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HE3aBHCHMOH nepeMeHHOH f. 310 cBoiicTBO AupdepeHuHana PyHKUUH
NPHHSTO HA3LIBATh HHBAPHAHTHOCTBIO ero ¢popMu *

Hrak, nyctp apryMeHT x AuddepeHuupyemoii ¢yHKuun y=f(x)
cam sBJasiercst Auddepenunpyemoii pyHknuel suga x=¢(f) HEKOTOPOH:
HE3aBHCHMOH IepeMeHHOH {. B TakoM cJjyuae y MOXHO pacCMaTpHUBaTh
Kak ciloxHylo ¢yHkuuio Buga y=flp(¢f)] aprymenra f. ITlockonbky
5TOT apPryMeHT { 9BJAsSeTCST HE3aBHCHMON NepeMeHHOWH, TO
Ins ykasaHHOf ¢ynKuun y=f[o(f)] u mas dynkuun x=@(f) aup-
¢depenuuanel npeicraBuMu B popme (5.12), T. e, B BUAE

dy={f[e())]}/dt, dx=q'(t)dt. (5.19)
ITo npaBusy auddepeHUIHPOBaHHA CAOXKHOH QYHKLHH
{flo () =F (x) ¢’ (1). (5.13)

IMoacrasnsas (5.13) B nepByio u3 dopmya (5.19), npumazum 3TOi

¢opmyne BUI
dy=f(x)¢’ (t)dt. (5.20)

ConocraBassi nojyueHHoe paBeHcTBO (5.20) cO BTOpPHIM H3 DaBeHCTB
(5.19), okoHuaTeNbHO MOJMYYHM [Js1 dy BHIpakKeHue

dy=f"(x)dx,

coBnajarmolee ¢ npeacrasjenuem (5.12).

HnpapuantHocts QopMmel (5.12) neproro auddepenuuansa ¢yHK-
nuyu dy ycTaHOBJEHA.

3ameuaHnne. MoXHO AaTh M APYIYI0 IKBHBAJEHTHYIO (OpMyJIH-
POBKY CBOHCTBA HHBApHaHTHOCTH ¢opMbl InepBoro JuddepeHuunasna,
Cpasy e BHITEKAIOLIYI0 M3 YHHUBepCaJbHOCTH npeacraBieHus (5.42):
npoussoonasn Jupgepenyupyemod ¢yuxyuu y=f(x) paswa orHoule-
Huo Jugpepenyuana arod ¢pyuxkyuu dy k Oudgepenyuary ee apey-
MeHTa dx, T. e. onpedesseTcs pasencT8om

F=-2L, (5.21)

KaK 8 cayuae, K020Qa QPZYMEHT X S6AAETCA He3A8UCUMOL nepemeHHoll,
TaK u g caydae, Koeda apeymeHT x cam a8aserca oupgepenyupyemoil
pynryuel suda x=q(t) nexoropoi nezasucumol nepemennod t.
YHuBepcanbHOCTh MpeficTaBlienHss AJsi npousBogHod (5.21) mosso-
d -
JSi€T HCHOJb30BATH OTHOLIEHHE —dy it 0003HaYeHuss NPOH3BOJAHOM
: X
Qynxunn y=f(x) no aprymenty x.
4. Mpumenenue guddepenunana Nas yCTaHOBJICHHS NMPHGIHIKEHHBIX
dopmya. Ilycte pagu npOCTOTH apryMeHT X (GyHkuuu y=[(x) ssas-
eTCs1 He3aBHCHMOH nepemenHoil. B n, 3 § 2 ™Mbl nmoxasaju, yro pud-

* Huxe MH BBeleM IOHATH BTOPOrO H HOCHCAYIOWHX AH(PPEpeHUHaNoB (YHK-
IHE y={(x) u o6GHapyxmuM, uTo 5TH RudbepeHnHaln yxKe He 06MaJAOT HHBA-
pHAHTHOCTBIC (OPMHE. BeslefcTBHe STOrO NOKa3hHiBAaeMOe CBOWICTBO HA3HBAKOT HHBA-
PHAHTHOCTbIO GOPMH mnepBoro ambdepeHnuana. :
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¢depenuuan dy ¢ynrumu y=f(x), BooOlle rosops, He DaBeH IpHpa-
meHn Ay 310# QyHKuHH. TeM He MeHee C TOYHOCTbIO A0 GECKOHEYHO
‘MaJiol (pYHKUKK 0oJiee BHICOKOTO MOPAJKA MAJOCTH, 4eM AX, CpaBel-
JINBO TPHOJHKEHHOE PaBEHCTBO

Ay=dy. (5.22)
€CTeCTBEHHO Ha3BaTh OTHOCHTEJbHOH

X
norpemwHoCcTblo paseHcTBa (5.22). Tak xak Ay—dy=o0(Ax) *, 10
OTHOCHTEJbHASA HOTPEHIHOCTh paBeHcTBa (5.22) cTaHOBHTCA Kak yrof-
HO MaJoii npu yMmeHbineHuu |Ax|.

Coornourenne (5.22) mosBoJsier NpubAHKEHHO 3aMeHATh HpHpalle-
Hue Ay audpdepenuupyemoin pynkuun y=f(x) nuddepenunanom dy
stoil dyukuuu. Llesecoo6pasHOCTb TaKOH 3aMeHB! ONPAaBAbIBAETCS TEM,
uto AuddepeHunan dy sisasercs JuHefHOH QyHKUHeH Ax, B TO BpeMs
Kak npupauleHue Ay, BooOlie TOBOps, HpeAcTaBiser co6oH Oolee
CJIO0XHYIO QYHKIHIO apryMeHTa Ax. '

YunteiBasi, uto Ay=[(x+Ax)—f(x), dy=f(x)Ax, Mbl MOKeM Ile-
pemucath npubankKeHHOe paBeHCTBO (H.22) B Buae f(x+Ax)—f(x) =
~ [ (x) Ax uau, 4TO TO K€ caMoe, B BHJe

F(x+Ax) =f(x) +f (x)Ax. (5.23)
IMpubanxennoe paseHcTBo (5.23), Tak ke Kak u (5.22), cnpaBeiJsiuBo
Lisi a06of nuddepedipyeMoii B JaHHOH Touke x GYHKUHH f(X) C

TOYHOCTbIO [0 BeJHUYHHH O0(Ax) Oosiee BBHICOKOTO INODPSAJKA MaJOCTH,
yeM Ax.

310 npuOJIHKEHHOE DPaBEHCTBO IIO3BOJsET C OWHOKO# o(Ax) 3a-
MEHHTb (QYHKLHIO f(X¥) B MaJold OKPECTHOCTH TOYKHM ¥ (T. €. AJs Ma-
JBIX 3HAUEHHH AX) snuHelHo#t <yHkuuelr aprymenta Ax, cTosiledl B
npasoi wactu (5.23).

IMpubnuxennas popmyaa (5.23) yacto mpuMeHseTCs IJs pasiHy-
HbIX KOHKPETHBIX BHIOB QYHKUHH [(x).

OTHOLICHKE Ay—dy

§ 4 AUGPEPEHUUPOBAHUE CYMMBI, PA3HOCTH,
MPOU3BELEHUA U YACTHOIO ®YHKLHA

Teopema 5.5. Ecau kamdan uz ¢pyuxyud u(x) u v(x) dugpge-
peryupyema 8 OQHHOL TO4YKe X, TO CYMMQA, PA3HOCTb, npoussederue U
4acTHOe 3TUX ynkyull (vacTHoe npu ycaosuu, 410 3rayerue v{x)=0)
Takoce Oupepenyupyemo. 8 3TOL TOUKe, NPUYEM UMEIOT MecTo ¢op-
MYyaol

[4(x) £v(@)] =u' (x) =0 (x),
[4(9) -0 (I =o' (x)-0(x) + (1) -0" (), (5.29)
[ u(x) ]': w(x)-v(x) —u(x)-v’ (x)

v (%) v (x)

*Cm.m 3 § 2.
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HokazartenbcTBo. PaccMOTPHM OTHENBHO CJHYYaH CYMMBL
(pasHoCTH), NPOHU3BEIACHHS H YacCTHOTO. ’

1°. Ilyers y(x)=u(x)*v(x). O6o3nayuM cHUMBOJAaMu Au, AU H
Ay npupamenust GyHkumi u(x), v(x) U y(x) B LaHHOH TOUKe X, OT-
Beuawllue npHpauleHuio aprymenrta Ax. Torna, oueBHAHO,

Ay=y(x+Ax)— y(x) =[u(x+Ax) £v(x+Ax)]—[u(x) v (x)]=
= [u(x+Ax)—u(x)] i[v(x+-AX)—?(x)]=AuiAv.

Takum obpasom,
Ay Au + Av

Ax - Ax Ax ’ (5-25)

Ilycte Tenepn Ax—0. Torza B cuay cymieCTBOBAHMS NPOH3BOJHBIX
¢ysruui u(x) ¥ v(x) B TOUKe X CYUIeCTBYeT Ipefes NPaBod 4acTH
(5.25), paBumiit u'(x)-=v’(x). 3Haumr, cymecrByer npeznena (npH
Ax—0) u Jnesoit yacta (5.25). Ilo onmpeneneHHIo NPOU3BORHOH YKa-
3aHHBIA npejes paBeH y (x), H MBI NPHXOAUM K TpebyeMOMY paBeHCT-
BY Y (x) =1t/ (x) =0’ (). ' S

2°. Ilycts, panee, y(x) =u(x)v(x). Coxpanss 3a Au, Av u Ay ToOT
JKe CMBICJ, 4TO U BHIIIE, OYAEM HMeTb

Ay=y(x+Ax)—y(x) =u(x+Ax)v(x+Ax)—u(x)v(x) =
=[{u(x+Ax)v(x+Ax)—u(x+Ax)v(x)]+ [u(x+Ax)v(x)—u(x)v(x)].

(Mbl npu6aBusH ¥ BHIWIH craraeMoe u(x+Ax)v(x).)
Hasee Moxem sanucath

Ay=u(x-+Ax) [v(x+Ax)—0v(x)] +o(x)[u(x+Ax)—u(x)]=
: =u(x+Ax)Av+v(x)Au.
Taxum o6pasom,
A Av Au
A—i=u(x+ M%) =0 () (5.26)
ITycts Tenepp Ax—0. Toraa B cuay AuddepeHUHPYEMOCTH (YHK-
uvid u(x) ¥ v(x) B TOUKE X CYLIECTBYIOT NpeAeNbl OTHOLICHHH

Au A
~ —i—’-, COOTBETCTBEHHO paBHble u’(x) u v'(x). Haunee, us nuod-
X X -

(GepeHLHPYyeMOCTH QYHKUHH 4(X) B TOUKE X B CHJY TeopeMbl 5.2 cie-

LYyeT HenpephiBHOCTb 4(X) B 3TOH TOuKe. 3HAUUT, CYILECTBYeT mpene

lim u(x+ Ax), paBHBIH u(x).
Ax~>0

TakuM o6pasom, cyuecTByeT npefea mnpaBoit wactu (5.26) npu
Ax—0, paBubiit u(x)v’ (x) +u(x)v’(x).

3unaunrt, cymectByer npeney (npu Ax—~0) u aeso#t wactu (5.26).
[To onpenenenuio npousBoAHOll yKasaHHBIi npejgen pasen y (x), u
MBI OpHXOANM K Tpebyemolt dopmyne gy (x)=u'(x)v(x)+u(x)v'(x).
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(*x)

3°. IlycTb, HaKOHel, y(x)=—"w, Toraa, MOCKOMBKY u(x)5<0, mo
U (X,

teopeMme 4.11 06 yCTOAYHBOCTH 3HaKa HENPePHIBHOH B JaHHOH TOUKe X
dyskuun v(x+Ax)=~0 nas Bcex HOCTATOYHO MaJblX Ax, H MH MOXeM
3anucarh, 4TO
u(x+Bx)  u(x) _
v(x + Ax) v (x)
u(x+ Ax)v(x) —v(x+ Ax) v (x)
v(x)v(x 4 Ax)
Ho6aBnsis ¥ BHIYHTasg B YHCJIHTeJNe ciaraemoe u(x)v(x), OyleMm
HMeTb
Ay= x4+ A o) —u@o@] —lv(x+ADu() —u@vE] _

Ay=y(x+ Ax)—y(x)=

v(x)v(x + Ax)
— vt A)—u()] —u()o(x+A) —v(x)] _ v(x)Au—u(x)Av
v(x)v(x 4+ Ax) v(x)v(x+ Ax)

Takum oGpasom,
Au (x)_él
Ay PO B
Ax v(x)v (x4 Ax)

(5.27)

ITycts Temeppr Ax—0. B cuany nuddepeHunpyeMOCTH (M BBITEKAlO-
el M3 Hee HeNnpepBIBHOCTH) GYHKUMH u(X) B v(X) B TOUKe X Cylle-
CTBYIOT NpeJebl

. Au ’ . Av ’ :
lim —=u'(x), lim — =v' (x), lim v(x+ Ax) =0 (x).
Ax—0 Ax Az-0 Ax Ax—0

Takum o6Gpasom, nockosbkKy v(x)==0, cymecTByeT mnpeiesa npu -
Ax—0 npapoit yactu (5.27), paBHHI ’ '
v(x)u’ (x) —u(x) v’ (%)

o (x)

.

3nauMr, cymecTByer unpeien npu Ax-—>0 u seBoit wuwactu (5.27).
Ilo onpenesenuio nPOM3BOAHOM YKasaHHBIA mpemen paBed Y (x), u
MB MOJYyYuM TpebyeMyio ¢opmyny

u’ (x)v(x) —o' (x)u(x)

v (x)

Y (x)=

Teopema 5.5 noJHOCTBIO JOKa3aHa.

CrnencrBHe u3 TeopeMu 55. Ecau dra ¢yukyud u(x) u
U(x) 8vinoanens. 8 OGHHOL TOYKe X Te se npednoAONHCEeHUs, 4TO U 8
Teopeme 5.5, T0 8 3TOU TOUKe X cnpasediusel caedyroujle COOTHOUEHUS
0xs Auppepenyuanos: /
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d (u & v) =du =+ dv,
du- v):vdu+udv,

u odu — udv (-.28)
(1)

v v? '

Jlast ycraHoBJeHusi cooTHouleHuii (5.28) [OCTAaTOYHO YMHOXKHTH
paBeHCTBO (5.24) Ha dx M BOCIOJIB30BAThCsSl YHHBEPCAJBHEIM Ipef-
craBjeHHeM (5.12) nuddepenunana npou3BosbHOH QYHKUHH y=f(x).,

§ 5. MIPOU3BOAHBIE NMPOCTENIIUX BJIEMEHTAPHHX
4>YHKU.HR

M3 BBOAHOI ryIaBHL W M3 IJ1. 4 HAM y3Ke H3BEeCTBO, YTO MpocCTeH-
IHMH 3JJ€EMEHTAaPDHHMH QYHKHHSAMH IPHHATO Ha3LIBaTh
caejyiolive (YHKUMH: IOKa3aTeNbHYI0 OYHKUHIO y=a* u Jorapud-
MHUYECKyI0 QyHKUHIO y=l0g, X, paccCMaTpHBaeMble AJis J1060ro (PUKCH-
poBaHHOTO 3HaueHHs a Takoro, 4To 0<<az%l, cTemeHHyio (yHKUIHIO
y=x% rle o— PUKCHPOBAHHOE BeHIeCTBEHHOE YHCJO, YeThipe TPHIO-
HoMeTpHYecKHe GYHKUHH y=sinx, y=cosx, y=1g x n y=ctg x U yeTH-
pe ob6paTHble TPHIOHOMeTpPHUYECKHe Q)yﬂxuma y=arcsin x, y=arccos x,
y=arctgx u y=arcctgx.

B Hacrosmem mnaparpade Mbl BLITHCAUM CHCTEMAaTH3HPYEM B

TabJ/IMIy NPOH3BOJHbIE BCEX IPOCTEHLINX 3 eMeHTapPHbIX (byHKumi yxKe
BBINHCAHHble HaMU B TJI. 1.

1. Tlpou3BoAHbIE TPHFOHOMETPUUECKHX (DYHKIHI.

1°. TlpousBoaHas GpyHkuuHU y=sinx. Tak Kak ajas 3To#
DYHKIHH

Ay = sin (x + Ax) —sin x = 2 cos (x + ——Ag—-) sin%—x—,

TO NpH J1060M Ax0 pasHOCTHOE OTHOLIEHHE HMeeT BHN

sin ~éi
Ay Ax 2
—=C08 (X + — | ——-
x ( + 2 ) - Ax
2
ITo onpenenennio NPOH3BOAHOM
st Ax
in ——
(sin"x)’ = lim 2% =1im lcos (x + -A—x> — 2 [ (5.29
Ax->0 Ax Ax-0 2 ( Ax )
2

B cuny HenpepHIBHOCTH GYHKUMH y=cO0s x B J060# TouKe x Gecko-
#HeYyHOH npsMoHn

lim cos (x + -%—) = COS X. (5.30)

Ax—0
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Jlanee, B cCHJYy IepBOTO 3aMedaTeJbHOTO NpejeJa M 3JeMEeHTapHOMR
. Ax *
3aMeHbl NepeMeHHOM’ t==—2——

. Ax
STy sint
lim ———=1im = 1. (6.31)
Ax>0  Ax -0
’ 2

U3 cymectsoBanus npenenos (5.30) u (5.31) u U3 TeopeMsl O npe-
ZleJie TPOU3BEACHHsS ABYX (PYHKUHI BbITEKaeT CYLIECTBOBAHHe Npejesa
B IpaBoil yactu (5.29) u paBeHcTBO

. Ax
Ax s T
(sin x)" = lim {cos (x + —) ———— 1 =C0s X.
Ax—>0Q 2 _é_x_
2
Hrak,
(sinx)’=cos x (5.32)

(znst mo6of Touku X GECKOHEUHOH NpsiMOH).
2°. [lpousBoaHass GYHRKUUH y=cosx. Tax Kax ajs m060i
TOUYKH X ORCKOHCUHOH IPAMOH

. 19
COs X = S1n <—2——x>,

TO TO npaBuiy A bepeHUuPOBAHHs CJAOXHON QYHKUHH ** u mo ¢dop-
myJe (5.32)

(cos x)' = [sin (%—x)]'=cos (%—x) (-’é_ —_x)'=

=cos(—"——x) (——’1)=-——sinx.

2
Urax,
(cosx)’=—sinx (5.33)
(mast 060 TOUKH x GeCKOHEUHOH NMpAMOH).
3°. IIpousBonnasg pyuxuumu y=tgx Tax Kak tgx=—ir%,

TO B CHJIy npaBuja Ju¢oepeHIHPOBaHHS YacTHOTO **¥ 1 COOTHOLICHHH
(5.32) u (5.33) B M000I TOUKE X, B KOTOPOil cos x5=0,

Ax
* QOueBHAHO, UTO [ = T-—»O npu Ax—-0.

**.Cm. . 1 § 3, popmyay (5.13).
**& Cm. § 4, Tpetsio popmyny (5.24).
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(tgx) = ( sin x )’ _ (sin x)’ cos x — (cos x) sin x

cos x cos? x
_ cos’x-fsin’x 1
- cos® x T cos?x
Hraxk,
(tgx)';= = 1+1g%x (5.34)
cos? x

(B JI000H Touke x;e-:;—+nn, rie n=0, 41, 42, )

cos x

4°, [IpousBonHas dyuruuH y=ctgx Tak kak ctgx=

sinx
TO B CHJAy npaBuja JubddepeHIUPOBAHHS YACTHOIO H COOTHOLIEHHH
(5.32) u (5.33) B nr060it TOuKe X, B KOTOPO# sin x==0,

(ctg x)' = ( cos x >' __(cos x)'sinx — (sinx)' cos x _

sinx sin®? x
—sin®x—cos?x _ 1
sin® x sinfx °
Virak,
(ctgx) = ——— = — (1 +ctg? x) (5.35)
sin® x ]

(B y060# TOuke xz7=mn, rae n=0, =1, £2, £3, ...).

2. Mponspognas gorapupmuueckoit ¢pyukunu. Ilycte y=logsx,
rae 0<az=1, x>0 — ¢ukcHpoBaHHast Toyka. Torza mjisa Jioboro jo-
CTaTOYHO MaJjoro Ax=-0

Ay _ loga (x4 Ax) —loga x.
Ax Ax

1 Ax \
1o (1455 =
x

T’“;loga(l +Ax"—> =%loga[(l + —%"—)r]

f
l...

ITo onpenenenyio Npou3BoOLHON
x

(log, )’ =1lim 2% =L lim log, [(1 +—A’i)“]. (5.36)
X

Ax—0 Ax X Ax—=0

B cusy BTOpOro 3aMeuaTeJbHOIO Npelesa H 3JeMeHTapHO# 3aMeHH
nepeMeHHoit t = -—Axi )
= 2
tim [(14 25" | =tim (1 +0 " ]=e. '(5.37)

Ax—0

Ax
* Tak xak x>0 ¢uxcupoBano, 10 {=———>0 mnpu Ax—0.
X
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WUs cymectBoBanus npefena (5.37) n M3 HeNpepbIBHOCTH QYHKIHH
y=Ilog,x B TOUKe X=e* phHTeKaeT, 4TO Ipele] B NPaBOH YacCTH

(5.36) cyulecTBYyeT M paBeH —i_ log, e.
Hrak,
(log, x)’ = ——log, e (5.38)
X

(ans molux 0<az-t1 u x>0).
B uvactHocTH, pH a=¢

(Inx)’ =—:c— (aaa moGoro x > 0).

