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Otciona CRemyeT, YTO eCAu 3AeMeHm 4 UMeem KoHeyHud nops-
dox n u a®=1, mo k doaxcno Hayeso Odesumscs Ha n. C apyro#
CTOPOHH, TaK Kak

—l=n(—1)+(r—1),

TO OA4R 34eMEHMA G KOHEUH020 HOPAOKA N

Tak kak cucreMa (4) CONEPXHT 72 3JEMEHTOB, TO W3 [OJYYEHHHX
Bblllle Pe3yJbTAaTOB BHTEKAET, YTO 04K 3AeMeHMA @, UMelu,ezo Koned-
Kbl nopsdox, e2o nopsdox n cosnadaem ¢ nopsokox (m. e. ¢ 4uc-
A0 3AeMeRmOB) Hux AutecKold nodepynnu {a}.

3ameTuM, HAKOHEUYTO BCAKAA Tpynrna 061a4aeT OLHUM-EXUHCTBeH-
HBIM 9JIEMEHTOM TMIepBOro mopsiika—3To Oymer 3nement 1. Iluknuue-
“ckas noarpynna {1} cosnazaer, OYeBHAHO, ¢ eNMHHYHOH NoArpymnoi.

Huxanyeckue rpynmbi. Upynna G HasWpaercs 4uxautecrkol rpyn-
NoH, ecau OHA COCTOMT W3 CTeNeHe# OJHOrO H3 CBOUX 3JIEMEHTOB a,
T. €. COBNAAAeT C OJAHOH M3 CBOMX LMKNHYecKHX moarpynn {a}; sie-
MEHT @ Ha3HBAETCS B 3TOM Clyuae 00pa3yiouum 31e meHmon rpynms G.
Beakas numkauyeckas rpymnma, o4eBHIHO, aleneBa.

Hpumepom 6ecKOHeYHOHR NUKAUYecKkoH rpynnbcay-
WKHT aAAHTHBHAA TPYNNA L eab X 4HCeJ—BCAKOE 1les10e YUCAO
KpaTHO yHcay 1, T. e, 3TO UHCAO CaywHT 06pa3yloU{uM 3/1eMEHTOM pac-
cMaTpuBaeMOft rpynnu; B KauecTBe O6GPA3YIOUIETO 3JIEMEHTA MOXKHO
6us0 G B3ATH TaKkKe 4HCA0 — 1,

[TpumepoM KoHeYHON UHKAKHYECKOH TFpynnu mno-
pPALKA 7 CHYXHT MYNbTUN/NUKATHUBHAA TpPynna KopHei
n-#i cTenesy U3 eAMHNUBH—B § 19 nokasaHo, YTO Bce STU KOPHU
SIBAAIOTCA CTEIIEHAMH OJHOTO M3 HHX, @ UMEHHO NepBOOGPasHOrO KOPHH.

Cneaymolas TeopeMa NOKAasHBaeT, YTO STUMM NPHMEpaMH UCYEPHh-
BAIOTCS MO CYUIECTBY BCe HUKJAMYECKHE TPYMNIL:

Bce bGecnwomneunvie yuiauneckue 2pynnol u30mopdus. mexcdy coboi;
u30Mopghus. Mexcdy coboli mawrie 8ce KOoHeyHble yUKAUMECKUE 2pYnNs
0annozo nopsoxa n.

TleflcTBATENbHO, GeCKOHeuHAA UMKIHUECKAs rpynna ¢ 06pa3yxomnm
HJIEMEHTOM @ 0TOOPAKAETCH B3AUMHO onﬂosﬂaqﬂo Ha aIAUTHUBHYIO Ipynny
LeJHX YHCeN, €CAH BCAKOMY 31eMeHTy a” a7o#f rpynnn CTaBHTCS B COOT-
BETCTBHE YHCIAO K; 3T0 oToGpaxeHune OynerT u30MOpPQHBM, TaK Kak,
no {2), npu nepeMHOMEHHH CTeNeHeH 3neMeHTa @ MOKaszaTeAH CKJAANL-
paiotcsi. Ecan ke nana KoHeuHast UWKAMveckas rpynna G nopsaka n
¢ o6pasylouinM SJIEMEHTOM @, TO OBO3HAYAM Yepes & nepBootSpaanbm
KOpeHb 7-H CTeneHu Hus enmmuu ¥ COMOCTaBUM BCAKOMY 3JEMEHTy o
rpynm G, O0sCk<Tn, uuciao e*. Dro Gymer B3aMMHO OLHO3HAUHOE
oro6pawenne rpynmnu G Ha Mynprnnnuxamauyw rpynny Kopued 7-i
crenenn u3 1, usomopdHocTh KOTOpPOro caeayer u3 (2) u ().
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ST1a TeopeMa TO3BOJAET TOBOPUTB NPOCTO O 6ecKoHeuHol yuxauuec-
Kol zpynne WIH O yukaiudeckod zpynne nopadka n.

JlokaxeM, nanee, CHeAYIOUYID TeOpeMmy:

Beakas nolepynna YUKAUYECKOE epynnel cama yuxkiuyeckas.

B camom xene, mycts G=={a} ecTb numkamyeckas rpymna ¢ oGpa-
3YIOLMM 371EMEHTOM @, OeCKOHeYHas WM KOHeyHas, W nyctb A Oyxer
noxarpymna rpymmnsl G. MOXHO cYuTaTh, 4TO A OTAMYHA OT €XHHHUYHOH
TIOATPYIINE, TaK KaK MHAYe JOKa3uBaTh Gbl0 OB Hewero. [lpeamonoxum,
4TO @F ecTh HaMMeHbIIAs NMOJNOKHTENbHAs CTENEHb MIEMEHTa @, COIep-
wauiasgcs B A; Takas CTeNmeHb cymiecrTsyeT, Tak Kak ecam B A cozep-
wuTca OTAMYHBIE OT 1 anement @™, § > 0, TO comepxutcd U 0OGpaTHLIl
emy aneMeHT a®. JonycTud, 410 B A CONEPHKUTCH TaKke anemenT ab, [ 40,
npuyem [ He nenmrces Ha R. Torma, ecau d, d > 0, ecth Hau6o/b-
muft oOuMK AeauTenb yncen R H [, TO CYUECTBYIOT TaKHe Lieble YHCaa U
H 0, 4TO

klt—-}-l‘t!:d,

a no3ToMy B moxarpymme A TOMKEH cozxep)kaTbcsx IJIEMEHT
(ak)"- (a’)” - qd,

HO TaK KaK NpM Hamux npennonoxenusx d < Rk, TO M NPHXOAMM B
npoTHBOpEUHe ¢ BHGOpOM snementa af. DThM nokasaso, uto A= {a®}.

Pasaowenust rpymusi no moprpynme. Ecam B rpynme G B3fTH
noamHoxectsa M u N, 10 non npouseedenuem MN s1ux nodmuoxcecrs
TOHHMAeTCs COBOKYMHOCTh 9jeMeHToB rpymmst G, KOTOphle XOTS Ol
OJIHMM CNOCOGOM NpPeNCTaBHMbl B BHJE IIPOM3BENEHHS HEKOTOPOTO 3Je-
meHTa M3 M Ha HexoTophi#i snemeutr us N, VI3 accoumaTuBHOCTH rpyi-
NOBOH OMEPalHH CHAELYET QCCOYUATUBHOCTL YMHOMEHUS NOOMHONCECTS
epynnet,’

(MN) P= M (NP).

Onuo wu3 wmHoxecTB M, N MO¥eT COCTOSTb, NOHSITHO, JHIIb U3
OIHOTO 3neMenTa @. B sTOM cayuae Mo nonydaem npousgedenue alN
SNEMEHTA HA MHONCECTB0 uau npousdsedenue Ma MHOINCECTBO HA 3AEMEHT.

Iycty B rpynme G nana npousBonbHas moxarpymmna A. Ecm x—
no6o#t saement w3 G, TO Npou3BeseHHe XA HASLIBACTCSH JE8bIM.CMENHCHOIM
Kaaccom epynnet G no nodepynne A, noposcoaembirm 3AeMEHTOM X.
TTOHATHO, YTO SAEMEHT X COOCDICUTCA 8 CMENHHOM Kaacce XA, TaK Kak
NOATPYNNa A CONEPXHUT eXMHHLYy, HO X.1=x.

Bearuil sneewuil cmencHolldl Kaacc nopoxcdaerca Ar0bbiM U3 ceoux 3ae-
MEeHTO8, T. €, €ClM SJIEMEHT Y CONEPKHTCH B CMENKHOM Kinacce XA, TO

yA=xA. (6)
JleHCTBHTE/IbHO, Y MOXKHO MPEICTaBUTb B BHIE

y=xa,
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rae a—snement noarpynnu A, IlostoMy aas moGux sneMentoB &’
u a" uz A Gyner
ya' =x(aa’),

xa"=y (a"'a"),

yeM W JNOKA43HIBAETCS paBeHCTBO (6).

OTcora cnexyer, 4To 08a L00vX AeBbX CMENCHUX Kaacca epynns G
no nodzpynne A uau cognadaiom, WAL JKe He UMeiom HU 00H020
obuezo snemenma. HelcTBUTEeNbHO, €CIM CMEXHBIE Haacchl XA n YA
comepmar obuuit 3neMeHt 2z, TO

XA=2zA=yA,

Taxum o6pasowm, Bca rpynna @ pacnajgaercs Ha Hemepecexaiouiuecs
JieBble CMEXHBIE KJjaccel no mearpymmne A, IJTo pas3/omeHue HashBaeTcd
AeB0CMOPORHIM pa3aodxcenuem epynns G no nodepynne A.

3aMeTuM, 4YTO OXHHUM H3 JEBHX CMEXHHIX KJACCOB 3TOFO PA3JIOKEHUT
Oyner cama noarpynma A; 3TOT CMexHBIH KJacc MOPOMKZAETCH IEeMEH-
ToM 1 unx, BooGuie, JIOOBIM SjeMeHTOM @ H3 A, Tak Kak

aA=A.

[lonaTHO, 4TO, Ha3nBasg npagulie CMeXcHblK Kiaccoxn zpynnu G
no nooezpynne A, nopoxcoaemvim AeMeHMOM X, NPOH3BeIeHHe Ax,
Mbl aHaJOFMYHBIM TyTeM MOJXY4uau Obl 71pagocmoporHee pas3aodenie
epynnet G no nodepynne A. Hns aGeneBoit rpynmst 06a ee pas/iomenus
1o Mo60i NOArpynne, JeBOCTOPOHHEE U TPABOCTOPOHHEE, GYAYT, AOHATHO,
COBMAaKaTh, T. €, MOXHO TOBOPUTL MDOCTO O pA3LONCEHUU 2pynnsl
no noogzpynne.

Tax, pasnoxeHue aXXUTHBHON TPYHIBI LEJLX YHCEJH NO NOATPYNIie
YUCEN, KPATHHIX 4HCAY R, COCTOMT U3 K Pas3/MYHBIX CMEXHBIX KJ4aCCOB,
NOPOXIAAEMBIX COOTBETCTBeHHO umcaamu O, 1, 2, ..., B—1, Ilpu sTtom
B KJaacce, nepoxnmaemoMm uuciaom /J, 0<</<Ck—1, coOpann Bce Te
yucaa, KOTOPHE HPH JelNeHuM Ha R KawT ocTatox /.

