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dopmynam (3) u3 § -7, BHpakaomuM peuieHne cuctemu (6), noayuaio-
ngeecss no npasuay Kpawmepa.

‘Ocraerca nMokasaTh, YTO HOJNyUYEHHHE 3HAYEHUS HEHM3BECTHHLX NeHCT-
BHTE/NbHO COCTaBARMIOT peledne cucremu (6). [Ing 9TOro mocraTouyHo
BHpaxenue (8) momcTaBuTh B MaTpuuHoe ypasueHue (7), YTO, OYE€BHIHO,
NPUBOAHUT K TOXZecTBY B=2A,

Panr npoussefiesusi MaTpul, TeopemMa 06 YMHOXEHHH ONpenenHTes
Jiled He MPHBOJHUT B ClAyyYae BHIPOWAEHHHX MATPHI HM K KaKOMY BHICKa«
3bIBaHHIO CBEPX TOrO, YTO MX NMPOM3BeLeHHE TaKke OyNeT BHPOWKIACHHHIM,
XOTH BHIPOX/EHHbIE KBaLPATHHE MATPHLL MOXHO €Iie pas3iudaTh M0 UX
panraM, 3aMeTHM, YTO He CYL{eCTBYET BMOJHE OnpeLeeHHON 3aBHCHMOCTH
MEXJY pPaHraMu comuommeneﬁ ol paHrOM NPOHU3BEAEHUs, KaK MOKa3bl-
BalOT CJAENYIOLINE NIPUMEpLI:

2 0 3 0\ _ /60
'(0 0) ‘.(0 0’)‘(0 0)’
2 0 0 0\_ (0 0\,
(0 0)'(0 3)“(0 0)'
B 060HX Clyyasx MepeMHOWAIOTCH MATPHUH paHra 1, OXHAKO B OXHOM
clyyae npoM3BeeHHe HMEET paHr 1, B npyrom—paﬂr 0. CnpaBensinaa,
MPUTOM HE TONBLKO I/S KBAAPATHHX, HO M AJS NPSAMOYTOJIbHHX MATPHUL,
JMIb CAENyIolas TeopeMa. )

Pane npoussedenus mampuy He 8uiuie panza xaorcdoeo U3 comuo-
scumeseii,

JlOoCTaTOYHO - AOKA3aTh ITY Teopemy Ans caydas ABYX MHOXHTened.
IMycty maupt MaTpuunl A M B, aas KOTOpHX mnpousseneHue AB nmeer
cMpicn; o6o3HayuM AB=C. Paccmorpum dopmyny (3) § 13, naowmyio
BeipaweHnue siemeHToB MaTtpuun C. Beps aty dopmyay mias nasHore &
M BCeX BO3MOXKHHX { (i=1, 2, ...), Mbl noaydaem, uTo K- cronben
Marpuun C sBJAsSeTCS CYMMOH BCEX CTONGLOB MATPHUM A, B3ATHX C He-
KOTOPHMH K03pPHUHEHTAMU (2 UMEHHO C xoa¢>qmuuemamn Oipr bgpy o)
DTuM KOKA3aHO, YTO CHCTEMa CTOAGLOB MaTpHiw C nHelno BupamkaeTcs
yepe3 CHCTeMYy CTONOLOB MaTpHub A, a mO3TOMy, KakK mokasano B § 9,
paHr nepBOM CHCTeMH MeHbIIE H/H PaBeH PAHTy BTOPOH CHCTEMbl; HHBEIMH
crmoBaMu, panr martpuusl C He Gospuie panra matpuun A, Tak kak,
C npyro#f cropons, H3 TOH ke opmyan (3) § 13 npu nanHom i u
Bcex K BHITEKaeT, YTO BCKas i-s CTPOoKa MaTpuiun C ABASETCH AHHEHHOM
KoMOuHanHeH CTPOK MATPHUK B, TO aHaJOTHYHEIMM PACCYKIACHHUAMH Mu
nony4yuMm, 4ro paur C He Buiule paura B.

bonee TOYHHIH pe3ynbTaT MMEeT MeCTO AJA Cayyas, KOrAa OLWH H3
MHOXUTeNEH SIBASETCS HEBLIPOKACHHON KBanpaTHoW MaTpuiei:

Pamne npoussedenus npou3sorvroii mampuyst A cnpasa Ul ciesa
Ha ueaupoolcaeuuyro tcsa@pamu yio mampuyy Q pagen panzy mampuys A.

"IlycTp, Hampumep,
AQ=C. (9)
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W3 mpenwectsyionte#t Teopems Cl1eAyeT, uTO PaHr MaTpuusl C HE Bhille
panra matpuuw A. YMHowad, oLHako, pasenctso (9) cmpaa Ha Q7%
MH NIPUJEM K PABEHCTBY

A=CQ™,

4 TO9TOMY, CHOBAa HAa OCHOBAaHHH mpejliecTBylouled Teopemsl, panr A
ne Buie padra C. ConocrasieHne 3TUX JIBYX Pe3yNbTaToB JL0Ka3LIBALT
coBnagenue paHroB martpuu A n C,

§ 15. Ciowenne MaTpuiy M YMHOMWEHHE MATPHIB HA YHCIO

Jnd KBajApaTHHX MATPHI MOPALKA 72 CAELYIOUMM 006pa3oM ompene-
JfSeTCA. C/M oW eHHue:

Cymmoii A+ B 08yx rsadpamubix mampug A=(a;) u B=(b;)
nopsdka n Hasuizaetcs Marpuua C=(c;;), BCAKuil snemeﬂr KOTOpPO#H
pPaBeH CyMMe COOTBETCTBEHHHX 3/7eMeHTOB Mmartpuu A u B;

cij=aij—[—bi,1).

OnpeneneHnoe HaMH CIOWeHHE MATPHL GyxeT, OYEBHAHO, KOMMYTa-
THBHBIM U acCOLHATHBHLIM, [/ Hero cyumecTsyer oOpaTHas onepanus —
BHYHTAHUE, NPHYEM PA3HOCTHIO MATPUL A u B CIyXHT MarpHuua, COCTas-
JIEHHad U3, pasHoCTedl COOTBETCTBEHHBLIX 3JIEMEHTOB 3aJaHHHIX MaTPHL,
Poab ‘Hyns Urpaer npu 3TOM Hysesas Mmampuya, COCTABIGHHAS CIVIOLIb
H3 Hyne#l; B nxanbHefiiem 9Ta MaTpHila o6o3Havaercd cumBojiom O: Her
Cepbe3HOH OmMacHOCTH CMemaTh HY/JIEBYI0 MATPHLUY C YHCIOM HYIb,

Caroxcenue K8aOPAMHbLX MAMPUY, UL UX YMHONCEHIUE, OnpeOeNeHHOe
8 § 13, cea3anm 3axonamu Gucmpubymugrocmu.

B camom nene OyCcTh HAHBl TDH MaTPHUE MOPALKA 71, A=(a;)),

B=(b;), C =(¢;;). Torna pas /MOGHX i M j UMEET MeCTO OYeBUIHOE
PaBEHCTBO

n n n

Ex axs+b '/ Z xscsj+ szl biscsj'

s= §=1 =

OnHako neBag 4acTh 3TOrO PABEHCTBA €CTh 3/AEMEHT, CTOSuiHik B -t
cTpoke u j-M ctonbue marpuus {4 B)C, npaBas 4acTb—3AEMEHT,
crosuufi Ha 3TOM e wmecre B matTpuue AC-4 BC. drtuM nokxasauo

PaBeHCTBO
(A+ByC=AC+ BC.

Pasencrso C(4 -+ B)=CA -+ CB nxokaspiBaeTcs TAaKHM Xe& myTeM —
HEKOMMYTATHBHOCTb YMHOWEHHS MaTpull TpeGyeT, NMOHATHO, AOKa3a-
TeAbCTBA 3THX OOOUX 33aKOHOB nncm%ymaﬂocm.

1) Moxuo Gel10 Gbl, XOHEIHO, H IIPOH3BEJCHHE ManKl[ ONPeJIeNUTH CTONE XKe
€CTECTBEHHBIM COCOGOM, NepeMHOMXas COOTBETCTBEHHBIE dJeMeHTHl. Takoe yMmo-
KeHHe, OfHaKo, B OTJHYHE OT' TOTO, ‘KOTOpoe ompeleiexo B § 13, He 'Hamao 6ol
HAK4KHX CepPLe3HBIX NPHMEHEHHH,
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Beenem caenpyioulee ompepeleHHe YMHOXEHHS MaTPUU Ha YHCJIO,

Tlpoussedenuen kA xeadpamwoii mampuyss A==(a;;) Ha %ucro k
Ha3biBaeTCst MaTpuua A = (a :'i)’ HOAYYarmasncs yMHO)KEHHeM Ha k BCex
3J€MEHTOB MaTpHUH A:

"
aij’-:kaij-

C OAHHM NPEMEPOM TAKOrO YMHOKEHMS MATPHUIL HA YHCAO MM yXe
BCTPeYaIuCh B NpenllecTBYOuleM naparpade: ecnnd maTpuna A HeBHPOXK-
neHHast, npuuem |A|=d, To ee obparnas Martpuua A~! u upHCOEAU-
HeHHast MaTpuua A CBs3aHH paBeHCTBOM

ATl=g"1A"%,

Kax M 3HaeM, BCAKYIO KBAaJAPATHYIO MaTpHIy NOPSAKA 72 MOXHO pac-
CMaTPUBATh KaK 72-MepHHIH BEKTOD, MPHYEM ITO COOTBETCTBHE MEXIY
MaTPUUAMH. M BEKTOPaMH B3auMHO oxHo3HauyHoe, Onpenenennpie ceffyac
ClIOXEeHHe_MAaTPHL, U YMHOXEHHEe MAaTPHIbl Ha YHCNO MPEBPAIAIOTCA MPH
3TOM B C/J0KEHHe BEKTOPOB M YMHOXKEHHEe BekTopa Ha yuclo, Takum
06pa30M, COBOKYNHOCMbE KBAOPAMHLIX MAMPUY TOPAOKA I " MONCHO
Paccuampusams Kax ni-mepHoe BernopHoe NPoCMPAHCMeo.

OTci0n2 BhITEKAaeT CNPaBeNMBOCTD CAEAYIOWHX PAaBEHCTB (34ech A,
B—marpuun nopsiika n; k, /—uncia, 1—uucno eannuna):

k(A B)=FkA -+ kB, 1)
(k1) A=EA-+IA, @
E (1A) == (kl) A, 3)

1. A=A “)

Cgoiictea (1) u (2) CBA3HBAIOT YMHOXEHHE MATPHUBE HA YHCAO CO
cnoxenvem Martpuin. CyuectByer, BMeCTe ¢ TEM, OYeHb BaxHas CBH3b
MEXAY YMHOKEHHEM MATPHUL HA  YHCIO W TNEePEeMHOKEHHEM CaMuX
MaTpHL, a KMEHHO:

(kA) B== A (kB)=Fk (AB), (5)

T. €. eCAll 8 npou3gedenlu Mmampuy O0CUK U3 MHOJCUMeNell YMmHa-
JHCaemcs Ka wucA0 R, mo u 8ce npoussedenue 6yoem ymHoxcamsca Ha k.

B camom nene, nycts nans matpuup A==(g;;) u B=(b;;) u uncno k.
Torma nna mo6uix i u j GynmeT:

n

n
2 (kais) bsj - 2 s sj‘
$=1

JleBas 4acCTh 9TOrO.pPaBEHCTBA €CTh, OAHAKO, 3NeMEHT, crofuwuit B i-#
CTpoKe u j-M croabue marpuun {(kA) B, npasas 4YacTb-——3JEMEHT,
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CTOSIAH HA ITOM We MecTe B MaTpuue & (AB). DTuM n10Ka3asO PABEHCTBO
(RAYB="F (AB)

PapenctBo A (kB)=k (AB) 110K33bIBaeTCH TaKHUM Xe INyTeM.

Onepauvs yMHOXEHHS MaTPUIL HA HHCIO MO3BOJNFET BBECTH HOBHIK
cnoco6 sanucu Matpuu. OGosHadum yepe3 E;; MaTpuuy, B KOTOPOH Ha
nepecevyenun i-#f cTPOKH H j-ro cTonbua CTOHT eIMHHIIA, a4 BCE OCTajb-
Hple 37eMenTH paBuet nyaw. Honaaras i=1,2, ...,nuj=1,2, ..., 7,
MH monyuum 722 takux martpuu E; j» KOTOpHE CBA3AHH, KaK JIErKO MPO-
BEpUTh, caeiayiouleit rabnune YMHO)KeHHﬂ
E,-SES/~EU, EiEij=0 npu § 4L,

Marpuua kEU OT/IHYaeTCs OT MATPUIL Ej JNHLIb TeM, YTO B Hell Ha
nepecedyeHud i-H CTPOKH H j-rO €TOAGLA CTOHUT YHCAO k. YYHTHBAA ITO
Y UCTOABb3YH ONpEeLe/qeHHe CAOWKEHUS MATPHIL, MH HOAYYaeM CAeAYIOULYIO
3amuch A5l NPOM3BONBHOK KBAAPaTHOH MaTpuun A:

Q11 Qg oo (Jl,,
_ ‘121 Qgg ose azn
A= e e s 2 EauE (6)
i=1j=1
Qyy Qpa v - a,m

npuueM matpuua A ob6aamaer, OUEBHIAHO,. JUIUD eAHHCTBEHHON 3anuchbio
suna_(6).

Martpuua RE, rae E-——ennﬂuqﬂaﬁ MATPHIA, UMEET, MO onpenenenmo
YMHOXEHUS MATPHUB HA YHUCI0, CAEAYRUIHE BHK:

k0

T. €. Ha TAABHOH AMArOoHaAM CTOHT OXHO H TO Xe& Yucjiao K, a BCe 3je-
MEHTH BHE 3TOH AMaroHalu pPaBHH Hymo Takune maTpuih Ha3HBAIOTCA
CKANTPHUMY.

Onpenenexue CIOXEHHS MaTpPHL, IPUBOAHT K PaBEHCTBY

kE+IE= (k1) E. (7

C apyro#l CTOPOHM, HUCHONB3YS ONPELENEHHE YMHOKEHHT MaTPHL HIH
e OmMpasCh HA paBeHcTBO (D), monyvaem:

kEIE=(kI)E. . (8)

Yaunoocenue mampuyst A Ha& 4UCA0 Rk MOXHCHO HCMOAKO08AMb Kak

YmuHoucenue A na cxarapuyro mampuny kE 8 cauvicae nepemnoycenusn
Mmampuy. Heticrsurensro, no (5),

(kE) A=A (KE) = kA.
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Or1ciona BHTEKAeT TAKKe, YTO 8CAKAA CKAAAPHASL MAMPUKQ nepe-
cmanosouina ¢ aiobod mampuyed A. OueHb BaXHO, YTO CKAaAApHbIE
MATPHUH SIBASIOTCH eXMHCTBEHHHMH, OGJNANAIOMHMH 3THM CBOKCTBOM:

Ecau nexomopas mampuya C= (c;;) n-20 nopaoKka nepecmanogotra
¢ a0boli mampunel amozo e nopAoxa, mo mampuga C cKaiapua.

B camom mene, monoxuM { == j u pacCMOTPUM DaBHHE MeXAY coGoi,
no ycnosuio, npousseaenust CE;; u E;;C (cM. BHIIe ONpejeNeHHe MaT-
puun E; ) Jlerko Bumets, 4TO Bce cmnéuu MaTpHIbE CE! , kKpoMme j-ro,
cocrom H3 Hy/eH, a j-i cTonGell cosnamaer C i-m cTon6u0M Marpuun C;
B YaCTHOCTH, HAa MEPECEYECHUH [-H CTPOKH H j-r0 CTO/OIA MATPHLL CE,,
CTOHT SNIEMEHT €;. AHaJOrMYHO BCe CTPOKH MaTpuub E; C Kpowme i- -#,
COCTOAT M3 Hyneﬁ a i{-g CTpoKa coBmaxaer c j-i CTpOKoﬁ MaTpHIb C
Ha TepeceveHHn i-i CTPOKH M j-ro cronbua marpuisl E;;C pacnonoxeH
snement c;;. Mcnonpsys pasenctso CE;;=E;;C, wmn nonyqaeM “4T0
€i;=1C¢y; (KaK SMEMEHTH, CTOsL{HE B paBHux Memly cobo#i mMaTpunax Ha
OLAHHAKOBHX MeCTax), T. e. BCE DJIEMEHTH TI/JaBHOH -MATOHANIH MaT-
puttt C paBHu Meway coGo#h. C npyrofi CTOpOHH, Ha mepecevennyu j-#
CTPOKH H J-TO cToa6uUa MaTpuua CE;; CTOMT 9/eMEHT C;; HO B MaT-
pnue E;;C na stom e’ mecTe CTOHT HyJIb (BBHAY =~ f), ¥ no3TOMYy
¢;; =0, T €. BCAKMH 31eMeHT MmaTpulb C, pacnojoXeHHn# BHe rias-
HOM nmuaroHanu, pased Hymo. Teopema mokasaxa.

§ 16%. AxcmomaTmueckoe NMOCTpOEHHE TEOPHH oupejennTeneit

"Onpepenurend 7#-ro NOPAAKA ABMAETCH YHCAOM, OXHO3HAYHO Onpene-
AsieMHM JaHHOMW KBalpatHo#t Martpuue#t z-ro mnopsmka. Onpenenenne
39TOr0 MOHNATHS, NpUBEAEHHOE B § 4, YKasuBaeT MPaBUI0, MO KOTOPOMY
ONpeAesuTe/Nb BHPaXaeTcs 4Yepe3 IIEMEHTH 3aJaHHOM MaTpuus. DTO
KOHCTPYKTHBHOE OHNpeNeIeHHe MOXHO, OXHAKO, 3aMEHUTb aKCHOMAaTHYe-
CKHM; MOXHO, HHBIMH CJIOBaMH, CpeiM CBOUCTB ONpemenuTeNs, yCTaHo-
BreHHbix B §§ 4 u 6, ykasarb TakWe, UYTO eNHHCTBeHHOM (Qynkuneh
MaTpHUBl ¢ AEHCTBUTE/JbHLIMH 3HAYEHHAMH, OONaRalowell STHMH CBOH-
cTBaMH, OYAET ee ONnpeae/NHTeNb,

[Ipocrejimee ompejenenne Takoro poaa COCTOHT B HCIONb30BAHMH
pasnoXeHHH onpenenuTes Mo cTpoke. PaccMaTpuBaeM KBaapaTHEE MAT-
PHIB! JIOOHMX MOPHAKOB M NMpeNNmoAaraeM, yTo BCAKOH Tako#l marpuue M
MOCTaB/EHO B COOTBETCTBHE YUCIO d,, NPHYEM BHIHOIHIIOTCT CAepyio-
H{ue yCAOBHS:

1) Ecnin matpuua M nepsoro mnopsaka, T. €. COCTOHT H3 OJHOTO
anemMeHTa a, 10 dy =a.

2) Ecnu nepByio cTPOKY MmMaTpuupl 72-ro nopsaka M cocTasisioT die-
MEHTH &yq, @5, ..., @y, W eciu vepes, M; i=1, 2, ..., n, oGozna-
yeHa marpuua (n— 1)-ro nopsigka, OCTAIOILasucHd MOC/Ie BHIYEPKUBAHUA
n3 M mnepBo#t C¢TPOKM H i-r0 cTonbua, ToO

dM=a11dM‘—alsz’ +al3dM3—-’. T (—' 1)”‘1(11”(11"” .
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To20a 0an 6caxoii mampuyss M wiucao dy paswo onpedeniimento
amoii mampuybi. Mbl npe10€TaBASEM UYHTATEMO NOKA3aTEAbCTBO 9TOTO
YTBePKAEHHs, NpoBossuleecs HHAYKHHEH 7O 7 M HCNoAb3yOUlee
pesyabtata § 6.

Muoro 0onee HHTepecHs ApYyrue ¢OPMH aKCHOMATHYECKOTO ONpeHRe-
JieHHsl onpejenuTeNss, OTHOCALUIHECS K CAY4Yaio JHIb ONHOTC NAHHOTO
NOPAAKA 72 U BMelolne B CROEHl OCHOBE HEKOTOPHE M3 YCTAHOBJEHHBIX
B § 4 npocrefux cBOACTB onpepenutens. Mo npuctynum ceHuac
K pPacCMOTPEHHIO OAHOTO H3 TAaKHX ONpeie/eHHi, _

ITycrs Beaxolt kBaxpatHo#t mMatpuue M n-ro nopsfaka HOCTABIEHO
B COOTBETCTBHE 4HCIO dy, NPHYEM BHOONHAITCA ClAeRYHOUIME YCIOBHA:

I. Ecau oona u3 cmpox mampuys. M yunoscaemca Ha uiicao k,
mo #ucao dy maxxce Yymroxcaemces Ha k.

Il. Yucao dy ne mensemcs, ecan x 00Hol u3 cmpox /nampuuw M
npubasasiemcss Opyzas CmMpoKa amoil Mampuybl.

HY. Ecau E—edununnas mampuya, mo dg=1,

Hokaxem, uto 041 awbod mampuyet M wilcao dy pasno onpede-
AUMERIO IMOLE Mampuybt.

Buenem cuavana u3 ycnosut I—II1 HekoTopre cBOMCTBA uncia dy,
AHAJIOTHYHHE COOTBETCTBYIOW(HM CBOMCTBAM OTIpeAEnUTENd,

(1) Ecau odona u3 cmpox mampuys. M cocmoum. u3 nyared, mo
dy=:0.

B camom nene, yMHOXasf CTPOKY, COCTOALLYIO H3 HYneH, HA yHcno O,
MH He MeHseM MaTpully, HO, BBHLY ycaoBus I, uucno dy npuoGpe-
TaeT MHOwuTens 0, Hosromy

M=00dM=

(2) Yucro dy ne mensmemcs, ecau x i-i cmpoxe mampuups M
npubagasemcs ee j-s cmpoka, j==i, ymHoxucennas wa wuco k.

Ecmu k=0, 10 BCe nmoxasano. Ecan xe k540, To ymHOxaeM j-10
CTPOKY Ha Rk ¥ moayuaeM matpuny M', ans xotopo#, BBHAY ycaeBus 1,
dy =kd,. 3arem k i-A ctpoke wMarpuunt M’ npuGasnseMm ee j-io
CTPOKY M mojiyuaem Matpuuy M”, npuuem, Beuay ycnopus 11, dyr==dy-.
Haxonen, ymHoxkaem j-10 cTpoky Matpuusl M’ Ha uncao k-, Mu
NIPUXOAUM K MaTpuue M’’’ KoTopas B neHCTBHTENIbHOCTH noaydyena us M
npeo6pasoBaHneM, YKAa3aHHHM B q;opmynnpoaxe JNOKA3HBAEMOrQ caon—
cTBa, npuyeM

dpyrri= k—ldM"= k-ldM' =k"1 -de%—=l Mo

(3) Ecau cmpoxu mampuyst M asuneidrno 3asucumdl, mo dy=0.

HeficTBUTeNbHO, €CIM OXHA H3 CTPOK, Hanpumep i-g, OyLeT nunei-
HOl KoMOWHaume#t APYrux CTPOK, TO, NPUMEHsss HeCKOABKO pas mpe-
obpa3oBaHne (2), MOXHO i-10 CTPOKY 3aMeHHTb CTPOKOH M3 HyJeil.
IpeoGpasopanne (2) ne Menser uucaa d,, a NO3TOMY BBHAY CBOIi-
ctBa (1) dy=0.
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(4) Ecau i-n cmpoxa mampuys. M ssasemcs cYMmmol 08yx sex-
mopos B u v u ecau mampuyst M u M" noryuens uz mampuys M
3amenoll ee i-ii cmpoxu coomsemcmsenno gexmopanu f u vy, mo

dy=dy +du-.

