moli
ciucmems moxcem Owumb Halideno no npasury Kpamepa, gopmyau-
PYeMOMY maK e, KAK UL 8 CAyiae cucmembvl 0syx ypasHenul, [py-
roe JOKa3aTeAbCTBO 3TOTO YTBePXAeHHs (He ONMMpaiouieecs Ha ONyLLEH-
-Hbl€ HAMH BH‘{HCneHHﬁ), a TaKXe A0Ka3aTeJIbCTBO EAMHCTBEHHOCTH penle-
nug (10)—(12) cucremn (6), mputom mns Goaee obuiero cayuad,
yurartenb Hahiger B § 7.

ITp rvep. Pemnrs cucremy:

3%, + 2%, —bx;=1,

2% — X+ x3=0, }
Xy +43xy—2x;=4.

Onpenenuteb H3 KO>hOHUUEHTOB CHCTEMBl OTJIHUYEH OT HYJAS:

2 —1 1
d=|3 2 —5|=28,
1 3 =2
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MO3TOMY K CHCTeMe nmpuMeHHMo npaBuno Kpamepa. Uucaurtensmn aias HeusBecT-
HHX GYAYT ONpeReJMTEeJH

0 —1 1 20 1
di=|1 2 —5[=13, d,=|31 —5|=
4 3 -2 14 —2
2 —10
dy=(3 2 1|=291,
1 34
'r._e. pewieneM CHCTEMU CJHYXKHUT CUCTEMa yucea
o34 a1 3
1% faTgg TRTT

§ 3. MNepecTanoBKkH M NMOACTAHOBKH

- Jlas ompeleneHus ¥ H3YUeHHA onpejenuresel Mopsaaxa 7 vam OyAyT
HYXHBI HEKOTOpHe MOHATHHS W aKTH, oTHocsuluecs K KOHEYHHM MHO-
wectBaM. [lyctb maHo HekoTopoe KoHeuHoe MHOXECTBO M, cocrosuee
H3 /L 3NeMEHTO8. JTH 3/JAeMEeHTH MOryT OHTh NepeHYMepPOBaHH NP NO-
MOIM MEepPBHIX 72 HATypalbHHX yucen 1, 2, ..., 7, ¥ TaKk Kak B HHTe-
pecyiomux Hac BONPOCAaX HHAHBHUAYAJAbHLE CBOHCTBA 3JEMEHTOB MHO-
wectBa M He O6yAyT HrpaTh HHKAaKOH POJMH, TO MH NPOCTO INPHMEM,
4yTO 3nemeHTaMu M caywxar camu 9TH umcaa 1, 2, ..., n.

[ToMuMo ymorTpebasiiouerocss HaMH pacHnoNoXenus yucen 1,2, ... n
B HX HOPMA/JbHOM IOPALKE, HX MOXKHO YINOPSXOYUTb W MHOTHMH Ipy-
rumu cmocobamu, Tak, yucaa 1, 2, 3, 4 MOXKHO - PACHONOKHTH TAKMKe
creaywowumn cmocobamu: 3,.1, 2, 4 uan 2, 4, 1,3 u 1. a. Beakoe
pacrionowenue ducen b, 2, ..., 77 B HEKOTOPOM ONPEAENEHHOM NOPALKe
Ha3blBAETCH 7epecmanogxoil u3 - uucen (uayu W3 7' CUMBOJIOB).

Hucro passuunols nepecmano8oK U3 I CUMBOAO8 PABHO INpou3Be-
denuo 1-2...n, obo3HauaeMoMy n! (4utaercsi: «3H- Q)amopnan») Heit-
CTBUTEABHO, o6mui’x BHJ ePECTAHOBKH U3 /L CHMBOJIOB €CTb iy, 8y, o0, 1,
TA€ Kax10e M3 i, eCTb OAHO M3 yucen 1, 2, ..., 72, NPHYEM HY ORHO
M3 3THX YHCeJ He BCTpevaeTcs ABaxAu. B KauecTBe i; MOXHO B3fTh
moboe u3 uncen 1, 2, ..., 7; 9TO jAaeT 7 Pa3AHYHBIX BO3MOXHOCTEH:
Ecaun, oandko, iy yxe BHOPaHO, TO B Ka9eCTBE [, MOWKHO B3AThb JHIlb
OIlHO M3 OCTaBIUIMXCA n7— 1 uucen, T. e, YHCIAO PAINHYHBIX CNOCOGOB
BLIOPATh CHMBOJB i; W [, paBHO npoussemenutd n(n2—1) u 1. 1,

Takum 06pa3oM, UHCIO MEPECTAHOBOK M3 71 CHMBOJIOB 0pU 71=2
paBHo 2!=2 (nepectanosku 12 u 21; mu He OyAeM B npuMepax, rae
<9, pasnensiTb NepecTaBIASEMEEe CHMBOJM 3anﬂbeMH)' npu n=3 3to
uncao pasuo 3! =6, npu n=4 oHo pasuo 4!=24. Janee, ¢ poctom n
YHCIO NePecTaHoBOK Ype3Buyaino GLicTPO BO3pacTaeT; TakK, Upn n=>5
oo passo 5!=120, a npu n=10—yxe 3628 800.

Ecnu B HexoTOpOH MepecTaHOBKE MH MOMeHsieM MeCTaMH K aKue-aufo
ABa cHUMBoJa (He 06S3aTeNbHO CTOSIHIHE PAAOM), a BCe OCTANbHHE CuM-
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BOJIK -OCTABUM HA MECTE, TO.INOMyUHM, OYEBHIHO, HOBYIO NMepeCcTAHOBKY.
Oro npeobpasoBanue NEePEeCTAHOBKH HA3bBACTCH mraxcno3uyued.

Bce n! nepecmanosox u3 n cumsonos MONCHO PpaACIOAOHCUMD
8 maxonm nopaoKe, Umo Kajxcoas caedyouwas 6ydem nosysamscs U3
npeduldyuieli 00HOE mpancro3uyieli, nputem- HAMUHAME  MOHCHO
¢ aw0boii nepecmanosxit,

310 yrBepXAeHUE CHOPaBeNIHBO NpH #=2: ecan Tpebyercs Hauu-
HaTh ¢ mepectandBKu 12, TO HCkOMoe pacmnoiowedue Oymer 12, 21;
@C/H e Mbl JOJ/KHH HayaTh C rnepectaHoBkd 21, 1o 310 6Gymer pac-
ponowenue 21, 12, [lpenmonoxum, 4yTo Hallle yTBePHKAEHHE YiKe JOKa-
3aHo ana n—1, u pokawem ero ans n, [lycTth MB J0MXKHB HayaTh
C mepecTaHOBKY

I N (1)

PaccMoTpum Bce nepecTaHOBKHM M3 71 CHMBOJIOB, Y KOTOPHX Ha NePBOM
MecTe CTOMT i,..Takux mepectanoBok (#—1)! ¥ HX MOXHO ynopsano-
YUTh B. COrJIacHM ¢ TPeGOBAaHHMAMH TeOPEMHl, MPHTOM HAYHHAA.C nepe-
cranoBku (1), Tak Kak 3TO CBOAMTCH HA CaMOM JHe/e K YNOPAMOYEHHUIO
BCEX MepecTaHOBOK. H3 72— 1. CUMBOJIOB, KOTOPOe, MO HHAYKTHBHOMY
NIPEANONOKEHUIO, MOMHO HayaTh ¢ JIOOOH mepecTaHOBKH, B HaCTHOCTH
C MepeCTaHOBKH iy, ..., i,. B mocnennelt 3 nonyyenHnlX TaKHM HyTeM
NepecTaHOBOK, M3 71 CHMBOJOB COBEpLIAEM TPAHCMO3HIHIO CHMBONA i,
¢ n106BM IpYTrHM CHMBOJIOM, HamnpuMmep C i,, M, HaYHHadA C BHOBb MO-
Jy4YeHHO NepecTaHOBKH, YNOPSAOYHBAeM HYKHBM 06pasoM BCe Te mepe-
CTaHOBKH, Yy KOTOPHIX Ha NMEPBOM MeCTe CTOHT iy, M T. . THM NyTeMm
MOXHO, OYeBHJAHO, mepebpaTh BCE NEPECTAHOBKH H3 71 CHMBOJOB,

M3 atolt TeopeMmnl BHTEKaeT, 4TO om 40008 nepecmanosxu u3 n
CUMBOAO8 MONCHO nepelmu k& 410006 Opy2oli riepecmanosKe u3. mex e
CUMBONQE MDY NOMOUY HECKOABKUX MPAHCIOULLE.

[oBopaT, 4TO B NaHHOH NepPecTanHOBKe YKCIA i H j COCTAB/AIOT KHEep-
cuio, ecnuw > j, Ho i CTOMT B 3TO# nepecraHoBke paubwe j. [lepecra-
HOBKA HA3HIBACTCSA #e/MHOW, €CNN ee CHMBOJIN COCTABAAIOT YETHOE YHCIO
HHBEPCHH, U -Hedemnoli—B NPOTHBONOOWKHOM cayyae. Tak, nepecTaHoBKa
1, 2, ..., n 6yner yeTHOH NPH /M06OM 7, TAK KAK YHCAO HHBEPCHH
B He# paBHO Hymwo. [lepectranoBxa 451362 (n=6) conepxur 8 unsep-
cufi ¥ nosTomy uerHas. [lepecranoBka 38524671 (n=28) conepxur
15 nuHBepcHHi M MO3TOMY HeyeTHad.

Bearxan mpancnosuyus meusiem “emuocms nepecmanosxi.

Has mokazaTenbcTBa 3TOH BawHOM TeOpeMH paccMOTPUM CHAyala
cnyvalf, Korjia TPaHCIOHUPYEMble CHMBOJH [ ¥ j CTOAT PAdOM, T. e.

nepecTaHOBKAa WMeeT BUA ..., &, j, ..., TA€ MHOTOTOYHS 3aMEHSIOT
Te CHMBOJ/H, KOTOPHE He 3aTparupaloTcs Tpancnos3uudett. Tpaucmosu-
UHsl NpeBPaulaeT Hally NepecTaHOBKY B MEPeCTaHOBKY ..., J, i, ...,

npu4eM, MOHSTHO, B O0EHX MepecTAHOBKAX KawIHH M3 CHMBONOB I, f
cocTaB/ifeT OJHH ¥ Te Xe HUHBEPCHH .C CHMBOJAMH, OCTAIOLIAMACA Ha
mecte, Ecnp cumMBOMB £ W j paublie He COCTaBJS/IH HHBEPCHH, TO
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B HOBOH MepecTaHOBKe MOSIBASETCS OJHA HOBAas MHBEPCHA, T. €. YHCIO
HHBEPCHH YBRNNUMBACTCA HAa eNHMHHILY; €C/H e OHM PaHbIUEe COCTABIANM
HHBEPCHIO, TO Temepb OHa NPOmMajaeT, T. €. YHCJIO HHBePCHH HAa eXu-
HHIYy YMeHbInaeTcs, B 060uX cnyuyasix 4eTHOCTh NEPECTAHOBKH MEHseTCs,

ITycTs Temepp MeWAy TPAHCHOHUPYEMHMH CUMBONAMA { M j pacmo-
JIOKEHB § CHMBONOB, $>>0, T. e, mepeCcTaHOBKAa HMEeT BUJ

'--)ix kl: k2) e ey ks: j" e (2)

Tpancnosnuuio CHMBONIOB £ ¥ j MOXHO NONYYUTh B pesdyabTaTe NOCAENO-
BAaTe/bHOIO BHMOAHEHHS 28--1 TPAHCMO3MUUH COCEAHHX B/IEMEHTOR,
A umenHo, 910 6yLYT TPaHCHO3MIMHU, [EPECTABAAIOLINE CHMBOIH I U &;,
3ateM [ (ywe CTOSI[ME Ha MeCTe€ CHMBONA Ry) H R, M T. A., Moka i
He 3aliMeT MecTO cuMBoja R, 3a 3THMM § TPAHCIO3HUMAMH CJIELyeT
TPAHCMO3UIKS, MepeMeulaloInas CHMBOJK [ U J, a 3aTeM § TPaHCHO3NLKH
CHMBOJI2 / CO BCEMH &, MOC/E Yero j 3aHuUMaeT MECTO CHMBOAA I, & CHM-
BOJH £ BO3BpAIAIOTCd HAa CBOM cTapuie Mecrta. Takum oBpasom, Mel
HEYeTHO8 YHCJO Pa3 MEHS/M YEeTHOCTh nepecTatoBKH, a MO3TOMY mepe-
CTaHOBKH (2) u

s o By By ooy Ry £y L (3)

HMEIOT NPOTHUBONOJOXHEE YETHOCTH.
Npn n==2 sucao wemnvix nepecmanosox U3 n CUMBOAO8 PABHO

1
qUCAY HewemHblxX, m. €. paeuol-Q—n!.

