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OueBHAHO, yKaszaHHoe MHOXkecTBO {M} 6yner npeicraBisith coboil
006JacTb B MpocTpaHcTBe E™, BCce TOUKH KOTOPOH JiexkaT BHYTPH TakK
#a3LIBAEMOT0 M-MEPHOTO 3JJHICOHUAA, NPEACTABJAOIIETO CO-
OO MHOXKECTBO TO-
4eK, KOOPAHHATHL KO- y}
TOPHIX YAOBJETBODS-
$0T YPaBHEHHIO

+ ..+ —==1

MHOXeCTBOM BCex g
3HA4YeHUu# yKasaH-
HOW (YHKUHHU SIBJASET+
csl NoJynpaMas u>
>1.

Mubl  BHAMM, UuTO
obJaacTp 3a/laHusl
dynkuun m  1nepe-
MEHHBIX IpexcTaB-
Jser coDoll HEeKOTOo-
poe MHOXKeCTBO TO-
YeK M-MEPHOTO €B-
KJIHA0Ba NpocTpaHcTBa E™, a MHOXKECTBO BceX 3HAYeHHH 3TOH (PYHK-
My npeacTaBser co00i HEKOTOPOe MHOXKECTBO OZHOMEPHOro €BKJH-
JoBa mpocTpaHcTBa EL :

Takum o6pa3oM, BBeJEHHYI0 HAMH (YHKIHIO M IePEMEHHLIX MOXKHO
paccMaTpHBaTh KakK oToOpa)KeHHe HEKOTOPOr0 MHOXKeCTBa B IPOCT-
paHcTBe £™ B HEKOTOpOe MHOXKECTBO B IpocTpaHcTBe El

Puc. 12.1
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1. IocaepoBaTe/bHOCTH TOUEK NpocTpancTBa E™, BeemeM moHsTHe
fI0CJIeIOBATEJILHOCTH TOYEK M-MEPHOrO €BKJHIOBa IpocTpaHcTBa E™.
ITycro kamcdomy uucay n warypasvrozo psada wucea 1, 2,...crasurcs
8 coorgercraue Touka M, esxaudosa npocrparcrea E™. Bosnurkarowuid
apu arom pad rowex My, M, ..., My, ..., paccmarpusaemsiii 8 yxasau-
Hom nopaoke, HA36I6AETCA NOCAE00BATEABHOCTbLIO TOUEK €8-
Kaudosa npocrparcrsa E™. Mp Gyner KpaTko 0603HAauaTh 3Ty HOCJe-
JOBaTeJIbHOCTL CHMBOJIOM {Ma,}.

BBenem, naJjee, MOHsITHE CXOASILIEHACS IOCJHENOBATENBHOCTH TOYEK
mpocTpaHcTBaA E™ u ee mpeneaa.

llocaedosareavnocts {Mn} Touex eskaudosa npocrpancrea Em™
Ha3veaercs cxodauelics, ecal cyuwecTsyer Touka A npocTpancrT-
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sa E™ rtakasn, uro O0asn 4106020 NOAOHUTENAbHO2O HUCAQ & MOXMCHO YyKa-
3ars oreedarowyuil emy Homep N Takoid, 4to npu n=N 6b6INOAHAETCR
nepaserncreéo p(Mn, A)<<e. Ilpu stom Touka A Ha3wisaercs npedesom
nocaedosareasvroct {Mn}.

Jas oGosnauenus npegena A mnocaenoBarteabHoctH {M,} Hcnonb-
3yeTcs cjeJyiollas CHMBOJIHKA:

~ lim M, =4, wu M,—~ A npu n— oo.
n—>w

YCTaHOBHM CJEAYIOINYIO JIEMMY.

Jlemwma 1. Ilocaedosaresvrocre {Mn} TOUek m-mepHoz20 esKkiu-
dosa npoctparcrea E™ cxodurcs k Touke A aT020 npocrpancrsa To20a
u Toasko 10200, K02da uucaossvie nocaedosareavrocru  {xW}, {x},
oo {¥M} koopOunar Touex M, CXO0ATCA COOTBETCTBEHHO K HUCAAM
a4, Qs, ..., Am, Bpedcrasanowumn coboti xoopdunatel TouKu A.

JokasatenbcTBo. CHauala JOKaxkeM NIePBYIO 4acCTb JIEMMBI.
Tak kak nocnenoBatensHocTs {My} cXonutcst K Touke A, To Aad Jio-
6oro £>0 MOXHO yKazaTh HoMep N Takolf, uTo npu n>N BHIOJHsET:
cst mepasenctso p(Mp, A)<<e. Ilycrs {x{, x{, ..., x™}— koopau-
HaTHl TOYKH M,, a (ay, Qg ..., @m) — KoopauHaTh Toukn A. Toraa He-
paBeHCcTBO p(Mp, A) <e MOXKHO 3amHCaTh CJASAYIOUHM 06pasoM:

V (#—a)® + (6P —ap)® + ... -+ (xD—a,)? < e. (12.4)
Otcona caenyet, uto Npu n>N BHIOJHAIOTCS HEpPaBEeHCTBA
y p
¥ —ay | < e, [xP—ay|< e, ..., [XD—a,|<e.

HHeiMu crosamu, mocnenosateabsoctd  {x}, {x{}, ..., {x™} koop-
AMHAT TOYeK My, CXOASTCSI COOTBETCTBEHHO K UHCAAM @y, Qg .., Ay

[TepBast yacTb JeMMBl J0Ka3aHa..

[TepefineM K n0OKa3aTelbCTBY BTOPOH uacTH JeMMbl. IIpeanonoxum,
4TO yKa3aHHBIE NOCJELOBATENLHOCTH KOOpAMHAT Touek M, cxoistcs
COOTBETCTBEHHO K YHCJAM @y, ds, ..., Ay, TOraa ags Jioboro >0 MoX-
HOo ykasaTb Homepa Ny, N, ..., Ny, Takue, uto npu n>Ny,n>=N,, ..., n>
>N COOTBETCTBEHHO BBIUIOJIHAIOTCS HEPAaBEHCTBA

) — & —a,| < ——," )— &
Ix(]") . a1|< V‘a? lx(gn)‘ a2|< _/a? csey ng: ml< }/E‘

Orciona caenyer, uto npu n>N=max{Ny, Ns, ..,Nn} Bbnoansercs
HepaBeHcTBO (12.4). MIHBIMH cioBaMH, NpPH n>N BHIIOJHSETCS Hepa-
BeHCTBO p(Mn, A) <e, rie A — Touka E™ ¢ KOOpDAMHATAMH @y, da, ...
.y @m. TakuM 06pasoM, mocJesoBaTeJbHOCTh {M,} CXOAMTCH K-TOUKe
A. Jlemma joxaszaHa.

BBenem Tenepp NOHsATHEe (GYHIAMEHTAJbHOH IOCJEJ0BATEAbHOCTH
TOYeK npocrpanctBa E™. [locaedosareasvrocto {M,} TOwex m-mepro-
20 e8xAu008a NPOCTPAHCTEBA HABLIBAETCA PYHOAMEHTAALbHO L UL
nocaedosaresvnocToto Kowu, ecau drsa nwbozo noaoxcu-
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TEALHO20 HUCAQ & MOXMCHO YKA3aTb oTgeyaroujull emy nomep N raxod,
yto npu n=N u npu arobom yesom p=0 BuNOAHRETCA HEPABEHCTBO
P (Mn+p, Mn) <e.

B nonHOH aHAJOTHH C JeMMoli | MoKeT GHTh J0Ka3aHO CJEAYIOlee
yTBEPKACHHE.

JJemma 2. Iocredosareavrocre {M,} Touex m-mepHoeo eskau-
dosa npocrpancrea E™ agaserca (hynOaMeHTANbHOU To20a U TOALKO
T020Q, KO020a A8AA€TCA PYHOAMEHTANLHOL KAx#cOaa U3 HUCAOBBLX NOCAL-
dosarensrocrei {xM}, {xP}, ..., {x™} coorsercreyiouux KoopOuxaT
Touex Mn.

JokazateabcTBo. [las A0Ka3aTeslbCTBA NIEPBOH YaCTH JIEMMEL
NpPENOJOXKHM, YTO NOCJAeA0BATEAbHOCTh ToueK {My} siBastercs dyHAa-
MEHTaJBbHOH, T. €. AJas Joboro ¢>0 Haligercs Homep N Taxkoii, uTo
npu n>N u pas mo6oro neaoro p>0 CHpaBelJHBO HEPABEHCTBO
p (Mpyp, Myp)<e ui, 4To TO XKe caMoe, HEPaBEHCTBO

VO — @) - (9 —x0) - ..+ (P —xM)E < . (12.4%)

M3 storo HepaBeHCTBa BhITeKaeT, uTo Npd n>N H Aas M060r0 ne-
Joro p>0 cnpaBeAnHBH HepaBeHCTBA

[P — x| <8, |xrtP—x( <€, ..., [x0HP—xD] ¢,

KOTODBIE H YCTaHABJHBAIOT (YHAAMEHTAJbHOCTh KaXkK/JIOH M3 UHCJIOBBIX
I0CJIe0BaTEJbHOCTEH COOTBETCTBYIOLIUX KOODAMHAT TOYEK Mp.

JJist JoKasaTenbcTBA BTOPOH YAaCTH JIEMMbI NMPEAIONOXKHM (yHAa-
MEHTaJbHOCTb KaxKAOH H3 UYHCJIOBHIX nocnenoaa’remuocm‘eﬁ» COOTBET-
CTBYIOIHX KOOPAHUHAT Touek M.

Torpa ans mo6oro >0 MOXHO yKasaTb Homepa Ny, N, ..., N
raKHe, 4TO COOTBETCTBEHHO IipH n>=Ny, n>Ny; ..., n>N,, 0 aas J106X
LeJIBIX p>0 6y11yT CIIpaBeJJIUB b HepaBeHCTBa

l x(n"H’)._ x(ﬂ) | <

V

Orciona caepyert, uto NpH n> N max{Ni, N, ... Nm} W Ads JTio-
Goro uesoro p>0 Gyner cnpaBeiuBO HepaBencTBo (12.4%), koTopoe
H O3HayaeT (YHIAMEHTAJbHOCTh IIOCJEJ0BaTeJbHOCTH Touek {My}.
Jlemma 2 nokasana.

C nomomipio siemMM 1 ¥ 2 Jerko nokasbiBaetcss Kputepui Kowmw
CXONLHMOCTH MNOCJAEJ0OBAaTEJbHOCTH TOYEK TMNPOCT-
panctBa E™ 0das 1020 4TOO®L nocaedosarensrocre {M,} To4er
npocrpancrsa E™m 6oiia cxodawelics, neobxodumo u d0cTaToO4HO, 4TO-
661 ona Goira pyroamenTarbHOLL.

B camom peue, ecam mnocaexosatenbHocts Touek {My} siB-
asercs _byHIaMeHTaNbHOH, TO B CHJy JeMMbl 2 sBJseTcss QyHaaMmeH-
TaJbHOH M KaXkias H3 YHCJOBHIX IOCJEL0BATENBHOCTEH COOTBETCTBYIO-
IHX KOOPAHHAT Touek {M,}. B cumy xkpurepuss Kommu cxoaumocTa
YHCJIOBOH NIOCJIE0BATE/ILHOCTH YKa3aHHEIE YHCJIOBblE NOCJEL0BATENb-
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HOCTH COOTBETCTBYIOILHX KOODAHHAT CXOISATCS K HEKOTOPHIM UYHCJAaM
ay, as, ..., Ay, COOTBeTCTBeHHO. Ho Toraa B cuay JeMMbl 1 mocaenoBa-
TesIbHOCTh ToueK {My,} cxomutcsi K Touke A (ai, @ ..., Am).

Ecan, Hao6oport, nocaenoBaresnbHocTs Touek {M,} cXoAHTCH K He-
KoTOpOil Touke A mpoctpaHcTBa E™, To B cuny JeMMbl 1 Kakiaas H3
YHCJIOBBIX HOCJEJOBATeNIbHOCTEHl COOTBETCTBYIOMIMX KOOPIAHHAT TOYEK
{M,} cxomurcs K cooTBeTCTBYMIOIeH Koopiauuate Toukd A. Ho Toraa
(B cuny kputepus Kol CXOZMMOCTH YHCJIOBOH NOCJELOBATENHHOCTH)
KaxJasl U3 4HCJOBBIX MOCJEI0BATEIbHOCTEH COOTBETCTBYIOLIMX KOOP-
Iunat Touek {M,} sABJseTca QyHIaMEHTaJbHOH H, 3HAYMT, B CHJIY
JeMMH 2,  sBJseTCA ysnaMeHTaNbHOH ¥ IIOCJIENOBATEBbHOCTb
Touek {Mn}. :

2. CBOWMCTBO OrpaHHYeHHOM MOCIEAOBATEJIbHOCTA Touek E™. Bremeum
TIOHSTHE OrpaHHYE€HHON I0CJEeZ0BaTEJbHOCTH TOYEK HpocTpaHctBa E™.

Ilocaedosaresvrocts {Mn} TOueK m-meprHo20 e8KAuB08a NPOCTPAH-
\cT8a nazelgaeTCcs O02pPAHUYEHRHOU, ecaAu CYywecTsyer TaKoe HUCAO
a>0, 4To Odan 8cex n sunoansiercs wepasencrso p(0, My) <a, 2de
O — t04Ka, 8ce KOOPOUHATLL KOTOPOL PABHBL HYAIO.

HMupiMU cJ0BaMH, OrpaHHYEHHOCTb -~ IOCJEJOBATENbHOCTH TOUYEK
{M,} o3HauaeT, 4TO BCE TOUKH STOH IIOCTENOBATENBHOCTH TpPHHAX-
JeKaT 3aMKHYTOMY Inapy AOCTAaTOYHO GOJBLIOTO pajuyca C IEHTPOM
B HauaJje koopaunat O.

YcTaHOBHM cJjlefiyiolliee BaXKHOe CBOHCTBO OrpaHHYeHHOH mHocjeno-
BAaTEJbHOCTH TOYEK IpocTpaHCTBa E™.

Ecan ny, ny, ..., g, ...— DIPOU3BOJIBHASL CTPOTO BO3pacTaowilas
NOCJIeJ0BATEILHOCTD LEJBIX NOJIOXKHTEJIbHBIX YHCesJ, TO Mbl Oylem
Ha3biBaTh IOCJEA0BATENbHOCTh TOUEK

Muy Muy ..., Ma, ...

HOANOCNIEeJOBAaTEJbHOCTD IO IMOCAEIOBATENLHOCTH TOUEK M;,
M2, ceey Mn, ee e

Teopema 121 (reopema Boabunano— BeliepmTpac-
ca). Hz awboi oepanuvennol nocaedosareavrnoctu {Myp} TOUEK
m-mepro2o e8KAud0o8a NPOCTPAHCTBA MONHO Bbl0eAUTS CXOO0AUYIOCA
noodnocaedosarenbHOCTb.

JokazaTenbcTBO. YO6eLuMmcs, BO-NEPBHX, UYTO IIOCJEL0BA-
reaprocta X}, (X}, ..., {x®} koopaunat Touek {M,} sBasIOTCA
OrpaHHYeHHLIMH. JleACTBUTEJbHO, TAK KaK IOCJEA0BATENbHOCTh {Mn}
orpaHHdyeHa, TO JJs BCeX A BHINOJHseTcs HepaBeHCTBO p (0, My) <a.
Iockoneky p (0, M)=V [xP] +[xP+ ... +[+D]?, orciona cae-
AyeT, 4TO JJIsi BCEX 7 BHIIOJIHSIOTCSA HepaseHcTBa|x{M|<Ca, (x| <a,
«-o |¥®) <a. HEbpME cioBamH, nociepoBatenbHocTH {xM}, {x(},
cear {XM} KOOpDJAHHAT To4eK M, orpanuueHsl. B cHJly TeopeMbl
Bouabuano — Beitepuirpacca AJs YHCJIOBLIX IOCJeJ0BaTedbHOCTeH (CM.
n. 1§ 3 ra. 3) u3 nocnenosartesnpHoCTH {X{V} MOXKHO BHIAEJNHTH IOA-
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NOCJIeJ0BATENBHOCTD {xi"kl)}, CXOASIIYIOCH K HEKOTOPOMY 9HCIY Q1.

PaccMOTPHM COOTBETCTBYIOILYIO  IIOANOC/E0BATENBHOCTD {xf;’kl)} mno-
CJI€0BATEeJIbHOCTH BTOPBIX KOOPAMHAT Touek M. B cuay Toil xe Teo-
peMbl H3 MOANOCAELOBATEJIbHOCTH {x(z"kt)} MOXKHO BEIIEJHTH HOANOCHE-
JIOBaTEJIBbHOCTD {x;”kz)}, CXOASIYIOCST K HEKOTOPOMY 4YHCJIY @p. 3ame-
THM, YTO NOANOCJEN0BATEIbHOCTD {x(l"kz)} [OCJe0BaTeILHOCTH {x(l"kl)}
CXOIHTCS K 4HCay a4 MTak, MoAnoceloBaTe bHOCTH {xi"kz’} H{xg‘k=’}
CXOAATCS K WHCJIAM @y H @ COOTBETCTBEHHO.

OueBHHO, UTO €CJH MBI H3 IOANOCJEL0BATENbHOCTH {x(s"kz’} nocJje-
JIOBATEJbHOCTH TPETbHX KOOPAMHAT TOUeK M, BBIIENIHM CXOASLIYIOCH
K UHCJIY Q3 NMOANOCJ]EJ0BATENbHOCTD {xg”“)}, TO MOANOCJEN0BATEILHOC-
TH {xﬁ""s)}, {x(znka)}, {x(a""s)} CXOJ5TCS. COOTBETCTBEHHO K YHCJaM a4, Uz,
as. Ilpogonxkast 3TH pacCyX/A€HHs, MBI, HaKOHell, INOJYYHM CXOZS-
IYIOCs] K HEKOTOPOMY UYHCAY Qm TOANOCJEL0BATENBLHOCTD {x("'zkm)} no-
CJ1eI0BATEJbHOCTH M =X KOOPJAHHAT TOUeK My, NpHUeM MOANOC]E]0~

My ) (n )
BateabHOCTH {x; m}, {x,*m}, ..., {x *my cxomarcs K umcaam ay,
@z, ..., @ COOTBETCTBEHHO.

Ho rtoraa B cuny nemmbl 1 noanocaenosatenbiocts {Mn, } mocae-
m

HOBaTeJbHOCTH Touek {Mp} cXxomurcs K Touke A ¢ KOOpAHHaTaMH ai,
Qy, ..., am. Teopema fgoxa3aHza.

3ameuanue. [Ipedea A nocaedosaresvrocru {Mn} TOuek, npu-
Hadrexcawux 3amcHyTomy mroxcecrey {M}, Taxsce npunadiexrcur
aromy muoxcecTsy. UToOb yOeIUTHCST B 3TOM, JAOCTATOYHO 3aMETHTb,
41O B JI0GO# g-OKpecTHOCTH ToukH A HMeworcs Touku {My}, T. e. Tou-
Ku MHoxecTBa {M}, u mostoMy Touka A siBiasiercst AHGO BHYTpPEHHEI,
au6o rpaHuyHOH Toukoit {M}, a cuenoBaTtesbHO, nMpHHandexuT {M}.

3. Hpepen ¢pynkuun m nepemensnx. PaccMorpum dynkuuio u=f(M),
OnpejiesieHHYI0 Ha MHOXecTBO {M} Touex m-MepHOro €BKJHAOBA TNpO-
cTpaHcTBa £™, U TOUKy A mpocTpaHcTEa E™, GbITh MOXKET H He MpH-
Hajjiexkaulyo MHoxecTBy {M}, HO 06Jajaobiyi0 TeM CBOHCTBOM, 4TO
B JIIOGOH €-OKPECTHOCTH 3TOH TOUKH A COmepxKHTCS XOTsl 6Bl OfHA
Touka MHOx)ecTBa {M}, orTauunas ot A *.

Onpenenenue 1 (mpejes ¢GyHKIHUH B Touke A nmo
Feiine). Qucao b Hazesaercs npedeasom (uau npedenvHolm
sHawenuem) pynkyuu u=f(M) 8 Touke A (uru npu M—A), ecau
Oasn awoboii cxodawetica K A nocaedosareavroctu {M,} TOUEK MHO-
acectea {M} sadanusn sroil ¢pynxyuu, sce 3aemenro. M, Koropoii oT-
Audnsl oT A, coorsercTayrowan wuca08as nocaedo8aTeAbHOCTL 3HaUe-
nut pyuxyuu {f (Mn)} cxodurca k uucay b.

* D10 O3HayaeT, YTo ToUyKa A ABNgETCs NpeZeJbHON TOUYKOH MHOMXKECTBA
{M} (cm. 1. 2 § | HacTosed raaskl, onpeeneHre 12°).
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Onpenenenne 1* (npelfes GyHKUHH B Touke A mo
Komn). Qucao b naseisaercs npedesom (usu npedesvroim 3Hade-
nuem) ¢pynkyuu u=f(M) & rouxe A (uau npu M—A), ecau 0as aro-
6020 NOAOKCUTEABHO20 4UCAQ & HaldeTcs oTseuqroujee emy ROAONCU-
TeAbHOe ducao 8 Takoe, 4To 0 Ar060i Touku M u3 muoscecrsa {M}
3adanusn arold ¢pynxkyuu, yoosarersoparoueid ycaosuwo 0<p(M, A) <8,
cnpagedauso Hepasenctso |f(M)—b|<e.

Hast o603HadeHUs npejena (QYHKOUH U= f(M) B TOuKe A HCHOJb-
ayertcs cliefylomas CHMBOJIHKa:

lim f(M)=b wma  1im (%, Xg - .., %) =b.
M-A x>0,
Xp—>Gy

*m™>%m

(3zecp (ay, as, ..., Am) — KOOPAMHATHL TOUKH A.)

Jloxa3aTe/IbCTBO 9K8UBAAEHTHOCTU onpedenenus 1 u 1* npoBoRHTCA
TOYHO TaK e, Kak H AJs QYHKIHH OAHON nepemeHHoi’I. Cuenyer b -
B paccyxeHHAX TeopeMbl 3.19 (cM. m. 2 § 4 ra. 3) 3aMeHHTH mocje-
HOBaTeJbHOCTb {X,} IOcaedOBaTesNbHOCTHIO Touek {Mn}, TOuky a —
T0uKOH A (@4, @y, ..., @m), PA3HOCTH |X—a| U |¥n—a| — paccrosHHAMH

p(M, A) u p(Mn, A) COOTBETCTBEHHO, a YHCJIOBYIO IIOC/IENOBATE/b-
HOCTh {f(Xn)} 3aMEHHTb YHCJOBOH MOCJIexOBaTeNbHOCTbIO {f(Mn)}.

Beenem Tenepn monsitue mpejaena ¢yHkumn u=f(M) npu M-—-oco.
Ias storo mpeanofoxuM, 4YTo MHOXKecTBO {M}, Ha KOTOpOM 3aiaHa
¢yuguMs u=f(M), pasa aoboro §>0 uMeer xoTs OBl OIHH 3JeMeHT M,
J€XalM} BHe mapa pajauyca 6 ¢ neHtpom B touke O (0, O, ..., 0).

OrpaHuunMcs ONpefeseHHeM COOTBETCTBYIOLIEro Mpejesa GYHKIHA
no Kouin.

Onpenenenune 2. Jucaro b Hasvigaerca npedesom Qyukyuu.
u=f(M) npu M—co, ecau s 2106020 NONOHCUTENLHO2O HUCAQ & HALL-
dercs orseyaroujee emy NOAONHUTEAbHOE YUCAO § TaKoe, 4TO OAn 8Cex
104ex M uz muoxcecrsa {M} sadanus yrrxyuu, yoosrersoparoujux
yeaosurw p(0, M)>6, cnpasedaruso nepasencreo |f(M)—b|<e.

s o6osnauenns npepena ¢yskuuu u=f(M) npu M—»oco ucnob-
3yeTcss CHMBOJ ' '

lim f(M)=b
M-o>w

Tak ke, Kak ¥ Aug QYHKUHH OJHON IepEMEHHOH, Jerko y6eauThes
B- TOM, 4TO apupMeTHUecKHe oNepaluH HaJ (GYHKUHUSIMH m IepeMeH-
HBIX, UMEIOLIMMH Ipefes B JaHHOH Touke A [uam npu M—-oo], mpH-
BOAT K (YHKUMSM, TaK¥Ke HMEIOIIUM Ipefesa B TouKe A [cooTBeTCT-.
BEHHO NpH M-—>o0].

