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OTBer Ha 3TH BONPOCH MOXeET OHITh NOJYYeH MPH MOMOUIH PACCMO-
TPeHuii, aHalOrmyHunlx npoBexennnim B § 51. Hasosem muorounen f(x)
¢ uennMH KO3(pQUUMeHTAMH npumumusnbly, eCid ero KoadhuiuueHTH
B COBOKYMHOCTH B3aHMHO IPOCTH, T, €. He UMEIT OOIHX AeanTenei,
ornuussix 0T 1 m —1. Ecau maw npousBoabHHE MHOTOYZIEH ¢ (X) ¢ pa-
LHOHANbHLIMH KO3(D(UUHEHTAMH, TO €ro MOMKHO, NPHTOM OIHO3HAYHLIM
o6pa3oM, NpeaCTaBUTh B BHIE ITPOHU3BELEHUA HECOKPATHMOH APOGH Ha
HEKOTOpHIl NPUMHTUBHBIH MHOrOYJEH:

a

¢ )="2Fl) (1)

ILAS 3TOr0 HYKHO BLIHECTH 3a CKOOKH OOmiuil 3HameHatesnb BCex Kodd-
(QUUHEHTOB MHOTOYNMeHa @ (x), a 3aTeM W OOL{HE MHOWHTENH M3 YUCAH-
Tenelt 9THX K03(pQUIUKEHTOB; 3aMETHM, YTO CcTeneHb f(X) paBHa cTe-
nexu @ (x). OXHO3HAYHOCTDb (C TOYHOCTHIO A0 3HaKa) npexacrasaenus (1)
NOKa3biBaeTcs ciaeayioutum o6pasom, Ilycts

a c
@ (x) =5 f(x) =7 g (%),
rae g(x)—cHosa npuMHTHBHEI MHOrouned. Torma

adf (x) = bcg (x).

Taxkum o6pasom, ad u bc nonyyeHH BHHECEHUEM BCeX OBMIHX MHO-
WUTesnell U3 KO3(pHIHEHTOB OJHOTO W TOTO Ke LEJ0YHCIEHHOI0 MHOTO-
Y/JeHa, a NOITOMY MOTYT OTJMYATLCH APYF OT Jpyra JIHIIL 3HAKOM.
Orclona creiyert, 4TO M NPUMUTHBHBHIE MHOTOUIEHH f(X) U g(X) Takike
MOTYT OTJIHYaThCAd JAPYr OT JAPYyra .JHIIb 3HAKOM.

Jns uenounc/eHHHX NMPUMHTHBHBIX MHOTOY/IEHOB OCTaeTCsl CMpaBex-
auBoft nemma Iaycca:

Ilpousgedenute 08YX UeAOLUCAEHHBY NPUMUMUBHHX MHO204AEHO8
CaAMO ecmb NPUMUMUBHOLL MHO20%AEH.

B camom pnene, mycTh JaHH MPUMHUTHBHHE [EIOYHCAEHHHE MHOrO-
4/IEHR

F®) = a4 ayxt 1 daxti L fa,
g(x) =box' +byx "1 bt L,

M TyCTh
. _ »
F()gw)=cox™ f eIl [ g w BHO-EA L e

Bcam 1O mpousBeneHne He NPUMHUTHBHO, TO CYIIECTBYeT TaKoe T p O-
CTOE Yuca0 p, KOTOPOE CHYXKHUT OGIHUM KeJuTexeM A Bcex Koaddu-
IHEHTOB €y, Cyy ooy Cpyy. TaK Kax Bce KOID(PUUHEHTH NPHMHTHBHOTO
MHOTOYJIeHA f(X) He MOryT HeNUThCH Ha p, TO NycTh KoddHLHEHT a;
Oyaer mepBHIM, HA P He NEJSTUUMCH; aHAJIOTHYHO Yepes b, Mul 0603HaHM
nepsbfl KO3 QUUHEHT MHOTOYIEHA & (X), HE NeNstuHicH ﬂap ITepemuowasn
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MouMeHHO f (%) m g(x) M cobupas unenw, comepwamue x F+H-C+hH
MH TIOJIYYHM:

Ciay=aby+ai 10, + 5l g+ oo A0l 0000+ L

JleBast 4acTh 3TOrO paBeHCTBA AennTCq Ha p. Ha Hero 3aBenomo mensTcs
TAKKE BCE CJaraeMbie MPaBOil 4acTH, KpOMe NepBOro; AeHCTBHTENBHO,
BBULY ycaoBufl, HanOXKEeHHHX Ha BHOOP i M j, Bce Ko3pPuUUEHTH
@i_yy Bjgy ..., @ TAKKE b, 4, b, 5, ..., Aendrcs na p. Orciona che-
LyeT, 4TO MPOM3BENEHHE a;b; TaKwe Le/AUTCH HA p, a NOSTOMY, BBUAY
NPOCTOTH YHUCAA p, HA P AOJKEH AEANTHCH XOTs Obt oauH u3 kKoaddu-
LMEHTOB @;, b, 4TO, OJHaKO, He uMeeT MeCTa. DTHM 3aKanuuBaeTcs
JLOKa3aTeNbCTRO JIEMMbI.

TlepexoauM K OTBeTY Ha nocras/ieHHbie Bhie Bonpocs. [lycth MHO-
rouned g(x) cremesn n ¢ uensMH ko3dQuimeHTaMn NPUBOAHM HaX
no/seM PauMOHAJIBHHX YHCE:

g(x) =@, (x) @, (x),

rie @, (xX) u @, (X)— MHOrouY/AeHH C PaUKOHAJbHLIMHE KO3(pdHUHEHTaMH
¥ ux ctenewu menpuie 2. Toraa

cpi(x)=i;’7jfi ), i=1, 2,

a:
rae —b—‘ — HecokpaTumas 1pobb, f; (X) — npuMHTHBHLE MrOrOueH, OTCIOna
4

a1y

g(x) =b1b2 [fl (x)fZ (x)}

JleBasg uacTbh STOFO PABEHCTBA SIBJIAETCH 1L@JOYNCICHHBIM MHOPOYJ/IEHOM,
NO9TOMY 3HaMeHaTe/b b,b, BINPaBON YaCTH JOMKeH cokpaTuthes. OnHako
MHOTOUJIEH, CTOALLMH B KBaApPaTHHX ckoOkax, Oynxer, no jemme Taycca,
NPHMHUTUBHBIM, TO2TOMY BCAKHMH NPOCTOH MHOXMTenb u3 b,b, MOXer
COKPATHUTHLCS JIMUDb C HEKOTOPHIM NMPOCTHIM MHOXHTEJEM U3 @,a,, 4 TaK
KaKk @; u b; B3aUMHO mpoCTH, i=1, 2, TO YUCAO @, NOMKHO HALEIO0
nenuThCs HA by, a;—Ha b,;

a,=ba,, a,=0b,a,.
Ortciona '

g (%) = a1a,f, (%) £, (x).

Tlpucoennnus xosouunenT a,@, K moGomy u3 MHOKHTeneH f; (),
J2 (X), MBI IOJIYYHM pa3/ioXeHHe MHOTOUJIEHA g (X) Ha MHOXUTENH MEHbIeH
cTeneHd ¢ uenwMu xo3dgduuuentamu, IDTHM JOKazaHa CJelyioHias
Teopema:

Mnozouasn ¢ yerwmu rosghduyuenmantt, Henpugodumuili Had
KOAbROM ueablx uuces, 6ydem HenpusoOUMbiM U HAO noseM payuo-
HAAbHOX 4UCeAr,
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Tenepp Mu moayuyuas, HaxoHel, NPaBO OrPAHUYUBATHCI B BONPOCAX,
OTHOCSIMXCA K NMPHBOIAMMOCTH MHOTOY/IEHOB HAX MOJEM PAalHOHATbHHX
uluceJ, PAaCCMOTPEHHEM pA3NOKEHHH I€JOYHCIEHHHX MHOTrOYJICHOB Ha
MHOXKUTENH, BCe Ko3(QPUUUEHTH KOTOPHX TaKKe lejbe.

Mu 3HaeM, Y4TO Hal MOJeM KOMIUIEKCHBIX YMCeJ MPHBOLUM BCAKHI
MHOTOY/IEH, CTENeHb KOTOpOro GoJblie eIHHHLb, a HAaX NOJeM XeHCTBU-
TEJAbHHX YHCEN — BCAKHA MHOrouaeH (¢ AeHCTBUTeAbHHIMH KO3(@uunen-
Tamu), CTemeHb KOTOPOro Goabwe xBYX. CoBceM HHOE INOJOXEHHE
B CJyyae TOJA PAalMOHANbHBIX wucesn: 048 4100020 1 MONCHO YKa3ambs
MHO204AEH n-i cmenenu ¢ payuoHasbHbML (Oadxce yeaAbmlu) KO0IH-
puyuenmany, - Henpusodumbii Had noseM PAUUOHAABHHLYX HUCEL.
HokasaTenbCTBO 3TOTO YTBEPWIAEHHS OCHOBAHO HA CJAEAYIOLIEM LOCTa-
TOYHOM INPH3HAKE HEIPHBOJMMOCTH MHOTOYJNeHa Hax noneM R, Hasu-
BAeMOM KpHTepueM ODifseHmrelna:

ITyems dan mHozousen

fx)y=ax"4ax"" 14 ... +a,_x+a,

¢ yeavimi rosppuguenmanis. Ecan xoms 6bi 00RUM COCOBOM MOHCHO
nodobpams npocmoe #UCAO p, YG08AeMBOpAIOUee CALOYIOUNM  MpPe~
Gosanusanm:

1) cmapuuit xosdpdunuenm a, nHe desumcs Ha p,

2) sce ocmaasHbie KoagPuyuenms deasmcs Ha p,

3) c80600HblE uaen, Oessce Ha p, He deaumcs Ha p?,
mo mHo20%AeH [f(X) Henpusodus HAG noses payUOHAAbHBLX Hicen.

B camom nene, ecam MHorounes f(x) npuBoxHM Ham nojem R, TO
OH Pa3/araeTcs Ha JiBa MHOXHTEJ MeHbilleH CTENeHH C LensMH K09Q-
duunHeHTaMU:

fx)= (boxk+b1xk 14 ) (Coxl+ Clxl—1+ veeCy),

rae k<<n, I<<n, k+4+Il=n. Otrciona, cpaBHuBas K03PpPuu¥eHTH
B 00GMX 4YaCTAX 9STOrO PABEHCTBA, NOJYYaeM:

anzbkcl, ]
c1 =0+ by,
Qg = by, 2“T‘bk 1C;- 1+bk 2C1, (2)
ay=byc,.

Ws nepsoro us paBeHCTB (2) cneiyer, Tak Kak @, IEIUTCH HA .p,
a MHUCJIO p HMPOCTOE, YTO OJAMH U3 MHOXKHTENeH b,, ¢, HOMKEH AeMUTHCH
Ha p. Onu 00a He MOTYT ONHOBPEMEHHO NENUTHCH HA p, TaK Kaxk a,,
no ycnosmio, He pmesnutca Ha p?, [lycTh, Hanpumep, b, Aeautcd Ha p
W NO3TOMY ¢; B3auMHO npocTo ¢ p. Jlepexonum Tenepb KO BTOPOMY
u3 papeHcTB (2). Ero 7neBas yacrtb, a TaKxe nepsoe cjaraeMoe npaBoi
YaCTH AEJATCA Ha p, MOITOMY HA p ACIAUTCS M NPOUSBEACHHE &, _sc;
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TaK Kak, OAHaKO, ¢, Ha p HE [enuTc, TO Ha p OYAeT HeIuThCd
bp—y . NonoGnuiM we 06pa3om u3 TpeTbero paBeHcTBa (2) MBI MOAYYHM,
4TO bp_, meaurca HA p, u T. A. Hakowmen, ws (k- 1)-ro pasescrsa
GyAeT MONYYeHO,- YTO HAa P Aenurcd "b,; HO TOrXa M3 IOCAENHEro H3
paBeHCTB (2) BHTeKaeT, 4YTO Ha p HAeJUTCH @, UYTO NPOTHBOPEYHT
[PeANOIONKEHUIO, _

BecbMa nerxo And n0GOTO 72 HANWCATh LEJIOYHC/AEHHBIE MHOTOY/JEHH
n-# cremeHd, yAOBACTBOPAIOUUE YCJIOBUSM KPHTEpHs OiizeHwteiina H,
CI@AOBATE/IbHO, HETPUBOLUMBIE HAll MOJEM palVIOHalbHHX uyncen. Ta-
KOB, HampuMep, MHOTOWIeH X"--2; K HeMy NpHMEHHM KpuTepui
DiiseHmTeina npu p=2.

Kpurepuil Ditaenmreiina a8nseTCs MU JOCTATOYHEIM YCJIOBHEM HE-
NPABOTHMOCTH HaA noJjeM R, HO OTHIOAb He HCOOXOAMMLIM: €CIH MJIS
ILAHHOTO MHOTOWIeHAa f(x) Heab3d mono6paTh TaKOro NMPOCTOro 4YHC/A
P, YTOOH! BHITOJNHSINCh YCAOBUS KpuTepus JH3enmreliHa, TO OH MOWXKeT
OHTh MPUBOIHMMEM, KaK X% — 5X 46, HO MOXET GHITh ¥ HENPUBOAUMEIM,
kak x®4 1, CymecrByer, NOMMMO KpHTEpHS Dhizenmrelina, MHOTO
IPYTHX JOCTATOYHHX KPUTEPHUEB HENPUBOLMMOCTH MHOFOYJICHOB HAL
noneM R, BupoueM MeHee 3HauuTenbHHX., CyniecrByeT TaKxke MeTOI,
npuHaanewamuit Kpornexkepy m mnossoasoumuii o a060M MHOrouaede
¢ uenuMH KO3(pQUUHEHTAMH peIMTh, NPHBOLHM JH OH Hal nojem R
Wix HeT. DTOT METOJ, OJHAKO, OYEeHb TIPOMO3AOK M IPAKTUYECKH
NOYTH HENPHMEHNM,

NMpumep. PaccMorpuM MHOTOUWJIEH

P .

fp =l P P
4 x—1
rie p—mnpocroe yucno, KopHaMu 9TOro MHOTOUJEHA CyXKaT KOPHH p-i cTeNeHu
M3 e[HHMILI, OTJHYHBIE OT CaMOfl €NMHWIBI, TAK KaK 9TH KOPHM BMecre c ! ge-
JAT eSMHUYHBIE KPYr KOMIJEKCHOH NJOCKOCTH HAa p PaBHLIX uacTefl, To MHOro-
unes f, (x) naswiBaeTCH MHO2O4seHOM OereHus Kpyea.

9TOMY MHOTOUJIeHy He MOXeT ObiThb HeMOCPeACTBEHHO NpHMeHeH KpuTtepuii
OfisenmTeina. CoBeplunM, OJHAKO, 3aMeHY HEH3BECTHOIO, NOJOKMB X=y--1.
Mul nosyuum:

+H?—1_

g(y)=fp(y+l)= G+ —1 =

1 . —1) 5.
=7 [y”+py" 1+p————(p2, dy 2+-.-+py]=

- - —1) o
=yt +py” 2+p(p2, Jyp=3 4.+,

Koadpduuuentot MHOTOUNEHA g (y) ABAAIOTCA GUHOMHAJLHEIMA KOYDhHIHEHTaMH
K NOSTOMY BCe, KPOME cTapuiero, AeNATCA Ha p, npuueM cBOGOAHMIN 4JIeH He
naeautcs Ha p?. Takum o6pasoMm, COrjiacHO KPUTEPHIO DjiseHmTeliHa MHOTOYJEH
g (y) HenpusopuM Hap nonem R. Orciopa cheayer Henpusodumocme Had norem
R muozousena Oeaerua Kpyea fy, (¥). B camom pee, ecnu

fo ()= ()} (x),
gW=9y+nvw+1)

HIH
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§ 57*. Pannonaibhble KOPHU NEJOUNCRCHHBIX MHOTOWJICHOB

Brime 6n110 ykas3ano, 4YTO BONPOC O Pa3/OKEHHH JLaHHOTO MHOTO-
YJeHA HAJ MNOJEM PalMOHAJbHHX YHCE] HA HENPUBOAMMLIE MHOXKHUTENH
HH HMEET NPAaKTHYECKH CKOMbKO-HHOYIb YIOBJETBOPUTEALHOIO PEIIEHHS.
Onnaxo uacTHBH cayvall STOrO BONPOCAa, OTHOCAWIUACA K BblAEICHHIO
nuHeHELIX MHOXHTE/JeH MHOrouwjiesa C pallHOHaJbHHMH KO3 PHUmEHTa-
MH, T. €. K Pa3bICKaHHIO €ro PallMOHA/bHEX KOPHEH, yKe BecbMa mpocT
u peutaercsd 6e3 Goabmux BuuucaeHud, Camo co6ofi pasymeercd, 41O
BONPOC O Pa3biCKaHHM palHOHAbHBIX KOPHEH MHOTOYJIEHOB C panH-
oHanbHbIMH KO3(hdHuUHeHTaMU HH B KaKOM Mepe He ucuepnepaer o006-
miero BOMPOCAa O HEHCTBHTEJIbHHIX KOPHAX 3THX MHOTOUJEHOB, T. €.
MeTOABH M pe3yJbTaTh, H3JNOXKEHHHE B HeBATOH riaBe, COXPABAIOT
fOJHOCTbIO CBOE 3HAayeHHe M I/ MHOTOYJIEHOB € pallHOHA/bHEIMH KO-
spduuHeHTamu,

[Ipucrynas x Bonpocy o pasbiCKaHHW palHOHAAbHHX KOpHe# MHO-
TOY/JEHOB C paunyuoHaIbHBIMH KO3(duUHEeHTaMu, OTMETHM, 4YTO, KakK
OblI0 YKa3ano B NpeAlIecTBYiOIEeM mnaparpade, MOXHO OrpaHHSHTbCA
paccMOTpeHHEM JUIIb MHOTOYJIEHOB € Me/JbMH KO3((HUUHEHTaMH} Mh
OyaeM NpH 3TOM paccMaTpPUBATh OTHENbHO CiAyyail HeAbX | caydan
IPOGHLEIX KOpHel.

Ecau yesoe wucno o cayxmum xoprem MmHozousena f(Xx) ¢ yeswi-
nu xoagpgpunuenmanu, mo o Gydem Oesumenem c80600H020 4ACRQ
amo20 MHO204ACHQ.

B camom gmene, myctb

fxX)=ax"+ax"-14- ... +a,
Pazngeanm f(x) na x—a:
Xy =(x—a) (bgx"~1 4= by x=2+ ..+ bpoy).
Brenonuaa nenenne MetonoM IopHepa, u3snowenunM B § 22, Mu

NIOIyYnM, YTO 8Ce K03aPPuyuenmo. #acmnozo, 8 mom uucie U bp.,,
AGASIOMCA HeAb MU HUCAAMU, & TAK Kak

a,= —ab,_y =0 (—bn-,),

TO Hallle YTBepXIeHHe AOKa3aHo 1),

Taxkum oGpasom, eciay uel04ucAeHHHt MHOrouneH f(x) o6Gaanaet
neabMY KOPHAMM, TO OHM OyAYT uaiiienbl cpeau neautenel cBo6oj-
HOro uaeHa. Heo0xoaumo, cnepoBaTenbHO, WCMNLITATL BCEBO3MOMHBIE
JeJIHTeNn CBOGOMHOrO YJeHa, KAaK MOMOWHTENbHEE, TaK M OTPHIATENb-
Hble; €C/IM HM ONLMH H3 HAX He fBASETCS KOPHEM MHOro4ieHa, TO ue-
JpX KOpPHEH! Halll MHOTOYJIEH BOOGLIE HE HMeEerT,

1) Buino 66l omu6KoH JA0KashBaTh 3Ty TEOPEMY CCHIIKOM HA TO, WTO CBO-
Gonueril’ ujeH @, Apasercsd (C TOYHOCTBIO [0 3HAKa) NUpOW3BeAeHHEM BCeX KOp-
Hell Mporoujesa f(x): cpeiH B3THX KOpEeil MOryT BCTPeTUThCS M ADOGHHE, H
APPaNHOHANLHbIE, B KOMAJEKCHbIE, W TNOSTOMY 3apaHee HeJab3d YTBEPXAaTh,
YTO MPOH3IBEAECHHE BCEX 3THX KOpHeil, Kpome @, GyneT ueJbM.
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Henoitanne acex peaurtenefi CBOGOAHOrO 4YjeHa MOWeET OKas3arhbesd
BECbMa FPOMO3AKUM, €CU HAWe 3HAYSHHUN MHOrOY/JeHA GYAYT BHIYHC-
AAThCH MeTopoM [@pHepa, a He HenOCpeACTBEHHON HOACTAHOBKOH Kam-
IOTO U3 AeaWTeAed BmecTO HeuspecTHoro. Ciexylomgue 3aMeyaHud Mos-
BO/FIOT HECKOJAbKO YNPOCTHTh ITR BHuHCAeHuda, [Ipewae Bcero,; Tax
KaKk 1 u -—1 Bcerga caywar ReAHTeJAMH CBOGOAHOrO 4ieHa, BHYNC-
agem f(1) u f(—1), yto He npeacrasaser sarpyaueHult. Ecaum, na-
Jee, Uenoe YHCAO ¢ ABAAETCA KOPHeM aasg f(x):

(%) =(x—a)q(x),

TO, KaK yKa3aHo Buimie, BCce KO03IDEGUIHEHTH 4acTHOTO g (x) OyAyT ue-
AHIMY YUCAAMH, H MO3TOMY YaCTHHE
O (=1 .
a——l—— (1), 0L+1 “"—q("l)
noMKH ObiTh UeAwMu ducaaMu, Taxkmm obpasoM, nodtexcam ucnsima-
RUWO 2ty me Qeaumeny 0. c806091020 4ieHa (U3 2UCAQ OMAULHOLX
[y (=1

om 1 u —1), 048 rKomopux Kaxooe U3 LACMHHX a—1' ol

8-
ASLEMCST LenbiMm HUCAOM.

pumepn. 1, Halitn uenste xopuu muorounena
f(x)=x3—2x*—x—6.

Heautensimu csoOopHOro uneHa caymxar udcaa +1, +2, +3, +6. Tak xak
f()=-—38, f[(—1)=~8, 101 u —] He suBasoTcs Kopusmu. Jlasee, uucna
—8 —8 —8 —8
241" —2—1" 61" —6—1
ABAAIOTCA APOOHBIMH, M NMO3TOMY Aenurenu 2, —2, 6, —6 BOMKHB GHITH o16po-

IIedH, 8 TO BpeMfl KaK 4ucia
—8 -8 —8 —8
3—1" 341" —3—1" —341

~—ueJble, H MOITOMY AeAHTeAH 3 U —3 eule MOAJeRaT HenbiTanuwo. [Ipuvennm
merox [opuepa:

1—2—~1—6
—3 ({1—5 14—48’

T. e [(—3)= —48, u nostomy —3 e sBagercd xopuem maa f(x). Haxoueny
1 —2—1—6
31 1 2 @

T. €. f(3)=0: ancno 3 cnymur nopHem Iaa f(x). OAHOBpeMeHHO Mb! HAWJH
KO3(P(pUUHEHTH YacTHOTO OT JesieHuf [ (x) HA x—3;

f(x)=(x—3) (x*+-x+2).

Jlerko Bufets, 4T0 yacTHOE x%-f-x-2 He HMeeT uucaa 3 CBOMM KODHEM, T. e.
9TC YHCJO He fABJAAETCS KpaTHBIM KopHeM jas f(x).
2. Haiity uende KOpPHH MHOTOUJIEHA

f(x)=3x44- 28 —5x2—2x + 2.
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3gech penurtensmMm csoSonsoro unema 6yayr 1 u +2. Hanee, f(l)=-—I,
[(=1)=1, 7. e. | B —1 He cayxar KOpHAMH. Haxkonen, Tak xak aucsaa
1 —1
711 " T
ZpoGuble, T0 2 U —2 Takxke He OyayT KODHSMH H TO3TOMY MHorounes f(x)
BoOOmE He uMeeT nesblX KopHeil.