B HekOMMyTaTHBHOM clyuae pasjioeHus PYIHiL 110 HEKOTOPOH NoxA-
TpyHne MOFYT OKa3aTbCH Pa3AHYHBIMH,

PaccmorpuM, HanpuMmep, cuMMeTpuueckyio rpynmy 3-# cremenu S,
npuyeM, B COOTBETCTBUMH ¢ § 3, OyaeM 3anuCHIBATH €€ SJEMEHTH Yepe3
nukian. B kaueeTBe noArpynmel A BO3bMEM UHK/AMYECKYH) IORTPYRNY
sjementa (12); oHA €OCTOUT U3 TOKAECTBEHHOH MOACTAHOBKH M CaMoi
nogeranoBkn (12). JpyruMu /[eBuMH CMEXHBIMH KaaccamMud GyayT:
knace (13)-A; cocrosamuit u3 noacranosox (13) u (132), u kaace (23)- A,
coctosiuil 13 moxeranoBok (23) u (123). C npyrofi cTopeus, NpPaBHMH
CMeMHHIMH KJacCaMu rpymnn S, no noarpynne A 6yayT: cama Non-
rpymaa A, knacc A-(13), cocrosmuit B3 noxcranosox (13) u (123),
n knace A-(23), cocrosmutt u3 noacranosox (23) u (132). Mu sumum,
4T NPABOCTOPOHHEE PA3AOKEHUE OTAMYACTCA B PACCMATPUBAEMOM Cayyae
OT JIEBOCTOPOHHETO,
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Jast cnydast KOHEYHBIX TPYNN CYL(ECTBOBAHHE PA3NONKEHHH TIpyMIH
No MOArpynne NPUBONUT K Ciaedyroulefl BawHOH Teopeme:

Teopema Jlarpauxa, Bo ecaxoli roHnewroii zpynne nopadox
a060li  nodepynns. AGASemcs Oesumesem nOpAOKA CcaAMOi 2pynnu.

B camom pene, nycth B KoHe4HOH rpynme G nopsaka z naHa Noj-
rpynna A nopaaka k. PaccmorpuM neBacToponnee pasnowenue rpynns G
no noxrpynne A, IlycTs OHO COCTOHT 3. j. KJaccoB; HYHC/IO j Hash-
BaeTcA uHdexcox noarpynnel A B rpynne G. Kawawmii nepuit Kaace xA
COCTOHT POBHO M3 K SJIEMEHTOB, TaK KakK ecau’

Xa, = Xa,,
rie a; M a,—3MeMeHTH u3 A, To @;=a,. Takum o6pasowm,

n==~kj, (7)
yTO0 U Tpeb6oBanoch AOKa3arh. '

Tak xax MOPAKOK /iEMEHTa COBNAKALT C NOPAAKOM €ro IHUKJIHYECKOH
NOJArPyIis, TO u3 Teopemul JlarpaHka ciemyer, 4TO nopadox 8CAK020
dNeMEHMA KOHEUHOU 2pynne. A8ATemcsT Oesumeness nopsaoxKa 2pynmsl.

V3 reopemn Jlarpanmka caeayer Takuke, 4YTO 6CAKAA KOHEUHas
epynna, nopadoxk Komopol ecms npocmoe H4ucso, Gydem -yuxiu-
yecioll. JlelicTBUTENBHO, 3Ta I'PYNMAA AO/KHA COBMAATH C MUKIHYECKOH
NOATPYMNOH, NOPOKAEHHOHR JIHOOLIM €€ BAeMEHTOM, OTAUYHLIM OT e LUHHILEL.
OTtciofa BHTEKaeT, BBUAY NOJAYUYEHHOIO BbiUI€ ONHCAHHUA HHKAMYECKHX
TPYINHl, YTO OASL BCAKO20 NPOCMO20 HUCAQ P CYuwecm8yem- edUHCMBEH-
HGS, € mMOUHOCMBI0 00 'U30MOPPUIMA, KOHEYHAR 2PYnna nopaixa p..

§ 65. Hopmanbupie ReauTend, (paKTOP-rpynnbi, roMoMOpGu3Mpi

[Moarpymna A rpynns G Ha3HBACTCH HOPMALLHbM Oeslimener ITOR
TPYNNL (WU . UHBAPUAHMHOE nOdepynnoli), ectu NEBOCTOPOHHEE pPas-
aoxenue rpynnst G no moarpynne A CoBHaJZ2eT C NPAaBOCTOPOHHUM.

TakuM 0oGpa3som, Bce NOATPYNNb aGesneBOH TPYHNL SABATIOTCH B HEH
HopMaldpHeMu AeauTensMu. C apyro#i croposw, . Bo Beikoit rpymne G
¥ eAMHHYHASE TMOATPYNNA, H CaMa 9Ta rpynna GYAYT HOPMAJbHLMH JENH-
TeAAMH: 06a pasnowkeHus rpynns G HO eXMHHYHOR NOArPYINe COBNAAAIOT.
C pa3NoKeHUWeM TPYNNL Ha OTAeNbHHE BSJIeMeHTH, 06a pasioXeHus
rpynnsl G mo caMoi 9TOH rpymme cOCTOST M3 OAHOro kiacca G..

Yxaxkem Gosee MHTePECHHE NPHUMEPH HOPMANbHLIX HenuTeneH B He-
KOMMYTATHBHBIX Ipynnax. B cnmmerpuueckoli rpynne 3-# cremenu S,
LHKAMYeCKas nmoArpynma sjaemexra (123), cocrosmiast U3 TOXJIECTBEHHOH
noxcTanoBkum M moactaHoBok (123) u (132), Gymer HopMa/JbHHM Henu-
TeAeM: B OGOMX pasjoxenusx rpynnsi S, no 3ToH HOArpynme BTOPOH
CMEWHBI KJacc COCTOWT M3 moacta#€oBok (12), (13) u (23). '

Boo6me B cummerpuusoif rpynne n-fi ctemexu S, sHaxomepeMeHHas
rpynna n-# crenenn A, 6yneT HopMasbHbIM AenuTeneM. JedcTBUTENBHO,

rpymna A, uUMeeT HOPANGK —2—71!, [I03TOMY BCHKHH CMeXHBIH Kaacc
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rpymnsl S, no noarpynme A, HOJMKeH COCTORTh M3 CTOJbKHX e 3e-
MEHTOB W, CJeOBaTE€JAbHO, TaKO# KJacC HMeeTcs eile TOAbKO OIMH,
a MMEHHO COBOKYIIHOCTh HEYEeTHHX MOJACTAHOBOK. '

B MyabTHNAMKATHBHOM rpyIiie HEBEIPOWICHHHX KBAAPAaTHHIX MATPHIL
NopsiniKa 7 -C 9JIEMEHTAaMH M3 10Jid P Te MaTpHibl, ONpese/luTenb KOTo-
PHX paBeH 1, COCTaBANSIOT, OYEBHAHO, NOArpynny. 310 Oyler maxe
HOpMallbHBIA Je/MTENb, TaK KaK CMEXHBIM KJ1acCOM MO 3TOH MOArpymmne,
OLHOBPEMEHHO NE€BHIM M NPaBbM, NMOpPOWKAaeMHM Marpuueil M, asasercs
K/acC BCeX MaTpPull, ONPENE/]HTENb KOTOPHX PaBeH ONpeAe]HTENI0
MaTpuiill M- LOCTaTOYHO BCIOMHHTb, YTO TPH YMHOMKEHHW MaTpPHI UX
OTpeLeNUTe/NH MePEeMHOKAIOTCH, 7

OnpeneneHul0 HOPMAJNbHOrO JHeauTesis, NPUBEICHHOMY BHILE, MOXHO
npunarth Takyio Qopmy:

[Moxrpynna A rpynnel G HasbiBaeTcs HOPMAJbHHIM IEIHTEIEM 3TOH
rPYONBI, €Cau JJsi BCAKOTO 3iaeMenta x u3 G

XA =Ax, (1)

T. €. IJd BCAKOro sjiemedta ¥ u3 O M 3neMeHTa @ U3 A MOKHO MOJKO-
6path B A Takue sneMeHTH @’ u a”, 410

xa=a'x, ax=xa"., (2)

MoxHO yKasaTb ¥ Jpyrue ONpenesNeHUss HOPMAJIBHOTO HEJHTE/d,
pPaBHOCH/IbHBIE HCXOAHOMY. Tak, na3oBeM 3jeMeHTH @ n b rpymnm G
conpaycennvimu, ecau B G cyuecTByer XoTs Obl OLMH TaKOH 3JeMEHT X,
4TO

b=x"lax, - (3)

T. €., KaK TOBOPAT, 9JeMeHT b nojyyaercs u3 3JeMEHTA @ MPancgpop-
Muposanuen snementoMm x. M3 (3) cnemyer, oyeBHAHO, PaBEHCTBO

a=xbx"1=(x"1)"1bx"1t.

Iodzpynna A epynne G mozda u moasko mozda 6ydem Hop-
Mmarvroin Jesumenen 8 G, ecau smecme CO-8CAKUM CBOUM 3AeMeH-
mom a oHa codepicum & 8Ce dnemenmbl, conpsivcennvie ¢ Hum 8 G.

JeitcTBuTenbHo, ecnd A-—HopManbHuli neautedb B G, To, mno (2),
Ans BHOpPaHHOTO HaMu 3neMeHra @ u3 A u awobGoro anemeHtra x u3 G
MOXHO Tl0x06path B A Takol saement a”, 4to

ax=xa".
Orcona
x lax =a’,

T. €. BCAKWH 3/eMenT, conpsikeHnwit ¢ @, comepxurca B A, O6partHo,
€Cau poArpynna A COIEPXHUT BMECTEC CO BCAKHM CBOUM DJIEMEHTOM
4 BCE 3IJIEMEHTH, €MY CONpPSAKEHHBIE, TO B Aconepmmca, B qabTHOCTIi,
3JIEMEHT .

x"lax=a",
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OTKYyZa cirexyer BTOpoe H3 paBeHcTB (2). I[Mo Toit we mnpuumse B A
COMEPMUTCHE W 3BTEMEHT

(™ H~lax~t=xax"l=aqa’',

OTKYyZAa CHELyeT M TIepBOE M3 paBeHCTB (2).

[Tonb3ysice TUM pe3yabTaroMm, JErKO H0Ka3aTh, 4YTO nepecederue
21006l HOpMAAbHBLX Oeattmeneld epynnvt G camo 6Ydem HOPMANLHBLIL
Oeaumenes amoii epynnsl. B camom gnene, ecan A u B-—HOpManibHble
peantenu rpynne G, TO, Kak mOKa3aHo B mnpegwayuieM mnaparpade,
nepeceyennie A B Oymzer noxarpynno#t rpymnet G. Ilycts ¢ — mo6oit
sneMeHT U3 AN B, x — o060 snement rpynnst G, Torna snement x~tcx
IO/MKeH cofepxarbcd u B A, u B B, Tak xak o6a 3THX HOPMAajbHLIX
IenuTens cogepxar saement ¢, OTCOZa cneayer, YTO JEMeHT x~ lcx
BXOAUT B nepeceuenue A[) B.

daxrop-rpynna. 3HaueHue MOHATUS HOPMANBHOTO AE/AUTE/S OCHOBAHO
Ha TOM, YTO H3 CMEXHHIX KJaCCOB IO HOPMAJAbHOMY JeanTeN0 — BBHAY (1)
JeBHIC M NMpaBble CMEXHHIE KJIacCHl MOXHO B 3TOM. ClyYae He pas-
JIMYATh — HEKOTOPHIM BEChMa €CTECTBEHHBIM CIOCOGOM MOXET OHITb Io-
CTPOeHa HOBas TpyIma,

3aMeTuM cHayana, 4TO ecau A-—NPOU3BOJbHAS IOArPYINA TPYNIH
G, 10

AA=A, ' (4)

TaK Kax npoussenenne /MoOOHX ABYX JIEMEHTOB H3 MOATPYNNH A npn-
HAaIJeXKHT K A M, BMECTe C TeM, yMHOXasd BCe 3JeMEeHTH M3 A Ha efu-
HUILY, MBI YXe TOJyYHM BCIO MOArpynny A.