ChopMysanpyeM COOTBETCTBYIOLIEE yTBepmzerHe Aas cay4ast mpe-
JIeja B Touke A.

ITycre dse pynxyuu f(M) u g(M) 3adaner Ha 0dnoM u TOoM dce
mnoxcecree {M} u umeroT 8 Touke A npedensvi, COOTBETCTBEHHO pas-
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note b u c. Toeda ¢ynkyuu f(M)+g (M), f(M)—g (M), f(M)-g(M)
n f(M)/g(M) umeror 8 Touke A npedeirsi, COOTBETCTBEHHO paABHbLE
b+c, b—c, b-c u bjc (8 cayuae 4acTHOCO HYMHO OONOAHUTEALHO Tpe-
60sars, 4106061 ¢ 65110 OTAUYHO OT HYAZ).

JlokasaTesbcTBO 3TOrO YTBEP:KAEHMsT COBEPUICHHO aHAJOTHYHO J0-
Ka3aTeJabcTBY Teopemul 3.21 (cM. m. 4 § 4 rai. 3), ToJBLKO BMECTO ompe-
npeneHusi no I'efiHe npejena QYHKUHH OXHOM NEpEMEHHOH CJAENyeT HC-
N0Jb30BaTh ONpefeneHHe no. [efine npenena QpyHKIHH M DEpeMEHHbIX.

YcraHoBMM Tenmepb KpuTepHit Kowu cyliecTBOBaHHs Npenesa GpyHK-
IHH m NepeMeHHbIX,

Onpenenenune 3. bydem eosopuTs, uto (hyhKyus m nepemen-
noix f(M) yodosaersopser ycaoesusw Kowu 8 tronke M=A
[coorsercreenno npu M—>oo], ecau 0an 106020 NOAOHUTENLHOZ0
4ucaq g Halilercs oT8exarOUjee emy NOAONUTEAbHOE HUCAO § Taxoe,
4r0 Oan a0boix dsyx Towex M u M” u3 mwuoocecrsa {M} 3adanus
Qynxyuu, YOoo0BAETEBOPAIOUUX. YCAOBUAM 0<p(M’, A)<s, 0<
<p(M”, A)<§ [coorsercrgento ycaosuam p(M’, 0)>8, p(M”, 0)>
>0], cnpasedauso nepasencreo |f(M')—f(M")|<e.

Teopema 122 (kputepuit Komn cymecTBoOBaHHA
npenena QGYHKUHH m nepeMeHHHX). [Jas 7020 ur06bh
Qynxyus u=f(M) umesra KoHeunoui npedesr 8 Touxe M=A [npu

—00], Heobxo00uMo u O0OCTATOUHO, 4TOObL 3TA PyHKYUA YO0B.1eT8O-
pasa 8 Touke M=A [npu M—o00] ycaosuro Kouu.

JlokasaTesbCTBO 3TOf TEOPEMbl NOJHOCTHIO HAEHTHYHO AOKa3aTellb-
ctBy Teopembl 3.20 (cM. m. 3 § 4 ra. 3) M MoxeT OblThb NOJYUEHO H3
Hero GopmasbHO# 3aMeHOl OykB x U a 6ykBaME M u A u Bblpa)KeHPIPI
tHna |x—a| cumBoJsom p(M, A).

BecbMma 1osie3Ho 3aMeTHTb, YTO ONpejeseHHe npefesa (YHKIHH
m nepemeHHbXx u=f(M) B Touke A u npu M—oo ykiajabiBaercs B
obulee onpejleneHue npejgena no 6ase, BBegeHHoe B § 5 ra. 3.

PaccmorpuM cHavana npeaen ¢yHkuuu u=f(M) B Touke A.

JloroBopuMcs Ha3biBaTb NPOKOJOTOH S-0OKPECTHOCTHIO
TOYKH A OTKPHITHH m-MepHBIH Wap pajnyca § ¢ UEHTPOM B TOU-
Ke A, 13 KOTOpOro yjajeHa cama Touka A.

- IMopuepkueM, uto f(M) sanana Ha TakoM MHoxecTBe {M}, KO-
Topoe Aas Jioboro 6>0 umeer x0T OB OAHY TOuKy M, Jexkauyio
B NPOKOJOTOH §-OKPECTHOCTH TOYKH A.

O6o3naunm cuMBoJoM C, IIPOKOJOTYIO 8-OKPecTHOCTb TOUKM A
u nonoxuM  By={M}NCs. OueBupno, coBOKynHocTb B={B,}
MHoxecTB B, npH Bcex 6§ >0 o6pasyer 6a3y MHOXECTBa {M}
160 Kaxkjoe MHOXecTBO B, (npHu q060m 6>0) He sIBJASETCS NYCTHIM
H IlepeceyeHHe JIOObIX JABYX MHOXKECTB COBOKYHNHOCTH {B,} npen-
cTaBJseT co60H MHOMXKECTBO TOH K€ COBOKYMHOCTH *.

Aty 6asy ecrecTBeHHO 0003HAUHTh CHMBOJIOM M—-»A u6o, KaK
JIETKO IIPOBEDHTh, ONpejieieHne Npefena Mo Tako# 6ase coBmnajaet

* OnpeneneHnss TOHATHA 6asel M npefena (GyHKUMH nmo Gase ¢M. B § 5 o 3.
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c onpeznenenneM 1* mpenena ¢ynkuun u=f(M) B Touke A mo
Kouu.

HOns cayuas npepena yaxuuu u=f(M) npu M—-oo 3Ta QYHK-
IHs IOJ:KHA ObITh 3aJaHa Ha TakoM MHoxecTBe {M}, KoTopoe mis
Jo6oro §>0 umeer xoTd OB OJHY TOUKY M, yIOBJIETBOPSIOILYIO
ycaosuio p(M, 0) >8, rae O — touka ¢ koopaunHatamu (0,0,...,0).

O6o3nayuM cumBosoM C, MHOXKECTBO Bcex ToueK M mpocTpaH-
crBa E™, ynoBjerBopsiiomiuX ycjaoBHio (M, O)>8, U NOJOKHM
By={M}NC,. Jlerko npoBepHTb, YTO COBOKYMHOCTb {B;} MHOKeCTB
By npu Bcex §>0 obGpasyer 6a3y mHoxectBa {M}, HGO Kaxioe
MHOXeCTBO B, He sIBJIsSIeTCs HMYCTHIM H IlepeceyeHHe JIOOGHIX ABYX
MHOXECTB COBOKYNHOCTH {Bs} npeicraBiaseT co60H MHOXeCTBO TOil
K€ COBOKYIHOCTH.

d1y 6asy ecTeCTBeHHO 0003HAUHUTh CHMBOJOM M-—oco, H6O, Kak
JIETKO IPOBEPHTH, ONpeJesieHHe Mpejesa No Takod 6a3e coBmagaer
c onpepenenneM 2 npenena ¢pyHruuH u=f(M) npu M->oo.

B 3akuioueHne oTMeTuM, uTo Teopema 12.2 (T. e. kpurepuii Ko-
IIH CyLIecTBOBaHUs Npefena GyHkuuu u=f(M) B Touke A u npu
M—-00) BbITEKaeT Kak YacTHHI cayualt U3 TeopeMhb 3.22, ycraHas-
JuBawolled KpuTepuit Ko cymectBoBanus obilero npeaena QyHk-
uuan no Gase. ,
4. BeckoneyHo mMaJjbie PYHKUMH m nepeMeHHbiX. Pynkyus u=Ff(M)
nasviaercs 6eCKkoOHe4nOo manroll 8 rouke A (npu M—-A), ecau
lim f (M) =0.

M->A

Jlerko yGexuthest, uto GyHKUHS (M) = (¥;—a;)" + (X, —a,)™ +
+ ...+ (X¥p—a,)"™, rae ni, ng, .., Nym — TNOJOKHUTENbHBIE YHCHA, SIB-
Jsiercst 6€CKOHEYHO MaJioll B Touke A (@, ay, ..., am) *.

Ecau pynryus u=f(M) umeer pasHoe b npedenrsvnoe 3Hauenue 8
rouke A, To pynxkyua o (M)=f(M)—b asanercs Geckoneuno maroi-6
Touxe A.

Hmeem: lima(M)= lim[f(M)—b]=1lim f (M)—1limb=0. He-
M—>A M—A M-A M-A

I0JIb3Ysl 9TOT Pe3yJIbTAT, MBI NMOJYUHM CHelHaJibHOE NPEeACTAaB-
JeHHe i OYHKLIHH, HMelomeldl paBHBIH b npeien B Touke
A f(M)=b+oa(M), rae lima(M)=0.

M—A

CpaBHeHHe GECKOHEUHO MaJbiX (PYHKUHH HECKOJBbKHX IepeMeHHBIX
NPOU3BOJUTCS TOYHO TaK »Ke, KaK 3TO VyKa3ano B m. 5 § 4 ra. 3
Ui GecKOHeWHO MaJibiX (QYHKUHH OXHOH nepemMeHHOH. OTMETHM, yTO,
KaK U B cJayyae OJHOM NnepeMeHHOH, noj cuMBoJIOM 0 (B) Mul 6yaeM mo-
HUMAaTb JI00y10 6eCKOHEeYHO MaJylo B AaHHOH Touke A dyHKumo 6ojee
BBICOKOTO NMOpPSIAKA MAJIOCTH, yeM OeCKOHEUHO MaJjasi B HaHHOH TOYKe

A dyrkuns g(M).

* IloctatouHo yuecTb, UTO Kaxpasi M3 GYHKuHi OXHOH nepeMeHHodr f(x:)=
= (Xg—ar) "k 7BASETCH GECKOHEUHO MaJOH B TOUKE Xz=ax.
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5. MosTrophbie mpepeanl. [ast ¢yHKuuH u=f(x, %2, ..., Xm) He-
CKOJIbKHX IIepeMeHHEIX MOXKHO OIPe/IeJINTh OHSITHE TIpejiesia 0 ORHOH
U3 IePEMEHHBIX X, IPH QUKCHPOBAHHEIX 3HAYEHHAX OCTAJbHHIX epe-
MeHHBIX. B CBfI3M ¢ 3THM BO3HHKaeT MOHSTHE MOBTOPHOI'O mpefeJa.
YscHHM 3TO TNOHsITHE Ha npuMepe (QyHKUHH u=f(X, y) ABYX mepe-
MeHHBIX x H y. [lycts ¢dyHkuus wu=f(x, y) samaHa B HEKOTODOW
IPSAMOYTOJNbHOM  OKPeCTHOCTH  |x—xo| <di, |y—yo| <d» Tourm
My (X0, Yo), 3a UcKIIOUeHHEM, ObiTh MOKeT, caMoit Toukn M, Ilycts
U1 KaXA0ro (UKCHPOBAHHOIO Y, YAOBJETBOPSIIOUIETO YCJIOBHIO
0<|y—yo| <ds, cymectByeT mpeien ¢yHKUMH u=f(x, y) omHOH
[IEPEMEHHOH X B TOUKE X=X

lim f(x, v)=¢(y),

X—>Xg
y—buke

H IyCTb, KPOMe TOro, CyHlecTBYeT npefen b ¢yHKuud ¢(y) B TOuke
Y=Yo :

limo (y) =b.

Y—>Yo
B aTOM cayyae ropopsit, UTO CylIeCTBYeT NOBTOPHEIH npejea b s
GyHKuMH u=f(x, y) B Touke M,, KOTOpHH 0OO3HaUaeTCs CJEIYIO-
UM 06pasoM:

limlim f (x, y)=26.

Y—>Yo X—>Xp
AnasornyHo onpejensiercs NOBTOPHHH Npeael
lim lim f (x, y).

X~>Xo Y->Yo

YcTaHOBUM JIOCTATOUHBIE YCJIOBMSI PaBEHCTBA [BYX BBEIEHHEIX
NOBTODHBIX IIPEJEJIOB.

Teopema 123. ITycre ¢pynxyus u=f(x, y) onpedesena 8 He-
KOTOPOL nPAMOY20AbHOL OKpecTHOCTU | x—Xo| <d, |y—1o| <ds TOU-
Ku Mo(xo, Yo) U umeeT 8 3TOL Touke npedea, pasgusiti b. ITycre,
Kpome 1020, Oas at06020 urcuposannoeo x, 0<|x—xo| <di, cy-
wecrsyer npedea P (x)=limf(x, y) u 0asa arwbozo Gurcuposanro-

Y->Yo
20 y, 0<|y—yo| <ds, Cytqé,’CT!‘/ByeT npedea @ (y)=1limf(x, y). Toeda

X=Xy
nosropusie npedesa lim limf (x, y) u limlim f(x, y) cyuwecreyror

X=>X9 Y—=>Yo Y—>Yo X—>Xq

u oba pasuel b.

HdoxaszarteabcTBo. Tak Kak QyHKuHa u=f(x, y) HMeer
B Touke Mo(xo, Yyo) mpenen b, To nnas moboro ¢>0 MOXKHO yKa3aTts
Takoe §>0, uto npH |x—xo| <8 ¥ |y—yo| <& BHIMONHAETCH HEpa-
BeHCcTBO |f(x, y)—b|<e. Takum o06pasoM, B NPAMOYroJbHOH OK-
PECTHOCTH |x—Xo| <8 U |y—yo] <8 Touknm M, 3HaueHHe YHKIHH
f(x, y) ormuuaerca or b He Gosbure uyeM Ha e. Ho Toraa mpenmensr
Y(x) u @(y), ykazaHHble B (OPMYJHPOBKE TeopeMbl IpPH X H Y,
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'VAOBJIETBODSIIOIINX HEPaBeHCTBaM |x—xo| <8 H |y—yo| <6, Tarke
oTaMualoTesl oT b He Gosbie yeM Ha g, CJei0BaTeNIbHO, U IPeJeJIbt
3THX (YHKHHH B TOYKaXx Xo M Yo COOTBETCTBEHHO CYLIECTBYIOT H
paBHu b. Teopema noka3aHa.

MoxHO onpelenuTh NOHATHE NOBTOPHOTO Openefna JJsi Tak Ha-
3blBaeMBIX IBOHHEIX NMocjgeiaoBaTenbHOCTed {Gun}, d7€-
MEHTHl Qpp, KOTOPHIX ONpEeAesioTCs [OBYMS HHAEGKCAMH M H 1.
Hmenno cumBoa lim lima,, o3HagaeT, yTO cHauaJa onpenessieT~

n—wo N—9%

cs nocaefobaTenbocTh {bn}, b,=lima,, a satem HaxoauTcs

. m—>w
npejen 3TOH IOCAEAOBATENbHOCTH {byn}.

PaccMoTpuM, HampuMep, ABOHYIO IOC/]€I0BaTENbHOCTb {Gmn},
Te Omn=cos™2nnlx, x — (UKCHpPOBaHHOe uucjo. IlokaxkeM, yTo

lim lim cos™ 2nnlx =

n—e M-»o

1, eciiM x— panxoHaILHOE YHCIIO,
0, ecau x—HppalHOHANbLHOE YHCJIO.

B camom pene, eciin x=p/q, rie p U g — LeJable YUcaa, BTopoe H3
KOTOPHX MOJIOXKUTEJBHO, TO IHpH A>q uUMeeM cos 2nnlx=1, u no-

sroMy lim cos™2xnnlx=1. MHbIMH cl0BaMH, €cJiH X —pauHoO-
m—»oonzzh . .
HaabHOe yucao, to limlimcos™2nnlx=1. Ecau Xe x—upp a-

NP M> R
LHOHAJbHOE YHCIO, TO MPH JIOGOM 1 CrpaBeJIHBO HepaBeHCT-
BO |cos 2nnlx| <1, u mosTomy

lim cos™ 2anlx =0, 7. e. lim lim cos™ 2nn!x = 0.
m-> o m->c0 n-»wo
3ameuaHnue cnouab3ys HOJydyeHHHIH pe3yabTaT, Mbl MOXeM
aHaJHTHYCCKHM cnoco6oM 3anaTh pyHkuuio Hupuxae (cMm. m. 1§ 4
ra. 3) kak noTopHslil npexen lim lim cos™ 2mnlx.

n—>0 m—>mx

§ 3. HENNPEPBIBHOCTb ®YHKUHH m NEPEMEHHBIX

1. MousTHe HenpepbHIBHOCTH QYHKIHMHA M mepeMeHHbIX. PaccmoTpum
dyHKUMIO m nepeMeHHbX u=f(M), 3a1aHHYI0 HA HEKOTOPOM MHOXKeECT-
Be {M} npoctpanctBa E™. Ilycts A — HekoTopas Touka E™, mpuHan-
Jexamas MHoxecTBy {M} u Takas, uTo B JIOGOH §-OKPECTHOCTH TOY-
Ki A comepxkaTcs TOUKH MHoXectBa {M}, oranunble ot A. * -

dopManbHOE onpejeeHHe HENPEePHBHOCTH PYyHK-
HHH B Touke. Pynkyus u=f(M) Ha3eieaerca nenpepovl6HOL 8
Touke A, ecau npedes 3ToU PyHkyuu 8 Touke A cyujecTeyeT u pasex
qacTHoMyY 3Havenuto [(A).

* D10 o3HauaeT, uTo A ABARETCA MPEENbHOH TOuKOH MHONKecTBa {M}.



§ 3. HenpepriBHoCTe (YHKLUHH 17 TePEMEHHBIX 461

3aMeTHM, uTO MOCKOJAbKY A== 1lim M, To ycJoBHEe HempephIBHOC-
M—=A
TH q)yHKuHH f(M) B Touke A MOXKHO CHMBOJIMYECKH 3alHCaTh B BHAE

11m f (M) =f(11m M).

Takum 06pasoM, A5 HeNpephiBHOH B jauHOH Touke A QyHKuAH
cuMBost lim mpefesna ‘M CHMBOJN [ XapaKTePHCTHKH (QYHKHUH MOXKHO
MEHSITh MecTamH.

Touku mpoctpaHctBa £E™, B KOTOpeiX pyHKUHA u=f(M) He obaa-
JZaeT.CBOHCTBOM HeNpPepLIBHOCTH, Ha3bBAIOTCA TOUKAMH Pa3PHBa
DTOH (PYHKIHH.

Ucnoassys onpeneneHue npepena ¢yHkuun B 1ouke A no lefine u
o Koluu, Mbl IpHAEM K ONpEJie/IeHHSM HENPEPLIBHOCTH (PYHKIHH B
AaHHOH Touke mo [eitne n no Kouwu. :

Onpenenedue 1* (HenpepoBHOCTb GYHKLUHUHU B JaH-
Hol Touke no I'efine). Pynkyus u=f(M) Ha3eigaercs Henpe-
pol8ro il 8 Touke A, ecau dan awboli cxodawelica k A nocaedosa-
reavroctu {Myp} Touex mromecrsa {M} 3adanus 310l pyrKkyuu coor-
eeTcTyrowan wucaosas nocaedosaresvrocts {f(Mn)} 3rauenuil aroti
pyukyun cxoourcs k wucay f(A).

Onpenenenue |* (HenpeprBHOCTL GYHKLHH B JAH-
#oH Touke no Komu). Pynrkyus u=f(M) na3oisaerca nenpe-
polsHold 68 Touke A, ecau 048 2106020 NOAOHCUTEALHO20 HUCAA &
HaldeTcsa oTrsexaroujee emy NOAOHUTEAbHOE HUCAO § Taxkoe, 4TO0 O0aA
at060i Touku M u3 muoxectea {M} 3adanus 1ol ¢pynkyuu, yoosae-
Teopmou;eu ycaosuro  p(M, A) <8, cnpasedauso  nepasencTso
{HM)—[(4) | <e.

3am e—q aHdue. B oTanuue OT onpeneseHHs npeﬂe.na no leiine,
MBI ONlycKaeM B onpejeneduu | tpebosanue M,s=A. DTo MOXKHO cHe-
JlaTh B CHJIY TOro, 4To yukuusa f(M) onpeaenesa B Touke A u 106as-
Jieide K nocaexoBateabHocTH {f (Mn)}, cxopsmeiics k uucay f(A),
JIIOO0r0 KOJHYECTBA HOBBIX 3JIEMEHTOB, paBHHIX [(A), He Hapymm‘
CXOJUMOCTH 3TOH IOCJe0BaTENbHOCTH K f(A).

AHasiordyHo, B OTJMYMe OT ompejeseHuss npenena 1o Koww, Mul
onyckaeM B omnpepneneHun 1* tpeGomanne p(M, A)>0 wuam, urto TO
Ke caMoe, M*#A. DT0 MOXHO clenaTb B CHIY TOro, 4YTO (QYHKUHA
f(M) onpegeneHa B TO4YKe " Aunpy M=A HepaBeHCTBO
[[ (M)—[(A) | <e cnpaBemauBo aas mo6oro g>0.

MoxkHO chHOpPMYJIHPOBATE U €lle OJHO IKBHBAJICHTHOE OIpejeJe-
HHe HempepnBHOCTH ¢yHkuuHd f(M) B naHHOH Touke A.

Onpepneaenue 1** Pynxyus f(M) Ha3ei8aercs nenpe-
poleroli 8 Touke A, ecau Oas 000 OKPeCTHOCTU TO4KL
f(A) npocrpancrea E! HaiideTcs Taxas OKpecTHOCT6 Touku A npo-
crpancrsa E™, uto 06pa3 scex Touex mHONCECT8A 3A0aHUSL PYHKUUL,
{  aexmawux e 3Tou okpecTHOCTU Touku A, npu orobpaxcenuu, ocy-
uecrTeanemom pynkyueld f, yeAuKoM AeHUT 8 YKA3AHHOL OKpecT-
i mocru rouku f(A).
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IMyctb tenepp {M} — MHOXKeCTBO TOYek IpocTpaHcTBa E™, B Jo-
6051 8-OKpecTHOCTM KaxkJaoi TOYKH M KOTOpPOro CoaepiKarcs Apyrue
TOYKH 3TOr0 MHOXKecTBa *. Takoe MHOXecTBo {M} HaskBaeTcd MJOT-
HEIM B cebe**

Onpenenenune 2. Pynryus u= f(M), onpedeneHHas HA MHO-
acecTee {M}, Ha3blBaeTcs HenpPepLLBHOU HA 3TOM MHOXN ECT=
8 e, ecAl OHA HenpepulBHa 8 Kaxwooi Touke M 3To20 mHoOzCECTSA.

HasoBeM mnpHpaljeHHEM HIM NOJHHM NDHpAaIMeHHEM
byuruun u=f(M) B Touke A GyHKRUHIO Au, onpeneiseMylo ¢popMyaon

Au=f(M)—f(4), (12.5y

rie M — no6as Touka M3 objaacTh 3afanust GyHruuH. [1ycte Touku A
H M HMeOT COOTBETCTBEHHO KOODAHHATH @1, G2, ..., Am U X1, X2,..., Xin-
O6Go3HauuM X1—a1=AX1, Xo—02=AX3, ..., Xm—0m=AXm. Flcnosb3ys 1%
0603HaueHHd, MOJYYHUM [Jis TpHpaliedus GyHKIHH Ay, COOTBETCTBYIO-
Hlero NpHpalleHHsIM apryMeHTOB Axi, AX, ..., Axn, Chefylomiee BHpa-
KeHHe:

Au=f(a+Ax1, ap+Axs, ..., Am+Axm)—f (a1, Gy, ..., Am). (12.6)

OueBupHo, 0451 HenpepsisHocTu Pynkyuu u=f(M) 8 Touke A He-
06x00umo u OocTarouro, 4Tobsl ee npupawerue Au npedcTasAfc:
coboii becxoneuno maryro 8 Touke A pyuxyuto, T. e. HeO6X00UMO U
docTaTouro, 4T06bL .

llmAu—Ilm (f(M)-——f(A))—uO wm lim Au=0. (12.7y

Ax,—0,
Ax,—0,

Axm—bu

Ycnosue (12.7) ecrecTBeHHO Ha3BaTh pa3HOCTHOH dopMoOl yc -~
JOBHS HeNpepHBHOCTH GYHKIUUH u=f(M) B Touke A.