B caMom gxene, mycth S GymeT CHCTeMa BCeX CTPOK Matpuun M,
kpome i-#i. Ecin B S cywecTByer niuHeliHag 3aBHCHMOCTb, TO JHHEHHO
3aBUCHMB CTPOKM Kawpoi u3 marpuy M, M u M’, a mostoMmy, no
ceofictBy (3), djj=dm =dp~=0, OTKyaa cnepyeT CHpaBemJHBOCTb
B 9TOM Clyuae AokasbiBaemoro csofictBa. Ecam e cucrema S, cocros-
uiag u3 n—1 BekTOpa, JMHeliHO HE3aBUCHMMA, TO, KAaK NOKAa3bBAIOT
pe3ynbTatel § 9, ee M@WHO AONONHHTD HEKOTOPHM BEKTOPOM O IO MAKCH-
MaabHOH NHHEHHO He3aBUCHMON CHCTEMH BEKTOPOB /Z-MEPHOI'0 BEKTOp-
HOTO TNPOCTPAHCTBA, Hepe3 9Ty CHCTEMY MOWKHO JHHEHHO BHPA3UTh BeK-
Topsl B # y. [TycTh BEKTOP & BXOLMT B 3TH Bupaxenus ¢ Kosdpduunen-
TaM# R M, COOTBETCTBEHHO, /; B BHpawmeHne aasd Bektopa P-4y, T.e.
Inst i-# cTpoku Matpuilsl M, BeKTOp o GyAeT BXOLUTH, CeLOBaTENbHO,
¢ kosdpduuuentom k-I Marpuust M, M u M’ MoxkHO Teneps mpe-
06pa3oBaTh, BHYHTAs H3 MX i-X CTPOK HEKOTOpHIe JHHEeHHBE KOMBHUHa-
UHM APYFHX CTPOK TaK, 4YTO HX i-MH CTPOKaMu OYAYT CAYKHUTb COOT-
BeTCTBEHHO BekTOpH (k-/)a, ko u [, [lostomy, o6o3navas uyepes MO
MaTpHLY, NOAYYawouiylocs H3 MaTpHus M 3ameHol ee i-ii CTPOKHM Bek-
TOPOM O, U YYHTHBas CBOHCTBA (2) M I, MM OPHXOAWUM K PABEHCTBAM:

dy=(E+ 1) dyo, dagr=hdyo, dygr=ldyp.

drtum cBofictBo (4) AoxasaHo.

(8) Ecau mampuga M noayuena u3z mampuys M mpancnosuyuei
08yx . cmpok, mo dyz=—d,.

[lyctb, B camom sefe, B Matpulle M HYXHO TEePecTaBUTh CTPOKH
c HoMepaMu [ H j. DTOro MOXHO XOCTHYb LEMOYKOH CAeAYIOLHX TNpe-
ob6pasoBanuii: cHavana x i-# cTpoxe marpuus M npubGapasem ee j-10
CTPOKY H TOJy4aeM MaTpuily M’,’npnqu, no ycnosuw I, dyr=d,,.
3atem u3 j-#t cTpoku Matpuul A’ BhuMTaeM ee i-10 CTPOKY M NPHXO-
Ium K MatTpuie M’, ans xoTopo#, BBUAY cBOACTBA (2), 6yaeT dy»=dp";
Jj-% ctpoxa MmaTpuunl M’ Gyaer OTAMYATBCA 3HAKOM OT I-H  CTPOKH
marpuust M. TlpuGaBuM Tenmepb K i-# crpoke Marpuusl M’ ee j-i0
crpoky. [das marpuust M''’) KOTOPYIO Mbl MOJMy4YuM STHM npeobpasosa-
Huem, Oyzxer, mo ycnouio I, dpr»=dy~, npuuem i-a cTpoxa 3TOH}
MaTpullbi coBmageTr ¢ Jj-# crpoko#t mMatpuuw M. YMHOXkasl, HakoHel,
J-10 cTpoKy Marpuust M’’’ Ha uymcno —1, MW mpuAeM K HCKOMOH Mart-

puue. M. Tlostomy, BBUAY Yyciosud, I,

dg=—d 0 =—d,,.



108 ANTEBPA MATPHIL [rn. 3

(6) Ecau mampunga M’ noaywena u3 mampuyst M nepecmanosrxoi

cmpok, nputen i-ii cmpoxol mampuyw M', i=1,2, ..., n, cayocum
;% cmpoka mamputs M, mo
dy =+ dM;

npu 3moM 3HAK NAIOC COOmEemcmsyem CAY4QI0, K020@ NOOCMAHOBKA
1 2...n
(al az...a,,)
4emHa, 3HAK MURYC— CAY2AI0, K020G OHQ HetemHa.

B camom nene, marpuua M moxer GHTh modydeHa us Marpuust M
HEKOTODHM YHMCIOM TPAHCHO3MUMH ABYX CTPOK, ¥ NMO3TOMY MOXHO BOC-.
NoAb30BaThCs CBOUCTBOM (5). UeTHOCTb YHCIa STHX TPAHCIOSULUH onpe-
JenfeT, KaK H3BEeCTHO H3 § 3, YETHOCTh YKA3aHHOW BuIllle NOACTAHOBKH.

"PaccMoTprM Tenepb MaTPHLL M=(a;), N=(b; ) u ux npounssene-
nye Q=MN B cmucae § 13. Hakinem uncno dy. Mu 3naem, 4to0 BCS-
Kast i-fi CTPOKa MaTpHuill Q fBAseTcss CyMMOH Bcex CTPOK MaTpuu N,
B3iTHX COOTBETCTBEHHO C KO3(QQHLUHEHTAMH Q;y, &y, ..., ;, (CM., HA-
npumep, § 14). 3aMeHuM BCe CTPOKH MaTpUUB Q HX YKa3aHHBIMHM JH-
HEeHHBIMH BHPaMeHHAMH uepe3 CTPOKM ‘MaTpHuw N M BOCHoJAb3yeMmcs
HeCcKoabko pa3 cBoficteoM (4). MuH moayyuM, 4TO 4HCA0 d, Gyner
PaBHO CyMMe uuCen dy LS BCEBO3MOKHMWX MaTpuu T cneny}omero BHJA:
i-a crpoka matpuus T, i=1, 2, ..., n, paBHa o;-# CTpoKe MaTpuum N,
YMHOXEHHOH Ha YUCIO Gy, [Ipu 9TOM BBHAY CBOHCTBA (3) MOXHO HCKIIIO-
YHTb U3 PACCMOTPRHHR BCE MATPUUM 7T, n1s KOTOPHX CYuiecTBYIOT TaKue
MHIEKCH [ M J, i~ f, 4T0 @; =0 ; OcCTaioTes, WHHMH CNIOBAMH, JHUIb
Takue matpuun T, aas Koropux HHIEKCH Oy, O, ..., O, COCTABAAIOT
nepecraHopky umcea 1, 2, ..., n. Beuny cgoiicts I n (6) uncno dy
AAf TAaKOH MaTpHUM nmeer BHJ

=4 210,%20, +++ CQna, dy,

. THAe 3HaK onpejejseTcs YETHOCThIO NMOACTAHOBKH M3 MHIZekcoB. Orciona
Mbl IDHXOLHM K BHIDAWEHHIO A/ YHCAa dg: NoCae BHHECEHHS 3a CKOGKH
U3 BCEX CnaraeMulx Buiaa d, obuiero MHO)KHTeJIﬁ dy B cKOOKAx ocraercd,
OYeBHJHO, ONpPele/HTEDb [M] MaTpuubl M B cMmbicae xoacrpymnanoro
onpenenenns, AaHHoro B § 4, T. e.

— " » *
do=|M|-dy. (*)
Ecan Mul BO3bMEM Teneph B KayecTBe Matpuusl N eIHHHYHYIO MaT-

puny E, 10 6yner Q=M u, no csohcrey lll, dy=dg=1, 1. e. dux
210608 mampuys. M umeem Mecmo pasercmso

dmleI’

uTo U TpeboBanoch nokasatb. OZHOBPEMEHHO eue pas, Npu-
TOM 6e3 ucnoab3oBaHusg Teopemu Jlanjgaca, oKasaHna
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TeopeémMa 06 YyMHOXEHHUHN Onpepeauteneh: NI 3TOTO JO-
cTaTOYHO B paBeHcTBe (*) 3aMeHuTh yHCaa do u dy ompexeauTensiMu
COOTBETCTBYIOUIHX MaTpPHIL.

3akOHYHM 3TH AKCHOMATHYECKHE PACCMOTPEHH ILOKaSaTe.’leTBOM
He3aBUCHMOCTH ycnosuit I—III, T. e. AOKa3aTelnbCTBOM TOTO,
YTO HH OAHO U3 ITHX YCHOBUM HE #BAAETCH CNEACTBHEM ABYX NPYTrUX.

Hnd nokasarennCTBAa HE3aBHCHMOCTH YyciaoBusa Il monowum, 4TO
d, =0 nng Besikolh matpulld M n-ro nopsaxa. Ycaosus 1w II 6ymyr,
OYEBMIAHO, BLIIONHATHCH, ycnoBue ke Il mapymaercs.

Jns [AoKa3aTenbCTBA HE3aBHCHMMOCTH yca0BHs I nomoxum, 4TO Ns
BCAKOH MaTpuum M umcio d, PaBHO MPOU3BELEHHIO IIEMEHTOB, CTO%-
UINX H4 [NaBHOH IHAroHaAM 3TOH MaTpHusl., Yciaosus I u Il Bumon-
HAIOTCH, a ycjaoBue II ywe He mmeer Mecra.

Haxonel, ans m0Kka3aTeqbhcTBa HE3aBUCHMOCTH YC/AOBHA 1 MONOKHM,
4T0 dy=1 nns scsxod wmarpuun M. Yenosus II u III 6yayr npu
3TOM BHIIOMHATHLCH, a YCaoBue | Hapymaercs.



I'JIABA UYETBEPTA4
KOMILJIEKCHBIE 4MCIIA

§ 17. Cactema KOMHJIEKCHBIX YHCEJ]

Ha npoTsxkeHnnn Kypca aneMeHTapHoH anre6psl HECKOIbKO pa3 MPOHC-
xoauT oboraumenue 3amaca uucen, lllkonbHuk, npucTynawouiul K nayue-
HUIO anre6phl, IPUHOCHT U3 apuMETHKH 3HAKOMCTBO C MO/10MHTEIbHHMHA
LeaniMu M ApoOHbiMM Yucnamu. Anre6pa HayYuHaeTCs N CYulecTBY
¢ BBeJEHHS OTPHLATENbHEIX yKces, T, €. ¢ oopMAeHHd NepBOH CpenH
BaXHeHIMNX YMCAOBBLIX CHCTEM~— CUCTEMBI HeABLX 4uces, COCTodnied u3
BCEX TOJIOWHTENbHHX H BCEX OTPUUATENbHHX LEJHX YuCeN M HYJs, H
6osiee WHPOKOH CHCTEMBl DQUUOHQALbHbLX #UCes, COCTOSUlEd M3 BCEX
HeanX uyuCen ® BCeX JAPOOHBIX umMCesd, KaK IIOJNOXHTENbHHX, TaK H OT-
pulaTe/bHbIX. '

Janpuefiiee pacilippeHne 3amnaca 4ymceJa NPOUCXOAMT TOrjga, Koraa
B pacCMOTpeHHe BBOASITCH HppaluoHanbuuie wHcna. Cuctema, coctos-
Hiasi ¥3 BCeX paliOHaNbHHX M BCEX MPpPalHOHaJbHBIX YKCEJN, HA3HBAETCH
cHUCTEMOH Oelicmsumessrblx (W BeujeCmEenHbLX) wUCenr: CTporoe no-
CTPOEHHE CHCTEMH NEHCTBHTENbHHIX YHCE] COLCPWUTCH OBLIYHO B YHU-
BEPCHTETCKOM Kypce MaTeMaTHYeCKOro aHanusa; AIs Hac, ©XHAaKO,
6b10 JOCTATOYHO B INPEAIUECTBYIOIMX rhAaBax u Oynper nocraroqﬂo
B pajbHefimieM TOrO 3HAKOMCTBA C JEeHCTBUTEJIbHBIMH UYHCIAMH, KAKUM
o6namaer YuUTaTeNb, MPUCTYNAIOWIHA K MH3YUYEHUIO puiciieif aareGpH.

Hakonel, B caMOM KoOHIleé Kypca 3jeMeHTapHOH aurefpb cucrema
AEHCTBHTENbHBLIX YHCe] PAaCIIUPHETCcs OO CHCTEMbl KOMILACK CHOLX %Hlcen.
ATa cHcTeMa uyuces oCTaeTcs AJd YHTaTeNns MeHee NPHUBLYHOH, KOHEYHO,
yeM CHUCTeMa JeHCTBHTE/NbHHX UMCEA, XOTSL HA CaMOM Jene oHa obna-
JaeT MHOLCHMH oO4YeHb XOpPOWIMMH cBo#McTBamu. B Hacroswed rnase
6yneT eue pa3 ¢ HeOOXOAMMOH NOAHOTOH M3/I0WEHA TEOPHT KOMIEKC-
HBIX 4Hucen, _

KoMmiexcHbie ulcna BBOISTCA B CBA3H CO Claedyioweil 3amavei.
M3BecTHO, 4TO AeHCTBHTENbHHX 4HCEN HEJOCTATOYHO AJS TOTO, YTOOH
pemTh N1060€ KBaJApaTHOe YypaBHeHHe ¢ HeHCTBHTENbHBHIMH Koadidu-
nnentamu. [IpocTefimiee ¥W3 KBaApaTHHX YypaBHeHu#l, He HMeEOWHX
KOpHeH cpeldu HeHCTBHUTENBHBIX YHCENd, €CTb

HB1=0; )
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TONBKO 3TO ypaBHenue Gy/eT Hac ceifdac MHTepecoBaTh, 3ajlava, CTOH-
1asi Mepel HaMu, TAKOBA: HYNCHO pacuupumb cucmery oelicmgumens-
HoLX 4iices 0o maxoli cucmems 4ucesr, 8 kKomopoli ypasnenue (1)
Yoice 06aa0ano 6bi KOPHeM.

B xauecTBe MaTepuana, U3 KOToporo GymeT CTPOHUTbCA 3Ta HOBad
CHCTEMa 4YHMCeJ, Mb BO3bMEM TOYKH mJockocTH. HanmoMmHum, 4ro mu3o-
Gpaxenne AEHCTBUTENbHBIX YMCEN TOYKAMH NPAMON AHHWA (OCHOBAHHOE
Ha TOM, YTO Mbl MO/JyYaeM B3aHMHO OJAHO3HAYHOE COOTBETCTBHE MEXLY
MHOXECTBOM BCEX TOYEK NPAMOH M MHOXECTBOM BCeX JeHCTBHTENBHHX
YHCesa, €CAW IPM 3aAaHHOM Hadyajle KOOPIHHAT M eNHHHUE MacumTaba
BCSIKOH TOYKe TPAMOH MOCTAaBHM B COOTBETCTBHE ee abCUHCCYy) CHCTe-
MaTHYECKH ' UCMO0/Ab3yeTCss BO BCeX OTIAeNax MaTeMaTHKH H ABAAETCS
CTONb MPHBHIYHLIM, 4TO OOBIYHO Mbl-HE Je/aeM pasjuynsg Mewxay neH-
CTBMTE/NBHBIM YHCIOM ¥ TOYKOH, ero H3obpawarome.

Taxkum o6pasoM, Me Xomus onpedesums cucmemy Huucer, L30-
Opasxcanouuxca 6cemis moyxamy naocxkocmu. 1o cux nop Ham He npu-
XOAUNOCh CKMAALIBATH WIH MEPEMHOXATb TOYKH IJIOCKOCTH, MO3TOMY
onpejeNneHue onepauui HAaA TOYKAMH MH HMeeM NpaBo Bblﬁﬂpa'l‘b,
3a60TACh MHIIL O TOM, UYTOOH HOBAaf CHCTeMa yncen o6nagana BCeMH
TeMH CBOHCTBaMH, PanM KOTOPHX MH €e co3jaeM. JTH ONpeAeNeHHs,
0COGeHHO IS NPOM3BEMEHHS, MOKAXKYTCH B MNEPBHIA MOMEHT BecbMa
HcKyccTBeHHBIMH, B 1. 10 Gymer mokasaHo, OIHAKO, YTO HHKaKHe
Apyrue onpepeneHus omepalul, Ha nepsbi B3TIAAL Jawe
6o/ee ecTecTBEHHME, He mpuUBeaM OGH HacC K HEJH, T, €. K 0O-
CTPOEHHIO paclIMpeHus CHCTeMH AeHCTBUTE/bHHX 4YHCE, CONEPIKALIEro
Kopenp ypaBsenus (1). Tam xe Gyner noxasamo, YToO 3aMeHa TOYeK
NNOCKOCTH B 5TOM NOCTPOEHHH 11106be IPYTHM MarTe-
puanoM He npupena 6L K CHCTEeMe YHCeNd, NO CBOHUM
anre6panuecKuM CBOICTBAM OTnnqarouLeﬂca oT TOH cH-
CTeMb KOMIOJEKCHHX YHCE/J, KOTOPas CTPOUTCSH HHUKE,

[Iycts Ha nnockocTH BeiGpaHa MPSMOYTOJbHAs CHCTEMA KOOPHHMHAT.
Venopumca 0603HAYATh TOYKH IUIOCKOCTH OykBamu o, P, y, ... H 3a-
NHCHIBATh TOYKY o ¢ abcunccoft @ u opaunHartoft b uepes (a, b), T. e.,
HECKOJBKO OTCTyIas OT TOTO, YTO NPHHATO B aﬂanumqecxoﬁ reomer-
puu, mucath o= (a, b). Ecain maum Touku a=(a, b) n Pp= TO
cymmoii 3THX TOueK Mbl OyieM Ha3HBATHh TOUKY C a6cuﬂccoﬁ a+c
H opaunato#i b4-d, T. e.

(a, b)+(c, d)=(a+c, b+d); 2
npousgederuesn touexk a=(a, b) u p=(c, d) mn Gyaem Ha3 HBaThH
TOuKy ¢ abcuuccodt ac—bd n opamHarodt ad- be, T. e.

(a, b){c, dy=(ac—bd, ad - bc). 3)
DTHM TyTeM Mb OMPENETHIN B MHOXECTE BCEX TOUEK IIOCKOCTH

aBe amre6pamueckue omepauuu. ITokawem, uto amu onepayuu obira-
oamm gcemit OCHOSHUMU cBolicmBami, Kakumu obiadaiom onepayui
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8 cucmene OelicmaumenssHex HUCeL WAL 8 CUCMeMe PAUUOHALBHBIX
duces: onu obe KoMMymamuBub, L QCCORUAMUBHbI, CBAIAHb 3AKOHOM
oucmpubymusHocmuy u 0458 HUX Cyuecmsyiom obpamHbie ornepoyul —
svisumanue u OeseHue (Kpome CeleHUs HA HYAb).

KoMMyTaTHBHOCTD M aCCOLUATHBHOCTD CAONEHHH OYEBWAHH (TouHee,
BHTEKAIOT M3 COOTBETCTBYIOUIHX CBOHCTB CJOXEHHR HeRCTBHTENhHHX
yncen), TaK KaK MPH CAOWEHHH TOYEK INMOCKOCTH Mbl OTAENbHO CKia-
IpiBaeM uX a6CUHCCH M OTAENbHO OpPAHHATH. KOMMYTATHBHOCTH YMHO-
MEHUsT OCHOBAHA Ha TOM, YTO B ONpeieleHHe NPOU3BeAEHUS TOUYKH O
B P BXOZAT CHMMETpPHYHHM 00pa3oM. ACCOLHMATHBHOCTh YMHOKEHUS
IOKa3LBAIOT CleAYyIoUiMe PaBeHCTBa:

[(a b) (c d)] (e, f)=(ac—bd, ad + bc) (e, f) =
-—(ace——bde—aa'f-—bcf, acf—bdf -+ ade - bce),
(@, 0) (e, d) (e, /1] =@, 0) (co—df, cf + de) =
-~ =(ace—adf—bcf—bde, aff—{—ade—l—bce——bdf).
3aKoH AMCTPUOYTHBHOCTH BHTEKAET U3 DPABEHCTB
e, by +(c, d)] (e, f)=(a+c, b+ d)(e, /)=
) =(ae+ce—-bf—-df, af+€f+08+d8),
(@, b) (e, /) +(c, @) (e, /) = (ae—bf, af+ be)+(ce— df, cf -+ de) =
= (ae—bf +ce—df, af -+ be+cf-de).
PaccMmoTrpum Bonpoc 06 o6patHnx onepauusx. Ecam naHH TOuYKH
a=(a, b) n p={(c, d), 70 nx pasnocrbio Gyner Takas Touka (¥, y), 4TO
(¢, d)+(x, y)=(a, b).
Orciona, sBuay (2),
¢ctx=a, d-ty=>b.
Taxum o6pasom, pasnocmero tToyex a=(a; ) u P=(c, d) cayxur

TOYKa
a—p=(a—c, b—d) @

M 9T4 PasHOCTb OJNHO3HA4HO onpejeseHa. B uwactHoctn, wyses Gyner
Cny®uTh H44ano koopaunat (0, 0), a TOuKoOH, npomusoriosolcHol nas
TOYKH o ==(a, b), Oyxer Touka
— o = (—a, —b). (5)
IMycts, manee, maun Toukn o= (a, b) n P =(c, d), npuyen Touxa P
OT/NMYHA OT HyJd, T. €. XOTd Obl OfHAa M3 KOOPLHMHAT ¢, d HE €CTh Hylb
# moaToMy ¢2-d?=£0. YacTHoM OT neneHns o ¥ P L0MKHAZ OuThb
TaKas Tovka (¥, y), uro (¢, d)(x, y)=(a, b). Orciona, Buny (3),
cx—dy=a,

dx -+ cy=2b.
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Pewast 9Ty CHCTeMY ypaBHEHHH, Mbl MOJYYHM:

ac+bd __bc—ad
axa YTExae

| a
Taxum o6pasom, npu B=%0 zacmnoe B CymiecTBYeT M OJHO3HAYHO

onpeneneHo;

o ac-+bd bc—ad
—5' (Cz+dz ’ Cz+d2) (6)

Tlonaras saech f=o, MH NONYYHM, YTO eOUHUKel TIPH HALIEM YMHO-
WEeHWH Toyek cayxHuT Touka (1, 0), nexamas Ha ocu abcumcc Ha pac-
crosaun 1 BmpaBo OoT Havajna koopauHar. Ilonaras, nanee, B (6), uTO
a=1=(1, 0), Mo moayyuM, uto npu P =0 ToukoH, o6pamnoi nnsa P,

6yner:
- ~—d
B =(a15 a7a)- (7)

TaknM 06pa3soM, Mb MOCTPOMAM CHCTEMY uHCesa, H306pamaeMbx
TOYKAMH MJOCKOCTH, NPHYEM ONEPalMH Hajd STHMM YHCIAMH Ompene-
asores no ¢Gopmynam (2) m (3). IJra cucTeMa UHCENT HA3BBACTCH
cucmemoli KOMNAEKCHBLX Hllcen. :

TokameM, 4TO CUCMmeMA KOMNACKCHUX 4UCes A8AREMCR. pacuipe~
Hluesm cucmemv Oelicmsumenvublx 4ucen. Ins sTol Lenn pacCMOTPuM
TOYKH, Jexauye Ha ocu abcumce, T. e. ToukH Buia (a, 0); crasd
B COOTBETCTBHE TOuKe (a, 0) MeMCTBHTENbHOE YHCIO @, MH NOJAyYaeM,
OYEBHIHO, B3aHMHO OJHO3HAYHOE COOTBETCTBHE MENKAY paccMaTpusae-
MbHIM MHOXECTBOM TOYEK M MHOMKECTBOM BCeX HAeHCTBHTENBHHX uHCel.
[Mpumenenne 1 9TuM Toukam ¢opmyn (2) u (3) maer paBeHCTBa

(a, 0)+(b, 0)=(a+0, 0),
(a,0):(b, 0)= (ab, 0),

T. €. Toukd (a,.0) CKnafgpBalOTCd M rlepeMHO)KalOTCﬂ IPYyr ¢ Ipyrom
TAK e, KaK COOTBETCTRYIOLLHE neilcTBUTENbHBE Yncna, TakuM 06pa3om,
JMHONCECTNBO ' moker, AeHCQUUX Ha ocu abcyucc, paccmampisaemoe
KQK 4acmb CUCmeMbl KOMNACKCHUX 4UCer, 1O CBOUM artebpauiecKun
cgolicmsam Hu4em He OmAutaemcss om cucmemv. QdelicmsumensHux
yucen, 064HbLM CNOCOGOM U30OPANCEHHOL mouKamit Npamol AuHuL.
Ato mo3BonfeT HaM He pa3nuuarh B Oyayimem Touky (@, ) u neficTBu-
TenbHOE 4YHCIO @, T. €. Bcerga mnoxarath (e, 0)=a. B uwactHoCTH,
Hyap (0, 0) u enmuuuua (1, 0) cHCTEeMH KOMIIEKCHBLIX YHCET OKashl-
BalOTCST OGBIYHBIMM JeHCTBHTENbHHIMA ynciaMu O u 1.