IMycts A Oymer Temepb HOPMaabHHIM AeauteseM rpynnu G. B smoxn
cayuwae npou3sedenue aw0box 08yx cauexcHulx Kaaccos G no A
(B cMbICE YyMHOKEHHS MOAMHOXecTB Tpynnbl G) camo Gydem camedc-
Hom waaccom no A. JleHCTBHTENBHO, HCIOJb3YS d4CCOUMATHBHOCTD
YMHOEHHSl ITOAMHOXECTB TPYINH, PaBeHCTBO (4) M paBeHCTBO

YA=Ay
(cp. (1)), Mbl mns moOHX 3/JeMEHTOB X M y rpynus G monydmm:
XA YA = xyAA = xyA. (5)

PaBencTBo (5) moxassiBaeT, 4TO AJS TOTO, YTOOH HAHTH Npousseje-
HHe IBYX JAHHBIX CMEXHHIX K/IaccoB rpymnsl G M0 HOPMAanbHOMY HeH-
Temo A, CleAyeT NMPOU3BOJbHHIM 06pa3oM BHIOPATh B STHX CMEWKHBIX
K/1accax 1o OLHOMY MPeXCTaBUT eI — HaIOMHUM, 4TO BCIKUH CMe-
HBIf KJacC TOPOWIAeTcs JIOOBM M3 CBOWX 3JEMEHTOB—H B3SITh TOT
CMEXKHBI KJacC, B KOTOPOM JIEXHT NPOU3BEIEHNE STUX NPeNCTABHTEIEH.

Taxum 06pa3oM, B MHOXECTBE BCEX CMEXHHIX K1accoB rpymnst G
N0 HOPMAJbHOMY MEJHTENI0 A ONpeleseHa ONEPAUnsd yMHOWKEHUS,
[TokaxceMm, UTO npU amos 8uNOAHSIOMCA ce mpebo8aniiss, 8x0dsMmUe
8 onpedenexue epynnsl. B camom jese, accOL@aTHBHOCTL YMHOXEHHS
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CMEXHHX KJACCOB CAEAYeT M3 acCOUUaTUBHOCTH YMHOXKEHHs IOLMHO-
ECTB TPynmE. PoJb exmmuis Mrpaer caM HOPMalbHRM Jdenutenp A,
SABASIIOUIMACT OXHUM M3 CMEeMHLIX KJacCOB pasnomenua Gno A: uMeHHO,
Buay t4) u (1) mas moGore x m3 G Oymer

XA-A=xA, A.xA=xAA=xA.

Hakonen, ana cmexnoro knacca xA o6paTHEM GydeT cMEWHEIE Kaace
x~1A, tax xax
xA-x"1A=1.A=A,

[locTpoenHast Hamu rpynma naswmiBaercst gaxmop-epynnoli rpynnu G
N0 HOpmanbHOMY Aeautenio A u o6osHauaercst dyepes G/A.

Mul BupmM, Y4TO CO BCAKOH Trpynmoil CcBY3bBAETCT Ueanliil Ha6op
HOBHIX Tpynn—ee GAaKTOP-TPYNI MO pPAa3JHYHEIM HOPMAJbHBIM A€NH-
tensim. Tlpu s1oM daxtop-rpymna rpynnst G no efuHHYHOR MOArpynmne
Oyner, noHsTHO, n3omopdHoil ¢ camoi rpymnoir G.

Beaxasn ghaxmop-epynna G/A abeanesoli epynns. G cana A6A5emcs
abenegoli, TaK KaK U3 Xy =YX Cjleayer

XA YA=xyA=yxA=yA XA,

Beaxan paxmop-epynna  G/A  guxaunsecxoid epynnet G cama
yuxauneckas, tax Kak ecau @ mopoxnmaercs snementom g, G={g},
U eC/H MaH NpOu3BOJbHLI CMEXHMH Kjaace XA, TO CYWIECTBYET Takoe
uejnoe 4ucao k, 4ro
x=g"*
1 DO3TOMY

: XA = (gA)*.

Iopsdox  amoboii  dhaxmop-epynret  6/A  roneunoll  epynns. G
fAsasemcsa Oeaumenes nopsoxa camoil smol zpynnvi. JeHRcTBUTENbHO,
nopanok dakrop-rpynnel G/A paBen UHAEKCY HOPMANbHOroO aeamrens A
B rpynne ¢, a NOSTOMY MOXHO BOCNO/Ib30BATLCSH paBeHcTBOM (7) H3
npeAmIecTBYIOEro naparpada.

TIpusenem HexoTopnie mpuMephH (akrop-rpynn. Tak kak B anau-
THBHOI rpynne HeJBIX 4YMCeJ NMOATPYIIA YHCEJ, KDAaTHLIX HATYPaJbHOMY
uucay K, MMeeT, KaK NOKasaHo B MpejllecTaylomem naparpade, HHAEKC &2,
TO (aKTOp-rpymma Hailel Frpynme o STof Noarpymie 6yneT KOHEYHOH
rpynnoit nopsiaika k, NPHTOM LUMKAHYECKOHM, TAK KAaK caMa paccMmartpi-
Baemasi rpynna LHKMuecKas,

dakTop-rpymna CUMMETPUYHOM rpynnu 7-i cremenu S, 00 3HaKo-
nepemennoil rpynne n-t crenenw A, Oyzer rpynmo# 2-ro nopsauka,
apryeM, BBHAY NPOCTOTH 4HCIA 2, HUKAMYECKOH Tpynnmo# (CM. KoHell
npejpecTByIOMEro naparpada),

Briile DPHBENEHO ONMCaHMe CMEXHHEIX KJACCOB MYJAbTHIIMKATHBHOM
rpynis! HEBLIPOWICHHLIX MaTpUl HNOpPAAKA 72 ¢ 3EMEHTAMHU U3 noins P
[0 HOPMAJbHOMY ACJAMTE/MO, COCTABJACHHOMY W3 MATPHU, ONPCAC/IUTE/Ib
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KoTopux pased 1. M3 storo omucaHus crenyer, TG COOTBeTCTBYOI(AN
daxrop-rpynna nzomopdna My/IbTHIVINKATHBHOK TPyNme OTJAUYHHX OT
Hyas yucen mnonas P,

Fomomopgpuambl, TToHATHR HOPMAJBHOTO JAennTeNst U GAKTODP-TPYIIH
TECHO CBfI3aHH CO cjefyiouiuM OGOGUIEHHEM NOHATHR U30MOpdU3MA.

Oro6paxenue ¢ rpynnsl G ua rpynny G’, craBsiniee B COOTBETCTBHE
BCSIKOMY 9/1€MeHTY @ H3 (F ONHO3HAUHO OnpeneneHHbl aneMeHT @’ =a@
u3 G, uHaswiBaercs 2omomopruim omobpascenuers G na G (mau
HPOCTO 20MoMOpPuU3IMOM), ecan Beaxul sneMent a' us G ciyXuT npu
3TOM oToGpaweHHH oOpa3oM HeKOTOporo siemedra & us G, a’'=aq,
W ecau ang nOOLIX sAementos a, b rpynnm G

(ab) p==a@. by,

OueBuaHo, 4T0, MOTPeGOBAB [IONONHHTEABHO B3aHMHYI0 OJHO3HAU-
HOCTb OTOOpaMeHHud @, Mbl NOAyunaAn Obl yie H3BECTHOE HaM Ompese-
nenue uzomopgusma. _

Ecau ¢ — zomomopgpuzmn epynnot G na epynny G w1 v a—co-
omeemcmeenno eQUHULA U NPou38ossHbl nemenm epynne G, 1" —
eoununya zpynnee G', mo

lo=1",
-1 _— -1
(@7) @ = (ap)~"

Heitcreutenbho, ecmu lp=e’ ¥ x'— NPOH3BO/BHLIA SUIEMeHT
rpynnet G', 10 B G cywectsyer Takoff 37eMeHT X, 4TO xcp x'.
Orcona :
=xp={(x-1)p=x@ - lp=x"-¢",
AHasorudso

’ 7ot

X =exX

U, cAenoBaTenbno, e =1’.
C npyro#t cropous, ecmu (a™) =10,

=lp=(ew ) g=0ap-(a7) p=1ag-V

M, aHAJIOTHYHO,
1'=b'-d(p,
otkyaa b’ =(ag)”

Haszosem sdpos romomopdusma ¢ rpynnm G ua rpyany G° coso-
KYIHOCTb TEX 9JeMeHTOB rpymiusl (G, KOTOpHE oroﬁpamarorca npu @
g exuuuuy 17 rpynnm G'.

Sopo scarozo zomomopghusma cp zpyrznu G snganemcs HoOPpMaALs-
Holm Oesttmenenm zpynno. G.

HefcTBUTENBHO, €CAH SAEMEHTH @, b rpynnst G BXOAST B ALpPO
roMmoMopdusma @, T. e.

ap=#bp=1",
TO
(ebyp=qag.bp=1"1"=1',
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T. e. M TIpou3BeAeHHe ab comepwutcs B sape romomopdusma ¢, C npy-
ro#f cropous, ecan ag=1', To

(@ Yo=(ap)t=1""1=1",

T.e. m a~! Bxoaut B sapo romomopdusma ¢@. Hakoneu, ecnm ap=1’,
a X—npousBoabHui sneMment rpynmsl G, TO

(xlax)p=(x"Y @-aq - x@=(x¢)"*-1"-xp=1",

fiapo paccMaTpuBaemoro romoMopduama oxasajoch NOATPYNNo#l rpymn-
no G, comepwxaulet BMeCTe CO BCAKHM CBOMM 3J1€MEHTOM M BCe Je-
MEHTH, C HHM CONpPSKEHHbe; OHO OyHeT, C/leLOBaTe/bHO, HOPMaJbHEIM
IDeHTeneM.

ITycrp Ternepb A — 11pOU3BOMbHHA HOpMalpHHl geautens rpymns G.
Crass B COOTBETCTBHE BCAKOMY 3/eMeHTY X rpynnsl G TOT CMeXHHIH
Knacc xA N0 HOPMa/abHOMY Jeautelio A, B KOTOPOM 3TOT 3JeMEHT
JIeWHUT, Mbl IONYYHM oTOGpakenHe rpynnu G Ha Bcio daktop-rpynny G/A.
Us ompenenenust ymuowesust B rpynne G/A (cM. (5)) cnexgyer, 4T0 3TO
oToGpawernue GyHeT roMoMOpPPHBIM.

[NonyueHHbl#t TOMOMOP(H3M HA3HBACTCA eCmecmgeHHbM 20M0MOD-
duzmom rpynnel G wa Qaxrop-rpynny G/A. flipom sTOro romomop-
¢u3Ma CAyXKHUT, OUEBHAHO, CAM HODMAJbHBIR nAejuTenb A,

Orcloxa cnenyer, 4TO HopMmanbHbie deaumentt epynns G & mossko
OHU cayxcam SOPAMU 20MOMOPYPUIMN08 3mOL 2pynns, DTOT Pe3yabTat
MOKHO paccMaTpuBaTe KaK ellle OIHO ONPENE]eHHE HOPMAIbHOTO
DenuTeNs,

OKa3bLiBAETCSH, UTO BCE TPYINb, HA KOTOPHE rpynna G MOWET roMo-
MOPGHO 0TOGPaKATbCH, 10 CYUECTBY HCUEPMHIBAIOTCA (PAKTOP-TPYNNAMH
9TOH rpymnmb, a BCe TOMOMOP(U3MH rpyRAns (-—ee ecTeCTBEeHHHMU
romoMopdpuamamMun  wa cBon (axrop-rpynnel. Tounee, cnpaseanusa
caepymowas , '

Teopema o romomopduamax. Ilycms dan zomomopdusm ¢
epynns G na epynny G u nycme A—s0po amozo 20Mom0pPHuU3na.
Tozda epynna G' usomopgna gpaxmop-2pynne G/A, npusem cyue-
cmsyem maroe u3omopPHoe omobpaiceHile G nepgoi U3 smiux epynn
Ha 8mMopyio, 4mo pe3yAsmam nocLe008amensH020 GolNOARERUST ONMO-
6pasxenusi ¢ u G cognadaem C ecmecmGeHHbM 20MOMOPPUIMON
epynno. G Ha dbaxmop- epynny G/A.