3. MpousBoAHbIe MOKA3aTENbHOM H OOPATHBIX TPHTOHOMETPHYECKHX
¢yukumit, [Iss BHIUHC/AEHHS TNPOHM3BOJHLIX YKa3aHHBIX QYHKUHMH HC-
noib3yeM teopeMy 5.4 o auddeperunpopaHHH o6paTHOR (DYHKUHH,
JOKa3aHHylo HaMu B 1. 2 § 3 HacTosILIeH IJ1aBHL.

1°. TlpousBonHas ¢yHkuuun y=a* (0<as*l). Tak kak
GYHKUHS Yy=a¥, oOnpejeseHHas Ha Bced GeCKOHeUHOH MNpPAMOH
—oo<Lx< + 00, siBAsieTcss o6paTHO# masi GYHKUMH x=log,.y, onpele-
JeHHol Ha moaynpsamol 0<y<+oo, U Aag QYHKUHH x=l0gey B OK-
PecTHOCTH Jo60# TOUKH y moaynpamoii 0<y< -+oo BHINOJHEHHl BCE
YCJIOBHS TeOpeMBl 5.4, TO B CHJY 3TOH TeopeMbl GYHKUHA y=a* aud-
¢pepeHurpyeMa B 1000/ TouKe x=l0gsy ¥ ANA ee INPOH3BOJHON B
ITOH TOYKe cnpaBeldjinBa HoOpMyJsa

(@) =— ! = ! zly .
(logg y —logg e Oogg e

(Mu1 ucnosb3oBasu BblpaxeHue (5.38) ans nmpousaBOAHOH Jorapud-
MHYeCKO# QYHKLHH.)
V3 mosyyeHHOro paBEHCTBA B CHJIYy JI€MEHTAapPHOTO COOTHOIUEHHS

=Ina ¥ COOTHOWEHHS Y=a* OKOHYATEJHHO MOJYYHM
(a*)'=a*1na (5.39)

(ans mo6ok TOYKH ¥ GECKOHEYHOH MpsiMOH).
B uwacTtHOCTH, IpH a=e

log, e

(e*)'=e*.

2°. [lpousBoaHas GpyHKUUH y=arcsinx. Tak xak QyHKuds#
y=arcsin x, onpejejeHHas Ha HHTepBaje —1<x<1, aBasercs o6par-

o . o 19
HOH ISt QYHKUHHA X =SiNy, onpeielIeHHON Ha HHTepBaJie — Y <y<L

*Bn 2§ 3 ran. 4 nokasano, uro ¢yHruus y=1log, ¥ HeNpepuiBHA B 06Ok
Touke x>0,
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n . “
<+ > H Aas (PYHKOHH X=siny B OKPECTHOCTH J1000H TOYKH ¥

T I
HHTEpBaJja —-{< y< + - BBINIOJIHEHEl BCe YCJOBHS TEOpPEMEE

5.4, To no 3TOi Teopeme GYHKUMA y=arcsinx auddepeHurpyema B
M060it TOuKe x=siny H AJd ee NPOH3BOAHOH B 3TOH TOYKe CIpaBej-
auBa dopmyaa
. 1 1 1
arcsinx)’ = = e
( ) (siny)’ cosy Y 1—sinty

(5.40)

Mrul ucnosip3oBann paBeHcTBo (5.32) W B3siaM mepej KOPHEM 3HaK +
N n
B CHJIy TOTO, YTO COS Y IOJIOXKHTEJIEH BCIOAY HA HHTepBaJjie -——2—<

13

<y< + <=

YuHTHIBas, 4TO Siny=x, Mbl OKOHYATEJbHO TMOAyuyHM H3 (5.40)

i
Y 1—x2
(mns Bcex x U3 MuTépBasa —l<x<+1).

3°. IlpousBoxgHas dyHrguuHu y=arccosx. Tak kak dyHKUH®
y=arccos ¥, ONpeleJeHHass Ha HHTepBajle —I1<x<+41, sBIAeTCS
o6paTHOH Jasi (QYHKIHM X=COSyYy, OIpeleJeHHOH Ha HHTepBaJe
0<y<m, u ans QYHKUHH X=COS Y B OKPECTHOCTH JIIOOOH TOUKH Y UH-
TepBana 0<y<m BBINOJHEHH BCE YCJAOBHS TeopeMbl 0.4, TO MO 3TOX

TeopeMe (yHKuust y=arccosx naubdepeHuupyema B Ja060H TOUKe
X=COSY M AJs ee NPOH3BOJHOH B 3TOH TOYKe cnpaBeaauBa dopmyna

1 1 1
(arccos x)" = == e e (5.41)
. (cosy)”  (—sing) —y 1—costy
Mu ucnonb3oBanu paBeHcTBO (5.33) M B3sJH Nepej KOpPHEM 3HAK —
B CHJIy TOTrO, UTO Sin y MOJIOKHTENEH BCIOAY Ha HHTepBate 0<y<m.
YyuTHIBAS, 4TO COS Yy =X, MLl OKOHYATeJbHO moJayyum H3 (5.41)
. 1
yi=xt
(must Bcex x u3 uHTepBasa —l <x<+1).
4°, [IpousBonuas Gpynrkuuu y=arctgx. Tak Kak QyHKuH%

y=arctg x, onpenesenHas Ha GeCKOHeYHOH TpsaAMOH —oo<x<+ o0,
ABJseTCs 06paTHOH A (YHKUHMH xX=tg Yy, onpele/eHHOA Ha HHTepBa-

Je ——% ly< 3‘2“ H A5 GyHKuuM x=1tgy B OKPECTHOCTH KaXIOH

(arcsin x)' =

(arccos x)' =

n T .
TOUKH y HHTepBaJga —7< y< - BHITOJHEHEl BCE YCJIOBHSI TEOPEMBL

5.4, To mo.3TO# TeopeMe OyHKuMs y=arctgx puddepenuupyemMa B
KaXJoH TOuKe x=tgy M 1Jd ee NMPOH3BOJHOH B 3TOH TOUKe Chpabel-
JHBa gopmyaa
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R

arctgx)’ = = = .
(arctg) (tg vy I4tg?y 14«2
{Mmt ucnosb3oBanu cootHomenue (5.34).)
Hrak,
1
(arctg x) T

(s a06o# Touku x GeCKOHEUHOH MpsiMoil).

5°. IpousBoanasa Gynkuuun y=arcctgx. Tak Kak QyHKUHA
y=arcctg x, onpenejeHHass Ha O€CKOHeYHOH npsAMOfl —oo<x< 400
sBJsieTcss o6paTHON Aas (GYyHKUUM Xx=cig y, onpeleneHHOH Ha HHTEpBA-
Je 0<y<m, u Aja GyHKUMH x¥=cligy B OKPECTHOCTH KaxKJA0H TOUKH
uHTepBasa 0<y<m BEIIOJHEHBI BCe YCJIOBHSI TeOpeMBl 5.4, TO MO 3TOf
TeopeMe ¢yuknus y=arcctgx puddepeHuupyeMa B KaXKA0H TOUKe
x=ctgy u pjasa ee NPOM3BOJHOH B 3TOH TOYKE CIpaBelayBa (popMmyJia

1 1 _ 1

arcctg x)’ = = = — .
( ) (ctgy)’ — (1 +ctg?y) I+ x?
(Mpl ucnonp3oBasu cooTHomenue (5.35).)
Hrak,
r__ 1
(arcctg x)' = e

(ans mo6o#i TOYKH x GeCKOHEYHOH HPAMOI).

4. MponsBopHas crenenHoi pyukunu. Ilycts y=x*, riae a — aoboe
BEIleCTBEHHOe YHCIO, X — niobas Touka mnoaynpamoll 0<x<<+oo.
B ra. 4 MBl yKe paccMaTpHBaJM CTENEHHYIO QYHKUHMIO y=Xx* Kak Cy-
LIEPIIO3HUIHUIO JIOTapUPMHUYECKOH H NOKa3aTeTbHOH (YHKUUH

y= xoc — (alogax )a - aalogax
{rze a — moGoe QpuKcHpoBanHoe yncIo 0<al1).

- Ilo npaBuny nuddepeniupoBanns CcaoXHOH GYHKIHH y=a%, rie
u=qlog, x, noJyauM

Yy = (@9 - (alog, x)' ==a*-1n a-a-—i— log,e=

1 1
= aalogax Qe —— = X% — = g x%1,
X X
Hrak, okoHuaTesbHO
(x*) = qx*1
(nas moGoro x>0).

5. Ta6auna npou3BOIHBIX MPOCTEHIINX 3JEMEHTAPHBIX (YHKIUH.
Co6epeM Temepb B TaGJHIly BCe BHIYMCJEHHbIE HAMM NPOH3BOLHbIE
NPOCTEHIINX 91eMEHTaAPHBIX QYHKUHKE.

1° (x%)' =ax*! (x>0).
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L R S 1 [
B uacTHOCTH, <—);—> =—— (V%) ik
2°. (log,x)' = %Iogae O<as=1, x> 0).

B uactrocry, (Inx) = —:C—

3% (a*)’=a*-Ina (0<a+#l1).
B uactHocTH, (€¥)'=e*.
4°, (sinx)’=cosx.
5% (cosx)’=—sinx.
6°. (tgx)’z——l—
Cos

2 x

1+tg?x (x#:—g-—i—nn; n=0,¢1,...),
7. (clgr) = ———=— (1 +ctg?x) (x3=nm;n=0, +£1,...).

sin? x
8% (arcsinx) =1/} 1—x* (—1<<x<+1).
9° (arccosx) =— /) 1—x? (—1<x<+1).
a ’ 1
10° (arctg x) T
© 14
11° (arcctg x) R
B rii. 4 MBI BBEJM B PACCMOTPEHHe YeThIpe TunepOoHyeckue QyHK-
nuu y=shx, y=chx, y=thx n y=cthx, asasomueca NpocTHIMH KOM-
OuHAUMAMH NOKasaTeJabHBIX QyHKuui. M3 npexcraBieHHS 3THX QYyHK-
IMH Yepe3 IOKasaTesbHble MYHKUUH 3JEMEHTAPHO BBHITEKAIOT CJEAYIO-
IIMe BBIPAXKEHHsI JJIsl UX IPOU3BOJHBIX:
12°. (shx)’=chux.
13°. (chx)’=shx.

0 ' 1
_14°% (thx) = .

15°, (cthx)' = ——-;h%x— (x5£0).

YcTaHoBJaeHHAs HAMH Ta0JUIa NMPOU3BOJAHBIX BMeCTe C IIPaBUJIOM
I hepeHIHPOBaHUS CI0KHON (YHKUHH (YCTaHOBJEHHBIM B I. 1 § 3)
H npaBujgaMH JH$GEepEeHLUPOBAHHSA CyMMBI, Pa3HOCTH, NPOHU3BeLeHUSA
H yacTHOro (yCTaHOBJEHHHIMH B § 4) cocraBisieT BbIUHCAUTENbHBIA
annapar TOf 4acTH MaTeMaTHYeCKOro aHajii3a, KOTOPYIO NPHHATO Ha-
3plBaTh LU P PepeHIUaNbHBIM HCUUCJTEHHE M.

B ri. 1 1 4 MBl yxe BBeJIH NOHSITHE 3JeMEeHTapHO# (PYHKIHH, KakK
TakKo# (YHKIHH, KOTOpas BhlpaxkaeTcs yepe3 HpocTefiliHe 3JjeMeHTap-
Hbole (YHKIHH NOCPEJCTBOM ueThipeX apu(pMeTHUeCKHX JeHCTBUH H
CYNepHno3UulLiHH, MOCHEAOBATENbHO NPHMEHSEMBIX KOHEYHOe HHCJO pas.

W3 ycranosieHHoil HaMH TaOJAHIE MPOUSBOAHKIX H IpaBui pudde-
PEHLHPOBAHHUS CYMMBl, Pa3HOCTH, IPOH3BEAEHHUS, YACTHOTO H CJIOXKHOH
GYBKIHH BhiTEKAET CJACAYIOIIHN BaXKHBIH BHIBOA: npoussodnas aiobod
saemenTaproll (hynrkyuu npedcrasaser cobOl TAKHEe IAEMEHTAPHYIO:
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Pyuryuro, 1. e. onepayus Jughepenyuposarus He 66.800UT HAC U3
KAQCCOQ 3AeMEHTAPHBIX PYHKYUL.

6. Tabsanua nuddepeHumuasoB NPOCTeHUIHX 3MeMEHTAPHBIX PYHKUHHA.
B 0. 3 § 3 Mu ycrauoBunH, uro puddepenunan dy GyHruun y={(x)
BCerJa paBeH NPOH3BOAHON 3T0#t GyHKUMH [’ (x), yMHOXKEHHOH HA HH-
<epenuras apryMenta dx. IlosToMy ycTaHoBJeHHass HaMH Tabgauna
fIDOM3BOAHBLIX Cpa3y e NPHBOAHT HAC K COOTBETCTBYIOIEH TabjHle
AudpepeHunaoB NPOCTeHIIAX JIeMEHTAPHBIX QYHKUMH.

1°. d(x*)=0a-x*"1dx.

B uactaoctn, d (—i—) = ———%dx, d(Vx) = L_dx.

2y'x
2 d(logax)=—i-logaedx 0<az1, x>0).

B uvactHocTH, d(Inx)= —df—'.
X

3°. d(a*)=a*Inadx (0<a:l).
B yacrtHoctH, d(e*) =e*dx.
4°. d(sinx) =cos xdx.

5°. d(cos x) = —sin xdx.
6°. d(tgx) = —2—=(1+tg?x)dx
Cos® X

(x;e% +an; n=0, il,i2,~->.

7 dctgx) = — —2— — (1 +ctg?x)dx (x3=nm; n=0, +1,...)

sin® x
8. darcsin x) =dx/V1—x (—1< x< +1).
9°. d(arccos x) = —dx/V'1T—x* (—1< x < +1).
10°. d(arctg x) =

1+ x 211.
o X
11°. d (arctg x) T
7. Jlorapuipmuueckas npoussoanasd. IpousBognHasi cTemeHHO-HOKa-
a3areavHont ¢pyukunn. Ilycrs  dyskuna y=f(x) nonoxuTeNbHA
# nuddepeHnupyeMa B 1aHHOH Touke x. Toraa u cjaoxHast QYHKIHA ap-
ryMeHTa x BuAa w=Iny, rie y=f(x), B cuny TeopeMn 5.3 Oyner
Takxe AupdepeHuupyeMa B YKa3aHHOH TOUKe X, NpUYeM MJisi NMPOHU3-
BOLHOH 3TOH CAQ¥KHOH QYHKUUH 1O apryMeHTY x OyneT crpaBedjHBa
opmyaa ‘

Inf()] =(ny) y* =2 = F& 5.42)
[inf () =(ingy g =L = LK (
Bennuuny (5.42) npuHATO Ha3uBaTh JoOTapHPMHUYECKOR
TPOM3BOAHOMN QYHKUHH y=[(X) B AaHHOHN TOUKe X.
JlorapudMuyeckas npou3BOJHASA MOXKeT GbITb HCHOJb30BAHA JJIst

BBEIYHCJIEHHS] IPOH3BOAHBIX HEKOTODHIX (DYHKUHMH, He SABJSIOUHXCA NPO-
CTEHUIHMH 3J€eMEeHTaPHbIMH,
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B xauectBe npuMepa BEIYHCJIMM TNPOM3BOAHYIO Tak Ha3bIBaeMo#
CTENMeHHO-NIOKa3aTeJbHON (DYHKIMH, T. €. QYHKIHH BHAA Y= u(x)w‘)
rae u(x) u v(x) — aBe QyHKUHM, AHPPEPEHIMPYEMbIC B JaHHOH TOY-
Ke x, IepBasi H3 KOTOPHIX U (Xx) 'CTPOro NMOJIOXKHTEJIbHA B 3TOH TOYKe.

Ilpu Takux orpaHuHueHHsix QyHkuus w=Iny=v(x)Inu(x) Oyner
Iuddepennupyema B JaHHOH Touke x. B caMoM feJe, B CHIY TeOpeMH
5.3 dyuruus Inu(x) auddepenunpyema B TouKe x. 3HAYHT, HA OCHO-
BaHHH TeopeMBl O AH(PepeHIHPYyeMOCTH NPOU3BeleHHsl ABYX Iudde-
peHIupyeMbIX (QYHKIHH MOXKHO YTBepXKAaThb AH((epeHUHpYyeMOCTs B
JAaHHOI ‘TOuKe X H PyHKuWH w=Iny=v(x)-lnu(x), npHueM B CHIY
BTOpOH opmyssl (5.24)

(Iny) =0 (x) Inu (x)+-v(x) [Inu (x)]’ =
=0 (x)Inu(x)+ 0 (x) w (x) (5.43)
Hs (5.42) u (5. 43) NOJIY9HM, YTO

=o' (1) Inu(x) + 0 (x) L&

u(x)

YuuThIBasl, UTO Y= u(X)?™*), OKOHIATEIbHO MOJYYHM CJAEAYIOllee Bbl-
pPaxeHHe IJisi NPOH3BOJAHOH CTEeNeHHO-NOKAa3aTeJbHOH (GYHKUHH:

(0 (£ = u (g0 [v' () Inu(x)+ v (%) %‘)’-] (5.44)
®opmyna (5.44) cnpaBexsuBa B NMPEANOJOXKEHHH, 4TO U(x) H v(X)
JuddepenuupyeMbl B gaHHOH TouKe x M u(x) >0 B 3TOi TOUKe.

§ 6. NTPOU3BOJAHBIE H NH®PEPEHILHAJIbI BbICIIUX
NnoPAAKOB

1. MNMouarue npousBoaHo# n-ro mopsinka. Kak yxke oTrMeyaJjoch B
m. 2 § 1, npoussognas f'(x) ¢yskuun y=f(x), onpeleseHHol H Aub-
<depeHuupyeMoii Ha uHTepBaJe (a, b), npedcrasaser cobol ¢ynxyuio,
Takoxce onpedesennyro Ha unrtepsase (a, b). MoxKeT CAyUHTHCS, YTO
Gyukuus [’ (x) cama asasiercs nupdepeHIHPYyeMOil B HEKOTOPOH TOYKe
x mHTepBaJsa (a, b), T. e. UMeeT B 3TOH TOuke npou3BoAHyw. Torza
YKa3aHHYI0 [POM3BOJAHYI0 HAa3HBAlOT BTOPOH TNPOH3BOAHOM
(Mly - TPOU3BOAHOH BTOPOTro mopsaka) ¢Qyukuua y=f(x)
B TOuKe X H 0603HAYaIOT CHMBOJIOM P (x) mau y@ *.

Ilocsie TOro .Kak BBEeNEHO IIOHATHE BTOPOHl IPOH3BOAHONH, MOXKHO
fI0CJIEJOBATEJbHO BBECTH NOHATHE TpeTbell NPOH3BOJHOH, 3aTeM der-
BepTofi IMPOH3BOAHON M T. A. ECJAH mpeAnoJOXHTb, YTO HaAMH YyXe
BBefieHo nousatHe (n—1)-i npousBoaHoi U uTo (n—1)-9 NpoHU3BOIHAS
JubdepeHuEpyeMa B HEeKOTOPOH TOYkKe X MHTepBana (a, b), T. e.

* IIJm 0603HaueHHsi BTOPOH NPOHIBOAHOM  HCHONBIYIOT — TAKKE CHMBOJH i
s y”.
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KMeeT B 3TOH TOYKe NPOHM3BOJHYIO, TO YKA3aHHYIO NPOH3BOAHYIO Ha-
3RIBAIOT A-H NPOU3BOAHON (HJH MPOH3BOJHON n-rO MOPAAKA) QYHKIHR
y=[(x) B Touke x ¥ 0603HAYAIOT CHMBOJIOM f(")(x) HIH (™.

TakuM 06pasoM, MBl BBOAMM MOHSTHe n-H NPOU3BOJHOH HHAYK-
THBHO, II€PeXOAS OT NEPBOH NpPOH3BOAHONH K mocienaytomum. CooTHO-
llieHHe, ONpeResIOiee /-0 TPOUSBOLHYIO, HMeeT BHL

ym = [yn=D]". (5.45)

QYHKIMIO, UMEIOLIYI0 Ha [aHHOM MHOXecTBe {X} KOHEuHyI Mpo-
' H3BOJHYIO NOPSijKa 7, OOBIYHO HAa3HBAKT n pa3 AuddepeHnupyeMon
Ha JaHHOM MHOXKeCTBe.

