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2 3TO W O3Havaer MNEPHOJHYHOCTD (YHKUHE Sinx U COSX C NepHo-
Jom 2%,

X) B 3ak/oueHHe HECKObKO YCHJIHM HePaBEHCTBA, COAEprKallne-
¢ B cBOHcTBe 3). MBI yCTaHOBHM, YTO JUJISl BCEX BEIIECTBEHHBIX X
CIpaBeJJINBO CJEAyollee HECKOJBKO 00liee HEpaBEHCTBO:

|sin x| < |x]|. (4.13)

Ipu 0<x<—;— COOTHOILIEHHE (4.13) canenmyer u3 HepaBeHCTS,

CofilepXalluxcs B cBoicTse 3).
k14 - .
Ilpu - < x<0, B cmIy CcOOTHOIIEHHS sin(—x)= —sinx,

"HepaBeHCTBO (4.13) caexyer H3 CJeAYIOUMX HEpaBEHCTB:
0 < sin(—x) <-—x npu ———g-<x< 0,

a 3THM NOCJeJHHe HepaBeHCTBA CIpaBeJJIHBH BCJAEACTBHE TOrO, 4TO
14 . :
{—x) JexuT B HHTEpBaJe (0, -2—> ITpu x=0 sinx=x.

Ilpu —g—\<!x| HMeeM fsiux|\<1<%\<lx], T. e. |sinx|<

<|x]|.

[TepefineM K ycTaHOBJIEHHIO ABYX OCHOBHBIX CBOHCTB  (GYHKIHA
J(x)=sinx u g(x) COS X.

1°. Dynkyuu sin x u cos x Henpepolerol 8 KaxJol Touke x Oecko-
Heurnot npamol. .

HoxasarteabcTBo. JlOCTATOUHO yCTAHOBHTbL HeNPEPHIBHOCTH
B KaxJoH Touke X TOJNbKO (yHKUHH f(x)=sin X, 160 HenpeprIBHOCTb B
KaXJOH Touke X (YHKUHH g(X)=cos x OyAeT mpH 3TOM BBHITEKATb U3
«cootHoenus (4.11) u Teopemnl 4.2.

CHayana jpoxkaxeM, 4YTO (YHKUHS Sinx HempepnlBHA B TOUKe
x=0. Tak kak B cujay nepsoro paseHcTBa 2) sin0=0, t0o B cuay
OmpefeeHnss HelpephBHOCTH Mo [efiHe AOCTATOYHO J0Ka3aTh, 4YTO
JJist 1060 GecKOHewHO MaJsofl MocJeJOBaTeNbHOCTH {X,} NocjenoBa-
TeNBHOCTh 3HaueHH# GYHKUHE {sin Xx,} TakXke gBjsieTcs OECKOHEUHO
MaJoii. '

W3 nepaBeHctBa (4.13) m u3 ycioBHs |sinx]|>0 BhTeKaer, 4TO
JJIsT BCEX X

<|sinx|<|x]|. (4.13)
Cre10BaTeNbHO,
< |sinxu| < | xn].

Tlociiepnne HepaBeHCTBA B CHJIY TPHMHIMNA IBYCTOPOHHErO OrpaHH-
yeHdss (cM. TeopeMmy 3.14 ra. 3) 03HauyawT, 4YTO MOCJAENOBATEJBHOCTh

* OyHKOHA (X}, OMpeAeNeHHAs JJis BCEX BELIECTBEHHHX X, HA3HIBAETCS NEPHO-
Auueckoit ¢ nepuojoM T, ecau ¢(x+T) =g (x) nna scex x.
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{|sinx.|}, a 3nauuT, U MocJenoBaTeJbHOCTh {sin x,} sBJsercs Gecko-
HeyHO MaJofi. HenpeprlBHOCTh ¢yHKIHH sinx B Touke x={0 moxasaHna.
JlokaxkeM Tenepb, YTO (QYHKIHS Sifi X HENpPepHIBHA B JIO00H TOUKe
x Geckoneuno#i mnpamo#. Ilycts {¥,} — npousBoJbHas mnocJexOBa-
TEJBHOCTD, CXOAsANmiasicad K x. JocTaToyHO J0Ka3aTh, YTO COOTBETCTBY-
I01Iasi NOCJeN0BaTeNbHOCTD {Sin x,} cXomuTcH X sin x.
Bocnonbayemcsi BropuiM coorHOoueHHeM (4.10), nojloxXuB B HeM
Xo=1Xpn, x,=x. Ilonyunm
sin x,—sin x = 2co08 It X g In—X (4.149)
2 2
Jocratouno AOKa3aTh, 4T0 B NpaBoli yact# (4.14) CTOMT aJeMeHT
6eCKOHeUYHO MaJIOH HOC/eJ0BAaTeNIBHOCTH, HO 3TO CPa3y BLITEKAeT H3

Xn— X
TOrO, UTO IOCJEJ0BATENBHOCTD {sln ”2 } B CHJY yXe JOKa3aH-

HOfi HEHPEPEIBHOCTH CHHYca B HyJe, sBJIseTcs GEcKOHeYHo MaJiofi, &
X X
T0CJIe J0BATEIbHOCTD {2cos L;_——} B CHJY BTOPOTO HepaBeHCTBa

(4.7) sBnsieTcs OrpaHHYEHHOIM.
2°. dynrxyus sin x soapacraer Ha /caaicaom U3 ceeMenTos [2kn——

— L, %+ —;—} u ybovieaer Ha Ka#OoOM U3 CE2MEHTOB [(2k+ )rn—

Ck+ a4+ %] ; pynkyus cos x yboieaer Ha KaKooOM u3

ceemenros [2kRn, 2kn+n] u eospacraer Ha KaxcOOM U3 CeeMeHTO8
[2kn—m, 2kn] (30eco scrody k — atoboe yenroe aucao, 1. e. k=0,
+1, £2,. '

JoxaszarteabcTBO. Bce paccyxaenus DOCTAaTOYHO NPOBECTH
Ast QYHKOME sin x, KGO NOCJe HAXOXAECHHS BCEX yYaCTKOB MOHOTOH-
HOCTH (PYHKIHH Sin X yYyacTKM MOHOTOHHOCTH (PYHKIHH COSX MOryT
6HTH MOJAYYEHHl, HCXOAs H3 paBeHcTBa (4.11).

Jlasee, moCKOJBKY sinx — nepuojuyeckas GyHKIUSA C IEPHOAOM .
27, TO DOCTATOYHO HAWTH YYacTKH €€ MOHOTOHHOCTH, JIeXaHlHe B

npenpenax OLHOro mepuona, T. €., HaIlpUMep, AJ4 3HauYeHU#H apryMeHra

U3 cerMenta | — —-, 25—~
2’ 2

Jlokaxen cHauajfa, 9ro (yHKUMS sinx BO3pacTaeT Ha CcerMeHTe
[O, -g—] Ilycts %1 B X — mo6Ble ABa YHCJIA H3 3TOr0  CEerMeHTa
X+ %1 " Xg— X3

2 2
NpHHAAJEeXaT HHTEPBAJdY (O, —g—) npuueM B CHJIy BTOPOTO paBeH-

ctBa (4.10)

TakKde, 4TO Xy >X;. lorjga, OYEBHAHO, UHCIa

sin x,—sin x, — 2 €08 "2;”1 sin 22— (4.15)
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HoctatouHo AoKasaTh, yTo B MpaBoil dacTH (4.15) CTOUT MOJOXKH-
TeJbHOE YHCJO, 4 AJsS 3TOTO AOCTATOUHO yOeAMThCs B TOM, 4YTO AJA

o 3N .
Bcex 3HAUEHHH apryMeHTa H3 HHTepBaja (0, T) ¢byuruun sin x

H COS X MPHHHMAIOT TOJIBKO IIOJIOKHTENbHble 3HaueHus. Ias ¢yHKuH
f(x) =sin x ato BhITEKaeT u3 cBoiicTBa 3), a AJMA (QYHKUHH COS X
caexyer u3s paBeHcrsa (4.11). ,

Wrak, nokasano, uTO (QyHKUMsA sinx Bo3pacTaer Ha cerMeHTe

T .
0, <1 W3 HeyetHocT# GYHKUMH Sin X, T. €. H3 BTOPOrO COOTHO-

wenns (4.8), B TakKOM cayuae cjenyer, 4yTo (PyHKUHs Sin x BO3pacTaer
11
H Ha CerMeHte — 0

Tem caMbIM Z0Ka3aHO, YTO QYHKUHSA Sin ¥ BO3PACTAET HA CerMEHTe

k14 14 .
[_T’ —{] Ocraercsl HCCJAEXOBATH MOBeAeHHe (YHKNHH sin x

Ha cerMeHTe [—g-, :rc-i——;—]- B nynkre e€) MBI yOeIUJHCh B TOM,
yro sin w=0, cos m= —1, a U3 3THX PABEHCTB H H3 IIEPBOTO COOTHO-
weHust 1) BBITEKaeT, 4TO
sin(x+ ) =sin x-cos x+cos x-sin w= —sin x.
[MosyueHHnoe COOTHOIIEHHE NO3BOJSIET 3aKJ/IOUHTh, YTO H3 YCTAHOBJIEH-
k14 14

HOrO HaMM BO3pacTaHHMs (YHKIMH sifnl X Ha CerMeHTe - —2—]

o 14 ki
BhITeKaeT yOblBaHUe 3TOH (PYHKUHH HA CErMEeHTe [—2-, -+ ?]

MsyueHHe y4acTKOB MOHOTOHHOCTH (YHKIHH Sinx H COSX MOA-
HOCTBIO 3aBepLIeHO.

o sinx cos X
B cuny npexcraBieHHH tgx= ,clgx=—"—-— u B cuay
: COoS X sin x

TeopeMbl 4.1 pus caydast dyacTHoro (yHKIMs tg x HenpepbiBHA B J1i060H
TOUKe X #= —;——I—kn, a ¢yukuus ctg x HempepeiBHA B MI000H TOUKe

xstkn. TloJb3ysich COOTHOIIEHUSIMH sin (x+m)=-—sinx, cos (x+mx) =

. sinx
= —CO0S ¥, MH NOJAy4HM, uyrT0o {g(x -+ n) = ——=1g X H aHAJOTHUHO

Cos x
ctg (¥ +n)=ctgx. D10 o3nauaer, uto tgx u ctg x A8as07CE nepuodu-
deckumu QyrKyuamu ¢ nepuodom m. SHAUAT, AOCTATOUHO NPOU3BECTH
HCC/IeOBaHHE YYaCTKOB MOHOTOHHOCTH 3THX (QYHKUHH TOJbKO B Hpe-
Jenax uHTepBasa AJHHH ;. K3 paBencrsa

tgxz—tgx1= sin x, _ sinx _ sin (x3 — %) (4.16)

COs X; COS X COS Xy COS X
2 1 2 1

H M3 TOTO, YTO Sifl X NMPHHMMAET TOJbKO MNOJIOXHTEbHBE 3HAYEHHS Ha
uHtepBase (0, m), a cosSx NPUHHMAET TOJBLKO NOJOXKHTEJbHBIE 3HAUE-
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n 19
HHA Ha HHTepBaJje <—_——2—, —2—> BHITEKaeT, yro (QyHKUMAa tgx
x on ‘
BO3pacTaeT Ha HHTepBaJje (——5—, 7) (Ot mw06bHX X B X2
gs ka4 o
U3 MHTepBaJjga (——2—, —) TaKHX, 4TO Xo>>X|, B NpaBOH HacTm

(4.16) Gyzmer CTOSTH NMOJOXKHUTEIbHAA BeJHUHHA.)
AnanornuHo ycraHaBauBaercs, yto ¢yHKRuus ctg x y6niBaer Ha

uarepsane (0, 5).
Mbl He ocTaHaBJaWBaeMCS Ha H3yueHHH OQYHKIHH secx=

1
sinx
I'padukn BCeX TPUTOHOMETpPHYECKHX (YHKIHHH H306pakeHbl Ha
puc. 4.8—4.13.

COos X

.

H Cosecx =

~_ 7 ﬂ,-;’y

y=sinx y s &

Puc. 4.8 Puc. 4.9
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Puc. 4.10 Puc. 4.11

5. O6paTtHble TpuroHoMeTpHueckHe ¢yHkuun. OCTaHOBHMCS Ha
BONPOCAX OTpeJesieHHs] H CBOMCTBAX HENPePHIBHOCTH H MOHOTOHHOCTH
0oOpaTHBIX TPHTOHOMETPHUECKHX (PYHKIHH.
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c y=sec & ‘ y=coséc x
Puc. 4.12 Puc. 4.13

Ina onpenenenuss QyHKUMH y=arcsinx paccCMOTPUM  (YHKIHIO

. 1 I
Y=sin x Ha CEerMeHTe [—T' 7] CorsacHo 1. 4 Ha 3TOM cer-

‘MeHTe (YyHKUHSI y=sinx MOHOTOHHO BO3pacTaeT M HenpepbiBHa. MHo-
JKecTBO ee 3HayeHHH ecThb cerMenT [—I1, 1]. B cuay teopemnl 4.5 Ha
cermente [—1, 1] cymecTByer  HenpeprBHasi BospacTaiomas obpar-

T
Has d")YHKHI/IH, NpHHHUMAKUIAag 3HAYEHHE ——2-— B Touke —1 H 3Haue-

. :
HHE -~ B rouke 1. Dty ¢GyHKUHIO 00603HAYAIOT CHMBOJOM X=

=arc sin y uau, meHsis o603HAUYeHHe aprymeHTa y Ha X u obo3Haue-
HUe X IJsd (QyHKUHMH Ha y, CUMBOJOM y=arc sin x. TouHO Tak ke ofl-
peneasiercst Ha cermedtre [—1, 1] ¢yHKIHA y=arccosx, .ob6parHas
0 OTHOLIEHHI0 K (YHKUHH X=COSyYy, yObBaloliell H HeNnpepbIBHOH Ha
cermenTe 0<y<m.

OyHKIUA y=arccos x YyObBAeT W HeOpephiBHA HA CerMeHTe
[—1, +1] u npuuumaer B Toukax x=—1 u x=-+1 3Hadyenus, coor-
BETCTBEHHO paBHbie m U 0.

Oynxuuu y=arctg x u y=arcctg x onpenensiiorcsi KaK ob6paTHbIE
IUI TaHreHca U KOTaHreHCa, paccMaTpHBaeMBIX Ha HHTepBaJjax

(-———g—, —;—) # (0, m). dtu (yHKUUM ONpefesNeHBl H MOHOTOHHBHI
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- ———
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y=arcsin z

Ny

o) 4

Puc. 4.14 Puc. 4.15

h =
y=artg z < y=arcctg

Puc. 4.16 Puc. 4.17

Ha Bce#i OeckoHeuHofl mpsmoit. Ha puc. 4.14—4.17 uzo6paxeHsl rpa-
"¢uKH 06paTHBHIX TPHTOHOMETPHUECKHX (YHKIMH.

X e . eX— %
2 2
Ha3bIBAIOTCS COOTBETCTBEHHO FHNepOGOJTHUECCKHM KOCHHYCOM
HrunepboOJHYECKHUM CHHYCOM H 0003HAYAIOTCA CHMBOJA-

MH ch x u shx:

6. 'unepGoauyeckue dyuxkuun. OyHKIHH

I'unep6osuuecKuil TaHT€HC H THNEPOOJHUECKHH KOTAaHreHC Ompeseds-
IOTCSI COOTBETCTBEHHO (OpMyJIaMu

thy— Shx _e—e" x _ere
chx e* | e¥ shx ef—e™*

s onpenenenus runepGosnveckux ¢yHKumii cjieayer, -ato rumep6o-
JHYECKUH KOCHHyC, TunepOOJIMUeCKHHA CHHYC M THnepOOJIHYeCKHi TaH-
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reHc 3aJlaHel Ha Bcell YHCJIOBOH OCH, a THmepOOJHYeCKHH KOTaHIeHC
onpefiesieH Bciofy Ha UYHMCJAOBOM OCH, 32 HCKJIKUeHHeM ToukH x=0.
Ha puc. 4.18—4.21 n3o6paxeHn rpadury 3THX QYHKUHH,

¥4 _”x

0 -
, z
7
o ‘ z : ' y=5hz
Puc. 4.18 Puc. 4.19
91
1 TNS—
—————
v 0 __~
e e .
0 y=cthx
z
B R =T
Puc. 4.20 Puc. 4.21

TunepGosinueckye (GYHKUHH HenpepHIBHL B KaxJo# Touke obiac-
TH HX 33flaHHsl (3TO CJEAyeT H3 HENPePBIBHOCTH MNOKAa3aTeJbHOH
yHKUHE U TeopeMH 4.1).

F'unepGonuueckue (GYHKIHH 00nafgaloT pAJOM CBOHCTB, aHAJOTHY-
HBIX CBOMCTBAM TPHIOHOMETPHUYeCKHX (yHKuui. Hanpumep, nias ru-
nepGonuueckux (GYyHKIHH HMEIOT MECTO TeOPEMBI. CJIOXKEHHs, aHaJso-
THYHBIE TeOpeMaM CJIOXKEeHHS JJsf TPHIOHOMETPHUECKHX (DYyHKUHH:

sh(x+y)=shx-chy+chx-shy,
ch(x+y)=chx-chy+shx-shy.

HenocpenicTBeHHO Takxke npoBepsioress (Gopmysn sh 2x=2shx-chx,
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ch? x—sh? x=1. Dnuter Xe «runep6OIHYECKU» CBsI3aH ¢ TeM 06CTOA-
TeAbCTBOM, UTO paBeHCTBA x=a-chf, y=a-sh{ sanaor runepboay,
mojo0HO TOMY, KaK paBeHCTBA Xx=a-cosf, y=a-sinf 3anawoT . oK-
PyXHOCTb. JleHCTBHTENHHO, B I€PBOM CJaydae MH, OUEBHAHO, HMeeM
x?>—y?=a? rT. e. ypaBHeHue THUNepGOJB, a BO BTOpoM x2+y?=a? —
YPaBHEHHE OKPYKHOCTH.

§ 4. IBA 3AMEYATEJbHBIX NMPEAENA

1. Hepeblii 3amMevareabnblii npegen. I[Ipexae Bcero JOKaxKeM cle-
AYOWyI0 TeopeMy, NpecTaB/sfomy co00fl QYHKIHOHANBHBIA aHaJor
TeopeMHl 3.14.

Teopema 46 (PyHKUMOHAJAbHHH aHAJOr NpHHIHU-
ma ABYCTOPOHHero orpanuuenus). Ilycte 8 HekoTOpOU
npoxoAoTOl d-0KpecTHOCTY Touku a* zadansl Tpu pynxyuu f(x), h(x)
u g(x), dse ua xoropeix f(x) u g(x) umeror 8 To4xke a obwuil npe-
des, pashuui b. Tozda ecau 8cr0dy 8 YKa3aHHOU NPOKOAOTOU O-0K-
PECTHOCTU TOYKU O CNPpasedAUsbl HEPABEHCTEA

f(x) <h(x)<g(x), (4.17)
70 U pynryus h(x) umeer 8 Touke a npedes, pagusiii b.
HJoxasareabctBo. [lyets {x,} — npousBosbHas, cxoismiascs

K g NocJef0BaTe]bHOCTh 3HAYEHHH apryMeHTa, BCe 3JEMEeHTHl KOTOpOH
OTJIHUHBL OT @. Torga, ¢ OfHOH -CTOPOHBI, B CHJIy OIpejeJieHHs Ipe-
Jesa no Iefine, o6e mocjefoBaTebHOCTH COOTBETCTBYIOILHX 3HAUYEHHN
dynkuuit {f(x.)} u {g(x.)} cxomarcs K b, a ¢ APYroi CTOPOHHI, B CH-
ay (4.17), §as BceX HOMEPOB 7 CNpaBeNJHBB HEpaBEHCTBA

f(xn) <h(xn) <g(%n).

B cuny teopembr 3.14 MBI MOXeM YTBEepXKAaTbh, YTO HOCJENOBATEN]b-
HOCTh h(xn) Takxe cXOmuTCS K b, a 3T0 M O3HAYaer, uUTO YHCJIO b
ABJseTCSA NpeaeaoM (yHKIuM A(x) B TOuKe a.

Teopema mokasana.

Teopema 4.7. Ilpedesr  pynkyuu  h(x)=

sin x

8 TOuKe
x=0 cywecrsyer u pasen eduxuye, T. e.

sin x

lim = 1.

x-0 X

ﬂ OKa3aTeabCTBO. BYJIQM OTNPABAATLCA OT HEPABCHCTB

0« sinx<x<tgx(n’pn O<x<—’2t—); (4.18)

* HamoMHHM, 4TO DPOKOJOTOH O-OKPECTHOCTBIO TOUKH @ HA3HIBAETCA HHTEPBAJ
{a—9, a+90), U3 KOTOPOro BHIKHHYTAa TOYKa 4.
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ykasauabeiXx B 1. 4 § 3. IlocpencTtBoM paeneHus Ha sinx>0 MB HO-
aydam u3 (4.18) caenyouiue HepaBeHCTBa:

X

1<

sinx cos x

(om0 x< 2 )

Jns1 o6paTHbIX BeJHYMH, OYEBHJHO, ClpaBelJuBbl o0paTHHe Hepa-
BEHCTBA

sinx

cos x <

<1 (npu 0<x< %) (4.19)

X
3amerHM, YTO 43 TOro, YyTO HepaBeHcTBa (4.19) cupaBeAsHBHL IIpH

L
0<x<?, BBIT€KA€T, 4TO 3TH HEDABEHCTBA CIPAaBEAJHBHI H NpH

19
—?<x< 0, ubo npu saMeHe x Ha —x BCe TPH (QYHKLIHU COS X,

sinx

H |1 He MEHAIOT CBOHMX 3HaueHHH *.
X

Taxum o6pasom, HepaBeHCTBa (4.19) cnpaBeAnHBH JJsi BCeX 3Ha-
T 1 .
3 <x<L 5> 3a HCKIIOYeHHeM TOuKH x=0,

e o ks
T. €. cCHOpaBCcAJHUBB BCIOAY B INPOKOJOTOH T-OerCTHOCTH TOYKH

UeHHH X U3 HHTEpBaJa

x=0. Tak kag, kpoMme rtoro, obe GyHkuuun f(x)=cosx u g(x)=1
uMeloT B Touke x=0 paBHbIH eAHHHIE Npeles, TO B CHJIy TeopeMbl 4.6

sinx o
u pyHkuusa  h(x)= nMeeT B Touke x=0 npenen, paBHbIH enu-
X

rune. Teopema jpokasana.

2. Bropoit 3ameuarteJabHbIH npepe.

Teopewma 48. Ilpeder ¢pynxyuu f(x)=(14+x)"* 8 rouxe x=0
cywecTsyer u pasen wucay e **.

