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du— dx :x_2
1—{—x2’
1 _x [(1+x2)—1]dx
I—-—Q—arctgx—~ 5'1+x2dx 5 arctgx S —
:-2—arctgx————j x-{—-—j‘l+ch * ;Harctgx——-——{—c

3°. Boiuncaum uHTerpai /= {x?cos x dx. Cuauana npumerum ¢op-
myay (89), mnomaras u=x?, dv=cosxdx. IloayunMm du=2xdx,
v=sinx, I=x?sinx—2{xsinxdx. a9 BHUYHCIEHHA MOCHEAHEro
MHTErpaja eue pa3 npuMeHHM ¢opmyay (8.9), monaras Ha 3TOT pas
u=x, dv=sinxdx. Iloayunm du=dx, v=—cosx, I=x?sinx+
+2x cos x—2§ cos xdx=(x2—2)sin x+2x cos x+C.

Takum oGpasom, HHTerpan {x?cos Xdx BbIUMCIEH HaMU TNOCpen-
CTBOM JABYKPaTHOTQ UHTEIDHPOBAHHSI 1O yacTsiM. Jlerko NOHATb, yTO
uHTerpan §x"cos xdx (rae n — Joboe Ienoe MOJNOMKHTEIbHOE YHC-
JI0) MOXKeT ObiThb BHIYHCJEH [0 aHAJOrHYHOH CXeMe IOCPeACTBOM
N-KPAaTHOTO HHTErPHPOBAHHSA MO YaCTHM.

4°. BoiyucsanM  Tenepp  uHTerpas  I={e% cos bxdx (a=const,
b=const). CHauasa npumenum dopmyay (89), mnoaaras wu=e%,

dv=cos bxdx. ITonyunm du=ae**dx, v=s'—‘;b-x-

\

’

] — €% sin bx

——a—S e%* sin bx dx.
b b

JIns BBIYHCJEHHs MOCJAeJHEero HHTerpana eule pas NpUMeHUM ¢Gopmy-
Jay (8.9), nosaras Ha stoT pa3 u=e**, dv=sin bxdx. [Tonyyum

cos bx

du=ae**dx, v= —

P
]:ea sin bx

008 2 enrcosbrm ). (8.11)

Takum o6pa3om, NOCPEACTBOM JABYKPAaTHOTO HHTErpHpoBaHHA [ mo
yacTAM Mbl NOJyYHM IJIE HMHTerpasia | ypaBHeHHe NepBOro nopsiika
(8.11). U3 aroro ypaBHeHHS HAXOAUM '
J—= acos bx -+~ bsin bx
a? -} b

X

IlpakTuka HoKasbiBaer, 4T0 6OJIbIIAS YacTh HMHTErpalioB, GepyliHXcs
[IOCPEACTBOM HHTErPHPOBAHHUS IO 4acTAM, MoXeT ObTb pa3buTa Ha
clelyouiHe Tpu epynnol:

1) K nepsoii rpynme OTHOCATCS HWHTErPajibl, MOABIHTErpajbHAsI
YHKIHA KOTOPHIX COJEPXKHUT B KAYECTBE MHOXKHTENS OMHY H3 CJie-
ayiomux ¢yskouii: Inx, arcsinx, arccosx, arctgx, (arctgx)?,
(arc cos x)2, In@(x),... — mpHu yCJHOBHH, YTO OCTaBLIasgcs 4YacTb MO-
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ABIHTErpajibHOH (YHKIHHM INpeACTaBJAeT COO0H NpOHU3BOAHYI0O H3BE(T-
HOl (QYHKIOHH (CM. pacCMOTDeHHEle BhILIe Tpumeps 1° u 2°). J[lnsa
BBLIYHC/ICHHS HHTETDaJIOB NEPBOH IPYNMH Caefyer HPHMEHHTH (opMy-
Jay (8.9), nonarast B Heft u(x) paBHOH OJNHOH W3 YKA3aHHBIX BHIIE
hyHKIHE *.

© 2) Ko eropod rpylige OTHOCATCA uHHTerpans BuAa §(ax+b)"X
Xcos(cx)dx, § (ax+b)nsin(cx)dx, §(ax+b)rec*dx, rne a, b, ¢ — He-
KOTOpbHIE IIOCTOSIHHBIE, 72 — JI060€ IleJoe MOJIOKHTEeJIbHOEe UYHCAO (CM.
paccMoTpeHHbIE BEIe IpuMep 3°). MHTerpanan BTOpPO# rpynne Oe-
pyTcs NyTeM A-KPaTHOTO NpHMeHeHHs1 (GOpMYJbI HHTETPHDOBAHHSA IO
gactaMm (8.9), npuyem B KauectBe u(x) BCAKUH pa3 ciaeayer O6paTh
(ax+b) B coorBercTBylOIle#l cTenenH. [locae Kaxmporo HHTErpuposa-
HHS TIO 4acTAM 3Ta cTeneHb GyJeT NMOHMXKAThCA Ha €AUHHUILY.

3) K 7perveil rpynne OTHOCATCH =~ MHTerpajsl BHAa §es* sinbxdx,
Jes*sin bxdx, §sin (Inx)dx, §cos (Inx)dx, .. (cM. paccMOTpeHHBI
Bhime npuMep 4°). O6osHauas m060# H3 I/IHTEFpaJIOB 9TOH IpPYNIEl ge-
pe3 I u npoH3BOJAs ABYKPaTHOe HHTErpHPOBAHMe IO YACTSAM, MBI COCTa-
BHM 17151 /| ypaBHeHHe NEepBOro nopsijKa. :

Koneyno, ykazaHHble TPU TPYIIB He HCUEPNLIBAIOT Bcex 06e3 wHc-
KJIIOUEHHsI WHTErpajoB, OepyllHXcs ITOCPeJCTBOM HHTEIPHPOBAHHS MO
yactsm. [IpuBesemM mpHMepbl HHTErpasioB, He BXOJAIIUX HH B OHHY
U3 IIEPEUYNCJIEHHBIX TpeX IPYNN, HO BBHIYHCJAAEMBIX IPH noMomu ¢op-
Myab (8.9).

5°. Buiuucnum mHTerpan [ = S

STOT HHTErpas He BXOJIUT
sin? x

HA B OHHY M3 YIOMSHYTHIX Tpex rpymn. Tem He meHee, npuMeHsst
o dx

dopmyny (89) wm mosaras B Heil u=x, dv=—-—, TOJIyYHNM
sin® x

du=dx, v= —ctg x,
I= —-xctgx-{—Sctgxdx— —-xctgx+5‘

cos x dx —
sinx

d (sm x)

—-—xctgx—{-g xctgx+1n|,sinxl+C

(B mpOBeNEHHEIX PacCyXKAEHUSAX xz=nn, rae n=0, =1..).

xdx
AHajIOrHYHO BBIYHCJSIETCS HHTErpaJ j —.
cos“ X
6°. BpiuucauM, HaKOHell, BeCbMa BaxXHHH AJs jAaJbHellnero HH-
dt %*
rerpaa K=\ ————, rae a=const, A=1, 2, ... **. DTOT HHTEr-
P | @+ o) AER S

paJa Takxke He BXOAUT HH B OAHY H3 YHOMAHYTHIX BBIIIE TpE€X Pyl

* B cayuae, ecny NOAHHTerpajibHas (QYHKIHS COJAEPXKHT B KAaUeCTBE MHOXKHTE-
Yy
ag (arctg x)?, (arccos x)%, .., dopmyny unTerpupomanus no uacTam (8.9) mpuuercs

TIPEMEHHTb ABAXKAEL
** Jlna O0O3HAauyeHHs NePEeMEHHON Ioj 3HAKOM 3TOro HHTerpajsa HaM yjaobHee

aucate GyKBY L.
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YlJis BHIYMC/JEHHS 3TOTO HHTErpaja yCTaHOBHM JJIi HETO PEKyppeHT-
0 (popmyny, CBONSILYI0O BONPOC O BhiyucJaeHun K, K BBIYHCIEHHIO
1. MoxHo 3anncaTb (nmpu As=1):

j a?dt S‘[(tz—{—a?)——tz]dt
(tz 112

+ah (4 a2y
1 dt 1 ( ot dt 1 1 d(2 +a?)
L& 2Y K —— T )
a? j‘ (¢ — a2t 22 ) (B+a)* @ Kis 202 S &+ o)t
JlJ1s BLIYHCJIEHMS NOCJENHEr0 HHTETpajia NPHMEHHM (OpMyJay HHTer-
2 2
pupoBaHus 1o gactam (8.9), nosnaras B HeH u=t¢, dv—‘(itgt+a2‘;,v),
1
H'OJIquM du=dt, v= — D E T
_ 1 t . 1
Ka a? Ko +2(12 (h—1) (¢ +a' 22(A—1) K-
V3 nocnegHero paBeHCTBA MOJNYYHM peKyPPeHTHYI (Gopmyny
t 2h —3
= —1. 8.12
Ko=a h—D) @+ Een—2 K (8.12)
Y6enumcsi B TOM, uTO peKkyppeHTHas ¢opmysa (8.12) mnossoaser
BHIUMCIUTh uHTerpan K, mas Jjwoboro A=2, 3,.... B camom neuxe,

uHTerpan K; BHIUHCISETCS 3J€MEHTapHO:

Y a___ S (t> Larctg L
(__—=a a+C'

2 z—_-
t2+4+a ';) 1

ITocsie Toro Kak BhuHMc/aeH uHTerpan K;, nonaras B ¢opmyse (8.12)
A=2, Mbl Ge3 Tpyna BuuHcauM K, B cBowo ouepenp, suas Ky u mno-
gaarasa B Qopmyae (8.12) A=3, mbl 6e3 Tpyaa Beiuncaum K. Ilpogoa-
*kasl JefCTBOBATh TakuM 00pasoM JaJblie, MBI BLIYHC/JIHM HHTErpan
K, nas mo6Goro HaTypaJbHOro A, BHIPA3HB €ro uepes 3/IeMeHTapHEIe
GyHKIUY.

§ 3. KJIACChbI OYHKLUHA, HHTETPHPYEMBIX B
3JIEMEHTAPHBIX ®YHKIHAX

XoTs, KaK yXe OTMEeYaJOoCh BhILIe, HeONmpeleJieHHBIHl WHTErpasa OT
3JIEeMEHTapHOH (YHKLUHH MOXKeT He BHIPaxKaTbCs. yepes 3JeMEHTapHbIe
§YHKIHH, BCce XK€ CYLIeCTBYIOT WIMPOKHe KJacchl (QYHKIMH, = Heonpe-
JeJICHHBe HHTErpalibl OT KOTOPLIX BBHIPAXKAIOTCS yepes ajieMeHTapHLIe
(QYHKIHH. HSY‘-ICHI/IIO TaK¥X KJaccoB (YHKIHH H-Gyler  IOCBSIIEH
HacTosWui maparpad.

Haunbosee BaXKHBIM CpelH yxasaHHbe KJIaccoB (GYHKUHA sABIseTcH
Kjacc pallMOHaJAbHBX Apobell, TpeacTaBagiouMx coboi oT-
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HOLIeHHe [ByX aire6panyecKuX MHOrodseHoB. M3yuenuio kKsacca pa+
HHOHAJMbHBIX ApoGeii Mbl NpeAnolllieM KpaTKHe CBEAEHHS O ‘KOMILIeKc-
HBIX 4ucjaax ¥ 06 anre6panyeckux MHOTOUJIEHAX.

1. KpaTkne cBeileHHsI 0 KOMNJIEKCHBIX Yucaax. [lsa semecweuum
wucaa x u y Mol 6ydem Ha3wieaTs ynopadodenHou napol,
ecau YKA3aHO, KAKOe U3 3TUX HUCEA. ABAAeTCA nepssim, Kaxkoe 8TO-
poiyn. YIOpsAOUEHHYIO Napy BelleCTBEHHBIX uHcesa x U y OyAeM obos-
HauyaTb CHMBOJIOM (¥, y), 3alHChiBasi Ha NMEPBOM MeCTe NEepBHI 3Je-
MEHT 3TOH maphi. :

Komnaexcrhoim wucrom Ha3vl6aeTCA YNOPAOOYEHHAA napa
(x, y) eewjecTeennbix Hucen, nepgoe U3 KOTOpuix X Haswieaercs O e d-
CTBUTECALHOU 4ACTbIO, @ 8TOpPOE Yy — MHUMOU 4aCTbH
5T020 KOMNAEKCHO20 Hucaa,

B cayuae, korna MHHMMasi yacth y paBHa HYJIO, COOTBETCTBYIOLLYIO
napy (x, 0) A0roBapuBaiOTCS OTOXKAECTBJSATH C BEHIECTBEHHBIM YHC-
JOM Xx. DTO NO3BOJISEeT PacCMATPUBAThb MHOXKECTBO BCeX BElIECTBEH-
HBIX YHCEJ KaK IIOAMHOMKECTBO KOMIJIEKCHBIX YHCeJI.

Jsa komnaexcuoix wucaa zy= (X1, Y1) U.2:=(Xs, Ys2) HA3LIBAIOTCS
PABHBIMU, eCal X\=Xy, Y;=Ys. 10B0PAT, 4TO KOMNAEKCHOE HUCAO

=(x,y) pasrno nyar, ecau x=0u y=0.

OnpeaenuM ONepalHH CJAOXKEHHS H YMHOMKEHHS KOMILJIEKCHBIX Y-
ces. ITockonibKy BelliecTBEHHblE YuC/Ja SABJSAIOTCH NOAMHOXKECTBOM
KOMIJEKCHBIX YHCeJ, 3TH onepauyul AOJKHBI ObITb , ONpejAeseHbl TaK,
yro6bl B MPHMEHEHMH K ABYM BeEIIECTBEHHBIM UHCJAAM OHH NPHUBOIHIH
K yXKe H3BECTHhIM HaM H3 § 4 ri. 2 onpejesieHHAM CYMMBbl H TPOH3-
BeJleHUsT BellecTBeHAbIX uHcel.

Cymmoii 08yx xomnaexcrolx yucea zy=(xy, Y1) U 2= (%2, Y2)
HQ308eM KOMNACKCHOE HUCAO Z 8uda

z='(x1+x2, y1+y2). (813)

ITpouszsedenuem 08YX KOMNAEKCHbIX 4ucer 2y= (X1, Y1) U
29= (X2, Y2) HA308eM KOMNAEKCHOE 4UCAO Z 8UlQ

2= (xixo—yY2,  Xiya+Xol). (8.14)

Jlerko mpoBepHTb, YTO cyMMa H DpOM3BeleHHe KOMIIEKCHBIX YHCes
064a0a10T TEMH. JKe CaMbBIMH CBOHCTBaMH, YTO H CyMMa U IpOU3Be-
" JleHWe BEIECTBEHHBIX yuces. MMeHHO cnpaBefJiuBHl CAeAYIOIHE CBOM-
cTBa: '

'1°. z1+23=27+2, (nepeMecTHTEJNbHOE CBOHCTBO "CYMMHI).

. (21+29) +23=21+ (22+23) (coueraresbHOE CBOHCTBO CYMMBI).

3°. z+ (0, 0) =z (ocobasa poab uucia (0, 0)).

4°, [Insi Xaxaoro uucjaa 2= (X, y) CYHmecTByeT MPOTHBONMOJOXHOE
eMy uucsio 2’ = (—x, —y) TaKoe, uto 2+2'= (0,0

5°, 21-20=2,-2; (mepeMeCTHTEJIbHOE CBOHCTBO NPOH3BEAEHHA).

6°. (21-2p) -23=2,-(29-23) (coyeraTesbHOEe CBOHCTBO NpOH3Beje-
HHSA).

7°. z-(1,0) =z (ocobas poab uucaa (1,0)).
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°. dast J11060r0 KOMIIEKCHOrO UHCJA 2= (x Y), He paBHOTO Hy-

Yy
J10, CyLIEeCTBYET obpaTHOe eMy YHCJIO 2 Td-
y y p y prariirsrr ,

Koe, uyro z-2'=(1,0).
. (21+22)-23=21-23-+22-23 (pacnpeiesHTelbHOe CBOHCTBO HpPO-
n3Be11eHn;1 OTHOCHTEJ/IbHO CYMMBI).

CrofictBa 1°—9° n0O3BOJAOT yTBepPXKAATb, YTO AJdA KOMILIEKCHBIX.
ypce,l HOJHOCTBIO COXPAHSIOTCS BCE NPaBHJa 3JIEMEHTapHOH ajreGpshl,
OTHOCSILMECH K apU(MeTHYeCKHM JAeACTBHAM H K COYETAaHHIO pa-
BEHCTB.

Kpowme Toro, ste cBOHCTBA MOJHOCTBIO PEINalOT BONMPOC O 8bL4UTA-
HUW KOMNAGKCH6LX 4UCeA KaK O JNeHCTBHH, 0OpPaTHOM CJIOXKEHHIO, H O
OeneHul KOMNACKCHOLX 4ucea Kak O AeHCTBUH, OOpDATHOM yMHOXe-
HHIO.

PasnocrTovto O08Yyx KOMnAeKCHolx auces 21= (X1, Y1) 0 2=
= (X3, Y2) HA3BIBAETCA TAKOE KOMNAEKCHOE 4UCAO 2, KOTOpOe 8 CYm~
Mme ¢ 23 daer z,. C momolpblo CBOHCTB 1°—4° 3jileMeHTAapHO ycTaHaB-
JHBAETCsl CYLIeCTBOBAHHE H €JHHCTBEHHOCTb PAa3HOCTH ABYX JIOOBIX
KOMILJIEKCHBIX wunces * _

Jlerko npoBepUTh, UYTO DPA3HOCTBI0 JABYX KOMILIEKCHBIX UHCEJ
Z1= (X1, Y1) H 22= (X, Y2) ABJAAETCA KOMINVIEKCHOE YHCJO Z BHAA

2= (xy—x2; Y1—Y2). (8.135)

Jacrrhoim 08Yx KOMNAEKCHObLX ucenr Zy= (X1, Y1) w 2= (X2, Y2),
8TOpOe U3 KOTOPbLIX He PABHO HYAK, HA36l8AETCS TAKOe KOMNAEKCHOe
HUCAO 2, KOTOpOEe npu YmrOMenuu Ha 2p Oaer z. C  1IOMOIIbIO-
CBOMCTB 5°—8° Jierko 'yCTaHOBUTb, YTO €JAMHCTBEHHLIM YaCTHBIM JBYX
YKa3aHHbIX KOMIJIEKCHBIX YHCeJ SIBJSETCA KOMIUIEKCHOE UHCIO 2
BHJA

_ [ XX+ e Xol1 — X1Ys
= 52 52 ).
5+ Xyt Ys
B onepauusix ¢ KOMIJIEKCHBIMHM YHCIaMM OcOOYI0 pOJIb Hrpaer
yucao, npexcraBumoe mapod (0, 1) u obosnavaemoe GyKBOH i. ¥MHO-

xKasi oTy napy camoe Ha cebs (T. e. BO3BOAS ee B KBajapar), IOJy-
YUM B CHJY ONpeJeJeHHs NPOH3BeJeHHs KOMIJIEKCHBIX YHCeJ

(0,1)-(0, 1) = (—1,0)= —1, . e. 2= —1.

3aMeTHB 3TO, MBI MOXeM Ji060e KOMINIEKCHOe YHCI0 2= (X, Y)
NpeACTaBHTh B BHIE

z=(%, y) = (x,0) + (0, ) = (x,0) + (4, 0) - (0, 1) =x+iy.
B nanbHeiimeM Mp GyieM IIHPOKO HCIOJB30BATh A/ KOMILIEKS-
HOro ymucaa 2= (x, y) mpeAcTaBiaeHHe 2=x-+iy. DTO NpeicTaBJeHUe:

* Jlns aToro cjeayeT NOCJAOBHO MOBTOPHTb PacCyXJEHHs, NMpOBeJeHHHe B I, 2
AJsl chyyas PasHOCTH JABYX BelIECTBEHHHIX uHcea (eMm. m. 1 § 5 ra 2).
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¥ paccMOTpeHHe [ B KauecTBe MHOXHTENS, KBaJpaT KOTOPOI'O DaBeH
—1, mospoJisieT NMPOH3BOAHMTH ONEPALUH C KOMIIJIEKCHBIMH YHCJIaMH
TaK XKe, KaK OHH HPOH3BOJSATCH C anreOpauyeCKHUMH MHOTOUISHZMH.

KomnekcHoe uucio z= (X, —y) =X—iy npuHATO HA3HIBaTh CO II-
PAXEHHB M NO OTHOWEHUIO K KOMAAEKCHOMY 4UCAY 2= (X, y)=
=Xx-+iy.

OueBHIHO, YTO KOMNAEKCHOE HUCAO PABHO HYAtO T020Q U TOALKO
10200, K020Q PABHO HYAIO CONPSANCEHHOE eMy YUCAO *.

Jns reoMeTpuyeckoro H3oOpakKeHH KOMILUIEKCHBIX uuces] YAOGHO
TI0OIb30BATbCA  JEKAPTOBOH NPSAMOYrONBbHOH CHCTEMOX KOODAMHAT.
TIpn stom koMmJeKcHOe uHcsIO 2= (¥, y) H306paxkaeTci MM TOUYKOH

-

M ¢ xoopauHaramu (x, y), uau BekropoMm OM, uaymum U3 Hagaja
KOODAHHAT B TOYKY M. ~

ITpu Takom cnoco6e H306paxeHHs CJOXKEHHE H BBIYHTAHHE KOM-
TJIEKCHBIX YHCeJ CBOJAHWTCH K CJIOKEHHIO H BHIUHTAHHIO COOTBETCTBYIO-
KX UM BEKTOPOB (370 moHsTHO n3 dopmyn (8.13) u (8.15)).