Tlepexonum K BOmpocy o apoGHBHIX KOpHAX.

Ecau yerowucaennsiii mnozousen, cmapuul rwosdduyuenm xomo-
P020o pasen edunuie, uMmeem PAULOHGAbHUIE KODEH, MO IMOM KOPEHD
Gyoem yeavlm “uUCAOM.

HYCT!:, B CamMoM xnene, MHOTO4YJICH

FE) =2 axn x4 o,

) b
¢ uenuMH Ko3dduuueHTaMH HMEeT KODHEM HECOKPAaTUMYIO Apobb <
T. €.

?

b brp—l bn—z
zﬁ—f‘al ———cn_1+'a2 —C—nTz'-!— vee —}—an=0.
Orciona )
bn
7= TG0 =g bt e — L —a

T. €. HeCOKpaTuMas ApoOb PaBHA NEJOMY 4YHCIY, YTO HEBO3MOXHO,
s noayuenus écex panuoHaAsHuix (0pobuuix U yeswx) xopued
UCNOUUCACHHO20 MHOZ0YLEH A
fx)=ax"+axr-t4a,x""2+ ... ‘a1 x+a,
HYJCHO HQIimu 8ce yeavle KOPHU MHO20%AeHAQ

Q) =y"+a "t ag,ytr ... + a0 a1y +a5 e,
u pasdesumsv uUxX Ha a,.
n-1

B camom nmene, ymHOXHM f(X) Ha @, -, 2 3aTeM COBEPLIHM 3aMeHy
HEH3BECTHOrO, MOJOXUB Y = a@yx. OueBUAHO, 4TO

n—=1t
P =¢(ax)=a, f(x).
Orcioxa ciaenyeT, 4TO KOPHH MHOrou/nena f(x) paBHB KOPHIM MHOFO-
wiena ¢ (y), pasieneHHBM Ha @, B 4YacTHOCTH, pauUHOHANbHLIM KOpP-
HaM f(X) GYyAYyT COOTBETCTBOBATh pPAallHOHA/bHbIE KE KOPHH P (¥); TaK
KaK, ONHaKo, cTapwufl xodhduuueHT @ (y) paBeH eAMHUIE, TO ITH
KODHH MOr'YT OHITH JIMIIb LEJABIMH, H MB YXe BMeeM METOA LS UX pPashi-
CKaHHd,
flpumep. Halty panuoHanbHbie KOPHH MHOrouleHa
. f(x)=3x*+5x3 4 x2 55 —2.
YmuoXKaa f(x) Ha 3% u nosaras y=—=3x, noAyuHM;
¢ (y) =y*+ 54 - 8y -+ 45y —54.
Wiem nesbie KOpHH MHOTOUYJCHA @ {(y).
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Hatinem @ (1) merogom Topuepa:

1 5 3 45 —54
1116 9 54 0

TaguM ofpazom, @ (1)=0, T. e. 1 asasiercA KopHeM AR @ (y), mpsueM
eW=u—Daqy.

rne
q () =y* 464+ 9y ---54.
Hafinem neasle xopHu MHorowsgesa g¢(y). JenuTensiMu cBOGOTHOrG uJeHA
cayxar uucaa 1, £2, £3, £6, +9, 418, +27, +54. 3pxech
g (1)=70, ¢g(—1)=50.
g(h) q(—=1)

Buupenss —= n
a_.

AJId KaXKJoro aeanurensd o, Mbl 06Hapy}KHM YTO JOMXK-

17 a1
Hbl GBITb OTGPOUIEHH BCe Re/iUTenH, Kpome o= —6. Vcnwitaem sror pgaurens:
1 6 9 54
—6j1 0 9 0
Tagkum 06pasoM, q(—6)=0, . e, ~6 cayxkur KOpHeMm AAa g (y) 4 HOITOMY
aas @ (4).

Muorounes ¢ (y) BMeeT, CJIENOBaTeNLHO, Ueable KOpHH 1 u—6. Panuonans-

1
HHIMH KOpHAMU MHOrousexa f(x) Gyayr, Takum ofpasoM, upcaa U —2 u

TOJMIBKO OHHY,

Cnenyer ewe pa3 MNOAYEPKHYTb, YTO H3/MOKEHHBIE BHIIE METOLM
NPUMEHUMbl TO /b KO K MHOrOuYJleHaM ¢ ueanMu ko3ddduunesHtamu u
TOMADbKO JANA DAsShiCKaHHA HX PalHOHAAbHBIX KOpHeH.

§ 68* AureGpanyeckue uucaa

Bestkuit Muorounes n-it creneny ¢ paunOHANbHHIMH KO3(PHUHEHTaMU
HMEeT B MOJle KOMIJIEKCHBIX YHCeN /I KOPHEH, HEeKOTOPHIE M3 KOTOPbIX
(uan mawe BCe) MOTYT JiewaTh BHE IOJA PAUHOHAAbHBIX 4ucen, OaHako
He BCKOE KOMIIEKCHOE HIH AefCTBUTENBbHOE YHCIAO CAYXHT KOpHeM
HEKOTOPOr0 MHOTOWIeHa ¢ palHOHaAbHHMH Ko3¢dduuuerramu. Te kom-
N/IeKCHbie (B 4aCTHOCTH, HEHCTBUTE/NBHBIE) YHCHA, KOTOPHE HBASIOTCH
KOPHSIMH T2KHX MHOTOYJEHOB, Ha3LIBAIOTCH aA2e6pau4ecKumMy duciaMu
B MPOTHBONOJOKHOCTb yncAaM mpancyendenmusm. K yucny anreSpau-
YECKHX YHMCe/ MpHHAAJexaT BCe PAUHOHAJAbHBIE YHCAA, KaK KOPHH
MHOTOUYJIEHOB TMEPBOH CTemeHw ¢ PalHOHAJIbABIMH Koaq)cpuunemamu

a Tak¥e BCAKHH paxgukan suaa 1/(1 ¢ PAUHOHANBHBIM TOZKOPCHHBIM
YHC/IOM @, KaK KOpeub aBy4ujena X"-—a. C apyro#l cTopoHw, B 60.b-
IHX KYPCax MATEMaTHYeCKOrOo 4HaJIH3a MIOKa3biBACTCH TPAHCUCHIEHT-
HOCTb YHC/IA €-—QCHOBAHUS CHCTEMB HATYPaJbHHIX JIOTapU(PMOB, a Tak-
We HM3BECTHOI'O H3 2JEMEHTApHON TeoMeTpHM YHCaa I,

Ecmn 4ueno o anreGpaudeckoe, TO OHO GyjaeT Nake KOPHEM HEKO-
TOPOrO MHOTOHY/JIEHZ € HesbMH KOID(QHUHMEHTAMH M MO3TOMY KOpHEM
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OJIHOTO W3 HENPUBOILMMHX HeAHTeNeH 3TOr0 MHOrOY/NEeHA TaKke € Le-
AeMu Kosdduuuentamu. Tom HenpugoouMul yeroulucAeHHOL MRO20-
4AeH, KOPHEM KOMOPo2o ABASemMCs O, onpedeieH OOHOSHAUKO € Mo%-
HOCMBIO 00 NOCMOSHHOZ0 MHOMCUMEARL, M. €. 810AHE OOHO3HAYHO,
ecan nompebosams, umobs. rosguyuenmo. 3mozo MmHozo4Aena Obiai
8 co8OKynHoOCmMU 83auMHO ppocmut (T. €. 4TOOR MHOTOYJeH ObJl NpH-
MUTHBHBIM). B camoM Jenre, eciM & CAYKHT KOpHEM IBYX HENpPHBOIH-
MBIX MHOrOY/IEHOB f(X) ® g(x), T0 HaubGoabui OoGLIMH JeuTens 9THX
MHOTOY/CHOB OyNeT OT/AHYEH OT €AMHHIb, @ MOTOMY 3TH MHOTOYJIGHHI,
BBUAY HMX HEMNPHUBOLHMOCTHM, MOTYT OT/JHYaTbCf APYr OT ‘ApPyra Jumib
MHOXHTE/EM HYJICBOH CTemeHH.

AnreGpanueckne uucia, SBASIOlIHECH KODHAMH OAHOTO M TOro e
HETIPHBOLHMOrO (Haa no/jeM R} MHOTOU/NEHA, HA3HBANTCE CONPRIHCEH-
Hotmu Mexay coGofil). Bce MHOxecTBO anreGpanueekux umcen pacna-
BaeTcd, CAEXOBATENbHO, HA HelepeceKaiollHecs KOHEYHHEe KJaccH Co-
ApsiKeHHHX MexXny co6Golt uucen. Bcskoe palHoOHANbHOE YHCIO Kak
KOpeHb MHOTOY/IeHAa NepBOH CTeleHM HE HMEeT CONPHMEHHBX YHces,
OTJHYHBX OT €aMOro cebs, H 5TO CBOHCTBO SBJSETCH HJS PALMOBAJb-
HbIX YMCel XapaKTepHLIM: BCfiKoe anre6panyeckoe YHCIO, He SBASIO-
pieecs palHOHaNbHEIM, OyneT KOpHEM HeMpPUBOAUMOrO MHOTOWIEHA,
cTemenb KOTOPOro 6Gojbuie eXMHHUb, H NOSTOMY JJad Hero Cymecr-
BYIOT CONPSWEHHHE, OT/JHYHBIE OT HErO0 CaMoro.

Muooxcecmso scex aszebpauneckux Huces s8AAEMCE  NOONONEM
noas komnaexcwux uuces. ViapiMu ClOBaMu, cyMmMa, pasHocmo,
npousgedenue u uacmuoe aazebpauyecKux suces camu 6ycym anrze-
bpauteckiimit 2UCAAMU.,

[ycty, B camoMm nxele, AaHu anreOpaundeckue uncaa o u i, O6o-
3HAYUM 4Yepe3 oy =0, Oly. ..., &, BCE HHC/IA, CONPSIKEHHHE C O, 4e-
pes B, =B, By, ..., B,—umcna, compswenue ¢ P, uepes f(x) u
g (X)—HenpHBOJAYMBIE MHOTOWIEHH € pPauMOHANbHBIMH KO3(dunmenta-
MH, HMEIOIIME CBOHMH KOPHAMM cooTBeTcTBeHHo o u f. Hanummewm
MHOTOY/IEH, KOPHAMH KOTOPOIO Ca1yXaT BCEBO3MOXKHLE CYMMbl al—]-ﬁj;
3to Oynmer

cp(x)=iI=Ile=I1[x—(a,~+ﬁ,~)]-

Kosdduumedtsl sTOre MHorounesa He OYAYT, OUYEBHIHO, MEHATbCH
npu NMepecTaHoBKAax BCeX o, Mexay coGof, a Taxxke Bcex P; mexny
coboit, OHU aBAAIOTCH, CAELOBATEIbHO, HA OCHOBAHHH TEOPeMH O
MHOTOY/EHAX, CHMMETPHYHBIX MO HABYM CHCTEMAaM HEHW3BECTHBIX (CM.
xone, § 53), MHoroumeHamu Ot K03(pDULHEHTOB MHOTOUIEHOB f(X)
u g(x). YubiMu caosamu, xoadduuuenth MHOrouneHa ¢ (X) oxasHBa-
JOTCA PAUMOHAbHBIMH YHCAAMH, ¥ MOSTOMY u4ucao o+ f =o; + By,
ABAAIOLIEECH OJHHM M3 ero KopHelt, O6ynaer anreSpanvecKuM,

) He cnenyer cmewHBaTh S3TOFO NOHATHA C CONPANMEHNOCTHIO KOMIIEKCs
HbIX YHCE,
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Takum e 06pa3oM Npu AOMOULH MHOTOYICHOB

=TT T v — (o, —B,)]

i=1 f=1

n $
r@ =TI II c—op)
i=1 j=1
IoKa3mBaeTcA anre6panunocTh uncen oo—f u of.

Jas noxasatenbCTBa anre6pauiHOCTH YACTHOTO LOCTATOYHO II0OKA3aTh,
YTO €C/IHM YHCI0 O — aare6pamyeckoe U OTAHYHOE OT HyAs, TO &~}
Takxe Oyaper anreGpandeckuM yucaoMm. [Tycts o CAYKHUT KOpHEM MHO-
rou/sesa

fy=ax"+a;x" '+ ... 4, x+a,
¢ paluoHanbHHME KO3GQduunentamu. Toraa, OveBHIHO, MHOTOY/IEH
CgWy=a,x"+a, X" ... Fa,x+a,

TaK¥e ¢ panHOHanbHbIMU Koddduuuentramu, 6yger uMeTh CBOHM KOp-
HeM uucjao a”l, 4TO M TPeGOBaJAOCh LOKA3aTh.

W3 noxasannofi celfiyac TeopeMn BbTEKaeT, 4TO A06ag cymma pa-
I HOHAABHOTO UYMC/IA W PagHKana, HalpuUMep I—{—f/?, a Taxkwe mobas
CyMMa pamHKalioB, HampuMep V3—{—17/5, GynyTt anre6pavyecKUMH Yuc-
namu, Mbl noxka He MOweM, OXHAKO, YTBEPWHATb aJreGpauuyHoCTb 4i-
cejl, 3aNUCHBAeMbIX B BUAE <«ABYXITAXKHHX» PaLHKaNOB, HampuMep

qucna V1412, 310 Gyser purexath Aumb H3 CAeayiomed T e o-
peMBl
Ecal 1lcao © CAYHCUM KOPHEM MHOZOUALHG

) =x"4ax" TP L FAxp,

Koadpunuenme.  Komopozo — arzebpauteckite 4UCLA, MO ©® mMaAKice
6ydem GazebpautecKUMm HUCLOM.

Mycts oy, By, ..., Ay B, mpoGeraioT wumcaa, cONpsxKeHuHe COOT-
BeTcTBeHHO ¢ a, B, ..., A, ®, npudem oy =a, B, =0, ..., A, =2,
p; = . PaccMOTpHM BCEBO3MOWHBIE MHOTOUY/NEHH BHAA

Qlyjyvns, t(B)=X"+ax" THB "L L Ay,

TaK 4TO Py, 1, ..., 1, 1 (¥) =@ (X), ¥ BO3bMEeM NPOH3BEAEHUE BCEX ITHUX
MHOTOYJ/IEHOB
Foy=II  qui..eit0.
L, 0y cou,8y 8

Kosdduunentnt muorousena F(x) CHMMETDUYHB, OYEBHIHO, IO Kak-
no#i w3 cucrem o, By ..., Ay Wy, 2 NOITOMY (CHOBA mO TeopeMme
u3 § 53) oHu cyTh MHOrowiess OT KO3(PODUUHEHTOB TeX HEMPUBOXUMBIX
MHOTGY/IEHOB (C palMoHaJbHLIMH KO3QGHLUHEHTaMH), KOPHAMH KOTOPLIX
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CNyMaT COOTBETCTBEHHO a, f, ..., A, W, T. €. caMH CyTh paluo-
HalpHble usc/na. YHcao o, saBAsACh KXOpHeM Ans ¢ (x), Oymer, caemo-
BATEAbHO, KOPHEM MHOTO4AeHa F (x) C palKOHaAbHHIMH KO3ddumuen-
TaMd, T. €. OyHer anreGpauvyecKuM YHUCIOM.

IIpumMeHuM 3Ty TeopeMy K 4uCay m=V1+V2. HYucao a=1-+4
+V'2 anre6panuso no npemmayuiedi TeopeMe M MOITOMY HUUCAO ©
ABAAETCH KOPHEM MHOrguaeda x?—aq ¢ anre6pavueckuMn xoadduiuen-
TamH, T. €. caMo aareGpauuyuo. BooOuie, mpumenss HecKOJbKO pas 06e
IOKa3aHHble celiyac Teopemml, yutaTedb 6Ge3 TPyda NPHIAET K CleAYO-
ILEMY Pe3yNbTaTy:

Bcesioe uucano, 3anucsisaemoe 8 paduxarax Hao nosem payilo-
HaAbHbLX nucen (m. e. 8LIPANCAIOU,CECS 4ePe3 CKOAb Y200HO CAONCHYIO
LoMOUHAHLIO PAOUKAL08, 8 00ueM CAYHAe KMHOZOIMANCHHIXY), Oydem
anreebpanyecKum HUCLOM,

AnreGpauyecKue uyucsia, 3anucoiBaeMble B PAaLHKaiax, COCTaBASIOT,
oyepuiHo, none. Creayer MOMHHTb, OJHaKO, YTO 3TO IOJe, KAK BuiTe-
KaeT H3 3aMeuaHusd, caeiaxsoro (6es moxasartenncTBa) B kouue § 38,
Oy#eT NUILb YacCThiO NMOMA BCEX anreGpamyecKHx uuces.

Beimie 6nina ormeveHa TPAHCUEHAGHTHOCTb ABYX uucen: e m m. Ha camom
Jejie, ORHAKO, TPAHCLEHJACHTHHIX uYMces GeckoHeuH® MHoro. Bosaswe Toro, ue-
[OMb3YA NOHATHS H METOAbI, OTHOCSH{HECS K TEOPHH MHOMECTB, MH ITOKaxKeM,
4TQ TPAHCUEHJEHTHBIX YuCces, Tak CKasaThb, Aaxe 0ojbLie, yeM HHCeJ anarebpa-
HUECKHX, TOUHHIl CMBICA 3TOrO BHIPAMKEHHS CTAHET SICEH HHIKe.

Beckoneusoe MHOXKeCTBO M HA3HBAETCA CHeMHbIM, €ClH OHO MOMKET OHTb
[OCTaBJEHO BO B3aUMHO OJHO3HAYHOE COOTBETCTBNE C MHGMKECTBOM HATypasbHEIX
qHCes, T. €. €CAY ero 3JeMEHTH MOTYT OhiTh NPOHYMEPOBAHbLI RPH MOMOMIH BCEX
HaTypaAbHLIX 4HCeNl, U Hec4emHbim=—B NPOTHBOMOJOXKHOM Clyyae.

Jiemma 1. Beakoe Geckoneuroe muoocecmeo M codepacum cuemnoe nodmHo-
aecmeo. . ’

B camom nene, BosbMeM B M mpoM3BOoNIbHBIA 3JeMeHT a;. BoiGepeM 3arem
3JEMeHT ay, OTAMYHHI OT a;. Boobme, nycts B M yxe BHOPaHO 7 PasAHYHBIX
9/]€MEHTOB Oy, O, ..., &, TaK Kak MHoxecTBO M, Gyny4H GecKOHEeWHbIM, He
MOXKET HCUEPHAMBATLCA 3THMH 5JEMEHTAMH, TO MOXHO YKa3aTh OTAHYHBIL OT HHX
9JIEMEHT @,4q. I1pojosiKas 3TOT npouecc, Mb HafizieM B M GeCKOHEYHOE NOAMHO-
ECTBO, COCTaBJ/IEHHOE H3 3JeMEeHTOB

Ay, Ay oy Ay oves

CUETHOCTb STOr0 MOJMHOXECTBA OUEBHAHA.

JlemMma 2. Bcakoe Gecxoreunoe nodmnomcecmso B cuemnozo muoxcecmsa A
camo cHemro.

MuoxkecTBO A, BBHJY €ro CUeTHOCTH, MOXHO 3alHcaTh B BHAE

Ay, gy vevy Ay oone ‘ )

Ilycte ap, GypeT nepBHii sjemeHT nocjegoBarenbHocTH (1), MpuHaggexaniuii
K B, a,—BTOPOil 3JIEMeRT c sTUM e cBoictBoM H T. A. [lonaras a,.=b,,
n

n=1, 2, ..., MH nOoJlyuaeM, UTO 3JEMEHTH MOMMHOKECTBA B COCTAB/SIOT mocJe-
JOBATENbHOCTD
by, bgy «ves byy ooy

T. €. 3T0 NOAMHOIKECTBO CUETHOE.
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Jlemma 3. Ob6vedunenue cHemmnozo MHONECMED KOHEUHbIX MHONECMS, NO-
RAPHO HE UMEWOWUX O0WUX 3AEMEHMOB, €CMb CHErnHoe MBONCECMEO.
Ilyctn, B caMoM pefle, ZaHH KOHEYHLIE MHOXKECTBA

A Ay eeny Ap, el

# nycTh HX ofbeannenue Syzer B. Mul nponyMepyeM, oueBHAHO, BCE 3J€MEHTHI
MHOXKecTBa B, ecqM NPOH3BOJLHHIM 06Pa3oM NPOHYMEpyeM SJIEMEHTH KOHEYHOTo
MHOXecTBa A,, 3aTeM NpPOAOAMUM 3TY HYMepauuio, nepefijin K 3J€MeHTaM MHO-
xecrsa A,, M T. L.

JNemma 4. O6vedunenue Jsyx ciemubix MHOXECMS, He umerouwjux obujlx
SAEMEHIMO8, ECb CHEMHOE MHONIECMEO.

Hycre nansl cyeTHele MHOMecTBa A ¢ ajeMenTamu

g, Qg vvey Gy, oos
U B c anemeHramu
by, by weey by e

¥ NycTh obhefuHeHHe 3THX MHoXecTB 6yzer C. Ecan MH nojoxum
Ay=Con_1, bpy=0Cy,, n=1,2, ...,
TO BCE 3JeMeHThl MHoxkecTBa € 6yAyT npepcraBienhl B BHJe MOCJeL0BATeNbHOCTH
€1y Cgy ey Cop_1y €apy sesy

4TO H JOKa3biBaeT CYETHOCTb 3TOT0 MHOMKECTBA.
JlogaxeM Tenepb CIelyOMy® TeopeMy:
MHoncecmeo 6cex ar2ebpaudeckux duces cHemwo.
. JokaxeM TpeABapHTEIbHO CHEMHOCIMbL MHOKNCECTBA 6CeX MHO20MACHO8 Om 00~
HO20 HeUBBeCMHO20 € yeabimu Kosppuyuenmamu. Ecau

[)=apx" +ax""14- ... Fa,_yx+a,

—TaKOil MHOTOYNEH, NPHTOM OTJHYHBIH ©OT HYJf, TO HA30BEM 6LICOMOL STOro
MHOroYJieHa HaTypaibHoe 4HCIo

hf=n+laol+la1l+ e Flaga|Hlayl

OueBMAHO, YTO CYWIECTBYET JIHIIb KOHEYHOE YHCJO LEJOYMC/EHHBIX MHOTOUJNEHOB
C nanHoil BHICOTOH h; 0603HAauMM 3TO MHOMecTBo uepe3 M, Kpome Toro, uepes
M, o6GosHaduM MHOMECTBO, COCTOsllee H3 ORHOFO HyJad. MuoXecTBO Bcex
LEJIOUHCNeHHHX MHOTouJeHOB OyjeT 0ObefHHEHHEM CYETHOTO MHOMKECTBA KOHeu-
HHX MHOXecTB M,, M,;, M,, ..., My ..., 7. e, no Jemme 3, oHO cueTHo.

0‘!‘(:10}13, no JemMme 2, BBITEKACT, UYTO MHOMNECMB0 6C€X UELAOHUCACHRDIX
nPpUMUMUBHBIX nenpuaoaummx MHO204ACHO08 maKwce cdemHo, Mbl 3H4eM, BMecCTe
¢ TeM, YTO BCHAKOE anreépamecxoe YHCJO ABAACTCA KOPHEM OJLHOTO M TOJMLKO
OJHOrO 1EJOYHCAECHHOTO MNPHMHUTHBHOIO HENPpHBOAUMOrO MHOTOYJIEHA. Co6npaﬂ,
CJIelOBaTeIbHO, KOPHM BCEX TaKMX MHOrouJjieHoB, T. €. Oeps of6beanHeHHe Cuer-
HOro MHOXECTBA KOHEYHBIX MHOXKECTB, MBI [10JIYyUWM MHOXECTBO BCEX a.nredpan—
YeCKHX 4YHCeJd; 9TO MHOXEeCTBO 6yJ.IET, TaKHUM oﬁpasom, BBHAY JEeMMHI 3, CUYETHBIM,

JlokaxkeM, HakoHel, TeopeMy:

Mroxcecmeo ecex mpancqeuaenmubtx UUCen Hec4emmo.