Ham HyxHO Tepnepb nOKasaTh, YTD Cpedl KOMRAEKCHbLX wucenr
codepacumcst kopenbv ypasHenus (1), T. e. Takoe 4YHCIO, KBajpat
KOTOPOTO paBeH neHCTBHTENbHOMY yucay —1. Jto Oynder, Hampumep,
touxa (0, 1), T. e. TOuKa, Nexauias Ha OCH OpAuHAT Ha pacctosnun 1
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BBEPX OT Hayana Koopamnat. HelicTBuTenpHo, mpumeHss (3), nonydaem:
(0, 1)-(0, ) =(—1, 0) =—1.

YcnoBumea 0603HAYaTh 3TY TOYKY OYKBOU I, Tak 4ro i? = —1,
[TokawkeM, HaKOHel, 4TO OAS HMOCMPOEHHBIX HAMU KOMALCKCHHX

qucen modxcem Ooimb noayueHa ux odwunas 3anucs. Ilas storo naii-

JeM cHayana npou3BeleHHe ACHCTBHTENBLHOTO 4YHCAAa & Ha TOYKy it

bi=(b, 0)-(0, 1)=(0, b);

310 OyHeT, CleLOBATENBHO, TOYKA, /IeKau(ast Ha OCH OPAMHAT M MMel0-
mas OPHAMHATY b, mpHuUeM BCe TOYKH OCH OPAMHAT NPEeNCTABUMBI B BHAE
TakuX npoussepenunft. Ecam reneps (@, ) —npomsBoabHas TouKa, TO

BBULY paBeHCTBa
(a, b) = (a, 0)+ (0, b)
nonyyaem:
(a, By=a--bi,

T. €. MBI HEHUCTBHTENbHO NPHXOXUM K OOMYHOH 3aNMHCH KOMILIEKCHBIX
4yuCesl; MPOU3BEAEHHUE M CYMMY B BhIpaweHHH a-}0i crenyer MOHH-
MaTbh, KOHEYHO, B CMbiC/e oOnepauuH, OnpeAeleHHHX B NOCTPOSHHOMH
HAMH CHCTEME KOMINIEKCHBIX 4ucesn,

Tenepb, KOraa KOMIUIGKCHbIE YHCIAa HAMH yXe MOCTPOEHHI, YUTATE/b
6e3 TpyRa NPOBEPUT, UTO 8Ce Ccolepicaniie npedulecmeyOuUx 24a6
KHUu2W—MW TEOpUs ompenenuresied, ¥ Teopus CuUcTeM JHHEHHHX Yypas-
HeHUH, ¥ Teopud NHHEHHOH 3aBHCHMOCTH BEKTOPOB, M TEOpHs Omepa-
HUH Hall MaTPULAMH— 0e3 8CAKUX 02PAHU%eHUl nepeHocumcsa Ha mom
cayuaii, k02004 K DACCHOMPEHUIO OONYCKAIOMCR Mi00ble KOMNAEKCHbLE
HUCAQ, @ He MOAbKO Hucaa OQelicmsumenvruoie.

B sakmiouenne 3aMeTHM, YTO NPOBEAEHHOE HAMH TIOCTPOEHHE CHCTEMb
KOMIVIEKCHBIX YHCEN MOACKAa3biBaeT C/IeAYIOWMH BOMPOC: HeNb3s AU Tak
OMpeneNUTh CHO¥KEHHEe H YMHOMEHUE TOYEK TPEXMEPHOrO NPOCTPAHCTBA,
4yT06H COBOKYMHOCTb 3THX TOYEK CTajsa CUCTEMOM 4YHCEN, colepwaniei]
B cebe CHCTEMY KOMIUIEKCHHIX YHCEN WAM XOTA 6H CHCTeMY pHelicTBu-
TENbHRIX 4xcen? OTOT BONPOC BHIXOAMUT 338 PAMKH HAlIero Kypca, H Mol
Ui0b OTMETHMM, YTO OTBET Ha HEro OKa3biBAeTCS OTPHIATE/AbHEIM.

C npyro#l cTOpOHBl, 3aMeuasi, YTO C/IOKEHHE KOMIUIEXCHHX YHCe,
ofpeneneHHoe BhIIE, II0 CYHMIECTBY COBNALaeT CO CIOWEHHEM BEKTOPOB
Ha OfO0CKOCTH, BHIXOAAIIMX M3 HAyana KOOpPAMHAT (CM. CACAYIOWIHH ma-
parpad), ecTeCTBEHHO NOCTABHTh TAKOH BOIPOC: MOXHO JIH IIPH HEKOTO-
PBIX 72 TaK OMpeNeNHTb YMHOXKEHHEe BEKTOPOB B 7-MEPHOM AeHCTBUTENb-
HOM BEKTOPHOM NMPOCTPAHCTBE, YTOOH O OTHONIEHWIO K STOMY YMHOe-
HHI0 1 OCHLIMHOMY C/I0XEHMIO BEKTOPOB Halle MPOCTPAHCTBO 0KAa3anoch
YHC/IOBOH cucTeMOH, conepwauieft B cefe cuCTEMY HEeUCTBHTENbHLIX
yucea? MOXHO MOKa3aTh, YTO 3TOTO CHENaTh HENb3fd, ecal Tpe6oBath
BLIIOMHEHUA BCEX TeX CROWCTB oOnepanuff, KOTOPHE HMEIT MeCTo
B CHCTEMAaxX pPalHOHAa/bHbIX, AeHCTBUTENbHHEX .M KOMIJIEKCHHX YuCes.
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Ecan xe 0TKa3aTbCi OT KOMMYTATHEHOCTH YMHOXEHHS, TO TaKoe Io-
CTPOEHHE BO3MOWKHO B YeTHPEXMEDHOM MPOCTPAHCTBE; I10YYaiomiasnics
CHCTEMA YHCeJ Ha3HBAeTCH cuUcmemod Keamepruoros. Auanormunoe
NOCTPOEHHE BO3MOXHO U B BOCBMHMEPHOM NPOCTPAHCTBE — HOJyYaeTCH
TaKk Ha3uBaeMmast cucmema zuces Kasu. 31echb TNPHXOINTCH OTKA3h-
BaThCH, BIPOYeM, He TOJIbKO OT KOMMYT4THBHOCTH YMHOXEHHS, HO M
OT €Tr0 acCOLHAaTHBHOCTH, 3aMEHAsl nocaefHee OAHUM Oosee cnaboM
tTpeGOBaHUEM.

§ 18. HaanHeiimee uayyeHue KOMIIEKCHBIX dHCEI

B cooTBeTCTBHM € HCTOPUYECKH CAOMUBLIHMHCA - TPALULUAMH MH
OyleM Ha3nBATb KOMIUVIEKCHOE YHCIO { MmHuMOU edunHuyed, a uucaa
BUAA. bi—uucmo mHumblML 2uCAGMY, XOTA CYLIECTBOBaHHE 3THX 4u-
ceJ He BHI3LIBAET Yy HAC COMHEHMH ¥ MBI MOXeM yKasaTb Te TOYKH N10-
CKOCTH — TOUKH OCH OPAMHAT,— KOTOPHIMH 3TH YMC/Ia H306pamaioTcd.
B 3anucH KoMNNEKCHOTO yuc/a o B BHAE 0= @ - bi 4uCI0 @ Ha3HBaeTCH
delicmeumeavnoll yacmeio uucna o, a bi—ero mHumoll racmepo. [1ao-
CKOCTb, TOYKW KOTOPOH OTOXAECTBIEHH C KOMIJIEKCHHIMH YHCAAMH 110
crniocoBy, usnowenHoMy B § 17, 6yaeT nasniBaThCR KoOMNAeKCHOU 110~
ckocmeo, Ocb abcuuce 3TOH NINOCKOCTH HA3bIBAeTC Oelicmeumens-
HOL O0CbIO, TAaK KaKk ee TOYKM H300paxaloT AeHCTBUTE/bHLE YHC/IA;
COOTBETCTBEHHO OCb OPAUHAT KOMIUIEKCHOM MIOCKOCTH Ha3LIBAETCH MHU-
Mol 0CoI0.

Crnoxenue, yMHOXEHHe, BHIYMTAHUE H JeJeHHEe KOMIUIEKCHHX YHCel,
3aNuCaHHLIX B BuAe a-} bi, TpOM3BOAATCH CAeLYIOUIMM 06pasoM, Kak
suTeKaer M3 opmya (2), (4), (3) u (6) mpenurectBylomero naparpada:

(@-+bi)+ (c+di)y=(a+c)+- (b +d) i;
(@ + bi)— (¢t di)=(a—c) -+ (b—d) i;
(@ bi) (¢ 4 di) = (ac — bd) } (ad + bc) i
a-t+bi__ ac+bd be—ad ,
c+di +cz+da *

Mbl MOXKEM CKa3aTh, YTO MpU CAONCEHUL KOMNACKCHHX HUCeR eKAa-
oblBaomcst omoesbHO UX QelicmsumensHbie yacmu U O0moOesbHO ux
MHUMble 4acmi; aHANOTAYHOEe NMPaBU/IO HMEET MeCTO M I/ BuIYMTA-
Hust. €noBecHple BhpaweHus Aaf GOPMYJ YMHOXEHHS M ResleHus Obiin
On CAMILKOM TPOMO3JAKHMH, M MH HX HEe jaaeM. IIOCHERHIO W3 STHUX
dopmyn HeT HEOOGXOAMMOCTH 3anNOMHHATh; CJAeAyeT /Wb NOMHHT,
YTO €€ MOXHO BHIBECTH, YMHOXasi YHCJAHTENb M 3HaMEHaTelb 3aJaHHOi
IpOo6H Ha 4YHCA0, OTIMYAIOINEECH OT ‘3HAMeHaTeNd JAMIib 3HAKOM DpPH
MHHMOH dacTd. ’ '
JelcTBUTENBHO,

a4 bi (a-l-bz)(c—d:) (ac+bd)+(bc—ad)z ac+bd bc—ad
ctdi (c4di)(c—di) c2+d? . +c E
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MpumMepH.
D 24+5)+(1—T)=2+1)+(B—7)i=3-2i;
2) B—9)—(T-+i)=CB—=7)+(—9—1) i=—4—10i;
3) (1 420) B3—i)=[1-3=2-(—)]+[1+(—1) +2-3] i =5 -5i;
4) 23407 (23410) (3—1i) 70—20i Y

347 @FHE—i 10 '

W306pamenne KOMIVIEKCHHX “MHCEN TOUKAMH IVIOCKOCTH NPHBOLMT
K eCTeCTBEHHOMY MeJaHWIO HMEThb FeOMETpHUeCKOe HCTOMKOBaHHE one-
pauuii, oupee/eHHHX AN KOMIUIEKCHHIX yucen. g croxenus rakoe
HCTOAKOBAHME MOXKET OHITh nonyuexso 6e3 sarpyadeHuit. [Iycrtp masl
yucna o==a--0i u P=c--di. CoenungeM COOTBETCTBYyIOLIHE KM
TOYKHK (@, b) u (¢, d) orTpe3kamMy ¢ HAYAJOM KOOPAHHAT M CTPOUM HA
STHX OTpe3Kax, KaK Ha CTopoHax, mapamrenorpamd (puc. 2). YHermep-
TOH BeputnHOil 3TOro mapanneaorpamma GyaeT, OUEBMAHO, TOYKa

M
o
14 % a
d @, ‘. 4 7 b—>ﬂ
s B/ ‘
gle a =7 -
Puc. 2. ‘ Puc. 3.

(@ 4-¢, b +4-d). Takum 06pasoM, CAoNMceHle KOMNAEKCHX HliCen 2e0-
MempUuecKl BHIOAHAEMCS 10 NPasury napansseroZpamuna, m. e.
no-rzpa&ujzy‘cﬂooiéeuu}z 8eKMOpos, BHLXOOAUUX U3 HAYANG KOOPOUHAM.
M Hanee, HILCA0, NPOMUBONONOINCHOE HUCRY o=

4\ =a+bz, Oydem moimozi xo.ucz/zerccuoti naocro-
cmu, CUMMeMPULHOL ¢ MOHKOU 0. OMHOCUMENbHO

nazasa xoopéunam (puc. 3). Orciona Ge3 Tpyna

o MO¥KeT OHITb MONYUYeHO IeOMETPHUECKOE HCTONKO-
» BaHHE BHYUTAHUSA. )
7 P/ Feomerpuyeckuit cMBICA yMHOKEHUS H eI HHsE

] 7 7 KOMIJIEKCHBIX YHCEJ CTAHEeT SCHBIM JIHUb Mocie
TOTO, KaK MH BRefeM AJd KOMIUIEKCHBIX YHCCH

Puc. 4. HOBYIO 3aMHCh, OTAHYHYIO OT ymoTpeGasBlieilcs

‘ HaMp RO CHX nop. 3amuch 4YHCAA G B BHAC

o = a -+ bi nCnoAb3yeT AeKapTOBH KOOPAUHATH TOYKH, COOTBETCTBYOI L
aToMy uncay. [losoxeHue TOUYKH HA MIOCKOCTH BIOJHE OIPENe/ISeTCH,
OJHAKO, TaKxke 3alaHHEM €e TIO/SAPHBIX KOODAMHAT: PACCTOSHUA I OT Havana
KOOPAHMHMAT 10 TOYKN H'Yraa ¢ MEKAY NOJOKHTEIbHHM HAaNpaBJIeHnem

ocu afcuucc WM HAnpaBIEHHEM M3 Hayakd KOOPAMHAT Ha 9TY TOUKY
(puc. 4).
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Yucno r aAsnsgeTcd HEOTPHUATENLHEIM HeHACTBHTENBHHM YMCIAOM, NpPH-
4eM OHO PaBHO HyMO aAumpb gas roukn 0. Jlng o, nexamiero na Aedt-
CTBHTE/bHON OCH, T. €. ABJAIOWIEroc AeHCTBUTENbHEIM YHCJIOM, YHCIO T
6yaert aGCOMIOTHON BeAHYMHON &, MOSTOMY B AAf J1I060TO KOMIVIEKCHOTO
4HCNa ¢ €r0 HHOTIA Ha3HBAaIOT abcosomHol 8eAuuHOil YACIA o vaule,
BIIDOYEM, UHC/AO 7 Ha3LBAOT Modysex uucia a. O603HayaeTcss OHO
yepes |al.

Yron ¢ 6ynerT HaswBaTbCH apzyMeHmos 4€HMcIa o H 0603Ha-
yatbea argol). Yron @ MOWeT npUHUMATH JIO6HE AeHCTBHUTE/NbHHE
3HauYeHMs, KAaK MOMOXHTE]bHHE, TaK M OTPHUATE/IbHHE, NPHYEM MO0~
HUTENbHBIE YIJIBl JOJKHB OTCUMTBIBATLCH HAPOTHB YaCOBOH CTPENKH,
OLHAKO, eCHH YrAbl OTAHYaTCd APYr OT APYyra Ha 2m MAM 4HCIO,
KpaTHOe 27, TO COOTBETCTBYIOULHE MM TOYKH IIOCKOCTH COBNAnaloT.

Taxum 06pa3oM apryMeHT KOMIVIEKCHOTO YHC/Na O HMeeT GecKOHEeuHO
MHOFO 3HAYEHHH, OTAMYAIIUXCE APYT OT ApYyra Ha Lelue KpaTHHeE
yHuciaa 25; W3 PABEHCPBA ABYX KOMINIEKCHBIX YHCEJ, 3aJaHHHX MX MO-
LyASMH H apryMeHTaM#, MOXHO NHIIb 3aKMOYHTb, CNEAOBATENbHO, YTO
apryMeHTH OTJHYAIOTCH Ha lesoe KpaTHO/Z ypucaa 27, B TO BpeMd Kak
MOJLYJH PaBHH. APDryMeHT He ompefeNeH Jullb Aasf yucaa 0; 3To ynCIO
BNOJIHE ONpexedeTCs, ONHAKO, PaBeHCTBOM }O!=0. '

ApPryMeHT XOMMJIEKCHOTO YHC/A  SBJAfETCS €CTeCTBEHHHM 0600uie-
HHEM 3HaKa AeHCTBUTENBHOrO uMcaa. B camoM nede, apryMeHt moio-
KUTENbHOTO JeHCTBUTEALHOTO Yyucna pasen 0, apTyMeHT OTPHHATENAbHOTO
AEHCTBHTENBHOrO u4MCAa paBeH JU; Ha NeHCTBUTENbHOW OCH M3 Hayana
KOOPRHHAT BBIXOAST JAHMb JB2a HANpaBJeHHS H HX MOXHO PasaHuaTh
IABYMSI CHMBOJMAMH - M —, TOTLA KAK HAa KOMIMIEKCHOH MIOCKOCTH
HanpapaeHuH, BHIXOAAHIMX H3 Touku 0, 6ECKOHEYHO MHOTO M pasju-
YalOTCA OHH YXe YIJOM, COCTaBASEMHM HMH C MOJOXHTENbHWM Hampas-
JenneM AeHCTBHTEAbHOR OCH. '

Mexay XekapTOBHMH H TOJAAPHBIMH KOODAHWHATAMH TOYKH CyHie-
CTBYeT CJIEAYIOulasi CBf3b, CIPaBe/IMBas NMPU JIOGOM PacnoNOXEeHUH
TOYEK Ha IJIOCKOCTH: .
' ' a=rcosQp, b=rsing. (1)

r=+Va?+ b (2)

[lpumenum éopmyan (1) K UPOH3BONBHOMY KOMIIEKCHOMY YMCAY
a=a-bi:

Orciona

a=a-+}bi=rcos@-+(rsing)i,
Hiu

o =r (cos @i sin ). (3)

O6patHo, mnycth uncno G =a-bi nomyckaer 3anuch BuAA
o =Try(cos@,+ising,), rae ro, M ¢,—HEKOTOpHE .JeHCTBHUTENbHHE

1) Mu oOTKasbiBaeMCsl, CJIe[I0OBaTejbHO, OT OGHYHLIX Ha3BaHHH MOJSAPHHX
KOOPAHHAT TOYKH—NONAPHBI pagnyc H HOJNAPHLIE yrod.
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yucaa, npudeM r,=>>0. Toraa rycos@s=a, rysing,=>, orKyna
ry= +Va®F 1%, 1. ., BBuny (2), ro=|o|. Otcioaa, ucnonsays (1), no-
JyHaeM: COS(p,==C0s @, sin@,=sin@, T.e. @,=arga. Takum o6pasom,
BCAKOE KOMNACKCHOE HUCA0 O. OOHO3HALHbM 00pasom 3aniucoigaemcs
8 sude (3), 20e r=|a|, @p=arga (IpHYeM aPryMeHT ¢ ONpere/ex,
KOHeYHO, JHIIL C TOYHOCTHIO MO CAAraeMbiX, KPaTHBX 27t). JTa 3amuch
YuCla O HA3LIBAETCA €T0  mplzoHomempuieckoll c¢hopmoii n Oynet
Hanplie BechMa 4acTO HCIOMb30BATHCA.

Yucaa

LT 19 L. 19
oc—3<cos—z-+t'sm74~>, ﬁ-—cosgn—i—tsm 7 T

— [ws(_ _7{‘_) +isin (—— %)]

4]

3aJlaHKl B TPHTOHOMETpHYecKoR dopme; 3iech |al=3, |p|=1, |y|:V3T;
arga:—’}, arg f=—3u, argv,=—-—?— HITH 5rgﬁ=%,argv=$’n .

C Apyroit CTOPOHH, KOMIIEKCHbE UHC/a
. T, N ‘e 2 L2
q-(—-2) (cos 5+tsm—5—), 4 —3(.cos§n—zsm—g—n>,

y’=2(cos %-{-ism—%n), 6’=sin%n+icos%n

JaHK He B TPUTOHOMeTPHUeCKO# (JopMe, XOTs! BX 3alHCH HAMOMHHAIOT 3amuch (3).
B TpuroHOMeTpHuUECKOH (opMe STH UHC/IA 3aANHCHIBAIOTCHA TaK:

. 6 ) . 4 .. 4
a_2(cos—5-n+zsm5 n), ﬁ~3(cos§u+tsm—§ n),

/ 7 , .7
&’ =cos -;—n-{-zsmz-n.

PasbicKaHHEe TPHIOHOMETPHYECKOH (OPMH uucaa Yy’ HaTaJKUBAeTCH HAa TPYA-
HOCTh, NMOYTH BCETAAa BCTPEYAIOMIYIOCH NPH Mepexofe OT OOLYHON B3alHCH KOM-
NJAEKCHOTO YHCJA K TPHTOHOMETPHYECKOH M OOpaTHO: HeBO3MO:XHO, KpOMe He-
MHOTHX CJyvYaeB, N0 3aAaHHbIM YHCJIOBbLIM 3HAYSHHSM CHHYCa H KOCHHYCAZ HaHTH
TOUHO YroJ, a AJf 3aJaHHOTO YIJa HANHCATh TOYHbLI € B3HAYEHHSA €r0 CHHYyCa
M KOCHHYCA.

MMyctb KommaexcHoe 4ynmcaa o ¥ [ 3agansl B TPHCOHOMETPHUECKOH
dopme: o=r{cos@-+ising), P=r'(cosq +ising’). Ilepemuosum
9T yucaa: :

af =[r (cosp+ i sin)]-[r' (cosq’ -1 sing")] =
==rr' (cos @ cos @’ i cos @ sin @’ - sin @ cos ¢’ — sin  sin ¢'),

HIAH

af =rr' [cos (¢ +¢) +-i sin (@ +-¢)]. )
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Mpl moayumau 3amdch npou3senennus off B TpnrouomeTpmecxoﬁ dopme,
u nosromy |af |=rr', nam

T. €. MO0YAb TNPOU3BEOCHUS KOMNACKCHUIX HlUCel pABeH Npou3sede-
Huio MmOy el comHoxcumenel; nanee, arg (af)=¢-+ ¢’ nn

arg (af)=arg a+ arg f, (6)

T. €. ApeYMeHm npou3sefeHUs KOMNAEKCHHX HiCed pABeH CYMmMme
apey menmos comHuoycumesed ). Jru nparuaa pacnpoCTPAHSIIOTCH, Oye-
BUIHO, HA 11000e KOHEUHOE YHCIO MHOXUTE/NeH. B npuMeHenun x cnyyaio
oelcTBUTENbHBIX uncen dopmyna (5) nmaer u3BecTHoe CBOHcTBO abGco-
AIOTHHIX BEJWYMH 3THX uHuces, a {6) npeBpamaercsd, Kak Jerxo npo-
BEPUTb, B NPABH/IO 3HAKOB NP YMHOXEHHH NEHCTBUTENbHHIX YHCE.