Henocpenctsenno us ompefenenus- (8.14) nponsBeneHuss ABYX
KOMIIIEKCHBIX 4YHCes BHITEKaeT CJeywllee YTBepX IeHHe: npo-
usselenue 08yx (a 3HAHUT, U HECKOALKUX) KOMNAEKCHbLX HuCenr pas-
HO HYAt0 To2da U TOAbKO TO20a, Ko20a 00pawyaercs 8 Hysb xoTsa 6ol
~00UH U3 comuoxMcuresel.

B camoMm jpene, ecam xora 6B oaHO M3 uHcen 2y=(xi, Y1) H
29= (%, y2) paBHo (0,0), To 3 (8.14) oueBHgHO, uUTO 2=212,=

E’vcnn, HaobopoT, 2=212; pasHo (0,0), To wu3 (8.14) cuenyer,
4TO '

x1x2'—‘yly2=0’ (8-14,)
YrXo =+ X1lfy = 0,

u ecan 2,7(0,0), T. e. x4+ y3=%0, 10 (8.14’) mpexcraBaser coGoi
OJHOPOJHYIO CHCTEMY JBYX YPaBHEHHH OTHOCHTEJNBHO ABYX HEH3BECT-
HBEIX Xy H yp C ONpenenuTeseM X7+ y?, OTIHIHHIM OT Hyad. Takas

CHCTEMA HMEET TOJIbKO TPHBHAILHOE PelleHHe, T. €. 2= - (X2, Y2) =
=(0,0). ‘

Henocpeucmenﬂo u3 onpenenenus (8.14) mnpousBeleHus ABYX
KOMIIIGKCHBIX YHCeJl BEITEKAET K ellle OJHO YTBep XK I eHHEe: KoM-
NAGKCHOE HUCAO, CONpANCEHHOe K npoussedenuro 0syx (a 3HauuT, u -
HECKOAbKUX) KOMNABKCHBLX HUCEA, PABHO NPOU3BEOCHUND KOMAAEKC-
HOLX uucen, ABASOULLXC CONPNEHHBIMU K KAHAOMY U3 COMHOMNCUTE-
anet, T. e.

(@12,) = 212, | (8.14")

x=0, x=0,
* Ubo cucrema 0 SKBHBAJIEHTHA CHCTEME
(Y= -

—y==0.
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C noMoIlbl0 NpaBHJIa NepeMHOMNKEHHsS KOMIJIEKCHBIX uucesa (8.14)
JieTKO NpOBEpsieTcs, 4yTo Kak mpaBasi, TaKk M JjeBast uactb (8.147)
paBHa OJHOMY M TOMY Xe€ KOMIUIEKCHOMY  UHCAY (X1Xe—YiYo,
—X1Yo—XaoY1) . ‘

2. KpaTKde CBEJEHHS O KOPHAX ajire6panyecKHX MHOTOYJIEHOB.

1°° Anre6panYyecKHM MHOTIOYJEHOM #A-H CTeleHH Ha-
3BIBAETCs1 BHIpAXKeHHe BHAA

f(2) =coz"+c12m 1+ ...+ Cn12+Co, (8.16)
rie z=(x, y)=x-+iy — nepeMeHHOe KOMILIEKCHOE YHCJIO, a Co,
" €1y ..., Cn — HEKOTOpDHIE [OCTOSIHHBIE KOMILIEKCHBIE YHCJa, IepBOe H3

KOTOPHIX OTJMYHO OT Hysas. Kak usBectHo, aio6oli ajare6panyeckuit
MHOTOYJIEH CTEIEeHH /I MOXKHO IOAEJHTb «CTOJNOHKOM» Ha JPYrod aji-
re6pavyecKuii MHOTOUJIEH CTEIEHH He BhIIE YeM n. TakKuM nyTeM MH
NPUXOAHM K CJEAYIOUIEMY YTBEpPKIEHMIO: KaKosv. 6oL HU Oblau 08a
mHoeousrena f(2) u @(2) raxue, 4ro crenems cp(z) He sblule, Yem cTe-
nens f(z), cnpasedaiuso pasescreo

[(2)=¢(2)-q(2) +r(2), (8.17)

8 koropom q(2) u r(z) — HeKoTOpbie MHO204AEHbl, NPUUEM CTeneHd.
g(z) pasna pasuocTu creneneli mnoeo4nrenog f(z) u @(z), a crenens.
r(z) Huoce crenenu ¢(z). :

ITo oTHOWmWeHHIO K ¢urypupylomuM B paseHctBe (8.17) MHOrO--
yreHam f(2), @(2), g(2) u r(z) oOBIUHO IPUMEHSIOT BIIOJIHE NOHAT~
HBIE TEPMHHEI <JeIHMOEe», «IEJUTENb», «YACTHOE» H «OCTATOK».

T'oBopsT, uro MHOrowied f(z) Oeaurcsa Ha MHOroOYIeH ¢(z2), ecam
B IIOJYYEeHHOH IIOCPEJACTBOM JeJieHHs <cToJa6ukoM ¢opmyae (8.17)
ocrarok r(z) =0.

JloropopuMcsi Has3blBaTh MHOFOUYJEHOM HYJEBO#H cTe-
nexu JO6YI0 KOMIVIEKCHYIO NMOCTOsIHHYIO. Torza coBeplieHHO siCHO,
uTO AK0000 MHO2OYAEH OEAUTCA HA OTAUYHOLL OT HYASL MHOZO4AEH.
Hyaesoli crenenu. VI3yunm BONPOC O AeJHMOCTH MHOrousleHa f(2) Ha
MHOTOUJIEH TePBO# CTeNeHH.

Onpepnenenune. Haszosem komniexchoe uucio b Kopuem
mHoeousrena f(z), ecau f(b) pasHo nyarw.

Teopema 82. Mnoeouren uenyaesoli crenenu f(z) = deaurca
Ha O0syusen (z—b) Toeda u TOAbKO TO20Q, KO20A b ssanercs KopHem
MHO204NEHA.

JoxaszaTeabcTBO. 3amuiieM MAJd8 MHOTOWIEHOB f[(2)

(z)—(z—b) dopmysy (8.17). IlockosnbKy cTemeHb ocTraTka r(2) B
atoii popmyne obsasamna OblTe Husice creNeHu Renutenas @(2)=z—b>b,
10 r(2) — MHO20uAen Hynresoli cTenenu, T. e. r(z) =c=const. Takum
obpasoM, ¢popmyna (8.17) npHHHMaeT BHA

f(2) =(2—b)q(2) +ec.

TTonaras B ¢opmyne (8.18) z=b, HaligeMm, uto c=f(b). Ilo ompe-
genenuio f(2) nmemurcs Ha (2—b) TOrAa M TOJBKO TOTAA, KOrJa OC~
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TaTok B ¢dopmyne (8.18) c=f(b) paBen HyJlo, T. €. TOrZa H TOJBKO
-TOrja, Koraa b siasiercs KopHeM f(2). Teopema JOKasaHa.

2°. EcrecTBeHHO, BO3HHKAaeT BOINPOC, BCHAKHI JH anreﬁpant{ecmm
MHOTOUYJIEH HMeeT Kopuni’ OTBeT Ha 3TOT BONPOC JA3aeT OCHOBHad
TeopeMa anrebpr ™ scakull mMHO20uneH HeHYyAe80l  cTenenu
umeer xora 6b6. OOUH KOpPeHb.

OrmpaﬂCb Ha 3Ty TeopeMy, JOKaxKeM, 4T0 aseebpauueckuil MHO-
204NeH N-1i CTenenu umeer TOYHO n KopHed ** B camoM jaeje, MycTb

f(2) — wmuorounes n-it crenenn. CoryacHo OCHOBHOH TeopeMe aireG-
pnl f(2) uMeer xors Obl OZHH KOpeHb by, T. €. Aaa [(2) chnpaBelIHBO
fpelCTaBJeHHe

f(2) =(z2—b)f1(2), (8.19Y)

B KoTopoM uepe3 f;(2) o6o3HaueH HEKOTOPHIH MHOTOWIEH CTeNeHH
(n—1). Ecan ns~=1, 10, corsacHO OCHOBHOH TeopeMme anre6pnl, fi(2)
1MeeT XOTsl Obl OAMH KOpeHb bo, T. €. s f;1(2) crnpaBelJHBO NpexA-

CTaBJieHHUe
f1(2) = (z2—b2)[2(2), (8.192)

B KOTOpPOM d4epe3 fq(z) 0603HayeH HEKOTODHIE MHOroOWwIeH CTeneHH
{n—2). TleBTOpAs yKa3aHHble pAaCCyXKIeHHS paajee, Mbl NOJYUHM

TIpe/ICTAB/IEHHS
f2(2) = (2—bs)[3(2), (8.19%)

fa1(2) = (2—=bn) [n(2). (8.197)
B nociefHEM H3 3THX «npeacraaneﬁuﬁ uepes f,(2) 0603HauUeH HEKOTO-
Pl MHOTOYJEH HYJIeBOH CcTemeHH, T. €. fn(2) =c=const. Comnocras-

Jsis MexJay coboH paBeHCTBa (819‘)——(8.19”) U YUHTHIBad, 4YTO
fn(2) =c, byaem nmern

f(2) = (2—by) (z—b3) ...(2—bx)c. (8.20)

OTMeTHM, UTO KOMILJIEKCHAs NOCTOSIHHAs ¢ He paBHA HyJ10, H6O B
NPOTHBHOM cJyyae MHOrowleH f(2) Ob1 OBl TOXKHECTBEHHO paBeH
HYJII0 ¥ He SBAAJCS Obl MHOTOUYJIEHOM n-# cTenenu ***,

N3 pasenctBa (8.20) oueBuano, uto (b)) =f(bs)=...=f(bs) =0,
T. e. Kaxjpoe H3 uHcesx by, by, .., b, ABJAsETC KODHEM MHOTrOUJeHa
§(z). Kpome Ttoro, uz (8.20) oyeBHAHO, 4TO, KAaKOBO OBl Hu OBLIO
KOMIJIEKCHOE UHCHAO b, otaununoe OT by, by, ..., bn, KOMIJIEKCHOE YHCJO

* Jloxa3aTenbCTBO OCHOBHOH TeopeMbl anreépu O6LIYHO TIPHBOAHTCH B Kypcax
.aare6pH H B Kypce TeOPHH (BYHKIMH KOMIJIEKCHON HepeMeHHOf.

** I1pu 2TOM, KOHEUHO, mpeAnosaraercs, uro n>0.

*%% 3nech MH HCIOJIB3YeM CJelyIOllee YTBEPKAEHHE: eciu MHOrOwIeH f(2)=
=R A A2 0y _Z+dn TOWOECTBEHHO pasen HYAD, TO 6Ce e20 KOIpPu-
yuentsl paswer wyato., B camoM nene, ecan f(2)=0, to npu 2=0 noayuum a,=0.
Ho toraa f(2) =z[apz" 1+ a;27~24...+an—1]==0. Tak xak 2520, 70 BblpaxeHue B
KBaAPATHBIX CKOGKAX TOMXKJECTBEHHO PAaBHO HYyMO, OTKyAa npH 2=0 noJyyum
a,_y=0, [Tpogoaxas amanoruyHbie paccyX[eHHs nasee, JOKaxKeM, uTO BCe KO-
«PHILHEHTH pPaBHHE HYJIO.
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f(b) e paBro Hymw *. Takum o6pasom, MHoroulen f(z) uMmeer
POBHO n KOpHeii: by, by, ..., bp.

PagenctBo (8.20) naer pasyoxeHHe MHOrouseHa f(z) Ha MHOXH-
Tenn. Ecam m3BecreH BHA MHoroujeHa [(z) (8.16), To MB MOXeM
onpeesuTh HOCTOSHHYIO ¢ B paBeHcTBe (8.20). CpaBHuBas B paBeH-
ctBax (8.20) u (8.16) xK03(pPHUMEHTH NPH 27, MOJYUHM C=Co **.

Mtmuorouned (8.16), y xoroporo co=1, HasbiBaercs NpHUBeE [ € H-
Hu M. [Insg npuBeneHHOTo MHOroujeHa GopMysna passoXkeHHs (8.20§

npuHuMaeT BUna
f(2) = (2—b1) (z2—b3) ...(2—bn). (8.21)

B ‘ranbueiimieM, ecjii He OTOBOPEHO NpPOTHBHOE, MH OyJeM paccMmart-
pHUBaTh npusedennble MHO204ACHDL.

Cpenn KopHe#l MHOrouneHa f(z) MOTyT OBITb cosnadaroujue Kop-
au. Ilyets a, b,...,¢c — pa3iuyHbB € KODHH NPHBEJEHHOTO MHOFO-
yneHa f(z2).

Toraa mjis 5TOrO MHOTOWIeHa NPEACTABJIEHHE BHAA (8. 21) npunH-
MaeT GopMy CJeAyIOUero paBeHCTBa:

f(2) = (z—a)*(z—b)B...(z—c)". (8.22)

B srom pasnoxenuu a, B,..,y — HEKOTOpble LieJIble YHCJIA, Kaxaoe
H3 KOTOPBIX He MeHblIe eJHHHLbl, npuyeM a+f+..4+y=n, rae n —
cTeneHb MHOrouseHa f(2).

.Ecau drn muoeourena f(z) cnpasedauso pasroxcenue (8.22), ro
2080PAT, 4TO KOMNAEKCHOE 4UCAO G ABAAeTCA KOpHeM [(2) Kpar-
HOCTU O, KOMRAEKCHOe 4ucao b sasanerca kopHem [(z2) kpar-
HOCTU B,..., KOMNAGKCHOE 4UCAO C ABAAETCA KOpHeMm [(2) kpaT-
HOCTU .

KopeHb, KpaTHOCTb KOTOPOrO paBHA €JHHHIIE, NPHHSATO HA3bIBATh
ONHOKpPaTHB M, a KOpeHb, KPaTHOCTb KOTOPOro 0oJblle eaHHH-
I{bl, IPHHATO Ha3biBaTh K P a T H Bl M.

MoxHo xaTh W ApPYyroe 5KBHBAJEHTHOE OINpeJesieHNe KOpPHS HaH-
HOIl KDPaTHOCTH: KOMNAEKCHOe 4UCA0 G HA3blBAETCS KO P H e M MHO20-
drena f(z) kpatHocTUu a, ecau Oan f(z) cnpasedauso npedcrag-

Aernue
f(2) = (z—a)%(2), rae q(a)70. (8.23)
3°. Ilyctb Tenepn
f(2) =2"+cizml4cp2n 2+ +en (8.24)

fIpUBEeHHBIH aNre6panyecKuil MHOTOUIEH C BEeMeCTBEHHBIMH
K03¢puIHEeHTaMHU €1, Cy ..., Cn.

* H6o mnpousBejieHHe HECKOJbKHX KOMIJIEKCHBIX THCeJ PABHO HYJIO JHIbL B
TOM CJiyyae, KOrjla paBeH HyJi0 XOTs Gbl OAMH H3 COMHOXHTeJe#d (cM. m. 1).

** 31ech MBl HCHOJb3YeM YTBeDKIeHHE: ecai 08Q MHO204AEHA Q2™ +@Z" 4.
wtan u bzr+b127 .. 4-b, TONOecTeHHO paswel  Opye dpyey, TO o= b,
a;=b,..,an="b,. JIna 10Ka3aTeJbCTBa AOCTATOYHO K PA3HOCTH YKa3aHHBIX MHOTO-
YJICHOB TIDHMEHUTH YTBEDXKJEHHe, OTMEUEHHOe B CHOCKe *** Ha c. 308,
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JlokaxeM, 4TO 3TOT MHOrouiex oGnajaer cnenyroan © BaXKHBIM
CBOHCTBOM.

Teopema 83. Ecau KomniekcHoe 4HucA0 a 58AS€TCA KOpHei
MHO204ACHA C BeuyecTeennbimy Koappuyuenranu (8.24) rparnocru
A, TO U CONPAJNCEHHOE eMy KOMNAEKCHOE HUCAO G TOAKXMCe SBALETCS
KOpHeMm 9T020 MHO204AEHA TOU Jce camol KPATHOCTU A.

HoxasarenbctTBO. Haunem ¢ TOro, 4yro AOKaxKeM CJAeAYIO-
IHA BcIOMOraTeJbHB (QakT: ecau [(2) — muozousen ¢ 8eujecT-
BEHHOLMU KOIPPUYUEHTAMI, TO KOoMnaeKcHas seauduna [(Z)
ABNAETCA CONPANCCHHOL N0 OTHOWEHUIO K sesudure [(z).

Tax xak ko2¢pduUHeHTH MHOTOUJeHa (8.24) ABAAIOTCH BellecT-
BEHHBIMH YKCJIAMH, TO JJs A0OKA3aTeJbCTBa yKa3aHHOTO (akra Jpoc-
TaToyHO yOeAUTbCS B TOM, YTO JJs JI000T0 HOMepa n KOMIJIEKCHAS
BeJuuHHa (Z)" sBJsieTcd CONpsiKEHHOH no orHoweHHw 2”. Ho sto
nocJjiefiHee Cpasy BBITEKAET W3 YTBEPXKAEHUsS, KOKA3aHHOTO B CaMOM
KOHUe I. 1, Tounee, us cootHomenus (8.14”). Ilosoxus B s10M COOT-
HOIIEHHH 2;=2p==2, Mbl NoJyuuM, uto (2% =(2)®. [Hanee, moJo-
KHB B TOM XK€ COOTHOLICHHH (8.147), 2y=22, 2;=2, MH NOJAYYUM
(2°) = (%) 2=(2)*. '

[Ipoponxas aHaJOrHYHbIE PACCYKAECHHS, MBI yOEIHMCsl B TOM, 4TO
(z)=(2)" nas moGoro Homepa r.

Wrak, noxkasano, 4To BeJHuYHHA [(Z) sBasdercs conmeeHHou 1o
OTHOMIEHHIO K BeauuuHe f(2), T. e.

F@&=i@
HJIH, YTO TO Xe caMoe, i -
f@=fG@). _ (8.25)

Tlycth Teneph KOMIUIEKCHOE YHCJIO @ SIBJSIETCSI KOPHEM  MHOTrO-
ujeHa ¢ BellecTBeHHbIMH Ko3(duuuenTamu f(2) KpPaTHOCTH A, T. €.
clpaBef/IHBO NPEACTABJIEHHE

[(2) = (z—a)*¢(2), (8.26)
¢ (a) 0. (8.27)
U3 conocrasienus (8.26) u (8.25) BmTekaer, uTo
f@)=@E—a)e @),
a mocjejHee paBeHCTBO B cuay (8.14”) MOXHO mnepemucaTts B BHAE
f@)=G—a) o). (8.28)

3ameTHM Telepb, YTO B CHJY YCTAaHOBJIEHHONO BHILIE COQTHOLIE-
Hus (2") = (2") cnpaBeAJUBO PABEHCTBO

B KOTOPOM

@—a) =@z—a)* = (z—a)*. (8.29)
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[MoxcraBasis (8.29) u (8.28), Mbl MOJyYHM TNpeICTaBJICHHE

f(z) = (z—a)*¥(2), (8.30)
B KOTOPOM uepes Y (2) 0603HayeHa BeJHYHHA
b(2) = @) (8.31)

Jas 3aBeplieHHs AoKasareJbcTBa TeopeMbl 8.3 ocraerca yOe-
JuThcs B TOM, 4T P (a@)==0%, HO 3TO cpa3y BBHITEKAET H3 TOTO, YTO %3
CHJIY TOro, 4To corjacHo (8.27) ¢(a) He obGpamaercs Hyab **. Teope-
Ma 8.3 goxasaHa.

3. PasioxeHne aire6paMyeckoro MHOrouYJieHa ¢ BELIECTBEHHBIMH
Koo(uilmeHTaMH Ha OpPOM3BEJCHHE HENPHBOAHUMbBIX MHOXKHTE/CH.
B panvuefiiem HaM NPHAETCS HMETb JeJ0 ¢ MHOTOWIEHAMH OT Iepe-
MEHHOH, NpUHUMAapUiel T UMb BellecCTBCHHB e 3HayeHus. [lo-
3TOMYy 3Ty IepeMeHHYI0 Mhl GyjaeM ofGosHauyaTh GYKBOH x, a He 2.

ITons3ysck Teopemoit 8.3, HaliieM palJioKeHHE MHOTOUJEHA C Be-
IIEeCTBEHHBIMH KOs(¢uuueHTamu f(x) Ha npousBeleHHe HEUPHBOIU-
MBIX BellecTBeHHHIX MHoxKuTesel. [lyers MHorousen f{(x) umeer Be-
IeCTBEHHbe KODHHU by, by, ..., b KpaTHOCTH Bi, P, ...y P COOTBETCTBEH-
HO U KOMIIEKCHO CONIPsiKEHHble Napbl KOpPHEH a; M aj, Qs U ds, ..., 0n
#H (dn KPAaTHOCTH A1, Ag,..,An KaXKhasi mapa COOTBETCTBEHHO.

