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VIHHME COBAMH, Kampuna npousgedenus AuHelnsx npeobpas’osanuil
8 41000l Ga3e pasHa 7ipou3sederliic mampuy 3mux npeobpalosanii
8 moii ace 6aze.

Haxoneu, BBuny (16),
n
= (%at‘j) ej)

n

e (%) = (nA) e.

CnemoBaTenbHo, JMampuya, 3adeouwas 8 Hekomopoi 6ase npousge-
Oexlle AUHeUHO020 7pecOPa306aHUSR § HA 4UCAO K, pa8Ha npoulsede-
HUO Mampuysl camozo ripeobpa3o8anus ¢ 8 amol 6ase Ha “uCAO K.

M3 monyyeHHnX pe3ynbTaTOB CleAyeT, YTO OHepauuM Han JuHeit-
HbIMH mpeofpasoBaHuaMu 0061aJal0T TeMH Xe CBOKCTBAMH, YTO M Ofe-
pauun ©Hany warpuuamu, Tak, crowenue JuHefiHHX npeoGpasoBanuil
KOMMYTATHBHO M aCCOUMATHBHO, A& YMHOXEHHe acCOIMATHBHO, HO MPH
n>1 ue koMmytatusHo. [laa nuHeilHbIX NpeobpasoBaHuit CymeCTBYeT
oAno3HauyHoe BuuHTaHue. OTMETHM TaKXe, 4YTO moxcOecCmseHHoe
npeobpalosantte & uepaem cpeoll AuHelHbX 7npeobpazosanuii poas
eouHuybl, @ HYae80e Npeodpasosanie ®—posb KYAR, JleHCTBUTENBHO,
B m06oit 0a3e mnpeoOpasoBaHHMe € 3amaeTcd eAMHWUYHON MaTpHUEH, a
npeo6Gpa3oBaHue M-—HY/JIEBOH Martpullel,

§ 32+%, Jluueiinble MOAMPOCTPAHCTBA

TTonmuoxecTBO L AMHEHHOro mnpocrpancTsa V HaspiBaeTCs AUnel-
HOLM 100NPOCMPAHCIME0M ITOI'O NIPOCTPAHCTBA, €CIM OHO CaMO fABJETCH
NYHEHHBIM TPOCTPAHCTBOM 10 OTHOINEHHIO K OnpejneNeHHbiM BV
omepauuaAM CH0XEHHA BEKTOPOB H YMHOXEHHS BeKTOpa Ha YHCIO.
Tak, B TPeXMEpHOM eBK/IHAOBOM INPOCTPAHCTBE COBOKYNHOCTh BEKTO-
pOB, BBHIXOASUIMX M3 HAYaJa KOOPAMHAT H JIeWAIHUX HA HEKOTOPOH
IIGCKOCTH (/M HEKOTOPOH MpsaMOi), Mpoxoxsulelt yepes Hayano, GyaeT
JUHEHHBIM MOJIPOCTPAHCTBOM.

Zas moeo umobe. mnerycmoe nodmuoxcecmso L npocmparcmsa
V 6Goiro e20 AUHEHHBM ROONPOCIMPAHCMIBOM, AOCMAMOYHO ELNOAHEHUA
caedyouux mpebosanuii

1. Ecau sexkmops. a u b npunadsexcam k L, mo e L codepycumesn
u gexmop a--b. )

2. Ecaun sexmop a npunadsexcum & L, mo 8 L codepycunmcs
I 8eKimOp QX NPit RI06OM 3HAYEHUU HUCAQ O.

HeficTBuTE/NIbHO, BBHAY YCAOBHA 2, MHOWECTBO L COLEPKUT HyneBo#
BEKTOP: €CJAH BEKTOP & MNPHHALIEXHUT K L, 70 L comepxHuT U Bex-
top 0.a4=0, Janee, L BMecTe CO BCAKMM CBOMM BEKTOPOM & COAEp-
KHUT, CHOBA BBUAY CBOHCTBA 2, M NPOTHBOMOJOWHHI €My BEKTOp
—a=(—1)-a, a nostoMy BBuAy cBofictBa 1 K L mnpHHALICKHUT
H pasHOCTH JMI00HIX ABYX BeKTOPOB U3 L. UTo e KacaeTcsd BCeX OCTaNbHHEX
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TpeGoBanuil, BXOAMIIHX B OHPeNelNeHHe JHHEHHOrO MPOCTPAHCTBA, TO
OHH, BHIOMH#ACH B V, OYIAYT BHNOMHATHCH ¥ B L,

Hpumepamu nuﬂeﬁﬂux MOANPOCTPAHCTE NPOCTPAHCTBA V MOFyT
CAYXHTb CaMoO HPOCTPAHCTBO V, 4 TaKXe€ MHOXECTBO, COCTOAILG H3
OJIHOrO HYJEBOLO BEKTOPa, —TaK HA3HBAEMOE Hy.1egoe NOONPOCMPAH-
cmso, Bonee unTepecen ciaeAywuiuil npuMep: 6epeM B npocTpancree V
J00YI0 KOHEUHYI0 CUCTEMY BEKTOPOB

@y, Gy 001, 0, (1

n o6Go3HauaeM dYepes L MHOKECTBO BCeX TeX BEKTOPOB, KOTOpHe
ABJIAIOTCH JUHEeHAHHIMHM KomOuuauusaMH BextopoB (1), Hokaxem, uro L
O6yzeT AuHeHHBM NOANPOCTPAHCTBOM, B caMom pene, ecan

b=o,a, t+aa,+...+aa, c=pa +PBya+...+p,0,
TO v .
bt+c=(o;+ By ay+ (2 +Pa) aa+ . oa +( 1 Br) 2 .
T. €. BeKTOp b--¢ mpusamnexur K L; x L npuHajJIeKUT H BEKTOp
yb=(ya,) e, + (’Yo‘g) a;+...+(yx,) e,

npu Ja1060M uHCle Y.

loBopart, 4T0 3TO AuHEHHOEe MOANPOCTPAHCTBO L noposcdeno CUCTe-
moii BextopoB (l); K L mpuxamnexar, B 4aCTHOCTH, caMu BeKTops (1).

Bnpouem, 8caxoe aunelinoe nodnpocmpancmeo rone4HOMEPRO20
AUHelR020. NPOCMPAHCMEA NOPONHCOAeMmCR KOHeuHol cucmemolé sex-
mopog, TaK KaK €CHM OHO He SBARETCH HyJAeBHIM, TO O6rajgaer Haxe
KoHeuHol 6a30#, PaamepHOCTb NHHEHHOrO noanpocTpancTea L He 6oibuie
Pa3MepHOCTH 72 CAMOTO NpPOCTPaHcTBa V,, NpHYeM paBHa 72 AuuIb NPU
L=V, Pa3MepHocTbi0 HyJI€BOro MOANPOCTPAHCTBA CleAyeT CYHTATh,
KoHe4Ho, 4ucao 0. : ‘

Han scaxozo k, 0<<k<n, 8 npocmpancmse V, cywecmgyiom
AUHeliHbe nooOnpocmpancmea pa3mMepHocmu R-—ROCTATOYHO BYATH
NOANPOCTPAHCTBO, NOPOXAEHHOE NI060# cucremoﬁ u3 k JAHHEeHHO
HE3aBHCHMLIX BEKTOPOB,

[Tycts B mpocTpancte V nanwl anHefinke noanpocrpaucrea L, u L,.
CoBoxynunocTs Ly BeKTOpPOB, npHHapiexamux Kak k L,, Tak u K L,,
OymeT, KaKk JIeTKO MPOBEPHTb, JHHEHHHM NOANPOCTPAHCTBOM; OHO Ha- .
3bBaeTCA zepecederites noanpocTpancTe L, u L,. C apyro#t cTopons,

AHHeHHBIM NOANPOCTPaHCTBOM Gy eT H cysua L nonnpocrpancts Ly u L,
T. & COBOKYMHOCTb BCEX T€X BEKTOPOB M3 V, KOTOpHE NpeNCTaBHMb
B BHIe CyMMH ABYX Ciaraemhix, oAHoro u3 L,, apyroro us L, Ecau

pazmepnocTH noanpoctpaucte Ly, L, Ly m L CyTh, COOTBETCTBEHHO,
d;, dy, dy n d, TO umMeer MmecCTo caeaywomas Qopmyaa:

d= d, +d2_d01 2)
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T. €. PAIMePHOCMb CYMMbBL (08YX NOGNPOCMPAHCME PABHA CY mMe
pasmeprocmell Imux NOONPOCMPAHCME MURYC PAIMEPHOCMb UX nepe-
ceqenusn.

Oag poxasatenbcTBa 6epeM MPou3BOAbHYI0 6asy

alv aZY ey ado (3)
MOANPOCTPaucTRa Ly W AomonuseMm ee N0 0a3nl
Ay, Ay ooy Gy, bdoﬂ, ceey by, 4)
MOAMPOCTPAHCTBA L; U o 6asu
Ay, gy vy Oy Cdo+h ceer Cy, ()
nopnpocrpancta L,. Jlerko BuIeTb, HCHOAB3Ys ONpeneneHHe MOANPO-

cTpaHcTBa L, 4TO STO MOANPOCTPAHCTBO MOPONKZAGTCA CUCTEMOH Bek-
TOPOB

o’

gy Qg sesy Gy bdo+h couy by, Cay+1y ooes Cgye (6)

dopmyna (2) 6ynmer, cremoBaTeNbHO, HOKA3aHA, €CAH Mbl JOKaxeM J/H-
HeflHyI0 He3aBHCUMOCTb cuctemsl (6).
[lyctb HMeET MeCTO DPaBEHCTBO

Qyy gy + oo 0y @y + By +1Ogpe et oo A+ Paby, +
+Yd(,+lcd°+1 A eee tY40,,=0
C HEKOTOpPHIMHU 4HCI0BBIMH Ko3ddpduuuentamu. Torna

d==a1d1 +a2a2 + e +adoado+ ﬁdo"'lbdo'l"l + e + ﬁd1bd1 ==
=Yg +1C4 41 oo e —Yg,Cq,.  (7)

JleBad 4YacTh 3TOro paBeHcTBa colepwHrtcs B L,, mpaBas—B L,, mo-
3TOMY BeKTOp d, paBHbifi Kak J/eBOH, TaKk M MpaBOH 4acTu 3TOro pa-
BEHCTBA, MPUHALIEKUT K Ly ¥, crexoBaTtensHo, AuHeHHO BHIpAamaeTcH
yepes 6Gaay (3). [lpaBas uacte paBeuctBa (7) MOKa3bIB4eT, OLHAKO,
4TO BEKTOp d JHHEHHO BBIPAKACTCS W YePe3 BEKTOPH Cy 1y « ..y Cg,e
Otciona, BBUAY nuuefinoff HesaBucuMocTu cuctemu (5), Bbﬂ‘eKaeT 4TO
BCE Koa(bcbnuneﬂm Yap+1> ««+» Ya, PABHH HymO, T. e, d==0, a Toraa,
BBUAY JuHEAHOH HE3ABUCUMOCTH  CHCTEMBI (4), Bce Koa(pq:ﬂuuemu
Oyy woes gy, ﬁdo+1, ..., Py, TaKxe paBHm Hymo. DTEM nO0Ka3aHa
nuHefiHask HE3aBHCHMOCTb CHCTEMbI (6).

UnraTeaw0 mpegiaraetcs MpPOBEpPHTh, YTO Halle JIOKAa3aTeAbCTBO
coxpanfieT CHAy W B TOM CJIyyae, KOTAa MOANPOCTpaHcTBO L, siBasi-
eTcd HyJeBniM, T. e. dy=0.

ObaacTr 3HAYeHHH M AAPO JuHEHHOro npecGpasosanus. [Iycte B
auxefHoM npocrpancTBe V,, 3amano nuHelinoe npeobpasosanne ¢. Ecan
L —pnio6oe nuHeifHoe MOANPOCTPAHCTBO TpocTpancTea V,, TO €O Bo-
KynHocTbh L@ 06pa3oB BceX BEKTOpPOB u3 L npu mnpe-
o6pa3oBaHMH ¢ TakKkxe OyHxeT JHHelHHM NOANpPOCT-
PaAaHETBOM, KAK HEMENJEHHO BLITEKAeT W3 ONpefecneHHE NUHERHOTQ
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NOANPOCTPAHCTBA M JAuHellHOTO npeo6pasoBaHus, B yacTtHOCTH, NHHel-
HeIM TNOXMPOCTPaHcTBOM OyAeT H COBOKymHOcTe V, ¢ 006pa3soB Bcex'
BeKTOPOB mpocTpaHctBa V,; OHa HaswmBaercd obsacmsio 3HadeHudl
npeobpasosannus ¢.

Halinem pasmepuocth obnactu 3Hauenuit, [Ind 3TOro 3aMerTuM, 4ro
TaK KaK BCe MAaTpulbl, 3ajalonue npeobpasoBaHue ¢ B pa3Hux Gasax,
noao0HE MeXAY c0oGO#, To, BBHAY mocaenHel teopemn H3 § 14, Bce
OHM HMEIOT OXMH W TOT XKe PaHr. ITO YUCJIO MOWKHO HA3BaTh, CJIENO-
BATE/bHO, PAH20M NUHEHHOTO NMpeobpasoBaHus ¢.

Pasmepiocms obracmu 3Havenull AuneliH020 npeobpa3’osanis @
pasHa paney 3moz2o npeobpa3ceaHus.

B camom neme, mycre ¢ 3amaerca B 0a3e ey, €5, ..., €, MaTPHu-
uest A, Tlounpocrpancteo V,p NMopoxmaercs BEKTOPAMH

el(P’ ech) seey 649 (8)

H no3toMy G6aso#t noampocrpancTBa V, @ 6yner cayxkuTb, B 4aCTHOCTH,
m06as MakcuMalibHas JHMHeHHO He3aBHCHMaf nojcucTema cuctemuo (8).
Oanaxo MaKCHMajbHOE YHCIAO JHHEHHO HE3aBUCHMBIX BEKTOPOB B CH-
creMe (8) paBHO MaKCUMAaJbHOMY YMC/IY JHHEHHO HE3aBHCHMHBIX CTPOK
mMatpullet A, T. e. paBHO panry sroli Mmarpuun. Teopema nokaszana.

Mp 3HaeM, 4TO npu JaxHeHHOM npeobpa3oBaHUM ¢ HYJIEBOH BEKTOP
nepexoauT B camoro ce6ia. Cosokynnocts N (@) BCex BeKTOpPOB Npo-
crpanctBa V,, oroOpaxalomuxcs TNpH @ B HYJAeBOM Bekrtop, OyXer,
CIe0BaTe/NbHO, HeNyCTOH M HABJAAETCA, OYEBUILHO, JMHEHHBLIM TIOANPO-
CTPaHCTBOM. DTO NOANPOCTPAHCTBO Ha3mBaeTcs gdpos npeobpasosa-
HHS (,.a €ro pasMepHOCTb — deghexmorn 3TOro npeoO6pascBaHug.

Aan aobozo aunelinozo npeobpaszosanus ¢ npocmpancmsa V,
cymma panza u deghexma 3mozo npeobpal3osanus -pasHa pa3MepHo-
CmU 1 8Ce20 NPOCMPAHCMEQ.

JledcTBUTENBHO, €CAM’ r— PaHT npeoOpa3oBaHus ¢, TO MNOAMNPO-
crpaicteo V@ obaanaer Ga3oll M3 7 BeKTOPOB

y, Qg oe0y Q. ©

B npocrpanctBe V, MOWHO BhOpaTh TakHe BEKTOPH

bl) b21 L) b (10)

r
470
bo=a; i=1, 2, ..., r;

BuiOop BekTOpoB (10) He s#BAseTCH, NOHATHO, OXHO3HAYHLIM. Ecnm Ou
HEeKOTOpasl HEeTPHBHA/AbHAN JuHelHas xom6unauus sexropos (10) oro-
" 6paxanack nmpeo6pa3oBaHueM (¢ B HYJb, B YACTHOCTH, €C/H Obl BEKTOPH
(10) Gwam nnneiino 3aBUCHMEIMH, TO BeKTOpH (9) oxasanuch Ob caMmu
nuyefiHO 3aBUCHMBIMH NPOTHB npeanoaoxennd. [losTomy nudelinoe nox-
npocTpancTee L, nopoxaennoe pekTopamu (10), UMeeT Pa3MEpHOCTDH
r, a ero nepeceuenue ¢ moanmpocrpancteoM N ((p) paBHO HY.IO,
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C npyro#t croponn, cymMa moanpocrpaucte L w N (p) cosmapaer
co Bcem npocrpadcteoM V. HeficTBuTenbHo, ecad ¢— n1060H BeKTOP
MPOCTPAHCTBA, TO BEKTOP d==C(Q NPHHANICIKHT, KOHEYHO, K NMOXMAPO-
crpadctBy V,@. Toraa B mommpoctpanctBe L Halizerca Takoi Bek-
Top b, uto

bp=4d

—BekTop & samuchiBaeTca uyepes cucreMy (10) c Temn we Kosaddu-
IHEHTaMH, ¢ KaKkuMH BekTOp d 3amucwiBaercs uepe3 Gasy (9). Orciona

c=b-+(c—0b),
NpHYeM BeKTOP ¢—0b colepiHTCca B noampocrpaHdcrse N (), Tak xax
(c—b) p=cp—bp=d—d=0.

M3 moayyenusiXx pe3yabTaToB M JAoKadaHHOHM Buie dQopmyan (2)
BHITEKAET YTBEPWIACHHE TEOPEMH.

Hesripoxpennbie auHefinpie npeoGpasoBandd. JinHelHoe npeobpa-
30BaHME @ JMHEHHOrO MpPOCTPAaHCTBA V, HA3LIBACTCH HeBHLPONCOCHHbIM,
€C/Id -OHO YIOBIETBOPSET MOGOMY M3 CNeAYIOUIHX YCHOBHil, PABHOCHAb-
HOCTH KOTOPBIX HEMENJIEHHO BHITEKAeT M3 JOKAa3aHHHX BbIIIE TEOPEM:

1..Panr npeobGpa3zoBanus ¢ paBeRr n.

2. O6nactpio 3HaYeHu# Npeo6GpPA30OBAHUA Q CHYKHUT
Bce npocrtpancTteo V,

3. ledpexT npeo6Gpa3oBaHud ¢ paBeH HYJAI.

Jns HeBHIPOWAEHHBIX JHHeHHHX Npeo6pasoBaHUH MOXKHO yKasaThb
TaKXe MHOrO APYIHX ONpejieieHuil, paBHOCHIbHHX YKa3aHHLIM BHileE,
B 4aCTHOCTH ompenencuus 4—6.

4. Pasnuynne. BeKTOpPpH HpocTpancTBa V, umewnr
npu npeo6pasoBaHu¥ @ pasiHuYHHEe 06Gpas3m.

HelicTBuTensHo, ecau npeobpaszosanue ¢ o06ramaer cBOHCTBOM 4,
TO SAPO ITOro npeolpa3oBaHus COCTOMT JHINb M3 HYJIEBOrO BEKTOpa,
T. e. Bunoausercd u ceoficteo 3. FEcam me Bekropw a m b Takosw,
4To @ =s=b, HO ap==bp, TOo a—b=~0, HO (@a—b)p=0, T. e. CBOi-
CTBO 3 He BBLIDOJHSAETCA. :

U3 2 u 4 BuTekaer

5. IlpeobpasoBaHue ¢ ABAGETCHd B3AUMHO OLHO-
3Ha4YHHM OTOGpaxeHueMm npocrpanctsa V, Ha Bce 8T0
OpPOCTPAHCTBO.

W3 5 caenyer, uTo IAS HEBHPOXKIEHHOrO JHHeHHOro mnpeobpaso-
BaHud @ cyuiecTsyer obpammuoe npeobpasosarue ¢~!, nepeponduiee
BCAKHH BEKTOP a4 B BEKTOP &,

(ap) p~'=a.
[Ipeo6pazosanue =1 6ydem aurnelinslm, TaK Kak
(a9 +b9) o 1=[(a+ b) @]9~ =a+b,
[o (a)lp~t=[(xa)p] @~ =aua.
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H3 onpenenenus npeoGpasopanus @~ phTeKaer, 4TO
PP Tl=0 lp=¢; (11)

paBenctBa (11) MOryT camu paccMaTpHBarbCd KaK omnpeienenne odpar-’
HOFO npeo6Gpa3oBanus. OTCIOAA M ¥3 NOCAEJHAX Pe3yAbTaTOB INpel-
nmiecTByiouiero maparpada caenyer, 4to ecau ueaupo:»cdeuuoe Auneil-
Hoe npeobpa3osanue @ 3adaemcs 6 Hexomopoli 6ase mampuyeli A,
ueeupoofcaeunou s8udy cgoiicmsa 1, mo npeobpaszosanue Q=% 3a6a-'
emcs 8 amoil 6ase mampuneii A1,

Mu npuxonuM, TakHM 006pa3oM, K CAEAYIOUIEMY ONpPEIENeHHIO He-
BLIDOXAEHHOro JNMHe#iHoro npeoGpasoBaHus:

6. lns npeo6pasoBanusd ¢ CyuecTByer oGparuoe
AuHeldnoe npeo6pasoBanue @~L,

§ 33. XapakTepucTHuecKkue KOPHH
H coOCTBEeHABle 3HAYCHYS

Mycrs A=(a;;) —KBaApaTHas MaTpuua NOPsAKa 7 C AeHCTBATEND-
HuMH 3saemeHTamu. IlycTtb, ¢ APyro#fi CTOPOHH, A-— HEKOTOPOE HEH3-
sectHoe. Torna marpuua A—AE, rne E—eiHHHYHas MaTphua mo-
PsAKa 7, -Ha3HWBACTCH Xapaxmepucmudeckod mampuiyed wMaTpHuu A,
Tak xax B matpuue AE 1o rjaBHOH JHAroHanw CTOHT A, BCe He
OCTalbHHE SJEeMEeHTH . PaBHH HYMO, TO

au"")" Gy ves Oy
gy e
A—AE= ‘ .
. L T ] . . . L] . . . L] . »
Ay Opa ees Oyp—A

Onpegenuteap Marpulll A—AE GyAeT MHOFOUNEHOM OT A, IPHTOM
CTeNeHK 7. B camMoMm Iene, NpoH3BeleHHe 3JIEMEHTOB, CTOAMHBX Ha
r/1aBHOH AuaroHanu, GyXeT MHOTOYWIEHOM OT A CO CTapliuM Y1eHOM
(—1)"A", Bce Xe OCTajbHHE WieHM ONPENENUTeNs He COMEPKAT MO
menpinefi Mepe ABYX M3 WHMCA2 9/1€MEHTOB, CTOSUMX HAa riaaBHolt Aua-
FOHaNM, M TOSTOMY HX CTeNEHb OTHOCHTENbHO A He NPEeBOCXOXHT
n—2, Koa(txpnuuemu 9TOTO MHOTOY/JeHa MOXKHO GOm0 O Jerke HaHTH.
Tax, koapduunedr npu A"~ pased (—1)=1 (0, Gy + 0s +ay,),
a cROGOAHLII uleH COBMAaZaeT C OUPelNe/NHTENeM MATPHUH A,

Msuorounen 7n-fi cremein |A—AE| HasuwBaerTcs Xxapaxmepucmiye-
CKUM MHO204AeHOM MAaTPULH A, a €ro KOpHH, KOTOPHE MOTYT OHITh
KaK IleﬁCTBHTeJleHMH TaK W KOMIUIEKCHBIMHM, Ha3bIBalOTCHA xaparxme-
PUCmu4ecKUME KOPHIMU STOK MaTPHUDL,

ITodo6nne mampuun 0040Q0a10M O00UHAKOBUMU XAPAKMeEPUCMU-
YeCKUMU MHO204AEHAMIL U, CAEO06AMENbRO, OCUHGKOBYWMU XaApaKme-
PUcCmunecKumi KOprALL,
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Iycts, B camom Aene,
B=Q~1AQ.