B camom nene, ynopsmodum, Ha OCHOBAHMM AOKA3AHHOTO paHee, BCe
NepecTaHoOBKY M3 7 CHMBOJOB TaK, YTO KawJZas MO/NYy4yaercs W3 Npemsl-
aywe# oxHo#t Tpancnosuiuelf, CocegHue nepecTaHoBKH OyAYT HMeTb
NPOTHBONO/IOKHNE YETHOCTH, T. €. NEPEeCTAHOBKH PpaClOJOXeHH Tak,
YTO YeTHHEe U HedeTHnle yepenayiotcda. Haiue yTBepkiaenne BuTexkaer
Temepb M3 OYEBUJHOrO 3aMeuyaHusl, 4To npu 7= 2 yucao nl yeTHo.

OnpegennM Tenepb OJHO HOBOE [OHATHE, a UMEHHO TMOHATHE 7100-
cmanosku n-ii cmeneny., 3anKUIEM OIHY [1I0J APYFrO# ILBe MEePEeCTAHOBKU
H3 # CHMBOJIOB, Geps MONy4eHHpie HBE CTPOKH B CKOOKH; Hanpumep,
npH n=2>5; S

l)
(35341) (@)
B 31oM mpumepe!) moa ymciaom 3 CTOMT 4YHCRO 5, mOm uMcioM 5—
qucao 2 v T, K. Mol CKdweMm, YTO 4ucao 3 nepexodum B O, uuciao 5
NepPexXonuT B 2, uucaA0 1 nmepexonrut B 3, YHCHO 4 MEPEXOMUT B 4 (uian
ocmaemcs Ha Mecme) W, HakaHel, ducao 2 nepexosut B 1. Taxum
06pa3om, LBe MepecTaHOBKH, 3aMucaHHble IPYr MOL APYTOM B Buze (4),

ONpeleNAlOT HEKOTOPUEe B3AUMHO O00HO3HAHHOe o0mobpaxcernie Muo~
WECTBA H3 MEPBHX NATH HATYPaNbHHIX 4YuceN Ha tebs, T, e. 0TOOpaxe-

1) BHeluHe OH HANOMHHAEET MaTPULY W3 ABYX CTPOK H B cTONGHOB, HO umeeT
COBCEM HHOR CMBICJ.
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HHe, KOTOPOE KaXIOMYy M3 HaTypanpHHX umcen 1, 2, 3, 4, 5 crasur
B COOTBETCTBHE ONHO U3 STHX K€ HATYPA/bHHIX YHCEJ, IPHYEM PA3HBIM
yycaaM CTaBATCA B COOTBETCTBME pa3amuHee xe yucia. [Ipm a1oM, Tak
KaK yucesa BCEro msiTh, T. €. KOHEYHOe MHOWKECTBO, KA K Jl O € H3 3THX
ndtyn uyucen OGyAeT COOTBETCTBOBAaTh OAHOMY u3 umced 1, 2, 3, 4, 3,
a MWMEHHO YMCJY, KOTOPOE B HETO KIEPEXONHUTY.

SICHO, 4TO TO B3aHMHO OJHO3HAYHOE OTOOpaWEHHE MHOWECTBA H3
MEPBEIX NATH HATypa/lbHBHIX YHCEJA, KOTOPOE MBl INOJYYHAM NpH TO-
Mo (4), MOXHO 6bino OBl NOJMYYHTH, 3ATMUCHBAS OJHY IOX APYro# H
HEKOTOpHE ApPYTHe Mapsl NePeCTaHOBOK M3 MATH CHMBOJIOB. JTH 3aMucCH
TOAYYaTCH U3 (4) MyTeM HECKOAbKUX TPAHCHIO3NLUHH CTONOMKOB; TaKOBH,

Hanpumep, )
( 534 15243 2514 )
3254/ \32145)’ \1234 5 ‘

Bo Bcex aTtux 3ammcax 3 nepexoaut B 5, 5 B 2, M T. A.

AHa/norH4YHEIM NMyTeM JABe NMepecTaHOBKH H3 72 CHMBOJIOB, 3aMHCAHHHE
OXHA MOJA APYroi, onpeleisdidT HeKOTOPOE B3aMMHO OJLHO3HA4YHOE OTO-
GpaxenHe MHOXECTBA IEPBHX 72 HATYpaibHHX uyHcea Ha ce6d. Beskoe
B3aHMHO OAHO3HAYHOE OToOpaweHue A MHOXKECTBA NMEPBHIX 77 HaTypafb-
HHX YHCen Ha cebGf Ra3nBaeTCH NOJCMAHOBKOL n-d cmeferl, NPHYEM,
O4YeBUIHO, BCAKAf NMOACTAHOBKA A MOxeT OHTb 3amucaHa NPH NOMOLLH
IBYX nepecTaHOBOK, NMOANNCAHHLIX OJHA HOX Apyro# .

— il’ iB' vy lﬂ .
a=(d ) | ®)
yepes o, 3/ech 0603HaYaeTCa TO YHC/IO, B KOTOPOE NPH MOACTaHOBKe A
NepexoiauT Yucno i, i=1, 2, ..., n

Moacranoska A oﬁnanaeT MHOTHMH Pa3/inuHBIMH 3aMHCSAMHU BAAA (6).
Tak, (4) u () aBAIOTCH Pa3AUUHBIMU 3anucamu onuon u TO# e mou-
CTAaHOBKH B-H cTeneHu.

OT onHOM 3amHCH MOACTAHOBKH A K Apyrofi mowHO mnepelTH pHU
TOMOLLY HECKOAbKHX TpaHcnosuuni cronbukos. Ilpu stom moxuo mony-
YUTh TaKyl0 3amuch BuAa (6), B BepxHell (MaM HuxHell) CTPOKe KOTOPO#
CcTOMT Ni06as Hamepe]d 3aJaHHas NepecTaAHOBKA W3 7 CHMBOJOB. B uact-
HOCTH, BCSiKasg mOACTAaHOBKA 7i-H crtenedd A mower ObLITb 3amucaHa

B BHAE - .
A:(l 2 n)’ )

A Ay ... Op

T. €. C HaTypaJbHBIM paciioyowenueM 4Yucea B BepxHed ctpoke. [lpn
TaKof B4anuCH pas3auyHble MOACTAHOBKHM OTJHYAIOTCAd APYr OT Apyra
NepeCcTaHOBKAMH, CTOSILUMH B HHXHeH CTPOKe, H NOITOMY #UcCA0 NOO-
CMAHOBOK N-U Cmenenil paBHO 4UCAy NepecmanoBOK U3 M CUMBOLOS,
m. e. pasHo nl
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[IpuMepoM MOXCTAHOBKYU 7-H CTENEHH CHYKUT MONCOECMBEHHAR NOO-
CMQHOBKA
1z2...
E= "),
12...n

npH KOTOPOH# HAa MecTe OCTAITCH BCE CHMBOIM.

Cnexyer 3aMeTuTb, YTO BEPXHSS M HUXKHAY CTPOKM B 3amuchu (6)
NOACTAHOBKY A HrpaloT pa3Hule POAM H, NEPECTaBUB MX, Mhl, Boobuie
TOBOpS, TNOJy4ydeM APyryio noacrtanosky. Tak, moacranoBku 4-# cre-

NeHH
2143 4312
4312) % (2143

pasnuyHL: NpU mepso#t uyucao 2 mepexoXHUT B 4, npu BTOPO—B 3.

BoabMeM npoH3BOIbHYIO 3anuch (6) HeKOTOPOH NONCTAHOBKH 72-# cTe-
nenn A. [lepecTaHoBKH, COCTABASIOLINE BEPXHIO M HUIKHIOW CTPOXH
9TOH 3amMCH, -MOTYT MMeTh HJIH OJHHAKOBHE, HIX NPOTHBOMNONONHLIE
seTHoCTH. [lepexon k moGol Apyro# 3amucu MOACTAHOBKH A MOMXHO
OCYIECTBHTb, KaK Mbl 3HaeM, NYTeM *HOCAeNOBaTe]bHOrO BHMNOJHEHAS
HECKOJNbKHX TPAHCMO3UHHH B BepxHeH CTPOKe H COOTBETCTBYIOULHX HM
TpaHcno3utuit B Hukuel crpoxe. OaHaKo, coBepiias OAHY TPaHCIO3H-
LMo B BepxHeHd CcTpoke 3amuch (6) M OAHY TPAHCHO3HUHIO COOTBET-
CTBYIOLIHX 3/ME€MEHTOB B HHWHel cTpoKe, Mbl OXHOBPEMEHHO MeHfieM
YEeTHOCTH OGeHX MepecTaHOBOK M MOITOMY COXPaHseM COBMNajeHHe MU
NPOTHBONONOKHOCTh 3THX ueTHocTedl, Otciona caemyert, uto subo npu
8Cex 3anucax noocmanosxu A yemnocmi sepXrell u HUNCHeld cmpox
cognadarom, aubo e npu 8Cex 3QNUCAX OHU MPOMUBONONLONCHYL.
B neprom cnyuae nomcranoBka A 6ymeT Ha3LIBATHCK 4emHoil, BO BTO-
poM — Heyemnoli., B vacTHOCTH, TOWZECTBEHHAs TNOACTAHOBKa Oyner
yeTHOMH. .

Ecan noacranoeka A sanucava 8 suie (7), T. €. B Bepxuefi CTpoke
CTOUT YeTHaw nepécraHobka 1, 2, ..., 7, TO YETHOCTh MOACTAHOBKH A .
6yneT onpeleNaThCsa YeTHOCTHIO NEPECTAHOBKY Oy, Oy, . . ., O, CTOSLIEH
B HuwueH crpoKe. OTCioNa CleNYeT, 4TO “UCAO HeMHBLY NOOCMAHOB0OK

" : 1
n-ii cmeneni pasHo MILCLY HeYeMHbiX, m. e. pasuo —nl.

OnpeneneHnio 4eTHOCTH NOACTAHOBOK MOXHO LaTh CIEAYIOULYIO He-
CKOMbKO uaMmeneHHyio ¢opmy. Ecan s samucu (6) 4eTHOCTH 0OEUX CTPOK
COBNAAAIOT, TO YUC/O HHBEPCHT HiK B 00eHX CTPOKAX YETHOE, HAH B 06eux
HeyeTHoe, T. ¢. ofufee YMUCAO HHBEpCHH B ABYX CTPOKAaX 3amucu (6)
6yIeT YeTHLIM; eC/IH Xe YETHOCTH CTPOK 3anucH (B) NpOTHBONONOKHLI,
TO ofliee YMCJIO HHBEPCHH B STHX ABYX CTPOKax HeueTHO. Takum obpa-
30M, nodcmanoska A Oyoeém 4uemwoli, ecau oOujee HUCAO UHBepCul
8 08yx cmpoxax 000l ee 3anucu wemuo, u Hetemuold—8 npPomugo-
nOAONCHOM CcAYHAe.
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flpam ekp. [lycTrh naHa TMOACTaHOBKA NSATOH, cTENEHH
31452
25431/°
B ee Bepxueii cTpoke 4 nHBepcuu, B HMKHel 7 uubepcuil, Obuiee uncao

VIHBEPCHH B ABYX CTpOKax ecTb 11, ¥ MO3TOMYy NOACTAaHOBKA HeueTHa.
[lepenuimeM 5Ty NOACTaHOBKY B BHIe

12345
51243/°
Uncao uHBepcHii B BepxHedl cTpoke ecTs 0, B HHxHedl 5, T. e, ofmee umHCAo

CHOBa HeyeTHO. MBI BHIMM, 4TO NpH pasHblX 3ANHCAX NOACTAHOBKH COXpAHACTCA
4eTHOCTE OOLIEro uucJa HHBepCHI:I, HO HE CaMO 3TO uU#McCJO0.