Torpa, cormacho pesyJabTaTam M. 2, MHOrouieH f(x) moxer OBITH
TIPEJCTABJIEH B BUJIE ‘

F () = (=)™ (x—by)*. . .(x—b)"m x
X (x—-—al)"x (x,—51)7“ (x—aa)’“’ (x —wﬁz)“. . .(x—a,,)’”” (x—E,,)’”". (8.32)

0603HaYNM BeLIECTBEHHYIO H MHHMYIO 4acTH KopHS ap (k=1,2,..,n)
COOTBETCTBEHHO 4e€pe3 - Up H Uy, T. €. NYyCTb apr=ug+iv,. Torpa
dr=upr—iv,. IlpeoGpasyem nms Jawoboro k=1, 2, ..., n BHpaxeHue

(r—ap) " (x—a) "t =[(x—ay) (x—a)]"*=
= [(x—tp—iv,) (x —t + ivg)] =
= [(x—t)? + OF] M = (22 + P + g%, (8.33)
THe pp= —2uy, qy=Uk+ U}

Ucnoabaysi (8.33) B (8.32), oxoHuaTeNbHO NOAYUHM CJeAyloliee
‘pasjioXeHHe MHOrousjesa f(x) Ha Npou3BeJeHHe BEUIECTBEHHBIX He-
TIPHBOAHMbBIX MHOXKHUTENeH:

* H6o mnpeacrasnenue (8.30) mpu ycaosuum $(@) 0 u osmauaer mo onpejpene-
HHIO, 49TO KOMIJIEKCHOE YHCJO @ sIBJSIETCS KOPHEM MHOrowiena f(z) KpaTHOCTH A.

** Mbl YYHTEIBAEM, YTO KOMILICKCHOe YHCJIO DABHO HYJIO TOTAA M TOJLKO TOrAA,
®KOr/la PAaBHO HYJIO CONPAXKEHHOE eMy KOMILIeKCHOe uHcao (cM. m. 1 HacTosimero
maparpada). . ‘ :
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Fl) = (x—b)P (x—by). . .(x—b,)°m x
X (x4 px + )" (24 pax + ). (@ + px+ g (8.39)

Mpl npuxoaMM K BBIBOJY, YTO MHOrO4W/IeH f(x) ¢ BelLIeCTBEHHHIMH
Ko dunnenTaMu pacnajaercs Ha npousBenenue (8.34) HenpHBOAH-
MBIX BEIECTBeHHBIX MHOXKHTeJNECH, IPHYEeM MHOXKHTENH, COOTBETCTBYIO-
IIHEe BEUIeCTBEHHHM KOPHSM, HMEIOT BHJ ABYYIEHOB B CTeleHsX, PaB-
HBIX KPATHOCTH KODHEH, a MHOXHTENH, COOTBETCTBYIOUINE KOMILJIEKC-
HBIM IapaM KOpHef, MMeIOT BHA KBaJpaTHBLIX TPEXUJEHOB B CTeme-
HSIX, PABHBIX KPaTHOCTH 3THX I1ap KOpHENL.

4. Pa3joxenue NPaBHILHON pauUOHabHOM APOOM HA CyMMy mpoc-
reduwux Apodeil. Panunounaabnofi Apo6GbI HA3HBaercs OTHO-
uieHHe ABYX aare6panyecKHX MHOrOYJEHOB.

Beroay B pasbHefileM Mbl OyZem paccMaTpPHBAaTh PAUHOHAJIBHYIO
Apo6b, SIBAAIOUIYIOCS OTHOIIeHHEM MABYX ajre0pauvyeckux MHOrouJe-
HOB ¢ BeumecCTBeHHB MU Koapoduunenramu (Takyio Apobp NpH-
HATO Ha3pBaTh PallHOHAJbHOH Apo6bI0 C BeUECTBEH-
HHMH KO3PpPHUHEHTaAMH).

Px)

Panuonanbaas gpobb

Q)
cTeneHb MHOrowleHa P(x), crosiuero B uucJuTe/e, MEHbUe CTEHeHH
myorouseHa Q(x), crosiuero B 3HaMeHareJe.

B nporuBHoM ciyuyae pamHoHasbHas Apo6Gb Ha3bIBAETCH HEIN P a-

"BHJBHOH.

Jokaxewm . a1Be BCIOMOTaTe/abHbIE TEOPEMHL.

Jlemma 1. Iycre -———223 —  npPasuLbHAL PAUUOHAALHAS Opobb
¢ eewecTgeHHoIMU  KO3(DGuyuenTanu, 3namenaress Q(x) koropoit
uUmeer geujecTBeRHoe HUCAO O KOPHEeM KPATHOCTU o, T. €.

Q(x) = (x—a)%(x), rae g(a)5%0. (8.35)
Tozoa drs 3Toli Opobu cnpasediuso ciedyrowee npedcrasienue:
P(x A : X :
Qfx; T T (x~:))°£-)kcp(x)' (8.36)
B arom npedcrasaenun A — 6eujecTBEHHAN NOCTOSAHHASA, PABHAS
:—P—@—, k — yeaoe uucso, yoosisersopawoujee ycrosuro k>1,
P(x) (B—(-Q)HGKOTopbtll' MHO204NEH C BEU,ECTBEHHLIMU KOI(PPUYUEHTAME

TaKol, 4T0 nociednas 0pobs & npasod uacru (8.36) ssaserca npa-
BUNBHOU.

Ha3blBa€TCst NPABHJBHO H, ecan

JokxasateabcTBO. OG603HauuB uepes A. — BeulecTBeHHOS
P *
ycio A= ((a)) , PacCMOTPHM pasHOCTb
¢ (a

* Uneno A Bcersa ompenedieno, 6o ¢(a)=0 B cuny (8.35).
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Pix) A
Q) (x—a)*
TIpuBOAsS 3Ty PasHOCTb K obulemy 3HameHaTesio, OyaeM HMeThb
Py A P(x) — A (x) D (x)

— = < = - , (8.37)
Q)  (x—a) (x—a)*en (x—a* oW
rae uepe3 (D (x) 0003HAYEH MHOTOWIEH € BEIUECTBEHHBIMH KO3(¢H-
puesatamu Buga @ (x) =P(x)—Agp(x). P@
a

Tak kak @ (a) =P (a)—A¢p(a) =P (@) ——— e

‘BeHHOe YHCJIO a SBJSAETCs KopHeM MHorowaeHa O (%) HEKOTODOH KpaT-
HOCTH k> 1.
3To 03HauaeT, YTO CNPaBCAJIHBO NpEACTABJIEHHE

D (x) = (x—a)*p(x), rae y(a)7%0, (8.38)

a P(x) — HEKOTODHIi MHOrOWIEH ¢ BeILeCTBEHHBIMH KO%(h(HIHEH-
TaMH.

BcraBasis npeacrasienue (8.38) B paeeHcrBo (8.37), okoHUaTeNb-
HO OyaeM UMeTb '

¢(a)=0, Beuecr-

P A P (%)
QW) (r—a* (x—a)* Fo)’

Tem cambim npeacraBneHue (8.36) pokasano. OcTaercst TOJBKO
yGeAuThCsT B TOM, 4TO JApoOb, cTosiias B npaBoif yactu (8.39), aABaa-
€TCsl IPaBHJBHOH, HO 3TO €pa3dy BBITEKAeT U3 TOTO, YTO PA3HOCTb JABYX
TpaBU/IbHBIX palMoHalbHBIX ApoOell sABJASETCH MNPaBHIbHOK  paluuo-
HaJbHON ApoObI0 (4TOOH yO6eAMTbCS B 3TOM, JAOCTAaTOYHO IPHBECTH
Pa3HOCTh NpPAaBUJBHBIX pallHOHaJbHBEIX Apobeli K oOlieMy 3HaMeHare-
J). Jlemma 1 fmokasaHa.

P(x
Jlemma 2. Ilycre G
Qx)
¢ BewecT8eHnbLIMU KO3(PuyuenTany, 3uamenaress Kotopoli Q(x)
umeer KOMnAeKCHole 4ucad a=u-+iv U Q=U—iv KOPHAMU KPATHOCTU
A, T. e

Q(x) = (F+px+qg)e(x), rre ¢(a)+#0, (a)+0,
p=—2u; q=u+0v?

(8.39)

NPAsUAbHAA PAYUOHAALHAR OpODb

(8.40)

Toz0a das aroii Opobu cnpasedauso caedyrouee npedcrasaenue:

P (%) Mx+N $ix)
= + —, 8.41
QW (PHprtqt | (P tprt et T o0 (8.40)
B stom npedcrasrenuu M u N — wuexoropsie el eCcTeenNbLe NICTO-
AHHblE, B — yeaoe wucso >1, a P(x) — HEKOTOPbLUL MHO204NeR C

BeULEeCTBEHHbIMU xoati)quueummu TAKOoU, 4TO nocxzednﬂﬂ dpobs 8
npasod wactu (8.41) aeasercsa npagusbHol.
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HokasareabcTBo. loropopuMcsi 0003HAYAaTb BeleCTBEHHYKY
YacTh KOMIJIEKCHOH BeiuuuHbl A cuMBojoM Re[A], muHumyno uyacts
KOMIIEKCHOH Bennuunnt A camBojiom Im[A]. Tonoxum *

M:J_Im[ﬂ‘i], N:Re[ﬂﬁl]ﬁ_u_lm[iﬂ_]_
L P (@) P (a) v ?(a)
Herpyano mpoBeputs, uto ykasaHuble M u N sBASIOTCA pellleHHEM
CJIe/lyIOIIero ypaBHeHUs:

P(a)—(Ma+N)g(a)=0. (8.42)

B camom peJse, moje/nuB 3TO ypaBHeHHMe Ha ¢ (@) H NPHPABHSB HYJIO
JeHCTBATENbHBIE W MHHMBIE YacTH, Mbl NOJYYHM [ABa DaBEHCTBA

Pa) }
M N=
u -+ Re[ o @
Mo=Im {P—(")-J
9 (a)

13 KOTODBHIX ONpeleJsloTCss Hanucauuole Beiie M u N. Paccmorpum
Tenepb pasHOCTh

P (x) . Mx+ N

Q) (P hprfgt
IIpuBons ykaszaHHyio pasHOCTb K 00leMy 3HaMeHaTeqio, 6yAeM HMETb
Py _ Mx4+N __PH—WMx+Nel @ (x) (8.43)
QW (PAprt  (Ptprote® (it otew
3aech yeped @ (x) o6o3HaueH MHOTOWIEH C BELECTBEHHHIMH K03 H-
uuentamu Bujga P (x) =P(x)—(Mx+N)g(x). PaBencrBo (8.42) nosso-
JsIeT yTBEePKAAaTh, YTO KOMIIJIEKCHOE HHCJO @, a 3HAYMT, B CHJYy Teope-
Mbl 8.3 U CONMPSIXKEHHOE €My YHCJIO @ SIBJASIOTCS KODHSAMM MHOrouJeHa

®(x) uekoTOpO#l KpartHOCTH k>1. B TakoMm ciyyae JJii MHOTOYJIEHa
P (x) cnpaBeAJHBO MpeACTAaBJIEHHE

® (x) = (24 px+q) M (), (8.44)

‘The P (X¥) — HEeKOTOPBI MHOIOYIEH ¢ BellleCTBeHHBIMH K03(duiuesTa-
MH, He UMELIUH B KaueCTBe KOpHeH uyucia a W 4. Bceramddas npen-
craBjeHue (8.44) B dbopmyny (8.43), ncsayuum npeacraBiaenue (8.41).
Tor ¢akT, uro nociennsss Apobb, cTosias B npaBod yact (8.41), sB-
JAETCA TPaBUJIbHOH, BEITEKAeT K2 TOro, 4TO 3Ta ApoOb paBHA pasHo-
CTH JBYX NPaBHJBHBIX APOOEH.

Jlemma 2 noxasaga.

p
IMocnepopaiensHoe npumenenne Jemm | u 2 K apobu —Ef—x—))— 1o
| X
P(a)
*B cuny (840) @(a)==0, Tak uyTO OTHOlUEHHE 7@ paccMaTpHBaTL
. a

MOZKHO.
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BCEM KODHSAM 3HaMeHATeJsl NPUBOAUT HAC K CJeAYIONIeMY 3aMedarehb-
HOMY YTBEPXKAEHHIO.

Teopewma 8.4. llycre gix; — NpPABUALHAR PayUOHAbHAS OpOoDb
X

C BeujeCTBEHHbIMU KOIPPUYUeHTAMY, 3HAMEHATeNb KOTOPOLL umeeT 8ud

Q)=

= (x—b)P (x—b)". . . (x—b) (8 g (BB o+ g,)
(8.45)

Toz0a daa aroll Opobu cnpasediuso ciedyroujee pasiodcerie Ha CYm-
My npocreiiuux opobet:

) ) B
P B B '
0 __5 ..
Q(x) (x—b) (x—b) (x — by
(1)
+ B(lm) + B(Qm) + -+ ————B = +
(x—bm)  (x—bm)? (x— b
M{Vx + NV MPx - NP I MiDx - N)
(2% 4+ pix 4+ g5) (% 4 pix 4+ q1)? (2 4 prx + g)M
M(ln)x + NYL) Mg’l)x + N(2n) M(}Z:x—}— N&n)

+.F ——. (8.46
(4 pux 4+ gn)  (¥* 4+ Pux + gn)? (x? + prx -+ gn) ™ (e

B srom pazioscenuu B, B, ..., Bg’r:, mP, NP, .., M;f’;, Nﬁz—
HEKOTOpble B8eULeCTBEHHbIEe NOCTOARMbIE, YACTb U3 KOTOPbLX MoviceT ObiTo
pasHa HYyawo.

Samevdanue. JLisg KOHKPETHOro ONpeeseHHs] TOJbKO YTO YKa-
3aHHBIX TOCTOSIHHBIX CJeAyeT NpHBecTH paBeHcTBO (8:46) K obuiemy
3HaMeHaTe/ 0 M TOCJe 3TOr0 CPaBHHBATh KO3 OHIMEHTH IPH OJUHA-
KOBBIX CTENEHAX X B UHCJHUTEJE.

IlpuMeps U pa3bsiCHEHHS.

1°. Pa3jioxuTh Ha CyMMY HPOCTEHLIHX HpaBHAbHYIO ApOOH

248 4 452 4 x4+ 2
(x—1P 0 +x+1)
Y6eauBIIHCL B TOM, 4TO KBAaAPaTHHIH TpexuieH x?+x-+ 1 uMeer Komm-

JIeKCHble KOpHM, HIIEM, COrJIacHO TeopeMe 8.4, pasjioxeHue JApOGH
(8.47) B BHIE :
248 - 4x2 4 x 1+ 2 _ B . B, + Mx -+ N ‘ (8.48)
(x— 12+ x4+1)  (x—1) (x—12¢ 2+x41
TIpuBons paBenctBo (8.48) K oOliemMy 3HaMeHATENIO, NOJYIHM
23+ 4x2 - x 2 Bl(x3—1)+B2(x2—}—x—{- 1)-}—(Mx+N)(x2——2x+l)
-4 x+1) (x—1P (P +x+1)

(8.47)
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CpasruBas B uncjurensx kozhouunents npu x°, x!, x2 u x% npuzem
K CHCTeMe ypaBHeHHi *

B, +M =2,
B,+ N—2M =4,
B+ M—2N=1,
B,+ B, + H=2.

Pemas sty cucremy, naiifem B1=2, B;=3, M=0, N=1. Okonuate/n-
HO MOJYYUM

243 - 4x2 - x-2 _ 2 + 3 + 1
(x—12(24+x4-1) x—1  (x—1)2%  R4+x+1

Tosbko 4TO NPOHANIOCTPHPOBAHHBIH METOX OTHLICKAHHA DPa3JOXKEHHA
NpaBHJLHOH PALlHOHANBHOH KPo6H HaA3bIBaeTCt METOAOM HeONpe-
AeNeHHBX KO3 GHUHEeHTOB, ITOT MeTO NPHUBOIAUT K LEIH
BCer/a; J0Ka3hlBaTh Pa3pellMMOCTh IMOJIYYeHHOIl B pe3yJibTaTe NpuMe-
HEeHHsI 3TOr0 METOJAa CUCTEMbl YpaBHEHMH He HYXKHO — pPas3peuiuMOCTb
BHITEKAeT u3 TeopeMsl 8.4.

2°. TIponnaI0CTPHPYEM METOJ HeoNnpelejeHHHX Ko3h(HIHeHTOB
euwe oxHuM aipuMepom. TpeGyercs HaHTH pasjoxeHHe NPaBHJIbHOM
npobu

. (8.49)

3x4 - 243 - 342 — 1
(x —2) (2 + 1)

Tak kak kKBagpatHbifi TpexwieH x2+41 umeer KOMILIEKCHbIE KODHH,
HmeM, coraacHo teopeme 8.4, pas3sokKeHHe B BHAE

3x4+2x3+3x2-—-1= B M1X+N1+M2X+Ng
(x—(2+1p  x—2 | 241 (B

[Tocnensee paBeHCTBO NMPHBOAWM K OOlleMy 3HaMeHaTeNi0 H Tocje
3TOro comnoctasaseM uucaurend. [loayuum

3x44+2x24-3x2—1 =
=B (x*+2x2+ 1) + (Mix+ Ny) (£3—2x2+ x—2) + (Mox+ N3) (x—2).

CpaBuuBasg koadduuuentst npu x° x!, x2, x3 u x*, mpumeM K cucreme
ypaBHEHHUH

{ B+M, =3,
N,—2M, =2,
9B+ M,— 2N, +M, =3,
Ny—2M, + Ny—2M, =0,
| B—2N,—2N, = —1.

o e et e e St st =,

* Tlpu 3TOM MH HCTIONb3yeM YTBepPXKIeHHe, CQPOPMYJHPOBAHHOE B CHOCKe ***
Ba c. 308.
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Pemas 31y cucteMy, Hafigem B=3, M;=0, N;=2, My=1, N,=0.

OKOHYATENBLHO TOJTYYHM
it —1_ 3 2 ,

(x—2) (x4 1)2 x—2 x4l (k41

3°. MeTton HeonpeneseHHBX KO3((QHIUHEHTOB, KaK BHIHO H3 pac-

CMOTPEHHBIX IPHMEDOB, ABJSCTICA HOBOJBHO TPOMO3AKHM. EcTecTBeH-

HO MO3TOMY B TeX CJydasx, KOIAa 3TO BO3MOXKHO, HAUTH ApYyro#, Gosee

NPOCTOH METOJ OTBHICKaHHA KO3()GHLHEHTOB B Pa3J0KEHHH NPaBHJb-

HOH pauuoHaJbHOR Apo6u Ha cymmy npocrefimux. Ilycth 3HaMena-

» P(x
Teab Q(Xx) MpPaBHJABHOH PAUHOHAJBHOH APOGH %x; HMeeT BellecT-

(8.50)

BEHHOE YHCJIO @ KODHEM KPaTHOCTH a. Torna.cpelm HpOCTCﬁIﬂHX ApO-

—P(-—x), 6yner ¢ury-

Geil, Ha CYyMMYy KOTOpPHIX packjaajabiBaercs Apobb 0

pupoBath Apolb
A

(x—a)* "

(8.51)

VKaxem cOBceM TNPOCTOH MeTOX BblYHCJAeHHs Kos(pduunenta A npu
oTOH ‘npocreiuesi apobu. Ilpusnekasn jgemmy 1 u dopmyny (8.36), mpr
ybenumcst B TOM, uTO Kospdunuest A papeH :
_ P Q(x)
Q(a) (x—a)*
Mel MpHXOZUM K CJEAYIOLIEMY NPABHIY: A8 B6I4UCACHUS KOIPPHUyu-

enra A npu npocreiiweil Opobu (8.51), coorsercrsyrowjeli eujecreen-
HoMY KopHio @ mHoeousera Q(X) KpaTHOCTU a, cAedyeT 8bl4epKHYTo 8

sHamenaréae opobu —Z—%— CKOOKY (x—a)® u 8 ocTasuiemcs soipasie-
X

» THe @ (X)=

HUU ROAOXCUTS X=a.

YKasauHbll NpueM HaXoXAeHHs Koapduiuerra A 06LIYHO HA3bI-
BAIOT METONOM BbidepKHBaHHUsA OTMETHM, YTO 3TOT NPHEM NPH-
MEHHUM JIHLIb /IS BBIYUCAEHHS KO3((HUHEHTOB IIPH CTAPULUX CTENEHAN
npocreduwux opobet, cooT8ETCTBYOUUX BeuleCTBeHHbIM KOpHAM Q (X).

Meton BhIYepKHBaHHS O0COGEHHO >(D(EKTHBEH B caydae, KOrja 3Ha-
MeHaTeab Q(x) umeer auuis 0OHOKPATHOGIE BeUeCTBEHMbIE KOPHU, T. €.
koeda Q(x)= (x—ay) (x—as)...(x—a,). Torna, KaKk Mbl 3HaeM, cnpa-
BeLJINBO Pa3JjloXKeHHe )

An

Plg . 4 Y N
Q(x) X —a X —ay X —ap X —an

BCe KO3((PHUHEHTH KOTOPOTO MOTYT G6bITh BLIYHCJAEHBI 110 METOAY
BblYepKUBaHHA. [ BBHIYHCIEHHS Kosdduuuenta A, clefiyeT BbIUEDK-

Px)
HYTb B 3HaMeHarese Apobu
Q(x)

CKOOKY (X—ax) M B OCTaBUIEMCS
BBIDAXXEHHH NOJNOMXHTD X == Q.
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IIpumep. Haiitn pasnoxedne npobu

x+1
(x—Dx(x—2"

‘CorsiacHo TeopeMme 8.4 muiem:

s+l A A A
x—x(x—2) x——1+ x +x——2'

(8.52)

Jas orbickanust A, BeluepKHBaeM B BuipameHnuu (8.52) ckoOky (x—1)

H-B ocTaBUleMcs BolpaxeHuu Gepem x=1. [loayuum A,=—2. Anano-
1
THYHO HAXOJUM A2=—§—v, Az =3/2.
OKoOHYATENBHO TOAYUHM
— 1 3
*+l =2 1 (8.53)

(x—Dx(x—2 x—1 2  2(x—2°

5. HdrerpupyeMocTh pauHoOHAJNbHOH APOGH B 9JeMEHTAPHBIX (YHK-
auax. Tenepp MBI NOArOTOBJEHH K TOMY, 4TOGH B 0OIIeM BHJE pe-
1HTb NpoBieMy o6 HHTErPHPOBAHHH paunoaanbﬂon npobu ¢ Belecrt-
BeHHbIMH K03 dunueHTaMu.