JJokaszatTeabcTBO. JlOCTaTOYHO JOKa3aTh, UTO KAaK IpaBhIH,
Tak M JieBbH npepenn GyHruuu f(x) = (1+x)/* B Touke x=0 cyme-
CTBYIOT ¥ 00a paBHH e.

1) Cuauara Ookasicem, 4TO np a8 bl il npedes YKa3anwot ¢ynk-
yuu 8 touke x=0 cyuwjecrsyer u paset e.

B cuny onpenmenenuss npaBoro npepena no Komm nocratouHo mgo-
Ka3aTb, 4T0 AJas jgioboro ¢>0 Hafinerca orBeyaioniee emy 8>0 Takoe,

* B camom nese B 0. 4 § 3 MBI yCTaHOBMJH, uTO cOS(—x)=c08 ¥, sin(—x)=
. sin (—x) sinx '
= —sin x u, 3HAYHT, = :
(—x) x

** Uneso e BBeJieHO B I 3 § 2 M. 3 Kak mpefies1 NOCJIE10BATeIbHOCTH {(l +

o)
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uTo Aas Jioforo x W3 uHTepBasia O0<x<8§ cnpaBeanuBO HEpaBeH-
CTBO

[(14x)V*—e|<e. - (4.20)
@ukcupyem npousBoJbHOe €>0 M paccMOTPHM JBe IocjedoBa-
n
TeJAbHOCTH {an} U {b.} c sMemenTamu  aq,= (1 + —:—l ) , b,= (1 +
\ n
1 )n-{—l

+ —

n
IATCA K e. B camMom jedie, TOCKOMBbKY B cuay 1.3 § 2 ra. 3 lim (l +

n-—»w

Yo6enumcs B TOM, 4TO 00e 3TH MOCJEI0BATEJbHOCTH CXO-

1 n
+—-) = ¢, TO Ha OCHOBAHHH TE€OpPEM O mIpeae/ie JacTHOIO U IIPOH3-
n

BeAEHHA JABYX CXOAALIHXCA MOCJEeL0BATENLHOCTER MBI NoJy4YHM, HYTO

(l—{— ! >n+1 lim (1+ L >n+l
lim @, = lim ntl SRS

n->w n—o 1 . 1
(1+n—|-1) nlfvla(l_i—n )

limbn=lim[(1 +L>". (1 n L>]=
n—>w n->ow n n

= lim (1 —i--l—)".lim (1 +L)=e-1=e.
n n .

n—»w n—»o

e
=T

Tax xak o6e mocJienoBaTesbHOCTH {@n} u {b.} cxomsaTcst K e, TO
Ana ¢GukcupoBaHHOro Bee g>0 HalizyTcs Homepa N; u N, Takue,
uro |ap—e|<e npu n=Ny, |bn—e| <e npu n>N, Ilycts N — ato
HauboJbiuui H3 ABYX HOMepoB N; u N,. Torzma, oueBupaHo, npu a=N
6ynyT crnpaBequBE 062 HepaBEHCTBA:

lan—e|<e u |[bp—e]<e. (4.21)

Tenepb 1Jist 3aBepLIeHHs AOKA3aTEJbCTBA CYIIECTBOBAHUSI PaBHO-
To e mpaBoro npepeia ¢yukiuu f(x)=(1-+x)/* B Touke x=0 yGe-
JIHMCSL B TOM, YTO €CJH B3SITh O = —  To A JI060T0 X H3 HHTED-

Bama 0L x< 6=—1—L— 6yieT CHpaBefIHBO HEPABEHCTBO (4.20).
B camom gmene, myctb x — Jio60e uncao u3 uHTepBasia 0< x <
1
< d= _117 Torna — > N.OGo3HauuB Yepe3 n LeJyI0 UYacThb YHCJA
X .

1 1
—, T. €. IIOJIOZKHB N = [——:|, MBI, BO-IE€PBLIX, C INOMOIIBI HEpaA-
X X

1
gedctBa — >N MOXKeM yTBepXKIAaTh, uto n>N, a BO-BTOPHIX, MO-
X

KeM yTBEepXKAaTh, YTO CIpaBEAJHBbI HEpABEHCTBA
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n<-Lt<ntl. (4.22)
pa
H3 (4.22) BHITEKAIOT HEPABEHCTBA
1 1 1 1
_ — — <1 — 4.
n+1<x<n ul+ n+1< +x\<1+n. (4.23)

M3 comocraBieHns HepaBeHCTBa (4.22) €O BTOpPBIM HEpPaBEHCTBOM
(4.23) u u3 cBoficTBa BO3pacCTaHHsI MOKas3aTeJbHOH (PYHKLUHH C OCHO-
BaHueM, GOJbLIUM €JUHHLB], BHITEKAET, UTO

(14— ) <9< (14 )™ g, < (4275 <.
n

\ nd-1

Hrak, Mb mokasaju, yto ajasg Jjioboro x uz uareppata 0<x <
1
) = [PH HEKOTOpOM n>N, zaBpucsmeM, KOHEYHO, OT X, OymyT

CrpaBeJJiMBH HepaBeHCTBa a,<< (14x)/*<b, a 3HayuT, H HepaBeH-
cTBa

an—e< (14+x)Vr—e<bp—e. (4.24)

W3 comocraBnenus (4.24) c¢ HepaBeHctBaMH (4.21), cnpaBedJHBBIMH
aasg gob6oro n>N, MBI OKOHYaTeJbHO ybeguMcss B TOM, UTO AJIsi JIQ-

1
.6oro x m3 uHTepBana 0<x < 6=—1-v— O6yAyT cnpaBeiJHBH Hepa-

BeHcTBa (4.20).

2) Hoxascem Tenepv, uro u sesbiii npedenr Gynkyuu f(x)=
= (14+x)V* 8 Touke x=0 cyujectsyer u pasex e.

B cuay onpegenenus jeporo npeaena no I'efiHe A0CTaTOYHO AOKa-
3aTh, YTO JJa JM000H GeCKOHEUHO MajoH NOCNeZOBATENIbHOCTH OTPH-
ILaTeJbHBIX 4UCeN {X,} COOTBETCTBYIOIlAsl MOCJAEROBATEJNBHOCTH 3Haye-
anit pyrkumn  f(x)=(1+x,) " cxomurcs  e.

Ilycrs {x,} — mnpousBosbHasi GECKOHEUHO Majiasl II0CIeLOBaTEeb-
HOCTb OTPHUATEJNBHBIX uHced. DTy NOCJIefOBATENTbHOCTh MBI OyHeM
paccMaTrpuBaTh, HAUHHAsA C TOTO HOMepa N, ¢ KOTOPOro BCE 3JIEMEHTHI
Xn TIO MOJYJIIO MEHble eJMHHIEL.

T rak uro x,=—I%
1+ xn 14 yn
BHAHO, {y,} 6yAeT ABAATHCS GECKOHEUHO MaJsof HOC/eXOBaTeNbHOCTHIO,
COCTOsIeN U3 MOJ OXK HUTEJ bHE X UHCE], IPHIEM

Tlonmoxum yY,= Torma, oue-

_l+yn
_ Uty _ (1 _ __Un _
Fx)=(1+x,) (1 —1+y,,) on
1
—{ =1 — 41
_ 1 \In )_ Yn
—(1+yri> =U+y

€ 3ax. 72
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Takum o6pasom,
1

im f(x,) =1im (1 + g™ - lim (1 + y,) (4.25)

NpH YCJOBHMH, YTO CYLIECTBYIOT Npeiesisi B mpasol dacta (4.25). Ho
MOCKOJBKY {Yn} CXORHTCA K HYJIO H COCTOWT H3 [OJIOXKUTENbHBIX M-

ces, TO 11m(1+y,,) e (B cuay yikKe [JOKa3aHHOTO CYILECTBOBA-

n-=->o -

HUS PaBHOTO e npaBoro rrpeﬂe.na) a lim(1+y,)=1. Tem cambm

n—-+eo
NOKAa3aHO, YTO NOCJAEAOBATENbHOCTb {f(X,)} CXOAMTCS K UHCAY e.
Teopema 4.8 mOJHOCTBIO JOKas3aHa.

Cnencteue. Ilpeder pynxyuu f(t)=<1 +—:—>t npu t—»o&

cyujecTeyer u pasex e.
B cuay ompenejyieHus npefiena npu t—oco no leiine tpeGyercs Ao-
Ka3aTh, YyTo AJs JI000H OeckKOHeYHO OOJBINOH MNOCJeI0BATEIbHOCTH

{t.} coorBercTBywolIasi INOCJEJOBATEILHOCTb 3HAYCHHH  (QYHKUHRW
1

t v :

fi&)= (1 + —t_) " CXOHMTCHA K yHcay e. Mu OyaeM paccmaTpH-
n

BaTb .6ECKOHEYHO GOJIBILIYIO NOCJIeN0BATeNbHOCTb {f,}, HAUHHAsL C TOrG

HoMepa N, ¢ KOTODOro BC€ €e 3JIeMeHTHl fn, 110 MOAYJIO MPEBOCXOAST

1 1
epununy. IMTosoxum x, —~—t—, TaK 4to I, =7 B cuany Teope-

Mbl 3.6 u3 1. 3 l'IOCﬂe,ZIOBaTEJIbHOCTb {xn} aBmeTcx 6eCKOHEYHO Ma-
/x,,
Jofi, npuuem f (¢,)= l+—-—) =(l+x,)
OcTaeTcsi 3aMeTHTb, YTO B CHIY TeOpeMbl 4.8

lim f(t)=lim (1+x,) ™=

§ 5. TOUKH PA3PBLIBA ®YVHKLIHH B HX
KIACCHPHKALLUSA

1. Knaccudukauus touex paspbiBa ¢pyHkuuu. B § 1 MBI morosopu-
JHCh HA3HIBATh TOYKAMH paspbiBa PyHKUUH f(X) Te TOUKH, B KOTOPHX
sta ¢yHKUHA He o6jajfaer CBOHCTBOM  HempepwmBHOCTH. [Ipu 3tom -
noapasymeBaetcs, 4To GyHKUuA f(x) onpeneneHa B TOH TOYKe, KOTO-
pyio Ml anpoGupyeM Ha IIpeIMeT HaJHYHS HJIH OTCYTCTBHA B Hel
CBO#CTBA HEMPEPHEIBHOCTH:

Paciiupsia Hame pacCMOTpeHHe, MBI MOXKeM MNOABEPTrHyTh H3yue-
HHIO U T€ TOYKH, B KOTOPHIX ¢yHKUusA f(x) He ompefesieHa (mpH ycJjo-
BMH, KOHEYHO, UTO 3TH TOYKH SIBJSIOTCH NpPeNeJbHBIMH IJSI MHOXECT-
Ba 3aJaHNsA (PYHKIHM):

BhISICHUM BO3MOXHBIE THIB TOYEK pa3pHIBa.
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1°. Yerpanumblit paspuiB. Touka a HasviBaeTcs TOYKOU YyCTpa-
#umoeo paspeiea Qyakyuu y=f(x), ecau npedea gynrxyuu f(x)
8 TOUKe @ CYWecTsyeT, Ho 8 Toyke Q4 (hynkyus f(x) aubo ne onpede-
snena, aubo umeer 4acTHoe 3nauenue f(a), orauunoe or npedera f(x)
8 3Tol ToUKe.

Hanpumep, ¢yHkuus

sinx ™ rod
npu x 70,

flx) =
0,5 mpu x =0

uMeeT B TOYKe x=0 yCTpaHHMBIH pa3phIB.

JlefAcTBUTENBHO, NpefesbHOe 3HAaYeHHe STOH (YHKIHH B TOUYKe
x¥=0, kak MBl foKasdanu B n. | § 4, paBro 1. UacTHoe Xe 3HaueHHe
0,5+#1.

Ecau ¢ynkuus f(x) uMeer B TOYKe @ yCTPaHUMBI pas3pbiB, TO
3TOT Da3phLiB MOXKHO YCTDAHHTb, He H3MEHAsl TPH 3TOM 3HAUeHHH
$YHKIMH ‘B TOUKAX, OTJAMYHHIX OT 4. [ 5TOro JOCTaTOYHO MNOJO-
XKHTb 3HaueHUe (YHKUHMH B TOYKe @ DABHHIM ee NPELe/IbHOMY 3Haue-
HUIO B 3TOH Touke. TaK, B PacCMOTPEHHOM BhIlue NMpUMepe Z0CTATOY-

"o noaoxkuth f(0)=1 u Torxma lim sin x =f(0)=1, r.e. OyHKuus

f(x) craner HenpepHIBHOH B Tque x 0
B ¢usnyeckux npoueccax TOYKH YCTPaHHMOro pasphbiBa BCTpeqa-
10TCA TNPH COCPENOTOYEHHBIX paclpeleseHusiX (PU3HYECKMX BeJHUHH.
2°, PaspbiB nepBoro poga. 1o4Ka a HA3b6I8AETCA TOUKOU pa3-
polea nepsoeo poda, ecau 8 ITol TOuKe yrkyus f(x) umeer
KOHeuHble, HO He pasHbie Opye dpyey npasolll u Aesbil npedeibl

lim f(x)== Hm f(x).
x—>a+0 x—=a—0

OG6pasHo Bhlpaxascb, Pa3pblB MEPBOr0 poja MOXKHO Ha3BaTh KOHeU-
#bIM ckaukoM. [IpHBeneM HEKOTOpbLie NMPHMEpHI.
1) Dyuruus
1 npu x >0,
fx)=sgnx= 0 npu x =0,
—1 mpu x< 0

B Touke x=0 uMeer paspeiB nepBoro poxaa*.  IlefcTBHTENBHO,

* @ynkuus f(x) =sgn x, OueBHAHO, MOXeT GHITb 3aMHCAHAa Tak:

f(x) =sgnx= 1x] npua x =0,

0 npum x=0.
6*
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lim sgnx=1, lim sgnx=—1, H, TaKuM 'oépasoM, 3TH Npejensl
x-+04-0 x-»0—0
He paBHHE MeXZAy co6oii.

2) Ipyro#i npumep naer QyHKIusA f(x)— I npu x== 0. s
sroft pymkums  lim 55X =, lim 2% — ], rax w0 TOuUKa

x-04+0 |x| x-0—0 |x|

x=0 aBasgercs TOUKOH pasphiBa NepsBOro poja. _

3) Dynkuus f(x)=—————1——, ompeje/eHHass BCIOAY, KpOMe TOU-

1o

KH x=1, uMeeT B TOuKe x=1 pa3phulB NepBOro Poaa.
B camoM jedne, ecau {x,} CXOHHTCI K | H COCTOMT U3 3JIEMEHTOB

1 o
x.>1, TO {——— sgBJagercs 6eckoHedHo OO0JIBIIOH IIOCJAEA0OBAaTENb-.
Xn

, —l
HOCTBIO C TOJOXHTeNbHBIMH usieHamu. [lostomy {l1+42% '} —

GecKoHeuHO GoJibUIasi NOCAeJOBATEABHOCTD UM, 3HAYHT, TIOCJIEA0BATENb-
1

HOCTb f(x,,):———]——- aBJasieTcsl 6eCKOHEUHO MaJoi, T. e.
]+2xn——l

1m f(x)=

x->14-0

Ecan xe {x,} cxomurcs X | H COCTOMT H3 3JeMEHTOB X,<l, TO

{ ! } siBjisieTcsi GeCKOHEUHO GOJBIIOH MOCJe0BATeNbHOCTBIO <
Xp — .

oTpunaTenbHEIMH wienamu. [lostomy {2%7'}  cxomutes K nymo u,

3HAUYUT, MOCJIENOBATENBHOCTb | (x,) = CXOAMTCS K elH-

1

142"

I
nune, 7. e.  lim f(x)=1.
x—1—0

. Paspris Broporo poga. Touka a Has3eisaerci TO4KOU pas-
potsa eTopoeo poda, eciu 8 3Tol Touke pynkyus [(x) He
umeer no kpatneil mepe 00H020 u3 0OHOCTOPOHHUX npedesos Uil ec-
Al x0Ts 66 00UH 13 OOHOCTOPOHHUX npedenos GecKoHe4eH.

[Tpumepn. 1) Oyrkuua

'x'cos% npu x < 0,
fry=] 0 npu x = 0,

1

l cos— npu x >0

1 X

obaajgaer JeBblM mpegesioM B TOYke x==0, paBHEIM Hymw: lim f(x)=
x->0—0

= 0. B camoMm gene, ecau {x,} — NOCJEI0BATEIbHOETh, CXOMSILASACS
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K HYJIO H COCTOsfIIas M3 umcea X,<<0, 7o
0< If (%) = 15,1 -

ITockoabKy |x,]—-0 npu n—oo, To lim f(x,)=0.

n->w

Y6enumcst Tenepb B TOM, 4TO paccMaTpHBaeMasi QyHKIHS He HMeeT
B Touke x=0 npaBoro npepena. Ilas 3TOro paccMOTPHM JABE CXOAdA-
IKecss K HYJI0 H COCTOSIIIHE H3 NOJIOXKHTEJIbHHIX YHCeJd IOCJIeAOBae

’ 1
TEJbHOCTH X, = — Ll u Kn= . Ecan Obl QyHkuHS ob6iaanana
n
B Touke x=0 mpaBmIM IpefesoM, TO 06e mocaefoBaTeabHOCTH {f(Xn)}
u {f(xs)} cxomuauce OB K OEHOMY ¥ TOMYy xe umcay. OpnHaxo
f(xn") =cos2mn=1 cxoaurca K eawnune, a f(x,)=cos (%4- Jm>=

1
cos———l\< EAP
Xn

=0 cxoguTca K HyJIO.

Hrak, paccmaTpuBaemMasi pyHKuUHs uMeeT B ToYke x=0 pasphlB BTO-
poro poza.

2) ®yukuus f(x)=tg x, O4UeBUAHO, HMEET Pa3phLlB BTOPOro poja B

o 14 -
KaxKJI0H M3 TOYEK xk=7+ nk, rpe k=0, =1, £2,..., ubo B Kax-

AOH TakOH TOUKE X
lim f(x)= +o0, lim f(x)= —o0.
x—>x%—0 x—>x,+0

MoxHo 06pa3HO cKasaTh, UYTO B KaxIOH TOuKe X, GyHKRUMsS tgx
uMeeT GECKOHEUHBIH CKayoK.
3) ®yHKUHA
.1
sin— npu x % 0,
f(¥)= x
1 nmpux=0
uMeeT pasphlB BTOPOro poja B Touke x=0, 60 B 3TOH TOYKe y Hee
He CYIIECTBYET HH NpaBoOro, HU JIEBOro IpenesaoB. B camom nmene, mo-

. |
CKOJIBKY  SIn = —S8INl—, JOCTAaTOYHO YAOCTOBEPUTHCSA B OTCYT-
~X X

CTBUU B To4yke x=0 TOJBKO IpaBoro npenedqaa, a ajas 3Toro Aocraroy-

HO 3aMeTHuTh, 4TO JBYM MOCJIeHOBaTEJbHOCTIAM 3HauYeHUH apryMeHTa
1 ’ 1
X, = — H Xp =———— OTBE€YAIOT IOCJEAOBaTE/JbHOCTH 3Haye-

BUH pyHkuuu f(x,) =sinnn=0u f(x))=sin ’\—;— + 2m1) =1,

CXOHsILMeCs TlepBas K HYyJO, a BTOpass — K eIHHHIE.
BBeneM nousiTHe KycOYHO HENPEepHIBHON (YHKIHH, 4YacTo BCTpe-
YaoIIeecs B MaTeMaTHKe H B ee IPHIOXKEHHSIX.
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Dynkyus f(x) HA36IBAETCA KYCOUYHO HERPePBLLEHOI Ha
ceeamente [a, b], ecau sta pynkyus onpederena 8crody Ha cee-
mente [a, b], Henpepoierna 80 8cex 6HYTPEHHUX TOUKAX 3TO20 Ce2MeH-
TA, 3Q UCKAIO4EHUEeM, BbiTb MOXMCET, KOHEYH020 HucAd TO4eK, 8 KOTO-
polx OHQ umeeT paspeis nepsozo pola U, Kpome TO20, UMeeT npasviil
npedea 8 Touke a u Aeswil npedes 8 To4ke b.

Dynkyus f(x) HasviBaeTCs KYCOUHO HenpepvieHOl HA
unrepeasre (uau Ha 6ECKOHEe4nOl npamoii), ecau f(x)
KYCO4HO Henpepoi8Ha Ha Ar060M npuxadiescaujem 3ITOMY UHTepPsANY
(uau 6ecxoneunoli npamotl) ceamenre.

Hanpumep, ¢ynkuus y=[x] Kycouno HempepelBHa KakK Ha JO60M
CerMeHTe, Tak H Ha 0eCKOHeYHOH npsaiMoil.

2. O Toykax paspbiBa mMonoToHHo#t dyHkuun. Crepyomee yT-
BepXKJAeHHe [POJHBAET CBET HAa HPUPOLY TOYEK paspsiBa MOHOTOH-
HOH (YHKLHH. .

Teopema 4.9. Ecau ¢pynrxyus f(x) onpedesena na cezmenre
[a, b] u sasaserca MOHOTOHHOL ™ HA 3TOM Ce2meMTe, TO OHA MOXCET
UMeT6 HQ 3TOM CeeZmenTe TOAbKO TO4KU paspuisa nepsozo poda,
npudem MHONCECTBO BCeX ee TOYeK PA3puiea He 6osee 4em CHETHO.

JdokaszateabcTBO. B cuiay neMMn, gxokasaHHo#t B m. 1
§ 2, MOHOTOHHAsT (QYHKNHMA HMeeT KOHeuHble IPaBHlfl H JIEBHH mpe-
Jeasl B J1060N BHyTpeHHeH TOuke cerMmenTta [a, b] H, KpoMe TOTrO,
KOHEYHBbIH NpaBLIfl NpeAen B TOYKe & ¥ KOHEUYHBIH JIeBHIA IpeleJ B
Touke b. OTClofla M BHITEKAeT, YTO TOYKAMH paspuHiBa MOHOTOHHOH
(YHKIMH MOTYT ObITb TOJIBKO TOYKHM pa3pbiBa MEPBOro poja. ‘

UTob6kl 10Ka3aTh BTOPYIO YaCTh TEOPEMHl O TOM, YTO MHOXECTBO
BCeX TOUeK paspbiBa He Oosiee ueM cueTHO, OyfeM paiH onpefe-
JIEHHOCTH CYHTaTb, YTO [(x) sBJAsIeTCS HeyObIBaloOLle# Ha CerMeHTe
[a, b]. docraToyHo AOKa3aTb He GOJee yeM CUETHOCTb MHOXKECTBA
TOYEK pa3phiBa, PaCIOJIOXKEHHHIX Ha HMHTepBaJe (a, b), T. e. TOYeK
paspeiBa, SIBASIIONIMXCS BHYTPEHHUMH TOYKaMu cermeHra [a, b].
3aMerHM, 4TO B KaXJOH TaKOH TOYKe pas3peBa X CIPaBeNJHBO He-
PaBeHCTBO JUJIA TpaBoro M Jesoro mnpenenos f(x+0)>f(x—0) (cm.
3aMeuaHue K ykasaHHo# Boime Jemme). B cuay Jaemmn 2 ria. 2,
KakoBbl Obl HU ObIJIM [IBAa BEIIECTBEHHBIX 4HCJA, HE PABHEIX Jpyr
ApYry, Bcerha Haiigercsi PallHOHAJbHOE YHCJO, 3aKIIOUeHHOe MeX-
Iy HHMH.