Mu xoTMM yKa3aTb Temeph Apyrue (opMul onpeneneHus YETHOCTH
NOACTAHOBOK, SKBHBAJIEHTHHE mNpuBeieHHnM Buimte'), HOas aroit nenn
ONpeJe/IHM Y MHOXCeHUe no0cmaxo80x, NPeiCTaBIfIoNIee U €aMo no
cebe oueHn Gonbmoit untepec. Iloxcranopka n- crTeneHu eCrb, KaK Mo
3HaeM, B3aHMHO OJHO3HAYHOE OTOOpaxeHue muoxecTBa ynucen l, 2, ..., n
Ha ce6g. PesynbTar nociaeloBaTeNbHOIO BHIIOAHEHHS [ABYX B3aUMHO
ONHO3HAYHBIX OTOGpameHnit muoxectsa 1, 2, ..., n Ha cebs CHOBa
6yneT, OYEBHIHO, HEKOTOPHM B3aUMHO OJHO3HAYHBIM OTOGpaMEHHEM
9TOr0 MHOXECTBA Ha cels, T. €. MOCACLOBATENBHOE BHIO/AHEHHE ABYX
N0 CTAHOBOK 7-# CTeNeHH NPHBOJAMT K HEKOTOPOI BHOJIHE onpejeneHHol
TpeTbel NONCTaHOBKE n-f CTENeHH, Ha3nBaeMol npousgederliem nepsoi
U3 3aJaHHBIX MOACTAHOBOK HA BTOple. Tak, ecan npann NOACTaHOBKYU
YyeTBepTOH CTeneHyn

, 1234 1234
A=(3142)' B=(1342)’
1234
4123)"

TO
AB= (

JleicTBUTENbHO, MpH noAcTaHoBKe A cuMBon 1 mnepexoaut B 3, HO
npu B cumBon 3 nepexoiaur B 4, moatoMy npu AB cumson 1 nepe-
XOOMT B 4, U T. 1.

MOXHO NEPEMHOXHTbL JHIIb MNOACTAHOBKM OJAMHAKOBOH cTenenu.
Yunoocernue nodcmano8ox n-i cmenenu npu n=3 HexomMm)MamusHo.
JleicTBUTENbHO, IS PACCMOTPEHHBLIX Bhillle MOLCTAHOBOK A u B npowus-
BeneHue BA mMmeer BHI

BA — (1 23 4)
3421

T. €. nojicTaHoBka BA ornauusa ot noacraHoBku AB. Takue npumepn
MOXHO noxoGpath A BCeX 7 npu n==3, XOoTd AJAs HEKOTOPHX map
NOACTAHOBOK 3aKOH KOMMYTAaTHBHOCTH CAYYaHHO MOXET BBIIOJHHATHLCH,

1) Ouu moTpe6GyOTes HaM JHIIBb B rjase 14, H NO3TOMY NpH- HEepBOM YTEHHH
5TOT MaTepHaJ MOXKHO ONYCTHTh,
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Yuuooicenlte no0CmMaH080K QCCOYUQMUBHO, T. €. MOXHO TOBOPHTD
O TIPDOM3BEAEHHM NI000r0 KOHEYHOTO YHC/Aa IONCTAHOBOK 71-# CTEneHH,
B3ATHIX (BBHAY HEKOMMYTATHBHOCTH) B OTpeJeNeHHOM nopsnke, B camom
nene, nyCcTh AaHbl NOBCTAHOBKH A, Bu Cu mycTh CHMBO i, 1=<<iy<<n,
MePeXOfUT NPH NOACTAHOBKE A B CHMBOJ i,, I, TPH NOACTAHOBKE B
NepexoauT B CHMBOA iy, a mocienuufi mpu mojactaHoBKke C—B CHM-
BOA i,. Torma npu moacranoske AB cuMBON i; NMepexOMHT B I, mpH
nozactanoske BC cuMBOJ i, MePeXoiuT B i4, a no3ToMy Kak npH (AB)C,
TaK. 1 npu A (BC) cumBon i; OyneT nepexogHTb B CHMBOM ij.

OueBunno, 4YT0 npoussedenue awboii nodcmanosxki A HaQ mo-
m@ecmseuny;o noocmanosxy E, a. maxoce npoussedenue E na A,
pasro A:

AE ='EA=A.

Hasosem, nakoner, o6pamuou AJS TONCTAHOBKY A TAKYH HOACTA-
HOBKY A~1 Tol e CTEMEHH, YTO

AA"'=A"1A=E.

Jlerko BuAeTb, u4TO OBPAaTHOR M/ MOACTAHOBKH

(1 2 «..n

A= (o 2" o)
O g o0 Oy

Oy & o

-1 1 2 e n

A (1 2 ...n )’
noayuamoulascs U3 A nepeMmeHoH MecT BepxHe# M HHWKHEH CTpOK.

PaccMoTpuM Tenmepp NOACTAHOBKH - CHELHAJIBHOr0 BHAA, MOAYYal0-
uiHecs M3 TOXMECTBEHHON noACTaHoBKH E mpH MOMOIGH OAHOH TpaHc-

NO3ULVNK, TNPOHU3BOAMMON B ee HiuwHeH cTpoke. Takue mNOHCTAHOBKH,
H@YETHHI: OHH HA3HBAIOTCH MPAKCNOUYUAMU ¥ VMEIOT BHI

e d i ]

(gt ®)
rie MHOTOTOYHSAMH 3aMEHEHH CHMBOJIH, OCTAIOLIHeCH Ha MecTe. Ycio-
BUMCSL 0003HayaTh 3Ty TPAHCHO3HUUIO cHMBOJOM (i, /). Ilpumenenue
TPAHCMIO3NIHH CHMBOJOB i, j K HHxHel cTpoke 3amucH (7) IPOU3BOAL-
HOW moACTAaHOBKHM A PABHOCH/ABHO YMHOXKEHHIO NMOLACTAHOBKM A Cmpasa
Ha moacrtaHoBKy (8), T. e. Ha (i, j)."MH 3HaeM, YTO BCE€ NEPECTAHOBKU
W3 7 CHMBOJNOB MOXHO TIOJNYYHTb M3 OHHOfi H3 HHX, Hanpumep
u3l, 2, ..., n, noCNeXOBATENBHEM BHIIOJTHEHHEM TPAHCIO3HUHH; MOSTOMY
BCAKas NOACTAHOBKA MOXeT GHITh IOJYyqeHa H3 TOXAEeCTBeHHOH moacra-
HOBKH RYTEM MOC/IEL0BATEAbHOTO BHINOJHEHHS HECKOIbKHX TPAHCHIO3HLUH
B HHXHEH CTpoKe, T. €. NyTeM MOCAE€ZOBATENbHOTO YMHOXEHHd Ha
noxcraHoskn Buaa (8). Moxno yTBepxnaaTe, CIelOBaTeNbHO (OmMyckKas
MHOXHTeNb E), UTO 8CAKAR nodCmaHos8re npedcmasuma 6 6ide npo-
usselenus mparcnosuyul,

CAYXHT NOACTAHOBKA
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BeaKyi0o MOACTAHOBKY MOXHO MHOPHMH DPasHeIMH CIoco6aMu pasio-
HTh B NpOM3BeleHue Tpancnosuuuf. Beeraa moxuo, nanpumep, Ao6a-
BUTb JIBAa OJHMHAKOBMWX MHOXHTeas BuAa (I, j) ({, j), kotopue nawoT
B MPOHU3BELEHHH NOJICTAHOBKY £, T. €, B3aHMHO YHHUTOXKAKOTCH. Y KaxXeM
MeHee TPHUBHAJIBHHE INpUMep:

@ 543 ?} = (12) (15) (34) = (14) (24) (45) (34) (13).

Hosuilt ¢rioco6 onpeneneHns Y4eTHOCTH MOACTAHOBKH OCHOBAH Ha Cle-
pywouiet teopeme:

[Ipu 8cex pa3nciceHusx noOCmMaHO8KU 8 npoussederite mpaucno-
3uyuil wemHocCms %UCAQ IMUX mpancnosuyuii 6ydem odwa u ma e,
npu4es ona cosnadaem ¢ 4emHOCMbIO CAMOL 1100CMAHOBKIE.

Tak, moacTaHOBKa B PacCMOTPEHHOM BHIUEe npumepe Oyner Heyer-
HOM, KaK MOXHO MPOBEPUTb H MOLCYETOM YHC/IAa HHBEPCHH,

STa Teopema GyneT KOKa3aHa, eC/IH MH IIOKaXeM, YTO npoli3sedenue
M066ix R mpancnosuyull ecmv NOOCMAHOBKQ, 4emHOCMb KOmopolk
cosnaoaem ¢ zemnocmsro #ucaa k., llpp k=1 3to BepHo, TaK Kak
TPAHCMO3ULMSl eCTh HeYeTHasd nojcraHoBka. IlycTh Haule yTBepxKIeHHE
yxe nokasaHo nns cayyas B— 1 muoxurene#h. Torxa ero cnpaseinu-
BOCTb AMS KR -MHOWHUTeZeH BHTEKaeT H3 TOTo, 4To uucna B—1 u R
HMEIOT NMPOTHBOMOJIOKHLIE YETHOCTH, 4 YMHOXeHHe MOACTAHOBKH (B JaH-
HOM C/yyae—IiIpou3BeLeHHs NMepBuX 2— 1 MHOxHTenell) HAa TpaHCMO3u-
IIMI0 PABHOCH/JBHO BHITOJHEHHIO 9TOH TPAHCIO3HIMH B. HWWKHEH CTPOKE
MOACTAHOBKH, T. €, MEHfeT ee YeTHOCTb.

Y po6ueM cnocoGoM 3aiuCH INOACT2HOBOK, MOSBOJISIOUWLUM JIEFKO HAaXOJHTH
HX YeTHOCTH, ABJSETCS pa3roKcenue 8 yukast, Beskas moACTaHOBKA n-i CTeNeHH
MOXKET HEeKOTOpHE H3 CHUMBOJIOB 1, 2, ..., n OCTaBAsTb Ha MecTe, APYyrue xe
AeficTBUTENILHO mnepemewath. Llukauteckoti nodcmanoskod WM YUKAOM Ha3bl-
BaeTcsl TaKad NOJCTaHOBKAa, YTO MPH NOBTOPEHHH ee [OCTATOYHOE YHUCJO pa3
BCSKHE U3 NCHCTBATE/BHO MePeMellaeMbiX €0 CHMBOJIOB MOKeT OBITh NepeBelieH
B 41060i1 Apyroil u3 sTuX- ciMBosoB. Takosa, Hanpnmep, NOJICTaHOBKA BOCHMOT

CTEIICHH
12345678\
18645273

OHa JleHCTBHTENbHO NepeMemaer cHMBOMM 2, 3, 6 u 8, mpHueM NEpeBOLHT CHM-
BoJs 2 B 8, cumBos 8 B 3, cumBoa 3 B 6, a cumeoa 6 cHoBa B 2,

" K 4ucay uux/ios NpHHaIeXKaT Bee Tparcnosuuuk. ITo ananoruu ¢ ynorpeGieH-
HOH BHIIE COKPALICHHOH 3aNHChIO TpaHCHO3HHMH, Mif LHKJIOB ynorpebiasercs
caepylomas 3amuch: AeHCTBHTENbHO IepecTaBisieMble CHMBOJHL 3aIHCHIBAIOTCA
B KPYIJIBIX CKOOKAX APYr 3a APYFOM B TOM NOPsAKe, B KAKOM OHH APYT B Apyra
NepexoisT NMPH NOBTOPEHHH MOACTAHOBKH; HAUMHAETCA 3aMUCh C JIOGOro u3 el
CTBHTE/IbHO NepeMellaeMBIX CHMBOJIOB, a MOCAEAHHH CHMBOJ CUHTAETCH NePexo-
ZAmWKM B nepeeiil, Tak, AJs yKasaHHOro BHIUE NPHMepa T4 3alHCh HMEET BHJ

@83 6).