Torma, yuuThiBas, yto Mmatpuua AE rmepectaHoBoyHa ¢ marpuue#t Q,
a |Q~1|==|Q|™!, monyyaem:

| B—AE|=|Q 'AQ—AE|=|Q ' (A—AE) Q|=
==[Q[™!-|A—LE|-|Q|=]|A—AE|,

4TO U TPebGOBaJOCh LOKA3aTh. .

W3 sTOro pesysnbTarta BHTEKaeTr, BBUAY HNoKazaHHO# B § 31 Teo-
pPeMH O CBWi3M MewAy MaTpuuamu, 3aXalomuMH JAHHeRHOe mpeoGpaso-
BaHHe B PasHHX 0a3ax, YTO Xxomsa JuHelnoe npeobpa3osanue ¢ Mmo-
Jicem 3a0a8amsca 8 pa3nsy 6a30X PA3AUYHBME MAMPUUAML, OOHAKO
8Ce ML Mampuus umeiom oouUH U mom ke Habop xapaxmepucmu-
yeckUXx KopHell. DTH KOPHH MOXHO HA3bLIBATH IOITOMY Xapaxmepucmii-
HeCKUMU KOPHAMU Camo20 npeobpa3oganus @. Becp nabop atux xa-
PAKTEPHCTHUECKUX KODHeH, mnpuueM KaxAuni# KopeHp Oepercs ¢ TOM
KPaTHOCTHIO, KAKYI0 OH HWMEeT B XapaKTepPUCTHYECKOM MHOTOYNEHE,
Ha3uBAeTCA Crexmpom NHHEHHOTO mpeobGpa3oBaHud .

XapakTepucTHYeCKHEe KOPHH HrpaioT MPH HM3YHEHHM JHHeHHbX nmpe-
o6pazoBauuii oyeHp Gonpumylo ponab. UuraTtenr MHOro pas OyAeT HMETH
BO3MOWHOCTb B 3TOM y6emutbcst. OmHO M3 npuMeHeHuit xapakre-
PUCTHUYECKHUX KOPHEH MH celyac yKawmem.

ITycts B nefictBHTENbHOM JuHeHiHOM npocrpancTBe V, 3amano au-
Hel#noe mpeobGpasosanue . Ecan BexTop b, oTanmuHmi oT Hysd, mepe-
BOAMTCA Mpeobpa3oBaHueM @ B Bek'TOpP, MPONOPUUOHANBHEA camomy b,

b ==A,b, (1

rae Ay—HeKoTopoe XeHCTBUTENbHOE YHUCIO, TO BEKTOP b HasmBaeTcs
cobcmsennpim sexmopos npeoGpa3oBaHud @, a YHCAO A,— cobcmsen-
HOLM 3HAYeHUeMm 3TOrO NPeoGpPasoBaHMs, NpHYEM TrOBOPAT, 4YTO COG-
CTBEHHHI BekTOp b omuocumcs K COGCTBEHHOMY 3HAUEHHIO A,

3ametuM, uTo TaK kak b+0, TO uncnO A, YROBIETBOpAIOLIEe
ycnoBuio (1), ompexensercs ans Bexktopa b onHosHaudo. [TomuepkHew,
janee, YTO HYJEBOH BEKTOP HE CYHUTAETCA COOGCTBEHHHIM BEKTOPOM
npeo6pa3oBanus ¢, XOTH OH ynoBjeTopser ycnosuio (1), mpurom And
mo6oro A,. '

Bpauienne eBKAHIOBON IIOCKOCTH BOKPYT Hauajla KOOPAHHAT Ha
yroza, He SBASIOUMHCA KPATHHM I, CAYXKHT NPHMepOM JnHeHHOro mpe-
ob6pasoBanus, He WMeIOnero coGeTBeHHMX BekTOpoB. [Ipumepom npy-
roro Kpaluero ciyudas siBASeTCS pacTSmeHHe MIOCKOCTH, DPH KOTOPOM
BC@ BEKTOPHI, BEIXOASLIYE M3 HAYala KOOPEMHAT, PACTATUBAIOTCH, CKa-
WweM, B naTh pas. Dto OymeT aunétinoe npeoGpasoBaHue, HPHYEM BCe
HeHYJ/IEBHE BEKTOPH IVIOCKOCTH GyXYyT HAsi HEro COGCTBEHHHMH; BCe
OHH OTHOCHATCA K COOGCTBEHHOMY 3HAYeHHIO . '
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Helicmsumensusie xaparxmepucmuueckiue KOPDHL JAUHelH020 npe-
00pasosanus @, ecall OHU CYUWECMBYIOM, U MOALKO OHIL CAYHCAMm
cOGCmBeH HbBLMU 3HAUEHUSIMIL 3MO20 NPeobpa308aniis,

[Tycts, B camoM zene, npeoGpa3osanne ¢ UMeeT B 5a3€ €;, €2, + .., €,
maTpuny A=(a;;) ¥ MyCTb BEKTOP

b= Zﬁi"i»

i=1

sanseTcd coOCTBEHNHM BEKTODCM npeobpasoBanus ¢,
bp=Dngb. 2)
Kax moxasano B § 31, v
bo=[(By, Ba ..., Bn) Ale. @)

Pasencrsa (2) u (3) npuBOXAT K CHCTeME PaBEHCTB

B0ty + oy + o oo+ Bats =20By,
Proys - Botaz+ o o o Bruae=AoBs, 4)

s 4 s s e & & % s e s s s .

ﬁlaln + ﬁl’azu + “er + ﬁnarm:}'oﬂn'-

Tax xak b=£0, To ne Bce uncna By, Py, ..., B, paBuu nyaio. Takum
o6pazoM, BBHAY (4), CHCTeMa JAHHEHAHBIX OXHOPOLHHX yPaBHEHMH
(g — o) %3 +0pyXy + o0 s 0y %, =0,
= 0¥y + (@3 —hg) Xo 4 . v o %%, =0,

O‘lnxl _+- aZuxZ + Y + (ann—?vo) xn:::O

ofnafaerT HEHY/JEBHM pEIIEHHEM, 4 NOSTOMY €€ ONpeieNHuTelb PaBeH
HY IO, ‘

all"—}"m Wagy veey Oy
Oyoy Rog=Apgy +eey O v
12 22 0 n2 =0. (6)
U1y Xopy ooes arm"‘}"o
Tpaucnouupys, noayyaem
| A—MA,E]==0, (7)

T. e. COGCTBEHHOE 3HayeHHue A, Ha CaMOM Je’ne OKa3aaoCh XAPaKTepH-
CTHYECKMM KOPHEM MaTpuum A H, CJIelOBaTe/]bHO, JHHEHHOTO npeo6—
pasoBanus P, INPUTOM, NOHATHO, AeHCTBUTEABHHM,

O6parno, nycth A, Gyaer moébm NeHCTBHTENbHHEM XdPaKTepPUCTH-
YeCKHM KOpHeM upeo6pa3oBaHHd ¢ H, CIEXOBATEAbHO, MATPHUN A.
Torma wuMeer Mecto paBencrBo (7), a MOTOMY M mMoaydaiouieecs u3
HEro TpaHCMOHMpoBaHueM pavencTso (6). OTcona caenyer, 4TO cucTEMA
JuHeAHHX ORHOPONHHX ypaBHeHufi (D) o6.1anaeT HeHY/NEBHM PEICHHEM,
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APHTOM Jaxe HeHCTBHTENbHHM, TaK Kak Bce -KovbhduuwestH 31O
cucteMul JeficTBuTeabHH. Ecian 310 pemenHe 0603HaYHM uepes

‘(ﬂl: ﬂzy sy ﬁn)r (8)
TO HUMEIOT MecTo paBeHcTBa (4). O6o3nauuMm dyepes b BexTOp mnpo-
crpaictBa V,,, umeromuii B 6ase e, €,, ..., €, CTPOKY KOOpHHHAT

(8); scmo, urp b==0. Torna cmpaBennuBo paBeHcTBO (3), a u3 (4)
u (3) ciexyer (2). Bekrop b oxazancd, TakuM 06pa3oM, CcOGCTBEH-
HHM BEKTOPOM TNpeoGpasOBaHHs (P, OTHOCHLUIMMCST K COGCTBEHHOMY 3Ha-
uennio A, Teopema zmoxasana. )

3ameTum, 4TO ecad G MB PaCCMAaTPHBAMH KOMIAE KCHOE€ JHHEH-
HOE HPOCTPAHCTBO, TO TpeGoBaHHEe AeHCTBHTENbHOCTH XapaKTepHCTHYE-
CKOTO KOpH# Ouno Gu M3JHIIHUM, T. €. Obla 6H HKOKa3aHa Teopema:
Xapaxmepucmu4ecKile KOpHU AUHeBHO20  Npeobpa3osanus KoMRAexc-
HO020 AUHEHO020 NPOCMPAHCMEA U MOAbKO OHL cAywcam cobcmsen-
HoMlU 3HA4eHURS ML 3amozo -npeobpasosanus. Orcioga ciaexyer, - 4To
8 KOMRAEKCHOM AlUHelHOM npocmpancmee. 8CAK0e AUHelHoe npeol-
_pa3osanite obaadaem coGCMBEHHHMY BeKMOPAMY.

BoaBpaujasice K paccMaTpPHBaEeMOMY . HaMH - AeHCTBHTENLHOMY - CaY-
4ai0, OTMETHM, YTO COBOKYNHOCTb COOCTBEHHHX BEKTOPOB AHREHHOrO
npeo6pa3oBaHus @, OTHOCALIHXCA: K COOCTBEHHOMY 3HAuEHUIO Ay, COB-
najaaeT ¢ COBOKYNHOCTHIO HEHY/EBHX JEHCTBHTENbHHIX PEIIEHHH cHCTe-
Mbi JMHEeHHWX OXHOPOAHHX  ypaBhenuli (). Orcioma caenmyer, 4ro co-
8oKYNnHOCMb COOCMBEHHBX. 8eKIMOPO8 AuHeilinozo npeobpasosanus .,
OMHOCAUUXCA K COBCMEEHHOMY. 3HA%ERWI0 Ay, 6ydem, nocae. 0obas-
AeHUS K Hell HYN1e8020 8eKmOpPA,. MHeIHWM NOORPOCMPAHCMEBOM NPO-
cmpancmsa V,. B camom - mene, w3 nokasanuoro.B § 12 Bmrexaer,
YTO COBOKYMHOCMs (Qelicmsumenvuux) peutenuii 2060t " cucmembl A~
HeiliHbiX OOHOPOOHBX YpasHeHUl -om n wueusgecmubvix Oyoem auneii-
HuHM nodnpocmpancmeonm npocmpancmse V.

Jlanefiupie nmpeo6GpasosaHns ¢ HPOCTHIM CHEKTPOM. BO MHOrux cay-
yasfix OKA3HBAeTCs HEOOXOLUMbIM -3HATH, MOXKET JM AAHHOE JNHMHeHHoe
npeo6pasoBanne ¢ uMeTh B HeKOTOpoft 6a3e AMaronanpHYIO Mar-
puny. Ha camom nene maneko He Bciikoe JiMHeHHOe TpeoOpa3oBaHue
MOXeT ObTb 3allaHO JKHArOHaJAbHOM MaTpHUeH. Heo6xoaumuie ‘1 pocra-
TOYHBIE YCJIOBMA AJs 3TOro 6yayr ykasauw B §61, a cefivac Mn XoTHM
NPHBECTH OJHO JOCTAaTOYHOE YCHOBHE.

HoxaxeM cHayaja ClelyiOlHE BCIOMOTATe/]bHHE Pe3yabTaThi

Jluneiinoe npeobpa3osanue ¢ mozéa 1 moabke. mozda 3adaemcs
8 6ase e,, ey, ..., €, OUAZOHQALHOL Mamplled, ecAl 8Ce 8eKMOpY.
amoti 6a3vi L6AAIOMCS. COGCMEEHHBME BeKxmopamy npeolpa3osanus @.

JleicTBUTEAbHO, PABEHCTBO

ep=M\e;

PaBHOCHABHO TOMY, 4YTO .B i-H eTpOKe MAaTPHilH,- 3aAalomei npeodpa-
30Bahue ¢ B yxa3aHHo# Oase, paBHE HYJIO: BCE: JNEMEHTH, CTOALIME
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BHe T/aBHOH AMaroHand, a Ha r1aBHOH gmaroHanu (1. e, sHa I[-M MecTe)
CTOMT YHCAO M.

Cobcmeennsie gexmopsl by, by, ..., b, auneilinozo npeobpasosa-
HUS ©, OMHOCAWUECS K DPA3AUIAHbM COBCMBeHHbM 3HAYEHUANM, CO-
CMABATION AUHEUHO He3asUCUMYIO cUcmenmy.

Byznem noxasuBaTh 3TO YTBePXKJeHHe HHAYKUMeR mo R, TaK Kak
mpu k==1 OHO CrIpaBeA UBO—ONMH COOGCTBeHHMH BexTOp, OyAyun
OT/HYHHM OT HYJs, COCTaBJseT JHHeRHO HesaBHCcuMYIO cucreMy. [Iyctb

biq)=)\ibi, l'=1, 2, ey k,

AEh, npu ik ).
Ecan cymectByer nunefiHas 3aBHCUMOCTD
0y by +0by + .o Fob,=0, &)

rie, Hanpumep, o,50, To, npuMenss k oGenM Yacram pasencTBa (9)
npeo6pa3oBanue @, MOJAYYHM

oghyby oy + oo - 0h by =0.
Buunras otciona pasencrso (9), YyMHOXEHHOe Ha A, monydyaem
oy (Ay—A,) by +oy (Ag—2A,) b, + .. g + -y gy — Ak) bp-1==0,

YTO AaeT HETPUBHAJLHYI0 JHHEHHYIO 3aBUCHMOCTH MeXAY BeKTOPAMH
by, by, ..y be—y, TaK KaK 0y (A —A,)5£0.

Tosopsar, uTo AuHeHHoe npeoGpasoBanne @ HeHCTBUTRIBHOTO NHHEH-
ROTO mpocTpaHcTBa V, HMmeeT npocmoll cnexmp, ecam Bce ero xapax-
TEPUCTHYECKHE KOPHH AeHcTBUTeNbHH M pasnuuns. [IpeoBGpasopanne
@ HMEeT, CleNOBATENbHO, 77 PA3NHYHHX COGCTBEHHHIX 3Ha4eHu#t, a mo-
9TOMy, N0 J0Ka3aHHOH TeopeMe, B mpocrpaHcTse .V, cymecryer Ga3a,
COCTaBJIeHHAf - U3 COOCTBEHH&IX BEKTOPOB 9TOro mpeoGpasoBanud. Ta-
KuM 006pa3oM, 8CAKoe suneidinoe npeobpa3osariie ¢ NPocmMum CHeKm-
pom moscem Oums 3adano Ouazonassnoli mampuyel.

[Tepexoxs oT nAuHeHHOTO mMpeo6pa3oBaHHd K MATPHLAM, €ro 3444i0-
LIAM, Mpl MONy4aeM CAeRYIOmHH pe3ynbTart:

Beaxas mampuya, sce xapaxmeplucmuieckile KOpHU Komopol
Oelicmaumensnsl & pasauynsi, nodobra OUAZOHAABHOL Mampule WIH,
KaK TOBOPAT, MAKQASL MAMPUYE NPUEOOUMCS K OUAZORAALHOMY 8UJY.



[JIABA BOCbMAf
EBKJIMIOBbLI HPOCTPAHCTBA

§ 34, Onpenesenne eBx/AMAOBA HPOCTPAHCTBA,
OpTonopmnpoBanHbie 6asbl

[Toustue n-mepHOro AuHeHHOro MPOCTPAaHCTBA JaleKO He B MOMHOM
Mepe 0606aeT MOHATHA MVIOCKOCTH MM TPEXMEPHOro €BK/IHI0BA MpPO-
CTPAHCTBA —B 7I-MEPHOM C/Aydae OpH 72>>3 He ONpelelJeHH HH LJHMHA
BEKTOPA, HH YroA MeXAy BeKTOPaMH, M MOSTOMY HEBO3MOXHO pa3BH-
THe TOM 6oratoit reoMeTpHueCKO#fi TEOPHH, KOTOPas XOPOHIO 3HAKOMA
yuratemo IS n==2 u n=23, OkasnBaeTcd, YTO MOJOWKEHHE MONXET
ObiTh HCHOPABJIEHO, NPHTOM CAEAYIOUHM IIyTEM.

M3 kypca ananutnyeckoit reoMeTPHH M3BECTHO, YTO M B NJIOCKOCTH,
H B TPEXMEPHOM MPOCTPAHCTBE MOMWHO BBECTH MOHSATHE CKAJAAPHOTO
ymHOKeHus BexkTopos. OHO OmpemensieTcd MPH MOMOWH AAHH BEeKTO-
POB H yria MexAy HHMH, HO, KAaK OKasplBaeTCs, H JAJHHA BEKTOpa,
H YroJq MexIy BEeKTOPaMH B CBOIO O4YepeiAb MOTYyT ObTb BBIPAKEHHI
yepes CKaJdpHHE MpoussefeHus. Mu onpemeanm noatoMmy B mo6Gom
n-MepHOM JAMHEHHOM NPOCTPAHCTBE MOHATHE CKaNAPHOTO YMHOXKEHH,
NpHYeM ONpeneNuM AKCHOMAaTHYeCKH, MPH NMOMOLIY HEKOTOPHX CBOHCTB,
KOTOPbIMH, KAaK XOpDOHIO H3BECTHO, CKaJdfPHOEe YMHOMXEHHE BEKTOPOB
IIOCKOCTH WM TPeXMepHOro MPOCTPAHCTBA HA CAMOM Aede 061ajzaert.
IIpn 9TOM, YYHTHBag Te HEMOCPEeACTBEHHME IleaH, paau KOTOPHIX 3TOT
pasien BKJAIOYEH B KypC Buicmielt aare6pH, BBOXHTb ONpejeNeHHH
IMRHE BEKTOpa M yria MeXAy BeKTOpaMH MH He cTaHeM. Yurarens,
HHTEPECYIOULErocsl MOCTPOEHHEM TEOMETPHH B Z-MEPHHX MNPOCTPAHCT-
Bax, Mbl OTChIIaeM K CHeUHaJNbHOH JHTepaType, B MNEPBYIO Ouepelb
K 6onee MOJHBIM KHHTAaM 00 JuHeHHOH aiarebpe.

OTmeTHM, YTO BCIOAY B 9TOH riaBe, KpoMe KOHUA Hacmmu,ero na-
. parpada, paccMaTpuUBAIOTCA IleﬁCTBHTeJleHe JuHefHbe MpOCT-
paHcTBa.

Byznem roBopuTb, YTO B 7-MEPHOM AEHCTBHTENbHOM JIMHEHHOM HPO-
cTpancTBe V,, ompeneneno cxaisproe yMHoNceHUe, €CNH BCAKOH mape
BEKTOPOB @, b moCTaBleHO B COOTBETCTBHE [eHCTBHTEIbHOE YHCNO,
o6o3nayaeMoe CHMBOJOM (@, b) M Ha3bBaeMOe CKaAAPHHLM npolu3sede-
Hites BEKTOPOB @ M b, mpuyeM BHINOAHAIOTCH CAeAYIOLHE YyCAOBHA
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(3aech a, b, c—mobue BeKTOPH MpocTpaHcTBa V,, ao—moboe nefier-
BHTENbHOE YHCJO):

I (a, b)=(5, ‘a).

1L -(a+b, c)-——-(a, C)+(b, C)'
I, (aa, b)=ua/(a, b).

IV. Ecum as£0, To ckaiaspHH KBagpaT BEKTOpa @ CTPOro TOJO-
KUTeseH,

(a, a)>0.
OtMetum, uto u3 Il npu =0 cnenyér paBeHCTBO
(0, 6)==0, (M

T. €. CKAAAPHOe npousgedenue Hynregozo sexmopa Ha soboli gexmop
b paswo Hyao; paBeH HyMO, B YACTHOCTH, CKANAPHBH KBaipat Hy/e-
BOr0 BEKTOpA.

‘Us 1l u 11l demeqsienno BuTekaeT clenyomwas Gopmyaa A1s
CKanfgpHOro TNPOM3BEeNEHHS JJHHeHHHX KoMOuHapui
ABYX CHCTEM BEKTOPOB:

k

k 3
<2 e, 3 Bby ):Z Y B e b). @)
i=1 i=3

3
i=1j=1

Ecau 8 n-mepHoM juHe#HOM mpOCTPaHCTBE ONPEHENCHO CKaMsIpHOE
YMHOXKEHHUE, TO STO NMPOCTPAHCTBO HA3LIBAETCH 7-MEDHHIM e8KALOOBHIM
POCMPAHCMEoM. o

fIpu #1060m 1 8 N-MepHOM AuHeliHOM npocmpancmse V, MOJNCHO
onpedenims CKAAAPHOE YMHONCEHUe, M. €. MONCHO Npespamume Imo
nPpoCMPancmeo 8 e8KAUA080. ‘

B camom nene, Bo3bMeM B mpocrpancte V, mobyw 6asy e,

ey, ..., e, Ecmm
n n
a= Ea’ieir b=2 ﬂiei’
i=1 i=1

TO HOJOXUM
(a, = ap,. (3)
i=1

Jlerko. nposepsiercs, 4to ycnosus 1—IV 6yayr punonsens, T. €. pa-.
BeHCTBO (1) ompepenseT B NpOCTpPaHcTBe V, ckalspHOe YMHOXeEHHe.

Mp BMAHM, YTO B 7-MEPHOM JHHEHHOM TNIPOCTPAHCTBE CKAAAPHOE
YMHOXEHHE MOXHO 3ajaTh, BOOGLIE T[OBOPH, MHOIHMMH Pa3jMYHBIMH
cnoco6amu ~onpeaenesne (3) 3aBHCHT, MOHATHO, OT BHOGOpa Ga3u, a
Mbl. [IOKA HEe 3HaeM, KpOoMe TOTO, HeNb3f JH. BBECTH - CKaAfAPHOE YMHO-
WeHHe # KaKHM-IuG0 NPHHUUAHANBHO HHHM cnoco6om. -Hamel 61u-
wahuiel uenbio ABAAETCA 0603peHHE BCex .BOIMOMXHHX CHOCO60B mpe-
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BpalleHns 7-MEPHOro JHHEHHOrO MPOCTPaHCTBA B €BK/IHIOBO NPOCTPaH-
CTBO H YCTAHOBJEHHE TOrO, YTO B HEKOTOPOM CMBICJAE NJA BCHKOFO 72
CYLIECTBYET OIHO-eAHHCTBEHHOE. /I-MEPHOE EBKJHIOBO HPOCTPAHCTBO.
Ilycte 1ano mpousBoJbHOE M-MepHOe €BKJIHLOBO HPOCTPAHCTBO E,,
T. €. B /-MEPHOM JHMHEeHHOM NPOCTPAHCTBE MPOU3BOJBHLIM CIOCOGOM
BBELEHO CKaadpHOe ymHOWeHnne, Bektopw @ u b Ha3wBawTCA opmo-
ZOHQAAbHBLMU, €CIH WX CKalfipPHOE NPOHM3BEILEHHE PABHO HYJIO,

(a, b)==0.