PaccMotpuM cHauana MHOXecTBO F BceX JeHCTBHTENBHHIX HlCen X, pacno-
JIOMEHHBIX MeXAY HyJeM u epuHuned, 0 < x <1, H AoKakeM, UYTO om0 MHO-
HCECMBO HecHemHuo. HBBECTHO, 4UTO KaxJAoe H3 YKA3aHHHIX YHCER X MOXHO 3a-
IIHCAaTh B BHAE NpaBHJIbHOH OecKoHeuHOH necATHUHOH ApPOOH

x=0, G0y ... Oy o

H 4TO 5Ta 3allHCh ORHO3HAYHA, ecJH He JONYycHaTh Apobeli, Y KOTOPHX AJA BCeX 7,
HayuHag ¢ HeKoToporo n=2~N, Bce o, =9; ofpaTHo, BCAKas Apobb yKasawhoro
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BHA2 PABHA HEKOTOPOMY uucay x u3 MHOmecTBa F. IlpeamosoxuM Temeps, 4TO
MHOXKecTBo F cyeTHo, T. € YTO BCE YHUC/JAAa X MOXKHO 3anmHcaTh B BHAE mocJe-
J0BATENBLHOCTH

Xy, Koy evey Xgo ase @)
ITycts

xk=0, Ap Xy eoe akﬂ tee

fyHer 3anuch YuCia X B BHAe GeckoHeunofi AecATHUHOX ppobu. Hanumem re-
neps GeCKOHEUHYIO HeCATHUHYIO ApoGb

0, PiBaveeBreees @)

nonarast f§; OT/IHUHBIM OT [€PBOrO AECATHYHOIO 3HaKa APOOH Xy, T. €. Py # oy,
fy— OTJIHYHLIM OT BTOPOro NECATHYHOTO SHAKA ADPOGH Xp, T. €. Py # Gyy, H, BO-
obuie, P, # G,y [lonoxum, Kpome Toro, 4ro cpean uudp P, GecKkoHeuHo MHOro
oTAMYHBIX oT uudpnet 9. fcHo, uTo cymiecTByer Apobe (3), VAOBIETBOpSIOULAT
pceM oTuM TpeGopanusiv. OHa aBasgeTcd, cedoBaTelbHO, YHCAOM W3 MHOXKecTBa F,
HO, MO CaMOMy MOCTPOEHHIO, OTJHYHA OT BCeX HHCeJ HOCJeA0BaTebHOCTH (2).
9TO MPOTHBOpPeUNe JOKas3biBaeT HECHETHOCTh MHOXecTBa F.

Or1ciofla  CHEAYET  HECHeMHOCMb  MHOXMCECMBA 6CeX KOMNAEKCHOLX ducen:
ecau Gul OHO GBIIO CUETHBIM, TO, BBHAY JieMMBl 2, OHO He MOTJIO Ob CONEpKATh
HecueTHoro mnopmuoxecrsa F. HecuerHocTs MHOXecTBa BceX TPaHCHEHJEHTHBIX
uhceJa Temephb, BBHAY JeMMbl 4, 04eBHAHA, TAK KAaK O0BbeJHHEHHE 5TOr0 MHOKe-
CTBA €O CYETHBIM MHOXKECTBOM BCeX anreGpaquecKUX 4HCeN fBNSETCA MHOXKECTBOM
BCEX KOMIJIEKCHHIX YHCeJ, T. €. HECUeTHO.

JlokasaHHble HaMu JBe TeODeMbl [MOKa3hBalOT, BBUAY JeMMHl 1, 4To MHO-
KECTBO TPAHCUEHJEHTHHIX YHCEJ Ha CaMOM Jele SIBJIAeTCS] MHOro Gosee GoraThim
9JIeMEHTaMH, T. €. GoJjiee «MOILHbIM», 4YeM MHOXECTBO ajreOpaHYECKHX quces



[JTABA TPUHAJOUATAS
HOPMAIJIBHASl ®OPMA MATPULDbI

§ 59. KBUBAEHTHOCTH A-MATpPHIY

Mu emwe pa3 Bo3BpaiiaeMcsi K BONPOCaM, OTHOCSAULIHMCH K JIHHEHHOH
anre6pe. UYurarenp yxe Opu H3yuyeHMd ra, 7 ybexuiacs B TOM, Kakylo
BAaX(HYIO POJb HWrpaerT noHaTHe noao6us marpuu. MmenHo, ABe KBal-
paTHHe MaTpHilkl nopsaxa 7 nogofHb TOrjaa ¥ TOAbKO TOrna, ec/H
OHU 3analoT (B pa3Hbix $asax) OLHO W TO we nuHeliHoe npeoGpa3oBsa-
HHE 7-MePHOTO JMHeHHOro mpocTpancTBa, MH moka He yMeeM, OZHAKO,
OTBeYaTb HA BOMNPOC, MOXOOHH /M ABe NAHHHE KOHKPETHHIE MaTpPHLb
unn uet. C Apyroll CTOPOHH, MBI [OKA HE YMEeM HAaXOAHTh CPenu
BCeX MaTpull, noAoOHbIX NaHHOW mMarpuue A, MaTpuly, HMEOULYIO
B TOM MJH HHOM CMbicie UpocTeHdit BuI, W Raxe BOOPOC 06 ycJo-
BHSIX, MPH KOTOPHX MaTpuua A noxobHa AuaroHanbHoil marpuue, Gna
paccmorpen B § 33 aumb B OAHOM uACTHOM cayuae, VimMenwo 9TH
BONpPOCH OYyAyT paccMaTpuBaTbCs B HacTosied raase, NPHYEM cpasy
Aasi caydasi MPOH3BOJIBHOTO OCHOBHOrO noas P.

3aliMeMcsl cHayaJla H3yYeHHEM KBaXPATHHX MaTPHL [OpsAKa 7,
9JIEMEHTAMH KOTOPHX Clly)aT MHOTOYJEHH MPOM3BO/bHHX cTeneHelt oT
ONHOTO HEHW3BECTHOrOo A ¢ kodpPuuuenramu u3 noas P. Taxne mat-
PHLLI HA3LIBAIOTCR MHO204ACHHUMU MAMPUYAMU, NOAUHOMUAABHOLMU
mampuyery MR, Kopoue, A-mampugenu. UIpumepoMm A-marpuus cay-
KHUT XapakTepHcTHueckas martpuua A—AE npoussonbioit KBaapaTHOR
MaTpuus A ¢ B/eMeHTaMu 43 noas P; Ha rNaBHOM QMaroHan 3Toi
MaTpuUp CTOST MHOTOY/EHH NEePBOH CTEMeHH, BHE IJIaBHOH AHaroHaau —
MHOTOUJEHB HY/NEBOH CTemeHH HAM HyaH. Beakas matpuua ¢ anemes-
TaMu 43 noad P—Takue MaTpuUuUB KAS KPATKOCTH OyleM Ha3uBaTh
YUCI086IMI MAMPUNAMIL — TaKKe GYLET YaCTHHIM CAyyaeM A-MATpPHUb:
€¢ I/IeMeHTH fBJAIOTCA MHOFOY/IEHAMH HYJEBON CTEMNEHH HJH HYJIAMH,

[lycry nana A-matpuna

ay (A) oo ay, ()
i (A) ... a,,,,(?»)
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Hasosem asemenmaprumu npeobpasosanusny 3Toft MaTPHLL 1Peol-
pa3oBaHud CACAYIOWHX HeTHPeX THIGB!

1) ymuHoweHRe .oGo#t crpoxu wmatpuus A (L) na noGoe umcao o
U3 mosnd P, OTAHYHOE OT Hyas;

2) yMuowedne Me6oro croabua matpuus A (A) Ha nwoGoe uyucao o
U3 noaa P, OT/AHYHOE OT HyJd;

3) npuGasiende ¥ AWGoH i-i CTpoke Matpuum A (M) mw6of ee
J-® crpoku, j==i, NPUTOM yMHOKeHHOH Ha /moGoRk muorounen @ (A)
u3 xoapua P[A];

4) npuBGasnenue k aio6oMy i-My croabuy matpuus A (A) moGoro
ee j-ro croabua, js=i, HPUTOM YMHOKEHHOrO Ha m060H MHOrouYaed
@ (A) u3 koabua P[A].

Jlerko BHEETh, UYTO 048 Kam0020 U3 dnreMeHMAPHLIX npeobpaso-
sanuii A-mampuns cywecmsyem obpamnoe npeobpasosanite, maxce
asaomeecs 3semenmaprois, Tax, oOpaTHHM AAd npeolpa3esanud
1) Gyaet snemMeHnTapHoe npeodpa3oBanKe, COCTOAULEE B YMHOXEHHH TOH
We CTPOKH Ha uHCHo o}, CYWeCTBylouiee BBHAY YC/IOBHA O == 0
o6paTHbIM A npeebpasoBadnsa J) OyleT npeo6GpascBaHue, COCTOAULEE
B npubaBreHuu K i-H cTpoke j-H CTPOKH, YMHOWEHHOH HAa —@ (A).

B mampuye A(L) MONUCHO nPU NOMOWIL HECKOALKUX SAeMERMAD-
Holx npeofipazosanuid nepecmasums m00be 08e cmpoxu usu aoboe
dsa cmoabya.

ITycts, HanmpuMmep, HYWHO MEPeCcTaBUThb (-0 H J~I0 CTPOKH Mat-
puubl A (A). DTO MOXHO CAENATb NMPH MOMOLLH YETHIPEX 3/1EMEHTAPHHIX
npeoGpa3oBaHnii, KaK MOKAa3bBaeT CACAYyMOLLAs CXema:

()=()=(2)—-(2)-()

3pech NOCAEAOBATENbHO BHIOJHAANCH TakHe npeobpas3oBaHusi: a) K i-if
cTpoke npuGaBiafgnace j-a; 6) H3 j-H CTPOKM BbYHTA/NACh HOBAd i-g;
B) K HOBOH i-# crpoke npuGaBnsisach HOBaf j-; ) HOBaA J-8 CTPOKA
yMHOXanach Ha — 1.

Byxem roBoputh, 4To A-Matpuun A{A)} u B(L) swsusasenmus u
sanucuiBaTh 310 cuMBoaoM A (M) ~ B (L), ecan ot maTpuusl A (A) MOKHO
nepeditn k Marpuue B(A) npy NOMOUIM KOHEYHOrO 4YHMC/a BJEMeHTap-
HHX npeoGpasoBaHuii. ITO OTHOUIEHHE SKBHBAJEHTHOCTH SBJAETCH,
oueBuaHO, pedreKCHBHBM H TPAH3UTHBHBIM, a TaK¥Ke M CHMMETDPHUYHBIM
BBHAY CYUIECTBOBAHHS AJS KaXJOro 9/JeMEHTapHOro npeoGpa3oBaHus
06paTHOrO 9JEMeHTapHOTO npeobpasosanusd, WHmMM  caoBamu, sce
‘Keadpammubie A-mampuuysl nopadxa n Hao nosem P pacnadaomcs
HQ HernepeCexaioujlitecss KAAQCCH 3KBUBANCHMHBX Mampliy, '

Hame#t 6mmkaifiiuedl uenpio fiBasercd pasbiCKaHHe Cpenu BCeX A-mar-
pHll, SKBUBAJEHTHHX AaHHOH Marpulle A (A), MaTpuub MO BO3MOXKHOCTH
npoctoro Buaa. [as sTOTO BBeAeM ciaeAywiuee nowusirue. KaHoHuvxe-
cxoll Ah-mampuyeli HaspiBaeTcs A-marpuila, o6aanawuiaf CAAYOLIEME
Tpems CBOHCTBAMYU:
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a) 3Ta MaTpuua AMATOHalbHAsA, T. €, MMeeT BHI

A
e ( )eﬂ ) 0

" ; 1)
0 e (h)

~ 6) Bcaxuit Muorounen e;(A), i=2, 3, ..., n, nauesno AeAUTCH Ha
MHOrOueH e;_; (A);

8) crapwnit  Ko3hdHUMEHT KamAOro MHorounena e;(A), i=1,
2, ..., n, paBeH eIMHHLE, €CIM BTOT MHOTOYJIEH OTIAMYEH OT HYJsH.

3aMeTHM, YTO €C/¥ CPei MHOTOYJEHOB ¢; (M), CTOSMMX Ha T/1aBHOH
I¥aroHanu KavoHM4eckoil A-martpuub (1), BCTPEYalOTCS paBHHE HYJIO,
TO, BBUIY CBOHCTBa 6), OHH HENpPEMEHHO 3aHHMAlOT HA rJIaBHOH nAMa-
ronamu nocneguue Mecta. C ApYrofi CTOPOHB, eCAM CPENu MHOTOUJe-
HoB e; (A) BCTPEUAIOTCA MHOTOYJEHH HY/JEBOH TTemeHH, TO, 1O CBOHCTBY
B), BCe oOHM pasub 1 W, Mo cBOJCTBY €), 3aHMMAlOT Ha TJaBHOH nua-
ronaisu Matpuubl (1) nepeole Mecra.

K uucay kanonmdeckux A-maTpHU npuﬂannemar B 4YaCTHOCTH, He-
KOTOPpHIE YMCAOBHE MaTPHuB, B TOM YHCAE MATPULL edVHWYHAd H HY-
neBas.

Besxas h-mampuya 3K6UBAACHMHA HEKOMOPOL KaAHOHUMECKOL
A-mampuye, m. e., UHBMU CAOBAMU, OHQ NPUBOOUMCS 3AeMEHMAD-
Hulml npeobpasosanussy ¥ KAHOHULeCKOMY 84OY.

ByneMm noxasmBaTh 3Ty TEOPEMY HHAYKUMEH mo NOPARKY 7 pac-
cMartpupaeMuix A-maTtpni. HeiicTButenbno, npu n==1 6yzner

A()=(a ().

Ecan a(A)=0, 10 wama marpuua yme xanonnueckas. Ecan ke a{)) 5=
=% 0, TO J0CTATOYHO pa3neauTb MHOrowieH a(A) Ha ero crapumi
Ko3pduLneHT — 9TO ByaeT sneMEHTapHOE Npeo6pasoBaHyue MATPALL —
MBl MOJIYYUM KQHOHWYECKYIO MaTpHIY.

IMycts TeopeMa yxe moKasana aias A-matpui, nopsiaka 7n-—1, Pac
CMOTPUM NpPOM3BOJbHYIO A-maTpuny A (A) nopsiaka n, Ecau ona nyne- .
Basl, TO YXe #BJSETCA KAHOHMYECKON M NOKasbiBaTh Hewero, bBynem
CYHTATh MO3TOMY, 4YTO CPEAM 3/]eMEeHTOB MaTpuus A (A) umewrcs He-
nyneBHe,

[Mepectasisns, ecan noHano6UTEs, CTPOKH ¥ cTONOHL MaTPALH A ¢A),
MOXHO NEpeBecTH OAHH U3 HEHYJEeBHIX 9JIEMEHTOB B JeBLH BepXHHH
yroa. Taxum 06pasoM, cpenu A-MaTpul, SKBHUBaJeHTHHX Marpuue A (A),
HMEIOTCsl Takue, B JIEBOM BepxXHEM Yrl1y KOTOPHX CTOAT HeHyleBoh
MHOrouned. Paccmorpum Bce Ttaxkme MaTpuud. MHOrouneHH, cTosmiue
B- 1€BOM BEPXHEM YIJIY 3THX MaTpull, MOTYT MMETb pa3Hule CTeMeHu,
Crenenp MHOro4/JeHa €BAAETCH, OAHAKO, HATYPajbHHM YUCIOM, & BO
BCAKOM HEMYCTOM MHOKECTBE HATYPa/jbHLIX YMCEN CYL{eCTBYET HaMMEHEB-
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uree 4uc/i0. MOXHO Ha#iTH, ClIeAOBATE/IbHO, CPElH BCEX A-MATpPHI, SKBH-
BaNeHTHHX Matpuile A (M) ¥ MMeuIMX HEHY/AeBOH 3/eMeHT B JEBOM
BePXHEM Yriy, OAHY M3 TaKHX, YTO MHOTOWIEH, CTOAIMH B ee /eBOM
BEPXHEM Yyray, MMeeT HAaHMEHDbIIYI) BO3MOXHYIO crenenn. [lend, nako-
Hel, NMepBYI0 CTPOKY 9TOH Marpuun HA cTapmuit kosdduuvent yka-
3aHHOTO MHOTOWIEHA, Mbl MOJYYHM TAaKYyK A-MaTPHIY, SKBUBAJIEHTHYIO
mMatpuue A (A),

ey (M) by, (A ... b1n (A)
)

Ay~ P ® L) b B

. L T T T Y

bnl (}\) bnz (}") oo bnn (7‘)

410 ey (M) 50, crapmuit kosdhduiEeHT 9TOro MHOoroulesa pasen 1
U HUKaKo#l kKoMOGuHauueHh sneMeHTapHoXx npeobpaso-
BAaHUH HeNb3s mnepeliTH OT TMNOJAYYEHHOH MAaTPHUUH
K TakKOH mMaTpHuue B JeBOM BepXHEM yray KOTOpPOi#
CTO®N Ob HEHYNeBOH MHOTOYJEH MEHbIIEH CTEMEHH.

HokaxeM, UTO 8ce JaeMenmbl nepsoli CMPOKU U nepgozo cmosbla
nosysennoll mampuus Hauenro oesamcs Ha ey (). Ilycth, nanpumep,

e 2<<j<<n
by (M) =e; (M) g (M) +r (),

roe cremesb r (A) Mesbme cTeneHu e, (A), ecan r (L) OTAMYHO OT HyAd.
Torma, BeunTas w3 j-ro cTonbua Hawel MaTPHUL ee MepBuit cToa6el,
yMHOMEHHB Ha ¢ (A), a saTem mepecrasiasid mnepBuift u Jj-fi CcTONACLMI,
MBl NPHUAEM K TakoH Marpuue, SKBuBaieHTHOH marpulle A (A), B 1eBOM
BEPXHEM Yrily KOTOPOH CTOMT MHOrouned r (A), T. €. MHOTOY/EH MeHb-
el cTenmexu, 4eM e, (A), YTO MPOTUBOPEYUT BHIGOPY STOTO MHOrOY/IEHA.
Orciona cnenyer r(A)=0, 4to u Tpe6GoBanoch AOKa3aTh.

Boiumras Ttemepp u3 j-ro cronbua Haumie MaTpHUb ee MEPBHA CTO-
Gew, ymHOXeHHBIH Ha ¢ (A), Mbl 3aMenum snement by, (A) nynem. Henas

Takue npeobpasoBanud Ang j=2, 3, ..., n, MBl 3aMEHHM HYJASMH BCe
oneMenTHl by, (A). AHATOTHYHEIM MyTeM 3aMeHSIOTCS HYJSIMH M BCe 3le-
MeHTH b;; (M), i =2, 3, ..., n. Mo npudem, credosamensno, ¥ maroi

mampune, axsusasenmuoli mampuyge A(N), 68 sesom 8epXHeMm Yy2ay
Komopoll cmoum muozotner e, (N), @ 8ce ocnanbHble 3AeMEHMbL nep-
80l cmpoxu U nepgozo CmoAbya PABHbL HYAMIO0,

e 0 ... 0

AQ) ~ 0 €y9(A) ev. €y, (N ) @

* e e e

0 Cun® .rn ()

TTo MHAYKTHBRHOMY mpemonoxeHuio, Matpuna (z— 1)-ro nopsuxa,
CTOAULAY B NPAaBOM HHXHEM Yr/Ay MOJXYYEHHOH HaMH MaTpHuH (2),
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SNeMeHTapHHMH NpeoOpasoBaHUAMH NMPHBOAUTCA K KAHOHHYECKOMY BHAY-
< ) .cyy [P0
Bt ()
: cn2( ) L cnn( 0 en(x)
CoBepwiHB 9TH e npeo6pa3oBaHHs Hal COOTBETCTBYIODIHMH CTPOKaMH
1 cronbuaMy Matpuus (2) —INpH 9TOM MepBas CTPOKa W NepBHIH CTOJ-
Oeu sToft MaTphlb OCTAHYTCH, OYEBHAHO, §€3 W3MEeHeHHH,— MH IIOAy-
YHM, 4TO es (A) 0
€y (7"). _
. . @)

0 &, (1)
Jns moxasarenbcTBa TOrO, 4TO Martpuua (3) aBnserTcs KaHOHWdYe-
CKOH, ocTaeTcs 1noKasath, 4TO ey (M) Haueno meautcs Ha eg (A). Ilyctb

ey (M) =ey (A) g (M) +r(}),

rae r(A)=%=0 u crenedp r(A) menbwe cteneuu e, (A). ITpuGasass,
OIHAaKO, KO BTOPOMY cTOA6UY MaTtpuus (3) ee nepsuld cTOnGen, ymHO-
KeHHBIH Ha ¢ (A), a 3aTeM BhiUMTas ¥3 BTOPOH CTPOKH NMEPBYIO CTPOKY,
Mbi 3aMEHHM 3neMeHT e, (A) aaemenToM r(A). Ilepecrasnas, nazee,
nepBHE ABE CTPOKHM H TepBhe HBa CTOAONA, MH NEPEMECTHM MHOro-
uned r(A) B neBuift BepXHUll yroM MaTPHIL, YTO JIPOTHBOPEUHT, OXHAKO,
BEIOOPY MHOrouneHa e, (A).

Teopema o mpusegenun A-MaTPuUL K KaHOHHYECKOMY BMAY JHOKa-
3aHa. Jra TeopeMa XOMKHA OHTb JIOMOJHEHA caeaywwed TeopeMo#
€AHUHCTBEHHOCTH: . .

Beakas h-mampuya sxeusasenmua AUWbL O00HOU KaHOHU4ZECKOU
Mampue.

B camom mene, nyctb paHa npomaBoabhas A-marpuua A (A) mno-
panka n. PHKCUPYeM HEKOTOPOE HaTypaabHOoe yHcao kB, 1<<hk=<n,
¥ pacCMOTPHUM BCe MHHOPH k-TO mnopaaka matpuus A (A). Beuucaas
S5TH MHHOPH, MH MONYyYHM KOHEYHYI0 CHCTEMY MHOTOUYNEHOB OT A;
Hanbonbiuni oOmKi HenuTenb 9TOH CHCTEMbH MHOTOYIEHOB, B3SITHH CO
crapmuM koadpduunentom 1, o6osnaunm uepes d, (A).

Mu uMeeM, C/eLOBaTENbHO, MHOTOYJEHH

d,(A), dy(A), ..., d,(A), 4)
ONHO3HAaYHO onpepensieMbe camol wmartpuueft A(A).
ITpu atom d, (A) ects nHauGonbminit o6wiui fAeaHTeNb BCEX SJEMEHTOR
mMarpuuw A (A), Ba3sthii ¢ xosdduuuentom 1, a 4, (A) pasen onpexne-
auteno Matpuin A(A), ZenmeHHoMy Ha ero crapiunil xoadduument.
3ameTum Takxe, 4TO ecau martpuna A(A) umeer pasar r, TO

d,.,AN=...=d,(A)=0,
B TO BpeMf KaK BCe OCTajbHuE MHOrOY/AeHH CHCTeMH! (4) OTANYHHE OT HY .S,

A ~
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Hauborvuul obuuit desumens d, () 8cex Mmunopos k-zo nopsaoxa
h-mampuyst A(A), k=1, 2, ..., n, He MEHAEMCS NpuU 8bINOAHEHUL
8 mampuye A(N) asemenmaprbix npeobpadosaruil.