B camom pnene, uycrb x' Gyner nponsnonbmm snement rpynnx G,
a x—rTakoll snement rpynnn G, uro x@p=x'. Tax kak nas 1060r0
sneMeHTa @ W3 fApa A roMOMOp(H3MA @ HMEeT MeCTO PAaBEHCTBO
ap=1",

(xa)p =x¢-ap=x"-1"=x’,
T. €. BCe D3JEMEHTBl CMEXHOro Kaacca XA 0To0paxalTca MOpH @
B saeMedt X', ‘
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C npyrofi cropoHwH, ecanw z—obolt Takoi saemest rpymnn G,
yT0 2@==x’, TO

(x712) g = x72p- 29 = (x) -2 = &’ "Lx’ = 1",

T. e, X7z conepunurca B aape A romomopdusma . Ecan el nonoxnm
x~lz=a, T0 Z=Xxa, T. €. 3/IeMEHT Z COREPKUTCH B CMEIHOM KHacce xA.
Taxum oOpasoM, cobupast Bce Te 3aeMenth rpynnu ¢, KOTOphe IpH
romomopduame ¢ orobpamaiorcs B QuUKCHPOBARHLH 3jgeMenT X’ rpymnu
G’, MB moJyuyaeM TOYHO CMEXHHH Kaacc xA.

CooTBercrBue ¢, OTHOCHUlEe KawxAoMmMy 3aaeMedHTy » us G’ TOT
cMexHml kaace rpynnsi G no HOpManbHOMY REAHTENO A, KOTOPHI
COCTOWT W3 BCeX aJjemenToB rpymnnst G, mmelomux x’ csouMm o06pasoM
npu @, GyZeT B3aUMHO OZHO3HAYHMM oOToOpaxenmem rpymnet G' sHa
rpynny G/A. 310 oToOpaxkenHe 0 O6yneT H30MOPGHU3IMOM, TaK KaK ec/u

x'o=xA, yo=yA,

T. €.
7 x(P=x’y }’(P=)”,
TO

) e=xp.yp=x'y’,
a Nno3ToMy

(x'y)o=xyA=xA-yA=x'0-y’0,
Hakonen, ecan x-—npoussonbhuii snement us G u X¢=x', 10
(xg) 0 =x'0=xA,

T. €. NOC/IeLOBAT €bHOE BhillonHeRne FomoMmopduama ¢ u nzomopdusma o
Ha €CaMOM jene OToOpaMaeT /MEMEHT X B NOPOMAACMBIH HM CMEKHHIL
"knacc xA. Teopema nokxasana.

§ 66. Ilpambie cymmbl abeJieBbIX rpynn

Mpl XOTHM 34KOHUUTH FJABY OJLHON TEOPETUKO-TPYNINOBOH TeopeMoi,
6osee raybGoKoH, uyeM Te 3JjeMeHTapHble CBOHCTBA FPYHN, KOTOPHE
nanaramach Brie, VMvenno, onupasich Ha yxe napecTHoe HaMm ua § 64
onucaHue NHKINYECKUX TPYNM, MBl NMOJYYHM B Caelylowiem naparpade
NOoJHOE ONHCAaHME KOHEeYHHX abeNeBLHX rpynm,

Kak npunsgto B Teopuu abeneBblX Tpynm, L] FPynnoBoH onepanpu
OyneT MCNO/Ab30BAaThCH AaAAUTHBHAA 3anucb: Mbl OyleM TOBOPHTD
0O cymMMe a-b anemedtoB @ ¥ b rpynmp, O Hynesofi moa-
rpynne 0, 0 KpaTHB X ka HEKOTOPOro 3]JeMeHTa @ M T. I.

B s7oM maparpate Mb H3y4uM OJHY KOHCTPYKHHIO, KOTOPYI0 OyneMm
uajnaraTh NPUMEHHTEALHO K abeseBbiM FPYANAaM, XOTH €€ MOXKHO Onio
Oul BBOAWTH Cpasy miast nobunx (r.e. #Be 0083aTesbHO KOMMYTaTHBHBIX)
rpynin. DTa KOHCTPYKIMS MOLCKA3LBACTCH CJCAYIOUIMMH [IPHMEpPaMH.
IlaocKoCTh, paccMaTpuBaeMas KaK IBYMEPHOe 1elCTBUERENbHROE. NHHEHHOE
npocTPancTBo, abBasercsd abeneBOH rpynnod OTHOELUTEAbHO CROXKEHUSH
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BeKTOpOB. Jl106ad mpsiMas B 3TOH NIOCKOCTH, NPOXOAAINAT Yepe3 HAYAJIO
Koopaunar, Oymer noxrpymnno#t ykasaHuo#t rpynnu, Ecnm A, u A,—
IBe Da3JUYHKHE TdKue NpsMble, TO, KAK U3BECTHO, BCAKMH BEKTOp Ha
MJIOCKOCTH, BHIXOAAUIMH #3 Hadana KOOPIMHAT, OJNHO3HAYHO IIpeacTa-
BASETCH B BHJAE CYMMBl CBOHX Ipoekuu#i Ha mnpamee A; n A,. Ana-
NOTUYHO, BCHKHE BEKTOD TPEXMEPHOro JHUHEHHOTO MPOCTPAHCTBA OMHO-
3HAYHO 3aMHCHLIBAETCH B BHAE CYMMH TPeX BEKTOPOB, NMPUHANJEWALHX
K TpeM 3ajaHHKM NpsaMeiM A, A, d Aj;, €CAH TOJABKO 3TU NPAMBE He
NexaT B OAHOH MJIOCKOCTH.

Abenesa rpynna G HasbiBaeTcs npsMol CYMMOU CBOMX TONTPYNI

Ay Ay eey Ay
G=Ay+ Ayt ...+ A (1)

ecnu BeAKui sneMeHT x rpynnsl G sanuchiBaeTcs, TPUTOM €IHUH-
CTBEHHHM CMOCO60M, B BULE CYMMB-3JIEMEHTOB Gy, Qyy ..., Gy,
B3ATBHIX COOTBETCTBEHHO B TMOArpynnax A,, Ay, ..., A,

Xx=a+a+ ...} a,. : (2)

anuce (1) naseBaercs npamsm pas3asoxcenuer rpynns G, mox-
rpymnmel A, i=1, 2, ..., k,—npaxunn caozoemsmu STOrO pas-
TOWEHUs, a DJIEMEHT a; U3 (2) —xomnonenmol sleMenTa X B TPIMOM
cnaraemom A, pasnoxenus (1), i=1, 2, ..., k.

Ecau gano npsmoe pasaoscenue (1) epynnet G u ecau npsanusie
caqzaembie A; 3mo20 passoNCeHUs, 8Ce UAL Hexomopble, CaMmii pas-
AOJCEHBL 8 NPAMYIO CYMMY,

.Ai=A51.+A[2+o~_-+Aikp kg>17 (3)
mo epynna G.6ydem npamol cymmol gcex csoux nodepynn
Aip 7=1,2, ..., by i=1,2, ..., k.

JleficTBATENbHO, ANS NPOM3BOMBHOTO 9neMeHTa X rpynms G cyute-
cTByeT 3amucb (2) OTHOCHTENTbHO mNpPIMOro pasnowenuns (1), a xas
Ka}IOH KOMIOHEHTH a;, i=1, 2, ..., k, —3anuch

. QG=an+0u+ ...+ ap, (4)

OTHOCHTENbHO MPAMOTO pasnomenus (3) rpynnnl A;, SIcHo, uT0 X Gymer
CYMMOH BCeX 3J1eMeHTOBR @ p J=1, 2, (.., k;y i=1 2, ..., k.
EnuncrteenHocts 3TOH 3amMcH BHITEKaeT U3 TOTo, 4TO, Geps mo6yio
3amuch 3J€MeHTa X B BUAE CYMMH 3JIeMEHTOB, B3ATHIX 10 OLHOMY
B MOATPYNMax A;; M CKJIaxbBadg claraembie, NPUHALNEKAUME K OLHOM
u To#t e moarpynme A;, i=1, 2, ,.., k, MB JLOMKHBE MOJTYyYUTh KaK
pa3 PaBeHCTBO (2); C IPYrof CTOPOHH, KaXILIH 3TEeMEHT a; obnanaer
Iunib ONHON 3anmchio Buma (4).

-Onpenenenuio npaMofft CyMMBl MOXHO NpuaaTh HHY©0 dopmy. Bae-
1eM cHayana ewe oxHo noHAtHe. Ecam B aGeneso#t rpynme G pauu

i
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nexotopwe noarpynns By, B,, ..., B, To o6o3nauum uepe3s {B,
B,, ..., B,} coBokynHocTb a1eMeHTOB ¥ TPyNnH G, KOTOphE XOTH OH
ONHHM c¢HOCO60OM MOTYT OHTh 3amucaHbl B BHIE CYMMH 9Je-
MeHTOB by, by, ..., b, B3ATHX COOTBETCTBEHHO B NOATPYHIAX

B, B, ..., B,
y=b4by+...+0b, (5)

Mnooxcecmso {B,, B,, ..., B} 6ydem nodepynnod epynne G.
T'oBOpAT, YTO 3Ta NOATPYNNa nopoxcieHa noiarpymamu By, By, ..., B,
Hns noxasatenncTBa BosbMem B {B;, B,, ..., B,} anementr y
¢ 3anucblo (), a Takke saeMent y’, o6asanuUIUi AHATOTHYHON 3aANHCHIO

y'=b+b+...4+0b,
rie b;—SHEMEHT us B;, i=1, 2, ..., l. Torna

Yy = by + b+ (b b2) +- . ..+ (b, b),
—y = (=) (=) (b))

T. €. DNEMEHTH ¥ + ¥ U — Y TaKke 004aJal0T XOTS Obl OJAHOH 3aMHCHIO

BuAa (5) U, CIeXOBATENbHO, IPHHAJIEKAT K MHOWECTBY {By, By, ..., B},
Y10 H Tpe6oaanoc1> uoxaaaTb
llodepynna {B,y, B,, ..., B,} codepycum xancoyro u3 nodzpynn B,

i=1, 2, ..., . Je#ictBurtennHo, Bcgkast noarpynna rpymnst G co-
HEPKUT HYJb STOH TPYNILL, a 1103TOMY, Gepsi, HanpuMep, B NOArpynre B,
a060# snement by, a B nomrpynnmax B,, ..., B,—3nement 0, wMu
NOJNYYHM IS 3JMeMeHTa by Cledyiomyio 3amuch BuAa {5):

by==b,+0+4...+0.

Abesesa ezpynna G moz20a u moasko mozda 6ydem npamoil cym-
Moli cgoux nodzpynn Ay, A,, ..., Ak, ecan ona nopoxcoaemcs smumu
nodzpynnamu,

G={A4,, 4,, ..., A4} (6)

u ecau nepeceuerue kasxcdoldl nodepynner A; i=2, ..., R, ¢ noo-
epynnoli, noposcdenHoill 8cemu npeamecmgylomumu nodzpynnanu
Ay, Ay, ol Aj_q, cOOepiCEM MONLKO HYAD,

{Ay, Ay ooy A YNA=0, i=2, ..., k. (7)

JIetictBuTtenpHo, ecan rpynna G o6nanaer npsMuM pasiowednem (1),
TO AN BCAKOT O anemeHTa x u3 G cyulecTByer 3amuch (2), a nostomy
numeer Mecto paBercTBO (6). CnpasepnuBoctb pasencts (7) BHTeKaer
U3 €AMHCTBEeHHOCTH 3amucu (2) Aas 1060ro SiaeMeHTa X: eciau
6u nas HekoToporo i mepeceuenue {A;, A,, ..., A;_,} N A, corepxano
HEHYJICROH 3/IEMEHT X, TO, C OJHON CTODOHB, X MOXHO 3aNHCaTb Kax
BIEMEHT a; U3 A;, T. €. X=a, 4 NOITOMY

x=0+...+0+ai+0+..>.‘+0; (8)
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C LPYro# CTOPOHEl, X, KaK 3/7eMEHT u3 Moxrpynns {A4,, 4,, .. . Aoy}
o6namaeT 3amMHCbI0 BHAA

X=ay, a3+ ...+ a;_q,
X=0a,40,+...+a,_,+04...4Q 9

(8) u (9) oyayr, oquHnHo ABYMs PA3HBIMH 3aMHCAMH BHI (2) mnsa
3JIEMEHTa X.

