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pasen npousgeOenuI0 B0eB0SMONHUX pasnocmed a;—ay, Tie 1<Ci < f=<<n, T. e,

d = II (a;——aj).
1<i<ign

O600mast nosiyyeHHHe Bbllle Pa3/NOWEHHS ONpPEJLNHTENs NO CTPOKE
HIH CTOJOIY, NOKaKeM CJISIYIOWYIO TEOpeMy, TOBODSLIYID O pa3Aoxue-
HUU onpedeauTenss no HECKOAbKUM CTPOKAM UAL CTOAOUAM.

Teopema Jlannaca. Hycre e onpedesurese d nopadka n
npoussosbro. euibpanst k crpox (uau kR croabyos), 1< k<n—1.
Toeda cymma npouseedenutl 8cex muuopos k-z0 nopadka, codepica-
wuxca 8 B8blOpaHHbix CTPOKAax, HG ux ascebpaudeckue OONOAHEHUSA
pasua onpedeauterto d.

HoxazarteanscrBo. Ilycth B onpenenurene d BuGpaHK CTPOKH
¢ HomepaMH &y, iq, ..., {,. Mn 3naem, uyTO npouspexesne n1060TO
MUHOpa k-ro nopdaaxka M, pacnoJoOXeHHOro B 3THX CTPOKAX, HA ero
anre6panyeckoe NONOIHEHHE COCTOHT H3 HEKOTOPOTO KOMHYECTBA W/leHOB
onpeaenutens d, B3ATHX C TEMH Xe 3HAKaMH, ¢ KAKHMH OHH BXOIAT
B coctaB onpeaenutensi. Teopema OyneT, c/JenoBaTtelbHO, H A0Ka3aHa,
ecnd MH MOK&XeM, uTo, 3acTaenass M mnpoberaTh BCE MHHODH R-TO
MOpsAAKA, pacnojoxeHHble B BHIOPAHHLIX CTPOKAX, MH IMONYYHUM BCe
yeHbl ONpeleNuTe/d, NPUYEeM HH OAHH M3 HHX He BCTPETHTCH JBAXIbL.

[Tyctn

Q10,Q20,+ + « Anoy, (3)

— npou3BOAbHbIE useH onpenenurens d. BosbMmeM OTAeNbHO mMpOH3BE-
A€HHE TEX BSJIEMEHTOB W3 STOTO 4/leHa, KOTOPHE MPHHAJVIENHAT K BH-
GpaHHBIM HaMH CTPOKaM C HOMepaMu iy, iy, ..., . D10 6y11eT npous-
BeleHHE

ai,ail ai,mi' see aikaik; (4)

£ MHOXHTeJeH 3TOro NpOH3BeNEHHS CTOST B K pPasiMuHHX cTonbuax,
a uMeHHo, B cTOn0LAX C HOMEpaMH 4, O4,, ..., Ci,. ITH HOMEpa
CTONGLOB BIIOJIHE ONpENesIoTCH, CIeJ0BaTeNbHO, 3afaHdeM uieHa (3).
Ecan mb o6o3naunm uyepes M munop k-ro nopszaka, CTosuuit Ha nepe-
ceyeHnu CTOAGHOB C 3THMH HOMEpaMM Qi , O4,, ..., Oj, H BHOpaHHBLIX
panee CTPOK C HOMepaMH Iy, iy, ..., I, TO mpousBeneHne (4) Oyaet
OJHMM M3 4JIEHOB MHHOpa M, a npoH3BeJeHHEe BCEX 3JEMEHTOB W3 ule-
Ha (3), He poweamHX B (4);74Y/JIEHOM €ro IONOJHHTENBHOIO MHHOPA.
Taknm o6pasom, Bcsakuft uneH onpeje/uTens BXOAHT B NPOM3BelNEHUE
HEKOTOPOrO, MPHTOM BMOJHE ONpeneleHHOro, MHHOpAa R-TO mopaika u3
BEIOPAHHBIX CTPOK Ha €ro JROMNOJHHUTENBHBII MHHOp, NMpHYEM sABASETCH
NPOU3BEJEHHEM BINOJHE ONPeNeNEeHHBIX YJAEHOB STHX JBYX MHHODOB.
Hasg Ttoro e, HakoHeW, YTOOH NOAYYHTH B3ATHIE HAMH YJEH Onpexe-
IMTeNs € TEeM 3HAKOM, KaKoM OH HMeeT B OmNpejgeNuTesne, OCTAeTCd,
KaK Mbl 3H4€M, 3aMEHHTb JOMOJIHHTENbHHH MHHOpP anrebpaHyecKuM
RONONHEHHEeM, DTHM 3aKAHYMBAaeTCA AOKA3aTENBCTBO TEOPEMH.
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- JlokasaTenpcTBO TEOPEMb MOWHO OH/IO O BECTH M HECKONbKO HHBIM
nytem. Mmenno, npouspenenne nwboro muxopa k-ro mopsaka M, pac-
NOJOXEHHOr0 B BHOPAaHHBIX CTPOKaX, HA ero ajirebpamdeckoe A0MNOMHE-
HHE COCTOMT M3 R!(n—k)! uneHoB, Tak kak MHHOp k-ro nopsaka M
coCTONT M3 k! ujgeHOB, a ero aareGpaudeckoe XOMONHEHHE, OTAUYAACH,
BO3MOMKHO, JIMIIb 3HAKOM OT MHHOpA MOPSiAKA 72— K, COLEPXKHT (n— &)!
unenoB. C aApyroft CTOPOHB, YHCIO MHHOPOB k-r0 MOpAAKa, COAEpKa-
HIMXCH B BhiOpAHHeiX HAMHM CTPOKAaX, PABHO YMCIY couyeTtaHuit M3 n no &,
T. €. PaBHO uucCAy

n!
Bl (n—k)!

Tlepemnoxas, mMbl nosiy4aeM, 4TO CymMMa NPOM3BEIEHHH BCEX MHHODOB
k-ro nopsiika nu3 BoiGpaHHMX CTPOK Ha HX anrebpauyeckue AOMOMHEHUs
cocroutr u3 n! cnaraemox. TakoBo we, omHaKO, H obilee YHCIO YICHOB
onpenenurens d. Teopema OyAer, ClAENOBaTe/NbHO, LOKAa3aHa, €C/H Mb
AOKaXeM, YTO BCSKUM yied onpenenntens d BXOAWT XoTa OW 0AuH pas
(a rorfa v TOYHO OJdMH pa3) B pacCMaTPUBAEMYIO CYMMY NpOM3BeseHui
MHHOPOB Ha HX ajireOpauveckue pononsedus, [as 3Toro durarenwo
OCTaeTCA MOBTOPHUTH (C HEKOTOPHMH YNPOILEHHAMH) PACCYKHEHHUS, NPO-
BeJeHHble B MpenuiecTBYIOUeM A0Ka3aTe/bCTBE. .

Teopema Jlannaca no3posisieT CBOAHThH BHYUC/AEHHE ONPeNENUTEA /1-F0
NOpAAKA K BHIUNCIEHHIO HECKOJAbKUX onpeneuTenell nopaakoskun—=Ek,
DTuX HOBHIX ONpeseNUTeNeH OKaxeTcs, BOOOIIe TOBOPS, BECbMa MHOTFO,
W N03TOMY npuMeHaTb teopeMmy Jlamnaca uenecoo0pasHo JHlllb B TOM
Clyuyae, ec/M B OMpPeneNuTe/le MOXHO TakK BHOPaTh R CTPOK (MM CTONG-
HOB), YTO MHOrHE H3 MHUHOPOB k-rO UOPSiAKa, PAacloJOWeHHHX B 9THX
CcTpokax, OyAyT paBHB HYJIO.

[MTpumepsl.

, 1. Tlycte nan onpenendTe/b, BCe 3J€MEHTH KOTOPOrO, CTOSIMIHE B HEPBHIX
k cTpoOKax u MOCHeAHHX n-—Fk c1oibuax, paBHbl HYJAIO:

ayy Y 0

de L7531 cer Qg
pa1,1 - Atk Cpe1, k41 -0y et
A s Opp 8p, k+1 civ Opp

Tor};a STOT onpejenuTe]r paseH NPOU3BEASHHIO ABYX CBOHX MHUHOPOB!

Ay ... Gyp A1, k+1 oo 41, n

akl...akk an, k+1 oo a,m

Jas poxasatesbCTBa JOCTATOYHO DAasJOXHTh ONpPeje/iHTe]b MO INepBuiM
k crpokaM.

2. MMycts nad onpepenutesb d nOPAAKa 2n, B JIEBOM BepXHEM YTy KOTO-
POTO CTOHT MHHOP n-FO MOPAAKA, COCTABJCHHHBI NeAHKoM us Hyaell. Eciiu MuHOpHN
n-ro nopsajaka, CTOAUlHE B NPABOM BePXHEM, JIEBOM HHXKHeM H [PaBOM HHKHEM
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yraax ompenenuTens, 6yLyT 06o3HayeHsl cooTBeTcTBeHHO uepes M, M’ u M’,
0 M
M M’

T. €. OonpelesnTesb MOXKHO CHMBOJIMYECKH 3anucaTbh B BHJAe d=

0. d=(—1)" MM".
Jlns poxaszaTe/nbCTBA PA3JIOXKHM ONpeJesNTe]p NO NEPBHM fi CTPOKaM U 3a-
METHM, YTO . :

sM_——(l 24 )+t D+ (n+2)... +2n)=n+2n?,

T. € SN HMEIOT OJHHAKOBYIO YETHOCTb.
3. BbludcanTe onpejeauTelnb

. Pasnarasg ero mo nepBOMY H TpeTbeMy. CTONOHAM, COAEPKAUIMM YAAUYHO Pacnos
| JIOMKEHHbE HYJH, MBI MOJNYUUM!

3 1 -5
d = (—1)L+3+1+3 _; ?} =1 =1 o+
4 2 5
3 1-5
(=) e +s _4§[. —3 -3 1
-l 4 2 5
1 -2 1
A (—1)3 et 143 21 s 15 =
- 4 2 5

= (—8)+ (—20) — (—10) - (—62) — 7-87 = —1069.

§ 7. Mpasuiao Kpamepa

M3a0xeHHas Bhllle TeOPHUs onpenenureaeldl #-ro nopsanka no3poaser
NoKa3aTb, YTO STH OMNpPeAeJHTe/]N, BBEJEHHue JHIbL [0 aHAJOTHH ¢
onpeneMuTeIAMH BTOPOrO U TPEThero MOPSAKOB, AONOOHO MOCAEXHUM
MOryT OblTb HCMOOAB30BAHb I/ PelleHHS CHCTEM JHHEHHbIX ypPaBHeHHM,
CHayana cnenaeM, BIOpoYeM, OJAHO AOMOJHUTENbHOE 3aMedanue, CBA3aH-
HOE C Pa3noKeHHAMM oONpelenanTense N0 CTPoKe wiaw croabuy; 3710
3ameyanne OyneT B HanbHellieM HEOLHOKPATHO MCMOAbL3OBATHCH,

PasnoxuMm onpeneantenb

Ay -.. Q1j ... Gyp
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no’ €ro- j-My -croabuy:
d‘:—_ alfA1j+ a21A21+ “ee + anjA"j,

4 3aTeM 3dMEHHM B STOM Pa3fiCKeHUH 3JIEMEHTH j-ro cTonfua cucre-
MO 7 NPOM3BOALHLIX yucen by, b,, ..., b,. Bupaxenue

Dby A by Ay by A,,
KOTOPOe Mb nonyuyum, OyHeT, O4EBHAHO, CIAYXHUTH Pa3NOKeHHEeM IO
J-My cronbny aas ompeienuTens

Ay oo bl oo Qip
d = gl oo b2 .

. Qo

v

Ay o.. by Lo0oay,

nonyvyaoerocs u3 onpenennreis d 3aMeHoH ero j-ro croabua cronb-
oM w3 uucen by, by, ..., b,. B camom pene, 3amena jro cronbua
onpenenutens d He BIMSEeT Ha MHHOPH 3/IENEHTOB 3TOro crtonbua,
a-MO3TOMY M Ha UX aireOpanvyeckHe ZOTMOAHEHHS.

ITpumeHuM 3TO K Caydyaw, Korja B KadyecTBe uucen by, b,, ..., b,
GepyTCi 3neMeHTH k-ro cronbua onpenenutens d mnpu R == j. Oupe-
Henutenb, KOTOPHA MHB MOJYYHM MocCle Takol 3ameHw, OymeT conep-
®aTbh NBAa ONMHAKOBHX CTOMOLA (/-# M k-#) w modtoMy Oynmer pased
Hymo. PaBHo Hymo, cleXoBaTe/ibHO, W Pa3/iioKeHHe STOTO ONpeeiu-
Teas o ero j-My crtoabuy, T. e.

ayphyyt agpls o A, ;=0 npu j k.

Takum 00pasoM, cymuma npoudgedeHuli 8cex 3saeMeHmos Hexomo-
po2o cmoabya onpederumers Ha aszebpauteckiue OonoAHenlss coom-
BeMCMBEHHBX dAeMEHMO8 OpY2020 cmoAabya pasna nyawo. Taxol xe
pe3y/abTaT cnpaBel/MB, KOHEYHO, M JJIS CTP OK ONpeme/UTeN .

[lepexonnM K Pac:MOTPEHWIO CHCTeM JHHeHHHX YypaBHeHUH, NDHU-
4yeM OrpaHu4YuMcsa IoKa caydaem CUCTEeM, B KOTOPHIX YHC /IO ypasB-
HeHUuH PaBHO YHUCAY HEeH3BEeCTHHX, T. €, CHCTEM BHIa

Ay 0y A Qe Xy - ay X, =5,
Ay1%; + AgpXy + .oy, X, =b,y,

(1)

A Xy + Ao Xy o0, %, =0,

HononrutebHO NPEAMNONOXUM, YTO onpenenutenab d u3 Koaddu-
LMEHTOB TPH HEU3BEeCTHHX B 3TOH cHCTeMe, Ha3wBaeMHH Kpartko
onpedesumenem cucmems, ornuien ot Hyas. [Ipm aTux mpeamonoxe-
HHSIX MBI JOKaxeM, 94To cucTema (1) coBMecTHa H Jdaxe OmNpeleseHHa,

B § 2, peman cucreMy TpPex ypaBHend#l C TPeMs HEU3BECTHHIMH,
MB yMHOXA/IH Kawjoe H3 YPaBHeHH#I Ha HeKOTOPHH MHOXKHTeab, a
3aTeM CKIAABBAAM 9TH ypaBHeHusd, moche uero xoadduuuedTH npn
ABYX HEHM3BECTHHX H3 TPeX OKasupaluCh pasHupMu Hymw, Celuac mu
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nerko o0napymHBaeM, 4TO MHOMKHTENH, KOTOPHE HaMH YHOTpeBasanch,
O6uind  anreGpanyecKHMM JHONONHEHHAMH B ONpeJelinTede CHCTEMH
K 3/eMeHTy, apiafpolemMycs xo3puuHeHTOM INPH HCKOMOM HEH3BeCT-
HOM B JaHHOM ypasHeHud. IToT Ke npueM GyAeT Tenepb HCMOAbIOBAH
oA peuledud cucremu (1).

[MpeanonoxuM cuasana, 4yro cucrema (1) cosmecTna u oy, dy, ...,
a,— oaHo u3 ee pemennit. CpaBenuBH, CleAOBATEAbRO, PABEHCTBA

ay404 + ay,0, + .. a0, =b,
Ag10q F Bgp0g + ..o+ Qg 0, =Dy, @
anlal + an2a2 + + arm n— b

‘Mycery j 6ymer mobuiM u3 uyncen 1, 2, ..., 7. YMHOmAM ofe 4acTH
NnepBOro M3 paBeHcTB (2) Ha A1p T. €. Ha aareO6panyecKoe AOMNOJAHE-
HHE 9/IEMEHTa @y, B ONpelelnTene CHCTEMBI d; ofe 4acTH BTOPOro
PaBeHCTBA YMHOWUM Ha A,; W T. A., HaKoHell, 06e 4acTH noCHen-
Hero—mna A, . CknaxsiBasi 3aT€M OTHENbHO JleBble ¥ OTAEALHO mnpa-
Bhie 4aCTH BCeX PABEeHCTB, Mbl DNPHAEM K CJIeAYIOLLeMY PaBEHCTBY:

(@341 @iAy jF o+ 8y Ay ) 0 -
+(a12‘41;+a22 gy +an2An1)°‘2

s e e e e D R Y e s s s e

+(a1j 1j+a21 2j+"'+an1Anj aj+

. . . . .

+ (alnAlj'Jl- a2nA2]+ o + Qpn nj) Gp==
= b1A1j+ 02A21+ e bnAnj'

Koapduunenrom npu 0.; B 9TOM DABEHCTBE CHYKHT d, xosdpdpuun-
eHTH [PH BCEX OCTaJibHLIX o GyAyT, BBHAY CAEIAHHOTO BHILE 3ame-
YyaHud, paBHbl HYA0, a CBOOOXHBLIH uleH OymeT ompeleiuTeneM, Noay-
YalWHUNCA K3 onpeleautens 4 TNocike 3aMeHnl B HeM j-To croabua
ctonbuoM u3 cBoGonHLX uiaedoB cuctemn (1). Eciau 3t10oT nocneannit
onpejenuTenb Mb 0003HAYMM, KakK U B § 2, yepes dj, TO Haule paBeH-
CTBO MPHMET BHA

da;=d,,
oTKyza, BBUAY d =0,
d;
(ij?- E .
9TuM noKkasano, 4To ecam cucrema (1) coBMectsa, To oHa obnamaer
eJHHCTBEHHEIM DelleHHeM
dy - d

d .
a1='El'!» (12:‘—'71—, 0oy a‘nzf' (3)
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[Tokawem Temepb, yTo cucTeMa uucen (3) Ha camMoM. Jdene. yAoBje-
TBOPsieT cucTeme ypasHenuw# (1), T. e. uro cucrema (1) coBMecTHa.
[lpy 3TOM ™Mb HCNOAb3YeM CJACAYIOULYI0 OOW(EYyNOTPEOUTEAbHYIO CHM-
BOJ/IMKY,

Besikan cymma Bupa @, -+a,+-...+a, 6yner cokpauieHHo 0603Ha-

n

" YaThCA yepes [Z a;. Ecan e paccmarpmBaeTcs cymMma, c/araemse
=1

KOTopoﬁ a;; cHAGWeHH JABYMH WHAEKCaMmu, npuyem-i=1, 2, ..., n,

J=1, 2, .., m, TO MOXHO CHayana B3fTh cyMMu 3/IEMEHTOB C (PUKCHU-

POBaHHBIM TIePBHIM HMHIAEKCOM, T, €. CyMMbl Ea rge i=1, 2, ..., n,

ij
a 3aTeM CJAO0XHTb BCe 3TH CYyMMHI. Mu HOle‘{HM TOorna aas C)’Ml\‘lbl
BCEX 3/1EMEHTOB a,/ 3anuch

n

Mosuo Ob10 Obl, 0HAKO, BHauale CKAAAHBATH CiaTaeMbie a;,
C PUKCHPOBAHHLIM BTOPLIM HHIEKCOM, a 3aTeM YXe CK/AaAbBaTh MOAY-
yeHHble cymmbl, [losTomy

n om
2 2y, -3 Ea,,,
i=1j=1 j=1i=1

T. €. 8 C80UHOI CYyMMe MOJNCHO MeHSAMb NOPAOOK CYMMUPOSAHLL.
[MoncraBum Tenepn B i-e ypaBHenHe CucTeMbl (1) 3HAYeHHA HeH3-
BECTHBIX (3) Tax kak neByio ‘laCTb {-rO ypaBHEHHst MOXHO 3amucaTh

uMs

B BHIE Za,jx/ M TaK KaKk d; _ZbkAkj’ TO Mbl HOSYHHM:
o]

Bormifion (S o)t (Foon).

1
OTtHOCHTENbHO 3THX npeoOpasoBaHuii 3aMeTHM, YTO YHCIO - Oxasa-

JOCh OOIIMM MHOXHTENEeM BO BCEX C/a4araeMslXx H TO3TOMY Mhbl €ro
BLIHECIHM 32 3HAK CYMMb; KPOME TOro, HOC/AE fepeMeHb NOPHAKA CyM-
MUPOBAHH{I MHOXHTENb b, BHHECeH 3a 3HaK BHYTPEHHEH CyMMbl, Tak
KaK OT HHIEKCAa BHYTPEHHErO CYMMHpOBaHHﬂ j OH He 3aBHCHT,

Mu 3naem, 4TO Bb{pa}xeuue Ea Akj_—:a,-,Akl—{—aizAkz-{—...+ai,,A,m

Gynetr paBHo d npu k=i u paBFo 0 npu Bcex apyrux k. Takum
o6pa3om, B HalIeH BHelHeH cCyMMe MO £ oCTaHercs Juillb OXHO Cha-
ragmoe, a umexuo bd, T. e.
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'TuM K0OKA3aHO, YTO cHCTeMa uucen (3) neﬁcmmenbﬂo CAYHHUT pele-

HUeM NUJIR CHCTeMbl ypasheHuft (1).

Mu noayuunin craenyioumu BawHblif pe3ynbTart:

Cucmema n AuHelHbX YPABHeHUD C n Heu38eCMHbIML, onpede/za-
meas Komopoli omautern om HyAsn, oOiadaem peutenieM, U nPUmMoMs
 moapko 09HuM. DTO pelieHde nosyvaercs no gopmyaam (3), T. e. no
npasusy Kpamepa; popMyiupoBKa 3TOrO IIpPaBHJa TaKOBa Xe, KaKk H
B cAyvae cHCTeMb ABYX ypasuenuft (cm. § 2).

[Tpumep. Peumnts cucremy nuHeAHBIX ypaBHeHui

2+ XS5+ xy=

X1 — 3%,

——6)(4:

8-
9,

26y~ Xg - 2%y = —B,
Xy +4xg—Txg+ 6xy =

Onpenenute/ib 3TOM - CUCTEMB OTJAHUYEH

2 1
1 —3
d=4y o
14

No3TOMY K CHCTeMme npuMeHdMO mnpasuio Kpamepa,

AyT HMeTb UYHUCJAUTENAMH ONpelesuTe/]d

oT HYyJ/Jd:
—5 1

0 —6
—1 2
~7 6

0.