ITO yTBEPKIEHHE MOYTH OMEBUAHO AJf TOrO C/Iydas, KOrja B Mar-
puue A (A) Bhnonnstercd anementapHoe npeobpasosanne tuna 1) wam 2),
Tak, Hanpumep, ecau {-9 CTpoKa MaTPHUL YMHOXAeTCH Ha YHC/IO @ H3
noas P, a0, To Te MHHOPH k-ro MOPANKa, Yepe3 KOTOphe i- CTPoKa
HPOXOAHUT, OyAyT YMHOXATbCA HA 0y BCE We OCTajAbHbie MUHODH KR-TO
nopsiika OCTaHyTcs Ge3 uaMenennst. ONHAKO NPU PA3BICKAaHMH HAanGOMb-
ero o6uero JeauTenst HECKOAbKHX MHOTOU/IEHOB JI00HE M3 3THX MHO-
TOYJIEHOB MOKHO GecrnpensiTCTBEHHO YMHOXAaTb HA OT/MYHBEE OT HYJ
yHeaa w3 noas P ‘

Paccmorpum Tenmepb siementapubie npeoGpasopauns Tna 3) uam 4),

[lyctb, nanpumep, & i-fi crpoxe Marpuusl A(A) npuGaBasercs ee
J-% CTPOKA, j=Ai, yMHOXEHHAs HA MHoroureH ¢ (A); moayuamoulyrocs
nocae 3toro npeoGpasoBaHust MaTpuly 0603HayuM uvepes A (A), a Hau-
Gonbuwinil OGWMP denutenp Bcex ee MHHODPOB k-TO TOpsAKa, B3ATHIH
co crapmum koshduuuenrom 1, —uepes d,(A). TNMocMorpum, uto npo-
HCXOAUT MPH yKAa3aHHOM NpeoOpa3soBaHHH C MHHOpPaMU A-FrO nopsiika
matpuusl A (A). . _
" SlcHo, 4TO He GyNyT MEHATHCA T€ MHHOPHI, YEPE3 KOTOPHIE i-1 CTPOKa
He npoxoAut. He MeHfloTca B Te MMHOpPH, 4Yepes KOTOpbE HPOXOAAT
KaK i-fi, TaK U j-9 CTPOKH, TAK KaK OINPeNeNHTe]b He MEHAeTCd OT
npubaBjenus K OXHOH €ro CTPOKE KPATHOro APYroM ero CcTPOKH.
Boabmem, Hakouel, 110604 u3 TeX MHUHOPOB k-0 nopsika, uepes Ko-
TOpHE IPOXOAUT -8 CTPOKa, HO HE NPOXOLUT j-si; 00O3HAYUM €ro
uepe3 M. CooTBeTCTBYIOWMH MUHOP MaTPHIK A (A) MOKHO MpenCTABHTY,
OYEBMAHO, KaK CyMMy MuHOpa M n yMHOweHHoro Ha ¢ (A) munopa M’
Marpuunt A (L), moiydalouierocs u3 MuHOpa M 3aMeHOH 3JeMEHTOB
i-# cTpokyu MaTPHILE A (L) COOTBETCTBYIOLUUMEL 3/IEMEHTAMU €€ j-it CTPOKH,
Tax xax u M, u M" nenarca na d, (L), To u M@ (A) M’ Gymer ne-
autbes Ha dj, (A).

M3 ckasaHHOro cieiayer, YTO BCE MHHOPH R-TO TOPALKA MaTpPHUH

A (A) naueno mensTcs Ha d,(A), a nostomy u d,(A) nemnrca ua d,(A)-
Tax xax, OAHAKO, AT PACCMATPHBAEMOrO DJIEMEHTAPHOrO npeoBpaso-
BAHMS CYWIECTBYET OOpPaTHOE 3JeMEHTApHOE NpeobpasoBaHUE TOro .ke

Tuna, 10 u dy (A) meaurcst Ha d,(A). Eciu ke ydecTh, uTO cTapuine

K03puLHeHTH 060HX 3TUX MHOTOY/NEHOB paBHH 1, To d, (A)=4d, (A),
yro ¥ TPe6OBANOCh HOKA3aTh,

Takum oOpa3oMm, 8cem h-mampuyan, IKEUBAACHMHLLM Mampuye
A (L), coomsemcmeyem odun u mom sice Habop mHo20%Aer08 (4). D10
OTHOCHTCS, B YaCTHOCTH, K JOG0H (eCIM HMX HECKO/AbKO) KaHOHU-
yecKod Marpuue, skuBaienTHOR A (A). Ilycts (3) Gynmer oxzna wus
TaKHX MaTpHIL.
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Beryucany muorouned dn{A), k=1, 2,..., n, NOaAb3yich Marpu-
ne#t (3). SlcHo, 4TO MHHOD R-ro mopsAlKa, CTOSIIHE B JIEBOM BEpXHEM
yriy 3TOH MaTpPHILE, paBeH NPOH3BEIEHUIO

ey (M) ey (A). . ey (A). (5)

Ecnu, nanee, mbl Gepem B MaTpuile (3) MHHOP 2-FO NOpsiAKa, CTOAILHI
B CTPOKAaX C HOMEPAMH iy, iy, «ue, ip THE ;i< ... <i,
M B cTONONAX € TeMH K€ CaMBIMM HOMEDPaMH, TO STOT MHHOP
pases mpoussenenno e; (A)e;, (A) ... e, (M), xotopoe neantcs Ha (5).
Hetiorsurenvro, 1<Ci; u mostomy e; (M) neanrea Ha e (A), 2<Tiy,
u roaTomy e; (M) meaurcs Ha e, (M) u 1. 4. Haxomen, ecnu B MaTpuue (3) -
B3AT MHHOD K-rO MOpsIKa, yepes KOTOPHIA XOTH Obl ;g OJHOTO i mpo-
XOZMT I-fi CTpOKa 3TOH MaTpHUBl, HO He MPOXOJUT ee i-H cronbew, TO
9TOT MHHOP COAEDPHHUT HYIEBYI CTPOKY H TOITOMY DaBeH HYJIO.

M8 ckasannoro criexgyet, 410 npoussedeHue (9) m GyxeT Haubonab-
wuM  oBIHM JenuTeNeM BCeX MHHOPOB K-ro [opsaxka Matpuus  (3),
a mosToMy M HCXOmHOH Matpuus A (A), '

By ()= () (M) oon €M), k=1,2, ..., 2 (6)

Tenepn nerko noxas3ath, YTO MHO204AeHbl e, (M), k=1, 2, ..., n,
o0HO3HauHbi  0bpasom  onpedeasiorcs  camotl  marpuyei A (A).
Ilyers paHr stolt marpuus paBen r, Toraa, KaK Mul 3HaeM,
d, (M) %0, no d, ., (A) =0, a noaromy, sauay (6), e, ,(A)=0. Orcioza,
BBHIY CBOHCTB KaHOHMYECKOH MaTpuubl, BooOLIe ClIeLyeT, YTO e€CJaH
paur r marpuus A(A) Menbuie 7, TO

e i(M=¢e,o,(MN=...=¢,(A)=0, (7N

C apyroit croponsl, ana k< r u3 (6) cnenyer, Buny d, , (A) 5% 0, yto
dy (A

e ) =54 (®)

BruM sakaHyHBAaeTCS MHOKA3aTEAbCTBO €JHHCTBEHHOCTH KaHOHMYe-
ckoro Buga A-marpuilsl. OIHOBPEMEHHO MBI MOJAYYHAH Croco6 Hemo-
CPENCTBEHHOIO pAa3bICKAHHA MHOTOY/IEHOB €, (A), HasbiBaeMHX uKEa-
PUQHTHbING MHOXUTeAAMU MATPHLIB A (A). :

Mpumep. ITpHBecTH K KaHOHMYECKOMY BHAY A-MaTpHIY

2
A =(570, 2).
\2-5L 3A

BoIMOMHAS LENOYKY SJeMEHTAPHBIX NpeoGpasosaHuil, MOTyuaeM;

2 1 10
3_h = e A A2
A <k A 3?»2) <3 3 3 A2~ 0>
A24-5h A A2-5), A

~(% xa_g 22—, o\~<x3—1oxz—3x o)~<x 0 >
0 2/ 0 A/ \0 M—1oaz—3
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C npyrofi CTOPOHH, MOMHO Oeulo Gbl HEMNOCPEACTBEHHO BHIYKC/HTL HHBa-
pranTHhie MHOXHTeNH MaTpuusl A (1), Mueuno, sbruncass naubonsmuii oSmui
AENIMTE/Ib BJIEMEHTOB 8TOH MATPHUB, NOJy4aen:

dy (M) =¢; M) =A.
Brlyncasis e onpepenuTess MaTpELsl A (M) M 3ameuas, IO €rQ CTapuMi Koag-
¢uuuent pasen 1, noaydyaem:
dy (M) =M~ 10A3 — 372,
a mosToMy
dz )

=A% — 1042 —3A.
d; ()

es (A) =

§ 60, Yuumonynspubie A-marpunsl, CB3h NORXOGHS YHCIOBHIX
MaTpHI ¢ SKBHBAJIEHTHOCTHIO MX XaPAKTEPHUCTHYECKUX MATpPHIL

W3 pesyapraToB npeimecTByIOUIEro Naparpaga BHTEKaeT OXHH KpH-
TepHH 9KBHBAJEHTHOCTH A-MaTpHL, KOTOPOMY MOXHO NPHIATL CAedYio-
Hi¥e IBe IOYTH TOXIECTBeHHhe (GOPMYIHPOBKH:

Jee h-mampuyp. moz20a U MoAbKO mM020a IKEUBAACHMHb, eCAl
OHU NpuBoOAMCA K O0HOMY W MOMY KHCe KAHOHUHECKOMY 8UOCY.

lse A-mampuyst mozéa U moAbKo mo20Q IKEUBAAEHMHH, eCAl
onu o6aadaom 00UHAKOBLLMI UHBAPUAHMHbIME MHONCUMEAAMY.

BuiBemeM eule OIMH KPUTEepHH, uMelOWUH ye HHOH XapaxTep.

Mbl 3HaeM, YTO K YHUCHY KAaHOHHYECKMX A-MaTpHI NPHHALIEKHUT
enunnunas marpuua E. Haszosem A-marpuny U(R) YHUM00Y 23PHOL,
ecau oHa HMeeT MaTpuuy E CBOMM KAHOHHYECKHM BHIOM, T, €, €C/H
BCE ee ‘MHBApWAHTHbIE MHOXHTEJH PaBHH €IMHHILE.

A-sampuya U(L) mozda u moasko moz0a yHUMOOYAAPHA, ecCAll
ee onpedesumens omaudern Om HYAS, HO He 3asucum om A, m. e,
RBASEMER OMAUMHBM OM HYAL HUCAOM 143 OCHOBHOZ0 NOAS P

Heticreurensno, ecan U(A) ~ E, 10 3THM ABYM MAaTpHUaM COOT-
BETCTBYeT OLHH M TOT ke MHorouned d,(A). OxHako Ins exuHmunOH
matpunp d, (L) ==1. Orciona cienyer, ‘lTO onpenpenntenb Matputib U(A),
onuqafoumﬁm OT d, (M) nulIb OTAMYHBIM OT HYJS UHCAOBHIM MHOXH-
teqaeM, GyleT OTJIPI'-IHI:M or Hyas uncaom u3 moas P. O6parso, ecan
onpeaenutens Matpuus U (M) oTanueH OT HyJAs M He 3aBHCHT OT A, TO
aas 9TOH MaTpHuUsl MHorouleH d,(A) Oymer pasen 1, a mnostomy,
1o (6) ¥3 NpeALAYLIETO naparpada, Bce HHBAPHAHTHbIE MHOWHTE/IH e; (A)
matpuuel U (A), i=1, 2, ..., n, paBHbl eLUHHILE,

Orcwoia cIeyeT, YTO 8CAKASL HEBLIPONCOCHHAS HIUCA08AST MAMPULQ
2845emC YHUMOOYAAPHOE A-smampuyed. YuuMmomgynspHas A-marpuua
MOWKET HMETb, OXHAKO, OYeHb cIOMHLI BuA. Tak, A-maTpuma

( A A2+5
3WE—h—4 A —A3—4A2 4503

VHHMOLYJfPHA, TaK KaK ee onpenelnTeib pasen 20, T. €. OT/AYEH OT
HYJAS M OT A HE 3aBHCUT.
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V3 noxasaHHO! BHIle TEOpeMH cjenyeT, uTO npousgedexue yHu-
Modyaapusli  A-MATPUY — CAMO  YHUMOOYAAPHO — NOCTATOYHO  BCIIOM-
HHTb, YTO TIPH YMBOMEHHH MaTDHl MX OINpENeJHTE/]H NEePEMHOKAIOTCH.

A-marpuya U(N) Toz0a u Torsko To2da yHumoOyaspua, ecau 0aa Hee
cyujecTeyer oGpaATHAS MATPUYA, TAKKHe ABAANOWAACA A-maTpuyed,

JelCTBHTENbHO, €C/IH JaHA HEBHIDOWIEHHAS A-MaTpuua, TO, pa3sbl-
ckuBas OOHYHEIM COCOGOM OGpPaTHYIO MaTpHly, MH HOMKHM Oynem
JeqnTh anreOGpanyecKHe NONOJHEHHS K S/JeMEHTaM JaHHOM MaTpHUH Ha
onpexenuTenb 9TOH MaTpHUb, T. €. HA HEKOTOPHIH MHOro4JNeH OT A.
[TostomMy B ofmem cayuae sneMeHtH 0OpaTHOH MaTpHiL GyayT pailuo-
Ha/JbHHIMH JIPOGSMK OT A, a HE MHOTOUY/JEHAMH OT A, T. €. 3Ta MaT-
puna ne 6yger A-marpuuei. Ecim we mana yuumonyiaspHas
MaTpHUA, TO HeauTh aireGpavveckue JAONOJHEHHS NPHUAETCH JHILb HA
OT/IHYHOE OT HyJf 4HCIO M3 noas P, T. e. 3/1eMeHTH o6paTHOR Mart-
puubl 6yayT MHOTOYJieHaM#d OT A M 1osToMy OOpaTHAas MaTpula cama
Oyner A-matpuueHi. O6partHo, ecian A-marpuna U (A) obaanaer o6paTHOil
A-matpuuedt U™ (A), to onpenenurenu stux 46eUX MaTpHL ABIASIOTCH
MHOTOUJIEHaMH OT A, WX Npou3BexeHue paBHO 1, a moaromy o6a ompe-
Jenutens HOMKHH OGBITh MHOTOYJIEHAMH HyJeBOH CTEneHH.

M3 nocnenuero 3ameuanus BhiTekaeT Taxoe noOaBieHHe K JOKa3aH-
HO# ceHiyac Teopeme:

A-marpuya, o6patas K YyrumoOyaspHol — A-marpuye, cama YHUMO-
dyaspua.

[TonsaTHe YHHMOAYNSPHOH MATPHUB HCIOAB3YeTCsT B (OpMyIHPOBKe
CJIIYIOLLEr0 HOBOTO KPHTEPHN 9KBHBANEHTHOCTH A-MaTPpHIL

Hee h-marpuyst A(M) u B(A) nopadka n toeda u ToabKO TO20Q

IKBUBAAEHTHbL, €CAU CYUECTEYT TaKUe YHUMOOYAApHbie —A-MATpUbL
U(\) u V(M) rozo se nopadka n, uro
| B()=UM)AMN V(). | M
Beenem cHavana ciexyiomee MOBATHE, HCIONb3YEMOe MPH JOKa3a-
TEABCTBE STOr0 Kputepus. HasoBem saemenrapHoil marpuyed YHCAOBYIO
(H, cleaoBaTenbHO, A-) MaTpHLY

1 0

OT/MYAOULYIOCS OT eIHHHYHOH. MATPHUM JHUIB TEM, YTO HA HEKOTOPOM
i-u Mecte raasHoft amaronanu, 1 <Ci<{rn, CTOMT NPOM3BOABHOE YHCIO O
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us moas P, ornuunoe ot Hyna. C apyroit CropoHm, HasoBeM
TaKKe S5AeMEHTADHOL marpuyeil A-MaTpuuy

o). ), 3

)]
OTAMYAIOUIYIOCH OT EOMHMYHOM MaTpnusl JHLIbL TEM, YTO Ha mnepeceve-
HuM i-# cTpOKM u j-ro croabua, 1<{i<Cn, 1<{j<{n, npuyem iz j,
CTOMT TIPOM3BOMBHBI MHOTOwieH @ (A) 3 xonbua P[A].

Bcakaa 3aeMenTapHas Marpuya yHumooyaspua. B camom nene, onpe-
IeNHTeNb MAaTPHUB (2) paBeH o, HO, MO YCJIOBHIO, ¢ =% 0; onpexennTtenn
we mMaTpuus (3) paBen 1.

Boinoanenue 8 MA-marpuye A(A) 06020 3aemenTaproeo npeob-
PQA30BAHLS PABHOCUALHO YMHONEHUIO ITOL MATPUYbL CACBA UAU CRPABA
HQ HeKOTOPYIO 3NEMEHTAPHYI0 MATPpuyy.

NeicTBUTENbHO, uMTaTeab 6€3 Tpyaa NPOBEPUT CHPABENIMBOCTh
CTeMYIOMAX UeTHIPeX yTBepKIeHuH: 1) ymuowenne maTpuus A (A) cnesa
Ha MaTpUUY (2) paBHOCHJBHO YMHOXEHHIO i-H cTpokn Matpuusl A (A) ua
yHcno o 2) ymHOXenne MaTpuubl A (A) cnpaBa Ha maTtpuuy (2) pasuo-
CHIIBHO YMHOMEHHUIO i-ro ctonbua matpuusi A (A) na yucno a; 3) ymHoxe-
nue Matpuus A(A) cneBa Ha MmaTpHuUy (3) PAaBHOCUNBHO MOpHGABNEHNIO
K i-it crpoxke MaTpuusl A (M) ee j-H cTpokH, yMHOXeHHOH Ha @ (A);
4) ymuowenne MmaTpuubi A (A) cmpaBa Ha MaTpully (3) PaBHOCHIBHO NpH-
GaBnenuio X j-My ctonbuy matpuust A (A) ee i-ro crondua, ymHoweH-
HOro Ha @ (A).

[epeitnem Temepb X 10Ka3aTeAbCTBY Hallero KpHTepus
skBuBadentTHocTH Amatpuu. EBeum A(A) ~B(h), 10 or A(M)
MOXHO HepedTH K B (A) mpu noMomyu XOHEYHOTO YHC/IA BJIEMEHTapHLIX
npeo6pasoBaHuii. 3aMeHsas KaxIoe H3 3THX nMpeoOpas3oBaHuil YMHOXKEHHEM
cjieBa WM CHpaBa Ha SJAEMEHTAPHYIO MAaTpPHIY, Mbl NPUAEM K PaBEHCTBY

BAMN=U M) ... Uy (M AR) V,(A) ...V, (A, (4)

rae Bce matpunst Uy (M), ..., Uy (A), Vo (A), ..., V,(A) anementaphu n,

C/IeIOBATENbHO, YHHMOLYJASPHH. YHHMOAYAAPHBIMK OYAyT HO3TOMY W
MaTpHLb

UMN=U®M) ... U, (A), VQW=Vi(A)...V (N), (5)

ABAKIOLIHECH NPON3BEJEHUSIMY YHHMOLY/IAPHHX MATpHL, a PaBEHCTBO (4)
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nepenuuwercs B Buze (1). 3amernuMm, uTo ecau, Hanpumep, k=0, T. €.
sJeMeHTapHbe Npeo6pa30BaHUsd COBEPIIANUCH JUILb Hal CTOAGUAMH, TO
nonaraem mnpocro U(A)=

[TposeneHnnas HaM¥ 4acTh AOKA3aTe/NbCTRBA MO3BOJATET OJHOBPEMEHHO
BHICKA3aTh C/eAYIOuee yTBEePXKACHHE:

A-mampuya mozda u moOAbKO mo2da YHUMOOYAAPHA, eCAl OHG
npedcmaguma 8 6Ude NPOU3BEICHUS IACMEHMAPHBLYE MAMPUY.

B camom xaene, MB yXe NOJb30BANUCh TEM, YTO HPOU3BEACHHE 3Je-
MEHTapHBLIX MaTpuL YHuUMOAyHspHOo, OOGpaTHO, €CiH JaHa NPOU3BOJbHAA
yaumonyaspHas matpuiia W(A), T0 OHa SKBUBaNeHTHA eXMHUYHON MaT-
puiie E. Ilpumensis nposenenHoe BHIIE HOKA3aTENAbCTBO BMECTO MaTpPHIL
A(M) n B(A) x matpnuam E u W(A), Mu u3 (4) monyudM paBeHCTBO

WA =U; (A) ... U, W) Vi (M) ... V, (M),

T. e, marpuua W (A) oxasanach mpencTaBACHHOH B BULE MPOMU3BEACHHS
9/1eMEHTAPHHIX MaTPHIL,

Tenepy nerxo mnpoeectn H0Ka3aTeNlbCcTBO OGPATHOTO
yTBepX A eHUd Hamero kputepusd Ilycrs ans marpuiy A(A) u
B(A) cywecTByloT Takue yHuMOAyaspHeie Matpuun U(R) u V(R), uro
nveer mecto pasenctBo (1). o Aoxaszawnomy, martpuust U (M) u V(R)
MOXHO MPEeNCTABHTb B BHAC NPOUIBENEHH 3/MeMEHTaPHBIX MATPHL; NYCTh
870 GynyT npexncrasiaenns (5). PapencrBo (1) mepenmmercs Ttemepb
B Buae (4) M, 3aMeHAd KawA0e YMHOXEHHE HA S/EMEHTApHYI0 MaTpHny
COOTBETCTBYIOUIUM 8JICMEHTAPHHM IpeoGpa3oBaHHeM, MBI IONYYHM, HAKO-
ger, uto A (A) ~ B(A).

Marpuynsie MHOrowdeHpl, Ha mnoHaTHE A-MaTPUUE MOXKHO TOCMOT-
peTh ¢ coBepuieHHO uHOU cToponu. Hasosem mampuunsim h-muozouse-
HOM nopsadxa n Had nosesm P muorounen or A, xostpduunentamu
KOTOPOTO CAy#aT KBAAPaTHbIE MATPHIL OZHOTO U TOTO Xe NOPsAKa 7
C 3/eMeHTaMH U3 1moad P; ero obuuM BHIOM Gynet

k - .

AN AN L A, AA,. (6)
. Touumas, B coorserctBuu ¢ § 15, YMHO)KGHI/IG mMaTpuusl A; Ha
AT =0, 1,..., k, Kak ymHOwenne Ha AP~' Bcex anementosn

ManPHLH A,, a 3aTeM BBHIMIONHAA C/IOXEHWEe MaTPHUL B.COOTBETCTBUH C TEM
we § 15, Myt noayunm, uTo scaKull mamputHbl h-uHozotsen nopadKa n
MONCHO 3anucams 8 8ude A-mampuyss nopsoka n. Tak,

/ 0 -3 2 01 433 4-h —3A2 42041
3 2 | —
(~1 1)7‘ +<o >7” (o 2>7‘+(o o)‘( 3 x3+x2—zx>'
O6patho, scaxas A-mampuya nopsoxa n ;momem Guoims 3anucana
8 8ude MampuuHo20 h-MHO204AeHG NOPAdKA 1. Tak,

(5= (O O (8 (5 ),
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CooTsercTBUE MEXIY A-MATPHIAMY ¥ MATPHUHBIMH A-MHOTOYJIEHAMH
AIBASETCH B3aMMHO OJAHO3HAYHLIM H H30OMOPQHEM B cMuicae § 46, Hei-
CTBUTE/IbHO, PABEHCTBO A-MHOFOWIEHOB Bua (6) KaK MaTPHI PAaBHOCHABHO
pPaBeHCTBY MATPHYHHX KO3(OUUUEHTOB NPHM OLHHAKOBHIX CTENEHHX A,
4 YMHOXEHHe MaTPHILl Ha A PABHOCH/IBHO YMHOXEHHIO €€ Ha CKaAfgpHYIO
MaTpULy ¢ A Ha FIaBHOH JHATOHATH.