O6patno, nycth BrmoansoTcst pasenctsa (6) u (7). Ms () cnenyer,
4TO M0GoH 3jement X rpynnn G ofianietr XoTs Gbl OLHOH 3amuChIO
Bufa (2). Iyctp, oauake, XJI% HEKOTOPOTO BSJIEMEHTAa X CYUIECTBYIOT
JBe pas/HyHbIE 3amucH BuAa (2),

x:al—{—az-i—...—i—ak:a;—]—a;—{—...—{—a;z. (10)

Torma MOwHO HaliTh Takoe i, i<k, 4TO

T. €.

Ap=0Qp, Cp1=Ch-1y vy Qj 1 =Ciyy, (11)
HO
a[#aiv
T. €
a; —a; 0. (12)

M3 (10) u (11) crenyer, omnake, paBeHCTBO
4—ar=(a,—a) + (@ —ay) + ... (211 —ar_y),

npotuBopeyauiee, BBuAy (12), paBenctsy (7). Teopema mokasana.

Ha nousiTHe npsiMo#i CyMMum MOXHO IIOCMOTPETh C COBCEM HHOM
CTOPOHHI. Hycn: IaHo k MPOM3BOJIbHLEIX abeneBuiX rpynn Ay, A, ..., 4,,
CpexH KOTOPHX MOLYT ObiTh ¥ uaomopdrse. O603HaUNM qepes G coBo-
KYNMHOCTb BCEBO3MOHBIX CHCTeM BHJA

(ay, @, ..., a), (13)
COCTaBJIEHHBIX W3 .3JEMEHTOB, B3fiTHIX 110 OJXHOMY B KaXAOH H3 rpynn
Ay, Ay, ..., A, MuoxecrBo G craHer aGeneBofi rpynmo#, ecau cio-
dcenute cucrem Buia (13) Gyner ompene/eHO NPaBHIOM:
(alx Aoy o vvy ak)_’—(al’ Qg X ak)=
=(a, +a,, a,-+a,, ..., a,+ ag), (14)

T. €. CKMaJHBalOTCS 9/EeMEHTH B KawHOH u3 3afaHHbX Tpymm A,
Ay, ..., A, oTnenbho. JleficTBHTENbHO, ATCOLMATHBHOCTD M KOMMYTa-
THBHOCTb 3TOCO CJOMEHHS BHITEKAIOT U3 CIPaBEMJIMBOCTH 3TUX CBOKCTB
B KaX[AOH M3 3aJaHHBIX IPYINMN; POJb HYJS HIPaeT CHCTEMA

(01’ 021 ey Ok);
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rae yepes 0; o6o3HaueH HYJAEBOM daeMeHT rpymnu A, i==1, 2, ..., k;
nporuBononoxuof aas cucremn (13) Oyner cucrema

(""ap Qg sany ’_ak)‘

L]
Toctpoennasa abenesa rpynna € HaswBaercs npAMol cymmol rpynn
Ay, Ay oo, A, ¥ 3aNUCHBACTCA, KAK M BHIIE, depes

G=A,+A,+ ...+ A,

OnpaBpakneM 1714 3TOro HasBaHUA CAYXKUT To, 4TO 2pynna G, s8as/0-
wasncs npamoii cymmoi epynn Ay, A, ..., A, 8 moavio umo onpe-
OefeHHOM cMbiche, Modicem Ooimb pA3AOHCEHA 8 NMPAMYIO CYMMY CBOUX
noozpynn A'l, .A;, cees A;, COOmBEMCMBEHHO U3OMOPPHUX 2PYNNOM
Ay Ay el A )

Vimento, o6o3nauum uepes A;, i=1, 2, ..., k, COBOKYNHOCTb Tex
snemenToB rpynns G, T.e. cucreM Buga (13), y KoTopmx Ha i-M
MeCTEe CTOUT IPOHW3BOJbHMIE 3/EMEHT a; u3 rpymnn A; a Bce OCTalb-
Hble MeCTa 3aMAThl HyJSMH COOTBETCTBYIOILMX TPynmm; 3T0 OYyAYyT,
CIEJOBATENbHO, CHCTEMH BUAA

(01, “o ey 0i-1’ ai, 0i+1’ ey Ok)' (15

Onpepenenue caoxenus (14) noxaswiBaer, YTO MHOXECTBO A:- Gyaner
noarpynne#t rpynnst G; usomopdusm 3Tofl NOArpyAns ¢ rpynmoit A;
Mbl TIOJYHYHM, COMOCTaBAAs KawAo#k cucteme (15) saement a;rpynnu A;.

Ocraercs mokasaTtb, uto rpynna G #BASETCH NPAMORA cymMol noa-
rpynmn A;, A;, ceey A;;. He#icteutensno, motoh anement (13) rpynmnt G
MOXHO NMPENCTABUTb B BUAE CyMMBl 3JIEMEHTOB U3 YKA3aHHHIX NOACLPYNM:

(al! 02, L] ak)=(a19 02) ¢y 0k)+
+(01’ az) 031 seey Ok)+"'+(0p 02) v ey Ok-p ak)-

EZMHCTBEHHOCTL 3TOrO NPENCTABJIEHHSt BHTEKAET M3 TOTO, 4TO PAa3Hy-
HEE cucTembnl  Buaa (13) 4BAAOTCA pasJAHMYHBMH  3JEMEHTAMU
rpynon G. ~

Ecau Oawbt 0se cucmensv. aberegoix zpynn, Ay, A, ..., A, u
By, By, ..., By, nputem epynno. A; u B; uzomopgue, i=1, 2, ,.,
..., B, mo zpynno

G=A,+ A+ ...+ 4,

H=B,+B,+...-+B,

marose 0YOYMm U30MOPPHHBEMIL, ,
HefictButensro, ecnu mas (=1, 2, ..., k& mexny rpymnamm A;

u B; ycranosien usomopdu3M @;, CONOCTABALIOWHMH KawaoMy 3he-

MeHTy @; u3 A; anement q;p; U3 B;, T0 orobpaxenue ¢, oTHOCALLee
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BCAKOMY 3/eMeHTY (@, Q4 ..., @) Tpymnsl G siaement rpynms H,
OnpenesiieMHit PaBEHCTBOM
(al’ a2y v ey ak)cp=(a1(p19- 02([)2, ey akq)k)’

Gyner, O4eBUAHO, M30MOPGHHM oTOGpaxeHueM rpymnu G Ha rpyniy H.

Ecau danet xonenwnse abenegol epynnst Ay, A,, ..., A,, uneo-
e coomsemcmeento NOPIOKU Iy, My, ..., My, mo npanas cymuna G
amux epynn maksce 6ydem KOHeLHOI epynnoil u ee noOpadoK n
ager npou3sederlio nopaoKos npsmbls CAA2AeMblX,

n=mn, ... 1. (16)

HeiicTBuTenpHO, YHCAO pa3nnyHelx cucteMm Buaa (13), y KoTopwx
STEMEHT @, MOXeT NPHHUMATh /; DPA3JHYHBIX 3Ha4YeHull, 3MEMEHT a,
[PHHUMACT 71, PAa3/UYHLIX 3HAYCHUH U T. 4., OnpeendeTcs papeHcTsoM (16).

PaccmorpuM HekoTOpHiE IPHMeE P H.

Ecau nopsdorx n xowenrol yuxauzecxoli zpynno {a} passrazaemcs
8 npousgederite 08YX 83AUMHO NPOCMbLYX HAMYPAAbHBLX HUcCenr,

n=st, (s, t)=1,

mo epynna {a} passrazaemcs 8 NPAMYIO CYMMY 08YX BUKAULECKUX
epynn, uUMelOUILX COOMBeMCMBERHO NOPAOKL S U I,
Bynem ymorpe6asts nas rpymns {@} anauTmBHywo 3sanmuch. Ecmu
nonoxnm b==ta, TO '
) : sb==(st) a==na=0,
HO ana 0 <<k <s
kb==(kt)a 0,

T. e. UuKAnueckas moxarpymma {b} wumeer mnopsmok S. AHanOTHUHO
nukamMyeckas moxarpynma {c} snemenra c=sae umeer nopsaok f. [Tepe-
cevenne {b} N {c} comepwutr ToNbKO Hynb, TaK Kak ecauw kb=lIc npn
0<k<<s, 0TI, 71O

(kt) a==(Is) a,
OTKyJa, TaK Kak uyucna Rf u [s meHbue 7,
’ kt=Is,

YTO HEBO3IMOXHO BBUAY B3aUMHOM TMPOCTOTH uucen S M t. HaKOHEI.l,
CyleCTBYIOT TakKue 4ucnaa & " v, 4TO

su-ttv=1,
a TMOSTOMY
a=wv(ta) -+ u (sa)y=vb-+ uc,

M, CIeHOBATENbHO, moGoH 3neMeHT rpymmsl {a} MOXHO NpexcTaBuTh
KaK CyMMy sneMmeHToB u3 noxrpymm {b} u {c}.

Hasosem afeneBy rpynny G Hepa3aoxclmol, eciu ee Helb3d pas-
TOWHUTH B NMPAMYIO CYMMY ABYX HJH HECKOJbKUX ee TOATPYII, OT/IHYHBIX
oT HyneBo# mnoarpynns. KoHeunas uuKAHueCKad TPYNNa, MNOPSAOK
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KOTOpOﬁ ABJAAETCH HeKOTODOH CTENEeHbO NPOCTOrO YHCaa p, HA3HBaETCHd
npumaproll TRKAMYECKOR TpynnoHi, oTHoCAieHcs K NPOCTOMY YHCAY . p.
IMpumensist HeCKOABKO Pa3 J0Ka3aHHOE BHIE YTBEPK/AEHHE, Mbl NOJYYHM,
uYTO 8CAKAS KOHeYHAas yuxauteckas epynna pamazaemcn 8 npanyio
CYMMY NPUMADHBX UUKAULECKUX 2DV, OMHOCAUUXCS & PA3AULHBLM
npocmuim wucaanm. Tounee, yuwauteckas zpynna nopsixa

n=phiphs . pks,
20e Py, Py, ..., Py—PpPQ3AUXHb C NPOCMble HUCAQ, PA3LA2ALMCA
8 NPAMYIO CYMMY S BUKAUHECKUX 2PYNN, UMCIOWUX COOMBEMCMEEHHO
nopadxu pt, pks ..., pks.

BcaKkas npumapres QUKAUMECKAS 2PYNNG Hepa3ioncuMQ.

B camoM nefe, nycTh NaHa KOHeUYHas UMK/AHYeckad rpynna {a}
nopsnka p¥, rae p—npoctoe 4ncao. Ecau 6m 3Ta rpynna 6uaa pas-
J0wuMOH, To, no (7), ona o6aazana 6bl HeHYJAEBHMH [OATPYNNAMH,

‘mepeceveHHe KOTOPLIX PaBHO HyMo. B neficTBUTE/NBHOCTH, ORKHAKO,
BCsikass HeHyJeBas MNOATpynma Haweh rpynnm ¢o-
JEeEPXHUT OTAUYHBH OT HYNd 3AEMEHT

b=p*ta.

s noxasarenbcTBa BO3bMEM MPOH3BOJbHBIH HEHYNEBOH 3JEMEHT X
Halle rpynmbl,
x=sa, 0<<s<<p"

Yucno § MOXKHO 3anmucartb B BHAe
s=p's’, 0<<I<k,

rae 4ucio s YK€ HE LeNHUTCs Ha p U, CJIeXO0BATEJbHO, B3dUMHO NPOCTO
¢ HUM, a NO3TOMY CYUIECTBYIOT Takue 4dcCiaa &4 v v, 4TO

s'u-+pv=
Torxa

PPy x=(p* " tusya=(pFrus)a=
=p* (1 —pv)a=(p**—pv)a=p*-

T. €. 9]eMeHT b BXOIHMT B LUKIHYECKYl0 noarpymny {x}.

Aooumusnan epynna yeawx uucer (m. e. GeckoHeuHas uutmzz-
yeckas 2pynna), @ maxsce AOOUMUBHAR 2PYNNG 6CeX PAUUOHAAbHBLX
yucen ABARIOMCA HEPA3A0IHCUMMME 2PYyNNAMU.