Yncno cuMBOJIOB, AEHCTBHTEIbHO NepeMellaeMblX IHKJOM, HasnBaercs Jaunod
HHUKnNa.
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HBa nuxaa n- creneHy Ha3bBAIOTCH HE3QGUCUMbIMU, €CJIH OHH He HMEIOT
ofuiux HefcCTBMTENIbHO TiepecTaB/feMMX CHMBOJOB. I[loHATHO, uTO TNpH mNepe-
MHOXEeHHUY He3aBHCHMBIX IHKJOB NMOPAAOK MHOMXHTEJeH He BJIHseT Ha Pe3yJ/bTarT.

‘Beakas  nodcmanoska moxcem  Obime  eQuncmsenHolm  Cnocobom  pasnonena
8 npoussedenue NONAPHO He3ABUCUMBIX YUKA08. JIOKA3aTeJbCTBO 3TOrO yTBEp-
KIEHHS He NpPeACTaBiseT SaTPyRHeHHN, U Mbl ero onyckaeMm. IIpakTHyecku pas-
JIOXEHHE OCYI[eCTBASETCH CACAYIOWMM 00pa3oM: HaunHaem c J06oro H3 AeHCTBH-
TeNIbHO NepeMemiaeMpiX CHMBOJIOB M BHINHCHIBAEM 33 HHM Te€ CHMBOJIBI, B KOTOPHE
OH Mepexof#T NPH NOBTOPEHHU NOACTAHOBKH, NMOKA HE BepPHEMCS K HCXOJHOMY
cuMBoay. [Jocne TOro «3aKphITHSA» UHKJaA HAauHHAeM C OZHOrO H3 OCTaBUIHXCH
LeHCTBHTENILHO NepeMeliaeMpiX CHMBOJIOB, NOJiyyaeM BTOPOHl LMKJA M T. A.

Npumeps.
12345
1 (3 2 4>,==(’3)(254’
12345678\ -
2) (5287&L43)=umnwuuy

O6paruo, Anst BCAKON NOACTAHOBKH, 334aHHOM Pa3/0XKeHUeM B He3aBHCHMbie
UMKAB, MOXHO HafiTH 3anuce B oOHuHOM ¢opme (MPH YCJAOBHH, YTO CTENeHb
9TOH MOACTaHOBKH H3BecTHa). Hampuwmep,

3) »uwm@a=(1234567,

3175462
€C/IH H3BeCTHO, YTO CTeNeHb 3TOH NMOACTAHOBKH eCTb 7.

IMycrs masa nOACTAaHOBKA n-H CTeNEHH M NMYCTb § €CTh YHCJAO He3aBHCHMBIX
LHKJIOB B ee Pa3/IOKEHWH IUTIOC YKCJIO CHMBOJIOB, OCTAaBJ/ISIEMBIX €10 Ha MecTe!),
PasdocTe n—s HaseBaercs Oekpemenmom 3TOH MOACTAHOBKH, [[eKpeMeHT paBeH,
OYEBHAHO, YHCJY JAeliCTBHTEJBHO MepeMelllaeMbIX CHMBOJIOB, yMeHbIWIeHHOMY Ha
YHC/I0 HE3aBHCHMBIX HUKJIOB, BXOASILHX B Pa3jlokeHHe MOACTaHOBKW. Has pac-
CMOTPEHRLIX Bblile npHMepoB 1), 2) u 3) AexkpementT OyxeT paBeH COOTBET-
crBedHo 3, 4 H 4. )

Jemnocms nodcmawrosku — cognadaem ¢ wemuocmoito  Oekpemenma  smod
nodcmanosku. - ‘ ' '

He#cTBuTenbHO, BCAKHA WHKJ AJHHH R MOXHO CleAymiowum o6pa3oM mpej-
CTaBUTh B BH/E NPOH3BeReHUst k— 1 TpaHCMO3HUMIL:

(i, fay oo L) =(iny b)) (Gay B) ... (ry p)-

TIpeAnosIOKHUM Tenepb, 4TO AAHO -PasjoMeHHe NOACTaHOBKK A B He3aBACHMble
unkan, Ecas kaxasiii U3 uHKJ0B GyJleT Pas/ioxeH YKa3aHHHM cefiuac crnocobom
B TpOH3BefcHHEe TPAHCMO3HUMH, TO Mbl MONYYMM NpEACTaBJEHUE NMOACTAHOBKH A
B BHJe NpOU3BeAeHHUA TPAHCNIO3HUMA. Uncao aTHX Tpancnosnuuii Oy ieT, OUeBHAHO,
MeHbllle YHCAa CHMBOJOB, NeHCTBHTENLHO fepeMelaeMBX MNOACTaHOBKOH A, Ha
YHCJIO, PABHOE YHC/Y HE33BHCHMHIX IHKJIOB B Pa3jIOXKEHHH 3TOH MOACTAHOBKH.
Orcona caefyer, 4YTO MOACTAHOBKY A MOXHO Pa3/ioXHTh B NPOM3BEJEHHE TPaHc-
nosuuull, YHCNO KOTOPHIX PaBHO AEKPEMEHTY, a MO3TOMY YETHOCTh NMOACTAHOBKH
onpefesifgeTcss YeTHOCTBIO REKPEeMeHTa.

1) BesikoMy CHMBOJY, OCTAaB/IieMOMY NOJCTAHOBKOMN Ha MecTe, MOXHO 6bi0 Gu
MOCTaBUTL B CODTBETCTBHE «UMKJ» AJHHH 1, T. e., HalIpuMep, B YKa3aHHOM Bhplille
npuMepe 2) mucats: (166) (38) (47) (2). Mu He Gyaem, ogHako, STOTO Jenarsh.
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§ 4. Ompenenurenn n-ro mopsika

Mu xoTHM Tenepb 0GOGWIMTH pe3ynbTaTH, MOAyuYeHHhe B § 2 Ans
n=2 u 3, Ha caAyyai npou3BOJbHOro z. Luas 3TOH uLeiH HEOGXOAHUMO
BBECTH OnpejeanTenu n-ro nopsaka. HeBoamoxHo, oanako, caenats 3To
TeM NyTeM, KakuM OblIM BBENEHH OMPENENHUTENH BTOPOTO H TPETHEro
NOPSAKOB, T. €. pemnias B OGHIEM BHIE CHCTEMH JIMHEHHHIX YPaBHEHHH:
10 Mepe BO3PAaCTaHUs 71 BHUMC/IEHHA CTAHOBUAMCH O Bce Gojee u Gonee
TPOMO3IKHMH, a [IpH IPOU3BOJBHOM /2 IPAKTUHYECKH HEOCYIIECTBUMLIMH,
Mu BhHGHpaeM MHOK NYTh: PACCMAaTPHBAS YKe U3BECTHHIE HAM ONpene/in-
TeJH BTOPOTO H TPETHErO MOPSIAKOB, Mbl IOCTAPAEMCH YCTAHOBHTD O6IHit
3aKOH, MO KOTOPOMY 3TH ONpPEeXEeJUTENH BLHIPAWKAIOTCS Yepe3 3NeMeHTH
COOTBETCTBYIOUIHX MAaTpHIl, U NPHMEHUM STOT 3aKOH B KauyeCTBe onpe-
NeNeHus AJS ONpenesuTe/Is MOPsAKa 7, @ 3aTeM JOKaxXeM, YTO MpH
TakoM onpegeneHuu npasuno Kpamepa ocTaeTcsi CrnpaBel/NBHM.

Hanomuum Buipaxenus onpexeauTesell BTOPOro U TPeThero nopsiKoB:

O Gy ,
= Q31095 Q1909q,
gy s 11422 12421
Q11 Q1 Oyg
Qg1 Qg 23| == 041055035+ B12093051 + Qy309,a3, —
Qg Q39 Ggg :

Q13095031 — Q15851033 017189305,.

Mp BuAHM, 4TO BCAKHHA uleH onpejenuTeNs BTOPOro TMOPsAka eCTh
NPOU3BEeNeHHE ABYX 3/MEMEHTOB, CTOMUIMX KaK B Pa3HMX CTPOKAx, TaK
M B Pa3sHbIX CTON6LAX, MPHYEM BCe NPOH3BEAEHUS TAaKOTO BHIA, Kakue
TOJIbKO MOYXHO COCTABHTb H3 971€MEHTOB MaTPHIL BTOPOro MOpPsAKa (uX
BCEro ABa), HCNOMb30BaHH B KauecTBe uaeHoB onpeneiutens. [Tonobumm ke
00pasoM BCSIKHHA u/leH OmnpepenuTens TPeThero nop\ﬂn.xa]aén;'{eTc’ﬂjnpo-
U3BElEHHEM TPEX BNEMEHTOB, TAKKE B3ATHIX 10 OMHOMY B KaWIOH CTPOKe
H° B KaXJIOM cTonbie, MpUYeM CHOBA BCe TaKHe MPOU3BEILEHH S HCIMOJb-
3YIOTCS B KaueCTBE YJIEHOB OMNpexe/SHTeNs,

IycTs. Teneps mana ¥BaapaTH4as MaTpula nopsiaka n

Oy Q1 ... Gy
Qgy Qoo v Qop (1)
anl Apy -+« Qpp

PaccMoTpuM BCEBO3MOXHBIE MPOH3BEJEHHMS MO 71 SNEMEHTOB STOH ‘Mat-
PHUB, PAaclOJOKEHHHX B Pa3HBIX CTPOKaxX M pasHHX croabuax, T. e.
NpOU3BENEeHU BHIA

Q1a,89a, «-«- Qnay, (2)

T/le MHAEKCH Of,0p,. .., &, COCTABASIOT HEKOTOPYIO MEPECTAHOBKY M3
gucen 1, 2, ..., n. Yneao Takux npouaBeNeHni PaBHO YHCIY PA3NHYRBIX
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IIePecTAHOBOK M3 /1. CUMBOJIOB, T. €. paBHo nl. Bymem cunTaTh BCe 9TH
NPOU3BENEHHUSA WIeHAMH OYAYIero ONpeleNuTeNs #-ro NOpsAaKa, COOTBET-
cryoutero matpuue (1). ,

Ilas onpesenenns snaka, ¢ KakuMm npoussesenve (2) BXOAHT B COCTAB
ONpeNenuTEeNA, 3aMETHM, YTO H3 HHACKCOB STOTO NPOUIBEXEHUST MOMKHO

COCTaBHUTH MNOACTAHOBKY
Oy Oy ... O/’

TIe [ TepexXOmMT B O eC/iM B COCTAaR Mpou3BeleHHs (2) BXOLHT 3ie-
MeHT, cTosuwuit B i-A cTpoKe W a-M cToabue martpuus (1). Paccmarpu-
Bas BHPAXEHUH ONpejenuTencii BTOPOro U TPETHEro NOPALKOB, Mbi 3aMe-
4YaeM, YTO ‘B HHX CO 3HAKOM IIIOC BXOAAT Te WIEHH, -HHAEKCH KOTOPhIX
COCTAB/AAIOT 4ETHYIO MOACTAHOBKY, & CO 3HAKOM MHHYC — 4JEHbl C HEYeT-
HOH NOACTAHOBKOM HHAEKCOB. BCTECTBEHHO COXPaHUTb STY 3aKOHOMEp-
HOCTb ¥ B ONPEACNCHHHM ONPENEJHTENR 72-10 MOPALAKA.