Ananornysble mpaBmJa ‘HMEOT MeCTO W JAJas vacTHoro. [leficTBu-
TeAbHO, MyCTh a==r (cos @} isin@), P==r'(cos ¢’} ising¢’), npuuiem
p=%0, T. e. r’ 5= 0. Torna

o r(coscp+isinq>) r(cosq)—l—zsm(p)(cosq)—zsmq))

BT (cos@ Fising) 7" (cos? @' - sin® @’)
=;,~(coscp cos ¢’ + i sin ¢ cos ¢’ —i cos @ sin @’ +- sin ¢ sin ¢’),

un
5 =7 Leos (p— )+ sin (p— ) ™
Orciona caenyer, 41O %I:;’T WIH
a|_ lel
[ |= 15T ®

T. €. MOOYAD HACMHO20 O08YX KOMINAEKCHbX HUCer PABEH MOOY L0
: a
Oeaumoz0, OeAeHHOMY HQ M00YARb Qesumers; Balee, arg (F>=

=¢—¢’, nin
arg (%) =arga—argf, , 9)

T. €. QpeYyMeHm 4ACMHO020 08YX KOMNAEKCHUX 4UCeL NOAY4QEMCS
BUMUMAHUCM ap2YMEHMA OellmeNs U3 GP2YMEHMaA OelUm020,
FeoMeTpuuecKnit CMBICH YMHOXEHHA W JEJEHHS BLIACHAETCH TEHEPh
6e3 sarpynnennti, [eficrBurensuo, Beuay dopmyn (5) u (6), Mo noay-
YUM TOYKY, H300paMaUy0 NPOU3BEJEHHE 4YHCAa O HA 4ucno f =
=r'(cosq’ }-ising’), ecau BexrtOp, uaymu ot 0 k o (puc. ),
noBepHeM TNPOTHB 4aCOBOH CTPENKH HA yroa ¢'=argP, a sarem

D! I]op.qepxﬂem, YTO PABEHCTBO 3AECH HOHnmaercﬂ ¢ TOYHOCTbIO ZO CcJjarae-
MOro, KpatHoro 2z,
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pactaneM ator Bektop B r'=|fB| pas (mpn O<<r’<<C1 aro Gyner,
KOHEHYHO, CXaTneM, a He pacTawenuem). Jlanee, us (7) cnemyer, yTo
npu a=r (cos@-|}-isin ¢) =0 Oyzer

o~ t==r1[cos (— @)+ i sin (— )], (10)
T. e, Ja"l|=|a|"}, arg(a!)=-—argo. Taxkum 06pa3oMm, Mbl MOAYYHM

TOYKY a~!, ecam or Touku « mepefiiem K Touke o', Jewaumieii Ha pac-
CTOosiHuH r~1 OT Hyas Ha TOH Xe NONYNPAMOH, BuIXOAfUIER H3 HYyAd,

M -M
g A
wl
[2 4
o @7 .
17
i V] i<z
14
0 : =2
d-,
Puc. 5. Puc. 6.

yto u Touka o (puc. 6)1'), a sarem nepelaeM K TOYKe, CHMMeTPHUHOH
C &' OTHOCHTENbHO AEHCTBUTENBLHOH OCH.

CyMMy H PasHOCTb KOMIIEKCHHIX YHCEN, 3aJaHHLIX B TPHIOHOMETPH-
yeckolt ¢opMe, Heab3s BHpPa3uTh hopMynamu, nopoGusiMu dopmynam (4)
u (7). Jng MORyAq CyMMH HMEIOT MECTO, OXHAKO, C/eXYIOUHEe BAXKHBIE
HEePaBEHCTBA:

lel—{Bl<<la--pl<<|a|+[Bl (11)

T. €. MOOYAb CYMMbL 08YX KOMNACKCHULX 4UCeA MeHbUle UML PABEH
cymMme mo0ynell caazaemvix, Ho GoAbiie UAL DABeH PAIHOCMIL 3MUX
modyaseli. Hepasernctsa (11) BHITeKawT U3 U3BeCTHOHR TEOopeMH! veMeH-
TAPHOH reOMeTPHH O CTOPOHAX TPEYroNbHHKA BBHAY TOrO, 4r0 [0 - f |
paBeH, Kak Msl 3HaeM, AHAaroHand HapaljejorpaMma CO CTOPOHAMU
| af u [ Cneumanphore paccMoTpenust, KOTOPOE Mbl MPEHOCTABISAEM
yHTaTeMo, TpeGyeT, BHpoueM, caydvad, xoraa TouxkH o, § um O gexar

1) Toraa u Tonpko rorpa |’ |={a|, ecanm [a|=1, T. e. ecanm TouKa q
JIEUT HAa OKPYXKHOCTH edunu4nozo Kpyea. Ecan o JeXHT BHYTPH €AHHHYHOTO
Kpyra, 10 o' Oyjer BHe ero, u obparTHo, NpHYeM STHM MNYyTeM Mbl MOJyUaeMm,
OYEBHAHO, B3&MMHO OJHO3HAUHOE COOTBETCTBHE MeXAY BCEMH TOYKAME KOM-
NIEKCHOH IJIOCKOCTH, JIeXAalUMA BHE eXHHHYHOIC Kpyra, H BCEMH TOUKaMH,
Jie¥AMUMH BHYTPH DTOFO KPyra H OTJAHYHBIMH OT HY A5
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Ha oAHOM mpsmoli; nuiub B 3TOM cayyae B ¢dopmynax (11) wmoryr
MOCTHTAaThCH PABEHCTBA.

Us (11), BRuny a—P=a-+(—fp) u
|—Bi=IB] (12)

(370 paBeHCTIBO CJefAyeT XOTd On M3 T[eOMETPHUECKOTO TOJAKOBAHUR
ypcna —f3), BHTEKAOT TaKwe HEPaBEHCTBa

la[—IBl<|a—B|<|a|+ IB], (13)

T. €. AJad MOAY/Ad PAa3HOCTH HMMEIOT MECTO TaKue K¢ HepPaBeHCTBA, KaK
H g MOAYASA CYMMH. -

Hepapencrsa (11) MoxHO GEI0 OB MOAYUYHTh TakKke CJASAYIOILEM NyTeM,
Myers a=r(cosp+ising), P=r'(cos@ +ising’) u nycTs TPHrOHOMETPHU-
veckad (opma uncaa o+ B ectb a-+f= R (cos P+ i sin ). CraaasBasg OTACABHO
JeHCTBHTE/LHEE H OTAEJbHO MHHMBIE UACTH, MOJYyYaem:

r-cos @+ r' cos @' = R'cos §,
rsin @+ 7’ sin @' = R sin ;
yMHOKaf 06e YacTH NepBOrO PAaBEHCTBA HA COS Y, 0be 4acTH BTOPOro—Ha sift Y
H CKJIafblBasi, NOJydaem:

r (cos @ cos P - sin q) sin ) +r’ (cos ¢ cos P +sin @’ sinPp) =R (cos? § -+ sin® ),
T. €. :

r cos (¢ —p) 41’ cos (¢’ —P)=R.
Otciofia, TaK KaK KOCHHYC HHKOrja He GniBaer Goblie efWHHULEL, CJACAYET Hepa-

BeHeTBO r+r' =R, 1. e.'ja|+|f|=|a+p]|. C apyroét cropons, a==(a}p)—
— p=(a+p)+(—p). Orciona, no goxasanHomy u B cuay (12),

‘ |a|<|“+f5l’l_‘l_—5|=la+ﬁ|+lﬁl.
OTKyA2 |dl—t§|<la+ﬁl‘

CnenyeT 3aMeTHTh, UTO N/ KOMIJIEKCHBIX YHCEM MOHATHS «Boapmiey
H «MeHbllie» He MOTyT ObITh PasyMHO ONpeJesieHn, TaK KaK aTH uucia,
B OT/IHYHE -OT AEHACTBUTEJNbHHX YHCeN, PacnojaraloTcsi He Ha npaMoH
JHHHH, TOYKH KOTOPOH eCTeCTBEHHLIM 006pa3oM yNMOPALOYEHH, a Ha
naockoCTH, [losToMy camMu kxoMnmaeKCcHHe uyucnaa (@ He uX
‘MOAYJAW) HUKOTCJA HENb3f COENUHATH B3HAKOM HeEpa-
BEHCTBa,

Conpsixennble uncaa. I[1ycTh MaHO KOMIIEKCHOE YHCHO O==a - bi.
Yncno a—bi, oranyamomieecs OT o AHIIb 3HAKOM IIPH MHHMOH yacTH,
- Ha3bIBAGTCHA YHUCJIOM, CORPANCeHHbM ¢ &, ¥ 0603HAYALTCHA O,

HanoMHuM, 4TO NpH PaccMOTPEHHH ACACHUS KOMIUIEKCHBIX YHCCHA MHI
npuberass K CONPsHKeHHBIM YHCAaM, XOTS H He BBOJM/IH 3TOTO Ha3BaHud,

Yucnom, CONpMmKEHHHM C o, OyXeT, OYEeBHAHO, O, T. €, MOXKHO

TOBOPHTH O Mape ConpsmeHnbx ynucea, JleHcTBuTE/AbHbE YHCTA, H TOMBKO
OHH, cOOpPaXeHH camu cebe, '



122 KOMIJIEKCHLEIE 4HCHA jra. 4

TeomeTpuyecku conpsixeHHbe YHCIA SBAKIOTCH TOYKAMM, CHMMETPHY-
HHIMY OTHOCHTENbHO HeHcTBuTenbHOR OCH (puc. 7). OtTcwaa CAeAYIOT
paBeHCTBa

|<_x_;=|oc[, arg a=-— argo. (14)

Cymma n npoussederue CONPANCEHHBX KOMNACKCHUIX  4iicer
asasomcn Oellcmeumesvrblmn ducsamu. B camom nene,

a+a=2a, }

15
aa=a’+}+bP=|al 1o

IMocnennee paBeHCTBO NMOKAa3LIBAET, YTO YHCAO OO0 JAaKe TONOKU-
TeabHo npH o=%0, B § 24 6yner nonyvyeHa teopeMa, MOKa3hBaOULas,
M 4YTO JOKa3aHHOe ceiiyac CBOHCTBO COMPSKEHHLIX
yycesn ABASETCH IJS HUX XapaKTEPHHIM.
Pasencrtso
“

(@a—bi)+ (¢ — di) = (a+c) — (b1 d) i

MOKa3LBAET, 4TO HUCAO; CONPANCEHHOE C CYMMOL
g 08yx Hnucea, pasHO cyMMe UlCer, CONPSHCeH-
HbiX €O CAa2aemblyi’

o+ p=a-+p. (16)
AxanornyHo, u3 paBeHCTBa
(a— bi) (¢ — di)=(ac — bd) — (ad - bc) i

BHTEKAeT, YTO HUC.A0, CONPANCEHHOE C Npou3sedeHuem, PRBHO Hpo-
U3BE0EHUIO %UCeN, CONPAHCEHHBLX C COMHONCUMEAAMUS

“P—a . (17)
Henocpencreennas npoBepKa NOKa3LBaeT TaKiKe CNPABELINBOCTH GOPMy
a—fPf=oa—3§, (18)
a o
o)== ' 19
(ﬁ P (19)
JlokaxkeM clelywuiee YTBEPWKICHHE: eCAL HUCLO O HeKOmopsly
obpa3on supaxceno uwepe3 Komnaexchoie uucsa Py, By, ..., P, npu

nOMOUWL CAOICCHUS, YMHONCEHUS, BHIUUMAHUS U OeneHUS, MO, 3AMeHAS
8 2MOM BbLpANCEHUL 8Ce YUCAQ P, UX CONPANCEHHWMU, MW NOLYLUM
HUCAO, COMPAICEHHOe ¢ O B YACTHOCTH, €CJIH YHCIO O AeHCTBUTENbHOE,
TO OHO He MeHsieTCHd NpPH 3aMeHe BCeX KOMIIEKCHHX wyucen P, ux co-
NpsHKEHHBIMH, .

ByxeM nokasuiBaTh 3TO yTBEPXKIEHME MHAYKHHWEH NO 7, TaK Kak
npy n=2 oHo BHTekaer u3 dopmyan (16)—(19).

[Tyctp wucno o BHpaweno uyepe3 uucaa Py, Py «.., P, He 0OaA3a-
TeJIbHO DPa3/nHuHble, B 9TOM BHpaxeHHH yKa3aH onpeje/ieHHHHA NOPIAOK,
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B KOTOPOM NPHMEHAIOTCH ONEPAHUH CAOMEHHS, YMHONEHHS, BHUHTAHUT
n nenenud. Ilocnesuum niarom Gyner NpUMeHeHHe OXHOH M3 3TuUX
onmepanuil K uuMcly Yy,, BHpaweHHOMY uepe3 uyucaa By, By, ..., B, rae
l<<k=<<n—1, 0 K 4HCAY Y,, BHPAKEHHOMY Hepe3 YNcAad By q, +.., P,
ITo uHAYKTHBHOMY TIDENNONOWEHMIO 3aMmeHa umcen Py, B,, ..., P,
Ha CompsKesme BieueT 3a CoGoM 3aMeHy 4MCaAa y, Ha y;, a 3aMme-
na uncen B,y Brrgr --.r By HA COMPAKEHHHE 3AMEHSET Y, HA Y,.
Oxnnako no oano#i us ¢opmyn (16)— (19) nepexom or y; U Yy, K y—l
U y, NPEeBPalIaeT YHCIO & B C.

§ 19. U3piaeyeHHe KOpHS M3 KOMMJIEKCHBIX 4HCEN

[TepexonumM K BOIPOCY O BO3BEXEHUH KOMIJIEKCHHIX YUCEN B CTEMEHD
M U3BJEYEHHMH W3 HHX Kopuf, Jif BO3BeleHHR uHCAa a==a- bi
B LeJayI0 NOJOWHTENbHYIO CTENEHb 72 AOCTATOYHO MPUMEHHTH K Bhipaxe-
nuio (@ bi)* dopmyny Gunoma HbiOTOH?{(?Ta dopmyna cnpaBeanusa
U AN KOMIUIEKCHBIX YHCEN, TaK KakK ee A0Ka3aTenbCTBO OCHOBAHO JIHUIb
Ha 3aKOHe JUCTPHOYTHBHOCTH), a 3aTEM BOCMO/Nb30BATHCH PAaBEHCTBAMH
PP==—1, B=—1{, *=1, oTkyza BooGue '

i4k=1, i4k+!=i’ i¢k+2=__ 1, i4k+3=_i-

Ecau uMcno o 3azaHo B TPHTOHOMeTPHYECKOH dopMme, TO NPH Le/H0M
NMoNOXHTENbHOM 72 U3 GopMyaw (4) mnpeniuecTByloumero naparpada
BhiTekaeT ciaenylomas dopmyna, HassiBaeMmas ghopuyasoli Myaspa:

[r (cos @ +- i sin 9)]* =r" (cos n@ + i sin ng), 1

T. €. NpU B036€0LHUL KOMNACKCHOZO WUCAQ 8 CMeneHb M00Y A6 80380~
OuUMcst 8 amy cmenexs, G Qap2YyMeHm YMHONCAeMCS HA NOKa3amens
cmenenu. Popmyna (1) BepHa u I LeJbIX OTPULLATEbHBIX TIOKa3aTexei.
He#ictButeabHo, BBuAy 2~"=(~1)", mocraTtouHo NpuMeHHTb Popmyry
Myaspa k yucay o~!, Tpuronomerpuueckyio ¢opMy KOTOPOro maer
dopmyna (10) npexuiecTByouero mnaparpada.

Mpumep L.

1) 37=i, 12=—1;

9) (24 5i)% =923 3.92.5; 4 3.2.522 {533 —

=8+ 60i —150— 125{ = — 142 —65i;

3) [Vi? (cos%-}-isin%—)]4=(V2_)4(cosn+isin ﬁ)=—4;
4) [3 (cos%-!‘isin%—)] o

=373 [cos(—-gn)—l-i sin (-—~ %n)] =5 (cos%rﬂ-isin%n) o

w
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YacTHet cayuait dopmynsl MyaBpa, a MMEHHO PaBeHCTBO
(cos @ - i sin )" == cos ng + i sin ne,

N03BONSET JIETKO MOAYYHTh QOPMYysb IS CHHYCa M KOCHHYCa KPaTHOTO
yria. JdelCTBATENbHO, paCKpbiBas JeBY0 4aCThb 3TOrO paBeHCTBa HO
dopmyne GuHOMAa M NPHPaBHHBAsh OTAENbHO NeHCTBHTENbHHE H MHHMMbE
yacTn ofenx yacTed paBeHCTBA, Mbl IOJYYMM:

€os n(p=cos”cp-—('22 ) cos” ~%p . sin® ¢ - <Z ) cos"T4g-sinftg—. ..,

sin g = (’11 ) cos""lg-sing— (g ) cos" 3 @.sind -
n

-+ (5 ) cos""d.sinbp— .. .3

7

n
31ech (k) ecThb 06HYHOe 00603HayeHMue GHHOMHAABLHOTO KO3 dHuunenTa:
®

n\_nnh—1)(n—2...(n—k+1)
(k )“ 1-2:3.. .k ‘

lpu n=2 mp npuxoauM K u3BeCTHbIM (opMYyJIaM
€0s 2¢ = cos® ¢ — sin? ¢,
sin 2¢p=2 cos ¢ sin @,
a npu n=3—k dopmynam
cos 3¢ ==cos® ¢ — 3 cos @ sin? g,
sin 3¢ = 3 cos? ¢ sin ¢ — sin3 .

WM3Bneyenue KOPHA M3 KOMILIEKCHHIX YHCEN NPEACTABISET Yie MHOTO
Goabie TpyAHocTeH. . HauHeM ¢ u3BaeyeHMss KBaApaTHOTO KOPHA M3
yncna a=a-+bi. Mb He 3HaeM mMOKa, CYWECTBYET /M TaKOE KOM-
TUIeKCHOe YHC/I0, KBaApaT KOTOPOro pasex a. [Ipeanonoxum, uro Taxkoe

YUCA0 W-}-vi CyulecTBYeT, T. €., ynorpebngs OOBYHYIO CHMBOJIHKY,
MOXHO HamnHCaTh

V a-F bi=u-+vi.
Y3 paBeHcTBa

(ut+vi)=a-+bi

u—v?=q, }
2uv=>b,

cieayer
@)

Bossona B kpampar ofe 4acTH KayAOro M3 paBeHcTs (2), a 3aTeM CKaa-
AblBad HX, IOJyyaem:

(12— v)2+ 4ut0?:=(u? + 0v)2=q% - b?,
OTKY A4

Bt vr=+ Va3
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NIOJOXUTEAbHBIA 3HAK B3AT MOTOMY, UYTO YHC/IA # M U AeHCTBUTENbHBIE,
W [I09TOMY JeBas 4acTh PABEHCTBA noaokuTeabHad, M3 aToro pasencTsa
U H3 MePBOTO M3 PaBEHCTB (2) moayuaem:

9 1 L1/
b (VTR
V%= 17(—— a+V a¥ - b?).

Mpl MPUXOAMM, M3BJeKas KBALPATHHC KOPHH, K ABYM 3HAUEHHAM 1K 4,
OT/IHYAOILHMCH APYr OT JPYyra 3HAKOM, a TaKKe K /AByM 3HAaYeHHAM
nasg v. Bce 3T 3HaveHus OyAyT AeHCTBHTENbHBIMH, TaK KaK KBajapat-
Hele KOpHKM OyAYyT M3BJAEKATHCH NPH JIOOHX @ H H H3 INOJOXHTENbHREX
ypcen. [lonyueHHble 3HaueHUd AAS 4 ¥ U HeAb3st KOMOUHMPOBATD MEXKILY
co6ott npon3BoNbHLEIM 06pa30oM, TaK Kak, BBHAY BTOPOTO M3 PaBeHCTB (2),
3HAaK TPOU3BEIEHHS WU NOJKeH COBNAaAaTh CO 3HakoM b. DTo maeT ABe
BO3MOXHBe KOMGHHaLH#N 3HaYeHHWH # W v, T.e. ABa YyHc/Ia Buaa u-+vi,
KOTOpLIE MOTYT CAYKHTb 3HAYEHHSMH KBAJAPaTHOTO KOPHA M3 YHCIA O
STH YHCJa OTAMYAIOTCS APYr OT APyra 3HAKOM. DIeMEHTapHasi, XOTd |
TPOMO3JIKad, DPOBepKa (BO3BEILEHHEM IOJYUYEHHHX YHMCEN B KBajapar,
oTAenpHO aad ciaydast H>0 uw aaa caydas b <<TO0) mokaseiBaet, 4TO
Hal/lgHHbie HaMM 4uCaa AeHCTBHTENbHO SBAAIOTCHA 3HAUEHUIMH KBaApaTt-
"HOTO KOpHA M3 uucia «. Takum oOpa3oMm, u3snexenue K8aOPAMHO20
KODHA U3 KOMMNAEKCHO20 HUCAQ 8Ce20Q 803MOJNCHO U Qaem 08a.3HaYe-
HUS, omAUtamiecs opye om Opyza 3HAKOM,

B uwacTtHOCTH, Teneph AenaeTcs BO3MOWHLIM H3BJAEUEHHE KBAJAPATHOrO
KOPHSL M H3 OTPHIATEJNbHOrO AeHCTBUTEJIBHOTO YHC/AA, IPHYEM 3HAYECHHS
3TOro KOpHA OYAyT uuMcTo MuuMpiMH. B camom mene, ecan a<<0 u

b=0, To ]_/aT—}- b*=-—aqa, TaKk KaK 3TOT KOPEHb AOJKeH OHTh 100~
;o

JHTENbHBIM, &  TOTAa u2=7(a—a)= , T. e. u=0, orkyaa

Va=iw'.

Ipumep. Ilyets a=21—20i. Toraa Va2+b2= YV 441+ 400=29.
ITostomy u2=%(21+29)=25, v2=—é (—21+29)=4, orkyaa u==35,
U=+ 2. 3HaKU 4 W U JO/DKHb GHITb PA3JHYHEIMH BBHAY OTPHULATEJBLHOCTH b,
O3TOMY

YV 2T—20i= 4 (5—2i).

- TMonmslTKH H3BJEYEHHS M3 KOMIVIEKCHBIX 4YMCed, 3afaHHLIX B BUIE
a--bi, xopHeli ©Oosee BLICOKOH CTEenmeHH, 4YeM BTOPas, BCTPEYAIOTCH
C HENMPEeOAONHMBLIMHU 3aTPyAHeHusiMH, Tak, ec/iu Obl MBI 3aXOTEJH TAKHM XKe
METOJAOM, KaK BHllie, U3BJAEYb M3 uHMCNa a--0i KyOuuHBlii, KOpEHb,
TO JOMKHb OBIM Obl PElIMTb HEKOTOPOE BCIOMOraTenbHoe KyGuuHoe
ypaBHeHue, Yero Mbl [IOKa He yMeeM M 4YTO B CBOIO ouepemb Tpeldyer,
Kak Mol y3HaeM B § 38, usaBieueHus KyGHYHOrO KOPHA U3 KOMIIEKCHOTO
yricna, C apyro#t CTOPOHH, TPUTOHOMETpHUYECKas GopMa BecbMa XOPOILO



126 KOMIUIEKCHHE YHCAA [ra. 4

npucnocobneda Ajs u3BlevyeHHs KOopHeH mo6oil crenenw u, NOAb3YscCh
€0, Ml cefiyac MONMHOCTBIO HCYEpPraeM 3TOT BOMNPOC,

TlycTh HYyKHO U3B/IEYD KOPEHD 71-H CTENEHU U3 YHCAA o ==r(cosp-}-iSineg).
IMpennonoxum, 4TO 3TO CAEAATH MOXHO M 4TO B Pe3yabTaTe MOJAyYaeTcs
yncao o (cos0-}-isinB), T. e.