[Tyctp nana A-matpuua A (M), npudem

A (M) =AM £ AN A A A,

rie Martpuua A, He siBasercst nynesoit, Uuca0 £ HasoBeM cmenersio
A-matpuunl A (A); 310 GymeT, OYeBHIHO, HAauBHCIIAfg Cremenb (Mo A)
371eMeHTOB MaTpuus A (A).

Barasg na A-Marpuusl KaK Ha MATPUYHBE MHOFOUJEHbl MO3BOJSET
pa3BUBATh JJAA A-MATPHIL TEOPHUIO JAEMHMOCTH, aHANOTHYHYIO TEOPHH
AEAUMOCTH JJISl YHCJOBHX MHOTOWIEHOB, HO YC/IOXHAEMYIO, ITOHSTHO,
HEKOMMYTATHBHOCTHIO YMHOXEHHsI MaTPHI, ¥ HAJHYHeM AeauTeeft nyJs.
Mel orpasHumMcs JAHHIb BONPOCOM 00 aJTOpHTMe JejJeHHud
C OCTATKOM,

IIycme Had nosem P Oanvr h-mampunbt nopsoka n

AMN) =AM+ AN 4 A, A+ A,
B(A)=BA +BA -1+ ., +B,_A+B,

npuues npednoaoxcuM, 4mo mampuya B, HesvpowcOennas, m. e.

cywecmsayem mampuya Bgl. Tozda Had nosex P mosno wnaiimu
maxue A-mampuys Qy (M) u R, (M) moeo ace nopsdxa n, umo

AR =BRA) QM) -+R; (), : (7

npusenm cmenens R, (A) meHowe cmenenu B(A) uwaw e Ry (A)=0
C opyeoii cmoponbt, Had nosem P moxucno nalimu maxue \-mampuist
Q:(A) u Ry (A) nopsdxa n, umo _

AQ)=Q; M) BQA)+ R, (R), (8)
npusesn cmenens R, (M) mensuwe cmenenu B(A) uau owe R, (A)=0.
Mampuus Qy () u Ry (A), @ maxsce Q, () u R, (), yoosasemsopaiouue
amum YCAOGUSAM, ONpecessIomcs 00HO3HAUHO,

Hoxa3aTeibCTBO 3TOH TEOPEMH MPOXOLUT TaK Ke, KaK 1OKasarenb-
CTBO COOTBETCTBYIOLIEH TEOPEMB! A5t YHCIOBLIX MHOTOU/IEHOB {CM. § 20).
Hycrb, HampuMep, yCI0BHIO | (7) ynoBneTBOPSIOT TaKke MaTpPUULE Q (A)
u Ry (A), npuuem cremens R; (A) menpme crenesu B{A), Torna

MW —Q, W]=R, (W) —R, (.

Crenetb npaBofl uyacTH MeHblie /, CTeMmeHb e JeBOH uacTe, e€c/H
kBaapardas ckobxa OT/IHYHA OT Hyxst, Goaplie uIM paBHa [, TaK Kax
marpuna B, HeBHpOwAeHHad, OTcmna clenyeT eIMHCTBEHHOCTb MAaTPHL

Q) 1 Ry (1.
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Idns noxasatenbCTBa CYHIECTBOBAHHA STHX MATDHIL 3aMETHM, 4TO
npu E>=/ crenenb PasHOCTH

AMN)—BA)-B,* AAk-¢

6yxer cTporo Mepuie k; noatomy By 'AgAf~! Gymer crapmmm wieHom
maTpuunoro A-muorounesa Q (A). Hanbme NPONO/MKAETCA TAK We, KaK
B § 20. C npyro#f CTOPOHH, CTENMeHb Pa3HOCTH

AM)—A,B, *A*-L.B(A)

TAKKe <TPOro Mewbimie &, 1. e. A ByIA®~! Gymer crapmum uaexom
MaTpHYHOTO A-MHOTOuZeHa Q, (A). Mu BHAHM, 4TO A-MaTpuusi.Q, (A) u
Q; (A) (a raxke R, (A) u R, (X)), ynosaerBopsioiiue ycnoamm TEopeMmsl,
ACHCTBUTENbHO B O6wieM ciayyae GYAYT Pas/IHYHLIMH.

OcuoBHas TeopemMa o0 mompo6uu martpun. Kax ywxe ormeqanoc»,
Yy Hac HeT Moka crnocofa HJA pelleHust BONPOCa, HOZOGHW JH JaHHWE
YUCAOBbE MaTPHUL A ¥ B (T. e. MaTPHUHW ¢ SJEMEHTAMH U3 OCHOBHOIO
noas P). C xpyro#t CTOpPOHH, WX XapakTepHcTHuecKHe MaTpuns -A—AE
¥ B—AE aBnd10Tcs A-MaTpHLAMH M BONPOC 06 SKBUBAJEHTHOCTH STHUX
MaTpuu pewaetcss Brnojise 3¢pexkTuUBHO. Jlerko MOHATH MUITOMY, CKOMb
BE/IHKO 3HAYEHUE CICAVIOUICH TEOPEeMbI:

Mampuyee A u B ¢ asemenmamu u3 norgs P mozde 1 moavko
mozda nodobuul, ecau ux xapaxmepucmudeckue mampuys. A—AMAE n
B—AE sksusasenmubs,

B camom pese, mycrb ManHuH A u B nopoGuu, T. e, Hapg nonem P
CyUIecTBYeT Takaf HeBHpPOXAeHHa# MmaTtpuua C, yto

B=C"1AC.
Toraa
CY(A—AE)C=C 1AC—A(C- 1EC) B—AE.

HeBpipoxcaeunne yucnospe Mmarpuunt C~! u C gBasdioTcs, OLHAKO,
yHUMOAYASipHbIMH  A-maTpuuamu. Mu BupuM, uto Marpuua B—AE
noAyyYeHa yMHOMEHHeM MaTpuubl A-—AE creBa M cnpasa Ha YHUMOZLY-
adpHBle mMatpuus, T. €. A—AE ~ B—AE.
JoKa3atenbcTBO OGPATHOTO YTBEPWIEeHHUA HBIALTCA 6onee COYKHBIM.
IlycTp
A—MAE ~ B—AE..

Torla CyiHecTBYIOT TakHe yHUMOAy/sapHue Mmatpuusl U(A) u V(A), uro
' UM (A—AE) V(M) =B—AE. (9)
Y4HuTBIBAf, YTO A/IA YHUMOAY/ASPHEX MATPHL OGPATHBIE MATPHLLI Cylue-

cTBYIOT H #BJSIOTCK A-Martpuuamu, smsenem ua (9) ciaeaymuue pasex-
CTBa, UCHOAB3YEMBIE HUKeE:

U(A)(A—AE) == (B— AE) V-1 ()), }

(A—AE) V (A)=U-1(A) (B— AE). (19)
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Tak xax A-matpuna B—AE umeer no A creneHb 1, mpuuem crap-
UM KO3PQPHIIEEHTOM COOTBETCTBYIOLIETO0 MaTPHYHOIO MHOTOY/JIEHA Cay-
WHT -HeBHIPOM/JeHHA MaTpuua — FE, To k MarpuuaM U(A) u B—AE
MOXHO MPHUMEHHTh aJTOPUTM AENEHUS C OCTATKOM: CYLIECTBYIOT TaKHE
marpuun @, (A) m R, —noc/iennas, eCal OHa OTAMYHA OT HYJA, HOMKHA
uMeTh no- A cremeds 0, T. e. OT A He 3aBHCUT, — YTO

UR)=(B—AE) Q (A)+R;. (11)
Ananoruuno

V(X)) = Qy (A) (B—AE) +R,. (12
Hcnoapays (11) u (12), us (9) noayuaewm:

Ry (A=AE)R,=(B—LE)—U(X) (A—AE) Q, (A) (B—AE)—
—(B—LE) Q, (A) (A—AE) V (1) 4 (B—LE) Q, (A) (A—AE) Q, (A) (B—AE)
uan, Bsupy (10),
R (A—AE) Ry =(B—AE)—(B—AE) V-1 (A) Qy (A) (B—AE)—
—(B—AE)Q, (M) Ut () (B—AE)

+ (B—AE) Q (M) (A—AE) Qy (A) (B—AE)=(B—AE)X
X AE—[V=1 (1) Qy (M) +Q; (V) U™ (W)—Qy (A) (A—AE) Q, (V)] (B—AE)}.
KBampatras ckobka, cTOfLlaf CNPaBa, paBHa B HEHCTBUTEIBHOCTH HYO!
B OPOTHUBHOM CJiyyae OHa, suBAAsch A-maTpuued, Tak xkaxk u V"1 (A), u
U~1(A) cyrs A-vaTpuusl, uMena Ob No MeHbuied Mepe cTenmens O,
a rtorpa crenedb (Uryproit ckobkum Gnina Gu He Menbuie 1 H, caenoBa-
TEJbHO, CTeMeHb BCed NpaBoi yacTu Obaa Obl He MeHbuIe 2. D10, OX-

HAaKO, HEBO3MOKHO, TAK KaK CJIeBa CTOMT A-MaTpuua creneHu 1.
Taxum o6paszom,

R, (A—M\E)R,=B—A\E,

OTKyna, MNPpHUpABHHBAA MaTPUYHLIC KOS(;)Q)HU.H@HTH PH  OAHHAKOBBIX
CTEeNeHAX )\., noaydacm

R,AR, =B, (13)
R,R,—E. (14)

PasencrBo (14) mokasm3aer, 4TO 4YHCAOBas Marpuua R, He TOJBKO
OT/MHYHA OT HYJS, HO Ia)e SIBJAAeTCAd HEeBHIDOWICHHOH, npudem

) R;1=R1,
a torga paBeHcTBO (13) mpuHuMaeT BUA
R;lARg :Br

YTO M AOKAa3hBaeT nopobue matpuu A u B.-
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OIHOBPEMEHHO MW HQY4YHAMUCH HAXOZHTH TY HEBLIPOX-
LeHHYI0 MaTpuuy R,, KoTtopas Tpaunchpopmupyer mMmarT-
puny A B marpuuy B. Umenno, ecan marpuitet A—AE u B—AE
SKBUBAJNEHTHH, TO MEPBas KOHEUHHIM YHUC/IOM 3JIEMeHTapHeIX npeobpa-
30Banui NMepeBOLMUTCH BO BTODPYIO. BepeM Te U3 9THX npeoGpa3osanuil,
KOTOpRIE OTHOCATCR K CT0A6LAM, W DPOH3BEIEHHE COOTBETCTBYIOIHX
371eMeHTAapPHbIX MATPHI, B3SITEHIX B TOM Xe nopaake, o6o3HayaeM ue-
pe3 V(A). Hennwm zatem V(A) na B-—AE, npuuem tak, yToOH 4acTHOE
crosno cnesa or peautens (cm. (8)). Ocrtatok 0T 3TOrO JejeHud
u Gymer matpuuefl R,.
© YKasaHHOe je/eHHe MOXKHO HA CaMOM Hele He BHNOJHATH, 4 BOC-
10/1b30BaThCcd CACAyIOLIeH TeMMOd, KOTOpas HaiZeT NMPUMEHEeHHE TaKkKe
B § 62: '

Jemma. Iycmo

VA=V A+ VA4 VAV, V=0, (15)
Ecau
VM) =QRE—B)Q, (\) +Ry, (16)
V(M) = Q; (A) (AE—B) -+ Ry,
mo
Ry=BV 4B~V 4 ... +BV,_1+V, (17)
Ry=VB VB 14 .. +V,_B+V, ’
HocTaTouHo A0Ka3aTh XOTH# Obl NEPBOE U3 HBYX YTBEPKIEHHH
JIEMMbl —BTOPO€ HNOKa3HBAETCH BNOJHE aHa/loruyHo. JloKasaTenbCTBO
COCTOHT B HEMOCPEIACTBEHHON NpPOBepKe CApaBelNNBOCTH paBeHcTBRa (16),

ecniu Muorounen V(L) 6ymer 3amchen ero 3amuchio (15), Bmecto R,
‘Oyaer moacrasaexo (17), a B xavectse Q (M) 6yldeT B3AT MHOTOWIEH

Q) (A)== VAS™1 - (BVy - V) A5~ 2 4 (B2V,+ BV, + V) M=% 4. .,
R -+ (Bs-lvo +BS—2V1 e o Vs-l)'
Hpoaepxa 3Ta NPEeHOoCTasNAdgeTCd YUTaTeNaIo.

IIpumep. Hauu Marpunm

—2 1 —10 —4
A=( 0 3)’ Bz( % 1)

/

Mx xapakTepuCTHYECKHE MATPHILI SKBHBANCHTHH, TaK KaK NPHROAATCHA K OLHOMY
Il TOMY K€ KaHOHHYECKOMY BHAY

1 0
0 A2—A—6)’

nostoMy MatTpuus A 4 B nozo6ul.
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JLnst pasbicKaHuA Marpuusl Ry, TpancpopMupyrwel A B B, Hafiiem Kakyio-
anGo HeNOYKy aJeMeHTapHBIX npeoSpasopannil, nepesodsuyo A —AE B B—AE.
Tak,

A—%E:(ﬁz_;v 1 >~<~— 2—2x 1 ) [ 8+4x ———4)~

0 3—2 —16—8% 11—A&) \—16—8% 11—Aa
40 - 43, —4 —10—2  —4\ _
“’( —104 11—x>~( % 11—x> =B—AE.

K cronfuasm OTHOCSITCH JBa TMOCJAESHHX MPeoSpa3oBaHUA: K NEPBOMY CTOJOLY
npubaBasieTcs BTOPON, yMHOKeHHbIH Ha —8, a 3aTeM MNepBHi cTon6en yMHO-

Haercqd HA —— ., Hpomsegeﬂne COOTBETCTBYIOLIHX 3JEMEHTaPHBLIX MaTpPHL 6}')161‘

4
1oy /=L o 1
o= )-8

3Ta MaTpHUA He 3aBHCUT OT A U [0TOMY OHa H OyjeT HcKoMoH MaTpmsell R,.
Koneuno, marpuua, tpanchopmupymomas A B B, onpegesnsercs Ranieko He
ogHosnayHo. Takofl 6yzaer, Hanpumep, TakKe MaTpHIa

1)

§ 61. Xopnanosa HopmaabHas dopma

Bymem paccmaTpuBaTh ceMyac KBaJApaTHble MarTpHUB TNOpsika 7
¢ ajeMeHTaMu u3 noas P. Dyzaer BhaeneH OLNH CMEeUHANbHBI THI TaKHX
MaTpPHL, TAK HA3hIBaeMble XX O P I aHOBB MAaTPUUL, U OyAeT NOKasaHo,
YTO 3TH MAaTPHUB CIyxaT HOPMaabHOH (OpMOH AAf BechMa WIMPOKOTO
xnacca matpuiu. VIMeHHO, JMampunb, §Ce xapaxmepucmuieckile KOpHU
KOMmOopblX Aexcam 8 OCHOBHOM nose P (4 moavko marxue mampuyst),
71000016l HeKOMOPblM JCOPOAHOBLLIM MAMPUUAM, M. €., KQAK 2080psnt,
OHIL NPUBOOAMCS K 2COPAAH080[ HopmarsHoil ghopaue. Otciona Gyier
CJAeI0BATh, €C/IM B KayeCTBe moast P B3ATO MOJe KOMIUIEKCHHIX 4mucel,
4TO BCAKQARL MAMPUHA C KOMHALKCHHMU 3JAeMECHMAMU 1LPUGOOUMCS
6 nose KOMNACKCHBX HUCeL K HCOPOAHOBOI HOPMAALKOL hopie.

Beemem mneoGxomumpie onpenpenaenus. JKopdarnosoli raemxold 1o-
psanka k, oTHOCHuiefics K YHCAY Ay, Ha3biBaeTcs Marpuua mopsika &,
1 << k<Cn, uMelomas Buni

]
I; (1)
)

A 1 0
("xo

1
. .

o

0 o
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HHBIMH CNIOBAMYU, H4 €€ TJNaBHOW Amarosanu CTONT OAHO H TO e
yucno A, #3 nosis P; mapannenp, OGamkailmuas K riaBHOil  JAMaroHanu
CBEpXY, CIJIONIb 3aHATa YHCJAOM 1; Bce OCTalbHHE S1eMEHTH MaTpPHILH

paBHul Hymo, Tak,
Ay 1 0
Ay | 0
oo, () (0 )
o0 A0 R 0 0 2

6yLyT COOTBETCTBEHHO MKOPNAHOBHIMH KJETKAMH IE€PBOro, BTOPOTO
H TPeTbero MOPSAKOB.

JHopdanosoit mampuyeli nopsiika n HA3LIBACTCH MATPHLA HOPAAKE /1,
HMewmas BUX

7 0
Jy
J= ; )
0 |2 ]
31eChb BAOJD I'IaBHOH 1MaroHaAu HAYT KOPAAHOBH KiaeTKu Jy, Jy, ..., Jg

HEKOTOPHIX HNOPANKOB, He 00A3aTeNbHO PA3JHYHBLIX, OTHOCALINECH K HEKO-
TOPHIM YHCIAM H3 nonad P, Taxke He 0083aTeNbHO pAasIHYHLIM; BCe
MeCcTa BHE 3TUX KJETOK 3anaTs Hyaamu. Ilpuw arom s==1, t.e. onna
WOpNAaHOBA KJAETKA NOPsiAKa 72 NPHHAMJIECKHT K YHCIY XOPILAaHOBHIX
MaTpHI, 3TOTO MOPSJAKA, M, MOHSITHO, § < /1.

3aMeTuM, XOTA 3TO H He GYNeT Zanbuie HCMOJAb30OBATHCH, YTO CTPOE-
HYME KOPXAHOBOH MaTpunpl MOXHO Owno Obl onucarth, He npuberas
K TOHSITHIO KOPAaHOBOH KjeTku, (OueBUAHO, UMEHHO, 4YTO Marpuua J
OyleT KOPAAHOBOX MATpHLEH TOTNA U TOJbKO TOrAA, EC/IM OHA HMEET BUJ

(M & 0 )
hy €y
M b
* €1
{0 o)
rae A, {=1, 2, ..., n,~— npoussonbusle uucsa u3 nons P, a Kax-
noe e Jj=1, 2, ..., n—1, paBHO eauHHlE HIH HYJI0, NpuyeM,

ecan g;=1, 10 A;=RA,,,.

Huazonanvnsle mampuusl S6ARIOMCH 4ACMHBLM CAYEAEM JCOPIQA-
HOBBLX Mampuy. 5TO OYLYT B TOYHOCTH T€ JKOPAAHOBH MAaTPHUH,
Y KOTOPHX BCE WODAAHOBH KJAETKM HMEIOT MOPANOK 1.

Hamed Gnnwaiinell neapbio 9814eTCq pa3bicKaHHEe KAHOHHUUY e-
CKOTO BHIA AN XaPAaKTEepHCTHYUECKOH MaTpHuu J—AE
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MPOU3BONbHOK WopHmaHoOBOH Martpuus J nopsaka 7
Haligem cnadana xasnoHuyecku# BUA A XapaKTEPHUCTHYECKOH MaTpHUH

Ao—A 1 0

. (3
1
0 ho—h

oaHo# wopnanbeo#t knerku (1) mopsnka k. Buiuncass onpenenutens
3TOH MaTpHHH M BCIOMHHAH, 4TO CTapuwiHH KO3PUUHEHT MHOTOUAEHA
d,(A) momxen paBHaTbCH 1, MOMydYaeMm, 4TO

d (A) = (A*Ao)k-

C npyroit cropousl, cpean muuopos (k—1)-ro mopsanka marpuust (3)
HMeeTCst MHHOP, PaBHBIK €NUHMIE, 4 MMEHHO TOT, KOTOPHH moayuaercs
foc/Ie BHYEPKHUBAHUSA NEPBOr0 CTOAGUA M MOC/ASAHEH CTPOKH 3TOH Mart-
puusl. [Toaromy

dpy (M) =1.

OT1cro0a cnelyer, YTO KaHOHLYeCKUM 8U00M OAst mampuybt (3) cayacum
caedyomas h-mampuna nopsoxa k.

/1 0

1
0 (h— %)

Jokaxes Tenepb CACAYIOLIYIO MeMMY:
Ecau mnozousenvt @ (XY, @4 (X), ..., ¢, (A) u3 Koasya PN} nonapuo
83QUMHO npoCmbl, Mo umeent mecino C./LE@)UO[&}(Z}Z AKBUBANCHMHOCHID:

1 0
Py (M) 0 ( .-
{ Gz (A) ‘ ]

I3
o™ J
i=1

~ 'i

0 an ) |°

JlocTaTouHo, O4eBHAHO, PaccMOTperh cayuah f =2, Tak KaK MHOro-
utens @y (A) u @, (A) B3aumHO mpocTh, TO B Koabue P[A] cyuiecTByIOT
TaKue MHOTOYMEHH wy (A) ® u, (A), uTo

@y (A) 1y (M) + 05 (M) 2y (A) == 1.
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IlosTomy
(% () 0 )N (% N e () )N
0 () P2 (A)

0
G () (M) uy (A) 492 () uy (B) P (M) 1

“( 0 92 (1) )=( 0 %m)“
( 1

. %éM) ~ ((1) ¢ (M) ) ~

~~

—@1 (1) s (A)

—\.(1 0 >»\_ 1 0 )
0 —o () 9z (M) \0 (Mo ()/°

4T0 ¥ TPeBOBANOCHh LOKA3aTh.
[TepefizeM Temepb K PacCMOTPEHHIO XapaKTEPHCTHYECKOH MaTpPHIb

l J&M;‘, [ 0
| 12—, | )

.

Lo =

Anag woppanoso#t Martpuusl J Buma (2); smecy Ej, i=1, 2, ..y, &
eCTb eJHMHMYHAf MATPHUA TOrO xKe MOpsjAKa, 4TO ¥ kKIeTka Jy. Ilycts
KOPAAHOBH KJAETKH MaTPHLpl J OTHOCATCS K CACAYIOUIMM P a3 HYHH M
uneaaM: Ay, Ay, ..., Ay rae t<<s. [lycrs, manee, x uneay Ay, i=1,
2, «ss, t, OTHOCUTCA ¢; WOPJAAHOBHX KJETOK, ¢; == 1, H NyCTb NOPARKH
9THX KJETOK, paclOJOXEHHHE B HEBO3PacTalomieM Inopsuike, OyAYT

kn= k=0 = kg, (6)

OTMeTﬂM, XOTS H HE 6}’1{61\1 3TUM 110J1b30BaTbCH, 4YTO

[Ipumensia 9JeMeHTapHHe npeoBpPazoBaHus K TeM CTPOKAM U CTOAG-
unaM MaTpuusl (5), xoTOpme npoxXoAST uepe3d Kretky J;— AE; aToit
MaTpHIbl, MH He 6yleM 3aTparusarb, OYeBHIHO, LPYruX AHArOH&AbHHIX
kaetok. OTCiona crefyer, 4ro B MaTpHue (5) MOKHO WP NOMOHIA Die-
MEHTapHHX npeobpasoBaHuii 3aMenHTh KawAyio knerky J;—AE;,
i=1, 2, ..,, s, coorBeTersyioweil KIeTKON Buna (4). UnbiMu cnoBams,
smampuye J—MAE 2K8uBQACHMHE OUA20HAAbHOI Mampule, HQ OUa20-
HaAw Komopoll cmosam, nomumo HEKOomopo2o HUCAG eOunuy, mMaKice
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caedyrome  MHO204AeHB,  COOMEemCmeyule 6ces  JHCOPOGHOBHLM
Kaemxam mampuge J.