Tak Kak B KaXJIOH TOYKe pasphBa X CIpaBelJIHBO HepaBeH-
ctBo [(x+0)>f(x—0), To KaxAOH TOYKE paspLiBa X MONKHO IIO-
CTaBUTh B COOTBETCTBHE HEKOTOPOE pAaUHoHaNbHOE 4wHCAO 7(X),
yroBJaeTBopsioliee HepaBeHcTBaM [(x+40) >r(x) >f(x—0).

3aMeTHM, uTO NIPH 3TOM Da3HLIM TOUKAM pa3priBa OYAYT NOCTAB-
JIEHB B COOTBETCTBUE pa3Hble pallHOHaJbHBlE uHcaa. B camoMm nene,
€CJIH X; H Xp —— JIBE€ TOUKH pa3pLBa TakKWe, UYTO X3 <Xz, TO M3 He-

* T. e. 160 HeyObiBaloOllell, JJHGO HEBO3PACTAIOMICH.
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yObBaHHA ¢yHKUMH caenyeT, yto f(x+0) <f(xe—0), a nostomy
r(x)) <r(xs).

Takum o6pa3oM, MHOKECTBO BCeX TOUYEK pa3puiBa $yHKIHH f(x),
PacNoJIOXXEeHHEIX BHYTPH CerMeHTa [a, b] 5KBUBAJEHTHO MOAMHOXKE-
CTBY MHOKeCTBAa palHOHAJbHEIX uYHces, KOTOpPOe, KaK J0KA3aHO B
§ 7 ra. 2, asasiercs ye GoJiee yeM CYETHBIM.

Teopema pokasaHa.

§ 6. JIOKAJIbHBIE U TJIOBAJIbHBIE CBOHCTBA
HENPEPBIBHBIX ®YHKUHHA

K nokalbHBHM CBOACTBAM OTHOCATCH Te CBOHCTBA (YHKLHH,
KOTODHIE CIpPaBeJJHUBH B CKOJb YrOAHO MaJOH OKPeCTHOCTH (HKCHPO-
BaHHOH TOUYKH O0JacTH onpepejenus (YHKUHH. DTH CBOHCTBA Xapak-
TEPH3YIOT NOBeJeHHe (GYHKIHUM IIPH CTPEMJIEHHH apryMeHTa K HccJie-
nyemoii touke. Hanpuwmep, HenpepblBHOCTh (YHKUMH B HEKOTOPO¥ TOY-
Ke 06/1aCTH ee onpejesIeHHs SBJsETCS JIOKAJbHBIM CBOHCTBOM 3TOH
byHKIHH.

F'no6anbHbe CBOHCTBA — 3TO CBOWCTBA, CBA3aHHBIE CO Bced
obJjacTteio onpenejeHus QyHkuun. Hanpumep, MOHOTOHHOCTb (YHKIHH
Ha cermeHre [a, b] ABiAercss ee riaoGajbHBIM CBOHCTBOM.

1. JlokanbHbie CBOHCTBa HEMpepHIBHBIX (yHKUMiA. BBeiem HOBHE
nonsartus. IlpennosoxuMm, yro ¢ysxkuus f(x) s3agaHa Ha MHOXKeECTBE
{x}. :

Onpenenenue 1. Pynxyus [(x) Hassieaerca ozpanu4en-
Hod ceepxy (cHu3dy) wua MHONecTee {x}, ecAu = cyujecTsyer
Takoe seujecreennoe wucaso M (sewjecreennoe wucao m), 4ro Oas
6Cex 3HQYEHULl apeymenTa x u3 MmHoicecTsa {X} cnpasediuso Hepa-
sencreo f(x)<M (f(x)=>m). IIpu stom uucao M (wucao m) Hasolga-
erca 6epxneld (Hudned) epanbvo Qyukyun f(x) na mHo-
ocecrae {x}.

Onpenenenne 2. Pyuxyus [(x) Hasvieaercs oepanudeH-
HOU ¢ obeux cTtopon (uAu npocTo O2parHuU4%eHHOL) Ha
MHOJCECTEe {X}, €CAU OHA 02PAHUYEHO HA 3TOM MHONCECT8E U CB8epxy,
U CHU3Y, T. e. ecAu HAUOYTCA TAKUe sewjecTeenrble yucia m u M, uro
0as 6cex 3HQUeHUL apeymenTa X u3 muoxcecTea {x} cnpasedaussi He-
pasencrsa m<f(x) <M. |

Takum o6pasoM, orpaHHyeHHOCTH (GYHKUHH f(X) Ha MHOXeCTBe
{r} daxTuyeckH o3HauaeT orpaHHYEHHOCTh MHOXKECTBA BCEX 3HAUEHHH
?Tf)ﬁ GyHKUME (OTBEYAIOIIHX 3HAYEHHSAM APryMEHTa H3 MHOXECTBa
x}).

I[Tpumepn. 1) Dynkuusa f(x)=tgx, paccMatpuBaeMass Ha HH-
TepBaJe (O, —’2‘—) OrpanMyeHa Ha 3TOM HHTepBale cHH3Y (B Ka-

YeCTBe HHXKHEH rpaHH MOXKHO B3fTh uHcao m<0), a cBepxy He orpa-
HUYEHa.
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2) Oyuxuus Hdupuxiae D(x), paBHas HyJI0 B HPpalHOHAJbHEIX
TOYKax W eJHHHIE B pallMOHAJLHBIX TO4YKax, orpaxHudeHa (c obeux
CTOPOH) Ha JTI0G0M MHOXKeCTBe {x}.

CnpaBeanuBa cllefiyioliasi TeOpeMa O JOKaJbHOH OrpaHHYeHHOCTH
(YHKLHH, HMEIOLel KOHeYHOe IIpeJebHOe 3HauyeHHe.

Teopema 4.10 (0 nOKanbHOH OrpaHHYEHHOCTH
GYHKUHH HMelomeHd KOHeUWHHH unpepen). [Hycrs ¢ynx-
yus f(x) sadana na muosxcectse {x} u umeer KoHeuHoe npedesbHoe
3Hauenue 6 Touke a. To2da cyuw,ecTsyer TaKoe ROAONCUTEAbHOE HUCAO
6, uro Qynxyus [(x) oepanuyena na mroxectee By, npedcrasasouem
coboii nepeceuenue muoscecrsa {x} ¢ unrepsasonm (a—=>s, a+96), 1. e. ¢
8-0KpecTHOCTBIO TOUKU Q.

Samevyanne |. Ecan MHOXecTBO 3aganusi QysHkuup f(x)
CNJAOMmMb NOKPBBaeT HEKOTOPYIO §-OKPECTHOCTb TOUKH @, TO B
KadecTBe B, MOXHO B34Tb caM HMHTepBaJ (a—38, a+9).

HJokasatrenbctBo. Ilycts mpemen f(x) B TOuKe a paBeH b.
B cuny onpegenenns npeaeiaa no Kowmu s HEKOTOPOTO  IOJIOXKH-
TEJbHOTO 4YuC/Aa & Halfercsl OTBeuawliee eMy NOJOXKHTEIbHOE YHCIO
6 Takoe, yTO A/ BCeX 3HAYeHHH apryMeHTa x M3 NPOKOJOTOH J-0K-
PECTHOCTH TOUYKH a* clpaBeJJiHBO HepaBeHCTBO |f(x)—b|<e wiu

b—e<f(x)<b-+e. (4.26)

Ecan mHoxecTBOo {x} 3amanus (HYHKUMH He COHEPHKHUT TOUKY 4,
TO TeopeMa JoKasaHa, ub0 B 3TOM cjaydae HepaseHcTBa (4.26) o3Ha-
9aloT, 4TO AJIsA BCeX TOYeK MHOxKecTBa Bs={x}{1(a—0§, a+98) 3uaue-
Husl QyHKUEU f(x) 3aK/JIIOUeHBl MeXAy yucaaMu m=b—e u M=b+e.

Ecnu xe mHoXxecTBO {x} 3agaHus (yHKUHH [(X) COHEPKHT TOUKY
Q@ W 5TOH TOYKe OTBeyaeT HEKOTOpoe 3HadeHme OyHKuuu f(a), TO,
0603HaUUB yepe3 m HauMeHblliee U3 ABYX uHcesa b—e u f(a), a uepes
M naubonbuiee u3 ABYX uuces b+e u f(a), MB mojy4yum, YTO AJS
Bcex TOYeKk MHoxkectBa Bs={x}1(a—0, a+38) Oyayr cnpaBemnuBH
HepaBeHcTBa**

m<f(x) <M, (4.27)

KOTOpbBIE U O3HAYAIOT OrpaHuyeHHOCTh f(x) Ha MHOXecTBe B, Teopema
JI0OKa3aHa. ‘
Wnnmoctpanuefi K JOKa3aHHOH TeOpeMe MOXKET CJYKUTh pHC. 4.22.
CaencrBue u3 reopeMmur 4.10. Ecau ¢ynxyus f(x) Henpe-
pblBHA 8 TOYKEe a4, TO 3T (PYHKYUAL 02PAHUYEHO HA MHONCECT8e 6CeX
3HAYEHUL ee QPESYMEHTR, NPUHAOAENHAULUX HEKOTOPOLl §-0KpecTHOCTU
TOUKU Q.

* HamomHHM, 4YTO NPOKOJOTOH O-OKPECTHOCTBIO TOYKH Q HA3HIBA€TCS HHTEpBaJ
(a—38, a+98) 6e3 Touxu a.

** B camom Jene, . ANf BceX TO4eK MHOXkecTBa Bs= {x}1(a—38, a+8), »sa
HCKJIOYEHHEM TOUKH @, OYAYT CIpaBelJuBH HepaBeHcTBa (4.26), a moTomy H Hepa-
BenctBa (4.27). Ins Toukn x=a HepaBeHcTBa (4.27) CHpaBeflMBE- BCJEACTBHE
BHGOpa uucen m u M.
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JloCTaTOYHO 3aMeTHTh, UTO HeNpEepHIBHAS. B TOUYKe @ (PYHKIHSA
HMEEeT B 3TOI TOUKe KOHEYHOe IpefesabHOe 3HayeHHe.

Teopema 411 (06 ycTOAUYHBOCTH 3HaKa HEIpepH B-
Hoit B Touke ¢ymkuuu). [Mycre pynkyus [(x) 3adana Ha
MHO%CecT8e {Xx}, Henpepolena 6 TOYKe @ ITO20 MHOMECTBA U ee 3HAYE-
Hue f(a) nosoocurensno [orpuyaressno). Toeda cyuwjecteyer raxoe
NOAOKHUTEAbHOE 4UcA0 O, 4TO pyrKkyus [(x) A645€TCA NOAOHCUTENLHOU
[orpuyarensvroii] 6ctody na muoxcecrée Bs, npedcrasaatoujem cobou
nepeceuenue muosxcecrsa {X} ¢ 8-0KPecTHOCTHIO TOUKU Q.

a- a an

Puc. 4.22 Puc. 4.23

3aMeuanune 2. Ecau MHOXKECTBO 3ajaHus OyHKHUH [(x)
CONJOWbL NOKPH BaeT HEKOTOPYIO O-OKPECTHOCTh TOYKH 4, TO B
KauecTBe B, MOXKHO B3iTb caMy O-OKPeCTHOCTb TOUKH 4.

JlokazaTenabCcTBO. B cuay onpejeneHds HempepuBHOCTH IO
Komu a5t 711060T0 TOJOKHTEJNBHOTO YMCJIA & HaljeTcss OTBeualoniee
eMy TIOJIOKUTENbHOE YHCJIO & TaKoe, UTO JJIsi BCeX 3HAUEHUN apryMmeH-
Ta X U3 §-OKPECTHOCTH TOUKH @ CIPaBEIJHUBO HEpABEHCTBO

IF(x)—F(a) | <e,

f(a)—e<f(x)<f(a)+e. (4.28)
Ec/iH B3ATh B KauecTBe g MOJOXKHTEJBHOE UYHCJIO —mfi, To 062

HIH

yucna f(a)—e u f(a)+e 6ynyr nojoxutesvHu npu f(a) >0 u orTpu-
uateabHsl npu f(a) <O0.

TTostomy HepaBenctBa (4.28) OymyT o3Hauarh, YTO AJsI BCeX 3Ha-
YeHHH aprymMeHTa H3 §-OKPeCTHOCTH TOYKH a QyHKuusa f(x) siBasercs
noJoXKHTeabHOH TpH f(a) >0 u orpunarensroii npu f(a)<0. Teopema -
IoKa3aga.

HManmocrpanueii x teopeme 4.11 moxer cayxkurh puc. 4.23.

Teopemy 4.11 serko nepegopmyJupoBaTh Ha cayuafi, Koraa (yHK-
nus f(x) HempepbBHA B TOYKE @ TOJBKO CNpaBa HIN TOAbLKO
cheBa. ‘
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JloroBopumMcsi HasblBaTh noayceement [a, a+98) npaso i d-nory-
OKPeCTHOCTb10 TO4KW a, a noasyceemenr (a—3d, a] — sesoil §-nory-
OKPEeCTHOCTbIO TOUKU Q.

Teopema 4.11*% Hycre ¢ynryus f(x) 3ad0ana na MHONecTSE
{x}, Henpepvisrna 6 Touxke a 3TO20 MHOMecT8a cnpasa [ciesa] u ee
snauenue f(a) He pasHo Hyso. Toeda nalilercs Takoe NOAOHUTEALHOE
qyucao 8, uro pynkyus f(x) ne obpawaercs 8 HYAb U umeeT TOT He
BHAK, 4TO U 8 TO4Ke a, OAsl BCex 3HAHeHuil x us mHooxcecrsa {x}, npu-
radsexcawjux npasol [resol] §-nOAYOKPECTHOCTU TOUKU q. ‘

Jlasi mckazaTesbcTBA 3TOH TEOPEMHI CJefyeT JOCJHOBHO INOBTODHTH
J0Ka3aTejbcTBO TeopeMbl 4.11 ¢ 3aMeHOHl TepMHHa «§-OKDeCTHOCTh
TOYKH @» TEPMHHOM «npaBas [aeBas] O-NOAYOKPECTHOCTb TOYKH a@».

3ameuanue 3. K uucay JOKalbHBIX CBOHCTB HENPEPHIBHHIX B
JaHHOH TOYKe (YHKUMH CJEAyeT OTHEeCTH JOKa3aHHBIC Bhillle TEOPEMB
4.1 1 4.2 0 HeNpepHIBHOCTH CYMMBI, Pa3HOCTH, IPOU3BEJEHUST H YacT-
HOrO JABYX HENpPEepHIBHBIX B NaHHOH TOYke (YHKUMH M O HENpephHB-
HOCTH CJIOXHOH (DyHKIHH.

2. Tano6GannHbie CBOMCTBA HenpepbiBHLIX GYHKUHH. ‘

Teopema 4.12 (npoxoxXJgeHHe HENPEPHBHON (QYyHK-
UHH Yepe3 HYJb NPpH cMeHe 3HaKOB). Ilycte ¢ynkyua
f(x) Henpepvisna na ceemenre [a, b, u nycrv 3Hauenus 310l @YHK-
yuu na kouyax ceementa f(a) u f(b) cyrs wucia pasHoix 3HAKOS.
Tozda enyrpu ceemenra [a, b] naidercs Taxas To4Kka &, 3HaYeHue
Gynxyuu 8 KOTOPOL pPaAsHO HYAIO.

INoxasartenbcTBO. He orpannunBasi OGIIHOCTH, MOXHO CYH-
Tath, uto f(a) <0, f(b)>0. Ilycts {x} — MHOXKecTBO BCeX 3HAUYeHHH X
u3 cermenrta [a, b], mias xkoroprx f(x) <0. ToO MHOXKECTBO HENMyCTO
(eMy, HampuMep, IPDHHAJJIEXHT TOYKA X=0a) H OTPAHHYEHO CBEPXY
(Banmpumep, uncaom b). -

Cornacio TeopeMe 2.1 y MHOxkecTBa {x} cymiecTByer TOYHas
BEpXHSs I'PaHb, KOTOPYI0 MBI 0603HauuM yepes E.

3ameTHM, uTO TOYKa £ — BHYTpPEHHS S TOYKA cerMesra [a,
b], TaKk KaK 3 HeNmpepbIBHOCTH GYHKUHH [(x) Ha [a, b] u u3 ycaoBui
f(a) <0, f(b)>0, B cuny Teopemnl 4.11% BhiTekaer, uro Hafigercs
npaBas 8-NMOJYOKPECTHOCTb TOYKH @, B Ipeaenaax KoTopoh f(x) <0, u
JeBasi O-IOJYOKPEeCTHOCTb TOYKH b, B Ipepgesnax Koropo# f(x)>0.

Y6emnumca B ToM, uto f(E) =0. Ecnu 6B 310 GBHLIO He Tak, TO MO
teopeme 4.11 Hamtace 6b1  6-OKpecTHOCTh E—O<x<<E+§ TOukM §,
B npefesiax KoTopoil ¢yHKuMs f(x) MMena Obl OnpejleleHHBIH 3HaK.
Ho 3T0 HeBO3MOXHO, TaK Kak IO ONpeleseHHI0 TOYHOH BepxHeil rpa-
HYu Haiferca XoTd OB OJHO 3HaueHHe x M3 moJiycermeHtra —8<x<§
takoe, uto f(x)<0, a mas nw060ro 3HaueHHs X U3  HHTepBaJa
E<x<E+ O cupaBeauBo HepaBeHcTBO [(x)>0. ITosyuenHOe mpoTHBO-
peune nokasbiBaer, 4to f(§) =0. Teopema nokasana. HMaarwocrpanuen
K Teopeme 4.12 MoXeT CIYyXHTb pHC. 4.24. '

Teopema 413 (npoxoxJgeHue HenpepoBHON PyHK-
uEy yepes JwbGoe TMNMpPOMeXyTOHUHOE 3HadeHHE).
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74

Puc. 4.24 Puc. 4.25

ITycre @ynkyus f(x) nenpepoisra ua ceemenre [a, b], npuuen
f(@)y=a, f(b)=B. Iycrs, daree, y — a1060e 4uci0, 3aKAOYEHHOE
mexcdy a u B. ToeOa nHa ceemente [a,b] nailderca Touka § TAKARA,
410 f(8) =v.

JoxasartenbcTBO. B poKasarenbCTBe HyXK7JaeTcs, OYEBHA-
HO, JHIb ci1yuall a=~P (B HPOTHBHOM cJyyae y=oa=f H MOXKHO
B3sTh E=a). [Io 3TOH Ke NIpHYHHe OTNajaer caydai, KOrga y cosma-
IaeT C OAHHM H3 YHCEJ o HIH P.

He orpanuuuBas oGmHOCTH, OyaeM CcuHMTaTh, 410 a<p, a<<y<f.
- Pacemorpum dyrknuio @(x) =f(x)—y. Orta ¢yHKUHS HenpepoiBHA
Ha cerMeHTe [a, b] (kakK pasHOCTb HENpPEPHIBHHIX (YHKIHH) U NpH-
HHMaeT Ha KOHIAaX 3TOTO CerMeHTa 3HaueHHs Pa3HhIX 3HAKOB:

p(a) =f(a)—y=0—v<0, q(b)=f(b)—y=p—v>0.
ITo Teopeme 4.12 BHyTpH cerMmenra [a, b] Hafifercs Touka §{ Takag,
uto @(E) =f(§)—vy=0, 1. e. f(§) =vy. Teopema mokasaxa.

Mcmoab3ys TOJBKO UYTO J[OKa3aHHYIO TeopeMy, MBI y6emnumcs
B CIPaBEAJIMBOCTH 3aMeuaHus 2, BHICKasaHHOrO B WM. 2 § 2. '

Iycro (ynxyus f(x) uenpepvisna ra ceemenre [a, b] 4 cy-
wecrsyer Gyukyus, obparnas 0as f(x), paccmarpusaemor Ha
arom ceemenre. Toeda f(x) cTpo20O MOHOTOHHA HA  YKASAHHOM
ceemente [a, b].

JokaszateabcTBO. M3 cymecrBoBanua oOpaTHOH (PyHK-
nau aas f(x) caepyer, uro f(a)z=f(b). Tlyers f(a)<f(b)
[f(a)>f(b)]. TlokaxkeM, 4To f(X) CTPOrO MOHOTOHHO BO3PACTAET
[yoviBaer] Ha cermente [a, b]. Pacemorpum cayuait f(a) <f(b).
(Ecau f(a)>f(b), To paccyxpaenuss aHanoruuus.) [Ipeasapu-
TeJbHO YCTAHOBHM CIIPaBeJJIMBOCTh HepaBeHCTBa f(X)<f(b) nas
Bcex x u3 (a, b). JleificTBuTenbHO, NyCTh CYIIECTBYeT TaKoOe
e (a, b), uro f(x)>f(b). (Pasencrso f(x;)=f(b) HeBO3IMOXKHO
BBHAY. CYIIeCTBOBaHHA o0paTHOH (yHKUMH ans ¢yHkuum f(x).)
Ipumensisi Teopemy 4.13 ans  cermentoB [a, x;] # [x, b] ¥ uc-~
nosb3yst BuiTekamouue H3 f(a) <f(b) <f(x;) HepaBeHcTBa

f@y < TR0 £ f(r),
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flr) > L0 > 1),

y6equMcsi B CYLIECTBOBAHHM JABYX TakHX ugumcea §E =(a, x) H
Be(n b), wo fE)=f(E) =IO prax, gtte wo
f(&1) =F(&2), uTO TPOTHBOPEUHT CYLIECTBOBAHHIO OOGpaTHOH (QyHK-
LHH 118 QyHKNHUHE f(x) Ha cerMeHre [a, b].

YcTaHOBHM Temepb CTPOr0 MOHOTOHHOe BO3pacraHue f(x) Ha
cermenre [a, b]. IlycTh cymecTByloT aBa umcaa X;<<Xp, NpHHaLJIeE-
JKalllme noaycermenry [a, b), Takue, uto f(x;) >f(x;). Tlokaxem,
YTO 3TO NPENIOoJOXKEeHHe NPHBOJUT HAac K mpoThBopeyHio. I[lpume-
HAs TeopeMy 4.13 aast cerMeHTOB [%y, x2] W [X2, b] u HcmOAB3yA
BhITeKatomue u3 f(x) >f(x2), f(x1) <f(b) HepaBeHcTBa

f ) >R ),
Fle) < LA XTCD ),

y6emuMcs B CyUIECTBOBaHHM MABYX TAaKHX UHCeN Es& (%1, X)) H
gl b), mo  f(g)=f () =[O prax, ggs wo

f(Es) =f(E4), 9TO TaKkKe NMPOTHBOPEYHT CYLIECTBOBAHHIO 0GpaTHOM
byHkuHM ans ¢yHKuuu f(x) Ha cermente [a, b]. 3ameuas, d9rto
ycaoBHe f(x1) =f(x2) Ans x;<Xy Takke HEBO3MOXKHO, Mbl NPHXO-
OUM K BHIBOAY, 4TO f(x;) <f(x2) mas moGHX x;<X; U3 CErMeHTa
[a, b]. 3amMeuanue JOKaszaHo.