Ilpexxae Bcero oTMeTuM, uTo 3Ta npobaemMa CBOAHTCA K mpobieMe
HHTETPUPOBAHUS TOAbKO npasu/zbnoﬁ paunnoHasbHOR ApolH, uGo BCs-
KYIO HEIPAaBUJBHYIO PALlHOHAJABHYIO 1po0b MOXKHO (LOCPeACTBOM HeJie-
HHS YHCJHTENs Ha 3HaAMeHaTeldb «CTOJOHKOM») TpeACTaBHTb B BUAE

«CYMMBI aare6paHyeckoro MHOTOYJEHA U NPABUJILHOH pPauuoHasbHON
Ipobwu.

T xt—x34-1 4 1
anMep. -,;2—_{-',"-‘-{—-2'—-:()62—2X)+ _x_z-?’;-—_xt—}———i_’ u6o
xt—x3 41 | X+ x 42
T AP O o
—2x3 —2x% + 1
T —2x3—2x%—14x

ocTatok 1+ 4x

WuTterpuposath MHOrowieH Mbl yMeeM (HANOMHHM, YTO HEONpeje-
JIEHHBIH HHTErpaJ OT MHOrOYJeHa NpeACTaB/sieT CO60f HEKOTOPHIH
MHOTOUJIEH CTelleHH, Ha eJMHUNY GoJiee BHICOKOH). OcTaercss HAYYUTh-
C5. HHTETPHPOBATD NPAGUALHYIO DAIHOHAIBHYIO npobes. B CHIy Teope-
MH 8.4 npobseMa MHTErpHPOBAaHHS NPaBU/IBHON PAUMOHANBHON APOCH

CBOJMTCS K HMHTErDHPOBAHHIO NDOCTEHIIHX APOGEH CAedyioujux 4eroi-
pex Tunos:

B, B . Mx+N | Mx+N
L. ; 11 ; I ; IV. .
x—b (x—0)P 22+ px+q (* + px + o)
3necy =2, 3, ...; A=2, 3 ,...; B, M, N, b, p, g— HexoTophHle Belle-

(8.54)°
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CTBeHHBIE YHCJA, NpHUeM TpexuJeH x2-4px-+g He HUMeeT BEUIECTBEH-
2
HBIX KOpHeH, T. e. q——-’;— >0.

JlokaxkeM, yTO KaxJas H3 YeTHpPeX YKas3aHHBIX Jpobeill HHTErpu-

pyeMa B 3JieMEHTapHBIX QYHKUHSAX.
Jpo6u Buga I u 11 ajemenTapHO HHTErpUPYIOTCS NPH MOMOIIU MOM-
CTaHOBKHU {=x-—b. Mbl noJyyuM

57 bd_Bj———Bl nj¢|+C=Bln{x—b] +C, (8.55)
X — .

at B 1 —B 1
B ——___+C:——.~———+C-

j( —oF B—1 P B—1) (x—5)Ff!
= (8.56)

Jlns BbluMcaenust uHTerpasna ot Apo6u suza 11l mpexcraBuMm xBazpar-
2

HBIl TpexuwsieH B Buge x*+ px-+g= (x+—g—)2 + (qw—’:—) Y, YUHUTHI-
‘ \ \ .

2
Bas, 4TO q~pT>0, BBEJEM B pacCMOTpeHHe BEIIeCTBEHHYIO MO-

CTOSIHHY10 a= -+ l/ q——pTz, CrenaB TNOACTAHOBKY t=x+%'n
OyaeM HUMeTb
Mp
Mt—{»(N—-—-‘—)
_M__x—._+N dx: S 2 dt e
*+px+gq 2 +a®
_ M otdt _ Mp a
T2 t2.+a2+<N 2 )Lu-a?
t
‘()
M d(fz—i-a”)%_ '<N,__ﬂ£’_ 1 L 4 =
2 Lg' 2 4 a? 2 > a S (_t_)2+1 _
\ a
:M—In(t2+a2)+—21v2—Warctg —I—C:
4
x4+ —
=%ln(x2+px+q)+ W_Mp__ arctg 2_1C. (857

/ p? p?
Vo5 Ve k

Ocraerca BblumcjnTh HHTerpas oT Apobu Buaa 1V. Hcnoansys Bse-
2

JleHHble Bbille 0003HauUeHHUs l‘=x+—g—, a= q___pz_’ Oynem:

HMETb
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Mx +N — Mt+< 2p> df —
E(x2+px+q)’" S (2 4 ar)*
d(tz+a2) (N _'Mp g‘ dt
(t2+a2>* 2 ) (@ + a?y*

BaeseMm o603nauesus

d(e4a?) dt
1 s ——— —
S @rap f @+

Hntepecyromut nac uaTerpan Gyner BbIUUCTCH, eCJH OYyAYT BHIUHC/IE-
#Hpl uHTerpansl [ v K,. Marterpan I Oepercs 3JeMEHTapHO:
1 1 1 1

= — C=— C.
(—1) @+ 2> i (A —1) &+ px+ q)’““‘+

Wnrerpan K, BbluucieH HaMH B npuMepe 6 B koHue § 2 pacrosimeit
TJiaBbl. TaM MBI NOJYYHJIH /ISt STOTO MHTErpasia peKyppeHTHYIO popMy-
Jy (3.12), nosBoasIOLYI0 NOCJEI0BATENbHO BbIUHCAHTb K, Aus n060-

TOo A=2, 3, ..., OHpasiCh HA TO, UTO
dt I t
= =—arctg— }C.
K, fﬂﬂg —arcfg— +

HiTak, HaMH BBIYMCJIEHBI HHTETPaJbl OT BCeX YeThlpeX NpPOCTEHLIHX
Jpobeii (8.54) m n0KaszaHO, UTO KasKAbIH H3 3THX HHTErpaJioB npen-
cTaBssieT co60H anemenTapHyo pynkyuo *. TeM caMBIM MBI IPHXOAUM
X cnenylom;eﬁ TeopeMe, HcyepnniBaomel mnpobaeMy HHTerpHPOBaHHSA
PauMOHAJIbHOH ApOOH.

Teopema 85. Beakas payuonarsuas 9pobs ¢ gewjecTéeHHbimu
KoapuyuenTamy UHTEZPUPYEMA B8 INEMEHTAPHBIX (DYHKUUAX.

B sakmouenHe 3Toro naparpada- MBI OCTAHOBHUMCH Ha IpHMepax
BBIYMCJIEHHS] HEONpeleJEeHHBIX UHTErpajiop OT PAalHOHaJbHBIX APOGen.
BriuncanM HeonpezneseHHble HHTETpaJibl OT TpexX Apobell, pacCMOTpeH-
HLIX B npeabiaymieM naparpade, (8.49), (8.50) u (8.53)- Ilosabsysch
YKa3aHHHIMH TpeMmsi (QopMmynaMu, a Takxe ¢opMmyaamu (8.55) —
(8 57), 6yneM HMeTh:

j- 244242
(=12 (x4 1)

2 3 dx .
= d O S —_— =
jlx—l x+5 (x —1)? dx+51 A3 x4 1
2%+ 1
V3

I

—-2]n|x—l[——————+V3actg + C.

* TouHee, BHIDAaXKAeTCs uYepe3 JorapudM, apkTaHreHC M palHOHAJbHYIO OYHK-
0.
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3x4+2x3+3x“‘—1dx=j’ 32dx—|—g‘ 2dx +j‘ xdx
x—

L(x=2) (2 1) J 1 RS
L de+1 _
=3In|x—2| +2arctgx+—§-§ @
1
=3Injx—2{ 4 2arct =T
=3Injx | + 2arctgx— 2( —I—l)

x4+ 1 _ d dx 3dx
8- 5(x—1)x(x—2) .S‘x——— x+5 2(x—2)

= —2In{x—1| +?ln|xl +—2—lnix~—2| +C.

6. HHTerpupyeMocTb B 3j€MEHTAPHbIX (PYHKUHAX HEKOTOPHIX TPH-
FOHOMETPHYECKHX H HPPALHOHAJBHBIX BhIpaxeHuH. B paccyxjeHusx
HACTOSIIEr0 NyHKTa BaXKHYIO posb GyJdeT HrpaTh pallMoHaJbHAA
pyHkuuss or ABYyx apryMmenTton. C omnpejejeHHs Takod
GYHKIHE M BBISICHEHHS HEKOTOPBIX €€ CBOHCTB M HAyHeM Halle H3JI0-
JKeHHe.

MHOrouyneHoM CTeNeHH A OT ABYX apTYMGHTOB X M Y Ha3H-
BaeTcs BrIpa:KeHue BHAA

P.(x, y) =aoo+alox+amy'+azox2+auxy+ Qo2y?+ ... +aony™,

B KOTOpPOM uYepe3 Ay, Gig, ..., Qon OO603HAYEHBI HEKOTOPHLIE MOCTOSIHHBIE
BeUIeCTBEHHble YUCJa TaKHe, YTO CPedH YHCeT Qno, A(n—1)1, Q(n—2)2 --
, Qon €CTb XOTS OBl OJJHO YMCJIO, OTJHYHOE OT HYJIA.
PamnonansbrHo#i @GyHKULHed OT ABYX apryMeHTOB
X M y Ha3blBAeTCS BEIPAaXKeHHe BHJA

Py (x, y)
X, y)=—"-—122
R =g o
B KoTopoMm uepe3 P,(x, y) 00603HaueH IPOHU3BOJbHBI MHOIOYJNEH OT
JABYX apryMeHTOB X H y CTeNeHH n, a 4yepe3 Qn (¥, y) o6o3HayeH npo-
H3BOJIbHBII MHOTOWIEH OT ABYX apryMEHTOB X W y CTEIeHH M.
CnpaBeAuBO clefyolllee TPHBHAJbHOE YTBEpPXKAEHHE ecAld
R(x, y) — payuonarvnan Qynxyus’ or 08yx apeymentos x u Yy, a
Ri(?), Ry(t) u R3(t)— Tpu npoussoavroix payuonarbHolx GyHKyuUL
OT 00HOU nepemerHoli t*, TO suipaxcerue suda

RIR(#), R2(t)IRs(?) ' (8.58)

npedcragaser co60l PAYUOHANLHYIO (PYHKYWIO OT 00HOL nepemerHoil.
Has mokasartesibcTBa 3TOTO YTBEPKAEHHS HOCTATOUHO 3aMETHTh,
YTO B pesyJbTaTe NPHMEHEHHS K PalHOHAJbHLIM (QYHKUHSIM OJXHOH Ie-

* Jlop TepMHHOM «panuOHaAbHAS (YHKIHS OT ONHOH NEPEMEHHOlH {» MH MNOHH-
MaeM DalHOHAJbHYI0 APOOb C BeEIUECTBEHHHMH KO3(hQHUHeHTaMH OT aprymedra f.

11 3ax. 72
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peMeHHOH { omepamHui CJAOXKEHHS, BHUHTAHHS, YMHOXKEHHS] W [EJCHHUSE
MBI CHOBA NOJIYUYHMM palHOHAJbHEIE QYHKIHUH OJHOH NepeMeHHOH f.

B nanbHefinmieM AJA AOKA3aTeJbCTBAa HHTETDHDYEMOCTH B 3JIEMEH-
TapHHX (YHKIHUSIX HEKOTOPHIX BbipaxKeHHH MBI OyJeM TIOCPEICTBOM
CrelHaJbHO NOAOOPaHHON NOACTAHOBKY CBOAMTL HHTEIPAJN OT paccMarT-
pUBaeMbIX BHIpaXKEHHH K HHTETpally OT paluoHajabHOH apobu *. Ilpm
5TOM MBI Oy/leM IOBOPHTb, UTO HHTErpajl OT paccMaTpHBaeMOTO BHIpa-
EHHS PalMOHANHM3UDYETCH VKa3aHHOH clenuaJbHOH IOA-
CTaHOBKO#.

1°. I/IHTeI‘pHpOBaHHe HEKOTOPH X TpurouomeTpuqe—
CKHX BH paxeHHu#A [loroBopumcs BCIOAY B AaJbHEHIIEM CHMBOJIOM
R(x, y) ob6osnauath M00YI0 pPalHOHAJLHYIO (PYHKLHIO OT ABYX apry-
MEHTOB X H Y.

B aroM myHKTe MH XOKaxeM HHTErPHPYEMOCTb B JIEMEHTAPHBIX
byHKuHAX A1060# HyHKUMM BHAA

R(sinx, cosx). (8.59)
IlokaxxeM, 4yTO MHTerpaj OT 3TOH (GpYHKUMH palUMOHAJM3UPYeTCs MO~
o X o
CTAaHOBKOI t=tg7. JleHACTBUTENbHO,

2tg — 1—tgr =
€7 9% Y i
sinx = —=———, COSX= =T A
gl 1+t | pigt— b
2 2
x=2arctgt, dx=—2d—t—,
142
TaK 4TO '
2 11— 2dt
, == - ‘60
SR(sinx cos x) dx 5R<1+tz’1+t2) TP (8-60p
1 —2
Ecan nmosoxute Ry ()= + — Re(t)=—— ol 3()_1+t= To

B mpaBod uacty (8.60) MBI MOJAYYMM MHTerpaj OT BhIPaXKeHHs BHJA
(8.58), KoTOpHIl mpejcTaBJseT .cO00OH HHTerpajJ OT pPalHOHAJIbHOH
(YHKIHH apryMmeHTa f.
dx
[Ipumep. Buuncauts HHTErpaln ]1=S—————, rae a>0,

1+acosx
as=1. IlpuMeHsis1 YHHBepCa/JbHYI0 TPHIOHOMETPHUYECKYIO NOACTaHOBKY

t=1g —;— [OJIYUUM

x=2arcigt, dx=—2d—t-—, cosx—_—.l___t.z_,
142 1422

* MHTerpupyeMocTh B 3JeMeHTapHHX (QYHKIHMSX pPalHORaNbHOR APOGH YCTaHOB-
JeHa B Teopeme 8.5.
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=2 & ===
1= S(a+l)+t2(l_'a) a+1 1+___1~at2 '
l1+a

' Jlanee HYXHO OTAEIbHO PaccMOTpeTh ZBa ciayHas: 1) 0<a<l,

2) a>1.
B cayuae 0<a<1

2 l—a
’1=71—_75“°tg( 1+a) +C

2 l1—a X
_Vl—za—zarctg(‘/l_i_a‘tg 5 +C.

B cayuae a>1

1

x

_ o
Ve —1 x
1= a+1fg2

2°. UHTerpupoBaHHue APOGHO-JHHEHHE X HppaLHoO-
sHaJbHOCTeH B sToM nyHKTe MB JOKaXXeM WHTEIrPHPYEMOCTb B
3JIEMEHTapHBIX (PYHKUUsAX JI060H (YHKIHM BUAA
n p——
ax b -
R(=x, o), (8.61)
. cx+d -
Tiae a, b, ¢ u d — HeKOTOpHIE NOCTOSIHHEIE, 11— JII000E 1eJ10e TOJOKH-
“TeJIbHOE uHc/0. OYHKIHIO TaKOro BHAA Mbl OyAeM HasuBaTh A PO O HoO-

JUHEHHOH HPPAULKMOHAJABHOCTS IO.
HokaxeM, uro unrerpan ot pyukunu (8:61) npu ad—bc+£0 pauuo-

n
HaJIM3UPYETCs MOACTAHOBKOH [ = / e+ b, B camom pgere,
‘/ cx+d :
(P —_ n=1
"= ax+b x=dt b’ dx — (ad — bc) nt dt,
cx - d’ a—ctn (a— ct™)?

TaK 4To

SR( Y EE) = (R (2 () by
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amm—b b (ad — be) nfn=1 -

L Ry)=t, Ry(O) =00,
TO B npapoii yactH (8.62) Mbl nonyth HUHTErpan oT Bmpamennﬂ BHJA
(8.58), koTopHIl mNpeAcTaBJsieT COOOH HHTErpajJ OT pPalHOHAJBHOR
¢yukuun aprymedra f. TeM caMBIM [J0Ka3aHO, YTO HHTerpaJ oT Apol-
HO-JIMHeHHOH nppaunonanbuocru (8.61) pauuonaausupyercs mOACTa-

Ecau nonoxurs Ry (f)=

HOBKOH [ = axtb
cx+d
d
[Tpumep. Buuncaute wurerpan [= 5‘ l/ :—+—x 1 ad Crnenan
— X -—X
NOJCTAHOBKY '

t_‘/1+x pldx ol 4d
, 1—x 1—x 241 (@ + 1)

H YuHTHIBafl, yTo 1—x=2/(#>+1), nonyuum

=2 S-ﬂa—=2th—Qg—w—=2t—2arctgt+C=
211 21

=2 l/‘—i‘—Qarctg ‘/‘+x+c.
1—x 1—x

3°. MurerpupoBaHHe KBajJpPaTHYHHX HppauHO-
HaJbHOCTeHl. B 2TOM NnyHKTe MH AOKa)KeM HHTErDHPYEMOCTb B
3JieMeHTapHbIX QYHKUHAX JA1000H QYHKIHH BHAA

R(x, Vax*¥bx+c), (8.63)

roe a, b u ¢ — HeKoTophle nocrosHHble. OYHKUHIO TaKoro Buja Oyaem
Ha3blBAaTb KBAapAaTHUYHOH HpPPALHOHAABHOCTD 0. [IpH 3TOM
MBI, KOHEUHO, CYUHTAEM, YTO KBaJDaTHUHBIA TpexuneH ax?+bx+c He
HMeeT paBHBIX KOpHe# (HHAue KOPEHb H3 3TOrO TPexuyieHa MOxeT ObTh
3aMeHeH paliiOHaJIbHBIM BbIPAXKEHHEM).

Mer nokaxeMm, uto uHterpan ot ¢yHkuuu (8:63) Bcerza pauHoHa-
JIU3MPYETCST OZHOM W3 TaK HashLIBAeMBIX MOJACTAHOBOK JDHJaepa.

Crauajia paccMOTpPHM cJjydaii, Korja KBaJpaTHUYHBIH TpexwieH
ax?+bx+c UMeer KOMOJEKCHB € KOPHH. B 3TOM cClyuae 3HaK
KBa/(PaTHOTO TPexujieHa COBMajaeT CoO 3HAKOM @, H NMOCKOJBKY NO
' CMBICJIY KBaApAaTHBIH TpexuseH (H3 KOTOPOro H3BJIEKAeTCs KBaJpar-
HbIH KOpEHb) MOJOXuTeJaeH, To a>0.

Takum o6pa3oM, MBI HMeeM NPaBO CAENATb CJAEAYIOUIYIO MOJACTa-
HOBKY: :

t=Val+bx+c+xsVa. (8.64)

INoacranoBky (8.64) 06GHIYHO HA3LIBAOT NEPBOH MOACTAaHOBKOMN
Diaepa. JlokaxeM, 4To 3Ta NMOACTAHOBKA PaIlHOHAJIHM3HPYeT HHTEr-
paa or ¢yukuuu (8.63) nas paccmaTpuBaeMoro caydas. Bo3pons B
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KBajZipaT obe 4acTH PaBEHCTBA Vo +bx+c=t—xVa, noayuam
bx+c=12—2 Vatx, TaK YTO

I — o, YattuttcVa
" o2Vat+b ' Vaxi+bxtc=: 2V at+ b
dx___2l/3t’+bt+c;/a_dt

(2V at+b)?
Takum ob6pasom,

SR(x, Var+bxtc)dx=

— £#—c | yatt+ot+cVay /Etﬁ_p.bt.H]/Edt 8.65
ITox snaxkom nmerpé.na B npaBoil uactd (8.65) CTOMT BLIpaKeHHE

Buja (8.58) npu R, (t)= —2%;%:— , Ry()= I/af; —,}}aﬁtti.;]/a

’

Yati+bt+cya
Ry (f) =221 .
(2Vat + b)3
Mbl NTOJIy4aeM MHTerpaJ OT palHOHaJIbHOH ApoG6H. .
PaccMoTpuM = Ttemepp cayvall, Koraa KBajpaTHHH  TpexusieH
ax?+bx-c¢ uMeeT HECOBNaJaloOlHe BeNleCTBEHH B € KODHH X; H X3
B TakoM cayuae ax’+bx+c=a(x—x) (x—x2). JlokaxkeM, 4TO B
3TOM cJyvyae HHTerpasa ot ¢yHkuud (8.63) panHoHalusupyercs no-
CPEACTBOM NOACTaHOBKH

Takum obOpasom, B npaBoii yacta (8.65)

2
t=_‘i‘3£.i'_b'_”_ic., (8.66)
X —X3
HasblBaeMoji 06HUHO BTOPOH nojagcTaHOBKOH DHgepa. B ca-

MOM JeJjie, BO3BOAs B KBajpaT DaBEHCTBO Vax”—}-bx Fec=t(x—x,)
H COKpalllasi NOJiyueHHOe paBeHCTBO HAa X—X), TOJNYYHM a(X—=x2) =
={?(x—x;), TaK uTO

_ —axy - X312 A Py L a (% — xa) ¢
x=—"r0, Vad dbr+o=—j—=-1,
dy=28a—n)t 4
(2 —a)?
TakuMm o6pasom,

SR(x, Vax®+bx+c)dx=

___XR( —-ax,)—{—x,tz a(xl—xz)t> 2a(x1—-x,)tdt_ (8.67)

" 2—g ° 2—a (2 —a)?
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B mpasoit yacte (8.67) nmox 3HAKOM HHTErpaja CTOUT BHPaXKeHHE
suaa (8.58) mpa R, (t)_-—"ij%’—, R,(t)_“—‘i‘“—"’li, R, (t)=
_a(n—x)t

(#—a)? »
HHTErpaja OT palHOHaAbHOH APOOH.