A=Ak, (A=A, oo, (AR ey,
()v 9\42)’221, (}\4—?\«2)kzz, Yooy (L—9\¢2)k2q2’ (7)

(}\'_.}\,t)kh, (}\,—Kt)ktz, vaey (A—Kt)k“"-

Ml He yKa3piBaeM Ipu STOM Te MECTa HAa AMaroHajad, HAa KOTOPHIX CTOAT
MHOTOY/MeHH (7), Tak Kak B JI060H JMAaroHanabHOH A-MaTpmile nAmaro-
Ha/JbHBIE DJEMEHTH MOXHO NPOH3BOJbHO TEPECTAB/NATH INPH [IOMOILH
NepecTaHOBOK CTPOK X OAHOWMEHHHIX (¢TONOUOB. IJTO 3aMeddHue cie-
IyeT YYUTHIBATH ¥ B JanbHehuiem,

ITycts g—mnaubonbmee cpenn uucen g, i=1, 2, ..., . O6o3Ha-
YUM yepes e"_j+1(K) NPOU3BEAEHHE MHOTOY/IEHOB, CTOALHUX B J-M
cronbue tabmuunt (7), j=1, 2, ..., ¢, T. e.

t
ey jor (W) =TT (0 —2) ks, (8)

i=1
eC/H TIPH 3TOM B j-M CTO/AGLE HMEITCS IyCTHE MecTa— L% HEKOTO-
pHiX { MOWET OKa3aThCs, UTO ¢; < j,—TO COOTBETCTBYIOUIHE MHOMH-
Tean B (8) cumTaem paBHbIMH eXuHMIe. Tak Kak yucna Ay, Ay, ..., Ay
MO YCJAOBHIO Pa3MHYHBIE, TO CTENEHY JAHHEHHHIX IBYUY/IEHOB, CTOSIHE
B j-M crosnbue TaGauusl (7), momapHo B3amMHO mpocTel, [lostomy, Ha
OCHOBAHUHM JOKA3aHHOH BHILIE JIEMMB!, OHA HPU NOMOLIM SJEMEHTAPHHIX
npeo6pasoBaHnil MOTYT GHITh 3aMEHeHs B PaCCMATPHBAEMON IHATOHAlb-
HOM MaTpHle HX MPOU3BENEHHEM €,_ ;. 1 (A) 1 HEKOTOPBIM YHCIOM eXHHAL.

Ilpoxenas sto aas j=1, 2, ..., g, Mb HOAY4UM, UTO
! 0
P B
J—?\.E ~ en—q-{-l (7"} r. (9)
. n1(A)
0 e ()

Amo 1 Gydem uckomsili wanonureckuli sud mampuyss J—MAE. et
CTBHUTENBHO, CTapiiue Ko3$hhHUHEHTH BCeX MHOI'OYIEHOB, CTOAMHX B (9)
Ha r/1aBHOH AMArOHANMH, paBHbHl €IMHUIE M KaXIb# U3 STHX MHOrO-
YJIEHOB HALE/NO JeNuTCd Ha Hpeabayuiuff BBULY ycaoBus (6).
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INpumep. Iycts

5 1

05‘
ma

Jas atofi koppanosofi MaTpHUE 9-ro nopsaka TabJjuna MHOrodseHos (7) uMeeT
BHA . 1
A—2)3, A—2, A2,

(A—5)%, (A—5)%

IMosTOMY HHBADHAHTHBIMH MHOMUTEAAMA MATPHUH J OyIyT MHOTOUJEHB!
¢ ()= (h—2) (A—5)",
e () =(A—2) (A —5,
ez (M) =4—2,

B TO BpeMsl KaK eg{A)=...=¢, (A)=1.

Tenepp, xoraa Mbl Hay4uauch 0O BUAY HaHHOH MOPAAHOBOH Ma-
Tpuilel J Cpasy MNHCATh KAHOHHYECKUH BUI €€ XapaKTepHCTHYeCKOH
MAaTPULL, MOXeT OnTb AOKasaHa CJAeAyloWAas Teopema:

Ase acopOanoss mampiysl mozda U moasbko mozda nodobHeL,
eCAll OHU cocmogm U3 O00HUX U mex Jie JHCOPOAHOBLLX KAEMOK,
m. e. OmMAUHQAIOMCS, ObMb MOMCEM, AlUllb PACNOLONCEHUEM IMUK
KAeMOK 8004b 2AQBMHOI OUAZOHAAU.

B camom neme, Tabauua muorouaeHoB (7) M0JAHOCTBIO ONpeeAsaach
HAa0OPOM KOPLAHOBLIX KIETOK KOpAaHOBOH MaTpuilst J 1 B Hel HUKaK
HE OTPaXajoCh pPACHONOKEHHE IWOPAAHOBHIX KJAETOK BAOJb TJAaBHOH
AuaroHanu aTo# wmarpuub, OTCi0Aa CJAeAYeT, YTO eC/IM KOPHAAHOBH
MaTpuus J H J' 061aKa0T OMHHM H TeM e HaGOpOM KOPLAHOBHIX
KJIETOK, TO UM COOTBETCTByeT OJHA M Ta we Tabauua MHorouneHos (7),
a MO3TOMY OJHM M Te xe MHorouneHnl (8). Takum o6pasoM, xapakKTepH-
cruyeckue marpuunl J—AE u J'—AE 061a1310T OAHHAKOBLIMKX HMHBa-
PHAHTHBIME MHOXHTEASIMH, T. €. 3IKBHBAJEHTHH, a I03TOMY CaMHU Ma-
Tpuux J u J' noxoGuul.
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OO6paTHO, ecn KOPAAHOBH MaTpuubl J U J' MONOGHH, TO UX Xapak-
TEPUCTUUYSCKHE MAaTPHUB 006/aNal0T OAHHAKOBLIMA HHBAPHAHTHLIMH MHO-
wkuteasmu. Ilycte muorouness (8) ans j=1, 2, ..., g OyayT te u3
9THX HHBAPHAHTHHIX MHOKHTEAEH, KOTOPbIE OTAHYKL OT eAuHHIE, OnHaKko
no MHorowieHaM (8) Boccranasampaercs Tabaula Muorouaenos (7).
HMmMenno, muorounenn (8) pasaaraioorcs B NPOU3BeJCHHE CTeneHeH AuHeH-
HBIX MHOWHTEJeH, TaK KaK 5TuM cBOHCTBOM 061aZaI0T, KaK Yyxe NOKa-
3aHO, HHBAPHAHTHHIE MHOXHTE/NU XapaKTePUCTHYCCKOH MaTpuun mjs
J1060# wopranoBoi marpuunl, Tab6auua (7) KaKk pas u COCTOUT U3 BCeX
TeX MAaKCHMaJ/IbHBIX CTeNeHeH JMHEHHBIX MHOXHTEReH, Had KOTOpbHe pas-
Aaraltcd MHOrouaeHsl (8). Hakoueu, mo Tabauue (7) BoccTaHaBAHBAIOTCA
KOPAAHOBH KJETKHM HCXONHHIX KODAAHOBBIX MATPHIL KAMIOMY MHOro-
uneny  (A—A;)% u3 Tabauus (7) COOTBETCTBYET KODHAHOBA KJAETKA
MOPALKA R;;, OTHOCSWIAACH K uHCay A;. DTHM JOKA3AHO, YTO MaTPULH J
uJ cocrom U3 OJHHX H TEX Ke )KOpI[aHOBbIX KJETOK ¥ OTJMYATCH,
OHTH MOXET, JHIIb HX PACIO/IOXEHUEM,

M3 aToit Teopemsl cienyeT, B YaCTHOCTH, %4MO HCOPOAHO8A MAmMPULQ,
nogobHas 0uQ2oHaibHOl Mmampluye, Cama OULQ20HAABHA U MO 08¢
OUA2OHQAbHbE MAmMPUub mo2da U mMoAbKo mozda nodobHy, ecau
norywawomces opyez u3 0pyza nepecmano8roll Hucer, CMoOAUUX HA
20Q8HOT JuA20HAAU. v

MpuBenenne MaTpuubl K KOPAAHOBOH . HOPMaJbHOH Qopme.
Ecnu martpuna A ¢ 3jgeMeHTaMu w3 noas P npugooumcs k¥ wop-
0ano8oli HopmaabHoli popme, T. e. TNMOAOGHA IKOPALAHOBOH Ma-
TpHUe, TO, KaK cJeayeT 43 J[OKa3aHHOH BHILIE TEOPEMH, JKOPOQAHO6E
HOpMAAbHAS hoprua onpedessemcs Oas mampuys. A 00HO3HA%HO
C MOYHOCMEIO 00 PACNOLONCEHUS HCOPOAHOBHLX KAeMOK HQ 2AABHOU
ouazonaay. Ycnosue aas Toro, 4ro6nl MarpHua A AOmyckana Takoe
npuBeleHHe, yKasbpiBaeTcd B CJIeAYIOULeH TeopeMe, 10Ka3aTeNbCTBO KOTO-
poH maeT OXHOBPEMEHHO MPAKTHYECKHH €nocod AJs pasbCKaHus Kopaa-
HOBOH MaTpHub, NOxOOGHOH MaTpHle A, ecaH Takas XOpPAAHOBA MATPHNA
cymecrsyer. [Ipu sToM 3amMeTHM, 4TO NPHBOAMMOCTDb B none P
03Ha4aeT, YTO BCE /eMEHTH TPaHCHOPMUPYIOUEH MATPULLI COAEPKATCH
B nose P.

Mampuya A ¢ asemenmanu u3 noas P mozda u moavko mozoa
npugodumcs 8 nose P k oop0anHogoli HOpMAAbHOE ¢bopae, ecal gce
xapaxmepucmuiecKue KOPHU Mampuys. A Aexcam 8 CAMOM OCHOG-
HoMm noae P.

B camoM nene, ecnn Matpuua A noxo6Ha XoppaHoBOH MaTpuue J,
TO 3TH JABe MaTPHUB 06JaJal0T ONHHMHM M TEMU IKE XapaKTepHcTHYe-

_CKHMHE KODHAMH. XapaxTepHCTHYEeCKHe KOPHH MaTpHiub J Haxoasrcs,
0J/lHaKO, 6e3 BCAKHUX 3aTpyNHEeHHH: TaK KaK onpenenuTenb MaTpuisl J — AE
paBeH MPOHM3BEJEHUIO €€ 3/JEMEHTOB, CTOSUIMX HAa T/1aBHOW AMaronan,
To mHorouneH |J—AE| pasnaraetcs Hajx mosieM P Ha JuHEHHHE MHO-
WUTEJH H er0 KODHAMH CJAyKAaT YHC/1a, CTOSLIME Ha IIaBHOH AHarodanu
Matpuis J, H TOJABKO OHH,
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OGpatHo, MyCTh BCE XAPAKTEPHCTHYECKUE KODHH MaTpuusl A nexart
B CaMOM 1mnone P. Bcan oramunbie ot 1 HHBADHAHTHLIE MHOXKUTEIH
matpaus A —AE 6ynyr ‘

en-q+1(;\): ey €4 (;\')! s (}"): (10)
T0
|A=RE[=(=1)"€r g2 () ... eyy (R) e, (B).

OeticTsnTenpHo, onpexenutTenn MaTpAubl A—AFE u ee KaHOHUYECKOH
MATPHLBI MOTYT OT/IMYaTLCA APYF OT APYra JHIIbL NOCTOSHHBIM MHOWKH-
TeneM, KOToph#t Ha camoM Jene pased (—1)", Tak K4aK HUMEHHO TaKOB
crapmuit k03(uIUEHT XapaKTePHCTHYECKOTO MHOrouneHa |A-—AE|.
Taxum ofpasoM, cpeir MHorousnexos (10) HeT paBHHX HYJMIO, cymMMa
cremene 3THX MHOTOYJIEHOB paBHAa # M BCE OHU DA3NATAIOTCS HAL
noneM P Ha JanHefiHHIE MHOWHTENH —OC/AEAHEe BBHAY TOro, 4YTO, IO
ycnoBuio, Muorowined |A—AE| ofnazaetr TakuM pPa3liokeHHEM,

Mycre (8) G6yayr pasnoxenns wmuorounaexoB (10) B mpousBejpenus
cTenedelt auHeHHbX MHOWuTene#t, Haszomem suemenmapusmu deaume-
AAMUL HHO20UAEHA €,_;.q, J=1, 2, ..., ¢, OTAUYHHE OT eLHHUIH
CTEMEeHN DPa3AUYHHX JIHHEHHBIX ABYY/NEHOB, BXOXSI{UE B €r0 pasjiowxe-
nue (8), T. e.

(A=A, (A—Ag)%es, ou.y (A—A)ku,

DnemenTapHbie enuTenH Bcex MuorouneHoB (10) €HasoBeM 3sesmenmap-
RolJU Oenllmerimu Mmampuypl A W BHURLNIEM HX B BuAe Tabauub (7).

Bospumenm temepb wopmanoBy Matpuny J nopsaxa 7, COCTABACHHYIO
W3 XOPAAaHOBBIX KNETOK, ONpPeAe/ifeMuX CIeAYIOUNM 06pasoM: Ka K L O M Y
SMeMEHTAapHOMY neauTenio (A—A;)k Mmatpuus AcTasun
BCOOTBETCTBHE KOPALAKOBY KACTKY MOPANKA Ry OTHO-
camyloca K yucny A;. O4eBHIHO, YTO OTAUYHBIMH OT | MHBApHaHT-
HBIMH MHOXUTensMu Matpuus J—AE 6yayr muoroyieds (10) u TonbKO
oun. Iostomy marpuust A—AE u J—AE SKBUBA/JEHTHH M, CHELOBA-
" TenbHO, Matpuua A moaobHa woppaHosol martpuue J,

IMMpumep. IlycTs xana marpuua

—16 —17 87 —108
8 9 —40 B4

A=l _3 _3 16 —18])*
—1 —1 6 —8

IIpuBoas ofuraHbIM cmocoGoM Matpuuy A—AE K KaHOHWYECKOMY BHIY, MOJy-
YHM, YTO OTJIHUHBIMHM OT €MHHUL! HHBADPHAHTHHIMHU MHOXKHTENAMH 3TOH MATDHIH

6YyAYyT MHOTOY/EHE!
es(M)=0—1)2(0+2),
es(M)=A—1.

Met emanM, uTO MaTpHUa A NPHBOAMTCA K MKOPXAHOBOH HOpMasbHOfl hopMe xaxe
B NoJI€ pauMOHaJbHLIX uHcel. Ee sneMeHTapHHMU JEAUTENAMH SBJASIOTCS MHOIO-
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unennl (A—1)%, A—1 un A2, a nosTOMy. XopAaHoBOH HOpMajbHof dopmol
MaTpuH A CAYXKUT MaTpHua

110 0
010 0
I=lo 01 o]t
00 0 —2

Ecan 651 Mbl XoTenn HaliTu Ty HEBBIPOXAEHHYIO MaTpHIly, KOTOpas TpaHc-
. bopmMupyer marpuny A B marpuuny J, TO JOMKHB Obid- Gbl BOCHOJIL30BATHCA
yKa3saH#sAMH, CAeJaHHBIMH B KOHLe NpejLIecTBYIOmero naparpada.

Ha ocHoBaHHM npeXluecTBYOWINX pe3yJbTAaTOB MOMXET OMTb J0Ka-
3aHO, HaKOHel, cJeAyloLlee HeOOXOLHMOEe H NOCTAaTOYHOE
YyCJIOBHE NPUBOAMUMOCTH MATPHUB K AHATOHAJAbHOMY
BU Iy, YCJIOBHE, H3 KOTOPOTrO HEMeJI/JECHHO BHTEKAaeT AOCTATOYHHIN KpH-
Tepuil NPUBONUMOCTH K AHArOHaJAbHOMY BHAY, AOKasauawi B § 33.

Mampuya A nopsdxa n ¢ aremenmami u3 noas P mozda u
monsro mozda npusocumcsi K OUQ20HAAbHOMY BUOY, eCAl 8Ce KOPHIU
nocsedHe20 UHBAPUAHMHO20 MHOJCumeAs e, (M) ee xapaxmepucmuye-
cxoil mampuyst sexcam 8 nose P, nputesm cpedu amux xKoprell Hem
Kpamrbix,

B camoM nese, mpUBOAMMOCTh MAaTpHLbl K AUArOHAJbHOMY BHAY
PABHOCH/IbHA MPUBOAYMMOCTH K TAKOMY KOPJAAHOBY BUAY, BCE HMOPHAAHOBH
KJeTKH KOTOPOTrO HMeIoT nopsaok 1. MIHbMH cl0Bamm, Bce 3neMeHTap-
HEle Je/HUTeNIH MaTpuubl A JAOKHE GHITh MHOTOY/IEHAMH IIEPBOH CTENEHH.
Tax kak, 0XHaKO, BCe HHBAPHAHTHHLIE MHOXHTEMH Marpuun A—AE
ABJSIOTCS JEJUTeNIMH MHOTO4AeHa e, (A), TO mOCHedHee ycI0BHE PaBHO-
CH/IbHO TOMY, YTO BCE 3/IeMEHTAPHbIE HE/AUTEIN MHOrOY/IEHA e, (A) UMeOT
cTenenb 1, 4To u TPeGOBANOCH I OKAa3aTh,

§ 62, MunuManbupfi MHOroYJIeH

Ilycty naHa kBazpaTHas maTpuua A nmopsaka 72 ¢ 9JeMeHTaMH H3
nons P, Ecmu

FA)=a A fa 1L o, Ao,
— NPON3BOJBLHHN MHOroYneH u3 Koabla P[A], To marpuua
F(A)y=ayA*ta, A1 . +a,_ AtaE

GyneT HA3BIBATHCHA 3Ha4eHues MHorouneHa f(A) npu A= A; oBpamaem
BHUMAHHE HA TO, YTO CBOGOAHBIH uneH MHOrouiesa f(A) ymHowaercs
npH 9TOM HAa HYJEBYIO CTeneHb MaTphubl A, T, €. HA €AHHHYHYIO Ma-
Tpuny E. ‘

Jlerxo mnpoBepfeTrcd, 4TO ecau

FM =M +$R)
F)=u@d)v )

uan
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TO
F(A) =@ (A)+(4)
H, COOTBETCTBEHHO,
F(A)y=u(A)v(A).
Ecan muorounen f(A) anmdyampyerca marpuuel A, 1. e.
f(4)=0,

TO MaTpuuny A OyAeM HasHBATb MAMPULHHM KODHeM WIH, TaM, rie
STO HE MOXET BbI3BATh HEAOPA3YMEHHUH, TPOCTO KOPHe M MHOTO/ICHA f(?t)
Beaxkas mampuya A CAyHcUm KOpHeM HEKOMOPO20 HeHyAeg020
MHO20%NCHA.,
Mebt 3Haem, B caMOM JeJe, 4TO BCe KBAXPAaTHHE MATPHLH NOPALKA 71
COCTaBAAIOT Hal noJem P. n%-mepHoe BeKTOpHOE npocTpancTso, OTcona
cneayer, 4ro cucrema n?--1 marpun

A™, A™-1) oy A E

AHHeHHO 3aBucuMa Haja noneMm P, r.e. B Pcymecrsyim TaKHe S/eMEHTH
Qg, O, ..., Oy2, C,2.y, HE BCE PABHHE HY/MO, YTO

2
OCOA"2+a1A" -1+ . +an=A+anz+1E=0_
Taxum o6pasom, MaTpulla A OKa3anach KOPHEM HEHYJIEBOIO MHOrOYJ/IEHA
2 a_
@A) =0 A"+ A L a,

CTeneHb KOTOPOrO HE MPEBOCXOZMT 72,

Matpuua A CAyXHT KOPHEM M IJS HEKOTOPHX TaKHX MHoquneHos
crapuine KO3(pPHUMEHTH KOTOPHX PaBHH eJAHHHIE — HOCTaTOYHO B3ATH
M060# HeHyeBOH MHOTOUJEH, aHHYIUPYeMbf MaTpuued A, U pasfgenauTsh
3TOT MHOIOYJIEH Ha ero cTapuwnii Koaddunuent. MHOTOWIeH HAaUMeHbIlIeH
cTeNmeHH co crapwuM Koddduumeutom 1, anuynupyemuil mMaTpuieli A,
HA3BIBACTCHA MUHUMAALHBM MHO20MACHOM Mampuys A. 3aMeruwm,
UTO  MUHUMAAbHUE — MHO20UACH Mmampuys. A onpedesern o00HO-
SHQYHO, TAK KAaK Pa3HOCTb HBYX TaKHX MHOTOYJEHOB HMeja Obl MeHb-
MY!® CTerneHb, 4eM KaxJbiH M3 HHX, HO TaKXKe aHHYJIHPOBAJAcCh Oul
'MaTpunei A. ' :

Besiwuti mnozouser f(N), anuyaupyemoii mampuyeii A, desumcsa
HQUeLO HE MUHUMQANbHBE MHO0Z204Aen m (M) smoli mampuypl.

B camom zxene, ecau

FMy=m@yqgA)+r(h),
Tae crenenp r (A) menbme cremenn m(A), o
F(A)y=m(A)q(A)+r(A)

nus f(A)=m(A)=0 creayer r(A)=0, 4TO NPOTHBOPEYHT OMpPeje-
JIEHHI0O MUHUMAJbHOTO MHOrQUYJieHa.
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Hokaxem rtenepb CJACAYIOIYIO TEOPEMY:

Marnumarsnoili mHozouses mampuyss A cosnadaem ¢ nocAednusm
UHBQPUAHMHOLM  MHodNCumensem e, (L) Xxapaxmepucmuseckoli -mam-
puyst A—AME.

Hokasartenbctso. Coxpansas 0603HaYEHHS U HCNO/b3YS Pe3Yiib-
TaTH § 59, MOXHO HamucaTh PaBEHCTBO

(=1 [A—AE|=d,_; (M) e, (V). (1)
Orciona caelyer, B 4aCTHOCTH, 4TO MHOTounenw e, (A) u d,_, (M) ne

6ynyt HyneBumu. QGo3uauuM, nHanee, depe3 B(A) NpHCOEXHHEHHYIO
MaTpuuny K marpuue A—AE (cM. § 14), :

B(A) = (A—AE)*.
Kax BuTekaer us § 14, paBenctBo (3), cnpaBeA/IMBO PaBeHCTBO
(A—AE)B(Ah)=|A—AE|E. (2)

C nzpyro#t cTropoHm, Tax Kak snemMeHTamMu MaTpuubl B(A) ciywar Bas-
THE €O 3HAKAMM IJIIOC WJIM MHHYC MHUHOPH (n— 1)-rOo mopsifika MaT-
puLibi A — AE 1 TONIbKO OHY, a MHOTOWNEH d,,_, (A) ecTb 061 i HanGoabmuE
Ienutenr BCEX 3THX MHUHOPOB, TO

B(A)=d,_, (A) C(), @)

npuyem Hauboabwuf o6buwufl Rensurtenb 371eMEHTOB MAaT-
puun C(A) paBen 1.
W3 pasenctB (2), (3) # (1) BHTEKaeT paBeHCTBO

(A—AE)d, (M CA)=(—1)"d,_; (M) e, () E.