M3 (1) caenyer, uTO HyneBOH BeKTOP OPTOTOHaleH K MI06OMY BEKTOPY;
MOTYT CYLLEeCTBOBATb, OJHAKO, U HeHYJIEBHE OPTOTOHAJbHLIE BEKTOPH.
CucreMa BeKTOPOB HA3LIBAGTCS OPMOZOHAALHOE CcUCmeMol, eCnn
BCE BEKTOPH 3ITOH CHCTEMBl ITONAPHO OPTOTOHAAbHH MEXAY coGoﬁ
Bcaxasn opmozonaisnas cucmema HeHYALBHX 8exmopos Auneli-
HO He3asucunma.
[Tycrb, B camom pene, B E, naHa CHCTeMa BEKTOPOB Gy, @y, ..., Gy,
npuvem @;=0, i=1,2, ..., k, u

(@, a)=0 mpn i) )
Ecau

08y + 0ty ... 4 0a,=0,

TO, CKaJipPHO yMHOXasd o06e YacTH 9TOrO PAaBEHCTBA Ha BEKTOP &;
1 <i<Ck, monyyaem sBumy (1), (2) u (4):

0=(0, a)=(x,0; + 8,4+ ...+ 0,0, a)= )
=%w”m+%wmw+w+%Wm@?%MJJ

Otciona, TaK Kak (a;, @;)> 0 no IV, purexaer o, —O =1,2 ...,k
410 M TPebOBaNOCh uoxasarb '

Cefiuac Oyner onucan mpouecc OPTOrOHAaAH3AUKHU, T. e,
HEKOTOPHIH CMOCO6 mepexoaa OT MoSOH NUHEHHO He3aBHCHMOH cucTe-
MH H3 R BE€KTOPOB

@y, ay, ..., a;, (5)

eBKJIHA0BA NpocTpaHcTBa E, K OPTOrOHANBHOH CHCTEME, TaKkKe COCTOS-
uel M3 £ HEHYJEBHX BEKTOPOB; 3TH BEKTOPH OyayT 0603HAYEHH ‘e-
pe3 by, by, ..., b,

[Monoxum by=a,, 1. €. nepBu} BeXTOp cucrteMs (5) BO#H-
LEeT H B CTPOAIMYIOCHE HAMH OPTOTOHANDBHYI CHCTEMY,
Moaoxuwm, nanee,

by==ot;b, - a,.

Tax xax b;==a,, a BeKTOpH @; H @, JHHEHHO  HE3aBHCHMB, TO Bex-
TOp b, oTAMYen OT uyad Npu moboM 4ucne o,. flonGepem sro: uncno
M3 YCJNOBMA, YTO BEKTOP b, HOMKeH OWTh OPTOrOHANEH:K BEKTOPY: by:

0=(b11 bz)':(bp a1b1+02)ﬁa1 (b:u b1)+(b17‘ azl)’»
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OTKyZa, BBHALY IV,

a]_: __(blr aﬂ).
{by, b))

[MycTh yke TMOCTPOEHAa OPTOrOHANbHAA CHCTEMA HEHY/EBHIX BEKTO-
poB by, b,,..., b; NOMOAHHTENbHO MPENIONOWHM, YTO MM BCIKOTO i,
1 <<i<g!, sexrop b; aBnaerca nnHeHHOR KomOHHALlMed BEKTOPOB @y,
a,, ..., @;. Jro mpeanonowxenue OyAeT BHMOAHATLCA TOrAa M AAd

BekTopa b,,,, ecmu on Oyner BHOpan 8 BHIe
boy=0,0 +aby, 4. .. dab+a; .

Bektop b,,, OyxeT mpd 3TOM OT/IMYEH OT HyJs, TaK Kak cucTema (9)
AuHefHO He3aBHCHMAs, a BEKTOp &,,, He BXONHT B 3aMuiM BEKTOPOB
by, by, ..., b, Koadduumentnt o;, i=1, 2, ..., [, nonGepem u3 ycno-
BHS, YTO BeKTOp b,,, Aomken GHTb OPTOrOHA/NEH KO BCeM BexTOpam U,
=1,2, ..., &

0= (b, bpiy)=(b;, @by +0by+ ... +oby+dy,)=
=0y (b;, b)) 0y (B Bo) 4 ... o (B, b)) 4Dy i)

OTCIONA, T4K KaK BEKTOPH by, by, ..., b, OpTOroHanbHH MexAy coGo#,
ai (bii bi)+(biv a[+1)=0) ’

by ar4y) i —
ai"-h—w: i“—l! 2: L) L

Tiponomxas 3TOT mpouecc, Mbl MOCTPOHM MCKOMYIO OPTOTOHAIBHYIO
cuctemy by, by, ..., b

[Tpumenas mpoilecc OPTOTOHANM3alMKM K MNPOM3BO/MbHOK Oasze mpo-
cTpaHcTBa E,, MB NOAYYHM OPTOrOHa/JbHYIO CHCTEMY U3 72 HEHYJeBHX
BeKTOPOB, T. €., TaK KaK 3Ta CHCTEMA N0 AOKA3aHHOMY /jAuHeHHO He-
3aBHCHUMA, opmozoHassHyo 6a3y. Tlpu aTOM, HCHOAB3yR 3aMeuaHue,
Cle/laHHOe B CBf3M C MNEPBHIM HIATOM Mpoliecca OPTOrOHANH3ALUH,
a TaKwe y4YHTHIBAf, YTO BCAKHH HEHy/JeBOH BEKTOP MOMKHO BK/AIOYHUTH
B HekoTopyio 6a3y NpOCTPaHCTBA, MOXKHO CHOPMyNHPOBATH JHaxe cle-
AyloHlee yTBepKAeHHe:

Beakoe esxaudoso npocmpancmso ob6aadaem 0pnoZOHAALHHLMU
6azamu, npugem ni0605E HenyAe8ol BeXmop MO0 NPOCMPAHCMEA
8X00UM 8 €OCMA8 HeKOMOPOL 0pmozoHAAbHOL 6a3bi.

B nanpwedimem BaxHyio poab Oyner Wrpath ONMH CHEUMAAbHLH BHA
OPTOroHaNbHLX 6a3; Gasnl 9TOTO BHAA COOTBETCTBYIOT MPAMOYTOMBHHIM
IEeKapTOBHIM CHCTEMaM KOODIMHAT, HCIOJNb3yEMBM B AHANHTHYECKOH reo-
MeTpuH,

HazoBeM BekTop b HOpmuposaHHwis, eciy ero CKaldpHHA KBaapar
pPaBen eAmHHIe,

o, b =1.
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Ecnn a0, otkyna (@, @)>0, To HOPMUPOBAHIUeM BEKTOPA 4 HA3H-
BaeTcd Mnepexon K BEKTOPYy

1
e

BexkTtop b 6yseT HODMHPOBAHHEIM, TaK KaK

@ b)=<V(;, i V(i, a)f’>=<17<:.——«z>>2(“’ =1

ba3a e, e,, ..., e,eBKaunoBa npocrpancraa £, Ha3uBaeTCH 0pmo-
HOPpMUPOBAHHOE, eClH OHA OPTOTOHAJNbHA, a BCe ee¢ BEKTOPH HOPMH-
poBaHH, T. €.

(e;, ¢))=0 mpn i},
(ei; ei)=1y .=11 2, o2y n.

(6)

Bcakoe esxaudoso npocmpancmso obiadaem OPMOHOPMUDOGAH-
Holmu 6a3zanu,

Jlng nokasaTenbcTBA AOCTATOYHO B3ATh M06YI0 OPTOTOHANBHYIO 6a3y
¥ HODMHPOBATb BCe €e BEeKTOPH. 5a3a OCTaHETCH NPH STOM OPTOrOHANb-
HOHM, Tak Kak mpH MobHx @ u B u3 (@, b)=0 caenyer

(aa, Bo)y=o0ap (a, b)=0.

Basa ey, ey, ..., e, esxaudosa npocmparcmsa E, mozda
u moabko mo20a Gydem OPMOHOPMUPOBAHHON, ecall CKAAIPHOE MPO-
ugsedenire 400bx O0BYX 8eKmMOPO8 NPOCMPAHCMBA PABHO CYMMe
npousseOeHltli Coom8emCmeenHbX KOOPOURAM ImUX BeKmoOpos 8 YK a-
3annol 6ase, m. e. u3

n n
a= Qoue;, b= Zﬁjej ()
s i=1 j=1
caedyem
(@, = Rop. ®)

He#ictBuTenpHo, ecau Ans Hauleil 6a3bl BHIONHAIOTLS PaBencTBa (6), TO
n n " n n
(a, b)=<2aiei’ 25,‘%)2 X op (e, e)= 0B
i=1 j=1 l, j=1 i=1
O6parno, ecnm Hama 6asa Takoa, 4TO AAsl MOOHX BeKTOPOB a u b,
3anuCaHHMX B 3TOH# Gase B Buae (7), cmpaBemauBo paBeHCTBO (8), TO,
Geps B KayecTBe @ W b noOse ABa BeKTOpa 3Toi 6asH .e; u e;, pas-
AMYHBIE WIH OAHHAKOBBIE, MH W3 (8) BuiBeleM paseHCTBa (6).
ConocTaBisis NoaydYeHHsl cefiuac Pe3yabTaT ¢ M3NOWEHHHIM PaHEE
JOKa3aTe/NbCTBOM CYU{eCTBOBAHHA #-MEPHBX E€BKIMAOBHX MOPOCTPAHCTB
nna mo60TO 71, MOXKHO BHICKA3aTh CAEAYIOI(EE YTBEPXKAEHWE: eCAd 8
n-MepHoM AUHEHOM NPOCMPAHCMmee V, svibparna npoussossnasn 6asa,
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mo 8 V_ MOXNCHO max 3a0ambs CKAAAPHOe YMHOXNCEHUe, 4MO 6 NOAY-.
YeHHOM esx/zudosom npocmpancmse ewbpannan 6aza Gydem 00HO4
U3 OPMOHOPMUPOBAHHEX 6a3.

H3omopdnam eBKIMAOBRIX HPOCTPAHCTB. EBKAMZOBH [pPOCTpaH-
crBa E u E’ HasHBAIOTCA U30MODPHHBMY, €CIH MEKNY BeKTOPAMH 3THX
NPOCTPAaHCTB MOXHO YCTAaHOBHTb TAKOE B3aHMHO OJLHO3HAYHOR COOTBET-
CTBHE, 4TO BHUTONHAIOTCA CACLYIOLIHE TPeGOBaHHS:

1) 9To cooTBeTcTBHE ABJAAETCH U30MOPGHEIM COOTBETCTBHEM Memly
E u E’, paccMaTpHBaeMHMH KaKk JIuHeiiHne mpoctpasctsa (cM. § 29);

2) npn 3TOM COOTBETCTBHH COXPAaHAGTCH CKAJASAPHOE NPOU3BEAEHHE;
HHBIMH CJIOBAMM, eC/IH oﬁpasamu BBKTOPOB 2 u b u3 E caywar Ccoor-
BETCTBEHHO BekTOpH @’ u b’ us E’,

(a, b)==(a b). 9)

U3 ycaosua 1) ‘cpa3y>cnenyer,_qro uzomopgrsie esicaudoss npo-
CMpaKcmea umeiom 00Ky u my oie pasmeprocms. Jokaxem o6paTHoe
yTBEPKACHHE:

Jiobuie esraudoss npocmpancmsa E u E', umeowue odny u my
aHce pa3mepHocms n, U30MOPEHHb MexHcOY coboll,

B camom nxene, BuGepem B npocrpaﬂcmax EunwE ' oprtoHopmu-
poBaHHHEe 6GasH

€1, €, ..., €, (16).
H, COOTBETCTBEHHO, S :

AN (1)
Crass B COOTBeTCTBHE BCAKOMY BEKTOPY

; n

U3 E BekTop

n3 E’, umenomuit B.6ase (11) Te we KOODAMHATH, 4TO W BEKTOP a
B 6a3e (10), ™Mb MOMy4YuM, OYEBHAHO, ﬂsomop(pﬂoe COOTBETCTBHE MEXAY
AUHEeHHH MU npocTpancrBamMu E u E', ﬂoxaxceM YTO BHIMOAHAETCH
u paBencrso (9): ecau

n n
b= B, b = Xp.e;,
i=1 i=1
TO, B cuay (8)-—yuyecTh opTOHOPMHPOBaHHOCTH G6a3 (10) m (11)! —
n
(a, b}-—:z_‘,laiﬁi;(a', by.

EctecTBenHO H30MODdHLE eBKANAORN IPOCTPAHCTBA HE CHUTATD PA3-
anqupivu. TlosToMy - AAS BCAKOTO 72 CymeCTBYeT e HHCTBEHROR N-MEPHOe
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eBK/AMA0BO MPOCTPAHCTBO B TOM IKE: CMbiC/Ie, B KaKOM JJSi' BCAKONO 72
CYUIeCTBYET €IHHCTBEHHOE f-MepHOe AefiCTBHTeAbHOE ~MHHeHHOe mnpo-
CTPAHCTRO.

Ha cnyyat KoM e K CHB X JHHEAHBX NPOCTPAHCTB NOHATHA H PeayJib-
TaTH HacTOSAmEero naparpaa mepeHOCATCA caefyiolum obpasom. KomnaekcHoe
AMHeHHOE NPOCTPAHCTBO HA3LIBACTCH YHUMADHOIM NPOCMPAHCMEBOM, €CHIH B HEM -
33]aHO CKaJIIPHOE YMHOXKeHue, npudem (@, &) 6yzAer, BooSile roBop#, KOMIJIEKC-
HHM YHCJIOM; NIPH 3TOM JOJIKHB BHIOJHATbCA akcHomut II—IV (B dopmyiu-
pOBKe nocjefHeH AKCHOMHI C/ejyeT MOAYePKHYTb, YTO CKaJADHHH KBalpaT He-
HYJIEBOTO BEKTOPA AeHCTBUTENEH W CTPOTO IMOJOXKHTeNeH), a akcHoma I 3ame-
HAGTCA aKcHOMOMN ‘ ‘

I (a, b)=(b, a),
rae 9epra o6o3Hayaer, Kak OGBIYHO, MePeXOf K CONPAKEHHOMY KOMMNJEKCHOMY
uycay.

Cxa.rmpﬂoe YMHOXEHHE YXKe He 6y1(eT, cjejoBaTeNibHO, KOMMYTATHBHBIM.
Tem He meHee, paBeHCTBO, CUMMETPUUHOE AKCHOME II, ocraercs cnpaBej/IMBHM,

I (@, b+cy=(a, b)+(a, ©),
TaK Kak :

(a, b+c)y=(b+c, a)=(b, a)+(c, a)=(b, a)+(c, a)=(a, b))+ (2, ©).
C rpyroff cTOpoHH,

Ir (a, ab)="a {(a, b),
TaK Kak )

. (a, ab) =(ab, a)=a (b, a) = (b, a)=a (a, 'b).

IToHATHA OPTOrOHAaNLHOCTH X OPTOHOPMHDOBAHHOIN CHCTEMB! BEKTOPOB Mepe-
HOCHTCA HA cJayyalf YHHTapHHX NPOCTPAHCTB 0e3 BCAKMX H3MeHenuH. Kak u
Bhlle, JOKA3HBAeTCHA CYIECTBOBAHHE OPTOHOPMHPDOBAHHEIX 6a3 BO BCSKOM KO-
HEYHOMEPHOM YHHUTapHOM npocTpancrtBe. [Tpi 9TOM, OfHAKO, €CJIH €y, €9, . . ., €5 —
OpTOHOpPMHpPOBaHHast 6a3a W BEeKTOPH a, b umeloT B sroii Gase sandcu (7), TO

n
(@, b 2121 oB;.

PesyapraThl AanbHefimux naparpados HacToslleH rJaBbl TaKiKe MOXHO ObIO
OB mepeHeCTH C EBKJHJOBH X Ha YHHTapHHE NpocTpaHcTBa. Mbl He 6yneM 3TOro
A€naTh M. OTOILJEM = HHTepecyioUierocs uuTare]s K CNEUUAVNBHEIM - KHHTaM 00
aunefinoRt anre6pe. )

§ 35. OproronajbHbie MATPHULI, OPTOrOHAJbHBIE NpeobGpa3oBanus

IMycts naHo peficTBHTENbHOR AMHEHHOE NPeoOpa3OBaHHE 72 HEH3-
BECTHHIX!

n .
xi=kz1qik)"k, i=1s 21 ceey 14 (l)
MaTpHIY 3TOro mpeoBpasoBaHus o6o3nauiM yepes Q. dto npeobpasona-

HUE MEPEeBONUT CYMMY KBAZADATOB. HEH3BECTHHX Xy, Xj, ‘v .., X, T. €.
KBAAPATHHHYIO  POPMY %3 + X2 4 ... + %3, ABAKIOLLYIOCH HOPMA/ILHBLM.
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BHIOM TOJOXUTENbHO ONpPEeHeNeHHHX KBaapaTHuHuX ¢opm {cMm. § 28),
B HEKOTOPYIO KBaAPaTHUHYI0 (POPMY OT HEH3BECTHHX ¥y, Vi, ¢+ Vpu
Cnydgafifo 3Ta HoBasf KBalpaTuyHas# opMa cama MOKET OKa3aTbCd CyM-
MOl KBaLpaTOB HEH3BECTHHX ¥y, Vs, ..., ¥,, T. €. MOXET HMETb MECTO
PaBeHCTBO

R e P sl e e R T )

TOXAECTBEHHOR NOC/E 3aMEeHH HEH3BeCTHHX Xy, X3, ..., X, HX BHpa-
wennusamu (1). Jinsefinoe nmpeo6pasoBanne HeusBecTHHX (1), o6ranawmee
STHM CBOHCTBOM, T. €., KaK TOBOPHT, OCTABARKIOUIEE CYMMY KBAaAPaToB
HEH3BECTHHX HHBAPMAHTHON, HAa3LIBACTCH OPMOZOHALbHHM NPeobpa3osa-
HUeM Heu3Becmubix, a ero Matpuna Q—opmo2oHassHol Mmempuyel.

CyujecTByeT MHOTO APYTHX ONpeieleHuit opTOroHanbHOro npeobpa-
30BaHUA M OPTOTOHANBHON MATPHIH, IKBHBANIEHTHHX [IPHBELEHHLIM BHILE,
YkakeM HeKOTOpPHE M3 HHX, HEoOXOAHMble Al HaibHeHinero.

Mu 3saem u3 § 26 3akon, nmo kotopomy mnpeobpa3yercs MaTpHla
KBaxpaTuuHO# GOpMEI MPH BHNOAHEHUH JuHeHOTO hpeo6pa3oBayus HEH3-
BecTHHX. [IpuMeHsis ero K Haulemy CJAyyYail0 M y4YHTHIBasg, 4YTO MarpHieH
kBagpaTuyHoH ¢opMmul, sBJAAIOMEHCS CyMMOH KBaZpaTOB BCEX HEH3BECT-
HHIX, CAYXKHUT €IMHUYHAA MaTpuna E, MH NOAYyYHM, 4TO PaBeHCTBO (2)
PaBHOCH/BHO MATPHYHOMY PABEHCTRY

QEQ=E,
T. €.
Q'Q=E. @)
Orciona ‘
Q, =Q7, (4)
4 MO3TOMY CNPaBEANHBO W PABEHCTBO
QU =E. (5)

Taxum ob6pa3om, BBURY (4), opmozonarsuio mampuyy Q MOdCHO
onpedesums KaK MaxKyio mampuyy, 048 Komopol mpaHCcrnoHuposan-
has mampuga Q' paswa obpamwuoli mampuye Q~1. Kawxmoe us pa-
geHCTB (3) H (D) Takxe MoOxeT ObIThb NPHHATO B KAYeCTBE ONpeIEJeHHd
OPTOTOHAJNBHOH MaTPUULL.

“Tak Kak cTON6UE MaTPpuue Q' SBAAIOTCH CTPOKAMH MaTpHiu Q,
TO Hu3 (D) BulTeKaeT CAexyloUlee YTREPKIAeHUE: K8adpamuas mampuya Q
mozda i moavko mozda 6ydem OpmozonaivHoll, ecall cymMua K8ad-
pamos 8cex -31eMenmos 40606 ee Cmpoxl PAsH eOUHUYyE, & CYMMA
npousgederuti coomsemcmseennox asesenmos aw0bsux 08yx ee pas-
auunblx cmporx paswa wyao. V3 (3) ciexyer aHanOTHYHOE YyTBepkAe-
HYUE JJId CTONGIOB MAaTPullH Q.

[lepexoxs B paBeHcTBe (3) K ONpene/]HTENSM, MH HOJYYHM BBUAY
Toro, uto |Q'|=|Q]|, paBencTso

fQF=1.
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Orciona cnenyer, 4To onpedenumens OPmMOZOHALLHOL Mampuys pa-
gew 1. Takum 006pa3oMm, 8carxoe opmozonansHoe npeobpa3osanue
Heussecmublx seAstemcs HesvipoxcOennsm. Camo coBoH pasyMeercd,
YTO yTBEPKAaTh 0OpaTHOE HENb3f; OTMETHM TaKXKe, YTO AaJeKO He BCde
Kasi MaTpula ¢ onpeaeadreseM, paBusiM -1, Oymer oproroHanbuod,

Mampuna, obpamnas rk opmozoxaiswoi, cama 6ydem opmozo-
Haabnok: [LeHCTBUTENBHO, mepexoas B (4) K TPAHCHOHUPOBAHHHM MaTe
pHIAM, MBI DOJAYYHM:

Q@Y =@QY=Q=(@"H

C npyro#t CTOPOHH, 7poU3BedeHle OPMOZOHAALHNX MAMPUY CAMO
opmozonasbio. JeACTBHTENbHO, eCAM MaTpuild Q H R OPTOTrOHalbHuE,
. TO, HCHoiabayd -(4), a Takxe paBencrBo (6) us § 26 u amanormyxoe
PaBeHCTBO, cnpaaezmnnoe I o6paTHOR MaTpHIl, MH NOJYYHM:

(QR) =R'Q'=R"1Q"!=(QR)™*

B § 37 6yaer ucnonp30BaHO Cleayioulee yTBepxAEHUE:

Mampuya nepexoda om opmoHOpMUPOBAHHOU 0a3W e8KAU008G
npocmpancmsa K Awbolk Opyzoli ezo0 opmonopmuposanHOL Ga3e 8-
Asemcs OpMO20HAALHOUE.