Hepasnowumoctps 06enx yKasaHHHX TPy BHTEKAaeT U3 TOrO, 4To
B KaxAOH W3 9TUX -Fpynnm aaa JMOOHX ABYX HEHYJEBHIX 3JIEMEHTOB
CyulecTByeT HeHy/neBoe ofmee xpaTHoe, T. e. JoOble JBe HeHyJeBhe
LUKAUYECKUE HOATPYyNnu 06J1anat0T HeHY/eBoM NepeceueHHeM.

3ameruM, YTO ecau omepauus B abeneBo#l rpynme G HasuBaeTCs
YMHOXEHHEM, TO CJeAyeT TOBOPHTbL HE O NPAMON CyMMe, a O 7IpAMOM
npousgederul,

la—uv(pfa)=p*-la =0,
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Myssmuniukamusnas epynna OmMAULHBX Om HYAR Oelicmsu-
mensHblX HliCed pa3razaemcsi 8 NPAMOe npou3sederite My AbMUNAUKQ-
MUBHOIL epynnbl noaoHCUMeAbHbLX CelCmBUmMeNbHBLX HUCes U 2PYNNYL
70 YMmHOYCEHUIO, cocmasiennold u3 uuces 1 u —1.

HeficTBuTeAbHO, B IepECeYEHUH YKA3aHHBIX IBYX MOATPYNN HaumeH.
TPYINH COLEPWHTCS JHMLIb YHCAO | — eIMHHYHBIHA 3/1EMEHT 9TOH rpynn..
C zpyro#t cTOpoHH, BCAKOE NOMOXKHTENBHOE YHC/IO ABJSETCS Npou3Bejie-
HHEM camoro cebs Ha Yucao 1, BCAKOE OTPHILATENbHOE YHC/O — NPOH3-
BefeHnueM CBoef aGCOJIOTHOH BeJAMYMHH HA YHCAO — 1,

§ 67. Koneynnie aGesieBbl TpymiH

Ecn "MH BO3bMeM /110608 KOHEUHbIH HAG0D MPHMAPHBIX TIMKIHYECKHX
TPyNi, HEKOTOPHIE M3 KOTOPHX MOTYT OTHOCHTBHCS K OJHOMY M TOMY e
NPOCTOMY YHC/JAY M/JH JaXe WMEThb OOMH H TOT e HOPHANOK, T. €. GHTb.
n3oMopdHEIMH, TO mpsiMas CyMMa STHX rpynn 6yneT KoHeuHo# abeneBoit
rpynnofi. Oxa3biBaeTcs, 4TO 3THM MCYEPMHIBAIOTCS BCE KOHEUHbie abe-
JICBH TPYTIHL

OcHoBHAag TeopeMa O KOHEUYHH X abeJeBHX IPynmax.
Beaxas ronennas abegesa 2pynna G, He ABALIOWAACH HYAesoll
epynnoti, pazrazaemcs 8 nPAMYIO CYMMY NPUMAPHBX BUKAULECKUX
nogepynn.

HoxasarenncTBO 3TOH TeOpeMbl HaUHEM C 3aMeyaHus, uto 6 epynne G
Henpemenno HaAUOYMCA Hewy.esbie 3AeMeHmbl, NOPAOKU KOMOPbIX
ABAAIOMCH  CMeNneHAMU Npocmux 4uces. [eHCTBATENbHO, €CAH HEKO-
TOpHIi Heﬂyneaoﬁ a1eMeHT X rpynmsl G umeetr nopsnox I, Ix =0, u
ecan p¥ k£>>0, ecThb Takas CTeNeHb NMPOCTOrO YHCAA P, HAa KOTOPYIO
yucno I penurcs,

I=pFm,

TO S/MEMEHT mX OTJHMYEH OT HyAs W MMEeT nopsamox pF,
Ilycts
Pis P2y -vvs Ps (1)

~GyAyT BCce pa3JHUYHK € NPOCTHE YHCAA, HEKOTOPHE CTENEeHH KOTOPHX
CAYXaT INOPSLKAMH HEKOTOpPHX 3jeMeHTOR rpymnn G. O603nauum
yepe3 p no0oe M3 ITHX uHcea, a yepe3 P COBOKYNHOCTH 3JEMEHTOB
rpymnel G, uMEOUX CBOHMY MOPALKAMH CTeNeHd 4ucia p.

Mnoxcecneo P sgasemcs nodepynnoii epynns G. JleHcTBHTNbHO,
B P BXOAHT 3JEMeHT 0, TaK Kak ero TmopsiioK ecTh 1——p° IIaJlee
ecin pfx=0, To m p*(—x)=0. Haxonen, eciu pix =0, ply=0
H ecnu, Hanpumep, k=1, to

PHx+y) =

T. €. TOPSAKOM 3/eMeHTa X -y CAYWKHT Hau 4ucao p¥, wiu pemutens
3TOrO uYHC/4, T. €. BO BCAKOM C/yyae HEKOTOpas CTeNmeHb Hucaa p,
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bBeps B KayeCTBe p MOOuYEPeIHO Kawxaoe u3 urcea (1), Mb TOayuuMm
§ HEHYJIEBHIX MOATPYII

Py, Py ..., P, (2)
I'pynna G ssasemcs npamoll cymmol amux nodzpynn,
G_=P1+P2—{-...+Ps. (3)

HeficTButeNnpHO, €cAM X —TNpPONU3BOJbHEA 3iemMest rpymust G, TO
er0 MOPANOK / MO¥ET NeNUThCS JMIIb Ha HEKOTODLIE IMPOCTHIE YHCHa
n3 cuctems (1),

I=pkipka .. pls,

rge k=0, i=1, 2, ..., s. Hosmm‘y, K4K TMOKAa3aHO B KOHIE mpej-
urecTBylomero naparpada, nuKIMueckad noxrpymna {x} pasnaraercs
B NMPAMYI0 CYMMY TPHMapHHX HUK/JIHYECKHX NMOATPYIII, HMEWUIUX COOT-
BETCTBEHHO TOPsAKA ph, 1‘)’22, ..., pFe. OTu TpumMapHbie IHKIMYECKHe
NOArPYINLl IeXKAT B COOTBETCTBEHHHX NOArpynnax (2),, /e L0BaTEJIbHO,
9JEMEHT X MPeNCTaBJAAETCS B BUAE CYMMbl 3J€MEHTOB, B3fATHIX 1O OX-
HOMY BO BCeX H/IM HEKOTOPHX H3 noArpynm (2). DTuM KOKa3aHO
PaBEHCTBO
G={Py, Py, ..., P},

aHaJoryyHoe paBeHCTBY (6) u3 npemwecTBylouiero maparpada.

Jlas noxasarenbCTBA PAaBEHCTBA, AaHAJIOTMYHOrO ~ paBeHcTBY (7) w3
TOTO Ke maparpada, Bo3pMem moboe i, 2<Ci<Cs. Torga moboii ane-
MeHT y u3 moarpymnul {P;, P,, ..., P;_,} umeer Bux

y=a1+‘az+---+ai-p

rje sneMeHt @, j=1, 2, ..., i—1, newuT B MoArpymme Py, T. e
uMeeT NMOPANOK pff. Torna

(il i)y =0,

T. €. NOPSAKOM 3JeMeHTa y CAYXHT HEeKOTOpH# menaurenp umcnia
phipha. . pFistu, crenoBaTenbHO, SNEMEHT Y, eC/U OH OTAMYEH OT HyJs,

He MOXET CopepwaThcs B moarpynmne P;. Idrtum LOKa3aHO, 4TO
{Ph Py oo, pi—1}npi=0:

yT0 M TPe6GoBaNOCh A0KA3aTh,

3amerum, uro abeseBa rpymnna, NOPSLKH BCEX SDJIEMEHTOB KOTOPOH
SBASIOTCSL CTENIEHSAMH OJHOTO M TOTO e MPOCTOTO YHC/IA P, HA3LIBAETCH
npumapHoll OTHOCUTENBHO 4YHCNa p. IIpHMapHHE UMKAHYECKHE TpYInH
BAAIOTCH YACTHHIM ClydaeM, npuMapusix rpynm. Taxwm oGpasoM, mon-
rpynnel (2) npumapuel, OHM HASLIBAIOTCS NPUMAPHBLMIL KOMIOKERMAML
rpynnst G, a npsMoe pasfnoxenne (3)—passoscenttess 3moll 2pynnul
8 npumapnble KomnoHenms, Tak Kak NOArpynmmsl (2) onpeneseHbl
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B rpymie ( OIHO3HAYHBIM 06pasoM, TO ¥ pa3aoscenue epynnv. G
8 NPUMGPHLLE KOMILOHEHMb, Onpedeseno OOHO3HAUHO.

Pa3noxumoeTh BeaKOH KOHeuHOH abe/leBOi rpynnul B NPAMYIO CYMMY
NPUMAPHEX FPYNM CBO I WT, NOHATHO, LOKA3aTEJNBbCTBO OCHOB-
HOH TeopeMs Ha caydyalt koHeunoli npumapHoi aGene-
BOH rpynnu P, orHnocsmedcs K HEKOTOPOMY NMPOCTOMY
upcay p. Pacemorpum ator cayuai,

Ifycry @, Oyaer onmmu W3 37eMEHTOB Tpynne P, uMEOMUX B Hedl
HauBHCLH mopsaaok. Ecau, manee, B rpynne P HBMEWTCH HEHYJEBHE
3/IEMEHTH, BHK/IRYeCKHe HOATPYRIL KOTOPHX MNEpPeceKarTcd ¢ HUKIU-
yecko#t noarpynmo#t {a,} MMM DO HYJIO, TO Yepe3 @, 0603RAYUM OAUH
U3 3/IEMEHTOB HAWBLICIIETO INOPAAKA CPEeAH 3JEMEHTOB ¢ 3THM CBOM-
CTBOM; TaKuM o0pasoM

{a;}n{a,}=0.