Myl npuxonam, TakuM 06pasoM, K CAEAYIOLIEMY ONpeReseHyI0: onpe-
Oesmenem rn-20 nopsodKa, COOTBETCTBYIONIUM MaTpuue (1), HasmBaeTcs
anarebpanveckasi cymma 2! YjieHoB, COCTaBJeHHad CAeAYIOLUIHM 06pasom:
YJeHaMH CNY»KAT BCEBO3MOXHbLIE MPOW3BEACHHH 72 BJEMEHTOB MATPHUUM,
B3ATHX MO OJHOMY B KaXIZOH CTPOKe H B KaXAOM cT0a6I1E, NpHieM
yned 6epercs CO 3HAKOM IJIOC, €CJH €ro WHAEKCH COCTaBAAI0T YETHYIO
MOACTAHOBKY, B CO 3HAKOM MHUHYC— B IIPOTHBOIOJOXHOM Cly4ae.

Jns 3anucy onpenenuTens 7-r0 NOpsiKa, COOTBETCTBYIOLIETO MaT-
pune (1), Mu 6yneM, Kak H B cyyae onpeaenutenet BTOpOro H TPEThEro
TIOPSAAKOB, YNOTPeOAATh CHMBOJ

Q33 Qg ... Qqp
Agy Qgp «.. 4

P P )
L% a_m ver Qup

Onpenenurtean n-ro nopsaAKa NPeBpamanTCd NMpH n=2 U n=3
B pPaCcCMOTPEHHBE paHee OMNpeneaHTe/]H BTOPOro U TPEeThero NMOPAmKOB,
a npu n=1, 1. €. Aad MaTPHUL], COCTOALIHX H3 OXHOTO 3/7eMEeHTa, onpe-
LeNHTeNb paBeH CAMOMY 3TOMY 9/eMeHTY. Mbl He 3HaéM IMOKa, OXHAKO,
MOXHO /1 NPH 72> 3 HCNOAL30BATh ONPENEsiUTENb 7-I'0 MOPSAKA AN
peleHus CHCTEM JMHeHHBX ypaBHeHuH. dro Oyjper noxa3auo B § 7;
TIpEeBAPHTEAbHO HEOOX0AUMO MOABEPTHYTH QNpeLeTHTENH /I-TO MOpAaKa
JeTalbHOMY H3YUYEHHIO M, B YaCTHOCTH, HAHTH METOAH /IS UX BHIYHC/Ie-
HHfl, TaK KaK BBIYHCAATDH ONpefenuTeNH, HENOCPEACTBEHHO TIPUMEHSA HX
ompejenenne, Na¥e NMPH He OYEHb GONbLIMX 72 ObI0 Ob BeCbMa 3aTpyn-
HUTEJIbHBIM, ,

Ceitiyac Ml yCTaHOBUM HEKOTOpHE npocTetinine caoficTsa onpenenu-
Teaell 7-ro MOPAAKA, OTHOCAIMECH MPEHMYIIECTBEHHO K OJlHOMY M3 Clle-
LYIOLHX JBYX BONPOCOB: C OLHOH CTOPOHH, HaC OYAYT HHTEPECOBaTh
YCNOBHs, NPH KOTOPHX ONpefenuTe/Nb PaBeH HYJMIO; C APYro#l CToponw,
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Mbl YK2)X€M HEKOTOpHE NPeo06pa30oBaHHd MATPHUL, KOTOPHE HE MEHSKT
ee OMpefeNHTeNs WM KE MOLBEPraidT ero JMEerKc YYMTHBAEMEIM H3Me-
HeHHSIM. :

HaszoBem mpawncnonuposarnuen matpuus (1) takoe npeoGpaszosanHe
3TON MaTpHIL, NPH KOTOPOM €€ CTPOKH AeJAloTCH CTONOLAMH C TeM xe
CaMEM HOMEPOM, T. €. mepexoA ot maTpuus (1) k Marpuue

ayy (121 vee Ay
Qg dag ... Gpyg
R &)
n dap -+ Qg

MOYXHO CKa3aTh, YTO TPAHCIOHHPOBAHHE €CTh NOBOPOT MAaTPHIH (1) 0K0JIO
rnasuo# guaronanH. COOTBETCTBEHHO FOBOPAT, YTO ‘ONPEAENHUTE]b

an gt .. G|
Qg Qgy ... G
12 9og n3 (6)

An Q2+« Qpp

NOJAYYeH TPAHCIOHUPOBaHHEM ompenenHntens (4).

CeofictBo 1. Onpedesumens ne Mensemcs npi mMpawcnoLupo-
sanuy. '

B camom gnene, Bcaku#t unen onpepenurtens (4) uMmeer BUA

Q10, @20, -+ @nay 7
rie BTOpPbHE HHAEKCH COCTABASIOT HEKOTOPYIO MEPECTAHOBKY M3 CHMBO-
aos 1, 2, ..., n. OAHAaKO Bce MHOXHTENH npousseneHud (7) u B onpe-

neautene (6) oCTaOTC B PasHLIX CTPOKax M pasuplx croabuax, T.e. (7)
CAYXUT 4Y/EHOM M I/ TPAHCIOHHPOBAHHOTO onpejenutend. Bepuo, oye-
BHIHO, U 06paTHOE, U MOITOMY ONpefeanTenn (4) u (6) COCTOAT U3 OAHUX
M Tex ke uJeHoB. 3Hak uneHa (7) B ompenenurese (4) onpenensercs

YETHOCTBIO MOJACTAaHOBKH
1 ..
2 ...n : ®)
a0y ... O,

B ompejesnntene (6) nmepsoie HHIEKCH 3MEMEHTOB YKa3HBAIOT Ha HOMEP
CT0/161a, BTOPHE —HA HOMEP CTPOKH, MO3TOMY 4aeHy (7) B ompemenus
tene (6) COOTBETCTBYeT MOXCTAHOBKA

oy .. Oy

(1 2 ...n)" O
[ToxcranoBku (8) u (9) —B obuiem caydae pasnauuHble, HO MMEWOT, Oye-
BHAHO, OJHY H Ty ¥*e UYeTHOCTb, a MO3TOMY ujaeH (7) umeeT B o6OHX
OnpeAenuTeAIX OLWH M TOT Xe 3HaK. TakuM oGpa3oM, OnpexeNHTeNH

(4) n (6) ABAMIOTCA CYMMaMM OJAMHAKOBHIX 4JIEHOB, B3fTHIX C OAHHAKO-
BbIMH 3HAKAMH, T. €. PaBHH IPyr APYry.
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M3 caolicrsa 1 BriTexaeT, 4YTO BCAKOE YTBEPXJAEHHE O CTPOKAaxX ompe-
AenuTeas CHPaBelJHBO H A ero cronbuos w o6paTHo, T. €. 4TO
8 onpedeatimese (B OTAWYME OT MATPHUB) cmporKu u cmoabys. pasHo-
npasne., Ucxons ua storo, me Gynem panpuefimue csohicta 2—9 ¢op-
MYJHPOBaTh M KOKAa3bBAThb JUIIb A/ CTPOK ONpENe/HTeNs; aHANOTHYHbIE
cBOHCTBA /s CTOAOLOB He 6YyAyT TpeGoBaTh 0COOOr0 AOKA3aTeNbCTRA.

CsofictBo 2. Ecau o0Ha u3 Cmpox onpedesiimens cocmoum u3
Hyael, mo onpedesumens pagex HYAo.

HeficTBuTeNbHO, - IyCTh BCe 3IeMeHTH [-H CTPOKH OnpeseauTens
ABAAIOTCH HynsiMu, B xawanifi 4ieH onpenenntens LOMxeH BOHTH MHO-
WHTE/MeM OIMH 3JeMeHT u3 - CTPOKHM, [OSTOMY B HalleM cJydae BCe
WIEHH ONpeje/luTe/]s PaBHBl HYIIO,

Ceoificteo 3. Ecau 00un onpedesumenrs noaywew u3 opyzozo
nepecmanogrKoll G8yX CmMpox, Mo 8ce uAeHb nepgozo onpedesuimens
Oyoym useHamiL u 80 8MOPOM, HO ¢ OOpAMHBLMU 3HAKAMU, M. €. OMm
nepecmanosKu 08YyX CMpOK Onpedenitmens AUWSL MeHAen 3HAK.

B camom gene, nyctbh B onpesenntene (4) MepecTaBAMOTCH - ¥ j-a
CTPOKH, iz~j, a BCe OCTanAbHbte CTPOKH OCTAIOTCH Ha mecte. Mul nony-
YaeMm onpejenntend - '

Q1. OG1p o aln

Ay Qo wuo By (l)

AR (10)
a1 Bi3 ... 8y | ()

O N

« s e

Gpr Gpg ... Gpp
(c6oky yxazanst HoMepa cTpok). Ecau
- Qya, 83q, +.. Qnaq, (11

eCThb YieH onpenesuTens (4), TO BCe ero0 MHOXKHTE/NH M B ONpeaenuTene
(10) ocraroTcdt, OYEBHAHO, B PA3HHX CTPOKAX M PA3HHX CTOAOUAX.
Takum oGpasowm, onpepenutenn (4) u (10) cOCTOAT W3 OMHMX M TeX we
dinenos, YUneny (11) B onpepenutene (4) COOTBETCTBYET NOACTAHOBKA

(1 211n> (12)
Oy Og.oe G oe Bpoun Gy
a B onpegenurene (10)—noxcraHoska
(1 2.\..;’...i...n>’, (13)
Oy Oy oo O (. Bj.. Oy

TaK KaK, HapuUMep, SJeMeHT @;,, CTOHT Teneph B J-# ¢cTpoke, HO OCTaeTcq

B crapom o;-M croabue. [lorecranoska (13) nonyvaercs, oaxako, U3 HOx-
cranoBky (12) nyTem OAHON TPAHCNO3HUHHK B BepxHel CTPOKE, T. €. HMeeT
NPOTHBONOAOKHYIO YeTHOCTh, OTCi0Ma creayer, 4TO BCe U/IeHH oOmpene-
Jutensa (4)-Bxoaar B onpenenutendb (10) ¢ obpaTHHMU 3HAKAMH, T. e,
onpenenntenn (4) u (10) orAnvaloTCHA APYr: OT APyra JAnilb 3HAKOM,



§ 4] : OTNPEAEJUTENH 71-TO- TOPANKA 41

Cso#éictBo 4. Onpedesumens, codepxcawuii o8e 00uUHAKO8bLE
cmporu, pagen HYO. '

B camoM pnene, nycTh OmnpepenuTeNb paBeH 4McaAy 4 M NycTb COOT-
BEeTCTBEHHBIE BJIEMEHTH ero i-# u j-# cTpok (i~j) paBHn Mexny coOoOM.
Tloce nepecTaHOBKM 3ITHX JABYX CTPOK ONpPENENuTE/]Ib CTaHET PaBeH,
BBUAy ceoicTBa 3, uMcay—d. Tak kak, OLHAKO, NepecTaBASIOTCH OXU-
HAKOBBE CTPOKH, TO ONpeJe/HTe]b HAa CAMOM Xele HE MeHsercd, T. e,
d=—d, otxyaa d=0.

Ceofictro 5. Ecau sce aNeMEHIMb HEKOMOpPOl cmpoku onpe-
oeaumens Y MHONCUMb HA uek,‘omopoe RUCA0 R, Mo cam onpederumens
ymnoxcumes na k.

- [lycth Ha k yMHOXeHb Bce 3neMenTHl i-# cTpoxn. Kaxanit ynen onpe-
JeMuTelst CONePKHT POBHO OMHH /EeMEHT U3 i-H CTPOKH, IO3ITOMY BCAKHUMH
YieH npuo6peTaeT MHOXHTENb &, T. €, CaM ONpeeNuTe/lb YMHOMAETCS HA K.

A1o cBOUCTBO AONYCKAaeT H. TaKYI0 (DOPMYTHDPOBKY: 00wl MHOMNCU-
menb 8Cex SAeMEHMOB  HEKomopod. CMpoKu -onpedesuimens. MoxNCHO
Goinecmu 3a 3HaK onpederumens. .