[Iycts, B camoM aerne, B NpOCTPAHCTRE E, 3ananyl 1Be OPTOHOPMH-
poBaHHHe 6a3W e, €, ..., €, M €, €, ..., €, C MaTpuueil nepexoaa

‘—(qi/):
e’ = Qe.

Tax kax 6aza e OPTOHOPMHMPOBAaHHAs, TO CKaNfPHOE NPOH3BENEHHE JIIO-
OHX ABYX BEKTOPOB, B YaCTHOCTH /MOOHX ABYX BeKTOPOB H3 6asH e’,
PaBHO CyMMe NPOU3BEXEHUN COOTBETCTBEHHHX KOODAHHAT 3THX BEKTOPOB
B 6ase e. Tax kak, ofHako, ¥ 6a3a e OPTOHODMHPOBAHHAS, TO CKa-
ASIpHBIA KBAaZpaT KaWHOTO BeKTOpA W3 e’ paBeH eXHHHIE, a CKAASPHOS
npoussefeHne M06HX ABYX Da3HMX. BEKTOPOB U3 e’ pasHOo Hyaw. OT-
ciofa AAs CTPOK KOOPAMHAT BeKTOpoB 6Gasw e’ B Gase e, 1. e. ik
CTPOK MATPHUB Q, BHTEKAIOT T YTBEPWACHHS, KOTOPHE, KAK BEBEAEHO
BHILlE U3 PaBeHCTBa (5), XapakTepHn JJ% OPTOrOHaNbHOH MaTpPHULH.

OproroHajbHble npeo6pasoBaHus €BKJIUAOBA mpocTpaHctsa, Cei-
4aCc YMEeCTHO U3YYHTb OAUH WHTepeCHuH crmeuManpHuit THN nuHeHHBIX
npeo6pa3oBaHuil eBKIHAOBLIX MPOCTPAHCTR, XOTA NpeoGPa30BAHUT STOTO
THOa ¥ He OGYAYT Yy HAC Jajbliie HCI0AH30BaThCA.

Jlunefinoe nmpeoOpasoBaHue ¢ eBKAMAOBAa mnpocTpaHcTBa E, Hasm-
BAGTCH OpPMOZOHAAbHBLI TIPEOBPA308aKLEN 3020 8K ALA0EA npocmpan-
cmea, eCAM OHO COXpaHseT CKaafpHuiii KBaApPAaT BCAKOro BeKTOpa, T. €.
oas m000ro BeKTopa a

(a9, ag)=(a, a). (6)
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OTci0.a BHBOJUTCH Caeayollee Gonee obuiee yTBEpKAEHNE, KOTODOE,
NOHSTHO, TaKXe MOXeT ObITh MPHHATO B KAauecTBe onpejeseHHs OpTO-
TOHaJAbHOTO MNpeobpa3oBaHHs: :

Opmozonaavhoe npeobpa3osanite ¢ esKALO08a NPOCMPANCMEA
coxpansiem cxaasiphoe npoussedernue ai0bbix 08yx 6exmopos a, b,

(ap, bp)=(a, b). @
" DeiicTBuTennno, BULY (6)

((e+b e, (@e+b)@)=(a+b, a+b).

Onnaxko

((a+b) g, (@a+b)9)==(ag + by, ap bp)=
=(a@, a9)+(ap, bo)+ (be, ag)--(be, by),
(e+b, a+b)=(a, a)+(a, b)+(b, a) 4 (b, b).

Orciona, ucnonb3ys (6) kak s @, Tak ¥ Aag b, ¥ yuHTHBas KOMMY-
TATHBHOCTbH CKAJH#PHOrO YMHOXEHH®, rojJyyaem®

2 (ap, bg)=2(a, b),

a no3ToMy umeer mecto u (7).

IIpi. opmozoHaAsHOM Tipeobpa308aHULL €8KAUAOBA NPOCMPAHCNER
obpa3s. gcex sexmopos 0ol opmonopmuposanHoll 6Gaszw camu co-
cmasasiiom  opmoropmuposanuyio 6a3y. Obpamuo, eciu auHeliHoe
npeobpa3osanile e8KAUO0BA NPOCMPAHCMBE nepesodum xoms 6s o0ny
OpMOHOPMUPOBAHHYI0 0A3Y CHOBA 8 OPMOHOPMUPCBAHHYI0 6a3y, mo
amo_npeoGpa3osaniie opmozoHALLHO.

‘B camom nene, nycrb -—OPTOTOHANLHOE npeo6pasoBaHue mpo-
cTpancrea E,, a e, €,, ..., €,~—NPOU3BONbHAY OPTOHOPMHPOBAHHAA
6a3za sroro mpocrpancTBa. Beuny (7) u3 paBeHcTB

(e, e)=1, i=1, 2, ..., n,
(e;, €)=0 npu i)

BLITEKAIOT PABEHCTBA

(eiq)> ei‘P)=1y i=1‘7v2$ ceey N,

(e;9, e;0)=0 npn iz=j,
T. €. CHCTEMa BEKTOPOB €4(, €, ..., €, OKa3biBaCTCH OPTOrOHAAbHOM
1 HOPDMUDOBAHHOH, a noaromy oHa GymeT oproaopmnpoaaﬂﬂoﬁ 6asoii
npocrpadcrea E,.

O6paTno, nycTh ausefinoe npeofipasoBande ¢ mnpocTpaHcTa FE,
NePeBOANT OPTOHOPMAPOBABHYIO 6a3y ey, e, ..., €, CHOBa B OPTOHOp-
MHPOBaHHYI0 6a3y, T. €. CHCTEME BEKTOPOB €59, €59, ..., €, dBiasercs
OpPTOHOPMHPOBaHHOH 6a3oft npocrpanctea E,. Ecnu

n
a= Zaie"-

i=1
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— POM3BO/bHLI  BeKTOp npoctpanctsa £, TO

n

= Za'[ (ei(P)9

i=1

T. €. BeKTOp a®p uMeeT B 0ase eQ Te e KOOPAHHATH, YTO ¥ BEKTOP @&
B 6a3e e. DTH 06e GasH SBJASIOTCA, OLHAKO, OPTOHOPMHPOBAHHBIMH, 2
No3TOMY CKansipHbt KBAApPaT NMOGOro BEKTOpAa PAaBEH CyMMe KBaJpaToB
ero KoopAuHat B 000K u3 sTHx 6a3. Taxum o6pasom,

n

(a, a)=(ap, ap)= 21 o

T. €. pasecTBO (6) melCTBUTENbHO BHIIONHACTCH,

Opmozonasvroe npeobpa3osanue e8KAlLI08Q NPOCMPARCMEA 8 AI0-
6oii opmoHopmuposannoii 6ase 3adaemcs Opmo20HAAbHOY mamplyel.
Obpamno, ecau auneiinoe npeobpasosanue e8xALI08E NPOCMPAHCMEE
xoms 6b 8 00KOl opmoHopMUposanHoil 6a3e 3a0aemcs 0pmMo2oHaLb-
Holi mampuyeti, mo 3mo npeobpa3osarue opmozoHAABHO.

He#ictBuTenpHo, ecnu mpeo6pa3oBanue ¢ OPTOrOHaAbHOE, a 6a3a
€y, €3, ..., €, OPTOHOPMHPOBAHHASN, TO H CHCTEMA BEKTOPOB €,Q, €,, . . .

.., €,p Oyner opronopmuposaHHok 06a3ofi. Marpusa A npeo6pa3oBa-
HHA @ B Gase e,

ep= Aev (8)

Oyner, CleHOBaTeNbHO, MATPHUEH Nepexoxa OT OPTOHOPMHPOBAHHOM
6a3nl e K ODTOHOPMHPOBAHHOH Ga3se e@p, T. €., Kak AOKa3aHO BHIE,
6yAeT OpPTOroHaAbHOMN.

O6partro, nycTs nuHeliHOe npeoépasonaﬂue @ 3amaeTcst B OPTOHOP-
MupoBanHol Gase e, e,, ..., e, opToroHansHo# maTpuue# A; umeer
Mecto, ciaenoBaTeabHo, paBeHcTBo (8). Tax_kak 6asa e OpTOHOpPMHpO-
BaHHadA, TO CKaJAsipHOe NMPOu3BeAeHHe JIOOHX BEKTOPOB, B YACTHOCTH
MOOHX BEKTOPOB M3 CHCTEMH 2,(, €,Q, ..., €,p, PABHO CyMMe IPOH3-
BeJeHHit COOTBETCTBEHHBX KOOPAHHAT THX BeKTOpPoB B Gaae e. [losTomy,
TaK KaK MaTpHua A OPTOrOHAJNbHA,

(e, e@)=1, i=1, 2, ..., n,
(e,0, e;9)=0 npu i,

T. €. CHCTeMa e@ caMa OKa3blBaeTcsl OPTOHOPMHpOBaHHOH Gasoft mpo-
crpacta E,. Orciona BbiTeKaeT OpPTOrOHaAbHOCTB npeobpasopanus @.

Kak uutaTenr 3HaeT M3 Kypca aHAJAHTHYeCKOH TreOMETPHH, CpeAH
Bcex a(pdHHHMX mMpeoGpasoBaHui NNOCKOCTH, OCTABAAIOLIHX HA MecTe
HA4aJ0 KOOPAMHAT, BPalleHHs (CoeaMHeHHHE, ObThL MOWKeT, C 3ep-
KalbHBIMH OTPaXEHHAMH) ABNAIOTCE EAHHCTBEHHHIMH, COXPaHTIOWUMH
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CKa/nsipHOE TIpOuW3BeneHHe BEKTOPoB. TaxuM 06pa3oM, OPTOTOHANbHHE
npeo6pasoBaHus /i-MEPHOTO €BK/IHAOBA NPOCTPAHCTEA MOXKHO PACCMATpPH-
BaTh KAK «BPALIEHHA» 3TOr0 NPOCTPAHCTBA.

K uncny oproroHansHex npeoGpasoBaHnil eBKAMAOBA NPOCTPAHCTBA
NPHHANJIEKAT, OYEBHIHO, TOXEEeCTBeHHOoe npeobGpa3osanue. C npyroit
CTOPOHH, YCTAaHOB/IEHHAs HaMH CB3b MEXAY OPTOrOHaJbHHMH nMpeobpa-
30BAHMAMHM ¥ OPTOrOHAJbHHIMH MaTPHILAMH, a TakKxke u3jaoxmeHHas B § 31
CBH3b MEWIY OMEepPauUsiME Hal JHHeHHHMH - 1Peo6Pa3OBAHUAMH H HAX
MAaTPHUAMH HO3BOASIOT W3 H3BECTHHX CBOMCTB -OPTOrOHAJBHBIX MATPHIL
BHIBECTH C/IEIYIOUIHE CBOHCTBA OPTOrOHAJbHHX npeobpazoBaHuil eBKau-
JLOBa MPOCTPAHCTBA, JIEFKO NMPOBEPSEeMHE ¥ HEmOCPEXCTBEHHO:

Bcakoe opmozoHaabHoe npeobpa3osanite SBASEMCS HeBbPONCOeH=
Hboly U e20 obpamuoe npeobpa3o8arite maxice OpMOZOHAAHO.

[Ipousgedenue 11006iX OPMO20HAALHEX TNPe0bPa308anul 0pmo2a-
HQAbHO.

§ 36. Cummerprdeckye mpeoGpa3oBands

Jlnnefinoe mpeo6pasosanue @ 7-MEPHOTO eBK/IHIOBA MPOCTPAHCTBA
Ha3wLIBaeTCHA  CuMMemplreckius (W1 CAMOCONPANCEHHbM), €CNH AN
100X BEKTOPOB @, O 3TOTO mPOCTPAHCTBA HMEET MECTO PABEHCTBO

(a9, b)=/(a, b), ‘ (1)

T. €. CHMBON CHMMETPHYECKOTO 1peoGpa3OBaHUsi MOWHO NPH CKAJsPHOM
YMHQ)KGHPIH NEePEeHOCUTh C OILHOFO MHOXUTEAA Ha Ilp}’FOﬁ'.

[Tpumepamn cuMMeTpHYECKHX TNPeOOGPa3OBaHUM CIAYKAaT, OUYEBUIHO,
TOXJECTBeHHOe npeofpa3oBaHue € M HyleBoe npeobpa3oBaHue ®. Bonee
OOLIHM NPUMEPOM SIBASIETCS JAMHEHHOE npeoOpa3oBaHHe, [PH KOTOPOM
BCAKHE BEKTOP YMHOXAeTCs HA (UKCHPOBAHHOE UHCIO O,

ap=oa,
HelicTBuTENBHO, B 3TOM Ciyuyae
(a9, b)=(ca, =0 (a, b)={(a, ab)=(a, byp).

Ponp cummerpuuecknx npeoOpa3oBanuil BecbMa BeJHKA H HaM HeoG-
XOIMMO H3Y4YHTh HX JOCTATOYHO JAETaJbHO.

Cummempuuecxoe npeobpaiosaniie esKANO08G IPOCMPAHCINEQ 8 A0~
6ol opmonopmuposannoli 6a3e 3adaemcs cummempuieckoli mampu-
- yelk. O6pamno, ecau aunelinoe npeobpasosariie e8KAUA08A RpO-
cmpancmea xoms 0ot 8 00HOE opmonopmuposaHHol 6ase 3adaemcs
cummempuneckoli mampuyeli, mo 3mo npeodpas’osanue cummempl-
yeckoe.

HeficTeuTenpno, nycTh cuMMeTpryeckoe npeoGpasoBannue ¢ 3anaercs
B OPTOHOPMHPOBanHOH Gase ey, €,, ..., e, marpuue# A=(o;;). Yuun-
THBas, YTO B OPTOHOPMHPOBaHHOH 6a3e CKanspHoe IPOH3BEAEHHE ABYX
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BEKTOPOB pPaBHO CymMme IIpOHSBEJJ,EHHﬁ COOTBETCTBEHHHX KOOPIHHAT 3THX
BEKTOPOB, Mbl MOJAYyYacM:

(e;9, €)= (2akekv e/> %; 1y
(eiv ej(p) = (eiv kglajkek>= %jis

T. e., BBURY (1),
Oyp=0y;

ans Bcex I W j. Matpunma A okasanach, TakuM o06pa3oM, CHMMETpH-
YeCKOH.

O6patHo, mycTb anHeHinoe npeoGpa3oBaHHe ¢ 3ajxaeTcss B OPTOHOP-
MHPOBaHHOH Base e,, €,, ..., e, CHMMETDHYECKOH MaTpuuel A= (),

0 =0 A9 BCEX iwuj 2)
Ecan

n n .
b= 1§1 Biei, C=i§1 Yi€;

~— no0ne BEKTOPH NPOCTPAHCTBA, TO

b= 25, (:p)=
(2 ,,)

HMcnonb3yst OpTOHOPMHPOBAHHOCTL 6asu e, Moiydaem

: n
(b(P» C) = j;:lﬁiaijyj,

llM: -llMa

o= Zv, (e;9)=

n
(b, co) =i§lﬁmaﬁ-

Beuay (2) mpaBele yacTH IOCHAEXHHX PABEHCTB COBMANAIOT, 4 TO3TOMY
(b, c)=(b, co);

Y10 K TPe6GOBAJOCH I 0OKA3aTh.

W3 nonyuyeHHoro pesyibTara BHITEKAeT cClefyiouiee CBOHCTBO CHM-
METPHYECKHUX npeoépaaosaﬂﬂﬁ, JI€rKO IIPOBEPAEMOE U HEMOCPEACTBEHHO!

Cymma cummempuneckux npeobpa3osanutl, a maiie npousgedenite
CUMMEMPUHLECK020 NPeobpPA308AKUT HA HUCAO SBAAIOMCS CUMMempl=
yeckum npeobpal’osarusmi.

HoxaxeM Tenepp CAeAYIOLIYI0O BAXHYIO TeopeMmy:

Bce xapaxmepucmuueckue KopHit CUmMempuyeckozo npeobpa3o-
8aHUA OelicmBumeRsHHN.
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‘Tak. KaK XapPaKTepHCTHYECKHE KOPHH Mo6Oro AuneliHoro mnpeobpaso-
BaHMs COBHAJANIT ¢ XAPAKTEPHCTHYECKHMH KOPHAMH MATPHUH 3TOro
npeolpasoBannd 8 HOGo# Gase, ‘a cumMerpuueckoe npeoGpa3oBanue
3a4aeTCHd B OPTOHOPMHPOBAHHHX 0a3aX CHMMETPHUSCKHMM MAaTPHIAMH,
TO JIOCTATOYHO 0KAa3aTh CleAyiollee YTBEPWKIAEHHE:

Bce xapaxmepucmusecxue KOpHit cummempuieckoll mampuybi
delicmeumensrol,

B camoM nene, mycth Ag 6y11eT XapaKTepUCTHUSCKHH KopeHb (GHTh
MOXET, KOMMIEKCHHH) CHMMETPHYECKOR MAaTPHULL A-—(aij),

[A—AoE|=0

Torma cucreMa nHHEHHHX ONHOPOAHHIX YPaBHEHHH ¢ KOMILIEKCHHIMH
KosduuneHTaMH

n
Zal-isz)\oxi, i:]’ 23 ey n’
=

UMeeT paBHHH HYM0 ONpeAeanTeNb, T. €, O6NaKdeT HEHYJNEBHM
pewenuem By, P2, ..., PB,, BOOOME TOBOPS, KOMIVIEKCHHIM; TaKHM
o6pasom,

n
!2 o Bi=AB; i=1,2, ..., n {3)
=1 )

YmHowas o6e 4acTH Kaxmoro i-ro um3 pasexcts (3) Ha yucao fi;, com
pskennoe ¢ uucaoM f;, M CKManbBas OTHENbHO JEBHE M TNpaBhe
YaCTH BCEX MONY4aIOUIUXCH PABEHCTB, MB IPHXOJAHM K PaBEHCTBY

S 5 i 2 BB @)

Koadduuuenr npu Ao B (4) ABAsSeTCH OTNHYHHM OT Hynsl AeHcTBH-
TEAbHHM 4HC/IOM, OyAYyYH CYMMOH HEOTPHLATENbHHIX AeHCTBHTENbHBIX
yucen, X0t Ob OZHO H3  KOTOPHX CTPOro HONOWHTENbHO. [leficTBU-
TEABHOCTh YHCAA Ay OyAeT TNOSTOMY JAOKa3aHa, eCAM Mbl HOKaweM
JeHCTBUTENbHOCTD JIeBOH 4YAaCTH paBeHcTBA (4), AJAd Yero AOCTATOYHO
noKasartb, 49TO 39TO KOMIVIEKCHOE 4HCJ0 COBNAXaeT CO CBOHM COIpH-
WEeHHHIM. 3Jech BrepBsie ~6yLeT HCNONb30BaHA CHMMETPHYHOCTDb (Heil-
CTBUTENbHOH) MATPHUH A

o n

1,.,Z=1aiiﬁj—ﬁi= '12—1 uﬂﬁ 21;1 uﬁjﬁt

n _ n —
= 2 o;BP;= 2 “ijﬁiﬁj-"‘ Z ai]BjBi'
i, j=1 i, j=1 > j=1
3aMeTHM, YTO" Mpejnoc/elHee PaBeHCTBO HOJYYEHO NMPOCTOH Nepeme-
RO 0603HaYeHHHA AJS MHIEKCOB CyMMHPOB2HHSA: BMECTO i MOCTABJEHO j,
BMeCTO j moctaBieHo i. TeopeMa, cleloBaTesbHO, NOKa3aHa,



§ 36] CHMMETPHYECKHE. NTPEOBPA30OBAHHS 225

- Jlunednoe npeobpasosanue ¢ esxaudosa npocrpancrea. E, T1020a
4 TOAbKO TO20G GOyder cummerpuueckum, ecau 8 npocrpancree E,
cyuiecTeyer OpPTOHOPMUPOBAHHAA 0a3a, COCTABAGHHAA U3 CcOBCT8EH-
HblX BEKTOPOB 3TO20 npeobpasosanus.

B oamHy CTOpoHy 3TO yTBepXIeHHE MNOYTH OYEBHIHO: eciu B E,

CyueCTBYeT OpPTOHOPMHpOBaHHas Ga3a ey, e,, ..., €,, NpHYEM
ep=»Me, i=1,2, ..., n,
TO B 0a3e ¢ npeobpa3oBaHHe ¢ 3aNAaeTCH IHATOHANbHOU MaTpuilelf..
A 0
2
.
0 )

HuaronanbHas maTpulia sBASETCH, OXHAKO, CHMMETpHYeckol, a mosTomy
npeo6pasoBaHHe (p 3ajaeTcs B OPTOHODMHROBAHHON 6ase e CUMMETpH-
yeckol maTpuueH, T. e. GYyET CHMMETPHYECKUM.

OcHoBHOE 0OpaTHOE YTBEpWKIEHHE TEOpeMB MH OyNeM IOKa3HBaTh
WHAyKUMeH 10 pasMepHOCTH n npocrpancTBa E,. B camom nene, npu
n=1 Bcaxoe nuHeliHoe npeoGpa3oBaine ¢ mpocTpaHcTBa E; Hempe-
MEHHO ITePeBOLHUT M1000H BEKTOP B BEKTOP, €My IponopiHonanpHuii. OTcrona
caenyeT, YTO BCAKMH HeHnyneBOH BekTOp a4 OyaeT COOCTBEHHBIM BEKTO-
poM ans ¢ (Kak, BIpoyeM, cleIyeT H TO, UTO BCSKOe JHHeiHOe mpe-
obpasopanue npoctpancTBa E; Oyamer cummerpuyeckum). Hopmupys
BEKTOp 4, MH MNOJYYHM HCKOMYIO OpPTOHOPMHDOBAaHHYI0 6a3y mpocT-
paucrsa Ej.

[Tyctp yTBepkJAeHHEe TeopeMH YXe HOKa3aHo ias (72— 1)-MepHOro
eBKJIMAOBA INPOCTPAHCTBA M MyCThb ‘B IpocTpaHctBe - E, 8anaHo cum-
MeTpHYecKoe mpeo6pasoBanue . K3 nokasaHHOH BHIIE TEOPEMB BHI-
TeKaeT CyUleCTBOBaHHE MJif @ IHeHCTBUTEIBHOLO XapaKTePHCTHYECKOro
KopHt Ay DTO yHcnO OyneT, CAEeXOBATENbHO, COGCTBEHHHIM 3HAYEHHEM
ans npeoGpa3osBanus . Ecnm a—cobcrBeHHbl  BexkTOp npeobpasopa-
HHA @, OTHOCSILUHCH K -ITOMYy COGCTREHHOMY 3HAYEHHIO, TO H BCAKMH
HEHyJIeBOH BEKTOp,  NPONOpPLUHOHANbHHHA BekrTopy a, Oyzer i ¢ cob-
CTBEHHHIM BEKTOPOM,. OTHOCSILHMCH K TOMY € COGCTBEHHOMY 3HAYEHHIO
Ay, TaK Kak

(0a) @ = (ag) = o (Aga) = A (0a).
B 4acTHOCTH, HOpPMHPYS BEKTOD @, MBI TIOJiyYUM TaKO# BEKTOP €y, HTO
91‘19";7“0?1:
(ey, ) =1.