=27,

3HayeHHA Heu3BeCTHHIX Gy-

8§ 15 1
‘93 06
h=| _5 9.1 2
0 4-—-7 6

2 1 8 I

1 =3 9 —6

ds=(o 92 _5 2

1 4 0 6

Takum o6pasowm,

x; =3,

2

‘ 1

=81, d3=-“ 0

1

2

1

=-—27, dy= 0
i

Xg=—4, xg=—1,

8 —5 |
9 0—6

—5—1 2|~
0—7 6
1—5 8

-3 0 9
2 —1 —5 | =%
4—7 0

x4=1

Gyjer peileHueM Halefd CUCTEMB!, PUTOM EJHHCTBEHHBIM.

Mnl HCKJIOYMIA U3 PacCMOTPeHus CayuaH,

Koraa OH{)GHQHHTeﬁb

CHCTEMHB 7 NMHEeHHHX ypaBHenult ¢ n HeusBecTHnMu (1) pasen Hyo.
Mu orHeceM 9TOT cayya#h K ria. 2, rAe oH Hallner cebe MecTo B o6uIeH
TEOPUH CHCTeM C JoObiM YHC/HOM . yPaBHeHuH M JOObIM YHC/IOM Heus-

BECTHHX,
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OTHOCHTENBHO CHCTEM 12 JHHEHHLIX ypaBHEHHH € 7 HEH3BECTHLIMH
chenaeMm emie ofno 3ameuanue. [lycTh gana cucrema 7 anHHeliHNX O A-
HOPOJAHH X ypaBHenu#i ¢ n nHeHsBecTHuMH (cM. § 1):

Q3%+ a9+ o+ ag,x,=0,
Qg X1 F Qg9Xy - oo - Gy x, =0,

QX1+ s+ ..+ @y, =0.

Bcee ompenenntenn d;, j=1, 2 ..., n, conepxar B 3TOM CAyyae c101-
6en, COCTaBJACHHWIH M3 Hyneﬁ H 103TOMY paBHW Hy/o. Takum obpa-
30M, eCAH OnpejelnTelb CHCTeMW (4) oTaMueH OT Hyad, T. €, €CId
K 3TOH cucTeme npumenHmo npasuno Kpamepa, TO €AHHCTBEHHHM pelle-
HHeM cucteMunl (4) OyueT HyjeBoe pelieHune

x;=0, x,=0, ..., x,=0. (5)

OTciona BHTEKaeT TakoH pe3ynbrar:

Ecau cucrema n  Auneilnolx COHOPOOHbIX ypasHesullt ¢ n Heus-
BecTHbIMU 064a0deT peuwleHuamMi, OTAUYNBIMU OT HYAe8020, TO onpede-
AUTEAb 3TOU cucTembl HeobXxo0umMo pasex HYAo.

"B § 12 Gyner nokasano, 4To M 06paTHO, €CAH ONPEAENHTE/b TaKOH
CHCTeMBl IEHCTBHTENbHO paBeH HY/I0, TO, MOMHMO HYJ€BOrO pelleHusd,
CYIleCTBOBAHHE KOTOPOTO ANS BCAKOH CHCTEMb OZHOPOAHHIX YypaBHEHHH
OYeBHJHO, y Hee OYIyT CyuUleCTBOBaTb M APYrHE PELICHHA.

4)

Npumep. Ilpy Kaknx sHaueHHsiX k cHCTeMa ypabHeHHi

kx1+x2=0,
X+ kxy=0 }

MOXeT 00/1afaTh HeHyJeBHMH DeIUeHHSMU?
Onpepennrens 570l CHCTeMbI

GyJeT paBeH HyJIO JHMb npu k==+ 1. Jlerko BHJeTb, YTO NPH KaXXAOM H3 BTHX
JABYX 3HaueHu#d Kk 3ajaHBaf cucTeMa JeHCTBUTeNbHO o6aajaer peLIeHHsIMH, OT-
JIHYHBIMH OT HYJIeBOTO.

3nauenue npasuna Kpamepa 3axniouaetcs rnaBHBIM 00pa3oM B Tow,
YTO B TEX CJayuyasX, KOrAa 3TO MNpPaBWI0 MNPHMEHUMO, OHO AAET HBHOE
BHIDAXEHHE JJS DELIEHHS CUCTEMH Yepe3 Ko3(pGHUMEHTH 3TOH CHCTeMml,
[TpaxTnueckoe wucnonb3oBanue mnpaBuna Kpamepa CBf3aHo, oOxHaxo,
C BeCbMa I'DPOMO3AKMMM BBIYHCHEHKAMH: B Clyyae CHCTEMH 71 AuneHHbIX
ypaBHeHMH C 72 HEM3BECTHHIMH OPHXOIMTCH BHYHCAATH 71 onpene-
JAHTENb p-To nopsaka. MeTol nocnexoBaTeNbHOTO HCKAIQUEHHS HEns-
BECTHHX, M3JI0XeHHBA Hamu B § 1, dABasieTcs B 9TOM OTHOIMEHHH MHOrO
6onee ymoOHBIM, TAK KaK BHIYHCHAEHUS, KOTOPHX 9TOT MeToX Tpebyer,
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N0 CYUIeCTBY PABHOCHABHB TeM, KOTOPHE MPUXOAMUTCH BHIMOAHATH NPH
BBIYHCACHAN OJ HOT Q ONpelenuTend 7-ro nopsuka.

B paznnuHpiX NDU/IOWEHHSX BCTPEYAlOTCH CHCTEMBbl JUHEHHBIX ypaB-
neHuit, xo3pdunrentol ¥ CBOGOJHNE 4Y/CHH KOTOPHIX HABAAKOTCH AeHcT-
BUTE/NbHBIMH YHCAaMU, NOJAYYEHHHMH B DPE3y/nbTaTe H3MEPEHHs HEKOTO-
puix (QH3HYECKHX BEeAMYMH, T. €. H3BECTHRIMH JHUIbL TMPHOGIHKEHHO,
¢ HeKOTOpOH TOoYHOCThIO. [lnm perieHus TaKUX CHCTEM H3JIOWEHHHE
BHILIE METOAbl OKA3HBAIOTCA HHOTAA HEyHOOHBIMH, TdK KaK OHHM MPHBO-
AST K Pe3y/nbTaTy ¢ MIOXOH TOYHOCTBIO, H BMECTO HHX paspaboTauul
pa3nuyHbe HTEPAUHOHHBE METONLH, T. € MeTodbl, NO3BOANIO-
L{He pellaTh YKAa3aHHpe CHCTeMH YypaBHeHMH MPH AOMOWIM MOC/AENOBa-
TeAbHOTO WPHONMXEHHT HEeH3BeCTHhIX. V3noweHue 3THX METONOB 4HTA-
Te/b HaflleT B KHUTAX MO TeOPHH NPUOGTHKEHHBIX BHYHCIEHUH,



Fr'M1ABA BTOPA4
CHCTEMbI JIMHEAHBIX YPABHEHMI1 (OBLLAS TEOPHS)

§ 8. n-mepHOe BeKTOpHOE NPOCTPAHCTBO

Has nocrpoenus ofuilelt Teopuy cucTeM JHHeHHHX. ypaBHERUH HenO-
CTAaTOYHO TOTO annapara, KOTOPuH C TAKHM YCIEXOM NOCAYMHA HaM
NpH peuieHHH CHCTeM, JONYCKAaIOWUX npumenenne npasuaa Kpawmepa.
IToMumo onpeneanteneffl ¥ MaTpui, M HOMKHE OYAEM WCIOAb30BAThH
OJIHO HOBOE MOHATHE, NMpeacTaBiafiomiee, ObTb MoOxer, eute Gonpuiuil
obuieMaTeMaTHIECKUH MHTEPEC, a MMEHHO NOHATHE MHOTOMEPHOT O
BEKTOPDHOFO MPOCTpPAaHCTBA,

Chadana HeCKO/NbKO TpeNBAPHTENbHBIX 3aMevyaHu#t, Ms Kypca aua-
JUTHYECKOH TreOMETPHUH U3BECTHO, 4TO BCAKAs TOYKA NJAOCKOCTH Olpe-
aensetca (MPH 3a4aHHBIX OCAX KOOPAMHAT) CBOMMHM IBYMS KOOPAMHA-
TaMH, T. €. YNOPSAO4YeHHOH CHCTEMOH MIByX MEHCTBHTENbHBIX UYHCEN;
BCAKHMH BEKTOP HA IJIOCKOCTH OMNpele’sercsd CBOUMHU HBYMs KOMIIOHEH-
TaMH, T. €. CHOBa YNOPAJOYEHHOH CHCTeMOH HABYX JeHCTBUTEJbHBIX
yucest. AHaNOTHYHO BCsIKA TOYKA TPEXMEPHOrO NPOCTPAHCTBA ONpele-
ndeTCd CBOMMM TpeMsl KOOPAMHATAMM, BCAKUH BEKTOP B NPOCTPAHCTRE —
TpeMs KOMIOHEHTaMH.

B reomerpuu, a Takxe B MexaHuke u (U3nKe YacTo npuxonmcs:
ONHAKO, WU3yyaTb TaKue OODBEKTH!, IJs 3aMLAHUA KOTOPHLIX HEROCTATOYHO
Tpex neHcTBUTENbHHX yucen. Tak, paccMOTPUM COBOKYMHOCTb 11apos
B TpexMepHoM npocrtpanctre. Hduas Toro yrobu Hiap Onll MOJHOCTHIO
onpejesned, HYXHO 3a4aTh KOOPAMHATH €ro LEHTPA W PajHyC, T, e.
3a4aTh YMOPAMLOUYEHHYIO CHCTEMY YeToipeX AeHCTBUTENbHHIX 4HMCeN, U3
KOTOPHIX, BIIPOYEM, MocjenHee (pafMyc) MOKET NPUHUMATL JMUIb MOJO-
WHTe/NbHble 3HaueHud. PaccMoTpuM, ¢ JApyrofi CTOPOHB, Pa3iuuibie
NONOWeHUs TBepAOro tena 8 npocrpancree. [lolowenne tena Oyner
BMOJHE ofpejeneHo, ecaH O6yAyT YKa3aHH KOOPAMHATH ero lieHTpa
THXECTH (T. €. TPH NeHCTBUTEJbHBIX 4HCJaa), HaNpaBjieHHe HEKOTOpOH
¢dukcupoBanHofl ocu, Npoxonsiuel yepes UeHTP TaKeCTH (MBA uyMcaa —
IBa M3 Tpex HanpaBJsIONIUX KOCHHYCOB), H, HAaKOHEL, YroJ MoBOpoTa
BOKPYr 3To# ocn. Taxum o6pasom, nonoweHne TBEPAOrQ Tela B mpo-
CTPaHCTBE ONPejeNseTCs yNOPSLOYEHHOH CHCTEMO! W3 IIECTH HeficT-
BUTEJDbHBIX 4uced, ’
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ATH npuMepH YKa3bBAIT Ha 1enecoo6pa3HOCTh PaCCMOTPEHUN COBO-
KYIHOCTH BCEBO3MOXKHBIX YHOPALOUYEHHBIX CHCTEM H3 71 AeHCTBHTEAbHbLIX
yucesn. ATa COBOKYMHOCTb MOC/AE BBeJEHHS B Hee ONepalHil CHoweHHd
W yMHOWeHHsi Ha uuca0o (4To Oyler CHeNaHO HHKE MO0 aHAIOTHH
¢ COOTBETCTBYIOIHMH OlEPAaLUsiMH HAjJ BEKTOPAMH TPEXMEPHOTO Npo-
CTPaHCTBA, BhIPAXEHHBIMH YePe3 KOMIOHEHTH) U HOCHT Ha3BaHue f-Mep-
HOTO BEKTOPHOTO mpocTpaxcTsa. Takum 06pasoM, 7-MepHOe MPOCTPaH-
CTBO €CTh MMUIb anrebpanyeckoe 06pa3zoBaHne, COXPAHSAIOLIEE HEKOTOPHIE
npocTeHulne CBOHCTBA COBOKYMHOCTH BEKTOPOB TPEXMEPHOTO MPOCT-
paHCcTBa, BHXOASIMX H3 Ha4ana KOOPIMHAT.

YnopaaoueHHas CHCTEMAa 7t YHCed

a:(aly a’21 sy an) (])
Ha3LBaeTCHA n-MepHolm sexmopom. YHucaa a; i=1, 2, ..., n, O6yAyT
Ha3bLIBATHCH KOMEOHeHmamlit BekTOpa o.. Bexkrtopn o u

ﬁ::(blv bzv (S} bn) (2)

OydyT CYHTATHC PQRBHBMU B TOM Cllyuyae, €ClM COBMABAOT HX KOM-
MOHEHTH, CTOSUIHE HA ONMHAKOBBIX MeCTax, T. e. ecaiu a;==b; npu
i=1, 2, ..., n. dns obo3nayenuss BEKTOPOB OyAyT ymoTpebaaThbCd
Jaibllie Majbe rpeueckye OYKBb, B TO BPeMsfi KAaK Majwnle JIATHHCKHE
GyxBbl GyLyT MCNOJb3OBAHH Ml 0003HAYEHHS YHCes.

"B kauecTBe NPUMEpPOB BEKTOPOB YyKaxeMm cieayiouine: 1) Bextopw-
OTPE3KH, BHIXOASLIME M3 HAayala KOOPAHMHAT HA MJOCKOCTH HIH B TPex-
MepHOM NpOCTpaHCTBe, OYAYT NpH (PHKCHPOBAHHOH CHCTEME KOOPAH-
HAT COOTBETCTBEHHO ABYX- U TPEXMEPHHIMH BEKTOPaMHM B CMbLIC/Ie MaH-
Horo Boie onpenenexus. 2) Kosdduuuentsl BCAKOro JAHHEHHOro
ypaBHEHHS C 71 HEM3BECTHBIMHM COCTABASKIOT 7n-MepHoilt Bextop. 3) Bes-
Koe pelietne 11060# cuCTeMbl JHHEHHBIX YPaBHEHHH C 72 HEM3BECTHHIMU
Gynetr n-mepHbiM BekTopoMm. 4) Ecam nana matpuua u3 § CTpPOK M 72
CTONAGIOB, TO ee CTPOKH OYAYT 7-MEPHHIMM BEKTOpaMH, CTONAGUH —
s-mMepHbIMY BexTOopamu. D) Cama MaTpuua u3 § CTPOK M 72 CTOAGLOB
MOXET PaCCMATPUBATBCA KaK Sn-MePHHH BEKTOp: ZOCTATOYHO NPOYECTh
3/eMEeHTH MaTPULB MOAPHAJ, CTPOYKY 3a CTPOUYKOH; B YACTHOCTH, BCAKAL
KBaJpaTHAs MATPHIla MOPSIAKA /# MOWET pacCMaTPHUBATHLCH KaK 7n2-mep-
HBE BEKTOP, IPUYEM, OYEBHIHO, BCAKHUH n2-MepHLIi BEKTOP MOWKeT
ObTh MONYYeH STHM IyTeM M3 HEKOTOPOH MaTpulm nmOpsiaKa 7z,

Cymmoit BextopoB (1) u (2) Ha3biBaeTCH BEKTOP

a+ﬁ:(a1+b1v a2+b2y sty an+bn)1 (3)

KOMIIOHEHTH KOTOPOTO CYTh CYMMbl COOTBETCTBYMIOLIHX KOMIOHEHT Caa-
raempix BekTopoB. CioxeHHMe BEKTOPOB KOMMyTATHBHO W aCCOLHATHBHO
BBHIAY KOMMYTAaTHBHOCTH M aCCOLMATHBHOCTH CJIOWEHHA YHCen,

Ponp Hyns urpaet wysesoli sexmop

0=(0, 0, ..., 0). @)
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HeficTeurennno,
a+0=(al+0) a2+01 se0y an+0)=(a11 a‘},: sy an)za'

Ans 3anucHm HyJleBOoro BeKTOpa M ynoTpebiaseM TOT xe cumBoa 0,
KaK M AJad 4HCIAa HYJb; pPelleHHe BONpOCa, TOBOPHTCH JH B AaHHHf
MOMEHT O YHC/Je HYJb HJIM O HYJeBOM BEKTOpe, HHKOTLa He HPenCTa-
BHT 3aTpyAsenufl; yuTaTtenb XOJHKEH NMOMHUTb, OAHAKO, NPH H3YUeHHH
Cauxalmnx maparpagosB O BO3MOWHOCTH DPAas/HYHHX TOJKOBAHHH CHUM-
Boaa 0,

HasoeeMm npomusononosxcnsm Bextopy (1) Bexktop

—o=(—a,, —a,, .., —a,). (5)

OueBnnno, 4To @+ (—a)=0. Tenepp nerko BHAETh, YTO LA CIOKe-
HHS BEKTOPOB CyUleCTBYeT o6paTHas onepauus — BHUHTAHUE: PASHOCIMbIO
sektopos (1) u (2) 6ymer BekTop a—P=a-(—Pf), 7. e.
a—P=(a,—by, ag—b,, ..., a,=b,). (6)

Cnoxenne 7n-MepHHX BEKTOpOB, onpenensiemoe dopmyioft (3), Boa-
HHAKJIO H3 TEOMETPHYECKOTO CJOXEHHA BEKTOPOB Ha. MJAOCKOCTH HJIH
B TPEXMEPHOM MPOCTPAHCTBE, {IPOU3BOAMMOrO Nb Npasuny napaaneno-
rpamMma, B reoMeTpHu HCDOAb3YeTCH TaKKe YMHOXKEHHE BEKTOpa Ha ael-
CTBUTENbHOE YHCIO (HAa «CKAAApP»): YMHOXEHHE BEKTOpPA @ Ha YHUCIO R
o3navaer npu k>0 pacraxenue o B 2 pas (. e. cxatHe npu k<<l), a
npu k<O pactaxenue B | k| pa3 M M3MEHEHHE HaNpaBJeHUA Ha NPOTHBO-
noJoxHxoe. Bupaxas 9To NpaBu/io Yyepe3 KOMIOHEHTH BEKTOPAa oL M nepe-
XOIf K paccMaTpuBaeMOMy HaMH OOLIeMY CIyuaio, Mbl [OJyYaeM Taxkoe
onpenejeHue:

IIpoussederuem sexmopa (1) Ha uucso k Ha3LIBAETCH BEKTOP

ko =oak=(ka,, ka,, ..., ka)), (7)

KOMIIOHEHTH KOTOPOrO paBHH MPOH3BENEHHI0 HAa £ COOTBETCTBEHHHX
KOMIIOHEHT BeKTOpa @.

U3 srtoro ompenenesus BHTEKAOT CAeNyOU{He BaxXHHe CBOHCTBa,
NpoBepKa KOTOPHX NpPeNOCTaBASETCH YHTATeNo:

k(o +=B)==Fa+£B; (8)
(k =) a=ka 4= la; 9
k (la) = (ki) o; (10)
l.a=a. (11)

Cronp ¥e Jerko NpoBepRIOTCHA, HO MOTYT 6HiTh noaydYeHn M Kak cinefn-
cTBHA u3 cBoficts (8)—(11), cnenyrooune cBoHcTBa:

Q.a=0; (12)
(—1)-0=—a; . (13)
k-0=0; (14)

ecan Ra=0, To van k=0, uan a=0, (15)
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COBOKYMHOCTb BCEX 7I-MEPHLIX BEKTOPOB -C JEeHCTBUTEAbHBIMH KOMIIO-
HEHTaMH, paccMaTpuBaeMast ¢ ONpeleNeHHHIMH B HeH onepalHaMH
C/OWEHUS BEKTOPOB M YMHOMKEHMS BEKTOpPa Ha 4YHCA0, Ha3plBaeTCd
7-MEPHOM BEKMOPHOM NPOCIMPAKCHIE0M.

IlopuepkHeM, 4T0 B oOnpejesiedlie 7-MEPHOTO BEKTOPHOTO MpPOCT-
paHcTBa He BXOMHT HHKaKoe yMHOXKeHHe BexTopa Ha Bekrtop. Ompene-
JUTh YMHOMeHUE BEKTOPOB Obi1o Ghl JierKO — MOAOKHTD, HALIpUMEP, YTO
KOMIIOHEHTH TIPOU3BENEHHA BEKTOPOB PaBHH NPOU3BEIEHHHM COOTBETCT-
BEHHBIX KOMIIOHEHT coMHOwHuTene#. Takoe yMHOXeHHe HE HAuIO OH
y HaC, OHAKO, HHKAKHX Cepbe3HbiX npuaowennit. Tak, BeKTOPH-OTpE3KH,
BHIXOAAIHE M3 HAYa/Za KOOPHHHAT HA IJOCKOCTH HIM B TPEXMEPHOM
IIDOCTPAHCTBE, COCTABARIOT Npn (UKCUPOBAHHOHM CHUCTEME KOOPAHHAT
ABYMEpHOE H, COOTBETCTBEHHO, TPEXMEpHOE BEKTOPHHE MPOCTPaHCTBA.
CrnoxeHde BEKTOPOB H YMHOXKEHHE BEKTOPa HAa YHCAO HMEIOT B 3TOM
npuMepe, KaK yxe OTMEUEHO BHIille, BAXHHIH TeOMETPHUYECKHH CMmICH,
B TO BpeMf# KaK MOKOMNOHEHTHOMY YMHOMXEHHIO BEKTOPOB HeAb3d JAATh
HHKAKOTO PAasyMHOIO TeOMeTPHYECKOTO HCTONKOBAHUSA.

Paccmotpum eme onus npumep. JleBan 4acTh JiHHEHHOTO ypaBHEHHUS
OT 7 HEW3BECTHHIX, T. €. BHDAXEHHe BHAA

[f=ax;+ax,+...Fax,

Ha3bIBAETCA AUHelHOU Hopauold OT HEN3BECTHHIX X, Xj, ..., X,. Jlunef-
Had (opma f BnonHe onpejenseTcs, OYEBHIHO, BEKTOPOM (ay, a,, ..., a,)
n3 cBoux k09(PPHUHEHTOB; 06paTHO, BCAKHH 7I-MepHHH# BEKTOD OIHO-
3HAYHO OTIpeje/sieT HEKOTOPYO AuHelHyo ¢opmy. CromeHHe BEKTOPOB
H YMHOXEHHE BEKTOpa Ha YHC/IO MPEBPAIAIOTCA B COOTBETCTBYIOIHE
omepallMy HafA NuHeHHHMM (POpMaMu; 3TH ONEPAUMH UIHMPOKO HCHOMb-
sopanuch Hamm B § 1. T[lokOMMOHEHTHOE YMHOXEHHE BEKTOPOB H
B 3TOM NDHMEDE HE HMEET HHKAKOro CMBICAA.