ATO paBeHCTBO MOMNHO COKPAaTHTb Ha HeHYJeBOH MHOWuUTENAb d,_, (A),
KaK BHITEKAeT M3 C/eAylouiero obuiero 3aMeyanns: ecau @ (A)—Henyne-
BOH MHorouned, D (A)= (d;; (A))——Heuynenaﬂ A-MaTpHua, npuyeMm
nyctb dgg (R} 5%~ 0, To B Marpuue @ (A) D (M) na mecre (s, ¢) 6yner cToathb
oT/AM4HHA OT Hyns snement @ (A)d (A). Takum oGpasowm,

(A—AE)C (M) = (—1)"¢, (A E,

OTKYZa

ey (A) E= (AE—A) [(—1)"* 1 C (L)), (4)

310 paBeHCTBO MOKA3bIBaeT, YTO OCTATOK OT &KJEBOr0» JAeJeHus
A-MaTpuL, CTOsILe cneBa, Ha AByuJeH AE— A paseH nymo. M3 nemmu,
LOKa3aHHOH B KOHUe § 60, BhTekaer, OXHAKO, YTO 3TOT OCTATOK PaBeH
matpuue e, {(A) E=¢_ (A). JefictBuresbno, marpuua e, (A) E moxer 6HTh
3anucaHa KaK MarpuuHeli A-MHOrouses, kosdduiueHTH KOTOPOTO
ABASIOTCH CKANAPHLIMH MaTPHUAMH, T, €. NEPECTAHOBOUHM C matpuueil A.
Takum o6pasom

e, (A)=0
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T. €. MHOTOuYneH e,(A) AeHcTBHTEABHO aHHyNHpYyeTCH
MaTpHUed A.

Orciona caepyer, uTo MHOrounex e, (M) nHaueno aenurTcs Ha MHHH-
MaJibHBIH MHOTOWIEH m{A) MaTpuus A,

e, (A)=m})q(}). (5)

fleco, uto ctapuminit kosbPunuenr muorounenaqg(A)pasen
eXNHUIE.

Tak kaxk m(A)=0, TO CHOBa, BBHAY To# we JjeMmun u3 § 60,
OCTaTOK OT JeBOTO Jeneuus A-matpuusl m (A)E uHa naByunen AE—A
paBeH Hy/1o, T, €.

m(\)E=(LE—A)Q (M) (6)
Pasencrea (5), (4) u (6) NpPUBORAT K DPaBEHCTBY '
(AE—=A) [(—=1)*"1C(M)]=RE—A)[Q(M) g (M)].

OG6e yacTH 3TOr0 paBEHCTBA MOWHO COKPaTHTb HA OGMIKH MHOXH-
_Tenb AE—A, tak Kax crapunil xosdpduument E BTOro MaTpPHYHOTO
A-MHOTOY/IeHA sIB/ETES HEBHIPOXWIEHHOH. maTpuuelt, Takum 06pasom,

CM)=(—=1)""1Q (1) g (3).

My noMHnM, OXHAaKO, YTO HauGOJbMH OCUIMH JeNUTeNb STEMEHTOB
MaTPULb C(?») pasen 1. Hoa'romy MHOTOUJIeH ¢ (A) MOMKEeH UMeTh Hy-
MeBylo Cremedb, a TaK Kak ero crapumii xosdduunent pasen 1, To
g(A)==1, Taxum oGpasom, BBURY (B),

ey O") =m (}")a

yTo ® TpeGOoBAaNOCh NOKA3aTh.

Tak kax, BBuay (1), XapakTephcruyeckuif MHOro4seH MaTpuuu A
Hauesio JeIMTCA HAa MHOTOYJIEH e, (M), TO U3 gokasannoH cefiuac TeopeMsul
BHITEKAET C/AEAYIOLLAs

Teopema 'amuabTona—Kanu. Begras mampuya s8asemcs
KOpHeM CB0e20 XAPAKMePUCMUYECK020 MHO204ALHA.

MunnmManbLELA MHOrOusNeH JuHelHOro npeoﬁpaaoaannﬂ. Hokaxem
CHayYajma CJHeaYIOLICe YTBEPXIACHUE!

Ecau mampuyot A'u B nodobubl u ecan muozowaen f(A) anuy-
Aupyemcss mampuyel A, mo ox aHHysupyemcs u mampuel B,

JleficTBUTENBHO, TYCTH

=C"1AC.
Ecnn

FW)=ohfta 14 o, Ay,
TO

0gAf o ARl L L oy Ao E =0,
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Tpanchopuupys o6e yacTn aroro pasenctBa MaTpuue#t C, moayyaems
-1 k k-

C M aA" + a A® 14 o, A+ o, F)C=

— -1 k - P _

=y (CTHAC) o, (CTAC)* 14 ...+ o, (CTTAC) + 0 E ==

& k- v
=a,B*f+a,B*" 1+ ., 4o, B+ a,E=0,

T. . f(B)=0. :

Ortciona cnenyer, uTo nodobHole mampuypl 061a0ai0m OOHUM U mes
oce MUHUMAAbHOIM MHO204AeHOM,

[Tycrs Temepn ¢ 6yner nuneiinoe npeo6pasoBanye 72-MePHOTO JHHeH-
HOrO MPOCTPaHCTBa Hax nojem P. Marpuubl, 3ajnaimouipe 1o npeobpa-
30BaHKE B Pa3HBIX 6asaX NMPOCTPaHCTBA, NOROOHH MekAy cobof. OOmuk
MUHHMAaJbHBI MHOTOUYJICH 3THX MaTPUL, HAa3hIBACTCH MUHUMAALHLIM MHO-
2040eHOM AUHENH020 Npeobpa3osarus §.

‘Hcnoneaya onepauuu nax nusefinbiMu 1npeoGpasoBaHHAMH, BBELEH-
Hple B § 32, MOXHO BBECTH MOHATUE 3HQHYEHUS MHOTOYJEHa

FAY=ahf Lo d -1 | ta, Ata,

u3 koabua P[A) mpu A, paBHOM JHHEHHOMY I1peoGpPa30OBaAHHI0 (! 3TO
Oyaer auxeiHoe mpeoGpasoBaHue

F(@)=0g0f +a,0* "1 . a9+ e,

rlie €— TOWAeCTBERHOe NpeodpasoBanyue.
Mu ckaxem, manee, uro MHorousneH f(A) anuysupyemcs nuHeHHHIM
npeoGpasoBaHueM ¢, ecnu

flo)=0,

rie ®—HyleBoe npeobpasoBaHue,

Y4uuThiBas CBA3h MEXAY OMEpauusMH HaJ- JuHefHHMHU npeoGpasoBa-
HUAMM H Haj MaTpullaMu, YnTatTenb Oe3 TPylda HOKAWKET, YTO MUHU-
MANbHOUE MHO20%MACH AUHEEH020 npeobpa308anus ¢ SEALEMCT mem
O0HO3HAYHO ONPeOLNEHHOIM MHO204ACHONM HQUMeHbUel cmeneHu co
cmapuun Koapguyuenmon 1, Komopbui annyaupyemcs npeobpaso-
sanuen @. Ilocne 3TOro pesy.nbTaTH, IOJYYEHHbE Bhillie, B YaCTHOCTH
teopema Tamunprona-—Ksmu, moryr Gweith nepedopMynupoBaHH Ha
A3bKe JUHEHHHIX npeo6pas3oBaHui.



I'JIABA YETBIPHAZLATAS
repynnosl

§.63. Onpenenchue M mpumeps! rpynn

Kosabua u noas, urpasiiue cr0.1b 60/bINYIO POb B IPeINIECT BYIOUHX
T/1aBax, ABAAIOTCH aAreOpanyeCKHMH CHCTEMaMH ¢ ABYMS HE3aBHCHUMBIMH
OmepauusMHu: CIOWEHUEM U yYMHOXeHHeM. B pasauyHeEIX oTAenax mareMa-
THKH ¥ B €€ IIPH/IOKEHHAX BeChMa 4aCTO BCTPEYAIQTCA, ONHAKO, ¥ Takue
aare6panyecKue CHCTEMB, B KOTOPHIX OnpejeleHa JHmb ofHa airebpau-
yeckas onepanud. Tak, OrpaHuyuBasch NOKA NPUMEPAaMH, YK€ TNOSB/AB-
IHMHCSA B HaiueHl KHWFe, OTMETHM, YTO B MHOXECTBE MOJACTAHOBOK 71-H
crenenu (cM. § 3) mamm Gnna ompejesesa Juilb OJHA ONEpauuf — yM-
noxenue, C nApyrofi cropoHH, B OmpejeJeHHe BEKTOPHOIO MNpPOCTPaH-
cTBa (§ 8) BXOAMT C/lOWKeHHe BEKTOPOB, B TO BpPEMS Kak YMHOXEHHE
BEKTOPOB He ObUIO HaMH ONpPeJesIeHO (3aMeTHM, YTO YMHOXEHHEe BeKTOopa
Ha YHCJIO He YHOBIETBOPSeT AaHHOMY B § 44 ompeneiieHuio anrebpau-
yecko# omepauun). '

Bawuxefimium TunoM aare6pam4ecKHX CHCTeM ¢ ONHOH onepauned
SBNSIOTCA TPYHNH. JTO MOHATHE 06jajfaeT 4pe3Bb4aiiHO wHpPoxoft 06-
NacThI0 NPUMEHEHHH H CAYXKHT npeameToM OOJbLIOH CaMOCTOATE/bHOH
Hayku — Teopud rpynn. Hactosiast rmaBa Moxes paccMarpuBaThes Kax
BBeJEHHE B TEOPHUIO rpynn—B Hell GYAYT H3/0XeHH 3/eMEHTapHbe CBe-
JIGHHS O TPYNmax, 3HAKOMCTBO C KOTODBIMM HEOOXOZHMO KaXIOMy Ma-
TEMATHKY; 3aKOHUYMTCS TI/1aBa ONHOM MeHee SJIeMEHTapHOH Teopemoi.

~ YcaoBumcs, Kak 97O npuHsiTO B OOuief TEOpPHMM TPYNN, Ha3HBaTh
paccMaTPHBAGMYK) aare6pauyeckylo ONEPALMIO YMHOXMCEHUeM W YIO-
TPeGAATh COOTBETCTBYlOWYI0 cuMBoauky. Hanmomuum (cm. § 44), uto
anre6panmyeckKkas omepauuns Hpepmonaraercd BCerpa
BHIMONHUMON M OXHO3HAYHON—JAd MOOHX IBYX 3/ECMEHTOB
a 1 b paccmaTpHBaeMOro MHOXKECTBAa mnpow3Belenne ab cymectByeT
U ABNAETCH OAHO3HAYHO ONPEHE/IEHHBIM 3/EMEHTOM 3TOF0 MHOMKECTBA.

I'pynnoii naswiBaetcs MHOWecTBO (G ¢ ogHOH anreGpanyeckolf onepa-
nue#t, accouuaTUBHOH (XOTS He 06A3aTeNbHO KOMMYTATUBHOH), mnpuueM
I 3TOH omepauM#d JOMKHAa CyulecTBOBaTh O6parHas onepauus.

[Tpu sTOoM, BBHAY BG3MOXHON HEKOMMYTATHBHOCTH rpynnoBO# ore-
pauuH, BHIOJHAMOCTb OGpaTHOH Onepauuu 03HayaeT C/eAyioulee. IJIs
moGuix ABYX 3/1eMeHTOB a M b u3 QG cymecrsyior B G Taxoil 0 A HO-
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3Ha4YHO ONpelNeJeHHHH 9JeMEHT X M TaKko# OANHO3HAYHO
onpepeneHHB R 37eMeHT y, YTO

ax=05, ya=">

Beau rpynna G COCTOHT M3 KOHEUHOTrO YHC/NA 3MEMEHTOB, TO OHa
Ha3HBAETCA KOHE4HOL 2pynnoli, a YUC/I0 3/EMEHTOB B HeH —v10pRAOKOM
rpynnu. Ecan onepauus, onpeneneHHas B rpynme G, KOMMyTaTHBHA,
10 G HasWBACTCA KommymamusHol wnu abesesoil rpymmof.

Ykaxem npocrefimine crefcTBUA #3 onpexenenus rpymns. Ha ocHo-
BaHHH paccyxkjieHut, yxe npoponusmuxced B § 44, MOXHO yTBEepPWKAATh,
YTO 3aKOH aCCOUMATHBHOCTH MO3BO/SET TOBOPUTh OJHO3HAYHEIM 06pa-
30M 0 npou3sedenuu 1106020 KOHEUHO20 HUCAQ SAEMEHMOB 2DYnnb,
3aJaHHBX (BBHJY BO3MOXHOH HEKOMMYTATHBHOCTH IPYNNOBOR OTiepalHm)
B ONpeHeNeHHOM MOpPSAKe.

TMepexoauM K CAeACTBUAM H3 CYIIeCTBOBaHHA 0o6GpaTHOM OmNepamuu,

“Tlycte 8 rpynne G nad npou3sosibHui snement a. M3 onpenenenns
TPYNNH BHTEKAeT CyHieCTBOBaHMe B ( TakOro ONHO3HAYHO ONPENENeH-
HOrO 3/IEMEHTa e,, YTO a@e,= @; STOT 3JEMEHT HTPAET, C/IENOBATENbHO,
POJIb eNHHHIL NPH yMHOXEHWH Ha HEero sjemeHta ¢ cnpasa. Ecim b—
no6oH npyroft snement rpynnel G H ec/AH y €CTh- SJIEMEHT TPYMIH,
YIOBAETBOPAIOWIUA DaBEHCTBY ya==0», —ero cyuecTBoBaHHe CaepyeT
43 OmpexeseHAs] FPYIIE, — TO Mbl [TOAYYHM:

b=ya=y(ae,) = (ya)e, =be,.
Takum 06pasom, s1eMeHT e, Mrpaer poJb NMpPaBo# eAMHHMUH MO OTHO-
[EHHI0 KO BceM 3jemedtaM rpymms G, a He TOJAbKO N0 OTHOLIGHHIO
K HCXOJLHOMY 9/IEMEHTY 4; NOSTOMY MH ero oGospauum uepes e’. Us
ONHO3HAUHOCTH, BXOAsule# B ompeneseHne OOGPAaTHOH oOmnepaliH, BHTe-
KaeT eXHHCTBEHHOCTb 3TOTO 3JEMeHTa.

Takum e myTeM MOXHO HAOKAas3aTh CYUIECTBOBAHHE M €AWHCTBEH-
Hoctb B rpynne G snemexTa e”, YIOBIETBOPAIOUIErO YCIOBHIO e'a=a
ans Beex a u3 G Ha CaMOM e SNeMEeHTH e’ u ¢ coBmanaT, Tak
KaK U3 paBeHCTB e"e¢’=e” u e”e’ =e’ BuTekaer e"=e’. DTUM HOKE-
3aHo, 410 80 gcAxoll epynne G cywjecmsyem 00KHO3HAEHO Onpedenen-
Hol saeMenm e, YO08.4emEoPLIOWUE YCA08UI0

ae=ea=a
ang Bcex @ w3 G. ITOT IEMEHT HA3HBALTCH eduuuuez‘i rpymie G u
06uuHO 0003Havaercss CUMBOJOM 1.
W3 onpenenenud rpynns BHTEKaeT, Lajee, CYWECTBOBAHHE H eIHH-
CTBEHHOCTb [JIsi TaHHOrO 3/eMEeHTa @ TaKHX 3J1eMeHToB a’ M a”, 4to
) aa’ =1, a"a=1.
B nefcTBUTENbHOCTH S/eMeHTH @’ M a” COBNAjaioT: M3 PaBEHCTB

"

a"aa’ =0" (aa’)=a"-1=a",
a'aa’ =(a"0)a’ =1.a’ =a’
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cneayer a”=a’. DTOT DJEMEHT HA3HBACTCH 0OpAMHbLM DAEMEHTY @ U
o6GosHayaeTcss 2”1, 1. e.
ga~l=qa"ta=1,

Taxum o6pa3om, scaruil sremenm epynne obiadaem 0dH03HAUHO ORpe-
OeNeHHbLM 0B PAMHbIM INeMEHIMOM.

M3 mocnesnHux paBeHCTB BHITEKAET, YTO OOpATHHIM 3/JEMEHTOM aid
3MeMeHTa @~ ! CAyWHT caM 3JeMeHT @, Jlerxo Bumeth, Hajee, 41O ofpat-
HBIM I8 MPOM3BEJEHNd HECKOJbKHX 3/eMEHTOB ‘6yHeT MNpPOH3BEHEHHE
9JIEeMEHTOB, OOpaTHHIX COMHOXHTEAAM ¥ I[PHTOM B3ATHX B OGPATHOM
nopsixKe; '

-1__ 1 -1 -1 _~1
(a185. . .0, qa,) " =a7 a7l ... a7 er

Haxonen, o6paTHHM 3JeMEHTOM AN eJMHHUH OGymeT cama eIHHHLA,

ITposepka TOro, fiBNfeTCH JH FPYNNOH AAHHOE MEOXKECTBO C OXHOM
onepauued, BecbMa obneryaerTcs TeM, YTO B ONpeLe/IeHHH IPYNNH Tpeso-
BAHHUE BHIIOJHUMOCTH O6paTHOH onepalMy MOXHO 3aMEHHTH NPENNoJo-
WEHHEM O CYUIeCTBOBAHMM €NMHMUB H OOPAaTHHX 9JEMEHTOB, NPHYEM
JiMWb ¢ OJHOH CTOPOHH (HanpuMep, npaso#) U 6e3 MpeANnoOKeHHs 00
HX €IMHCTBEHHOCTH. JTO BHITEKAeT M3 CaeaywweHd TeopeMut

MHooiecmgo G ¢ o0Holt accoyuamusnol onepayuedi Gydem apyn-
noi, ecau 8 G cywecmsyem xoms 6u odun siemenm e, obiadaouui
csoiicmeon

ae=a 041 6cex a u3 G,

U ecau cpedu BmUX NpPABHX eOUHUNHBLY 3LeMEHMOB Cyuecmsyem
xoms Ob. 00UH mMaKOW 3AeMERM ey, 4M0O NO OMHOMEHUID K HeMy
gcaxul anemenm a u3 G obradaem xoms 6e. 00KUM npasuim 06pam-
HuM 3aeMenmon @~ :
aa"l=e,.

HokasareabcrBo. Ilycts @~!—oauH u3 npaBHX OBpaTHHIX
eneMeHTOB ans a. Torpa '

aa~l=e¢y= epeo = eopaa~t,

T. e, ag”l==¢paat. YMHOXas o6e yacTu 3TOr0 DPaBEHCTBA CIpPaB4 Ha
OIMH U3 3JIEMEHTOB, NPABHIX 06PATHEIX KIS @™, MBl NOMAYYUM aey == eyaey,
OTKYAa @ ==epa, TAK KaK ey— npaBad exvHuua pias G, Takum o6pasom,
9NEeMEHT eo OKasuBaeTcs W J1eBOH epunuuedt nas G. Ecniu temepp e
ecTb NMPOU3BO/bHAS NPABAs ENMHULA, €, — NPOU3BO/IbHASA /eBask eHHHLA,
TO W3 PAaBEHCTB

22813:81 u 8261 =€2

CAERYET €; = e,, T. €. M00ad NpaBas eJUHHUIA PABHA J0GOH neBoH, DTUM
JOKa3aHbl CYLECTBOBAHNE U elMHCTBEHHOCTh B MHOXeCTBe G eIMHHYHOI O
94EMEHTa, KOTopuii 0003Ha4MM, Kak Buiule, yepes 1,

Janee,

al=0"Y.1=ataqa"1,
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T. e. a”l=a~lga"?, roe a~! ecTh ONWH U3 NPABHIX OGPATHHIX 3JIEMEH-
TOB JJd @. YMHOXad ofe yacTH MOCHEXHEro PaBEHCTRA CIPaBa HA OLHH-
W3 NpaBHX OOGPaTHHX SJE€MEHTOB and o~ !, My moJyuaem 1=a"1q, 1. e.
aneMent a~! GymerT CAYKHTh W JAEBHM OODATHHM SNEMEHTOM XINd 4.

Ecan teneps ap ' — npou3BoapHui Npasuit 06paTHLH A @, @; - — IPo-
HU3BOJIbHBIE NeBLI OOpPATHBIl, TO M3 pPaBEHCTB

-1 -1 -1 -1 -1
Qy Qg =(az a) a; =4a; ,

a;aa;! = a7 (aait) = a3’

creayer a;' =a; ', T. €. CHCAYIOT CYUIECTBOBAHHE M €IMHCTBEHHOCTH
Ans BCAKOrOo siaemeHta @ u3 (G o6parHOro siaemeHra a1,

Tenepn nerxo moxasartb, 4To MHOwectso G Gymer rpymmoii, Jefcr-
BHUTENbHO, YpPaBHEHUAM ax =20, Ya=b 6yayT, KaK Jerko BUAETD, yzo-
BJETBOPATH 3/EMEHTHI

x=a"1h, y==ta~l

EnuscrBennocTh THX pelueHuil CleiyeT u3 TOrO, YTO €C/H, HANPUMED,
X, ==aXx,, TO, yMHOXas o0e 4acTH ITOTO PaBEHCTBA CJieBa Ha a~ 1, Mu
nojgyyaeM X, = x,. Teopema poxasaua.

Mul y¥e HeCKONbKO pa3 BCTpevasuch ¢ HOHATHEM H30MOpduU3MA —
I KOJed, AAS JNUHEHHBIX IPOCTPAHCTB, IJIf €BKAMJOBHX NIPOCTPAHCTB.
9710 mnonATHe MOMKeT GHITH ONpPENeseHO M JJIS TPYNN U HIPaer B TEOPHH
TPYIN CTOAb e GOJBUIYI0 POJb, KAK W B Teopuu Koaeu. Ipymmel G
¥ G’ Ha3LIBAIOTCS U30MOPHHBIMU, €CIH MEXKAY HUMH MOXKHO YCTAHOBHTD
TAaKO€ B3aHMHO OJXHO3HAYHOE COOTBETCTBHE, INPH KOTOPOM HAJA JIOOHX
sneMedTOB @, b M3 G ¥ COOTBETCTBYIOLIMX UM 3ieMentos a’, b’ u3 G
NPOU3BENEHHI0 ab COOTBETCTBYeT npousBenenue a'b’. Kak B § 46 (nas
HYJAsi H TPOTHBOIMOJIOWHOTLO .3JeMEHTa B KOJbIE), MOXKHO NOKa3aTh, 4To
npu u30MOPHHOM COOTBeTCTBHH MexAy rpynuama G u G emuHAue
rpynnsi G cootBeTcTBYeT enunuua rpynnst G, # ecan saementy @ us G
COOTBETCTBYeT sjeMeHT @’ u3 G, 10 34eMBHTY a@~! COOTBETCTBYeT
anement @' 1! '

ITepexonss Kk mpuMepam rpynn, OTMETHM, 4TO €Ciu OH Onepa-
‘uns B rpymne G Gbuia HasBaHa c.AopceHueM, TO €NWHWNA TPYNNH Ha-
3biBanach Ob Hyses u oGo3Hayasnach cuMBoioMm 0, a BMecTO 06paTHOro
3JIeMEHTa MbI TOBOpUJAU OBl O rzpomtwononoofmo.u asemenme u 0Go-
3HayanW OB €ro yepes —da.