[o (cos 8 + i sin 0)]" =r (cos @+ i sin ). : 3)

Torna, mo ¢dopmyne Myaspa, p"=7r, T. e. p= {'/r, TAe B PaBOi
YaCcTH CTOHT OXHO3HAUHO ONpee/eHHOe NOJIOKHUTENbHOE 3HAYEHHE KOPHS
n-# crereHd M3 MOJOXHTENbHOro AeHcrBuTenpHoro uucaa r. C mpyroit
CTOPOHBI, apryMeHT JieBOH 4acTu paBeHcTBa (3) ecth 70. Henbas yTBep-
WAATh, ONHAKO, uTO 710 paBHO ¢, TaK XaK STH yribl MOTYT B LeHCTBH-
TeNbHOCTH OTNHYATBCS Ha C/araeMoe, fBJSIOLIEECS HEKOTOPHIM LEHM
kpatHoM uncia 2m. Ilostomy 7n0=q¢- 2kn, raze k—uenoe uuciao,
OTKyZa

0— ¢+ 2kn )
n

O6parHo, ecan Mu GepeM 4HCIO {V; (cos 9t 2% ﬂ’—}—zsm +2kn> ,

TO NpH nN1060M uHenOM A&, HOJIO)KHTeJIbHOM HAW OTpHLa-
TE€JAbHOM, f-1 CTENEHb STOTO uYHC/Aa paBha o, TakuMm o6pasoM,

L
Vr(cosqfising) =1/ (cosq>+n2kn+isin(p+n2kn) . 4)
Jlasast k pasimuHMe 3HayeHus, MB He BCeraa GyneM MoTyyaTh pas-
MWYHBIE 3HAYEHWS HCKOMOFO Kopus. JelcTBHTEeNbHO, 1pH
k=0, 1,2, ..., n—1 ©)

MH TOJYYHM 72 3HAa4eHUH KOPHH, KoTopne BCe OyAyT pasaHYHHMHU,
TaK KaK yBeJHYEHHE £ Ha edMHUIY BJeder 3a coGoil yBennuenHe apry-

2n
MeHTa Ha —-. IMycte Tenepp k& npousponpno. Ecamun k=ng--r,
O0<<r<<n—1, 1o '

cp—{—nQIm: tp+2(nnq+r)n +2m—}—2qn

T. €. 3HaueHHe apryMeHTa NpPH HAlIeM £ OT/IHYAeTCs OT 3HAYEHHA apry-
MEHTA MPH R=r Ha YHCJIO, KPaTHOE 21T; Ml T0Jly4yaeM, CAeNOBATENbHO,
TaKoe e 3HayeHHe KODHf, KaK IPH 3HAYEHHH R, PaBHOM I, T, e,
BXOASEM B cucteMy (5),

TaknMm obpasom, u3grexenite Kopws n-ii cmernewnit U3 KoMnAexcC-
HO20 %UCAQ O 6Ce20a B03MOXHCHO U Oaem I pa3AUHbX SHQ4eHUll,
Bce 3nanenus wopHs n-ii cmenerit pacnosodcenb. HQ OKPYHCHOCMU
paouyca ]"/ o] ¢ yenmposs 6 Hyase u deanam 3my OKPYICHOCME HaQ It
pasnblx 4acmel,
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B uyacrHocTH, KOpeHb 71-fi CTenmeHH U3 JeHCTBUTEABHOTO YHCIA &
TaK)Ke HMEeT 71 pPa3NIuYHBIX 3HaueHUH; MAeHCTBHUTENBHBIX CpPeAd ITHUX
sHaueHuft Oyner jABa, OXHO WJIH HH OJHOTO B 3aBHCHMOCTH OT 3HAKA
H YETHOCTH 7i.

[TpuMep s

.

]

——n—l—2kn —3—n+2kn>

1) p= i/2<c053n+zsm———n> ‘?/2 < 3 - isin 4 3
k=0: BO—I/Q (cos————{—tsm Z)
1

k=1: By=3/2 (cos 5 % i sin 35

ez
a
~—

19
k=2 [32-—1/2 (c0512n—|—151n12n>
n b
—_— ~ 1+ 2kn =+ 2kn
2 p=Vi = ]/cosi-i-isin—g—:cos 2 3 +isin 2 3 :
po-:cos —i—zsm% V2+ VQ, le:cossn—}—tsm%n:__po

3) 5=f’/:_s=‘f/m)=z(cosn+2kn+ o n+32kn);

‘;30=2(cos + i sin —- )~1+1V-3

51=2(cos:rc+tsm ) =—2;

ﬁz=2(cos——+tsm %f) =1—i V3.

Kopuu u3 eammmunl,  OcoGenHO BakeH Ciay4yali H3BJEUEHHS KOPHS
n-# cremedu H3 uyHcaa 1. DTOT KOpeHb HMeeT »#2 3HaYeHuH, mpuyew,
Bauay paBeHctBa 1=c0s0-+-isin0 u Qopmynn (4), Bce 3Tu 3HayeHus
HAM, KaK Mbl OyJeM TOBOPHUTb, BCE KODHU -l Cmenenu U3 eduruibt,
naiotca Gopmynoi

VT=cos 22 pisin 222, g0, 1, ..., n—1. 6)

HeficTBuTEAbHBIE 3HaYeHNs KOPHS 71-H CTEMEeHH M3 eJMHUIH ONYYaI0TCS
. n

u3 ¢opmyas (6) npu 3HaueHusx k=0 u 5, €CIM 7 YETHO, W TPH
k=0, ecnu 7 HedeTHo. Ha KoMmiexcHOR naockocTu KOPHY 72-f CTenenu
H3 eAMHHUB PAaCMHON0XKeHh HAa OKPYWHOCTH eIUHHYHOTO KPyra u AelsarT
€e HA 72 PaBHLIX AYT; OAHOH M3 TOYEeK JeJeHHf CIYXHT yucao 1.
Orcioza chaenyer, 4r0o Te M3 KOpHeH 7-f CTeneHM M3 e AHHUIE, KOTOPHIE
He SBAAOTCH AeHCTBUTEAbHHIMH, PACHOJOXEHH CHMMETPUYHO OTHOCH-
TeJbHO HEHCTBUTEJNbHOH OCH, T. €. TONapHO COMNPSIKEHH,
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KBanpaTaniél KOpeHb W3 €NMHHLB HMeeT HBa 3HauyeHus: 1 mw — 1,
KOpEHb YeTBePTOM CTenmeHU M3 eAMHMUM —YeThipe 3Hauenus: 1, —1,
i m—i. Hna nansHefierc mnosje3HO 3aNOMHUTH 3HaueHud rybuynozo
2k7

3 ?
ree k=0, 1, 2, T. e., KpoMe caMOli eANHHIB, TaKKe CONpIKEeHHHE
Mexay cobolo yucia

KOopHs u3 eduHuys. dto Gyxyr, BBuAY (B), umncia cos2——+ts’

s 3

sl=cos—2g+zsmf—23£=__7+ V ,
1 .Vs 7

»e_cos -}—151 —g—i—5.

Bce 3nauenus Kopus n-i cmenewi U3 KOMNAEKCHO20 HUCAQ O
MONCHO NOAYUUMD YMHONCEHUeM 00020 U3 3muX 3Ha4eHuld Ha 8Ce
KOpHU n-if cmeneni u3 edunuywi. Jedcrsureabno, nycts P Oyner
OIHO M3 3HAYEHMH KOPH# 7-i CTenmeHH u3 umcna o, 1. e, f"=aq,
a £—NpPOM3BOJNBHOE 3HaueHHEe KOPHA 7-H CTeNneHH M3 eNHHHLH, T. €.
e"=1. Torna (Be)"=p"e"=a, 7. e. Pe Tarwe Gynef onnum U3 3nHaye-
Hu# Ans Va Ymuoxas P na xamapii u3 Kopue# n-fi crenenu u3
eMHHIE, MBI TONYY2€M 71 PA3JMYHBIX 3HAYEHHH KOPHA 71-H CTeNeHH H3
YyHcaa ¢, T. €. BCe 3HAUEHHH HTOrO KOPHL,

II pHMED H. 1) OnHo n3 3HaueHuHl KyOGuuHOro KOpHd u3 — 8 ectb — 2.

HBa npyrux 6yayr, BeuRy (7), uncna -2 =1—i V3 u — 28, =1-i V3
(cM. ‘Bbule mpHMep 3)).

2) /81 HMeeT Yerblpe 3Hauenns: 3, — 3, 3, — 3i.

IIpou3sedenue 0syx rxopHell n-i cmenenu u3 edunauu camo ecms
KOpeHs n-ii cmenenu u3 edunuyp. NeiictButenpo, ecmm e’ =1 u 1" =1,
10 (eM)"=e"y"=1. D,a.rree, 4ucao, obpamnoe KOopHio n- -4 cmenenu t:a
eOUHURYL, * CAMO ecmb marxol DICC xopeub B camom neune, nycth g =1,
Torfa u3 e-e-1==1 caenyer & (e~1)"=1, 1. e. (6"1)"=1, BooGue,
8CAKQR CMmenent KOPHA n-i tmeneHu u3 eaumxuu ecmos maKoice Kopens
n-U ‘cmeneHu 43 eOuHUYbL.

Besikuit kopenb k-B CTeneHH u3 eXMHMUB OGyIeT Takike KopHeM [-i
CTeneHW U3 eAMHMUBE Aad Besxoro [, kparHoro k. OTciofa cinenyer, yto
ecau My GyNeM paccMaTPUBaTh BCIO COBOKYMHOCTb KOPHeR 7i-i cTemeny
U3 eIMHHUH, TO HEKOTOPHIE M3 3THX KOpHEH ywxe OYyAYT KOPHAMH 71'-H
CTeneHH U3 e AHHHIL JJIsl HEKOTOPHIX 72”, AB/ASIOMINXCH RENTHTENAMH YHCHa 71,
Jaa BCAKOro 72 CyulecTBYIOT, OLHAKO, TAKHE KOPHH 71-# CTelleHH M3 eRu-
HULH, KOTODHE He fIBJASIOTCA KOPHSAMH M3 eAMHHLH HHKaKoH Menbluel
crenenn. Takue KOPHM Ha3HBAIOTCA NepP8OOOPA3HbIMU KOPHAMU N-# CTe-
NeHd u3 eaumHuuu. Vix cymiecTsoBaHuMe BuHTekaeT u3 Popmyas (6): ecan
3HaveHue KOPHS, COOTBETCTBYIOLIEE NAHHOMY 3HAYEHHIO B, MBI 0003HAYUM
yepes g, (TaKk 4To & =1), To Ha ocnoBanun Gopmyan Myaspa (1)

k
81 == ek.
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Hm(axaa CTeNeHb MHCIA €, MEHbLIAS, YeM /-, He OYAeT, Cle/0BaTeIbHO,
25 2
paBia 1, 1. ¢. g, = cos — i sin = sipnsieTcs nepBOOGPAa3HLIM KOPHEM,

Kopens n-ii cmenenu u3 eauuuubt € moz2da u moAasko moz2da 6ydem
nepsoolbpasnsim, ecau ezo cmenenu €, k=0, 1, ..., n—1, pas-
AUYHGL, M. e. eCA UMU UCHepnuleaiomcs 6ce KOPHW nN-ii cmenenu
u3 eduruyyl,

JleficTBUTeNbHO, €C/M BCE yKa3aHHHe CTeNEHH YHMC/A & PA3JUYHH, TO
¢ Gyner, OueBMIHO, MepBoOOGPa3HLM KOpPHeM -l CTemenu. Ecam e,
nanpumep, e’ =¢’ mpn 0<<k<<I<<n—1, 10 e~%=1, 1. e., BBHLY
HepaBeHCTB 1 <</—£k=<Cn—1, kopeHb & He OyAeT NepBOOOPA3HHM.

Yucno e, nafiennoe Bue, B OOLIEM Clyyae-—He eNUHCTBEHHHH
- nepBoo6GpasHul KOPeHb 72-it cTeneny, [ad pasbicKaHus BCeX 3THX xopﬂeﬁ
CAYXHT Clelylomas TeopeMma.

‘Ecan & ecmb nepsoobpa3nblii Kopens n-ii cmenenu u3 eOuHuyy,
mo. wucao &% mozda u moasxo mozda 6ydem nepsoobpasnviu KOpHEM
n-ii cmenenu, ecan kB 83auUMHO npocmo ¢ 1.

B camom mene, nyctb d 6ynet HauGOAbHIHM OOLIMM LEAUTENEM YHCE]
kun EBamm d>1w k=dk', n=dn’, 10

(e* = ST

T. €. KOPeHb €° OKa3ajacs KOPHeM n'-§ CTemeHM H3 eNMHHUIH,

© Hyerts, ¢ npyroft cTopohb, d =1 ¥ nycTb, BMeCTe C TeM, YHCIO &
OKa3uBaeTCsl KOPHEM m-i cTeneHH u3 eauunun, 1<Cm<Cn. Takum
obpa3oM

k
k

(ek)m — akm =1.

Tax xak uncno g—nepsoo6pasnb# xopenp n-# cTeneHu u3 enu-
HMIB, T. €. JHIIb €r0 CTeMeHM C NOKA3aTeasiMM, KPATHHMH 71, MOryT
OWTb paBHBIMH €AMHHIE, TO 4KC10 km Oymer kpaThuM £, OTCIOZA BH-
TEKaeT, ONHAKO, TaK KaKk 1<Cm <Cn, YTO uHCA2 R H 72 He MOTYT GHITD
B3aUMHO MPOCTHMH B NPOTHBOPEYHE C MPEANONOKEHHEM,

TakuM 06pa3oM, YHCI0 NepBOO6PasHMX KOpHeH 7-B CTeneHn u3 exu-
HUIH PaBHO YHCAY UEJHX JNOJOWKHTENbHHX 4YHCen KR, MeHbIUMX 72 H
B3aHMHO NPOCTHX € HUM, Bulpaxenne axg storo uucna, o6uyHO 060-
3HayaeMoro 4epes ¢ (#), MOKHO Ha#iTH B JIO6OM Kypce TeOPHH YHCe.

Ecin p-—ppocToe UHCIO, TO NePBOOOGPA3HLIMKH KOPHAMH p-#i CTeneHH
H3 eauHuMIH Oy@yT BCe STH KOPHH, kpoMme camoil emunuun. C apyroft
CTOPOHEL, CPEAH KOPHEH YeTBEPTOH CTeneHH M3 eAHHHULE [ePBO06PasHHIMH
6yayr { u — i, Ho He 1 n — 1,



I'JJABA TIATAS
MHOI'OYJIEHBI U UX KOPHHU

§ 20. Onepanum Haj MHOTOYIEHAMH

CoxepaHne NepBbIX ABYX TIaB KHUTH, 3 HMEHHO — TEOPHS ONpPeneli-
Tenell U TeopHA CUCTEM JIMHEHHBHIX YypaBHEHUH, BO3HHK/JIO B KayecTse
HENOCPEACTBCHHOIO PA3BUTHA TOTO HANPAaRJICHHUA B WKOJABHOM Kypce
anreGpel, KOTOpPOe, HayHHAfCh OT OJHOTO YpaBHEHHH NepBOH CTemeHu
C OAHMM HEH3BECTHHIM, BEJIO K CUCTEMaM ABYX M TPeX ypaBHeHuH nepsoit
CTEeneHH C JABYMA H, COOTBETCTBEHHO, TPEMA HEHU3BECTHHIMH. L[pyroe Ha-
npasjeHne B SjieMeHTapHoii anre6pe, BOCHPHHHMABIIEECHs TaM Kak ene
6osee 3HaYNTEIbHOE, COCTOAJIO B NIEPEXONE OT YPABHEHHUS HepBOﬁ CTCNEHH
C OAHHM HCH3BCCTHBIM K NPOU3BOJIBHOMY KBaJApPaTHOMY YPaBHEHUIO CHOBA
C OJHUM HEeH3BECTHHIM, a 3aTeM. ! K HEKOTOPHIM YaCTHLIM THIIAM yPaBHEHHU
TpeTbell ¥ ueTBepTO# CcTenmeHu. DTO HAMpaB/eHHE BHIPACTAET B BecbMa
6oapmof u colepwaTenbHHil pasjen BuCIIed anreGpu, MOCBALLCHHBIH
H3y4YeHHI0 MPOU3BOJbHLIX ypaBHeHu#l n1060# 7-#f CTENeHH C OJHHUM HEH3-
BecTHHIM. K aTOMy pasmeny anreGpH, HCTOPHYECKH CAMOMY PpaHHEMY,
OTHOCHTCH KaK HacTodwlas rjJaBa, TaK U, HEKOTOpHE M3 JanbHeHmux
r71aB KHHUTH.

O6muit BuA ypaBHeHUs n-f cTeneHu (rie 72— HeKOTOpoe LeI0e MoN0-
WHTENBHOE YUCIO0) ecTh

apx" 4 x" "1 4 ...—{—an_lx—}—a,,:b. )

Kosdduuuentn ao,. @7, ..., @,_1, @, 9TOCO ypPABHEHHH Mul OyIeM CYH-
TaTh NPOU3BO/BHLIMM KOMIIEKCHHIMH YHC/IAMH, TPHYEM cmapuiill Kosgh-
uyuenm ao nonKeH OBITb OTAMYHBIM OT HYJS.

Ecnn namucano ypasuenue (1), To Bceraa mpenmonaraercd, 4To Tpe-
6yeTca ero peilu Th. MHbME cnoBamu, Tpe6yercs HAKTH Takwe 4YucCio-
BbIE 3HAYEHUS /IS HEM3BECTHOIO X, KOTOPHE YA OBJETBOP AT 3TOMY
YPaBHEHHIO, T. €, IOCJe NOXCTAHOBKM BMECTO HEW3BECTHOTO M BHIIOMHE-
HHSl BCEX YKa3aHHbIX omepauuit o6pauiaioT JeByl0 YacTh ypasuenus (1)
3 HYIb.

[lenecooGpasko, 01HaKo, 3aMEHHTb 3ajayy pewieHrst ypasHenus (1)
Godee oOwieft 3amadeil M3yyeHUs JeBOH YacTH 3TOrO ypaBHEHHS

@&+ @ X" L g, a, @
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HAa3HBAEMOH MHO20%AeHOM (WU NOAUHOMOM) n-Ui cmenenu om Heu3-
gecmiozo x. Mp BHGHPaeM NepBHH H3 ITHX TEPMHHOB; CJEAYET TBEPAO
NOMHHUTD, YTO TeNEePb MHOTO4/IGHOM RA3HIBAETCS M BHPaKeHue BHaa (2),
T. €. JHIIb CYyMMa He/JHX HEOTPHHATENbHBIX CTeHeHe} HeH3BeCTHOrO X,
B3ATbIX C HEKOTOPBIMHM YHCAOBHIMU K03 dulNenTaMH, a He mobasn cyMMa
OAHOY/IEHOB, KaK 3TO Ono B 371eMeHTapHOM anrebpe. B uacTHOCTH, Mul
He OyleM CYHTAThb MHOTOWIEHAMM TaKHe BHPAKEHHs, KOTOPHE COMep¥aT
HeH3BECTHOE X C OTPHUATENAbHEIMH MU APOGHLHIMM IOKA3aTeNIMH, HAIPU-

Mep, 2x2-—-%+3, uin ax 3+ bx "t cx"1hdex- fx?, unm ke
1

x? 41, Oas coxpameﬂﬂoﬁ 3aNMHCH MHOTOUYEHOB OYAYT ynoTpebisiThs
cuMBoaBl f(X), g(x), ¢(x) u T. K.

Hra MHOI‘O‘UIEHH fx ) u g(x) 6YLYT CUnTaThCH pasHuluL (WIH mo-
oHc0ecmBenHo pagubimi), f(X)=g(x), B TOM ciayyae, eCiH pPaBHH WX
KO3(DHUUNEHTH NP OJMHAKOBHIX CTENEHAX HEHU3BECTHOTO. B uacthOCTH,
HIKaKOH MHOrouneH, Xots Gbl 04KH K09(dHIHEHT KOTOPOTO OTAHYEH OT
HY/S, He MOXeT ObTh PaBHBIM HYJ/I0, W NO3TOMY 3HAK PaBEHCTBA, YNo-
TpebasieMpill B 3anucH ypaBHeHus 7-# cTemesu (1), He HMEET HMKaKoOro
OTHONIEHHS K ONpeJ]eseHHOMY celiyac paBeHCTBY MHOT O/I1eHOB. 3Hak =
CBSI3LIBAIOLIMH MHOTOM/EHBH, CledyeT B IanbHelimeM Bcerfia nonumam
B CMBIC/IE TOXAECTBEHHOIO PABEHCTBA 3THX MHOLQYJEHOB.

Takum o6pasoM, Ha MHOTOuUNeH 7-H cTemenu (2) caeayeT cMOTPETh
KaK Ha HeKoTopoe dopmanbHOe BhpakeHHe, BNO/HE onpenenseMoe Ha6o-
pOM CBOUX KO3(GHUMEHTOB Qg, @y, ..., &, TAE @gF=0. Tounuil emuca
3THX CnoB OyneT BbISCHEH MHOTro mo3wxe, B ria. 10. 3ametum, 470, NO-
MHMO 3aMHCH MHOTOu/JEHa B Buae (2), T. e. 1o YOHBAWHUM CTe-
NeHdM HEH3BECTHOTrO X, 6YAYT HONMYCKATHCA U APYTHE €ro 3aNucH,
monyyaiouiuecs U3 (2) nepecTaHOBKOMH cllaraemux, HanmpuMep, 3amuCh, MO
BO3PAaCTAIUW HM CTENEeHSM HEU3BECTHOTO.

Koneuno, Ha MHOrousen (2) MOXHO ObI0 OH CMOTPETb M ¢ TOYKH
3peHus MaTEeMaTHYeCKOTrO aHalIu3a, T, €. CYMTAThH ero KOMIIEKCHOH dyHK-
Huedl KoMIeKcHOro nepemensoro x, Crenyet yuecTb, OZHAKO, YTO A B €
OYHKUHH CYUTAaKOTCHd pPaBHHMH B TOM CJAy4Yae, @CIH
PaBHH MX 3HAYEHHUA NPH BCEX 3HAYEHHSAX NEPEMEHHOTOX.
SIcHO, YTO JBa MHOro4YJeHa, pPaBHhe B YKa3anHOM Buie ¢opmanbHo-
anre6panvyeckoM cmbicie, 6YAYT paBHW M Kak yuxunm ot x. O6parHoe
Oymer AOKasaHo, oanako, aumb B § 24. Ilocne storo anreGpanyeckas
M TeoPeTHKO-PYHKUVMORANbHAS TOYKH 3PEHHS HA NOHATHE MHOTOY/NEHA
C YHCNOBHIMH KO3(QHUHEHTAMH Ha CAaMOM Jeje CTAHYT PaBHOCHIABHBIMH,
IOKa K€ Mbl JOJAXKHB KaXIHi pa3 YKaseiBaTb, KaKO# HMEHHO CMBICI
NPUAAETCS JIOHATHIO MHOroyneHa, B HacrosimieM H JLBYX CJeAYIOUIHX
naparpadax Mo 6yZeM CMOTpPeTb Ha MHOTOUNEH KaK Ha GOpMalbHO-ali-
rebpanyeckoe BHIpaxeHUe.

CymecTByOT, NOHSATHO, MHOTOYJEHH 7Z-H cTemenu AAa AW060ro HaTYy-
panbHOTO 4Yucia 71, PaccMaTpuBas BCEBO3MOXKHBE TaKHe MHOTOYIEHH,
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MB, TIOMHMO MHOTOY/ICHOB NepBOM CTeNeHH, KBAXAPATHHIX, KYOGHYHHX H
T. J., BCTPETHMCS M C MHO20%ACHAMU HYNeGOd cmefeHu, T. e.
COTAHYHHMH OT HYJ A KOMIVIEKCHRIMH YHCIaMH, YHUCI0 HYIb TaKKe
OyAeT CHYMTATHCA MHOTOWIEHOM; 3TO GYAeT eXMHCTBEHHBIH MHOLOU/EH,
CTENEHb KOTOPOro He OnpelesieHa.

Cefiyac MW omnpemenuM Laf MHOTOY/JEHOB € KOMIJEKCHHMH K03Gbdu-
LHEHTaMHu Onepallny CAOKEHHUST H YMHOXEHHs. DTH onepauuu OyILyT BBe-
JeHH 10 o06pasny omepanufl HaJl MHOrOYAeHaMH C JIeHCTBUTENbHBIMH
Ko3dduIHeHTaMH, H3BECTHHX YHTATE/IO H3 KyPCa /MeMeHTapHol anre6psl.

Ecau panel muorounenst f(x) u g(x) ¢ KOMIIEKCHBIMH KO3 dHIHEH-
TaMu, sanHcaHnbie A yno06cTBa MO BO3PACTAIOUIMM CTEHEHAM X:

fx)=ap+ax+ ... +a, ;¥"" 1 4a,x", a,+0,
gx)=bo+byx+ ... +b,_1x°"1+bx* b0,

H €C/IH, HAUPUMEp, 72 =>S, TO HX CYyMMOH HA3HBAETCS MHOLOWIEH
] - 1 n
Fx)t+gx)==cotcyx+ ...+, X714 x",

KO3(pPHLHEATH KOTOPOTO NOAYYAIOTCH C/10¥eHHeM KOIPHHIHEHTOB MHOTO-
yneHoB f(x) U g(X), CTOfIHUX INPH OAMHAKOBHX CTENEHSIX HEH3BECT-
HOTO, T. €.