2. HenpepbiBHOCTb (YHKIMH . MEpEMEHHBIX MO OJHOH MepeMeHHOM.
st Qyskuuu u=f(xs, Xs, ..., ¥;m) HECKOJIbKHX TEPEMEHHBIX MOXHO:
OIpele/IUTh TOHSITHE HETPEPHIBHOCTH MO OJHOH H3 MEepPEMEHHHX
IpH (UKCHPOBAHHBIX 3HAYEHMSX OCTAAbHBIX IepeMeHHBIX. Ilas BBefe-
HMsl 3TOTO IIOHSITHSI PACCMOTPHM TaK Has3blBaeMble YaCTHHIE MPH-
pameHuss GYHRHMH u=f(Xy, ..., Xm) B Touke M (xy, Xs, ..., Xm), TIPH-
HajJexalled obnact onperejeHus GyHKuuH. 3aduKCHpPYeM Bce ap-
FYMEHTH, KPOMe NepBOro, a NepBOMY apryMeHTy NPHUAAAHM IIPOH3BOJb-
HOe NpHpalleHHe Ax; Takoe, yToObl TOYKa C KOOpAHHATAMH X;-+Ax;,
X2, ..., Xm Haxojaujace B objacty 3ajaHus pynruuu, CooTBETCTBYyIOMIEE:

* Dro o3HauaeT, 4To JMobGas Touka M MHOmecTBa {M} sBAderca npeaesbHON:
TOUKOR 3TOTO MHOXKECTBA.

** TIpuMepoM IJIOTHOrO B cee MHOMKECTBA MOryT CIyXHTh Ji060e Henycroer
OTKPHITOE MHOXECTBO H Jo6as 3aMKHyTas 06JacTb, a TaKikKe MHOKECTBO BCEX TO-.
9eK, COIEpKAMHUXCS B OTKPHITOM MHOMXKECTBE H TaKHX, YTO BCe KOOPAHHATHl 3THX-
TOYEK SBJISIIOTCH PallHOHAJBHEIMH YHCJAAMH.
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npHpalieHne (QYHKIHH Ha3biBaeTci YaCTHHM NpHpameHHeM*
GyHKIHE B Touke M (X4, X2, ..., Xm), COOTBETCTBYIOIIMM IPHUDAIICHHIO
AXx; apryMeHTa X1, # o6o3Hauaercss Ay, #. TakuM ob6pa3som,

Ago=f (X + A%y, X9 « .., xm)—f(xl, Xgy ooy Xm)- (12.8)

AHaNOrHYHO OHpPENEJAIOTCS YacTHBe NPHpallleHus: (YHKIHH, COOTBET-
CTBYIOUIHE NIPUPALICHHAM APYTHX apryMeHTOB:

A =F(xy, X9+ Axyy Xgy oy Xp)—F (X1y X5 -+ -9 Xm)s
OO ¢ P2
Ag u=f (X1, Xg5 «- s Xppo1s X+ AXp) —F (Xyy Xg0 -, Xpm)e

BseseM Tenepb NOHATHE HENPEPLIBHOCTH GYHKUHH u=[(X1, Xz, ...
«»Xm) IO OLHOH H3 MEPEMEHHHX.

Dynryus u=f(x1, xz, ..., Xm) HA3bIBAETCAHENPEPOLIBHOIL 8 TOY-
ke M(xi, X2, ...,Xm) NO nepemeHtoil X, ecAl 4acTHOe npupauje-
Hue A.u 310U QyHKyUL 8 TOUKe M npedcrasaser coboil beckOHe4HO
MAAYro GYRKYUIo or Axp, T. e. ecau

l‘m Axku = O.
Axk->0

Ilpn ¢bukcHpOBaHHBIX 3HAYEHHAX BCeX [epPEMEHHHIX, KpoMe mepe-
MEHHOM Xy, QYHKUHA u=] (X1, X2, ..., ¥m) NpPeAcTaBIAsET cO60H (PYHKLHUIO
OJHOH 2TOf nepeMeHHOH. OTMETHM, YTO HEHpPEpPHIBHOCTb (DYHKIHH IO
IlepeMeHHO!N X, O3HauaeT HENPepLIBHOCTb YKAa3aHHOH (PYHKIHMH ORHOH
flepeMeHHOH. ' ’

OueBH/HO, U3 YCJIOBHSI HENMPEPHIBHOCTH (DYHKUHH U= [ (X1, X2, ..., Xm)
B JaHHOH Touke M BEHITEKaeT HelpepHBHOCTb 3TOH (QYHKUHH B Touke M
II0 KaXJOH W3 NMepeMeHHBIX Xi, X2, .., ¥m. OJHAKO H3 HENPEpPBIBHOCTH
DyHKIHKE B Touke M mo KaxkAol M3 NePEeMEeHHBIX Xi, Xz, ..., Xm HE BbITE-
KaeT, BooOLe roBopsi, HENPEePLIBHOCTb (YHKHUH B 3To# Touke. HUTOOH
'y6eAUTHCST B 3TOM, PACCMOTPHM CJeAyIOINe IPHMEpHI.

1°. Mb1 6yaeM roBoputh, 4yto pyHkuus u=f(M)=f(x, y) nenpe-
pPHIBHA B TOuKe M Ha NpsAMOH, TNpPpoXoxsme#n yepes
ATy TOUYKY, eclnu AAs JI000# HOCJAeNOBATeNbHOCTH Touek {My}
BTOH npsaMoil, cxonsulefics K Touke M, COOTBeTCTBYIOWAS MOC/IeI0BA-
TeJbHOCTh {f (M)} sHaueHHHA (YHKUMH MMeeT HpeAeoM YacTHOe 3Ha-
genune f(M) ¢yHkuun B Touke M. Tak kak Ha npAMON GYHKUHSA U=
=f(x, y) npelacrapjaser coboii (QYHKIHIO OJHOH IepeMeHHOMH, TO IOHS-
‘THe HeNnpepHBHOCTH (YHKIHHM Ha NPSMOH COBNAZaeT, OYEeBHJIHO, C IO-
HITHEM HENpPEepBIBHOCTH YKa3aHHOH (YHKUHH OAHOH INepeMeHHOH.
B uacTHOCTH, HEIPEPBHIBHOCTh (GYHKUHH B TOUKe M IO OTIEJABHBIM IIe-
PEMEHHBIM X H Yy IpeJACTaBjiseT cobOH HenpepbLBHOCTb €€ Ha NPAMBIX,

* TepMHH <«4YacTHOe NIpHpauleHUe» yHnoTpebasercs MJAs TOro, 4TOOH OTJIHYHTH
3TO mpHpalleHHe OT NOJHOTo mnpHpamenHs (12.6), cOOTBETCTBYIOLIETO NPOH3BOJILHEIM
gipupaieHuaM Axi, Axs, ..., AXxn BceX apryMeHTOB Xi, X2, .., Xm.
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NPOXOAAIHX uepe3 TOYKY M M mapasjielbHBIX KOOPAMHATHBIM OCSIM.
IokaxeM, uTo QyHKIHSI

Xy 2 2
u=|Fap P 0, (12.10)

0 npn x4+ y*=0

HenpepnBHa B Touyke O (0, 0) mo KaxJo# W3 nmepeMeHHBIX X ¥ Y, T. e.
HENIpephIBHA Ha KaXXJOH M3 KOODAMHATHHIX OCel, HO He fABJSeTCH He-
NPEepPHIBHOH Ha BCEX OCTAJIbHBIX NPAMEIX, IPOXOASAIIHX uepe3 3Ty TOu-
Ky, U noatoMy He siBjsieTcsi HenpepweiBHOH B Touke 'O. Kaxpas nps-
Mas, OTJHMYHAs OT KOODAMHATHHIX Oceli W NPOXOAslas uepe3 TOUYKY
0(0, 0), moxer ObITh mpeAcTaBjieHa ypaBHeHHeM y=£Kx, rae k0.

B kaxpo#t Touke npamoii y=~kx npu k=<0, 3a HCKIIOUEHHEM TOUKH
0 (0, 0) @};HKIIHH (12.10) npuHUMaeTr OJHO H TO XKe IIOCTOSHHOE 3Ha-

qgeHue

1+ k2

Orciona caexyer, 4To eC/i TOC/AEZOBATENbHOCTh {My} OTIHYHBIX

ot O Touek TaKoH NpsiMOii cxoautes K Touke O, TO COOTBETCTBYIOUas
k

N0C/JeJ0BATENLHOCTh 3HAYeHHH (YHKUMH HMeeT mnpejes Tim- Tak
I

Kak npu k=<0 3ToT npeaes OTIHYEH OT HYJs H He COBNAjaeT C 4acT-
HbIM 3HavyeHueM (QyHKuuu B Touke O, TO QYHKUMS pasphiBHA B 3TOH
TOYKE Ha paccMarpuBaeMol npsMoH. HenpepriBHOCTb yHKUHH HA KO-
OPAMHATHBIX OCAX BHITEKAeT H3 TOTO, YTO ee 3HAYEHHH Ha 3THX OCAX
PaBHE! HYJIO. ' : ‘

MoxeT CIOXHTbCA BIEUATJEHHE, UTO eCJH (YHKIMS IBYX Iie-
PEMEHHBIX HENpepeiBHA Ha JIO60H NpsAMOH, mNpoxoAsuleld uyepes
A2HHYI0 TOYKY, TO 3T2 (DYHKUMS HeNpPephHBHA B YKa3aHHOH TOUYKe.
Caenylomuii npuMep NOKa3HBaeT, YTO 3TO, BOOGLIE rOBOPs, He TaK.

2°. PaccMoTpuM QYHKUHIO

X2y

——~— npu x*4y*>=£0,
u=f(M)={ary " ETEFE
0 npu  x¢+ y?>=0,

Jlokaxem, 4To, XOTs1 yKasaHHas (GYHKUHs HENpephiBHA Ha J060#
npsaMoit, npoxoasmei yepes touky O(0, 0), ona He siBaAsercs He-
npepuiBHOH B 3TOH Touke. B camoM pmene, sHauenus 31ofi GOYHKUHH

o X
Ha NpsMO¥ y==Fkx paBHBI Y n nosromy u—>0 npu x—0. He-
X

NpepeIBHOCTD 3TOH (yHKUH Ha ocH Oy BHITEKaeT M3 TOrO, 4TO " ee
3HAUeHHs HA 3TOH OCH paBHB Hymo. C Apyro#l CTOPOHH, 3HAYEHHA

p

GyHKIHH Ha napaboje y=px? NOCTOAHHB ¥ PaBHLI T B Io-
' P
3TOMY Ilpefie]bHOe 3HayeHHe GYHKIHHM NDH CTPeMJeHHM TOuKH M K

P . Tak kak
p?

touke O 1o ykasauHoH napabojie Takxe paBHO
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npa p~0 3TOT npeges OTJAMYeH OT HyJS W HE COBHNAZaerT ¢ vacr-

HbLIM 3HaueHHeM ¢YHKIMH B Toyke O, To QyHKHHA paspHBHa B

3TOH TOuKe,

3. OcHOBHBIE CBOHCTBA HENMpPePbIBHLIX (YHKUMIE HECKOJbKHX nepe~
MEHHBIX. B 2TOM NyHKTe MH HEpPEYHCIHM OCHOBHHE CBOHCTBA Hempe-
PBIBHHIX (PYHKUHH HECKOJbKHX IepeMeHHBIX. II0CKOJIbKY [OKa3aresb-
CTBa 3THX CBOHACTB B OCHOBHOM aHAJIOTHYHBI J[JOKAa3aTeJbCTBAM COOT-
BETCTBYIOIHX CBOHCTB GYHKUMH OAHOH nepeMeHHOH, TO, KaK mnpaBH-
Jo, MH 6yaeM AaBaTh JHIOb KpaTKue MOSCHEHHS, NMpelOCTaBJAs Je-
Ta/du A0KasaTeNbCTBA YUTATENIO.

I°°. ApudpmMeTHuecKHe omnepauUHH HAJ HENPEPH B-
HBEMH OyHKuusMmMu. Ecan dyukumn [(M) u g(M) 3agans Ha
OJHOM H TOM Xe MHOXKecTBe {M} u HempepHBHBHI B. HEKOTOPO# TOUKE
A - 3toro MHO)KexITB,a, To ¢yukuun [(M)+gM), [f(M)—gM),
fM)-g(M) n 2((M)) TaKKe HENpepHBHH B Touke A (B cayuae wact-
HOrO HYXHO AONOJHHTEJNbHO NoTpeGoBaTh, uToOH g (A)+0).

OTo yTBepXKJeHHe cpa3y e BHITEKaeT H3 COOTBETCTBYIOIErc-
yTBEpXJeHHs 006 apHpMEeTHUECKHX oNlepaluax HAA (PYHKUHSMH, HMEo-
IWHMHE npefea (cM. . 3 § 2 Hacrosiluel raaBw).

2°. HenpepnBHOCTD cNOXHOH PyHKUUHU. Beenem mo-
HATHE CJIOXKHOU (QYHKIIMH HECKOJNbKHX nepeMeHHHX. [lycTp ¢yHKUHH

{xlz%(tv fay - ey Bp)s |
Xog = @y (tl’ Ly ooy z[k)9 (12_11)

¢ 8 e e & s e e e o

xm‘:(pm(tl’ tz» tees tk)

3ajlaHbl  Ha MHOXecTBe {N} eBkammoBa mupoctpancrBa E*(f;, fo,....
..y I — KOODAMHATH TOYEK B 3TOM npoctpancTse). Torga Kaxmoi-
tTouke N (%, fo ..., fx) MHOxecTBa {N} CTaBMTCS B COOTBETCTBHE C HO-
mouibio opmyan (12.11) Touka M (x1, Xg,...,Xm) €BKAHAOBA PO~
crpaHcTBa £™. O6o3Haunm uepes {M} MHOXKeCTBO BCeX TaKHX TOYeK.
Ilyets u=f(xy,...., ¥m) — QYHKIHS M nepeMeHHBIX, 3aJlaHHAs Ha yKa-
3aHHOM MHoxecTBe {M}. B sTom ciyuae MBI 6yfeM roBOpUTb, YTO Ha
mHOXecTBe {N} eBkAMZOBa npocrpanctsa E* omnpemeseHa Ccl0XKHas
byHruuA u=f(x1, X2, ..., Xm), TAE X1, X2, ..., Xm SBISIOTCA OYHKUHAMHU
NepeMeHHBIX 1y, by, ..., I, IpHYEM 3TH (DYHKUHH ONPEAEJAIOTCS COOTHO-
wennamu (12.11). CopaBeanuBo caeayoilee

Yreepxaenue. Ilycro pynxyuu xi=o(t, ..., 1), Xo=¢2(t1, ...
ooy TR) 5 oy Xm=Qm (1, ..., In) - HEnpepoisrer 8 Touke A(ai, ay, ..., ),
pynkyus u=f(x1, xs,..,xXm) senpepeisna s rouxe B(bi, by, ..., b)),
ede bi=q;(ai, as, ..., ar), i=1, 2,..,m. Toeda croxHas QyHKyus U=
=[(X1, X2, ..., Xm), 20e X1, X3,...,%Xm npedcrasisior coboii onpedenen-
Hble gbitle Gynkyuu apeymentos by, ly, .., I, HenpepvisHa @ TOuKE
A(al, A2y «oey ak).
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Jlis pokasaTenbCTBa 3TOTO YTBEPKJAEHHS PACCMOTPHM NPOH3BOJb-
HYI0 cXoidllylocs K A nocaefoBaTenbHOCTh Todek Np= (4§, £(™),
o, tx™) mHOxecTBa {N}. OGosnmauum uepes {M,} coOTBeTCTBYIOILYIO
TI0CJIeIOBATEIHOCTE TOYEK IpocTpancTBa E™, goopAHHATHL %™,
XM, .., Xm™ KOTOPHIX paBHBI

xi("):cpi: (Nn) ='(pi(t1(n), tm), .., tk(n)) , I=1,2,.,m

‘M3 nenpepuiBHOCTH yHKUME @;(N) B Touke A M H3 ompeaeseHHs He-
mpepuBHOCTH Mo ['eliHe BHITEKaeT CXOJUMOCTb MOCAEXOBATENbHOCTH
‘Touek {Mn} kK Touke B (by, by, ..., bm).

Hanee u3 uenpepbiBHOCTH (yHKnuu u=f(M) B Touke B u u3
‘OTIpe/leJIeHHs] HEMPEPBIBHOCTH Mo [ efiHe BHITEKaeT CXOAMMOCTbL MOCIe-
Josateabrocty {f(M,)} k uucay f(B). Ho ato m osHauaer, 4TO IO-
cjenoBatenbHocth  [[@1(Ng), @2(Nn),...,om(N,)] sHaueHuit srtoit
‘CJIOKHOH ~ (PYHKUHM  CXOAHUTCSI K YaCTHOMY  3HAQUeHHIO 3ITOH
cnoxuoit ¢yuruuu fli(4), 92(4),...,om(A)], 1. e. HenmpepbBHOCTD
CJIOXHOH GYHKUHH B TOuke A.

3. TeopemMa 006 ycTOHRUYHMBOCTH 3HaKa HempepHB-
HOH GYyHKILHH.

Teopewma 124. Ecau ¢ynxyus u=f(M) nenpepvisna e TOUKE
A eexaudosa npocrpancréa E™ u ecau f(A)70, ro cyujecrsyer ra-
Kasn O-okpectHocTs Touku A, e npedesax xoropoii [(M) He o6pa-
WLAEeTCs 8 HYAL U umeeT 3HAK, cosnadarouuii co snaxom f(A).

CnpaBeJJHBOCTDH 3TOH TEOPEMBl MNOYTH HENOCPEACTBEHHO
'BHITEKAeT M3 ONpefeJeHHs] HenpephBHOCTH (yHKuuu f(M) B Touke A
no Kown. B camom nene, u3 3TOro onpejeseHdsi BBITEKAET, UTC AJS
Jnoboro e>0 malizercss orBeualoniee emy 6>0 rakoe, uro f(A) —
e<f(M)<f(A)+e Bciony B 8-oxkpectHoctu Touku A. Ecau B aTux
‘paccyXeHHX B3AThb B KauecTBe & MOJOXKMTenbHOe uucao |f(A)|/2,
TO MBI NOJYYHM, 4TO Bce Tpu uucia f(A) —e, f(A) u f(A)-+e 6yayr
-OHOTO 3HaKa, H noromy f(M) umeer TOT Xe 3HaK, uto u [(A) BClo-
Ly B 0-OKPECTHOCTH TOYKH A.

4°. TeopeMa 0 NPOXOXITEHHUHU HeNpPEPHIBHOH PYHK-
MHH Yepe3 aA0060e NPOMEXRYTOUYHOE 3HAUYECHHUE.

Teopema 125. Iycre ¢pynxyus u=f(M) nenpepoisrna so scex
To4Kax c6a3n020 muoscecrsa {M} esxaudosa npocrpancrsa E™, npu-
uem f(A) u [(B) — snauenus stoii ¢pyuxyuu 8 touxax A u B aroeo
mrnoocecrea. Ilycre, daree, C— a1060e uucro, 3axitouerHoe mexHoy
F(A) u [(B). Tocda na rwboii nenpepoisnoii kpwsoii L, coedunsrouedi
Touku A u B u yeauxom pacnoracarowetica s {M), naiidercs Touxa
N rakas, uto f(N)=C. :

HoxaszareabetBo. ITyers x1=91(f), xa=2(t), ..., Xm=qm (1),
a<(f<CP, — ypaBHeHHsI HeNnpPEePLIBHON KPHBOH L, coefMHSIONIEH TOUYKH
A u B muoxecrBa {M} u uenukom pacnonaramomefica B {M} (Cm.
n. 2 § 1). Ha cermenre [o, B] onpenenena cioxuas OGyHKIHS U=
=f(X1, X2, v, Xm), THE Xi=q;i (1), i=1, 2, .., m, a<t<p.
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OueBnpiHO, 3HaueHHs: 3TOW GYHKUMHM Ha cerMeHre [o, P] coBma-
JAaT co 3HayeHHsIMH OyHKuuH u=[(M) ua kpusoil L. YkazaHHas
CJI0XKHAash YHKUHSI OAHOH NepeMeHHOH f, B CWJIy YTBepXKAEHHA pasje-
Ja 2° 3TOro myHKTa, HempepblBHa Ha cerMeHnre [@, B] u, corsacHo
TeopeMe 4.13, B HeKOTOpO# Touke & cermenra [a, B] npuHuMmaer 3ua-
yenne C. ITostomy B Touke N kpuBok L c xoopmunatamm @ (§),
92(%), ..., pm(E) nonyuum f(N)=C. Teopema nokasaHa.

5. OrpaHuYeHHOCTh G(GYHKIMH, HENPEPHBHOH Ha
3aMKHYTOM OTDaHHYEHHOM MHOXECTBE, _

Teopema 126. (mnepBas Teopema Befiepmrpacca).
Ecau ¢ynskyus u=f(M) HenpepviBHa Ha BAMKHYTOM OZPAHUYEHHOM
muoxcecrse {M}, To OHQ OzpanuUeHa HA 3TOM MHOJCECTSE.

Jaa toro yto6bl yOeIUThCSl B CIPABEIJIHBOCTH TOH TEOPEMBI, BhI-
JeauM (Kak M B JOKas3aTeJbCTBe aHAJOTHUHOH TeopemH 4.14) mocie-
noBatenbHOCTb {M,} Touek mHOxectBa {M}, mast koropuix |f(M,)|>
>n. B cuny reopembl BoasnanHo—Beiiepiitpacca (eMm. m 2 § 2) wms:
{M,} MOXHO BHIEJHTh CXOAAULYIOCS NOANOCTENOBAaTeNbHOCTD {Mp, },
npegen M koropoit B cuay 3ameuaHusi K TeopeMe DBosbiano-Bediep-
mTpacca MpHHALMEXKHT MHOXecTBY {M}. OueBmAHO, moOC/JeIOBAaTEh-
HocTh  {f(Mg,)} Geckoneuro Goubuias. C APYro# CTOPOHEL, B CHIY He-
NpepHIBHOCTH GyHKIHH B Touke M ara nociaepoBarensuocts  {f (Mg,)}
JoikHa cxoaurecst K f(M). IlonyyeHHoe mpoTHBOpeune J[JOKasmBaer
TeopeMy.

6°. JJocTuxenvHe (GYyHKUHEH, HeNpPepHBHOH Ha
3aMKHYTOM OTPaHHUYE€HHOM MHOXECTBE CBOMHX TOU-
HBX rpaHneil. Tounod sepxneil epansio dynkunu f(M) Ha mHOXKe-
ctBe {M} HasbIBaeTCs TaKOe YHCJIO &, KOTOPOE YIAOBJETBOPSiET IBYM
tpeGoBanuam: 1) f(M)<{a mns Bcex touek M mHOxectBa {M};

2) nna moboro e>0 nalimercs xots 6B ofHA ToukKa M MHOXKecCT--
Ba {M}, nas koropo# f{M)>ii—e.

AHAJIOTHUHO ONPEReNSCTCH TOYHAA HUNCHAA 2pans U (QYHKIHE
f(M) na muoxecrse {M}.

s o6o3HaueHHs] TOYHHX rpaHefdi QyHkuuu f(M) Ha MHOXKecTBe
HCIIOJIB3YIOT CJIELVIOULYIO CHMBOJIKKY:

u=supf(M), w=inff(M).
{m} - {a)

Teopema 127 (BTopas Teopema Be#iepmrpacca).
Ecau ¢ynkyua u=f(M) HenpepoisHa Ha 3aMKHYTOM 02PAHUYEHHOM:
muoocecrse {M}, T0 ona QocTucaer HA ITOM MHONCECTSE CBOUX TOUHBLX
sepxrell u HuitHel zpanell.

IlokasaTesbCTBO 3TOA TeOpeMbl MOUTH HOCJAOBHO NOBTOPSIET AOKa-
3arenbcTBO Teopembl 4.15 (T. e. BTOpoit Teopemsl Befiepurtpacca mas
$YHKIHH OHOH MEepeMeHHOH). _

Yurateap Ges TpyAa NPOBENET 3TO JOKA3aTENbCTBO CAM.
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7°. Ilousatwue paBHOMEpPHOHN HEeNpPEepHBHOCTH
GYHKIHE HECKOJbKHX NepeMeHHBHX. DPyHKyus u=f(M)
HA3LIBAETCA. PALBHOMEPHO HenpepoeHOl HA MHONCECTEE
{M}* esxaudosa npocrpancrea E™, ecau 0as 2106020 NOAOHUTEALHO-
20 4UCAQ €& MOMCHO YyKQA3AT6 TAKOe NoAOXCUTeAbHOe O, 3asucaujee
TOALKO OT €, 470 048 a106bix 08yx Towex M’ u M” muoocecrsa, yooe-
sersopatowux ycrosuro p(M, M”) <8, soinosnsercs wepasencrso
[F (M) —[(M7) | <e.