TIycth yike BHIGPAHBI 37EMEHTH @y, @y, oo, &;_y. [IOATPYNNY TPy~
ol P, NOPOXICHHYI0O HX NHKINYECKUMH NOATpynmnamy, O0O603HAYUM
uepe3 {@y, @y, «.., @_q},

{{a}, {aa}, oo {aig} b= a5, .0y a4} (4)

OHa COCTOHWT, O4YEBHIHO, U3 BCEX SIEMEHTOB IPYINbl P, KOTOpPHE MOryT
6blTb 34anucadnt B BHIC CyMMbl 9JIEMCHTOB, KDPATHLIX 3JCMCHTAM al,
@y, ..., @;_q; OyLeM FOBOPUTD, UTO 3Ta NOATPYNNA 70POXCOAeNcs dne-
MEHTAMH @y, @y, ..., ;1. O603HAUKM TENepb 4€pes @; OAHH U3 3/e-
MEHTOB HAaHBHICHIETO HOPSAAKA CPEIH TEX 3JIECMEHTOB rpynub P, HuK/iu-
Yeckne MOATPYNMNL KOTOPHIX HMEIOT PaBHOE HYJNI0 NEpeceyeHne ¢ Moj-
rpynnoit {a,, @, +.., @;_1}; TAKHM 06pasoM

{al’ gy orey ai—l}n{ai}z‘o' {5)
BBuay KOHEUHOCTH Ipymnl P 3TOT NPOHECC AOMKEH OCTAHOBUTbHCA;
NycTh 9TO NPOH3OHAET Mocle TOTO, Kak OyRYT BhIOpaHbl 9JEMEHTH 4,
@y, ..., @g. Ecan uepes P’ Mul oéosnaquw HNOATPYNNY, AOPOWKAEHHYIO
STHMH anememam
P’={a17 Aoy vy as}*

={{a}, {a,}, ..., {a}}, (6)

TO, CJIEJOBATENbHO, HHKJIUUYECKAad NOAFPYyANaniw60ro HeHy-
AEBOrO 3neMeHTa rpyuns P uMmeerT c noarpynnoi P
HeHY/leBOe nNepeceyeHne,

PapenctBo (6) u paBeHcTBO (D), cnpaBeanuBoe mag (=2, 3, ..., s,
NnoxaswBalT, BBULY (4), uTo noarpynna P saBrsgeTcs npsiMoi
cymmoﬁ nukauuyeckux noarpynn {a}, {a}, ..., {a},

Pr={a;} +{a;}+... +{as. (7

Ocraetcs ZOKa3aTh, yTo NOATrpynna P’ Ha caMoM Aede COB-
najgaeTr Co Beceld rpynnoi P,

T. €.
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IMycte Xx— 1060 aaement rpynns P, umemluil mopsaok p. Taxk kak
| P {x} =0,

a moarpynna {x} He uMeeT HEHYJAEBHX IMOATPYNI, OTAUYHBIX OT HEE
CaMOM— HAMOMHHM, YTO MOPHAJOK MOATPYNNH ABJISETCS AEAUTEAEM IIO-
psiKa TPpynob, a 4YHCAO p TNpPOCTOE, —TO B NEHCTBHUTENBHOCTH OOX-
rpynna {x} comepwutcs B mnoArpynne P’ u, C/AeAOBaTeNbHO, X UPH-
Hannexut Kk P’. Takum o6pa3oM, BCe BIEMEHTH NOPAAKA p U3 rpynns P
BXOAAT B Hoxrpynmy P'.

[Tycts ywxe Aokasano, 410 B moAarpymmy P’ BXORAT BCE SIEMEHTH
Tpynns P, nopsaok KOTOPHX HE NPEBOCXOMUT qucna p*=1, u nycrs
X —moBo#f snement u3 P, uMmeomuil nopsick p*. Kak noxasmaaer
BEHGOP 3/71€MEHTOB @y, Gy, ..., Qg MOPSIKA X HAYT HE BO3pacrtas M
HO3TOMY MOWHO yKa3ath Takoe i, 1 <Ci—1 <s YTO NOPSAKY SAEMEHTOB
ay, @y, ..., @;_; 6GOIbIUE UIH PAaBHHI p*, a npu i—1<Cs mopanok
9/€MEHTa @; CTPOTO MEHbllle STOro 4Mcaa, T. €. MeHblie NopaxKa
sneMenta x. OTcooma caenyer, BBUAY VCAOBHH, KOTOPHIM TOJYMHEH
BpIOOD 3/7€MEHTA @;, YTO €C/u

Q:—{al, a27 ey ai-l}’

QN {x}#0.

B npemwectpyiomem naparpade GHI0 K0KXa3aHO, OXHAKO, YTO BCAKas
Heﬂyneaaﬂ NOArpynna npuMapHol uukanveckoiét rpynns {x} mopsaka
p* conepwut sieMent :

TO

. y=p*tx. (8)
Dnement y BXOAMT, crepoBaTenbHo, B nepecevenne Q) {x}, a mostomy

H B moarpynmy Q. D10 [o3BosfieT 3amHcaTbhb Y B BHAE CYMMH 3Je-
MEHTOB, KPATHBIX SJMEMEHTAM @y, Gy ..., &;_q,

y=ha,+lay+ ... +1,_sa;_,. )
W3 (8) cnexyer, uTo .97eMeHT Yy mMmeeT nopsamok p. ITostomy
(ph) ay +(ply) ag+ ... +(Pli_y) @;-; =0,
T. €., BBUAY CYMIeCTBOBaHHA NPAMOro pasnowenus (7),
(plj)aj=0, =1, 2, ..., i—1.
Ymcno plj IO/IKHO, cneno,?arenbﬂo IEeJIATHCA HA NMOPSILOK snemeHTa a /s
4 MO3TOMY W HAa YMC/AO P, OTKyJa BHITEKAeT, 4TO /; Aeautcs Ha p*~
yers Li=p*"m, j=1,2, ..., z‘—l. (10)
Z=myay My, ... a;_y.
To GyneT sMeMEHT M3 MOATPYNNH Q, a nosTOMY W W3 moarpymms P,
npuyem, BBHAY (9) u (10),
y=p""'z (an
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WUs (8) m (11) BriTekaeT paBeHcTso
Pt x—2)=0,
T. €. NOPALOK 3JEMEHTa
I==X—2

ne Goabme p*~!yu, cnemoBatenbHo, B CHJIY MHAYKTHBHOrO Npelnooxe-
nua ¢ conepxurcs B moarpynne P’. [TosToMy M sneMeHT x, Kax cymMMa
ABYX 9/eMeHTOB u3 F') x==2-f, npusagsexuT K noarpynne P', Dtem
JOKa3aHO, YTO BCE 9MEMEHTH NMOPAnKa p* ua rpynnu P conepxarcs B P'.

Hame uuaykTiiBHOe H0Ka3aTEABCTBO MO3BONSET YTREPKAATD, CALLO-
BaTeNbHO, YTO BCE 3JeMEHTH rpynnsl P BXOAAT B noarpynny P’ 1. e.
P’=P. [loxa3aTeAbCTBO OCHOBHO# TeOpPEMbl 3aKOHYEHO.

B xkauecTBe noS0o4HOro NPOAYKTA MH MOJYYaeM; YTO KOHesHas ale-
Aesa z2pynna moz2da u mosbko mozda O6ydem npumMaprol omHocu-
MeAsHO NPOCHO0Z20 HUCAQ D, eCAll €e NOpAGOK SBASCMCS CMENEeHbio
amoeo xucsaa p. B camom nmene, ObLIO NMOKA3aHO, YTO BCSIKAst KOHEYHAS
npumapHas (no p) abeaesa rpymna P pa3iraraeTcs B APIMYIO CyMMY
NpUMapHLIX (N0 p) UHMKJIMYECKUX TPYMN, a NO3TOMY NOPSAOK rpynnu P
paBeH NPOU3BEACHHUIO NOPANKOB 3THX MHKINYECKHX TPYII, T. €. iBJAfeTCs
crenenplo yucna p. OO6patHo, ecan KoHeyHas abeneBa rpynna uMeer
nopsnox p®, rae p—rmpocToe YMCAO, TO MOPAKOK JMOGOT0 ee 3JeMeHTa
6yner nenauMTeJeM STOro 4YHCA4, T. €. TaKkKe HEKOTOPOH CTemneHbio
Yyucia p, a NO3TOMY rpynna OKas3bBaeTCs MPUMAaPHON OTHOCHTENbHO p.

OcnoBnas TeopeMa euie He HCYEPMHIBAET BOMPOCA O MOJHOM OMHCa-
HUH KOHEYHHX afeneBHX TPYHI, TaK KAK NOKa He MCKAIOYeHa BO3MOK-
HOCTh TOrO, YTO NPAMBE CYMMH IBYX Pas/MYHBIX HAOOPOB UMKIHYECKHX
rpynm, APUMAPHHX MO HEKOTOPHIM NPOCTHIM HCAAM, MOI'YT OKa3aTbCst
usomopdummMu rpymnamu. Ha caMom gnene TO He uMeer ‘MecTa, KaK
MOKa3hBaeT CjeAylolas TeopeMma:

Ecau xoneunan abenesa epynna G passoxcena d8yms cnocobamu
8 NPAMYPIO CYMMY NPUMAPHHIX LUKAULECKUX nod2pynn,

G={a}+{a,}+ ... +{a}={b:} +{b}+ ... + {0}, (12)

mo 06a npaAmsx pa3iodcerus o06iadarom OOHUM U mem e YUCAOM
npamelx caazaemblx, s=t, u Mexsdy nNPAMUMU CAQG2ACMbIMU IMUX
PQ3A0ICEHUTL MNONCHO YCMAHOSUMb MaKoe 63aUMHO O00HO3HA%HOE Co-
omeemcmeue, 4mo coomsemcmsyoujile CAa2aemble ABARIONMCS YUK AU~
YeCKUMU 2PYNNAMU 00HO20 WU MO20 Jce NOPAIKG, M. e. U30MOPPHS.

3aMeTUM CHaya/a, 4YTO €CJIH MH B NepPBOM, HaNpuMmep, U3 OPIMHIX
paanomenufl (12) coGepeM mnpsMble claraembie, OTHOCSINHECS K HaHHOMY
MPOCTOMY YHCAY p, TO uX npamas cymma Oyner mpuMapHoii (mo p)
noarpynno#t rpynns G u gaxe NMPHMapHOH KOMIOHEHTOH 3TOH rpynns,
TaK Kak ee INOPAAOK paBeH HAUBLICWIEH CTEMEHH YHCaa p, HAa KOTOPYIO
nenutcs nopsaaok rpymnn G. OGbeaunsis 3TUM CMocoGOM mpsaMble chaa-
-TaeMble B KaXJAOM H3 pasjoxenuii (12), Mn B 060HX ciaydasX NOJAyYHM
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pa3nowenne rpynnul G B NpUMapHHE KOMIIOHEHTH, eXHHCTBEHHOCTh KO- -
TOPOTO YyXe Onlla OTMEYeHa BhUIE.

310 MO3BOAAET INOKA3LIBATH HAIMY TEOPEMY B TPEANOJOWEHHUH, YTO
rpynna G caMa ABASE€TCHs NPUMapHOH OTHOCHTEJABHO
NpocTOro uncaa p. [lycTe AyMepauus nNpaMbIX C/IaraeMHX B KawI0M
u3 pasnogenn#t (12) Bu6paHa TaK, u4TO MOPSAKMA ITHX CI2TAEMBIX HUAYT
He BO3pacTas, T. €. HJEMEHTH @y, @y, ..., @ HMEIOT COOTBETCTBEHHO

NOPAAKH
Pk‘, Pk’, ey Pk‘»

IIpHYEM

ki=hk,=...=k,

a aneMeHtH by, by, ..., by—mnopanku

P, phy L, PR,
fpuyem

Lh=0L>...>1.

Ecan 6p yTBepxpaeHHe Hamefl TeOpeMH He HMENO MeCTa, TO HamioCh
6nl Takoe i, i =1, uto

klzl]_, eo oy ki—1=li—1' (13)
HO

Ry 1.

TlonsatHo, uro { << min (s, ), Tak Kak I8 KaXIOoro u3 pasaoxennt (12)
NPOM3BEJEHHE TOPANKOB BCeX MPAMBIX  C/araeMbHX DABHO IMOPALKY
rpynnost (. [loxaxem, YyTo Haiie NpPEXNOJIOXKEHHE MPHBOAWT K IPOTHBO-
peuHio.