§ 9. Jluneiinas 3aBHCHMOCTH BEKTOpPOB

Bextop P ¥3 £n-MEPHOTO BEKTOPHOTO IPOCTPAHCTBA HA3HBAELTCA
npoTOPRUOHALbHELM BEKTODY O, €C/TH CYLIECTBYeT TAKOE YHCAO B, 4TO
P == ko (cm. dopmyay (7) npensinyuiero naparpada). B wacthocru, nyne-
BOA BEKTOD MPOMNOPHHOHANEH n060MY BeKTOPY O BBHAY paBeHCTBA
0=0-a. Ecan we B==Fka n B0, otyna k=0, To a=Fk"1B, 1. e,
AN HEHYJIEBHIX BEKTOPOS MPOMNOPUHOHAJBHOCTE O6GAaNaeT CBOHCTBOM
CUMMETPHYHOCTH.

O6o6uieHneM NOHATHS NPONOPUHOHANBHOCTH BEKTOPOB CAYKHT Cle
AYIOlIEe MOHATHE, C KOTOPHM (/s €ayuyas CTPOK MAaTPHUE) MH yxe
BcTpevanncs B § 4: BekTop [ HasuwBaerca sunelnol Kombunayitel Bex-
TOPOB Oy, Uy, ..., G €CHH CYLIECTBYIOT Takue yucaa Iy, /s, ..., I, 410

p=1r0,4Lay+...+La,.

Takum oGpasom, j-1 KOMIOHEHTa BekTopa P, j=1, 2, ..., n, pasnua,
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BBUAY OfpefesieHHs CyMMb BEXTOPOB M MNPOW3BENEHHS BEKTOpa Ha

YHCAO, CyMMme NPOU3BEACHHH j-X KOMIOHEHT BEKTOPOB Uy, Oy, ..., O

COOTBETCTBEHHO ha fy, Iy, ..., [,
Cucrema BekTOpOB

Oy, Clgy wuey Oy, O, (r=2) (N

Ha3hiBaCTCH JAUHeldHO 3asucumoll, ecin XoTd Obl OAMH H3 3THX
BEKTOPOB #BAfIETCH JUHEeHHOH koMOunauMedi CCTalbHBIX BEKTOPOB
cucremnt (1), # suneidno He3asucumoli—B NPOTHBOIONOKHOM Chyuae.

YkaweM Apyryio (GopMy STOro BeCbMa B2KHOTO Onpene/leHud:
cucreMa BeKTopoB (1) auHeHHo 3aBMCHMa, €CAH CYLIECTBYIOT TaKHe

uucna Ry, ky, ..., R, xoms 0w 0GHO U3 KOMOPHLX OMAUHHO OM HYAS,
4YTO MMEET MECTO PaBEHCTBO
kioy - kootg ...+ ko, =0. (2)

JloxasaTensCTBO 9KBUBANEHTHOCTH STHX ABYX QUpedeneHuii He npej-
craBaser 3arpyasenufl. [Iycrb, nanpumep, BeKTOp a, u3 cucremu (1)
e€CTb AMHelHass KoMOHHAUMS OCTaNbHHIX BEKTOPOB:

a,=hLaoy+ 10,4 ... +1,_0,-,.
Orclona BbTEKAaeT PaBEHCTBO
Loy +Lo,+ ...+ o,y —a,=0,

T. €. paBeHCTBO BuAa (2), rme k;=1I, ana i=1, 2, .., r—1 u
kR,=—1, 1. e. k.==0. [TycTts, o6patho, BekTopn (1) CcBA3aHB COOT-
HoweHHeM (2), B KOoTOpoM, Hanpumep, k,#0. Torna

o (A (et (o

T.€. BEKTOP @, OKa3a/Csl nuHeAHON KoMGuHalHel BEKTOPOB Qy,C,, ..., 0, _4.

Npumep. Cucrema BeKTOPOB
o =(5, 2, 1), ay=(—1, 3, 3), az=(9, 7, 5), a,=(3, 8 7)
JMHEHHO 33aBUCHMaA, TaK KaK BEKTOPH CBS3aHbI COOTHOMIEHHEM
4o — 0ty — 303 + 204 = 0.
B 3TOM cooTHOmEHHH Bce KO3b(GHLUMEHTH OTAHUHBI OT HyAsd. MeXAy Hawmumy

BEKTOPaMH CYUIECTBYIOT, ORHAKO, U APYrHe JiMHEHHbE 3aBHCHMOCTH, B KOTOpHIX
HEeKoTopble U3 Ko3(dhHIHEeHTOB PaBHBI HYJI0, Hanpumep

20y +ay—03=0, 3ay-+as—20,=0.

Bropoe u3 paHHbIX Bune onpejeseHuii JHHEHHOH 3aBUCHMOCTH
NMPUMEHUMO M K ciaydal r=1, T, e, K C1yyal0 CHCTEMH, COCTOsLlelH
H3 OLHOrO BEKTOPA Q. amMa CUCmema mozda u mossko mozda 6yoem
sunelino 3asucumosd, ecau a=0. IefictBurenpno, ecin a=0, ro,
Hanpumep, npu k==1 6ymer ka=0. O6partho, ecan ka==0 n.k %0,
170 =0.
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OrMeTHM Clenyloulee CBOHCTBO MOHATHA JAHHEHHOH S3ABUCHMOCTH.

Ecau uexomopas nodcucmema ciucmembl sexmopos (1) aunelino
3asucuma, mo u sca cucmema (1) aunelino 3asucuna.

HeHCTBUTENBHO, NYCTb BEKTOPH O, Oy, ..., G U3 CHCTEMH. (1),
rane s<<r, CBfA3aHbl COOTHOLIEHUEM

kyoy —}—_kzoc2 + .. FRo, =0,

B KOTOPOM He Bce ko3dpdunuenrs’ pasun Hymwo. Ortciona caepyer
COOTHOUICHHKE -

ko R0 ko400, F...F0-0,=0,

T. €. cuctema (1) nuHeiiHO 3aBuCHMa.

M3 srtoro cBoiicTBa BhiTeKaeT nnHelHasg 3aBHCHMOCTDb BCH-
KOH CUCTeMH BEKTOPOB, cojdepxamed ABA pPaBHL X
Hay, Boobue, I1Ba NPONOPUNHOHANbHHX BEKTOPaA, a Tak-
e BCHKOH cuCTeMH, COReEpXau el nynesolfi Bexrtop.
3ameTuM, YTO HAOKA3aHHOMY CeHyac CBOHCTBY MOXHO JAaThb TakKyio
(opMynIupOBKY: ecau cucmema sexmopog (1) aunelino Heszasucuna,
mo U BCAKAN €€ Noocucmema maryxce AUHelHO He3asUCUMA.

Bo3sHukaeT BOmpoc, KaK MHOTO BEKTOPOB MOXET COAEPKAThb JHHEHHO
HE3aBUCHMAfA CHCTEMa /7-MEPHBIX BEKTOPOB M CYIIECTBYIOT AM, B 4yacT-
HOCTH, TAKHE CHCTEMH C MPOU3BOJALHO OONBLIHM YHCAOM BEKTODPOB.
Hdng oTBeta Ha 3TOT BONPOC PACCMOTPHMM B 7I-MEDHOM BeKTOPHOM MOPO-
CTPAaHCTBE BEKTOPH

81=(1) Oy 0, veey 0)’
g=(0, 1, 0, ..., 0), 3)

Ha3plBaeMble COUNUAHBIMU BeKmOpamlt 3TOro mnpocrpauctBa. Cucmena
eOUHUMHbX 8exmopos Gydem AuHelHO He3asucUMOF: NMyCTh

ke, +kye,+ ... ke, =0

TaK KaK /eBaf 4acTh STOTO PaBEHCTBA PaBHa BeKTOPy (ky, &, ..., k),
TO

(R, Ry, ..., R,)=0,

T. €. k=0, i=1, 2, ..., n, TaKk KaK BCE€ KOMMOHEHTH HYJIeBOro
BEKTOPA -PaBHBl HY/O, a PABEHCTBO BEKTOPOB PABHOCHIBHO PABEHCTBY
HX COOTBETCTBEHHBIX KOMIIOHEHT,

Mu pamu, takuM 06pa3oM, B 7-MEPHOM BEKTOPHOM NPOCTPAHCTBE
OJIHY JIHHEHHO HE3aBHCHMYIO CHCTeMY, COCTOSHIYI0 H3 71 BEKTOpPOB:
Uutatenr yBMIAHT NMO3Xe, YTO HA CAMOM Jielle B 3TOM NPOCTPAHCTBE
cymecTByer G€CKOHEYHO MHOrO pPasjAHYHBIX TAaKHX CHCTEM.
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Hoxaxem, ¢ APYro#t CTOPOHH, CAEAYIOLLYIO TECPEMY:

Bearue s sexmopos  n-meprozo - 8eKmoOpHO20 npPOCMPAHCMER CO-
CMasAfOm npu S >>n AUHelHO 3GBUCUMYIO cUcmeMY,

[lycte, B camoMm Zene, HaM HaHW BEKTOPH

oy =(a11, @3, -« Aa),
Oy ==(dgy, @39, ...y 234),
a.t:(aslv Qgor + vy asn)-

Ham wyxuno nomoGpath Takue yucna Ry, Ry, ..., &

,, HE BCe DaBHLIe
HYMO, 4TO

ko, +kyo, + ...+ ko, =0. ' 4)

[lepexons o1 paBenctBa (4) K COOTBETCTBYIOILHM pAaBeHCTBAM MEXAY
KOMIIOHEHTaMH, MoJydaeM

@y1kRy +Qgyky+ ... agk=0, )

ay.Ry a5,k oL Fapk=0, l

©)
Qy Ry Qyuky+ .. g,k =0. J
PasenctBa (B) cOCTaBAMHOT, OMHAKO, CHCTEMY 77 THHEHHHX OXHOPOAHLIX
ypaBHeHHH OTHOCHTENbHO S HEH3BeCTHHWX Ky, A, ..., B, Yucio ypas-

HeHH# B 9TOH cHCTeMe MeHble 4YHC/Id HeHW3BeCTHHX, a M03TOMY, Kak
IoxKa3ano B koHue § 1, 3Ta cucTema obnanaeT HEHYJAEBHMH PEHICHHAMH,
Taxkum o6pasom, MOXHO momoBpate yucna Ry, ky, ..., Ry, HE BCe pas-
Hble HYJIIO, KOTOPbIe YAOBNeTBOPAIOT TpeGoBanuio (4). Teopema mokaszaua.
HasoBem auHefiHo He3aBHCHMYIO CHCTEMY 7Z-MEDHHX BeKTOPOB

Oy, %gy «esy O 6)

MaKCUMAAbHOE NTHHEHHO HE3aBUCHMON CHCTEMOH, ecau Zo6aB/eHHe K 3TOH
cicTeme moGOro 7-MepHOro Bextopa f jaaer yxe JuHelHO 3aBUCHMYIO
cucremy. Tak kak BOo BCAKOH nuHEHHOH 3aBHCUMOCTH, CBfi3biBalOWieH
BEKTOPH Gy, Qg, ..., O, P, Ko3pdumuenT npu f HOMKeH GHTH OTAUY-
HHIM OT Hy/a1s—HHade cucrema (6) Obi1a 66 NHUHEHHO 3aBHCHMOH, — T0
BekTop P auHedHO Bmpawaercs uepes BekTopH (6). [lostomy cucrema
BeXTOPOB (6) TOrAa M TONBKO TOrAA OYHeT MakCHMa/JbHOH JHHEHHO He-
3aBHCHMON CcHCcTeMOH, ecay BeKTOpH (6) MiHeliHO He3aBHCHMMH, a mo6oi
n-MepHHl BeKTOp ﬁ ABASETCH uX AuHefuyol KomOuuanmes.

U3 pe3yabTaToB, MOAYYEHHLIX BHILIE, BHTEKAET, YTO 8 f1-MepHOM npo-
CMpPaHCInge 8CAKAS AUHElHO He3a6UCUMAT CUCMEMA, COCMOAUAS U3
n 8exmopos, Gydem MaKcuMmaroHol, & TAKKE YTO 41068 MAKCUMALL-
HAA MIHelHO He3Q8UCUMAS CUCMeMA BEKMOPOS 3MO20 NPOCMPAHCMEA
cocmoum He Gosee 4eMm U3 n 8eKMOPOS.

Bcsakaa aunelino He3asucumas cucmema n-MepHHX 8eXmopos
codepycumcss xoma Oui 8 00HOU MaKcumassnoli Aunelno He3agucu-
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Mol cucmeme. B camom Jene, ecinm 3aAaHHAH CHCTEMa BEKTOPOB He
MAaKCHMAaNbHA, TO K He#l MOXHO H06aBUTb OAMH BEKTOP TaK, YTO MoO-
NYy4YeHHEsd CUCTEMA OCTaHeTCH AMHEHHO He3aBucHMol, Ecan aTa Hosas cu-
CTeMa BCe elie He MaKCHMajbHa, To K HeH MoO¥HO AO00aBHTHL elne
OLHH BEKTOP, M T. A. JTOT NPOLECC HE MOXeT, OXHAKO, NPOROJ-
WaThCsi OeCKOHEYHO, TaK Kak yxe 1100as CHCTeMa 7-MePHHX BEKTOPOB,
cocronmias u3 n-1 Bexropa, 6yaeT AuHelHO 3aBuCHMOil.

Taxk xak Becsikas cucTeMma, COCTOALIAs M3 OAHOrO HEHYJEBOrQ BEK-
TOpa, nAuHeHHO He3aBUCHM&, TO MH NOJYyYaeM, YTO BCAKRE HeHYaesol
BeKxmop codepxcimess 8 HeKOmopoli MAKCUMAAbHOU AUHelHO He3a-
sucumoli cucmeme, a TOITOMY 8 [i-MePHOM BEeKMOPHOM NPOCMPAH-
cmee cyuecmsyem OeCKOHeYHO MHO20 PASMUMHBX MAKCUMAALHHY
AuneliHO Me3QBUCUMBY CUCMeEM 8eKXMOpOs.

Boshukaer BOnmpoc, CYUECTBYIOT A B STOM MNPOCTPAHCTBE MAKCH-
MaabHHE JHHeHHO HEe3aBHCHMBE CHCTEMH C MEHBHINM, Y€M 72, YHCAOM
BEKTOPOB WJH e YHCJIO BeKTOpoB B JM060# Tako#t cucteme Hempe-
Men#o paBHO n? OTBeT Ha 3TOT BAXHHH BoOMNpoc 6y11eT LaH HHNe, nocie
HEKOTOPHIX INpelBapHUTEJbHHX PACCMOTPEHUH.

Ecan Bexktop P aBasercs nunefiHoll xomOunaunne#l BexTopoB

a’lv az» ¢y a'rv (7)

TO 4acCTO roBoOpaT, 4to P AuHelno ewpascaemcs uepe3 cucmemy (7).
[TonsaTHOo, YTO ecanm BekTOp P JMHHeNHO BHIPa}KaeTCs Yepe3 HEKOTOPYIO
MOACHCTEMY 9TOR cHCTeMBl, TO OH OyneT JHHeHHO BHIPAKATLCS U yepe3s
cucteMy (7) — LOCTATOYHO OCTaNbHBIE BEKTOPH CHCTEMH B3ATh ¢ KO-
buunenTaMu, paBHuME Hymo. O6obulas STy TEPMHHOIOIHIO, TOBOPST,
4TO CUCMeMA 8eKMmOopos

ﬁl’ ﬁz, re ﬁs (8)
AurelHo svpadcaemcs 4epe3 cucmemy (7), ecam Bcaxuft Beirop B,
i==1, 2, ..., s, asnserca auneHnoff komOuHauuel BeKTOPOB cHCTeMH (7).

JlokaxeM TPaH3UTHBHOCTb STOrO MOHATHA: ecau cucmenma (8) au-
HellHo gbipascaemcs 4epe3 cicmenmy (T), a cucmema sexmopos

Yo Yar -ees Vi 9)

AuHeiiHo sBpaNcaemcs wepe3 cucmeny (8), mo (9) 6ydem sunelino supa-
scamves u wepes (7).
B camoMm nerne,

S
v, ==21j,p,, j=1, 2, ..., ¢ (10)

Ho f; = 2 RO, i=1, 2, , S. Hozlcmansm 3TH Buipaxenns B (10),
nonyqaeM.

m=1

3 e

{=1
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T. e. BCAKHE BekTOp y; j=1,2, ..., f, Oyxner nunedHoH KomOuHa-
uued BekTOpOB CcHcTeMH (7).. : .

IiBe cucTeMBl BeKTOPOB HA3HBAIOTCH IKBUBAACHMHBIMY, €CIH KaXK-
ag ¥3 HYX AMHEHHO BhipaxaeTca yepes npyrywo. M3 moxasanHol cefiuac
TPAH3UTHBHOCTH CBOHCTBA CHCTEM BEKTOPOB JMHEHHO BHIPAXAaThCHA APYT
yepe3 Jpyra BHTEKAeT TPAH3HTHBHOCTb MOHATHS SKBHBATEHTHOCTH CUCTEM
BEKTOPOB, a TaKKe CleldYIollee YTBepXIeHHe: ecall d8e CucmeMmbl 8ex-
mMopos IKBUBAACHMHO U eCAll HeKOomopull 8exmop AUHelHO BupaA-
Heaemcen yepe3 OOHY U3 IMUX Ccucmem, mo oH 6Gydem AuHelHO Bui-
paxcamscs 1 tepe3 Opyzyuw.

Henbsst yTeepwmath, 4TO ec/M oHa U3 ABYX SKBHBAIEHTHHIX MEKILY
coOOH cuCTeM BEKTOPOB JHHEHHO He3aBRHCHMA, TO 3THM e CBOHCTBOM
o6nanaer u apyras cucteMa. Eciu we o6e 3TH cuctembl JjiHHEHHO He-
33aBUCHMH, TO O 4HC/Ae BEKTOPOB, BXOASIUHX B HHX, MOWKHO CHenath
OIHO BawHOe BhiCKa3nBaHue. JlokaxkeM cHava/la CIeLYIOULYIO TeOpeMmy,
KOTOPYI0 BBHAY e€ pOJM B JdaibHeHleM W Andg yAo6CTBA CCHITOK Ha-
30BeM OCHOBHOMN TeOpeEMOH, ’ '

Ecau 8 n-mepnosm sexmoprom npocmpancm8e 0QHb 08e Cucmems
gexmopos:

Iy _ Oy, gy ouey Oy,

(”) ﬁl! ﬂ2v MR ﬁm

U3 KOMOpHX nep8as AUHeUHO HEIABUCUMA U AUHEHHO BUpANCAeMCS
Yepe3 8MOPYIO, MO 4UCAO BeKmOpO8 8 nepgoli cucmese He Goavute,
yeMm 80 emopoll, m. e. r<Cs.

[Tycts, B camom nene,r >>s. [To ycnoBnio, KaAKHK BEKTOP CHCTeMH
(I) nudeituo Buipawaercs depes cuctemy (1)

oy =gy +agf, + ... ay by,
Q=g By + gy + . .. a5,

(1)
arzarlﬁl + ar2ﬁ2 + ..t arsﬁs'
KosdduuuenTthl 9THX nHHEHHBX BHPaXeHHH COCTABASIOT CHCTEMY H3 r
§-MEPHEIX BEKTOPOB:
Y1={(C11, ®12s «-+) als)v

Yo = (azlv Qogy os oy azs)v

e e 4 s s e+ 2 8 s«

y,:(a,h Qray veny an)-
Tak kak r>>§, TO 3TH BEKTOPH /IHHOHHO BABHCHMH, T. e.

koyy+ReVe + o oo R =0,
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rie-He BCe kos(duunentn Ry, k, ..., k. paBre Hymo. Orciofia Mbi
NPUXOAVM K CAELYIOUIHM PABEHCTBAM MEW/JY KOMIOHEHTaMH:

Dka;=0, j=1,2, ..., s (12)

PaccMoTpuM  Teneph CAENYIOUIYI0 JAMHEHHYI0O KOMOHHAUHMIO BeKTOPOB

cucteMu (I}:
ki + Ryl 4. .+ R/2,

;
11U, Kopoue, Ekiai' Hcnoassysa (11) n (12), noayuaem:
i=1
r r s \ s r
E ko= Z ki<2 aijﬁj)—’—‘ 2 (2 kiaij> p;=0;
=1 i=1 j=1 j=1 \i=1
9TO TPOTUBOPEYHUT, OLHAKO, NHHEHHOH He3aBUCHMOCTH cucTeMbl (1),
M3 mokasanxolt cefiyac OCHOBHOW TeOpeMH BHTEKAET caexywomuit
pesyabTart:
Besaxue 08e 3KksUBANeHMHble AUHEUHO He3ABUCUMblE CUCMeMbl
8eKMOpo8 coOepiHcam pagHoe 4UCL0 8eKMopos. ’
Jlio6ple [Be MaKCHMajbHLE JIHHEHHO HE3aBHCUMBIE CHCTEMH 72-Mep-
HLIX BEKTOPOB GYAYT, O4EBHAHO, SKBUBaJeHTHHIMH., OHM COCTONT, ClERO-
BaTe/ibHO, U3 OJHOI'O U TOTO W€ YHCAA BEKTOPOB, d TAK KaK CYLeCTBYIOT,
KaK HaM H3BECTHO, CHCTEMB TaKOro poja, COCTOsKE W3 71 BEKTOPOB,
TO MBIl TIOJNyYaeM, HaKOHel, OTBEeT Ha NOCTaBJeHHWH panee Bonpoc:
8CAKAR MAKCUMAABHAS AUHEHO He3asuUCUMAsl cucmema 6exmopos
n-MepHO20 8eKMOPHO20 NPOCMPAHCMEBA COCrOUN U3 n 8eKmopos,
M3 moayyeHHBIX Pe3yNbTATOB MOXHO BHIBECTH W APYTHE CAEACTBUS.
Ecau 8 OanHoll juHelHo 3asucCUMOL cucmeMe 8eKXmOpos 83Smol
08e 8 Hell maxcUMAibHble AUHEUHO He3agucuMmbie MOGCUCMeMbl, M. .
maxue nodcucmembl, K KOMOPUM HeAb3S NPUCOCOUHUMb HU O0HO020
8eKmopa Hauwiell cucmeMbl, He HaApywas MuHelroll He3agucumocmu,
mo 3mu Nnoocucmems codeprcam pagHoe HUCAO 6eKMOpOS,
B caMom sene, ecanm B CuCTeMe BEKTOPOB

Oy, Cyy ouey O (13)

[IOACUCTEMA
Oy, Olgy +v., O <, (14)

OyneT MaKCHUMalbHOM JMHEHHO HE3aBHCUMOH NMOACHCTEMOH, TO BCAKHH
13 BEKTOPOB O q, . . ., O, OYIET MHHEHHO BHPAKATHCA yepes cucTemy (14).
C apyro#l CTOpPOHB, BCAKHH BEeKTOP @; M3 cucTemsl (13) AMHelHO Bh-
paxaercs uepe3 3Ty CHCTeMY: LOCTaTOYHO B3ATh MNPH CAMOM Bek-
Tope o; Koadduiunest 1, a npu BCeX OCTANbHHIX BEKTOPAX CHCTeMsl
xoapouuuent 0. Temepp jierko- BHAETh, 4TO- cucTeMut (13) u (14) sksu-
panenThH. OTcioma cnenyer, 4To cucTeMa (13) SKBHBaJEHTHA BCSIKOW M3
CBOMX MAaKCHMa/bHBIX. JIFHEHHO ‘He33BHCHMBIX ‘IOACHCTEM, a MOJTOMY BCe
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STH MOXCHCTEMH SKBUBAJEHTHH MexAy cobol, T. e., Oyayuu Jaune#ino
HE33aBHCHMHIMH, COLEPKAT MO OAHOMY M TOMY e YUCAY BEKTOPOB.
“YHucno BEKTOPOB, BXOAAULMX B MOGYH) MAKCHManbHYIO AusefiHo ne-
3ABMCUMYI0 MOZCHCTEMY JAHHON CHCTEMB! BEKTOPOB, HA3bIBACTCH paAHZOM
3To# cuctemn. Mcmoap3ysn 310 moHsTHe, BuiBeAEM €HIE OJlHO CIENCTBHE
H3 OCHOBHOH TeOpeMHI.
Iiycmoy Gansl O0ge cucmeis: n-MEepHbX B8EKMOPOS!

gy Olgy seey O (19)

ﬂl? 52’ rer ﬁ&’ (16)

He oba3amessno Aunelino He3asucumwe, nputerm panz cucmems (15)
pasen uucay k, pane cucmemss (16) —uucay I. Ecau nepsas cucmema
suHelino 8wpascaemcs 4epe3 emopyro, mo k<Cl. Ecau oxce amu cu-
cmeMmbl 9KBUBAACHMHE, MmO R=].