Hmeer MecTo ciaenylolias teopema.

Teopema 128. (reopemMa o0 paBHOMEpPHOH Hemnpe-
puBHOCTH). Henpepoigras Ha 3AMKHYTOM O2PAHUHEHHOM MHOMCE-
L£T8e (DYHKYUS PABHOMEPHO HenpepulsHa HA ITOM MHOYMCEcTee.

JloKazaTelbCTBO 3TOH TEOpPEMH COBepILEHHO aHaJOrHYyHO A0Kasa-
"TeJbCTBY TeopeMul 4.16 u mnosyuaercsi 43 Hero. NyTeM 3aMeHH TEPMH-
#a «cerMment [a, b]» TepmuHOM «MHOXecTBO {M}», 3aMeHHl OYyKBH X
Ha 6ykBy M n 3aMeHB BhlpaxeHnuii Ttunma |x'—x”| Ha cuMmBOZ
P(M', M”). . .

3ameyanue HasoseM JguameTpoM  OrpaHHYEHHOTO
MHOXkecTBa M TOUHYW BepXHIOO rpadb uucea p(M’, M”), rne M’ u
M” — BceBO3MOXKHBIE ‘TOYKH MHOXecTBa {M}. Mcrnosb3ys mnoHsATHe
JUaMeTpa MHOXKECTBA, OTMETHM cCJefAylolliee CBOHCTBO HeNpephIBHBIX
Ha 3aMKHYTHIX OTpDaHHYEHHBIX MHOXKecTBax GyHKUMH. IlycTs (ynkyus
u=f(M) Henpepol8Ha HA 3aMKHYTOM O2paHuueHnom MmHoxcecTse {M}.
Toeda O0asn 2106020 NOAOKUTEADHO20 HUCAGQ € MOXCHO YKA3ATs .TAKOE
5>0, uto Ha xaxdom_ npunadarexmauem mroxecrey {M} samxnyrom
nodmnoocecree {N}, Ouamerp roropozo menowe §, Kosebanue o **
Qpynryuu (M) mensue e. -

-JJlokazaTenbCTBO 3TOrO CBOHCTBA COBEPINEHHO aHAJIOTHYHO JOKa-

3aTeJIbCTBY CJEICTBUSA K3 TeopeMbl 4.16.
! 3ameuanue. MHoxecrBo {M} m-MepHOrO eBKJHMIOBA IIPO-
CTPAHCTBA Ha3biBaeTCcI KOMMAKTOM, eCclH M3 JIOGOH CHCTeMH
OTKPBITHIX MHOXECTB, NOKPHBAIOLIMX MHOXecTBO {M}, MOXHO BHI-
JeJIATh KOHEUHYI0 NOJACHCTEMY, Takxke IOKDHIBAIOUIYI0 3TO MHO-
¥KeCTBO.

TouHo Tak Xe, KaK H AJAs NPOCTPAHCTBA BCEX BeIIECTBEHHHIX
gucen E!' (em. m. 3 § 7 ro. 4), DoKa3nBaercs, 4TO MHOJNCecT80 M-
mepHo2o eskaudosa npocrpancrea E™ seaserca xomnaxkrtom Toeda
u TOALKO T020a, K020a OHO ABAAETCA BAMKHYTHIM U 02PAHUHEHHbLM.

Takum o6GpasoMm, nepBasi M BTopas Teopembl Beilepmitpacca u
TeopeMa O PABHOMEPHO! HEeNPepPHIBHOCTH CIpaBelNHBH ANs (YHK-
IlHM, HeNPEPBIBHOH HA KOMIAKTe.

* [Ipu sToM npeamoJaraercsi, 4To MuoxectBo {M} mioTHO B cebe, T. e. B JiO-
-60it §-OKPEeCTHOCTH KaxJo# TOYKH M 3TOro MHOXKecTBa MMEIOTCsi OT/IMYHHe oT M
“TOYKH MHOXKecTBa {M}. .

*+ KoseGanuem ® ¢yuxuud f(M) Ha MHOxecTBe {M} HasbiBaeTcs pasHOCTb MeX-
Iy TOUHOH BepxHell M TOUHOH HHKHell rpaHaMu ¢ymkuuu f(M) Ha 3TOM MHOXeECTBe.
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§ 4. NIPOU3BOAHBIE . U NHSGEPEHLLUAJIbI OYHKILUH
HECKOJIbKUX NMEPEMEHHDBIX

1. YacTHole nOpOU3BOAHBIE (GYHKIUHH HECKOAbKHX INEPEMEHHBIX.
Ilycts M(x1, X2, ..., Xm) — BHYTPeHHAs TOYKa 06JACTH 3ajaHHs (YHK-
uuu u=[(%1, X2 ..., ¥m). PaCCMOTPHM B AaHHON (MKCHPOBAHHOH TOYKE
M(x1, %2, ..., Xm) OTHOIIEHHE YACTHOTO NPHPALIEHHS Az u (em. n. 1
§ 3, dopmyan (12.8) m (12.9)) K coorBercTByIOLIEMY MpPHPAIICHHIO
Axy aprymeHTa Xp:

Axku _ Flx, <o s Xpaas Xp 1 Axp, Xpgas oo« s Xm)—F(X1s %25 oo s Xm) (12.12)
Axp Axy

Ortnowenue (12.12) npeacraBisier co6oit GYHKIMIO OT AXg, omnpe-
JeJIEHHYIO I/ BCeX OTAHYHBIX OT HyJst 3HaYeHHH AXp, QJI KOTODHIX
Touka M (xi, Xo,..., Xp—1, Xrk+AXr, Xr41,..., Xm) TPHHALIEKHT 06J1aCTH
3ajaHusl GYHKIHH u=f (X1, X2, ..., Xm).

Onpenenenne. Ecau cyuecrsyer npedes ornHowenus (12.12)
4acTHo20 npupaujenus M., u pynkyuu s touke M(x, X, ..., xXm) K CO-
oT8eTCT8YOWEMYy npupaweruro Ax, apeymenta x, npu Axy—0, To 3TOT
npedes HA36IBOETCA 4ACTHOL NPOU3BOOHOU QYHKyuu u='
=f(%), Xo, ..., Xn) 8 TOuke M no apeymenty x, u o603Hauaercs 00HUM
U3 credyrouux CUMB0NL08:

ou af ’ ’
=, T Ux,s Ix,.
axk ’ axk xk f\’k
Taxkum obpaszom, A
u
O lim (12.13)

Oxp, Axy—0 Axp

OTMeTHM, YTO yacTHas NMPOU3BOAHAS QYHKIHS U=F(X1, X, ..., Xm)
[0 apryMeHTy Xp npeicrassieT co00# OOGLIKHOBEHHYIO MPOH3BOLHYIO
GYHKIHE OAHOH IlepeMeHHOH Xp NPH (HUKCHPOBAHHBIX 3HAUEHHAX
OCTaJbHbIX NepeMeHHbIX. I103TOMy BBIYHC/IEHHE YACTHHIX MPOH3BOIHBIX
QOPOH3BOAHUTCA MO OOLIYHBHIM INPABHJAAM BBIYHC/JAEHHS . NPOH3BOAHBIX
¢yHKUHH ORHOH mnepeMeHHOH. ‘
MMpumepn

0, l 0 2
1) u=arctg(xy?), — =YL _ % _ W
ox 14 x2y4 dy I 4 x2y4
x4yt x4yt
2) u==e 2 ) ﬂ_ — _2i e 2 R
Ox z
24y x4y
0 2 2 237 .
_aiz_zy_g z —lf—z————x—i_y e % Z;’:O.
dy z 0z z2

3ameuanune 1. M3 cymecrBoBaHusi y QyHKUMH B JaHHOH TOY-
Ke BCeX YaCTHbIX NMPOHM3BOAHBIX, BOOOILE rOBOPS, HE BHTEKAeT Hempe-
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PLIBHOCTb (PYHKUHMH B 3TOH TOuKe. MH yxke yOeIM/IHCH, YTO (DYHKIHSE
(12.10)

Xy 2 2
u=1! 244 npu &%+ gt £ 0,

0 npu 22+ 42 =0

He fABJserca HenpephiBHOH B Toyke O(0, 0) (cm. mpumep 1° m. 2 § 3)..
Oznako B 310#f TOUKe yKasaHHass (QYHKIHS HMEET 4acTHbe IPOHU3BOMI-
Hble [0 x H y. JTO cjaefyer H3 Toro, uro f(x, 0)==0, f(0, y)=0, uw
NI03TOMY

o —o 9 —0.
0x 0,0 3y 1,0

3ameuanune 2. [loguepkneM, uto AaHHOe HaMH oOmpejee-
HHMEe NOHATHA YaCTHHX NPOM3BOAHLIX BCErja MPHTORHO JJA BHYT-
PEeHHHX TOueK 06JacTH 3afaHHsl (GYHKIHMH, HO A/ TPaHHYHHIX TO-

yek 3Tof 06J1acTH, BOOOILe TOBOPS, HEIIPUIOLHO.
STo CBS3aHO, B YAaCTHOCTH,
yi C TeM, UYTO B I'PAaHHYHBIX TOUKaX
0671acTH 3alaHHd (QYHKUKH He:
BCETJa MOXKHO BBIYHCJHTH 4acT-
Ml 4,) Hble  IpupamleHHs  QYHKHUW
(rax, Hanpumep, OOCTOUT HeJsoO:
¢ rpaHHuYHOH Touko#i M, obGia-
cTH, H300paxkeHHOH Ha pHC.

12.2).

B cBfi3u co cKa3aHHBIM NpH-
HATO ONpEeJeNsAThb YacTHblE NPO-
__»  N3BOJHBIC B I'PAaHHYHBIX TOUKAX

Lo €  KaK npelesdbl 3THX IIPOHM3BOA-
HBIX TIpH CTPEMJIEHHH TOYeK K
Prc. 122 rpanmILe. .

2. NuddepeHuupyeMocTb (PYHKIHH HECKOJbKHX mepeMeHHmix. Ha-
MOMHHM, YTO NpHpalleHueM (HJIH NOJHBIM NPHpamleHHeM) (GYHKIHK
u=f(x1, X ..., ¥m) B Touke M (X1, Xg,..,¥m) COOTBETCTBYIOUIHM MpH-
pamenusm Axi, Axy, ..,AX;, apryMeHTOB, HasbBaeTcsl BHpaKeHHe *

\Au=f(x1+Ax1, xoFAxg, oy XmtAXym) — f(xl, X9y ey Xm) -

Onpenenenune. Dynkyus u=f(x, Xo,..,Xm) HA3bIBAETCH
duppepenyupyemoil 8 dannol Touke M (X1, Xo,...,%Xm), €Calt
ee MOJIHOE NpHpallleHHe B 3TOH TOYKe MOXKeT OBITb NPEeACTaBJEHO B.

BHJE
Au=A1Ax;+AsA x4 ... FAmA Xm0 A% FagAXo+ .. +UmAXm,
(12.14)

* Cm. o 1 § 3, dopmyas (12.5) u (12.6).
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20e A, A, .., An— HekoTopole He 3asucaujue ot Axy, Axs, ..,AXp
qucaa, @ o, Og, ..., Un — O€CKOHeuHo mansie npu Ax;—0, Axy—0, ...
wers AX—0 pynxyuu, pasnoie nyaro npu Axy=Axs= ... Ax,=0.
Cootroutenne (12.14) HasuBaercs ycJoBueM guddepeH-
nmupyemocTHn QYHKUMH B JaHHO# Touke M. ¥Ycaosme (12.14)
JuddepeHnupyeMocTH QYHKIHH MOXKHO 3allHCaTh TaKXKe B HHOH ¢op-
Me. [lns atoro paccmMoTpuM G6ecKOHeuHO MaJayio npa Ax;—0, Axy—

—0, ..., Axn—>0 QyHKuHID p= VAxf + x4 ... +A*  u orMe-
THM, 4TO 3Ta ¢(yHKUHE oOpallaeTcs B HYJb JHIIb OpH Ax;=Ax,= ..
ce=Axp=0. Y6egnmcs Tenepb, UTO BXOASAILIas B MPaBYI 4YacThb COOT-
"omeHus (12.14) cymma aiAxi4asAxe+- ... +0mAxs npeacrasaser
<060l GeCKOHeYHO MaJjyio Oojiee BEICOKOrO MOpPAAKa (YHKUHIO IO
cpaBHeHHlo ¢ p. ManiMu ciaoBamu, yGenuMcs, uTo sTa cymma mnpef-
crasiaser coboil Bepaxenue o(p). B camom nene, npu ps~0 cnpasexn-

Ax;
| Ax:| <1, u nosromy

JIHBO HEPABCHCTBO

logAxy + aAx, + ..o + x| <
\<{|a1|'—A:—1' +|a2l'—’5§2—'+ oot [ AL

<{logl+lagl+ ... +]a,l}p =0(p).

Takum o6pasoM, yciaoBue (12.14) nuddepenuupyemMocTd (GyHKUMHA
MOKeT OBITh 3aNlHCaHO B cjleAyolled opme:

Au=A1Ax1+AAxo+ ... +AmAxm+0(p). (12.15)

{1pu arom BenuuuHy o(p) Mbl cuuTaem paBHOH HyJso mpu p=0.
Uro6bl jgoKa3aTh, uTo ycaoBue (12.15) KBHBaNEHTHO YCIOBHIO
(12.14), nyxno ybexutbcsi, uTo u3 upexcraBitenus (12.15), B cBoio
ouepelb, BHTekaeT npeicrasienne (12.14). as s1off uenw, cuurasd,
4T0 He Bce AXi, AXs, ..., AX, PaBHH HyJIO ** ppeicraBum o(p) B BHLE

o(p) ¢* _ o(p) A%+ Axg+ ..+ AxD,

0 ) = == =
(p P Y e e
_ [t} A ]Axl+ [———"“’) A Ak [——C(") At J Ak
L o P e [ . P P
Tlonaras o) Ax =0, H Y4YUTHIBas, 4TO «; fABJAETCH OECKOHEUHO
p p

Mmanoi npu p—0 (a sHaunr, u opu Ax;—>0, Axs—-0, ..., Axp—>0) PyHK-
nuedl, MBI IpHAEM K mpeicraBienuio (12.14).

* TeomerpHyecky 3Ta QYHKIHA NpEACTaBasfeT cOGOH paccTOSAHHE MEXAY TOY-
KaMi M (x4, X2, .., Xm) U M (x1+Axy, X2+ A%, ..., Xm+AXm).

** Ecan Bce Ax; PaBHBI HYJIO, TO Bce WIEHB! B NepBOi uactu dopmyn (12.14) u
((12.15) pasuHl HymO.
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Hrak, ycnosue puddepeHnupyeMocTd GYHKIHH MOKHO 3amdcath
Kaxk B Buze (12.14), rak u B Buge (12.15).

Ecnu xots 6w omHO mM3 uucen Ay, Ao, ..., Am OTAMYHO OT HyJS, TO
cymma A1Axi+AAxe+ ... +AmAx,, npeacrasasier coGoit TaAaBHY IO,
JHHEeHHYI0 OTHOCHTEJbHO INpUpAIIEeHHN aprymeH-
TOB yacTh npupauleHusi AnddepernupyeMoit ¢yukuud. OT™MeTHM,
4TO IIPH ONPefeJEeHHH NOHATHS JIu(bepeHnUpyeMOCTH (YHKIHH Mbl
He WUCKJIOUaJH BO3MOXKHOCTH obGpauleHust Bcex uucea A;, A, .., A, B
HyJb, U NO3TOMY €CJH npHpaiieHne (QyHKIHH MOXeT GbIThb NMpeacTaB-
JeHo B Buge (12.14) uam (12.15) [pH A;=0, A2—0 wAp=0, 10
¢yukuus guddepeHIHpyeMa B JaHHOH TOUKe.

CrnipaBeaniuBa cJlefymuias TeopeMa.

Teopema 129. Ecau ¢ynxyus u=f(x1, xs .., %Xm) Ouggepen-
yupyema 8 touke M(xy, X2, ..,Xn), TO 8 37TOli TOUKe CYUW,eCT8YIOT

ou
4QCTHOlE NPOU3BOOHbIE NO BCEM QPSYMEHTAM, npuyem 6——A ede

A; onpedeasorca uz ycaosus (12.14) wau (12.15) Jugpgpepenyupye-
MOCTU QyHKYUL.

HokasareanctBo. Uz ycaoBus (12.14) nuddepenuupyemo-
cTH QyHKUMH B TOukKe M(Xi, Xg,..,Xm) BHITEKa€T, YTO ee YaCTHOE
npupaiienue Ayl B 370 TOuKe paBHO Axu = AAx; + oAx;. Ortcio-

A, u
Ja BBITEKAeT, 4TO Ax~ =A, +a,u noaTomy, Tak Kak a;—0 mpm
4
Ax;—-0,
AL u
lim —f =% _ 4
Ax[—>0 Ax[ ax[

CaepcrBue 1. Ycarosue (12.15) Oudppepenyupyemocry ¢ynk-
yuu 8 daunot Touke M MOO/CHO sanucars 8 caedyrowieti gopme:

Au:———A P Ax2+...+:Tqum+o(p). (12.16)

CJIelICTBHe 2. Ecau pynuxyua u=f(x1, X ..., %m) Ougppepen-
yupyema 8 Touke M(xy, Xs, ..., Xm), TO NPEOCTABACHUE ee NPUPALLEHUSR
Au 6 opme (12.14) uau (12.15) eduncrsento.

B camoM gnene, kospduuuentsr A; 3THX NpPEACTABJIEHHIH paBHBL
YaCTHEIM NPOH3BOAHBIM E‘é‘f B AaHHOH Touke M W moatomy onpene-

i
JISIIOTCST eJHHCTBEHHBIM 06pas3oM.

Y6eauMcsi B clnpaBelJHBOCTH CJIENYIONIEro BaXKHOTO CBOKCTBA
JudodepennupyeMbx GyHKIRH.

Ecau pynxyua u=f(x1, X9, .., Xn) Ouppepenyupyema e TOuKe
M (x1, X9y ..., Xm), TO OHQ U HENPepPsvIeHA 6 3TOL TOUYKE.

B camom gnene, us ycrosus (12.14) nuddepenuupyemocTs

(QYHKLUHH B TOUKE BBITEKAET, YTO llm Au=0, a sro o3Ha-
Ax—0,...,Ax, —0
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??;T%)‘;TO ¢yukums HenpepeiBHa B Touke M (cm. m. 1 § 3, dopmyna

3. leomerpuueckuil cMbica yciaoBus nuddepeHunpyeMoct GyHk-
UMM ABYX nepeMeHHbIX. B ciyuae ¢ymkumm u=f(x, y) aByx nepe-
MEHHBIX YCJIOBHE AH(GhEpeHIUpyeMOCTH MOXKeT OHIThb HJJIIOCTPHPOBA-
HO reoMeTpHYeCKH. BBesem moHsiTHe KacaTeJLHOH TNJOCKOCTH K IO-
BEPXHOCTH B TOUYKE.

Ilrockocre 11, npoxodawas uepes T04Ky N, nosepxHocru, Hazei-
6aeTCA KACATeAbHOU NAOCKOCTHIO 8 ITOL TOUKE, eCAl YeOn MeXc-
0y 3TOU nAOCKOCTbIO U cexyuyed, npoxodawed wepes rouxy No u ato-
6yro touxy N, no- )
8EeDXHOCTU, CTPeMUT- u
¢a K Hyaro, Koz0a
rouka N, crpemurcs
K Ny (puc. 12.3).

Ecau B TOouke Ny

cyLiecTByer Kaca- |

TeJbHasg  IMJOCKOCTbD, |

TO OYEBHJHO, UTO Ka- :4
|

caTelbHass B TOUYKe | [

Ny k mo6oit kpupoit l I

pacnoJIoXeHHOH  Ha 10 : : o
|

HOBEPXHOCTH H TMPO- | Y% 4
xonsmeil u4epes Ny, { S ,__/_,_/,l
JIeXKUT B YKa3aHHOMH =z | il /| ///
nnoggocm. z _1—::#—_:_;1“:%:/5{_7):%?/ 4

eJlAMCS, YTO H3 : o Zo, o)l DK ———s
ycaosusa  auddepen- [ L7 p=fAziay
pHpyeMocTH  (yHK- Puc. 123

oud u=f(x, y) 8
naHHo# Touke My(xo, v
Yo0) BHITEKAeT CyIeCTBOBAHHE KacaTeJbHOH ILUIOCKOCTH K rpaduky S
31Ol GYHKuMH B TOYKe No(Xo, Yo, Up). IMomoxum Ax=x—x, Ay=
=y — Yo, Au=u—uy, Tae Uo=f(Xo, Yo), u=f(x, y). OueBuaHoO, ycJo-
sBue (12.14) nuddepeHHpyeMOCTH B PACCMaTPUBAEMOM CJydYae MOXK-
HO 3alucaTh CJIEAYIOUHM 06pa3oM: '

u—ug=A(x— X0) +B(y — yo) +oAx+BAy=A(x — x0) +
+B(y —yo) +o(p),
ou

Ou
rae A u B — nocrosiHHBE, paBHLle YACTHBIM HpOPIBBOlIHbIM-a—- H —5y—-
X

B Touke Mo, a @ u p — GeckoHeuHo Mausle npu Ax—0 u Ay—0 GyHK-
unn p= VA + Ay .
PaccmorpuMm cienylouiee ypaBHEHHe:

U—uy=A(x—x0)+B(y—yo).
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U3 aHanuTHYECKOH reOMETPHH H3BECTHO, YTO 3TO yPaBHEHHe ompe-
JeasieT B JeKapToBOH cucreMe koopauHat (x, y, U) HekoTopylo mioc-
koctp 1, mpoxoasmlyio uepe3 TOUKY No(Xo, Yo, Up) M HMEIOILYI0 HOP-
maabHb# Bektop n={A4, B, —1}*.

Jlokaxem, uto 3ta nJjockoctb 1l sBaAsieTcss KacaTeJbHOH mJoc-
KoCTbio B Touke Ny mosepxHoctd S. IJisi 3TOro A0CTaToOYHO yOEaUTHCH,
yto: 1) miockocrs IT mpoxozut uepe3 Touky No moBepxHocTH S B
2) yroa ¢ MeXAy HOpMa/dbio N 3TOH INIOCKOCTH H JIOGOH ceKyulel
NoN; crpemurcess x /2, korfa touka N; moBepxHOCTH S CTpeMHTCS K
touke No. ¥TBepxaenue 1) oueBunno. IlepelizeM X moOKasaTenbCTBY
yTBepKAeHus: 2). BEIUHCAHM KOCHHYC yria @, BOCHOJNb30BABUIHCh H3-
BeCTHOH (bopMyJION 1JiT KOCHHYyCa yriia MexXAy JABYMs BeKTOPaMH.
Tak kak KOOpJHHATH BekTOopa n pasdel A, B, —I, a koopauHaTHR
Bektopa NoN; cexymeii paBHB x — Xo, ¥ — Yo, U — Up (cM. puc. 12.3),
TO

Ax — xo)+ B(y — yo)—(4 — )
VARE BTV (x— %)%+ —40)® +(u —u)?
M3 ycnoBuss auddeperuupyemoctd ¢yHKuHH u=f(x, y) BHITEKAeT,

cos p =

9To
A(x — x0)+B(y — yo) — (u—uo)=0(p).
lo(e)l lo(p) ]
Il cos @< = 0, xorza 0,
omouy leos I = v o oo

T. e. limg= —;— YrBepKIeHHe 2) N0Ka3aHO.

Takum o6pasom, auddepeHnupyeMoctb GYHKIHH u=f(X, y) B
TOYKE Mo(xo, Yo) C TeOMETPHUYECKOH TOYKH 3DEHHsl O3HauaeT HaJHyue
KacaTeJlbHOH IJIOCKOCTH K rpaduky QyHKOMH u=f(X, y) B TOUKe
No(xo, Yo, uo)

Tak kak koadduuuentol A 1 B paBHb COOTBETCTBEHHO UYACTHBIM
NpPOU3BOJAHBIM, BBIYMCJIEHHBIM B Todke Mo(Xxo, Yo), TO ypaBHeHHe Ka-
CaTeJbHOH TJIOCKOCTH MOXKeT ObiTh 3alHCAaHO B BHJE

-0 « O
U—uyg = 5= (e =)+ - (9= ).