¢;=a;+0b, i=0,1, ..., n, (3)

npuyeM Mpu 72> S KospdpuuuedTnt by q, bop o, ..., b, Crenyer cuutarsp
paBnniMu Hynio. Crenenb cymmsl 6yaeT paBHa 72, eciu n GoJblue §, HO
npu 77==8 OHAa MOXeT cnyqaﬁuo OKa3aThCH MEHbIIE 7, 2 HMEHHO B Cay-
yae b,= —a,.

Hpousaeaenuem MHOTOYJIEHOB f(x) n g(x) nasmBaercd MHOI‘O‘{.’leH

fx)gE)=dotdix+ ... +dypo X" d”+r€n+.9,
K0S(PUIHEHTH KOTOPOTO ONPEAEARIOTCH CAEAYIOUIHM 0BPasoM:

di= Y apb, i=0,1, ..., nts—1, n+ts, 4)
k=L :

T. €. K03h(PHUHEHT d; eCTb Pe3yNbTaT NEPEMHOXEHUs TaKHX KO3(dHu-
LIUEHTOB MHOTOYJIEHOB f(x) M g (X), CyMMa MHIEKCOB KOTOPHIX paBHa i,
H CNOXEHHS BCeX TaKMX NMPOMBBEAEHHH; B YACTHOCTH, dy=agby, d; =
=aphy +asbo, ..., d,.s=0a,b,. V3 nocrenHero paseucTBa BhTEeKaer
HepaBencTBo d,, == 0 ¥ NO3TOMY cmenens npou3sedenus 08yx MHO20-
yNeH08 PABHa CYyMMe cmenerell 3muUX MHO20%.1€HO0B.

Orcropa cliepyet, UTO npousdeferie MHO204AeHO8, OMAULHLX Om
HYAR, HUKO020a He 6ydem pasHbim HY.AI0.

Kaxkumn csolicTeamMu 06/1aKai0T BBeAEHHbIE HAMH ONE€PAIUH JI/IT MHOTO-
yieHoB? KOMMYTaTHBHOCTD M aCCOLNATHBHOCTD CMOXe-
HYS HEMEAJCHHO BHITEKAIOT M3 CIPaBeJJHNBOCTH 3THX CBOHCTB A/ CAO-
WEHUS 4YHCes, TaK KaK CKAaALBAIOTCE KO3(hUuUMeHRTH npPH Kaxioh
CTeNeHH HEeU3BECTHOTO OTAEAbHO, BH UM T aH M e OKa3uBaeTCHd BHIIOAHHU-



§ 20] OMEPAIIMHM HAZX MHOTOY/IEHAMH 133

MbIM! POJIb HY 71 § HTP&eT YHC/IO HY/b, BKIIOYEHHOE HAMM B YHCJIO MHOTrO-
YNEHOB, @ MPOTHUBOMONOKHLM JJAA 3aNHCAHHOTO BHIIE MHOro-
yieHa f(x) Oyner MHOTOUJEH

—fX)=—ay—ax— ... —a,_x""1—ax".

KOMMYTAaTHBHOCTD yMHOXEHHS BHTEKA€T U3 KOMMYTaTHB-
HOCTH YMHOXEHHS YHcesl ¥ TOTo PaKTa, 4TO B ONpele/eHHHE NPOU3BEIEHHs
MHOTOUIeHOB KO3dduuneHTH 060ux MHOXKHTEAeH f(X) M g(x) Hcnmonb-
3YIOTCS COBEpLICHHO PaBHONPABHEIM 06pa3oM. ACCOUHMAaTHBHOCTD
YMHOXEHMWSs I0Ka3bBaeTesd CAeAYIOLWINM 06Pa3oOM: eC/Iu, NOMHMO Safnu-
CaHHHX BHIIE MHOTOYNEHOB f(x) M g(X), HaH euie MHOTOUNEH

hx)=co-tecx+ ... +Ct—1x?—1+cixtv ¢, # 0,

10 Koadbuumentom mpu x°, i=0, 1, ..., n-+-s-+{ B npoussenenuu
[f(x)g(x)]h(x) 6Gyzer cayxuTh uHCIO

2 ( 2 akbl> Cp = 2 azbicy,
j+m=i

kRyl=jf k+l+m=i

a B npousBegenun f(x)[g(x)”~ (x)]—paBHoe emy uucao

> ak( > bic,\= Y abe,
k+j=1 l+m=j k+l+m=i
Hakowen, cppaBeannBocts 3axKonHa AHCTPHOYTHBHOCTH
BhITEKaeT M3 paBeHCTBA ’

D @tb) o= 3 ae+ ¥ by,
k+1=t - k+l=i ki=t .
TaK KaK JeBas 4aCTb STOrO PaBEHCTBA ABAsETCA KosdPHUUEeHTOM npHu xF
B MHorounene [f(x)-g(x)k(x), a npaBas yactb— K03HUHEHTOM
npH TOH e CTENeHH HEH3BECTHOrO B MHOTOuYNeHe f(x) ki (x)+ g (x) A (x).
3aMeTHM, YTO POJb € A M H H1I{ B IIPH YMHOXEHHH MHOFOYJIEHOB HTrpaeT
yucao 1, paccMaTrpuBaeMoe Kak MHOrowleH HyaeBo#k cremenu. C apyroi
cmponu MHozo4ner f(X) mozda u mossxo mozda obradaem obpam-
Hol# MHO204seHOM [T (X),

FRftx)=1, ®)

ecan f(x) nsasemcs mHoz2ouseHoM HYseB0l cmenenu, JehcTBuTeNbHO,
ecau f(x) ABNFETCH OTAHYHBIM OT HYJAS UHCJOM @, TO OGPATHLIM MHOrO-
YNEHOM CIYXKHT, Aas Hero uyucao ae~!. Ecam xe f(X) uMeeT cTemenn
n=1, 70 cTemeHp JneBOH yacTH paBeHCTBA (J), ecau 6bl MHOTOYIEH
f~1(x) cymecrBoBan, 6baa Gbl He MeHble 72, B TO BpeMs KaK cnpasa
CTOHUT MHOT'OUYIEH HYJEBOH CTemeHM.

OTcI0/ia BHITEKAET, YTO 048 YMHOMCEHUS MH020%.06108 obpamnas
onepauuﬂ—be/zenue—-—ne cywecmsyem. B 3TOM OTHOMEHHH cucTeMa
BCEX MHOTOYJEHOB C KOMIUIEKCHHIMH KO3(QdulMeHTaM¥ HanoOMHHaeT CH-
CTEMY BCEX LIJBMX 4HCeJ. DTa aHaJOrus NPOABIACTCA M B TOM, HYTO AJ4
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MHOTOYNGHOB, KaK M IS LeJnX 4MCes, CYI{eCTBYeT aJITOPHUTM Aene-
HUA C OCTATKOM, DTOT aArOPUTM ANA CAy4as MHOrOUY/IEHOB ¢ Ae#-
CTBUTEJbHRIMH K03(hHIIHEeHTaMH H3BECTEH YHTATE/IO enje U3 3AeMeHTap-
HOH anre6pu. Taxk Kak, ONHAKO, MM pacCMaTpuBaeMm Tenepp caydad
MHOTOY/IEHOB € KOMIUIEKCHBIMH KO3 dunMeHTaMH, cleayerT euje pa3 AaTh
BCe OTHOCHuInecs cioga (HOPMYAHPOBKH M NPHBECTH J0KaszaTelbCTBa.

s aobotx 08Yyx MmHo2040eH08 [(X) u g(X) moxcno nailimu marue
MHO20%AeHbL G (X) U r(X), 2mo

f(x) =g x)q (%) +r(x), (6)

npusesm cmenenv r(x) menswe cmenenu g(x) uan e r(x)=0.
Muozousens g(x) u r(x), ydosnremsopsioujiie smomy ycaosuio, onpe-
Odeasniomca 00HO3HAUHO.

Jokaxem cnepBa BTOPYI0O MOMOBHHY Teopemsl, [lycTh cyliecTBYIOT

elle MHOTOUMEHH ¢ (X) # 7 (X), TaKXe YIOB/IETBOPAIOUIUE PaBeHCTBY

) =g ¥)q () +T7 (x), (7
MPHYEM CTeleHb ?(x) cioBa Mmewpwe crenenn g{x)1). Ilpupasuusad
Lpyr Ipyry npaBsle 4acTu paBeHcTB (6) u (7), monydmm:

g X [g(x)—q )] =r(x)—r(x). -
Crenenb npaBofl YaCTH 3TOTO PABEHCTBA MEHbIIIE CTENEHU & (X), CTENEHb xe
nesot vactu Owna Ow 1pH q(x)-——};(x)q&o 60sblle HJAH paBHA CTe=
nenn g (x). Tlostomy momkuo Gbith ¢ (¥)—¢q (x)=0, T. e. ¢(x)=g¢ (x),
a Toraa M r(xX)=r(x), 4yT0 W TpeGOBaANOCH N OKA3aTh.

[MepexonuM K A0Ka3aTeAbCTBY nepBo#l MoNOBMHH Teopemu. I1ycTh
MHOTO4/IEeHH [f(X) H g(X) HMEIOT COOTBEeTCTBEHHO Cremenu n u §. Ecau
71<S, TO MOWKHO TNOAOKUTh §{x)==0, r(x)=f(x). Eciu we n=s,
TO BOCHOJb3YeMCH TeM We MEeTOJOM, KaKHM B 3JeMeHTapHOH anarebpe
NPOM3BOLU/IOCH Je/NeHHe MHOTOUIEHOB C JeHCTBUTE/NbHBIMH KOdduilnen- -
TAMH, PACTONOKEHHBX MO yObBAIOIIUM CTeNeHdM HeH3BeCTHOTO. IlycThb

flX)=ap"+a,x"" 14+ ... +a,_1x+a, wF0,
g(X)=box’+ b x* 14 ... F- b, x+ b, by # 0.

Tlonaras
WP g =fi0), (8)

M TIOAYYHM MHOTOWYIEH, CTeNeHb KOTOPOro MeHbure 7. O603HAYUM 3Ty
CTEMeHb uepes 72,, a crapunil kosdduuHenT MHorouneHa fi (X)—yepes a .
[Tonoxum, nanee, ecliH BCe ele 7i; ==,

10— xmmsg (1) = £, () (8,)

1) Hau me r(x)=0. B passueiimem 10T ciyuail ne GyAeT OrOBapHBATHCA.
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0603HAYNM Yepe3 7,— CTeNeHb, a Yepe3d Qy,—CTapmni xoapduunent
MHorouNeRa f, (¥), MONnOXHuM 3aTeMm

Ja (X)— x"“‘sg(x) f3 (%), (8,)

H T. I.

Tax xax crenenu MHOTOUNeHOB f; {X), [ (%), ... yOuBaWOT, 7> 711, >
>7,>> ..., TO Mul [OiiJieM NMoCJie KOHEYHOTO YHCIA IIATOB X0 TAKOTO
MHOTOWIeHA f) (X),

Sro1 (X)—

CTeNeHb KOTOPOTO 71, MEHbIE §, IOCAE Yero Haml Ipolecc OCTaHaBJIH-
paerce. Ckaanmeas tenepp pasenctsa (8), (84), ..., (85_y), Mu MOAYYHM:

2 xS g (X) = f (%), ®r-1)

Qp1, 0
b

f(x)-'(z—zx""—}—‘;—?x”x-s + .+

T. €. MHOTOYICHH

== ) g (%) = £ (),

Qp_1

glo) =300 F R am s L s,
r(x) =/ (%)

HeliCTBHTE/IbHO YIOBIETBOPAIOT PaBeHCTBY (6), mpHueM cTeneHs r (x) Ha
caMoM XeJle MeHbIIe CTeleHH g (X).

3aMeTHM, YTO MHOTOWJIEH ¢ (X) Ha3LIBAETCA 4ACMHbM OT LeleHus f(x)
Ha g(x), a r(x)-wocmamk:o.u OT 3TOr0 JeJIeHHS.

W3 paccMOTpeHHst aAropHTMa Je/eHHA C OCTATKOM JIETKO YCTaHaBJIH-
BaeTcsd, YTo ecnu f (x) u g (x) Ass810mcn MHO20%4eHAMU C OelicmBumens-
HolmiL xoaﬁgﬁuuueumamx mo  Koahpunuenmu 8cex MHO204NEHOB
fix), falx), ..., @ nosmomy u rosgpduyuenms #acmuozo ¢ (x)
u ocmamra r{x) 6yoym deidcmsumersHolmnu,

§ 21. Jeanrenn. HauGoabwnii oGumuii neanrens

ITycts NaHel HeHy/NeBble MHOTOUNEHH f(X) M @ (X) ¢ KOMIVIEKCHHMH
kosdduuuentamun. Ecniu ocratok oT AeneHus f(x) Ha ¢ (x) paBeH Hymo,
T. €., KaKk rosopsrt, f(x) desumcs. (uan Hayeso Oesumcs) Ha @ (x),
TO MHOrOWIeH ¢ (X) Ha3miBaercsi desumeder MHOrodnena f(x).

Mnozonaen ¢ (x) mozda u mossko mozoa 6ydem desumeness MHO20-
ynena f{(x), ecau cyuwecmsyem Mmuozo4sern P (x), ydosaemsopsiouuii

pasencmsy ‘
S (%) = @ (x) P (x). (1)

B camom nene, ecau ¢ (x) sBasercd AeaureneMm niad f(x), To B Ka-
yecTBe P (X) cremyeT B3ATH YACTHOE OT Hedenus f(x) na ¢ (x). O6patho,
NyCTh MHOTOWIRH P (¥), yAoBAeTBOPsOm Uil papencTsy (1), cywecTpyer.
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Wa noxasanHoit 8 mpeniuecTBylomeM naparpade eiHHCTBEHHOCTH MHOTO-
4eHOB ¢ (X) H & (X), yAOBNETBOPHIOWHX DABEHCTBY

F )= (x) g {x)+r(x)

U YCJIOBMIO, YTO CTeNeHb r (X) Menblue cTenenu ¢ (x), B HameM ciaydae
CllefyeT, 4TO yacTHoe OT AencHus f(x) Ha ¢ (x) paBHO VP (X), a ocTaToK
paBeH HYJIO.

[MonaTtHO, YTO ecau paBeHcTBO (1) umeer MecTo, TO P (X) Takxe
Gyaer nenureneMm manf f(x). OueBMIHO, Hanee, 4TO cremneHb @ (x)
He Goablue crTenedHd f(x).

3aMeTHM, 4TO eC/H MHOTO4YMEH f(X) W ero Aeiuteib ¢ (X) UMEWOT
00a panuOHAAbHBIE HIH HeHCTBHTENbHME K03()QHIHMEHTH, TO H MHOTO-
uned P (¥) Takxe O6YyHLeT HMeTb PallMOHANbHHE, HIH, COOTBETCTBEHHO,
DeHCTBUTEeNbHbE KO DULHEHTH, TaK KaK OH Pa3biCKHBAETCH IIPH NOMOILH
aaroputma nejenus. KOHe4YHO, MHOTOY/IEH ¢ palHOHAALHBIMH HAU Heii-
CTBHTEIbHBIMH KO3(PPHUIHEHTAMH MOXKeT 06/1aXaTh H TAKUMH AEIHTENAMH,
He BCe KO3(QPHUMEHTH KOTOPHX PAUMOHAABHH M/IH, COOTBETCTREHHO,
JelCTBHMTENbHK. 3TO NOKa3HBaeT, HANPHMEP, PaBEHCTBO

x4 1=(x—i)(x-+i).

YkaweMm HEKOTOPbIE OCHOBHHE CBOHCTBA JEAUMOCTH MHOTOUYIEHOB,
KOTOPbIE HAHAYT B JMaJbHeHlIeM MHOTOYHMC/IEHHHE NMPHUMEHEHH4.

I Ecau f(x) deaumcs na g(x), a g(x) deaumcs na h{x), mo f(x)
6yoem Odeaumscsi Ha h(x). - . ,

B camom nene no ycnouio f(x)=g(x)@(x) u g(x)=h(x)P(x),
a noatomy f(x)==~£(x) [{ (x) @ (x)]. ’

. Ecau f(x) u g(x) de/uzmm He @(X), mo ux cymma u pas-
Hocmb maxyce Oessmcs Ha @ (X).

HefictBHTenbHO, U3 paBeHCTB f(X) = (x) P (x) Hg(x) @ (%) % (x)
BuTeKaeT f (%) = £ () =@ (¥) [¥ (%) & x (2)].

1. Ecau f(x) ae./zumc;z Ha @ (x), mo npoussedenue f (x) na awboi
MHozousen g(X) maroce 6ydem Oderumscs Ha @ (X). '

HeficrBuTensro, ecan f(x) = @ (x) P (x), 10 (%) g(x) = @ (x) [P (¥) g (x)].

Ha II u Il poTekaer crepysomee cBoicTBO:

IV. Ecau wawowii u3 muozonnenos fy(x), fo(%), ..., fp(x) e
aumca Ha @ (x), mo Ha ¢(x) 6ydem desumbcsi & MHOZ04AEH

1) g1 () +Fa(xX) g () + ... S (%) g (%),

20e gy (x), £4(%), ..., 8 (X)— npoussossroie MHo204AeHY.

V. Beaxul mnozounen f(X) deaumcs na ao6oli MHo20%AeH HY se-
80l cmenenu. ,

Heiicrpurensuo, ecnu f(x) = apx"+ax" "'+ ... +a,, a c—npo-
H3BOJIBHOE UHCJIO, HE paBHOE HYyaAl5, T. €, IIPOU3BOJIbHBI MHOTOYJ/iEH
HYJIEBOH crenenu, To

Fx)=c (‘ig x”+%x"fl+ +@) .

c
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VI. Ecau f(x) desrumcs na ¢ (x), mo f(x) desumcsn u na ¢ (x),
20e c—rpoU3BONbHOE HUCAO, OMAUUHOE OM HYAS.

B camom mene, m3 paBeHcTBa f(x) =@ (X){(x) creryer paBeHCTBO
) =1cg (%) [c 2 (x)).

VII. Muozouaenun cf(x), c=%=0, u mosvko onu 6yoym desumensmi
MHozouseHa [ (X), uMeoWUML makywo dce Cmenens, #mo & f(x).

HeiicrButensno, f(x)=c  {c f(x)], 1. e. f(x) meautcs Ha cf(x).

Ecau, ¢ apyro#l cropons, f(x) nenutcs Ha @ (x), NpuyeM CTeHeHU
S (%) u @ (x) coBnanaior, TO CTEMEHb YAaCTHOrO OT Jenenus f(x) Ha @ (x)
nomxHa OuTh pasHo# uymo, T. e. f(x)=d¢(x), d==0, orkyna
¢ (x) =d1 /(%)

Otcoaa BbITEKaeT ClAeAylouiee CBOMCTBO:

VIII. Tozda u moasso mozda mno2o4senss f(x), g(x) 00H08pesmenHO
deasmes Opyz wa opyea, ecau g(x)=cf(x), cs=0. -

Hakosen, us VIl n | Buitexaer coficTBo

IX. Bearxui deaumens 0dnozo u3 98yx mHo2041er08 f(x), cf(x),
20e ¢=£0, 6yoem Oesumesenm u 0isl Opy2020 MHOZOUACHA.

HanGonpuinit o6muit pesutens, [IycTh mads NPOU3BOJbELE MHOTO-
ynens f(X) u g(x). MHorodnen @ (x) 6yAeT Ha3LBATbLCHA. 0OwuM Oerit-
mesem A f(X) W g(X), €CNH OH CAYXHT ACJHTENCM NS KamKLOLO W3
3THX MHOrOY/NeHoB. CBOHCTBO V (CM. BHIlE) MOKA3HBAET, W TO K HHCIY
o0UIUX JenuTenefl MHOTOYNEHOB f(X) M g£(X) NpHHAANEKAT BCe MHOTO-
yneno HyneBo# crenenu. Ecnu apyrux obuux aenutenel 3TH ABa MHOTO-
wieHa He WUMEIOT, TO OHH HAa3LBAITCA 83QUMHO NPOCMBLML.

B ofuiem me cayyae MHOrowaeHo f(x) m g(x) moryr o6aazatb
HeNHTeNMH, 3aBUCALIMMH OT X, H MH XOTHM BBECTH NOHATHE O Hal-
Gosvmenm OGUIEM HeNHTENe STHX MHOTOYJIEHOB.

bBoino 66 HEyMOOHHIM TIPMHATb TaKoe oOmpelesNeHHe, IO KOTOPOMY
HauO6OAbUIMA OGLIHH fe/HTe/Ib MHOTOYNEHOB f(X) H g(X) ecTh HX OGL{HI

. mennrtenb HauGoabiued crenenu. C oAHOM CTOPOHBI, MH He 3HaeM NOKa,
He 6yayT au f(x) u g(x) o6najarth MHOTHMH pPa3NUYHBHIMH 06mnmn
JNeNHTENAMH HAWOONbLIEH CTEMeHH, OTJIHYAIUIUMHCH APYT OT ApYyra
He TOJbKO HA MHOXHUTEIb HYJIEBOH CTEneHH, T. €. He COHEPXHT JH 3TO
onpenefeHHue CIRIIKOM 6oabloit HeonpeaeneHHocTH. C xpyrod cTopoHsy,
YHTaTeAb Yie BCTPeYancs B 91eMEHTAapHOH apudMeTnke ¢ 3aKauell pasw-
cKanus HanGobiero o6UIero Ke/uTes LebX YUCea H 3HaeT, YTO HaH-
Gonbmnii o6IHE neantenb 6 ueanx yucena 12 u 18 He TOABKO sBAfeTCA
Haubo/bIIHM CPeAN OGIIMX HeNuTenell STHX YuCe], HO Haxe HENRTCA
Ha M060# Apyroft ux o6uwiuit KenuTenb; AHCTBUTENBHO, APYTHMH OBNIHMY
nenutensamu yucea 12 u 18 6ymyr yucna 1, 2, 3, —1, —2, —3, —6.

Mu npuMeM MO3TOMY IS Clydasi MHOTOYICHOB TaKOE ONpejpeleHHe:

Haubossmunm obuun desumenes OTIWYHBIX OT HYJI MHOTOUNEHOB
f(x) n g(x) nasmpBaeTca Tako#f MHuorouwien d(Xx), KOTODwH sBAfETCH
uX o0muM ACAMTENEM M, BMECTE ¢ TeM, caM JeauTcs Ha A1060# npyro#
obm Uil nenuTeNb 9THX MHOrowieHoB. O603HavaeTcd HANGOABIIHE oG
LE/NuTe/Nb MHOTOWICHOB f(X) M g(X) cumBonom (f(x), £(x).
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3710 onmpejeneHHe OCTARIAET OTKPHTHM BONPOC, CYIECTBYET AH HaH-
Gonpuinit oBuiuit menutenp A MOCHX MHOrouneHos f(x) u g (x). Cefuac
Ha 3TOT Bompoc 6yJer XaH NoNOXUTENbHEHA oTBeT. OnHOBpeMeHHO Oyler
IaH METON ANS HPaKTHUECKOTrO PAasblCKanus Hauboabuiero ofiiero Keiu-
TeJNs AaHHEIX MHOTOWIeHOB. [TOHATHO, 4TO MBI HE MOXEM IEPEHECTH CILa
TOT CNOCO0, KAKHM OGBIYHO PA3LICKUBAETCH HAUOOAbIUMH O6UIHH nenTenhb
LeNnbX yuced, TaKk Kak mOKa He WMeeM AJAf MHOTrOY/JEeHOB HMYEro aHa-
JIOTHYHOT'O Pa3/I0KEHHIO HEJOro 4HC/Aa B IPOH3BEIEHHE MPOCTHX MHOXH-
teneft. Jad lenbix Yucesa cyulecTByer, OXHAKO, H APYroi cnoco6, Has-
BAEMbil Q120PUMMON 710CAL008aMEAbH020 OeleHUs WIH QA20DUMMOM
Egxauda; 3T0T Cn0COG BIOJNHE NPHMEHHM M K MHOTQWIEHAM.