B camom pnene, mycThb

Oy Oy oy Oy (17)

iy iy

B/‘, ﬁ/z’ ey ﬁ/l (18)

6y11y'T, COOTBETCTBCHHO, n100ble  MakCHUManbHbIE  THHEHHO He3aBUCUMble
noacucremn cuctem (15) u (16). Torma cucremm (15) u (17) sxBusa-
JIEHTHH MexJy coOo#f, u 3T0 we BepHo nas cucrem (16) u (18). Ua
TOro, yro cucrema (15) nuuefino Bmpaxaercs uepe3d cucreMy (16), Bui-
TeKaeT Temeps, uTo cucrema (17) rakxe nuHeHHO BHpaxXaercs uepes
cucteMy (16), a mosTomy u uepe3 3KBHBaJEGHTHYIO el cucremy (18),
NIOC/e Yero OCTAETCS, HCNOML3Y s AuHeHHYI0 He3aBUCHMOCTD cucteMul (17),
NPUMEHUTb OCHOBHYIO Teopemy. BTopoe yTBepwaeHue MOKa3HBAEMOro
CIeNCTBH HENOCPENCTBEHHO BHITEKAET W3 NEPBOro,

§ 10. Panr marpunst

Ecnu maHa wekoTopasl CHCTEMA /1-MepPHHX BEKTOPOB, TO BO3HHKART
ecTeCTBEHHbIi BOMPOC, SIBAAETCA JH 3Ta CHCTEMA BEKTOPOB JIHHEHHO
sapucaMofi uau Her. Henab3s paccuuThiBaTL Ha TO, 4YTO B KAWIOM KOH-
KPETHOM C/ydae pelieHHe 3TOro Bompoca Oyaer moayveno 6e3 sarTpya-
HEeHMH: NP NOBEPXHOCTHOM PAaCCMOTPEHHH CHCTEMbl BEKTOPOB

a=(2)_5: 11 —1)¢ ﬁ:’:(la 3: 6: 5)) Y=(~1) 4; la 2)
TPYAHO 32aMETuTh B Hel Kakue-1u60 nuselisne 3aBACHMOCTH, XOTH B Aeil-
CTBHTENBHOCTH STH BEKTOPH CBA3aHH COOTHOLICHHEM

Ta—3B 411y =0

Onxun meTox A/ pemieHns 3TOro Bompoca maer § 1; Tak Kak xowm-
MOHEHTH 3aJaHHHIX BEKTOPOS HAM H3BECTHH, TO, CYHTAA HEH3BECTHHIMY
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ko9 PUIHEHTH HCKOMOH AHHEHHON 3aBNCHMOCTH, MH II0YYaeM CHCTEMY
JiHHERHBIX OJLHOPOAHHX YPaBHEHHH, KOTOPYIO U peiiaem MeTolom [aycca.
B unacrtosuiem naparpade OyaeT ykasad ApPyro# nmoixon K paccMmartpu-
BAEMOMY BOMPOCY; OZHOBPEMEHHO Mbl 3HAYHTENbHO NPHOAN3NMCHA K Ha-
el OCHOBHOH I€/1H — pellieHHI0 NPOH3BOJIbHHX CHCTEM JHHEHHBLIX ypas-
HeHuH.

TlycTe nawa marpuua

Q31 22 - G1g

ay a a

21 @93 -+ Gan
A= ,

Qg Ggp v G

colepxamiafd S CTPOK M 72 ¢TOAGIOB, MNpHYEM YHCIA § M I HUKAK HE
cBf3any Mexay co6off. Ctoabuw 9TOH MaTpHIE, paccMaTpHBaEeMble Kak
S-MepHele BEKTODH, MOTYT, BOOGILEe roBOpPsH, ObTh JHHEHHO 3aBUCHMBLIMY.
Panr cuctempl CTONGLOB, T. € MAaKCUMa/jbHOE 4HCJIO NHHEeHHO He3aBH-
CHMHIX CTONOLOB MaTtpuinl A (TOYHEe, 4YHCJIO CTONOLOB, BXOASWIHX
B MI00YI0 MaKCUMaAbHYIO AHHEHHO HE3aBHCHMYIO IOACHCTEMY CHCTEMH
cTOn610B), HA3LHIBAGTCH PAHZOM STOH MATPHIH.

[TonaTHO, YTO NOROGHBHIM Ke 00pa3oM CTPOKH MATPUUW A MOXHO
pacCMAaTPHBATh KaK 71-MepHuie BeKTopul. OKaspiBaeTCs, 4TO PaHT CHCTEMb
CTPOK MATPHUb PaBeH PAHTy CHCTeMBl ee CTOJAOLOB, T. €. PaBeH paury
9to# Marpuun. JlokasarenbCTBO 3TOrO BeChbMa HEOXHAAHHOTO yTBEp-
KIeHus GydeT TMOJy4yeHO NOC]e TOro, KaK MM YKawueM eme oAHy popmy
olpee/IeHAs PAHra MATPHLLL, ZAIONLYI0 3204HO CII0CO6 ero NPaKTHYEeCKOTo
BbIUUC/IEHHS.

O6061uM cHavana Ha caydafl NPSMOYTOAbHLIX MaTPHIL MOHATHE MHU-
#nopa. Bui6upaeM B matpuue A Npou3BOAbHHE 2 CTPOK M B CT0a6LO0B,
k<< min (s, 7). Dn1eMeHTH, CTOALIHE Ha NEPECEYEHHH 3THX CTPOK M cTOAG-
110B, COCTABAMIOT KBaJApaTHYIO MaTpuuy R-ro nopsjaka, ONnpeneantenb
KOTOPOH Ha3bBaeTCd MUHOpoM R-20 nopaoxa wmatpuusl A, anbuwe
nac 6yayT MHTepecoBaTh MOPALKH T€X MUHOPOB MaTpuiub A, KOTOpHE
OTJHYHBI OT HyJsl, 4 UMEHHO HAWBHL CIWIHH Cpean 3THX NOPHA-
k0oB. Tlpn ero pa3biCKaHMW TOJE3HO YUHTHBATH CAEAYIOLLEE 3aMedanne:
ecal gce Muropsl k-zo nopadxa mampuybl A pagHbl HYAIO, MO pPAsHb
HY.Li0 U 8Ce MuHOpH Gosee 8bicoxux nopsadxos. B camom nene, pas-
narasi BCAKMH MHHoOp nopsnka R--j, k<Tk- j<<min (s, n), Ha ocHo-
BaHuH Teopemul Jlammaca, uo /m06uiM R CTPOKAM, Mbl NPeLCTABHM 3TOT
MHHOP B BHIE CYMMH MHHOPOB NMOPSAAKA 2, YMHOXEHHBX Ha HEXOTOpLIE
MMHODH TODPSAKA j, ¥ STHM JOKaxeM, YTO OH paBeH HYJIO.

HokaxeM Temeps CACAYIOUIYI0 TE€OPEMY O pPaHre MaTpPHIH:

Haussicuuuli nopsdox omauunsx om HYAS MUHOPOS Mampuun A
pasen paunzy smoil mampuys.

HokaszarteabcTBo. [IyCTbh HauMBHCUIEH NMOPAAOK OTAHYHBIX OT
HyAad MEHOpPoB MaTpuun A pases r. [Ipeanonoxum,— 4TO He HapywaeT
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OOLHOCTH AOKA3aTeNbCTBA,— YTO MHMHOP r-ro mopsaka D, CTOSUHHA
B /ICBOM BEPXHEM yriy MaTpHib

Qyy wee Qi re1 o iy
arl arr ar, r+i1 arn
A= .
Arizor o Crat,r Frat, re1 o Yy, n
asl . asr as, r+1 asn

ortauyen ot Hynaa, D==0. Toraa nepsuie r ctoa61os Matpuis A oyayt
Meway CO6OH /NMHEAHO HE3aBHCHMBIMH! CC/AH Obl MEKAY HHMH Cyie-
CTBOBafa JHHEHHAs 3aBMCUMOCTb, TO, TAK KaK NMPH CAOXKEHHH BEKTOPOB
CKAAALBAIOTCH COOTBETCTBYIOULHE KOMMNOHEHTH, MEXAY CTOJAGLUAMH MH-
Hopa D cywecrtBoBana Obl 3Ta ke JHHEHHA 3ABUCHMOCTb M MO3TOMY
muHop D Oui Ol paBed HYJIO.
Hokaxem. Tenepn, 4To BCAKHR [-#1 cTOnGew MaTpHilbl A r<<l<s

Oyaer nusefinol komOGunauueh nepsbx 7 cTOJOLOB, Bepem.moﬁoe z,
1</ <Cs,vcTponm BCnOMOraTebHbill onpeaennTens (r 4 1)-ro nopsiaka

| @11 - @y Gy
Al
' arl b al’l‘ afl !
Qip -ee Gir Ay

nonydaiouuics «okafimaeHuem» mMuHopa. D COOTBETCTBYIOUWUMHA SNeMEH-
tamu [-ro cronbua u i-it crpoku. [lpu moGoum i onpenennrens A; pases
wymo. [elicturenbro, ecan {>>r, To A; Gymer MHHOPOM (r—{-l)ro
nopsiaka Hawe# martpuusl A H J03TOMY pPaBeH HY/IO BBUAY BmGopa
yucna r, Ecan we i<Cr, T0 A; yxe He GyldeT MHHOPOM MaTpHus A,
TaK KaK He MOXeT OwbiTh NOJAYyYeH BhlYEPKHUBAHHEM H3 3TOH MAaTPHIH
HEKOTOPLIX €e CTPOK W CTOI0LO0B; OAHAKO onpenenudrenb A; 6yaer coaep-
WaTh Tenepb ABe PaBHbie CTPOKH H, CEJ0BaTeNbHO, CHOBA PABEH HYJIIO.

Paccmorpum aare6panyeckne J0MONHEHUS 9/1eMEHTOB MOCAeAHEH CTPO-
ku onpenenntenn A; Anre6panueckuM JONONHEHHEM AJS SIEMeHTa @,
CAYXHT, OYEBHAHO, MvmopD Ecnmnwe 1 <<j<<r, T0 anre()paﬂqecmm
AOMO/NHEHUEM AR DIEMERTA @;; B A; 6yzer uncao0 :

@1y ooe By, 7181, j41 e B Oy

A= (—NIrD+o oo os oo

i o
arr arl

, Aoy e @y 1 Gy iy wor
OHO HE 3aBMCHT OT i M mO3TOMY 0603HayeHo uepes A;. Takum o6pasom,
pasnaras ompegendrTens A; no ero mocnefHedl CTPOKe M NPUPABHHBAA
9TO Pa3/oweHHe HyMO, Tak Kak A;=0, M nomyumm:

aj Ayt @Ay + oot ;A +a;D =0,
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oTKyAa, BBUAY D 0,

A Ay A,
¢y=—p—p T %
3To paseHCTBO CnpaBelaHBO mpu Bcex i, i=1,2, ..., a TaK kak

ero Ko3a(pQuuHeHTs OT { HE 3aBUCAT, TO MHl MOAYy4YaeM, 4TO BeCh /-
cronben, matpuusl A 6yner cymmoff ee ‘NepBbX r CTOAGLOB, B3AThIX,

1 A, A,

—"—D“‘, —F, o--,_"D—-

Takum o6pasom, B cHCTeMe CTOAOLOB MaTpHUL A Mbl HALWIH MakK-
CUMaNbHYI0 NHHEHHO HE3AaBUCHMYIO NOACHCTEMY, COCTOALLYIO U3 r CTONO-
LOB. DTUM [NOKA3aHO, YTO PaHr MaTpHil A paBeH r, T. e, AOKa3aHa
TEOpeMa O PAanTe! ) :

Jra Teopema’ AaeT METOA I NPAKTHYECKOrO BHYHUCAEHHUS paHra
MaTpHibl, 4. MOITOMY M AJs PEICHHA BOMPOCA O CyLeCTBOBAHHH AuHel-
HOH 3aBUCUMOCTM B [aHHOH cHCTeMEe BEKTOPOB; COCTAaBAAA MaTPHLY,
OJsi KOTOPOH NaHHbe BEKTOPHI CAYXAT CTOAOHAMH, H BBIYHCAHAA PAHT
9TOM MaTpuubl, Mb HAXOAHM MAKCHMa/lbHOE YHC/IO AuHEHHO He3aBHUCHU-
MbiX BEKTOPOB HalUeH CHUCTEMHI.

MeTon Haxox/AeHHSl PaHTra MaTPHibl, OCHOBAHHLIH Ha TEOpEeME O paHre,
TpebyeT BHLIYHCIEHHA XOTA M KOHEUYHOTO, HO, OLITh ‘MOXET, O4eHb 00Jb-
oro 4uc/aa MHHOPoB 3ToH Matpuus. Cleayiouiee 3ameyaHue No3so/ger,
ONHAKO, BHECTH B STOT METOJ 3HauyuTe/abHble ynpouleHus. Eciau yura-
TeAb MPOCMOTPHT elle pa3 J0Ka3aTeNbCTBO TeopeMbl O paHre, To 3a-
METHT, 4TO Mbl HE HCMO/b30BA/H MPU €ro NPOBeJEeHHU PABEHCTBA HYIIO
BCeXx MUHOPOB (r-1)-ro nopsaxa mMatpuubl A-—B AeHCTBATENbHOCTH
ynoTpebAsauch JAnGlL T€ MHHOPH (r-+1)-ro mnopsaxa, KOTOphe oxai-
MARIOT JaHHBA He paBHBLIA HYM0 MHHOP r-ro nopsaaka D (r. e. conep-
AT €ro UeNUMKOM BHYTpH celsi), ¥ NTOITOMY H3 PaBEHCTBA HYJIO JIMILb
STHX MHHODOB BBITEKAeT, UTO 7 €CThb MaKCHMaAbHOE YHCI0 JUHEHHO He-
3aBMCHMBIX CTONGHOB MaTpHUb A; nmocnenHee xe Breyer 3a coboii pa-
BEHCTBO HYAI0 BOOGULE BCeX MUHOPOB {r-+ 1)-ro mopsaka 3To#l MaTPHUIH.
Myl npuxoAMM K C/AEAYIOLIEMY NpPaBHJAY BHUHCJEHHS paHra
MaTpHIL b

[Ipu  suisUCAeHUL PAH2A  MAMpUUb  Caedyem nepexoOums om
MUHOPO8  MeHbWUX NOPAOKO8 K MuHopam O6ssumux nopsadxos. Ecau
Yoce Hatiden murnop k-20 nopadka D, omautnwiz om HYAs, mo mpe-
b6yrom eviuucsenus auws munops. (k-+1)-20 nopsoxa, oxadmrsiowie
sunop D: ecau gce OHU pABHbL HYMO, MO paHz mampuisl paser k.

COOTBETCTBEHHO, ¢ KOd(PdHIHeHTaAMH

[Ipumepw.
1. Hafltu panr marpuust
—4 3 1

2
1 —2 1 —4
A=t o | —1 3
4 -7 4 —4

wo—- N O
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MHHOp BTOpOro TMOPSAAKa, CTOAHHKHA B JEBOM BEPXHEM YrAY 9Tofl MaTPHUH,
paBen Hyaio. OIHAKO B MaTpHUE COREPHATCHA U OTNHYHBI2 OT HYJs MUHODH BTO-
poro mopsaAxa, HanpuMep
—4 3

d=|_5

# 0.

MnHop TpeThero nopsigka

N
l

ES

w

d =

O -
—
p—

oxafiMasoWni MHHOp d, OT/MYeH OT HyJas, d' =1, ofHako ofa ‘MUHOpA veTBep-
TOrO MOPAZKA, OKaMM/IAOHIEE MHHOP d', PaBHH HYJIO:

2 —4 3 1 2 —4 3 0
1 —2 1 —4 1 —2 2
=0, =0,
0 1 —1 3 0 1 —1 1
4 —7 4 —4 4 —7 & 5

Takum o6pasoM, paHr maTpuusl A paBeH Tpem.
2. HafiTh MaxkcuManbHyi0 JdUHEeHHO HE33aBHCUMYIO MNOACHCTEMY B CHCTEME
BEKTOPOB

0 =2 =2 —4), &=, 9 3), a=(=2, —4, 1), ¢=(, 7, —I).

CocraBnsieM MaTpHuy
21 =2 3
<——-2 9 —4 7> ,
—4 3 1 —1

i KOTOpOﬁ AAHHBIE BEKTOPH CAYyXaT CTOJ!GLLBMH Panr sroit MaTPpHLLl DaBeH
ABYM: MHHOD BTOpPOro nopsiuka, CTOAIUK B JIEBOM BEepPXHEM Yrjay, OTJdH4YEeH OT
HYyJs, HO o6a MHHOpa TPEThero nopsapka, ero OKaﬁMJWHOIU,HG PaBHbBI HYJIO., Orciona
CJIEeAYyEeT, 4YTO Bf?K’l‘Opb[ 0y, @y COCTaBJANY B 3aj]aHHO cHCTeMe OJHY H3 MaKCH-
MaJbBblX JIHHEHHO HE€3aBHCHMBIX HOACHCTEM,

B kauyecTBe CNENCTBHS H3 TEOPEMH © PaHTe MATPUIB HOKAKEM
yTBEPWIEHHE, YXe BHCKa3aHHOe padee:

Marxcumarbnoe 4UCA0 AUHEEHO He3QBUCUMbLX CMPOK BCAKON Mam-
puys. PABHO MOKCUMAABHOMY HUCLY ee AUHEHHO He3ABUCUMHX CMOA0-
108, M. e, PABHO panzy Mol Mampulbt.

Jlas noKasaTenbCTBA TPAHCIOHUPYEM MATPHLY, T. €. CAe/1aeM e¢ CTPo-
KM CTOAOUAMHU, COXpaHAd X HyMepauuio. [1pu TpaHCcIOHUPOBAHUH MAKCH-
MaJibHHH# NOPANOK OTAMYHHX OT HYAS MHHOPOB MATPHUL He MOXKeT
H3MEHHThCH, TAK KAK TPAHCIIOHHPOBAHME HE MEHseT OnpexenuTens, a
IJid BCAKOTO MHHOPA HCXOMLHOH MATPHUBL MHHOP, HOAYYEHHHH H3 Hero
TPaHCIOHHPOBAHUEM, CONEPWHTCA B HOBOH MaTpule, U o6paTtro. OTciona
caelyer, 4TO PAaHr HOBOH MATPULLI PAaBEH PAHry HMCXOLHOH MaTpulln;
OH paBeH, BMeCTE C TeM, MAKCHMajibHOMY YHCIY AHHEHHO HE32BUCHMBIX
CTONGIOB HOBOM MATPHUB, T, €. MAKCHUMAJBHOMY UYUCIY AUHEHHO Hesa-
BUCHMBIX €T P 0K HCXOLHOH MaTPHUuH,
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Mpumep. B § 8 yixe Griio BBeAeHO NOHATHe JHHeHHOH (POPMEI OT N He-
H3BECTHHIX H. ONMpeJeseHO CJIoKeHHe JIHHeHHbX (GopM H HMX YMHOXKEHHE HA YHCJO.
D70 onpajesieHHe NO3BOJSET MEPEHECTH Ha JiuHedHble (opMBI HOHATHE JIHINeHHOH
34BHCHMOCTH €O BCEMH €ro CBOMCTBaMH.

TIycts ZaHa CHCTeMa JHHEHHHIX QODM

fi= x1+2x+ x5+ 3x4,
fo=4x;— x5—5x3—06x,,
fa= x%1—3xy—4x3—Tx,,
fa=2x1+ xp— x5

HyxHo BbiZesdTh B Heft MAKCHMAaJbHYIO JHHEHHO HE3aBHCHMYIO MOACHCTEMY.
CocraBuM MaTpuuny U3 Ko3bdHIHEHTOB ITHX GopM:

1 2 1 3

4 —1 —5 —6
1 —3 —4 —T7 |
2 1 —1 O

¥ HaitaeMm ee panr. MHHOD BTOpPOro MOpAiKa, CTOAUIHA B JIeBOM BepxXHeM yriay,
OT/MYeH OT HYyJs, HO, KaK JErko NpPOBEPHTb, BCE YeThipe MHHOpPA TpeThero flo-
psAKa, ero okafmusiouue, pasub Hymo. OTciofa crefyer, 4To IiepBHe JiBe CTPOKH
Hawiefi MAaTPUUH JMHEHHO HE32aBHCHMBI, a TpPeThbs W uerBepras GyAyT UX JuHEA-
HbIMH KoMmOuHauusamu. Cuctema f,, f, 6yler, ciiefoBaresbHO, HCKOMOH NOJACHCTe-
Mo#i 3aJaHHON cHCTeMbl JIHHEAHHIX ¢opM.