Teopema 414 (nepBasi TeopeMa BeliepmTpacca).
Ecau ¢ynxyus f(x) Henpepoviena Ha ceemenre [a, b], T0 oxna ozparu-
4eHa HA 3TOM CeSMenTe. :

HJokasateabcTBo. JloxkaxkeMm, yro ¢yHkuus f(x) orpaHu-
yeHa Ha cermeHre [a, b] cBepxy (OTpaHHYEHHOCTb CHH3Y JNOKa3bIBa-
€TCsl aHaJOTHYHO).

JloKa3aTeJbCTBO NPOBENEM OT IIPOTHBHOIO, T. €. HPELNOJIOKHM,
uyTo f(x) He sBJsieTCS OrpaHHYEHHON CBepXy Ha cermeHrte [a, b].
Torga amns mwo6oro HarypaaeHoro n (n=1, 2, ...) najijgercs xorsi Oul
ojHa TOYKa X, U3 [a@, b] Takas, 4to f(x.)>n. (B mporuBHOM cayuae
f(x) 6B1a OBl OrpaHuueHa cBepXy Ha cerMenre [a, b].)

TakuM 06pazoM, MH YKas3ajH NOCTEeJOBATEJIbHOCTb 3HAueHHH {X.}
u3 cermenta {a, b] Takywo, YTO COOTBETCTBYIOWlAsi MOCJIEIOBATENb-
HOCTb 3Ha4YeHH# ¢yHrumu {f(x.)} siBasercs OGeckoHeuno OGoJabLIOH.
B cuany teopembl bBoabnano—Bedfiepmitpacca (cM. ciaeactsue 3 u3
teopeMul 3.16 m. 1 § 3 ri. 3) 43 moCNeROBATENBHOCTH {X,} MOXHO
BBIIEMHTD IOANOCAENOBATENbHOCTD {Xk,}, n=1,2,.., cxogsuyiocs
K HekoTOopof Touke E. Tak Kak Bce 3JeMEHTH NOANOCAEAOBATENbHOCTH
{xz,} nexar Ha cermente [a, b], TO M TOUKa § NPHUHAJJIENKHT cer-
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MeHTy [a, b] (B cuay caexctsus 2 u3 Teopemnl 3.13). B cuiy Henpe-
PHBHOCTH GYHKIHUH f(X) B TOuKe £ COOTBETCTBYIOWAs IOANMOCIEROBA-
TeJIbHOCTh 3HaueHHit ¢yHkuum {f (¥s,)}  o0s3aHa CXOZHTBCI K
f(¢). Ho at0 npoTHBOpeduT TOMY, UYTO MOANOCJEAOBATEIbHOCTD
{f (xx,)} 6yAydu BhiJeJeHa u3 OECKOHEYHO GOJbUWION HOC/IeNOBa-
teapHocTd {f(x.)}, cama saBasiercst feckoHeunHo Gouspliod. IlosyueH-
HOe NMPOTHBOpeYHe NOKa3blBAET TeopeMy.

Sameuaunune 1. Jasg uHTepBana (HJIH MOJyCerMeHTa) yTBepXK-
ZicHUe, BBICKa3aHHoe B TeopeMe 4.14, yxe HeclnpaBelJ/iHBO, T. €. H3
HENpepHBHOCTH (DYHKUHM Ha HHTepBase (HJH NOJyCErMEHTe) HE BBHI-
TEKaeT ee OrPaHHYEHHOCTb HA 3TOM MHOXKecTBe. PaccMOTpHM, HampH-

Mep, BYHKLHIO f(x)=—:c— Ha uHrepBase (0,1) (mnu Ha mnoay-

cermenre (0,1]). Dta GyHKHHA HenpepbiBHA HA YKA3aHHOM MHOXe-
CTBe, HO HEODAHHYEHHa Ha HeM. B camom jese, moc/jen0BaTe]bHOCTD

xnzT (n=2,3,...) NpuHALJIEXHT yKa3aHHOMY MHOXECTBYy, a

nocJe0BaTebHOCTy 3HaueHuil ¢yukmuu {f(x.)}={n} sBngercs Gec-
KOHEUHO OOJBbIIOH.

Paccmorpum (yHxuuio f(x), orpaHHYeHHYIO Ha JaHHOM MHOXKECT-
Be {x} cBepxy (cHHU3Y).
~ Omnpenenenue. Yucao M (uucro m) HaseieaeTci TOUYHO U
gepxHnell (Tounoid Huouned) apansvro yukyuu f(x) Ha
muoocecrge {x), ecau soinoanenv, 08a Tpebosanus: 1) 0aa Kaxndozo
3Hadenus x u3 MmHoocectsa {x} cnpasedauso Hepasencrso f(x) <M
(f(x)y>m); 2) Oaa awboeo wucaa e>0 cyujecTsyer Takoe sHA4eHUE X
us mHoxecrsa {x}, 4T0 Oas COOTBETCTBYIOULE20 3HAUEHUS (PYHKYUU
f(x) cnpasedauso nepasencTso

f(x)>M—e  (f(x) <m-+e).
3ameTuM, 4TO B JAHHOM ONpeAeseHHM YyCJaoBHe 1) O03Hayaer, 4ro
yucao M (4HcJo m) sABJAAeTCS OJHOH M3 BeDXHHX (HHXHHX) rpaHed
¢dynkuum f(x) Ha MHOXkecTBe {x}, a yc/jOBHe 2) O3Hayaer, 4TO 3Ta
rpanb sIBJSeTCS HaMMeHbllel (Hanbosbiuel) H ymeHblleHa (yBeJH-
yeHa) OBITb HE MOKET.

Toynas Bepxusisi rpaHb M ¢Qynxuun [(x) Ha MHOXKecTBe {x} 0OBIU-
40 0603HauaeTCs CHMBOJOM :

M =sup{f (x)},= sup f (x).
) {*}

Anajloru4HO TOuHAasi HIKHSAS rpaHb m GyHKUHE f(Xx) Ha MHOXeCTBe
{x} o603HayaeTcs CHMBOJIOM.

m= ig}f {f(x)}= ?x‘;" f(x)-

B uacTHOCTH, TOYHAs BepXHAA rpaHb (YHKUUH [(X) Ha cermeHre
[a, b] Moxer o6o3HauaTbCs JIOGHIM H3 CJAEAYIOIHX YeThipex CHMBO-
JIOB:



174 Ta. 4. HenpepslBHOCTE DYHKIHH

Sup 0= Sup, {f(x)}= JSup, f(x)= JSup {f (=)}

Ananoruunsie YeTepe CHMBOJIA HOJid TOYHOH HHXXHeH TpaHH HMET
BHA

. é‘,ﬁi J @)= aggb {F}=_ ér[lj'b] fx)= xf;?;/ﬁ]f (x)}-

CnpaBeAJuBH CJEAYIOLIHE YTBEPKACHHUS:

1) ecau ¢ynxyus f(x) ozpanuuena wna muowecree {x} _ceepxy
[crusy], 10 y Hee cywecTsyer nHa 3TOM MHOXMCECTBe TOUHAA BEPXHASR
2panb [TOYHAA HUMCHASR 2PAKDL];

2) ecau ynxyus f(x) oepanuuena na muosxcecrse {x} (c o6eux
CTOPOH), TO Y Hee CYUeCT8YIT Ha ITOM MHONECTSe KAK TOYHAR 8epX-
HAA, TAK U TOYHAA RUNCHASL ePaKU.

OTH YTBEPXK/JEGHHS SABJAIOTCSH INPAMBIM CJeACTBHEM TeopeMul 2.1
ra. 2, u60 orpaHHYEHHOCTb GYHKUMH f(x) Ha MHOXecTBe {X} CBepxy
[cHu3y] o3HauaeT, YyTO MHOXKECTBO BCeX 3HA4YeHHH 3TOH (yHKIHH
OrpaHH4YeHo CBepXy [cHH3Y].

Bosnukaer BOIpOC O TOM, fBJSIETCS JIM TOYHAs BepXHSAA [TOouHasH
HUXHAS| rpaHb OrpaHuYeHHOH Ha MHOXecTBe {x} OyHkumu [(x)
AOCTHXHMOH, T. e CYWeCTByeT JIH CPelH TOYeK MHOXKecTBa {x}
Takasi TO4Ka Xy, 3HaYeHHE cpyHKmm B KOTOpo#l f(xp) paBHO TOUHON
BepXHeH [COOTBETCTBEHHO TOYHOl HMKHeH] rpanm f(x) Ha MHOXKecT-
Be {x}.

Crneayiomuii npuMep NOKa3bBAeT, YTO TOUYHHIE TPaHU OrpaHHUEH-
HOH Ha MAHHOM MHOXKeCTBe (PYHKIHH, BoOOlie TOBOPS, He ABIIOTCA
JAOCTHXHMBIMH.

Pacemorpum Ha cermente [0, 1] dynkuuio f(x) c.nezxyxomero BUAA
(puc. 4.25):

i(x)={ ¥* mpr 0<x< 1,
1/2 npu x =0 n x = 1.

dra ¢yHKUMs orpaHHYeHa Ha cerMmeHTe [0, 1] H uMeeT Ha HeMm
TOYHYI0 BE€pPXHIOI0 I'paib M=1 u TouHywo HuXKHIOIO rpanb m=0. Ox-
HAaKO 3TH TPAHH HEeJOCTHXKUMBI: cpefu Touek cermenrta [0, 1] me cy-
WECTBYeT TOUEK, 3HaueHns] QYHKUHH B KOTOPBIX ObIW Gbl PaBHH HYJIO
WIH eIHHHIe.

3ameruM, yTo paccMarpuBaeMas ¢QYHKUHS f(Xx) He sBAAeTCA He-
npepuiBHO# Ha cermeHTte [0, 1] (oHa uMeer pa3phiBM B Toukax x=0
u x=1). OxasrBaercsl, 3T0 0OCTOATENbCTBO HE SIBJAAETCH CJAydalHHBIM,
160 CIpaBeAUBO CJeAylolllee YyTBEPKACHE.

Teopema 4.15 (BTOopasa Teopema Beftepmrpacca).
Ecau ¢ynxyus f(x) nenpepoisna Ha ceemente [a, b], To ona docru-
2aeT HQ 3TOM Ce2MeHTe CBOUX TOYHbLX BepxHell W .HUdXCHeld epaned,
T. e. cpedu rtodex cezmenra [a, b) Haldyrcs raxue TOUKU X U X,
410 3Hauenue f(x;) pasno TO4HOU sepxueill epanu f(x) Ha ceemenre



§ 6. JloxasbHBIEe ¥ riofaibEble CBOHCTBA HeNPePHIBHBIX (DYHKHMI 175

[a. b], a 3uauenue f(x3) pasHo Tounol nuskred epanu f(x) #a cez-
Mente [a, B].

JokaszareanbcTBo. B cuny nepsofi Teopemnl Befiepmrpacca
4.14 ¢yuruny f(x) orpaHuyeHa Ha cermente [a, b], a mostomy y Hee
CYILECTBYeT He 3TOM CerMeHTe TOYHasl BepxHfis rpaHb M ¥ TOuHad
HHXHAS TPaHb M.

OcTaHOBUMCH Ha J[0KasaTe/lbCTBe JOCTHXKHMOCTH TOYHOH BepxHeH
rpain M, H6O MQCTHXKUMOCTb TOUHOH HUIKHEH IDaHH m LOKa3biBaeTcs
AHaJIOTHYHO.

IIpeanosoxuM, YTO TOYHAsE BepXHss rpaHb M He sBasfeTcs JOCTH-
JXKHMOH, T. €. IPEANOJIOXKHM, UYTO BO BCeX TOYKAx cerMeHra [a, b]
¢yHKUHua f(x) npHHHMaeTr 3HaueHus, ctporo MmenbuHe M. Torga Mu
MOKEM paccMoTpeTh (QYHKIHIO

1
F(x)=————.
M—f(x)
3uamendrens M—f(x) npencraBisier co60it (GyHKUHIO, HENPEPHIB-
HYIO H CTPOro IIOJIOXKHTEJNbHYI0 Ha cermente [a, b]. Iloatromy no reo-
peme 4.1 (mns caydass yactHOrQ) ¢yHkuus F(x) Oyder sBJIATbCS He-
npepuIBHOH Ha cermeHTe [a, b]. 3Hauut, mo mepBoil Teopeme Befiep-
mitpacca 4.14 ¢ynkuus F(x) orpannyeHa Ha cermesre [a, b], T. e.
o 1 .
HaljeTcs moJoXuTeNnbHoe uuciao A Takoe, 4ro F (x)=W<
— X
<A pns Bcex x u3 cermenra [a, b]. Tak kKak ¢yHkuua M—f(x)
CTPOro MOJIOXKHMTeNbHAa Ha [a, b], To mocjenHee HepaBeHCTBO KBH-

1
BAJIEHTHO HEPABEHCTBY f(x)\<M—7 IJIsi BCeX X U3 CerMeHTa

[a, b], a ar0 mporuBOpeunt TOMY, 4YTO YHCAO M SABJSIETCS TOUYHOH
BepXHel IrpaHbIO, T. e. HAUMEeHbIIel H3 BCeX BePXHHUX rpaHeldl QpyHKIUH
f(x) Ha cermente [a, b].

ITonyyenHoe HpoOTHBOpeYHe AOKa3biBaeT, YTO Halle NpPeNNoJoKe-
HUe O HEJOCTHXKMMOCTH TOYHOH BepXHeH rpaHM sABJSIETCH HEBEPHLIM.
Teopema poxasana,

3ameuaHnue 2. Ilocne Toro Kak AoKazaHa JOCTHXHMOCTH He-
1pepLIBHONH Ha cermeHre [a, b] QyHKIHeH CBOMX TOYHBIX BepXHEH H
HUXKHe#l rpaHell, Mbpl MOXeM HasBaTh TOYHYIO BEpXHIOI® TrpaHs M
MaKCHMaJbHBM 3HaudueHHEM, a TOYHYIO HUXKHIOK TpPaHb m
MHHHMAaJbHHM 3HaueHueMm ¢yHruun f(x) Ha cermenre
[a, b]. Teopemy 4.15 MOxXHO nepedOpMyJIHPOBaTH B BHAE: HENpepbsig-
Has Ha ceemente [a, b] Pynxkyua [(x) umeer Ha ITOM ceemeHTe MaK-
CUMANbHOE U MUHUMAALHOE 3HAYEHUSA. A

MaxkcumanbHoe 3HaueHue ¢yHKRUMHE f(X) Ha cermeHnte [a, b]
0603HayaeTcss OJAHHM H3 CAEAYIONIHX CHMBOJIOB: :

max f(x) = max {f(x)} = max f(x) = max {f(©)}.
a<s<x<h a<x<b x€fab] x¢ef{a,b]
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AHajlorHyHHE CHMBOJIBL JJIsi MHHHMAaJbHOTO 3HavyeHus f[(x) Ha
cermenre [a, b] umeior Buxg

min f(x) = min {f(x)} = min f(x) = min {f(x)}.
agx<b agx<h x€la,b} x€fa,b]

Sameyanue 3. 3aMeTHM, YTO H QYHKUHH, He SABJIAIOLIHECH
HeNPEepPHIBHBIMH Ha JaHHOM CerMeHTE, MOTYT HOCTHTaTh Ha 9TOM Cer-
MEHTe CBOUX TOYHOH BepxHell M TOYHOH HHXKHeH rpaneii. [Ipumepom
MOXKeT CaAyxkutb (pyHkuus Hupuxae D(x), paBHas HyJI0 RIS BCEX
UppaNHOHAJIbHBIX ¥ H paBHasf ejHHHIE JAJd BCeX pPAlHOHAJbHBIX X.
Ota (yHKIHA pa3pbiBHa B KaxAOH Touke cermenta [0, 1], wHo, oue-
BHJHO, JNOCTHrdeT Ha 3TOM CErMeHTe CBOEH TOYHOH BepxHeH rpaHHy,
paBHOH eRMHHIE, W CBOEeH# TOUHOH HHKHEH I'PaHH, PaBHOH HYJIO.

3ameuanue 4. YrBepxkjeHHe TeopeMnl 4.15 oKaxercst Hesep-
HBIM, ecad B ee (QOPMYJHPOBKE TEPMHUH «CEIMEHT» 3aMEHUTb TepMH-
HOM «HHTEDBaJ» WJIH <IOJYCErMEHT>,

Tax, ¢ysxuusa [(x)=x s#BasieTcsi HeNpepLIBHOA Ha HHTepBase
(0, 1) nan na moaycermenre [0,1), ofHaKo TOUHAasi BepXHAA TIpaHb
sToil (YHKUMM Ha yKasaHHOM HHTeDBaJe HJIM InojycermMeHre M=1
XOTSl H CYLIeCTBYET, HO He JOCTHUTaeTCH.

K aromy canenyer mo6aBuTh, 4TO y (yHKIMH, fABJAsIOLIEHcA Hempe-
PHIBHOH Ha HHTepBaJie HJH IOJyCerMeHTe, TOYHbE TPAHU MOTLYT Aaxe
HEe CYIeCTBOBaTh, H60O Takas (QYHKIHS MOKET He ABJSTBCH OrpPaHH-
YeHHOH HA yYKa3aHHOM HHTEepBaJje HJIH MojycermMeHTe (CM. 3ameua-
Hue 1).

3. Ilonstne paBHoMepHoi#i HenpepbiBHOCTH ¢yHKuMH. IIpeamouio-
XKuM, uTo QyHKUMs y=f(X) 3aJaHa Ha TaKOM MHOKecTBe {X}, Kax-
Ias ToOuKa KOTOPOro siBjfeTcs npefebHOM TOUYKOH 3TOr0 MHOXECTBa.
IIprMepoM TaKOro MHOXKeCTBAa MOTIYT CJOYXKHTb CErMEHT, HHTepBaJ,
noJIycerMeHT, NoJynpsamasi, OeCKOHeuHasi NpsiMasi, MHOXECTBO Bcex
pauMOHAJbHBIX TOYEK, NPHHAJJIEXAIHNX JIOOOMYy H3 MepEeuHC/IEeHHBIX
MHOXKECTB. v

Onpenenenue. DPyukyua y=f(x) nHaseisaercs paeromep-
HOo Henpepous8Hol wna muoxecrse {x}, ecau Ois A106020 noso-
HUTENbHO20 YUCAQ €& HAUOeTCa oTeéewaroujee emy NOAOKCUTEAbHOe 4dlic-
210 8 Takoe, 4to Oasn A06bix 08Yx To4ex x' u x” mHomecTsa {x}, ydos-
aergoparowux ycaosuro |x'—x"| <8, cnpasedauso Hepasencrso

() —F(x") | <e. (4.29)

3ameuanue 1. Cpasy xe NOJYEDPKHEM, 4UTO e€CAH (YHKIHS
f(x¥) paBHOMepHO HeIpEpPLIBHA HA MHOXeCTBe {x}, T0O OHA HeNpephLIBHa
B KaxkJo# Touke x MHOxkecTBa {x}. B camoM pgene, B3aB B chopmy-
JHPOBAHHOM ONpeJeJEeHHH B KauecTBe x” NAaHHYI0 (DHKCHPOBAHHYIO
TOYKY Xo MHOXKecTBa {x}, a B KauectBe X’ — JI06YI0 TOUKY 3TOro
MHOXKeCTBa, MHl IpPHAEM K ONIpPEJEJEeHHIO HENPepLIBHOCTH (YHKIHH
[(x) B Touke xo mo Ko, '

3amMeuyanue 2. OcHOBHHIM B CHOPMYJHDOBAHHOM oOmNpejee-
HHHM paBHOMEDHOH HeNpepHBHOCTH ABJsAeTcs TpeGOBaHHe, TrapaHTH-
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pylolliee cyuiecTBOBaHue no Jgwobomy &>0 Takoro yHHBEPCAJBLHOrO
8>0, KoTopoe ofecneynBaeT CHOpaBeJJHBOCTb HepaBeHcTBa (4.29)
cpasy AJs Bcex ToueK x’ H x” MHOXKecTBa {x}, Y/JOBJETBOPSIOIWHX
ycaoBuo | x'-——x"| <8. - :

Ecan norpe6oBaTbh HenpepHBHOCTH (GYHKLHH f(X) B KaxJAOH TOY-
Ke xp MHOXecTsa {x}, To Ajna mwoboro >0 u M060H TOUKH X, MHO-
KecTBa {x} MOXKHO TapaHTHPOBAaTh CYLIECTBOBaHHE «CBOErO» IIOJIOXKH-
TeJbHOro 4ucia §=438(e, Xo), 3aBHUCAILEIO HE TOJbKO OT & HO H OT
Xo H 00eCeudBaIONIEro CIpaBeLJIHBOCTb HepaBeHCTBa. |f(x) —f(xo) [ <
<e JBAS BCeX X U3 MHOXKecTBa {x}, yIOBJIETBOPSIOMIMX YCJOBHIO
[x—xo| <6(e, x5). Ilpu 3TOM, BOOOGINE rOBOPS, MOXKET He CYULIECTBO-
BaTh MNOJOMXHTEJbHOH  TOUHOH HHXKHeH TpaHH YKa3aHHBIX
d(e, xp) mO BceM TOYKaM X, MHOXeCTBa {x}, T. e. paBHOMepHas He-
IpepheBHOCT (YHKIHH Ha MHOXecTBe {x} He BHITeKaer, Boobue ro-
BOPS, H3 HENPEepbIBHOCTH 5TOH (GYHKUHH B KaXAOH TOYKE Xg MHO-
xkectBa {x}.

3ameuanne 3. M3 mansoro HaMmMm onpejeseHHs] paBHOMEDHOM
HENPEPLIBHOCTH HENOCPEJCTBEHHO BHITEKAeT, uTo ecau QyHKuus f(x)
paBHOMEDHO HeIpepEBHA Ha MHOXecTBe {x}, TO 3Ta (YHKUHS pPaBHO-
MEpHO HelpephBHAa H Ha JIO60M NOAMHOMKeCTBE MHOXKecTBa {x}.