HopManbubiii BekTOp N = {-5; 3y —l} KacaTeJbHOH IJIOCKO-
CTH NPHHATO HAa3blBaThb HOPMaJblO K NOBEPXHOCTH u=f(X, y) B
TOUYKe N()(.?Co, Yo, Zo)

4. JlocraTouHble YCJAOBHS nmpd)epeﬂunpyemocm 3ailiMeMcs BBISIC-
HEHHEeM [AOCTATOUHHIX YCJOBHH JAM(depeHHHpyeMOCTH (pyHKLum m
nepeMeHHBIX. [loKaxkeM CielyIOILYI0 TeopeMy.

Teopema 12.10. Ecau ¢pynxyua u=f(x,, Xo, ..., Xm) umeer 4acr-
Hble NPOU3BOOHbBIE NO 8Cem QPSYMEHTAM 8 HeKOTOPOL OKPeCcTHOCTL

*HopManbHHM BeXTOPOM IUIOCKOCTH HashiBaeTcss JIOGOH  HeHYJEBOM
BEKTOD N, NEPHEHIHKYJSAPHBEIA K 3TOH NJIOCKOCTH. .
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Touku Mo(x° x9°, ..., x°%,), npuuem sce sTu wacTHeie NPou3s00Hbie He-
npepelensl 8 camoli Touke My, To yxkasanuas Qynkyus Oupgepenyu-
pyema 8 rouxe M.

JdoxrkasartenbcTBO. Jaa cokpallleHHs 3alUCH NPOBEJEM JOKa-
3aTeNbCTBO A (QYHKUHH ABYX mepeMeHHbX u=f[(x, y). Hrak, nycts
-06e yacTHeE NPOH3BOJAHBIE fx H f,/ CYILECTBYIOT B OKPECTHOCTH TOUKH
Mo(xo, yo) ¥ HenpepuBHB B 3Toi Touke. JlafuMm aprymeHtam x u Y
€TOJIb MaJiele npupamedus Ax u Ay, urobn Touka M (xo4-Ax, yo-+AY)
He BHIXOAHMJIA 32 Ipejelbl YKasaHHo# oxpecTHocTH TOYKH Mo. Ilonnoe
mpupauenue Au=f(xo+Ax, yo+Ayo) — f(%o, yo) MOKHO 3anucarb B

BHIE
Au= [f(xo+Ax, yo+Ay) —[(x0, yot+Ay) ]+
+ [f (%0, yo+Ay) — (%0, Yo)].

Bripaxenne [f(xo+Axo, yo+Ayo) — f(xo, yo+Ay)] momuo paccmar-
PHBaTh Kak npupaiienne ¢GyHkuun f(x, yo+Ay) oXHOH mnepemMeHHOH
X Ha cermenre [xo, Xo+Ax]. ITockonbky ¢yHKRuA ©=f(X, y) HMeeT
yacTHbIe NPOM3BOAHBIE, YKas3aHHas Qymkuust f(x, yo+Ay) nudde-
PeHLHpYeMa H ee NPOU3BOAHAA 1O X MpeAcTaBiseT cobO# HacTHYIO
fIpOU3BOAHYIO f.’. IIpHMeHsAd K yka3aHHOMY HNpHpAaUIeHHI0 (GOpPMYJy
Jlarpanxka, uaiaem takoe 0, u3 unrepBana 0<0;<1, yro

[f (xo+Ax, go+Ay) — (%0, yotAy) | =f" (Xo+-0:1A%, yo+Ay) Ax.
Paccyxpast coBepuIeHHO aHAJOTHYHO, NOJNYYHM
[f (x0, yo+Ay) — f(xo, yo) ] =[y (X0, Yyo+0244) Ay, 0<6:<1.
Tak Kak npousBojHble fx’ M [,/ HempepbBHHI B Touke Mo, TO
<" (X0+01A%, Yo+ AY) =f (%o, Yo) +,
fu' (%03 yo+028y) =fy/ (%o, yo) 1B,

tfie a 1 B — GeckoHeuHo MaJable npu Ax—0 u Ay—0 ¢ynkuuu. Orcio-
Jla, YUYUTHIBasi NPUBEJEHHBIE BbIPAaXKeHNsA IS

[f (x0+Ax, yo+Ay) — F (%o, Yo+-Ayo)] 1 [f(%0, Yo+Ay) —F (%0, Yo)]
¥ BHIpaxeHue Ajas Au, HalneMm
Au={y' (%0, yo) Ax+-fy/ (%0, yo) Ay+aAx+BAy.

CrenoBarenbHo, QyHKuHs u=f(x, y) nuddepenuupyema B touke Mo.

Ons ¢yHKUMH M mepeMeHHHX u=f(X1, Xa,...,Xm) PaCCyXKACHHS
aHAJIOTHYHBL, HYXHO TOJIbKO MOJHOE NpHpaleHHe Au Takofi (QyHKUHH
[pPeACTaBHTL B BHIE

A v f (19 4+ Ay, X3+ Axgy oo, 10 4 Axy)) — F (X0, %0, ..., x0) =

m
= Z IF QS oo xd 20 + Axyy 20+ Axpgqy -0y X0+ AXy) —
i=l1

—Fx2, K

]

, X9, x?+, + Aty -+ 5 %0 4 Axy)].
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Teopema moxasaHa. -

5. Juddepennnan ¢yHKUBM HECKOJbKHX NEPEMEHHBIX.

Onpeneneﬂne Auppepenyuanromn du dupdeperyupye-
moii 8 rouke M(x1, Xz, ..,Xm) QYyHKyuu u=f(x1, X2, ..., %Xm) HQ3bL-
8QETCA 2AQGHAA NUNEUNAS OTHOCUTEAbHO npupauieHul apeymenros
‘yacte npupaujerus atoti pynxyuy 8 Touke M. Ecau sce Kodgppuyuen-
ol A; 8 npedcrasarenun (12.14) npupawenus Jugpdepenyupyemoik
(jzywcquu PQBHbL HYAIO, TO duqbqbepenqua/t du ¢Qyaxkyuu 8 TOUYKe
CHUTQAETCA PABHBEIM HYAIO.

Takum o6pasom, auddepenuuanom du nuddeperuupyemoit B T0Y-
ke M oyuruun u=f(x1, xs, ..., Xm) Ha3bIBAETCH BHIPaXKEHHE

du=A1Ax1+A2Ax2—|- ...,—{—AmAxm. (1218)

Ucnoas3ys teopemy 12.9, MBI MOMKeM, OUeBHIHO, NEpEeNHCATh BHIpA-
xenue (12.18) nns mdcbq)epeﬂuna.na du cnexynomuM o6pasom:

du:—A1+ Ax2+...

(12.19)

BBeaem nonatue nucpq)epeﬂuna.na dx; He3aBUCHMOH
nepeMeHnHo# x; Ilog mubdepenunanom dx; HezaBHCHMOH mepe-
MEHHOH X; MOXHO NOHMMATh Ji060e (He 3aBHCAINEe OT X, X2,...,%Xm)
uucijo. JoroBopumcsi B HajbHeiuleM 6path 3TO UHCIO PAaBHBIM MpPH-
pauieHH1o Ax; He3aBUCHMOH NepeMeHHOH x;. DTa AOTOBOPEHHOCTb MO3-
BOJISIET HaM nepelmcaTb q)opMyJIy (12.19) B Buze

du = — 6 +-—~—dx,+...

X1 Xm

(12.20)

ITomuepkueM, uto ¢opmysa (12.20) ycraHoBJeHA HaMH JNUMb I/
cayuasi, KOrga apryMeHTsl Xi, Xg, .., Xm SBJSIOTCS HE3aBUCHMBIMH Ile-
pemenHsiMd. OfHAKO HHXKe, B 1. 7 3TOroO naparpa(ba MBIl JIOKamKeM,
yro ¢opmyna (12.20) ocraercs cnpaBeJuBONH W AN caydas, KOrA2
ApTYMEHTH X1, X2,...,Xm He SIBJISIOTCS HE3aBHCHMBIMH [€peMEeHHBIMH,
a caMH OpPeACTaBASIOT co6OH an)(pepeHnnpyeMble (OYHKIHE HEKOTO-
PBIX HOBHIX NepeMEHHHIX.

6. JdnddepenuupoBanne cioXHoil GyHkuuM. B 3TOM nyHKRTE MBI
pPaccMOTPUM BONPOC O AHG(EpPEHUHPOBAHHH CJIOXKHOK (DYHKUHH BHAA
u=f(x, xz, ..., ¥m), TA€

X =¢ (tlv tzv HR tk)’
Xo =gty g ...y be)s (12.21)

m = Oty Iay ..., Lh)-

Mul pokaxeM, 4TO NPH ONPEJEJNEHHBIX YCJAOBHSIX 3Ta CJOXKHaS
¢yukuusa aasierca audodepeHnnpyeMoll PyHKUMEH CBOUX _APTyMeHTOB
ti, t, ...t Ilpu 3TOM uacTHBIE NPOW3BOAHBIE YKAa3aHHOH CJOMKHOH
¢ysEKUHH 1O apryMeHtaMm fj, fo,..,lr BHIPaXKalwoTCs yepe3 YaCTHHE
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NpPOU3BOJHBIE GYHKUMH u=(X;, Xo,..,Xm) H Y€PE3 YACTHHE IpPOH3-
BoAHbie QyHKuu# (12.21) no ciaeaymowum dopmyaam:

Qe _ 0w Oy 0w 0 o4 O

oty  0x 04 dxy 01 C 0xy O

du _ Ou 0x Ou_ 0x, Ou  Oxpm
oty 0 O | 0w O | Oxm O

Qu 04 Oa ) 0w 0% oy 04 Om 5999y
oty Ox; Ofy Oxy Oty Oxm Ot

JlokaxeM CJeAYIOLUIYI0 OCHOBHYIO TEOPEMY.

Teopewma 12.11. IIycre ¢ynxyuu (12.21) Oupgepenyupyemer 8
HexoTopoi Touke M (4,°, 1:°,..,6°), a yukyua u=[(x1, Xg, ..., %Xm)
Qugpepenyupyena 6 coorsercreyrowedi rouke N(x,°, x50, ..., x%), ede
xP=qi (4% 20,..,4°), i=1, 2,..,m. Tozda caroxmHnas Gyrkyus u=
=f(%1, Xo,. Xm), 20€ X1, X2,..,%Xm ONPEOCAAIOTCH COOTHOWEHUAMU
(12.21), ouggpepenyupyema 8 touxe M. Ilpu 3rom uacTHole npous-

800nble 3TOl . cA00cHOl ynkyuu 8 Touke M onpedeasiorca gopmyra-

0u ou
mu (12.22), 8 Koropoix 8ce  wacTHsle npoussodxsie , —

dx, " 0xy g
ou 0x,;
3 bepyrca 8 Touke N, a 6ce wacTHble npoussodusie e
Xm . i

@yuxyuii (12.21) no apeymenram ty, ty, ...t Gepyrca e To4ke M.

HoxasatenbcTso. [lpunagum aprymenram t;, fs,..,% B TOY-
ke M(1,° 10, .., 4% npousBoabHble npupaumenus Aty Al, ..., Aty He
paBHbBIE OJHOBPEMEHHO HYJIO. JTHUM - NIPHPAIIEHHSIM COOTBETCTBYIOT
npupauenns Axy, Axy, .., Axm ¢yskunii (12.21) B touke M. Ilpupa-
weHuaM Axi, Axs, ..,AXm, B CBOIO Ouepelb, COOTBETCTBYeT npHpalile-
HHe Au QYHKUHMH u=f(X1, X3,..,Xm) B Touke N. ITOCKOJNbKY (PyHKIIHS
u=f(xi, Xz ..,%¥m) NpeANosaraercs aubdepeHnEpyeMOoH B Touke N,
yKa3aHHOe npupamenue Au 3To# QyHKUHME MOXKET OLITh 3a0UCAHO B
BHIE

' du ou du
Au ——azl—Ax1+—a;2-Ax2+ +?mAxrn+ale1+a2Ax2+

e O AL, (12.23)

Ou 9% 6epyres B Touke N
Oxy " Axg” T Oxy Py T

a i, Qg,.., 0y, — 6ecKoHeuHO Magble npu Ax;—0, Axy—0, .., Ax,—0
¢QyHKUMH, paBHBle HYJIO NPH AXx;j=Axe= .. =Ax,,=0. IMoguepkue,
4YTO B cooTHoweHHH (12.23) Axy, Axo, ..., Ax, NpeACTaBAAOT co6OH
npupamenus Qynkuuii (12.21), orBevaroinne BHOPAaHHBIM npHpallle-
HuaM At, Ats,.., Al apryMentoB stux QyHKuni. B cuny mudoepen-
uupyemoctd ¢ynkuuii (12.21) B Touke M (4,9, %0, ..., 4°%) yKasaunble
npupaiieHuss Ax; MOXHO 3amHcaTh B clelylouled gopme:

rape 4acCTHbie NPOH3BOJHBIE
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Ax, = O Ayt o+ PN L0(p),  (12.24)
i=1,2 .., m
Ox; ax[ 0x;
‘Tlle YacTHble NPOH3BOAHBE —b, ——, ..., —— O6epyTca B TOYKe M,
61‘1 6[2 atk

a p=V(AL)* + (Afy)* + ... + (AL)?

Mpul ponxkubl y6eqUTbCS B TOM, YTO TOCJEe MOJACTAHOBKH B IPaByIo
gactp (12.23) srpaxenuit (12.24) npupamenne Az moxer GHTbH HpU-
BeJICHO K BUAY

Au=A|At1+A2At2+ —l—AhAth—}—O(p), (1225)
xTae

A= 0n y 0u 0% g 04 Om (19 96)
Ox; 0t Oxy Of; 0%y Of;

TeM caMBiM [0Ka3aTeNbCTBO TeopeMbl GyAeT 3aBeplleHO, HGO opmy-
-1a (12.25) ycramaBamBaer ¢akT AudGDEPEHIHPYEMOCTH CJIOXKHOH
-byHKIHH, a BEIDAXeHHe (12. 26) npencTaBasier coboi YaCTHYIO IpO-
‘H3BOJHYIO YKa3aHHOH CJOXKHOH (YyHKIMH no mepemeHHOH f; {cM. Teo-
pemy 12.9).

Ilpu noxcraHoBKe B npaByio yacth (12.23) Bupaxenuit (12.24)
XpOMe I'DYIIHL claraeMbix :

A[At1+A2At2—|— ,+AkAth

‘MBl TIOJIYYMM H Jpyrue rpynnsl cjaraembeix. HaMm HyXkHO yGeaurTbcsi B
"TOM, 9TO BCe JPYIHe TPYNAbL CJIaraeMbiX NPeICTaB/AIOT COGOM Beu:
anny 0(p).

JleHcTBHTENIBHO, TNOACTaBAAS BhipaxeHus (12.24) B  ¢opmyay

{(12.23), noaydum
Au ——ZﬂAx + EaiAx =

i=1 i=1
k

=ia—i[ ax’ At; —I—o(p)] -l—Eoch =
i=1

j=I i=l1

u m m
3T 6@) F o0+ San-

l i=l1

_ZA At +E——O(p) +2an

j=l i=1

ITocnennne nBe CyMMBI HaNHCAHHOH BHIIIE (bopmynu npeacTaB-
o (73

JFI0T co6oil Beanunny o(p). B camom gpene, BesuuHHB o Gepyrcst
’ X,

z
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B Touke N M NO3TOMY HPEACTaBJAIOT cOG0Hl NMOCTOSHHBIE He 3aBHCH-
n

ne oT p uucaa. CleqoBaTelbHO, Zg—io(p): o(p). Hanee, Besu-

4
. ===

yHHB Ax; past i=1, 2,..., m yIoBJAeTBOPSIIOT B cHAY ¢opmyin (12.24)

HepaBeHCTBY |AX;|<const.p, a Benuunnn a;=o0(1) s i=1, 2,..,m,

u60 Bce a; ABJsioTcst OeckoHeuHo Maanmu npu Axi—0, Axe—-0, ...

vy AX;p—-0, a U3 gudPepeHIHpPyeMOCTH H BBITEKAIOLIEH H3 Hee Hempe-

pEIBHOCTH B Touke M ¢ynkuuii (12.21) caenyer, uro Axy, Axy, ..., Axn
m

crpemsitcsi K Hyaio npu p—0. ITostomy EociAxi = 0(p). Teopema gHo--
i=1
Ka3zaHa.
3aMeuyanue PaccMoTpuM BaxXHHIH YacTHBIH cJayda#, Korpa
¢byskuun (12.21) saBucar or opnoro aprymeHnra f. Toraa Mbl HMeeM.
CJOXHYI0O (PYHKIHIO ozmoi(&i nepeMeHHON f: u=f(X1, X2, ..., Xm), THE

U o o
x;=@;(t). Ilpoussognas — 2TOH CIOXHOH dyHKIHEE onpeaenseTCs:

thopmyaon

Mu 0w dn oy Oudy o % (g9 97),
dt dx; dt Oxy dt Ox;,, dt

ITpumenum dopmyny (12.27) nns mokasaTesbcTBa TEOpeMbl Dje--
pa 06 OHOPOJHBIX (DYHKIHAX.

Oyukuus u=f(xi, X, ..., Xm) 3alaHHasg Ha MHOKecTBe {M}, Has®I--
BaeTcd OJHODPOXHOH (pYyHKUHEH cTemeHH p HA 3TOM MHO--
JKECTBE, eCJIH M Kaxaoh touku M (xi, Xo, ..., Xm) MHOkectBa {M} u
AN KaxkAoro yuchaa t, ais koroporo touka N (fxy, tXs, ..., [Xm) mpH-
HaJJIeKUT MHOXKecTBY M , BHINMOJIHAECTCS PaBeHCTBO

F(txy, txo, ..., txm) =1tPf (X1, X2, ..., Xm). (12.28)

Teopema 1212 (teopema Diimepa 06 OJHOPOAHH X
dyuruuax). Ecau u=f(xi, Xs,..,Xn) as8arserca e HexoTopol 00-
aacru {M} Judpgpepenyupyemori odnopodnol pynkyueii crenenu p, TO-
8 Kaxncdoil Touke M (x1, Xxa, ..., ¥m) 0b6aactu {M} cnpasedauso pasen-
CT80

ou

du
—X —X
ax, 1 A, 2+ T

— Xy = pU. (12.29):
Oxm

JdokasarteabctBo. Ilyetb Mo(x° x5 ..., x%,) — Mpou3BOJb-
Hasi Touka obsactu {M}. PaccmorpuM ciaoxHyl ¢yHKDHIO u=f(X,
X9y oy Xm), TAE X;=1x" (i=1, 2,..,m), 1. e. ¢yHRuHIO u=Ff(tx,°
ix0 ..., tx%,). Tak kak mpu f=1 dyHKRUHH x;=1x" QHDepeHupyeMbl
H QyHgunsg u=f(x1, Xz, ..., %m) HuPbepeHUHPYEMa B COOTBETCTBYIO--
mei rouke Mo, To corsiacHo Teopeme 12.11 M 3ameuaHuio K 3TOH TeO--

du . .
peMe Mbl MOXXeM BBIYHCAHTH NPOH3BOJHYIO 7 YKa3aHHOH CJIOXKHOM:
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«pyHruuH B Touke =1 mo dopmyne (12.27). Tak kak % = X2, TO

du (Ju 0 0 ou
—_— = —_— Xyt ...
dt |i=1 axl + Oxy T O

A0, (12.30)

Ou .
TA€ MPOM3BOLHBIC —— Gepyrcsi B Touke My C gmpyroii cTOpOHH, B
% v

cuny (12.28) paccmarpuBaemass cjoxHas GyHKIHA MoOXKeT OBITb
NpeACTaB/IeHa CJeAYIOUHM 06pa3oM: \

u=f(tx1°, txgo, . l‘xom) =t1’f(x1°, JCQO, ceny xom) . (1231)
Hs (12.31) BuiTekaer, uTo —%‘;— =ptr=t (x4, ..., x0), T e
di
-Et“— =P (0, 10, ... ,xg) = pu. (12.32)

CpasuuBas (12.30) u (12.32), MBI B nonquM COOTHOLUEHHE (12 29)
aasi Toukd Mo. Tak Kak Touka Mo— npou3BoJbHAA TOUKa 00JacTH
{M}, To Teopema nokasaHa.

7. UuBapnantHocts ¢opmp nepsoro auddepenunana. B n. 5 mu
BBEJIM NOHsTHE NepBoro auddepeHunana du QYHKLUHH HECKOJbKHX
IepeMeHHbIX H YCTAHOBHJIH, YTO KOI'AA ApryMEHTHl X1, X2, ..., Xm SBJSA-
T0TCT He3aBHCHMBMH HNepeMeHHBMH, To gubdepeHuHana
du MOXHO NpPEJCTABHTb B BHIE

du——d +—dx2 e ai” dx,,. (12.20)

m

B sroM nyskre Mbl goKaxeM, uto ¢opmyna (12.20) ssasercs
'VHHBEpCAJbHOH M CIOpaBeAJiiBa M B TOM cCJyuae, KOrjJa apryMeHTH
X1y X2, ..., Xm CAMH SBJASIOTCH. AUPPEepeHUHPYEMBIMH (YHKLIHAMH HEKO-
TOPBIX HOBBIX TIEDEMEHHBIX I, g, ..., fr, KOTODBE MBI MOXKeM CUHTaTh
‘He3aBHCHMBIMH. YKa3aHHOe CBOHCTBO nepBoro Aud¢epeHunnasa oGbiy-

HO Ha3bIBAIOT CBOMCTBOM HHBAPDHAHTHOCTH e€ro GoOpMH.
Hrak, nycTb apryMeHThl Xi, X2, ..., Xm OYHKUHH U=f(X{, X, ..., Xm)
TpeAcTaBasioT co6oi auddepenuupyemble B Touke A (4 £ ..., 10)
GyHRUEH X;=@;(t1, fo,..,fk), @ caMa OYHKUHA U=F(X;, X, ..., Xm)
aupgepenuupyema B touke B (x1% x0, .., x%), rae x%=q; (4% &, ...
., tx%). B TakoMm cayuae Mbl MOXEM pPacCMaTPHBAThb 4 KAaK CJOXKHYIO
(DYHKIHIO He3aBHCHMBIX IepeMeHHbIX 1), Iy, ..., Iy, KOTOpPast B CHUJY TeO-
pemnl 12.11 aBasiercs puddepenuupyemoit B rouke A. 1lostomy nud-
¢depennman du 3710l (:Jloxmoﬁ q)ym;umd MOXHO I[peACTAaBUTh B BHAE

‘Ou o
di = ¢ u .33)
afl 24 gt 4 2L d TSty (12 33)

ou : . o a
rae —-~  ONPEAeAIOTCA W3 COOTHOLICHHH (12.22). Ioacrasasis ’—;—
l . ;
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u3 (12.22) B (12.33) u cobupas ko3 puuHeHTH npH Ou/0X;, NOJTYUYHM

Ou [ ox ox; dx
dy = — [ dt; Ldt, ... 4 —2dt
u axl ( 6t1 i -+ 612 2 T + .k) +

oty

ou 0xm 0%, _ Oxp
. ( S dty Tty dtk>,
Ocraercss 3aMeTHTb, 4TO B NOCJTEAHEM COOTHOWIEHHH KO3(duUIUEHT
npH Ou/Ox; paBeH aubbepeHunany dx; Gyukuun x;=@; (b, Iy ..., 5).
Mu nonyunm mas puddepenunana duy ciaoxHOH GYHKUHH (GOpMyay
(12.20), B xotopoit puddepenuuans dx; OGyAyT AupdepeHIHaTaMu
QYHKUHR X;=q;(t), g ..., {r). IHBapHAHTHOCTL OPMHI NEpBOro Aud-
¢epenunansa ycTaHoBJEHA.