:Co#tcrBo 6. Onpedesumens, codepiucauuii 08e npoOnOPYUOHALL-
Hble CMpoKU, pasen HYAO.

B camom nene, nyctb 3neMeHTH:j-# CTPOKH onpenenutens OTAU-
YalTCA OT COOTBETCTBYIOUIMX BSAEMEHTOB i-H CTPOKR (i%=j) oAHHM H
TEM wWe MHOWuTedeM K. BblHoca 3ToT 06wuR MHOXUTEAb & u3 j-#
CTPOKH 34 3HaK ONpeNeNUTe/Ns, MH MOJYYHM ONpeAeNuTeNb ¢ ABYMS
OAMHAKOBHMH CTPOKaMH, PaBHHN HYJIO MO CBOHCTBY 4.

CBo#icTBO 4 (a Takwe cBOHcTBO 2 npn 72> 1) ABJASETCH, OYEBHUAHO,
YaCTHHMHU CHAyvasiMu cBofictBa 6 (mpu k=1 u k=0).

CeofictBo 7. Ecau 8ce 3semenmor i-ii cmpoxu onpedesumens
n-2o0 nopadka npedcmasnens. 8 8ude CymMMmb. 08YX CAG2AEMHX:

a,-j=b/+c/, =1 ...,mn,

mo onpedesumens paser cymime 08yx onpederume el Y Komopbix gce
cmpoku, Kpome i-ii, —maKxue e, Kax U 8 3a0aHHOM onpedeiumesne,
a i-a cmpoxa 8 00HOM U3 caazaembix cocmoum U3 nemenmos b,
8 Opyzom—u3 3nremenmos c;.

ﬂeﬁCTBHTeanO BCAKHHA 4YieH 3aJLaHHOrO onpeaeanTelis MOXKHO Npea-
CTaBHTb B BUAE

Qy0, Qaq,. - ig;. . . qna, = Q1a, Q2q,. .« (Da; + Cag) <+« Qng, ==

:ala' aga,: . .bai- . .ana"’—l-alal azqz. . .Cai. . .anan-

Co6upan BMecTe nepBbie C/araeMule STHX CYMM (C TEMH e 3HAKaMH, KaKue
UMeNH COOTBETCTBYIOUIHE Y/EHHW B 3aXaHHOM ONpENENHTENg), Mb TOY-
YHM, OYEBHAHO, ONpeLeauTe]b 72-TO MOPSAAKa, OTAHYAIOIMHCA OT 3aJaH-
HOTO ONpeneuTe/]s JMUIL TEM, YTO B i-H CTPOKE BMECTO- B/EMEHTOB a;;
crosaT aneMeHTsl b, CoOTBETCTBEHHO BTOpHE ClaraeMbie COCTABARIOT
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onpenenuTenb, B [-f CTPOKE KOTOPOro CTOST 3JIEMEHTH Cj. Taxam
obpasow, :

a1 Qg ... aln a1y @13 oo Qg Q1 Q13 .. Q1
bite; batoy . b +c,, =|b, by ...b, |F|a 2 ... Cn |
an Qua oo Quy Apy Qg ovv Qpp Ap1 Bpg -vv By

CaotictBo 7 6e3 Tpyaa pacmpoCTpanseTcs Ha caydalf, korpa Beakuit
97EMEHT i-f CTPOKHM €CTh CyMMa He IBYX, a m cjlaraembx, m=2.

Bynem roBoputh, 4To -1 CTPOKA ONpeMeNHTENs eCTh JUHEUHAST KOM-
6unayua ero OCTanbHBIX CTPOK, €C/AH A/ BCAKOM CTPOKH C HOMEPOM J,
Jj=1, ..., i—1, i4+1, ..., n, MOXHO yKa3aTb TaKoe YHCIIO Ky, YTO,
YMHO®aA j-10 CTPOKY Ha k;, a 3aTeM CK1aAmBas BCe CTPOKH, KpoMe i- ﬁ
(npuyemM cnowkeHue CTPOK cnenyer IHOHHMATh TAaK, YTO- CK/JaJLBalOTCS
S/eMEHTH BCeX 3THX CTPOK B KaxIoM CToabne ornenbno)., Mbl TIOJIYYHM -
i-10 cTpoky. Hexortoprie us kosdduurentoB k7 MOTYT GHTb PaBHBIMH
HYMO, T. €, i-8 CTpoKa OyAeT Ha caMoM jene nuueﬂﬂoﬁ koMOuHanueH
He BCEX, a JNIUb HeKOTOPbIX H3 OCTAaBLIMXCH CTPOK. B uyacTHocTH, ecny
MuWb onuH W3 ROSPPUUHEHTOB k; OTAHYEH OT Hy/s, MH NOnyuaeMm
¢ayyal npoNopUKOHAaNbHOCTH ABYX CTPOK. HakoHell, ecan ¢Tpoka COCTOUT
HENUKQM U3 HYJeH, TO OHA BCeraa 6yneT Junefinolt komGuHaL e ocTanp-
HBIX CTPOK,—cAy4aid, KOraa sce k; pasus Byuo.

Caoﬂcrso 8. Ecau odHa u3 cmporc onpedesumens ecmbv Aumel-
Has KOMOUHAUUS €20 Opy2uXx CMpoK, mo onpedesumens paser Hy.aio.

[Tycth, nanpumep, i-s cTpoka Gyper nuneiinoll komGunauued s Apy-
FHX CTPOK, 1<Cs<C<n—1. Beakuit snement i-i cTpokum Oymer Torma
CYMMOH § C/IaraeMelx, a MOITOMY, NPHUMEHSH CBOHCTBO 7, MbI NPENCTABHM
HAll Onpene/uTesb B BHAC CYMMbl Ompefesurenelf, B KawJIOM U3 KOTO-
pux i-a cTpoxa OyHeT nNPONOPUHOHANbHA OLHOH M3 IPYFuUX CTPOK.
ITo cBo#cTBY 6 BCe 9TH ONpEeAENHTENH PABHBI HYAI0; PABEH HYJIO, Cle-
ILOBaTeAbHO, H 3aJZaHHHH OMpeIenuTenb.

310 CBOHCTBO fiBAseTcA 06061eHeM CBOHCTRA 6, npnqu Kak Oyner
‘noxasano B § 10, oHo maer camuifi oGuiuid cnyqaﬁ paBeHCTBa omnpene-
JAMTeNst HYJIO,

CBotictBo 9. Onpedesumens ne MensSemcs, eCAll KX IAeMeHMaMm
00HOL U3 e20 cmpox npubasisiomcs COOMBEMCMEEHHbE daeMeHmbl
Opy2oli cmpoxt, YMHONMCEHHble HQ O0OHO U MO Jce 4UCAO,

ITyeTs, B camoM pene, K i-H ¢Tpoke ompelenutens ¢ npuGapnaseres
J-% cTpoxa, j=ki, yMHOXeHHas Ha YHCIO R, T. €. B HOBOM oOrpelesn-
TeJIe BCSKMH 37EMEHT i-#f CTPOKH HMEET BUJ aw-l- kRa;, s=1,2, ..., n.
Torma, na ocuoBanuu csoficTRa 7, 3TOT oOnpeneiuTenb paBeH cymme
ABYX Ompenenutenci, M3 KOTOPHX nepBbm‘ ecTh d, a BTOPOH COMEepPMHT
‘IBe TIPONOPUHOHANbHEE CTPOKH H NOITOMY paBeH HYyJIIO.

Tax kax uncno & MoweT OMTh M OTPHUATENLHLIM, TO 0rpeCeslmess
He MeHnsemcs u npu gulgumanuis U3 00Holk e2o cmpoxu dpyezoli cmpoxu,
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ymuoxcenroli Ha wHexomopoe =ucao. Booluie, onpedertimens we se-
HRemcs, ecal ¥ 00Krol u3 e2o cmporx npubasisemcs awbas rukelinasn
KomOuHayus Opyaux cmpox.

paCCMOTpHM OJIMH NpumMep. Onpenenm*e.nb Ha3bIBAGTCH KOCOCUMMEMPUULCKUM,
€CJid €ro 39J/eMeHTh, CHMMETPHYHBIE OTHOCHUTEJLHO rJaBHOH juarosasy, OTJIH~

yalotesl APYr OT Apyra JIHIIbL 3HAKOM, T, €. €CJH NpH BceX i H | Oyaer Qji=—a;;
OTCIOZA CJefYeT, UTO Aast BeeX i 6ymer a;= —a;=0. Taxum ofpasom, onpe-
JlenHTeNIb UMeeT BHJ
’ 0 A1y O3 ... iy
— 0y 0 Qgg. .u. O,
d=| —a13 —ag; 0 ...a3, |«
—01p Qg —Q3, ... 0

YMHOKAS KANKAYI0O CTPOKY OSTOr0 ONpeJesuTe]st Ha uucao —1, ME MonyuuM
TPAaHCMOHHPOBAHHHI ONpelesuTeNb, T. €. CHOBA PaBHHIl d, OTKYXa, BBUAY CBOH-
cTBa 5, cjaexyert:

(—1)*d=d.

Hpa HEUETHOM fi OTCIoa BuiTeKaeT: —d=d, T. e, d=0. Taxum o6pasom, 6ca-
Kud Kococummempuueckud onpedesumens HedemHo2o nopadka pasen Hyo.

§ 5. Musopn u uX aareGpandyecKne NONOJHEHHS

Boite yxe orMeyanoch, 4TO 6bii0 Ol 3aTPYAHHTENbHO BHIYHCAATH
ONpeae/uTe/NH 71-T0 MOPAAKa, NPHMEHAs HeMoCcPeNCTBEHHO HX onpenese-
Hue, T. €. KaOwAWH pa3 BuIHCHBaf BCe 71! 4IeHOB, OMpene/sst HX 3HAKH
1 1. A CymecTByior 6onee npocrThie METOMAH BHIYHC/IEHHS ONpegenuTe-
ne#, OCHOBaHHHE HA TOM, 4TQ ONpele/jHTeNb MOPAXKA 7 MOWeT OHTb
‘BHpaxeH yepes omnpexenntenn Gosnee HU3KHX nopsakoB, C 3Tol weabio
BBENeM CleXylouiee MOHATHE.

[TycTb AaH onpenenutend d nopsuka n. Bepem nenoe uucao k, yaos-
nAerpopswouiee yciaosuio 1<<k=<Cn—1, u B onpenennrene d Bu6upaem
NPOU3BOJbHLE B CTPOK M B cTONOLOB. DIEMEHTH, CTOALIHE Ha mnepece-
YeHHH 9THX CTPOK U CTOJGLOB, T. €. NPHHAAIEKAUHE K OAHOH H3 BHl-
6paHHbBX CTPOK U K OLHOMY H3 BHOPaHHBIX CTOAGUOB, COCTABAfIOT, OYe-
BUIHO, MaTpully nmopsaka k. Onpepenutenp 3TOH MaTPHUM HAa3HBaeTCHd
Munopor k-2o0 nopsoxa onpenenurens d. MoxHo ckazaTb Takxe, YTO
MHHODP Kk-TO MOPSiAKa €CThb ONpejenuTe/]lb, NOAy4alOMHHACT N0oc/ae BHYep-
KuBaHus B ompepennrese d n—=Fk ctpox u n—4k croabuos, B gacrt-
HOCTH, IOCJe BHYEPKHBAHUS B onpereauTeNe OXHOH CTPOKH M OLHOrO
cTonabua Mbl Tony4yaem MHHOP (72— 1)-rOo MOPARKA; ¢ APYro#t CTOPOHH,
MHHOPaMH [EPBOTO MOPSAKA 6yny‘T OTAeJbHHE 3/IeMEeHThl ONpexenuTens d.