IToHsTHE TPOH3BOJAHBIX BHICIIHX NOPAAKOB HAXOAHT MHOTOUHCJIEH-
HEle IIPHMCHCHHS. 3/1ecb MBI OrpaHHYHMCS TEM, YTO yKaMeM MeXaHH-
YeCKHH CMBICJ BTOpOH npousBoigHo#. Ecau @ynxuuﬂ y=f(x) omucu-
BaeT 3aKOH JBHKEHHsS MaTepHaJbHOH TOYKH BROJb ocu Oy, TO, Kak

MBI yKe 3HaeM W3 1. 1, mepBasi mpousBojiHas ['(x) AaeT MIHOBEHHYIO
CKOPOCTh JABHMXKYULIEHCH TOYKH B MOMEHT BpeMeHH X. B Takom ciayuae
BTOpasi mpousBojgHasi [®(x) paBHa CKODOCTH HM3MEHEHHS CKOPOCTH,
T. €. PaBHAa YCKOPEeHHIO JABHXKYUleHcs TOYKH B MOMEHT BPEMEHH X.

MeToaHKa BBIYHCJICHHS NPOW3BOLHBIX BHICIIEro MOPSAKAa NPeAno-
Jiaraet yMeHHEe BHIUHC/AATbL TOJbKO NPOUM3IBOJLHBE NEPBOrO
nopsiAKa, ubo HOC/HENOBAaTEJbHOE HpHMeHeHHe @OpMyan (5.45)
€CTh HE YTO HHOE, KaK MHOTOKpPATHOE BBIYHCJIEHHE NIePBHIX NIPOHU3BOA-
EBX. B KauecTBe HmpHMEpOB BBIUHCIHM NPOH3BOJAHBIE 711-TO TOPAAKE
HEKOTOPHIX NPOCTEHINHX dJAeMeHTapHbX (QYHKUMH.

2. n-ple NPOU3BOJAHBIE HEKOTOPHIX GYHKLHMH,

1°, BouucauM 7-10 TPOU3BOJKHYIO CTeNeHHOR (YHKUHH y=x*
(x>0, o — maw6oe BeuiecTBeHHoe yuca0). [TocnegosatenavHo audde-
peHuupys, 6ynem HMeThb

Y =ax*"l, yP=q(a—1)x*2 y®=a(a—1) (a—2)x*3, ...

Orciofa JIErKo YSICHHTb O6GIIUA 3aKOH

x)®W =0 (a—1) ... (@—n-+ 1) x%",

Crporoe [0Ka3aTeJbCTBO 3TOI0 3aKOHA JIETKO IPOBOJHTCS METOAOM
MaTeMaTHYeCKOH HHAYKIHH.

B uacrHOM @unywae a=m, Te M — HaTypaJbHOE YHCJIO, MOJYYHM
(x™)M =ml,
(x™)™ =0 npu n>m,

Takum o6pasom, n-1 NPOH3BOJHAST MHOrouJjeHa m-TO MNOPsIKa IpH
n>m paBHa Hyn10*,

* Tlpy 3TOM MBI HCOONB3YEM CJAEAYIOIIYI0O OYEBHIHYIO qupmyJIy [Au(x)+
+Buy(x)] " =Aut™ (x) + Bv(®)(x), rae A u B — nocrosHukKe.
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~2°. Jlalee BBHIYHCIHMM r-10 NIPOU3BOAHYIO NOKa3aTesbHOR OYHKIHH
y=a*. TlocnenoBaTenpHo g epeHuupys, 6yieM uMmerhb

y=a*Inx, y@=a*In’x, y®=a*1n%gq,...

O6utas ¢opMmyna, Jierko ycTaHaBJHBaeMasi M0 METOAYy HHAYKIUH,
HUMeeT BHJ

I (@) =g*In"a. l

B ugacrtHOCTH,
(en)™ =e~.

3°. BRYUCIHM 71-10 NPOH3BOAHYIO DYHKIHH y=sin x.
[lepByo mpoH3BOZHYIO 3TOH (PYHKLUHH MOXKHO 3alHcaTb B BHAE

y' =cos x=sin (x + %) . Taxum o6pasom, auddepennupoBanue
¢$yHKHUH y=sin x npubasJjser K apryMeHTY 3TOH (QYHKUHUH BEJHUYHHY

—;L. Orcioga nonygaeMm Gopmyny

(sinx)® =sin <x +n —nz—) )

4°, CoBepLIeHHO aHAJIOTHYHO yCTaHaBaHBaeTcs GopMyJa

(cos x)™ = cos (x+ n%) .

o°. BhlyHCJIUM n-10 NPOM3BOAHYIO QYyHKuuMH y=arctgx. Jlokaxem
¢ NOMONIbIO MeTOJa MaTeMaTW4ecKol HHAYKIHM, YTO CHOpaBejJIHBa
ciaenywomas opmyaa:

to x) — r =D [ ( _“_” 46
(arctg x) TENTE sin | n | arctg x + > ) | (5.46)
YyurniBass, ut0 y=arctgx, x=1gy, L. ! =cos’y, MH

1+ 14tghy,
MOXKeM IepenucaTb yCTaHaBJHBaeMyio GopMyJay B BHIE

Y™ =(n—1)l cos™ y sin [n (y + —Z—” (5.46%)

Y6enumcsi MeTOAOM HHAYKLMH B cnpaBefauBocTH (opmyan (5.46 *).
Ilpr n=1, B cuny n. 3 § 5, ¢ = (arctgx) = =cos?y.To xe

14+ x2
caMoe BbipaxkeHHe moJydaercs npu n=1 wu3 (5.46*) (mocraTouno

ydecTh, 4TO Sin (y + %) =C0Ss ).

TakuM 06pasoM, npu n=1 dopmyna (5.46*) cnpasennusa.
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[Ipennmonoxum Ttenepb, uro ¢opmyaa (5.46*) copaseasiuBa mis
HEKOTOpOro 7, u ybGeJHMcs, 4TO B TaKOM cJjaydae sTa (opMmyJa cupa-
BeAJHBa H AJs CJefyiomero HoMepa n+ 1.

B camom gene, npousBoas audpdepenuupoanne (5.46*), monayunm

Yyt = (n— 1)1—:7 {cos"ysin [ (y + _’2‘_”} =

=(n—~rl)ljj?{cos"ysin[ <y+ )]}_d%z

= (n—1)! {diy(cos"y) sin [n <y + _2—)] +

+ cos™ y d [sinn (y + i) ] ]'y’.
dy -2
YuutbiBasi, uro y' =cos?y, —;—- (cos™ y) =ncos*~! y (—siny), Mur m0-
Y

JIYUHM, 4TO
¥t = nl cost y {——sinysiﬂ [ﬂ (y + %)] +cos ycos [n (y + —Z—)]} -

;nlcos"+1ycos [(n+ )y+ n—;—] =nl cds"+‘ysin [(n+ 1) (y + —’;-)]

Mu noayyaem pas y*+!) ¢opmyay Buaa (5.46*), Baatyio s Ho-
mepa n+1. Tem caMBIM HHAYKUHS 3aBepuieHa u ¢opmyaa (5.46) mo-
KasaHa.

6°. B 3akjioueHHe BHIYHCJIHM n-10 NPOH3BOAHYIO TaK Ha3bIBaeMoOid

Ipo6HO-THHeHHOH GYHKUHH Y= i , IBe a, b, c md—

cx+d
HEKOTOpPHIe HOCTOSIHHHIE.
ITocnenoBarensHo puddepennupys ary ¢yHkuuio, 6yieM HMeEThb

r_alxtd)—clax+b) 4 —2
T dp (ad—bc) (ex+ d)—2,

Y@= (ad—bc) (—2) (cx+d) 3,
y® = (ad—bc) (—2) (—3) (cx+d)—4c?, .

Jlerko ycMOTpeTh H OGIIME 3aKOH

Yo = (%ﬁ)‘"’ = (ad—bc) (— 1)1 nl (ex + d)=+D) ¢t
C.

KOTOprH HOKAa3HIBAETCS 110 METONY WHAYKIHH.
3. dopmyna JleiibHuna anaa n-i NpousBOAHON NMPOU3BEAEHHUS ,uByx.
¢yukuuii. B To BpeMs KaK yCTAaHOBJEHHOE BHIILI€ NPABUJIO BHIUHCJICHHA
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fIepPBOH  MPOM3BOAHOM OT CYMMBl MJIH PasHOCTH JABYX QYHKUmil
(4tv)’=u'*v" nerko mepeHocurcss (HANpEMep, IO METOLY HHAYK-
UMA) Ha Ccay4adl n-#i npoM3BOAHOH (4=*v)™=u™iy(M BO3HHKAOT -
3aTPYAHEHUS NIPH BLIYHCJEHHHM n-fi NPOH3BOJHOH OT NPOH3BEJEHHS
ABYX GYHKUHA u v.

CooTBercTByIOIICe NPABHIO HOCHT Ha3BaHHe GopMyan Jlefibnuua
Y MMEeT CAeAyIOIHHA BHA:

(uv)® = My + Crun—Vy" + Cour—2p®@ + Ciun—3@ 1 . . + uo,

(5.47)

Jlerko moAMETHTb 3aKOH, MO KOTODOMY NOCTPOEHa MNpaBas YacTh
dopmyanl Jleiibuuna (5.47): ona coBnagaer ¢ GopMyJoil pasyoKeHHS
6uHoma (u4-+v)" JUIIL BMECTO CTeleHed wu M v CTOSAT NmMpoO-
M3BOJHHE COOTBETCTBYIOUHX NOpPSJNKOB.

ITO CXOACTBO CTAHOBHTCA ellle 6oJiee MOJSHBIM, €CJH BMeCTO CaMHX
¢yHKIu# 4 u v nucatb cootBercTBeHHO u® n v@® (T. e. ecim paccMar-
puUBaTh caMy QYHKHHMIO KaK HPOH3BOJAHYIO HYJIEBOTO NOPSJIKa).

Hlokaxem ¢opmyny Jlefibuuna no merony uuaykumu. Ilpn n=1
sta QopMysa npuHuMmaer Buji- (uv)’=u'v-+uv’, uro coBmajaer ¢ yec-
TAHOBJIEHHHIM BHHe (B § 4) npaBuaoM JupdepeHUHPOBAHHST IPOHU3-
Beaenus aByx ¢yskuuit. IlostroMy mocraTouHo, mpeinoJoXuB chpa-
BefJauBOCT (opmyan (5.47) njs HEKOTOPOro HOMepa n, 10Ka3aThb
ee CNPaBeJJIMBOCTb AJISl CJEAYyIOLero HoMepa n+ 1.

Hrak, nyctb ans Hekotoporo HoMepa n ¢opmynaa (5.47) BepHa.
Tponndpepennnpyem 31y ¢Gopmyly W OGBEAHHHM ClaraeMele, CTOS-
Uige B NPaBOH YaCTH, TaK, KaK 3TO YKa3aHO HHXKe:

{uv)n+) = Dy 4 [Couo’ 4 Cru™o'| + [Cruti—D0® 4 C2uin—1p] +
+ [Coun—20®) 4 Coun—2®] + ... + wointD, (5.48)

(ITpu 3TOM MBI BOCHOJIB30BAJNHCHL TeM, uTO 1=C,0.)
Jlerko mpoBepHTb, YTO AJA JMIO6Or0 HOMepa k, HE NPEBOCXOAALIEr0
7, cupaBeanuBa $opMyaa

Cky i =cty,. (5.49)

Has toro 4robm ybGeauTbcss B cnopaBeJHBOCTH (opMyin (5.49),
JOCTAaTOYHO 3@8METHTb, YTO

C* — nn—1)...(n—k-+1) Ck—l_n(n—l)...(n—k+2)
n— ] - ’
k! . (k— 1)
Ck (a4 Dn...(n—k4+2)
n—}-l;-— .
Rt
V3 HanucaHHBIX COOTHOLIEHHH BHITEKAET, UTO

Ck_{_cqu__n(n—l)...(n—k—1~1)_{__n(n—l)...(n—k-{-2)=
e 3 (k—1)!
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n(n—1)...(l—k+2(r—k+ N +nin—1).., (2 —k+2k _

Kl
_af—1) .. (a—k+ln—k+1)+ k] _
k!
_ (kD=1 .. (a—k+2)

=Ck .
X n+1

Ucnonbsys dopmyay (5.49), Ml MoxkeM CJaelyiolmuM ofGpasoMm
nepenucath cooTHoumeHue (5.48):

(o) td = gty - Cp g ™o’ 4 C qu®=—10@ - C3 L u—20®) 4- ... + yolnth,

Tem camMbiM MH yOeJHJIHCL B clpaBeanuBocTH dopmyast (5.47)
st Homepa n+1. Maaykuusa nposefeHa, H BeiBoA ¢opMmyaw Jied6GHu-
na (5.47) saBepuueH.

pumep. Bpounenaum n-i0 npousBoinyio ¢pyHxkuuu y=x2e*. Ilo-
Jdarasi B ¢opmyae Jleiibuuua (5.47) u=e*, v=x%* u yuuTHBaA, YTO
uM=e* (mnust Jgio6oro HoMepa k), v =2x, v@=2, V®=pl=_ =
MBI [OJIYYHM, 4YTO

(¥%5)®) = e*x? - Cpe" 2x+-C €°- 2 = e* [x® + 2nx + n (n—1)].

ITopuepkueMm, uto dopmyaa Jlefibuuna ocobenno 3¢ deKTuBHa
B TOM CJyd4ae, KOrja OAHA H3 MepeMHOKaeMHX QYHKUMH HMeeT JHUI b
KOHEYHOe YHCJO OTJHUYHBIX OT HYJNS HOPOHSBOALHBX
H He INpeACTaBJseT 3aTPyAHEHHS BBIUHCJIEHHE BCEX NPOM3BOLHAEIX
JApYrof M3 nepeMHO}kKaeMBIX GYHKIHH.

4. Nud¢epeHuranp BBICUIMX NOPSAAKOB. Bhbille A8 0603HAaUYCHHS
anddepennnana aprymMesTa 4 COOTBETCTBYlolllero eMmy auddepenuua-
Ja (YHKIOUHM MBI HCIIOJIb30BAJH CHMBOJB dX H COOTBETCTBEHHO dy.

B paccyx/eHHAX HacCTOSIIETO MyHKTa HAM NPHIETCA HCHOJNb30BATh
Jjsa obossayeHus AuddepeHuuana aprymMeHTa # COOTBETCTBYIOLIETO
emy auddepennnana QyHKIHH H APyrHe CHMBOJBL. B yacTHOCTH, MH
Oyzem o6o3HayaTh AMpdepeHuuan aprymMeHta M COOTBETCTBYIOIIH#H
emy audpdepenuuans GyHKUHH CHUMBOJAMH 6x H 84 COOTBETCTBEHHO.
B stux o6o3HauyeHHsiX HMHBapHaHTHOE MO GopMe BhHIpaXKeHHe AJs
nepsoro auddepennnana GyBKuuH y=f(x) Oyzer uMeTb BHA Oy=
=["(x)éx. b

PaccmorpuM BhipaxkeHue 1 nepsoro auddepenunana gudde-
peHUUpyeMOil B JaHHOH TOuUKe X OYHKUHH y=f(x):

dy=F'(x)dx. (5.50)

[Ipeanonoxum, 4To BeJHYMHA, CcToduiasi B mpasofi wactu (5.50),
npejacrapjiser coboil GYHKUHIO apryMmeHTta x, JubdepeHuupyeMyio
B JaHHOH TouKe x. s 3TOr0 AOCTATOYHO MOTPe6OBaTh, YTOOH (PYHK-
uust y=f(x) Oblna asa pasa guddepeHumpyeMa B JAaHHOH TOUYKe X, a
apryMeHt JiH0O SBJSAJCH HE3aBHCHMOH IE€peMEeHHON, JMGO mpeacraB-

b4
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Jsan cobofi gBaxiabp auddepeHIHpPYeMYIO (YHKLUHIO HEKOTOPOH Hesa-
BHCUMOH NepeMeHHOH f.
[Ipu 2THX HpEANOJOXKEHHAX MBI MOXeM paccMorpeTb AupGepeH-

1Haa
8(dy) =8 f' (x) dx]
oT Beau4uHH (5.50).

Onpepnenenune 1. Suauenue 8(dy) Jupdepenyuara or nepsozo
Ougpepenyuara (5.50), 83aToe npu Sx=dx, HaA36180LTCA ° BTOPLIM
Ougpppeperyuarom Gynkyuu y=f(x) (8 dannoii TouKe x) u obosnaua-
ercs cumgosom d?y.

Hrak, no onpepe/eHuo™

d*y =6 (dy) | sx—ax = {8 [ (%) dx]}|sx=dx-

Juddepenunan d"y mwoboro nopsiika n BBOJUTCA IO HHAYKIHH.

[IpeanonoxuM, 4to yxKe BBeleH AubdepeHunHas d" !y mnopaika
n—1 u uro ¢yukuua y=f(x) n pas nuddepenurpyemMa B JaHHOH
TOYKE X, a ee apIyYMeHT X JAHOO SIBJASETCS HEe3aBUCHMOH NepeMeHHOH,
aubo npexacrapiasieT coboit n pas3 aubPepeHLHpyeMyl0o (QYHKUHIO He-
KOTODOH HE3aBHCHMOH NEpPeMEeHHOH ¢.

Onpeneaeunune 2. 3ravenue 8(d*'y) Ouggpepenyuara or
(n—1)-20 Ougpgepenyuara drly, 83aroe npu dx=dx, HazeeaeTCR
n-Mm nubpdepennunanom yukyuu y=f(x) (8 dannoi TouKe Xx)
u 0603HA4AETCA CUMBOAOM dA™Y.

Hrax, no onpeneienuio d"y =08 (d"1y) |sx=dx-

IIpu BHIUKCJIEHHH BTOPOro W INocaeAyouiux AuddepeHnHualoB NpH-
XOIUTCA CYIIECTBGHHO pa3/jnyarb Apa chaydas: 1) caydail, kKoriga ap-
TYMEHT X sIBJsIeTCs He3aBHCHMOU nepeMeHHOH; 2) cjyual, Korja apry-
MeHT X MpeacraBjsier coOOH COOTBETCTBYIOIlee uucJa0 pas audpde-
peHuHpyeMylo (YHKIMIO HEKOTOPOH He3aBUCHUMOH HepeMeHHOH i

B mnepBom cayuae, Korga x siBAseTC He3aBHCHMOH IepeMeHHOH,
MBI MMeeM IIpaBO CYHTaTh, YTO dx He 3aBHCHT OT X M paBeH OA-
HOMy H TOMYy e NpHpalleHuio aprymMenta Ax (4Jst BCeX TOYeK x).
Ilpn arom Mbl nogayuum, uto 8 (dx) = (dx)'6x=0.

Tlocienuee cooTHOUIEHHE H BTOpOe cooTHoIeHHe (5.28) m03BOJSIOT
HaM 3alicaTh CJAeAYOLYIO LelOoYKy PaBeHCTB:

d*y = 8 (dy) | ow=ar == {B[[' () dx]}| 6x=sx =
={8[F" ()] dx+[" (x) 8 (dx)} ox—ax = {S [[' (x)] dx}|br=ac=
= {f® (x) dxdx}| gx—ax =@ (x) (dx)2. (5.51)

Wrak, B ciayyae, Korjga apryMeHT X sBJIgeTCs He3aBHCHMOH mepe-
MeHHOH, AJs Broporo nu¢depenuunasa GpyHruun y=f(x) cnpaBeRaHBO
fipeiCTaBJeHHE

Py=]®(x) (dx)>. (5.52)

* CumBon {..}|sx—dx O3HAYAET, YTO B BHIPAXKEHHH, 3aKJIOYEHHOM B (HIypHHE
CKOOKH, CJIe/lyeT MOJOXKHTb dx=dXx.
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CoBepHICHHO aHAJIOTHYHO, N0 HHAYKLUHH JIeTKO yGeJHUTHCA B TOM,
4TO B CJy4ae, KOIJa apryMeHT X sIBJSeTCS He3aBHCHMOH MepeMeHHOH,
nas n-ro auddepenunana n pa3 puddepeHunHpyeModi (PyHKUMH y=
=f(x) cnpaBeANHBO mpeacTaBJaeHHE

dry=f"(x) (dx)".

Takum o6pa3oM, B cayuae, KOrJla apryMeHT X SIBJISIETCS HE3aBHCH-
MOH nepeMeHHOH, NPOH3BOAHAs Mopsiika n QyHKUHH y=[(x) paBHa
OTHOLIEHHIO n-ro auddepenHunana stod GyHKuuMH d"y K n-fi CTEneHH
Auddepennyanaa apryMeHra dx.

CoBceM apyro#i BHJ, HMEIOT NpeACTaBJeHHs AJs BTOPOTO H MOCTe-
ayoumnx AuddepeHnHaJoB B ciay4yae, KOrja apryMeHT X SBJseTCS
COOTBETCTBYIOILlee YHCJIO pa3 AHdPepeHnupyeMoit (pyHKLUHEeH HEKOTO-
poil He3aBHCHMOH NepeMeHHoH .