IMIpumeps. 1) Bruuciauts HHTErpaj

Takum oGpasom, B npasoii yactu (8.67) MeImoaydaeM

dx

I= .

x+V a2+ x+1
[TockonbKy KBaapaTHBII TpexuneH x2+x+ 1 uMeeT KOMIJIEKCHBIE KOP-
HH, CAeJIaeM IIEPBYIO NOJACTAaHOBKY JHjepa

t=VE2+x+1 +x
Bosseinas B KBagpar o6e 4acTH paBeHCTBa Viifr+l =t—rz,
mMoayunuM x2+4x+ 1=1>—2f{x+x2, nau x+1=12—2¢x, TaKk uro

Lkl S Y Wi it ol 2o o2 P
1+ 2t (1421

Takum oGpasowm,

. f4t4+1 . ([A B D
1_25 t(1+421)3 at Hr et <1+2t)ﬂ]d‘g

HeonpeAeneHHbIe Kospduuuentsl A, B u D Jerko BHYHCIAIOTCA:
A=2, B=—3, D=—3. OKOHYATE/NbHO MOJYYUM

= 2ln|tl-—-—-—-1n|1+2tl + 4+C=

2(l+2t)
[=2Im|V ¥ Fx+1 +x| —71n|1+2x+2Vx2+x+'1' |+

3

vy eTern

dx
2) Boluucauth wuHTerpan [ —f T ITockonbKy
KBaJpaTHblA _Tpexunen 1—2x—x? HMeer  BelIECTBEHHble KODHH
X=—14+y2 u x,=—1—V2, caenaem BTOPYIO NOJACTAHOBKY JDiiye-

pa (8.66)
_ YV I1=2x—x% .

x+14v2
BosBiIas B KBagpaT o6e YacTH paBeHCTBA
Vi—2x—ZE=t(x+1+V72), 6ynem umers (—D(x+1—y?2) =
=82x+14+V2),
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TaK 4TO
 _AYI+)+ VI —or— . 2V ¢
Xx= P N lll 2x—x ——-——t2+1
1+V1_2x_x2=t_2ﬁ.l/it_tl., = _..Wl_d

PRy (+1)?

TakuMm 06pasoM,
o tdt
I=—4VY2 S E+1)(@E+2¢2+1)

[Tosyyaem uHTerpaj OT PalHOHANbHOH APOOH, BBIYHCJ/IEHHE KOTOPOro
[OPeJOCTaBJsAEM YHTATEIIO.

§ 4. AJNINNTHYECKHE HHTEIPAJIbI

K HHTerpasaM OT KBaJpaTHYHHIX HPPaLHOHAJBLHOCTEH ecTecT-
BEHHO NPHMBIKAIOT CJeAYIOlHe HHTerpaJbl:

5 R(x, Vax*+bx®+cx+d )dx, (8.68)

j R(x, Vax* +bx*+c*+dx+e )dr, (8.69)

NOABIHTErpapHble PYHKIHE KOTOPHX COAEpPKAT KOPEHb KBaJpaTHHA
H3 MHOT'OWJIEHOB TpeThell HJIH 4eTBepTOH creneHH (C BellleCTBEHHH-
MH KO3((HIHEHTaAMHU).

STH MHTErpaJbl BeCbMa 4acTO BCTpeYaloTcs B npuioxenusx. OT-
METHM cpasy ke, 4To HHTerpaiasl (8.68) m (8.69), soobue 2080ps,
He ABASIOTCH IAEMEHTAPHOIMU PYHRKYUAMU.

O6a sTH HHTerpaja NPHHATO Ha3bBaTh AN UINTHYECKHMH
B Tex cJydasX, KOrZa OHH He BBIPAXKAIOTCS 4epe3 sjeMeHTapHhLe
(QYHKIHH, H ICEBALO3JAJNHNTHYECKHMHU B TeX caydyadax, KOrka
OHH BHIPAXKAIOTCS Yepe3 3JeMeHTapHble QyHKuuu *.

BBuzy BaXXHOCTH IJis1 mpHJIOXKeHHH HHTerpasoB (8.68) u (8.69)
BO3HHKJIa HEOGXOJHMOCTb COCTaBJieHHst TabJuull U rpadukoB (QyHK-
LHH, ONpeAensieMblX 3THMH HHTerpajamu. [IpH IPOH3BOJBHBIX KO-
s dunnenrax a, b, ¢, d 4 e Takne TabGJAMIBLI H rPadhUKH COCTABHTH
oueHb TpyzaHO. [loaToMy BO3HMK/A 3afauya O CBEJEHHH BCeX HHTe-
rpajos Buga (8.68) u (8.69) K HeCKOJbKHM THIIAM HHTErpaJos, CO-
JepXai¥x 10 BO3MOXHOCTH MeHbIE IPOH3BOJIbHLEIX Ko3dbuuueH-
TOB (MJH, KaK FOBOPST, O NMpHUBeJeHHH HHTerpasos (8.68) u (8.69)
K KaHOHHYeCKOH popme).

Ilpexxne Bcero sameruM, urto uHterpas (8.68) cBopuTCcs K MH-

Terpany (8.69). B camoM nene, KyOuuHEBIN TpeXuJeH 3aBefOMO HMe-

* OTH Ha3BaHHs NPOHCXOASAT OTTOrO, YTO BIEpBHE C STHMH HHTErpajJaMH BeTpe-
THIHCh HPH DPELIEHHH 3ajJaud O cHpsiMJeHHH 3Jjumnca (cM. mpuMep 4° m. 6 § 1
ra. 10). R
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eT XoTs Obl OJIMH BelleCTBEHHBIH KOPEHb Xp, 8 MO3TOMY €r0 MOIKHO
NpeACTaBHTh B BuAe ax®+bx?+cx+d=a(x—xo) (x*+px+gq).

CrenaB NOACTAHOBKY X—Xo===+{2, MBI, KaK JIerKO BHIETh, Npe-
o6pasyem uuTerpag (8.68) B (8.69).

Takum o6pasoM, HaM AOCTATOYHO PaccMOTpeTh JHIIb HHTErpal
(8.69).

B cuay n. 3 § 3 MHOrouJIeH 4eTBepTO# CTelmeHH MOXKHO pasJio-
JKHTb Ha NPOU3BeJEHHE JBYX KBaADATHHX TPEXUJEHOB C BelleCTBEH-
HBHIMH KO3 QHuMeHTaAMH

axt+bxd+cx?+dx+e=a(x2+px+q) (2+p'x+q').

Bceerna nafizercs HekoTopas nuuefiHas HJIH APOOHO-JIHMHeHHAs MOA-
CTAHOBKA, YHHUTOXAaOWasg y o60MX KBaJPaTHHIX TPEXUJIEHOB JH-
He#iHble uneHb. CoenaB Takyl INOACTAHOBKY, MBI C TOYHOCTHIO IO
cJlaraeMoro, MpeAcTaBJsionero coboi 3J1eMeHTAPHYI0 . (YHKUHIO,
npeobpasyem unrerpaa (8.69) k sunpy

S R(&) : (8.70)
VAL +m®) (1§ mB)

rie R — Hekoropas palMoHajbHas GyHKuusa. [Jajgee MOXKHO NOKa-
3aTb, 4TO IPH JNIOOLIX KOMOMHAUUAX a6COJIOTHBIX 3HAUeHWH M 3Ha-
KOB NOCTOSIHHBIX A, m W m’ MoxeT ObiTb HafileHa 3aMeHa, CBOJf-
mas uHTerpan (8.70) K Tak Ha3BHIBAaeMOMY KaHOHMYECKOMY HH-
Terpasy

Rl (22) dz , ‘ ‘7
V—2)(1— k2 (®.71)

B KOTOPOM 4Yepe3 k 0603HaueHa IMOCTOsSIHHASA, Y/JOBJETBOpSIONlas
ycaosuio 0<<k<1.

JI1060i KaHOHUYECKHH HHTEerpaj (8 71) ¢ TOYHOCTBIO KO CJarae-
MOro, MpPeACTaBJSIOMEro co6oil 371eMeHTapHYI) (YHKUHIO, MOXKET
6bITb OpHBEJEH K CJAEAYIOUIHM TpPeM CTaHAapTHBIM HHTerpaJam:

dz 22z
V(l——‘z2)(l—k232) ’ V(I‘—'Z2)(l—_k222)
i (8.72)
- f : dz
(1 +h22) Yy 0= 2)(1 —k?22) (O<k< 1).

Hnrerpannl (8.72) npuHATO Ha3biBATh 3JJHNTHYECKHMH HH-
TerpaJdaMu COOTBETCTBEHHO l-ro, 2-ro u 3-ro poza. Kaxanii us
3THX MHTETPaJIoB, KaK NOKasaHo JIuyBuasieM *, npeAcTtaBiser coOoi
HeaJleMeHTapHyl (YHKIHIO. DJUIHNTHYECKHe HHTerpajsl 1-ro B
2-ro poja comepikaT TOJbKO OJHH IapaMmerp, NPHHUMAIOUHH Belle-
CTBEHHbIC 3HAaueHHs M3 HHTepBaJja 0<k<l, a 3NJIUNTHYECKHH HHTe-

* JKosed JIuyBusab — ¢pannysckuii marematuk (1809—1882).
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rpaa 3-ro pona, KpoMe TOrO, COAEPXKHT napamerp A, KOTOPHI Mo-
3KET NPHHUMATh H KOMIUIEKCHBIE 3HAYCHHS.
Jlexaup * noasepr uHTerpaanl (8.72) nanbHefiuiemy ynpotie-

HHIO, CAeJaB 3aMeHy 2=S8ing (O << —g—) - C nomoulplo 3TOH

3aMeHbl NepBHIH H3 HHTerpasoB (8.72) mpeobpasyercs K BHIY

d
S . S— (8.73)
Vi—g sin? @
IIpu s1oji e 3ameHe BTOpO#H H3 HHTerpasoB (8.73) ¢ TOUHOCThIO
[0 MOCTOSIHHOTO MHOXKHTEJs1 paBeH pasHOCTH uHTerpana (8.73) u
CllelyIoLIero HHTerpaJa: ’

j Vi—Fsin’e dg. (8.74)
Tperuit us unrerpanon (8.72) npeoGpasyercsi K BHAY

S L C(8.75)
(14 hsin?@) Y1 —k2sin? @

Hurerpanam (8.73), (8.74) u (8.75). npHHATO HA3HIBATH 3JJH I T U-
YeCKHMH HHTErpajJlaMH COOTBeTCTBEHHO 1-ro, 2-ro m 3-ro
-pona B popme Jlexaunapa.

Oco6eHHO BaXKHYIO POJIb B IPHAOXKEHHSIX HrPaloT HHTErpan
(8.73) u (8.74). Ecau cuntaTth, 4T0 06a 3TH HHTErpasa o6pamaior-
csi B HYJIb 11IpH =0, TO NoJiyyaTcs ABE BIIOJHE ONpeNeJeHHbIe PYHK-
IHM, KOTOphe o0bYHO OGO3HaualoT cuMBoaaMu F(k, @) u E (&, ¢).
Hns sTux GyHKuME cocTaBjeHH OGIHpHble TaGMUE M rpaduKH.
JlexkaHapOM H JADYTHMH MaTeMAaTHKaMH H3y4YeHH CBOMCTBA 3THX
QyHKUHH, AN HUX YCTaHOBJEH psiJi Gopmy.I.

Hapsny ¢ snemenrapuniMu GynkuuaMu ¢yukuuu E u F npouno
BOLLIH B CEMEHCTBO (PYHKUHMH, YacTO HCNOJB3YeMBIX B aHaJH3e.
31ech emie pa3 CTOHT OTMETHTb YCAOBHOCT6 TIOHSITHS SJeMeHTap-
HOH (QyHKuHH. BMecTe ¢ TeM cJelyeT NOAUEPKHYTh, UTO 3aJauM HH-
Terpa/ibHOr0 MCYMC/IEHHS BOBCe He OI'DAHHYUBAIOTCH H3YUEHHEM
(QYHKUHUHA, HHTETPUPYEMBIX B 3JE€MEHTAPHHIX (DYHKIHUSAX.

* Auapuan Mapu Jlexauap — ¢panuysckuii Mmarematuk (1752—1833).
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ONPENEJEHHBIA UHTEIPAJI PUMAHA

Bo BBOAHOH riaBe GBLJIO NOKA32HO, YTO K MOHSTHIO ONPEEJCHHOTO
MHTErpaJjia MPUBOAAT TAKHE BajKHbBlEe 3aJaYH eCTeCTBO3HAHHs, KaK 3a-
Jlaya O BBIYHCJIEHMH TJIONIAJY KPHBOJHHEMHOH TpalelHH M 3ajaia 06
onpesesIeHUH YTH, NPOHAEHHOIO MaTepHaJbHOH TOYKOH, ABHraoiencs
€O CKOPOCThIO f(X) 3a MPOMEeXYTOK BPeMEHH oT x=a A0 x=>b. lensio
JaHHOH TJIaBHl SIBJSIETCS NOCTPOEHHEe CTPOTQHi TEOpHH ONpeleseHHOro
uHTerpasa Pumana.

§ 1. ONPENEJIEHHE UHTETPAJIA.
HHTErPHPYEMOCTD

Pacemorpum ¢ynkuuio f(x), onpeieneHHy0 B KaxJAOH TOUKe cer-
MeHTa [a, b]. BBegem moHsTus pas3OueHHsd cermenra [a, b, ua-
MeJbYeHHUSA TOro pasbueHuss 4 o6 belHHeHHN s JBYX pa3OueHHH.

Onpepngenenne 'l. Bydem eosopurs, 4To 300aHo pa3buenue
ceementa [a, b], ecau 3adarnst TOYKU Xo, X1, ..., Xn TAKUE, 4TO G=
=x0< 0 < . <Xp—1<Xn=Db. Pasbuenue ceementa [a, b] 6ydem 8 dasse-
Heliuem 0603HA4ATL CUMBOAOM {Xt).

Onpenenenne 2. Pasbuenue {x;’} ceemenra [a, b] nHassi8aercs
usmenrvuenuem pasbuenus {xi} TO20 KHe CezMEHTA, eCAl KaxOas
'.{rou/t}ca Xp pasbuenus {x.} cosnadaer ¢ 00HOU U3z ToHeK X, pas3bueHus
We'f.

Onpenenenuc 3. Pasbuenue {x.} ceementa [a, b] naseisaercs
obvedunenuem pasbuenui {x;'} u {x.”} Toeo se cezmenta, ecau
ace Touku pasbuenuil {xz'} u {x.”} asasoTcs Toukamu pasbuenus {X.}
u Opyeux Touex pasbuernue {x;} He codepaur.

3ameTHM, u4To OObelUHEHHEe ABYX' Pa30OUeHHi SIBJSETCH H3Mesbue-
HHeM KaXJOTO H3 HHX.

Paccmorpum Ha cermenTe [a, b] dyHRunwo f(x), NpHHUMAIOLIYIO B
KaxJ0H TOYKe CerMeHTa KOHeYyHble 3HaueHUs. [0 JaHHOMY pa3GUeHHIo
{X+} mOCTPOHM YHCJIO, TAK HA3BIBAEMYIO <KHHTETP aJbHY0 CYMMYy»,

n
o (xp, Ek):z f(B)(xp—Xz—1)» THe &, — HEKOTOpPAs TOYKA CETMEeHTA
k=1
[*e-1, xz]. TlonuepkueM, uTo uHTerpasibHass cymMMa o (Xz, Ep) 3aBHCHT
~ Kar OoT pasbueHus {xz}, TaKk M OT BHIGOpPAa TOUYEK £ HA CerMeHTax
Ixx—1, x¢]. Ecoin 0603HaunTs wepes Axp pPasHOCTb Xp—Xr_i, TO HHTe-
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rpajbHyl0 CyMMy, B JajbHedlleM 4acTo 00603HayaeMylo NPOCTO yepe3
0, MOXHO 3anHcaTb H TaK:

o= Zn [ (Be) Axpy & & [Hp—10 %)

k=1

CerMeHTHl [¥z—1, xp] HHOrA Ha3HIBAIOT YACTHYHHEHIMU CE€rMeH-
TaMH, @ TOUKH £, —TNPDOMEXYTOUYHHMH TOUKAaMHU

Uucno d=max Ax,* poroBopuMcsi HasblBaThb AHAMETPOM P @3-

1€kgn

6uenus {x.). Beemem dyHIaMeHTaNbHEIE TOHATHS Npejesa HHTe-
rpaJpHBIX CYMM H HHTErpupyeMoctd $yHKuuu no Pumany.

Onpenenenue 4. Yucao I Ha3vigaeTrcas npedesrom UHTE-
epasbHolx cymm o(Xx Er) npu crpemaenuu duamerpa d pasbue-
Hutl {x} & Hyato, ecau Oas scaxozo £>0 cyujecTéyer Taxkoe HUCAO
8§=38(¢e) >0, uto usz ycrosusa d<<e npu awbom goibope NPOMEHCYTOUHBLY
Touex & caedyer Hepasercreo |I—o|<e.

Jlerko yGenuTbCcsi B TOM, 4TO MOXKET CYIIECTBOBATb TOJIBKO OJHMH
npefesa HHTErPaNbHBIX CYyMM ¢ npu d—0.

Ins oGo3HaueHyuss mpefesa HHTErpajbHBIX CYMM  YIOTPeGJsIOT
CUMBOJI

I=1imo (xp &)
d—-0

Onpenenenue b5 Pyukyus f(x) HaszwiBaercsa uHTE2pUpYe-
Mol no Pumany na ceemente [a, bl, ecau 048 3108 pynryuu
HO YKA3aHHOM ceemenTe cyujecTsyeTr npeder I ee unTe2pasbHbIX CYMM
o npu crpemaenuu Guamerpa d pasbuenud {xz} K HYAIO.

Yucsmo / HaswiBaeTcss ONpefejieHHBM HHTerpanaom PH-
MaHa OT yskuuu f(x) B npeaenax oT @ L0 b U 0603HAUAETCH CHM-

BOJIOM S f (x) dx.

b
Takum 06pasoM, 1Mo ompereseHnIo jf(x) dx = Lim o (x,, &). Otme-
>0
a N

THM, YTO UYHCJIO @ Ha3bBAIOT HHX HUM I P e € J1 0 M HHTEeTPHPOBaHHUS,
a yncjo b —BepPXHUM HpenenoM uHTerpupoBanus. Ilepemen-

HYIO X TOJ 3HaKOM OIpeJe]eHHOro HHTerpaja MOXKHO 3aMEeHHTb Ha
J00y0 ADYTyI0 NMepeMeHHYIo, T. €. CIpaBeJJIHBEl PaBeHCTBA

 Feade= fir ) dy = 1@y n . a

BeisichuM reomerpuueckuil CMbic/ MHTErpaJbHOR CyMMHI. Paccmor-
PHM KpHBOJIMHEHHYIO TpaNleHHIo, T. €. (HUTrypy, OrpaHHUeHHYIO rpadu-

* T. e. WHHY HauGOJBINETO YACTHUIHONO CETMEHTA.
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KOM HeNpepLIBHOH HEOTpHIATeNbHOH GYHKuuHM y=f(x), 3aganHOl Ha
cerMeHTe [a, b], AByMsi IPSAMBEIMH X=a H Xx=>b, IepUEHAHKYAAPHBIMH K
ocu abcunce, U cermentoM [a, b] ocu abeumee (puc. 9.1). OuesHiHo,

HHTEerpaJbHas cyMMma
o(xr, Er), oOTBevawIas
17 y=f(x) BbHIODAHHOMY  pa3GHEHHIO

{x:} m paunomy o06o03Ha-
YeHHOMY Ha pHCYHKE BHI-
O6opy TOYeK Ep, NpelcTaB-
-JsieT co00fi miIomaab CTy-
NEHYATOH (DUTypH, 3alITPH-

vr,\ N
a&ﬁ%’g’) & % XOBaHHOH Ha 9STOM pH-
: b
CYHKe.

, LA :

7 whaby g & xp B cieayiomeit raase
' Prc. 9.1 oyzner chopMyJaHpOBaHO

He. 9. NOHsITHE IVIOWAAM  TpO-

H3BOJIbHOH IJIOCKOH (Hry-

PH ¥ YCTaHOBJEHO, yTo Npefen npu d—-0 niomwagu ykKazaHHOH CTy-
neHyaTod (urypHl paBeH IJIOLIAJU KDHBOJMHEHHOH TpANeIHH.