Ilyctb, Hampumep,

Ry <<l (14)

O6Go3naunM vepes H COBOKYNHOCTH 3MeMEHTOB rpynnst (@, mopsiaxu
KOTOPHX He IpPEBOCXOXAT pki, Dro Gyser moxrpymma rpynnsl G, Tax
KaK eciH X W y—oaneMeHtst w3 H, T0 ¥ x-+y, # —X HUMEOT -TO-
PALKH, HE TIPEBOCXOAALLHE uucaa ph,

3ameTuM, 4TO K noarpynmne F/ IpMHALNEWAT, B YACTHOCTH, CIEAYIO-
[He 9JEeMEHTHI:

phkiay, phehiq,, L) phi-chig e @y, u. ., G4

C npyro#t croponn, ecau 1<<j<<i—1, TO 3/eMeHT pki'ki'laj uMeeT
nopsaok pkitl u mostomy B H ue sxoaut. OTCi0Ofa CAGAYET, UTO CMEXK-
. Hblf Ki1ace @; + H (HanmoMuHaeM, 4TO Mbl HCIIOIb3YeM afAHTHBHYIO 3aMHCh!)
HUMEeT, xax anement dakrop-rpynus G/H, mnopsmox pti—*; takos e
NOPALOK €ro IHKJINYECKOH MOAT Py b {aj 4 H}, JokaxeM, 4TO T p y nna
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G/HaBnaeTcs NPAMOH CYMMOH LUKANYECKNX NOATPYNI
{a}+H}7 J=1) 2, ceey §—1,

G/H={a;+H}+{a,+H}+ ...+ {a;_,+ H}, (15)
H NO3TOMY €€ NOPSAAOK pPaBeH YHCAY
PRi—R) T (ra~Ri)+oot (ki =Rs) (16)

Ecnu x —npoussonbhuit aieMeHT rpynnsl G, TO CYLLECTBYET 3alluCh
X=ma;+mya,-F ...+ mag
[Myers pas j=1, 2, ..., i—1
m; :pkj'kiqj +ny,
rae
0 énj<pkf‘k‘. (17)
Torna

mia;=q; (ij-kiaj) -+n

i
a TaK Kak IepBoe cjaraemMoe npapolt yacTh cozepiurcs B H, 10
ma;+H=na,+H.
C npyroft cTopoum,
ma,+~H=H, ..., ma,+H=H.

Iosromy

X4 H=(mya, + H)+ (myaz+H)4- ... -i-(msas—}—H):

=(nyay -+ H)+ (npay + H)+ ..+ (7,240, + H). (18)
TlycTs cymecTByeT emie ORHA TaKast 3alUCh,

x+H=(n',a1—}-H)+(n;a2+H)+ e —l—(n;_lai_l—i—H), (19)

rape
' O<ny<<phivhi, j=1,2, ..., i—1. (20)
Torza sneMenTH
Ny + Nyl 4 oo R0y
"
M@y -F eyt v o = 1jey Gimyg

JeMAT B OJAHOM CMEXHOM Kiaacce no A, T, e. uUX PasHOCTh NpHHAIJIC-
KAT K H ¥ nosromy :

pri [(”1—”1) a + (’12—‘”2) a+...+ (”i—1'— hi-—l) ai—l}: 0.
Orcioga caeayer (Tak Kak nepsoe 3 passoxenud (12) — npsmoe), 410

p’fi(nj——fz})ajzo, J=1,2, ..., i—1,
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a MOTOMY YHCHO pki (rz ——n;) AO/MKHO HeMUTHCS HA TODAXOK Pt ane-
MeHTa @; H, cnenoaal‘enbﬂo Pa3HOCTH nj—-n AENUTCA Ha 4uciao pki—ki,

Orciona, Beuxy (17) u (20), caemyer, uto
ny=nj, j=1,2, ..., i—1,

1. €. 3anucu (18) u (19) TowaecTseHHH. DTUM KOKA3aHO CYLIECTBOBA-
HHe NpsaMoro pasnoweHud (15).

AnanoruyHple pacCMOTPEHUs, HPOBENEHHBIE /S BTOPOrO H3 MPAMBIX
pasnowenuil (12), mokaxyt, ytro ara we dakrop-rpynmna G/H obGaaxaer
OPSMBIM Pa3/0kKEHHEM

G/H=A{by+H} +{by+ H} ... + {0y +H} +{b+H} + ...,

T. €., BBuay (13) u (14), ee nopanok HomkeH GHTL CTPOTO BOoabUIE
yuciaa (16). 310 nporuHBOpeune ROKa3bLIBAET TEOPEMY.

[Tonnoe oGo3peHue KOHEUHBIX abeneBblX TIPYNN HAMH Temepb yie
noaydexo. Wmenno, Gepes 8cego3modicrble KoHeuwbie Habops. Hamy-
DAAbHYLX HUuCen

(ny, 75 oo, nk),

OMAUYHBLY - OM eCUHUUbL, HO He oba3amensio pa3suunblx, npuyen
KaxicOoe U3 amux uucer CONNCHO Oblms CMeneHs0 Hexomopozo npo-
cmozo uucaa. Kaoxcdomy mawomy nHabopy cmasum 8 coomsemcmsite
NPAMYIO CYMMY HUKAUHECKUX ZPYNTL, NOPAOKAMU KOMODPLLE CAYHCQm
niucaa U3 3mozo Habopa. Bce rnosyuenubie amum nymesm Koweuwble
aGenesst epynnv. Gydym 1onapHo Heu30MOpPHHbME, @ 41008 Opyzas
KoHeunan abenesa 2pynna U3oMop@na 00HOE U3 smux epynn.
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73

— Kpamepa 24, 27, 57, 80, 100, 285

— pellleHus CHCTeM JAHHEeHHBIX ypaBHe-
uuit 80

[pasuapnas pauuoxanbHas Apo6e 161

ITpasocTopoxHee pa3JOKeHHEe TIPYIIIbI
no moarpynne 403

IlpeoGpasosanue mpocrpaHcrsa 194

ITpuBenenne KBaipaTHYHO# GopMBI K
T/AaBHLIM OcaM 227

INpuBegennas cucrema nuHEfiHBIX Ypas-
nenui 87

Npusopumsiit MEorowsex 290, 315

Ipumapras rpynna 418

— uuKanyeckas rpynna 416

[lpumapsbie  KOMIMOHEHTHI
rpynmsl 418

TpumuTaBHb# MHOrowen 316, 351

INpucoesnuenne anemenra X nogwo 281

[Ipucoenunennast Marpuna 96

[Tpoussenenue BeKTOpa Ha 4HCIO 62

— JAuHeHHOT0 NpeoBpa3oBaHH A HA YHCIO

200

JuHedHX npeoSpasoBanuii 200
marpui 91

maTpuusl Ha yHesao 103
MuorouseHos 132

MOAMHOMNeECTB rpynnsl 402

abes1eBOki



430

TlponsBesenue noActaHoBoK 33

TlponaBognas MHorouJena 146, 296

IlponopuuonajbHLle BeKTOPh 63

Tlpocrefinan panuoHaibHad gpobe 162

IIpocrofi xopenb MHorouneHa 145

~— MHOXHTeJb MHorowjesa 293

— CHEKTP JuHelkHoro npeo6pasoBa-
nus 210

— ajeMeHT Xoapna 294

IlpoTusononoxuuilt BekTOp 62, 185

— 3JIeMEHT B KoJble 274

Tlponecc oproronaausanuu 213

ITpamMaa cymma 411, 414

Ipamoe npouspejenne 416

— paaJioxenue 411

Ilpamoyronenaa matpuua 99

PapeHcTBO MHorousenes 131

Paznoxedue rpynne no noarpynmne 403

~— MHOrOWJIEHa Ha JIMHeHHble MHOXH-
Teau 156

— OnpejenuTeNs no.cTpoke 47

paS(l)\iepHOCTl: JHHEAROro NPOCTPAHCTRA
191

Paur xBajpatuuHoii dopms 167

— JAuHeliHore npeobpasoBaHus 204

— MaTpuue 71, 285

— npouspefeHns Martpuy 101

— cucTeMbi Bektopos 70

Palc7r18a11axomaixc;z KBaJpaTHyHas (opMa

Pacmnperue noas 280

PacumiipesHan MaTpUIA CHCTEMH JIHe -
HBIX ypaBHeHHH 78

Panuonranpnas apobp 161

Paunonajibuble YHCIa 110

Pesyabrant 335, 339

PentenHe MHOTOusIEHa OT HECKOJAbKHX
Heu3secTHHX 334

— CHCTEMb JMHEHHHX YypaBHeHuit 16

CeoGonnrie HewspBecTHble 80

Curnarypa 177

CummMeTpHuecKas rpynna 397

— MaTpuua 167

— panuonajbnas Apo6p 329

CumMeTpuyeckuit MHorousen 321, 332

CuMMeTpuyeckoe npeoGpasoBahue eBK-
JUA0BA DPOCTPaHCTBa 222

Cucrema JunefiHBIXx ypaBHenuit 15

— Ilitypma 247

— uncen Kaan 115

CkaaspHaa Matpana 104

Ckangpaoe npounsseXenne 211

Caoxenune marpuy 102

NPEAMETHHIH YKA3ATEADb

CmexHBIlt KJacC TPYNNL NO HOArpyn-
ne 402, 403

CoGcrBeHnoe 3nauenne 206, 207

Co6cTBeHHBI BekTOp 207

CoBMecTHas cuCTeMa JxHEHHHIX YpaB-
HeHult 16

Conpsimennbie ajre6panyeckue uucaa
358

— KOMIJIeKCHble yucaa 121

— 3JleMeHTH rpynnu 405

CnexTp nuseligoro.npeobpasosanns 207

Crenesu aneMeHTa rpynns 399 '

— — xoJpua 273

Crenennbie cymMMel 330

Crenesb A-Matpunn 375

~— MHOrOWJIEHAa OT HEeCKOJhKHX HEH3-
BecTHRIX 312

Crpoka koopzunat BexTtopa 190

Cymma BexTopoB 61

— JpHelHbIX npeobpasomanuii 199

— marpuu 102

— MHorouJexoB 132

CuetHoe mHOXxecTBO 361

TeopeMa Biopasa— ®@ypne 255

— Tamunsrona — Kaan 390

— JHexapra 255

—~ eLMHCTBEHHOCTH /8 A-maTpui 368

~— — — panuoHaAbHEIX Apoled 164

— -— ~— CHMMETPHYECKMX MHOTOY/IE-
HoB 326

— Kponexepa— Kaneaaun 78

— Jlarpamxa 404

— Jlannaca 51

— 06 yMHOXeHHH onpepenntenein 93

— llrypma 248

ToxpaecTBeHHasd NOACTaHOBKA 32

ToxpecTeennoe Jaunefidoe npeo6pasc-
BaHHe Heu3BeCTHHIX 95

-— — — npocTpaHcTBa 195

Tpancnosnuus 29, 34

TpascnonyupoBalHble MaTpHIL 39

TpanehopmupoBanne MaTpunut 199

— sJeMeHTa rpynnel 405

TpancuesgeHTHoe yucao 358

TpaHcHeHAEHTHNE 5/IeMEHT Konbua 288

TpuronoMerprueekas popma KOMIIEKC-
Horo uucaa 118

YMHOKeHne MaTpui 91
Yunmonyaspuas A-Matpuna 371
¥nuraproe npocrpaHctBo 217

daxrtop-rpynna 407
Popma 314



NPEAMETHHIH YKA3ATE/D

®opmyna Kapaauo 235

— Myaspa 123

— Tsifimopa 149

®opmynel Brera 159, 305

— Hpriotona 331

QyHjaaMeHTabHAas CHCTeMa pewennit 85

Xapakrtepuctuka noas 280

XapakTepucTtuyeckas Marpuna 206

XapaxkTepucTHUeCKHe KOPHHU JHHEHHOro
npeo6pasosanus 206, 207

— — wmarpuusl 206

— omnpegeaurenu 79

XapaxkTepuctuueckuit Muorousex 206

Henste uncaa 110

Huka 35

Ilukanyeckas rpynma 401
— mnoAarpynna 400

431

YacTHoe OT JejleHns MHOrouJenos 135,
289

- 3JIeMeHTOB nonas 276

UerHasi mepecTaHoBKa 29

— MOACTaHOBKA 32

Uncnoass Matpuua 364

Yucsosoe Kosblio 266

— none 269

Usén onpegeaurtens 24

DKBHBAJIEHTHBIE CHCTEMH BEKTOpOB 63
DaeMeHTapHas A-mMaTpuua 373
DuieMeHTapHBEE AeanTenu 386

— mnpeofpa3oBaHus A-MaTpULB! 365
— — YHCJIOBOH MaTpuusl 75

~— CHMMeTDHYeCKHe MHOrowreHs 321
DneMeHTHl MaTpuunl 16

sinpo romomopdusma 408
— JuHeliHOTO mnpeoGpasoBanug 204