YcraHoBuM BeIpaxKeHHe AJa Btoporo JuddepeHumana, cuutas,
urto ¢yHKUMA y=[(x) ABa pa3a AndGepeHUHpYeMa B AAHHOH TOUKE
X, a ee apryMeHT x ABJsiercd ABa pasa audpdepeHnupyeMoil QyHKIH-
el HeKOTOpPOH He3aBHCHMOH mepeMeHHoil f.

IToBropsas paccyxpaenuss Hu3 uenouku (5.51), mMH Ha sToT pas
NOJyYHUM ‘

d2y = 8 (dy) | sxmdx = {8 [f’ () dx]}| brmax =
={8[F" ()] dx+ ' (x) 8 (dx)} | ox—ax =
={f® (x) 8xdx}| sx=ax+ {f’ (x) 8 (d%)} | sx=dix-
3aMeTHM, 4YTO B CHJIy onpefejeHuss BToporo audbdeperuuaa
QYHKIHHH Yy=x
8 (dx) | oxmax = d?x.

YYuTEIBAas 3TO COQTHOWIEHHe, MBI NPHXOJAHM K CJHEAYIOUIEMy mpeln-

CTaBJICHHIO:
A’y =[P (x) (dx)*+f (x)d?x. - (5.53)

CpaBHuBas nosayueHnoe npejcrasiaende (5.53) c mpeacraBieHneM
(5.52), mMbl y6equMcst B TOM, 4TO (B OTJIHYHE OT NepBOro auddepen-
uaja) Bropo#l au¢pdepennuan yxe He obJjajaer CBOMCTBOM HHBa-
PHAHTHOCTH (OPMHL.

Tem Gonee nHe o6nanaloT CBOHCTBOM MHBADHAHTHOCTH (OPMBI 1OC-
aexymomue nuddepeHuuany. . :

§ 7. AHPPEPEHUUPOBAHHUE ®YHKLMH, 3ATAHHORA
MAPAMETPUYECKH

Mui Gynem roBOpHTH, YTO NepeMeHHas y Kak QYHKUHA apryMeHTa
X 3ajladHa HaM napamMeTpHYecKH, ecin obe nepeMeHHbe X
H y 3aJlaHbl KaK QYHKIHH HEKOTODOH TpeTbhell NepeMeHHOH f: x=¢({f),

y=v(1).
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Ilpu sToM yKas3aHHYIO IiepeMeHHYIO { OOLIYHO Ha3HBaKwT NMapa-

METpPOM.
bl, ecTeCTBeHHO, OyJeM mpeamnosarath, uto ¢yHKmuu @(f) u P (i)

HMEIOT HY>KHOe YHCJIO NMPOH3BOAHHIX MO napamerpy f B paccMaTpHBae-
Mo# 06J1acTH M3MeHeHHs 3TOTrO nmapamerpa.

Kpome Toro, mm Bcerga OyaeM cuutarh, 4T0 GYHKUHSA x=q ()
B OKPECTHOCTH pacCMaTpHBaeMoOH TOYKH f=1, uMeeT 06paTHYI0 QYHK-
nuio t=¢!(x)*, w60 2TO MO3BOJSET paccCMaTpHUBaTh Yy Kak (YHK-
LIHIO X.

PaccMoTpuM BONpOC O BBIUHCJEHHH NPOH3BOAHHIX (QYHKUHH Y=
=y(x) N0 apryMeHTy Xx.

B cuay cBoHCcTBa HHBAapHAaHTHOCTH (OPMEI NepBoro AudgepeHmna--
Ja (cm. m. 3 § 3) MBI MOXXeM 3amHCaTh paBeHCTBA:

g (%) = :Ey— dy =y (t)dt, dx =g’ (B)dt. (5.54)
X
H3 sTux paBeHCTB Cpasy ke BHITEKaeT, 4TO
’ Y'()
xX) = —= . 5.55
y (%) o0 (5.55)
Jasi BHYMCJIeHHsT BTOPOH NpOH3BOJAHOH Y@ (x) NOCTAaTOYHO 3aMe-

THTh, YTO B CHJIy CBOJiCTBAa MHBAPHAHTHOCTH (OpPMBI NepBOro Audde-
pesunaJa

yo () = 2L (5.56)

Hcnoabsys B mpasoit yactu (5.56) cooTHowenne (5.55) m Tperbe
paBeHcTBO (5.54), mosTyYuM .

| v |’ -

d -

y® (x) = [ () J Y _ 90 ¢ (t) —eP ()’ () (5.57)
v (1)t [9"()12 '

[To TakoMy e NPHHUHNY BHIYHCJIAIOTCS NPOU3BOLHBIE TPETHENO M
NOCJeAYIOIIHX NOPAAKOB. Tak, IJs BBIUHCJAEHHS TPeThel NPOH3BOIHOIE:
y® (x). 10CcTAaTOYHO MPEACTABHTL 3TY NPOM3BOAHYIO B BHIE

¥ (1) = 412 W)
dx

¥ BOCIIOJIb30BATLCH “COOTHOIIEHHeM (H.57) M TPeTbHUM PaBEHCTBOM!
(5.54).
B KauecTBe mpuMepa BBIYHCJIHM NEpPBYI0 U BTOPYIO NPOH3BOAHBIE:

caenywoueil GyHKLIHH, 3aJaHHOH MapaMeTPHYECKHU:
x =a(t—sint), o<t 4 .
y =a(l — cost),

* B ra. 14 6yzer nokasaHO, 4TO JJIs CywecTBOBaHHs y GyHkuun x=¢(f) B
OKDECTHOCTH TOYKH f=={f; o6paTHOH (YHKIHH JOCTATOYHO, 4YTOGH INIPOH3BOJHE M
@’ (f) 6mna HenpephlBHA H OTJIHYHA OT HYNsi B TOYKe fq. :
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Kpupas, siBasiomascs rpagukoM 3ToH (QyHKIUH, Ha3bBaeTCs ILH K-
Joupoil. Dra KpHBasg NpPEACTaBJSACT COOOH TPAEKTOPHIO HEKOTOPOH
({UKCHPOBAHEON TOYKH OKPYXKHOCTH pajhyca a, KoTopasi KaTuTcs 6e3
CKOJIbXKEHHSI MO NPSIMOH JIMHMH (mapaMeTp { paBeH YyIJy HOBOpOTA
paznuyca 3TOH OKDYKHOCTH).

IMoabsysice popmynamu (5.55) u {5.57), noayuum

' _ asint . ot
y )= a(l —cos?) —Ctg? ’
<ctg—;—-) 1
(2) X) = = -
o a(l —cos?) 4asin4—t—
2

§ 8. MPOU3BOJHASE BEKTOPHOH ®YHKLLHH

B nmpujoxKeHHsIX MaTeMaTHKH YacTO BCTPEYAIOTCH NMOHATHS BEKTOP-
HOH (QYHKLMH H ee IPOH3BOJHOH.

Ecnn kKaxjoMy 3HAUEHHIO NMepeMeHHOH { M3 HEKOTODOro MHOXKECT-
Ba {f} cTaBUTCH B COOTBETCTBHE IO H3BECTHOMY 3aKOHY ONpeJeJeHHbIH
BEKTOD @, TO FOBOPAT, UTO HA MHOXecTBe {f} 3ajlaHa BeKTopHad
PyuHguua a=af(f). ,

Tax kKak kKaxabplfi BeKTOp a B 3afaHHOH JEKapTOBOH NPSMOYTroOJib-
HOH CHCTEME KOODJMHAT OJHO3HAYHO ONpEeNeJSeTCS TPEeMs KOOpAHHA-
TaMH X, ¥ H 2, TO 3aJaHHe BeK-
TOpHOH (YHKUHMH a=a (f) 3KBHU-
BaJIEHTHO 3aJaHUI0O TpexX CKa-
JADHEIX QyHKHUE x=x(f), y=
=y(t) m z=2z(¢).

IlonsaTue BekropHOK (YyHK-
uuu npuoOperaer ocobyi Ha-
DJISLAHOCTh NPH  ofpamieHuu K
TaK Ha3blBaeMOMY TOXOTID a-
by >T0f GyHKuum (T. €. reo-
METPUYECKOMY MeCTV KOHIOB
x BCeX BEKTOpPOoB a=af(f), mpuJjo-

Pre. B4 *KEHHBIX K HayaJy KOOpAMHAT
O). Ha puc. 54 xpusas L
npeacrasisier coboil romorpad

BeKTOPHOH (PYyHKUUHN a=a({). :

[lousTne romorpacda BeKTOPHOH (DYHKUHH SIBJISETCS €CTECTBEHHBIM
0600uIeHHeM NOHATHS rpadHKa CKaJsPHOHK (QYHKIMH.

BBesem noHATHe NPOM3BONHON BEeKTODHOM  (DYHKIHH a=a(t)
B JaHHOH (DUKCHPOBAHHON TOUKe f.

3anaiuM aprymeHTy B TOUKe ! MPOH3BOJBHOE npupauienue Af==0
M DacCMOTPHM COOTBETCTBYIOIUMH BeKTOp  OpHpamieHus Aa=
'=a(f+Af)—a(¢). (Ha puc. 5.4 ykasaHHBIH BeKTOp cosnanaer c MP.)
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. 1 .
YMHOXHB YKa3aHHbIlM BEKTOD Ha 4HuCJIO -——A-t—, MBbl NOJYYHM HOBBIH

BEKTOP
L2 _ L jagt+AH—a(), (5.58)
At ¢
KOJIMHeapHH npexHeMy. DroT BekTop (5.58) sABAseTCH aHAJOroMm
pasnoctHoro otsouiexus (5.5).
Bekrop (5.58), oueBHIHO, npeacTas/sieT cOG0H CPEAHION CKOPOCTh
H3MEHEHHS BEKTOPHO! (pYHKIUH Ha cerMmenre [f, {+Af].
HpOHSBOﬂHOI/I BekTOpHON ¢(yHKuuH a=a(f) B JaHHOH (HK-
CUPOBaHHO} TOuke { HasbBaercs npegea Ipu Af—>0 BexTopa (5.58)
(npu yCJOBHH, YTO 3TOT INpeAes cymeLTByeT)
Jia o6o3HaueHuss NPOM3BOAHON BEKTOPHOH GYHKuuH a=a(f) ue-

da
TOJIB3YIOTCS CHMBOJEL @’ (¢) unau =

M3 reomerpunyeckux coobpaKeHHA OUEBHIHO, UTO [POH3BOJHA%
BEKTOPHOl (QYHKIMM A= a(?) npexncrasaser cob60f BEKTOP, KacaTelb-
HBIH K roporpagy 31o#l QyHKLIMH.

Tak xak KOOPAMHATEI Pa3sHOCTHOrO OTHOLIEHHS] (5.58) coorserct-
BEHHO paBHHI

x(#4 Af) —x(¥) y(t + AH—y(?) 2(t + Af) —z(¢)
At ! At At

TO SICHO, YTO KOODAMHATH IPOM3BOAHOH a’(f) paBHB NPOH3BOAHBHIM
dyuknuii x(t), y'(t), 2’(t). Takum 06pasoM, BHIYHC/JIEHHE NPOH3BOA-
HOII BeKTOPHOH (YHKUUH CBOJAHTCS K BBIUMCJEHHIO NPOH3BOAHHIX €€
KOODJHHAT.

Bameuanue 1. Tak xak BekropHas QyHkuus a=a(t) ompene-
JIeT 3aKOH JBHXKEHHS MaTepHa/bHOil TOUKH NO KpuBO# L, mpeacras-
asoulelt co6oii rogorpad atoil pyHKHMH, TO npousBoxHast a’({) paBHa
CKOPOCTH JBHKEHHS 1O YKa3aHHOH KPHBOH.

3ameuanue 2. M3 Kypca aHaJHTHUYECKOH IEOMETPHH H3BECTHHI
pasjuuHble THIH IPOHU3BEJAEHHHA BEKTOPOB (CKaJspHOE HPOH3BEIECHHE,
BEKTODHOE TPOM3BEJeHHE H CMeINaHHOe Npou3BeleHue). BruipakeHue
BCEX 3THX IPOU3BEJEHHH B KOOPAHMHATAX JaeT BO3MOMKHOCTh YKa3aTb
IpaBHJa, N0 KOTODHIM BBIYHCIAIOTCS IPOH3BOJHBIE COOTBETCTBYIOIIHX
NpOU3BeJleHHH BEKTOPHBHIX (YHKUHMH. B KauecTBe mpuMepa INpHBeAeM
NpPaBHJIO BHIYHCAEHHS TNPOH3BOAHON CKAaJSPHOrO NPOH3BEJEHHSA ABYX
BEKTOPHBIX (pyHKuHH a(t)=(ai(t), ax(t), as(t)) u b(t)=(b:i(?),
ba(), ba(t)) : {a(1)-BUOY/=a' () B()+a(t) b/ (1) = lay (1) by () -
+oay (f)-ba(d) + ag’()bs(B)} + {ai(t) b (t) + as(t) by (f)
+as(¢)-bs’ (¢)}. AHaJOrHUHOE NPABUJIO CNPABENTHBO H IJS BEKTOP-
. HOTO MPOU3BEJEHHUS IBYX BEKTODHBIX (DYHKIHH:

[a()b(@)]'=[a"(O)b(5)] + [a(?), ' (H)].



YTaasa 6

OCHOBHBIE TEOPEMBI
O IHPPEPEHUHUPYEMDBIX ®YHKIHAX

B macrosme# raaBe GyAeT YCTaHOBJEH psAJ BaxHHX TEOpeM, OT-
HOCSUIMXCH K NPOH3BOJbHEM Au(pdepennupyeMbM GYHKIUAM. IDTH
“'TeOpeMbl 4pe3BblYaiiHO 3(¢GeKTHBHH IIPH HCCJIEJOBAHHH IIOBEJEHHUS
{dyHKIME (KaK B OKPECTHOCTH OTHAEJNBHHIX TOUeK 00JacTH ee 3afaHHd,
TaK U Ha IeJBIX yuyacTKax o6JacTH ee 3ajllaHusd).

§ 1. BO3BPACTAHUE (YBbIBAHHE) ®YHKIHH B TOYKE.
JIOKAJIbHBIA 3KCTPEMYM

Paccmotpum ¢yuknuio y=f(x), onpeleseHHY BCIOAY B HEKOTO-
PO¥ OKPecTHOCTH (PHKCHPOBAHHOH TOYKH C.

Onpepnenenune 1. bBydem eosopurv, uro ¢ynrkyus y=f(x)
603pPACTAET B8 TOHKE C, eCay HAUOETca TaKas 8-0KPeCTHOCTb
TO4Ku C, 8 npedeaax KOTopou

f(x)<f(c) mpu x<c
u

Cf(x)>f(c) mpu x>c.

Onpenenenne 2. bBydem eosopurs, uro (ynkyus y=f(x)
yboisaer 8 TOouKe c, ecau Haldercs TAKAR §-OKPECTHOCTL TOHKU
¢, 8 npedenax Koropoi

f(x)>f(c) npu x<c
u

f(x) <f(c) npu x>c.

Onpenenenne 3. Bydem 208opurs, uro ¢yuxyus y=[(x)
umeer 8 TOuke € AOKAAbHOLY makcumym [r0KarbHblll
munumym], ecau naiiderca Takas §-oKpecTHOCTy Touku ¢, 6 npede-
Aax Kotopod 3Hauenue [(c) asaserca naubosbwium [HaumerouLum)
.cpegu scex 3Hauerull f(x) aroil pyrxyuu.

npenenenune 4. bBydem zosopurs, uro pynkyus y=f(x)
UMeeT 8 TO4Ke C AOKQAAbHULE 3KCTpemMy M, ecau ITa Gynkyua
umeer. 8 YKA3aHHOU TOYKEe AUGO AOKANbHBLE MAKCUMYM, AUOO AOKAAL-
L HbLL MUHUMYM.

Ha puc. 6.1 nsob6paxena QyHKkuus, Bo3spacTaomasi B TOUKe ¢,
'yObiBaioIlas B TOYKE Cp, HMEIOIlasi JOKAJbHBIH MaKCHMyM B TOYKe Cj
H JIOKaJbHHIH MHHUMYM B TOYKE Cj.

J_IOKa}KeM c¢iaenymoniye aBe TEOPEMHI.
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y=z7

N

Puc. 6.1 ‘ Puc. 6.2

Teopema 6.1 (ZocTatoyHoe ycJoOBHEe BO3pPaCTaHHS
HJau YyO6HBaHuAg QYHKUHH B TOouke). Ecau d)ymmuﬂ y=[(x)
Ougppeperyupyema 8 Touke ¢ U ee npoussodnas 6 aroil Touxe ['(c)
noioxcuresvna  [orpuyaressnal, to pynkyus y=f(x) sospacraer
[y6bi8aer] 8 TOUKE C.

JdokaszateabcTBo. [IpoBesem Bce pacCyXAeHHS IJs cnyqaa
{7(¢) >0 (mas cayuas f'(c) <0 oHM aHAJOTHYHBI).

Tak Kak (110 ONpeJe/eHHIO IPOH3BOAHOH)

f(x)— f(C)
(o) = hm —

TO Ha OCHOBAHHH ONpeJeJIeHHs npene.na quHKupm no Komu ans moJo-
XHTeJbHOro uhcna g=f'(c) naiigercs 6>0 Takoe, yTo

L(ﬁl:_fc(ﬁ.*f' (©) | < F (c) mpu 0 < jx—c| <8

X —

’

HJIH, YTO TO XK€ CaMOe,
0< M <2f’ (¢) mpu c—06< x<c+ 39, x5c.
—c

Takum 06pa3oM, BCIOAY B NPOKOJOTOH §-OKPECTHOCTH TOYKH €

=) <,

X —C
Ho 1o u osnauaer, yto BCIOAY B mpefesiax O-OKPECTHOCTH TOYKH €
f(x)>f(c) mpu x>c,
H _ T(x) <f(c) npn x<c,
T. e. QyHKUHSA y=[(x) BO3pacTaer B TOUKE C.

8 3ak. 72
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Cayuait J'(¢) <0 paccmartpuBaercs aHaJjoruuno. TeopeMa foKa-
3aHa.

Sameuanune 1. IloduepkHem, 410 NOAONCUTEABHOCTH [oTpuya-
TeAbHOCTs]| npou3sodnoi ['(c) He asasercs neobxolumeim ycarosuem
go3pacranus |ybeisanus] Juppepenyupyemoi 8 TOUKE € (PYHKUUL
y=1(x).

Tak, ¢yukuusi y=x3 Bospactaer B Touke ¢=0, B TO BpeMs Kak
npou3BofHas 3toil Qyurnuu f’(x) =3x2 oﬁpamaeTcs{ B HyJIb B TOUKe
¢=0 (rpaduk ¢ynkuuun — Ha pHc. 6.2).

Teopema 62 (Heo6XOZHMOE YCJOBHE JOKAaJbHOTO
3KCTpeMyMa AHbdPepenunpyeMoil B JaHHOH TOYKeE
dyukuum). Ecau ¢pynkyus y=[f(x) oupdepenyupyema 8 rouke c
u umeer 6 370l TOUKE AOKAALHYIL IKCTpEemym, To f'(¢)=0.

HokasarteabctBo. [lo ycloBHIO TeopeMsl CyIIeCTBYyeT KOHeu-
Hasa npoussogHas ['(c). Tak xak ¢yHkuus y=f(x) uMeer B TOUKE C
JIOKaJbHBEIH 3KCTPEMYM, TO OHa He MOXET B 3TOH TOUKE ¢ HU BO3pac-
TaTh, W YOBIBaTb. 3HAYUT, B CHIY TeopeMsl 6.1 TPOH3BOHASA i’ (¢)
He MOXKeT OblTh HH HOJIO)KHTeJleOPI HH oTpuiateabHoli. Tem cambiM
J0Kasano, uto ' (c) =

Teopema 6.2 uMeer OueHb NPOCTOH TIeOMETPHUYECKHHE CMBICI: OHa
yTBEPKAAET, YTO ecau 8 Tolu Touke xpusoud y=f(x), 8 xoropod doc-
TU2AETCS AOKAAbHBLL 3KCTPEMYM, CYUeCT8YeT KAcATeAbHAs K 3TOu
Kpusol, To ata kacaresvHas obasaressHo napassesvia ocu OX
(puc. 6.3).

 Kacomensros

KocamensHar

&Y

|
| !
| !
. | L
o -~ e £ 8

0]

Puc. 6.3 Puc. 6.4

3ameuanne 2. [lpumep TO# xe camoii (yukuun y=x3 (cMm.
puc. 6.2) TOKa3bIBAaeT, uTO 00pauUieHuUe 6 HYAb NPOU3BOOHOL ABAACTCH
AUULL HEOOX00UMbBLM U He 58A5eTCA JOCTATOYHbIM YCAOBUEM AOKAAb-
nozo axcrpemyma. (Ilponssonnas ' (x) =3x2 sToil (yHKumu obGpamia-
eTcsl B HyJb B TOYKe ¢=0, HO HHKAaKOrO 3KCTpeMyMa B 3TOH TOuKe
HeT.)