Kak nokasano B § 34, HenyneBof BEKTOD e,, MOXHO BKAIOUMTH B

OPTOreHanbHY10 -6a3y -
€y, €, ---a‘e;u' {5)
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npocTpancTa E,. Te BexTopw, mepBas KOOpAMHATa KOTOPHX B Oase (5)
paBHa HYy/AIO, T. €. BEKTOPH BuJa ocge;-l— —i-ocne,',, COCTABIAIOT,
O4YeRUJHO, (n— 1)-MepHOe nuHeliHOE MOANPOCTPAHCTBO MpocTpancTaa £,
Kotopoe Mm o6o3HauuM ueped L. Dto Oymer maxe (n— 1)-mepHoe
eBKJHAOBO IPOCTPAHCTBO, TAK KaK CKalspHOe Npou3BelNeHHe, OyAydH
ompeneneHHHM AJf BCeX BeKTOpoB m3 E,, onpeneneHo, B 4YaCTHOCTH,
ISt BEKTOPOB U3 L, npuyem o6aanaeT sCeMH HeoGXONMMBIMH CBOKCTBAMH.

IMoxnpocTpaHcTBO L COCTOHT M3 BCeX TEeX BEKTOPOB MPOCTPAHCTBA
E,, KoTOpBE OPTOTOHAIbHH K BEKTOPY ey. JeHCTBHTE/NbHO, €CIH

7 - ?
G=04e; + 0y 4+ ... Oney,
TO, BBHAY OPTOTOHaJbHOCTH 6a3nl (5) M HOPMMPOBAHHOCTH BEKTOpPA €y,
’ 4 ’ 14
(e1, @) =0 (eg, 1)tz (€1, )+ ... +anles, en) =0y,

T. e. (€5, @)=Q TOTZa W TOABKO TOTAa, ecnn o0, ,

Ecau Bektop @ TnpHHaANeWdT K nognpocrpactsy L, T. e,
(es, @)=0, 10 u BexTOop @@ comepwurca B L. [leficTBHTENBHO, BBHAY
CHMMETPHYHOCTH npeo6pa3oBaHus @,

(e1, ap)=/(e,9, a)==(Aoes, @)=Ao(es, @)==Ap-0=0,

T. €. BEKTOP 4@ OPTOTOHaleH K ey W I03TOMy coxepxurcd B L. 3710
CBOMCTBO MOANPOCTPAaHCTBA L, HA3HBAEMOE €r0 UHBAPUAHMHOCMSI OTHO-
CHTEIBHO TNPe0oOpPa3OBaHHA (, NO3BOJHAET CYHTATh @, PaccMaTpH-
BaeMmMoOe JUIb B MPUMEHEHHH K BexTopaMm H3 L, nuHel-
HHM NPeo6pa3oBaHHeM 3TOr0 (7-— 1)-MePROro eBK/AWAOBA MPOCTPAHCTBA,
Ono 6ymer mawxe CHMMeTPHYeCKHM mHpeoOpa3soBaHHEM NPOCTpaHCTBA L,
TaK Kak paBeHcTBO (1), BWMONHAACH MJs 100X BEKTOPOB M3 E,, Gyaet
BHINOJHATHCH, B YACTHOCTH, A/ BEKTOPOB, Jewaiux B L,

B cuny MEAYKTHBHOTO NpPEANOJAOXEHHS B mpocTpaHcTBe L cymiect-
ByeT OPTOHOPMHPOBAHHAf 06a3a, COCTOAILast U3 COOCTBEHHHX BEKTOPOB
npeo6pa3oBaHusl ¢; 0603HaYHM €e yepes ey, ..., €,. BCe 3TH BEKTOPH
OPTOTOHANbHH K BEKTOPY &5, a MO3TOMY €, €, ..., €, OyAeT HCKo-
Mo#i opToHopmHpOBaHHOH Ga3oH mpoctpancrea E,, coctosuieft us co6-
CTBEHHHIX BeKTOpPoB mpeobpasonanus ¢. Teopema mokasaua.

§ 37. Ipusenenne kBanpaTrIHOil GOpPMBI K TJIABHRIM OCHAM.
apel ¢opm

TlpaMennuM moCHeRHION TeopeMy mpeAumecTByouero mnaparpacda
K J0KasaTeNnbCcTBY ciaelnymomielt matpudnofl Teopemn:

Has scarxoli cummempuneckoli mampuys, A MOKHCHO Halmu maxyiwo
opmozonassHyo mampuyy Q, Komepas npusodum mampuyy A K dua-
eonansomy 8udy, m. e. mampuya Q7rAQ, nosyzennas mpancgop-
Muposanues mampuys A mampuyeti Q, Gydem duazonassrol.
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B eamoM gene, mycTh ZaHa CuMMeTPHYeCKad MaTpuua A mopsiaka A.
Ecnu ey, es, ..., €,—HeKOTOpass OPTOHOPMHPOBaHHas 6a3a n-MepHOTO
eBKJAHAOBA mpocTpaHcTBa E,, To marpuua A 3amaer B 31o#i Gase CHM-
MeTpuyeckoe mnpeofpasosaHue ¢. Kax poxasano, B E, cymectByer
OPTOHOpMHpPOBaHHad 6asa fy, fo, ..., f,, COCTaBJEHHAT M3 COOCTBEHHHX
BEKTOPOB Npeo6pa3oBanus @; B 9Tolt 6ase ¢ 3agaercd AHArOHaAbHOM
marpuueit B (cm. § 33). Toraa, mo § 31,

B=Q"1AQ, v (9))
- rae Q—wmarpuua mepexona or Gasw f K Oase e,
e=Qf. ' 2)

Drta MaTpPHIA, KaK MaTpHUA Nepexola OT OLHOH OPTOHOPMHPOBaHHOMH
6a3nl K JApyro# Ttakoft e 6a3e 6yxer optoroHaabHol—cm. § 35.
Teopema moxasasa.

Tak kax 1419 OPpTOroHadbHOA MaTpuIm Q ee o6paTHas MaTpula paBHA
Tpaicnionuposannolt, Q'=Q’, Tto0 paseHcrso (1) MOXKHO nepenucaTh
B BHIE

B=Q’'AQ.

U3 § 26 usBecTHO, OJHAKO, YTO HMEHHO TaK mpeobpasyercs CHMMET-
puyeckas Marpuna A KBaApaTHuHON (POPMH, MOABEPrHYTOH JUHEHHOMY
npeoOpa3oBaHUI0 HEU3BECTHHX ¢ MarTpuuelt Q. Yuutwsas wme, UTO JH-
HellHOe mnpeoOpasoBaHyue HEHU3BECTHLIX C OPTOFOHANbHOH MaTpulell dB-
AseTCA OPTOrOHANbHBIM nNpeobpa3oBanueM (cM. § 35) M 4TO AHaro-
HaJIbHYI0O MaTpHIy HMeeT KBaapaTuyHas ¢opma, MpHBeAEHHas K
KaHOHHYECKOMY BMAY, MH Ha OCHOBaHMM TIpeJIUeCcTBYIOMEH TeOpeMH
noiyyaeM <CJAeAYIOIYI0O T€OpeMy O NPpUBeZeHHUH XeHCTBH-
TeJAbHOHN KBajApaTHUYHON POPMH K r7TaBHHM OCHM:

Bearxas Oeiicmsumenvrnasn xgadpamunnas gopua f(xy, Xy ...y %,)
HeKomopulit OPMO2ZOHAALHUM NPeobpa308aniies Hel38eCmHbuX Modxcem
Goims npugedena K KAHOHU%eCKOMY 8UOY.

XOoTS MOMET CyU[eCTBOBATb MHOLO PA3JHYHLIX OPTOTrOHAJbHBIX fIpe-
o6pa3oBaHNil HEH3BECTHHIX, MPHBOJALIHX AAHHYIO KBAXPATHUYHYIO dopMmy
K KAHOHHYECKOMY BHAY, OMHAKO CaM 3TOT KAHOHHYECKHH BHX Mo Cy-
IWECTBY ONpejenseTcss OAHO3HAYHO!

Karxoso Goi Hu Guino- opmozonassHoe npeobpa3csanue, npusodsujee
K KaHOHu#ecxomy 8udy readpamuunyio gopmy f(xy, X ..., X,)
¢ mampuyeld A, Koadunuenmany 3moz20 Kanonuteckozo suda 6yoym
xapaxmepucmutecxie KOpri mampuyss A, e3gmue ¢ ux Kpamuo-
cmamu., '

[Tyets, B camoMm nene, ¢opMa f HEKOTOPHM OPTOrOHANbHLIM MP@s
o6pasopaHueM NPHBELEHA K KAHOHHYECKOMY BULY

Fxy %o un, X)=pyi+pays+ ... B0
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IT0 OpPTOroHanbHOE NPeoGpa3OBaHUE OCTABAAET  HHBAPUAHTHOH (CyMMY
KBaAPATOB HEH3BECTHHX, A MOITOMY, €C/AH A — HOBOE HeH3BeCTHOE, TO

n n n
Flon %o oo, £)—A Y $1= 3 pyl—i 3 yi.
. i=1 =1 i=1

Ilepexoas K onpexenuTensM 9THX KBaAPATHYHHX (OPM U YUHTHBAS,
YTO nNOC/AE BHNOJHEHHS JAHHEHHOro npeo6pa3oBaHud ONpexeauTeNb
KBalpaTH4yHOHR ¢OPMBI YMHOXAETCHA HA KBajzpaT ofpeienuTens mnpeod-
pasoBanus (cM. '§ 28), a kBagpaT onpeAenuTeaAs OpPTOrOHAAbHOTD
npeofpa3oBanus pased eauuuue (cM. § 35), MH HNPHXOMMM K paBEHCTBY

Py —A 0 0
0 pa—Ai ... 0 "
jA—rE[ = " " T 70 i =TTw—W,
_0 0‘ e “’n_}? =1

W3 KOTOPOTO BHITEKAET yTBEPWIEHHE TEOPEMHI.

DTOMY Pe3yabTAaTy MOXHO MPHIATb TAKKE MAaTPHUHYIO GOPMYIHPOBKY:

Kakxosa 660 Hu Obviia opmo2oHGABHAS MAMPUUG, NPUBOORUGT
K OUQ20HARDHOMY 8UOY cUmMmempureckYiO mampuyy A, Ha 2aasnol
ouazonasy noaywennol oOuazonassHol mampuyst 6yoym cmosms xa-
paxmepucmutecKie KOpHu mampuust A, 83amele € UX KPAMHOCMAMY.

MIpakTrueckoe pasbiCKaHHE OPTOTOHANLHOrO MpeoGpas3opaHus, npu-
BOAAWEr0 KBaApPaTHUHYI0 OPMY K TJaBHBIM oOcAM. B HekoTophx
3ajgayax HeoOXOAMMO 3HATH HE TOJNbKO TOT KaHOHMYeCKHH BHJ, K KO-
TOPOMY npUBOAMTCH HAeficTBUTeNbHAS KBanxpaTuuHas ¢opma OpTOro-
HaNBHBIM TpPe0oGpa3oOBaHHEM, HO M CaMO OPTOTOHAaJbHOE NpeoOpa3oBanue,
ocyuiecTaiafIOnee STO npuseneHue. DBuino 6o 3aTPYMHHTENbHO pasbic-
KuBaTh 310 npeobGpa3oBaHHEe, MCHOJAb3ysd HOKa3aTeNbCTBO TEOPEMH
O mNpuBeJEHHH X TIJABHHIM OCAM, H Mbl XOTHM YKa3aTb WHOH MyTh.
VIMeHHO, HYXHO /HLIb HAYYHUThCA HAXOZUTb OPTOrOHAJBHYIO MaTPHLY Q,
NPHBOAALLYI0 HaHHYI0 CHMMETPHYECKYI0 MaTpuiy A K JHaroHaJbHOMY
BHLY, M/AH, 4TO TO K€ CamMoe, HAaXOZUTb ee 06paTHYK Mmatpuuy QL.
Beuay (2) srto “6ymer 'martpuua nepexosa ot 6a3m e K 6aze f, T. e.
ee CTPOKH AB/AAIOTCH KOOPXMHATHBIMH CTpOokaMu (B 6ase e) OpTOHOP-
MHPOBAaHHOM CHCTEMH 43 72 COGCTBEHHBIX BEKTOPOB CHMMETPHUYECKOTO
npeoBpagdoBanud @, onpenenseMoro Mmartpuuiet A B Gase e. Ocraercs
HallTH Takyio CUCTEMYy COOGCTBEHHHX BEKTODOB.

Mycts Ap— 060K XapaxTepUCTHYECKHH KOPEHb MaTPHUW A H MyCTh
ero KpatHocth paBHa ky. Va3 § 33 Mb 3HaeMm, 4TO COBOKYMHOCTB KOOp-
AMHATHHX CTPOK BCeX COOCTBEHHHX BEKTOPOB npeoGpa3oBaHuf ¢, OTHO-
CALIMXCH K COGCTBEHHOMY 3HAYeHHIO Ay, COBHafaeT C COBOKYNHOCTHIO
HEHY/EBLIX peleHME CHCTeMBl JHHEeHHHX OJHOPOAHHX YpaBHEHHI

(A—hoE) X=0; (3)

CHMMETPHUYHOCTh MaTPHUL A no3Bonser Hamucath 3xech A smecto A’
N3 moxazaHHmX BbllIe TEOPeM CYL[ECTBOBAHUA OPTOrOHANLHOK MATPHUM,
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NPUBOISILEH CHMMETPHYECKYI0O MaTPHIY A K IHArowalbHOMY BHAY, H
€IHHCTBEHHOCTH 3STOF0 IHHaroHaJlbHOTO BHUAA BHTEKAET, YTO [JAA CH-
cteMbl (3) BO BCAKOM Cayyae MOWHO HaHTH Ky JHHEHHO HE3aBHCUMBX
peutennfi. Takyio cHCTeMy pewieHHH HWIEM METOAAaMH, M3BECTHHMH H3
§ 12, a 3areM opTOroHalH3WpyeM H HOPMHDYEM nonyquHylo cucremy
B CooTBeTCTBHH ¢ § 34.

DBeps B xauecTBe Ay moouepenHo Bce pa3nuquue XapaxKTepucTuye-
CKHe KOPHH CHMMETPHYeCKOR Martpuusl A M YUYHTHBAn, 4TO CyMMa
KpaTHOCTeH 9THX xopueH paBHa n7, MBl IOJAYYHM CHCTEMY H3 72 COG-
CTBEHHLIX . BEKTOPOB MNpeoOpasoBaHuA , 3aMaHHHX HX KOOPAHMHATAMH
B 6ase e. [lna nmokaszaTenbctBa TOro, YT0 5TO GYAET MCKOMAad OpPTO-
HOPDMMPOBAHHAS CHCTEMa COOCTBEHHHLIX BEKTODPOB, OCTAeTCH I0KA3aTh
CIEAYIOIYID TE€MMY:

CoGcmeenHbie 8exmophl CUMMEMPULECK020 npeolpa3osanus @, om-
HOCAWuecs K pPA3AL4HOLM COOCMBeHHbLM 3HAYEHUAM, MexwdY coboik .
OPIMO2OHAABRYL,

Ilycts, B camoMm xeie,

bp=A2,b, cp=1A,c,
npuyeM Ay == A,. Tak kax

(bq)1 C.)=(}"1br C):},i (b1 C);v

(b, cp)=(b, A,c)==2, (b, c),
TO M8

(bg, ¢)=1(b, cq)
cnenyer .
(b, =2y (b, ¢)
HIH, BBHIY Ay = A,
(b’ C)=0,

yTO ‘M TpPebOBaNIOCh NOKa3aTh.

Mpuwmep. TipuBecTH K IIaBHEIM OCSAM KBAAPATHURYIO QOPMY
F (%, X950 X3, X)) =2%1%, -+ 2,65 — 2%, %, —2x2x3+2x2x4+2x3x4
Manuua A sroit dopMbl uMeeT BUA
01 1 —1
Al 1 0 —1 1 ‘
1 —1 0 1
—1 1" 1.0
Haiinem ee xapaRtepucruueckuii MHOroujemn:
—) 1 1 —1

j[A—rEl=| | T} T0 = 0—1p a4

=1 1 .1 =3
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Takum o6pasom, Marpuna A HMeeT TPeXKpaTHHH XapakTepHcTHuecKHfi Kopers |
H OpocTolf xapakTepHCTHYeCKHE KopeHb —3. MH yKe MOKeM, c/e/[0BATENBHO,
HalHCaTh TOT KAHOHHYECKHH BHJA, K KOTOPOMY (opMa f IPHBOZUTCH OPTOrOHAlb-
HEM Tnpeo6GpasoBaHueM:

2 2 2 2
f=y1+y3+y3—3y,.
HajizeM oproroHanbHoe mpeo6pasoBanie, OCYMECTBJSIONEe STO NPHBEAEHHE,
Cucrema sHHeHHEX OAHOPOAHHLIX ypaBHeHHH (3) IpH Ag=1 mpuHAMaeT BHJ

— Xyt 2y xX3—x,=0,

Xy —Xg—X3+x,=20, |

Xy —Xg—Xg+x,=0,
— X1+ X4 x3—x4=0.

Panr stoit cucremn pased 1, ¥ MO3TOMY /I Hee MOXKHO HafiTH TpH JWHEHHO
He3aBHCHUMHX pewleHHA. Mmu GyayT, Hanpumep, BEKTOPH

b=(1, 1, 0, 0),
by=(1, 0, 1, 0),
by=(~1, 0, 0, ).
OpTOI‘oHaJIHSprn 5Ty CHCTEMY BEKTODOB, MbI IIOJYYHM CHCTEMY BEKTOPOB
clzblz(lv li 01 O)i .

S | 1 1
“‘2:"'—_2' Cl+bs=(‘§‘ T 1, 0)»

c3=—;~cl+%ca+b3=(—-§- ,%-,T,l;, 1).
C npyrofi cTOpoHb, CHCTEMa JHHENHHX OJHOPOAHHX ypasHeHu# (3) mpHHH-
MaeT NpU Ay= —3 BHI
x4 xg4 xg— x,=0,
%+ 3xy— x34 x,=0,
Xy— Xp+3x3+ x,=0,
— X+ X3+ x3+43x,=0.
Panr sroft cucremsr pasen 3. Ee HeHy/eBEIM pelleHHEM CJIYXHT BeKTOp -
c=(1, —1, —1, 1).

CurcreMa BEKTOPOB €3, Cyy Cg, €4 OpTOroHasbHas, HopMmupys ee, MBI IpHaeM
K OPTOHOPMHDOBAHHOH CHCTEMe BEKTOPOB
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Takam ofpasoMm, ¢dopma ﬁ NPHBOJMTCHA K TIVIaBHHIM OCSIM OPTOrOHAa/NbLHLIM npeol-
pasoBaHHeM ’

V2x1+V Xos

. 2
=——_-x——x ]/_x
Ys V'G 1 2+

1 V3
bo= 2mx1+2r—”2 Ve S

1
I/4='— X1— "fxa ) x3+

Xa»

Caepyer OTMETHTb, YTO BHIGOP CHCTEMH JIHHEHHO HE3aBHCHMBIX COGCTBEHHBIX
BEKTOPOB, OTHOCSIIMXCH K KPaTHOMY COOGCTBEHHOMY 3HaYeHHIO, ABJSCTCH BECbMa
HEOJHO3HAYHHIM, & TO3TOMY CYHECTBYeT MHOTrO Pas3jJHYHHX OPTOrOHa/JbHEX Ipe-
o6pasoBaHuil, NPHBOARWHX ¢GOpMY [ K KAHOHHYECKOMY BHAY, Mbl HalllK JHHIb
OJHO H3 HHX.

Mapw ¢opm. Ilycts mana mapa AeHCTBHUTEAbHHX KBal-
PaTHYHHX ¢QopM OT 7 . HEM3BECTHHX, [f(X1, Xy, ..., X,) .H
gxy, x4, ..., x,). CymecTByer /M Takoe HEBHIDOXKAECHHOE JHHEHRHOE
npeo6pa3soBaHHe HEH3BECTHHX Xi, X4, ..., X,, KOTOPOE OLHOBPEMEHHC
npuBOAKAO O 06Ge 3TH GOpPMB K KAHOHUYECKOMY BHAY?

B o6uieM ciay4yae oTBeT OyneTr oTpuuarenbHuM. Paccmorpum, na-
npumep, napy <¢opm

¢ 2
Sfx1y xp)=x1, g (X1, X2)=X1X,.
[Tycth cyuiecTByeT HEBHIPOWIEHHOE JHHeHHOe mpeobpa3oBanue

X1 = Cuuy1 -+ C19Y2, }
Xo=C21Y1 - C22Y2,

npusonsuiee 06e 9TH HOPMBl K KAHOHHYECKOMY BHAY. Jlast TOro 4to6ul
¢opma f morna OunTh mnpHuBeneHa npeo6pasoBanneM. (4) K KaHOHHUe-
CKOMY BHAY, OLHH H3 KO3(DOPHLUHUEHTOB €y, C;3 HXOMKeH OHTb paBeH
HY/MI0, HHAye BoOWIeN Obl WIEH 2C11C10y1Y,. Mensist, ecnu HYXHO, HyMe-
PAalHI0 HEH3BECTHHIX Jj, Y2, MOXKHO TONOKHTb, 4TO C42==0 W mno-
3TOMY 41 % 0. Mu moayyum Temepb, OZHAKO, 4TO

g (X1, X5) = cusy1 (Ca1y, + C20Y2) = €,,62191 + € ,020Y Y-
Tak kak Qopma g takxe Homxua 6bia mepediTu B KAHOHHYECKHUH BHX,
TO €,,629=0, T. €. €33=0, 4TO BMecTe C C,,=0 HNPOTHBOPEYUT HEBHI-
pomneﬂﬂocm JIMHEHHOTO MpeoOpasOBaHU (4)
Curyauus 6yaeT MHOH, eClM MH MOJOXHM, HTO XOTH 651 OJHa U3
Hamnx ¢opm, Hampumep g(x,, X ..., xn), ABJASETCS T O JI O K H-
TenbHO onpexeneHHoH!) Mmenno, cnpaBeannsa Teopema:

)

1) 3ro ycsaoBHe He sBJAsSETCS, KOHEYHO, HEOOXOAMMEIM; TaK, (opMmsl xi-}-

+x}—x) B x2—4] —x% ofe yxe HMeOT KaHOHHUECKMI BHJ, XOTS CPEAH HHX
HET NOJIOKHTENbHO ONpeAEIeHHHX.
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Ecau f u g—napa Oelicmeumensnox rsadpamusnsyx dopm om n
HeU3BECMHBLX, NpUtes BMOPAS U3 HUX NOAOHCUMEAbHO ONpedeseRHaR,
mo  cyuecmgyem HeBupoycOeHHOe AlUHelHoe npeobpa3osarite, 00HO-
BpeMEHHO npusodsauwee opmy g K Hopmasshomy 8udy, a gopmy f
K KaQHOHUYecKoMmY 8UAY.