PaccmoTrpum npuMepn GyHKUHHA, Kak oOnafaloliux, Tak W He 00-
Jafalomux Ha [JaHHOM MHOXKeCTBe {X} CBONHCTBOM paBHOMEpHOH He-
NPEPHIBHOCTH. ~

1
1. Y6eaumcsa B TOM, 4TO (pyHKuust f(x)=—  paBHOMEpPHO He-
X

npepbiBHA Ha Noaynpsmoil x>1. B camom gene, miast mo0ObIX JBYX
ToueK X’ u x” H3 YKa3aHHOH MOJYNPSIMOA CIpaBelJHBO HepaBeH-
CTBO

&) —Fe)) = | =L

X X

x" - x

[TosTomy, B3sIB AJs J1060r0 &£>0 IOJOXKHTENbHOE YHUCJAO § paB~
HEIM g, MBI IIOJIy9HM, 4TO AJsS JM0ObIX ABYX ToYeK x' M x” mosynps-
Mot [l, +4o0), yZOBIETBOPSIOMIMX YyCIOBHIO |x”—x'|<8, cmpaseg-
JauBo HepaBeHctBo |f(x)—f(x") | <8==¢.

2. Oyukuug f(x)=sin-— He ABJSETC PABHOMEDHO HeNpepHIB--

X
soi Ha untepBasie (0, 1)* Urobu ybemuTbcsi B 3TOM, AOCTaTOYHO
J0KasaTh, 4T0 AJisd HeKoToporo e>0u pxasg n1060ro Kak

yrogHo MaJgaoro 6>0 zahjercs xora OH oaHa napa Tovexk x W
x” uarepsana (0, 1) Takux, uro

[ —x"] <8, HO |f(x')—f(x")|>e.

* Xorss 9ra (GYHKUMSA H SBJIAETCA HENPEPHIBHOA B KaXJIOH TOYKE HHTEPBaJa
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PaccMorpum JiBe IIOC/IEIOBATENIBHOCTH TOYEK, IpHHAAJEXAIUX
unrepBany (0, 1), {x'»} u {x”,} ¢ snemenramu

’ 1 " 1
X = Hx =———— n=1,2,....

4
— 2
2+ T

OGe -3Tu mocsief0BaTEeNbHOCTH, @ 3HAYUT, H HX PA3HOCTb ABJAIOTCS
GeckoHeyHO MaubiMH. IlosToMy s M06OT0  Kak YrOZHO MaJoro
8>0 nafizercsi HOMep n TakKOH, 4TO Ix [ < 6. Bmecte c TeEM

JJast aro6oro HoMepa n

[f(x)—F (x) | = !sin an—sin <% + 2nn) I = 1.

TlostoMy i e= -;— >0 u ana xak yrogHo MaJgoro §>0 nai-

JAercs mapa Touek x’ u x” us uurepsana (0, 1) Takux, 4to |%,'—
—xn"| <8, B To BpeMst Kak |f(x.")—f(x.")|>e, 370 M o3Hauaer, 4TO
paccMarpuBaeMasi (GYHKUHS He SIBJASIETCS PaBHOMEDHO HeNpephIBHOH
Ha uHTepsaJje (0, 1). :

3ameruM, 4TO ecau OBl MBI PAcCMOTPENH Ty Xe caMyio (YHKIHIO

f(x)=sin-—1— He Ha uHTepBaje (0, 1), a Ha wuHrepBaae (y, 1), rue
X

y — Jmo6oe yucao u3 uHTepBana 0<y<l, To MpuBeNeHHbLIE BLIIIE pac-
CYXJCHHUSI yXe He uMeJH OB Mecta. DTOT (pakT He sBJsAeTCA ciaydai-
HbIM, HOO HHXKe MBI IIOKAaXeM, UTO yKaszaHHas (QyHKUUA sBAAETCH
PaBHOMEPHO HeNpephHBHOH Ha HHTepBalte (y, 1) mpum 0<y<l.

3. NokaxeM, yto ¢yHKUHS f(x)=x% He sIBJsETCS PaBHOMEPHO He-
npeprBHoffI Ha nonynpaMoﬁ x>1. 3amerumM, uTO0 AN JIOOGBIX ABYX TO-
yex ¥’ U x” monynpsMo# x> 1 cnpaBelJ/JIMBO HepaBEHCTBO

[T —=F") [ =1 (¥)?—(x")?] =
=|x’+x”|~|x’-—-x”|>x’-|x’—x”|.

Y6enuMmca Tenepb B TOM, 4TO He TOJbKO JJII HEKOTOPOTLO
£>0, a gaxe aist A0 60ro >0 u Aasg J060ro Kak yrogHo MaJio-
ro 6>0 Hafigercs mapa Touek x’ H x” H3 noaynpsmol x>1 Takux,
47O

(4.30)

|x—x”| <8, HO |f(x')—f(x")]|>e.

(310 u 6Gyger O3HAuYaThb OTCYTCTBHE CBOHCTBA PaBHOMEPHOH Hempe-
peBHOCTH y GYHKUHH f(x)=x2 Ha paccmMarpuBaeMo#l NOJIYNPSMOM.)
duxrcupoBaB npousBoJbHbHe >0 H 6§>0, Bo3pbMeM B KauecTBe X’

28
HpOH}SBOJIbHOG YHCJO, IIPpEBOCXOAAlLEeEe €NHWHHIY H TakKoe, YTO x’> —6—-',

8 .
H TOJIOXKUM x”=x’+7. Has tTakux x” u x” OyAer cnpaBelIHBO
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HepaBeHcTBO  |x' —x"| =—Z—< 6. C pyro#l CcTOpPOHE, B CHJIY
(4.30) AIs 5THX ke X H x” 6yneTr CIpaBeNJHBO HEPaBEHCTBO
, " [ 2e
I &)= &) | = -~ =e.

3aMeTHM, YTO e€cJqH Obl MBI DAacCMOTPENIH Ty XKe caMylo (YHKUHIO
f(x) =x% He Ha noaynpsmoil x>1, a ma mobGom cermenre |1, b}, rae
b — a1060e QHCIO0, TO npoae,ueHHbIe HAMH pacCyXIeHHsl yXe He HMe-
Jau Obl Mecra.

BToT (GAKT CTAHOBHTCH NOHATHHM B CHIY CAeAyoIeld (yHxamed-
TaJIbHOH TEOpPEMHL.

OcHoBHasag Teopema 4.16. Ecau ¢yuxyus f(x) Henpe-
poisna Ha ceemente [a, b], TO oHa u pasHOMEpHO HenpepolsHa  Ha
aTOM CezMmenTe.

HokaszarteabcTBo. Ilpeanonoxum, uto ¢yHKuus f(x) He-
npephiBHa Ha cermente [a, b], HO He ABJIAETCS PAaBHOMEPHO Hempe-
PHIBHOH Ha 3TOM CerMeHTe.

Torpa Ansi HEKOTOPOro e>0 W 78 JIO60TO KAK YrOAHO MAJIoTo.
¢>0 Halinytca aBe ToukM x’ M x” cerMmeHTa [a, b] Takue, uTO

[#"—x"] <8, mo [[(x)—F(x")|>e.
BriGepeM GeCcKOHEUHO MaJyl0 MOCJAEJOBATEAbHOCTh MOJOKHUTENbHBIX
gyucen 8,=-— (n=1,2,..). MoXHO yTBepXJaTh, uTO AJf YKa-
n

3aHHOro &¢>0 u gjas Jawboro HOMepa n HaHAYTCH ABe TOYKH X,  H
” cermenra [a, b] Takwme, 4TO

%=l < —, Ho If () —f (x| > (4.31)

Tak xak NocleROBATENbHOCTL {X.'} COCTOHT M3 TOWEK CerMeHTra [a,
b], To ‘ona orpaHHieHa u no Teopeme Boabnano—Beiiepmrpacca
(cM. caencrsue 3 u3 Teopembl 3.16 ra. 3) H3 Hee MOXHO BBLAC/HTb
CXOAALLYIOCA TOANOCAEJOBATENbHOCTD {xkn} n=1, 2,... Ilpenexn

t VKa3aHHOH NOANOCAEAOBATENbHOCTH (B CHAY CASACTBMA 2 H3 Teo-
pembl 3.13 ri. 3) Gymer Takxe OpHHagdexartb cerMmedtry [a, b].
B cuay neBoro HepaBeHcTBa (4.31) cooTBercTBYIOLiasi IORNOCJAEIO-
BaTeNbHOCTH {x;n} 6yZeT CXOHUTHCH K TOH XKe caMoi Touke E.

[Mockoabky ¢yHKUHS f(x) HenpephlBHA B KaXAOH TOUKE CerMeHTa
[a, b], ona HenpepniBHa H B Touke E£*. Ho Toraa, B cuiy ompeneJe-
HHA HempepuiBHOCTH NO ['eiiHe, o0e MOANOCTENOBATENbHOCTH COOTBET-
CTBYIOUIMX 3HaueHHH (QYHKUHH {f(x )} u {f (x, )} 00s3aHBl  CXO-

auTthes K f(E), T. e. pasHOCTBb yKasaHme nonnocnenoaaTeanocmﬂ

* B cayyae, ecid § cOBmajgaeT C OJHMM H3 KOHLIOB cermenta [a, b], mon me-
NPEpPHIBHOCTBIO CJIEAYeT NMOHHMATh OXHOCTOPOHHIOK HENPEPHIBHOCTS.
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{f(x,;n)~f(x;n)} o6s3aHa ObITb GecKOHeyHO MajoH. DTO NPOTHBO-

peuuT mpaBoMy HepaBeHCTBY (4.31), cmpaBegjuBoMy [Jif BCeX HOMe-
POB n H NOTOMY AJIsI BCeX HOMEPOB K.

[Tonyyennoe mnpoTHBOpeuHe A0Ka3bIBAeT, 4TO Halle INPeANOJIOXe-
HHE O TOM, YTO HelpepbiBHAs HA cerMeHTe [a, b] QyHKUuS He ABJSA-
©TC PaBHOMEDHO HENpPEepLIBHOH Ha 3TOM CerMeHTe, siBJiIeTCs HEBED-
HeiM. Teopema AoKa3aza.

BosBpaTtuMmcst Temepp K pacCMOTPEHHOMY BHIE HpHMEDPy 2 H THO-

KaxeM, 4to Pyrryus f(x)zsinL ABAAETCS PABHOMEPHO Henpe-
poisroi na unrepsare (y, 1) npu fuo6om v u3 unrepsasa 0<y<l.
‘B camom gese, npu sn1060M TakKOoM y (QYHKIHUS f(x)=sin% Hemnpe-
priBHA Ha cermenTe [y, 1]. 3Hauur, no Teopeme 4.16 dynkuus f (x)=
= sin N PaBHOMEDHO HENPEpHIBH - Ha cerMeHTe [y, 1]. B cuiy 3ame-

YaHusg 3 K ONpENeJIEHHI0O pPaBHOMEPHOH HENpepHIBHOCTH (yHKUUS
.o 1 o
J (x)=sin— . rTem Oojee siBJifieTCS pPaBHOMEPHO HEHODPEPHIBHON Ha
X

IEHTepBane (y, 1), npencraeasiomeM co00i NMOAMHOXKECTBO CErMeHTa
v, 1].
Teopemy 4.16 yno6uo nepedopMy/nHpOBaTh B TepMHHaxX KoJe b a-
‘Husl GYHKLUHH Ha JaHHOM CerMeHTe.

Ilycte ¢yHkuust f(x) orpaHuyeHa Ha JaHHOM cerMeHre [c, d].
Haszosem korebanuen pynryuL f(x) Ha cezmenre |[c, d] pas-
HOCTb w=DM-—m meoncly TOYHOU BepXHel U TOUHOL HUNCHel ePAHAMU
pynrkyuu f(x) na stom ceamenre.

Haist HenpepbBHOH Ha cermente [c, d] ¢ynkuun f(x) Kosaebauue
PaBHO DPA3HOCTH MeXJYy MaKCHUMaJbHBIM H MHHUMAJbHBIM 3HaueHHA-
MH 3TOH (PYHKIHH Ha YKa3aHHOM CErMeHTe.

M3 teopemnl 4.16 HenmocpeACTBEHHO BHITEKAET crenyomee yTBepm-‘
JleHue.

Caenpcrsue u3 tTeopemu 4.16. Ecau ¢ynxyusn f(x) He-
npepoisa Ha ceemente [a, b, To 0 4106020 NOAOHCUTENBHO2O HUC-
AQ & HaiideTcs orseqaroujee emy NONONCUTEAbHOE HUCAO 8 Taxkoe, 4To
kosebanue ¢ynxyuu f(x) Ha awbom codepacawiemcs 8 ceemenTe
[a, b] ceemente Oaunst, menswed 8, 6yder menvule uucra e.

3amMeuanue 4. AHaqu3upPys NOKA3aTeNbcTBa TeopeM 4.14 u
4.15 Betiepmitpacca n teopemel 4.16, HeTPpyIHO 3aMeTHTb, ‘UTO B 3THX
TpeX TeopeMax BMeCTO cerMeHTa [a, b] MOXKHO B3ATb IPOH3BOJIBHOE
MHOXKeCTBO {x}, AJsi KOTOPOrO BBHINOJHEHH ABa TpeboBaHusA: 1) aro
MHoscecTéo {x} seasercs ozpanudenneim; 2) 3Tto mHoxectso {x} co-
depocur A06Y10 8010 NPedesbrYyD TOUKY (TaKoe MHOXKECTBO JOTOBO-
pHMCSI HAa3blBaThb 33 M KHY T bl M). 4

Muoxectso {x}, yZoBjerBopsilollee yKa3aHHBIM JABYM TpeGoBa-
HUAM, AOTOBOPHMCSI HA3bBaTh KOMMDAKTHBIM MHOXECTBOM



§ 6. JlokambHble H ryobalibHEE CBOHCTBA HENMPEPHIBHEIX (DYHKLHI 181

Win KoMnakTtoM. Takum o6pasoM, yKasaHHHE TPH TEOPEME
(. e. nBe TeopeMnbl BeiltepmiTpacca u Teopema 4.16) cnpaBenJHBEL He
TOJIBKO JJIs (DYHKIIHH, HENPEePHIBHON Ha CerMeHTe, HO H AJsi (YHKIHH,
HeNpepHBHOH Ha JI060M KOMIAaKTe,

B § 7 vacrosme# raaBH 6yayT cHopMyAHPOBaHE GoJee TOUHBIE OII-
pelesNeHHs] 3aMKHYTOTO M KOMIAKTHOI'O MHOXKeCTB. Bmpouem, anas
cyydasi UHCJIOBHIX MHOXKECTB 3TH (oJiee TOUHBIE ONpPEAC/EHHS OKa3hl-
BAlOTCsl SKBUBAJIEHTHHIMHM NDHBENEHHLIM HAaMH Bbille ONpPENEJIECHUSAM,

4. lloHsiTMe MONYJSs . HENPEPBIBHOCTH (DYHKIMH. I'IpelmonomnM
uro ¢yHKnua f(x) ompeleneHa M HempeprlBHA HA HEKOTOPOM MHO-
KecTBe {x}, Kaxmas TOYKAa KOTOPOTO #BJISIETCS MPeAeJbHOM TOUYKOi
TOT0 MHOXKECTBA.

Onpenenenune. [Jaa xandozo 8>0 nasosem modyaren
HenpepolerhocTu Qyukyuu f(x) na muoxecTse {x} TOUHYIO
6epXHION epans modyas passocTu |f(x")—f(x”)| no ecem Touxam
X, u x", npunadaescawum mnoxcecTsy {x} u yoosareTsoparOUUM
Hepasencrsy |x'—x"| <8.

Hsis 0603HaueHHst yKasaHHOH TOYHOH BepxHe#dl rpaHu OOGBIYHO
ynoTpebJasioT CJAeAYONHA CUMBOJ:

sup{|f () —f(x") | : |¥'—x"| <d; X, x"={x}}.

Cam e MORYJbh HeNpPEpHIBHOCTH (QYHKIMH f(X) HA MHOXKeCTBE
{x} npunATo 0603HayaTh CUMBOJOM o (f, ).

Taxkum oGpasoMm, 1o ompeneeHUI0

o(f, 8) =sup{|f () —f(x") | : |[x*'—x"|<8; ¥, "={x}}.
(4.32)

3ameuanue. [lpu onpeneneHun MOAYJS HeNPEPHIBHOCTH
o(f, 8) B mpaBoit wactn (4.32) Bmecto |f(x')—f(x”)| MmoxHO
Obl10 OBl NHCATb PA3HOCTD [f(x’)—f(x”)] 6e3 3Haka MOAyJs. DTO
{ BBITEKaeT M3 TOrO, YTO TOYKH X’ U x” MOXKHO NMOMEHSTh MeCTaMH
(nmpu stom pasHocTh [f(x')—f(x")] H3MeHHT 3HAK HAa IPOTHBOMNO-
JIOXKHHI, B TO BpeMsi KakK BeJuyuHa |x'—x”| He H3MeHHTCS).

Ot™merHm JIBa CBOHCTBA MOJIYJs1 HenpepeBHOCTH o(f, §).

! 1°. Modyas menpepoigroctu o(f, 8) e6ceeda reoTpuyaresen:
o(f, 8)>0.

ATO CBOHCTBO HEMOCPEACTBEHHO BHITEKAET M3 OINpeAeseHHs MO-
AyJist HerpepheiBHOCTH (4.32).

2°. Modyav HenpepoisnocTu (f, 8) npedcrasaser coboi He-
yboisarowyro pyrkyuro § scrody Ha noasynpamoii 6>>0.

B camoMm pese, nmpu yMeHbIUIEHHH & MHOXECTBO, II0 KOTOPOMY
Geperca cynpeMyM (4.32), cyxkaercs, a CynpeMyM Ha 4YacTH MHO-
KeCTBa He IPEBOCXOAUT CYNpPEMyMa Ha BCEM MHOMKeCTBe.

BrelupciuM MOAYJIH HENPEpPLIBHOCTH HEKOTOPHIX (YyHKIMA.

1. BuuMcauM MOJAYJb HelpephiBHOCTH (yHKuuH [(x)=x% Ha
cerMeHTe [0 1].

; Iycts " u x” — m00be aBe Touku cermenrta [0, 1] takue, yTO
i x”=x"—6, rae 0<§<1. Torna, O4YeBHAHO,
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[ (&) —F (") ] =[(x)?—(x")?] =[ (x')*— (x"—8) *] <26—6".

U3 mocaenHero HepaBeHCTBA, YUHTHIBAS 3aMedaHHe K onpejeNeH I
MOJyJsi HEHPEePLIBHOCTH, ME HOJYYHM, 9TO

o(f, 8)=sup {[f(x)—f(x")]: |¥'—x"} <& ¥, x"<[0, 1]}<26—8

C napyro#t croponn, B3sB x'=1, x"=1—8§, tak uro |x'—x"|=4§,
MblI HOJYYHM, YTO :

[F () —F(x")] =1—(1—5)2=25—02.

3uayut, o(f, 8) = (x2, §) =26—06% (ecau 6<1).
2. BLYHCAUM Jajgee MOAYJ/b HENPEPHBHOCTH QYyHKUMH [ (¥)==

—sin—- na uarepsane (0, 1).
X R

Taxk kax
() —F ()] =] sin —1,———sin—l”—l < lsini,‘+|
X X X

10 0(f, 8) <2.
C npyroii CTopoHH, B3sB JBe OECKOHEYHO MaJble Iocjae-
noBatelbHOCTH {%¥,'} u {x.,”} TOuex wuntepBana (0, 1) BHIa
1

’ 1 "

X, = ————— X, =—————, TAen=1,2, .., MB 1J4 Ji060-

—’;—+2nn —-§—+2nn

<2

ro >0 cMoXKeM yKasatb HOMep nTakoll, uto  0<x,'<8 u 0<x,"<
<6, TaK 4r0 |X'—x."| <0, npuueM

[f (x1)—F (£)] =sin =~ —sin L~ = 2.

X

»
xn n
Orciona caenyer, uto o (f, 6)=(ov(sin —i-, 6) = 2.
3. BuumcnuM, HakKOHeN, MOAYJb HENPEePLIBHOCTH (YHKIHA
f(x)::—l—- Ha uHTepBajie (0, 1). Y6eaumcs B TOM, UYTO 3TOT
X

MOJYJib HENPEPHIBHOCTH PaBeH -+ oo.

@QHKCHPOBAB NPOU3BOJBHOE 0>>0, pacCMOTPUM TOJLKO TaKue
TOUuKH x’ ¥ x”, KOTOpHE YROBJIETBOPAIOT cooTHOmeHHaM O0<x’<§,
x" =8, Tag uro |x'—x"|<8. OueBuzHoO, uTO *

m(—l—, 6> > sup {—l—,——-l—:0<x’<6}= + oo.
x x 8

B 3akaioueHye AOKaXKeM TeOpeMy, VCTAHABJIMBAIOUIYIO CBS3b
MeXJy CBOWCTBOM DaBHOMEDHOH HenpepblBHOCTH ¢yHKIHH f(x) Ha

* Mpl y4uTHBaeM, YTO NpPH CyXEHHH MHOXeCTBAa 3HAueHHA X, M X"/, m0 KOTO-
pHM Gepercs CYNpeMyM, 3TOT CYNpPeMyM MOXKET TOJBKO yMEeHbIUATHCS.
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MHOXKecTBe {x} H BEJIMYHHOH MOAYJS HENpephIBHOCTH 3TOH (YHK-
IIMM HAa YKa3aHHOM MHOXeCTBE. 4

Teopema 4.17. [Haa 1020 urober ¢ynxyus f(x) assarace
DABHOMEDHO HenpepsleHoL Ha MHONecTee {x}, Heobxodumo u doc-
TaTO4HO, 4T06b6L MOOYse HenpepolsHocTu o (f, 8) arold yunxkyuu na
YKA3AHHOM MHOJKCECT8e YOO8AETBOPANL COOTHOULEHUIO

lim o (f, 8)=0. - (4.33)
8040

HokasareabcrtBo. 1) Heobxodumocrs. Ilycts ¢yHKIUS
f(x) paBHOMepHO HenpepbiBHa Ha MHOxecTBe {x}. Tpebyercs noka-
3aTh, YTO clpaBelsHBO cooTHoureHHe (4.33), T. e. Tpebyercsi HOKa-
3aTh, uTo AJd Jwboro >0 paigercs oreeyamuee emy §,>0 Ta-
KOoe, 4To AJsA Bcex 9§, y,IIOBJIETBopﬂ}OHlI/IX yeaosuio 0<6<8,, cupa-
BeJIUBO HepaBeHCTBO o (f, 6)<e *.