§ 2. TEOPEMA O HVJIE NPOHU3BOAHOM

Teopema 63 (reopema Poaas*). Iycre ¢yuxyus f(x)
Henpepblena Ha cezmenre |a, bl u Ougdepenyupyema so ecex 8nyr-

* Mmuens Pomts — dpannyscxkuii Matematuk (1652—1719).
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peHHUX Toukax aTozo ceementa. Iycrs, kpome Toeo, f(a)=[(b). Toe-
da sHyTpu ceemenra [a, b] Haiidercs TOwKa § TAKAA, 4TO 3HAYEHUE
ripoussodnoti 8 arol Touke [’ (&) pasHo Hyito.

KpaTKo MOXKHO CKa3aTh, UTO MeXAy ABYMS DaBHBIMH 3HAUEHHSIMH
ﬂHQ)q)epeHunpyeMon GyHKUHH 06513aTeNbHO JIEXKHT HyJb NPOM3BOAHOM
3TOA (YHKLHH.

NoxasartedabcTBo. Tak Kak ¢yHKIHA f(x) HempephiBHa Ha
cermente [a, b], To cornacHO TeopeMe 4.15 3Ta (QYHKIMA AOCTUraer
Ha 3TOM CerMeHTe€ MaKCHMaJbHOTO 3HaueHHs M W CBOEro MHHHMAaJb-
HOro 3HaueHHs m. Moryr mnpeicTaBuThes JBa caydasi: 1) M=m;
2) M>m. B cayuae 1) f{x) =M=m=const. [lostomy npousBoanas
f/(x) paBma myJio B a1060# BHyTpenHeH Touke cermenTa [a, b].
B cayuae M>m, TOCKOJBKY f(a)~—f( ), MOXKHO yTBepXkJaTb, YTO
X0Ta OBl OJAHO M3 ABYX 3HaueHHH M HJIH m jJocTHraercss (QYHKIHEH
B HEKOTOpO# BHyTpeHHedl Touke § cermeHnTta [a, b]. Ho rtorma ¢yuk-
uus f(x) uMeer B 3TOH TOukKe & JoKaabHBIH 3KcTpeMyM. Ilockosbky
¢yukuus f(x) mudp¢pepeHunpyeMa B Touke &, TO mo Teopeme 6.2
i/ (&) =0. TeopeMa moJHOCTHIO JOKA3aHA.

Teopema Posis mMmeeT NmpocTOH TeOMETDHYECKHE CMBICHK:  ecAu
Kpaiinue opounatsl kpusoli y=f(x) paswvl, TO CO2AACHO Teopeme
Poras na xpusod y=[(x) Hallercs TO4KG, 8 KOTOPOU KACATEAbHAA
K Kpueol napaareavna ocu Ox (puc. 6.4).

Kak Mbl yBHAMM HHXe, TeopeMa PoJiisi JIeXKHT B CCHOBE MHOTHX
¢$OpMYJT H TEOpeM MaTeMaTHYECKOr'o aHaJsH3a.

3ameuanune. B teopeme Pouans tpebyercss, uYToOBl (YyHKIHUA
y=f(x) Oblra HempepbiBHAa Ha cermenrte [a, b} u aucddeperuupyema
BO BCeX BHYTPEHHHMX TOYKax 3TOro cerMeHTa. Tak Kak u3 judpdepeH-
{UPYeMOCTH [(X) BO BCeX BHYTPEHHHX TOYKAaX BBITEKAeT HeNpepbiB-
HOCTH f(¥) BO Bcex BHYTPEHHHX TOYKaX, TO IO CYLIECTBY BMECTO
venpepnBHOCTH f(x) ‘Ha cermente [a, b] MoxHO OblIO OB HOTpEGO-
BaTh HENPEPHIBHOCTs f(X) B TOUKe @ CIPaBa M B TOUKe b CJeBa.

§ 3. POPMYJIA KOHEYHbIX ﬂPl/lPAlllEHl/lPl
(POPMYJIA JlAFPAH)KA)

Bosblioe 3HaueHHe B aHajM3€ H €ro NPHJIOXKEHHSIX HMEeT CJeRyIo-
was teopeMa, NpUHHaLAeRalas JlarpaHxy®*.

Teopema 64 (reopema Jiarpauxa). Ecau ¢ynxyus
f(x) uenpepoisna na ceemente [a, b] u Augdepenyupyema 8o ~acex
BHYTPEHHUX TOYKAX 3TO20 CESMEHTa, TO 8HYTpu ceemexra [a, b] Hail-
dercs TOYKa E TAKASA, 4TO cnpasedansa Gopmyira

[(b)—F(a) =F (§) (b—a). (6.1)

@opmyay (6.1) nassiBaor ¢dopmysoi Jlarpanxa HiH q)opvty.non
KOHEYHBIX NPHPAIUEHHH.

* JKosed Jlyn Jlarpamx — BeJHKHMIT AHLY3CKHA MaTeMaTHK ¥ MeXaHHK
(1736—1813). P pauny

8*
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HokasateancTBo. PaccmMorpuM Ha cerMente [a, b] caeny-
IOIIYI0 BCIOMOraTeJbHyI0 GYHKIHIO

F()=f0)—Ff@—L0=00 (r—a). (6.2)

IIpoBepum, uto past ¢yHKHIuM F(X) BHINOJHEHH BCE yCJOBHA TeO-
pemu Poans. B camom jnene, F(x) uenpepbiBHa ua cermente [a, b]
(kak pasHOCTb (YHKUHH [(Xx) u JunefiHOH (YHKUMH) H BO BCeX
BHYTPEHHHX TOUYKax cermMeHra [a, b] HMeeT npoOH3BOAHYIO, DPaBHYIO

. ’ F(b) —
F () =F (9 — =1
v » b—a
Hs dopmyant (6.2) oueBugno, uro F(a)=F (b)=0.
Coraacuo. TeopeMe Posis BHyTpH cerMeHTa [a, b] uafimercs Ttou-
Ka § Takas, YTo

Fe=fe—10=5 o (6.3)

W3 pasencrBa (6.3) BmiTekaer ¢dopmysa Jlarpauxka (6.1). Iloguepk-
HeM, yTo B ¢opmyse (6.1) BoBce He 06ﬂ3aTeano CUHTaTh, 4TO b>a,
sra ¢opmysa BepHa u npu b<a.
3aMeuaHHue. Mol noJydyusu teopeMmy Jlarpaumxa Kak CJAeACTBHE
TeopeMn Pojns. 3aMeTuM BMecTe € TeM, YTO caMa Teopema PoJis
ABJISETC 4YacTHRIM cJayuaeM rteopemnl Jlarpanxka (mpu f(a)=f(b)).
Jlna BbIsICHEHHS TeOMETPHYECKOro CMbicja TeopeMbl Jlarpanxa
3aMeTHM, 4TO BeJHYMHA Ho)—ita) ';( )
Kymedi, npoxoasies yepes toukn A(a, f(a)) u B(b, f(b)) xpusoit
y=f(x), a ['(§) ectb yrnoBoil Koa(PUIHEHT KacaTeJbHON K KPHBOIl
y=f(x), mnpoxoafme# uyepe3 TOUKY
C(t, f(§)). Popmyna Jlarpanxa
03HayaeT, YTO Ha KPHBOH y=
=f(x) mexnay toukamu A u B wuaii-
nercs rtaxkas touka C, KacarenbHas
B KOTOPOH mapaJjiensHa CeKylei
AB (puc. 6.5).
Yacro ObiBaeT yAo6HO 3amHCHI-
z BaTh ¢opmyny Jlarpanxka B BHAE,
HecKovibko oTsiuuyHoM oT (6.1). Tlycrs
Puc. 6.5 : f(x) yRoBJaeTBOpSAET YCJAOBHSIM T€O-
pemsl 6.4. 3acduxcupyem Jo60e X,
U3 cerMedra J[a, b] ®W 3azamum
eMy HOpHpalleHHe Ax MPOU3BOJLHOE, HO TaKoe, UTOGHl 3HAYeHHe Xo--
+Ax Takxke JexaJso Ha cermenre [a, b]. Toraa, 3anuckiBag gopmyay
Jlarpanxa JJis1 cerMeHTa, OrpaHHYEHHOTO TOYKAMH Xo U Xo-+Ax, Gyaem

HMEThb .
f(xo+Ax)—Ff (x0) =Axf (), (6.4)

ecrb YrJIOBOH Ko3agp(duuueHT ce-

-
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rae £ — HeKOTOpas TOYKa, Jexalas MeXAy Xo H Xo+Ax. MoxHO yT-
BepXKAaThb, UTO HaHAeTCs Takoe (3aBHcsiliee OT AX) uHCHO O H3 HH-
tepBana 0<06<1, uro

E=x0+0Ax.

Takum c6pasom, popmyJe (6.4) MOXKHO NPUAATH BUI
f(xo+ Ax)—f (x0) =Axf (x0+0Ax), (6.5)

rae § — HeKOTOpOe 4HCJAO0 H3 uHTepBasa 0<6<1. ®opmyaa Jlarpan-
Xa B Bule (6.5) maer TouHOe BhHIpaxKeHHe JJIS NpHPalUeHHA QYHKUHA
yepes BbI3BaBllee €ro NMPOHM3BOJbHOE KOHEUHOe IpHpalleHHe Ax apry-
'MeHTa. DTOT Buj Gopmyuk JlarpaH:xka OnpaBAbiBaeT TePMHH «(HOpPMY-
Jia KOHEeuYHbIX NpHpaileHn#».

§ 4. HEKOTOPBIE CJIEACTBHS U3 ®OPMYJIbI
JIATPAH)XA

1. TlocTosincTBO (DYHKUHH, HMeOHIEe HA HHTEPBaJe DABHYIO HYJIO
NPOU3BOAHYIO.

Teopema 6.5. Ecau ¢pynxyus f(x) OJudppepenyupyema 6crody
- Ha unrepsase (a, b) u ecau ecrody na srom unrepsase f'(x)=0, 1o
pyuxyus f(x) asasercsa nocrosannoll na unrepsase (a, b).

JokasarteabcrtBo. IlycTe xo — Hekoropas (HKCHpPOBaHHaA
TOYKa HMHTepBaja (a, b), a x — Ji06ast TOYKa 3TOrO HHTEpBaJa.

CermeHT [X9, X] HJIH COOTBETCTBEHHO [X, Xo] LEJHKOM NpHHaAJe-
KuT unTepBaay (a, b). IlosroMy oyskuus f(x) amuddepesunpyema
(a 3HauuT, B HeNmpephiBHA) BCIOAY Ha 3TOM CerMeHTe. DTO JaeT NpaBo
NpUMeHuTs K QyHKuHM f(x) Ha 3TOM cerMeHTe TeopeMy Jlarpamxa.
CornacHo 3TOH TeopeMe BHYTPH YKa3aHHOTO CerMeHTa HaHJeTcd TOYKa

€ Takasd, yro .
[ (x)—F (x0) = (x—x0) [ (§). (6.6)

[To ycnoBuio npousBoAHass GYHKuMH [(x) PaBHa HYJW BCIOAY B HH-
tepBase (a, b). 3uaunt, f(£) =0 u u3 GopmyIEI (6.6) mB1 noJyunM

[ (%) =F(x0). , - (67)

PaBenctBo (6.7) yTBepxKIaer, 4TO 3HayeHHe (yHKUHH f(x) B J060#
TOUKe X HHTepBajia (a, b) paBHO ee 3HAYEHHIO B (PHKCHPOBAHHOH TOM-
Ke xo. DTO M 03HAa4aeT, yTo QyHKuus f(x) MOCTOSIHHA BCIOAY HA HHTEP-
Bajne (a, b). Teopema nokasana.

Teopema 6.5 uMeeT HpOCTO# reoMeTpPHYECKHE CMBICI: ecAu Kaca-
TEeAbHAS 8 KANCOOL TOYKEe HEKOTOpOo20 yuacTka kpusoil y=[(x) napaa-
aeavna ocu Ox, TOo ykaszanuold yuwactox kpusol y=[(x) npedcrasas-
eT cobol oTpe3ok npamoi, naparressrol ocu Ox.

3ameuanue. Teopema 6.5 6yzer ucmoab3oBaHa HaAMH B TJI. 8
«IlepBooGpa3Has GYHKUHS M HeONpeJeJeHHBIH HHTerpai». Bo BceM
OCTAJIbHOM TIJI. 8 SABJSETCS HE3aBHCUMOH OT M. 6 B 7 M MOXET 4YH-
TaThcsl Cpasy nochae ri. 5. '
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2. Yci0BHS MOHOTOHHOCTH (PYHKUMM Ha uuTepBaae. B kauecrse
BTOpOro cjeiacTBHst ¢opmyanl Jlarpauxa paccMoTpuM Bompoc o6 yc-
JIOBHSX, O0€CIeunBaIOIIHX HeyOnBaHue (HeBOo3pacTaHHe) (YHKIHH Ha
JlaHHOM HHTepBaJe.

Ilpexpe Bcero HamoOMHHM oTpefeseHusi HeyObIBaHMs, HeBO3pacra-
HHs, BO3pacTanusa u yOniBaHHs (YHKLHM Ha JaHHOM HHTEpBaJe.

1°. T'ogopar, uro ¢yuxyus [(x) ne yboisaer (He so3pac-
Taer) Ha untepsase (a, b), ecau Ors 21066Lx TOUEK Xi U Xo U3 UHTED-
saara (a, b), ydosaersoparoujux Yycaceuo x,<Xxs, cnpasediuso Hepa-

BEHCTBO
[ o) <F(x2) (F(x1) =T (x2) ) -

2°. T'osopar, uro pyuxyus f(x) sospacraer (ybo.saer) na
unrepsase (a, b), ecau drn a106bix TOHEK X\, X2 u3 unrepsaia (a, b),
CBA3AHHBLY YCAOBUEM X| <Xy CNPABEOAUBO HEPABEHCTBO

F(x) <F(x2) (J(x1) >[(x2)).

Teopema 6.6. Jaa to2o 4T066l Gudppepenyupyenas na uLTepsa- .
se (a, b) pynrxyus [(x) He ybovisara (e 803pacTasa) Ha 3TOM UHTEP-
sane, Heobxo0umo u OoCTATo¥HO, 4¥T0bb6L NPOU3BOOHAN ITOLU pyHnryuu
6oiaa HEOTpUYATEAbHOL (HEnoAOHUTENbHOU) B8CIO0Y HA 3TOM UHTEP-
saxe.

Hokasareabcetno. 1) Jocrarounocrs. Ilycts ['(x)=0 (<0)
BCiOLy Ha uHTepBaJsie (a, b). Tpebyercs mokasath, uto f(x) He ybniBa-
eT (He Bo3pacraer) Ha uHTepBane (a, b). Ilycrb xy U xp — Jo0He
JBe TOYKH H3 HMHTepBaJja (a, b), yIOBJIETBOPSIIOULHE YCJIOBHIO X< X
@Oyuxnus f(x) nuddepennupyema (a 3HAYHT, U HENPEPHIBHA) BCIOAY
Ha cermMenTe [x;, xp]. IToaToMy K f(X) MOMKHO NpHUMEHHUTH Ha CerMeH-
Te [x1, xo] Teopemy Jlarpamxka, B pesyJibTaTe 4ero MOJYUHM

f(x2) —f(x1) = (xe—x1) ' (§), (6.8)
rape x;<g<xp. '

ITo ycaoBuio f/(&)>=0 (<0), xy—x;>0. [TostoMmy npasasi, a 3Ha-
YHT, U JeBasg yactu (6.8) HeoTpHLATeJbHBI (HEMNOJNOKHTENbHbI), 4TO
¥ JOoKasblBaeT HeyOblBanue (HeBospactaHmue) f(x) ua (a, b).

2) Heo6xodumocroe., Ilycre ¢yuxkuusa [(x) aubdepeHuupy-
eMa Ha uHTepBane (a, b) u He yObiBaer (He BO3pacTaeT) Ha 3TOM HH-
tepBase. Tpebyerca mokasarb, uto ['(x)>=0 (<C0) Bciomy Ha 3TOM
uuTepBase. Taxk kak f(x) He yObiBaer (He Bo3pacraer) Ha HHTepBaJie
(a, b), T0 aTa QyHKUHS He MOXeT yOblBaTh (BO3pacTaTh) HH B ONHOH
TOYKe MHTepBana (a, b). 3Hauut, B cusiy Teopemn 6.1 mpoussoguas
f’(x) Bu B onHOM TOYKe MHTepBaja (a, b) He MOXKeT ObITb OTpPHIA-
TeJBHOH (MOJIOXKHTENbHOM), uTO H TpeGoBafoch A0Ka3aTh.

Teopema 6.7. Jan rozo, urober pynxyus f(x) sospacrara (y6si-
sasa) Ha untepsane (a, b), docrarouno, uTober npoudsoduas [’(x)
boira noaoxuressroli (orpuydreavroil) 8co0y HA ATOM UHTEpsaie.

JoxasaTenbCcTBO NPOBOAHTCA MO TOH Ke CXeMe, YTO H JOKa-
3aTeJILCTBO AOCTATOYHOCTH B TeopeMe 6.6. Ilycrh: X, xo — mmobbie
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ABEe TOUKH W3 HHTepBaJa (a, b), yJAOBJCTBOPAIOLIHE YCJIOBHIO X;<Xp.
3anuceiBas IJsi CerMeHTa [x;, xp] ¢opmyay JlarpaHxka, noaydum pa-
BeHCTBO. (6.8), HO Ha 3TOT pa3 B atoMm paseHctse f'(E) >0 (<0).

BeaencrBue atoro JjieBast gactb (6.8) mosoxuresnbHa (OTpHILATENb-
Ha), uTO W NOKa3biBaeT Bo3pacranue (yOniBanue) f(x) Ha uHTepBaje
(a, b).

3ameuanue. IloguepkueM, 4TO nOAONUTEALHOCTS (OTpUYATEAD-
HocTy) npoussodnol f'(x) Ha unrepsase (a, b) ne asaserca Heod-
xodumem ycaosuem so3pacranus (yoeieanusn) Gyukyuu [(x) Ha
unrepsase (a, b). Tak, ¢dyHKHusS y=x° Bo3pacTaeT Ha WHTepBaJe
(—1, +1), vo npousBoaHas 3Toi QyHKuuu f'(x)=3x% He siBAseTCH
BCIOLY MNOJIOXHTEJBHOH Ha 3TOM HHTepBaJje (oHa ofpalllaeTcs B HYJb
B Touke x=0). Boobuie, serko noxasars, uto ¢yukyus f(x) sospac-
taer (yboisaer) nHa unrepsase (a, b), ecau npoussodunas 3104 PyHk-
yuu '(x) noroxuresrvra (OTpuYaTeAbHA) 6CIOOY HA ITOM UHTepsa.le,
3Q UCKAIOHEHUEM KOHEe4HO020 4UCAQ TOYeK, 8 KOTOpbLX 3T4 npoussoo-
Has pasua wyasro. (asi HOKa3aTeJbCTBA AOCTATOYHO IPHMEHHTb TEO-
pemy 6.7 K KaXKAOMY H3 KOHEYHOTrO YHCJa HHTEPBaJIOB, HA KOTOPHIX
f’(x) crporo nosoxurenbHa (OTpUUATEJbHA), H YUeCTb HelpepbiB-
HOCTb f(X) B Tex TOYKaX, B KOTOPHIX IIPOH3BOJHAS PaBHAa HY.JIIO.)

YCTaHOBJIEHHYIO TeopeMOoH 6.7 CBA3b MEXKAY 3HAKOM IPOH3BOIHON
# HanpaBJieHHEM H3MEHEHHs (YHKLUHH JIeTKO TNOHATh H3 reoMeTpHuec-
KuX cooGpaxenuit. [lockosbky 1po-
H3BOAHASsL paBHAa YIrJIOBOMY Ko3(d-
(HUHEeHTY KacaTeJbHOH K TrpadHky yi
byuxunn y=f(k), 3HAK NPOU3BOJ-
HOJ yKa3mBaeT, OCTPBIH HJH TYINOIH
yroJ ¢ [OJIOXKHTeJbHBIM HalpasJe-
HoeM ocu Ox cocraBJjseT Jydy Kaca-
TeJbHOH, Jexauell B EepXHeHd Tmo- |
ayniaockoctd. Ecau §(x) >0 Bscioay 0y a
Ha wuHrepBaje {(a, b), TO BCIOAYy Ha
3TOM HHTepBaJe JyY KacaTesbHOH, Puc. 6.6
Jexaleii B BepXHed HOJIYIJIOCKO-
CTH, COCTaBJSET C TOJIOXKHTEIbHBIM
HanpaejerueM ocH Ox OCTpHIL yroJs, 3:#a4uT, H KpHBaﬂ y=f(x) uper
BBEDX BCIOAY HA 3TOM 4HTepBaje (puc. 6.6).

3. OrcyrcTBHe pa3pbIBOB MEPBOr0 POAa M YCTPAHHMbBIX Pa3pPLIBOB
y npoussogHoil. Teopema Jlarpanxka 103BOJSET YCTaHOBHTb OJHO
3aMeuareJbHOe CBOMCTBO NpOH3BOAHONH. HauneM ¢ jJoxasaTelbCTBa
CAeAYIOIEeH JIeMMBI.