CsolicTBO mHBapHaHTHOCTH (GOpMH nepBoro auddepennnana mos-
BOJISIET YCTAHOBUTBL CJeAylouiue npasuia ouggepenyuposanus. Ilyctb
u u v — jgubdepennupyeMble QYHKUMYM KaKHX-1uG0 mepeMeHHBIX.
Torpa

d(c-u)=c-du (c=const),
d(uxv)=du=+duv,
d(uv) =udv+vdu,

d (L) - vdu—udy

v v?

IlokaxemM, HanpuMmep, cnpaBeJJIHBOCTb TPeTheH M3 - yKasaHHBIX ¢op-
mya. PaccMoTpuM (yHKUHIO @W=uv ABYX nepeMeHHbx # H v. Jdud-
¢epennuan atoil GyHKUHH dW paBeH

Taxk kak —%‘f— =0 U —%—:u, 10 dw=udv+tvdu. B cuny unBapu-

aHTHOCTH ¢opMbl mepBoro auddepennuana pupamenne udv-+ovdu
6yner nudoepeHnuansom (QYyHKUHH 4U H B CJayyae, KOTAA & H U CaMH
ABNAOTCS  AH(depeHUUPYeMBIMH  (GYHKUHSMH  KakKuX-1H60 mepe-
MEHHBIX.

8. Tponspoanas no Hampasaenuio. 'papuent. Haunem ¢ paccmo-
TPeHUs (YHKUHH TpeX He3aBUCHMBIX IepeMeHHHX u=f(x, y, 2).
ITpennosoxuM, 4to 312 QYHKUHS OmpejesieHa B HEKOTOPOH OKPECTHO-
ctu ToukH Mo(x°, ¢° 2°) umpocrpancrBa E3 u aubdepenuupyema B
Touke My,

PaccMOTpHM BCEBO3MOXKHBIE JIYYH, BHIXOAAIIHE M3 TOYKE M,.
Kaxnbiii Tako#f Jiyd 3ajjaeTcsi eJHHUYHBIM BEKTOPOM € C KOOpJHHATa-
Mu (cosa, cos P, cosy) * u ompelensier HEKOTOPOe HaNpaBJeHHE,

* W3 kypca aHaJMTHYECKOH TFeOMEeTPHH H3BECTHO, UTO €CJH eJHHHWUHBIA BEKTOp
€ COCTaBJsET ¢ OCAMH KOOPAHHAT YIJILI, COOTBETCTBEHHO paBHHE d, P, ¥, TO K0Op-

16 3ak. 72
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dukcupyeM HEKOTOPHIA JIy4, BRIXOAAIHA U3 ToukH Mo H ompeje-
JdsieMbll eIHHUYHBIM BEKTODOM € C KOODAHHATaMH cOosa, cosfl, cosy.
Bss Ha npsamoli, cozepKamed 3TOT Jyd, NPOH3BOJBHYI OTJHY-
Hylo oT Mo Touky M, paccMOTPHM BEKTOp WJIM HaNpaBJeHHBIH OTpe-

30K MoM u 0603HayuM uepe3 ! BEeJHUHHY 3TOr0 HANPaBJEHHOTO OT-
pe3Ka Ha OCH, onpefeJisieMol eJHHHYHHIM BeKTOpoM €= (cosa, cosf,
cosy) *.
flcro, yto BekTOp MM HMeeT KOOPAHMHATHI
(Icosa, [cosB, Lcosy).

C npyro#l_CTOpOHH, ecsH KOOPIMHATHl TOUKH M pasub (%, y, 2),

10 BeKTOp MoM uMeer KoopauHaTh, paBHHe (x —x% y—y° z2—29).
ConocrasJds JBa MOJyYeHHbIX HAMH COOTHOIUEHHA JJIsi KOODAHHAT

BeKkTopa MoM, MB NPHXOAHM K PaBEHCTBaM
x=x%4lcosa, y=y'+lcosP, =2=24lcosy. (12.34)

PaBencrBa (12.34) nokasplBaloT, 4TO HA MNpPIMOH, NpOXOAslUed
yepe3 Touky Mo u onpenensieMoil eIMHHYHBIM BEKTOPDOM €= (COSa,
cos P, cosy), bynkuua u=f(x, y, 2) npeacrasisier co60il CIOXKHYIO
GYHKUHMIO ORHOH He3aBHCHMOH mnepeMeHHOH [ Buma u=f(x"}/cosa,
y°~+1Lcos B, 2o+ cosy).

Onpexenenne 1. ITpou3eodnyro yka3anHoi CA0KCHOU PyHKyuL
no nepementoil 1, 83aryro 8 Touke |=0, Hasoeem npou3s800HOIi
pynkyuu u=f(x, y, 2) e roueke My, no nanpasaierur,
onpedeasiemomy eduuutmbm 8EKTOPOM €, U 6y6em 0003HA4ATL CUM-
goaom dufde.

Hrak, no onpeaeneﬂmo

%‘L = —(Mo) cosa -+ ———(Mo) cos B -+ ——(M )cosy (12.35)
BBelem noHsiTHe rpajHeHTa lmcb(bepeﬂunpyeMou B JaHHO! TOYKe
Mo(xo, Yo, 20) Qynrunu u=f(x, y, 2
Onpenenenue 2. 'paduentom pyukyuu u=f(x, y, 2) &
dannoi Touxe Mo(x°, y° 2°) waseisaercs eexrtop, xoopaunarm KoTo-
poeo umeror 8ud

S5 (M), S5 (M), 5= (My).

Jns o603HaueHHsT rpajHeHTa q)yHKmm u=f(x, y, 2) oGBIUHO HC-
NOJB3YIOT CHMBOJ ,
grad u.

JHHATH 3TOr0 BEKTOPa PaBHH CCS O, cos f, cosy. YKa3aHHBE TPH KOCHHYCa NPHHATO
Ha3BBaTh HANMPABJAIOUHMH KOCHHYCaMH BEKTOpaA e,

* Benmuunofi [ nampasienHoro otpeska MoM ocH, ompefiensiemoll  eNHHHYHBIM
BEKTOPOM €, HasHBaeTCsi UYHCJIO, PaBHOE AJHHE OTpeska MoM, B3STOi €O 3HAKOM
«IJIOC», €caH BekTopn MoM M e HanpaBijeHH B OJHY CTOPOHY, H CO 3HAKOM «MH-
HyC», €CJIH 3TH BEKTODH HaNpaBJEeHH B pasHbie CTOPOHHL
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Hrak, o onpeleeHHIo ‘
ou ou , ou i
grad u (My) = (—J(Mo), 2L (o), g(MO)» (12.36)

Tak kak CKaJIsipHOe NMpOU3BeJleHHe IBYX BEKTOPOB paBHO CyMMe
npouspeieHHil OJHOMMEHHBEIX KOODAHHAT 3THX BEKTOPOB, TO BHIpaxe-
mue (12.35) AJs MPOM3BOAHOA MO HAaNpaBJIEHHIO, ONpele/sieMOMYy Bek-
TOpPOM €, MOXHO DaccMaTpHBATh KaK CKaJgpHOe NPOH3BEIeHHe BeK-
Topa (12 36) u e=(cosa, cos B, cosy).

HMrtak, MBl noJsyyaeM, 4To

d

a“ = (e, grad ). ’ (12.37)

C nomoipio paBeHcrBa (12.37) ybemumcs, 4to epadueHT Pyrkyuu
u=f(x, y, 2) 8 Touke My xapaxTepusyer Hanpasiexue u BeAUHUHY
MAKCUMANBHO20 pOCTa 3TOU ynkyuu 8 touke Mo.

TouHee, JOKaxeM JBa yTBEPXKJAEHHUSA:

1) npoussodnas ¢ynxyuu u=f(x, y, 2) 6 rouke My no wnanpas-
AEHUI0, onpedessemomy epadueHTom 3AToU (PYHKYuUU 8 YKa3aHHOU TOoU-
Ke, UMEeT MAKCUMAAbHOe 3HAYEHUEe NO CPABHEeHUr0 ¢ npou3sodnoll 8
3TOU TO4UKe no A06OMY OpY2oMYy HANDPABACHUIO:

2) 3Hauenue npou3soduoil Qynxyuu u=f(x, y, 2Z) no Hanpasie-
Huto, onpedenenHomy epaduesTom 3Tol QyHkyuu 6 OaHHOI TOuKe,
pasro |gradul, 1. e. pasno Oiune sexropa gradu s Jaunoii TouKe.

Jast HoKa3aTeJbCTBA YKA3aHHBIX ABYX YTBEPXKIAEHHH 3aMETHM, UTO
CKaJIsipHOE TNPOH3BEJEeHHE JBYX BEKTOPOB PAaBHO NPOH3BEeNEHHIO MJHH
3THX BEKTOPOB HAa KOCHHYC yraa Mexay HHMH *. [Tosatomy BHIpaxenue
(12.37) MoxXHO mepenucath B BHIE

du
— =e|]gradu} cos @,
de
r1e ¢ — yroJ MeXiy Bektopamu € # grad u.
YuuthiBas, uto |e| =1, Mbl mOJy4YHM, UTO

A Ou _ |grad u|cos @.
de

U3 mocnemnero paBeHcTBa BmiTekaloT o6a yreepikieHus 1) u 2).
o 173

B camMoM pene, MakcHMa/lbHOe 3HAYEHHE IIPOM3BOLHON ~,~ moxy-
e

YHTCS NMpH COS@=1, T. e. IPH COBNAjeHHH HANpPaBJieKUst € C HANpaB-
JenneM gradu, npuueM npousBoAHas Ou/de B TOM HampaBJeHHH
paBHa |gradu].

Joka3aHHbie JBa YTBEPXKAEHHS MO3BOJSAIOT YTBEPKIAATb, 4T0 2pa-
Juent He 3asucur or eblbopa cucremvt koopduxnar (u6o W HampasJie-

* 9tor $akT yCTAHABJHBAETCH B aHANHTHYECKON TEOMETPHH.

16*
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HHe, H AJAHHA BekTopa grad u B KaXa0¥ NaHHOH TOYKe HHBADHAHTHHL
OTHOCHTEJIBHO BHIGOpPA CHCTEMBL KOODIHMHAT).

Jlas BHIAACHEHHST IeOMETPHYECKOTo CMBICIa BekTopa gradu nese-
coo6pa3HO BBECTH MOHSITHE NOBEPXHOCTEH YPOBHA QyHKUMR
u=f(x, y, 2), MIOHHMAas NOX STHM TEPMHHOM Te NOBEPXHOCTH, HA KO-
TOPBIX GOYHKIHA U=f(X, y, Z) COXPaHfeT NOCTOSHHOE 3HAaueHHE, T. €.
YAOBJETBOPSIET COOTHOLIEHHIO f(X, y, 2) =c=const.

Ecan B xaxpon touke Mo (x°, y° 2°) moeepxHocté ypoBHA f(X, Y,
Z) =¢ IOCTPOHTb KAacCaTeJbHYIO MJOCKOCTb, TO JIETKO YOeIHTbC B
TOM, YTO HOPMAaJbHBIM BEKTOPOM TaKOH IJIOCKOCTH OyAeT sIBAATbCS
sektop (12.36), 1. e. gradu*. Orcioma caeayer, uro Bekrop gradu
B Kaxmo# Touke M MOBepXHOCTH ypoBHA f(X, y, 2) =c OpTOroHaleH K
3TOH IOBEPXHOCTH.

CoBepuIeHHO 2HAJOTHYHO ONpEeJeNsIOTCS INPOHM3BOAHAS IO HA-
OpaBJ€HHIO H rpagueHT nasa jauddepeHUHpYyeMONl B JaHHOH TOYKE
Mo (x:°, x2% ..., x%) yHKIUH m nepeMeHHbIX.

Jas Takol (yHKIHH NPOH3BOJHAS %— B JaHHOH TOUKe
Mo(x:°% x5%...,x%) mo HampaB/ieHHIO, ONpelessieMOMY €IUHHUHBIM
BEKTOPOM €= (COS @, COS @y, ..., COS Um) **, BBOAUTCH Kak OObIYHAsA
NpoM3BOAHAS N0 mnepeMeHHOH [ cioxHO# GyHKuHH u=[(x"+
~+Ilcosay, x041cosay, ..., x%m~+Icosan) B3gTas B Touke [=0.

Ina no6oi auddepenuupyemoil B nanHoit touke Mo (%%, x° ...
vey X%m) yHKUMH u=[ (X1, Xo,..., Xm) NPOH3BOAHAA B 3TOH TOUKE MO
HanpaBJIeHHIO, ONpEJENseMOMY  BEKTODOM €= (COS a1, COS Qg ...,
..., COS Um), paBHA

35‘-—:-95-(M0)cosozl+—gxi(Mo)cosoc2+ ...+g—;‘(MO)wsocm.
]

* oo (12.35%)

Ipapuentom nuddepeHnupyeMoir B gaHHoi touke Mo (%1% x20, ..
v X°m) OyHRUME u=f(Xi, X,..,%m) Ha3HBaeTCcs BeKTOp, 0603Ha-

* HanoMHHMM, YTO HOPMAaJbHBIM BEKTOPOM IUIOCKOCTH Ha3hiBaeTcss  HeHYJeBOR
BEKTOD, MEpPNeHAHKYJAPHBIA K 3Toi miockocTdH. B m. 3 macrosimero naparpada 6niio
YCTaHOBJIEHO, YTO JJIi MOBEDXHOCTH, ONpeje/iseMoll ypaBHenHeMm f(x, y) =2, HOpMalb-
HHE BEKTOP KAacCaTeJbHON IJIOCKOCTH B KaXJOY TOYKe 3TOH MNOBEPXHOCTH HMEET BHR

oF o

—_— — —
( ox dy ' ’
nsemoit ypapHenueM f(x, y, 2)=c, HOpMaJlbé{Hﬁ Béemop KacaTeJIbHOM NJOCKOCTH B
KaXJoH TOUKe 5TOH NOBEPXHOCTH DaBeH (__f_, -—f y ———
0x dy 0z

** Tax KaK BCe KOODJZHHATH €JAHHHYHOrO BEKTOpa MO MOAYJIO He MPEeBOCXOAAT
eNMHUIE], TO JJIsi KaXKJ0H H3 STHX KOOPAMHAT HalJercs yroj O; TaKOH, 4TO COOTBET-
CTBYIOIIAs i=5 KOOPAHHATA PaBH& COS C; (IPH 3TOM MOXKHO CHHTAThb, uTo 0<To<w).
Takum 06pa3soM, eIWHHYHLIH BEKTOD € MOKHO 3amHcaTh B BHAE (COS G4, COS Gz, ..,
vey COS Q). BesHUYMHEI COS @4, COS U2, ..., COS Uy NPHHATO HA3HBATL HAMPABJSAKLIHMH
KOCHHYCaMH. -

AHaJIOrnyHO ycTaHABAHBACTCS, YTO AJIsE MOBEPXHOCTH, OIpeje-

= gx"ad u.
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yaeMblil cuMBOJIOM grad u uMelounit KOOpAUHATHL
/ Ou ou ou
—(M sy L M PECICIIE Rt M .
(T M)y 5= (Mo)s .., (M)

Tak Kak CKaJspHOe NPOH3BEJeHHE JBYX BEKTOPOB MNPOCTPaH-
ctBa E™ paBHO cyMMe NPOM3BEAEHHI OJHOHMEHHBIX KOOPAHHAT 3THX

BEKTOPOB, TO paBeHcTBO (12.35*) nosBosiser yTBepXKIaTb, 4TO
Oou
-— = (e, grad u).
Oe .
Hs wuepasencrBa KomH—DByHAKOBCKOro, CHOPaBeIJIMBOrO s
JIBYX JIIOGBIX BEKTOPOB IpocTpaHcTBa E™ *| BHITeKaeT, 4T

g—: <el |gradu| = |gradu],

ApHYEM 3HAK < IEPEXOJHT B 3HAK = TOJIbKO B CcJlydyade, KOrjAa BeK-
TopH € ¥ grad u KoJNJHHEeaPHHL,

Orciona caenyer, uto Bektop grad u u B npocrpaHcTse E™ o6na-
JaeT TeMH e JAByMa cBoficteamu 1) u 2), 4TO H B IpOCTpaH-
ctBe L3, :

3amerum, uto B caydae QyHKuUMHM u=f(x, y) ABYX NepeMeHHHIX
X ¥ Yy eIHHHYHBIE BEKTOp €, ONpeAessiOIIMH HAlpaBJjieHHe B TOUKe
Mo, umeer xoopAHHATH cosa H sina. ITosTomy B ykasaHHOM cay-
yae ¢popmyna (12.35) npuHHMaer BHA

——03—==—-a—u—cosa —}-—aisina.
oy

de 0x

§ 5. YACTHDBIE MPONU3BOAHBIE U JH®PEPEHILHAJDBI
BbICHIUX NMOPAINKOB

1. YacTHble Npou3BOJLHBIE BLHICWUHX MopsiaKoB. IlycTs yacTHas mpo-
ou

W3BOAHAR —— TO aPIyMeHTy Xi GYHRUHE #=F(X;, Xo,...,%m), OIpe-
"

']
JeseHHOl B obnactu {M}, cymectByer B Kaxaoi tTouke oGnactu {M}.
B sTOM cayuae yKasaHHAas uyacTHas [POM3BOAHAs NPEJCTABJSAET CO-

* Ilns moGBIX IBYX BEKTOPOB a M b mpocrpaHcTBa E™ cmpaBefJiHBO HEpaBEHCTBO
Komn—DbBynsxosckoro (a, b)2<(a, a)(b, b) muau, yro To xe camoe, |[(a, b)|<d
<|a||b|, mpuuem B 3TOM HepaBEHCTBE 3HAK < NEPEXOJHT B 3HAK = TOJNbKO B CAY-
4ae, KOrjla BEeKTOPH a H b KOJUIHHeapHH.

B camom pese, mnpH JIOGOM BEIIECTBEHHOM A CIIpaBeJJIMBO HEepPaBEHCTBO
(Aa—b, Aa—b)=A%(a, a)—2A(a, b)+ (b, b)>0, npuyeM B 3TOM HepaBeHCTBE 3HAK
> nepexojuT B 3HAk = TOJBKO B Cjlyuae, KOrAa BeKTop Aa—b sBJasiercs HyJeBHM,
T. €. KOTAa a ¥ b ko/uHeapHH. Mckmouyas caywafi HyJeBOrO BEKTOpa a, KOria Ao-
Ka3BIBAaEMOE HepaBeHCTBO 3aBefOMO CIPABEIJHBO CO 3HAKOM =, MH MOXeM YTBepX-
JaTh, YTO AMCKPUMHHAHT KBaJpaTHOrO TpexujeHa A?(a, a)—2A(a, b)+ (b, b) ynos-
JeTBopsieT uepaBenctBy 4[(a, b)2—(a, a) (b, b)]<C0, nmpHueM B 3TOM HepaBeHCTBE
3HaK < MEPeXOAHT B 3HAK = TOJbKO B cJyyae, KOTJa BeKTOPH a H b koasuneapHul.
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60i1 QYHKUHIO NMEPEMEHHBIX X1, X3, .., Xm, TaKXKe ONpeAeJeHHYIO B 00-
aactu {M}. :

ou
Moxer cayuYuTbes, uyTO 3Ta (QYyHKUUS a— HUMeeT 4YacTHYI npo-
"

(4
M3BOJHYIO II0 apryMeHTy Xx B HeKoTopoil Touke M obaactu {M}. To-
ria yKasaHHYI0 YaCTHYIO_ NIPOH3BOJAHYIO II0 apryMeHTy X, Ha3bBaloT
BTOPO# YacTHOH IPOH3BOAHOH HJIM YACTHOH NPOW3BOAHOH BTOPOro Mo-
psanka ¢yHKuuM 4=f(xi, X2 .., Xm) B TOuYKe M cHayajsa no apryMmes-
TY X;, @ 3aTeM [0 apryMeHTY X; H 0003HAYalOT OJHHM H3 CJEAYIOIIHX
CHMBOJIOM:
0 2 W
agax; TR T \

. 0%u
HIJPI 3TOM eCJIH l#k, TO 4YacTHasg npoH3BOAHaA _—6_— Ha3bI-
XpOX;

BaeTCst CM eIl a HHOMH YacTHOH NMpOU3BOAHOH BTOporo mopsigka. Ilo-
cJie TOrO KaK BBEJEHO NOHSITHE BTOPOHl YaCTHGH NPOH3BOAHOH, MOXHO
IOCJIeIOBATEIbHO BBECTH MOHATHEe TPeTbell yacTHOH NPOHU3BOAHOH, 3a-
TE€M YeTBEPTOH H T. I.

Ecnu nmpeAmnosioxkuTh, YTO HAMH yXe BBelJeHO moHsatue (n—1)-#
yacTHOH Npou3BOAHOH yHKUHM u=f(Xi, X2, ..,¥m) IO AapryMeHTaM
Kivy Kigy o oo s Xgpy (oTmenpHBle MM HaXKe Bce HOMEPa KOTODHIX MO-
TYT COBNAAaTh) M 4TO 3Ta (n— 1)-9 yacTHas NPOHM3BOJAHAS HMeeT B
TOYKe M 4acTHY0 NPOH3BOAHYIO MO APTyMEHTY Xi,, TO YKa3aHHYIO

YaCTHYI0O NPOHM3BOAHYIO HA3bLIBAIOT n-# YAaCTHOH NMPOH3BOLHOHM
(i wacTHOWX NMPOM3BOLHON nr0o NOPAAKA) DYHKUHH U=
=f{x1, X3, ..., Xm) B TOUKe M 1O aPIYMEHTAM Xi,, Xiyy + .- » Xi,-

Takum 06pa3oM, MHl BBOAMM NOHATHE n-# YACTHOH INPOM3BOAHOMN
UHOYKTUBHO, TlepexoJsi OT NMepBOil YAaCTHOH NMPOM3BOLHOH K MOCJ]ENYIO-
muM. CoOoTHOIIEHHe, Onpejessioliee 7-10 YaCTHYIO [MPOH3BOAHYIO MO

apryMeHTaM Xi,, Xi, ... Xi, Xi, ~ MMeeT BHI

d"u 90 a1y
Oxinaxin_l - ax‘..ax[‘ 6xin Ox[n_l v axi’ax,.l )

Ecau He Bce MHIEKCH iy, iy, ..., in COBNAAAIOT MeEXAY coboil, TO
u
4acTHass IPOM3BOJHAS I . - Ha3bBaeTci CMeEIIAHHOR
ox, ... ax,.,ax,.l

‘n
YaCTHOH NMPOH3BOAHOH 1-TO MOPSHAKA.

Tak kak yacTHast NpOU3BOAHAS (GYHKIUMH MO apryMeHTy X; onpefe-
VISIETCS] KaK OGbIKHOBEHHAs1 NIPOM3BOJHAS (P)YHKUHH ORHOH MepeMeHHOH
X; TIPH (DHKCHPOBAHHBIX 3HAYEHHSX OCTAJbHBIX NEPEMEHHBIX, TO MeTo-
AHKAa BBIYMCJIEHHS] YACTHBIX IPOH3BOAHLIX BLICIIHX NOPAJIKOB NPEAMNO-
JlaraeT yMeHHe BBIYHCJASATh TOJbKO OOLIKHOBEHHBIE NPOH3BOAHbBIE NEPBO-
ro nopsiaxka. B xkauecTBe mpuMepa BBHIYMCJIHM 4YacTHBIE NMPOHU3BOLHBIE
BTOPOTO NMOPAAKA QYHKUHH U = arctg —-

' Yy
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HmMeeM
ou y ou X
LT AR =
azu_ 2xy Pu  xP—yP
o (R oy (Pa )
Pu ’ x2—y? 0%u 2xy

pox (g7 0 (R4

B paccMOTpeHHOM NpHMepe CMellaHHbie YacTHbhle NPOH3BOAHBIE
2 0% .
Fu_y 2% paBHH Apyr Apyry. BooGuie roBops, 3HaueHusi cMellaH-
0xdy dyox
HBIX NPOU3BOAHHEIX 3aBHCAT OT NOPSAKA, B KOTOPOM INPOU3BOASITCA IIO-
clefoBaTesbHble AU GdepeHHPOBAHUA. YOelAHMCH, HanpuMep, YTO

d 0%y

CMelllaHHble YacTHble NPOH3BOJAHBIE %4 byuxunn
: Oydx  0xdy
x2 —y 2
X =7 npum x 0
pl ey P + 4~

0 npu x*+ y*=0

B Touke (0, 0) cymiecTBYIOT, HO He pPaBHHl ApYr Apyry. IleficTBUTe/bHO,

y (x4 + 4x%y%) 2, 2
S| Tgagap MOS0
ox '
. 0 npu x%+ y>=0.
ITosTomy
u o
0%u — 1lim 0x x=0,y¢'.0 ox =0.4=0 _
0Yyox |x=0,y=0  y—0 oy
2
IIpoBoast aHanorHuHble BBIYHCJEHHUS, IMOJYYHM Ou =1.
5 o 0x0y [x=0, y=0
Takum o6pasom, B Touke (0, 0) LAPTRLLE
0x0y Oyox

BhisicHUM JOCTaTOUYHBIE YCJOBUA HE3aBHCHMOCTH 3HAYEHHH CMeIldH-
HBIX NPOM3BOAHBLIX OT NOPSAKA, B KOTOPOM MPOU3BOAATCS . NOCIEA0BA-
TeJbHbBE AH(GhepeHIHPOBaHHS.