YKaxem euie OAHO BaXHOEe CJHeACTBHE H3 TEOPEMH O paHre ma-
TPHILHI.

Onpedeaumeny n-zo nopadka moezda U mMOABKO moz0a pasex
HYAI0, ecalt Medwcdy e20 CMpoKamu cywecmgyem auHelnas 3asucu-
MOCID.

B onuy cropody ®T0 yTBepwleHnue ywe ngokasano B § 4 (cBofi-
ctBo 8). Ilycth Tenmepb HaM HRaH ONIpeleNuTeNb 7-TO IOPALKA, PaBHLIR
HyM0, T. €. 1aHa, HHBIMU CIOBAMH, KBaAPAaTHAK MAaTPHLA 72-TO MOPSAKA,
eI HUHCTBEHHBIH MHHOP KOTOPOMH, HMEIOULHH MaKCUManbHREH MOPALOK, paBeH
HY 10, OTClOlI,a cienyeTr, 4To HAHBHICLIUHA MOpAMOK OTAHYHLIX OT HY/s
MUHOPOB 3TOW MAaTPHLUH MEHbIE 72, T. €. PAHC MeHblle 7z, a4 IO3TOMY,
Ha OCHOBAHMU J0Ka3aHHOroO BbILIE, CTPOKII 3ToH MaTPHILbI AudefiHo 3a-
BUCHUMBI.

HOHSITHO, 4TO B @OpMy./’IPIpOBKe IOKaszaHHOro ceflyac CAeACTBHA
MOXHO BMECTO CTPOK TOBOPUTH O CTONOLAX ONpeAe]HTeNIs.

19 BuIMHCAEHHS PaHra MaTpPHIBl CYUIeCTBYET elie OAMH METOJ, He CBf3aH-
HEIl ¢ TeopeMO#i O paHre M He TpeGylomMi BHwxcJaeHUd onpefenureneii. Oy npu-
MEeHMM, BIPO4EM, TOJbKO B ‘TOM CJIy4Yae, €C/JH Mbl XOTHM 3HaTh JIHIIb CaMbli paHr
M He HHTEpecyeMmcs! TeM, KakKue WMEeHHO CTOJOuH (H/JIM CTPOKH) COCTABJIAIOT Ma-
KCHUMANBEYIO JIHBeHO He3aBHCHMYIO cHcTeMy. MsnoxuMm 3TOT MeTOA.

Suaemenmapnsimu npeodpasceanu My MaTpHuB A Ha3HBAIOTCA CREAYIOULHE
npeo6Gpa3oBaHuA 3TOH MaTPHIHL:

(a) nepeMena meCT (TPAHCMO3HIIHA) ABYX CTPOK HJM ABYX CTOJGLOB;

(b) ymuoamenue CTPOKH (uaiM cT0J6L2) HA NPOH3BOJILHOE OTJAHYHOE OT HYJs
qUCHo;
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(¢) npubapyienvie K oRHOM CTPoKe (Mam cTONOLY)} APYrof crpokn (croabua),
YMHOKEHHOH HA HEKOTODOE YHCNO.

Jlerko BHIETb, 4YTO daemenmapHsie npecbpa308aHUs HEe MEHSIOm paxnea mam-
puyst. JeAcTBUTENbHO, ecad 3TH TPeoOpPa30BaHWST NPUMEHAOTCH, HanpuMep,
K cToj6uaM MaTpuLsl, TO CHCTeMa CTOJIOIOB, pacCMaTpHBaeMuIX KaK BEKTODHI,
3aMEHNIETC JKBHBaJeHTHOH cHcTeMofi, JlokaxeM 3T0 JaHwb Aas npeobpazoBa-
uua (c), rak kak aas (a) u (b) s1o ouesuano. Ilyctp K i-my cronfuy npuba-
BAseTCA j-#H cTonGel, YMHOMEHHBIE Ha uucio k. Ecau cronbuamy matpuust oo
npeo6pa3oBaHUs CAYXKHJIH BEKTOPH

Ops vens Gy ey Qjy oeey @y (1)
TO nocse npeoGpasoBaHus croabnami MaTpuub GyayT BeKTopQ
al,...,a;=a‘-—!—ka1,‘..,a,,...,a,,. (2)
Cucrema (2) nunefino Beipaxkaercs depe3 cucremy (1), a paBeHCTBO
ai=a;—-ka,

NOKaspiBaeT, 4To cucteMa (1), B CBOIO Ouepenb, JIMHENHHO BHIpaxKaercs uepes (2).
OTu cucTeMbl, CIEACBATEJILHO, KBUBANEHTHB, W HOSTOMY WX MaKcAMaJjbHbe An-
HEHO He3aBHCHMble NMOJACHCTEME COCTOAT M3 ONMHAKOBOTO YHCNA BEKTOPOB.

Takum o6pasoM, NPH BHIYACJAEHHH DPaHIra MaTPHLB MOXHO NPEABAPHTENbHO
€e YOPOCTHTb NpPH TNOMOILH HEKOTOPOH KoMOMHAUMH 3JeMeHTapHuX npeobpaso-
BaHUH.

FosopsT, 4To MaTpuua, COAEpKalas § CTPOK W n cToAbUOB, wMeer duazo-
HAABHYIO (OPMY, €CAN BCe ee 3JIeMEHTH paBHbl HYJI0, KPOME 3JIEMEHTOB @,
Qgg, <., a4y (rie 0<<{r<<min(s, n)), paBHBIX eauHHuE. Paur sT0d MaTpHubl
paBel, OYeBHAHO, .

Beakywo mampuyy MONHO SAEMEHMAPHbIMU NpeobpasosaruAmMu  npueecmu
K duazonarvrod gopme.

B camoM jhene, NycTb NaHa Marpuua

\

[y ... a,

A=| . ... .].
asl...asn

Ecay Bce ee 3JIeMEHTH PaBHM HYJIO, TO OHAa YK€ MMeEeT AMaroHanbnyio Gopmy.
Ecan e B Hell ecTb 3JIeMeHTH, OTNMYHEE OT HYJAS, TO TPAHCNO3HLHEH CTPOK
N CTOJNIOLOB MOXHO ROOGUTBCH TOro, 4TOOBl 3J1€MEHT ayy OBl OTJHUEH OT HYyJsl,
YMHOXasi 3aTeM NMEPBYIO CTPOKY Ha al’l1 , MBLTIPEBPATUM 3JIeMeHT @y, B eNUHUuUY,
Ecnau mul BbluTeM Tenepb M3 j-ro cTosbua, j > 1, nepeuiii ctonben, yMHOXEHH b
Ha @p;, TO 3JeMEHT a;; OYAeT 3aMeHeH HYIeM. Henas 310 npeoGpasoBanne co
BCeMH cTONIGLAMM, HaukHas CO BTOPOro, a TaKXe CO BCEMM CTPOKaMHi, MHl NpH-
LeM K MaTpuile BBAA

1 0 ...0

, ’
AIZ 0 022 e aan
0 a, ... ag

Copepmast Takue e NpeoGpasoBawds ¢ MaTpuled, OCTalOWENCH B NPAaBOM HUK-
Hem yray, v 7. 4., MhBl nocne KOHEYHOro 4yHcsa aroe NpHuAeM K. AHAroHalbHOH
MaTpiille, WMelOUeli TOT JKe PaHT, Y4TO H MCXOAHas MaTpuua A. . .

Takum 06pasoM, 045 HAXOKOEHUR pPAH2A MAMPUUL! HYNCHO SAeMEHNADHbIMU
npeolpagosanuamy NPUSECL dMy Mampuyy K JuaeoHaivHol gopme U nodciumams
wuCA0 ‘eDUNUY, cmoAwux 6 nocaeoned Ha eaagnod Ouazondmd.”
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I puwmep. Halitu panr marpuunt

0 2 —4

—1 —4 5
A= 3 1 7
0 5-—10

L2 3 o
Iepecrasasis B 3Toil MaTpHue nepsblil ¥ BTOPOH cTOAGEU, & 3aleM yMHOKad

nepeytd CTPOKY Ha 4ACAO E‘ , MBL DpRJAEM K marpune
(10 —2)
—4 —1 5
13 7
5 010

L3 2 0

[lpuGasnsan K ee TpeThbeMy CTONGUY yABOeHHbH MepBetit crojbel, a 3aTeM npu-
GaB/aa HEKOTOPOE KPaTHOE HOBOH NepBOH CTPOKU K KaMJOi 3 OCTAJbHLIX CTPOK,
MBI TIOJYYHUM MatTpuly

I 0 0) ;
0. —1 =3

0o 3 9.

0 0 o0
10 2 6

YMHOXAas, HaKOHeL, BTOPYIO CTPOKY Ha —Il, BbUMTAf U3 TPEThero cCroabua
YTPOEHHBA BTOPOH CTONGeu, a 3aTeM BLIYHTAS M3 TpPeTbedl M MNATON CTPOK He-
KOTOpBIE KpaTHBe HOBOH BTODOH CTPOKH, Mbl NPUAEM K HCKOMOH JAHAaroHajbHOM
dopme )

I 0 09

010
000
000
{0 0 0)

Takum oGpa3oM, paur MaTpuusl A paseH XBYM.

B ra. 13 Mul elme pa3 BCTPeTHMCS C 9/1eMEHTAPHBIMU 11PeOGPA3OBAHMAMHU H
LMaroHajbHOM (GopMOH MaTpui; 370 GYAYT, BIPOYEM, MATPHUBL, 3JIeMEHTaAMHU
KOTOPBIX fBJISIIOTCS HE 4MCJa, 4 MHOTOUJEHH.

§ 11. Cucremsi JauHeHHLIX ypaBHeHui#

Msbl nepexofuM K HSYYEHWIO NPOM3BO/BHBIX CHCTEM JHHEHHHIX ypaB-
HeHHH, NpHYeM. ywe He jesNaem MPeANONOKEHHS, YTO YAC/AO YpaBHEHHH
CHCTEMH PaBHO YKCNy HeusBectHuX. Hawwm pesynbrars 6yayr, Bopouem,
MpHMEHHUMH H K TOMY cllydaio (octasieHHoMmy B § 7 Ges paccmorpenus),
KOTa YHCNO YpaBHEHWH DPABHO 4YHC/IY HEH3BECTHBIX, HO OMpPEeAeAUTEl]b
CHCTeMsl paBed HYMO. ‘
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[Tycts pana cuctema saunefinbix ypaBnenufi

QX1+ ByaXy+ .o X, =0y,
QX+ agpX,+ ... Fay,x,=0b,,

Ce e (1)

x,=b,.

aslxl +a52x2 + M + asn
Kak mun 3naem us § 1, npexae BCEero ciaeayer pPEWNTbh BORNPOC O COB-

MECTHOCTR 5Tolt cuctemn. [ins sTol nenn Bospmem mMarpuuy A u3 K03d-

$HLHEHTOB CUCTEMbl M «PACLIMPEHHYIO» MaTPHLY A, NOAYYEHHYIO NpU-
coennnenreM ¥ A croabiua M3 CBOGOAHBX 4Y/IEHOB,

@11 Q13 ... By, Qg1 @y ... Gy, b\
A=[ %1 %22+ -8Qgn | A| Q21 g2 ... Gy, bz',
g1 Ggp .. Qgy \Cs1 Q53 ... Qg bs/

7 BHYHCIAHM PaHTH 3THX MaTpuil. Jlerko BMAETb, YTO pane mampuys A
Aubo pasen panzy mompuyst A, 4160 na edunuyy Gonbvuié nocaedHezo,
B camoMm Jnene, 6epem HEKOTOPYIO MAKCHMANBHYIO AHHEHHO HE3ABHCHMYIO
cucteMy ctoa6u08 matpuub A. OHa 6yAeT JnHEeHHO HE3aBUCHMOM U B Ma-
Tpuue A. Ecax ona cexpaHseT M CBOHCTBO MaKCHMa/jbHOCTH, T. €.
cronbell 3 CBOGOJHHX YJIEHOB Yepe3 Hee IHHEeHHO BHPAKAET s, TO PaHTH

MaTpuusl A 1 A paBHbl; B IPOTHBOMNOIOWHOM C1y4ae, IPHUCOELHHAT K 3TOH
cucreMe cTonben U3 CBOOOMHBIX Y/IE€HOB, Mbl MOJNYYaeM JHHEHHO Hesa-
BHCHMYIO CHcTeMy CTOa6I0B MaTpulii A, Kotopas OyneT B Heil Makcu-
MaJbHOH.

Bonpoc 0 COBMECTHOCTH cuCTeMbl JHHEHHBIX ypaBHEeHMH MOJHOCTHIO
pemaeTcst cneaywumer teopemoft.

TeopemaKpounexepa—Kanennu. Cucmena sunelinoix ypas-
nenuii (1) mozda u moasko mozda cosmecmua, Ko2da pane pacuiu-
pennoid mampuyst A pasen paney Mmampuuyb A.

HNokaszarteanrctBo. 1. Ilycrp cucrema (i) coBmecTHa M nycrh
ky, ky, ..., Rk, Gyner onnum u3 ee peuweduii. Iloncrasasgs 3TH 4ucia
BMECTO HEH3BECTHBIX B cHcTeMy (1), MBI [IONYYHM § TOMAECTB, KOTOpHIE
NOKAa3pBaioT, 4TO RocAeAHuil crToabell MaTpHlbl A ABISETCS CYMMOH
BCeX OCTaJbHBIX CTONGLOB, B3ATHIX COOTBETCTBEHHO C KO3hduUHEeHTaMu
ky, kg, ..., k,. Beaxu#t apyro#t croaGeu Matpuue A BXOLUT U B
MaTpuLY A M mO3TOMY JHHEHHO BHIPaXKaeTCH yYepe3 BCe CTONOUM 3TOH
matpuusl. O6partHo, BCakuil cronbeu maTpuun A sBrsercs CTOAOUOM U
B 747, T. . nuHeiiHO Buipaxaercs yepes cToabun tol marpuun. OTciona
ClefyeT, 4TO CHCTeMH CTOAGHOB MATPHUL A M A SKBUBAJICHTHMH MEXAY
coGo#t, a mo3TOMy, KaK Aokasaxo B Konue § 9, o6e 3TH CHUCTEMH S-Mep-
HHX BEXTOPOS HMEIOT ONMH M TOT XK€ paHr; HHLMH CJ1OBAMH, PaHry

marpuy, A u A paBHu Mexwany co6oil.
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2. Tlyctb Tenepb AaHO, YTO MATPHIHW A U A HMEIOT PaBHHE ‘PaHTH.
Orciona caexyer, uto Awbas MakcHManbHas JuHEeMHO He3aBUCHUMAd CH-
cTema CTONGLOB MATPHUM A OCTaeTCs MaKCHMAJAbROM NHHERHO He3aBHCH-
Mofi cucTeMol u B Matpune A, Taxum o0pa3oM, uepes 3Ty cHCTeMY,
a mo3ToMy u BooOuie uepe3 CUCTEMY CTOAOLOB MaTpuun A, JHHEHHO
BhipawkaeTcs nocaeaxu#t cronben, matpuun A. CyuiectByer, ciexosa-

TE/bHO, TaKas CHCTeMa KOdGQUUHUEHTOB Ky, Ry, ..., k,, UTO cymMma
cT0oA6LOB MaTpUibl A, B3ATHX ¢ 9TUMH Ko3(duuueaTamMu, paBHa croabuy
u3 CBOOOJAHBIX WYJ/IEHOB, a TOTOMY 4HCna Ry, Ry, ..., B, cocraBasioT

pemenne cuctémul (1). Takum o6Gpa3om, coBmajgeHue paHros Matpuu A
U A Biaeyer 3a cobofi coBMecTHOCTH cucteMu (1).

Teopema nonHOCTHIO Joka3ana, IIpH ee npuMeHeHHH K KOHKPETHBIM
npuMepaM HeoGXOAMMO BHIYHCIHTH CMEPBAa PaHr MaTPHUH A, NI 4ero
HaliTu OJHH H3 TeX OTJAHYHHX OT Hy/]S MHHOPOB 3TOH MaTPHILH, YTO BCE
MUHOPH, €ro OKalMAslouiHe, paBHbH HYJIO; NYCTh 3TO Oyler MHHOp M.,

Hocne 3rToro caeayer BHYHCAWTD BCEe MHHODH MaTPHUHW A, okafiMasio-
mue M, Ho B A He coxepwauuecs (TaK HasWBaeMhe Xxaparxmepucmu-
yeckue onpedesumeny cuctembl (1)). Ecaum oum BCe paBHH Hymo, TO

PaHr MaTpHUH A paBeH paHry maTpuul A ¥ motomy cucrema (1) cos-
MECTHA, B [IPOTHBONONOXHOM Clyyae oHa HecoBMecTHAa. Takum o6pasow,
Teopeme Kponekcpa—Kanennn moxno marb Takyio QOpMYAHPOBKY: cu-
cmema. aunelinnx ypagwenuid (1) mozda u moasko mozda cos-
MECMHQ, eCAU BCe ee Xxapaxmepucmuueckite onpeOelimentt pagHs
HY 210,

IpenmonoxumM Temepsb, uTo cHcTema (1) cosmecTrna. Teopema
Kponexepa—Kanennn, npu noMouiu KOTOPOH Mbl yCTAHABAMBAEM COBMe-
CTHOCTb 3TOH CHCTEeMBl, YTBEPWKIAeT CYLIeCTBOBAaHHE DPEIUEHHS; OHA He

ILaeT, OAHAKO, HHKAaKOTO cnocofa Jig NMPaKTHUYECKOTO PasH-
CkaHud Bcex pewenu#h cucrem. K 3Tof 3amaue Mo cefivac
[IEPEXOIHM.

[lycts marpuua A umeer panr r. Kax noxa3aHo B npeIuecTByoOLEeM
naparpade, r paBHO MaKCHMa/lbHOMY YHCIY JTHHEHHO HE3aBHCHMHIX CTPOK
matpuun A. IlycTb, Ans onpeneneHHOCTH, MepBHE 7' CTPOK MaTPUIH A
AuHefiHO HEe3aBHUCHMBI, a KamAasg U3 OCTalbHHIX OyHeT HX AHHeHHOH

xom6unauueit, Torpa nepsuie r cTPOK MaTpPuUB A Takxe G6YyAYyT AHHEHHO
HE3aBHCHMBIMH: BCAKas JHHEHHas 3aBHCHMOCTb MEWIYy HUMH Oniaa Ou
NHHEHHOH 3aBHCHMOCTBIO H MEXIAY HepBHIMH 7 CTPOKaMM MaTpuus A
(BcrioMHHTH omnpeseseHHe caowenud BexTopoB!). U3 cosmagenns pauros

MaTpHIL A M A cieAyeT, Aanee, YTO NePBHE I CTPOX MATPUIL A COCTABAAIOT
B Hell MaKCHMaNbHYIO JHHEHHO HE3aBHCHMYIO CHCTEMY CTPOK, T. €, BCH-
xad JApyrasg cTPoka 9To#t MaTpuun OyaeT HX auHeHHOH kKoMOHHauued.

Ortciona cnenyer, 4TO BCAKOE ypaBHEHHE CHCTeMul (1) MOXHO mpen-
CTaBATh KAK CYMMYy HEPBHX r ypaBHEHHH, BIATHX C HEKOTOPHMH KO3(h-
¢dunuentamu, a noatoMy jGoe obuiee pelleHHE NEePBHX r ypaBHenud
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OyzeT yLOBNeTBOPATbH BceM ypaBhenusim cuctems (1). Hocratouno, cie-
JIOBaTeJbHO, HAafTH BCE PElUEHUs CHCTEMH

@y Xy +app%s + .o FaX,=0by,
Ay Xy + GgeXs | . oo + Ay X, =1,,

Apy Xy Xyt oo+ QX = b,

Tak kax cTpokH u3 K03Q(PHUNEHTOB NPH HEU3IBECTHHX B YypaBHe-
Husix (2) AHHEHHO HE3aBHCHMBI, T. €. MATPHLA U3 KO3DPHUUEHTOB UMeeT
pasr r, T0 r<<n ¥, KpOMe TOT0, XOTA O OAMH H3 MHHOPOB r-ro MHO-
psaaka 3Toil MaTpuusl oTauued oT Hyas., Ecam r=n, 1o (2) Gynmer
CHCTEMOM ¢ paBHLIM UHMC/IOM YPaBHEHUH M HEU3BECTHHIX H C OTAHYHLIM OT
HyJas onpejenures]eM, T, €. OHa, a TOTOMY ¥ cucrema (1), o6aanaer enuH-
CTBEHHLIM PEHIEHHEM, 4 MMEHHO — BLIYUCIASIEMBIM MO npasBuay Kpamepa.

[Iyerb Ttemepb r<<n ¥ NycTb, AJs ONPeneIeHHOCTH, OTIHYEH OF
HYJASi MMHOD 7-TO TIOPSiLKa, COCTaBJEHHHH M3 KGYPduuueHTOB NpU nep-
BbX r HeusBecTHbIX. [lepeHeceM B kaxIoOM M3 ypaBHeHHI (2) B npaBylo
4acTb BCE Y/eHbl C HEHU3BECTHBIMH X, .5, ..., X, W BuOepeM [Js 3THX
HEU3BECTHHIX HEKOTOPHE 3HAYCHUS C, 4, ..., C,~ Mnl monyuum cucremy r
ypaBHeHui

2

A Xy Xy + o R K, =0 =y 0 Ay,
Qg1 ¥y F QgoXg + o A g, X, =0y — @y 1€ — o AgCy, 3)
e R P i P A =br—ar, re1lra1 ™ 0 T by

OTHOCHTE/bHO 7 HEH3BECTHHIX Xy, X3, ..., X,. K 3TOH cucTeme npume-
HuMO npaBuno Kpamepa, u nostomy ova o6aagaer eAMHCTBEHHBIM pelle-

HHEM €, Cp, ..., C,; OUEBHAHO, YTO CHCTEMA YHCET €y, Cy, ..., Cp
Criqy -+ C, Oyner cayxuth pemienneM cucremsl (2). Tak kax snauenns
Cry1s oy € IS HEM3BECTHBIX X,,,, ..., X,, HA3bIBA€MHX C800600HbI-

MU Hel38eCmHblMU, Mbl MOTIM BLIOUPATh NPOH3BOAbHLIM 00Pa30M, TO STHM
nyteM OyaeT nony4yeHo 6eCKOHEYHO MHOT O Pa3JHYHBX PEINeHHH CHCTeMBI (2).