Anroput™ EBK/HIA 1St MHOrOYJIEHOB COCTOMT B cienyiouieM. ITycts
AaHpl MHOTOWIeHH f(x) u g(x). Heaum f(x) nHa g(x) u mnoayuaem,
BOOGILE TOBOPS, HEKOTOPHIH 0CTaToK ry (X). Jenum 3atem g(x) Ha ry (X)
M NOJIy4YaeM OCTaTOK ry (X), AenuM ry(x) Har, (x) n u 7. A. Tak Kak cre-
NeHH OCTAaTKOB BCe BPeMst MOHHXKAIOTCS, TO B 9TOH Lenoyke nocienosa-
TeNbHHX NeJeHuf Mu NOMKHHB AOHTH A0 TaKkoro MecTa, Ha KOTOPOM
Jle/leHHE COBEPUIMTCS HAUEAO W MO3TOMY TpoliecC OcTaHoBUTCH. Tom
ocmamox ry(x), Ha Komopsii nayeso JeAumcs npedvioyuul ocmamor
r,_,(x), u 6yoem naubosvmurs obwus Oesumeness MHoz0%AeH08 [(X)
u gx).

Ins noxasatenbcTBa 3amuIIEM H3JM0MKEHHOE B NpeibyuleM absaie
B BHAE CleAyloilell LenoYyKH paBeHCTB:

F(x) =g (%) gy (x)+ry (%),
g (X) =ry (%) g, (x) 471, (x),

)
ry (%) ( )qa(x)+’a( ),
) e L )

L (x) =’k—2 (x) qk-l(x)+’k-1(x),
Ty (X) ==Tp_1 (¥) g5 (X) + 74 (%),
Fpoq () =1 (%) 941 (¥)-

H

l(

/

TMocnexHee paBeHCTBO MOKA3HIBAET, UTO 7y, (X) CAYWAT AeANTENEM HAd
ry-1{x). Orcona caenyer, uto 06a cjaraeMux OpaBodt YacTu npenmno-
cllefHero paBeHCTBA AeMSTCs Ha 1y (X), a 103TOMY ry, (X) GyAer denntenem
U AAS Iy, (X). [anee, TakuM ke myTeMm, MOXHNMAACH BBEDX, MH NOJY-
YHM, YTO r, (¥) SBAZETCA MenuTeNeM M JAA ry_g(¥), ..., Iy (X), ry ().
Otcioza, BBULY BTOPOrO paBeHCTBA, OymeT C/1eA0BAThb, UTO Iy (X) CAYKHAT
AenuteneMm Aas g(x), a NO3TOMY, HA OCHOBaHHM NEPBOTO PABEHCTBA, —
u ana f(x). Takum o6pasom, r, (x) ABaseTcs OCWIUM JAeNUTeNEM IJf
f(%) n g(x).

Bosbmem Tenepb npoussonbHuit o6muil Aeaurendb @ (x) MHOTOYEHOB
J{x) 1 g(x). Tak kak nemas yacThb W Neppoe CraraeMoe Npasod yacru
NepBOro U3 paBeHCTB (2) memstcss Ha @ (Xx), TO ry(X) Taxke Oymer
Aejiutbea Ha @ (x). Tlepexoas Ko BTOPOMY M C/IEAYIOLEMY PABEHCTBAM,
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MB TAKNM Xe CHOCOGOM NOAYYHM, YTO Ha @ (X} AeAATCT MHOTOYJIEHH
ry(x), rg{x), ... Haxouen, ecnmm yxe OyAeT A0Ka3aHO, UTO r,_, (¥) u
ry_y (%) nengrcs Ha @ (X), TO M3 IPEANOCHSNAHErO PaBEHCTBA MH TOJNYUUM,
uto r,(x) nenutcs Ha @ (x). Takum obpasom, r,(x) Ha camoM xene
Gyaer HanbonpmiuM obuiuM menurteneM aad f(x) u g(x).

Mgl mokasanu, clleg0BaTENbHO, YTO JIO0HE NBa MHOTOWIeHa 061aAa0T
HAHBOMBINHM OOLIUM Le/HTeNeM, H MONYUHIH CIIOCO6 A/ er0 BHYHC/IEHHS.
IToT cnocob MOKaskBaeT, UTO ectl MHozouAens f(x) u g(x) umeiom
ofa payuonaasHbie UL delicmsumesbHole KOIPPULLeHmb, MO U KOIP-
duyuenmo ux waubossuezo obuezo Oesumenrss marxsce 6yoym panyuo-
HAAbHBIML UAL, COOMBEMCMBERRO, OelcmeumensHolmi, XOTH, KOHEUHO,
Yy STHX MHOIOYIEHOB MOTYT CYIIECTBOBATb M TaKHe AENUTENH, HE BCe
KO3(PULUMEHTE KOTOPHX pauHOHanbHpl (HelcTButenbHu)., Tak, MHOTO-
YjieHsl ¢ pallHOHANbHLIMK KO3(hODHUUEHTAMK

S(x)=x3—3x*—2x -6, & g(x)=x34x2—2x—2

HMEIOT HaubonbmuM OOUIUM JAeJuTeNeM MHOTOYIeH ¢ PalHOHaIbHLIMH

koaddunuenramu x%2—2, X0TH y HUX ecThb OO HeqHTENb x——~V2,
He Bce K03puuueHTH KOTOPOro pauuOHANBHHI, '

Ecnu d(x) ectb nanbonbmiuit o6t nenuTeNb MHOTOWIEHOB [ (X) U
g (x), 1o, kKak nmokxasmiBaioT cBofictBa VIII u IX (cM. Bhimie), B kauecTse
HauboNbIIero OGMIEr0 AENHTENS HTUX MHOTOWIEHOB MOXKHO OHIO Ol
BHIOPATDb TaK¥e MHOro4/eH ¢d (x), Tie ¢ —IpOU3BOJbHOE YHCI0, OTAHYHOE
OT Hyas. VaeiMu cnoBamu, naubossmuii obwuli desumens 08yx muozo-
41eH08 onpedesen AuWb C MOYHOCMBIO 00 MHONCUMEAST HY N80l
cmenenu. Baumy 9TOTO MOXKHO YCNOBHTbCA, YTO CTAapIIHB KO3 -
bunueHT HaH6ONbMWEro oGUero NEAUTENS ABYX MHOT 0-
YyieHOB 6ymeT BCerfa CYMUTATbCHd PaBHHM €HHHHUILE.
Vcnonp3ys 3TO YCJAOBHE, MOXHO CKa3aTh, YTO 08Q MHO204AeHaG mo20a
U mossko mo2da B83QUMHO nNpocmel, ecAu ux Haubosbuwui obuwui
Ceaumensv pasen edunuye. B camoMm gene, B xadectBe HamGonblIero
o6wero JAennTens ABYX B3aUMHO INPOCTHX MHOrOY/IEHOB MOXHO B31Th
no6oe YUCA0; OTAHYHOE OT HY/dA, HO, YMHOXAs ero Ha oOpaTHbH 3ie-
MEHT, Mbl MOJYYHUM EIHHHULY.

Mpuwmep. Hafitn manGosbnil o6Wwuil fe HTeNb MHOTOUJICHOB
fo)==x443x3—x2—4x—3, g (x)=3x3-}10x%+2x—3,

Tpumensas anroputv Eekauia K MHOrowIieHaM ¢ ue/sMyu KosdbHuHerTaMmH,
Mbl MOXEM, YTOGH H3bexaTh APOGHHIX KO3(D(PHIHUEHTOB, YMHOKHTD AEJHMOE HJIH
COKPATHTh [ie/HTeb HA J060oe He paBHOE HYJIO YHCIO, NPHYEM HE TOJBKO HAYH-
Has Kakoe-NHOO M3 MOCNENOBAaTeJbHBIX AeJIeHHH, HO U B NPOIECCE CAMOTO 5TOrO
AeJeHHH, DTO GYAeT NPHBOJMTEH, NOHATHO, K HCKAXKEHHIO YACTHOTO, HO HHTepe-
CyioulHe Hac OCTATKH OyAyT nmpHOGpeTaTh JHUIL HEKOTOPHIH MHOXKHTENb HYJIEBOMH
CTeNneHH, 4TO, KaK MH 3HaeM, NPH pasbiCKAHHH HAHOOMbLILEr0 OGLIETO AEJHTENS
JonmycKaercd. -
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Hennm f(x) Ha g(x), npeABapuTeJbHO YMHOXHUE [ (X) Ha 3:
3xtt 9x®—3x2—12¢—9 | 3x8 102+ 2x—3
3x4 4 10x3 4+ 2x2 —3x x41

—x3—5x2—9x—9

(yMBOXaeM Ha ~—3)
' 3x8 4 15x% +97x 27
3x3 4+ 1052 4-2x— 3
5x2 4-25x 4-30.

TakuM- 06pa3oM, nepBuiil OCTATOK, NOCJAe COKpalleHus Ha 5, 6ygeT ry(x)=
=x?-+5x+46. Jeaum Ha Hero MHorouseH g (x):

3x3 4+ 10x2 4 2x—3|x24-5x+6
3x3 4 16x% -+ 18x 3x—5

—5x2—[6x— 3
—5x2 —25x—30
9x 4 27.

BrophIM ocTaTkoMm, mocJe COKpauwends Ha 9, Gyner, CJefoBaTeNbHO,
r, (x)=x+3. Tak xkak
ry(x)=rg () (x+2),

TO 79 (X) G6yJeT Tem NOCJNEAHHM OCTATKOM, Ha KOTODHH Haleno AeANTCA Ipel-
wecTBywmui ocrarok. OH Gyner, TakuM oGpasoM HCKOMBIM HanboJabLNHM OOIHM

AeJHTEeaEeM:
(f(x), gx))=x-3.

Hcnonpayem aaroputm EBkaupa pns noxasartenbcTBa cjelyiomed
TEeOopeMBb:

Ecau d(x) ecmb nauborvuul o6u4uu desumeny MHO20%AeH08 [ (X)
u g(x), mo moxcrno Halimu maxue MmHO20%AeHb W (X) # v(X), ¥mo

[ u(x)+gx)vx)=d(x). @)

Moaicho cuumams npu amom, ecall cmenend MHo20%4en08 f(x) u g (x)
Goabume HYAR, wmo cmenens U (X) MeHbue cmeneni g(x), a cmenemns
v (x) meHblwe cmenenu f(x).

Jloxa3aTenbCcTBO OCHOBAHO Ha paBeHcTBax (2). Ecan Mu yuTeM, uto
r,(x)=d(x), n nmomoxum u,(x)=1, v,(x)=-—4g,(x), TO npemmo-
cleAHee M3 paBeHCTB (2) macrt:

A (X)=rp_q (X) 8y (X)-+7pq (X) vy (X).

[MoacraBnas CIOAa BHPAWEHHE Iy _ 4 (¥) uepes r,_g (X) # rg_, (X) u3 npex-
WECTBYIOLWLEr0 paBeHCTBa (2), MH MOAy4yHM:

d(x)=ry_5(X) 4y (X)+7p_q (x) 9y (x),

rie, O4YEBHIHO, U, (X)=o,(X), U, (X)=1u, (X)—v, (X)g,_1(x). IIpo-
IoaKasi MOTHHMATbCA BBEPX MO paBeHCTBaM (2), MB NPHAEM, HAKOHeH,
K 10Ka3nBaeMoMy paBeHCcTBY (3).

Ilast moKkasaTenbcTBa BTOPOrO YTBEPHAECHHA TEOPEMH MPELNONOKUM,
YTO MHOCOYAEHH # (X) ¥ v {x), YAOBIEeTBOpSIOMMEe PABEHCTBY (3), yxe
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HalileHBl, HO, HampHUMep, cTenekb i (x) Go/blHe MIH PaBHA CTeNeHH g (X).
Henum u(x) Ha g(x):

u(x)=g(x)q(x) 47 (x),

rae CTeneHb r(x) MeHbule CTEMEHH g(X), M MOMCTAB/ASEM 3ITO BhHIpawe-
nue B (3). MBIl noayyuM paBeHCTBO

)7 (%) 4 g (%) [0 (0) + (%) g ()] = d (x).

Crenenb MHOXHTe, CTOSIIErO npHu f(X), yxe Merbuie cTenenn g (x). Cre-
neHb MHOrO4YIeHa, CTOfIeTO B KBAAPATHRIX CKOOKax, OyAeT B CBOWO
oyepeAb MeHbule cTemedH f(Xx), TaKk Kak B NPOTHBHOM CJyuae cTeneHb
BTOPOrO ¢J1aTaeMoro JIeBOM 4YacTH Oblia O HE MEHBIIE CTENEHH MPOHU3-
BepeHud g(x)f(x), a TaK KaK cTemeHb NepBOTO C/1araeMOro MeHblle
CTeNeHH ITOTO MPOM3BEJEHHS, TO BCs JIeBad.4acTb MMeNna Gul CTEMNeHb,
GONbUIYI0O MM DABHYIO cTemeHH g(x)f(x), Toraa kax Mmuorouyned d(x)
3aBeJOMO WMeeT, NPH HAWIHX TPeANONOXEeHHs X, MEHbIIYIO CTeneHb.

Teopema moxasana. OZHOBPEMEHHO MBI MOJYYaeM, YTO eCJAU MHOLO-
unensl f(x) U g(X) UMEOT pauMOHaNbHHE WM AEHCTBHTENbHHE KO3-
(UUMEHTH, TO ¥ MHOTOWIEHH 4 {(X) H v (X), YHLOBICTBOPAIOUIHE PaBeH-
¢ty (3), moxno moxo6paTh Tak, uTo HX KO3¢dduuuenTn OYyAYT pamHo-
Ha/lbHBIMH HJIH, COOTBETCTBEHHO, AEeHCTBHUTENbHHIMH.

IMpuwmep. Hafinem MHorounenst 4 (x) ¥ v(x), yHOBJETBOPSAIOUIHE pPaBeH-
cTBy (3) mpu :

F(x)=23—x243x—10, g(x) =23+ 642 —9x—14.

[TpHMeHUM K 5THM MHOrOYJeHaM aroputM EBkanga, nprduem Tenepb mpu
BHIIOJIHEHHH JIeIeHnHl yXe Hesbss HONYCKATh HCKAXKEHHs YAaCTHHX, TakK Kak STH
YacTHHE HCMOMAb3YIOTCS NPH PAa3LiCKaHMM MHOTOWIeHOB u (x) M v({x). Mu moay-
YUM TaKYK CHCTeMY PaBEeHCTB:

[(x) =g (x)+ (—~Tx*+ 12¢x |- 4);
: 1 54 235
s —{—Tx2 e X A v e D)
B =(=Tat+12044) (= x5 )+ 50 (r—2)
—Ta 12k A= (x—2) (— T2 —2).

Orciona caeayet, uto (f (x), g(x))=x—2 u uto

u(x)::ix—}——Si v(x):-—7— x———s—
2357 1 235° 2357 235 °
[Ipumenss A0KA3aHHYIO cefiyac TeOpeMy K B3aUMHO IPOCTHLIM MHOIG-
yjgeHaM, Mhl MOJy4aeM TakoH pe3ynbrart.
Mnozounens f(x) u g{(x) mozda u mossro mo20a 83auUMHO nPoCMbL,
ecal MOXCHO Hadmu MHOZo%AeHbl U (X) U v (X), ydossemsopsouue
pasencmsy

Flx)ux)+g@ v =1 )

OHHpaHCb Ha 3TOT pe3yiabTaTr, MOXHO A0Ka3aTh HECKOJbKO MPOCTHX,
HO BaXHBHX TeOoOpeM O B3aWMHO INPOCTHX MHOTOYJ/IEHaX:
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a) Ecau mHozousen f(X) 83aUMHO npocm ¢ Kaxcovm U3 MHO20-
yreno8 @ (x) u P(x), mo on 83auUMHO npocm u ¢ ux npoussedenien.

B camoum mene, cymecTByIOT, 0 (4), Takue MHOrowIeHs u (x) B v (x),
4TO o

[x) e x+o(x)jvix)=1.
Ywmuoxas 810 papencTBO Ha P (X), moayuaem:

F () [ (%) P (<)) -+ [ (%) Y (%)) v () =P (),

OTKYZAa CHEeAYET, YTo Beakn obmufl neantens f(x) u @ (x) P (x) Oua 6u
zenuteneM H anas P (x); oxHako mo ycaoruio (f(x), ¢ (x))=

6) Ecau npoussedenue mHozonrenos f(x) u g(x) Oeaumcs na ¢ (x),
Ho f(x) u @(x) 83aumno npocmu, mo gi(x) Oeaumca Ha @ (X}

B caMoMm nxele, yMHOXas PpaBeHCTBO

fx)ux)+ox)vx)=1
Ha g(X), MH monyyum:
17 (%) g (x)] u (x) + ¢ (x) [v (%) g (x)] = g (¥).

O6a cnaraeMuX neBOff YaCTH 3TOrO paBeHCTBA ANATCH Ha @ (x); HA Hero
JHeNUTCs, CleN0BaTeNbHO, H g (X).
B) Ecau mno2ousen [f(x) Oepumcs HaG KQ#CObE U3 MHO204AEHO8
¢ (x) u P{x), xomopse mexcoy coboii g3aumno npocms, mo f(x)
desumcsi 1 HQ ux npousgedenue, '
Heficteutensto, f(x) =g (x) ¢ (x), Tak 4To NMpousBeneHne, cTofMEE

cnpasa, fAenutcs Ha P (x). ITostomy, mo 6), ¢(x) peaurca Ha §(x),
@ (¥) =1 (x) P (x), otxyna f(x)=I[g (x) P (x)]P(x).

Onpexenerne HauGoObIIErO OGUIETO JAenuTeNst MOXeT ObTb pacnpo-
CTPAHEHO Ha Cy4ail 1060 KOHeUHOH CACTEeMbl MHOTOWICHOB: Hauboabuum
obwuun desumesem MHOTOUNGHOB fy (X), fo(¥), .., fs(¥) HasuBaercs
Takol oOuuil 1enNTeNb STHX MHOTOYJIEHOB, KOTOPHH JNeAuTC Ha n1060it
Apyroti oGuull genutens arTux MEorowienos. CyuiecTROBalKe HanO0IbLIET O
o6uiero menuTeas AAS M0G0 KOHEYHOM CHCTEMbl MHOTOY/EHOB BBHITE€KaeT
u3 caenyowel TeopeMu, Aapued Takxe Cnoco6 ero BHYHCAEGHMA.

Hauboavuwut o6uuii denumens muo2ourenos fi(x), fo(x), ..., fo(x)
pasen nauboavueny obuwerny desumento mrozoriena f(x) & Haubosrs-
wezo obuwezo deaumers mHozounenos fi(x), fo (%), ..., feo1{%).

B camoM nene, npu $ =2 Teopema OueBHAHAa. MH NpuMeM NO3TOMYy,
YTO AJf cayyas S— 1 OHa cOpaBentuBa, T. €., B YaCTHOCTH, yXK@ KOKa-
. 3aHO CYMIeCTBOBaHHe HauGoAbuiero obmero xenurens d (X) MHOTOYIEHOB
J1(x), fa(x), ..., feq(x). OGo3nauum uepes d (x) nauGoabmuit oBuiuit
nennrens MHorouneHoB d(x) u f.(x). On Gynmer, OuYeBULHO, OoOmIHM
IenuTeNeM IS BCEX 3afXaHHBX MHOoroutenos. C apyro#t ¢cTopoHH, BeaKuit
Apyro# o6miuil AenuTesb 3THX MHOTOUYIEHOB OyleT JelHTeNeM TaK¥Ke U

ans d(x), a nostoMy u aas d (x).
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B vacTHocTH; cHcTema MHOrouwneHoB f (x), fp(X), ..., f;(x) Hasm-
BaeTCd 83QUMHO npocmoli, €CNHl OOU{UMH ACTUTENIMH STHX MHOIOY/JEHOB
SIBAFIOTCS JIMIUb MHOTOYJEHH HYJIEBOH CTEMEHH, T. €. €C/IH UX HauGobni
obuuit genmrent pareH 1. Ecam §>> 2, TO momapHO 3TH MHOTO4Y/eHH
MOTYT M He OWTb B3aMMHO NPOCTHMH. Tak, CHCTeMa MHOTOY/JEHOB

flx) =x3—Tx2+Tx+15, g(x)=x*—x—20,
hx)=x*+x*—12x

B3aHMHO IPOCTA, XOTH
(f(x), g(x))=x—3, (f(x), b(x)=x—3, (&), k{x)=x+4.

Yutatear 6e3 Tpyla HOAYUHT 0006UIEHNE NLOKA3aHHHX BHILE TEOpeM
a)—3B) O B3aHMHO NPOCTHIX MHOIOY/EHAX Ha CAyya# mMo6Oro KOHEYHOro
YUC/Ia MHOTOY/IEHOB.

§ 22. Kopsn MHOro4JIeHOB

Mu ywe BcTpeuanuch B § 20 co 3HaYeHHIMH MHOrOdYNeHa, Korjia
TOBOPW/H O TEOPeTHKO-PYHKIHOHANbHOH TOYKE 3peHHd Ha TOHATHE
mMHoro4neHa. HamoMuum onpendenenue.

Ecan

F0)=a,"+a " 4 L. Fa, (1)
€CThb HEKOTOPHH MHOTOWIEH, a4 ¢— HEKOTOPOe YHCIO, TO YHCIO
o fley=a4"Fa " - L. Hay,

[O/yYEHHOE 3aMeHOH B BulpawennH (1) 474 f(x) HEH3BECTHOTO X YHC/IOM ¢
1 II0CHeAYIOUHM BHOOJHEHHEM BCEX YKa3aHHBIX omepauuii, HasbiBaercs
3natenuen muozodsena f(x) npu x = c. IlonatHo, uto ecau f(x) = g{x)
B CMuICAe ainre6pamyeckoro paBeHCTBA MHOTOY/IEHOB, OINpPeNe/IeHHOTO
B § 20, to f(c)=g(c) npu mobom c.

Jlerxko BULETH TaKKe, YTO €C/IH

@ (x)=f(x)+gx), V(¥ =S(x)gx),

TO
Pley=r(c)+g(c), P(c)=r(c)g(c).

VHpIMA CI0BaMH, C/IOXeHHe M yMHOXEeHUe MHOTOY/IEHOB, ONpeNeleHHBIe
B § 20, npeBpaanTcs NPU TEOPeTHKO-PYHKIHOHANBHON TOUYKE 3peHus
Ha MHOT'OY/1EHH B CIOXKEHHE H YMHOXeHNne QYHKIAH, HOHUMaeMbIe B CMBICIE
C/IOWEHNS MU YMHOXEHHS COOTBETCTBEHHBIX 3HAayeHWH 3THX (YHKuUM.

Ecnu f(c)=0, 1. e. mHorouned f(x) obpaujaercs B HYJb 0pH MOA-
CTAHOBKE B HErO 4YMCJA ¢ BMECTO HEU3BECTHOTO, TO ¢ HASHIBACTCSH KOPHeM
MuOrOunena f{(x) (unu ypasHeuus f(x)=0). Ceiiuac 6ymer mokasauo,
4TO 3TO MOHATHE LEJUKOM OTHOCHTCH K TOH TEOPHH HEJIUMOCTH MHOrO-
YIeHOB, KOTOpPAd Onia NPEeAMETOM H3yYeHHs B MPEAINeCTBYIOUIEM mapa-
rpade,
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Ecan mb 6ynem jpenutbh MHOrounen f(x) #a HApOUSBOALHHH MHOrO-
ujied neprofl crenesu (maM, Kak OyLeM rOBOPUTH Haljbllle, Ha AUHeldHbl
MHOZ0%AeR), TO OCcTaTOK GyneT JNUGO0 HEKOTOPHM MHOTOY/IEHOM HYJeBOH
CTeNmeHH, JUGO HyseM, T. €. BO BCAKOM CJIy4ae HEKOTOPHIM YHCJIOM I.
Crepyomas TeopeMa nospojser HaliTH 3TOT OCTATOK, He BHITONHAS
CaMoro nejeHud, B ciydae, KOTJAa MPOU3BOAHUTCSA AeNeHHE HA MHOTOYNEH
BHIA X—C. i

Ocmamokx om Oesenuss MHO204AeHa [(X) Ha Aunelinblil MHO2041eH
X—c¢ pasen 3Haueruo f{c) MHozousena f(x) npu x=-c.