D.J'lﬂ A0Ka3aTeJpbCTBA BBLIMOJHUM CHA4a/la HEBHIPOWKAEHHOE J'IHHeﬁHOe
npeo6pa3oBanue HEH3BECTHBIX X, X2, ..., X

X=TY,

IIPHBOASILEE MOJOXHTENbHO OnpeleleHHYI0 (GopMy g K HOPMAIBHOMY
EALY,

n'

glxy, X3 ..., X)=y1+yi+ ... +yn

dopma f nepelimer mpu 3TOM B HEKOTOPY0 POPMYy ¢ OT HOBHX HEHM3-
BECTHBIX,

f(xp xz» * 00y xn):(P(yp y2’ ey yn)'
CoBepmiuM Tenepp OPTOTOHA/AbHOE NPeOBPa3OBAHNE HEH3BECTHHX

yu )’2, ey }’m
Y=Q2Z,

npusoasuee GopMy @ K CHABHBIM OCSM,

L S N 121—1‘7"2224* e —4—)."2,2,.

D10 npeoGpazoBaHue (cM. onpexeneHHe B § 35) mepesBOLHT CyMMY
KBAAPATOB HEH3BECTHHX Y, Yo, ..., YV, B CYMMY KBajipatoB HEU3-
BeCTHHIX 2, 22, ..., Z,. B pe3yibrarTe MH noaydaem

ne

Fix, X2, .., Xx)=MA21+hozs + ...+ )20,
gl X2y ..., X)=z1t+20 .. 2
T, €. JAuHeHHoe npeoBGpasoBanue
=(TQ) Z

SiIB/AACTCA HCKOMBIM,



[JIABA OEBSTAM
BbLIYMCAEHUE KOPHEH MHOTOYJEHOB

§ 38* YpaBHenus BTOpOH, TpeTbeil M 9eTBepTOil CTEeHeHH

OcHoBrasi Teopema, mokasauuas B § 23, ycranasiupaer s AK060ro
MHOTOU/IeHa A-§ CTEMEeHH C YHCJIOBHIMH KOI(DGHUMEHTaMH CylmiecTBOBa-
Hue n KoMmmnekcHolx xopHell. Ee nokasarenbcrBa (Kak IpHBeNEHHOE
Bbllle, TaKk M JMioGble ApyrHe M3 HbIHE H3BECTHHIX) He JAIOT, ONHAKO,
HUKAKAX METOJOB JJISi MPAaKTHYECKOTO pa3biCKaHHS STHX KOpHEH, sB-
NS9Ch YHCTBMH «JOKa3aTeJIbCTBAMH CYLLeCTBOBaHusA». IloHCKM Takux
METOJNOB HAYa/JHCh, €CTECTBEHHO, C NONBITOK BHBOAA (OpMYJ, aHano-
THYHBIX popmyse A/ pelleHHS KBaAPAaTHOTO YpaBHEHHS, H3BECTHOH
YHTATENO AN cayyasd AeHCTBHTENbHBIX KO3(DUUUEHTOB H3 WIKOJIBHOIO
Kypca anre6pel, Mbl moxaxem ceftyac, 4ro 3Ta . Qopmyaa ocraercs
COpaBelJIMBOM M JUIi KBaJPAaTHHX YDABHEHHH C KOMIVIEKCHBIMH KO-
spduimeHTaMH M YTO aHaNOTHYHBle POPMYJBI, XOTA H MHOro Gonee
rpoMo3aKue, MOTryT OHIThb BbIBEAGHH JJIS ypaBHenuft Tperbedl W
yeTBEPTOH CTEHEHH,

KsanpaThbie ypasmenns. [lycTb JaHO KBaZpaTHOe ypaBHeHHe

x4 px+q=0
¢ MOOLIMH KOMIJIeKCHBIME Ko9dduunenramMu; crapuuit kosdduunedt 6es

OrPaHHYEHHS OOGWHOCTH MOXHO CYHTATh PABHHM ENHHHLE., JTO YDaBHe-
HUe MOXHO [epenHcaTth B BHIE

(<) +(o-5)-o.

2
Kak wmbt 3HaeM, H3 KOMINICEKCHOIO 4HuC/]a "i——q MOXHO H3BJeYb KBal-

paTHuil KOpeHb, He BBIXOAA 3a fpeAeNbl CUCTEMH KOMIIEKCHHIX YHCel,
Jga aHauyeHuss ITOrO KOPHA, OTAHYAIOWMXCH ADPYr OT Apyra JHMULh 3Ha-

2
KOM, Mnl 3anuilieM B BUAE -k P 4. Mostom
, . y

P2
x+2£=i —Z_qn
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T. €. KODHH 3aJ3HHOTO YPaBHEHHH MOXHO HAXOAUTb 10 OGHYHOH ¢op-
Myne

Mpumep. Pewuts ypaBHeHUE
x2—=3x+ (3—i)=0.

IlpumMenas BroiBeleHHYIO GOpMyay, NoJydaem:
3 ]/”9 . 3 1 —_—
K=ok T-@—n_7i7VLa+n
[Ipn nomomyu metogos § 19 MbI HaxonuM:

V=3 +4i=1 (14+2i),
a nosromy
0=2+i, xg=1—i.

Ky6uuynpie ypaBHeHusi. B orimume oT Caydvas KBajpaTHHX ypas-
Henu#, MO CHX pop y Hac He GHJIO METOHA JJIs PEIIeHHA KyOHUHBIX
ypaBHeHuH naxe B cayuae peHicTBHTenbHHX kosbduuuentoB. Cefiuac
Mbl BhIBEAEM st KyOW4HBIX ypaBHeHHH GopMyJy, aHalOruuHymo ¢op-
MyJe JaIs8 KBaAPATHHX YypaBHEHWH, IPHYeM cpasy HAONYCTHM, YTO KO-
oPPHUHEHTH ABAFIOTCH JIOOBIME KOMIUIGKCHBIMH YHCAAaMH,

[Tycts nano xyGuyHOe ypaBHeHHe

y¥tayP4by+c=0 M

¢ MOGHMH KOMIUIEKCHHMH Kos(duuuenTamu, 3amenss B ypasaenun (1)
HEH3BECTHOE ) HOBHIM HEU3BECTHHIM X, CBA3AHHBIM C ¥ PABEHCTBOM
’ a

Yy =x_""§' ) (2)
Mbl TONYYHM YPaBHEHHE OTHOCHTE/JIbHO HEH3BECTHOTO X, HE COoxepika-

niee, Kak JIErKo TIpOBepHTb, KBalapaTa 3TOr0 HEH3BECTHOro, T. e,
ypaBHeRHHE BHAA

x34 px 4-¢=0. (3)

Ecan Gyayrt Haiiiennl KOpHH YypaBHenud (3), To, BBHAY (2), MH noiy-
YHUM M KOpHM 3ajaHuoro ypassenust (1). Ham ocrtaercd, cnemosarensio,
Hay4YHTbCS pelliaTb «HEmoJHOe» KyOuuHoe ypapHenne (3) ¢ a06GuMu
KOMIIEKCHBIMH KO3 UL HenTaMHu,

YpaBuenue (3) o6Gnagaetr 10O OCHOBHOH TeopeMe TPeMS KOMIICKC-
HeiMR kopHaMH. Ilycth xo 6yzer aw6oit us 9TuHX KopHeil. Beenem Bcno-
MOraTe/bHOE HEM3BECTHOE U M PaCCMOTPHM MHOTOYJIEH

f(u5=u2—xou—%.
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Ero xosduumen T — KOMILIEKCHBE YUC/IA, U TO3TOMY OH 061a4aeT ABYMA
KOMIZIGKCULIME KopHaMu o H P, npuueM, mo ¢opmynam Boera,

OL—I—ﬁ—?.‘Cm (4)
f=—1%. (5)

Hoacrasnas B (3) Belpawenne (4) KOpHA X, Mbl NOSYyYHM:

(@+p)2+platf)+g=0
o + B+ (30 + p) (4 B) -+ 9 =0.

Onnaxo u3 (5) cneayer 3af4-p=0, 1 DO3TOMYy MH HOJAyYaeM:

HIIN

o34 p3=—g. (6)
C xpyro#t cropoHu, u3 (5) BhTekaer
) 3
o3pd = — —5—7- Q)

Pasencrea (6) u (7) nmoxasniBaior, 4yto yucaa o® u B3 caywxar xop-
HIMH KBAAPATHOTO ypaBHEHHf

zz-}-qz———-O 8)

¢ KOMIIEKCHBIMH KO3(dHUIHeHTaMH,
Pemas ypasnenne (8), Mbl monyyum:

r=— gk ]/qz +47 s
otkyxal)

a—-‘/ +]/~—+27 ) 5=i/—%_1/i:'+%'(9)

Msl npUX0OAUM K ciaenyioueit goopuyse Kapdarno, Buipaxanuiell KOpHi
ypaBHeHHs1 (3) uepe3 ero Ko3(pHUHEHTH NPH MOMOLLH KBaAPATHHIX
M KyGUYHEIX PafHKalIOB:

xo=a+ﬂ=]/—- +V E 4—]/—~— L+

Tak xax KyOMYHBH paaHKan HMeeT B I0J€ KOMILIEKCHBIX YHuCe] TpH
3Havenusi, T0 QGopmynn (9) KalOT Tpu 3HaueHHs A O M TPH Aazm P.
Henbss, omuaxo, npumensas cdopmyany Kapnano, komGuuupoBath moboe
3HayenHe padaumkana o ¢ oObM 3HauyenueM pajaukana f: Aag AaHHOro
3HaueHud o caenyer Opath Julib TO M3 Tpex 3HaueHuit P, KoTopoe
YLOBAETBOPSET yCA0BHIO (3).

1) Be3pasju4HO, KaKOi U3 KOPHEH ypaBHeHHS (8) mpuHATb 32 &® H KaKo#l —
sa B3, tak xak o u B B pasencrse (6) u (7), a Takxke B Bumpaxenue (4) aaa x,
BXOAAT CHMMETPHYHHM 00Da3OM.
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[lycte o, G6yner Jn06oe u3 Tpex 3Hayenn# panukana a. Torna asa
APYTHX MOXKHO NOAYYHTb, KaK AOKa3aHO B § 19, ymHowxenueM ¢, hna
KyOHUHEIE KOPHH € M €2 M3 eAHHHLBL

Oy =208, Oy=0a,8&2
O6o3nauum yepes B, To U3 Tpex sHayenud pamukana f, KOTOpoe COOT-
BETCTBYET 3HAYEHHUIO O PalHKa/la & Ha OcHOBaHHH (5), T. €. a4y, = — LA

3
Iea apyrux suayenus P 6yayt

Py =D.8, Ps=p,e%

Tax kak, Beuny &3=1,

P
azﬁa =0 e-fie? =0 =af, =—=

TO 3HAYEHWIO O, PalHKana @ COOTBeTCTBYeT 3Hauenne P, paauxana f;
_aHAJOrMYHO 3HAYEHHIO Oy COOTBeTCTBYeT 3Havenye P,. Takum obpasowm,
BCE TPH KOPHS ypaBHeHHs (3) MOryT ObiTh 3aMHCaHH ClEAyIOUHM 06pa3om:

Xy =0, +By,
Xp =0y +Py=0,8P,2?%
s =0y +P=0a,e" 4P, e J

Ky6uunble ypaBHeHus ¢ ReiicTBUTE/NbHbIMH KO3dduuuesramu. Ilo-
CMOTPHM, YTO MOMHO CKa3aTh O KOPHAX HEMOJHOr0 KyGHUHOr O Y paBHEeHHs

x*+px+g=0, (11)
ecin ero koshHUHeHTH KeHCTBHTENbHEL. Oxasuaaercﬁ 10 B 9TOM

(10)

cllyyae OCHOBHYIO POJb HIpaeT 3HAK BHPaXeHHd T+37’ cTosiuero

B dopmyne Kapaano moa-3HakoM KBaApaTHOTO KOPHsi. 3aMETHM, 4TO
3HAK 3TOrO BHIPAMWEHHA HPOTHBOMONOWKEH 3HAKY BHIPAKEHWS

. . 2 3
D = — 4p*—27g% = — 108 (?T+§7_) ;

Ha3bnBaeMoro ouckpumunanmom ypasHenus (11) (cp. nmie, § 54);
B AanpHelmunx $opmMyrHpoBKax OyierT HCNOAb30BATHCA 3HAK JLUCKPHMH-
HaHTa.

1) Hycts D << 0. B stom c1yyvae B popmyie Kapna‘ﬂo noJa 3HaKOM
KaXAOTO M3 KBAaAPATHHX PaLUKANOB CTOMT NOJNOKHTEABHOE YHCIO,
a Mo3TOMY MOJ 3HAKOM KaMWAOro H3 KyOHUYHBIX PaJHKAa/J0B OKa3hIBAKOTCH
aeficTBuTeADbHB e yncna, OnBako KyCHYHHYE KOpeHb U3 NeHCTBHTEND-
HOTO YMCJA HMeeT OMHO HeHCTBHTENbHOE M ABA COMPSIKEHHBIX KOMIUIEKC-
HHX 3HadeHus. [lycTb oy Oyner meHcTBUTeNbHOE 3HAYeHHE PAJHKala o;
TorAa 3nadenve P, pamukana B, coorseTcTBylOLlEE O, HAa OCHOBAHMH
dopmyan (5), Takke Gymer HeACTBHTENbHHM BBUAY HEHCTBUTENbHOCTH
uncna p. Takum obpa3om, kopenb xy=a, + B, ypaeuenus (11) oxasn-
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paetcs AeHCTBHTEAbHEM, [IBa Apyrux KopHs Mbl HafgeM, 3amensad B ¢op-
myaax (10) HacTosmero naparpaga KOPHY H3 eIHHHLIW & =&, U e2=1¢g,4
ux Beipawenuamu (7} usz § 19:

s =0 e+Pe?=a, ——;-—}—iﬁ +B, —~%—-112-—3 =
. 2
=_°°__1‘*2‘61+i1/§0‘1—2751"

xg=0,8"+Bie=0y ('_'1‘_‘ ‘—‘>+ﬁl <——%+i —l-/2-—§> =
‘7‘1+51 lV3°‘1 Bi .

s

9TH JBa KOPHS OKAa3bBAIOTCH BBHAY HeHCTBHTE/NbHOCTH uMcenx oy M Py
COMPSIIKEHHHIMH KOMIT/IGKCHBIMU YMC/AMHU, IPHYEM KOS(PQHLHEHT NPH MHH-
MOM 4acCTH OTAHYEH OT Hy/s, TaK Kak o, F=fP,,—9T4 4uCia ABAFIOTCH
3HAYEHHAMH PAa3JHYHBIX KYOHYHBIX DPaJHKaJOB.

Taxum obpasom, ecau D <C0, mo ypasnenue (11) umeem ooun
Oelicmeumensrolli 1t 08a CONPANCEHHBX KOMNACKCHUX KOPHA.

2) Mycts D=0. B stom cayuae

3 /T 3
—_ q — q
-V =% =V -1
[lyctb o, Gyner meficTBHTeNbHOE 3HAYEHHE PaJiHKaia o; TOrka P, Takxe
6ynert, BBHAY (5), AeHCTBUTEAbHHIM YHC/IOM, NMpHYeM o, =f,. 3amensas
B ¢dopmynax (10) B, uyepe3 «; ¥ HCIONB3YH OYEBHIHOE PABEHCTBO
g€+ e?=—1, Mb ONy4YuM:

x,=20,, X,=o,(eted)=—a,, x;=o0,(E>+e)=—ao,.

Takum obpasom, ecsu D=0, mo éce rwopru ypasnenus (11) dedi-
cmelimesbHbl, nputesm 08a U3 HUX pasHbl mexncdy coloil.

3) Mycrb, Hakonen, D > 0. B srom cayuae B popmyre Kapaano mox
3HAKOM KBaJAPATHOIO KOPHS CTOHT OTPHLATE/NbHOE NeRCTBUTENbHOE YHCIIO,
a MO3TOMY MOA 3HAKaMU KyOWYHHX PAAHKAJIOB CTOAT CONPSKEHHbie
KOMIIekCHbie yncaa, Takum o6pa3oM, BCe 3Ha4YeHHst PajHKanoB o H B
6yayT temepb KOMMJiekCHuMH uucaamu, Cpenu xopueit ypasnenus (11)
AO/KeH, OXHAKO, CoAepwaThbCs XOTH Obl OAHH HeficTBuTenbHuH. [lycTh
3T0 6yleT KOpeHb

xy =0ty + Py.
Tak kak meMCTBHTeNbHB W CymMMa uucen o, # f, W uX NpousBelenue,
paBHOE —-g—, leo YHCAA Oy U P, COMPsKEHH MeXAy COGOH Kak KOpHH
KRAADATHOTO ypaBHeHud ¢ ReHcTBHTeNnbHHMH KO3DduuuenTanu, Ho Toraa
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ConpsiKeHn Mexay coboit m umcna o8 u B2, a Taike uncaa age?
Bo8, OTKyZa ciegyer, 4TO KOPHU ypasHenus (11)

Xy==08 +Poe?, xg=a,e2+Pye

TaKKe 6yAyT HeACTBUTENbHEIMH YHCAAMH.

Mu moayuuam, 4TO BCe TPH KOPH ypaBHeHus (11) meficTBUTENBHH,
NpHYeM Jerko nOKasaTh, 4TO CPeJH HHX HeT paBHHX. B camowm naene,
B IIPOTHBHOM clydae BHOOP KOPHS X; MOWHO Oblio OH OCYHIECTBHTh
TaK, 4TOOW HMEJO MECTO PABEHCTBO X,==X;, OTKyHa

o (e—8%) =P, (e—¢7),

T. €. Oy=[p,, 4TO ABHO HEBO3MOXKHO.

Taxum obpasom, ecau D >0, mo ypasunenue (11} umeem mpu
Pa3AULHOX JelicmBumeAbHHX KOPHA.

Pacemorpennnit cefiyac mocaesHuil cayyad noxasnBaer, 4T0O NPaKTH-
4yeckoe 3HadeHue ¢opmyan Kapaano Becbma HeBenauko. B camom pene,
Xots npu D >0 Bce kopHH ypaBhenus (11) ¢ heficTBHTeAbHNMA KO3(-
duuHeHTaMH ABAKIOTCE AEHCTBHTEAbHHIMH YHCIaMH, OAHAKO Pa3HCKaHKe
ux no ¢opmyne Kappano rpeGyer uspiaedenns KyOMYHHX KopHelt u3
KOMIIJIEKCHBIX YHCeJ, YTO MH yMeeM JenaTh Jullb MePeXojoM K TPHIO-
HoMeTpuueckot ¢opme stux uucen. [losromy sanuch xopue#t ¢ mo-
MOWBI0O PAANKAIOB TepseT NpaKTHYeckoe s3Hadexue, [Ipu momouru
METOLOB, BHIXOAfMIMX 32 PAMKU Hauled KHUIH, MOXHO OH/IO OW XOKa-
3aTb, 4TO B pacCMaTpHBAeMOM clIyuae KOpHM ypaBHeHus (11) BooOuie
HHKAaKuUM cnoco6oM He MOryT OHWTh BhpaeHb 4yepe3 KodhuUHEHTH
NpH NMOMOLIH PajMKaNoB ¢ JAEHCTBHTE/NbHHMM MOAKOPEHHHIMH BbIpaxe-
HuAMH, DTOT Caydalt pemlennst ypasHenus (11) HasbiBaeTca Henpusoou-
Mbla (He CMEIUMBATh ¢ HEMPUBOLMMOCTBIO MHOrousiesos!),

NDpumeps. 1. Pewnts ypasHeHue
y?+ 3y —3y—14=0,

Ho,ucraﬂosxa y:xa—l NPpHUBOJAHT 3TO yPABHEHHE K BHAY

—6x—9=0, (12)
3npech p=—26, g=—29, noaTo'vxy )
pd 49
4 + o7 =7 >0

T. €. ypaBHeHne (12) HMeeT OJAMH JEACTBHTEJHHHH H JBa CONPAKEHHLIX KOM-
3 _ 3 /9 7 —
nJeKCHuX Kopda., Ilo (9) a= ]/%—!—;:‘;’/8, f= %——%:‘Vl .

Mostomy oy =2, P;=1, 7. e. x,=3. [pa IpyrKX KopHa HalizeM no ¢opmy-

3 .V3 3 V3
aam (10): x2_~7+t 5 Y= —i 5
O'rcona CaeyeT, 4TO KOPHAMH 3aAaHHOTO ypaBHeme CAyHarT uncaa

V3 5 Va

5
Nn=2 h=—gti—5—, p=—g—i75=
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2. Pemiuts ypaBHeHHe
x¥—12x4+16=0.
3necy p=-—12, ¢= 16, nostomy
¢” LR
4 T 27 =0.
Orciona crenyer: a= 3/ —8, 1. e. o, =—2. Iloaromy
X =—4, Xxg=x3=2.
x—19x430=0.
3aecs p=—19, ¢=230, nostomy
q*  p* T84
TrE =T <
TakyM 06pa3oM, ecnu OCTaBaTbCA B O6G/MACTH AeHCTBHTENbHEIX uHced, hopMmyna

Kapaano K 3TOMy ypaBHEHHIO HEHDUMEHHMA, XOTH €r0 KODHAMH SBASIOTCA Jeli-
CTBHTEJbHREE 4HcaAa 2, 3 ¥ —D.

8. Pewnth ypaBHeHue

YpaBHeHMS YeTBepTOH crTemesu. Pemienne ypaBHeHHs uyeTBepTol

CTENEHH
Yitay L by 4 cy 4-d=0 (13)

C NPOU3BO/BHEIMH KOMIJIEKCHEIMH KO03¢dHUHEHTaMH CBOAMTCA K pemie-
HHIO HEKOTOPOroO BCIIOMOTraTEAbHOr0 KyGuuHOro ypasHenus, Jlocruraercs
9TO CHACAYIOLIMM METOLOM, npuHagnexaumum Peppapu.