IIpusedem npocretiwuii npumep unrezpupyemoii no Pumany pyuk-

yuu. Tlokaxewm, 9ro '(py}IK;LHS{ f(x) =c=const uxaTerpupyema Ha Ja1060M

cermenTe [a, b], npuuem fcdx:c(b—a). IeficTBUTEILHO, TIPH JI0G0M

a
pasbuennn {x;} u J06oM BHIGODe TouYeK Ex Ha cermMeHTax [Xp—;, Xi)
COpaBellInBO paBeHCTBO f(&r) =c. CaenoBarennHo,

0 (X, Ex) =CAX1+CAX2+ ... +CAXn=
=C(Ax1+Ax2+ ... +Axn) =c(b—a)

AJA 711060r0 pasbueHHs {x.} u m060oro BLIGOpAa TouEK Ere=[Xr_i, Xal-
IToatomy

b
5 cdx =1limo (x;, &) =limc(b—a)=c(b—a).
d-0 d-0

HokaxeM caepyoliee

Yreepowdenue Ecau pynkyus f(x) ne a6aaerca oepanuyennol
Ka cezmenre [a, b], To 3TA PYHKYUS He uHTezpupyema Ha ITOM CezmeH-
re. Ilycte f(x) He orpannueHa ua [a, b]. ITokaxeMm, 4T0 Aas J0GOTO
pasGueHHs {x.} HHTETPATBHYIO CYMMY G (Xr, £x) MOMKHO CAENaThb CKOJb
yroaso GoJbuIOR N0 aGCOJIOTHON BeJHYHHE TOJILKO 3a CueT BhHOOpa
NPOMEXKYTOYHBIX TOUEK Ex. B camom nene, ecin dpyukuus f(x) He orpa-
HHYeHa Ha cerMeHTe [a, D], a cermeHT [a, b] pas6uT Ha KOHeuHOE UHCJIO
CErMeHTOB [Xz—1, Xz], TOo DyHKUUSA f(x) GymeT HeorpaHHUYEHHOH XOTS Ol
Ha OJHOM 4YaCTHYHOM cermeHTe pasbuenus. He Hapywas o6mHOCTH,
Gyxem CuYuTaTh, 4TO f(X) He OrpaHHYeHa Ha cermeHnTe [xo, x;]. Ha
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OCTANBHBIX CErMeHTax [, Xo], [Xe, X3], ..., [Xn—1, Xs] HpOMEXyTOUHHIE
TOUKH Eg, E3, ..., En BBHIOEDEM NMpPOHU3BOJBHBIMH H ¢ukcupyem. O6o3Ha-
gyM uepe3 o1(Xz, Ex) BEJHUHHY :

o1=01(Xk, E¢) =f(E2) Axa+[(E3)Axs+ ... +[(En) AXn.

PaccmoTpuM Tenepb GYHKUHIO f(x) ToabKO Ha cerMmente [xo, x1]. Ilo-
CKOJbKY QYHUKHS f(Xx) He orpaHHueHa Ha 3TOM CeIMEHTE, TO AJf JIo-
6oro Hamepel 3aJlaHHOrO MOJIOXKHTEJNbHOro yucaa M Hafigercss Touka
£, M3 3TOr0 CerMeHTa TaKas, 4To

IF(E) | = (Jor] + M) Ax,.
Orciona cnenyer, uro |f(£) |Axi> 01| +M, u nostomy

1o (ke Bl = | Y (8 Ay = I (&) Ayt 03 (0 B0 >

=1
Z1FE)AX— |0y (e &)= M.

Tenepp yKe COBCEM TPOCTO YOEIHTLCS B HEHMHTETPHPYEMOCTH QYHK-
uvk f(x) Ha cermente [a, bl. B camoM aese, mpeanonaoxuM, 4To f(x)
ygHTErpUpyeMa Ha [a, b}, T. e. 1sa Hee cyllecTByeT npenaesd [ HHTErpaJb-
HBEIX CYMM IIpH CTPeMJIeHHH AHaMeTpa pa3bueHHs d K Hym0. B cuiy
JOKA3aHHOrO BbILIE JJs1 pa30ueHHs ¢ KaK YLOAHO MaJblM KUaMEeTPOM
d W past nonoxuTenpHoro ducna M=|/|+1 nafinerca uHTerpasbHas
cymMa o, yaosjierTBopsioumiasi ycaosuio |[o|>|I|+1, u3 xoroporo B
cuay HepasenctBa |6—I|>|o|—]I| BwiTekaer, uto |o—I|>1 (mas
pa3bHeHust ¢ KaK YroAHO MaJjblM AuaMeTpoM d). ITO NPOTHBOPEUHT
onpejesieHHI0 4 Tpefiesia UHTErpaJbHbIX CyMM. -

Wrak, Mbl 10Kas3ajd, 4TO HHTErpHpPYeMBIMH Ha cermenre [a, b] Mo-
TYT SIBJIITbCA TONBKO OrPaHUYEHHBlE Ha 3TOM cermMeHTe (QYHKIHH.
EcrecTBeHHO BO3HHKAaET BONPOC: BCHAKAasl JH OFPaHHYEHHAs Ha CerMeH-
Te [a, b] pyHKUNA gBjAsieTCs WHTErPUPYyeMOH Ha 3TOM cerMeHTe?

JokaxeM, uto pynkyus [Qupuxse D(x), paBHash HYyJIO B Hppa-
AIHOHAJbHBIX ¥ €JHHHIIE B pAallHOHAIbHBIX TOYKAX CerMeHTa [a, b], npeo-
cTagasner coboil npumep 02PAHUMEHHOU U HeuHTezpupyemol Ha 3ToM
ceemente BYHKYUL. .

s pas6uennsi [a, b] ¢ KaKk yrogHo MajbiM AuaMeTpoM d, B3SIB B
KayecTBe BCeX MPOMEKYTOUHBIX TOUEK HPPAUHOHAJbHbIE TOYKH, MHI
[OJIYY¥M HHTErpajbHyl0 CYMMY o), PaBHYIO HYJIO, a B3SiB B KauecCTBe
BCeX NPOMEXYTOUHBIX TOYEK PAIMOHAJBHBIE TOYKH, MBEl IOJYYHM HH-
‘TerpajbHyl0 CYMMY Og, pPaBHYI b—a. Ecau 6Bl cyllecTBOBaJ Mpefed
1 mHTErpasBHEIX CYMM NpH cTpeMJeHWH d K HYJIO, TO A MOJOXH-

—a
‘TCJbHOI'O 4YHCJA &=

H JJid J0CTAaTOYHO MaJoro d MH HOJNYYH-

b;a, loy—11< b;a, otkyAa  |or—oi| =
= (0o—1) + (I—0)) | <|0s—I|+ |or—I| <b—a, a 310 mpOTHBOpEUHT
TOMY, 4TO 03—0y=b—a.

au 6 |oy—I|<
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§ 2. BEPXHHE U HH)KHUE CYMMbI H HX CBOWCTBA

1. Onpenenenne BepxHell M HUKHEA CyMM. YTBepxkKIeHMe, JOKa3aH-
Hoe B § 1, MaeT HaM OCHOBaHMe DACCMAaTPHBAThL BCIOAY B JajbHeHUieM
TOJILKO 02paHuueHHble Ha KAHHOM cerMeHTe (GyHKuuM (100 HeOorpaHH-
yeHHble (DYHKIMH 3aBEIOMO HE. ABJSIOTCA HHTErpPUPYeMBIMH IO Pu-
MaHy).

ITycts f(x) — orpanuueHHas Ha cerMmente [a, b] Gyukius # {x.}—
IIPOH3BOJIbHOE pa30ueHHe 3TOTO cerMeHTa. Tak Kak [(x) orpaHnucHa
Ha cerMeHTe [a, b], To OHa orpaHuueHa H Ha JIOOOM YaCTHYHOM CerMeH-
Te [Xe—1, Xz], @ MO3TOMY Y GOYHKIUK f(X) CYIIECTBYIOT TOYHAsl HHIKHAA
TpaHb M, W TOYHAsE BepXHAsl rpaHb M, Ha YaCTHYHOM CerMeHre
[Xe—1, xa].

Hrak, nycts my=inff(x), M,=supf(x).

Xy 1 Sx<xy Xy _(SAKX,

BeeneM ¢yumamMeHTaNbHEIe TOHATHS BepDXHell N HHUXHEH
CyMM. ‘

Onpenenenune l. Cymmot

n
S =MAx, + MAxy+ ... + M, Ax,= Z M Ax,

k=1

n
§=myAxy + myAxy + ... +mAx,= Z myAx,,
k=1

6ydem HA36I6ATL COOTBETCTEEHHO BepXHEll U HUMHED Cymma-
mu pynxyuu f(x) 0as dannozo pasbuenus {x.} ceemenra [a, b).

BrsicHHM reoMeTpPHYECKHH C MBI CJl BEPXHE H HHKHEH CyMM,
PaccMoTpuM cHOBa KDHBOJHHEHHYIO Tpaneuuio, T. €. GUrypy, OrpaHu-
YeHHYI0 oTpe3koM [a, b] ocu Ox, rpadMKOM HEOTPHUIATEJLHOH Hempe-
PHIBHOH DYyHKIMH y=[(X) >0 U npsaMbiMU x=a, x=>b, nepuneH UKy Isp-
HeiMM K ocu Ox (puc. 9.2). Ilycrs mano mio6oe pasGuenune {x.} cer-
menra [a, b]. Uncao M, B ciyuae HenmpepbiBHOH GYHKUMH y=[(X) aB-
JseTCs ee MaKCHMaJbHBIM 3HAUeHHeM Ha YaCTHUYHOM CErMeHTe [Xz—i,
xx]. TloaToMy BepxHsisi CyMMa paBHa IJIOLIALH 3JEMEHTapHOH CTyMeH-
4aToi (DHUrypHl, colepiKalledl KPUBOJHHEHHYIO Tpamenuio. DTa IJo-
majgp 3almTpPHXOBaHA Ha pHC. 9.2.

AnajornyHO HMXKHSISI CyMMa DaBHA IVIOWIALM 3JeMEHTapHOH CTy-
NeH4aToi (Uryphl, KOTOpas COAEPKHUTCA B KPHUBOJHMHEHHOH TpameluH
(puc.- 9.3). OTMETHM, YTO YHCJO M) B 3TOM CJydae SIBJSEeTCS MUHH-
MaJbHBIM ~ 3HAYeHHEM GYHKIHMH y=f(Xx) HA YaCTHYHOM CerMeHTe
[xe—1, Xn].

AHanu3upyst reOMETPHYECKHI CMBIC] HHTErPaJbHOH CYMMBI, MOXKHO
OXHJaTh, YTO HHTErpajl OT MHTErpHpyeMoid mno cermenry [a, b] yHk-
UHH y=[(X) RO/IKEH PaBHATBLCS YHUCIY, KOTOpPOE CJeAyeT NPHHATH 32
IJIomaab COOTBETCTBYIOIIEH KPHBOJHMHeHHOH tpameuuu. Ho x atomy
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XKe 4HCay OYAYT CTPEMHUTLCS BEPXHHE W HMXHHE CYMMEI IDH CTpeMJe-
HUHM JuaMmerpa pasbuenud Kk uynaw. [losromy npencraBisieTcss BeposT-
HBIM, YTO AJ51 MHTErpHpyeMOCTH (HyHKIUH HEOOXOAHMO H JOCTATOYHO,
YTOOH! PA3HOCTb MEXKJY BEPXHHMH M HHXXHHMH CyMMaMH CTPEMHJIACh
K HyJ10. CTporo 210 Gy/eT M0Ka3aHO HHIKE.

\
AL N, . \\\E\ \,

Zo Ty | Xpg T &, T % -1 Zx Zn

Puc. 9.2 Puc. 9.3

2. OcuoBHble CBOACTBA BEPXHMX H HHKHHMX cymm. JlokaxeM ciaeny-
tollHe JeMMBbI.

Jlemma 1. ITycre ¢(Xr, Er) — UHTE2PANLHASL CYMMA, OTBEUAIOUYAS
‘dannomy pasbuenuro {xp}. Toeda npu a06om 8o160pe NPOMENCYTOUHbIX
Todex Ep 8cez0a cnpasediusesl HEPABEHCTEA

s<o0<S,,

20e s u S — COOTBETCTBEHHO HUNCHAS U 8EPXHASL CYMMbL, OoT8exaroujue
ToMYy sce pasbuenuio.

Hdokaszarenbcrtso. Ilo onpenenenno uncen my, u M, 3akimio-
yaeM, uto mp<f(&z) <M nns moboro &, U3 cermenTa [Xg—;, Xz]. YMHO-
XKasi HaNHMCAaHHBIe HePaBeHCTBA HAa AX, M CyMMUPYs mo BceM R ot 1 go
n, nojgy4yaeM tpebyeMoe yTBepIKJeHHE JIEMMEL.

Jlemma 2. Ilycre {xx}— npoussonsroe uxcuposannoe pasbie-
Hue ceemenra [a, b}, e — npoussossvroe nososcuresrornoe uucro. Toz20a
MONMCHO 8bI6pPATL NPOMENCYTOUHbBLE TOYKU Er TAK, 4TOOBL UHTEZPAALHAS
cymma o(xr Er) U 8epxnas cymma S ydosaersopasu HepageHcT8Yy
0<S—o (X, Er) <e. IIpomedscyTounsie TOUKU Mp MONCHO BbI6PATL U
TaKum obpasom, 41obol 0N UHTE2PANLHOL CYMMbL G (XR, Tr) U HUIKC-
Hell cymmor S 8oinoanasuce nepasercrsa 0<o(Xg, me)—s<e.

HokasartenbctBo. I[Iycrts {x.} — QukcupoBannoe pasbueHue
cermenra {a, b] u £¢>0. Jokaxkem cHayaja NMepBOe yTBEPKAEHHE JEM-

Mbl. [Tockoneky M, =supf(x), To nas BeiGpaHnHoro Hamu &>0 Haii-
Ty SHSK

- JleTCst TouKa E CerMeHTa [Xk—1, X Takas, 9o O<M,—f (Er) <e/(b—a).

YMHOXKHB 3TH HepaBeHCTBA Ha AX; H IPOCYMMHPOBAaB NO BCEM k OT

1 jno n, nosyunm

0<S—a(xe, &) <e.
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Ananoruudo B cuay Toro, uro m,=inff(x), cymecTtByer - Takas
Xp 1 SHQ%,
TOUKa Me&[Xp—1, X&), 4TO -

<f(ne)—mr<e/(b—a).

[Mocnenune HepaBeHCTBA INOCJE YMHOMEHHS Ha AXxp H CYMMHDOBaHHS
NPHBOASAT K OLEHKaM
<0 (Xe, Ne) —s<e.

JleMMa poxkasaHa.
CaepcrBue. [Jaa awboeo ¢uxcuposarnnozo pasbuenus {xz}
cnpagedaussl caedyroujtie COOTHOUEHUR:

S=sup o (xz, &), s=Inf o (xp M),
. LN

20e TouMble BEPXHAS U HUIHASL 2PAHU Oepyrca no 8Ce803MONCHbLM

npOMENYTOUHBIM TOUKAM.

Jlemma 3. Ilpu usmenrsuenuu OaHHO20 pa3bueHus 6epxHas CYm-
MQ MOJCET TOALKO YMEHOUIUTOCA, A HUNCHASL CYMMQ — TOALKO YBeAl-
YUTbCA.

Hoxkasareasctso. [Tycte {x:} —nannoe pasGuenue, a pasbue-
Hue {x;’} nosyuaerca H3 Hero Ao6GaBJIeHHEM TOJbKO OJHOH HOBOH TOY-
KH ¥. Jlerko BHAeTb, 4TO O6MmIUHA ciaydail cBOAUTCA K RaHHoMYy. [Ipen-
MOJIOXKHM, YTO X JI€XKHT BHYTPH [Xr—, xk] Torpa B BbIDAKEHHH JUIst S
ciraraemoe MkAx,e saMmenutcst Ha My (X—Xp—y) + Mp(x,—7%), rHe
M = sup [ (x), Mi=supf (x).

Xp_ 1<x<x xgxgxk

Tounasi BepxHsis rpaHb (YHKUHHM HA 4acTH CeTMeHTa He IPEBOCXO-

JHUT TOYHOH BerHeﬁ rpaHu q)yHKILHH Ha BCEM CEerMeHTe. HOSTOMY
Mk’\<Mk, Mk”éMk H

Mpe (53— Xpmy) + Mi (5—2) < My [(X—%pq) + (% —2)] = MyA%,.

Tak kak Bce Apyrue cjaaraeMnble B BHIPaXKeHHH JIJisl BepXHEH CyMMBbl
COXPAaHATCS, TO MBI A0Ka3aJH, YTO NIpH XOOABJEHUH TOYKH I BepXHSsA
CyMMa MOXET TOJbKO yMeHbliHThesl. Coyuail, Korna K JaHHOMY pas-
6veHHI0 R00aBASIeTCs] HECKOJIbKO HOBBIX TOYEK, CBOJHTCS, OUEBHAHO,
K paccMoTpeHHOMY. ToYHO Tak e yCTaHABJIMBAETCH, YTO MPH H3MEJb-
YeHHH NAHHOUO Pa30HeHMs HUKHAS CyMMa MOXKET TOJbKO YBeJHUYHThb-
csa. JleMma HokasaHna.

Jlemma 4. Jaa 08yx npoussorvHolx u, 8006uLe 2080ps, pasiud-
Holx pasbuenuil ceemenra [a, b] nuscnas cymma o0Ho20 U3 3TUX pas-
buerull He npesocxo0ur sepxreli cymmer Opyzozo pasbuenus.

HdoxkasarenbctBo. Ilyers {x:'} u {x.”} — ABa NpPOHU3BOJBLHBEIX
pasbuenusi cerMmenta [a, b], a ', §’, S”, s” — BepxHHE M HHXHHE
CYMMBI 3THX pasbuenuift cooTBeTcTBeHHO. O603HAUHM uyepe3 {Xz} 06b-
enuHenne pasbuennit {x.} u {x."}, a 4epes S U S BePXHIOW H HHXHIO
cyMMBl pas3buenusi {x:}. 3ameTnm, uTo {X.} siBJgeTCI H3IMeJbUCHHEM
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KaK pas6uenns {x;’}, Tak u pasbuenus {x.”}. CorsacHO yTBEpKAEHUIO
JeMMbl 3 cnpaBe/JHBbl HEDPABEHCTBA

§>=8,8 =8, 5<s, §'<s.

Kpome Toro, B caiy JemMMb 1 moayunm, uro § < S. Iloabsysace cBoii~

CTBOM TPAH3UTHBHOCTH JJisi YHCJOBBIX HEPABEHCTB H HCIOJb3ys TPH
NOJUEPKHYTHIX BHILIE HEPaBEHCTBA, sakiawouaeM, uro "< S’. AHnano~
THYHO yCrTaHaBJauBaercs, uto §'s(S”. Jlemma pokasaHa.

Canexcrteue. Muosecrgo sepxuux cymm dannoil ¢pynxyuu f(x),
0T8EHAIOUUX 8CCBO3MONCHOLM pa30UueHUAM ceemenTa [a, b], ozpanuue-
HO CHU3Y. MHOJNECTBO HUNCHUX CYMM 02PAKUYEHO C8EPXY.

HefictBuTenbHO, Ji06asi BepXHAs CyMMa He MeHble HEeKOTOpOik
(pUKCHPOBAaHHON HHXKHEH CyMMBI, CJeJ0BATEJbHO, MHOXECTBO BEPXHHX
CYMM OTpaHHYEHO CHH3y. AHAJOTHYHO NPOBOAATCA PACCYXACHHS AJIS
HHXXHHX CYMM. B cuay ocHoBHOH TeopeMbl 2.1 H3 MI. 2 CylleCTBYIOT
TOYHAsi HHXKHAS IPaHb MHOXecTBa {S} W TouHas BepXHASA IpPaHb MHO-
xKecrBa {s}. '

Onpenenenune 2. Bepxnum unrezpasrom Hapby or
pynxyuu f(x) Haseisaercs wucao I*, pasHoe TOuHOU HudCHEld epaHw
mroxcecrea sepxrux cymm {S} dannod ¢pynrxyuu f(x) daa 8ceso3modxrc-
Holx pasbuerud ceementa [a, b, Humnum unreepasron Jap-
b6y or Qynxyuu f(x) nasolsaercs wucao I., pasHoe To4HOL 8epxHel
2PaRL MHOXMCECT8Q HUsCHUX cymm {S} Oannol ¢ynxyuu f(x) Ora sce-
BO3MONCHBLY pasbuenul ceementa [a, b].

Jdemma 5. Huownuil unreepas Jlapby scez0a He npegocxoour
sepxreeo unrezpasa Hapby, 1. e. 1.<I*.

JokasareabcTBOo. [IONyCTHM NPOTHBHOE, T. €. NPEANOJOXKHM,.
yro [.>1*. Torpa l.—I*=¢>0. '

J1Jisi 'yKa3aHHOTO e, COIVIACHO ONpEeJeJeHHIO uHcaa [*, Haiiercs Ta-
KOe pa3bueHue {x,’} cermenra [a, b], 4TO AJs COOTBETCTBYIOLIEH BepX-
nefl cyMMH S’ 6yper BHINOJHEHO HepaBeHcTBO S'<[*+¢/2. Touno
© Tak ¥e MOXKHO yKasaTh TakKoe pasbueHme {x.”} cermenra [a, b], uto
IJisi COOTBETCTBYIOIeH HIXKHeH CyMMB! §” GyAeT BHNOJHEHO HEPaBeH-
crBo §”>I.—e/2. BplureM BTOpOe HepaBeHCTBO H3 nepsoro. [losy-
uum S’—s”<I*—I,+e. Ho I*—I.=+—e, mnostoMy S'—s”<0, T. e.
5”>S8’. TloayuuBuieecss HepPaBEHCTBO NPOTHBOPEYHT YTBEPIKAEHUIO:
JemMmbl 4. TakuM o6pasoM, JoKaselBaeMoe YTBEPXKAEHHE CIpaBelJIHBO,.
1.e. L<<I*.

[lycte M =supf(x), m = inff(x), a {x.} — npousBoOJb-

x€[a,b] x€Ela,b)
Hoe pas6uenune cermenra [a, b], d — nuamerp storo pasbuennsi. O6o-
sHauuM uepes {x;} pasbuenue, nojyuensHoe u3 pasbuenus {xp} mytem.
KoGaBjeHHst K HeMmy [/ NPOM3BOJIbHEIX HOBHIX TodYeK., Ilycth S u 5 —
BeDXHAS M HIDKHAS CYMMBl pasGuenus {x:}, a S’ u 8’ — BepxHsg u

HHXHSSE cyMMbl pasbuenus {x.’}. CupaBeajuBo cjeayiomee yTBEpK-
JeHHe. :
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Jemma 6. Jaa pasuocreii S—S’ u s’'—s sbinoanaworcs caredy-
wuwue Hepasencrsa: S—S'(M—m)ld, s'—s<(M—m)ld.