 Jel¢TBUTENBHO, AYCTD

flr)=(x—c)gx)+r.
Bepsa sHauenms o0eux yactell STOro paBeHCTBA NPH X == ¢, MBI NOJYyYaeM:
Fley=—c)gql)+r=r,

YTO HAOKA3LIBAET TEOpeEMY.

O1ciona BHTEKAaeT TaKoe HCKJIOUHTENbHO BaXHOe C/AeNCTBHeE:

Yucpo ¢ mozda 1 moavio mozda bydem rxopHem Mmuozorserna f (x),
ecan f(x) Oeaumcs Ha x—c. .

C npyroii cTOopoHn, ecan f(X) AeJUTCS HA HEKOTOPHH MHOrOu/eH
nepBo#t creneHn ax-+b, TO AeaHTCH, OUEBHAHO, H Ha -MHOrOYJeH

b
x——(——a—>, T. e Ha MHOlounen Bupma x—c. Takum obGpasoM, pass-

cKante Koprel. MHO20406Ha [ (%) pasnocursro passickanuio e2o AuHel-
HoLx <deaumeneli. ’

Beuay cxasaHHOro Bhillle NPENCTAaBJSeT HHTepec CleNYIowuit MeTon
AeJleHus MHOFOY/IeHa f(X) Ha nuHeHHWH HLByuYleH X — ¢, 60Jee NpocToi,
yeM o6l aITOPUTM [eNEHHS MHOrOYIEHOB. ITOT METOJL HA3HBAETCH
mMmetronoM Fopuepa. Ilycrp

fx)=ax"4a,x" "1+ a,x""2+ ... +a, 2)
FH)=@—c)gx)+r," @)

g (%) =bex" "1 byx" "% l.)2x"l'3 + ...+ b0
CpasHuBast X09ddUUHEHTH NPH OAHHAKOBHIX CTENEHAX X B (3), nonyuaem:
a,=b,,
a, =b; —ch,,
ay=by,— by,
a1 =by 11—l
p=r—ch,_4.

U nycTh

rae

OTciona cnenyer, uto b,=a,, by=cb,_,+a, k=1, 2, ..., n—1,
T.e. kO9bduunuent by nonydaercs yMHOMKEHHEM NPeAL-



§ 22} KOPHH MHOTOY/EHOB 145

ayupiero koadpduunenta b, ,HacunpuGaBaenneM cCoOT-
BeTCTBYlouiero KosbdnuvenTa a, Hakouen, r=cb,_,-+a,
T. €. ¥ OCTaTOK r, PaBHHIH, KaK M 3HaeM, f(c), monyyaercss N0 9TOMY Xe
sakony. Taxum o6pasoM, kKo3(dduuHEHTH YaCTHOrO H OCTATOK MOMHO
AOCNeA0BATENIbHO NOMYYaTh MPH TIOMOULM OLHOTHIHKX BHYHCAEHHH, KOTO-
puie pacmonaraloTcs B CXEMy, KaK NOKaswBAaOT CJAeAYioluiue MPHMEps:

1. Pasgeautp [ (x)=2x8—x4—3x8 - x—3 nHa x—3.
CoctaBuM Tabanuy, B KOTOpOH Hajg uepToll pacnodoxeHbl KO3(QQHUHEHTH
MHOroyseHa f(x), Nojx uepToH — cooTBeTCTBYWOMHE KODDHUHMEHTH YacTHOrO

OCTaTOK, NOC/IEROBATEILHO BHIYHCJAEMBIE, & CJeBa COOKY— SHAYeHWe ¢ B AGHHOM
npuMepe:

2 —1 —3 0 1 —3
312,3-2—~1=5,3-5~—~3=12,3-124+0=36,3-36 4-1=109,3- 100 —3=324"

TakuM oGpasoM, McKoMoe uacTHoe GyaeT
g (x) =2x245x8 + 1242 4 36x - 109,
a octatok r={[(3)=324.
2. Paspennto [ (x) =x4—8x3+4x2+4x—9 na x--1.
1 —8 1 4 —9
—1j{1 —9 10 —6 -—3.

[Nostomy uactHoe 6yzer

g (x) =x%—9x%--10x—6,
a ocTatok r=7|(—1)=—3.

ATy NpHMepPH INOKa3HBAWT, YTO Memod Ioprepa Moxcem GCoims
UCNOAb30BAH MAKNCe AL OLLCMPO2O BHYUCACHUS 3HAYEHUS MHOZOUACHE
npu GaHHOM 3HA4eHUU Hell38eCMHO20.

Kpatasie xopau. Ecan ¢—kxopenp muorounena f(x), T.e. f(c)=0,
10 f(X) nNenurcs, Kak Mul 3HaeM, Ha X—c. MoxeT OKa3aThcsl, 4TO
MHOTOU/EH f(X) HeAUTCS HE TOJALKO HA NEPBYI0 CTEMeHb JTHHEHHOTO
AByuYneHa X—c¢, HO M Ha 6onee BHICOKMe ero cremeHd, Bo BcakoM
cayyae HallaeTcs TakO€ HaTypaldbROE YHCIO B, 4TO f(X) HaLe10 AeIHTCH
na (x—c)¥, no me meamtes ma (x—c)**1, Ilostomy

f)=(x—0c) ¢ (x),

rae MHOTOUWIEH @ (X) HA X—¢ yXe He JAeauicd, T. €, YHCIO ¢ CBOMM
xopHeM He nMeeT. Hucj0 k& Ha3HBaeTCs KpamHoOCmMsio KOPHA ¢ B MHOTO-
ynene f(X), a caM KopeHb ¢—Kk-Kpamubli KOpHeA 3TOTO MHOrOYIeHa.
Ecan k=1, TO roBopfAT, UTO KOpeHb C— 7pocmoi.

TloHsiTHE KPATHOTO KOPHSl TECHO CBA3aHO C MOHATHEM TPOH3BOAHOMH
OT MHOrouyjsesa. Mp H3y4yaeM, OXHAKO, MHOrOUJIEHH C JOGHIMH KOM-
NIEKCHHIME KO3(PPHIHEHTaMH ¥ TO3TOMY HE MOXEM MPOCTO BOCMO/b-
30BaTbCS MOHSITHEM NPOU3BOAHOM, BBEIEHHRIM B Kypce MATEMaTHYECKOro
anammsa. To, yTo OYyZeT CKA3aHO HHKe, CIeAYeT PACCMATPHBATH Kak
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HE3aBHCUMOE OT KYPCa aHajinu3a OMpeneeHU e MPOUIBOLHON MHOLO-
Ynena.
Ilyctes xan MHOroYneH #-# CremeHn

F)y=ap"+-a;x" 14 . +a, 1% +ta,

¢ mobpiMu koMmnexcHeMH kKoddduunentavu. Ero npoussodwoii (anm
niepgoli npou3godnol) Ha3biBaeTCa MHOTOUMeH (7—1)-i cremenu

f W)=nax"1+@n—1)a;x" "2+ ...+2a,_,x+a,_,.

TpousBomHas OT MHOrowIeHa HY/NEBOH CTeMeHM M OT HYAS CUHTAETCS
paeHo#t nynio. [IpoussonHas ot mepBoO#t NPOH3BOAHOH Ha3bIBAETCH 870~
poil npou3sodnoii or MmuorouneHa f(x) u oGo3navaercd dyepes [ (x)
n T, A, O4eBHAHO, 4TO

F? (x)=nla,

1 noatomy f*HU (x)=0, 1. e, (n-+1)-2 npouszsodnas om mmuozo4nena
n-i cmeneny pasHa HYO.

Msl He MOWeM moab30BaTbCH B HalleM CAydae MHOTOUJIEHOB C KOM-
TJIEKCHBIMH KO3(PduiinerTaM CBOMCTBAMM NPOU3BOLHON, XOKa3aHHBIMU
B KypCe aHanu3a A/ MHOTOUIEHOB C XeHCTBUTENbHEIMHI KovhdunuenrTamu,
H JIOKHB, HCOOJb3Yst AHLUIb HAHHOE BHILE ONPeXeeHHe NPOU3BOXHOH,
CHOBA 9TH CBONCTBA NoOKa3aTh. Hac uHTepecyioT caenyiouue CBOHCTRA,
ABJAIOLIHECS, KaK roBopsaT, GopMytaMu AuddepeHHpOBaAHUS LI CyMMbl
H NPOM3BEAEHNU:

(f ) +g () =F (x)+& (%), (4)
(f(%)-8 (€)' = (x) &' (x) +F (x) g (). (3)

BT opMy/NBl NErKO NPOBEPUTH, BOPOYEM, HEMOCPEACTBEHHBIM MO~
cyeToM, Oeps B KadecTBe f(x) u g(X) ABa MPOM3BOJIbHLIX MHOrOY/eHA
H NPHMEHNsS AaHHoe Bbillie ONpese/ieHue NPOU3BOIHON; STY IPOBEPKY Mbl
npeXoCTaBUM YHTATEIIO.

Popmyna (5) 6e3 Tpyza pacnpoCTPaHSeTC HA ¢/Iydall NPOMU3BELEHHUT
N1I060r0 KOHEYHOrO YMC/Ia MHOXHTEREH, a MO3TOMY OOGHYHBIM CHOCOGOM
MoOXeT OuTh BmBEAeHa (OpMyJa M Ajid NPOU3BOJHOH OT CTENEHH:

(fHE) =k () (%), (6)

Haueit uenpio sBAsieTCst AOKA3aTENBCTBO CACAYIOUICH TEOPEMBI

Ecau uucno ¢ seasemcn k-xpamusm rxopuem Mmuo204%aena f(X),
mo npu k>1 ono 6ydem (k— \)-xpamubim Kopresm nepgod npous-
800HOE 3M020 MHO2041eHa; eCAl Jce k==1, mo ¢ ue Gydem caysicums
xoprem oan [ (X).

B cawom gene, mycth

fER=E—cew), k=1, (M
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rae ¢ (x) yxe ne menurcs Ha x—c. Jduddepennupys pasencreo (7),
noJayyaem:

Fo=x—0* () +k(x—o* o=
=(x—0)* 1 [(x—c) ¢’ (%) -+ kg (x)].

[Tepoe cnaracmoe CyMMbl, CTOfLleH B KBaADaTHHX CKOOKaX, AeAUTCH
Ha X-—C, 4 BTOPOE Ha X-—¢ He IeNUTCS; NO3TOMY BCH 3Ta CymMa
Ha X—C He MOXeT JeJUTbCH, YYUTHBAfA, YTO YaCTHOE OT Ae/NeHHs f(x)
Ha (x—c)*~1 ompenmeneHO ONHO3HAUHO, Mbl IOJyYaeM, 4TO (X—¢)*~1
fBA4eTCq HanGoablieH CTemeHb0 ABYYIEeHA X—C, HA KOTOPYI AEAUTCH
MHorounen f'{(x), 4To u Tpe6GoBalOCH LOKA3aTh.

[pnrMensas 3Ty TeOPeMY HECKOAbKO Pa3, Mbl IIOAYYaeM, 4TO R-xpan-
Hull Kopenb mnozonsena [f(x) 6ydem (kR—s)-kpamubiy 6 S-H npous-
800HOU 3mozo mHozousena (kZ=S) u 6nepguie He Gydem CAyscUmb
KOpHeM 0AR R-ii npous3soonod om f(x).

§ 23. Ocnosras Teopema

3anuMasnch B NpeflHecTBYIOUEM naparpadge KOPHAMH MHOTOYIEHOB,
MBI HE CT4BUJM BOIIPOCA O TOM, BCAKHUH JM MHOrouwleH oGnalaeT Kop-
HAMH. M3BecTHO, 4TO CYIUECTBYIOT MHOLOYIEHB ¢ AEHCTBHTENbHBIMH
kosbduuueHTaMH, He HMeNIHe Ne#CTBUTENbHEX KOPHEeH; x? - 1 ~ oouH
U3 T4KUX MHOro41eHoB. MoOXHO 6b10 65l OXHIATH, YTO CYLUIECTBYIOT
" MHOTOWIEHBI, HE HMEWOUIHe KOpPHeH Jaxce CPelH KOMILIEKCHBIX 4YHCel,
0COGEHHO eC/I PACCMATPHBAIOTCA MHOFOWIEHH ¢ JIOGEMH KOMIIEKCHBIMU
xosdunuentamu, Ecau 66 9T0 6bUl0 TaK, TO CHCTEMA KOMIIEKCHEIX
yucea Hyxjaaiaach Obl B JanbHedinmem pacmwupedun., Ha camom nene,
OZHaKO, CIpaBelsiuBa CAeAylomas OCHOBHAS TeopeMa ajire6pHu
KOMONEeKCHBX YuCen:

Beaxull mHnozowsen ¢ n006imlL  %uCA08bIME  KodhunileHmami,
Cmenens KOmMOpo20 He JMewbule eOUHUb, uMeem Xoms Ol 00UH
Kopens, 8 obwenm CAY4IAE KOMNACKCHBLE,

drta Teopema $BIGETCH OJHUM M3 KPYNHEHIIHX AOCTHXeHHH Bcei
MaTeMaTHKH M HaXOAHT IPHMEHEHMS B CaMHX Pas3IUuYHbIX 061acTsix
Haykn. Ha Heii ocHOBaHa, B 4aCTHOCTH, BCA JanbHeHIag TEOpPHST MHO-
TOY/EHOB -C YHC/IO0BBIMH KO3G(UIHEHTaMH, ¥ MOTOMY 3Ty TEOPEMY Haahi-
BaNW paHblle {a MHOTLA HA3LIBAIOT M Tenepb) «OCHOBHOH TeopeMoil
BhICIIeH anareOpniy, B AeficTBHTENBHOCTH, OAHAKO, OCHOBHAS TeopeMma
He gBIgeTcd yHcTO anrebpanmyeckofi. Bce ee mokasarenbcTBa,——a HX,
nocie laycca, BrnepBHe JOKa3aBLIErO 3Ty TEOPEMY B CaMOM KOHUE
XVIII Beka, Gnlio HafileHO BecbMa MHOrO,— NPUHYXHAEHH B Goabmei
HIH MEHbINEH Mepe HCNONL30BATH TaK Ha3bBaeMhe TONOJOrHYECKHE
CBOHCTBA MEHCTBUTENBHHX W KOMIIEKCHHIX 4YHCEN, T, €. CBQHCTRa,
CBA3aHHHIE C HENPEePHIBHOCTHIO.

B noxasatenscree, xoTopoe 6yaeT cefiuac TNpOBELEHO, MHOTOUAEH
(%) ¢ xommiexcHMH Ko3bdHUMEHTaMH OyaeT pacCMaTpPHRATLCH Kak
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KOMIUIEKCHAN PYHKIHA KOMIVIEKCHOTO nepeMedHoro x, Takum o6pasom, X
MOWeT MPHHHMaTh MIOOHE KOMIVIEKCHHE 3HaYeHH:, T. €., KAK TOBOPAT,
VUHTHIBAS U3NOWeHHbH B § 17 ¢H0COO6 MOCTPOCHHR KOMINVIEKCHBIX YHCeI,
NePEeMEHHOe X H3MEHSeTCS Ha KOoMALeKCHOU naockocmiu. 3HAYEHUS
dynkuun f(x) Taxke 6yAyT KOMIVIEKCHHIMH YHCIaMH. MOXHO CYHTaTh,
YTO 3TH 3HAYCHHHA OTMEYAIOTCH HA BTOPOM 3IKIEMIVIAPE KOMIJIEKCHOM
MJIOCKOCTH, MOAOBHO TOMY KakK B ciayyae HLeHCTBHUTENbHbIX QYyHKIuH
JeHCTBUTEILHOTO TIEPEMEHHOTO 3HAYEHHS HE3aBHCHMOrQ IIEPEMEHHOro
OTMEYalTCd Ha ONHOR YHCHOBOH npiMo# (ocu abecuuce), a 3HAYEHHH
¢dbyuxuun—=na apyro#t (ocu opaunar).

Onpenenenue HenpepuBHOH QYHKUMH, H3BECTHO® YHTATENO M3 Kypca
MaTeMAaTHYECKOrO 4HA/IHM3a, NEPEHOCHTCH M Ha (YHKUNH KOMILUIEKCHOTrO
nepeMeHHoro, npuyeM B GOPMYJNHPOBKe ONpexeIeHHA aGCOMOTHHE BEH-
YHHB 3aMEHSIOTCS MOLYAAMH. :

VimeHHo, kommiekcHas PyHkuus f(X) KOMNIEKCHOrO MEPEMEHHOr0 X
HA3bIBACTCA HenpepusHol 8 mouke Xg, €ClM LI BCIKOTO TOJIOMUTEdb-
HOT'0 NeHCTBHTEAbHOrO YMC/IA & MOXHO 10A06PaTh TaKOE NOMOKHTENbROE
AeHcTBHTENbHOE uHcAo O, uTO, KakoBo 6w HH GhIO (BoOOWE roBopd,
KOMILIEKCHOE) mpupauienue K, MOAY/b KOTOPOro YAOBIETBOPHET Hepa-
BeHCTBY || <C O, Oyler cnpaBemHBHIM TaKKe HEPaBEHCTBO

Lf (0 + By —F (0} | <.

Pyuxuua f(x) Ha3LIBACTCSA HenpepbisHol, eCU OHA HENPepbsHa BO Beex
TOYKAX Xp, B KOTODHX OHAa omnpeneaesa, T. e, ecau f(x) dapagercd
MHOTOY/IEHOM,—Ha BCeli KOMMIEKCHOH MJIOCKOCTH,

Mnozousen f(x) s8asemca Henpepbigsnoll GyHKGUel KoMNICKCHO20
nepeMenno20 X.

JJoxazaTenbCTBO 3TON TeOpeMbl MOXKHO Obi10o Opl MPOBECTH TAK e,
KaK 9TO J[eMaeTcd B Kypce MaTeMaTHYeCKOro aHaiu3a, a MMEeHHO, NOKa-
3aB, YTO CYMMa W Npou3BefeHHe HempepuiBHbXx (YHKUUH camu Henpe-
PHBHH, H 3aMeTHB, YTO PYHKUUE, MOCTOSHHO PaBHAT OLHOMY H TOMY Ke
KOMILIGKCHOMY uucay, Oyner unenpepsieioit. Mul moitaeM, OXHAKO, MHBIM
nyTeM.

HoxaxeMm cHayana HacTHH cayuya#h Teopembl, a HMEHHO CaAy4aH,
KOTLa CBOOOXHHI Yled MHOTOWIEHA f(X) paBeH HYTIO, OPHYEM JIOKAXeM
JUIb HempepeBHOCTh f(X) B TOouke x9=0. MumMH caoBaMH, MH
HOKaWeM CACLAYIOILYIO JieMMY (BMECTO A MH muLIeM X):

Jemma 1. Ecau c80600nbil yaren MHozousena f(X) PaseH HYA0:

f)=ax"+ax"" 1+ ... +a,_x,
m. e. f{0)==0, mo dan scaxozo >0 moxcHo nodobpame marxoz
>0, umo npu scex x, dan xomopeix |x|<<8, 6ydem |f(x)|<<e.
HeficTBHTENBHO, NYCTH

A=max“a01) lallv ve0y }an—ll)'
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Yucao e Ham ywe paHo. Tlokaxem, uro ecam 3a unciao O B3ATh

6““A+8! (1)

TO0 OHO OyZeTr YIOBNETBOPATb TpeGyeMHM YCIOBUAM,
B camoM jeue,

@ I<lal] 2l +lay |2 .. +la, ]| 2] <
< A(x[ |2t ] x),

Alxl—,xl""’l

e < Al
Tak kax |x|<<d n, nmo (1), d<C1, 10

[xl—fx]m+t [%]
T—[x] I—|x|?

H TO3TOMY

&

A——
Alx]| A T Adte
]f(x”<1—-lx]<1—6_l__ e o

A-te

Y10 W TPeGOoBaJOCh HOKA3aTh,
BuBenem Tenmepp cnenyioumyio gopmyay. Ilycts pan muorounes

fX)=aox"+a;x"" 14 ... +a,_,x+a,

¢ MOOGHIMH KOMILIEKCHEMH Ko3dduunentamu., [JoacTaBuM B HETO BMECTO X
cymmy x-+ A, rue h—BTopoe HenasecTHoe. Pasnaras B npapoit 4acTtu
Kaxayio u3 crenenei (x-+h)*, k<<n, no dopmyne Gunoma u cobupas
BMECTe 4/eHbl ¢ OJMHAKOBBIMH CTENEHIMM K, MH MOJIYYHM, KAK YHUTaTENb
6e3 Tpyla NMpoBEPHT, PaBEHCTBO

FOEAR=F () - Bf () + 2 () .o+ 7 (1),

T. e. mokaxeMm dhopamyasy Taiisopa, pawowmyio pasioxenue f(x - #)
10 CTENeHAM «NpHPALLEHHA» A, '

HenpepHBHOCTh NPOH3BOABHOTO MHOTOuYldeHa f(x)
B 11I060H TOYKeE X A0Ka3plBaeTcs Temepp cledylounm obGpasom.
ITo ¢opmyne Tainopa

Fxo-Fh)—fxo)=ch+ch2+ ... +c "= (h),
Tie

:f/ (xO}, sz%f” (XO), ey =_l!_f(n)( )
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Muorounes ¢ (k) or Heu3BeCTHOTO A ecThb MHOTOUJAeH Ge3 ¢BOGOAHOTO
yieHa, MO3TOMY, mo Jemme 1, Aas Bcsakoro € >0 MowxHo momo6Gpate
takoe 6 >0, yto npu ih(<6 byner |@ (h)|<<e, T. e.

[ f{xo+h)—F(x0) | <,

4TO M TPe6oBanOCh NOKA3aATh.
U3 nepasencrsa

1S (eo+h) [ =1/ (o) [| <[ S (w0 +B)—F (x0) |,

ocHoBaHHoro Ha dopmysae (13) § 18, u u3 xokasanHoll ceifyac Hempe-
PHBHOCTR MHOTOWICHA BHTEKACT HenpepbuisHocms Mo0YAs | f(x)| muo-
rounesa f(x); 9STOT MOALY/b siB/feTCH, OYEBUAHO, ACHCTBUTEILHON HEOT-
punarenbsoll QyHKIUUeH KOMIIEKCHOrO NMEPEMEHHOTO X.

Ceftuac OyAyT DOKa3aHHl JeMMbL, HCIONb3yEMHE IPH JOKa3aTe/ibCTRE
OCHOBHOH TeopewmHl,

Jlemma o Monxyne crapmero unena. Ecau dan MHoz20-
unen n-f cmenenu, n=>=1,

fxXy=apx"+ax" " +a,x"" 24, .. +a,

€ NPOU3BONGHHME KOMRACKCHUMU KOdhdbuyuenmany u ecay k—
41060e  nosoxcumensroe Oeiicmsumensnoe 4uucao, mo 048 docma-
MOYHO GOABUX 1O MOOYAID 3HAHEHUI HeU36eCMH020 X UMeem
MECINO HEePaseHcmso

[aox™|>>k| apx" 14 ax""2 4. . . +a,], 2)

m. e, modyss cmapuezo 4sena 06ydem Goaviie MOOYAT CYMMb BCeX
OCIMAAbHBLYX HUACHOB, NPUMOM 80 CKOABKO yeoauo pas.

B camom gmene, nycth A—HauGoabwini M3 MOAYAeH Ko3pduuUeH-
TOB @3, @y, ..., @,

A=max(1a1|, lazly Y ‘anl)-

Torza (cm. B § 18 cBoficTea Moay/ae#l CyMMBl U MPOU3BENEHUS KOM-

h

TUIGKCHBIX 4YuCes)

|0y 0y, | <y || [
e a | S AP 5P 1) a2

Monaras |x|>1, mst nmonyuum:

jxj"*—1 [x]"
1 x]—1 [x]—1"

OTKyH&a
L2 !
fxi—

a "l e, | <AL