Jdemma. Mycre gynkyus y={(x) umeer KOH24HYIO NPOUIBOOHYIO
f'(x) ectody na unrepsase (c, c+38) [Ha unrepsase (c—S§, ¢)], ede
8 ~— HekoTOpOe NOAQHCUTENbHOE HUCAO U, KPOMe TO20, umeer npasyio
npoussodnyro ' (c+0) [resywo npoussodnyio |/ (¢c—0)]. Toeda, ecau
npoussodnasn ['(x) umeer 8 Touke ¢ npasoui npedea [aesoti npeder],

[ S SN
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70 3TOT npedes cosnadaer ¢ npasol npoussodnoil ['(c+0) [c sesoll
npoussodnoil ['(¢c—0)]. :

HokaszarteabcTBo. M3 cymecTBoBanus NpaBofl HpOU3BOJHOH
f (¢+0) [neBoit mpoussoguoit f'(c—0)] BHTeKaeT CyulecTBOBaHHE KO-
HEeYHOro mnpeneiia

lim f(x)——f(c) [

x-+c4-0 X —C

x—c—0 X—c
Ho 310 O3H3yvaeT, YTO CYLIeCTBYET paBHbIﬁ HYJIO npeaet

xiicTo @) ~fE))=0 [ lim {F(x)—F@©)}=0],

T. €. QyHKUHUA y=[(x) sABIsAETCA HenpephHIBHOH B TOYKe ¢ CHpaBa
[cneBa].

®ukcnpyem mo6oe x us uwnrtepsana (¢, ¢+6) [(c—8, ¢)]. Tak
Kak ¢ynkuus y=f(x) nuddepenuupyemMa (a 3HAYHT, U HENPEPHIBHA)
BCIOAY HA YKa3aHHOM HHTEpBaJie H, KpOMEe TOro, HelpepPLIBHA B TOYKE
¢ cnpaBa [caeBal, TO mJjsi 3TOM (pyﬂxuun BBINIOJIHEHB! Ha CerMeHTe
[c, x] [na cermenre [x, c¢]] Bce ycnoBus Teopemur Jlarpauxa 6.4.

B cuny sroft TeopeMbl MEXAY X M € HaWAeTCs TOYKa £ Takag, 4To
CnpaBeJIHBO PaBeHCTBO

S~ p ). (6.9
Ilepe#inem Tenepr B paBeHcTBe (6.9) k mpepeay npu x—c+0 [npn
x—»c—O] Ecau nmpoussognas f’(x) uMeer B TOYKe ¢ KOHEYHBI npa-
BBl TIpefel llm f (x) * |koneunnii mesnl#t mpexen lim f'(x)], TO

x—c—0
npasasi qacn: (6 9) 06s13aHa CTPEMHTbCH K 3TOMy npepeay (ubo
E—>c+0 [E—>c-—0] npu x—>c+0 [x—c—0]).

Tor xe campblii npegea npu x—c-+0 [x—c—0} ob6a3ana nmersb
u seBas dacte (6.9). Ho npepen neso#t uwactu (6.9) npu x—c+0
[x—>c—0] no omnpenenennio paBen mnpaBoii mpousBogHoli [’ (c+0)
[neBoit npoussoaHo# |/ (c—~0)]. JleMma mokasawna.

[IpuMensis TOJLKO YTO J[OKA3aHHYIO JIEMMY B KaXIOH TOYKe €
HEKOTOpPOTo MHTepBana (@, b), Mbl IPHAEM K CJeIyIOLIEMY YTBEpKJe-
HHIO: ecau (yukyus f(x) umeer KoHeUHYr0 npoussoORylo 6Cto0Y HA
unrepsase (a, b), To ara npoussodnas ['(x) ne moowcer umers HQ 3TOM
uUHTEepBase HU TOHEK YCTPAHUMOZ0 pPA3PLIBA, HU TO4eK paspeléa nep-
8020 poda.

B camom jaese, eciu B HEKOTOpPOM Touke ¢ uwHTepBana (a, b) cy-
HIECTBYIOT KOHEUHble NMpaBblil W JieBbli mpefennl ¢yHKuuum ['(x), TO
f’()% HenpepbiBHA B TOYKE ¢ (B CHJIy MOKa3aHHOM HaMH JEeMMBI*),

* B cuny 3To#l JeMMH lim 0f’(x)=f’(c+ 0), lim . f(x)=f(c—0),
XdC S

a nockoasry F{c+0)=f"(c—0)=f"(c), 10 lim+o f’(;)__—_' lim o F(x)=f(c).

‘Oro u o3Hauaer, uTO [’(X) HempepHIBHA B TOYKE C.
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Ecan xe ne cymectByeT xoTa O OJHOTO H3 Hpe}.IeJIOB lim f' (x)
x—¢+0 .
u lim f’(x) TOo QyHKUHs [ (X) Mo ONpEeAeNeHHIo nmeeT B TOUKe ¢

x>c—0

paspuiB Broporo popa. Mitak, npousBojnas [’(x) B KaXZoH Touke ¢
gutepBana (@, b) nubo HenpepbiBHA, JIHOO HMEET pPaspbhlB  BTOPOroO
pona. CPopMyIHPOBAHHOE HAMH yTBEpPXKACHHE AOKA3aHO.

[Tpusenem npumep ¢YHKUMH [(x), mpousBoiHas ['(x) KoTopo#
CYUIECTBYeT H KOHEYHAa BCIOAy Ha HEKOTOPOM HHTEpBaJe H HMeeT*
B HEKOTOPOH TOYKE TOro MHTepBaja pa3pblB BTOPOro pPOAa.

Paccmorpum Ha untepBate (—I1, +1) dynkuuio

1
x2cos— npu x50,
fx)= x
0 npa x=0.

OueBupgno, uro Ans Jwob6oro x5=0 mpoussomuast ['(x) srolt ¢yHkuuH

: 1 1 s 1

cymecTByer u paBHa [ (X) =2xcos— + sin—, CyuecrBoBaHue
X X

npousBoguoll ['(x) B Touke x=0 HENOCPeACTBEHHO BHITEKAeT M3 CY-

IIeCTBOBAHHS TIpefiena

lim L0289 =10_ _ {im Axcos
AX0 Ax Ax~0 Ax

= 0.

[poussoxnasn [ (x) He mMeer B Touke x=0 HM NpPaBOro, HH JIEBOIO
1

npejenoB, W60 NepBoe cjaraemMoe 2xcos— HMeeT B Touke x=0
X

1
pam—rbm HYJ'IIO npenpeds, a BTOpoe caaraeMmoe SlI’l——- He HMEeT B TOUYKE

x=0 HH NpaBoOro, HU JEBOrO NPeaenoB. (IT0 5bIJ'IO NOKa3aHO B NpPH-
Mepe, paccMOTpeHHOM B IL. 3 § 5 ru1. 4.)

4, BblBOJ HEKOTOPBHIX HePAaBEHCTB. B 3ak/ioueHHe NOKaxkeM, Kak
C MOMOWIbIO TeopeMbl Jlarpanxka MOryT GbITb MOJYYeHBl HEKOTOpHIe
BechMa II0Jie3Hble HepaBeHCTBa. B KauecTBe mpuMepa yCTaHOBUM CJie-
Aymouiyge aBa HEPABCHCTBA!

| sin xj—sin xg | << | x1—x2], (6.10)
| arctg x;—arctg xp | < | 01—x2]. (6.11)

(3zech moA X; M Xz MOXHO NOHMMAaTb JIOGbie 3HAUEHHS APTyMeEHTa.)
Hans ycranoBaenus HepaBeHcTBa (6.10) npumennm rteopeMy Jlarpau-
Xa K QyHKUHH [(x) =sin x 1m0 cerMenty [, x]. [Tonyuum

sin x;—sin ¢= (x,—-xz)f’(g)_. (6.12)

YuursiBasi, yto ['(§) =cos & M uyto |cosE|<<l ana awboro E, mo-
ayuuMm, nepexons B (6.12) x monmysasM, HepaBeHncTBo (6.10).
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Jlnst ycTaHOBneHust HepaBeHcTBa (6.11) ciaeayer IPHMEHHTb Teope-
My Jlarpamxa no cerMeHty [X;, ¥3] x ¢ysHkunm f(x)=arctgx u

yuecTn, uto [ (&) = TP?\< L.

§ 5. OBOBHIEHHAS ®OPMYJIA KOHEYHbIX
NPUPALLEHHA (POPMYJIA KOWIK)

B sToM naparpade Mbl AOKaxKeM TeopeMy, npHHajlexaulyo Kouiu
1 0600611 a0IlyI0 yCTaHOBJIEHHYIO Bblille TeopeMy Jlarpauxa.

Teopema 68 (reopema Komu). Ecau kamdas us deyx
pynxyui f(x) u g(x) HenpepoisHa Ha ceemente [a, b] u duppepenyu-
pyema 60 8cex BHYTPEHHUX TOYKAX ITO20 Ce2MEHTQ U eCAu, Kpome
7020, npoussooHas g’ (x) oTAU4HA OT HYAS 6CO0Y BHYTPU Ce2MeHTa
ta, bl, To enyTpu aT020 Ceemenra Haiiderca TO4Ka § TAKAA, 4TO Chpa-
sedausa gopmyira

f(O)—fa) _ F(2) (6.13)
gb—gla) @

®opmyay (6.13) uHassBaior o6o6meHHOH GopMyJao#d Ko-
HEYHB X nNpupawmwenuit wim dopmynaoin Koun

IokasateabcTBO. [Ipexae Bcero moKaxeM, uto g(a)+#g(b).
B camom pede, ecan 6Bl 370 GBUIO He TaK, TO AAs - QYHKHHH g (X)
6biin Obl BBIOJIHEHBI Ha cerMeHTe [a, b] Bce yciaoBus Teopembl 6.3
(Poasis) u no 3Tofi Teopeme BHYTPH cermenra [a, b} Haumiace O
Touka & takad, uto g’(§)=0. [locnexnee NPOTHBOPEUYUT YCIOBHIO
teopembl. Urak, g(a)=g(b), 1 Mb uMeeM NpaBO PacCMOTPETb CJEAy-
IOLLYIO BCIIOMOraTe/bHYI0 (PyHKIHIO:

H(b)—1(a)
F(x)=[fx)—f(@ — ———[g{x)—g )] 6.14
(®) =[x —F@ £(0)— (0 [g () — g (@] (6.14)
B cuny Tpe6oBaHui, HAJOXKEHHHX Ha (QyHKIuA f(X) ¥ g(x), GyHKIHA
F(x) nenpepbiBHa Ha cermeHTe [a, b] u nuddepenurupyema Bo BCex
BHYTPEHHHX TOYKaX 3TOro cermenra. KpoMe Toro, O4YeBHAHO, 4TO
F(a)=F(b). Takum oGpasoM, ans [(X) BHIMOJHEHH BCE YCJIOBHA
teopeMnl 6.3 (Poans). CorsiacHo 3Toit TeopeMe BHYTPH CerMeHTa
[a, b] Haifinercsa Touka § Takas, uTO

F' (&) =0. ~ (6.15)
HUmes B Buay, uto F'(x) =f"(x) -Mg’(x), U HCIOJb3YS
g(b)—g(a)
paBeHctBo (6.15), GyaeM MMeThb
’ __rf(b)’-f(a) ’ 0. 6.16
Fe—-L2=8 g (6.16)

VunrteiBasi, uto g'(§)+0, u3 paseuctea (6.16) moayuuMm Qopmyay
Koumn (6.13). Teopema pokasaua.
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Sameuanune 1. Qopmyna Jlarpanxka (6.1) AB/sSeTCI YaCTHBIM
cryyaem ¢opmyasl Komn (6.13) npu g(x) =x.

Sameuanue 2. B dopmyne (6.13) BoBce He 06s3aTeJbHO CUH-
TaTh, 4TO b>a. dra dopmysa BepHa u 1pu b<a.

§ 6. PACKPBITUE HEONPEJEJEHHOCTEX
(NMMPABUJIO JIONMUTAJA)

0
1. PackpbiTHe HEONpefeJEeHHOCTH BHAA - ByneM roBOpUTb, YTO
o X o
OTHOUleHue 08Yyx (pyHKyuil —I% npedcrasaser coboii npu x—a
g{x
0

HeonpedeareHHOCTd 8UDQ 5 ecau

lim f (x) = lim g (x) = 0.

X—>a X—>a
PackpuTb 3Ty HeONpeLeNeHHOCTb — 3TO 3HAYUT BBIYHCAHTL Npeled

lim L (npu ycJIOBHMH, UTO 3TOT HPEJeJ CYLIEeCTBYET).

x-a g(x)

0
AHaJIOTHYHO BBOJHUTCS IIOHATHE HEONpeaeJIEHHOCTH BHAA ——0— IIpu

x—>a+0 [¥—a—0], npu x-—>00, a TakxKe Ipu ~ x—>-+o00 [x—>—o0].
Cuenyouasi TeopeMa JaeT NPaBHJIO PACKPHITHS HEONpPeLesIeHHOCTH

0
Bujaa —0—- AJIst npenesia B TOUKE a.

Teopema 69 (mepBoe mpaBusao Jlonutadaa*). [Iycre
nroocecrgo Cy npedcrasaser coboii nPoKOAOTYIO §-OKPECTHOCTb TOUKU
a**, ¢pyuxyuu f(x) u g(x) onpedeseror u Jupgpepernyupyemor Ha Cs
u, Kpome To20, npoussodnas g’'(x) He obpawjaercs Ha Cs 8 HYsb.
Ilycre, daxee,

lim f (x) = lim g (x) = 0. (6.17)
X—>a X=a
Tozda ecau cyujecreyer (koneunslii usu GeckoneuHbil) npeden
lim L) (6.18)
x=a g'(x)
TO cywecTsyer u npeden
lim L&) (6.19)
x-a g(x)
npuyem cnpagedAus0o COOTHOWEHUE
lim L8 — 1jm L) (6.20)

x—a g(x) x->a g’(x).

* I'mabom Ppancya pe Jlomaranr — dpanuysckuii Matematuk (1661—1704).
** HanoMuuM, uTo NPOKOJIOTOH O-OKPECTHOCTbIO TOUKM @ HA3HIBAeTCS HHTEp-
Ban (a—8§, a+38) ¢ BHKHHYTOMN TOUKOH @ (IpH YCJIOBHH, KOHeuHo, uro 8>>0).
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Teopema 6.9 naeT npaBHJIO PACKPBITHS HeONpeAeJeHHOCTH BHAA
0
—~ CBOAdliee BLIUHCAEHHC Mpejela B TOUKe 4 OTHOWIGHHS ABYX

$yHKIMH K BBIYHCIEHHIO Mpelesa B 3T0fl TOUKE OTHOIUEHHR MPOH3BOJA-
HHIX 3THX (QYHKLHH.

HNoxrkasateabctBo. [lycts {x¥,} — upomusBoJbHag IocJeloBa-
TeJIbHOCTh 3HAUEHWH apryMeHTa, CXOASIIascs K @ M COCTOsIIasi H3 4H-
cea oruunbx or a. IHoompenmenum ¢ynxuuu f(x) u g(x) B TOuUKe a,
IOJIOXKHB HX DABHEIMH HYyJI0 B 3T0H Touke. [Ipu Takom npoompenene-
HHH QYHKUHH f(x) H g(X) OKaXYyTCsl HENPEPLIBHEIMH BCIOXY HA MHO-
xkectBe Cs, JONONHEHHOM TOYKOH @, T. €. BCIOJY B 8-OKPECTHOCTH TOY-
Kd a. B camoMm pene, HenpepniBHOCTH f(X) H g(x) BO "BC€X TOYKax
8-0OKpeCTHOCTH TOUYKH @, 332 HCK/HOYeHHeM CaMOil TOYKH @, BBITEKaeT
u3 ux JuPDEepeHIUPYEMOCTH B 3THX TOUKAX, 4 HENPEPHIBHOCTH f(X)
¥ g(x) B TOUKe @ BHITEKaeT H3 TOTO, YTO B CHJIy HAIIero AOONpefese-
HUSI 9THX (QYHKLUHX HX Mpejesbl B TOUKE @ pPaBHBI YaCTHHIM 3HAYEHHMAM
B 3TOl TOUKe.

YyuThiBas, 4TO BCE 3JIEMEHTH MOCJIEJOBATEJNLHOCTH {X.} HpHHAA-
Jexar MHOKecTBY (s, pacCMOTPHM IIPOM3BOJIBHBIH CEerMEHT, OrpaHH-
YEHHBIM TOYKAMH @ H Xp.

B cuny ckasauHoro Beie obe ¢yHKuuu f(x) u g(x) OyAyT Hempe-
PHIBHBEIMH Ha TakoM cermente. Kpome Toro, ¢ynkuun f(x) u g(x)
JudbepeHEHpyeMbl BO BCEX BHYTPEHHHX TOYKAaX YKa3aHHOTO CerMeH-
Ta, M NmpousBoAHas g’(x) He obpaliaercs B 5THX BHYTPEHHHX TOYKax
B HYJIb. '

DTo naer HaM NpPaBO NPUMEHHTh K QymkbuaMm [(x) u g(x) mno
yKa3aHHOMY CETMEHTy, OIDAHHUYEHHOMY TOYKAMH @ H X, TeOpeMy
Koin 6.8.

B cuay aTo#l TeopeMBl MeXAY TOUKaMH a4 U X, HaheTcs Touka E,
TaKasi, YTO CIPABENJIHBO PAaBEHCTBO

fom)—H@)._ _ _F(En) (6.21)
g(xn)—g(a) g'(&n) |

YuuTeiBaf, YTO MO HaleMy moonpefaeseHHIo GyHKuMi f(x) u g(x)
cnpaBeAnuBEl paBeHcTBa f(a) =g(a)=0, MB MOXeM nepemucartb C€o-
orHouenue (6.21) B BHIe

foen)  _ _F(En) (6.22)

&(xn) g’ (&n)

Ilycts Temeps B cooTHoumenuu (6.22) Homep n cTpeMuTcs K Gec-
KOHEUHOCTH, TOTJa Xn—a. [10CKONMbKY &, 3aKII0UEHO MEXKIY & H Xn, TO
" §,—a npu n—oco. B.cuny cymecrBoBanus npenena (6.18) u ompe-
Jenenusa npefena ¢yskuuu nmo I'efine mpasas uacth (6.22) uMmeer
npepen NMpH A-»oo, paBHBIE mpefgeay (6.18). 3HauuT, TOT XKe CaMBIH
npenes NMPH n—-co HMeeT U JeBas uyacTh (6.22). B cuay npoussosb-
HOCTH TOCJIeIOBATEJNbHOCTH 3HAaUeHMH aprymenra {x,}, cxonsuieics
K a, 4 B CWJIY ONpeleseHuss mpefesia (PpydKuHH mo [eflHe cyHiecTBo-
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Bauue papHoro (6.18) mpefena npu n—»oco JjeBoil yactd (6.22) osua-
yaer cylllecTBOBaHUe npejesa pyHkiud (6.19), Takxke pasHoro (6.18).

Urak, B npenene u3 (6.22) npu n—oco M NOJy4aeM COOTHOUIEHHE
(6.20). Teopema goxasaHa.

3ameyaunue 1. IlpaBuso Jlomurtana «JelicTByeT» He Bceraa,
T. €. npedea oTHoweHus ¢ynxyuil (6.19) mower cyujectéosars u
6 cay4ae, kozda npedesa oTHowenus npousdsodneix (6.18) ue cyuwge-
crayer.