C apyro#l cropoHbl, BCSKOe pellieHHe cHCTeMbl (2) Moxer ObTh mno-
AYYEHO YKa3aHHLIM MYTEM: eCH JaHO HEKOTOPOE PEIIeHHe Cq, Cq, ..., C,
cucTeMnt (2), TO B KauyecTBe 3HaueHUH Ajas CBOOOMHBIX HEH3BECTHBIX
Gepem uncaa ¢,.q, ..., C, Toraauucnacy, ¢y, ..., ¢, Oynyr yaosie-
TBOPATH cHcTeMe (3) M mo3TOMY OYAYT COCTAaBIATb TO €AHHCTBEHHOE
peluieHne 3TOH CHCTEMBI, KOTOpPOE BmuMcAfercs no npasuny Kpamepa.

Bce ckasanuoe Bolile 00beNMHAETCS B BUAE CAEAYIOMEro N PpaBuaa
peumieHMss MPOU3BONBLHOH CHCTEMH JHHeHHBHX Yypas-
HeHu | ‘ .

ITlycms dana cosmecmunasn cucmema auHelHbx ypaerenud (1) u
nycme Mmampuya u3 roaghuyuenmos A umeem pawe r. Bulbupaem
8 A r auHelino He3asucumvx cmpox U ocmasasiem 8 cucmene (1)
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AUML YDABHeHUS, KOIPPUULenmbl KOmoOpuX GOWAL 6 BuOPAHHHE
CmpoKu. B amux YypasHeHUAX oCmaBAfieM 6 Ae6uX HACMAX makue T -
Heu3geCmnux, 4mo onpedeiumenrv u3 koddpuyuenmos npu nux om-
AUYeR Om HYAS, G OCMAaArbHble Heu3secmHble 00v76455eM CBOOOOHBMU
U nepenocus 8 npasse xacmu ypasHenul. Jasas c80600HbIM Hel3-
SeCmHblM NPOUIBONbHELE YUCA0Bble 3HQ4YEHUS U SHHUCAAS 3HAYeHUs
oCmanbHHX Heu3secmusx no npasusy Kpamepa, mu noayuuxm sce’
peweuuﬂ cucmens (1).

HonofHuTeNbHO eHIE pas q)opmynupyem cnenyioumﬁ NoJayYyeHHHH
HaMu pe3yibTart:

Cosmecmuan cucmenma (1) mozaa i-moasko mozda obradaem
eOUHCMBEHHbIM PellieHlte M, eCAll paH2 Mampuys. A pasew 4ucay He-
u3gecmuaolx. -

IIpumepn. 1. Pemuts cucremy

Sxy— x,42x54+ x,=7,
2%y 4 X+ 4x3—2x4=1, }
X —3x2—6x3+5x4=0
Panr MaTpHus h3 Koaq)tpuuuemon paBeH JBYM: MHHOD BTOPOro TOPSAKa,
CTORIHA B JIEBOM BEPXHeM YIJIY STOH MaTpPHuLI, OTJHMYEH OT HY/A, HO 06a MuHOpa
TPEThEro NOPsilKa, ero oOKalMIsAIomKe, paBHb HyJo, PaHr paclnpesHoll MaTpHIL
paBeH TPeM, TaK Kak

5 —1 7
2 1 1|=—35%0.
1 —3 0| -

Orciona caefiyeT, uTO CHCTEMA HeCOBMECTHa.
2, PewnTb cuctemy

Txy+3x= 2,
Xy — 2%y == —3,
4x;+9x= 1L
Paur maTtpuus H3 Ko3pQUIMEeHTOB paBeH ABYM, T.€. paBeH YHCNY HeH3BeECT-
HLIX; PaHr paclIHpeHHOH MaTPHIK TaKXKe paBeH AByMm, TakuM o6pa3om, cucreMa
COBMECTHA M '06/1afiaeT €XHHCTBEHHHM pelieHneM, JleBrnie wuactu nepaux JABYX
ypaBHeHH! JINHeHO He32BHCHMLI; pelllass CHCTEMY STHX ABYX ypaBHeHu}, MH
TOJYYAM AVISl HEHSBECTHHIX SHaueHHs

5,.®
17° 217

JIerko BHJAeTh, YTO 3TO PeHleHHE YJOBJIETBOPSAET H TPETbEMY YDPaBHEHHIO,
3. Pewntb cHCTEMY

Xy = —

Sy — Xo+ xg+dx,+3x=
Xy +5x,—9x,—8x, 4+ x;=0.
CucTeMa COBMECTHAafl, TaK KaK paHr paciiMpeHHOH MaTpHIBI, KaK H paHr

MaTpHHH M3 KO3pQHIHEHTOB, paBeH ABYM. JleBHle 4acTH TI€PBOrO H TPETbEro
YpaBHeHHH JHHEHHO HESABHCHMBI, TaK KaK KO3((HUHEHTH NPH HEH3BECTHBIX X

*F Xp—2x3— X4+ X5=1, }
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H Xy COCTaBJAIT OTAHYHEIA OT HYJA MHHOP BTOPOro mopanxa. PeuraeM cucTemy
U3 3THX [ABYX ypaBHeHHH, NpHYEM HEH3BECTHRI® X3, X4, X5 CUHUTaEM CBOGOLHBIMH,
MepeHocHdM B NpaBhle YacTH ypaBHEHUH W IIpeANoJaraeM, 4To UM yKe MPHUIAHBL
HEKOTOpHIE HHCJIOBhIE 3HaueMus. MH moayduM, npumeHsas npasujo Kpamepa:

5 1 3
Xy= I-}-sz -7 X4 X5,

1 7 7 .
Xy =—7gtg Xt

DTH PABEHCTBA ONPEAENSIOT 06ujee peulenue 3aJaHHOR CHCTEMBI: NaBas B HHX
CBOGOIHLM HeM3BECTHBHIM IPOM3BOJIbHbIE YHUCJOBHIE 3HAYEHHS, MBI MOJY4HM BCe
peiteHns Hawrefl cucteMH. Tak, pelreHMsAMH HaueH cucTeMbl GyAyT, HampuMep,

1 1
BekTOpH (2, 5,3,0,0), (3,5,2,1, —2), (0, —_—— =1, 1, Z) u 1. 8. C apyroft
CTOPOHH!, TNOACTABJAA BHIPAXKEHHS M ¥, ¥ X, U3 o0uero pemeHus B noGoe
M3 ypaBHeHHH CHCTeMbl, HalpuMep BO BTOpPOe, paHee MCKJIOUEHHOe H3 PaccMo-
TPEeHHs, Mbl NOJYYHM TOKAECTBO. ‘
4, Pemuts cucremy

dx, -+ x—2%3-F x4= 3,

X3—2%y— Xg+2x,= 2,

2%y + 5%y — xy=—1,

3x; 4+ 3x— x3—8x,= 1. J-

XoTa uncao ypaBHeHHH PaBHO HHCJY HEM3BECTHBIX, HO OTPeEJe/HTENb CHCTeME!
paBeH HyJI0 H nosTomMy npasuto Kpamepa HenpuMeHHMO. PaHr MaTpHIB U3
KO3(pGUUUEHTOB DaBeH TPEM—B NPAaBOM BEPXHEM YIWy 3TOH MAaTPHUB Pacnoso-

. 3eH OTJIHUHBIA OT HyJfA MHHOD TPEThEero nopsiaka, PaHr paciIMpeHHOH MarpHUbL
TaK)Xe paBeH TpeM, T. €. CHCTeMa coBMecTHa. PaccmarpuBas JHIB NMepPBHE TPU
YPaBHEHHS M CUMTasg HEHU3BECTHOE X; CBOGONHLIM, MBI MOJYyYHM ofliee pelleHHe
B BHJe :

1 2 8 9
H=—g—g ik HB=—ptga, %£=0

B. Ilycre naHa cucrema, cocrosimlass H3 n--1 ypaBHeHu#l OTHOCHTENBHO 1

Hen3BecTHHX. Pacmupennas marpuua A sToit cucTeMbl GyAeT KBaApaTHOM MOPSAKA
n+1, Bcnu. nama cucrema coemecTna, To, no TeopeMe Kpomekepa—Kanesanu,

ONpeResIHTeNb MaTPHIB A Komxen ObITh pPaBHBIM HYJIO.
Tak, nycTs gaHa cHcrema )
x;—8x3=2 3,
281+ x9= 1,
4x, +7xy=2 —4.

Omnpepesintens u3 Ko3pPuuneHToB # CBOGOAHBIX YJIeHOB STHX yPaBHEHHURA OT/IHueH
or. Hyasi

1 -8 3
2 1 1 | =—77,
4 7 —4

MO3TOMY CHCTeMa HeCOBMeCTHa, ‘

O6patnoe yTBepxAeHHe He Oyjer, Boobuie roBopfA, CHPaBefJIHBLIMI - K3
paBeHCTBA HYJ/IO ONpefeauress Marpuiisl A He cjejyeT COBNaJEHHE paHroB
marpuy, A u A4,
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§ 12. CucteMsl JuHeiHbIX ONHOPOAHHIX YpaBHEHHH

TTpuMeHuM pesyabpTaTH npeauiecTByollero naparpadga k ¢ayuawn
cucmeMbl AUHEHbUX O00HOPOOHbLX YDABHEHWH!

Q3%+ 89X, + oo o+ 8y, %, =0,

Ay1 Xy QgpXy + oo F- 0y, %, =0, 1)

A X1+ @aXy + .o+ g6, =0,

U3 teopemn Kponekepa—Kanennn BHTEKaeT, 4TO 9Ta CUCTEMA BCeTAa
COBMECTHAa, TaK KakK jpoGaBieHue CTOA6LA U3 HYJel He MOXET NMOBHCHTb
paHra MaTpHubl, 3TO, BIpoYeM, BHIHO U HENOCPEACTBEHHO — cucTeMa' (1)
3aBenoMo obnanaet Hy.segum peweruen (0,0, ..., 0).

IMyctp martpuna A u3 ko3dduuueHTOB cHCTeMbt (1) HMeeT paHT 7.
Ecau r=n, mo Hyisegoe peuwenue 6Eynem eOUHCMBEHHbIM peliseHuelt
cucmens (1); npur<<n cucmema obiadaem maxiice peuleHUsmu, om-
AULHBLML OMm HYAe6020, U LNs PAa3HCKaHUA BCeX ITUX pelleHHH npume-
HAETCH TOT XK€ IpHeM, KakK BHUIE B CAyyae NPOM3BOIbHOH CHCTEMH
ypaBHewHH, B uyacTHOCTH, cucmema n AuHelHbiX 00HOPOOHHIX YpasHe-
HUll ¢ n Heu3seCmublMi M020Q 1 MOALKO mozda obiadaem peuleHusmiL,
OMAUMHBLMIL OM HY[LeB8020, ecall onpedeaumens Imol  cucmembl
pasen wyai0l), B camoM nene, paBeHCTBO HYJIO STOrO ONPEACHUTENS
PABHOCHM/IBHO YTBEPKIEHHIO, YTO paHr MaTpuin A menpiue 7. C xpyroit
CTOPOHM, eCAl 8 cucmeme OOHOPOOHWX YPQBHEHUN #UCA0 YPaBHeHui
MeHblle WUCAQ HeU3BeCMHbLX, MO CUCMeMQ HenpemenHo obradaem
PelleHUA MU, OMAUHHBMIL OM HY/Ae8020, TaK KaK paHr B 3TOM ciayyae
He MOXeT ObiTb PaBHHIM YHCJHY HEM3BECTHHIX; STOT PE3yNbTaT yKe Obil
noaydyed B § 1 u3 mpyrux cooGpawmeHni,

PaccMOTpHM, B YACTHOCTH, Caydal CHCTeMH, cocTosiied W3 n—1 opHOPOA-
HHIX YPaBHEeHHH OTHOCHTEJBHO 1 HEH3BECTHHIX, NpPHUEM INPEANOJIOKHM, UTO Je-
Bhie WaCTH 3THX YypaBHeHHUN MeXAYy Cob6oli nunelino Hesasu-
cuMbl, Ilycts : -

211 9 T
A=| %1 @a .Gy

o ae e siee e e s
an—l,lan-1,ﬂ---an—l,n

—mMarpuua M3 Xx03GPUUHEHTOB 3TOil cHCTeMbl; uepe3 M; o6o3HaYuM MHHOD

(n—1)-ro nopsaka, noayuaomuiics nocle BHUEPKHBAHHA W3 marpuni A ee

i-ro croabna, i=1, 2, ..., n.- Toeda o0dnum u3 peuwenuil Hawed cucmems
6ydem cucmema ducea :

My, —M;, My —M,, ..., (—1)""1M,, @
a scaKoe Opyeoe pewenue emy NPONOPULORALEHO. ‘

1) OpHa NOJOBHHA STOTO YTBEDXAeHHH yMe Onia ZoxasaHa B § T,
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HokasaTteabcTBo. Tak Kak, IO YCJOBHIO, paHr MaTpuunl A paBenn—1,
TO OJHH H3 MHHOPOB M; nosixeH GHTb OTJIHYEH OT HYJS; NYCTh 970 Gyjger M,,.
Ionaraem B Hawe# cucreMe HEH3BEeCTHOE X, CBOGOJHLIM H TIEPEHOCHM €ro
B MpPaBYK YaCTh KaXJOTO H3 YPaBHeHHH, IOCJ]E Yero NOJYuHM

ay1%, + poXa+. ..+ Ay po1Xpo1= —C1,Xy,
ag %y + Oge¥et .ot @ po1Xp_1= —OypXy,,
LAERIRT T ol PR 0 SN oY S S bl SR

NMpumenaa satem npaeuio Kpamepa, Ml noayuum ofuiee pemeHHe 3afaHHOH
CHCTeMBl YDaBHEHHMH, KOTODOMY noOc/e JEFrKHX mpeolpa3soBaHMi MOXHO NPHAATH
BUJ .

x,~=(—l)""—%—‘- X, i=1,2,.., n—l. 3)

: n v

Monoxus x,=(—1)""1M,, Mu noayuum: x;=(—1)2"" 1M, i=1,2,..,n—1,
. WJH, TaK Kak pasHocTh (2n—i—1)—(i—1)=2n—2i ecThL uyeTHOe YHCJ]O,
x;=(—1)""M;, 1. e. cucrema umces (2) neficTBHTEILHO GYAET pelueHHeM Hallel
CHCTeMB! ypaBHeHnui#l. Jlio6oe japyroe pelueHHe STOH “CHCTEMH IOJydYaeTcs us
tdopmyn (3) npu apyrom YHCJIOBOM SHAYEHWH HEH3BECTHOIO X,, W NOSTOMY OHO
OpONOPHHOHANBHO pemenHio (2). IToHATHO, YTO. paccMaTpHBaeMOe yTBEPKIAEHHE
CnpaBefyMBO M B TOM cJayuyae, Koraa M, =0, Ho oauH u3 MuHOpoB M; 1<
<i<n—], oTVIHYEH OT HYAd..

Penrenns cncreMn AMHeHHHX OXHOPOAHHX ypasHeHuit 061a1a0T Cie-
ayowumn ceotcteamu. Ecau sekrop f=(by, b,, ..., b,) faBasercs peue-
Huem cuctemn (1), To npu M060M yncre &k BeKTop R = (kD kb, . . ., kb,)
TaKke GyAeT pemesneM STO! CHCTEMH, YTO NPOBEPAETCA HEMOCPEeCTREH-
Hoff noactaHoBKo# B moGoe u3 ypasHenuit (1). Ecam, manee, Bektop
y={cy, €3 ..., C,)—ewme ONHO pemenne cucrems (1), To AA9 STOH
CHCTEMB CAYXHT peweHueM u Bektop B-+y=(b,tc,, by+c,, ...
eeey bytc,)

n . n n ’ . )
Zau([)l+cl)=zaubj+ Zal'jcl'—'—wo, L:’-:l, 2, ...,S.
=1 - 4 K

i=1 =1

TosTomy BoOGWie 8CAKAR AUHeUHAR KOMOUHAUUS peweruil 0dHOpPOJ-
Hod cucmems (1) Gydem.cama pewenues 3mol cucmembi. 3ameTum,
4TO B CHyyae HeOOHOpOOHON CUCTEMBI, T, €. CHCTEMH AMHEHHWX ypas-
HeHHH, CBOGOAHBIC Y/JEHH KOTOPHIX HE BCe PABHH HYJIO, COOTBETCTBYIO-
Liee yTBEPXKJEHHEe He MMeeT MecTa: HH CyMMa ABYX pellleHHH CHCTeMH
HEOJHOPOLHHX YPABHEHHH, HH MPOH3BELEHHE PEUICHUS STOH CUCTEMH Ha
YHCAO0 He OYAYT yXe CAYXKHTb pelleHHsIMH JJIsS 3TOH CHCTEMbI,

Mpt 3naem. u3 § 9, yTo BCAKas CHCTEMA /I-MEPHBLIX BEKTODOB, CO-
crosiulag 6ojiee 4eM H3 71 BeKTOPOB, Gyxer nuHe#Ho 3aBucHMOl. OT 0N
CrelNyeT, YTO U3 yucaa peimleHud oxHOpOoAHOH cHcTeMH (1), ABAAIOMUXCH,
KaK Mol 3HaeM, 7-MEPHBIMM BEKTOPAaMH, MOXHO BbOGPaTh KOHEUYHY IO
MaKCHMaAbHYIO NHHEHHO HE3aBHCHMYIO CHCTEMY, MaKCHMaAbHYI0 B TOM
CMHICNIe, 4TO BCIKOE JApyroe pemeHne cucremu (1) Oyaer nunelinoi
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xoMOuHauMelk penlenui, BXOASUIUX B STy BHOPaHHYW cucTeMy. Beskas
MaKCHMaJIbHaf AHHEHHO HE3aBHCHMaf CHCTeMa peueHult OJHOPOAHOH
cucTeMbl ypasHenuid (1) HasuniBaeTCHl ee (ByHOQMEHMAAbHOLE cicmemol
peuter .

Eute pas non4yepkHeM, UTO rn-MepHEl 8eKmop mozda u. moasko mozda
6ydem pewenuem cucmemst (1), ecau on agasemcs AuneliHOH KoM~
bunayueld 8exmopos, COCMABAAIWUE OAHHYIO dynoamenmarsuyo
cucmenry. ‘ :

TonsTtHo, 4T0 dyHAaMenTaNbHAA CHCTEMA GYAET CYULECTBOBATH AUUIb
B TOM ciaydae, ecau cucrema (1) obnagaerT HeHyJeBbIMH DPEIICHHAMH,
T. €. €C/H DaHr ee MAaTPHUb K3 K09)OWUHEHTOB MEHbIlE YMCIa HEH3-
secTHuX. [lpn stom cucrema (1) MoweT 0671a8aTh MHOTHMH Pa3AUIHEIMA
GbyHnameHTaNbHHMY CHCTEMAMH peillenHi. Bce 3Ti cucTEMBI SKBUBAIEHTHDI,
OnHaKO, MewAy coOoH, Tak KaK KawIbh BEKTOD BCAKOH M3 STHX CHCTEM
“JIMHEHHO * BHpaKaeTcs uepe3 MOGYI JPYryilo CHCTEMY, M HO3TOMY
CUCTEMB COCMOSM U3 00HO020 U MO20 dce 4UCAQ peuleHuls,

CnpaseannBa cienymoumas TeopeMma:

“Ecau pane r. mampuysl 43 kodfbunuenmos cucmemsi AUHelHbX
00HOpoOHbX YpasHenull (1) Merbuie HUCAQ HEU3BECMHbLX M1, MO 8CS~
Kas gynoamenmarvuan cucmena pewenuté ciucmems (1) cocmoum
u3 n—r peuenul.

lIJm H0K43aTeNbCTBA 3a8METHM, YTO 72— 7 SBJNETCA YHCAOM CBOGOM-
HHX Heu3BeCcTHHX B cucreme (1); mycTh CBOGOXHHIMH GYAYT HEU3BECT-
HHE X,.y, X,,9, ...y X, PaCCMOTPHM TPOUSBOMLHHH OTTHUHBIA OT
HyJist onpenenutens d TMOpSAKA 71— F, KOTOPH 3aMHLiEM B CJAEAYIOULEM
BHAE:

cly}"‘)‘l’ ) C_l,r+21 €00y cln
cz, r+1» a5 e ey czn

d= . . . . . . » . . . . . . . - 3 » .
Crneryr+dr cn-'r, r+2y 00 cu—r, n

Bepst S/eMeHTH i-ff CTPOKM ITOro ompexenutens, 1<<i<<n—r, B Ka-
yeCcTBE 3HAYEHHH ANA - CBOGOAHHX HEH3BECTHHIX, MH, KAK H3BeCTHO,
NONYYHM ONHO3HAYHO OMpeNeNeHHBIE 3HAYEHUS! A HEM3BECTHHX Xy,
Xy, ..y X, T. € ODHIEM K BNOJHE OMPEAECHHOMY PEIIEHHIO CHCTEMB
ypaBHeHu#t (1); 3anuuieM STO pelieHHe B BHAE BEKTOpPa

o('izz(cil? Cioy ooy Cips € pi1s €y gy o0 vy Cin)'

[TonyuyenHnasi HaMH CHCTEMA BEKTOPOB CLy, Olg, .., Gy,_, CAYKHT AAS
cucteMbl ypaBHeHH# (1) @yHAaMeHTaNbHOU CHCTEMOH pemeﬂuﬁ B camom
lene, 3Ta CHCTEMa BEKTODOB JHMHeHHO He3aBMCHMA, TaK KaK MaTpuia,
COCTABJIEHHAs H3. 9THX BEKTOPOB.KaK W3 CTPOK, CONEPKHUT OT/NHUHHHA OT
Hyas :Munop d nopanka n—r. C aApyro# cTOpOHH, WyCTh

ﬁ#(bla'bb MRS} br’ br+’17 br+2; - LR bn)
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6yxeT TIPOM3BONbHOE pemieHue CHCTeMbl ypasenui (1). Jlokaxeu, uTo
BekTop P nmuedino BWPAKACTCA 4EPEe3 BEKTOPH Oy, Up, «..y Fpope

OGosnaunm uepes o, i=1, 2, ..., n—r, {-10 CTPOKy ompeneu-
Tenss d, paccmatpusaeMy kak (n—r)-Mepuuit Bekrtop. Ilon0oxuMm,
danee,

B,=(br+1’ br+2, ey bﬂ).