[Iycts B onpenenutene d 7-ro mopsijaka B3AT MuHop M k-ro nopsuka.
Ecan mu BLIYEDKHEM T€ CTPOKH M CTOAOLBI, HA IepeceyeHuH KOTOPHIX
CTOHT STOT MHHOpP, TO ocTaueTcs Muuop M’ (n—Fk)-ro nopsnka, KOTO-
PHii Ha3WBAETCH 00/I0AHUMEeAbHM MUHOpOM Ans muHopa M. Ecan mui
BblY€pKHEM, HaOGOPOT, T€ CTPOKH U CTOJOUH, B KQTOPHIX PACHOIOWKEHH
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snemerTH MuHOpa M’ TO ocranercst, oyeBumHo, mMuHop M. Takum o6-
pPa3s’oM, MOXHO TOBOPHTH'O Rape B3aUMHO HOMNOAHUTENBbHHX
MHHOPpOB onpenenutens. B 4acTHOCTH, 3/eMeHT G;; ¥ MHHOD {(n—1)-ro
NOPAAKA, TIONYYalOUMHHACH BHUEPKHBAHHEM B onpenenutene i-# CTPOKH U
J-rocronbua, 6yAyT COCTABJSTL NAPy B3aHMHO ZOMOJHUTENbHBX MHHODOR.

Ecau mutHop k-ro nopanxa M pacnonoxen B CTPOKAXx ¢ HOMepaMu
iy, iy, ..., [y 1 B cTonbuax C HOMEPaMH ji, fg, ..., Jy, TO HA30BeM
axazebpaugecxkum Jonornenttes MuHopa M ero HONOAHUTENAbHBIH MH-
Hop M', B3ATHIY CO 3HAKOM IUIIOC WAM MHHYC B 3aBHCHMOCTH OT TOrO,
YeTHA HJIN HEYeTHAa CyMMa HOMEPOB BCeX CTPOK H CTOAGLOB, B KOTO-
pHX pacnojoxed MuHop M, 1. e. cymma

sw=itit ot it h e ()

Muu\m CIOBAMH, anreﬁpauquKﬂM JONOoHeHHeM and Muxopa M Gynet
yucno (—1)°m M’

TIpoussedenue nibozo munopa M k-20 nopsoxa Ha ezo arzebpa-
unecxoe Jonoanenue 8 onpede/lume/ze d ssisemcsn anzebpauneckoil
CyMMuol, carazaembie KOMopod, NOAYHAIOUUECS OM Y MHOJCEHUS. 4ALHOB
munopa M Ha 83ambie CO 3HAKOM (— 1M waens donosnumensrnozo
nunopa M, 6yoym wexomopoimi, trenanu ofipedesumens d, npuses
ux 3HaKi 8 3mold. CYymme COBNAGAIOM C Mmeml 3HAKAMU, C KAKUMU
OHU 8X008m 8 cocmas onpedesumenst,

HokasareabcTBO 3TOH TeopeMb Mbi Ha‘lHéM CO cayua#, KOTAAa MH-
HOp M pacrnonoXen B-/1eBOM BEPXHEM YrJy ONPEAENHTEINA:

ayy Lol Qyp Ay bl e Oy
1% oo e Oprp+1r o Qpn
d= )
Br+1, 1 oo+ Crrt, k] Qhwr, k41 e Qp+1,.n
1 v Gpp An, k+1 Qun
T. €. B CTPOKax ¢ Homepamu 1, 2, ..., & 1 B8 CcTOAOLAX C TAKHMU WKe

nomepamu. Torza mumwop M’ Oyner 3anuMath NPABEK HWKHEI yroa
onpenennteas. HYuciao sy B 9TOM .cayuae OyleT 4eTHHIM:

su=1F24 . 1 F 24 R=2(1L 24 ... + k),

nostoMy anrebpanyecKHM AoillofHeHuem ans M ciayxut caMm mndop M,
Bepem npou3BonbHHA yieH

Qyq, G0y« -Qpay : (2)

munopa M; ero 3nak B M 6yner (—1)!, ecan / ectb uncno nupepcni

8 NOACTAHOBKE
1 2 ... &
ay Qg ... O
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[lpousBonpuuit uieH.
Qhty, Bryy Bk+2, Brtas » ~Enby 4)

munopa M’ wumeer B aTOM MuHOpe 3HaK (—1)¥, roe /" ecThb. umcio
HHBepCHH B NOACTAHOBKE.

<k+1 k—|—2‘... ;n) , (5)

Br+r Bria ...

Mepemuoxaa unern (2) u (4), MB NOAY4YHM TIPOU3BENEHHE /1 IIEMEHTOB

10,830, + - Chap@h+1, Bry Fht2, Biga- » - FnByo (6)

PacnoOXeHHBX B Pa3HHX CTPOKAX M PA3HBIX CTOAOLAX OmpeneanTensd;
ouo Gyper, cieZoBaTeAbHO, uneHOM omnpeaeruteas d. 3Hax unena (6)
B npousselenuu- MM’ Gyper npousBeseHueM 3HAKOB 4ieHoB (2) u (4),
T. . (— 1! (— 1)/ = (—1)!*", Takoit we 3HaK uMeer, OAHAKO, WwieH (6)
U B onpenenurene o.- JleficTBUTE/NbHO, HHXKHASA. CTPOKA MOACTAHOBKH

<1 2 ...k ki1 k+2‘..,n>
' )
Oy Og ... O Bras PBria .. By
COCTaBJEHHON W3 WHIEKCOB 3TOTO WIEHd, COAEPWHUT auub [ -+ /' uusep-
CH#i, TaK KaK HHUKaKoe o, HU C ONHUM U3 B HE MOXET COCTABHTb HHBEP-
cuio: Bce o He Goabuie 2, Bce fi ne menbure R--1.

AruM noxasad paccmanuBaemuﬁ HAMU 4acCTHHA Ccaydafl TeopeMsl.
[lepexoanm K ‘paccmorpenuio obuiero ciayyas, T. e. NPEANOJI0KHM, 4TO

mMuHop M pacmonoxen B CTPOKAX ¢ HOMEpamH i, 12, «.., iy u B CTONO-
Uax ¢ HOMEPaMH fy, Ju, ..., fp, TPHUEM

i1<i2<..-<ik, j1<j2<.;.<jk.

[Mocrapaemca, mnepectaBasisi CTPOKH H CTOAGUH ONpexenuTesl, nepeiBu-
HyTh MHHODP M B jneBbfl BepXHMH yroa, npuyeMm Tak, YTOOH AONOJHU-
TeAbHHH MUHOP He W3MeHHacs. JIas 3TOH Lienn nepecTaBuM {4710 CTPOKY
¢ ({y—1)-#, 3atem ¢ ({;—2)-# u 1. 4., MOKa i;-% CTPOKA He 3afimMer
MeCTO NepBOH CTPOKi; A 3TOTO Mbl JO/MKHH GyaeM HepecTaBUTh CTPOKH
i;—1 pas. Byaem 3ateM NOC/NeNOBATE/NbHO NEPECTABAATH iy-l0 CTPOKY
CO CTPOKAMH, PACHOJNIOWEHHBIMH HAaJ HEW, MOKAa OHA He PACIONOWHUTCH
HENOCPEACTBERHO MOJ, i,-#i CTPOKOH, T. €. HAa MecTe, KOTOPOE A0 HA4ANA
BCex mpeoOpasoBanui 3aHUMaNa BTOPas CTPOKA; A 3TOrO, KAK JIEFKO
NPOBEPUTb, MW LOMKHH OylneM nepectaBHTh CTPOKH, [,—2 paza. Aua-
JOTHYHBIM 06pa3oMm i3-10 CTPOKY MBl MEpeIBMHEM HAa MeCTO TpeTrbeit
CTPOKH M T. JA., NOKA i,-fi CTPOKA HE OKAWKETCHA HA MecTe R-H CTPOKH.
Beero ™Mbl po/MkHH GymeMm COBEPILHUThH

(51_1)‘}“@2_2) +.... +(ik_k)=
=iy tigt .. Fi)—(1+24... +k)

TPaHCHO3HUUH CTPOK.
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Munop M pacnonoxen ywxe B NEPBHK £ CTPOKAX HOBOTO ONpeie-
nurens. Bynem remeps noc/ae10BaTENbHO NEPECTABISATD CTOAGIE! OMpee-
. MMTeNs: ji-H €O BCeMM eMy NPeNIUeCTBYIOMIMMH, [OKA OH He 3aHMeT
NepBOro MecTa, 3aTeM Jo-H, MOKa OH He 3aHMeT BTOPOrO MecTa, U T. A.
Bcero CTonduu OyLyT mepecTaB/ieHbt

(j1+j2+--~+jk)“'(1+2+---'+k)
pas.

[Tocne ncex 9TUX npeolpa3oBaHufi MW TIPHXOJAHM K HOBOMY ompene-
aupTemo d’, B KoTopom MuHOp M 3anuMaer JesHil BepxHulfi yroa. Tax
KaK MH nepecrasnﬂnu KaXuf#t pa3 Juillb COCEAHHE CTPOKH MM CTONOLH,
TO B3aHMHOE pPaCmONOKeHHe CTPOK H CTONGUOB, COAEPKABLINX B ONpese-
martene d munop M’, octaercs Ge3 M3aMeHeHHs, a NOITOMY JHOMOJHHTENb-
HBM K MUHOPY M B ompexenutene d’ ocraercs munop M, 3aHHMAIOLIHH,
ONHaKO, ywe mpaBmfi HiWHHA yros. Kak moxasano puille, mpousBene-
Hue MM' saBasiercs CyMMOH HEKOTOPOTO KOJKYECTBA 4AEHOB ONpene/H-
Tens d’, B3UTHX C TEMM Ke 3HAKaMH, C KAKUMU OHHM pxonsr B d’.
O;waxo onpenenutens d’ noayses u3 onpenenutens d myTeMm

[y +igt oo +i)—(1424 ...+ )]+
+ [y +r+ ... +i— (424 ...+ k)=
=sy—2(1+2+..,+k)

TPRAHCMOZULMHA CTPOK M CTONONOB, NO3TOMY, KaK Mbl.3HAE€M U3 NpEALIECT-
Byiomiero naparpada, uiens onpegeanrtens d’ OTAKHYAOTCA OT COOTBET=
CTBeHHHIX WIEHOB onpexeantens d auub 3uakom (—1)°M  (uerhoe
4neno 2(1 24 ... k) ue 6y11eT NOHATHO, BAUATH HA 3Hak). OTtcio1a
caenyer, 4To npousseneHne (—1) *M MM’ cocTouT u3 HEKOTOPOrO KO-
JUYeCTBA UY/IEHOB onpenpenutend d, B3ATHX C TAKHMH We 3HAKAMH, KaKue
OHH HMeT B 3TOM onpenenutene. Teopema no0kazana,

3amertuM, 4r0 ecau MuHOpH M u. M’ BIAMMHO AOMOAHHTENbHH, TO
uHCna Sy W Sy- MMEIOT OAMHAKOBYIO 4eTHOCThb. JleficTBHTENbHO, HOMEp
BCAKOH CTPOKH H BCAKOTO CTONGIA BXOAHT C/IAraeMuiM B OXHO H TOAbKO
ONLHO H3 ITHUX YHCEN, 2 TOITOMY CYMMa Sy - Sy paBHa obwieil cymme
HOMEPOB BCeX CTPOK M CTONOHOB ONpeje]uTens, T. €. PaBHA UYETHOMY

uacny 2(1+4+2+...+n).

§ 6. Boiauciaenue onpeneautenel

Peaynprate mpepmectsywomero naparpada Mn03BOASIOT CBECTH BH-
YUC/IEHUE ONPENEANTENR /-TO NOPAAKA HA BHYHCAEHHE HECKOMbKHUX Ollpe-
aennteneil (n—1)-ro mopsaia. BeegeM cHavana cieXyiomne 0603HaueHns:
CCM @;,— 3JIeMEHT onpeAenntens d, TO yepes My, 00603HaYUM J0I01-
HHTENbHHII MHHOD HIH, KOpO4Ye, MUHOP 3M020 s/LeJnenma T. €. MHHOD
(n—1)-ro nopanxa, nonyqaxomuﬁca nocie BhYEPKUBAHUA H3 OTPEe/u-
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Tens i-fi cTpoku ¥ j-ro cronbua. Hanee, uepes A;; 06o3nauum anreGpau-
MeCKOe JIOTOHEHHE S/IEMEeHTa a;y, T. €.