Hanpumep, npu a=0, f(x)=x?cos —’lc— g(x) =sinx cywmecrByer
1

i x? cos — \
. . X
npege Ixm—)i::llrn-—.——- = lim limxcos—=0, 8 TO
x»a g(x) x>0 sinx x>0 Sinx x—=0 x
1 1
,( 2x cos — —+ sin —

. . X
BpeMsl Kak npenesa lim L) im He cyniecT-

x>0 g'(x) X0 cos X :

: .1
BYET ( B CHJIy TOI'O, 94TO HE CYILICCTBYCT Ipenell lim sin—, a npepea
: x-0 X .

lim <2xcos —1—) | CyLIECTBYeT H PaBeH HYJIO).
x-+0 X

3ameuanue 2. Eciu K ycaoBusam TeopeMEl 6.9 nobaBuTp Tpe-
GoBaHHe HeNpepHBHOCTH NPOH3BOAKLIX f'(x) u g’ (x) B TOUKe @, TO
npu ycaosun g’'(a)0 coorHomenue (6.20) MoxHO mnepenHcaTh
B BHJIE

Gameuanune 3. Ecam npousBopuse f'(x) um g’(x) ynosserso-
PAIOT TeM e Tpe6OBaHHAM, 4TO M caMH QyHkuuum f(x) u g(x), T0
1ipaBuyIO JIOMATaJsl MOXHO NPHMEHSITh MOBTOPHO, T. €. IpeJes OTHO-
LIEHHs] TEPBLIX NMPOU3BOAHHIX QYHKUHI f(X) H g(X) MOXiiO 3aMeHHTH
IpelesioM OTHOUIEHHS BTOPHIX IIPOH3BOAHBIX 3THX (YHKIHA. Mul no-
JYYUM TIPH 3TOM, 4TO

tim L _ i £ i 1)
x—>a g(x) x-a g’(x) 2>a g//(x)
MMpumeps. 1)

. 1 —cos x . sinx 1
lim —— = |lim —— = —
x50 x2 x>0 2x 2

2). CeayolHi npefes BHYHCASETCH }J,ByxpaTHbIM NpUMEHECHHEM
npasusa Jlonurans:
. x—sinx . l—cosx = . i 1
lim = lim —2% _ lim 222 1—,
x 0 X3 o0 X0 3x x>0 bx 6
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3) TpexxpaTHBIM NpHMEHEHHEM InpaBuja JIomuTtans BHYHCAAETCS
npenen

1 x4 iy 4@ 1242
%90 X2 2cosx—2 x>0 2x—2sinx x50 2-—2cosx
. 4
= lim 2_x =12,
x-0 2sinx

MBIl paccMOTpesH BONPOC O PACKPHITHH HEONPENCJEHHOCTH BHIA
0
- VA cydas mpefesa B TOUKe a. CoBeplLIeHHO aHaJIOTHYHbBIE

pe3yJbTaThl COPABAEJNHBH U ISl CJAy4aeB Ipejesia B TOUKE @ Clpa-
Ba [creBa], nmpejena nmpu x—oo, a TaKke IpefeNa NPU X—-+ 00
[mpu x—»——oo]

Ml ceiiyac y6epumest B ToM, uTO TeopeMa 6.9 ocraercsa cmpa-
BeJTUBOH B KasKJIOM U3 CJEIYIOIHX TPeX CJAYYaes:

1) B cayuae, eciu B 3TOH TeopeMe B KauecTBe MHoxecTBa C,
B35ITb HHTepBaJa (@, a+§8) [cooTBercTBeHHO (a—©6, a)], a Bce mpe-
aeasl  (6.17)—(6.20) B3siTb npm x—a+0 [cOOTBETCTBEHHO IIpH
x—>a—0];

2) B cayuae, ecau B TeopeMe 6.9 B KauectBe C,; B35ITb MHOXKECT-
BO BCEeX TOUEK, JexXalux BHe cerMeHta [—©§, 8], a Bce npejenn
(6.17)—(6.20) B3aTh NpH X—>00;

3) B cayuae, eciu B TeopeMe 6.9 B kauectBe wMHomectBa
B3siTb HoJIynpsamyio (6, +oo) [cooTsercTBeHHO (—o0, —§8)], a Bce
npepenn (6.17)—(6.20) B3ATb npH xX—>+ oo [COOTBeTCTBeHHo npu
X—>—o00].

Cnyuait 1. B sToM cayyae ocraeTcss CIpaBelJHBOI BCSI CXeMa
JOKasaTesbcTBa TeopeMbl 6.9, TOJbKO BMECTO II0CJIeJ0BATEJbHOCTH
Jxn}, cxomsmeficas K @ H COCTOSILIEH M3 UHCEN Xn, OTJHUHBIX OT 4,
caenyeT  B3siTb  IOCJHEHOBATENBHOCTb {X,} TOUEK  WHTEpBaJa
(a, a+8) [coorBercTBeHHO (a—9, a)], CXOAfUyIocs K 4. Heranu
paccyXIeHUH NpPesoCTaB/sieM YHTATEJIO,

Cayuait 2. Ilycrs ¢ynkiun f(x) u g(x) onpeneneHsl u Aud-
(bepennupyeMel BCIOJy BHe cerMeHta [—©6, 8] OpH HEKOTOpOM
6>0 u npoussonHas g’(x) He ofpaliaercss B HyJib BHE YKa3aHHOTO
cermenTta. IlyTh, KpoMe TOro, CyHIeCTBYeT mpejes

lim f’ (x)

6.18
x»e g(x) " ( )

Cnenaem 3aMeHy nmepeMeHHON { =—- ! 1 monoxum G () = (17) -

=gx), FO)=F (Lt) = f(x). Torma, oueBHAHO, GYHKUHHK

F(t) n G(t) 6yayr onpeleneHs u AudGepeHiHpyeMs B npoxdno—
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TOH % -OKpecTHOCTH TOuKH f=0* H npoH3BoOAHaA
14 ’ 1 1 ’
GW=¢ () (—5)=g® =

o o 1
He Oyaer obOpaiiarbcss B HYJb B YKa3aHHOH IIDPOKOJIOTOH w3 -OK-

PeCTHOCTH.

Kpome Toro, B cusy cymectBoBaHHs npejena (6.18”) cymect-
BYCT IIpeles
1

1 1
. r . M <———— ' fr — ' )
lim ey = im ; <<it)) - ;; = Eé; = lim 2%
(6.23)

Ho roraa B cuny teopeMnl 6.9 cymectByeT H npeged

1
)
lim £ —jim —<—f—— =1im L&) (6.24)
150 G(f)  i>0 g<_1.) rro g(X)
o)

npudeM crpaBelJIHBO cooTHoiueHue (6.20), npuHuMmalomee (B CHAY
(6.23) u (6.24)) BuAL

lim 19— gim £9 gy £O gy £

10 g(x) 10 G(Y) t20 G(f)  x=oe g(x)°
PaccmoTpenue cayyasi 2 3aBepiieHo.
1

Canyuait 3. B 3T0M ciiyuae AeiCTBYET Ta XKe 3aMeHa = —
X
YTO U B CJaydYae 2, OJHAKO Ha 3TOT pa3 B3Ta 3aMeHAa CBOJHUT
paccMOTpeHHe NpeAesga HNPH X— + oo[x—-—oo] K Ipeleay MpH
t—>0-+0 [+—~0—0], paccMoTpenHoMy B caydae 1. [leranu paccyx-
IeHUH NpPeIOoCTaB/IsgeM YHTATENIO.

8
IIpumeps. 1) Bpuucaure lim = (a1 moboro
x-040 In(1 4 x)
6>1). D10T npuMep OTHOCHTCH K caydaio 1. [IpumeHsas mnpasuio
Jlonurang, NOJYy4YHM

Pl . 5101 .
im ——— = lim ——— = lim 6x~1(1+4x) =0.
x-0+0 10(1 4 %)  x=040 < > 22040
1+x
1 1
* T. e. BclIOAY B HHTepBaJe _T<t<F' 3a HCKJIOYeHHeM TOUkH [==0.
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: p,
2) Beuucauts lim 5 (aTOT 1TpEMEpP OTHO-

x> sin —
X

4 1
— ~— arctg (1 ————-)

CHTCS K cAyuamo 2).
ITpumenss npasuno Jlonuranus, nonyyum

1 1 . 1
———ardg(l—-—-) 1+(1——-
. 4 X . x :
lim T =lim - i g =
X sin — r=o <cos-——> (—'—2)
x x x
R S ‘
1\2
1+(1~-—>
. \ x 1
= lim '—-—l———'—_—-—
X—dao cos — 2
X

oo
2. PackpbiTie HeoNpeaejdeHHOCTH BHAa ——. ByaeM roBopHTh, UTO
o

OTHOUWleHUe 08Yx onpedeseHHblX 8 OKPECTHOCTY TO4KU & GOYHKIHHA f(x)
: o o0

u g(x) npedcrasaser coboii npu x-»a HeonpedeAeHHOCTb suda —,
o0

ecau
lim f (x) = o0, lim g (x) = oo". (6.25)
xX~a X—a

Jasi pacKpLITHsL 3TOH HEONPEXEJEHHOCTH, T. €. JJs BHIUHCJIEHHS

. X
npenea lim L—;—, CHOpaBeJIMBO YTBEPXKACHHE, TMOJHOCTBIO aHaJo-
x-a g(x

ruyHoe teopeMe 6.9.

Teopema 69* (BTOpoOEe npaamxo Jonuransa). Hycre
mroxcecreo Cy npedcrasaser co60l nPOKOAOTYIO O-OKPECTHOCTL TOUKIL
a, pyuxyuu f(x) u g(x) onpedesenvt u ugpepenyupyemor na Cy u,
Kpome 1020, npousdsoduasn g’(x) ne obpawaercs Ha Cy 8 Hyas. ITycte,
daxee,

lim f (x) = oo, lim g (x) = oo. (6.17°)
Téeaa, éczz.u cyuwecreyer (Koneunolil uau Geckonednuill) npeden
lim g‘(;’) (6:18%)
TO cywjecrsyer u npedei

* Bumecto oc B (6.25) MOXKET CTOATb 00 WM —o00,
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npudem cnpasedil80 COOTHOWEHUE

lim L) _ fjm L&) (6.20°)
xsa g(x)  x-»a g'(x) ,

JoxkasareabcTBo. 1) IlpeanosoxkuMm cHayajaa, 4TO Cy-
I[eCTBYeT KOHeuHbli npefea (6.18 *), paBHbii uHcay b. Jlokaxew,
4TO B TOM chaydae cylfecTByer npedesn (6.19%), Takke paBHbR
yncay b. :

Iycts {x,} — npoOH3BOJLHAS IOCJIELOBATENbHOCTb 3HAYEHHH
aprymenTa, cxoismasicss K a qu6o cupasa, aubo caeBa *. Tak kak
BCe 3JIEMEHTHI 3TOH IOCJIEAOBATEJNbHOCTH NPHHAAJEKAT MHOXKECTBY
Cs, TO, KaKOBEL Obl HH OBIJIM ABa 3JEMEHTa 3TOH IOCJeA0BaTENbHOC-
TH Xm U Xn, A0 DYHKUHHE f(X) B g(X) BHIIOJHEHB Ha CErMeHTe
[%m, x5] Bce ycaoBusi TeopeMul Kown 6.8. ITo 3T0# Teopeme Mexay
Xm U X, HaHJETCA TOYKA Emy TaKas, YTO CIPABEAJHBO PaBEHCTBO

f(xm)

fem) PTG F )

g(xn)—g(xm)  [glxn) | _8Um)  g'(Emn)

f(xn)— [(xm)

g(xn)
M3 sTOro paBeHCTBa 3aKJ0OYaeM, 4TO
‘ 1 ___'g(xm)
f(xn) — I (Emn) &(xn) (6.26)
gm)  &Emn) g _LUm) T
tf(xn)
uxcupyem Temepb NPOH3BOJILHOE MOJOKHTEIbHOE HHCJO €. Tax
KaK [0 YCJOBHIO lim £ =b, a NOCAeJOBATEJBHOCTh {Xn} CXO-
x—a g'(%)

€
JMTCS K @, TO AJs1 NOJOXKHTEJbHOIo 4HucCJja ? MOZKHO Q)m{cnposam

Takoi HOMep m, 4TO 4Js Jio6oro HoOMepa 7, NPeBOCXOASIIEro m,
OyAer BHIIOJHATBCS ycJaoBue **

[ (&mn) b L e
— === =0+ a,, Tie |o — 6.27
g’(gmn) mn ! mn|< 2 ( )'
Hanee 3ameTuM, uTo B CHJIy ycioBuil (6.17%) lim f(x,) = oo,
n—-»wo
lim g (x,) = oo, a N03TOMY, NOCKOJBKY HOMep m (HUKCHPOBAH,
n—->w . .
CYILECTBYeT DaBHBLIH eJHHHIE Npeies
] — g (xm)
lim — &) _ 4
A= 1__&)_
f(xn)
* T. e. {xn} — Takas CXOAAWIAACH K @ HOCJAELOBATEJBHOCTb, ¥ KOTOPOH AHBO

BCE X, >a, MU0 BCe X, <<4a.
** Mpl yYHTHIBaeM, YTO Emn 3AKJIIOUEHO MEXAY Xm H Xnp.
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€/2
3T0 O3HauaeT, 4TO AJad NOJOXKHUTEJIBHOIO Yyucja ————— H 4Jad

. b e/2
(GHKCHPOBAHHOTO HaMH HoMepa m Hafijercs HpeB‘OCl;O_ILS/[IJIHﬂ ero
HOMEp 715 TAKOH, YTO IPH BCEX A>T
| — g(xm)
g{xn)

__ glm) _82 28)
| fm) f(xm) 1 + ﬁmn’ rae ‘ﬁmnl< Ibl_l__ /2 (6 8)
flxn)

M3 coornewenuit (6.26), (6.27) u (6.28) Brirekaer, uto
L — (b ) (1 + Brn) = b+ (6 + ) By + e
&(xn)

3HayHT, cOpaBeflJINBO HEPABEHCTBO

L) —b| < 101+ 10ma )1 Bl + 1]
g(xn) :

YuuThiBasi HepaBeHCTBa, CTOsIHE B ycaoBHAX (6.27) u (6.28),
MBI NIOJIYUHM, YTO IIPH BCEX N>y

€ e/2 £
(1814 V) 1Bl + ol < (D14 ) - -2 e - =
Htak, 4as [DPOM3BOJNLHOTO (HKCHPOBAHHOTO HaMu ¢>0 M
Halljly HOMEp fo>m TaKoH, YTO IIPH BCEX N>

fxﬂ) ]< e.
g(xn)

910 u o3nayaer, yTo npefea (6.19%) pasen ukcay b u cnpasen-
JUBO cooTHomeHue (6.20%). Takum o6pazom, [4Js cjydyas KOHEYHO-
ro npefena (6.18%) Teopema noka3zaua.

2) Ilycto temepn npeaen (6.18*) pasen oco. Torma, oueBHjHO,
npejaen o6paTHOro OTHOWIEHHs lim —=——- g(x)

A=>a i( )
TOJILKO YTO PAaCCMOTPEHHOMY HaMM CJyYalo KOHEYHOro mpejena
(6.18%) mbI moayuyum, 4To *

6yleT paBeH HYJO H MO

lim _gﬁc_)_ =
x—=a  f(x)

[Totnennee cooTHoweHue ¢ yuetoM (6.17*%) 3KBUBANEHTHO TOMY,

q9TO
fim L2
x=a g(x)
Teopema 6.9% NOJHOCTBIO J0Ka3aHa.

* Mbl y9uTHIBaEM, YTO A OGDATHOTO OTHOIIEHHS BHIIOJHEHHW BCe YCJIOBHA
teopembl 6.9% B uwactHocTH, npousBogHas [ (x) He ofpawaercs B HyAb B J0CTa-
TOYHO MaJIOH NPOKOJIOTOH O-OKPECTHOCTH TOUYKH 4. (ITO BHITEKAET M3 CylIecTBOBA-
HHSL paBHOro oo mpexena (6.28%) W M3 HeobpamleHHs B YKa3aHHOH NPOKOJOTOM
$-OKPECTHOCTH NPOHU3BORHOA g’ (x).)
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Tak ke Kak u Teopema 6.9, Teopema 6.9% ocraercs cnpaselTHBON
B KaX/JOM M3 CAEAYIOIOHX TpPeX cAydyaes:

1) B cayuae, ecaim B 3TOf TeopeMe B KauecTBe MHOxecTBa Cs B3ATH.
uHTepBan (a, a+90) [coorBercrBeHHO . (a—§, @)], a Bce npenen
(6.17%) —(6.20*) B3saTb npu x—>a-+0 [cooTBercTBeHHO NpH ¥—>a—0];

2) B cayuae, eC/in B KauecTBe MHoKecTBa (s B3ATb COBOKYNHOCTD-
BCEX X, Jiekaliux BHe cermenra [—o, 8], a Bce npepean (6.17%)—
(6.20*) B3ATH npH X— 0;

3) B cayuae, ecau B KauecTBe MHoxecTBa Cs B3ATb IOJYNPSIMYIO-
(6, + o0) [coorBeTcTBEHHO (— 00, —8)], a Bce mnpepenan (6.17%)—
(6.20%) B3sATH npH X— + 00 [COOTBETCTBEHHO IPH X—>— 0o},

OGocHoBaHHe CPaBEINHBOCTH TeopeMbl 6.9% B 3THX Tpex cayyasax
MOXKeT OBITb 3aHMCTBOBAHO H3 NPEABIAYIIEro NMyHKTA.

Ilpumepsn. 1)

. — . lnx
lim x Inx = lim —— =
X040 V xo0+0 xT2
L
= lim —>— = —21limyx =0.
x—0+0 ( _L) 302 %~50--0
2
\

2) n-kpaTHEIM OpHMeHeHHeM IpaBuja JIomuTans BLIYHCAACTCSE
npenaea '
. X" . nx-1 . n(n— 1)xn-2 . nl
lim -2 = lim 22 g Me=DPT  im-t = 0.
x>t €Y x>t €F P ex P

3. PackpbiTve HeonpeaeNerHOCTel APYrux BuAoB. KpoMe H3yyeH-

o 0 o)
HBIX BBIIIE HEOINpPeACJEeHHOCTEH BHIOB T U ——, 4acTO BCTPCHAIOT-
(o8}

Csi HEONpeJesIeHHOCTH CJeAyIoINX BHA0B: 0-00, co—oo, 1%, 0%, oof.
Bce 3TH HeonpeeJIeHHOCTH CBOASTCS K M3YYEHHBHIM Bbllie ABYM He-
OIpeJeNeHHOCTSIM IyTeM aJjrebpanyeckux npeo6pasoBannil. [Toxkaxkem
3TO, HAapUMep, N0 OTHOHIEHHIO K IOCJeJHHM TpPEM H3 YKa3aHHBIX
BbIILIe HeonpelesaeHHocTell. Kaxkaas u3 3THX HeolnpeleJeHHOCTEH HMe-
€T BHJ
y=F(x)E, (6.29)

rae npu x—a GyHkuust f(x) crpeMmuTcs coorseTcTBeHHO K 1, 0 wmuH
00, a g(X) CTPEMHTCA COOTBETCTBEHHO K oo wiH 0. Jlorapudpmupysa Bol-
paxeHnue (6.29), noayyuMm (cuurasy, yto f(x)>0)

Iny=g(x) Inf(x). (6.30)
Jast HaxoxJeHHsl npefena Bhipaxkenus (6.29) mocraTouHo HalTH npe-
neJs BeipaxeHus (6.30).

3ameTHM, yTo B JIO60OM H3 TpPeX pacCMaTPHBAEMBIX CJy4yaeB Bbl-
paxenne (6.30) mpeacraBaser co6oH IPH X—>@ HeDIPeJeJeHHOCTh
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BHIa 0. 00. 3Ha‘{HT, JOCTAaTOUYHO HaYuyHTbCs CBOJAHUTbL HeEOIIpeJeJieH-
0 oo

HOCTH BHIa 0.-00 K HEONIIpEICeJICHHOCTH BHAA -6—' Wi —, HOKa}KeM,
[or)

KaK 570 fenaercs. Vitak, mycTh
z=¢(x) p(x), (6.31)

lim @ (x) =0, lim Y (x) = oo.

x->a

npuYeM

Ilepenumem (6.31) B BHAE
2= () ¥(r) =2, (6.32)
$(x)

OueBHgHO, BhipaxeHue (6.32) mpeacraBJasieT co6ofi nMpu x—-a Heompe-
JENIeHHOCTb BHAA . Hama nean poctursyra.

Ilpumepn. 1) Beuncants lim x*. OGosnauum y=x* Torxa

x-040
Iny=xlnx= lnlx . Ilpumensis npasuno Jlonuransa, O6yaeM HMeTh
x
L
. . I . . .
lim (Ing) = lim —* = lim —2— =— lim x=0.
25040 040 1 2040 L £~0-4-0,
x X2
Orciona sicHO, 4TO
lim y = 1.
x-+0+40
) : 1
2) lim (14 x?) ¢~ Tlycms y = (1 4 x2) ¢ —1—*
x-0
Toraa ..
Iny = ! In(l 4 x%).
e*—1—x
[Toab3ysich mpaBuioM JIOmATANS, HOMYUUM
2x
. . i 2 . 2
lim (In y) = lim _n(l + %) = lim e
x—>0 x>0 e*— 1—x x-0 e¥ —1
= lim 2 =lim 2 =2

=0 (e —1)(1 4 x?) =0 e*(1 + x?) 4+ (e¥ —1)2x

Orciofa sicio, uto lim y = e*.
. x=-0
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§ 7. POPMYJIA TEAJIOPA

B stoM maparpade MBI yCTaHOBHM OIHY H3 BaxKHeHWHX (opMyJ
MaTeMaTHYeCKOTO AHAJH3a, HMEIIIYI0 MHOTOUYHCJIECHHBIE MPHIOKEHHS
KaK B MaTeMaTHKe, TaK H B CMEXHBIX AHCIHIIJIHHAX.