Bexropu oy, {==1, 2, v..y B—r, NHHEHHO HE3aBHCHMBI, TaK Kak d =40,
Ouxuxaxo cucrema (7—r)-MepHBIX BEKTOPOB

’ ’ ’ 17
Gyr Xy ooy Xy _p ﬁ
nuHefHO 3SaBuUCMMa, TaK Kak B Hell yncao BexTOPOB GOMblIE HX pa3mep-
HoctH, CymecTByioT, Cl1eAOBaTeNbHO, TaKue uucna Ry, Ry, ..., k,or,
4YTO '

ﬁ:=k1a'1+k2oa'2+ ces +k,,_,oc:‘_,. (4)
PaccMoTpHM Tenmepb s-MepHH BEKTOP
d=Fkyoy kot oo o+ Ry 0, —B.

Bextop 6, sBnsaach AuHeliHOM KOMOHHAUMeH pemieHnit CHCTEMB OTHOPOI-
Hux ypasHeunuii (1), cam Gymer pemieHuneM 3ToH cucremu. U3 (4) cae-
AyeT, 4¥0o B pelleHHH O 3HayeHHus A/ BCEX CBOGOLHBIX HEH3BECTHHIX
paBHn Hymo, ONHAKO TO eIMHCTBEHHOE PeIleHHe CUCTEMB YpaBHenu# (1),
KOTOPO€ II0/AY4YaeTCs INPH PAaBHHIX HYIO0 3HAYEHHAX AJS CBOOOKHBIX He-
H3BECTHHIX, OyldeT HyJeBnM pewmennem. Takum o6pasoM, § =0, 1. e.

P=Fko; +ko2t ...k, 0,

Teopema noxasaua,

3ameTuM, 4TO NPOBEAEHHOE BHIIE JOKA3aTeNbCTBO NMO3BOJAET yTBEp-
WHAATh, 4TO MB TOAYYHUM BCe (QyHIaMEHTaNbHHE CHCTEMH peuleHui
CHCTeMBl OJHOPOAHMX ypaBHenui#t (1), Geps B kauecTBe d BCEBO3MOXHBIE
OTJAHYHBIE OT HY/d ONpeNeNUTeNH NOPAAKa n—Tr.

INNpumep. Hara cucteMa JiHHEHHEX OJHOPOAHBIX YpPaBHEHH I

2%y — 2x9— 3x3— Txy4+2x5=0,
%1+ Mxg— 12xg 4 34x,—5x; =0,
x1— 5x,4 2xg—16x,4 3x5=0.

3x 4+ xs— 8x3+4 2x,4- x5=0‘, ]{

Panr matpuni U3 Ko3hQHUMEHTOB DaBeH. JBYM, UHCJO HEU3BECTHHX DABHO
NATH, MOSTOMY BCAKAs QYHIaMeHTalbHa® CHCTEMa DElleHHH STOH CHCTEMH! ypas-
Heuu#l COCTOMT mH3 TpeX pelleHHA. PemuMm cHcTemy, OrpaHHUHBAfCh HEPBHIMU
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IBYMS NMHEHHO He3aBHCHMBIMH YPaBHEHHSMH H €UHTaf X3, X;, X5 CBOGOZHHIMU
HeM3BECTHHIMH, MH nonyuuMm ofliee pelueHxpe B BHAE

19 3 1
n=zg xa‘i‘g‘ X5 X6

.7 25 1
x2=§ xa——g x4+—§ Xg.

BepeMm, panee, ciepyouiue TPH JHHENHO HE3aBHCUMBIX TPEXMEPHBIX BEKTOpa
(1, 0,0), (0, 1, 0), (0, 0, 1). TToacraBsnsia KOMIOHEHTH KaxAOro M3 HMX B ofmiee
pellleHHe B KauecTBe 3HaUeHHH JIJA CBOGOJHBIX HEH3BECTHHIX M BHIUMC/IASA 3HA-

YeHHS] IS X3 M Xy, MBI IOJIYYHM CJeAYIIyio- GyHAaMEeHTaJbHYI0 CHCTEMY pe-
HieHH#l 3aJlaHHOH CHCTEMB YpaBHeHHH!

o= (2. 2100), w=(2, ZE010),

. 1 1
.u3=('—'§'5 ?,0,0, 1)-

Mu 3akoHuuM maparpad paccMOTpPEHHUEM CBsI3HM, CYUIEeCTBYlOmeH me-
KAV pelleHHsIMH HEOXHOPOLHBIX M OLHOPOIHbX cucteM. [lycrth nana
cucTeMa JHHEeHHbLIX HEOJMHOPOXHBIX YpPaBHEHUH:

@13 %; F @ypXt+ oo A X, =0y,
@y3%1 + QypXp + o oo+ X, = by, (5)
gy Xy +agx,+ ... Fagx, =b,

Cucrema auMHeHHHIX OZHOPOIHHIX YDaBHEHHIl:

Q11X+ @ppXy + 00 o -y, =0,
Gg1 X1+ Qg9Xp+ oo + 8y X, =0, ©)

A%y + Ay + oo A%, =0,

NOoJy4yeHHAas U3 CHCTeMbl (D) 3aMeHOH CBOGOIHHIX Y/JIEHOB HYJAAMH, Ha3H-
BaeTCH npusedeHHoli cucmemol nas cucreMul (5). Mewny pemenusMH
cuctem (5) u (6) cymecTByeT TecHas CBA3b, KaK NOKAa3HBAWT CIEXYIO-
uHe JBE TEOPEMHI. o

1. Cymma awbozo pewenuss cucmemst (5) ¢ 41006l peuiernten npu-
sedennoli cucmemvt (6) cHosa 6ydem peuenues cucmems (5).

B camom pgene, mycth ¢y, €y, ..., C,— PELIEHHE CHCTEMH (D),
dy, d,, ..., d,—pemenne cucremu (6). Bepem noGoe u3 ypaBnenui
cuecTeMul (D), HampuMmep k-, M BCTaBJifeM B HETO BMECTO HEH3BECTHHIX
uyucna ¢, +dy, ¢g+dy ..., ¢,+d,. Mb nmonyunm:

‘ A n : n n
o Xayletd) = X ages + X0y0;=b--0=1b,
I j=r o i=1 ‘ i=1
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1I. Pasnocme n06olx 08yx pewenuii cucmembi (D) cayocum peuse-
Hiem 0An npugedenwnoli cucmemsl (6),

JeHCTBATENBHO, NYCTh Cy, Cgy «-«y €4 U €, Coy oo,y €, — PEINCHHA
cuctems (9). Bepem iw6oe u3 ypaBHenuit cucremu (6), nampumep k-e,
H TMOACTABASEM. B HErO BMECTO HEH3BECTHHIX YHC/IA

C1—Cp €a—Chy wuey Cup—Cp

Mu nonyan:
Zakj(c ~c)—-2akjcj Zakic,—bk b, =0.

W3 stux TeopeM BHTEKAET, YTO, uat‘ia}z 00HO pemwenue cicmens
AuHelHbX Reo0HOPOOHUX Ypasnenuli (5) u crxiradwnsas e2o ¢ KaNcouM
u3 -pewenuli npusedennol cucmemn (6), Mo noAyuum 8Ce peuwerus
cucmemus (5):



TMTABA TPEThHA
AJITEBPA MATPHIL

§ 13. YmuoxeHue MaTpHI

B npemmecTBYOUUX IAaBaX IOHATHE MAaTPHUH OBUIO HCMOJL3ORAHO
B KayecTBe CYIECTBEHHOTO BCIIOMOraTe/bHOrO. OPYAHst NPH H3YYeHHH
CHCTEM JMHEHHHIX ypaBHeHuW#. MHOroyHc/IeHHbie IPYrHe TIPHMEHEHHS
STOFO NOHATHA CAeMaNK €ro npeaMeToM GoJbIION CaMOCTOATEeNbHON Teo-
pMH, BO MHOCHX CBOUX 4YaCTAX BHIXOJAANIEH 3a npeipeian HAIIEro Kypca.
Mu 3afiMeMca ceffyac OCHOBAMHM 3TOH TEOPHH, HAUHHAIOUWHMHCH C TOTO,
YTO B MHOXKECTBE BCEX KBAJAPATHHX MATPHI LaHHOTO MOPHAKA cBOeo6pas-
HHM, HO BIIOJIHE MOTHBHPOBAHHHIM CMOCOGOM ONpeAendioTcd J[Be ajare-
OpaHyecKue OmNepamuu — CJIOXeHHe M yMHOXeHHe. MW HauHeM c ompe-
JeNeHHA YMHOXEHHS MAaTpPULl, CIOXeHHe MaTpul Gyner BBeseHo B § 15.

U3 kypca ananutnyeckoff reoMeTpuM H3BECTHO, YTO OPH TOBOPOTE
ocel NpAMOYroJbHOM CHCTEMH KOOPAHHAT Ha MAOCKOCTH HAa Yroa o
KOOPAHHATH TOYKH Mpeobpasyorcs no cieaymoumuMm ¢Gopmynam:

x=x"cosa—y’ sina,
y=x"sina -y’ cosa,

TAe X, y-—CTapsieé KOOPAMHATH TOYKH, X', ¥’ —ee HOBbIE KOOPAMHATH;
TakuM 06pasoM, X W Y BHPAwaOTCA yeped X' H Y’ AMHEHHO ¢ HEKOTO-
PHIMR YueIOBHIMH KOdGbduiyenTaMu. Bo MHOrHX Hpyrux caydasx Takke
TIPHXOAUTCA BCTPEYATHCA € 3aMeHOM HeHU3BECTHHX (MM [EepeMEHHHX),
NpH KOTOPOM cTaphie HEH3BECTHHE JIMHEHHO BHIPAWKAIOTCH Yepes HOBHIE;
TaKyl0 3aMEHY HEH3BECTHHIX Ha3biBai0T OOGBYHO MX JuHEHHHM mpeobpa-
30BaHHeM (MM JHHEHHOM MOACTaHOBKOH). MBI MPHXOAUM, CIELOBATENBHO,
K TaKOMY OMNpeIeseHHIO:

JIuneldnon npeobpa3osaniiems Hel36ecnmubx Ha3bpBaeTC TakoH mepe-
X0 OT CHCTEMBl 7 HEH3BECTHHX Xy, X,, ..., X, K CHCTEME 5z Heusne-
CTHHX Yy, Y3, ..., ¥, TPH KOTOPOM CTaphie HEH3BECTHHE BHPANAIOTCH
yepes HOBHE JIHHEWHO € HEKOTOPHMM YHCJAOBHMH KoO3dhdunueHramu:

= a11}'1+a12}’2+ et @Y
= a21y1—{—a22y2 "f‘ LTS

« s e P

X —anl)’1+anzyz+ +am1yn

()
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JIune#inoe npeo6pasosanue (1) BHoane ompemensercs CBoer MaTpu-
ne# u3 ko3dPuuHeHTOB
11 Q15 ... Gy,
Qyy Qyy ... Gy,

anl an2 e a’nn

TaK Kak jaBa juHeHHHX npeobGpaseBanyda ¢ oxHo# m ToH xe MarpHueHd
MOTYT OT/JMYaTbCA APYT OT ApPYra iuumib OyKBamH, DPHHSATHMHU AAst 000-
3HAYEHUS HEU3BECTHHIX; MH OyleM CyHTaTth, OXHaKo, 4TO BHIOGOP 3THX
0003HaYeHuH IEeJHKOM HAXONuTCA B HapieM pacnopsikenun, O6patho,
3a/aBasi NMPOHU3BOJIBHYIO MATPHLY 7-TO NMOPAAKA, MH CeHYac me MOXKeM
HanucaTh auHeliHoe npeobpa3oBanue, A KOTOPOTO 9TAa MATPHLLA CHYKUT
Mmatpuuelt xosgdunnentos. Takum o6pasoM, MexAy AuHEHHHIMH Npeol-
Pa30BaHHAMH 72 HEM3BECTHHX M KBAZPAaTHHMH MaTPHUAMH 7-TO MOPAAKA
CyulecTByeT B3aHMHO OJ[HO3HAYHOE COOTBETCTBHE, 4 MOITOMY BCAKOMY
TIOHATHIO, CBA32HHOMY C JHHEHHEIMI IpeoOpa30BaAHUAMH, H BCAKOMY CBOH-
CTBY STHX NpeoOpa3oBaHHH JOKHO COOTBETCTBOBATh aHAJOTHYHOR TNOHS-
THe HJH CBOHCTBO, OTHOCsALIEeCs K MaTPHILAM.

PaccMoTpum Bompoc 0 nocaenoBaTENbHOM BHIIOJHEHHH ABYX JMHEH-
Hux npeoGpasoBanuil, Ilyctbh Benen 3a amHelinwM npeoOpasoBanneM (1)
BHITOJIHEHO JiHMHeliHOoe npeo6pasoBanue

I1=b532,+ 03525+ ... + 04,2,
)’2 = b2131+b2222 + oo by,2,

) . e L A

In "bnlzl+bn2z2+ e +brm ny

TIEPEBONALLEE CHCTEMY HEH3BECTHHIX ¥q, Vo, ..., ¥, B CHCTEMY 24, 2o, vory 2,53
MaTpHILy 9TOro npeobpasoBaHus o06o3nauum uepe3 B, [Tomcrasasig B (1)
BHIPAWEHUSE IAK ¥y, Vg, .., Y, U3 (2), M TpHAEM K JuHEHHHM BHpaxe-
HUSIM JUISE HEUBBECTHBIX Xy, X,, ..., X, YEPE3 HEH3BECTHHE 2y, Zy, « v +y 2,0
Takum o6pasom, pe3yssmam NocAe008AMEsbHC20 BUNOAHEHUS 08YX
AUHEURBX npeolpa30sanuli Heusgecmuvix cHosa Gydem AunelinviM
7ipeobpa3osanuer.

@)

IMMpusmep. PesynbTaToM mnoC/e/ioBaTeIbHOrO BHIOJHEHHS JHHEHHHIX Tpe-
ofpasoBannit

=341 —Ya, Y= Zl‘if 22
*3=Y1+5Ys, Yg=42:4 224
6yner aunefiHoe nmpeobpasoBanue
xn=3(z5+2)— 4z +2Z§)= —2y+ 2,
x9= (21+29)+5 (421 -+ 22,) =212, + 11z,
OGo3HauuM yepes C MaTpHUy AUHEHHOr0 npeoGpasoBaHus, sBJfIOLIe-

TOCS PEe3y/bTATOM MOCAENOBATENBHOrO BHIIOJHEHHS npeoBpa3oBanuit (1)
¥ (2), u HaliZeM 3aKOH, O KOTOPOMY €€ 9/IeMeHTH Cy, i, k=1, 2, ..., n,
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BHIPAXKAIOTCH uepe3 3neMeHTH Mmarpuil A u B. Koporxo 3anucuBag mpe-
o6pa303aﬂym (1) u (2) B BURe

x—ZaU,yj, i=1,2, Zbkzk, =1, 2, n,

i=1

Mbl TIOJIYHHM
n

n n

Xp= Yay (2 bjkzk>‘ > <Zaubzk>2’k’ i=1,2,..
j=1 k=1 k=1

Takum oGpasoM, xo3pdulMeHT NpU 2, B BHIPAKEHHH HJIA X;, T. €. 3716«

MEHT C;;, MaTpuubl C, UMeeT BHUI )

Cip = 2 Qb= ;1015 -+ Qpobop+ . . .+ @by @)

BAeMEHM  MAMPULb C, cmosuwui 8 i-ii cmpoxe u k-m cmoabye, pa-
8eH CYMMe Npous3sedeHull COOMBEMCMBEHHUY dAeMEHMOB (-l CmpoKl
mampuypt A u k-20 cmoabya mampuys B.

dopmyna (3), nawouras BelpaXeHHe 3JeMEHTOB MaTpuum C uepes
-9JEMEeHTH Matpul, A u B, No3BoJsieT Npd 3aXaHHHX MaTpuuax A u B
cpasy Hamucath Matpuly C, MHHYS paccMOTpeHue JuHeHHHX mpeobpa-
30BaHHIt, COOTBETCTBYMOUMX MaTpuuam A u B. DTuM nyTeM BeAko# mape
KBAaJPAaTHHX MAaTPHUIL 7-TO NMOPALKA CTABHTCA B COOTBETCTBHE OJHO3HAYHO
ompejxeneHHas TpeThbs MaTpuua., MoxXHO ckasaTh, YTO MH oOnpejesuiu
B MHOXECTBEe BCeX KBaJpPaTHWX MATPHl{ 71-TO nopsiaka anrebpanyeckyio
ONepauHio; OHA HA3HBACTCA YMHONCeHUeM mampuy, a matpuna C—
npousgedenitesms MaTpuusl A Ha matpuuny B:

C=AB.

Emte pa3 chopmynupyem cBA3b MeKAYy ANHEHHHMMU Ipec6Pa30BAHHAMY
H yMHOXEHHEeM MaTpHIL \

Jluneiinoe npeobpa3osanuie HeU3BECMHHL, TNOAYHEHHOe & pe3yno-
mame  nocAed08amensH020 BHNOAHEHUS 08YX AUHelHbX npeobpa3o-
sanull ¢ mampuyamy A u B, umeem ceoeli mampuneii xoagdunuen~
mos mampuyy AB.

IMIpumenps.

0(219)- (L3 =i ) -
(25776

2 01 -3 10 — 6 I 3

2)<~2 32>.< 0 21)( 6 29>(

N 4 —15 .0 1.3 —12 —3 14
A= 0-(0=(01)

I
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4) HailiTi pesysbTaT nocjeloBaTelbHOr0 BHINOJHEHHA JuHEHAHHIX npeobpaso-
BaHHR
X1 =5y, —Ya + 3y,

Xg==Y1— 243,

X3= Tya—ys
un

¥1=22 + 23,

Y= 22_‘_523»

Ys= 2.

,Hepemuomaﬂ MaTpPyLel, DOJAYUHM!

5 —I 3 72 0 1 10 5 10
<1 -2 O) . (O 1 ~—5>=< 2 =2 11) s
~\O 7 —1/ \0 2 0 0 5 —35

HO3TOMY HCKOMOE JBHefiHoe NpeoGpasoBaHUE HMeeT BHI:

x; =102, 4 52z, 4 10z,,
Xg==22,—22, 4 11z,
Xg= 52y — 3523.

BosbMeM OAHH M3 DPacCMOTPEHHHX ceHyac HNPUMEPOB YMHOMKEHHS
MaTpull, HanpuMep 2), M. HaliZeM .NPOM3BENEHHE TeX e MAaTPHL; HO
B3iTHX B OOpaTHOM HNOpsAKe:

~3 10 2 01\ ,—8 3 —1
0 21|.—2 3»2)= 0 5 9,
0 —13 4 —15/ \ 14 —6 13

M BRAMM, YTO NPOH3BEJEHHE MATPHLL 3aBHCHT OT NMOPSALKa MHO-
wHuTENeH, T. €. YMHONCeHUe MAMPUY HeKOMMYMaAmusrLo, IToro, Bupo-
YyeM, CAeL0BANO OXHMAATb, YK€ XO0Ta Ob NOTOMY, YTO B ONpelelieHHe
maTpuuu C, paHHOe BHme mpu rnomown Qopmynn (3), matpunst A u B
BXOLAT HepaBHONpPaBHuM o6GpdasoM: B A Gepyrcss ¢Tpokd, B B—
CTOA0IH,

[IpuMepsl HEmepecTaHOBOYHBIX MATPHL 72-r0 NOPSAKA, T. €. MaTpHIL,
npousBefeHHe KOTOPHX MEHSeTCH MPHU NEepPecTAHOBKE COMHOXHTENECH,
MOXHO yKa3aTh s BCeX 72, HAYMHAf € 7==2 (MaTPHUL BTOPOro mO-
psanka B npumepe 1) HenepectaHoBounn). C.apyro#i CTOpPOHH, IBE AaH-
HHE MaTPHuB chAy$a#HO MOTYT OKa3aThCsi NEpPecTaHOBOYHHIMH, KaK [o-
_Ka3piBaeT CJIEAYWINHH npumep:

7 —12 26 45 26 45 7 —12 2 3
(= 7 7)-(i526)=(is26) (—a ~7)=(i )
Vunoocenue mampuy Qaccoyuamusno; MOXKHO TOBODHTb, CJIENOBa-
TenbHO, 00 OMHO3HAYHO OMPENEJEHHOM IMPOU3BEAEHHH MIOOOTO KOHey-

HOTO 4HCJa MATPHIL 7-TO NMOPSAKA, B3ATHX (BBHAY HEKOMMYTATHBHOCTH
YMHOXEHHS) B ONpENeNeHHOM. NOPAKeE.
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§ 13]

JHokasarteapctBo. IlycTh NaHe TPH NPOM3BOJBHHE MATPHIM
n-ro nopaaka A, B u C. 3anumeM uX cJAedYIOIHUM COKPALIEHHHM CNO-
coBoM, yKaspiBaiouM oOmuit Bux nx snementos: A==(q;), B=(;),
C_—.:(CU). Beexem, nanee, creayiouwpe o603HAYEHHUS:

AB=U=(u), BC=V=(v,),
(AB) C=5=(s;), A (BC)=T=(t;).

Ham Hy®HO noxasaTh cnpaseanuBocts paseHcrsa (AB) C==A (BC),

1. e. S=T. Oxnako

n n
By =k21 @b “’k/=l§ by

H 1no3ToMy, BBuAY paBeHctB S=UC, T=AV,

n
2 Z @ixbriCyy,

= 2 uzlclj“‘
n

2 QU=

e
Z OipDhi 1y

nM:I

T. €. sj—t,, upu i; j=1, 2, ..., n.

Hansuetuiee uayyeuue caoﬁcm YMHOMEHHS MaTpHL TpebyeT npusie-
yeHUs WX ONpeneauTesNed, NMPUYEM MH YCAOBHMCSH AJs KPAaTKOCTH 060-
3HauaTh onpepenanten MaTpuun A uepes | A|. Ecau ynrarens B kaxmom
H3 PAacCMOTPEHHBIX BHIlE NPHMEPOB TIOACYHTAET ONPEeXeNHTeNH nepe-
MHOXAEeMbIX MAaTPHIL W CPaBHUT NPOU3BeAEHHE STHUX ompenenuTesneH
C omnpejpenHTeNeM ‘TIPOH3BEACHHS 3aTaHHHX MaTPHL, TO OGHapYXKUT
BeChbMa JIOGONMHTHYI0 3aKOHOMEPHOCTH, BHPAXAaeMYyI0 CleAyiomeH odeub
BaXKHOH TeopemMo#l 00 YMHOXEHHH OnNpepenuTeaeh:

Onpedesumens nposs3ge0enuss HeCKOABKUX Mamply N-20 NOPAOKa
pasen npou3sedeHuro onpedesumenell SmuUx MAmpuy.