B kayecTBe mMepBOro mpumepa TPYIN YKAKEM,. YTO 1O CAONCEHUIO
8CAKOe KOABUO (K, 8 BACMHOCMIL, NoAe) 58ASemCS 2pynnol, npumos
abenesolf; 3TO—Tak HasHBaeMas QOOUMUSHAA 2pPYNAQ KOIbYQ. DTO
3amMeyaHue cpasy jaer O60JbLIOE KOJAUYECTBO KOHKDETHHX INPHMEPOB
TPYNN ¥ CPEAH HUX — aIAWTHBHYIO TPYOMY LENHX 4ucesa, afJHTHBHYIO
CPYMmIy YeTHBIX YHCEN, aXXUTHBHBIE TPYONE PallMOHAJBHBIX YHCEJ, Ael-
CTBUTE/JbHBIX YHCEJ, KOMIJIEKCHHhX Yucea M T. L. 3aMEeTHM, 4TO aodu-
IMUBHbIE 2PYNNBL YeAblX 4UCeL U HeMHBLX HlUCes UIOMOPPHHEL MeHCDY
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cobofi, XoTa BTOpas ABASEYCA JNUIUb 4aCTbIO nepsBoil: oTO6paMEHHe, CTa-
Bsil{€e B COOTBETCTBHE BCAKOMY L€IOMY 4HCIHY £ 4eTHOE Yucao 2,
6yner B3aUMHO OJHO3HAYHBEIM M, KaK JIETKO NpPOBEPHTD, AANKE H3OMOP-
~HHIM_OTOGpaweHHEeM NEepBOH W3 HA3BAHHHX TPYNN Ha BTOPYIO. -

[To yMHOXeHHI0 HMKaKOe KOJBLO He SBASETCA Tpynmno#f, Tak Kak
. ofpaTHas onepauus — Je/eHUE — He BCeriaa BunojnuMma. [lonowenue ne
H3MEHSIeTCS M NPH NEepexoje OT HPOU3BOJBHOTO KOJblla K I10J10, TaK
KaK B NOJE OCTaeTCsl HEBHIMOJHHMBIM [EJCHHE HA HYJb. PacCcMOTpHM,
OAHAKO, COBOKYNHOCTb BCeX OTJHHYHBIX OT HYJS 3JeMenToB nons. Tax kKax
nojie He CONEPKHT AeinTened Hyns, T. €. TPOU3BEAEHHE ABYX BJEMeH-
TOB, OT/JHMYHBEIX OT HYIS, €aMO OTJHYHO OT HYJs, TO YMHOXeHue Oyaer
LA paccMaTpHBaeMOl COBOKYNHOCTH anrebpauyeckoit onepauueti, NIPATOM
aCCOLUHATUBHOW ¥ KOMMYTAaTHBHOM, DpHYeM Je/leHHE YiKe BCErxa BHIOJ-
HHMO M He BHBOJAMT 32 npeiennl 3To# cosokynuoctu. TaxuM o6pasom,
COBOKYNHOCMY OMAUMHBX OM KYAS IAeMEHMO8 4100020 NOAS ABASAEMCS
abeaeqoil 2pynnoii; 9Ta TPYNNA HA3LBACTCA Y AbMUNIUKAMUEHOL ZpYn-
noii noas. Ipumepamu, CIona OTHOCAUINMHCH, Gy AYT MY/IbTHIIMKATHBHHE
TPYNIHE PAlMOHAMbHHX YHCEN, AeHCTBUTEALHBLIX YHCEN, KOMMIEKCHBX YHCE.
' Fpynny no yMHOXeHHIO COCTaBIAIOT, OYEBUAHO, BCE HOAOKUTEAbHEE
IeHCTBHTENbHBE 4YHCnA. Ima epynna uao,nopqﬁna addumusnoi epynne
8cex Oelicmeumensnolx %ucen: CTaBs B COOTBETCTBHE BCAKOMY IOJOMH-
- TeNbHOMY 4YHCAY @ NeHCTBHTE/NbHOE YHCAO In@, MW HOAY4YHM B3aMMHO
ONHO3HAYHOE OTOGpaXEeHHEe NMEPBOH TPYNNb Ha BTOPYIO, KOTOPOE 6yner
H30MOpGH3MOM BBHAY PABEHCTBA

In(ab)=Ina-+1nb.

Boabueu, nanee, B NMOJE KOMIUIEKCHBIX YHCEN coaoxynnocn KopHei
n-# CTeNeHH M3 eAHMHHLB. B § 19 6mno nokasano, 4To npousBegenue
IBYX KOpHeH - CcTenenH M3 eNHHMLB, a Takxe 4uCi0, oOpaTHoe
K KODHIO 71-H CTeNeHH U3 eNNHUIH, CAMH NIPHHAAIEKAT K paccMaTpPUBAEMOil
COBOKYNHOCTH 4ucea. Tak xak eIHHHNA TaKxKe MPUHANICKHUT, NOHATHO,
K STOH COBOKYNHOCTH H TaK KaK YMHOXEHHE MI06uX KOMIICKCHHX YHCe
aCCOLMATHBHO M KOMMYTATHBHO, TO Mbl [IONIYYaeM, YTO KOPHU n-il cme-
nent U3 eOUHUAH COCMABASIOM NO YMHOXMCeHWo abenesy zpynny,
npumonm Koxeynyio nopsioka n. Taxkum oGpasom, das awbozo Hamy-
PanbHO20 HUCAQ N CYIECMEYIOm KOHe4Hble 2pynnbt nopadxa n.

Ipynna (no ymuoscenuio) xopuell n-ii cmenenis u3 eJunuusl U30-
Mopgpra adOoumuswol zpynne kosvha . Z,, nocmpoennozo 8 § 45.
JefiCTBUTENBHO, eclH & —nepBOOGPasHbHi KOopedb 71-H CTENeHu U3 enu-
HUUB, TO BCE S/IEMEHTH NePBOH M3 HAa3BAHHHX TPYNN HMEIOT BHA &7
k=0, 1 vo., n—1, Ecnu My nocrtaBum B COOTBETCTBHE BCIKOMY
aucay &¥ snement C, xonpbna Z,, T. €. KNACC UeJHX YHuces, LalouuX
NpH HAeNeHUM Ha 7 OCTATOK R, TO NoNYYHUM H30MOP(QHOE COOTBETCTBYC
Mexay paccMaTpuBaeMubiMu rpynnaMuiecmu 0 <<k <<n—1,0<<i<<nn—1
neenn k-l=nqg-+4r,.rue 0<<r<<n—1, a ¢ pasuo 0 uam 1, 1O
e*.ef=¢" u, BMecte ¢ 1emM, C,+ C,=C,.
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Ce#iuac yMecTHO YKa3aTh-HEKOTOPHE IPUMEPH YHCIOBHX MHOXECTB,
He sBasiouiuxcsa rpynnamu, Tak, MHOXeCTBO BCeX LeauX YHcen He GynerT
rpynno#t 1m0 YMHOXEHHIO, MHOXKECTBO BCEX IO/IOKHTE/NbHWX JeHCTBH-
TeJNbHHX YHCeJ He OyneT rpymnoil mo CJHOXKEHHIO, MHOXKECTBO BCeX
HeYeTHHIX 4YHCeN He OyAeT TpynmoHl 10 CAOKEHHIO, MHOMECTBO BCeX
OTpUIATE/NbHHX AeHCTBUTENBHHIX yHcen He OyaeT rpynno# mo ymHoxe-
nuio. []poBepka BCEX STHUX yTBePWACHUHA He NPEACTABASET 3aTpyAHennH.

Bce paccMOTpeHHHE BHile YHC/AOBHE TPYNNH ABJIAIOTCH, KOHEYHO,
aGeneBniMu. IIpuMepamu aGesneBHX Tpynmn, COCTABJEHHHX He H3 YHCEJ,
CAywaT JMHeHHHe MPOCTPAHCTBA: KaK BHTeKaeT M3 MX ONpPele/eHHs
(cMm. §§ 29, 47), scakxoe suneiinoe npocmpancmso Hao nNPoU3EONbHbLA
nosem P 6Gydem abenegoit 2pynnoii OmHoCUMeAbHO OnEpayui: CA0-
JHeeHWA. '

TlepexoauM Kk MpHuMepaM HEKOMMYTATHBHHX TPYNIL

MHoOKecTBO BCeX MATPHL 7-TO NOPsujaKa Hax mnojem P He Oyaer
rpynmnoi no OTHOWIEHHIO K ONMepalMd YMHOXEHHS, TaK Kak Hapyniaercs
Tpe6oBaHHe O CYLLEeCTBOBaHMM oOpaTHOro 3jemeHnra. Ecad Mb orpanu-
YUMCH, OJIHAKO, JMIUb HEBHPON/IEHHHIMH MaTPHIaMH, TO HOJY4HM Y¥Ke
rpynny. JleHCTBHTENbHO, MPOHM3BENEHHE NBYX HEBHPOWKICHHHX MaTpPHIL
GyAeT, KaK Mhl 3HaeM, HEBHIPOMICHHHM, €AMHMYHAs MATPUIaA SBJsETCH
HEBHIPOMAEHHOMN, BCAKas HeBHPOMJAeHHasd. MaTpuua obnanaetr o6paTHOR
MaTpuile#, TaK¥e HEBHPOKACHHOHN, U, HAKOHEL[, 3aKOH aCCOLHATHUBHOCTH,
BHAOJHAACH AJA BCEX MaTpPHU, CIOPaBeAJHB, B YaCTHOCTH, AJI1 MaTpHIL
HEBLIPOKAEHHBIX. MOXHO TOBOPHTH, C/AELOBATENbHO, O Zpynne Heeupo-
HOCHHBX Mampuy n-20 nopadka Hag noieM P ¢ YMHOXKEHHEM MaTpHil
B KaYeCcTRe FPYNNOBOH ONepauuy; 3Ta rpynna HeKOMMYTaTUBHA npu 7z = 2.

K BecbMa BaXHBIM NpuUMepPaM KOHEYHLIX HEKOMMYTATHBHBIX Tpynn
NPUBOJLHUT BBedeHHOe B § 3 yMHOXeHHe TMOACTaHOBOK. Mbl 3HaeM, uTO
B MHOXECTBe BCEeX MOJNCTAHOBOK 7-if CTemeHW yMHOXeHue OyneTr anre-
Opauyeckoll onepalnueli, IPUTOM aCCOLUATHBHOH, XOTS NPH 72 == 3 HEKOM-
MYTQTHBHOH, YTO TOXAECTBEHHAA NOACTaHOBKA E cnyxuT exunuiel 31010
YMHOXEHUS M YTO I/ BCAKOH MOZCTAHOBKM CymiecTByerT obpaTHas moa-
cranoBka. TaxuM 00pa3oM, JMHOJCecmso noOCmMAHO8OK n-ii cmeneni
cocmasafiem No. YMHONCEHUIO 2PYNNY, NPUMOIE KOKELHYIO NopsioKa n!.
Jra rpynna Ha3HBaeTCA CUMMempUuneckoi 2pynnoli n-ii cmeneni; ona
HEKOMMYTaTHBHA  IPH 71 == 3.

PaccMOTpHM Tenmepp BMECTO COBOKYNHOCTH BCeX INOACTAHOBOK 7-i
CTEMEHH JHIIbL COBOKYMHOCTD Y €T HBX MOJACTAHOBOK, COCTOSLIYIO, KaK
Mbl 3HAEM, ua%n! anemenTOB. Mcenosmaysa nokasansyio B § 3 Teopemy
O TOM, 4YTO YETHOCTh NMOACTAHOBKM COBNAMAET C YETHOCTHIO YHCJIA TPAHC-
No3uLni, BXOIAALNX B KaKoe-A160 pasnoxeHue 3TOH MOACTAHOBKY B MPO-
H3BEIIEHHE TPAHCNO3HLHUHA, MH noJyyaeM, 4TO npou3sedernite 08yx uem-
HBLX NOOCMAHKOB0K CAMO 4emHO, B CaMOM Jeie, npencrasienue AB
B BUJ IPOU3BEJECHUA TPAHCNO3HLUMHA MB MOJIYUIHM, 3aMHCaB COOTBETCTBYIO-
L{He pa3oweHHd Hax A u B ojaHo 3a apyruM. Jlanee, acCONMATHBHOCTH
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YMHOXEHHA @OACTAHOBOK HaM HM3BECTHA, YETHOCTB TOXKACCTBEHHON
MOJACTaHOBKH oveBupaHa, Haxoweuw, derHocts noxcranosxu A~1 mpu
4eTHOH noAcTaHoBke A cjeAyeT XorTs Ob U3 TOro, 4Yro 3alUcH STHX
NOACTaHOBOK MOMHO MOJIYYUTb OAHY U3 APYrof nmepemeHoH MecT BepXHeH
H HIKHEH CTPOK, T, e. OHM COAep¥XarT paBHOe 4YHcao uHBepcuil, Takum
00pa3oM, JHOXMEeCMmBOo HemHbX nodcmanosox n-g cmenenu Gydem

" \ 1 .
n0 YMHONCEHUIO KOHEeY4HOU epynnoll nopadka ?n!. Ara rpynna Ha3-

BACTCH 3HQKOnepesmennold epynnoid n-fi cmeneny; nerxo HPOBEPHTH,
4YTO OHA HEKOMMYTaTHBHa HpH 2 =4, XoTd OyJAeT KOMMYTaTHBHOH MpH
n=_3.

CuMMeTpHYecKue M 3HAKONEPEMEHHLIE IPYNNH UrpaloT oYeHb 60Jib-
LIyi0 poJib B TEODHH KOHEYHHIX rpyni, a Takwxe B Teopuu 'anya, Bame-
THUM, YTO Obl10 Ohl HEBO3MOXHO, WO AaHAJOTHH CO 3HAKONEPEeMEHHBIMU
rpynnaMu, MOCTPOUTDh TPYNIY MO YMHOXEHHIO U3 HEYETHHX NOACTAHOROK,
TaK KaK IIPOH3BEJEHHE JBYX HEUETHHIX NMOACTAHOBOK BCErHa ecTh yeTHad
NOJACTAHOBKA, .

bonpiioe 4uCN0 PasHOOOpPA3HEIX NMPHMEPOB TPYIHI AOCTABJAIOT pas-
AUYHbIE BETBH TEOMETPUH., Y KaweM OINUH NpocTeHIruil npumep TaKOTO
pOZa: MHOXECTBO BCEX BpaleHuli Liapa OKOJMO e€ro ueHrpa 6yner rpyn-
O, MPUTOM HEKOMMYTAaTHBHOM, €CIM NPOM3BeIeHHEM ABYX BpauieHHH
Mbl Ha30BEM Ppe3yJbTaT HX MOCAELOBATE/AbHOIO BHITOJHEHHS,

§ 64. Hoxrpymnn

Monmuoxectso A rpynnul G HaswBaercs nodzpynnol 3ToRk rpynns,
€c/d OHO €aMO SBJARTCHA IPYMIOH OTHOCUTENBHO ONEPANMH, ONpeHeseH-
Hoit B8 rpynme G.

[TIpu nposepxe TOro, sBAfeTca JH noamuHoxecTso A rpymnu G mon-
rpynmol 3Toil rpynms, ZOCTATOUHO [POBepuTh: 1) comepxurcs au B A
TnpousBeneHue JOOHX IBYX 97eMeHTOB U3 A; 2) comepwkur gu A BMecTte
' CO BCAKHM CBOUM 3/IGMEHTOM W ero oOpaThulil snement, JeficTBHTEIbHO,
U3 CNpaBejJIMBOCTH 3aKOHA accolaTuBHOCTH B rpymne O cieayer ero
COPaBeAJMBOCTh LA 3JEMEHTOB M3 A, a IPHHALIEKHOCTh K A eNUHALL
rpynnsl G BoiTekaer u3 2) u 1),

MHorue u3 rpynn, yKasaHHEX B [pPeRIIeCTBYiomEeM naparpade,
ABJNAIOTCH YOATPYNNAaMH APYTHX TPYNM, TaKKe TaM ykaszanumx. Tak,
anZUTHBHAS T'PYINIA YeTHHIX Y@CE/ SIBAMETCA NOATPYNNOH anauTBBHOI
IDYONE BCeX LEJBIX YMCEJ, a HOC/HeAHSAS B CBOW OuYepelnb eCTh MOX-
rpynna afiAuTHBHOH ‘TPYNNH PpalMOHANbHHX uucen, Bee stu rpynmm,
KaK ¥ BOOOGLIE afIUTUBHEE IPYIINE YHCE, SBASIOTCH NOAFPYINAMA 80K~
THBHOA TPyINNb KOMILIEKCHHIX 4nces, MyaApTHININKATHBHASA Tpynna foJo-
KUTENbHEIX HelCTBUTEIbHBIX YHCeN ABJSEeTCHA HOATPYIION MyJbTBIFIAKA-
THUBHOM TpyNmbl BCeX OT/HMYHBIX OT Hy/f AeHCTBUTEbHHX YuCes, 3HaKO-
flepeMeHnan rpynna z-# cTenedd e€C¢Th NOATpynna CHMMETpHYeCKoi
rpynmnel 3TOH e crenesu,
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[Monuepknem, UTO comepwauieecs B ONPeleIeHHH NOATPyHnk TpeGo-
BaHUE K NMOAMHOWECTBY A rpynnsl G OHTE TPYNNOH OTHOCHTENABHO
Tpynnoso#d omnepauuu, onpeneaennol s rpynne G,
ABAAETCH CYn(eCTBEHHBIM., Tak, MyAbTUNJIMKATHBHAS TPYNNa NOJOKATENb-
HHX INEHCTBUTEJbHBIX YHCe] He fBJIHETCH NOATPYNNOH amiauTHBHOH
TPYNNH BCeX NeUCTBUTENbHHIX YHMCEJN, XOTH MEPBOE MHOXKECTBO COHEp-
KHUTCH, KAK NMOJMHOXECTBO, BO BTODOM.

Ecau 6 ezpynne G 83amu. nodepynnet A u B, mo ux nepecetenue
ANB, m. e. cosoxynnocmy 3aemenmos,  nexcauux u 8 A, u 8 B,
maxsice Gydem nodzpynnoii epynns. G.

He#ictButenbHo, ecnn B nepecedeHun A[) B comepikaTcs 3JEMEHTH
X ®H Yy, TO OHH JIeWaT B moarpynne A, a MO3TOMY K A IpUHAXIEKHT
W npousBeseHne Xy, u ob6parnunid anemednt x~1, [To Tem ke cooGpaxe-
HHAM 3JeMeHTH Xy ¥ x~1 npumamnewar W K MoArpynme B, a nostomy
oHH BxoifiT M B AN B.

IMonyuennnit peayapraT crnpaBemnuB, Kak JIETKO BUIETH, He TOAbLKO
ANS ABYX NOATPYMN, HO H AJIs MOGOTO YMC/Aa MOATPYII, KOHEYHOTO HaH
naxe 6eCKOHEUHOTO.

IMoamuoxectsd rpynns G, cocrosuiee U3 OTHOrO sjemMenta 1, 6yner,
O4YeBHIHO, NMOArPYNNOH TOH TPYNNb; 3Ta NOATPyMNNa, COAEpKAULanCs
B moGolt apyro#t moarpynne rpynnsl G, Ha3biBaeTcsl eQuHuuHOL nod-
epynnoi rpynusi G, C ppyro#i cTopousl, cama rpymna G sBAsercd
OJIHOH M3 CBOMX HOATPYI,

MHTepecHsiM NMpuMepoM NOArPYIII C/IYKAT TaK HAa3HIBAEMbIE I\ H K JI H-
YyeCcKHUe NMONATpYyNNH, BeexeM cHayasa NOHSITHE CTEIEHH 3Je-
menta @ rpynnsl G, Ecau 7n—m060e HaTypasnbHOE YHC/O, TO MPOU3BE-
IEHU@ 71 BJIEMEHTOB, PAaBHHIX 3JIEMEHTY @, Ha3bIBAeTCH A-H CmenemHso
3n1ementa a u obo3Havaercs depes a”. OmpuyamenvHvie cmenenu sie-
MEHT4 @ MOXHO ONPENeNUTb UAH KAK BJAEMEHTH TIpynmu G, ofpaTnbie
TIOJIOKHUTEAbHBIM CTENEHAM 3TOTO 3/JEMeHTa, MM e Kak NPOn3BepeHHs
HECKOJIbKMX MHOMXHTeJel, paBubx daeMenTy ¢~l. B meiictBuTesnbHocTH
®TH OlpefeseHus COBNAJLAIOT,

(@M 1=({e™", n>0. (1)

Jing mOKa3aTenbCTBA JNOCTATOYHO B3SITh MPOMSBENEHHE 271 MHOWKHTENEH,
H3 KOTOPHX MNepBBie 72 PaBHH @, 4 OCTaJbHbie PaBHH @ ™1, u npouasectu
BC@ COKpalleHHs. DJeMeHT, PaBHbHI{ KaK JeBOH, TaK M Npasold dYactu
paseHcrBa (1), 6ymer o603HavaThcsd deped @~ YCJA0BUMCH, HaKOHeI,
MoK HYAe80il cmenensro- a® 3jeMeHTa @ NOHUMATh IJAEMEHT 1,

3aMeTuM, YTO ecau onepauns 8 rpynne G HA3HWBACTCH CHOKEHHEM,
TO BMECTO CTEMEeHed 3/JeMeHTa @ CJEeLYeT TOBOPUTb O KPAMHbLX STOTO
3JEMEHTa W 3alucHBaTh UX uepe3 ka.

Bes rtpyma mnpoBepsercs, yto B n06oi rpynme G ana creneHeil
moBoro eaeMeHTa @ Npu MOGLX MOKas3aTeNsdx m U 7, TOJA0WHTENIbHBIX,
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OTPpHUATENbHEIX WIH HYJEBHIX, UMEIOT MECTO PABEHCTBA

- a”=a™ a" = an+m, (2)

(an)m_:anm. (3)

O6o3naunm yepes {a} moamuoxecrso rpymnu G, cocTasieHHO H3.
BCeX CTemedel S/ieMEHTa a; B HEro BXOXHT H CaM 3JeMeHT @, sBJIAIO-
uuics csoedt nepsot cremennio. [Todunoxcecmso {a} Gydem nodepyn-
noit epynnei G: nponssenexue anementoB u3 {a} nexur 8 {a} ssuny (2),
B {a} BxommT siaement 1, paBubifi a0, u, Haxouel, {a} BMecTe CO BCAKUM
CBOHM 37IEMEHTOM COJEPXHT K ero o6paTHH 3JeMeHT, TaK Kak u3 (3)
CAenyeT PaBEHCTBO

[onrpynna {a} naswBaerca uuwaunecxail nodepynnoli zpynne. G,
nopojicoennoid asemenmor a. Kak noxassiBaer paBencTBO (2), oOHa
BCeria KOMMYTaTHBHA, Hawe ecau cama rpynna <G ¥ HEKOMMYTAaTUBHA.

3aMeTHM, HTO HuTIe BHle HE YTBEPXKZAJI0OCh, YTO BCE CTEMEHH Je-
MEHTA @ SBJSIOTCH PAa3NHYHHIMH SJeMeHTaMH rpynnsl, Ecan 910 neil-
CTBHTEJIBHO TakK, TO. @ Ha3blBAeTCH 9LeMeHmosm 6eCKOHEUH020 ROPAIKA.
[Tycrp, omHako, cpeiH cTemeHeH S/EMEHTa @ MMEIOTCS PaBHbE, HaNpH-
mep, »a"——-a’ npu k=£[l; 3TO BCcersa HMeeT MeCTO B C/lyyae KOHEHHHX
Tpynm, HO MOXET CAYYHTHCH M B OeckoHeunoft rpymne, Ecan B>/, 10

af-t=1,

| T. €. CYUIeCTBYIOT FOJIOXKHMTENbHHE CTeNeHH INEMEHTA @, PaBHbe
exvnune. ITycTh 72 ecTh HauMenbLIas MOJOKUATEIbHAS CTENEHD 3EMEHTA &,
paBHas eNMHHIE, T, €. '

1) a"=1, n>0,
9) ectn af=1, k>0, 10 k=n.

B 31oM cayyae roBopsT, YTO @ €CTb A4eMeHm KOHe®H020 nopadka,
a MMEHHO nopsadka n,
Ecau snemMeHT @ wumeeT KOHeUHHH NOPSAOK 7, TO BCE SJEMEHTH

1, a, a2 ..., a"! )

6ynyT, KaK JIerKo BHIETh, Pa3AMUHHIMH, Bcsaxas Opyzas cmeneHs 3ie-
MEHMA &, NONONCUMENbHASL UAL OMPULAMEAbHASL, DABHE O00HOMY U3
snemenmog (4). HefictBurenbHo, ecau £ —mo6oe Lenoe YHCAO, TO,
Zens R Ha 71, NOnyyuM

kR=ng+r, 0<<r<n,
a nostomy, sBuny (2) u. (3),

a*=(a"?.a" = a’, (5)