IlokazateabcTBo. He orpaHnunBasi OGLIHOCTH, MBI MOXKeEM
IIPOBECTH pacCyXACHUd JHUIb AJA ciaydas, Korga K To4kam paS6HEHI/IH
{x:} moGaBssieTcsl TOJILKO OJHA HOBas TOYKa X, M JOKasaTh, 4TO
8 3TOM CJyyae CIpaBeJuBbl HepaBeHCTBa S—S'< (M—m)d, s'—s<
< (M—m)d.

Ilycte BHOBB AoGaBiseMas TOUKA X JIEXKHT BHYTPH CErMEHTa
i{xe—1, x]. Torma BepxHsasi cymMMa S 6yZeT OTJHYAThCS OT BepXHeH
CYMMBEL S’ TOJBKO TEM, UTO OJHO ciaraemoe MpAx. y cyMMH S 3aMme-
HUTCS IAByMsi cjaraeMbIMH Mg  (¥—xp—1) +Me” (x,—%) y cymmm S’
(3mech uepe3 Mg, My’ u M.” o6GosHaueHsl TOYHBIE BepXHHE TIpaHH
#(x) na cermenrax [xp_i, Xz], [¥r—1, Z] ¥ [Z, ¥z] COOTBETCTBEHHO).

Bce ocraibHBIe ciiaraemule y BepxHHX cyMM S u S’ 6yayT obuiu-
amu. Otciofa cienyer, 4To

S—S'=MkAxk— [Mk' (2——xk_1) +Mk” (xk—;?) ] .

#3 nocefiHero COOTHOLICHHUS!, YUHTHIBAsI, UTO B CHJY CBOACTB TOUHBIX
apanei * My <M, m<My/, m<M /. OJIy4HM, UYTO

S—S'<MAs—m [(F—Xp—1) + (£2—%) ] = (M—m) Ax,< (M—m) d.

JloKazaTenbCTBO OLEHKH AJIS HHXKHHX CYMM aHaJOT'HYHO.

Jlemma pokasana.

Onpeneanenne 3. Yucao A naselsaerca npedesrom sepx-
Hux cymm S npu cTpemaenuu K Hyato Ouamerpa pasbuenuti d,
ecal 0aa A106020 NOAONCUTEALHO20 HUCAQ & MONCHO YKA3ATb NOAONHU-
TeAabHoe yucao § Taxoe, 4To npu ycrosuu d<8 8bLNOAHAETCS HEPABEH«
180 |S—A|<e.

Hast 0603naueHuss yKa3aHHOTO Mpeledd eCTECTBEHHO YNOTpebJsaTh

scuMBos A=1im S.
d-0

AnanoruyHo ompejensiercs npepes B HHUXHHX CYMMS IpH
CTPEMJIEHHH d K HyJIIO.

OcnoBnas nemma dap6y. Bepxuui unreepar Hapby I*
Asasnercs npedesom 8epxHux cymm S npu crpemaenuu ouamerpa d

pasbuenuti k nyasto, T. e. I'=1imS. Anasocuuno [, =lims.
: d—0 d—0

JokaszarteancTBO. IIpoBeieM JOKa3aTeNbCTBO NEpPBOrO YT-
BepXKACHUS JIeMMBl. 3aMeTHM, 4TO ecJu ¢yHKuusa f(x)=c=const, To
S=c(b—a)=1I* pas moboro pasbuenus. [losTomy llmS I*. Ecam

pyuknus f(x) uHemocrosinHa, T0 M —supf(x))m mf f(x) Qdukcupy-
x€la,b] x€[a,b]

‘€M IIDOH3BOJIBHOE IOJIOKHTEJIbHOE UYHCJIO e. I10 ONMpefeNieHHI0 uHcaa

I* cymectByer Takoe pa3bueHHe {x.*}, 4TO BepxHsd cyMMa S* 3TOro

* Ecam my’ m m,” ~— TouHHle HMXHHe rpaHu f(X) Ha cerMeHTax [%x_;, X] H
1=, xh] COOTBETCTBEHHO, TO, IOCKOJIBK mp'SMy’, mp"<Mr” u m<my’,
wm<my’, MH NONyudsH, uto m<My’, m< :
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pasGuennst GyAeT yAOBJIETBOPATh ycjoBuio S*—I*<eg/2. OG6osnaunw
uepes [ 4HCIO TOYEK pa3bHeHHs {X,*}, HE COBNAJAlOLIHX C KOHIAMM:
cermenra [a, b].

Iycts {x.} — mpousBosbHOe pasbuenue cermenra [a, b], muamerp
KOTOPOro YJOBJIEeTBOpsieT HepaBeHcTBY d<<8=¢g/[2l(M—m)], u nycTb
S — BepxHfA cyMMa 3Toro pasGuenus. [lpousBemeM H3MesbueHHe
pa3buerus {x.}, 10GaBHB K HeMy OTMeyeHHHE Bhie [ ToueK pa3bue-
nust {x;*}. Tlonyuennoe npu sToM pasbueHHe OCO3HAYHM CHMBOJOM
{x:"}. Tlo nemMme 6 BepxHAs cymMMa S’ 3TOro noc.ne}mero pa3GueHHs
YAOBJETBOPSIET YCAOBHIO

0<S—S'< (M—m) ld<e/2.

Ho pas6uenue {x.’} MOXHO paccMaTpuBaTh KaK H3MeJbucHHe pa3bue-
HuSl {¥*}, K KOTOPOMY 100aBJSIIOTCA TOUKH pas3bueHHs {X:}, He coBma-
Japliyue ¢ KoHuaMu cerMeHTta [a, b]. IlosToMy B CHIy ONpene/eHHS:
I* u nemMMbt 3

I*<{S8'<S* 7. e. 0SS —I* < S*—1*.

Brie 6b110 mokasaHo, yto S*—I*<g/2, mostomy 0 S'—I*<egf2..
OO6benunsas 3TH HEPABEHCTBA C YCTAHOBJEHHBIMH BHIIIE HEPaBEHCTBA-
Mu 0<{S—8'<e/2, noayuaeM, uto 0CS—I*<e, eciH TOJBKO d MeHb-
me ykasaHHoro Beime 6. CaepgoBaresbno, [*=1imS. [ng HuxHEX

d4-0
CyMM JOKasaTeJbCTBO aHajlornmyno. OcHoBHas JemMa J[Jlap6y jpoxa-
3aHa.

§ 3. TEOPEMBI 0 HEOBXOJUMBIX U JOCTATOYHDBIX
YCJIOBHAX UHTErPHPYEMOCTH ®YHKLHH.
KJIACCbl HHTErPHPYEMbIX ®YHKILUHA

JlokasaHHble BBIHIE YTBEPXKICHHA O CBOMCTBAX BEPXHHX H HHKHHX:
CYMM IIO3BOJISIOT HaM YCTaHOBHTb HeOOXOJHMEIE M JOCTATOUHBIE YC-
JIOBHSl HMHTErPHpPYeMOCTH MO0 PHMaHy NpPOH3BOJIBHOH OrpaHHYEHHOM:
(GyHKLHH.

1. Heo6xonuMble H JOCTATOYHbIE YCJIOBHS MHTErPUPYEMOCTH.

BecnoMorartearnass Teopema. Jas 1020 4To6bl 02paHUYeH--
Has na ceemente |a, b] ¢ynxyusa f(x) 6vira unrezpupyema Ha 3TOM
gememe, Heobxo0umo u 0OCTATOYHO, UTOObL B6INOAHANOCH PABEHCTBO
*=1*.

HoxkasartenbctBo. Heobxodumocrs. Ilycte @yuruua [(x)
HHTerpupyeMa no Pumany Ha cermente [a, b]. Torza cyliecTsyer
npenen / ee HHTErpajbHBIX CYMM ¢ IIPH CTPEMJIEHHH JuaMmerpa d pas--
GHenuil K HyJlIo.

o ompegmenenuio mpefena HHTErpaJbHBIX CyMM JAJisl Jio6oro &> 0
cymiecrByer takoe 6>>0, 4TO sl MI0GOro BHIGOPA IPOMEXYTOUHEIX
TOYeK &, pasbuenust {¥.} ¢ nuamerpom d<§ BHINOJHAETCS HepaBeﬂ—

CTBO
[ I—o (xz, Ex) | <e/4.
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‘«CorJsiacHO JeMMe 2 JJisi HaHHOTO pasOueHus {x.} MOXKHO Tak BHOpaThb
TIPOMEXKYTOUHBIE TOYKH Ex" M &x” B KaXJOM YaCTHYHOM - CerMeHTe
[Xr—1, Xe], 9TO OyAYT clpaBelJIUBH HEPaBEHCTBA

S—0 (%, Ex') <e/4, o(%e, Ex")—s<e/4.

TloguepKHeM, 4TO, KpOMe TOro, HJAsi HaHHOro pasbuenus {x.} oxHO-
‘BPEMEHHO BBINOJIHEHB! HepaBeHCTBA

| I—o(xr, E2) | <e/4, |I—o(xe, E”) | <e/4.
3aMeTHM Tenepb, YTO
S—s=[S—0(%r, §')] + [0(xe, E&')—1] + [[—0 (e, E") ] +
+ [o(%k, ") —s].

Orciona, yYuTHIBasi, YTO MOAYJb CYMMBI UeTHIpEX BEJHYHH He
TIPEBOCXOAMT CYMMBI MX MOAyJeH, mosayuaeM, uro S—s<e. Mrak, das
ar06020 >0 cywecreyer Takoe 6>0, uro O0aa awbo2o pa3buenus
£ OQuamerpom d<O cnpasedaiuso nepasencrso S—s<e. Ilockoabky
sl io6oro pasbueHHs BHIOJHEHH HEPaBEHCTBA

s CS,

-T0O H3 HepaBeHCTBa S—s<e BHTekaer, urto 0<{/*—/,<e, a orcoja
.B CHJly NpOH3BoJIbHOCTH £>(0 BEITeKaert, uto [*=/,.
HoctatognocTsh. Ilycrs [*=/.=A. CornacHo OCHOBHOH JieM-

me Hap6y [I'=1imS, I, =1lims, T. e. BepxHu# HHTErpan sBISETCH
d-0 d—>0

TIpele/IOM BEPXHHX CYMM, a HHXHHI HHTerpajJ — NpelesioM HHXHHX
CyMM IIPH CTpeMJIeHHH Quamerpa d pasbuennit X Hymdwo. [Tostomy pjas
.Jo6oro ¢>0 MOXHO yKasaTh Takoe uuciao §>0, uro Aas Jwo6ora
pasbuenus ¢ guamerpoM d<8 OAHOBPEMEHHO BHINOJHSIOTCS HEpaBeH-
crBa [,—s=A—s<e, S—I[*=S—A<e. Ilpu n1060M. yKa3zaHHOM pa3-
-Onenun Jiobas HHTerpaJbHas cyMMma o(Xk, Ex) YIOBJeTBOpsieT Hepa-
BEHCTBAM S<J0 (X, §:)< S, a 3HAYHUT, H HEPABEHCTBAM

A—e<S<o(Xs, Er) <S<A+e.

Orciona | A—o (%, &) | <e (aast m06oro paséueHHs ¢ IHAMETPOM
.d, MeHbIHM §). ' :
Takum o6pasowm, A=ldirréa(xk, &), T. e. dyukuus f(x) umTerpu-

‘pyema.

JlokaxkeM CHAeAYIOILYIO TEOPEMY, HMEIOULYI0 BaXKHOE 3HaueHHe
" ‘B TeopHH HHTerpajia Pumana.

OcHoBHas TeopeMa. [aa 7020 4T06b. O2PAHUYEHHAR HQ
cezmenre [a, b] ¢ynxyua f(x) Goiaa unreepupyemod na sTom ceamen-
Te, Heobxodumo u JocTaTouHo, 4ToGsl daa arwboz2o £>0 mawsocsy Ta-
-Koe pasbuerue {xp} ceementa [a, b], daa koTopoco S—s<e.

HoxasarteancTBo. Heobxodumocrs. Ilycts pynkuus f(x) umu-
-Terpupyema na cermeste [a, b]. [Ipu mokasarteiabcTBe HeOOGXOMHMOCTH
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BCIIOMOTATEIbHON TEOpEMBl YCTaHOBJEHO, 4TO aif aw6oro >0 cy-
mecTByer Takoe 8>0, yro ans so6oro pa3bueHus cermeHta [a, b)
¢ nuamerpom d, MeHbIUHM O, clipaBeiJIHBO HepaBeHCcTBO S—s<e. He-
06X0IUMOCTh JOKa3aHa. ,

Hdoctartounocth. Hano, yro ans mawboro e>0 cymecrByeT
Takoe pasbunue {x;} cermenrta [a, b], UYTO AJAT COOTBETCTBYIOLIHX
BepXHell H HHXHEH CyMM BHINOJHEHO cooTHolleHHe S—s<e. Toraa
MOCKOJIBKY

s+,

70 I*—I,<e. VI3 5TOoro HepaBeHCTBA U M3 NPOHBBOJBLHOCTH & 3aKJIO-
yaeM, yto [.=I* a mo BCHOMOraTeJbHOH TeopeMe MoJydaeMm, 4UTO
¢yskuua f(x) marerpupyema. Teopema mokasaHa.

2. Knacenl uaterpupyembix ¢yukuui. Brime B § 1 macrosimied ruia-
BBl MHl BHJENH, 4TO (QYHKUHA f(x), MOCTOsSIHHAs Ha cerMmente [a, b],
HHTerpupyeMa no PuMany Ha 3TOM CerMeHTe, a TaK¥Ke YTO HHTEIPHpY-
eMble Ha JaHHOM cermMeHTe (QYHKUHH 00sf3aHbl OHITb OrpaHHYEHHLIMH
Ha 3TOM cerMeHTte. EcTecTBeHHO, BO3HHKaeT Bompoc 06 ONHCaHHH
xJgaccoB ¢yHKOMH, HHTErpupyembix no Pumany Ha cermente [a, b].
Cpeay 3THX KJIaCCOB BAXKHYIO POJb HIPAET KJacC HeNpephiBHLIX HA Cer-
MeHte [a, b] ¢dyukumii. Jokaxem ciaenyomyo ¢yHAaMeHTaJbHYIO
Teopemy.

Teopema 9.1. Henpepoigusie na ceementre [a, b] ¢pyntkyuu un-
Te2pUpYeMbl. HA ITOM ceemeHrTe no Pumany.

Jdokasarteanbctso. [lycte f(x) HempepblBHA Ha cermeHre
{a, b]. Bribepem npousBosibHOe yuCaI0 £>0. TlockoabKy ¢yHKIHA
F(x), Oymyun HempepbIBHOH Ha cerMeHTe, SIBJSIETCSi PABHOMEPHO He-
TIpepLIBHOH Ha HeM, TO HJs JIo60ro gaHHoro £>0 CyLIeCTBYeT Takoe
uncao 6>0, yro ecan & u §” — mo6bie ABe Toukm cerMenta [a, b],
anst kotophix |E'—E”| <6, 10 |f(E)—f(E") | <e/(b—a). Otciona cie-
JyeT, YTO PAasHOCTb MeXJY TOUHBIMH BepXHeHl M HHXKHEH TIpaHsMH
f(x) Ha m06oMm cermeHTe, HMeIOUEM AJIHHY, MEHbLIYIO 8, GYAET MeHb-
nie gyncia g/ (b—a). Bribepem Tenepn pasbuenue {x:} cermenra [a, b]
¢ AuaMmerpoM d, MEHBUIMM YyKasaHHoro uucaa §:d<<§. Ilycrs
M, =supf(x), mp=inf f(x).

XE[xp_y. %] X€[xp_ ;. %)

ITo ompenesneHuI0 BepXHEH H HHXKHEH CyMM

S_S = Z (Mk—mk) Axk.

k=1

Hcnonbsys B 9TOM COOTHOIIGHHWH YCTAHOBJEHHOE HAJS BHOGPaHHOTO
HaMd pa3bueHHss HepaBeHCTBO M,—m,<e/(b—a), yTBepxkaampllee,
YTO PA3HOCTb MEXKAY TOYHHIMH TDAaHSIMH Ha JIOOOM 4YacTHYHOM cer-
%aeme meHblie e/ (b—a), MBl MOJYYHM, 4TO JJs BLIGpaHHOrO pas-
OUeHHS
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] =
S—s < —b__akglek_ €.

ITo ocHoBHOI TeopeMe 3ak/aiouaeM, 4ro GyHKUHA [(X) HHTETpHpyeMa
Ha [a, b]. Teopema mokasaHa.

Crepylomas TeopeMa gaer JOCTATO4HOE YCJIOBHE HHTETPHPYEMOCTH
HEKOTOPOrO KJiacca paspolérbix GyHKIHMH,

YcloBHMCS TOBODHTD, UTO TOUKA X NOKPOLLTA UHTEPBAAOM,
€CJIH OHA COJIEPKHTCS B YKa3aHHOM HHTepBaJe.

JlokaxeM CJeYIOIYIO TEOpeMY.

Teopema 9.2. ITycrs pynrxyus [(x) onpedesena u oepanuyena
Ha ceemenre [a, b]. Ecau Oan aw0b6oco uucaa £>0 MONHO YyKras3ars
KOHe4HOe 4UCAO URTEPBAA0S, NOKPLLBAIOWLX 8Ce TOYKI PA3pbléq ITOL
QYHKYUL 1 UMCIOULUX OOUWYIO CYMMY OAUK, MEHOLILYIO €, TO (QYHKYUS
f(x) untecpupyema no Pumany na ceemenre [a, b]. ‘

HoxasarteabcTBo. IIyctsb M u m — TouHBIE BEpPXHSSA M HHXK-
HAA rpand QyHKuMH f(x) Ha cermente [a, b]. 3amerum, YTO eciaH
M=m, 1. e. dyHKUHS [(X) DOCTOIHHA, TO, KAK MB yXKe JH0OKa3aju
B § 1, ona unrerpupyema. ITostromy 6ynem cuurats, yro M>m. [lycts
>0 — npousBosbHOe yHcaO0. IToKpoeM TOYKH paspeiBa (YHKUHH
f(x) KoHEeUHBIM YMCJIOM HHTEPBaJIOB, CyMMa J[JIHH KOTODHIX HE IIpe-
BOCXOJHT 4ucaa & =¢/2- (M—m). Touku cermenra [a, b], He mpuHan-
JiexKaillie yKasaHHbBIM HHTepBaJjaM, O4YeBHIHO, 06pasyioT MHOXKECTBO,
COCTOsIIllce M3 KOHEUHOro YHCJa Hemepecekalomuxcs cermentos. Haso-
BEM 3TH CErMEHTHI- JONMOJHHTEJbHBIMH. Ha KaXJOM W3 TaKHX CerMeH-
TOB (YHKIHS HeNpephiBHA, a CJAeJOBaTeJbHO, ¥ PAaBHOMEDHO Hempe-
pbiBHA. 3HAYMT, CYNIECTBYIOT Takhe yHcaa §;>0, uro ecau |§/—E&"|<
<&, 10 |[(E)—f(E") | <e/(2(b—a)) nas Bcex & u E”, npuHaiIeRa-
IHX i-MY JOTOJHHTEJHHOMY CErMEHTY.

[Tycrs 6=m§n 8;. Torna eciau B3sTb pa3GuEHHs AONOJHUTEJbHBIX

CerMEHTOB Ha YaCTHYHBIe CeIrMEHTHl TaK, YTOGHl AMaMETP KaXKJI0ro H3
YaCTHYHBIX CErMEHTOB He NPEBOCXOAMN §, TO Pa3HOCTb MEXAY TOUHHI-
MH BepxHeH rpaHbio M, u HuXHeH rpaHbio m; yHkuuH f(x) Ha k-m
YacTHYHOM cermeHnte Oyner He GoJbuie &f (2(b—a)). O6benuusas sce
pa3bHeHHs JOTOJHHTENbHHX CEIMEHTOB H YKa3aHHBIE BHILIE HHTEPBa-
Jbl C NPHCOEJHHEHHBIMH K HHM KOHIAMH, MBl NOJYYHM pa3GHeHHE
{x:} Bcero cermenra [a, b]. st Tak mOCTpOEHHOro o6miero pasbue-
uus [a, b] :
n .,
S"'—S:Z(Mk—mk) Axk:Z' (Mk—'mk) Axk+ 2”(Mk“"mk) Axk,

k=1

rfe B CyMMYy C OJHHUM IUTPHXOM OTHECEHH! cJlaraeMble, OTBeYalollue
YaCTHYHBIM CerMeHTaM, 06pa30BaHHBIM H3 MHTEPBAJIOB, NOKPHIBAIOUIHX
TOYKH Da3phiBa, a B CYMMYy C JBYMS WIITPHXaMH — BCe OCTaJIbHBIE.
Paccmorpum mepBoe ciiaraeMoe NpaBOfl YaCTH 3aNHCAHHOTO  BHIIIE
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paBercrBa.  Ilockonbky ~ Mp—m<M—m pana mwoGoro K, TO
S (Me—mp) Axp, < (M—m) ' Ax,<e/2. ,
Ilajee, B CHIy CKa3aHHOrO BhHILIC, H3 CBOHCTBA DaBHOMEPHOH He-
qIpEPBIBHOCTH (QYHKIMH f(x) Ha JONOJHHTEJbHBIX CerMeHTax MoJyda-
eM, 4To
€

” g ” i —_— _—
2 (Mp—my) A?f< mz Ax, < 0 —a (b—a) 5

Takum o6pa3oM, HaMH YKasaHo pa3buenne {x.}, AJA KOTOpOro
S—s<e. Ilo ocHOBHO! TeopeMe noJyuaeM, 4To QYHKUHS [(x) wmHTer-
pupyema. Teopema pokasaxa.