ITo onpejeNeHHIo paBHomepHon HereprBHOCTH nas  Jo6oro
¢>0 mafizercs orBeuawluee emy 8.>0 Takoe, uTOo AJas BceX X’ H
x” u3 MHOXKecTBa {x}, yZOBJeTBOpSAIILMX ychaoBuio |x'—x”|<8.,

cnpaBelauBo HepaseHctBo | (x)—f(x")| < —Z—, Ho 310 u o03-

Hauaer, yro AJs Joboro § u3 uHTepBasa 0<8<d, cIpaBelIHBO
HEPaBeHCTBO

o(f, & =sup{|f (*)—f () |1 | K| <& &', ¥ S} < - <o

2) Hocrarourocrs. IlycTb BhNOJHEHO cooTHomeHHe (4.33), T.e
nas joboro €>0 cymecTByer orBeyatomee emy §.>0 Takoe, uTO
LJsi Bcex 8, yaoBJeTBOpsiOIIMX ycaoBHI0O 0<8<0,, cHpaBelHBO
HepaBeHCTBO o (f, 6) <e.

s onpefeenns MOJIYJIsi HEIPEPEIBHOCTH ° CJAEAyeT, uTO JJIs
Bcex ¥’ W x” M3 MHOXKecTBA {X}, YHOBJGSTBOPHIOIIHX YCJIOBHIO
|¥—x"| <6<8., cnpaBeanuBo HepaBeHCTBO |f(x')—f(x")|<e,
9TO W O3Hauyaer, 4To (yHKUug f(x) paBHOMEPHO HempephiBHA Ha
mHoxkecTBe {x}. Teopema nokasaHa.

Brile Mbl BEIYHCJIHJIH MOAYJIH HENPEPHIBHOCTEH TPex (yHKIM:
dyukuuu x2 Ha cermenre [0, 1] ¥ dyHKuHi sm—;— B — Ha '
uHTepBane (0, 1).

.1 \ 1
Takkak o (x2,0) =20—6?, © (sm——, 6) =2, ® (—, 6) = + oo,

X X
TO H3 TeopeMH 4.17 cpasy ke BHTeKaeT, YTO (QYHKUHA X2
paBHOMEpHO HenpepuiBHA Ha cermeHTe [0, 1], a dyHKIHH sin -
X
" —l- He fBJSIOTCS PAaBHOMEDHO HENPepHIBHEIMH Ha HHTepBale

o, 1)

* MH yuHTHBaeM npu stoM, uto o(f, 8) >0,
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§ 7. NOHATHE KOMNAKTHOCTH MHO)XECTBA

1. OTKpbiThie M 3aMKHYThle MHOXecTBAa. PaccMOTpDHM Npous-
BOJIbHOE MHOKECTBO Bel[eCTBEHHBIX UHces {x}.

Onpenenenne 1. Touka x wmuosecrsa {x} Ha3bisaercs
BHYTPEHHEN TOYKOL 3T020 MHONECTBA, eCAl CYUu,ecT8yer noAo-
HCUTENbHOE HUCAO § TaKoe, 4TO §-OKpecTHOCTs TOYKU X TAKNCe npi-
HAOAEHCUT MHOJCECTEY {X).

Onpenenenne 2. Mnuoxecrso {x} Ha3eieaerca OTKp b~
T ol M, ecau A06as TOUKQ 3ITOZ0 MHOMCECTBA ABARETCH BHYTPEHHEl:
€20 TO4KOU.

[IpumepaMyu OTKPHITHIX MHOMKECTB MOTYT CJAYXHTb HHTEPBaJ,
OTKpHITass TnoJaymnpsiMasi, OeckQHeuHass npsimast, oObeAMHEHHEC He-
CKOJIbKHX HellepeceKalolHXCcs HHTEepBaJioB.

Onpenenenue 3. MroocecTeo {x} Ha3vi8aeTCSA 3AMKHY -
TolM, ecAu OONOAHEeHue 3T020 mHoxXcecT8a (T. e. PA3HOCTbL (—oo,
+o00) \{x}) s845€TCS OTKPOLITOLM MHONCECTEOM. ‘

B sameuanuu 4 B koHue n. 3 §6 Obuio maHo apyroe onpefe-.

‘JieHHe 3aMKHYTOro MHoxecTBa. HamomHuM ero ¢GOopMYJIHPOBKY.

Ounpenenenune 3*. Mnooecrso {x} nasvisaercs 3 a MK H y-
Tol M, €CAL I9TO MHOXMECT80 cOBepicur 8ce 80U npedesvrole
TOUKU. »

Y6enumcs B TOM, UTO AJsA CJAydyas NPOH3BOJBHBIX UYHCJOBBIX
MHOKECTB olipefiesieHust 3 U 3% 3KBHBAJIEHTHHI.

_ 1) Ilycrs cHauana MHOXKeCTBO {x} sIBjseTCs JAONOJHEHHEM OT-
KpBITOro MHOXKecTBa. JlokKameM, 4TO B TakoM cJaydae Jjwobas mnpe-
JAeNbHasi TOYKA x 3TOr0 MHOXKecTBa {x} 006s3aTejbHO €My IPHHAJ-
JIEKHUT.

B camom nese, npeaNoJIOXKMB, UTO NpeAe/bHasi TOYKa X He NpH-
HaAJEeXHT MHOXKeCTBY {x}, Mbl Obl HOJYUH/H, YTO X NPHHAAJEKUT
-IOTIOJIHEHHI0 MHOXKeCTBa {x}, KOTOpOe SBJAETCS OTKPBITHLIM. MHO-
xkectBoM. Ho Toraa x npuHamnexana Obl 3TOMY OTKDPHITOMY MHO-
JKEeCTBY BMeCTe ¢ HeKOTOPOH CBOeH §-OKPecTHOCTbIO, T. €. HEKOTO-
pasi 0-OKDECTHOCTb TOUKH X He cojepxana 0bl TOYEK MHOMKECTB&
{x}, a 370 mpoTHBOpEUYHJO OBl TOMY, YTO X fABJSETCH IPeAeJbHOR
TOUYKOH MHOMKeCTBA {x}.

2) Ilycts mo6asi mpefiesibHAs TOYKA MHOXKECTBA {X} NpuHamje-
XKHUT 3TOMy MHOXKecTBY. JlOKaxKeM, 4TO MHOXKECTBO {x} sBJseTcs JO-
[IOJIHEHHeM OTKpPHITOro MHOMecTBa. Ilycth ¥ — mo6as Touka no-
noauenusi MHoxectBa {x}. TpebGyercss mgokasartb, 4TO 3TO JAONOJHE-
HHe COJEPXKHT H HEKOTOPYIO §-OKPECTHOCTh TOYKH X.

Eciu 6H 3TO OBLIO He TaK, TO Jiobas §-OKPEeCTHOCTb TOYKH X
comepxana 6pl TOYKH MHOXKeCTBA {x}, T. e. TOYKa X SBJIANAChL Obi
npefesbHON TOYKOH MHOXKeCTBa {x} u no ycmoBui emy npunamie-
’Kajia, a 9TO NPOTHBOPEUYHJO OBl TOMY, YTO X — TOYKA AOMOJIHEHHS
MHOXKecTBa {x}. '

2. O TIOKPBITHAX MHOXKECTBA CHCTEMON OTKPLITBIX MHOXECTB.
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Onpepenenuel. Bydem eogopurs, uro cucrema {Z,} or-
KpolToLx MHOMeCT8 T, 06 pa3yeT NOKpuiTUE MHOXNECTEA
{x}, ecau arob6as Touka x muoxmcecrea {x} npunadaexwur xors ObL
O00HOMY U3 MHOXMCECT8 cucTemol {Tq}.

JlokaxeM xBe 3ameuaTesbHble JIEMMH O NOKDHTHAX MHOXeECT-
Ba CHCTeMOH OTKDBITHIX MHOXECTB.

Jlemma Tefine—bBopens gass cerMmeHta. H3 awo-
6oii cucremor {I,} oTKpLITHLY MHOMCECTE Z,, 06pa3yroujell noKpus-
Tue ceemenra [a, b], moxHO Bbi0eAUTO KOHEUHY nOOCUCTEMY,
TaKsce 06pa3yrowyio NOKPLITUE 3TO20 CE2MEHTA.

HokaszarteanbctBo. [Iycrs GeckoneuHast cucreMa {Zq}
OTKPHTHX MHOXECTB X, 00pa3yer HOKpuITHe cermenra [a, bl*.

Honycrum, uto cerment /=[a, b] Heab3ss NOKPHITH KOHEUHBIM
Ha6opoOM OTKDPHITHIX MHOXECTB H3 cHcTeMbl {Z,}). Toraa, pasnenus
3TOT cerMent / momogaM, MH NOJAYYHM, YTO XOTS OBl OfHY H3 IO-
JIOBUH cermeHnrta / HeJb3d NMOKPHLITh KOHEUHBIM HaOOpPOM OTKPBITHIX
MHOXeCTB H3 CHCTeMH {Z,}. O603HaYuM 3Ty NOJOBHHY. yepe3 I;.

ITopeaus I; monosam, Mbl NOJYYHM, STO XOTS OBl OJHY H3 IOJO-

BUH I; (0603HayuM ee 4epe3 [;) Hesb3si NOKPHITh KOHEUHBIM Habo-
POM MHOXKECTB H3 CHCTeMH {Z,}.
" Tlponoaxas nanee 3TH PacCyXJACHHS, MBl NOJYYHM CHCTEMY
BJIOJKEHHBIX CerMeHTOB {/,}, KaXAulli H3 KOTOPHIX HEJb3sl MOKDPHIThH
KOHEYHHM Hab0pOM MHOMXECTB M3 CHCTeMH {2,}. JJHHA n-ro cer-
MeHTa [, cocrasiaser 1/2* yacTb JJIHHBL OCHOBHOTO CErMeHTa
/=[a, b] U cTPEMHTCS K HYJI0 NPH N~»+00.

B cuny caexctBus m3 Tteopemni3.15 (cM. nm. 2 § 2 ra. 3) cy-
HIECTBYeT €AMHCTBeHHasi TOUKa ¢, NpUHAAJe}XKallas BCEM CErMeH-
Tam {/.}. Tak Kak 3Ta TOYKa ¢ NPHHAJJIEKHT OCHOBHOMY CerMeH-
1y I=[a, b], To B cucreme {Z,} HafimeTcss OTKPHTOE MHOXKECTBO
Z., KOTOPOMY NPHHAAJEXKHT TOYKA ¢. B CHy TOro, 4T0 MHOXECTBO
Z, ABAAETCA OTKPHITHIM, Hafgerca >0 Takoe, 4TO §-OKpeCTHOCTh
TOUKH ¢, T. €. HHTepBan (¢—~8, ¢+ 0) TakKe NpUHANJIEKHT MHO-
XKECTBY 2. :

B cuny Toro, uTo Bce cerMeHTH [, COAEPKAT TOUKY ¢ H AJIHMHBI
5THX HHTEPBAJIOB CTPEMSTCS K HYJIO MPH n—»00, MOKHO YTBEPXK-
RaTb, 9TO HaHJeTCA HOMEp 7y TaKOH, YTO IPH 73>ry BCE CErMEHTH
I, comepxarca B uHrepBane (c—~8, c+9).

Ho 3to osmauaer, 4ro Bce cermeHTH [, IPH n>>ny MOTYT GHITH
NOKPHITHl OJAHHM MHOXKeCTBOM I, CHCTEeMH {2,}. Tem caMbIM MH
NOJNYYHJH NPOTHBOPEYHE C YTBEPKACHHEM O TOM, YTO HH OJHH
CerMeHT [, He/lb3sl NMOKPHITh KOHEUHHIM HaGOpPOM  MHOMECTB H3
cucreMbl {2.}. [Toanyyennoe mpoTHBOpeyHe 3aBeplaeT A0Ka3aTelb-
CTBO JIEMMBI.

Hoxkaxem tenepb 6oJiee ofuiee yTBepXKAECHHE.

* Eciu 6m cHcreMa {Zq), oOpasyiolias MOKpHTHE cerMeHTta [a, b], He aBJs-

Jach 6eckoHeuHOMH, TO JemMa OHJa Gb JOKa3aHa,
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Jlemma T'efine—~DBopenas nass 3aMKHYTOrLoO OTpDa-
HHYEHHOTro MHOXecTBa. H3 aoboi cuctemer {S.} oTKpbL-
TblX MHOXMCECT8 3, 00pA3youieti NOKpouITUE 3AMKHYTO20 02PaHu-
4eHH020 MHOsCecTéa {x}, MOXCHO 8bl0eAUTt KOHeuHYyro nodcucremy,
Taxsce o6pasylouyro noKpLiTUe MHOXCecTea {x}.

IHoxasarteabcTBO. I[lycTh {x} — 3aMKHyTOe OrpaHHYEHHOE
MHOXECTBO, {Z,} — CHCTeMa OTKPHITHIX MHOMeCTB, o0pasyioias
NOKPHITHE MHOXKeCTBa {x}.

Tax Kak MHOXKECTBO {x} OorpaHHueHO, TO HAHAETCA CETMEHT
[a, b], copepxamuit 310 MHOXecTtBO. O603HayuM uepe3 g, OT-
KPHITOE MHOXKECTBO, sBJsIOlleecs MONOJHEHHEM K 3aMKHYTOMY
MHOXECTBY {X} W 3aMeTHM, uro OGbEeIHHEHHe CHCTeMH {Z.} ¢ OT-
KPHITHIM MHOXECTBOM X, ofpasyer nokpuitHe cermesra [a, bl.
B cuny nemmu I'efine—Dbopeas ajas cermMeHTa M3 3TOrO0 NOKPLITHS
MOKHO BLIZEJHTh KOHEYHYIO MOJCHCTEMY, TaKxKe o6pasylouyio
IIOKPHITHE cermMeHTa |[a, b].

Ecin MHOXKecTBo X, BXOJHT B 3Ty KOHEUHYIO NOACHCTEMY, TO,
VIAJ¥B €ro U3 Hee, MBl IOJYYHM KOHEYHyIO NOACHCTEMY CHCTEMH
{24}, 06pasyollyio NOKPHITHE MHOXKECTBA {x}*.

Ecau e MHOXKECTBO X He BXOAHT B KOHEYHYIO IIOJACHCTEMY,
o6pasylomyio IOKpHTHEe cerMeHTa [a, b], TO 3Ta KOHeyHas MOA-
CHCTEMA COCTOMT MCKJIOUHTEJbHO M3 MHOMKECTB I, CHCTEMBl {Za}
1 obpasyeT NOKpHITHE MHOXecTBa {x}, cojepiKallerocss B CErMeH-
te [a, b]. Jlemma pokasana.

3. NousiTne KOMNakTHOCTH MHOXKecTBa. Ilycts {x} — mpomus-
BOJIbHOE MHOXKECTBO BEIECTBEHHBIX UHCEJ.

Onpeagenenue l. Mrowecrso {x} HassbieaeTca KOMnNaKT-
Hoim MHOodMecTeom (ual KomnaxKkToOM), ecau u3 060l
cucremor {3} OTKPbITOLX MHOINMCECTS, O6pasyroujeli noxpuiTue MHO-
scecTsa {x} MOJNCHO BbIEAUTb KOHEUHY0 NOOCUCTEMY, Tarxce 06pa-
3YIOWY0 NOKpeiTUE MHOMCecTea {x}). :

B sameuanun 4 B xoHUe 1. 3 § 6 6pIO JaHO Apyroe ompeje-
JleHue KOMIAKTHOrO MHOXecTBa. HamomuuM ero (GopMyJHPOBKY.

Onpenenenue 1* Mnoxecrso {x} HaszviBaeTcs KOMNaxT-
HOIM, eCAL OHO ABAAETCA 3AMKHYTHIM U OZPAHUYEHHbLIM **,

JlokaxkeM, 4TO OAf NPOUSBONLHBIX HUCAOBBLX MHONCECT8 onpe-
Oesenusn 1 u 1* axsusasrenTrol.

1) ITyctb cHaualla MHOXKeCTBO {x} SIBJIsIeTCSl 3aMKHYTHIM H Orpa-
HuyenHBIM. Torxa TOoT ¢axT, 4To H3 J1060H CHCTEMBI OTKDHITHX
MHOXeCTB {2}, 0Opasyiomeii NOKPHTHE {X}, MOXKHO BBIIEJHTb KO-
HeUYHYI0 NOJACHCTEMY, TaKxe 0O0pasyiolmyi NOKpHTHe {x}, cpasy
BHITeKaeT u3 JeMMH ['efire—DBopeas (cM. m. 2).

* Mpl yuHTHIBAEM, YTO MHOXECTBO Xp, SBAAACL JONOJHEHHEM K MHOXECTBY
{x}, He comepKUT HH OJHOH TOUKH MHOKecTBa {x}. ;
** OTHOCHTEJLHO TePMHHA «KOMIAKTHOCTb» cM. 1, 2 § 3 rat. 127 -
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2) Ilyctp muHOXecTBO {x} TaKOBO, UTO H3 JIOGOH CHCTEMBI OT-
KPHITBHIX MHOXeCTB {¥.}, o6pasyiollefl NOKpHITHE {X}, MOXKHO BbHIAe-
JHUTb KOHEYHyI0 NOACHCTeMy, Takke 06pasylollyil0 NOKpbITHE {X}.

JloKaxeM, YTO MHOXKECTBO {x} sIBJIIeTCS 3aMKHYTHIM H OrpaHH-
YEeHHBIM.

Crauana JI0KaXeM 3aMKHYTOCTb MHOXeCTBa {x}.

HocraTouHo pOKa3aTh, uro AGNOJHeHHe D MHOXecTBa {x} sB-
JISIETCSl OTKPHITHIM MHOXKECTBOM.

QukcHpyeM [POH3BOJBHYIO TOUKY y pomosHerus D. TpeGyercs
J0Ka3aTh, YTO CYLIeCTBYET HEKOTOpasi 8-OKPeCTHOCTb TOUKH Y, TaK-
JKe TpHHAAJexKalas KOMoNHeHuw D.

Ilycte x — mioGasi Touka MHokectBa {x}. Tak Kak x=%y, TO
yncao O (x)= l—x;—y—'— SIBJIACTCS  MOJIOXKHTENbHEIM,  I[IpHYEM

0(x) — OKPecTHOCTH TOYEK X H Y
Ze=(x—08(x), x+06(x)), ¥x=(y—0(x), y+6(x))

He IepeceKamnTcs.

TTockoAbKY cHCTEMa OTKPBHITHIX MHOXKECTB {X:}, OTBeyalIiHX
BCEBO3MOKHBIM TOYKaM X MHOXKecTBa {x} o6pasyer HOKPHITHE MHO-
KecTBa {x}, TO M3 3TOH CHCTEMBI MOXHO BBLIEJHTb KOHEUHYIO NMOA-

cucreMy By, Xy, ... ,Zy, Takke 00pa3yOUIyI0 NOKPHITHE MHO-
KectBa {x}.
O603nayum yepes Wy, Wy, .. .,‘I’xn COOTBETCTBYIOLIYIO KO-

HEYHYI0 NOACHCTEMY O-OKPECTHOCTEl TOUKH . Haumenbmas
U3 3THX O§-OKpecTHocTeil GyZeT COXepKAaThCsi BO BCEX MHOMKECTBAX
TR FRETEN H noToMy He Oyfer MMeTb OOLIMX TOYEK HHU C
OJHHM M3 MHOXECTB g, Zigy« - ,5z,- [0 TOTAA, NOCKOJBKY INOA-
cucteMa 2y, Zg,. .., 2y, 00pasyer TOKPHITHE MHOXKECTBA {x},
yKasaHHa# HaMMeHbliasi §-OKPECTHOCTb TOUYKH y He Oyner coaep-
KaTb TOYeK MHOXKecTBa {x}, T. e. OyAeT LEJIHKOM IpHHAAJIEXATh
jonosanennio D muoxecrBa {x}.

TeM caMblM AOKa3aHo, YTO MHOXKecTBO D siBisieTcs OTKPHITHIM
'H IOTOMY MHOXECTBO {x} sIBJIsIeTCA 3aMKHYTBIM.

JlokaxeM Tenepb, YTO MHOXKECTBO {x} sBJAseTCA OTpaHHYEH-
HeiM. Ecan 66l 3TO OBLIO He TaK, TO Halllach Obl MOCJeROBaTel]b-
HOCTb {X.} He COBNMajamwIuHx APYyr ¢ ZPYroM TOYEK MHOXKECTBA
{x}, yaoBaeTBOpAIOWIAS YCIOBHIO

|| >n  (n=1, 2,..).

Tak Kak 3Ta INOCJHEeNOBATEIbHOCTh He HMeeT KOHEeYHB X Ipe-
ZleJbHBIX TOYEK, TO KaxJas TOUKa X, HMEEeT §-OKPeCTHOCTb g ,
cBOGOJIHYI0 OT APYTHX TOYEK NOCJIELOBATENBHOCTH {Xn}.

OueBHAHO, YTO H3 GECKOHEYHOH CHCTEMBl OTKDHITHIX MHOXKECTB
{2} 06pasyloLIHX NOKPHITHe MHOXKECTBA TOYEK - {X.}, HEJb3sk
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BHIGpATh KOHEUHOH MHOACHCTEMBI, 06pasyloumled NOKPHITHE .BCEX TO-
uek {x.}.

Tak Kak MHOXeCTBO {x,} ABJseTcd nOAMHOXKecTBOM {x}, TO
TeMm 60Jiee HeJib3sl M3 BCAKOH CHCTEMB! OTKPBITHIX MHOXKECTB, o6pa-
3YIOHIHX MOKPBITHE {X}, BBIIEJIHTH KOHEYHYI0 IIOACHCTEMY, TaKXe
o6pasyrowmyio nokpeTHe {x}. [lo 3T0 mpoTHBOpeuuT HallleMy Ipex-
TNOJIOKEHHI0O 0 MHOXecTBe {x}. HomyueHHoe mpoTHBOpeuHe N0Ka3bi-
BaeT OrpaHUUYEHHOCTb MHOXKecCTBa {x}.

3aMeTUM B 3aKJIOU€HHE, YTO Bce BBeJCHHBIe B 3TOM naparpade
noHATus B Gosee oOlUed CHTyallUH HM3y4aloTCs B JONOJHEHHH 2 K
ra. 12.




FiaBa 5

AUPPEPEHIUAJIDBHOE HCYUCJIEHHE

B Hacrosmeil riase OyAyT BBeAeHH (yHAaMeHTaJbHble NOHATHS
NpOU3BOAHOA M AuddepeHnnasa GpyHknuH. Mbl yCcTaHOBUM OCHOBHBIE
npaBuia JupQepeHnpOBAHUS H BBIUHCIMM HPOH3BOJHBIE BCEX NPOC-
TEHIIHX 2JeMEHTapHHX (QYHKUHH, yXKe NpUBeJeHHBe HAMH B M. 1 w
H3BECTHble H3 IIKOJBHOrO Kypca. B konme riasel OyAyT paccMoTpe-
HBl [POHM3BOAHbIE H JU(@epeHIHal bl BLHICIIHX MODPSAJKOB H BOIPOC O
AnddepeHnupoBaHUN (QYHKIHH, 3aJaHHOH NapaMeTpUUecKH.