TpeaBapurenvuo ypasHenue (13) moXcTaHOBKOH y=x—% PHBO-
IMTCA K BHLY
x4+ px? +gx-+r=0. (14)

3aTeM neBasi YacTh BTOrO YPpaBHEHHs CASAYIOUIUM 06pa30M TOXIACCTBEHHO
npe06pa3yerc5{ IIpH NOMOLIKW BCNOMOTATEJNbHOTO mapaMmeTpa ol

2 p 2 p?
x4 px +qx+rm(x’+—2—+a) —{-q)c—{—r———‘1-~—oc2 — 20x% — po
RN

<x2 —}—% —}—a)z— [anz—qx+ (az—}—pa———r—}—f})] =0. (15)

Mon6epem Temepb oo Tak, YTOOH MHOTOYAEH, CTOAL(MHA B KBAXPATHBEIX
cKoBKax, CTal MOJAHWM KBazpaToM, Iid 3Toro OH HOMKEH MMETh ONHH
ABYKPAaTHBIA KOpeHb, T. €. LO/KHO HMEThb MECTO PaBEHCTBO

g2 —4-20 (a2+pa—r+%)=0. (16)

PagenctBo (16) aBnsieTcs KyGHUHHM ypaBHEHHEM OTHOCHTE/NbHO HEH3BECT-
HOTO O C KOMILIEKCHBIMH Ko3(duunedtamu. ITO ypasHeHHE HMEET, KaK
MH 3HaeM, TPH KOMILIEKCHHX KopHs. [lyctb @, Gyaer omnmH u3 HHX; OH
Bupaxcaercs BBUAY (opmyns Kapiaano mpu moMomu pajiHMKanoB 4Yepes
ko3bduuuenTn ypasnenus (16), 1. e. yepe3 xosbduuued T ypasHennd (14),
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IIpu sTom BHGOpe 3HayeHMA JJA% G MHOrOYAeH, CTOSIUH B KBaapar-

AnX ckoOkax B (15), uMeer XBYKpPaTHBI KopeHb ﬁ—, H T03TOMY ypaB-
0

Henye (15) nmpunAuMMaer BHE
2 2
2 P — — 9 V=
R
T. €, OHO pacrmalaeTcd Ha JBa KBaJAPATHHIX YPaBHEHH:

PV Bt (§ ety )=o.
e (B g I} (17)
x +V2a0x+<2 + o 2V§&-)=0)

Tax kax o1 ypasheuus (14) x ypapHennsm (17) Mel npuuau mpu
NOMOLEH TOXAECTBEHHHX NpeoOpa3oBaHufl, TO KOPHH ypaBHenuit (17)
OyLyT CNYXKHTb KOPHSIMM M IASl YPaBHEHHs (14). Jlerko Buneth BMecTe
C TeM, YTO KOPHU ypaBHenus (14) BppaxaiorTcd uepe3d Ko3(pdUUHEHTH
NpPH NOMOUIM paldukagoB. Mu He GyaeM BHIMCHBATL COOTBETCTBYIOUHX
¢opMyst BBHLY HX TPOMO3ZKOCTH M NPaKTHYECKOH GeCrnonesHOCTH, He
CTAaHEM TaKKe MCCAEN08aTb OTAEJIbHO Cayuyal, Koraa ypaBHenue (14)
nMeeT AeHcTBUTENbHHE KO3DPUIHEHTH.

3ameuaHus. 06 ypaBHeHusX BLICHIMX cTemeHeji. B To Bpems Rak
METONAMH peUIeHHs KBAaLPaTHBIX YPaBHeHUH Bnajie/H elle APeBHHE TPEKH,
OTKPBITHE H3/OXEHHbIX Bhillie METOLOB pElIeHHS YypaBHeHHH TpeTbel
H ueTBepTOH cTenenn oTHocutces K XVI Beky. Ilocie storo nouru Tpu
CTOJNETHS MPOAO/NANUCh Ge3yCHEliHble INMONLITKH CHeNaTh ClelYIOLIHit
war, T. e. HaliTH QOPMY/H, BHpPaMalOLIMe APH IOMOLLY PaLHKal0B KOPHH
1106010 ypaBHeHHs NATOH cTemeHW (T. e. yPaBHeHHS MATOM CTEHEHH
¢C 6y kBeHHH MU Kodpouuuentamu) depes ero koadduumedts, AT
DONEITKH TIPEKPATHAUCH JMIIb NocCKe TOro, kak Afenp B ABaALATHX
TrOnax NPOLIIOTO BeKa AOKasan, 4To Takue GopMynasl AN ypaBHeHuit n-#
cTeneHn mpu a1060M 72 ==5 3aBelOMO He MOTYT ObiTh HalleH.l,

droT peayabrar AGens He MCK/IOYal, OLHAKO, BO3MOWKHOCTH TOTO,
4YTO KOPHH BCHKOTO KOHKPETHOTO MHOTOWIEHa ¢ YHCIOBHMH K03(hPn-
IMEHTAMH BCe K€ KakuM-n1u60 cnoco6oM BhpawaiorTcs uyepes Koadpdu-
UHEHTH [IPY HOMOLIM HEKOTOPOM KOMOMHALMM PAaAMKaloB, T. €., Kak
NPHHATO TOBOPHTb, YTO BCAKOE ypPaBHEHHE DA3PEIMMO B paluKaiax.
IMonnocTei0 Bonpoc. o6 yC/H0BUAX, IPH KOTOPHX AaHHOE YpPaBHeHHe pas-
pewinMo B panukanax, Gel1 nccaenosad Iajya B TPHALATHX TOLAX NPo-
uoro Beka. Oxasanoch, Yto AJA BCSIKOrO 7, HAYHHAA C =05, MOXHO
yKaszaTh HepaspelldMbieé B palukanax YpaBHeHHs /- CTeneHum jaxe
c nenoyucaenuMu Koapduunentamu. Takum Gyer, HanpuMep, ypaBHeHue

x5 —4x—2=0,

- "Hicenenopanusa Tanya oxasannm, pewaiouiee BANsSHHE Ha KajlbHefiniee
passutTHe anre6pu. Mx uasnomenue He BXORHT, OLHAKO, B HAIIK 3aKaYH.



§ -39} TPAHHUN KOPRE#H 241

§ 39. I'pannus Kopuei

Mul 3H3eM, MTO He CYL[ECTBYET MeTOAd MJIS Pa3biCKaHUT TOYHHIX 3Haye-
HUH KOPHEH MHOrou/IeHOB ¢ YHCIOBHIMU Ko3ddruuentamy, Tem ne Menee,
cample pasnuyHpe NpobaeMsl MeXaHUKH, QU3UKH U BCEBO3MOXKHBIX OTpac-
Jelt TeXHMKH CBOAMTCH K BOMPOCY O KOPHSX MHOTOYJIEHOB, IPUTOM MHOT 14
LOCTaTOYHO BHICOKHX CTerenel. 10 06CTOATENbCTBO SBUIOCH MOBOJLOM
AJs BECbMA MHOTOYHMC/IEHHHIX HCCAeA0BaHHH, AMEBIINX Ledbl0 HAYUHThCH
LelaTh Te WM WHble BHICKA3BIBAHHS O KODHAX MHOTOUWIEHA ¢ YHCJIOBHIMH
xospduinenTaMu, He 3Has 3THX KopWeill. M3ayuyanacs, Hampumep, Bompoc
O pacno/ioXeHHH KOpHefl Ha KOMIVIEKCHOH IIOCKOCTH (yc/aoBHs, 1npH
KOTOPHIX BCE KOPHHK JIeXaT RHYTPH €ANHUYHOTO Kpyra, T. €. N0 MOAYAIO
MEHbIlIEe eAHHHMUBI, HJIH yCJIOBUS AN TOr0, UTOOH BCE KOPHU JIewann B JieBOH
MONYNAOCKOCTH, T. €. HMeJAH Obl OTPHILATeNbHBIE HAEHCTBHUTENbHHE YaCTH,
u T. &.). [Ias MHOrousneHoB c gefcTBHTENbHEMH Ko3dduuneHTaMn paspa-
GaTHiBa/iMCh. METOLH OTpeJe/IeHuss UiCaa HX IEeHCTBUTENbHHIX KOpHeH,
PasbiCKMBAJIUCh TPAHMILL, MEXAY KOTOPEIMH 3TH KOPHH MOTYT HaXOLMThCS,
u 1. A. Hakonen, Maoro uccnenopanuit 66110 NOCBSIIEHO METORaM NpHOAH-
EHHOTO BBLIYKHCJIEHHS KOPHeH: B TeXHWYECKHX MNPHIOKEHHAX OOCHYHO
JOCTAaTOYHO 3HATH JIMIUb NPUOAUIKEHHHE 3HAYEHHs KODHEH ¢ HeKOoTOpoi
3apaHee NAHHOH TOYHOCTBIO M ecau Obl, HaNpUMep, KOPHH MHOroY/ieHa
JLaxe 3aMuCHLBAAMCh B PalHKalaxX, TH pajJukansl BCe PaBHO Opiu Ol
3aMeHeHH MX NPHOIHKEHHHMH 3HAYEHHSIMHU,

Bce 5TH HCCne 0BaHUS COCTABAANN B CBOE BPEMS OCHOBHOE COLEpPMHa-
Hue BoicHiel aireGpsl. Myl BK/IIOYaEM B HAll KYPC JIKLIb BeCbMa HeGOAbIIYIO
4aCcTh OTHOCSHIMXCH CIONA Pe3yJbTaToOB, IPUYEM, YUHTHBAA IepBOOYEpen-
Hele MOTPEeOHOCTH NPUIOMEHHH, OrPaHHYHBAEMCS ClyyaeM MHOTOYJIEHOB
¢ JeHCTBHTE/NbHBIMH Ko3dduUUeHTaMH M HUX NeHCTBHTEIbHHX KOpHeH,
JMIIb MHOTAA BHIXOAA 33 3TH paMmku. [Ipu stom M ymeM cHcTeMaTH-
yecKH pacCMAaTpHBATb MHOrouned f(x) ¢ peHcTBUTenbHHIMH Kodduiy-
€HTAMHK KaK (HeNpepHBHYIO) JAeHCTBUTENbHYI0O (YHKUHIO AeficTBHTENb-
HOTO NEPEMEHHOTO X M BCIOAY, I'le 3T0 OyAeT none3Ho, 6yaeM NPHMEHATh
pe3ynbTaThl U MeTOXH MaTEMATHYECKOTO aHanusa.

HccnenoBanue pefiCTBUTE/NbHBIX KODHEH mHorounesa f(x) ¢ pefictau-
TeNbHbHIMH KO3p@dHIUeHTAMHI IO€3HO HAYHHATD C PacCMOTPeHud rpaduka
JTOrO MHOTOYNEHA: OellcmBumesbHbiMIL KOPHAME MHOZ0MACHA 6ydym,
0%e8u0HO, abcyuccsl moxex nepecedeniss e2o zpaguxa ¢ 0Cblo X U
MOABKC ORI,

PaccMoTpuM; HanpuMep, MHOTO4Y/IeH NATOH CTemeHH

h(x)= x5 2x%* —5x3 4+ 8x% —Tx—3.

Ha ocHoBanun pesyabtatos § 24 0 KOPHAX 3TOTO MHOFOU/IEHA MOMHO
YTBEPHAATH CAEAYIOUee: TAK KaK €r0 CTENeHb HeyeTHa, 10 £ (x) obnanaer
XOTH Ob OLHUM HefCTBUTENLHBIM KOPHEM; €CNH Ke YHCA0 AeiCTBHTENb-
HBIX KOpHe#i 60/ibule eNMHHIH, TO OHO PaBHO TPEM MWW IHTH, TaK Kak
KOMIIJIEKCHEE KOPHW NOMapHO COMPAXEHBI.



242 BLIYMC/JEHHE KOPHEH MHOTOY/JIEHOB [tn. 9

Pacemotpenue rpaduka MHOrou/IeHa / (X) mo3BonsieT cka3aTh GOJIbIIe

o ero kxopHufx. IToctpomm 3ToT rpaduk (puc. 9)1), 6eps aub leibe

BHAYeHHS X W BHUHCAASL COOTBETCTBYOWME BHAaveHHs k(x) XOTd Oul
meronom [opuepa:

y
x h (x)
—4 — 39
—3 144
—2 83
—1 18
0 —3
1 —4
2 39

Mpl BuzuM, 4TO MHOTOuJNEH X (x) BO
BCAKOM C/ly4yae HMeeT TPH HeHCTBH-
T@J/IbHBIX KOPHSA — M0JIOKUTeAbHBIA
KOpeHb O, H JBa OTPHUATENbHHX
KOPHfl Oty ¥ Olg, IIPHUEM

\ — T<<o, <2, —1<<a, <O,
—4 <oy, <<—3.

Vindpopmanuns o (medcTBHTEIbHEIX)
KOPHSIX MHOTO4YIEHa, MOJy4aouiascs
OT paccMoTpeHus rpaduka, mpaxTH-

Prc. 9 yecKH OOH4YHO OKassiBaeTcd BecbMa

T yaosaersopurenpHofl. Omnako Kax-

Iuf pa3 oCcTalTCs COMHEHHd, AeHcT-

BUTE/NbHO MU HAMH Hakoess Bce KOpHH. Tak, B PacCMOTPEHHOM mpu-

Mepe Mul HE [OKa3alW, 4YTO MpaBee TOYKH X==2 H JleBee X =—4

y®e HeT KopHeH MHOrousneHa. Bosbuie TOro, Tak Kax Mbl Gpaid JHub

1Ie/I0YHC/I€HHBIe 3HAYEHHS! X, TO MOXHO JONMYCTHTh, 4TO NOCTPOEHHHH

HaMu rpaduk He BHOJHE TOUHO OTPAKAET WCTHHHOE NOBeAneHue (yHK-

uun A (x), He y4HTHBaeT, ObTb MOWeT, ee G6o/lee MeNKHX KonebaHuit
¥ MOSTOMY YHYCKaeT HEKOTOpble KODPHH.

TlpaBaa, MoxHO Gu10 6bl NpH MOcTpoeHnH rpaduka 6paTh He TOABKO
Lle/IOUHC/IeHHRIE 3HaUeHus X, a 3HauYeHud ¢ TOYHOCTBIO Ao 0,1 uanm 0,01.
OTHM, OIHAKO, CPa3y upe3pHYallHO YCAOKHMIOCH OH BHIYHC/ICGHAE 3HaYe-
Hutt £ (x), B TO BpeMs KaK OTMEYeHHHE BHIIE COMHEHNS OTHIONb He Gbliu
6u nuxpuanposansl. C Apyro# CTOpOHH, MOXHO GHUIO 6H MeTOXAMH

-4 =8 =2 -7

1) Ha pucysKke mMaciural mo ocH y B3AT B AeCATh Pa3 MEHbIIHM, YeM IO OCH X.
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MaTeMaTHYECKOT® aHA/IN3a NccaenoBath QYHKIMIO A (X) HA MaKCUMYM U
MHHHEMYM H TaK¥M NYTEM CPABHHUTH HAUI rPaPiK C HCTHHHHM HOBEAEHHEM
$YHKLUHY; 3TO NPHBOLHT, OLHAKO, K BONPOCY O KOPHAX MPOH3BOAHOMH
k' (x), T. e. k Takod ke 3amaye, KaK M Ta, KOTOPOK MM 3anumaemcd.

Orciona BuTeKaeT noTpeGHOCTh B Gosiee COBEPIICHHBIX METONAX AJs
pa3kICKaHusl TPaHWUIl, MEXKAY KOTOPbIMH PAaclNojOWeHH AeHCTBHTEAbHHIE
KOPHH MHOTOWIEHA C HKeHCTBUTENbHHMH kKo3dduIHeHTaMH, U A1 onpe-
nenenus yuciaa 3Tux KopHeH. Celfyac Mul 6yAeM 3aHMMaTbCAd BOMPOCOM
O rpanumax AeACTBUTEAbHHX KOpHEH, OTHECT Bonpoc 06 ux
YHCIe K CAeAYIOMMM maparpagam.

JdokasaTenbCTBO JieMMH © MoLyJe crapumere uwiena (em. § 23) ywxe
JaeT HEKOTOPYIO FPaHuUY AAA MOLYJNeH KopHel Muoroynena. HeficTu-
TeNbHO, monaras B HepaBeHcTBe (3) § 23 £==1, Mu moanyuaem, 4TO NpH

1x1>1+,‘%, (1)

rae a,—crapmuit kosduunent, a A— MaKCUMYM MOAYJEH OCTAAbHLIX
xk03hduuuesTOB, MOLY/Ib CTApUIETrO YJeHAa MHOrowlena GoJbiie MOLYAd
CYMMH BCEX OCTalbHbIX WIECHOB, a IOITOMY HHKaKoe 3Ha4YeHue X, yAOB-
neTBOpsAIOMEe HepaseHCTBY (1), He MOXET CIHYXKHTb KOpHEM B3TOro
MHOTOYJIeHa.

Takum o6pazoM, 048 KMHoz20%AeHa [ (X) ¢ A00bML BUCLO8OMIL KOG~

uguenmamtt yucso 1 cayocum 8epxHell epanuyeii oas Mmooy~
Tagl P. P

seii scex ezo wopueil, delicmeumenrsubix U xomnsexcrox. Tax, ans
pPacCMOTPEHHOro BHIlle MHereouieHa ki (x) sToit rpanuueil, BBHAY ao-l
A =38, crywur uncio 9.

Arta rpanuila o6HYHO OKA3LBAETCH, OJHAKO, CAMILIKOM BHICOKOH, OCO-
GeHHO €C/IH Mul HHTEPECYeMCH UMb FPaHHILAMH NeHCTBHTENbHBIX KOPHEIi.
Cefivac 6ynyT H3/ioweHbl Apyrne metonsl, Gosee Tounute, [Ipu atom cae-
LYeT NOMHUTD, YTO €C/IH YKA3HBAIOTCH I PaHHLbl, MEXAY KOTOPHIMH LOMMCHHI
comepxarbes AEACTBHTENbHEE KOPHM MHOLOYIEHa, TO 9THM BOBCeE
He yTBepXKJAaercs, YTO TaKue KOPHM Ha caMoM Heune
CyWecTBYIT.

MokameM cHavana, 4TO GOCMAMOUHO YMeMb HAXOOUMb AUWL 8ePX-
HIOI0 2panUyy NOAONHCUMeAbHOLX KOPHel 4106020 MHOZ04AeHA, B camoM
nene, NyCTh AaH MHoreuleH f(x) creneHn n u nyctb N, 6yneT Bepx-
Hell rpaHulel ero NoJOWHTEIbHEX KopHe#., PaccMoTpuM MHOrouseHs

o0 =27(3)

Pq (x)=f('_x),

9 () =#f (—)
u ualiieM BEpXHHE TpPAHUIL HX MOJOXHTEJbHHX KOpHEH; NYCTh 3TO
6ynyr coorBercTBeHro uyncaa Ny, N,, N,;. Torpa uucao NIT 6yoem
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HudCHell epaHuyell nosoHCUMeRbHIX KOPHED MHO20%AeHa [(x): ecau o
1 )
€CTh MONOXHTE/bHBI KOopens f(x), TO - Oy/neT MOMCKHUTENBHBIM KOP-

Hem And @, (x), W u3 ;<N1 creayer o> & Ananoruuto uucaa
1

1 - .
—-—.’\/2 u N cayxmcam CoOOmaemcmseiHo HUNCHelL U BepXHeld epanigami
3

ompuyamessHolx KopHell muozousena f(x). Taxum o6pasom, Bce no-
IIO)KHTeanble KOPHH MHOTOY/IEHa f(x) YROBNETROPSKIOT HEPABEHCTRAM

< x <N, Bce OTPHIATENbHME KOPHU — HEPABEHCTBAM

—N, <<x <—N— .
3
Ias onpegenenns BepxHel rpaHHlbl MOMOKHUTEAbHHX KOPHEH MOXHO
NpUMEHUTL caeaylouwuit meron. IlycTh naH MHOrouwies

fx)=ayx"+a,x"" 4., . +a,

¢ nedcTBUTENbHBIMH KO3(duuHeHTamu, npudeM a,> 0. [lycts, nanee,
a,, k=1, Oyner nepsuM U3 OTPHUATENbHBX KO3dduUKeHTOB; ecau Oul
Takux kosdduuuesTor He 6u/I0, TO MHOrouseH f (x) Boobuie He MOr O
MMeTb MNO/0XUTeAbHbX -Koprel. Hakoxew, nycts B 6yner HaunGonbiuas
13 aGCO/IOTHBIX BEJTHYHH OTPHLATENAbHHX Kosdduuuentos. Toraa 4ucio

kSE

1+]/ a
CAYHCUM ePXHel 2panuyeil nosoHUmerbHbLX KOPHel MHOZORACHA [ (X).
B camom aene, nonaras x>1 u 3ameHdan Kawaw# u3 xoaddunyen-
TOB @y, @y, ..., Gp_; YHCIOM HYJb, a KaXIAbH ¥3 KOIPPHUHEHTOB a,,

iy ceey Gy "IHCJIOM—B Mbl MOWEM JIHlUib YMEHbIUHTH 3Haqeﬂue
MHOTO4YNEeHa, T e.

n~kyl__y
f6) = ape"— B 45"kl v =g — B
T. €., BBUAY X > 1,
B n=k41 xn-k+1
S0 > e — Z— =" [gyx* 1 (x — 1) — B]. (2)

Ecau
kS :

apx*"1(x—1)—B=a,(x—1)*—B,

TO, TaK Kax

BhIPAXEHHE B KBaJApATHHX CKOOKax B opmyie (2) OKaweTcs NOAOKH-
Te/bHBIM,- T, €., BBHAY (2), 3HaueHue f(x) GyAeT CTPOro MONOKHTENb-
HeiM. Takum 006pa3om, 3HaveHus X, YAOBIETBOPAIOUIHE HEPABRHCTBY (3),
HE MOTYT CAYXHTb KOPHAMH AJf f(x), 4To u Tpe6OBANOCh HOKA3aTh.
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Jdna paccMOTPeHHOro BhiIe MHOTOYIeHAa /X (X) ITOT METOR JAaerT,
BBULAY B=2 H B=7, B KauecTBe BepxHEH TIpaHulB NOJOWMHUTEAbHHX-
KopHe#t umcno 1—}—]/ 7, YTO MOXKHO 3aMEHHUTh OaumKaliuM OGONLIIUM
IeasM YHCcIoM 4.

Vi3 MHOTOYMCNEHHBIX APYTHX METOLOB Pa3HCKaHHA BepXHel rpanuuul
NOJOXHTENBHEIX KOPHeH MB H370XHUM ewe aub wmemod Heomona.
JtoT MeToh 6osee TPOMO3NOK, UeM H3JIOWEHHHH Bhllle, HO 3aTO HaeT
00LYHO OYeHb XOPOHIMH pe3ynbTarT.

[Tycte man MmuHorounen f(x) ¢ nmeHCTBHTEAbHHMH KO03(pdHUHEHNTAMH
1 NOJOXUTEAbHBIM CTapliuM Ko3(pduuuenTom a,. Ecau npu x=—<c MH020~
unen f(x) u 8ce ezo nocredosamensubie npoussodnse f(x), f’(x),. ..

, FU(X) npurumaiom nosoxcumensHbie 3HA4eHUS, MO HICA0 C CAY-
Heum GepxXHel 2paHuyell noscxHcumersHbx KopHed.

B camom nmene, no ¢opmyne Tattnopa (cm. § 23)

FR=r@+x—a7 ©+—gr L@ @,

Mbi BHIHMM, 4TO €CAM X ==¢, TO cupaBa GyleT CTOATH CTPOTO NOJCKH-
TeAbHOE YHMCIO, T. €. TaKue 3HAYEHHUS X HE MOTYT CIAYXUTh KOPHAMH
ang- f(x).

[Tpu passbicKaHum Aas LaHHOTO MHOTOY/IEHa f (X) COOTBETCTBYIOLIErO
YHCJIa ¢ MOJIe3HO NOCTYNaTh caedyiomuM o6pasom. [lponasoanas f 79 (x)=
= nla, ABASETCH NOJOXHTENALHEIM YHCIOM, [I09TOMY MHorouneH f "~ 1 (x)
aBasercs Boapactawoulel gpyaxuuei x. CyuecTByer, C1edl0BaTENbHO, Ta-
KOe YHCAO ¢,, 4TO mpH X == ¢, npoussoiuas [~V (x) nonoxureabHa.
OTciopa claepyer, 4to Npu X == ¢, npousBoiHas [~ (x) 6yner Bospa-
craioutef GyHnkuueR X, nOSTOMY CYHIECTBYET TAKO€ HUCIO Cy, Cy == Cy,
Y4TO MPH X == ¢, npousBoiHas f™®~? (x) Takke GymeT NONOKHTEAbHOR.
Tpononxas nanee, Mpl HpoHnem, HaKOHeLl, L0 MCKOMOrO 4ucia c.