Teopema. 6.10 (treopema Te#imopa*). Ilycre ynxyus
F(x) umeer 8 nexoTOpoill OKkpecTHOCTU TOUKU @ NPOU3BOOHYIO nopad-
ka** n+1 (n— ar0boil puxcuposannsil Homep). Ilycre, darce, x —
A1000¢e 3HA4YEHUe APeYyMEeHTQ U3 YKA3AHHOL OKPECTHOCTU, p — Npous-
804bHOE noaoxcuTeasvroe 1ucao. Toeda mendy Toukamu a u x Hatider-
CA TO4KA § Takas, 4To cnpasediusa credyrouas Gopmyia:

F)=F@+ L (e gy ¢ LD (o gy

(n)
o+ —’—n—](ﬂ)— (x — )" + Roq1 (%), (6.33)
rhae
[ x—a\pr (x~—§) n
R )= (=) @ (6.34)

3ameyanue Tak Kak TOYKa § JIEXKHT MEXAY X H @, TO ApOGb
X—a
BCerja HOJIOXKMTENbHA, a M03TOMY IJs Jwoboro p>0 omnpene-

x—E .
x—a \P
Jdexa cremenb {——- .

dopmysna (6.33) saspiBaercs popmyaoit Teidnopa (c ueHt-
poM B TOUKe @), a BbIpaxKeHHe Rp4q(X) Ha3blBaeTCss OCTATOYHBI M
yjleHOM. Kak Mbl YBHAUM HHXKE, OCTATOUHBLI YJE€H MOMKeT GHTh
3anucaH He ToJbKO B BHAe (6.34), Ho u B Apyrux Buaax. IIpuHATO Ha-
3BIBATH OCTATOYHBIA 4JIeH, 3alHCaHHbIH B BUJe (6.34), OCTATOUYHH M
gieHoM B obmed q)opme**

JokaszaTenbCcTBO. OéosﬂaqHM CHMBOJIOM @ (X, a) MHOrouJieH
OTHOCHTEJNbHO X HOPSiiKa n, QUIYPHDPYOUIHH B npaBon gacty (6.33),

T. €. MOJIOXKHM
/ ©)
o (x,a) =f(a) —k—f—(l;i)—(x—a)+—f—2—’(ﬂ—(x-—a)2 + .+

)
+ L7 nl(a) (x —a)". (6.35)

Hanee 0603Ha4uM CUMBOAOM R,yq{Xx) pasHoCTb
Rnt1(x) =f(x)—q (%, a). (6.36)

. * Bpyk Tefop — aHIJKHACKHE MaTeMaTHK 51685—1731)
** Orcrona BHTEKAeT, 4TO caMa ¢YHKuHA [(X¥) H ee NPOH3BOAHHE RO NOPSAKA’
4! HENPEPHIBHH B YKA3aHHOH OKDPECTHOCTH TOYKM 4.
*** 1y GopMy OCTAaTOYHOrO YjeHa Ha3HIBAIOT Takke GopMoiH Ill NeMHJIbXa—

Poma.
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Teopema Oyner [nokasaHa, eciaM MBI YCTAaHOBHUM, 4TO Rp41(Xx) ompe-
leasiercss QopMydion (6.34).

@ukcrupyeM Jioboe 3HayeHHe X U3 OKPECTHOCTH, YKa3aHHOH B ¢op-
MyJHPOBKe TeopeMbl. Paau omnpeneseHHocTH OyJeM CUHTAaTb, YTO
x>a. O003Ha4YHM yepe3 { NepPEeMEHHYIO BeJHYHHY, HMEIOIY0 00/1aCThiO
CBOET0 M3MEHEHHS CerMeHT |a, X], H PacCMOTPHM  BCIICMOTaTeJbHYIO
¢yHkuHO P (f) caeayiomero Buja:

v() =f(x)—e(x 1)—(x—1)PQ(x), - (6.37)
rae
Rny4(x)
Qx) = _(Tt—a)—p- (6.38)

IloapoGuee ¢ (f) MOXKHO 3amHCcaTh Tak:

PO =f@—fO - e—n—...

— L’ii (6 — 1) — (x— 1) Q (). (6.39)

n

Hama neas — Buipasute Q(x), HCXOAsL H3 CBOHCTB BBEJCHHOH HaMu
@yHKRUHH P (£). "

IToxaxem, uro Qyukiusa ¢ (f) yAoBJeTBOpAET Ha cerMeHrte [a, Xx]
BceM ycuaoBuAM TeopeMnbl 6.3 (Ponis).

M3 ¢opmynn (6.39) u H3 ycJoBuil, HaJOXKEHHHX Ha (QYHKIHIO
[(x), oueBHiHO, yTO PyHKUHA P(f) HempepHBHA Ha CEIMEHTE [a@, X] W
AupepeHnupyeMa BO BCex BHYTPEHHHX TOYKAx JTOro CcerMeHra *,
Yo6enumcs B ToM, uTo (@) =¢(x)=0. Ilonaraa B (6.37) {=a u npu-
HUMasi BO BHUMaHHe paBeHCTBO (6.38), Oynem uMeThb

(@) =[ (£) ¢ (%, @) —Ru4s (x).

Orcioga Ha ocHoBanuu (6.36) mnoayunM +p(a)=0. Pasenctso
Y (x) =0 cpasy BriTexaer u3 popmyJn (6.39). _

Wrak, ana ¢yskuun ¢(f) Ha cerMeHte [@, X] BHIIOJHEHH BCe
ycaoBHst TeopeMbl 6.3 (Poust). Ha ocHoBaHuH 3TOH TeopeMbl BHYTPH
cerMeHTa [a, x] Hafijgercss TOYKa § Takas, 4TO

P’ () =0. (6.40)

[Toacyuraem npoussoanyio ¥’ (f). duddepenuupys pasescrso (6.39),
0ya1eM UMETb

* DTo BBITEKAaeT H3 TOrO, 4TO M3 YCJOBHSA CYyIeCTBOBaHHA Y GyHkuuu f(f) B
OKDECTHOCTH TOYKH @ NPOH3BOJAHOH HOpsiKa n-+1 BHITEKaeT HENPEPLIBHOCTL caMoil
Gysknuu f(f) H Bcex ee NPOU3BOAHHX JO NOPSAAKAa 7 B YKa3aHHOW OKPECTHOCTH
TOYKH @, a NMOTOMY H Ha cermente [a, x]. Jlanee MOXHO yTBepXJaTh, UuTO cama
OyHKUEsA [({) u Bce ee IPOU3BOAHBIE J0 HOpAfiKa n OAMH pa3 auddepennupyemb
BCIOJY B YKa3aHHOH OKPECTHOCTH -TOYKH @, a MOTOMY H BCIOAYy BHYTPH CerMeHTa
{a, x]. .
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w@——f@+(”—-ﬂm(xf%%—i—Qw—O—
FU (1)

n(x—ty-i — L mu B+ p(x—1t Q).

(6.41)
Jlerko BHJeTb, 4TO BCce ujeHH B npaBofl yactH (6.41), 3a Hckaloye-
HiHeM NOCJEJHHX ABYX, B3aHMHO yHHuToxawoTcs. TakuM obpasom,

ot

() =— L= mu o +p(x—1pQE.  (6.42)

Tonaras B dopmyJe (6 42) {=& u ucnoan3ys pasBeHcTBO (6.40),
1101y Y uM

mw=-tiL——ww@) (6.43)

Conocrasass (6.43) u (6.38), oxkoHUaTeNbHO GYAEM HMETDH

x—a \P (x—g)nt!
Ruta () = (x—a)’ Q) = (Z=5 ) B0 @)
Cayuail, koraga x<a, paccMaTPHUBAeTCsi COBEPIIEHHO aHAJIOTHYHO.
Teopema poxasaHa.
Haiinem pasnoxenue no gopmyse Telnopa = mpocreiiueit  ¢QyHK-
LiHH — aJre6pauyeckoro MHOroujeHa #-ro nopsiaka. Ilycrs

f(%) =Cox"+ Cixr=1+ ... +Cnyx+Ch.

Toraa, nockoanky fintD(x) =0, octatounslii uneH Rnp+i(x)=0 u dop-
myaa Tefiopa (6.33) npuHuMaeT BHJ,

f(x)=f(a)+f'§‘f’( —a) + —— f (x a)z-i—...-l_-—‘ﬁ:—!(a-)-(x——a)"

(3mecy B KauecTBe @ MOXKHO B3fiTh JIOOYI0 TOYKY GECKOHEUHOH MNps-
moli.) Takum o6pasoM, ¢opmyna Tefijopa mMO3BOJsSIET NPEACTABUTD
J000§i MHOrouJeH f(X) B BHAe MHOrouleHa IO CTENEHAM (x—a), rie
a — mo6oe BeleCTBEHHOE YHCIIO.

Ilyctb Temeps f(x) — npousBosbHasi QYHKIHS, YAOBJAETBOPSIOMAS
ycaosusim Teopembr 6.10. TloctapaeMcsi BBIICHHTB, KAKHMH CBOHCTBA-
MH obsaanaer MHorowieH (6.35), durypupyiomuit B popmysae Tefinopa
Aas 1ol ¢pyHKuud. Kak u Bhuie, 6yaeM 0003HauyaTb 3TOT MHOTOYJIEH
cuMBoJoM @{x, a). CumBosoM @™ (x, @) 06O3HAYUM n-10 NPOH3BOJ-
Hyo ¢(x, a) mo x. Juddepennupys dopmyay (6.35) mo x 4 3ateM
foJarasi Xx=a, MB IOJYYHM CJeLyIOllHe paBeHCTBA:

[ 9@ a) =[(a),
9 (@,0) =[ (a),
¢ (a,a) = [ (a),

P (a,0) = [™ (a).

(6.44)
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Taxkum obpasom, durypupywoiuii B dopmyse Teitsopa Aast NPOHU3-
BOJILHOH OYHKUHH f(X) mHocousen @(x, a) ob6aadaer caedyrouum
CBOUICTBOM: OH CAM U €20 NpoussoOHsie 00 NOPAOKA N BKAIOUUTENAbHO
pasHoL 8 TOUKe X==a COOTBETCT8EHHO [(X) u ee npou3sodHsim 00 no-
padka n.

§ 8. PA3JINYHBIE ®OPMbl OCTATOYHOIO YJIEHA.
®OPMYJIA MAKJIOPEHA

1. Ocrarounniit uaen B ¢opme Jlarpaumxka, Komu u Iteano. Brie
MBI ycTaHOBHAH Gopmyay Tefimopa ¢ oCTaTOUHLIM YJIeHOM B OOILeH
¢opMe. 31ech Mbl YCTAaHOBHM JpPyrHe BO3MOMKHLIE [peXCTaBJeHUs
JUJisl OCTATOYHOTO uJjeHa. JIBa M3 HHUX MOryT OBITh NOJY4eHbl B KauecT-
Be JacTHBIX cJAydYaeB H3 o6weil GOpMEL

Tlpexpe Bcero HeckKoqpko npeobGpasyeM ¢dopmyay IJs 0oCTaToy-
Horo ujena (6.34). ITockoapKy Touka § JIEXKHT MeX]1y TOYKAMH a4 W
%, Halijetcs Takoe uMcio §* u3 uHTepBajsa 0<8<1; uro E—a=
=0(x—a). Ilpu stom E=a-+0(x—a), x—E=(x—a)(1—0). Takum
obpaseom, dpopmysa (6.34) Moxer 6biTh NepenucaHa B BHAE

(x _a)n+1 (1— O)n—ﬁ+1 f(,,+1) [a +6 (x —_ a)] . (645)

Rn+l (x) = alp
PaccmoTpuM Tenmepb ABa BaXKHBIX YaCTHBIX caydasi ¢opMyan (6.45):
1) p=n+1; 2) p=1 (HanomuuM, uto B dopmyaax (6.34) u (6.45) B
KayecTBe p MOXKeT GbITH B35TO JI0G0e NOJOKHTeNbHOe yHcjo). Ilep-
BBl U3 THX YaCTHHIX caydaeB (p=n-+1) NPHBOJUT HAC K OCTATOY -
HOMY yJeHy B Gopme Jlarpanxa:

{x—ayrtt fnt [q + 0 (x--a)] (6.46)
(n4 1),
Ora Qopma ocraToyHOro uwJeHa HauboJsiee ynorpebuTesbHA B NMPHJIO-
xeHuax. OcraTouHelil ujieH B ¢opme JlarpaHka HanOMHHAaeT cJjie-
LyoomuH, ouepensHolt uned ¢opmynn Teitnopa, JHIIb  TOJbKO
(n413-s1 mpomssoxHasi GpyHKRUMH [(f{) BHIUHCAsSETCS He B TOUKe 4,
a B HEKOTOPOH IIPOMEXYTOUHOH MexIy a M x Touke E=a-+0(x—a).
Bropoit U3 yKasaHHBIX BHIE YAaCTHHX ciaydaeB (p=1) npuBonuTr
HaC K OCTaTO4YHOMY uJeHY B popme Komu:

(x—a)yh1(1—0) frtb a4+ 0 (x —a)].  (6.47)

nl

n+1 (x) =

Ry (0) =

Tak xak ¢opmnl Jlarpanxka u KomH orBevaloT pasHbHIM 3Haue-
HUSAM p, a O 3aBHCUT OT p, TO 3HaueHUus O B dopmysaax (6.46) u
(6.47) siBasiorcsi, BoOOIIE TOBOPS, PA3NHUHBIMH. JINs OUEHKHM HEKOTO-
peix ¢ynkuuil dopma Komu aBiasercss Gojee NPeANOYTHTEIbHOH, YeM
¢opma Jlarpamnxka. OGe dopmbl ocratoyHoro ujeHa (Jlarpanxka n

* CJelyer NOAYEPKHYTb, uTo E, a 3#ayWt, u O 3aBucHT OT p.
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Koum) o6biuHo HCTMOMB3YIOTCS B TeX cJyyasx, Korja Tpebyercs IpH
TeX HJHM HHBIX (HKCHDOBAHHBIX 3HAYEHHSX X, OTJHYHBIX OT @, IIPH-
OJIHKEeHHO BBHIYHCJAUTL QYHKIHIO f(X).

EcrectBeHHO npuHOJAHIKEHHO 3aMeHHTb f(X) MHOTOWIeHOM ¢ (%, a)
¥ YHCJIEHHO OUEHHTb CAEJaHHyI0 IpH 3TOM OWHOGKY. Hapany c 3TuM
BCTPEYAIOTCH 3ajadd, B KOTODHIX HAC HHTepecyeT He YHCJIEHHAs] BeJH-
YHHAa yKa3aHHOH OWHOKM, a JIMLIb NOPSAAOK €€ OTHOCHTEJbHO MaJioH
BeJUYHHbl (¥x—a). Ias sTo# meau ymobHa apyras ¢Gopma 3allHCH
OCTAaTOYHOro ujieHa (Tak HasmBaeMas popma Ileanmo™*), K ycra-
HOBJIEHHIO KOTOPOH MBI H NE€PEeXOAHUM.

I pednoacrcum, uro- pynxyun f(x) umeer npoussodnyro nop,q@fca
n—1 8 HEKQTOPOIl OKPEeCTHOCTU TOYKU @ U NPOU3BOOHYO nopadKka n
8 camol Touke a **. ,

IIpH 3THX TpennoJIOKEHHSIX MBI MOXEeM paccMOTPeTb MHOTOYJIEH
@ (x, a), onpenensieMuii cootTHomeHneM (6.35). PasHocte Mexay f(x)
¥ 5THM MHOrOYJIEHOM, KaK M ApH JoKasaTesJbcTBe TeopeMnl 6.10, obo-
3HAYHM CHMBOJIOM Rpiq(X), T. €. IOJOKHM

Rut1(x) =f(x)—g(x, a).

Hoxascem, 4To npu cOeAQHHBIX HAMU NPEONOAOICEHUAX O0ad oCTa-
TO4HO020 4AreHa Rpy1(X) cnpasedauso caedyroujee npedcrasienue ***:

Rny1(x) =0 (x—a)"]. (6.48)
IMpeacraBnenne (6.48) NPHHATO Ha3bBaTh OCTATOYHBIM UJe-
#oM B popme Ileano.
Hcnonb3yst ycTaHOBJIEHHOe B KOHHE INpPeALIAYILEro naparpa(pa
CBOiicTBO MHoOrousneHa (x, @), Bbpaxaloouieecss COOTHOLICHUSMH
(6.44), MBI IOJIYYHM CJIEAYIOIIHE paBeHcTBa:

Roi1(@) =0, R, (@) =0, R® (@ =0, ..., R, (a) =0. (6.49)

HaM ocTaeTcs GoKasaTb, 4TO H3 paBeHcTB (6.49) BBITEKaeT npe/ICTaB-
Jenne (6.48). HoxaszaTeJbcTBO TOro, uTO M3 paBeHCTB  (6.49) Boite-
KaeT mpeiacraBJeHue (6.48), mpoBeiaeM METOAOM MaTeMAaTHYECKOH HH-
AYKILHH.

CHayajia yGeiHMcSI B TOM, uTO paBeHcTBa (6.49) BJIeKyT mpeacras-
Jenue (6.48) npu n=1.

[Iprn n=1 (6.49) npeBpaiialTcs B JBa PaBEHCTBA:

Ro(a) =0, R’y(a)=0,

13 KOTOPHEIX Cpasy :Ke BBITEKaeT, 4TO

limM_—_limM:R;(a)zo,
x->q X—a x—a X—a :

* Ixysenne.Ileano — uranabsHckuii mMareMatuk (1858—1932).

** TakuM o06pasoM, MH nofunHseM ¢ynkuuio f(x) TpeGoBaHHsIM GoJjiee ciabhIM,
yem B Teopeme 6:10.

**% HanomMHHM, 4TO CHMBOJX O[(x—a)™] oGo3Hauaer GecKOHEYHO MaJyil0 NpH
X—>a QYHKIHIO Goslee BHICOKOTO nopsiixa MajocTH, ueM (x—a)™ (cM. n. 5 § 4
ra. 3) .
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a 3To M o3HauaeT, uto Ry(x)=o0(x—a), T. e. 1pu n=1 npexacrasje-
HHe (6.48) BriTekaer H3 (6.49).

Tenepb 1715 3aBeplUeHHs] MHAYKLUH NPEAIOJOXKHM, 4TO NPEACTaB-
Jgenne (6.48) Buitekaer uz (6.49) ans Hekoroporo HoMmepa n>1, B
y6eauMcs, YTO B TaKOM cJydae npeictaBiesue (6.48) BbITeKaeT H3
(6.49) n nas caexpywoomerc Homepa n+1. [las Homepa n+ 1 pasencr-
Ba (6.49) uMeloT BHL

Ros3(@) =0, R, (@) =0, RO,(a) =0, ..., R (a) = 0. (6.49")

[TockoabKY MBI IPEANOJIOXKHAM, 4TO AJs HOMepa n DaBeHCTBA
BHaa (6.49) Biexkyr npeacraBienue Bujaa (6.48), 10, oT6poCHB nepBoe
H3 paBeHcTB (6.49%), Mbl MOKeM yTBepxKl1aTb, YTO OCTaJbHBE pa-
BEHCTBA

R.,@=0, R®,(0)=0,..., R®V(a)=0

BJIEKYT IPeACTaBJEHHE
R, (x)=0[(x—a)T]. ’ (6.50)

C napyro#i cTOpOHBI, TpUMeHsisT K (QYHKHUH Rpio(X) 1O CerMeHTy
la, x] Teopemy 6.4 JlarpaHxka™® W yyuTbiBasg IIepBOe PaBEHCTBO
(6.49*), M noJgyuaeM, 4TO MeXAY @ H X Haiijerca Touka  Takas,
4TO

Rﬂ+2 (X) = Rri+2 ( ) n+2 (a) ,,+2 (E) (X - a) (651)

ConocraBassi cootHouleHust (6.50) u (6.51) wu yuuthBast, uTO
o[ (&—a)"]=o[(x—a)"] (B cuay Toro, 4ro & 3aK/IOUEHO MEKILY a
H X), MBI OKOHUYATEJbHO INOJYYHM, 4YTO Rpy2(x)=o0[(x—a)"], a sto
coBnajaer ¢ npejcrasjeHneM (6.48), B3sATHIM A4 HoMepa n+1.

TeMm caMblM HHAYKUHMS DpOBeleHa M BbIBOJ npeicTaBiieHust (6.48)
ocraTouHoro wieHa B dopme [leano 3aBepuuen.

B 3akatoueHue zanuiieM noaHocToio Gopmyny Teiinopa ¢ ocrateu-
HbIM 4jeHOM B ¢opme [leano:

f(x)={(a) —:——i’—(l—?—(x——a) + ... +-—f(in)T(a—)—(x—a)"+ o[(x —a)"].
(6.52)

2. Jlpyrasa 3anucb ¢popmyanl Telinopa. Yacto 3anuchiBaloT popmy.ty
Teinopa (6.33) B Heckosnbko HHOM Buje. [losoxkum B (6.33) a=xo,
x—a=Ax 1 BO3bMEM OCTaTOYHbi# ujeH B ¢opme Jlarpanxka (6.46).
[Tpu 3ToM x=xo-+AX, H MB TIOJAYYHM

PO+ A —f(xg) = LU Ax D) (e 1

21

* Tlpn moboM n>1 faaa Rnp42(X) BHIIOJHEHH BCce YCJOBHA NPHMEHHMOCTH TEO-~
pemnl 6.4 Jlarpanxa.