BBesem BaxkHOe HOHSATHEe QYHKUHH m TNepeMeHHBIX, 1 pas Aubde-
pPeHIHPYeMOil B JaHHOH TOUKE.

Onpenenenune Pynkyua u= f(x,, x2, .y Xm) HQO3OIBAETCA N
paz Ougppepenyupyemoti 8 touke Mo(x:°, x° ..., xm®), ecau sce ee
4acTHble npou3sodnsie nopadka n—1 sgasworcs udpepenyupyemoinu
8 3TOU TouKe PYHKLUAMU.

U3 storo onpeseneHusi BHITEKAET, YTO eCJAH GYHKUHSA u=f(xX), Xg, ...

» Xm) n pas puddepennupyemMa B Touke Moy, To npu n>1 mobas ee
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YyacTHasl NPOH3BONHAS NepBOro nopsAxa n—I1 pas nuddepennupyema
B Touke My, ipu n>2 miofast ee yacTHas NPOH3BOZiHAs BTOPOroO NMopsi-
ka n—2 pas guddepennupyemMa B Touke Mg U T. A.

YkaxeM [IOCTaTOUHOE YCJIOBHE A-KpaTHOH auddepeHNHpyeMOCTH
QyHKUHMHU B JaHHOH TOYKe.

" Has Toeo urobol ¢pyukyus u=f(xy, X2, ..., Xm) Oblra n pas Ougp-
depenyupyenoi 8 touke Mo(x1% %0, ..., xm®), Gocrarouno, urobol 6ce
ee 4AacTHble npou3dsodHsle n-20 NOpadxka 6Golal  HenpepoLeHbIMU
Touxke M.

CnpaBeXNHBOCTDb 3TOrO YTBEPKIEHHS BHITEKaeT M3 ompeje-
Jgenus Aubdepennppyemoctu pyHkuun u teopemel 12.10 o pocrarod-
HBIX YCJOBHAX AU PEepeHUUPYEeMOCTH.

Teopewma 12.13. lTycre pynxyus u=f(x, y) 0saoncdor dugpepen-
yupyema 8 touxe My(xo, yo). To2da 8 aT0il ToUuKke wacTHble npoussood-
Hote foy@ u @ pashet. '

HdokxasarteabcTBo. Tak Kak QyHKuMs u=f(x, y) ABaKAH KuD-
tdepennupyema B Touke Mo(Xo, Yo), TO YacCTHBIE pousBoiHbe f," U f,
onpejesieHH B HEKOTOPOH 6-OKPeCTHOCTH TOUKM My M NpeICcTaBJsIOT
coboii nuddepeHuupyeMue GYHKUUR B 3TOH TOUKE.

PaccmoTrpum BhIpaxkeHHe

D =[(xo+h, yo+h)—F (xo+h, yo)—f (X0, yo+h) +T (%o, yo), (12.38)

rie h—moboe crosb Majoe uuchao, uto Touka M (xo+h, yo-+h) Ha-
XOJHTCS B YKa3aHHOU y-OKpPecTHOCTH TOUKH M,. Buipaxkenne @ mox-
HO paccMaTpuBaTb Kak npupalieHune Ap=q(xo+h)—¢(xo) nuddepen-
uupyemoi Ha cermente[xo, Xo+hA] dyHxkunu @ (x) =F(x, yo-+h)—F(x, yo)
oaHoli nepemenHo# x. IToatomy mo ¢opmyse Jlarpamxka, o6o3Hauas
yepes O HeKOoTOpoe uMcsO U3 HHTepBajta 0<0<1, MOXKHO 3amHcaThb:

P=Ap=¢’ (xo+06h)h=

=[f<" (X0 +0h, yo+h) —f (xo-+0h, yo)Jh=
(12.39)

={[[x" (xo+0h, yo+h)—Ffx (%o, Yo)1—If’ (xo+0h, yo)—f+"(x0, Yo)I}h.

Tak xak yacTHasi npousBojHas .’ siBaserca JuddepeHIHpyeMoil B
touke Mo pyHkuue#, To

[fx" (xo+6h, yo-+h)—f+" (%0, yo)1=
=@, (X0, Yo) OL+FP 4y (X0, Yo) A+aBh+Pih,
[fx" (x04 0k, yo)—Ffx" (%o, Y0)1=F®rx (%o, Yo)Oh+ a2k,

rie oy, Pi1 ¥ ap — OeckoHeyHO Majiple npu A—0 ¢yukuuu. Iloxcrasiss
HaljieHHble  BolpaxkeHHS s [fx (xo+0h, yo+h)—F (%0, yo)] B
[f" (Xo+0h, yo)—f+ (%0, Yo)] B popmyay (12.39), moayuum

O =[fyy (x0, yo) +alh?, (12.40)
rae a=a0+B;—a0 — Gecxoneyno Majas npua h—0 cpyﬁxunﬂ. C apy-



§ 5. [pousBojHEe H nubdepernHany BHCIIHX TNOPAAKOB 489

roii CTopoHbl, BhIpaxenue @, onpenensieMOoe COOTHOIIECHHEM (12.38),
MOKHO paccMaTpHBaTb KakK mpupamenue Ay=1v (yo+h)—1t (yo) mudp-
epeHIHPYEMOH HA CerMeHTe [yo, yo+h] dyuruuu ¢ (y) =f(xo+h, y)—
—f (%0, ¥)- [Tpumensist popmyay Jlarpan:xa ¥ y4uThiBas AupdepeHiu-

pyeMOCTh UaCTHOH NPOH3BOAHOH [,/ B Touke My, MBI IOJyYHM COBEp-
LIeHHO aHAJOTHUHO HpeABAyLIeMy clefyloluiee Bripaxenue s &:

@ ={f®, (%0, yo) +BlA2, (12.41)

rie p — OeckoneuHo Manas npu h—0 pynkuus. [IpupaBHuBas npabbie
yactu cooTHowenuii (12.40) u (12.41) u cokpamas ob6e yacTH mOJy-
yeHHOro  paBeHcTBa Ha h2, Ha#izeM, uto  [®yy(xo, Yo) +a=
=@y (X0, Yo) +PB. Tak kak a u B — Oeckoneuno Maibie npu h—>0
(YHKUHH, TO M3 MOCJEJHEr0 PABEHCTBA clefAyeT, uTo [Pyy(Xo, Yo) =
=@y (Xo, Yo). Teopema nokasana. '

Teopema 12.13 ytBepxpaer, uro B AaHHOH Touke Mo (xo, Yo) MMeeT
MECTO PaBeHCTBO fPyy=f®),,, ecnu B 3ToH TOYKe AuddepeHunpyeMbt
fx’ u f,/. U3 pudpdepenunpyemoctu f«' uf,” B T0uke My BHITEKaeT cy-
LECTBOBAHUE B 37Ol TOYKe 8C€X YAaCTHBIX NPOH3BOAHBLIX BTOPOro IO-
paaka. OnHako paBeHCTBO [Py, u fP,, UMeeT MeCTO H HPH YCJOBHH
CYIleCTBOBaHHUsl JIHUIb MPOU3BOAHBIX [Py u [Py, HO NpH AOTONHH-
TeJbHOM TpeGOBaHHK HENPEPHIBHOCTH 3THX NMPOM3BOAHBIX B paccMmar-
puBaemoil Touxke. MiMeHHO cmpasemsiMBa ciaeaylwollas TeopeMma.

Teopewma 12.13% [Ilyct» 8 HexkoTopoil OKPECTHOCTU TOUKU
Mo (x0, Yo) Qyrryus u=f(x, y) umeer «acrnoie npouszsoonsie f, f,/,
[Py, [@ye. Ilycro, kpome T020, npoussodnoie [P,y u [Py, nenpepois:
Hot 8 Touke Mo. Toeda 8 atoli Touke f@=f@,,.

Jlist moKasaTesibcTBAa BOCMOJIb3YEeMCsl BhIpaxenneM P, ompejesieH-
HBIM cooTHoweHueM (12.38). M3 (12.39) BmiTexkaer, uro © npeacras-
JsieT co6ol YMHOXEHHYIO Ha A pasHocTb 3HaveHHH QyHKIUHA f (¥, y)
B ToukKax (Xo-+0h, yo+h) u (xo+0h, yo). [IpuMensis K 3T0# pasHOCTH
¢opmyay Jlarpanxa KOHEUYHBIX HPHpallleHHH MO MepeMeHHOH y Ha cer-
MeHTe [Yo, Yo+ k], mosyunM

O =fD,, (xo+0h, yo+0:h)h% rme 0<6,<1.

B cuny HenpepwuiBHOCTH [Py, B TOuKe Mo(Xo, Yo) M3 mOCJELHErO pa-

BEHCTBA MOJy4YaeM
¢°=[f(2)xy (xO) y0)+a(h) ]h21
rae a(h)—0 npu h—0.

C npyro#i cTopoHH, 3Ta e BesuunHa O npeacrapaser coGoil yMHO-
JKEHHYI0 Ha h pasHocTb 3HaueHu# -yHkumu f,/(x, y) B TOUKax
(Xo+h, yo+B2it) B (%0, Yyo+02h). Ipumenss xk 310l pasHocTH HOpPMYJTY
Jlarpan}a KoHeUHBX TNpHpaIEHHii [0 TepeMeHHOH X HA CerMeHTe
[0, Xo+h] u yuuTHBas HenpepuBHOCTb fPx, B Touke Mo (X0, Yo), MO~

JYYUM
D =[fB . (x0, yo) +B (h) 112
rae B(h)—>0 npu h—0.
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IpupaBHuBas MOCJTeAHHE JBa BEpaxeHHs Aasg @ W paccyxaas Tak
e, KaK M B KOHIle JOoKasaTeabcTBa TeopeMbl 12.13, mMbt yGedumca B
CNpaBelVIMBOCTH HYXKHOIO HaM PaBeHCTBA

[Py (X0, Y0) =B yx (X0, Yo)-

JokaxeMm Tenepb TeOpeMy O He3aBHCHMOCTH 3HaueHHs JI0GOH cMe-
LIAHHOH YacTHOH NMPOM3BOAHOH A-TO NOPSAKA OT NOPHAJAKA, B KOTOPOM
NPOH3BOAATCS NOCJefoBaTeNbHble AH(hepeHIHpOBaHuA.

Teopema 12.14. Tycre qbymcquﬂ u=f(x, xa, ... xm) n pas oudg-
pepenyupyema 8 To4ke Mo(x°, xo0, ..., x,.°). Toeda 8 370l TOUKeE 3HA-
yenue At060l CMEWAHHOL 4acTHOE npou3sodnol n-20 nopadka He 3a-
sucutr or nopadka, 8 KoTopom npoussodarcs nocaebosaresvroie dugp-
¢eperyuposanus.

JokaszarteabctBo. OueBHAHO, AOCTATOYHO JOKa3aTb He3aBH-
CHUMOCTb 3HaueHus Ji0G0f n-#i cMenlaHHOH NPOH3BOJZHOH OT MOpPSAKa
NpOBeACHHsI ABYX MOCJeIOBaTeNbHHX Aud¢epeHunpoBanuii. HubIMH
CJIOBaMH, AOCTATOYHO A0Ka3aTb PaBEHCTBO

n, n '
o, = o - (12.42)
0x,-n. ..0x; k+16x,'k. . .(ixi1 6x,~n. . ax,-kax,-kﬂ. . .axil
. k=1
PaccmorpuM (yHKIHIO ua drta QyHKUHS NpPEACTaBJSET CO-
[k_l- .o xit

Goit aBaxabl AuddepeHInpyeMyI0 PYHKUHIO MEPEMEHHBIX  X;, M Xi, .
IlosTomy B cuay TeopeMsl 12.13
ok+y okHy
axzkﬂax[.kax,»k_l. . .Oxzt ax[kaxilu_laxik—-l’ . .ax[!

Ortciona ¥ BhITEKaer cnpaBeduBOCTb paBeHcTBa (12.42). Teopema
JloKa3aHa. ’

OTMmeTuM, 4TO B cayyae n pa3 Jauddepenuupyemoir B Touxke My
GYHKIHH u=f(x;, X3, ..., Xm) JIOOYIO €€ YaCTHYIO nponssonﬂyro n-ro
NopsiiKa MOXKHO 3amicaTh B BHAE

0"

Oy 3,02 o
ox1oxg? ... 0xmm

’

rae o, dg, .., Um — LeJble UYHUCJAA, YAOBJETBOPSIONIHE YCJAOBHAM:
O<ai<n, ai+dst ... +om=n. \

2. Auddepennuansl BBHICIIMX NOPSAKOB. Brllle MBI HCHOAB30BAJIH
Insi  obosHauvenust AuddepeHNHANTOB aprymMeHTOB (YHKUHU « U=
=f(X1, %2 ..., Xm) M AJA 00O3HaueHHs1 JudPepeHHaIa caMol 3TOH
yHKIHH cUMBOAH dX;, dX3, ..., X, U di COOTBETCTBEHHO.

Tenepp HaM mpHAeTCs HCIONb30BATH oysi 0603HaAYEHHS nu(bﬁ)epeﬂ-
LHaJOB apryMeHTOB yKa3aHHOH ¢yHkuuu u auddepenuuana camoit
5TOd (GYHKUMH H IpyrHe CHMBOJH. B uactHocTH, MBI 6ygeM 0003Ha-
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yath AHddepeHHans apryMeHToB QYHKUHH U=f (X1, X2, ..., X¥m) U AHD-
depeHIHan caMo# 3TOH QyHKUMH cuMBoaaMHu Ox;, Oxz, ..., 6xm ¥ Su
COOTBETCTBEHHO. B 3THX 0003HaueHHAX HHBapHaHTHOe MO (GoOpMe BHI-
pa)kenue AJs nepsoro Audpdepenumana 3tofi pysrumn (12.20) (cm.
n. 7, § 3), 6yxer uMeTh BH] :

ou ou ou
8 = ——8x; + — dx eeoF—bx,,.
0xy vt O0xy 2F T Oy

BosBpanlasce K npexxHuM 0003HAUEHHSIM, PACCMOTPHUM BhIpaKeHue
(12.20) nna nepsoro Aupdepennnana aud@epeHnupyeMod B JaHHOM
Touke M (X1, X2, ..., Xm) OYHKUHH u=[(xi, X2, ..., Xm):

dX e (12.20)

ou
0x,
[Ipeamonoxum, yTo BeJHYHHA, CTOsLlas B NnpasBoi yacth (12.20),
npeictaBiaser cob60i GYHKUHIO apTyMeHTOB Xi, X3, ..., Xm, AHDdepen-
LHpYyeMYI0 B BaHHOH Touke M (xi, Xg, ..., Xm). ILAA 3TOTO NOCTATOUHO
norpe6osars, 4TO6b QyHKUMA u=f(x;, Xs, ..., ¥m) OblNa ABa pa3sa
Auddepenuupyema B AaHHOH TOuke M (X, X, ..., Xm), & apryMedTH
X1, X2, <., Xm SBJSJIHCb NHOO HE3aBHCHMBIMU NEpeMeHHbLIMH, J16o 1Ba
pasa aupdepeHIHPYEeMbIME (PYHKUHAMH HEKOTOPHIX He3aBHCHMBLIX Ile-
pPeMeHHHIX [y, fg, ..., lz.
[Ipn 3THX NpeAmnosOKeHHSX MBI MOXeM paccMOTpeTb AHpdepeH-

uuan
> 9
8 (du) = [Za—:; dxk]

k=1

_ g 0w
du= o, dx, + o dxg+ ...+

ot Beauuynnn (12.20).

Onpenenenne 1. 3uauenue 8(du) dupgepenyuara or nepsozo
dugpgpepenyuara (12.20), 83aroe npu dx,=dx;, 6xg=dxo, ..., SXm=0d%Xm,
Hasvlisaercs B8TOpbim Oudpepenyuarom yukyuu u=
=f(X1, X3, ..., Xm) (8 Oannoti Touxe M(x1, xg, ..., Xm) U 0603HQHUAETCA
cumsorom du. . :

Hrak, no onpenenenuso *

. m
ou
20 —
d'y = 6(du') 8x,=dx,, {6 [ Ix dxk]} dx,=dx,,
=
8%, =dx Ox ,=dx,,

HNuddepenunan dru noboro nopsaka n BBeJEM O HHAYKILHH.

* Cumson { } 0603Ha4YaeT, YTO B BHPaXKEHHH, 3aK/IOYEHHOM B OH-

TypHHe cKO6KH, caeayeT HOJOXHTL Oxy=dx;, 8xa=dxz, ..., 8xm=dxn.
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TlpennmosiokuM, uto yxe BBefeH auddepenunan d»~'u nopsuka-
n—1 u uto QyHKUHA u=f(X1, X2, ..., Xm) n pa3 aAuddepenunpyema B
nauHo#t touke M(xy, Xg, ..., Xm), @ €€ aPIYMEHTHl X1, X2, ..., Xm SBJA-
10TCs1 n60 HEe3aBHCHMBIMH NEPEMEHHBIMH, JH60 1 pa3 AubdepeHuH-
pyeMbiMH (DYHKUMSIMH HEKOTODLIX HE3aBHCHMBIX IEPeMEHHHX [y, f, ...
s Lo

Onpenenenue 2. 3uauenue &(d™'u) OJugppepenyuara or
(n—1):e0 Ougpgpepenyuara dr—'u, ssaroe npu Sx;=dx;, Sxy=dx,, ..
vy 0Xm=dxm, Ha3bIBaETCA N-M QU Pepernyuarom Pyukyuu u=
=f(%1, X2, .0, Xm) (8 aamwu royxe M (xl, X2y ey Xm)) U oéoauaqaerm
cumsosom dru.

Hrak, no onpeneneHunio

d™u= 9 (d*u) bimdy,
Ox,=dx,,

Ilpu BHIYMCAEHHH BTOPOrO M NOCHeAyOIHX Auddepernnanon du
NPHXOMUTCH CYIIECTBEHHO pasjHyaTh ABa caydas: 1) cayuai, koraa
apryMeHTHl Xj, X, ..., Xm SIBJSIIOTCS HE3aBHCHMBIMH IePEeMEHHBLIMH,
2) cnyuaii, Korjga aprymMeHTH Xi, X3, ..., Xm SBJISIOTCS COOTBETCTBYIO-
mee 4yucao pa3 auddepeHIHPYeMBIMH QYHKUUSIMH HEKOTODHIX He3aBH-
CHUMBIX NEePeMEeHHHIX fy, fy, ..., [z

PaccMoTpuM cHauasa mepBblil cayuait. Ecau xi, Xo, ..., Xm SIBJS-
10TCS HE3aBUCHMBIMHM INEPEMEHHBIMH, TO MB HMEeM IIPaBO CUHTATh,
uTo dx), dXs, ..., dXm HE 3aBHCAT OT X1, X2, ... , Xm.

Kaxpaui auddepenunan dx, MbBl MOXKeM B3sgTh PABHBIM OJHOMY H
TOMY Xe NpHpalleHHio Ax, Ajas Bcex Touek M(xi, X2, ..., Xm). Hpn
STOM MBI [OJYYHM, YTO

m .
0 (dx,
8 (dx,) = 2 9(dx) 5y —0.
ax,‘
, i=1

TlocsenHee COOTHOLIEHHE H TipaBWia JUBGdEpPeHIHPOBAHUS, YCTa-
HOBJIEHHBEIE B KOHIE I. 7 § 3, MO3BOJSIOT HAM 3amucaTh AJs ABA pasa

nuddepenuupyeMoil B naunoit Touke M QyHRUUH u=f(X1, X2, ..., Xm),
CJelYIOIYI0 IIelI0OYKY DaBeHCTBA:

m

7]
= ()| g, :5[ g dxk} N
. < TR B R
S, kel b5, i,
. [0 x 2 a
u u u
= Yo [ prman, = N[5 (3] 5 0090 s,
X s = B 458 () 5 8049 i,
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m m ) a N
S S
{ * Ao \ o) ] s
k=1 == ox,, =dx,,
m m
=2 O%u Sx,dx, LZ dx,dxk. (12.43)
0x,0x;, Sxy=dx,, 0x,0x,
1 i1 Sx ix,  k=li=l ~

{MH BOCIOJIb30BAJKCD ellle M TeM, 4TO AJis ABa pas3a AH(depeHuupye-
MOH (DYHKIHH CMelIaHHBE IPOH3BOJHbIE BTOPOTO IOPSIAKA HE 3aBHCHT
OT TOro, B KaKOH I0C/JeJ0BaTeJIbHOCTH IPOH3BOAHTCH AubdepeHnH-
pOBaHHe)

Hrax, mMpl nosyyaeM, 4yTo B caydae, Korja aprymeHTbI X1, X2y woy Xm
FBJISIIOTCSI HE3ABHCHMBIMH NEePEMEHHBIMY, JJIs BTOporo auddepennuaa
JABa pasa Jgup@epeHUHpPYeMOH B JZaHHOH TOUYKe (YHKUHH U=

=f(X1, X2, ..., X¥m) CIPaBeAJHBO NpeACTaBJIEHHE
d*u —22 dx;dx,. (12.44)
axﬁxk .
=1 k=1
Samevyanue 1. ODyHKuua m nepeMeHHHX Iy, fy, .., lr BHAA
m m :

@——;2 Za[,kt‘-tk, rle air.— TOCTOSIHHBIE BelleCTBEHHble YHCJa, Ha-
i=1 k=1

3blBaeTcst KBaApaTUHUYHONH GOopMOKOT nepemenﬂmx tl, toy wos tr,

A Yucaa @i, — ee KoahdUiHueHTaMu.

KBagparnyHasi ¢opMa Ha3bBaeTci CHMMETPHUYH o i, ecau ee
KO3 PHUIHUEHTH YIOBJETBOPSIOT YCJOBHIO Qip=ap; - (AJA BCeX i=
=1,2,...,m; k=1,2, ..., m).

[Tonyyennoe namu Boipaxenue (12.44) mossoJssieT yTBepXKaaTh, 9T0
AJIsL caydast, KOTAA apryMeHTHl X1, Xg, ..., Xm SIBJASIOTCS He3aBHCHMBIMH
nepeMeHHBIMH, BTOpo#l nubdepenuunan asa pasa aubddepeHuupyemoi
B AaHHOH Touke M QyHKUMH u=f(x1, X2, ..., Xm) IpPELCTaBJAsIET COOOH
'cnmmeTpanyro *, KBaLpaTHuYHYI0 (OpPMY OT NMepeMeHHHIX. dX;, dXs, ...

, dX,, KO3(QOhHUHCHTH KOTOPOH paBHBI COOTBETCTBYIOLIHM YaCTHBIM
npousBommM BTOPOTO MOPsiAKA GYHRUME U= (X, X2, ..., Xm), B3SITEIM
B 1aHHOH Touke M.