Aj=(—~ 1)i+jMi/-

Kak moxasaHo B mpeamecTByiomeM maparpade, npousseneHue a;A;;
ABASeTCH CYMMON HECKOJbKHX UYIEHOB OnpejenuTtens d, BXONAUIHX B 3TY
CYMMY € TEMH K€ 3HaKaMH, ¢ KAKHMH OHH BXOJST B COCTAB OMNpe eIt~
teasi d. JIerko noACYuTaTh YUC/A0 STHUX YNEHOB: OHO PaBHO YHC/IY WIEHORB
B muiope M;;, 1. e. paBHO (n—1)L

Bu6upaem Ttenepp a0yl {-10 CTPOKY -onpexenutens d u 6epem
NIPON3BEAEHAE KAKIOrO 3JIEMEHTA 3TOH CTPOKH Ha ero aarebGpaudeckoe
JOIMO/IHEHHE:

@i Airs @Ay v ooy Qs - (1

Hukaxo#t unen omnpenendrenss d He MOXeT BOHTH B COCTaB IBYX
Pa3HHX M3 uMcaa npouasedenuii (1) Bce uieHH onpenenuTesns, BXOHS-
nide B NpOU3BENEHHEe a;;A;,, COAepPXaT U3 i-H CTPOKH 3/EMeHT a; H
NO3TOMY OT/NHYAIOTCH OT Y/IEHOB, BXONSIIMX B NPOM3BEAEHHE ;3As,
T. €. COJepWamux u3 i-# CTPOKH SAEMEHT @, M T. A.

C mpyrott croposbl, ofulee YHCIO YIEHOB onpexenutens d, BXOAf-
mux BO Bce mpoussenennus (1), pasHo

(n—Dl.n=n!,

T. €, 9THM HCYepNuBalOTCA BoOGWIe BCe 4YIeHW onpepenutens d. M
JOKa3alH, TakuM 06pa3oM, UTO HMeeT MeCTO CAeAyloulee pasfodcenue
onpedeaumers d no i-i cmpoxe:

d=a,A;+a,An+ ...+ 0,4, 2

T. €. onpedesumenrs d pasen cymme npoussedenuli 8cex siemenmos
npou3sonsHOl e20 cmpoku HA ux aszebpautecxue donosHerus. Ana-
JIOTHYHOE pa3JioeHue ONpesenuTe/si MOXHO NONYUHTh H MO M06OMY ero
cTonbuy. , ) .
3amenssa B pasnowennn (2) anre6panueckne NOMONHEHHS COOTBET-
CTBYIOUIMMH MHUHGPAMH €O 3HAKaMM NJIOC . WIH MHHYC, MHl CBEZEM
BHYHCAEHHE onpeaenuTens 7-ro Nopsiika K BEYHCJe-
HU HeCKOAbKHX onpepenntTene#h (z—1)ro nopanka,
3ameTHM, UTO eCIH HEKOTOPHE M3 3/EMEHTOB i-i CTPOKH PABHH HYJIO, -
TO COOTBETCTBYIOLIHE MM MHHOPH He HYWHO OyHeT, NOHATHO, BHIYHCISATD.
Beuny 37010 nos1e3Ho NpeBapUTeNbHO TaK N1PeoGpa3oBaTh ONPENeIHTE/Nb,
ucnonb3ys cpoiicteo 9 (cM. § 4), 4ToGH B OXHOK W3 CTPOK HAM B OXHOM
H3 CTONGHOB MOCTATOYHO MHOIO 3JEMEHTOB O0KAa3a/J0Ch SaAMEHEHHLIMU
HynsMu. B melicTBuTENbHOCTH cBoficmso 9 nossoasem 8 a0boi cmpoxe
uan ai06om cmorbye 3amenlims HYALil BCe NeMermbl, KPOME OOHO2Z0.
B camom nene, ecnu a;,=#0, TO /M0GOR 9ieMeHT i-i CTPOKH a;j, JFk,
Oyner 3aMeHeH HyJeM MOC/Ae BHYUTAHMS R-TO CTOMOUA, YMHOXEHHOTO
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3y C, o~ . )
Ha -, W3 jro cronbua. TakuM 06pa3om, BHUHCAeHHE ONpenennTensd
n-TO MOPAAKA MOMHO CBECTH K BHYHCACHHIO OLHOT O ONpepeauTeNs
(n— 1)-ro nopsaaxa. :

fipamepm.
1. BoluncauTs Onpesenutest 4eTBEPTOrC NOPALKA

3 1 —1 2
-5 1 3 —4

2 0 T —11

1. —5 3 -3

d=

Pasnoxum ero no TpeThell CTPOKe, HCNOJAL3Ysi HajAHUME B Hell OLHOrO HyAs!

1 -1 2
d=(—1p+.2. 1 3 —4 [+
—5 3 —3 |
3 1 2 3 1 —1
(=131 —5 1 —4 +(—1)3+--(—1).1—5 1 sl
1 —5 —3 1 —5 3

BH‘IHCJH{R NoJy4eHHHE ONPEJeJHTENIH TPeThero nopsaakKa, NnoAy4unMi
d=2.16—40-48 =40,
2. BuuncauTs onpepesuTeNb NATOro nopsixa

-2 5 0 -1 3

1 0o 3 7 =2

d= 3 =1 0 5 —5/{.
2 6 —4 1 2

0 —3 —1 2 3

ITpuGasass kKo BTOPOR CTPOKE YTPOSHHYIO NMATYIO W BHUWTAS H3 YETBEPTON CTPOKH
YYETBEPERHYIO NATYIO, NOAYYHM:

—2 5 0 —1 3
1 -9 0 13 7
3 —1 0 5 — 5.
2 18 0 —7 —10
0 -3 —1 2 3

Pas/IoXuB 5TOT ONpefe uTe/]b N0 TPETbEMY CTONGLY, COAEPIKAWEMY JHIIL OLHH
Ile PaBHEIA HyMO 2JeMeHT (C cyMmol uHjJexcoB 53, T. €. YeTHOH), MOJayunM

—2 5 -1 3
1 —9 13 7
3.—1 5 — 51/
2 .18 —7 —10

d=(—1)-
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§ 6]

Ipeo6pasyeM BHOBb NOJYYEHHEIR onpejeninTesib, npubasisfa K NepBoil cTpoKe
YABOEHHYIO BTOPYIO ¥ BBIUMTAs M3 TpeTbel CTPOKH YTPOEHHYIO BTOPYIO, a H3
ueTBepTOH — Y/IBOCHHYIO BTOPYIO:

0 —13 2 17

1 —9 13 7
==10 96 —34 —2 |’

0 36 —33 —24

a 3aTeM Pa3/JOXHM €ro no nepsomy CTOJIﬁIIy, npr4YeM 3aMeTHM, 4TO €AMHCTBEH-
HOMY H€ DaBHOMY HYJIO 3JE€MEHTY 3TOro crojbua COOTBETCTBYET HEYeTHasg CyMMa
HHACKCOB, ITIOJYUYHM:

—13 25 17
d= 26 —34 —26]|.
36 —33 —24

BuiuncauM 3TOT onpejennuTtes]h TPEThEro MNOPAAKa, NPeABAPUTENILHO Pa3soXHB
€ro o TPeTbedl CTPOKe:

25
=
—34

=36+ (—72) — (— 33)- (— 104) ++ (— 24) - (—208) = — 1032.

17

a—s6.| 2
- | —34 —2

sy | =18 17 op.| =13
= )" 26 —26!+(_ )" 26

3. Ecau ece sremenmot onpedeiumens, pPOCHOAOMEHHbE NO O0HY CMOPOKY
om 24a8HOI OUAZOHAAU, PABHbL HYAIO, MO 3mom onpedesumess paser npoudsede-
HUIO 3AEMERIM0S, CMOAUUX HQ 2AQ8HOT OUA2OHAAL.

Jlonsi onpeaesiuTesisi BTOPOro NOPAAKA 5TO yTBepKieHHe oueBuAHO. Mbl 6ynem
1103TOMY ROKA3hIBaTh €r0 N0 WHAYKUWH, T. €. NPEANOJOXUM, 4TO ANs ONpenenH-
Teneil. (n—1)-ro nopsika OHO yXe JOKa3aHO, M PAacCMOTPHM oONpeAelHTesb
n-ro nopsajka

a1y Qg Oy3 ... Gy,
0 agy ag ... ay,
d=10 0 gz ... ag, |-
0 0 0 . ay,
Passiaras ero rno mepsomy CcTONGLY, NMOJYYUM:
Qg Qg ... Qay
0 agg ag
3 ... Qg
d=ay- .
0 0 . Ay

Ho x muHOpYy, ‘cTOsiieMy B NPaBOil.uacTH, NPHMEHHMO NPEATIONOMEHHE KHAYK-
IBH, T, €. OH PaBeH NPOH3BEACHHIO Ogolag ... d,,, @ NOITOMY

d=0a11099085 - + . Opp.
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4. Onpedeaumenem BanOepMONOG HA3HBAETCH ONPEREATENE

1 1 1 e 1
ay ag a3 N
| .2 2 2 2
d=j a; a, a; ...a; .
n-1 ,n-1 n-1 n-1
a; a, a;""t...a,

IlokaxeM, 4T0 npu swbom n onpedesumens Bandepmonda pased npoussede-
HUf0 8ce803mMoscHbX pasrocmed aj—ay, 20e 1<Cj<i<Cn. JleficBuTennHo npd
n=2 6yzner

1 1

L2 T

Ilycts naue yTBepXIenne yxke JIOKasaHo 1as onpepenuresefi Banzepmonna
(n—1)-ro nopsanka. IlpeoGpasyem onpepesutens d ciegywouuM ofpasoMm: us3
n-#i (mocneaHel) CTPOKH BHuuTaeM (n-—1)-10, YMHOXKEHHYIO Ha 4, 3aTeM H3
(n—1)-i BoiynTaeM (n—2)-10, TaKXKe YMHOXEHHYIO Ha @;, H T. A., HaKOHell, H3
BTOPOH CIPOKH BHYHTaeM NepBYI0, YMHOXEHHYIO Ha . 3;. MH nonyuum:

=0ay-—0a;.

1 1 1 cer 1
0 a;—a, az—a, a,—ay
L 2 2 - 2
d=| 0 a,— 40y 83— 183 ... a—aa, .
n-1 n—2 n-1 3 -2 n—1 n-—2
0 a,7 "' —aa, ay" T —ayag ., —aa,

Pasnaraﬁ 5TOT onpenenmenb no nepBoMy CTOJlﬁl.ly, MBI npuneM K ONpeaesuTeNIio
(n—1)-ro nopspAxa; nocje BLIHECEHUS K3 BCeX CTOAGUOB OGUHX MHOXKHTeaeH
3a 3HaK onpejeJuTe]sl OH NPUMET BHJ

1 1 een 1

229 as e an

2 2 2
d"—'(az—al) (ag—'al). . .(an—al)' az 08 see an .

aj~?* ay7*... ap"?

TMocsennuit MHOXHTENb sBAsieTCsl onpefeautesieM BaugepMonza (n—1)-ro no-
pAllka, T. €., [0 NPEANOJIOKEHHIO, PaBeH MPOHSBEJACHHIO BCeX pasHocTedl a;—a;

M 2<Sj < i=<n. MoxXHO HanucaTh, CJeJ0BaTelbHO, YHOTPeOJAs CHMBOJ
AnA o603HaYeHHs NPOU3IBEAEHHUS, UTO
d=(a;—ay) (a3—ay)...(a,—a)- II (@;—a))= II (a;—ay).
e fLign 1<j<ign
TakuM e MEeTOJOM MOXeT OnTh J0Ka3aHo, 4TO ONpPeleNHTeNb

n-1 n=-1 n-—1 n-1
a, a, ag e Gy
r__ 2 2 2 2
d = a; a, ag aes Oy
Qg as ag e 8y