[TpumenuM MeToR HploToH2 K paccMaTPEBaBNIEMYCR BLIE MHOTOMJIEHY h(x)
Msul nMeem:

h{x)=x5+42x4-—5x3 4 8x2—7x—3,
h’ (x)=5x448x3— 1512+ 16x—7,
K" (x) =20x3 4 24x2—30x 4 16,
h'"" {x) = 60x2 -} 48x — 30,
AY (x) = 120x + 48,
Y (x)=120.
Jlerko nposeputb (XoTsi OGB! MeToZoM IOpHepa), uTo BCE 3TH MHOTOUJIEHE!
nojoxutenbhel npu x=2. Taxum o6pasoM, UHCIO 2 cJYXKHT BepXHeil rpaHnuei

DOJIOKHTEJLHEIX KOpHeHl MHOTOuseHa A (x)—pesynbTar, MHOTO 0osnee TOUHMI,
YeM MOJYYEHHHE BHINE APYTHMH METOLaMH. -



246 BLIYUCAEHHME KOPHEH MHOTOY/EHOB ‘ [rn. 9
Jnst pasbicKamus HHKHeldl MPaHULE OTPHUATENBHHX KOPHeld MHOrOUJeHa / (x)

paccMoTpuM MHOrOuJeH @y (x)=—h(—x)?!). Tak kak

cp2(x)%x5—2x4~5x3—8x2—7x+3,

@, (1) =514 —8x3— 15x2— 16x—7,

@, (x) = 20x%—24x2 — 30x — 16,

@, (x)=60x2—48x—30,

¢y (x)=120x—48,

@y (%) =120,
a BCe STH MHOTOYJIENB! NOJOXKHTENbHbI, KaK Jerko NPOBePHTb, NpH x=4, TO
YHCJ0 4 CAYKHT BepXHell rpaHHIed MOJOKHUTENbHBIX KOPHeH AJNS g (x), U MO-

5TOMY 4HCJI0 —4 OGyReT HHXKHeH TrpaHHUeHd OTpHLATeNbHHIX KopHed JAns h (x).
PaccMarpuBasi, HaKoHel, MHOTOYJEHB

@, (x)=—x5h (—i-) =3x8 4 7x1—8x3 4552 —2x— 1,
Qg (X)==— x5 (——]]c—) = B8 —Txt—8x8 —5x2—2x 1,

MB! HafileM ANd HUX, CHOBA NpuMenss METon HbYOTOHa, ‘B KauecCcTBE BEPXHUX
FpaHuL NOJOXKHTEJbHBIX Kopueﬁ COOTBETCTBEHHO yHcaa | H 4, a NnosTomy HUX-

Hell rpaHuLell MONOXKUTENbHHX KOPHEH MHOrounena ki (x) cayXuT 4hca0 —1---1,

L 1
BepXHell e IpaHHIel OTPHUATEABHBIX KOPHeH — YHCI0 -7
TakuM 06pasoM, NOJOXKHTEIbHbHe KOPHH MHOTOuw/eHa h(X) PpacmonoKeHh
) 1
MexAy uucAaMH | ¥ 2, OTpHUATENAbHEHE KOPHH—MeXAY HHCHAAMH —4 B — —

DT1OT pesynbTaT OYEHb XOPOWO COTJACyeTcs ¢ TeM, 4TO OblJO HafijleHO BhIlIe
NpH PacCMOTpPEHHH rpadmuxa.

§ 40. Teopema IlTypma

Teneps Mu MepefieM K BONPOCY 0 YHCAEe NeHCTBHTENbHHX
KopHe# MHoTOYAeHa f(x) c ReficTBATENbHHMHU KO3 Pu-
nuenTamMu. Mo 6yLeM npu STOM MHTEPECOBATLCA KaK OOCLULHM UYHCIOM
JeHCTBUTENAbHHX KOPHEH, TaKk W OTAe/bHO YWCAOM IOJNOXHTENbHHX H
YUCIOM OTPHIATEIbHHX KOPHER U BOOGIIEe YNC/I0OM KOpPHeH, 3aKNI0UEHHHX
MexAy 3afaHHHMH rpanuuamMu @ u b, CywecTsyer HECKONbKO METOLOBR
IS pasHiCKaHuA TOYHOTO Yuc/Aa KOpHEH, mpuyeM BCe OHHM BeCbMa rpo-
MO3AKH; Cpeldr HHUX Gojaee YHOOHHM siBasieTca memod LLmypma, xoro-
puift ¥ Oymer ceffyac M3/0XKeH.

1) Mu Gepem —h (—x) BMecto h(—X) mOTOMY, YTO AJAS NPHMEHHMOCTH
merofa Heotona crapumit xosbduumuent Josaken OHITE NOJOXKHTeJILHBIM, Ha
KOPHH MHOTOYAeHa (¢ {x) 5Ta8 NepeMeHa 8HAaKa He OKA3HBAET, NOHATHO, HUKAKOro
BJUAHHA,
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BpeneMm cHauana onHo ompeneneHne, KoTopoe OYAET HCNONL30BATHCS
1 B ciepyiouieM naparpade.

IMycts maua nexoropas ynopsmodeHHass KOHeuHasd cucTeMa AeHCTBH-
TENbHHIX YHCEJ, OTIAHYHHX OT HYJs, HanpuMep

1, 3, —2, 1, —4, —8, —3, 4, 1. (1)

BrinuiieM noclefoBaTeNbHO 3HAKH 9THX YHCEN:
+7 '{‘7 — _I—, Ty Ty T +1 +0 (2)

Mgl BHAMM, 4TO B CHCTEMe 3HAKOB (2) yeTwipe pasa CTOAT PALOM IPOTH-
BOMONOXHHE 3HaKN. BRUNLY 3TOro roBopsaT, UTo B yNOPAHAOUYEHHOH CHCTe-

e (1) UMeOT MeCTO yeTHpE fepeseHs 3naxos. Uncno nepemen
3HAaKOB MOXHO OOACYHTATH, MOHATHO, AAT J0GOH ynopmoqeﬂuoﬁ
KOHEYHOH CHCTEeMBl OTIHYHBIX OT HYJAA NeHCTBUTEAbHHIX UYHCEN.

PaccmoTpum Teneps MHOreuwieH f(x) ¢ meHCTBUTEAbHHMH Ko3dpdn-
UHMeHTaMH, npuieM 6yJeM npeRno/araTh, Y10 MHOTOUIEH f(X) He M MeeT
KpaTHHX KOpHeH, TaKk Xak MHaye Mb MOriu Obl ero pasnejauThb
Ha waubGonpiiuit obmuk xenutenp ero ¢ ero npoussoigHoil. Koneuynas
yHOpsifioYeHHass CHUCTEMA OTHHYHEHX OT Hy/lf MHOTOYAEHOB C -AeHCTBH-
TeALHBIMI KOS PduieHTaMK

Fx)y=fo (%), fy (%), fz(x) cony [ (%) )

naswBaetcs cucmemold [lmypma nns Muorounena f(x), eciu BHIMOJ-
HAIOTCH Cnejyloule TpeboBagus: .

1) Cocennue MHOTOuUNeHH cacTeMbl (3) He uMeloT OOUIHX KOpHeH.

2) Mocnennuit Muorounen, f(x), He nMeeT NeHCTBUTENbHHIX KOpHEH.

3) Ecnm oo— DefCTBUTENbHBII KOpPeHb OJHOro M3 MPOMENYTOUHBIX
MHOrOWIeHOB f, (X) cuctemnl (3), 1 <k <<s—1, 10 f_y (@) u fh,q(c)
HUMEIOT PAasHble 3HaKH.

4) Ecnu o — nefcTBHTENbHLI Kopedb MHOrowleHa f(x), To npous-
senenue f(x)f; (x¥) Menser 3mak ¢ MHHyca Ha maAOC, KOrjaa X, Bo3pa-
cTasl, NIPOXOIHT Yepe3 TOYKYy O

Bonpoc o tom, Bcaxuit Au MHOrounaeH obnamaer cucremoit Lltypwma,
6ydeT paccMOTpeH Huke; celiuac ke, npeanosnaras, 4to f(x) Taxo#t
cucteMoil obnanaer, MOKameM, KaK OHAa MOXET ObTh HCIOAb30BaHA IS
HAXOWAEHUA YHCIAa AeHCTBHTEJIbHHX KOPHEH. '

Ecan neHCTBHUTENBHOE YMCJIO C HE SABISETCA KOPHEM JAHHOrO MHOTO-
yneua f(x), a (3)— cucrema irtypma A 3TOrO MHOTOY/AEHA, TO BO3b-
MEM CHCTeMY JeHCTBHTENBHREIX UYHCel

f(C), fl(c)r fz(c)» s ey fs(c)y

BLUEDKHEM M3 Hee BCE YHUC/a, paBHHE HYM0, U o6o3HaynM ueped W(c)
YNCAO TMePeMeH 3HAKOB B ocTaBuIeficst cucreme; Gylem HaswBaTh W (C)
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wucroM nepemen 3Haxos 6 cucmerme ILlmypma (3) muozotsena [f(x)
npuy x==cl),

CnpaseanuBa caenymwomas

Teopema lUrypma. Ecsu Oelicmsumenssnsie uucsa a u b,
a < b, He A8AAIOMCA KOPHAMU MHOZ0YAeHA [ (X), He uMmenwezo
Kpamubix wopHed, mo W (e) = W (b) u pasnocms W (a)— W (b) pasua
nucay Oelicmsumensuolx KopHell MHO20YAeHG [(X), 3AKAI0MEHHBLX
Mexcoy a u b,

Takum o6pasoM, LI ONpeie/eHHs uucia TeHCTBHTENBHBX KOpHeH
MHorouseHa f(x), 3akm0YeHHBX MeXAY a H b (HamomuHaeM, 4TO f(X)
MO YCIOBMIO HE HMEET KpaTHHX KODHEH), HYXHO JMIb yCTAHOBHTD,
HACKOJbKO yMEHbLIAeTCs 4YHCAO0 IepeMeH 3HakoB B ‘cucteMe Lltypma
STOrO MHOrOY/EHA IIpH Nepexome OoT & K b, _

[/ KoKasaTe/lbCTBa TEOPEMH PACCMOTPHM, KaK MeHsdeTcs yucao W (x)
npu Bospacraunn x, Iloka x, Bo3pacrasi, He BCTPETHT KOPHS HH OLHOrO
M3 MHOTOY/IeHOB cHcTeMu LTypma (3), 3HaK¥ MHOTOYICHOB 3TOH CHCTEMH
He GyAyT MEHSTHCS, M NMO3TOMY YHC/IO W(x) OCTaHeTCst 6e3 HU3MEHEeHHuS.
BBuxy 3TOro, a Takke BBHAY YCNOBHA 2) H3 ONpeNe/eHHs CHCTEMH
Lilrypma, naM ocraercs pacCMOTPeTh JBa CIy4Yas: Mepexoi X.‘uepes
KOpeHb OLHOTO H3 NPOMEXYTOYHHX MHOTOUNEHOB f, (X), l<sk<<s—1,
H Nepexo] X yepe3 KOpPEHb CaMOro MHoroueHa f(x). '

[Mycrs oo 6yner xopHem muorowiena f,(x), 1=<<k<Cs—1. Toraa,
no ycnosuio 1), fu_; (@) # fry; (@) oraARuHE OT Hyna. Moxho Hafitu,
C1ef,0BaTE/IbHO, TaKOe NOJIOKHTEABHOE YHCAO €, OHTh MOXET M OueHb
Manoe, 4TO B OTpeske (a—e&, o &)  MHOTOW/IeHH S (@) 1 fror (%)
He HMEeIOT KOPHeH M mo3ToMy coxpaﬂmor MOCTOSIHHBIE 3HAKM, NpHYEM,
Mo ycnoBuio 3), 9TH 3HAKH PasAHYHH, Orciona ClIeAyeT; 4TO
Kawaas U3 CHCTEM 4YHcen

- Sr-a € )y Jal —3) fk+1(°“'8) ‘ 4)

Jr-y(0F8), fe a‘f“e), Srer (+8) (5)

ofnamaer poBHO OJAHOH mNepeMeHOW = 3HAKOB HE3aBHCHMO OT TOrO,
KaKoBH 3Haku uncen f,(aw—e) u f,(-¢). Tak, nanpumep, ecau Muo-
rouied f,_;{x) Ha paccMaTpHBaeMOM OTpe3Ke OTPHLATENeH, a f,, ; (X)
nonoxutenen u ecan f,(a—e)>0, f,{a-+¢e)<<0, o cucremam (4) u
{(B) COOTBETCTBYIOT CHCTEMbl 3HAKOB

It +1 +; T T +‘

Takum o6pasom, npu nepexone X 4epe3 KOPeHb OAHOIO H3 NPOMEKYTOYU-
HBIX MHOTOu/neHoB cucreMbl LlITypma nepeMmeHbl 3HaKOB B 9TOH cHCTeme

1) Camo cobo#t pasymeercs, 4TO nepememﬂ 3Hakos B cucreme [Itypma muo-
roujena f(x) He HMeloT HHuero ofliero ¢ mMepeMeHOH 3HaKa CaMOrO MHOTO4jeHa
i (x), npoucxoasiwel OT NPoXoXIEHHs X u4epe3 KOPeHb STOrG MHOTOUY/EHA.
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MOTYT /JHLIb fePEeMeltaTbCs, HO He BO3HUKAIOT BHOBb U He HCYE3Ai0T,
anoatoMy d4ucao W(x) nputakom nepexoje He MmeHdaeTcsl,
[lycts, ¢ npyro#t cropous, o 6y/AeT KOPHEM CaMOT0 ZaHHOIC MHO-
rowieHa f(x). Tlo yciosHio 1) o He Symer kopuem aid f; (x). Cyue-
CTBYeT, C/elOBaTeNbHO, TAaKOe MO/J0KHTE/NbHOE YHUCIO €, YTO OTPE3OK
(¢—e, o+ &) He CONEePWHT KOpHeH MHOTOu/IeHA f, (X), a modTOMY f; (X)
COXpaHsieT Ha 3TOM oOTpe3ke mocTosiHHbl 3Hak. Ecam 3ToT 3HaK mono-
WHTEJeH, TO BBHAY ycCaoBus 4) cam MHOrouned f(x) npu nepexone x
yepe3 ol MEHsAIeT 3HAK C MHHYyCa HA TUIOC, T. €. [ (@ —g) << 0, f (@ 4-8) > 0.
Cucremam uucen '

fla—e), fila—e) n flate), f(x+te) (6)
COOTBETCTBYIOT, CJ/IeA0BaTEAbHO, CHCTEMBl 3HAKOB v
B + H +y +v

1. e. 8 cucreme Ulrypma tepsercs onna mepemesna. Ecmm we
3Hak f; (¥) Ha oTpe3ke (X —e&, O.--&) OTpHilaTelieH, TG CHOBA, BBHIY
‘yCA0BHs 4), MHOTOWIeH f(X) MeHsieT 3HAK C MJIOCA HA MHHYC npu nme-
pexone x uyepes o, T. e, f(x—e) >0, f(x+€e) <<0; cucremam uucen (6)
COOTBETCTBYIOT Tenepb CHCTEMB 3HAKOB

+,v-— H ——' _’

1. ¢. 8 cucreme Illrypma cHoBa TepfieTcs oAHA nepeMeﬂ'a

Takum oOpasom, #ucao "W (x) mensemes (npu 803pacmaniy x)
Auwb npu nepexode X 4epe3 KOPeHs MHO2041eHa [ (%), npusen 8 smon
CAyuGe OHO YMeHbUAEMCR DOBHO Ha eOuHuyy.

dtum fokasaHa, OueBUAHO, Teéopema lIlrtypma. Jam Ttoro 4ToGHM
BOCMO/B30BAThCA €10 AJR Pa3biCKaHu 0oOWEro uucia AeHCTBUTEAbHEX
KopHe#l MHorouwneHa f(x), ZOCTaTOYHO B KayeCTBE @& B3ATb HHWHUH
npejen OTPULATENbHBLIX KOpHeH, B KauecTBe b— BepxHHH npeaen no.no-
wuTenbHblX KopHeH. [Tpoue, oaHako, NOCTYMUTh CAEAYIOLIHM O6Pa3OM.
Beuay JemMb, ZoKa3aHHOH B § 23, CyLlecTByeT TaKOe MOMOWKHTEIbHOE
ync/10 N, OHTh MOXET H OueHb 6onbm0e uTo npu |x|> N 3Haky BCeXx
'MHOro4/IeHOB cucTemn LLiTypyMa 6yayT coBnagath O 3HaKaMR HX CTAPIIMX
yneHoB. MHBIMH C/I0BaMH, CYWIECTBYET CTO/Ab GOJIBILOE MOMOWHTEIbHO®
3HAYEHHE HEH3BECTHOrO X, YTO 3HAKH COOTBETCTBYIOUIMX €My 3HaueHui
BCeX MHOrowieHoB cuctemsl LlrTypma cosmagaior co 3Hakamu ux crap-
mux KodppuuHeHTOB; 3TO 3HAYEHHE X, BHUYHC/AATH KOTOPOE HeT
HeoGXOMHMOCTH, YCIOBHO o0003Hauyaercs CcHMBOJOM oo, CymiecTByer,
¢ ApYrofi CTOPOHH, ¢TOMb Gonbuioe Mo aGCOMIOTHOHN BeAMUHHE OTpHILa-
TeNbHOE 3HAYEHHE X, YTO SHAKH COOTBETCTBYIOLIMX €My 3HaYCHUH MHO-
rounesos’ cucremu llITypma coBmanaoT ¢O smakaMu uX CTapumiux Kosd-
Q)HIJ,HQHTOB A9 MHOTOYJIEHOB HETHOH CTemeHHu Hu NPOTHBOIION0XHbB 3HaA-
KaM crapmux Ko9(POHLHeHTOB M MHOTOY/IEHOB HEYETHOH CTEleHH; 9TO
3HAYeHHe X ycaosuMcs o603HAuaTh yepes — oo. B oTpeske (— oo, o)
COIePWATCH, OYEBHIAHO, BCE AEeHCTBUTE/bHLIE KODHH BCEX MHOTOUYIEHOB
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cuctemsl llTypMa ¥, B YacTHOCTH, BCe HEHCTBUTEAbHHE KOPHU MHOTO-
unena f{x). Ilpumenas x sroMy orpe3ky Tteopemy Illrypma, Mu nai-
JdeM YHCIO 3THX KOpHeH, npuMeHenne xe Tteopems [lrypma x otpes-
Kam (—oo, 0) n (0, co) maeT COOTBETCTBEHHO YHCJIO OTPULATENbHHIX
¥ UHCIO TO/MIOWHTENbHHX KOpHed muorouiena f(x). ,
Hawm ocraercs noxasaTh, UTo §carxui muozotser f(x) ¢ delicmgumens-
HOMUL Koauyuenman, He UMmeOuul Kpamnbx KopHel, obiadaem
cucmemoll Llimypma. VI3 pasanudAHX MeTOLOB, HCHOAb3YEMBIX U
TIOCTPOEHRS TAKOH CHCTEMbl, Mbl M3J110KHM OLMH, Haubesnee ynotpebu-
tenpuul. Tlonownm f; (x)==f" (x), dem obecrmeunBaercd BHIOIHEHHE
ycnoBus 4) n3 onpeneneuun cuctembn Ulrypma. HefictButenbHo, ecnu
o — AEHCTBATEAbHLNA KopeHb MHorounena “fi{x), To f {(a)0. Ecmn
F (@)>90, o f'{x)>>0 B OKpPecTHOCTH TO4YKA.0, a moaTomy f(x) Me-
' HMeT 3HaK C MyHyca HA ANIOC AU Nepexosie X uepes o, 3TO We BepHO
TOrAa U AJsi npoussefenus f(x) fy (x). Anajornutsie paccyuiesns npoxo-
aaT u B cayyae f'(o)<<O. Henum 3arem f(x) Ha f;(¥) u 0CTaTOK OT
3TOro He/eHus, B3ATHH ¢ 06pPaTHHM 3H2aKOM, NPpUHUMaeM 3a

Ja (%)
Fx)=f1 (%) g1 (X} —f2 (%).

BooGuie, ecnu MHOrouneHsl fj,_, (¥) U f, (¥) yxe Haliness, 10 fj,q ()
6yaer ocTaTKoM oT JAeneHus f,_, (X) Ha f,(x), B3ATHM C 0OpaTHHM

3HAKOM:
Sr-1 (%) = [ %) 43, (%) — frs1 (). (1)
Wsnoxenunit 31ech MeTOH oTiAvyaercs ot aaroputMa Esknuaa, npu-
MeHeHHOTO K MHorodiaenaM f(x) um f'(x), aumwb TeM, 4TO y ocTaTka
KawAb# pa3 MeHsieTCH 3HAK Ha oOpaTHHY M caelyiouiee jeneHde NpPous-
BOAMTCA YK€ Ha TOT OCTATOK C o6partHHM 3HakoM. Tak Kak npu pasw-
cKaHMH Hanbonabuiero o6wIEro /eMHTENs TaKasd NEePeMeHa 3HAKOB He
CYWecTBeHHA, TO HaUl NpPOLECC OCTAHOBUTCA HA HekoTopoMm f(x),
SBAAIOMEMCs HanGOoAbLINM OOWHM LeAHTe/NeM MHOTOUYNEHOB f(x) u [ (x),
NpHYEM M3 OTCYTCTBHA Yy f(X) KpaTHblX KOpHeH, T. €. B3 €ro B3aHMHOM
npocToTH ¢ f' (), OydeT crefoBath, UTO Ha caMoM Heie f, (X) aBiseTcs
HEKOTOPHLIM OTAHYHHIM OT HyJ/s AeHCTBHTE/ILHbIM YHCIOM,
OTcloa BHTEKAeT, YTO NOCTPOEHHAS HAMH CHCTEMA MHOFOUEHOB

FXy=folx), [ x)=\1(x), fal®), ..., f(x)
yIOBAETBOPAET U ycnoBuio 2) u3 onpexenenud cucrems llrypma. Mg
A0KA3aTeNbCTBA BHINONHEHHS YCA0BHS 1) NMPednosoNuM, 4TO COCeNAHHE
MHOTOUNIeHH [y (X) B f,,,(x) obnamalor ob6uuM kopuem o. Toraa,
no (7), o 6yjser kopfieM W and MuorouneHa f,_, (x). Tlepexons k pa-

BEHCTBY
Jre2 (%) = fr1 (%) Gpoy (X) — [ (%),

Mbl TIONYYHM, YTO O CAYWKUT KOPHEM H AN fk;g (x). ITponomxkas nanee,

Mbl TIOAYYHM, 4TO o CAYXHT OOBUM Kophem s f(x) u f (x), urto

NPOTHBOPEYHT, OAHAKO, HAaMM npeanonoxennsm. Hakonel, soinonnenne