OTMeTHM, YTO NMOJYYEHHOEe HaMH BBIpaXKeHue Jisi AubdepeHunana
sTOporo mopsiaka (12.44) MoxHO mepenucaTh H B APYroM BHIE, “HC-
T0J1b3Ys (OopMasbHBIH CHMBOJI

0 G}
d=dx1'——+dx2—+ e dx,—- (12.45)
Oxy: - ,axz“, - 0%y . .
62* CHMMETpH‘{HOCTb 3TOR. xzazxpamqnou Q)meu 'BHITEK2eT H3 DABEHCTBA
1
Dx,0x p (M) = axkax, (M).
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C moMouipio 3TOro cHMBoJia Bhipaxenue (12.44) moxer OHITH Ie-
penHncaHo B BUle

2
d’u=|dx, —9—-{- dx, ——a——{— et dxm—i—> u. (12.46)
axl axz axm
Ilo unaykuun Jierko yOeAHThCA B TOM, YTO B Cjyyae, KOTAA apry-
MEHTHl Xj, X3, ..., Xm N1 pa3 AuddepeHnnpyeMoH B HaHHOH TOUKe
M(xy, %o, ..., Xm) OYHKUMH u={ (X, X2, ..., Xm) SIBASIOTCS HE32BUCHU- -

MBIMH NepeMeHHLIMH, AJsA n-ro AnddepeHuHansa 3tod QYyHKUIHH cnpa-
BeJUIMBO INpeJCTaBJeHHe

d"u_z 2 L e dx,ldx,, Jdx; .

{y=1 fp=1

D710 npeacTaBieHUe ¢ MOMOIIbI0 (opmanapHOoro cumsoga (12.45)
MOXKeT ObITb IEPeNHCaHO B BHJE

d™u = <dx1—?—+dx2 —a——}— e +dx,,,-—i->nu. (12.47)
0xy Oxs ) Oxpy,

CoBeplieHHO IpYroii BHA HMEIOT NpPeACTABJEHHS Ui BTOPOTO H
nocaeayiouero aup¢depeHUHaNOB B cjayyae, Korja apryMeHTHl
X1, X2y woy Xm QYHRUHH u=f(X1, X2, ..., Xm) SIBAAIOTCS COOTBETCTBYIO-
ee yucao pa3 AubdepeHIHPYeMBIMH QYHKUHSMH HEKOTOPHIX HE3aBH-
CHMHX NepeMeHHbIX Iy, f, ..., Lk

O6pamasch K 3TOMY CJydalo, YCTAaHOBUM BbIpaxKeHue AJf BTOPOIro
audpdepenunana pBa pasa guddepenuupyemMoii B HaHHOH TOUKe

M(xy, xo, ..., xm) GYHKIMH u=f(x1, Xg, ..., Xm), aPTyMEHTH X, Xy, ...
..» Xm KOTODOH SIBNSIOTCS ABa pasa 11H¢¢)epeﬂuupyeMbmn @yﬂxummu
HEKOTOPHIX He3aBHCHMBIX NepeMeHHHIX £y, fy, ..., L. ;

IToBTOopsisi paccyxpueHuss M3 uenouku (12.43), Mbl Ha 3TOT pa3
NOJY4HM

Em
Pu=8(du) |y g, =Y {dxk(’) ( ;’—”) = é(dxk)] Sxymdry, =
b sdx, kel ¥, —dx..
m\ m1 0 a “
=3 {0 X (3] 05t bucar, + X [ 06090 s,
k=1 i=1 éx =dx k= Sxp=dx,,.

3aMeTHM, 4TO B CHJIY OTpelesieHHs BTOporo xagdepénnuaia GyHk-
UMK U=x; (rae k — mo6Goil u3 HOMepoB 1, 2, ..., m

[8 (dx,)] — i,

6xy=dx,,
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Y4uTHIBasE 3TO COOTHOIIEHHE, MBI NPHXOANM K CJAEeAYIOLIeMy Hpef-
cTaBJeHHIO AJsi BToporo Rugpdepenunuaa:

a2 = L L M Soa— i+ i 3"5; dx,,

k=l =1 k=1

und (C HCIOJb30BaHHEM cuMBosa (12.45))
2 S P Ry
d?u = <d)c1 o, +-dx, o + oo +dx, me> u+
+ (g—” d2x +_d2x,,+ ... +———d2x,,,> (12.48)
1

CpaBHHuBas moJyueHHOe HaMH npeiacTasJjeHune (12.48) c mpeacras-
senueM (12.46), Ml yGenumcsi B TOM, 4TO (B OTJIHYME OT TEpPBOro
aupdepennnana) BTopol Auddepennuan yxe He oba1anaer CBOHCTBOM
HHBAPHAHTHOCTH (OPMHEL.

Tem Gosiee He obsnazaioT CBOHCTBOM HHBapHaHTHOCTH ¢dopmbl BCe
focaeayolre augdepeHLHaNbL.

3aMeuyaHue 2. YKaxeM BaXXHBIA YacTHHIA ciaydai, KOrga BTOpoi
4 nocjaenymouiHe Aub@epeHuHanb (PYHKUHH m  NepeMeHHBIX U=
=f(%1, X2, ..., ¥m) Bce Xe 06JANAIOT HHBAPHAHTHOCTBHIO (HOPMBI H OI-
penenamTcsa Tod camoil popmyson (12.47), 4To W ;s caydas He3aBH-
CHMBIX NI€DEMEHHBIX Xi, X2, ... , Xm.

Bynem roBopnth, UTO nepeMeHHEIE X1, X2, ..., Xm ABJISIOTCS JI U H € ii-
HBIMH (GYHKILHSMH HE3aBHCHMBIX NEPeMEHHBIX ?, g, ..., lk, €CJH
OHH ONpEeJe/AIOTCS PaBEHCTBAMHU

Xi=0Q;0+ a;1t; + Qigla+ ... +airle (i=l, 2, ..., m),

B KOTOPHIX Yepes i, 4, ..., Qir 0003HAYEHBl HEKOTOPHIE MOCTOSIHHBIE,

3aMeTHM, 4TO ecAu pyHKyus u=f(x;, Xo, ..., Xm) A6A%ETCA N pas
augb(pepeuqupyemou 8 dannod Touke M(x, X3, ..., Xm), G ee apeymen-
ToL X1, X2, .., Xm ABASIOTCA AUHELIHOIMU cpyumuﬂmu He3a8UCUMbLY Nne-
DeMeHHbLY tl, t3, ...y tr, TO N-U) auqbqbepeuuua/z pynkyuu u=Ff(x;, xo, ...
vy Xm) onpeae/meTcn Totl oce camol popmyrod (12.47), uto u O0an
CAYHAA He3AB8UCUMBIX NEPEMEHHBIX X{, X2y ..., Xm. -

IOna tToro 4yTo6H yG6eAHMTbCSH B 3TOM, 3aMeTHM, YTO
NOCKONBKY ty, 3, ..., fr SIBJISIOTCS HE3aBUCHMBIMH TepeMEHHBIMH, TO
n-i ,ump(pepeﬂunan X: KaK (YHKIHH apryMeHTOB ty, f, ..., {x ompeje-
JISeTCsl paBeHCTBOM THna (12.47), a Toqﬁee, PaBeHCTBOM

d”x,- = (dtl —a—t—- + dtz
1

9 \n
ee.Fdt,— x;.
=+ tk o, > X;

Ho nio6as yacTHasi NpoH3BOJHAS BhHIIE NEPBOLO MOPSAKA OT JiH-
HeHHOH (DYHKUMH x; paBHA HYJIO.
3HaudT, d?x;=0, d3x;=0, ..., drx;=0.
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PaBeHcrBo d2?x;=0 (mpu Bcex i=1, 2, ..., m) W HNpeicTaBJieHHe
(12.48) paioT npaBO 3aKJIOYUTH, YTO d%u ONpeleNsieTcss pPaBeHCTBOM
(12.46). CoBeplieHHO aHAJOTHYHO, HCIOJIb3Ysl COOTHOLIEHUs d3x;=0, ...

, d"x;=0, Mbl O HHAYKUMH AOKaxeM, uto diu, d*u, ..., d™u ompepe-
Js1I0TCs paBeHCTBOM (12.47).

3ameuanue 3. [Ipu npoBefeHHH BhIUHCJAeHHH HHOTAA Tpely-
eTcsl paciuH¢posaTe paBeHCTBO (12.47) W, yuuThBasi, 4TO B 3TOM
paBeHCTBe HMeIOTCS COBNAjJaioliye YJeHB!, BLITHCATh BCE Pa3JHYHbIE
4JEeHbl 9TOTO PABEHCTBA CO CTOSILIUMH Tepel; HUMH KO3(PQHilHeH-

TaMH.
Jis aTo#t e MoxeT ObITh HCHOJb30BaHa GORMYyJaa I0JH-

HOMa Hb}OTOHa, HMewlulaa Buj
(@+as+ ... +ay) =
_ 2 (o - G2 o oo + am)! aad ... a*m, (12.49)
m

ol Ol wae Ol

Ayttt ... +am="
0<oci<n

(CyMMupoBanue B npaBOH yacTH 3TOM (GOPMYJBI UAET IO BCEM lie-
JIOYHCJIEHHBIM HHAEKCAM ¢, Og, ..., Om, KaXXJAbIH U3 KOTOPBHIX YNOB-
JeTBopserT HepaBeHcTBaM (< a;<n IpPH YCJOBHH, 4TO CyMMa BCeX
3THX MHAEKCOB G+ 02+ ... +0m PaBHA 1.)

®opmyay (12.49) HeTpyZHO yCTAHOBHUTH MO HHAYKUHH. B camom
aeqe, Ipd m=2 1 Jo00M LeJOM n 3Ta (hopMmyJsa 3aBefOMO CIpa-
BeJJINBa, KOO0 OHA NEePEeXOAUT B H3BecTHYIO Gopmyay OuHoma Hbio-
TOHA.

ITpeanonoxum, uto 3ta GopMmyJa cnpaBelJuBa AJS HEKOTOPOrO
HOMepa m>2 u J0060ro 1eaoro n, 4 NPOBEPHM, YTO B TAKOM CJy-
yae OHa clpaBefAJHMBa M LJjs HoMepa m-+1 u jio6oro 1esoro 7.

ITpencraBuB (a;+as+ ... +am~+am+1)™ B BUIE :

(ay+az-+ ... +am+1)"=[(a1+a2+ v Fam) + Qmp]™,

NOACYHTaEM ¢ moMoulplo OuHOMa HreioToHa KoadpoHuUHeHT npn
| at'a% ... f‘nmam'_"*jgl B cuny paBeHcTBa o+ ag+ ... +omt+1=n, pop-
Myabl 6uHoMa HbioTOHA B mpenoNoXeHHs O COpaBeNJUBOCTH (op-

myasl (12.49) nast Homepa m ¥ J1060ro 1eNOro 7 3TOT Ko3hduIH-
eHT paBeH *
. Com (0 + 8ot ... +am)! _

%
' olayl... ocml

nl
* Mul yudTHIBaEM, YTO C§= m, H IOTOMY
Comi = cmi1 (014 0a+ ...+ CmtCmiq)!

ot +am+1 am-]-ll (g + 0z + oo+ ap)!
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fomtoat. .. tamtoma) (atdt...tem)!

Gmpa! (g + g+ ..o am)! oyl asl L. g
_ (0 4 g4 oo + X 4 Cpnyg)! .
ol agl oo ! gl

TlosydeHHO€  HaMH BHIpa)keHdHe  JJg  KoapduiuHeHTa  Npm

1
aay. . .a‘fnma“ﬂil B TOYHOCTH COBNAAAeT C TeM BHIPAXKEHHEM, KO-

TOpOe TOoJy4HTCs U3 dopmynan (12.49), ecau B 3T10#i dopmye 3a-
MEHUTb HOMep m Ha m+1. -

HMuaykius 3aBepuieHa, u gopmyna (12.49) nokasana.

®opmyna (12.49). maer HaMm NpaBo Mepenucarb BblpaXKeHHE
(12.47) nna n-ro auddepenunana B ciaefylolmeM BHAE!

n - Y onu a, s .
du (M) = L PR (M) (i) (). . ()
Aot . Ao, =n m
Ogaign

' 3. ®opmyaa Teiinopa ¢ ocraroyHbiM wieHom B ¢opme Jlarpanxa m
B HHTerpajbHoi dopme. [loroBopuMcst 0603HauaTh k-i auddepesnunan
(bYHKUUH m TNepeMeHHHX u==[(xy, X, ..., Xm) B TOYKe M mpocTpaHCTBa:
E™ cumBosoM dfu|y. ‘

JIoKa)eM CJeqyomyIo BaXKHEYI0 TEOPEMY. _

Teopema 12.156. Iycre n>0 — yeroe uucao, Gynkyus u=
=f(%1, X2, ..., Xm) ' 300aHa 8 HEKOTOPOLU e-OKPEeCTHOCTU™® TO4KU’
Mo (%1, X2, ..., Xn) 4 n+1 pas Ougppepenyupyena 8 yxasannol oxpe~
cruoctu. Toeda noanoe npupaujerue Au=f(M)—f(Mo) stoil pynxyuu:
8 Touxe M moocer 6oiTo npedcrasieno 8 ciedyrouell dopme:

Au:dul +L +...+-%—d”u +———1—-—d"+1uN, (12.50)

M, 2! o M, (n+ 1!
npu arom N — HeKkoTOpas TOUKG YKA3AHHOLU OKPECTHOCTU, 30Q8UCAULASA,.
soobuje 2080ps, or M(x1, X3, ..., Xm), a Ougpgepenyuaros dx; nepe-

Mennblx X;, 6x00augue 8 soipaxcenus d*uly, u d*luly, pasHol Axi=
=xi—xi%. Popmysra (12.50) naseieaerca popmyroid Tediropa
0rs pynskyuu u=Ff(M) ¢ yenTpom pa3roHmenus 8 TOUKE
My, a nocaednuii uren popmyavt (12.50) Haseot8aercsa ocTarTou-
HolM 4A4eHOM 3anucantnsim 8 gopme Jazpanixa.
HJoxkxasareabcTBo. [lud coxpalleHHs 3amUcH NPOBeAeM pac-
CYKIEeHHs AJas GYHKUMH u=](x, y) ABYX mepeMeHHBX x H y. [Ipensa-
pHTeNbHO 3aNulleM B crneuvaiabHOil ¢opme tdopmyay Telinopa aas
n+1 pa3 nuddepeHurpyeMoil B HEeKOTOPOH OKPECTHOCTH TOYKH o
byukuun u=F(f) onuoi nepemenroi {. HamoMuum, uto dopmyaa Teii-

* BMecTO €-OKPeCTHOCTH TOYKH Mo MOXKHO B3fiTh JIOGYI0O 3Be3AHYIO OKpe-
CTHOCTDb 3ToH TOUKH (T. e. JioG0e OTKPHTOE MHOXKECTBO, cojpepiKaulee TOUuKy Ma.
H o6najaouiee CAeAYIOUIMM CBOACTBOM: eCiH TOWKa M NpPUHAANEKUT ITOMY MHOKE~
CTBY, TO H BeCb OTpe3ok npsimoit MeM eMy NpHHAAJIEXKHT),
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Jiopa ¢ HEeHTPOM DasjioxkeHHs B fo Aast ¢ynkuuu u=F(f) oanoi mepe-
MEHHOH HMeeT CJeJyIOUIHH BHIL:

F(&)=F(t) +F (t) ((—t) +— F‘2’ (to) (E—1o)* +

_1_ () —t ) ——— (n4-1) —_ — )t
e s PO (d) (E—1o)" + (+1)1F (to + 0 (t—15) (t—1o)

0<0< 1. (12.51)

Tak kKak apryMeHT ! sIBJsIeTCS HE3aBHCHMOH INEePEMEHHOH, TO TNpHpa-
aeHune Atf=t—rf, npeacrasisier coboil aAudpdepernnan df He3aBuCUMOH
‘mepeMenHoi £. I[Toatomy

F® (t) (t —to)* = F® (8,) dt* = d*F (f;) =d’uls,
- (12.52)
Fondl) (8, 4 6 (E—1,)) ((—to)" T =d" a1 00—ty

Ecau Mbl 0603naunm pasuocth F(t)—F (fy) uepes Au, TO cOracHo
(12.52) ¢opmyay Teitnopa (12.51) MoxHO 3anucate B cjaelyioulei
«CIeliHaJbHO} (opme:

Au=du| + —%— d2ul +..: + L du| + . S d("+”u|to+9(;_to).
to : to

n! t (n4+1)! .
(12.53)

:PaccmoTpum Tenepb B e-0KpeCTHOCTH TOUKH Mg (Xo, Yo) TNPOH3BOJIbHYIO
‘To4Ky M (xo+Ax, yo-+Ay) u coepunuM Touku Mo u M npaMoH JHHH-
«efi. QueBHHO, KOOPAHHATHL X H Y TOUEK YKa3aHHOH NpsMOR NpeacTaB-
JISIOT cOGOH caelyloliHe AuHelinble ¢yrKyul HOBOH NepeMeHHOH i

x=x0+1tAx, y=yo+1tAy; (12.54)

JIPH 3TOM KOODJHHATHl TOYEK oTpe3ka MM cOOTBETCTBYIOT 3HAYEHHAM
mepemenHoi ¢ ua cermenra [0, 1]. OrmMernm, yTo 3Hauenuto {=0 oTBe- -
‘'yaeT Toyka My, a 3HaueHHI0 {=1 — Touka M. Tak Kak IO YCJOBHIO
«pyHKUHS u=[(x, y) IABYX NepeMeHHHX X H y n-+1 pa3 audbepenu-
pyemMa B paccMaTpHBaeMOM OKPeCTHOCTH TOYKH M, To u3 dopmyn
(12.54) BnoiTekaert, yTo Ha mpaMoil MoM 3Ta QYHKUHUS SIBJAETCS CJONK-
'HO# ¢yHKuuell nmepemeHHol ¢ u3 cerMmeHta [0, 1]. OGosnauum 31y
-CJI0KHYI0 GQyHKIHIO 9epe3 F(f) u 3anuweM and Hee ¢popmyay Teio-
Pa c HEeHTPOM paajioxeHHss B Touke fr=0 B crmeuuanapHoii ¢opme

(12.53) npm
Au=F (1)—F (0) =f (M) —[ (Mo).

‘®urypupyiomue B popmyae (12.53) nuddepenunans Pa3MHYHbIX NO-
PALKOB TpeACTaBASIOT co60# nudhepeninabl CI0XKHOM bYHKIHH U=
=f(x, y), rie x ¥ y ABAAIOTCA JHHeHHBIMH pyukuuamu (12.54). Cor-
JJaCHO 3aMeYaHHIO 2 NpEeAbIAYHIEro MyHKTa NPH 3THX YCJIOBHAX AHG-
«pbepeHuHan Jo6oro nopsaaka GysHkuun u=f(x, y) Moryr GuiThb 3amu-
<caHbl B ¢popme (12.47). ITostomy
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—
d*u [ g0 = (dx—a‘?—+ dy —"—) ] Moo 0@t o (12.55)
x oy

a a \ntt
artiultree—ty <dx s d!/7y-> 1] Nizo+0A%, yot-0ay) = A" U N,

npudeM B Qopmynax (12.55) dx u dy HaxomATCs U3 COOTHOUICHHI
(12.54) npu dt=At=1—0=1. Taxum oGpasoM, B ¢popmysax (12.55)

dx=ditAx=Ax u dy=diAy=Ay. (12.56 )

[MopctaBasis d*u|s;, u d*tu|s 00—ty 13 (12.55) B popmymy (12.53)
¥ yuuthiBas cooTHoulenns (12.56), mbl moanyuum ¢opmyay Teinopa:
(12.50).

IlpuBeneM pasBepHyToe Bhipamenue dopmysan Teiopa (12.50)
aas OYHRUMH — u=f (X1, X2, .., Xm):

0 .0
f(xI' Xgy v xm):i(xlv X2y +ees xom)+

i o, O 0, @ 0, 0 1%
+ EF [(xl—xl) ‘5;+(xz—x2)'5;2‘+ oot (X Xm) a_x,,,J
k=1
X f Xy, Xgy oot Xm)

b [y O — 0
+ TERTY [(x1 x1)6x1+(x2 x2)6x5+'”

o i) |

+ 0 (x,—x1), X540 (xa— D), ..., X% O (xp—1m).  (12.57p

Canencraue. Ecau ¢pynxyua u=f(xy, x2 ..., ¥m) yoosaerso-
pseT Tem e ycaosuam, 410 u 8 reopeme 12.15, u, csepx tozo, sce
4aCTHble npou3eodnsie 3Toll Gynkyuu nopsdka n+1 HenpepolgHet &
paccmatpusaemoll e-0KpecTHOCTU Touku Mo, TO OCTATO4HbLE 4AeH,

T. e. nocaednutl uren 8 opmyrax (12.50) u (12.57), momcer 6birs.
aanucan 8 sude '

n+1

1 m
1 n R
Sfu=r|Ee—h -] %
0 j=1
X Y1 (% —28), X3 E(Xg— 23, .o s X+ (X—xm)) .

Taxyio ¢opMy OCTAaTOYHOrO HJeHa €CTeCTBEHHO Ha3BaTh M HTe-
rpaiabHoi. Jlas nonyuenus cdopmyast TeHaopa ¢ oCTaTOYHHIM
YJIeHOM B HHTerpajbHON QopMe cjelyeT 3alHCaTh B HHTErPaJbHOR
dopMe ocraToudnit uneH B ¢opmyne Tefsopa Ans QYHKUHH ORHOK
nepeMeHHOH F(f), paccMOTpeHHOH TpPH A0Ka3aTe/JbCTBE TEOPEMBE
12.15, 1. e. Bocmosib3oBaThCA pesyabratamMu nm. 4 § 4 ra. 9. B pac-
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! DTO U NPHUBOJIUT HAc K HANUCAHHOMY BBILIE BHIPAKEHHUIO OCTATOUHO-
| ro wiena mast QyHKumH u=f(X1, X3, ..., Xm).
4. dopmyna Teilnopa ¢ OCTATOUYHBIM q.nenom B q)opme Meano.
Teopema 12.15%. Ilycre n>1 — yenroe uucao, Qyukyus u=
=f(M)=f(x1, X2, ..., Xm) 3a0ana u n—1 pa3 Juppepenyupyema 8
:£-0KPECTHOCTH TOUKH Mo (%% X% ..., xm®) u n pas Oyggepenyupye-
ma 8 camoli Touxe My *.

Tozda dan awboii Touxu M us yxasauuot e-0KPecTHOCTU cnpaged-
-ausa caedywowan gopmyia:

f(M)sf(Mo)JrlLdu‘ +—1—d2ul
! M, 2! M,

Tn. 12. Oynxuny HeCKOJbKUX NEpeMeHHBIX

cMaTpuBaeMoOM cJydae YKQS?AHHblﬁ OCTATOYHLIH UJieH HMEeeT BUJ

1
A f pety i
- §F” (&) (1 —1)ndt.

+ ... +-L gy + 0 (p"),
nl M

) (12.58)

8 KOTOpoti 4epe3 p obo3Haueno paccrosuue p(Mo, M), a cumsox
0(p"). obosna4aer beckoneuto masyrwo npu p—>0 (usu npu M-M,)
pynryuro 6osee 8oLCOK020 NOPAAKA MAAOCTU, YeMm p™.

®opmyna (12.58) nHaseiBaercss popMyaon Teismopa (¢ ueHr-
{poM B TOuKe Mo) ¢ ocTaToyHHIM ujieHoM B ¢popMe [leano.

Sameuanune B 6onee nogpo6GHoit sammcu ¢opmyna Teisopa
{(12.58) nmeer Bux

Floy Xy oy X)) =F (e, 22, .o xm)+
n
1 o 0
+§-§[(x1-—x1)a—h+...+( xm)ﬂ} X
X P %2, ..., xm) 0 (p"). (12.59)

3ameTuM, uTo B npaBoii wactd (12.59) cToMT cyMMa MHOrouseHa
*CTENEHH 1 OT M TEePEeMEHHBIX X, X2, ... , Xm H OCTATOYHOTO 4YJieHa 0 (p").

OG6o3HauuM uepes gn (M) pa3HOCTb Mexny f(M) u yxazaHHEM
:MHOTOUJIEHOM, T. €. MOJIOKHM

€, (M) = (M)—f (M) —
nl a
—é—k,-[(xl—x%;ﬁ ) 2T, (1260

Teopema 12.15* Gymer JAoKasaHa, ecd Mbl YCTAHOBHM, UTO IIPH
iBLINIOJTHEHUH YCJIOBHH 3TO# TeopeMHl g, (M) =0(p").

* Ilpu n=1 caexyer tpe6oBarth, uToOH yukuus u=f(M) Guya TONBKO 3ajaHa
B €-OKpeCTHOCTH 7oukH Mo ¥ anddepennupyeMa B camoil Touke Mo