§ 1. IOHATHE NMPOU3BOAHON

1. Hpupaumenne dynkuuu. Pa3zHocTHas (opma ycjaoBuS HeNpepbIB-
HoctH. PaccMoTpuM ¢yHKUHIO y=[(x), 3amaHHyI0 Ha HHTepBane (a,
b)*. Ilyctb x — miobasi GHKCHpOBaHHAs TOYKa HHTepBata (a, b), a
Ax — TIpouM3BOJILHOE UYHCJO, HACTOJBKO Majioe, 4TO 3HAUeHHe X+Ax
TakkKe HaXOJAUTCH Ha HHTepBaje (a, b). 310 uyucao Ax OOGHIYHO Ha-
3BIBAIOT NpHUpalleHHEM apryMeHTa.

IIpupauwenuemn ¢pyunkyuu y=f(x) 8 Touke x, orsewaroujum
npupawernuo apeymenta Ax, 6ydem HA3bIBATb YUCAO

Ay=F(x+Ax)—f(x). (5.1)

Tak, ana ¢yHKIMH y=sinx IpHpallieHHe B TOYKe X, OTBeyalliee
IpHPAIEHHI0 apryMeHTa Ax, UMeeT BHJ,
Ay=sin(x+ Ax)—sinx=2cos <x+%) sin—ézi, (5.2)

CrpaBeasiuBo cJenyiolllee yrsepaudenue:

Jas 1020 uTOGBL (hynKyUL Y=[(x) ABAANACH HENPEPBIBHOL 8 TOY-
Ke x, Heobxo0umo u AocTaTo4Ho, 4T00bL npupawenue Ay aroil gyuik-
yuu 8 TOHKe X, OT8edaoujee NPUPAUEHUID apeyMeHTa AX, A8AAA0CH
Oeckoneuno maroim npu Ax—-0.

B camom gese, mo onpejeneHH0 ¢yHkuua y=f(x) HempephBHa
B TOUKE X, €CJH CYLIECTBYeT npejed

lim f (x4 Ax)=f (x). (5.3)
Ax—->0
B cuny n. 4 § 4 ra. 3 cymecTBoBaHHe IpeleNbHOTO 3HaueHus (5.3)

* B KayecTBe MHOXECTBA 3aJaHHs (QYHKUMH BMECTO HHTeppana (a, b) MoXHa
B3sTh JoGoe mIOTHOe B cebe MHOXKecTBO {x} (cM. ri1. 2, § 5, m. 3). .
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9KBHBAJIEHTHO TOMY, YTO (pyHKImﬂ [f{(x+Ax)—f(x)] aprymenta Ax
ABJseTcs 6ecKoHeyHO Majnod npu Ax—-0.

JlokasaHHOe yTBepXKJeHHe NO3BONAET BHIPA3UTh YCJOBHE HeMpe-
peiBHOCTH (YHKHHH y=f(x) B TOuKe x B caexyoouled GopMe: qbymc-
yus y=f(x) Henpepvisna 8 To4Ke X, ecau npupauwjesue Ay. 3Tol
Gynxyuu 8 Touke X, orsedarouiee NPUPAULEHUIO apeymenta Ax, saeaa-
ercs beckoneuno marvim npu Ax—0, 1. e. ecau

lim Ay =1im [f(x+ Ax)—f (x)] =0. (5.4)
Ax—>0 Ax-0 .

Ycnosue (5.4) mbl 6yneM HasbBaThb pas3HOCTHOH dopmoi
YCJIOBHS HEeNpepBbHBHOCTH OyHKIHH y=[(x) B Touke x. ITO
ycaoBHe MBI OyleM HEOAHOKPATHO HCHOJb30BAaTh B AaJbHEHIIEM.

C nomouibio ycnoBusi (5.4) eme pas y6eaumcss B TOM, uTo (QyHK-
Uusi y=sin x HenpepuiBHa B JIOOOH TOYKe x O€CKOHEeYHOH IpAMOH.

B camom gese, n3 popmyant (5.2), wus ycJa0BHs ICOS (x+ £)|\<

<1 u H3 paBeHCTBa llmo sm-%— = ( HeNocpeICTBEHHO BBITEKAeT,
Ax~>

yro lim Ay=0.

©Ax-»0

2. Onpene.neﬂue npousBopHoii. Ilycth, Kak u B n. 1, QyHKUHA
y=f(x) onpeneneHa Ha uHTepBaje (a, b), ¥ — ¢HUKCUpOBAHHAA TOY-
Ka 3TOro HHTepBasa, Ax — Ji060e npupalieHHe apryMeHTa, HacTOJb-
KO MaJjioe, 4T0 HHCJAO x-+Ax TakXKe NpHHALJEXKHT HHTepBaxay (a, b).

Cunras, 40 Ax+0, paccMOTpHM B JNaHHOK (UKCHPOBAHHOH
TOYKE X OTHOLIEHWe TpHpalneHuss Ay OYHKUHH y=f(x) B 3TOH TOUKe
& COOTBETCTBYIOLEMY NpPHpPALICHHIO apryMmenta Ax:

— f(x+Ax) —f(x) . . (5_5)
Ax Ax ’

OrHoulenne (5.5) OyaeM HaspiBaTh Pa3HOCTHH M OTHOUIeE-
"dueM (B maHHOH TouyKe x). Tak Kak x (PUKCHPOBAHO, pPa3HOCTHOE
orHowenue (5.5) npexpcraBasier coGoi PyHKUHO apryMmenta Ax. dta
DYHKIHS onpejesieHa s BceX 3HAYeHHH aprymeHnra Ax, NMpuHajje-
JKallMX HEKOTOPOH JNOCTATOYHO MaJsiofi §6-OKpecTHOCTH To4kn Ax=0,
3a HCKJueHHeM caMoll Toukd Ax=0, T. e. onpejesieHa BCIOAY B JKOC-
TaTOYHO MaJIOH IPOKOJIOTOH &-OKpecTHOCTH TOoukM Ax=0. IT10 Haer
HaM NPaBO PacCMaTPHBATh BOTPOC O CYNIECTBOBAHMM Tpejena yKa-
3aHHO# pynKuuH nmpH Ax—-0.

Onpeneanenne 1. IIpouseodnoi ¢ynm;uu y=f(x) 8
dannoll uxkcuposantoli Touke x HazeleaeTcs npedea npu Ax—0 pas-
HocTHO20 oTrouienus (5.5) (npu ycaosuu, 4o 3T0T npedes cyuiect-
8yer).

Ilpoussoanyo ¢yukuun y=f(x) B nanﬂou (huKCHPOBaHHOMN TOUKe
x 6yaeM o6o3HauaTb cUMBOJOM ['(Xx) uaM y'(x) MM KPATKHM CHMBO-
Jom Y.
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Hrak, no ClIpeeJIEHHIO

P () = lim 2% — [im L3289 —F()
Ax-0 Ax . Axs0 . Ax

Ecian QyHKuus HMeeT NPOH3BOAHYIO AJd BCeX TOUEK X HHTepBaja
(a, b), To 3Ta npom3BoAHAasa OYyIeT NpPeACTaBAATb COOOH HEKOTOPYIO
¢YHKLIHIO apryMeHTa X, Olpejle/ieHHYIO Ha HHTepBane (a, b). v

IlpuBeseM nBa TPHUBHAJBHBIX HpHMepa BHIYHCJEHHS NPOH3BOAHBIXe

1°. f(x) =C=const. CoBeplieHHO OY€BHIHO, YTO NPOU3BOAHASN
f/(x) sTot QyHKUMHM TOKZECTBEHHO paBHA HYJ0, MO0 NpHpalleHHe
310l GyHKUMH Ay=[(x+Ax)—[(x) pasHo nyaro Oasn scex x u scex
Ax.

2°, f(x)=x. Oua s1oft QyHKUUH pa3HOCTHOEe OTHOIeHHe (5.5)
paBHO

= T T =],
Ax Ax Ax

Orciona caenyer, 4To W NPOH3BOAHAS YKA3aHHOH (DYHKUUH paBHA eIH-
HHIle B JI060# TOuKe x¥ 6€CKOHEYHOi# NpAMO.

B noano# aHasJlorHu ¢ NOHATHSIMH IIPaBOrO M JIeBOrO IIpeesoB
GYHKUMH B JaHHOH TOYKE BBOJATCS MNOHSTHS NpPpaBOH W JeBO#
NPOHM3BOJHBEIX (YHKUHH y=[(x) B NaHHOH (PHKCHPOBAHHOH TOUKE X.

Onpenenenue 2. Ipasoi [re60i] npoussodnoi pynkyuu
y=[(x) 8 Oannoli ukxcuposannoil TouKe X HA36LIBAETCS NPasbll
[1esoiil] npedea paswocrHozo otnowenus (5.5) 8 Touke Ax=0 (npu
ycaosuu, 4T0 3TOT npedea cyulecrayer).

Iast o6o3naveHusi mpaBol [JeBoi] nNpoM3BOAHON (HYHKUKH B TOUKE
x Hcnogs3ytor cuMBoa [/ (x+0) [f/(x—0)].

H3 conocraBiieHus onpefenelnii | u 2 U U3 CBOHCTBA NPaBOro K
JIEBOTO IPefeOB (DYHKIHH, YCTaHOBJEHHOTO B m. 2 § 4 ru. 3 *, BbiTe-
KaloT CJe[yIoUlHe YTBEPKAEHHs: :

1) ecau ¢pynxyusa f(x) umeer 6 rtouxe x npoussoduyio [’ (x), 10
aTa (QYHKYus umeer 8 TO4ke x KAK nPasy, TAK u NEBYIO npoussod-
note, npuuem f'(x+0)=f(x—0)=f(x);

2) ecau ¢ynryusa f(x) umeer 8 Touke X KAk npasyro, TAK u ae-
8Yt0 npousdsodnbie, npudem 3TU npPoussoOHvie pasuel Apye Opyey, TO
pynxyus f(x) umeer 6 Touke x npouseodnywo [’ (x), npuuem -

' (%) =f"(x+0) =F (x—0).

B nononnenne K yTBepKAeHHIO 2) cjefyeT OTMETHTb, YTO €CIH Y
¢ysruuy f(x) cyliecTBYIOT npaBas H JeBas NPOH3BOAHbIE B TOUKE X,
HO 3TH NMPOH3BOAHBIE HEe PaBHH JAPYr APYTY, TO Y 3TOH (YHKUHH He:

* Ecan ¢ynkuus f(x) HMeeT B TOYyke x M TpaBHi, H JeBHi mpelean, o6a
PaBHHE OJHOMY M ToMmy Xe yucay b, To &yHKuMA f(x) HMeer B 3TOH TOUKE Mpened,
PaBHH#H yHeay b. :
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CyilecTBYyeT NPOHM3BOAHOH B ToukKe x*. IlpuMepom Takoli (pyHKIHH
‘MOJKET CAYKHUTb QYHKIHSA

_ _ x opu x> 0,
Fe)=1x1 { —x npu x < 0.

Ota OyHkuusi uMeer B Touke x=0 NpaByi0 NPOM3BOAHYIO, PaBHYIO
lim A% — 1, u JneBywo npomsBoaHylo, paBuyw lim =89 1,
Ax—0 Ax Ax—»0  Ax
HO He uMeeT B TodyKe x=0 NpOU3BOAHOMH.

3. I'eomerpuueckuii CMBICA HPOM3BOAHOH. Paccmorpum rpaduk
‘QYHRKUHHE y=f(X), OnpelesieHHON M HempephIBHOH Ha HHTepBaJe (a,b).

OuKcHpyeM NPOH3BOJb-
HYIO TOYKY X HHTepBasa
(a, b) u paccmorpum npu-
pamenue Ax5=0 apryMmeH-
Ta X, HACTOJBKO Maloe,
49TO UYHCJAO X+Ax Takxke
NpHHALJEXKHAT HHTEpBaay
(a, b). Mlyctb M n P—
TOYKH Tpacduka QYHKUHH
y=f(x), abcuucch KOTO-
PHIX COOTBETCTBEHHO .paB-
HBl x ¥ X+ Ax (puc. b.1).
Koopauuatu touek M u P,
OYeBHJHO, 6yAYT UMETh BH]

M(x, f(x)),
P(x+Ax, f(x+Ax)).

Ilpsamylo, npoxoasmylo depes Toukh M n P rpaduxka QyHKUHH
y=f(x), 6ynem HasbiBaTh ceKyme . [Tockoabky Touky M Mbl npes-
nosaraeM (UKCHPOBAHHOH, TO YroJ HakJOHa KaxAoH cekymeit MP x
ocu Ox 6ymer dyukuueir aprymenta Ax (u6o 3HadyeHue Ax OJHO3HAU-
HO ompejesseT Touky P rpaduka ¢pynkuun y=f(x)). O6osHauumM yka-
3aHHBIA yroJ HakJoHa cekymed MP k ocu Ox cuMBOJOM @(Ax).

Onpenenenue. Ecau cyuwecréyer npedenvbHoe nosoxcenue ce-
xyweii MP npu crpemaenuu touxu P zpagura ¢pyukyuu x touke M
(usu, uro TO 9Ke camoe, npu cTpemaeHul Ax K Hyare), TO 3TO npe-
Oenvroe NONONCEHUE HA36L6AETCS KACATEeAbHOU K 2papury pyHk-
yuu y=f(x) 8 danrnoi ¢urcuposannoli Touke M 3rozo zpaguxa,

U3 sroro ompejenieHHss CJEAyeT, 4TO [Js CYLIECTBOBAHUA Kaca-
TeJbHOH K rpauky PyHkuuun y=f(x) B Touke M mocratoyHo, YTOOHI
CYIIECTBOBAJ INpeaes limocp(Ax)=q>0, npuueM YKAasaHHBIE Tpened

Ax—

o PaBeH YIJy HakJOHa KacaTeJbHol K ocu Ox.

* HMuaue MBl TOJYYHJIH GH [POTUBODEUHE C yTBEpKAEHHEM 1).
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JlokazkeMm cieayiolllee yréepocdenue:

Ecau yuryus y=[(x) umeer ¢ Oannod huxcuposannol Touke x
RPOU3BOOHYI0, TO CYWECTBYET KACATeAbHAR K epaguky GyRKyuu
y=f(x) 8 rouxe M(x, [(x)), npuuem yero8ol kosgpuyuent srot Ka-
careasroll (T. e. TaHzeHc yeaa Haxiona ee K ocu Ox) pasen npous-
soonoil [ (x).

Onyctum u3 Touek M H P mepneHAUKYyJsipel Ha ocbh abcuuce (cM.
puc. 5.1). IlpoBenem uepes TouKy M mpsMyIo, TapaJiebHyIO OCH abc-
nHpce, 1 o6o3HaunM uepes N TOUKy IepeceueHHs 3TOH MpsMOH C mep-

IDEeHJRKYJAAPOM, onylleHHEIM H3 P Ha och abcuucc. M3 TpeyronbrHka
MNP ouyeBHIHO, UTO

_ Ay Fx+AN—f(x)
te @ (Ax) = Ax Ax :
Taxum ob6pasowM, '
¢ (Ax) =arctg %i—. (5.6)

YGennMcst B TOM, YTO CYIIECTBYeT NpejeJ NpaBoil (a 3HAYHT, HJIEBOH )

gactd (5.6) npu Ax—0. B camMoM Jene, B CUJIy CYHIECTBOBAHHA TPO-
. . A
u3BoaHO# ['(x) cyumectByer mpexen lim TA_y_:f, (x). Orciona u H3
Ax—0 AX
HenpepuBHOCTH GYHKUHH arcigu IJs Bcex 3HayeHHH u CJeAyeT, 4TO
cyumecrsyeT mnpefies mpaeoii wactu (5.6), paBmu arctgf (x).

Hrak, Mbl JoKa3aJH, 4TO CyILeCTBYET mpenes
lim @ (Ax)=arctg f’ (x).
Ax->0

Ho 310 B osHauaer, 4TO cyLleCTByeT NpefeJbHOe MUJOXKEHHE CeKy-
mieff, T. e. CyLIeCTBYeT KacaTeapHasi K rpapuky QYHKIHH B TOYKe
M(x, f(x)), npuueM yrosn Hak/JOHa (o 5TOi KacaTeJbHOH kK ock Ox
paBen go=arctg [’ (x).

3HayuT, yrIoBoH KO3d(hHIHEHT YKa3aHHOH KacateabHOH tg o pa-
BeH [ (x).

CtopMmyIHPOBaHHOE yTBepKACHHE JOKA3aHO.

§ 2. IOHATHE JUPPEPEHIHPYEMOCTH ®YHKLHH

1. Onpenenenne auddepeHuupyemoctd Gynkuuu. Ilycts, Kaxk u B
npeabiayumeM maparpade, pyHkuus y=f(x) ompeieseHa Ha HHTepBa-
Jge (a, b), x— moboe QUKCHPOBAHHOE UYHCJIO H3 3TOFO HMHTEpBaJa,
Ax — npoH3BOJIbHOE NPHpAlleHHe apryMeHTa, HAacTOJbKO MaJjioe, 4YTo
3HaueHHe aprymeHTa x-+Ax Takke NDHHAJJEXKHT HHTepBanxy (a, b),
Ay=J(x+Ax)—f(x) — npupamenne QyHKUHH B TOYKE ¥, OTBEHaOLUEe
TIPHPAUIEHHIO apryMeHTa Ax. .

Onpenenenue. Pynkyua y=[(x) nazeisaerca ouddepenyupye-
MOL 8 Touke x, ecau npupaujenue Ay 3Toi (PYHKYUU 8 TO4Ke X, OTge-

7 3ax, 72
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yarouee npupawjeruro apeymenra Ax, moscer 66iTo npedcrasieno
8 sude
Ay=AAx+a(Ax)Ax, (5.7)

20e A — nexorcpoe 4ucao, He 3asucsaujee ot Ax, a a(Ax) — yuxyus
apaymenta Ax, beckorneurno masas 8 Touke Ax=0.

B camoit Touke Ax=0 »3ta pyHkuua a(Ax), Boobie roBopsd, HE
onpejiesieHa, B €fl MOXKHO IPHIHCaTh B 3TOH TOouke J1000e 3HAUCHHE.
Has panpuefinero yao6HO CUHTATh 3T0 3HaueHHe o(0) paBHBIM HYJIIO.
IIpu Takoit foroBOpeHHOCTH (YHKuUUA a(Ax) OyAeT HempepbBHa B
TouKe Ax=0 W paBeHCTBO (H.7) MOXKXHO DAacHpOCTPAHUTb H HA 3Haye-
Hue Ax=0.

3ameuaHue. Bropoe caaraemoe B npaBoit uactu (5.7) a(Ax)Ax
MOXKHO IHepenucath B Buje 0(Ax) *. B camom nesne, Tak xak obe QyHK-
oud o(Ax) B Ax aBasiOTCsT 0eCKOHEUYHO MaJbiMH B Todke Ax=0, TG
npousBefleHHe 3THX QYHKUMHA o(Ax)Ax npencrasisieT coboll GeckoHey-
HO Majayio B Touke Ax=0 ¢yHxnuio 6oJjiee BBICOKOrO TOpPSLKA, UeM
Ax (cM. n. 5 § 4 ra. 3). Takum o6Gpasom, npeiacTasiaenye (5.7) MOXKHO
HepenucaTh B BHJE

Ay=AAx+o0(Ax).

JlokaxeM caenymoouiee yTBEPKICHHUE.

Teopema 5.1. Jasn to20 urober pynxyus y=f(x) 6era dudgpe-
peryupyemoil 8 Touke x, Heobxo0umo u 0OCTATOYHO, YTOObL OHQ UMEAR
8 3TOl TOUKe KOHeuryto npoussodnyio [’ (x).

HokasareabctBo. 1) Heobxodumocre. Ilycts OyHKIMSA y=
=f(x) nuddepenunpyemMa B TOUKe X, T. €. ee mpUpalieHHe Ay B 3TOH
TOUYKe, OTBedaloulee IPHPAILEHHIO apryMeHTa AX, NpeACTaBUMO B BUIE
(5.7). Cunras Ax oTAHYHBIM OT HyJst W nofenuB (5.7) Ha Ax, NOJNYyYHM

LY 4t (Ar). (5.8)
Ax .
IlpaBas (a nostomy u sesas) uactb (5.8) umeer pasuniil A npeien B
Touke Ax=0%* Ocraercs samerurb, yto npezes npu Ax—0 JeBoi uac-
@ (5.8) (B cayuae, ec/aH OH CYHIECTBYET) IO ONpPEJENICHHIO paBeH
OPOH3BOAHOH [’ (x).

Hrak, Mbl HOKasaau, uTO ecjad AJst GYHKUHH f(x) cHpaBeiJHBO
npenctasjende (5.7), To 3Ta QYHKUHS HMEET B TOYKE X IPOH3BOJHYIO
F(x), npuuem [’ (x) =A.

2) Hocrarourocrs. IlycTs cymiecTByeT KOHeuHas MPOH3BOAHAS
f(x), 1. e. cynmecTByeT KOHEUHbIH TIpeae

lim 2L — f (x). (5.9)

Ax-0 Ax

* HanmomnuM, uro cHMBOJ 0(Ax) o0603HauaeT GeCKOHEYHO Malyi0 B TOUKE
Ax=0 ¢ynkuuio Gosee BHCOKOrO NOpsixa, uem Ax.
*#* H6o lim A=A, lim a=0.
Ax-»0 Ax—0
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A
O6o3HaunM cHMBOJIOM «(Ax) pasHOCTB _A%_f' (*), T e mo-

JIOZKHUM

a(Ax) = %—-— (). (5.10)

U3 cymecteosanus npenena (5.9) setekaer, uro dyuknus ao(Ax), on-
penreasieMasi cootHoumenueM (5.10), umeer npenen npu Ax—>0, paBHH#H
HYJIIO. .

VYmuoxkaa coorHomleHne (5.10)  Ha AXx, MB OpHIEM K IpeACTaB-
JICHHIO

Ay=["(x) Ax+a(Ax)Ax,

coBnapamoleMy ¢ npexacrasiaeiem (5.7) npu A=f'(x).

TeM campiM HOKa3aHO, UTO M3 CYLIECTBOBAHHS KOHEYHOH NPOM3-
BOAHOH ['(x) BbiTekaer AHdPepeHUHPYEMOCTb GYHKUHH y=f(X) B
TOYKe X, IpuueM B ycaoBuu AuddepenuupyemoctH (5.7) uncao A
coBnanaer ¢ {'(x). Teopema jpoxasaHa.

JloxasaHnas TeopeMa IO3BOJSIET HaM B JaJsbHefilleM OTOXJeCT-
BJSTH NOHATHE AUQ(EpPeHUHPYEMOCTH PYHKUMUH B JaHHOH TOUYKe C MO-
HSITHEM CYIIeCTBOBAHHS y 3ToH (YHKUHH B JAaHHOI TOYKE KOHEYHOH
IIPOU3BOAHOH.

Onepanuo Hax0XAeHHA NPOH3BOAHON B JajbHeluieM JOrOBOPHMCS
HasweBaTh JHPbepeHULHUPOBAHHEM.