JocTaToOuHO 10KA3aTh 3Ty TeopeMy AAf cayyas AByX Marpuu. IlycTs
BaHH MAaTPUU 7-r0 mnopsinka A=(a;) u.B=(p;) n nyct» AB=
=C=(c;). TMocTpoum caenywouiHil BCIOMOraTeNbHLE onpeaenuteas A
nopsaAKa 2rz B €ro /1eBOM BepXHeM YIJy MOCTaBUM MaTpuuy A, B mpa-
BOM HHXHEeM —MaTpully B, Bechb NMpaBbift BepxHuil yroa satimem. HyJaaMu
H, HAKOHel, MO IJaBHOH JHaroHanu JIEBOr0 HHKHErO Yr/Ja IOCTaBHM
yucno — 1, 3aHAB BCe OCTa/JbHEE MecTa Takke HylaaMu, Onpexenntens A
UMeeT, C/NeLOBaTeNbHO, TaKoH BUI:

@y Gy «.0 33, 0 0 ... 0

Qg Qgg «ov 9, 0 0 ... 0
A—| %1 anz...a,,,,O 0...0

—1 0 ...0 bubm...b

0 —1...0 bmbzz...

0 0... —1b,,1b,,z cbpp
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[Tpumenenue k onpemenutento A teopemsl Jlannaca— pasnomeHue
N0 MEePBHIM 71 CPOKAM —INPHBORAUT K CICAYIOHIEMY PaBHCTBY!

A=]A||B]. @

TMonnTaeMcd, ¢ APYroi CTOPOHH, TaK NPeo6pa3oBaTth onpeaenuTens A,
He MeHsist ero 3HaueHus, 4Tobbl BCe sAeMEHTH b, i, j=1,2, ...., n,
0Ka3a/1uCh 3aMeHeHHHMH Hyaamu, Jas atoit nein k (2 1)-my cronbuy
onpeneiutenst A npubaBuM ero mepsuifi cToaOen, yMHOXeHHHH Ha by,
BTOpPOMH, YMHOXEHHHH HA by, H T. L., HAKOHEL 7-# CTONGEN, YMHOMEH-
vl Ha b,,. 3ateM K (n-}2)-My cToabuy ompexpeantens A npnbasum
nepabiff cTONOCL, YMHOXEHHHH Ha b,,, BTOPOM}, YMHOWEHHHH Ha b,,,
1 1. 1. Boobmie, K (7 j)-my cTonbuy eonpenenntens A, rue j=
=1, 2, ..., 71, Mol TpuGaBUM CyMMy nepaux 7 cTONbuOB, B3STHX, -CO-
OTBETCTBEHHO, ¢ KOd{duuneHTaMu by, by;, ..., by

Jlerko BuIEeTh, 4TO 3TH NpeoOpPas3OBanHusl, He MEHHIOL{HE ONPene/H-
Tessl, Ha CaMOM Jese JIPHBOLST K 3aMEHE BCEX<3/EMEHTOB b;; Hy/NsiMH.
OJXHOBpeMeHHO BMECTO HyleH, CTOSBINMX B NIPaBOM BEPXHEM ymy omnpe-
JdenuTens, MOABATCH CIENYIOIIHE YHCIa: Ha MNepeceyeHud i-f CTPOKH
n (n+ j)ro cronbua onpenenntens, i, j=1, 2, .,,, n, 6yaer CTOATH
Tenepb YHCAO &;1by;+ @450y, ... +a,,b,, pasHoe, BBHAY (3), 371€-
MEHTY C;; MaTPHIH C= AB TIpaBmlt Bepxhuuit yroa onpenenurens 3a-.
HUMaeT Tenepb, cAexoBatenbHo, Marpuua C.

@y @i oev Qi €y Ciz o ove Oy
Q1 Qzg «es Qg Cop Cpg eve Cgpy
A=| %1 Gn2 +¢+ Quy Cpy Cna ovs Cpp
-1 0 ... 0 0 0...0
0—1...0 0 0...0

* s s e e 8 e s e s s a3 e &

o 0 ...—=1 0 0...0

[Ipumennm ewe pas Teopemy Jlanmaca, pasnaras onpeienuTens no
NoCaeAHHM 72 CTOAGNAM. JIONONHATENAbHHI MRHOD A Mugopa | C| papen
(—1)*, a rTak xak muHop |C| pacnosoxes B CTPOKax C HOMepaMu
1, 2, ..., n uBcronbuax ¢ soMepamu n-+1, n-2, ..., 2n, npuuem

1424 ...+t +(n+2) ... +2n=2n%+n,

TO
A == (—1)27H8 (1) | C| = (—1)2 ™™ | C|

WAH, BBHAY YeTHOCTH uncaa 2 (n?- n),

A=|C), | (3)
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M3 (4) m (5) BuTekaer, HaKoHel, JHOKa3bBaeMOe PAaBEHCTBO
Cl=|4l] 8]

TeopeMa 06 ymMHOXeHHH onpexpenuteneff Morna Ob OHTH JOKa3aHa
1 6e3 Hucno/ib3oBanus Teopemu Jlannaca. OXHO M3 TakuUX L0KA3aTeNbCTB
ypTateAb Halnaer B koHue § 16, '

§ 14. O6parnas Matpuma

KBagpaTHas MaTpPHLA HA3KIBACTCH 8bPONCOeHHol (nam ocobennoll),
ec/ii ee OonpelesuTeNb PaBeH HYJIO, U HesuposxcdeHHol (Unn Heocobew-
HOlj)—B IPOTHBONOJIOKHOM ciayuae, COOTBETCTBEHHO NHHEHHOE TIPEOs-
pa3sOBaHHE HEU3BECTHHX HA3LIBACTCH BHPONCOCHHBIM WIH HeBUPONCOCH~
HbiA B 3aBUCHUMOCTH OT TOrO, OGyJdeT JH PaBeH HY/MO WIH OTIHYEH OT
HYJAs OmpepennTenb M3 Ko3dduiuuedToB 3Toro mnpeobpasopanus. U3
TeOpeMsl, NOKAa3aHHOH B KOHUE mpefuIecTBYIuiero Maparpada, BuTe-
KaloT CJeLyionine YTBepXKAeHHS:

[Mpou3sgedenue mampuy, xoms 66. 00HQ U3 KOMOPLLX BLLPONCOCHH AR,
Oydem svposcoenHol mampuyei.

TIpoussedenue 2100olx HesupoNCIeHHBLX Mampuy camo Gydem He-
8LLPONCOCHHOE mampuyed.

Orcoaa ciaenyer, BBUAY CBA3H, CYWECTBYIOWEH MEXAY YMHOXEHAEM
MaTPHIl U MOCNEAOBaTENbHBIM BHINOJHEHHEM JHHEeHHHX NpeoGpa3oBaHul,
TaKOe YTBEPWKIEHHE: Pe3yrsmam NocAe008anmesbH020 BbiOAHEHUR He-
CKONbKUX AUHelHblX npeodpa3osanuli mo20a u moasko moz2da Gyoden
HeBLPONCOCHHUM npeobpasosaniies, ecal 8Ce 3a0anHble npeobpaso-
BAHUA HeBHLPONCOCHHble.

Poab eQununst 8 YMHONCEHUW Mampuy uzpaem eOUHUMHAS Mam-
puya

10
E=0!
0

npuyYeM OHAa TEPEeCcTAHOBOYHA C JI0OOH MaTpuue#d A KAHHOrO MOPAIKA,
AE=EA=A. (1)

JoKa3swBaOTCA 9TH PAaBEHCTBA MM HEMNOCPENCTBEHHWM MPHMEHEHHEM
DpaBH/ia YMHOWEHWS MATPHL, MM K€ Ha OCHOBAHUM 3aMEYaHHH, YTO
eNMHUYHAS MAaTPHUA COOTBETCTBYET moxcoecmeeHHoMmY NHHEHHOMY npe-
06pa3OBAHUI0 HEU3BECTHHIX

X1 =Y
Xo= Yo

v e .

Xp= Y
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BLIIONHEHUE KOTOPOro. KO WM nocie JaOGOro APYyroro JHHEHHOTO mpe-
o6pa3oBaHns, OYEBHAHO, HE MEHAET 3TOrO MOCJEeLHEro.

3amernm, uto wmampuya E nsasemca eduncmsennoti mampuyed,
ydogaemsopsioueid ycaosuio (1) npu awboid mampuye A. IeikcTu-
TENBHO, €cau G CyllecTBOBANa euwe Marpuua £ ¢ sTuM ®e CBOHCTBOM,
TO MB MMeaH Ohl

E’'E=E', E'E=F,
orkyna E'=E.

Bonpoc o cyuwiectBoBaHMM AJAg Aaruod MaTpuusl A obpammuoil ma-
mpuys oxaspiBaeTcss 6osee CAOWHBIM, BBHLY HEKOMMYTATHBHOCTH YMHO-
WeHHsT MaTpull Mbl OyaeM TrOBOPHTb ceHuac o npasof oGpPaTHOH Ma-
Tpule, T. €. 0 Takof Marpuue A~l, uro npoussemzesne MaTpHUH A
crpaBa Ha 9Ty MAaTPHIY JaeT eAMHHYHYI0O MaTpuuy,

AA-1=E. )

Ecnn matpuna A shpoxieHnHas, 1o, ecau O Matpuua A~! cymecrBo-
Bajna, NpoH3BEHeHHe, CTosiiee B JAesof yacTu paBencTa (2), 6ua0 OwH,
K3aK MH 3HaeM, BHDOW/EHHON MaTpuueif, B TO BpeMs KaK Ha CaMOM
aene matpuua E| crofwas B npaBoft yactu 3TITO paBeHCTBA, ABAfETCH
HEBHPOXAEHHOH, TaK KaK ee ompenennTe]b paBeH eAHHuue. TakuMm o00-
pPa3soM, BHIPOWAEHHAs MaTpHua He MOXeT uMeTb npapoft ob6paTHoH Ma-
Tpuub. Takue e coo6paxeHus MOKa3LBAIOT, YTO OHA HE MMeeT M JieBOH
06paTHOH H NOSTOMY 042 8bpoNCOeHHON Mampuys o6pamuas mampuya
80abue He cyuecmsyem. )
[Tepexonst x ciy4aid HEBHPOXIEHHOW MaTpullni, BBeAeM CHayana
clenylouiee BcrioMoratenabHoe nonsTHe, IlycTh mana Matpuua z-ro. mo-
paaka _
’ A3y Oi3 -+« Gyp
Qgy Q29 +.. Gy,

., . o e . . . .

Guy Gpg v App
Marpuna

(A An oo An
Au Ay ivs An2

Ay Ay, . A,

A* =

cocTaB/ieHHas U3 anre6panyeckKnX LOMOMHEHHH K 3JEMEHTAM MATPHIL A,
npuyeM aare6panyecKoe JAONONHEHNE K NEMEHTY @;; CTOHT Ha Iiepece-
YeHHH J-H CTPOKM M i-TO cT0J61a, Ha3HBaeTCH NPUCOLOUHeHHOE (UIH
83aumnod) matpulel K marpuue A.

Hasinem NpoON3BE AEHUS AA* 1 A*A. Vcnoab3ys u3BeCTHYIO M3 § 6
dopmyny pas3nokeHus onpenenmem no cTpoke uiaum cTonbuy, a Taxke
Teopemy u3 § 7 0 cymme NPOU3BENEHUH 31EMEHTOB Jnoﬁoﬁ CTPOKH
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(cTonGua) onpenennTed Ha ajareGpanyecKne XONMOTHEHNN K COOTBETCTBEH-
HBIM 3JIeMeHTaM APyro# cTpokm (ctonbua), H o6o3Hayas yepes d. onpe-
IeNnuTeNb MaTpPHUB A,

a=|Al,

MH NOJAYYHM CJA€AYIOulMe paBeHCTBA:

d 0..0
Axt=ara={0 4 0 (3)
0 0...d

Orciona BuiTeKaeT, YTO eCcAll Mampuya A HesvpoxcOenHas, mo ee
npucoedunennasn mampuya A* maroice 6yOem HesupoicoenHoli, nputes
onpedesumens d* mampuys A* pasen (n—1)-ii cmenenu onpedenu-
messs d mampuyst A.

B camom mene, mepexons oT paBeHcTB (3) K paBeHCTBY Mexay onpe-
HeNUTENAMH, ME TOJYYHM

dd*=ad",
oTKyna Beuny d=%0
a*=d -1y,

Tenepn serko mo0Kasarh CyumecTBOBaHHe OOPAaTHON MaTpHUH IS
BCAKOH HEeBHPOXIAEHHOHM MaTpulbe A K HaliTH ee BHUL. 3aMETHM
cHayana, 4TO €CIH MH pacCMOTPHM MpOU3BEeAEHHE HABYX Marpuy AB
W BCe 3JEMEHTH OIHOrO0 M3 MHOWKUTenel, Hanpumep B, pasnenum Ha
OLHO ¥ TO e 4Huca0 d; TO BCe 3JEeMEeHTH NpousseneHus AB Taxxe
pasnenaTcd Ha 3TO Ke YNUCAO: A9 A0Ka3aTeabCTBA HYKHO JHWIIb BCIO-
MHHTb onpejesenue yMmHoweHnus marpuu, Taxum o6GpasoM, ecau

d=|A|0,

TO W3 paBeHcTB (3) BHTEKaeT, 4To obpamnol mampuyeii ors A Gydem
CAYIHCUMb MAMPUYQ, NOAYHQAIOWASACE U3 npucoedurnennold mampuyo A*
Jenenliem 8cex ee daemenmos Ha #ucao d.

Ay Ay A

d d 4

Ay Ay Ap
Al | Td d " d |,

Ay Asn  Auy

d d

1) MoxHO Gn0 6Bl AOKAa3aTh, YTO €CJIM Marpuua A BHPOKACHHAS, TO H ee
npucoefuHennas MaTpuua A* Takmxe BHIDOXIeHHAs, NpPHYEM HMeeT PAHT, HE
npeBOCXOAAILHA yucaa 1,
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HeiictBuTtensto, u3 (3) BHITEKAIOT PAaBEHCTBA
AATl=A"1A=E. (4)

Euwie pas nomuepxnem, 4to B i-ff cTpoke wmarpuus A~ crosar
anreGpavyeckue HKOMONMHEHHS K 3/eMeHTaM i-ro cToJ6ua onpeienu-
Tes TAj, nenennsle Ha d=|A4].

Jlerko noxasaTh, u4TO Marpuya A"l agaserca eduncreennod
marpuyed, yoosaersoparoujeti ycaosuio (4) 0aa Oanrold HegvipoxcOennoll
- marpuyst A. HeficTButennHo, ecnn marpuHua C TakoBa, 4TO

AC=CA=E,
TO
CAA™1=C(AA™Y)=CE=Cy
CAA™ = (CAYA ' =FEA"1=4"1,
orkyaa C=A-1, ‘
Ms (4) u Teopembl 06 ymHOWEHHH oONpelxenuTesnelt BmTexaer, 4TO

onpedeaureass marpuyst A~1 pasgen ]_lﬂ’ TAK 4TO 3TA MATPUYA TaKsce
6yder wueswipodcdennoli; 00parTHol 0an  Hee caymur marpuya A.

Ecnn reneps naHo KkBaapaTHble MaTpuuml 7-ro nopsiaika A u B, u3
KOTOpDHX A-—HeBHpOXAeHHast, a B-—npous3BonbHast, TO MB MOXKEM
BHIOMHATD npaeoe u aesoe Oesenus B wa A, T. e, pelinTh MaTpHi-
HHIE YpaBHEHHUS

AX=B, YA=B. ’ (5)

Hns 9Toro, BBHIY aCCOMMATHBHOCTH YMHOXEHHS MATPUl, XOCTATOYHO
NO/IOKHUTD '

X=A_IB, Y=BA—17

npu4YeM 3TH penreHHs ypasHeHu# (5) OyayT, BBHAY HEKOMMYTATHBHOCTH
YMHOXEHUA MaTpul, B oOL(eM Clyuae DPAa3TUYHBLIMH.

Ilpumepn. 1) Jawa marpuua

3 —1 0
A={ —2 1 1},
2 —1' 4
Ee onpegenurens |A|=D5, nosromy ofparkass marprma A-~! cymecrsyer,
upudeM

14+ 1

S BT F

12 3
A t= 2"—5-'*’-5* .
B 1 1

\* % %,
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2) Jane MaTpuuH

=i 3) e=(h3)

Marpuua A HeBHpOXKAeHHAH, NpHUEM

- 3 —2
4 1=<-4 3)'

NOITOMY pelleHUsiME ypaBHenuii AX=B, YA=B 6yayT ciyXurth MaTpHuL

X—( 3 —2) . (—-1 7)_(— 9 11)

“\—4 3 35/5\ 13—13)’

Y_(—l 7) ( 3 -—2)__(—31 23)

~\ 3656 —4 3)7\—11 9)°
YMHOMKEHNe NPAMOYTOJbHbBIX MATPUH. XOTH YMHOMEHHE MaTPHIL
onpeneneHo B MNpedliecTBylouleM mnaparpade aumb IS KBAaAPaTHBIX
MaTpHL, OXMHAKOBOrO MOPSAAKA, HO €ro MOXHO pacCIpOCTPAHHTL M HA
cayyal npAMOYronbHuX MaTpul, A W B, eCin TONbKO MOXHO NMPHMEHHUTD
dopMyny (3) mperiecTBylOmIero naparpaga; T. €. eC/iu BCfiKas CTpoka
MaTpHIH A CONEPXHT CTONbKO e DJIeMEHTOB, CKOJbKO HUX BO BCAKOM
cronbue Matpuun B. VHpiMu caoBamu, mosxcne 2osopums o npousse-
Oerul npamoyzosvnux mampuy A u B 8 moxm caywae, ecau 2ucio
cmoabyos mampuysl A pasHo HBUCAY CmpoK mampunyvs B, nputenm

wucao cmpox mampuyst AB pasno uucty cmpox mampuybi A, #ucio
sce cmoabyos mampuyvi AB pagro wucary cmoabyos mampuub B.

IlpumepH. _
‘ . y=1.3 0
1)(5-—1 3 1 —2 1 1) [10 15 —5
2 0—1 4/ 8 0—2) \1l 10 10/°
41 2
70 =3 1 3 8
2)< 2 1 5>.(_2>=( 14>.
—4 0 =2 2 —16
2 0
1 —4
5 1 0 —3). = —1).
3) ( 0 =3, T =01 =D
0 —1/

YmHOMEHMEe NPSIMOYTOABHHX MAaTPHL MOXHO CBS3aTh € TNOCJeROBa-
TE/bHLIM BHITOJHEHHEM JHHEHHHX Npeo6pa3oBannit HEU3BECTHHX, €CIH
TOJbKO B ONPENEJeHHH NOCAeNHNX OTKA3artbCd OT NPEHNITONOWEeH s, YTO
MHCA0 HEH3BECTHHX COXPaHAeTC# NMPH JMHeHHOM npeoGpa3oBanuH.

Jlerko mnpoBepuTh TdKKe, HKOCJIOBHO TOBTOPAS HOKA3aTENbLTRO,
JAaHHOe BHille NJf CayyYas KBIAPaTHHX MATPHN, YTO 3aKOH accoyua-
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musHocmy ocmaemcs cnpaeed/mabm KON YMHOMCEHUS NPAMOY2ZONbHBX
mampuy.

Mu Bocnonbsyemcs( cefidac YMHOEHHEM MPSMOYrOJbHHX MATPHI
¥ cBoliCTBaMM OOpaTHOH MATPHLH AN HOBOT O BHBOJZA MpPaBHIa
Kpamepa, He TpeGyiouiero Tex TpPOMO3IKHX- BHUMCIEHHH, Kakue
npogogunuck B § 7. Ilyctp mana cHcTeMa 7z NuHeHHHX ypaBHeHHH
C 7! HEH3BECTHBLIMH:

QX+ Q%+ .. ag, X, =0y,
Qg1 Xy + QopXy + oo 8y, X, = by, 6)

Qi Xyt QX+ ..o Fa,,x,=0,,
NpHYeM oNpenennTelb 9TOH CHCTeMHB OTaudYeH oOT Hyafl. O6Go3HaYuM
yepes A matpuuy u3 KoadduuuentoB cucteMmu (6); 3T2 MaTpHNA HEBH-
pPoxaeHHad, TaK Kak, Mo npenanojoxenuio, d==|A|s=0. OGosnaunm
nanee yepes X cmnﬁeu H3 HEH3BECTHHIX, qepe3< B—croaben u3 cBo--
Goxuuix ynenoB cuctemu (6), T. e.

X by
Xy by
X bn

ITpousBeneHne AX uMeeT CMHCA, TAK KaK YUCAO CTONGIOB MATPHUH A
PaBHO YHC/HY CTPOK MaTpUU X, npuyem 9TO npoussefenue Gyner CToia6-
LIOM, COCTaB/NEHHHM H3 JIeBblX YacTell ypaBHenu#t cucrtems (6). Taxum
o6pa30M cucreMy (6) mMoxHO 3aMHCaTb B BHAE ONHOTO MaTPHYHOTO
ypaBHenus

Ymuoxas o6e wact# ypapHenus (7) cnea Ha matpuuy A~1, cymect-
BOBaHHE KOTOPOH BHITEKAaeT M3 HEBHPOXARHHOCTH 'KBaApaTHOM MaTpH-
IR A, Mbl TOJYYHM:

X=A"1B, (8)

[Tpoussenenue, crosuiee cnpasa, 6yaeT MaTpuile#l H3 0XHOro cTOAOLE;
ee j-# 3neMeHT paBeH CymMMme Tpou3BeneHMH 3/eMeHTOB J-B CTpPOKM
MaTpuUe A~! Ha COOTBETCTBEHHHE JIEMEHTH MATpMIM B, T. e. pasen
yucny ' )

A n
”bm— byt ’b _d(AUb b Agby o Ay b,).

Cxofka, crosuias crnpaBa, sBASETCH, OAHAKO, Pa3NiOKEeHHEM 1O j-My
cTonbuy onpeaenutens 4, MOJyYalOLIErocs 3aMeHOH j-ro croabua ompe-
neautenst d croabuom B. Takum o6pasoM, Qopmyas (8) PaBHOCHIbHbI