2. JuddepenunpyeMects M HenmpepuLIBHOCTb. JIerko JAoKasniBaercs
cjelylollee YTBepXKAeHHE.

Teopewma 52 Ecau ¢yunxyus y=f(x) Jdupgepenyupyena 8
OQHHOU TOYKE X, TO OHA U HERPEPBIBHA 8 ITOL TOUKe.

HoxasarteasbcrBo. Tak Kak ¢yukuus f(x) audpdepenuupye-
Ma B TOYKe X, TO Juisg ee NpHpaLieHHss Ay B 3TO¥l TOUKe CHpaBelJHBO

npexacrasiaenue (5.7), u3 xoroporo caefyer, yto lim Ay=0, a 310
' Ax—0

U O3Hayaer HEMpepLIBHOCTb $YHKuMY y=[(x) B paunoi Touke (B cuay
PasHOCTHOH (OPMBI YCJIOBHSL HeNpepbiBHOCTH (5.4), BBeJeHHOH B
. 1 § 1). Teopema noxasaua.

3aMeTnM, yTO yTBepKAEHHE, o6paTHOE K TeopeMme 5.2, HecmpaseX-
JIMBO, T. €. U3 HENPepPBIBHOCTH GYHKUNH y=[(X) B JaHHOH TouKe X,
BOOOHIe TOBOpPs, He BHITeKaeT AU(pdepeHiHpyeMocTb GYHKIHH f(x)
B 3TOH TOUKe.

IlpumepoM MoxKeT cayxuTh QyHKuus y=|x|, KOTOpas, OUEBHIHO,
HempepulBHA B Toyke x=0, HO (KaK MBI yKe BHJeJH B KOHue I. 2
§ 1) He uMeer B 3TOH TOUKe MPOU3BORHOIL

OTmeTuM, 4TO CyIeCTBYIOT QYHKUHMH, HENPEPLIBHBIE B KAXKIOH TOY-
K& HEeKOTOPOro HHTepBaJ/ja, HO He HMeloliMe NPOH3BOLHON HH B OZHOHA
Touke sToro uHTepmasa. ([lepBelii mpumep taxkoll QyHKINM ObLT HO-

ctpoer Befiepirpaccom. Oaun U3 npuMepPOB TaKoM QYHKIUH CTPOHTCH
B JonoJiHedun K ri. 10.) '

Vi
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3. Mousitne nuddepenuuana ¢yukuun. PaccMmorpum OyHKIHIO
y=f(x), nuddepenuupyemyo B naHHo#i Touke x. [Ipupaumienne Ay Ta-
KON (DYHKUMH B TOYKE X MOMKET ObITb MpeACTaBjieHO B BuAe (5.7).

3aMeTuM, uto npupauleHne (5.7) npeiacraBasier coG0OH cyMMy IABYX
cylaraeMbX, IepBoe H3 KOTOPHX AAx JHHEHHO OTHOCHTEJb-
HO Ax, a BROpoe a(Ax)Ax sBiaserca B Touke Ax=0 6eCKOHeYyHO
MaJol GpyHKIHeH 6oJee BHICOKOTO MOPALKAE YeM AX.

Ecnn uncao A, pasnoe corsiacHo teopeme 5.1 mpousBopHoit ['(x),
OTJIHYHO OT HYyJs, TO yKa3aHHoe mepBoe cJjaraemoe AAx=f (x)Ax
npencrapisier co6oi rTaBHYI0 YacThb npupailedus Ay auddepen-
nHapyemolt Pynkuuu y=f(x). dra riapHas 4YacTb NpUPALIEHHS SBJS-
eTcsl JHHEeHWHO# OAHOPOAHOH GyYyHKHLHUEH aprymenta
Ax* u HasbiBaeTcs Audpepernunanom GYHKUHH y=[(x).

B cayusae, ecin A=f"(x) =0, nupdepenunan GyHkuHn no omnpeie-
JICHHIO CUHTAeTCH PaBHBIM HY.JIO.

Urak, dudppepenyuarom ¢pynxyuu y=f(x) 8 oOannoi
PUKCUPOBAHHOL TOYKe X, OTBEHAIOUWUM NPUPAULEHUIO apeymenTa AX,
HA3b180eTCA 4UCA0, 0603Hayaemoe cumsorom dy u paswoe

dy=7f'(x)Ax. (5.11)
- B cayuae f'(x)540 s10 yHcao mpeicTaBisieT co60i MVIaBHYIO YacTh
npupailenuss Ay dyskuuu y=f(x), JuHefiHyI0 H OXHOPOAHYIO OTHOCH-
TeJIbHO NPHPaLleHHus apryMeHTa AX.

Cpasy oce ormerum, uro Ougpgpepenyuar dy u npupawenue Ay
pynkyuu y=[(x) 8 dannoi Touke x, 06a oT8euaOUlLe OOHOMY U TOMY
e npupaujenuro apeymenta Ax, soobwe 2080ps, He pasHel Opye
opyey. ‘

~ OTO JIerKO YSICHUTb H3 PacCMOTpeHus: rpaduka QyHKuuH y=f(x)
'(puc. 5.2). Ilycts M u P — Toukn rpaduka QyHKUHH y=f(X), OTBeua-
IOllHe 3HAYEHHAM apryMeHTa, COOTBETCTBEHHO PAaBHBIM X H X+AX,
MS — xacartenbuas x rpaduky B Touke M, MN|Ox, NP||Oy, Q — Tou-

Ka IepecedyeHHsl KacaTeJbHOH
/ MS ¢ npsimoit PN. Torma mpu-

4 pauienne Ay OyHKUHH Y=f(X)
P B TOUKE X, OTBeuallee Npupa-

VS IIEeHHIO aprymeHta Ax, O4eBHH-

Ay HO, paBHO BeJHYHHE OTPe3Ka

) dy NP, B To BpemMs KaK Jaudde-

M pednuan dy stol OYHKUHH B
¥ TOYKe X, OTBEYAIOIHA TOMY XKe

4z _ caMoMy Ax, paBeH BeJlHUHHE

g _ x T+ix x orpeska NQ. (dto cpasy BuiTe-
waer u3 ¢opmyanl (5.11) u us

Puc. 5.2 TOro, 4YTO B TIIPAMOYrOJIbHOM

* HamoMuuM, 4TO NHHEefnOA - GyHKUHEH apryMent3 ! HasuBaeTcs QyHK-
1ua BHia y=Ai+B, rze A u B — HekoTophie mnocrosiHHHe. B caysae B=0 au-
HefiHas QYHKIHA Ha3HBAaeTCs OJHOPOAHOM.
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TpeyroiabHEKe MQN BeauunHa orpe3ka MN paBHa Ax, a TaHreHc yriaa
QMN pasen §'(x).) SlcHo, uyro BenMuHMHH oTpeskoB NP u NQ sBis-
10Tcsl, BOOGIEe roBOpsi, PasiHYHEIMH.

Bechbma yno6HO BBeCTH B pacCMOTpeHHe NOHATHe AHpPepeH-
nuaga aprymednta x. Ilpu stoM cnepyer pasauyaTh ABa cjayyad:
1) cayuaii, KorAa yKasaHHHIH apryMeHT X IpeJCTaBisier coboii He3a-
BuUCUMYIO Nepemernyro; 2) ciaydal, Korja apryMeHT X caM SIBJSeTCs
Jugppepenyupyemoil ynxyuell suda x=q¢(f) HeKOoTOpOH HOBOH mepe#
MEHHOH !, KOTOPYIO MBI MOXEM CUHTATb He3aBHCHMOH.

HorosopuMcs . a5 ciayuas, KOTAa apryMeHT X fIBJIseTCS He3aBHCH-
MOH nepeMeHHOH, OTOXKAECTBJAATh AuddepeHnuan 3Toro aprymeHnTta
C ero mpHpalleHHeM Ax *, T. e. cuHTaTh, UTO dXx=Ax.

B cuny 3to#t moroBopeHHocTH paBeHCTBO (5.11) mpHHHMaeT BHA

dy=F’ (x)dx. (5.12)

Taxkum o6pa3oM, AJs cayyasi, KOrja aprymeHT X sIBJsieTCS] He3aBHCH-
Mol mepeMenHoil, aaa aubdepennnana dysxuun y=f(x) cnpasenau-
BO mpejcTaBjieHne (5.12).

Huxe 8n. 3 § 3 Ml jgokaxeMm, uto npeacrasaenne (5.12) Hocur
YHHBepCaJbHbIi XapaKTep H CnpaBelJ/IHBO TaKXe H B cJydae, Koraa
apryMeHT X He SIBJISIETCS] He3aBHCHMOH NepeMeHHOH, a siBasieTcst AH(D-
¢depeHurpyeMoll pyHKuHeH BuAa x=@(f{) HEKOTOpOH He3aBHCHUMOH me-
pemeHHo#t f. (B stom cayyae B ¢opmyse (5.12) BeanuuHy dx Henb3st
CUHTaTb paBHOM Ax, 00 B CHJY CKAa3aHHOIO BbIlle OHA paBHA dx=

=g¢'(t)dt.) ’

§ 3. IH®PEPEHIIHPOBAHHE CJIO)KHOH ®YHKILUH H
OBPATHOHN ®YHKUHH

1. duddepenuupoBanne caokHOA (GYHKIHH. YCTAaHOBUM IIPaBUJIO,
NO3BOJIsSIOIee HAHTH NPOM3BOAHYIO CJOXKHOH (GyHKHHH Y=f[p(f)] B
TOYKE { NMPH YCJOBHH, YTO H3BECTHHI IPOM3BOJAHBIE COCTABJSIOMIUX €€
byukuuit x=¢(¢) u y=f(x) B Toukax t B x=¢({) COOTBETCTBEHHO.

Teopema 53. Ilycre ¢ynxyus x=¢(t) OJuppepenyupyemna 8
Touke t, a Qynkyus y=[(x) oupgepenyupyema 8 coorsercrayrouyell
r0uke x=q(t). Toeda caomnasn pynxkyun y={fle(t)] oudgepenyupye-
MQ 8 YKABAHHOU TO4Ke I, npuuem 0as ee npou3soOHol 8 3Tol TouKe
cnpasedausa opmyra '

{flo) 1} = ()¢’ () =flo(D)]-¢'(2). (5.13)

HokasateasctBo. [IpugaguM aprymenty ¢yHKuuH x=o(f)
8 JaHHOH TOYKe ! IPOM3BOJbLHOE OTJHYHOE OT HYJsl npupaieHue Af.
OTOMY mpHpAlUeHHI0 oOTBeuaer fpupamenue Ax=¢(¢+At)—¢(?)

* DTa NOrOBOPEHHOCTb COrJAacyeTcsi C pPacCMOTPEHHEM HE3aBHCHMOR nepeMeH-
Zou x kak ' OysruuH Buaa y=[(x)==x, Ana Koropodi dy=["(x)Ax=Ax, T. e
x=Ax. :
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¢Gyukuun x=@(f), NpuueM yKasaHHOe NpHpalleHue Ax MoxeT obpa-
IIaThCH B HYJIb.

Ilpupawenn:o Ax, B CBOIO Ouepeib, OTBeuYaeT MpHpalleHHe Ay=
=f(x+Ax)—f(x) ¢ysRuuE y=f(x) B COOTBETCTBYWOUIEH TOYKe
x=0¢(?). [lockombky Pyuxuus y=[(x) no ycaosuo AuddepeHuHpye-
Ma B yKa3aHHOH Touke x=g(f{), TO ee mpHpauleHue Ay B 3TOH TOuKe
MOXKeT OblTh IPEACTaBJEHO B Bue *

Ay=f'(x)Ax+a(Ax)Ax, (5.14)

rae a(Ax) uMeer npu Ax—0 npeznen, paBHLIH HYJIO.

[MonuepkueM, uto, Kak ykasauo B n. 1 § 2, mpeacrasnenue (5.14)
ocTaeTcs CnpaBelJIMBHIM H npH Ax=0.

Ilogenus (5.14) Ha At#:O 6y,ueM HMETb

—f’() +a(Ax) (5.15)

Hokaxewm, uTo npaBast (a 3HAuMT, U JIeBaH) yacTb (5.15) mmeer
npejen npu Af—0, mpuueM 3TOT Npelesl PaBeH BeJIMUYHHe, CTOSLIEH B
npasoit yactu (5.13). Itum Oyner nokasaHa AudPepeHIHPYyeMOCTb
cl10XHOH pyHKRUMH H dopMysa (5.13) Ans ee NpPOU3BOJHOH.

W3 nuddepenuupyemMoctd QyHKIHH x=¢({) B Touxke { BBITEKaeT,
' X

YTO OTHOLIEHHe ~—~ HMeer mpeiej npu Af—0, paBHbIA ¢’ (t). Ocra:

eTcs 0Kas3aTh, YTo PyHKIuS o{Ax) uMmeer npenei npH At—0, paBHBHA
HYJIO, HO 3TO Cpasy BbITekaer u3 Toro, 4ro a(Ax)—0 mpu Ax—0 u
yto Ax—0 npn Af{—0 Ha OCHOBaHHHM pPa3HOCTHOH (POPMBI YCJOBHSA He-
HUpephBHOCTH AuddepenHuupyemMoil B Todke ¢ GYHKUHH Xx=¢(¢) **.
Hrak, Bcst npaBas uacts (5.15) umeer npenen npu Af—~0, u 3TOT npe-
A€Jl paBeH BeJMYHHE, crosiilell B npaBoit yacTu (5. 13).

Teopema jpokasaHa.

Sameuyanue 1. Teopema 53 u cojepxanieecsi B ee dopmyan-
POBKe INIPABHJIO BBIYHCJEHMs] MPOHM3BOAHON CJOXKHON (PYHKUMH IOCe-
JOBAaTeJBHO MEPEHOCHTCA Ha CJO0XKHYIO QYHKIHIO, SIBAAIONIYIOCH Cylep-
nozuiueir Tpex u Goqabiiero yucaa QyHxkuui. Tak, pias cJI0OXKHOH QYHK-
IHH, siBjasolefics cynepnosuuued tpex ¢ynruui y=F[f(9(f))], npa-
BHJIO JH¢(epeHIHPOBaHUS HMEeT BH],

FlH N =FT (et (e(2)) (1), (5.16)

npuueM ¢opmyna (5.16) cmpaBeidJuBa IpPH YCJAOBHH, 4YTO (QYHKIUA
x=@(¢) nudpdepennupyema B faHHON Touke f, GyHruus u=f(x) aud-
- (bepeHLrpyeMa B COOTBeTCTBYylOUIeH Touke x=¢({), a dyHruua y=
=F(u) pupdepeHuupyeMa B COOTBETCTBYIOUIeH Touke u=f(x)=

=l (1]

* Cm. m. 1 § 2 onpenenenne nuddepeHHpyeMocTH u teopemy 5.1
** B cuay TEOpeMEl 5.2 nudpdepenuupyeMas B Touke ¢ QyHxkuus x=o({f} aBaA-
€Tcs HenpepHBHON B ITOR TOuKe,
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Samevanue 2. [Ipu gokasaresbcTBe TeopeMbl 5.3 MBl paccMat-
puBajy CIOXKHYI0 QyHKHHIO BHaa y=[(x), raie x=¢(¢), T. e. 06o3Ha-
YHJIH CHMBOJIOM X IPOMEXYTOYHB i apryMedr. DTa CHMBOJIHKA,
KOHEUHO, MoXeT ObITb H3MeHeHa. Haule ynoOHee ObiBaeT 0603HauaTh
CHMBOJIOM X OKOHYaTEeJbHBIA apryMeHT, T. €. PACCMaTPHBAThL CJIOXKHYIO
¢yukuuo suga y=flp(x)]. B atux o6osnauenusx npapuio xuddepeH-
UPOBAHUst CJOKHOK GYHKUMH (5.13) mpuHUMaeT BUJ

e (D) =Flo(x)]-¢"(x). (5.13%)

IlpuMepsl npuMeHeHMss TipaBuJa AU(QPepeHIHPOBAHHUSA CJOXKHOK
¢yHKuuu OyLyT OPHUBEAEHBl B CaeAylolleM naparpade.

2. MuddepeHunpoBaiue obpaTHol PYHKIUH.

Teopewma 5.4. I[Iycre ¢pynxyua y=f(x) sospacraer (usu yboisa-
eT) u HenpepoleHa 8 HeKOTOpPOU okpecTHOCTU Touxky Xx. Ilycrs, Kpome
T020, 3TQ (PyHKYUs Oupdepernyupyena 8 YKA3aHHOU TOUKE X U ee npo-
usgoonas 8 srod rouxe [’ (x) orauuna or Hyaa. Toeda 8 Hexoropol
OKpPecTHOCTU cooT8eTcTsyouell Touku y=f(x) onpedesena obparHas
.08 y=f(x) pyncyus x=f-1(y), npusem yxasaunas obparHas Pyux-
yus ougpepenyupyena 8 coorsercrsyrousell Touke y=f(x) u daa ee
npoussodHnoil 8 aToll Touke y cnpasedausa Yopmyia

(@Y = (5.17)
f(®) _

JdokazatenbcTBO. Tak Kak QyHKuus y=f(x) CTPOro MOHO-
TOHHA W HelpephiBHA B HEKOTOPOI OKPECTHOCTH JaHHOH TOYKH X, TO
B cuay TeopeMsl 4.5 (cM. § 2 ra. 4) ob6paTHas QyHKuMA x=f"1(y)
onpeje/eHa, CTPOro MOHOTOHHA W HeNPEPHIBHA B HEKOTOPOH OKpecT-
HOCTH COOTBeTCTBYIOLeH TOUKH y={(x).

IMpunagum apryMeHnty s71oii 06paTHOR QYHKUHEH B YKa3aHHOH TOY-
Ke NPOM3BOJIbHOE JOCTATOYHO MaJjoe H OTJHYHOE OT HYJ s NpPH-
pamenre Ay. DToMy NpHpalleHHIO0 Ay oTBeyaer INpHpaileHHe AX=
=f"1(y+Ay)—f~'(y) o6paTHO! (GYHKUHWM B COOTBETCTBYIOLIEH TOUKE
'Yy=[(x), npuueM B CHAY CTPOTOHl MOHOTOHHOCTH OGPATHOH (QYHKUHH
yKasaHHOe npupaumeHne Ax OTAHYHO OT HY J4.

DTO maeT HAM NpaBO HANHCAThH CJEAYIOIee TOXKAECTBO *:

Ax 1
A—y = A . (5.18)
Ay

ITycts Temepr B TOxpectBe (5.18) npupainenue Ay CTPEMHTCS K
Hymo. Torga B cuy pasHOCTHOH HOPMBI YCJAOBHS HENpPEPLIBHOCTH 06-
paTHOH ¢yHKUMH x=]"!(y) B cooTBercTBYyIOmEH TOUKe y=/[(x) NpH-
palleHne 3ToH (QYHKUMH Ax Takxke CTpPeMHTCH K HYJIWO. YOenumcsi B
TOM, YTO B TaKOM CJyuyae CYUIeCTByeT mnpeaes npasoii yactu (5.18),

* YkasaHHOe TOXK/JECTBO MOXHO HamHcaTh JJsi JMIOGHX ABYX uncen Ay u Ax,
OTJIMYHBIX OT HyJs. .
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paBHBEIM BelHYHHe, cTOsimed B mpaBol uactu (5.17). drtum Oyxer no-
Ka3aHo, 4TO TOT XK€ CaMbli NMpefen uMeer H JieBas 4acth (5.18), T. e.
Oyner QoKa3aHO, yTo ob6paTHasti GYHKUHS HMeeT NMPOH3BOJAHYIO B COOT-
BeTCTBYIOIIEH TOUKe y=[(x) M LJs 5TOH TMPOUIBOJHOH CIpaBeLJHB
paBenctBo (5.17). '

Hrak, nns 3aBepiueHHs JOKa3aTejbCTBa TeOPEMBI ocTaercsi yGe-
INTbCS B TOM, YTO npaBasi dacth (5.18) wumeer mpegen npu Ax—0
paBuniit 1/f/(x), rae x — nauHas TOYKA.

Tak kak x=["1(y), Ax=["(y+Ay)—['(y), 0 x+Ax=["'(y+Ay),
T. €. y+Ay=f(x+Ax) v Ay=F(x+Ax)—[(x).

Orcrona craenyer, uro npasas yacth (5.18) Moxker GHTL TMepenH-
caHa B BHJIe

1 — 1
Ay e+ A)—f(0)
Ax Ax

M3 nocsenHero paBeHCTBa B CHJIY OIpEeReNeHUsl MPOU3BOAHOH [/ (x)

H npexnojoxenus f[(x)=0 cpasy Ke BHITEKAaeT, YTO Hpenes NpPH

Ax—0 npaBo#i yactu (5.18) cymecrByer u paBen 1/f(x).

> TeopeMma oKa3aHa.

y ITIpuMeppl  NpUMeHeHHHA  JOKa3aHHOH

TeopeMbl OYAYT AaHBL B CleAyIOLleM Mapa-

M rpage. »

¥ IloxazaHnasi TeopeMa HMMeeT IIpPOCTOH

0 - reomerpuueckuit cmpica. IMyere M — rtou-
74/ - Ka rpadpuka QyHKuum y=f(x), oTBeyalo-

%y z mas JAaHHOMY 3HAYEHHIO apryMeHTra ' x
(puc. 5.3). Toraa, oueBHAHO, NPOH3BOAHASA
f'(¥) paBHa TaHreHcy yrjia HaKJIOHA o
KacaTeJIbHOH, NpOXoAsuled Yepe3 TOYKY
M, x ocu Ox, a mnpousBogHas 0BpaTHON
oyukuuu  {f~'(y)}Y B coorBercTByiOUIEH
TouKe y=f(x) paBHAa TaHTEHCY yrJa HakjJoHa B To# Xe camoil Kaca-
tesibHOM K ocH Oy. TTockoJIbKY Yrilbl HGKJIOHZ oo H B B CyMME COCTaB-
asgior  w/2, To ¢opmyna (5.17) BHpaxaer OUYEBHAHBIH (Qakr:

t =—1 =
gp o npHu a+p=mn/2.

3. UuBapnaHTHOCTL (popmul mepsoro auddepenumana. B n. 3 § 2
MH yOeQHJIHCh B TOM, YTO JJisi cJydyasi, KOria apryment x juddepen-
nupyeMoil GyHKUHH y=f(x) npeacrasisier co060H HE3aBHCHUMY IO
nepeMeHHYy©, Jaa Audpdepennnana dy 3tofl PYHKLHH ClpaBei-
JIUBO TpeJCTaBJeHHe

Puc.. 5.3

dy=["(x)dx. ‘ (5.12)

Ceifuac Mpl gOKaxkeM, 4TO mpencrasienue (5.12) saBnsercs yHuHBep-
CaNbHHIM M CIPaBeMJHBO TaKe H B cJydae, KOTAa apryMeHT X caM
asaserca Auddepenuupyemoit $yHxuueii BuAa x=¢({) HEKOTOpOH