Caenmcrteue. Oepanuuennan Ha ceemenre [a, b] ynxyua
f(x), umerowan aruws KOHEUHOE 4UCAO TOHEK PA3PbIBA, UHTE2PUDYeMa
HA ITOM CeeMEHTe. B 4acTHOCTU, KYCOHHO HenpepsleHas HA GAHHOM
CezMenTe (QYHKYUS UHTeZpUpYema HQ aTOM CeeMenTe.

JleficTBHTe/IbHO, B YCJOBHH INpefAblAyliedl TeopeMbl HOCTAaTOYHO BHI-
épaTb MHTEPBAJEH, IOKPHBAIOLIHEe TOYKH Das3phlBa, OJWHAKOBOH NJIH-
#Hl, MeHblIel 4eM &/(2p), rie p — UHCAO TOYeK pasphiBa (GYHKUHH
f(x).

3ameuanune. Ilycts ¢yHKums f(x) HHTerpHpyeMa Ha CerMeHTe
{a, b], a ¢yuruust g(x) coBmajaer ¢ pynkumeir f(x) BO Bcex TOUKax
cerMenTa [a, b], Kkpome, OHITH MOXKeT, KOHEYHOTO UHCJIa ToYeK. Torza
¢yHKIHSA g(X) HHTErpHpyeMa Ha cermente [a, b] u

b
Sf(x)dx=fg(x)dx.

Ykazauue. Hcoonb3oBaTh cxeMy JOKa3aTesNbCTBa CJEICTBHS.

Teopema 9.3. Monoronnan na ceemente [a, b] ¢yunryus f(x)
unreepupyema no Pumany na aTom cezmenTe.

HoxkasarteabctBo. Cayuail, xoraa ¢yukuus f(x) nocrosiHHa
Ha cermeHre [a@, b], MOXHO MCKIIOUHTb. PaccMOTpHM, HampuMep, He-
yOmBatonlyio Ha cerMmenre [a, b] ¢ynkuuio f(x). ITycts e>0 — mnpo-
#3BOJIbHOE uMcnO. Bribepem pasGuenme {x.} cermenrta [a, b] ¢ nma-
metpom d<e/(f(b)—f(a)). 3amerum, uto mockSaAbKy f(x) He mocro-

n

auga, 10 f(b)>f(a). Ouenum pasuocth S—s= Z (M —my) Axy,
k=1
M u mp — BepxXuAA M HHXHAS Tpand [(X) Ha [xe—, xz]. [Toayunm

S—s< 82 (Mp—mp)/(f () —F (a)). Ho anas HeyOhiBaomel

k=l
n

GYHKIHH Z (Mp—mp) =f (b)—f (a) *. TTosToMy S—s<e&¢ u yHKUUS
k=1

* 6o Mup=[(xr)=mrsy npu k=1, 2,..,n—1, M.=f(b), mi=f(a).
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f(x) uuterpupyema. Iasa HeBospacTawileli (QYHKUUH PpacCyXACHUS
. aHaJoruunbl. Teopema JoKa3aHa.

Jokaxem cefiyac TeopeMy 06 HHTETDHPYEMOCTH CYNEPIO3HIHH
ABYX (YHKIHH.

Teopema 94. ITycre ¢yuryua f(x) uurezpupyema no Pumany
Ha ceemente [a, b], M u m — ee TouHble BepPXHAS It HUNCHAS 2PAHL
na [a, b]. ITycrs, dasree, pynxyun @(x) onpedesena Ha ceemenre
[m, M] u ydosaersopser ycrosurw *: cyujecrsyer HEOTPUYATEALHOE
yucao C taxoe, 4T0 0 Ar00blx X1 U Xg u3 ceemenra [m, M] eoinoa-
HAETCS HepaseHCcTs0

[ (x1) —@ (x2) [ <C|x1—x2];

'r020a caoiKan Gyuxyus h(x)=op(f(x)) unreepupyema no Pumany na
ceemente [a, D).

HJokasateabcTBo. [lycTh ¢ — MPOH3BOJBHOE MOJIOXKHUTENBLHOE
yucio. B cuny unterpupyemoctu ¢yuknuu f(x) Ha cermente [a, b]
HalimeTcd Takoe pasbuenue {x,} aToro cermentra, uto S—s<e/C, rme
S M s — BepXHST M HHXKHAA CYMMB GyHKUHH f(X) COOTBETCTBEHHO,

C — rmnocrosinHas u3 yciuosuii teopembl. Ilyers My # m, — TouHbBIE
rpaHd ¢QYHKUHH [(X¥) Ha YacTUYHOM CerMeHTe [X,—;, Xx] pa3buenus
{x¢}, @ My* uw mg* — COOTBETCTBYIOLLME BeJHYUHH [ (QYHKUUK

h(x). Torna B culy ycJOBHA Ha (QYHKUHIO @(X) AJs JNIOOBIX TOUEK X
H Yy, NpHHANJIEXKAUINX YaCTHUYHOMY CerMeHTy [Xp—1, Xr] pa36uenus
{x.}, cnpaBeAnUBO HEPABEHCTBO

B () —h(5) <A —h () | =10l ] —o[F ()] 1<
<CIF () —F () |<C (Me—my).

Iockonbky Hepasenctso h(x)—h(y)<<C(Mr—m,;) cnpapexnuso
A JI06HIX TOYEK X H y, NPHHAAJNEXKAIIUX CeIMEHTY [Xp—1, Xk], TO
TeM Gonee Mp*—m*<C(Mp—my), b0 HafiayTcs nBe MOCAEHOBa-
TeNbHOCTH {X} U {y.} TOUEK cermMenTra [Xe—;, Xr] Takue, uto h(x,)—
—>My*, h(yn)—>mp* npu n—co.

[ycre, manee, S* u $* — COOTBETCTBEHHO BEPXHSAST U HUKHAS CyM-
MBIl (YHKIHH h(x) IJst BHIOpaHHOrO pa36uenus {x.} cerMenra [a, b].
Torna

S'— 2 (My—rmiz) Axk C?;] (M,—m,) Ax, < e.

k=1

[ToCKOJIbKY & — INPOH3BOJBHOE IOJOXKHTENbHOE YHCJIO, TO B CHAY oOC-
HOBHOfl Teopemnl ¢yHKuusi h(x) uHTEerpHpyeMa Ha cerMeHTe [a, b].
Teopema noxasana.
JlokaxeMm Tenepb CJAEAYIOLIYI0 HECKOJLKO Gojee o6uyo Teo-
pemy.

* JlanHOe yc]IOBHe HasbiBaercs ycJaOBueM Jlunmuma, ScHo, yTo ¢(yHK~
UHSA, YAOBJCTBOPAIOIAsT HA CerMeHTe ycjoBHio JIUnmuna, uenpepHiBHA Ha HEM.
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Teopema 94" Ilycre f(x) — unreepupyemas no Pumany Ha
teemente [a, b] pynkyus, M u m — ee TO4nble GEPXHAA U HUMCHAR
epanu na [a,'b]. Ilycre, Oaxree, pynxyus @(x) Henpepvigna HA
ceemenre [m, MJ.

Toeda croxmnas pynxkyus h(x)=o@[f(x)] unreepupyema no Pu-
many Ha ceemenre [a, b].

JlokasarteabcTBo. [ycth C = max |9(f)] u ¢ — mpo-

m<tSM

H3BOJBHOE IIOJIOXKHTEJIbHOE Yucao. [lonoxum e =g/ (b—a+2C),
BBuay TOro, uTo ¢ paBHOMEpHO HempepeiBHa Ha [m, M], cyiecr-
Byer Takoe o6>0, uro |@(t)—@(f)]|<ei, ecau |t—it| <8 u
ty, tres[m, M]. BoiGepem § eme u TakuMm, uto 6<eg;. B cuay Hu-
terpupyemMocts ¢yHkumu [(x) Ha [a, b] cyuiecTByeT Takoe pa3bu-
enne {x,} cermenra [a, b], ana Koroporo S—s<§%.
ITonoxum
My= sup f(x), m= _inf f(v),

xelxp_y.%] xelx, ;.21

Mp= sup h(x), me= inf h(x).
*€l¥%p 12 %] *€ [,y %]

Pa3obbeM 1esawe uucaa 1, .., n Ha aBa mHoxectBa A u B: uucio
keA, ecin Mp—m, <6, uuciao peB, eciu Mp—my>8. Ecau uH-
gekc kA, 10 Mp—m,<96, clenoBaTesbHO, B CHJIYy DPaBHOMEPHOH
HenpepuBHOCTH GyHKIHU ¢(f) Ha cerMenrte [m, M] noayuuM, uTo
Mp*—mp*<ey. JleMCTBHTENBHO, €CJHH pacCMaTPHBAeTCd HHJEKC
keA, To Mbl noayyuM, uto Mp—my= =sup f(x)— inf f(x) <39,
) [%g.1%] [%g.q:%]

T. €. OPH X, Y [Xr—1, Xx] pasuocts f(x) — f(y) =t—i no abco-
" JIIOTHOM BeJIMUMHE HEe OPEBOCXORHT & : |Hh—io| <6, rme t=f(x),
to=f(y). CaenpoBaTesibHO, B CHJIY PpaBHOMEPHOH HeIPEPHIBHOCTH
¢yHKIHH @ Ha BceM cermente [m, M] Mbl nosyuum, uto

lo(F () —o(F (1)) | =lo(t)—e(t) | <e:.

Tak Kak mocJjeiHee HepaBeHCTBO CIPAaBEJIHBO AJsi JIOOHX X H Y,
NpHHAJIEKALHX CETMEHTY [Xi—1, X&], TO H

sup @ (f(x))— iﬂf](P(f(x))\<81-

*po1 %l 10
Jadee, ecin kB, T0, 04eBUAHO, 4TO My*—m*< 2C. 3anuiem
Tenepb PasHOCTb (S* H §* — COOTBETCTBEHHO BEPXHASl W HHXKHAA

CcyMMB (YHKUMH A (X) BJs pacCMaTPHBaeMOro pasbueHHs {X})
§—s'=y (Mep—mp) Ax, = y (Mp—my) Axy +
k=1 keA
+¥ (My—mp) Ax, < &, (b—a) + 2C Y Ax.

keB REB
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Ocranock NPOH3BECTH - OUEHKY MAJS BeJUYHHEL Z Ax,. Umeem
kEB
n
) }: Axk\< Z/ (Mk—mk) Axk Z (Mk-—mk) Axp

kEB keB k=1

(3mecp MBI DOJIB3yeMcd TeM, YTO Bce caaraemble (Mp—mp)Axe
AIBJISIOTCS HEOTPHIATEJbHBIMH). YUHTBIBasl, YTO NPH BHIGPAHHOM
n

pasGHeHuH Z (Mp—my) Ax, =8 —s < 8, mnoayuaem, uTo

n

5y A <Y (My—my) Ax, < 82, 1. e. Y Ax < 8.

keEB k=1 keB
OKOHUATeNLHO MOJYYHM, YTO
S'—s" < (b—a)+2C Z Ax, <

keB
<& (b—a)+2C6< & (b—a+2C)=ce.

(Beiie MB BOcCmOsMb3oBaduCh TeM, uTo 8<g;.) Takum o6pasoM,
¢yHkuus A(x) uHTErpHpyeMa, H TeopeMa AOKa3aHa.

CaencrBue. Ecau ¢pyuxyun f(x) unreepupyema na ceemenre
[a, b], To 84 at0bo20 norosuresbHo20 4ucsa a pynkyus |f(x)|*
UHTezpupyema Ha 3TOM e CeZMEHTE.

JleHCTBUTENBHO, XOCTATOUHO PACCMOTDPETh HENPepPLIBHYIO (YHK-
nuio ¢ (f) =|£|* 1 npUMEHUTH MPeAHAYINYIO TEOPEMY.

[IpuBeeM HECKOJBKO NPHMEPOB,
IIpumeps. 1) Ilpumep unrezpupyemoti pynrxyuu, umerou;eu 6ec-
KOHeuHoe 4ucao Tovex paspsisa. Ilycrs Ha cermente [0, 2/n] 3amana

oyuxuusa f (x)=sgnsin-::—* (puc. 9.4). Vkasaunas (YHKLUHS HMeeT

pa3peiBH 1-ro poma BO Bcex TOUKax xx=l/nk, k=1, 2, 3, ..., a TaKkxke
paspueiB 2-ro posa B Touke 0. duKcHpyeM npoH3BoJbHOe yHucao &>0.
ITokpoem Toury x=0 unrtepBanom (—e/4, e/4). BHe sTOrO HHTEpBaJa
HaxXOJUTCH JHLIb KOHEYHOE YMCJIO p TOYeK paspniBa ¢yHKumu. Uucio
P 3aBHCHT OT 3aJaHHOro &. IIoKpoeM KaXAyi0 H3 3THX TOYEK HHTEp-
BaJOM JJHHH MeHbuie g/2p. Torma Bce TOYKM paspbiBa (QYHKIHH

.1 :
f(x)=sgnsm— OyAyT NOKPHITH KOHEYHHIM UHCJOM HHTEDBAJIOB,
oblasi cyMMa JJHH KOTOPHX He HPEBOCXOJHUT ————I—p ————=a Ilo

" 2p
teopeme 9.2 ¢yHkuus f(x) HHTErpupyema Ha CeI‘MeHTe [0,2/x].

* B touke x==0 3ty ¢yHKUHIO HOONpEReseM HpOHSBOJIbHO Hanpumep, NoJa-
raem f(0)=0.
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2) H3  unTezpupyemocTu
pynxyuu |f(x)| ne caedyer, 7
soobue 2080pA, uxTezpupye-
mocts  f(x). HelicTBUTENbHO,
paccmorpuM ¢ynkuuwo Di(x),
paBHYIO eJMHHIE IJs X pa-
IHOHAJBHHX H MHHYC eIHHHIE
IS x ¥ppaluoHaJbHEIX. Torza
|Di(x)|=1 HHTerpHpyeMa.

TouHo TaxK ke, KaK W AJd QyHK-

wun Oupuxae D(x), moxasbiBa-

ercs, uto ¢yukuus D;(x) He-

HHTEerpupyema (cM. IpuMep H3
“§1). '

=
3
]

P o o e i s oty e it i e S

P e ———

8~
S

&y

§|,\~
Qe

§ 4. CBONCTBA
ONPEREAEHHOIO
VHTETPAJIA. OLLEHKH
HWHTETPAJIOB.
TEOPEMbI O CPEAHEM
3HAYEHUH

e et s o . e e e o e . i o A e i i i e Pl e e i e e ek

1. CeoiictBa uHTErpaja. Bu-
SICHHM OCHOBHbE CBOACTBA MH-
Terpasa PuMaHa.

a) Iycre ¢ynkyuu f(x) u
g(x) unTezpupyemvl. Ha Ce2MeH-
re [a, b]. Toz0a ¢pynxyuuf(x) =
>g(x) TaKie uHTE2PUPYEeMbL HO ITOM CESMEHTe, npuiem

———— e e e —— S . P e e e ———— e e i e —
— e e e e i i i et e e i el e e e e ey e e o i o e et

i‘

Puc. 9.4

b b b
{ (@ £g0de=[f(vdsx [g(x)dv.

a q

JefcTBHTEJADbHO, NPH JIO60M pasbueHHH cermenTa [a, b] u
J1060M BHIOOpE NPOMEXYTOUHHIX TOUEK & CNpPaBENJIHBH CJeLyloUIHe
paBeHCTBa:

Z [F (B) &= g (B)] Axp = z f (Be) Axy == Z g (&) Axy.
k=1 k=1

k=1

[TosToMy, ecam cyliecTByeT NIpejea NpaBOd 4acTH OPH CTPEMJIEHHH
JuraMeTpa pasbHeHHH K HYJIO, TO CyIIEeCTBYeT NMpefes H JIEBOH YacTH.
M3 nuHefAHEIX CBOHCTB 3TOr0 mpefesa, KOTOpble YCTaHABJIHBAKOTCA
TOYHO TaK Xe€, KaK H JJIs Ipejesa MNOCJeJ0BaTeJbHOCTEH, BHITEKaeT
JIOKa3bIBaeMoe CBOHCTBO.
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'6) Ecau  ¢pynkyus f(x) unreepupyema na ceemenre [a, b], TO
dyuxyua cf(x), e0e c=const, Takice unreepupyema Ha 3TOM Ce2MmeH-
- Te, npuyem

fcf (x)dx=c Sb f(x)dx.

B camom nxene, aaa awo6oro pas6uenuss cermenra [a, b] =
J060r0 BHGOpA NMPOMEKYTOUHBIX TOYEK Er BHINOJHEHO COOTHOLICHHE

n

Z cf (§) Axp=c i [ (&) Axy,
=1

k=1

OTKyJa, TaK e KaK H BHIUe, [0JyYyaeM JOKa3aTeJbCTBO yTBepXkie-

Hus 6).
n

CnenctBue. Jinelnas xrombunayus Z ¢ fi (x) unreepupye-
' i=1
moix pynxyuil f:(x) aesnercs unrezpupyemoi gynxyued.
B) [Tycre ¢ynxyuy f(x) u g(x) unTecpupyemel Ha ceemenTe
[a, b]. Toeda f(x)g(x) Taxme unTezpupyema Ha 3TOM ce2MeHTe.
3anuieM OYeBHAHOE TOXKJECTBO:

4f (x) g (x) = [[ (%) + & (x) |*— [[ () —g (x) ] %
3amernM, jfaJjee, 4TO B CHJIY TeopeMbl 9.4 M3 HHTETPHPYEMOCTH KaKoH-
au6o ¢yHrnuM u(x) claeayer HHTErpUPYeMOCTb ee KBagpara*. [Jo-
cxoabKy GyHKUHH f(x)+g(x) B f(x)—g(x) 1m0 cBOACTBY a) HHTErpH-
pPyeMBl, TO 0 CKa3aHHOMY MHTErpHDYeMbl H WX KBaJpaThi, a Clel0Ba-
TeJIbHO, B CHJY YyKa3aHHOro, ¢yHkuusa f(x)g(x) unrerpupyema.

r) ITycrs ¢pynxyus f(x) unreepupyema na ceemente [a, b]. Tozda
3T (yHryus unTeepupyema Ha awbom ceemenre [c, d]|, codepxa-
uemcs 8 ceemente |a, bl. o

Bri6epem mpousBosbHOe yucino e>0 u Takoe pasbuenue {x.} cer-
meHta [a, b], uro S—s<e. Jlo6aBuM X ToukaM pasbueHus {X.} TOUKH
¢ u d. [Ina BepxHHX cyMM S’ M HHXKHHX S’ BHOBb NOJIYYEHHOTO pa3-
Guenust {x’} B cuay JeMmn 3 § 2 ToXe OyleT cOpaBei/iMBa OIEHKA
S§’—s’<e. PaccMmorpum pas6uenne {X:} cermenra [c, d], o6pasosan-
HOe TOYKaMH pa3bueHHsi {x:’} Bcero cermenra [a, b]. ns BepxHux
H HHXHUX CYMM S u § pas6uenust {¥;} BHIIOJHEHO, OYeBHAHO, COOTHO-
mweHHe S—3I<S’—s’, MOCKONBKY KaXAOe HeOTPHIATEJbHOE cJaraeMoe
(My—m)Ax, B BolpaXeHHH S—§ GyAeT cjaraeMbiM H B BBIPaXKCHHH
S§’—s’. TakuM o6pa3oM, S—35<e, H pynkuus f(x) uHTerpupyema Ha
cermenTe [c¢, d]. CBOHCTBO T') H0Ka3aHO.

* Tax kak u?(x)=0olu(x)] npn @(¢)=7 u dyuxuns ¢(f) yaoBIeTBOPSET yCJIO-
Buto Jlummuoa Ha MmoGom cermente [m, M], w60 mis moGHX f, H , M3 CerMeHTa
[m, M] cnpaBemnmBo HepamenctBo |Q(H)—@(fy)| =] —t:2]| = |fi—to] - |+ 1| <<
<Clti—ty|, rne C — Haunboabiuee u3 AByX uucen 2|m| u 2| M].
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Bydem no onpedesenuro eceeda cuurars, 4ro unrezpas Pumana
OT (QyHKYyuU*, 63aT6lL 6 npedesax OT To4Ku a 0O TO4KU @, PAGEH
a .

HYA10, T. e. j‘f (x)dx=0. D10 cBOHiCTRO CJICLyeT pPaccMaTPHBATh Kak

corJiallleHHe. .Ycﬂoeumcg Takixce o Tom, 4ro npu a<b no onpedene-

KU ff(x) dx= ——s f(x)dxOan awboii unreepupyemoi qbymct;uu

STy q)opMyny cnenyer TaKXKe pacCMaTpHBaTh KaK COTJiallleHHe.
“n) Ecau ¢ynxyusn f(x) uxrezpupyema Ha ceementax [a, ¢] w
[c b}, to ¢pynryus f(x) unrecpupyema u na ceemenre [a, b], npuvem

f,f(x)dx=ff(x)dx+ff(x)dx.

Ilpr a=>0 3T0 CBOMACTBO CIpaBeNJIHBO B CHJY NPHHATHIX Bhbllle cOrya-
IHEeHH .

IIpeanonoxum cuauana, uro a<c<b. BribepeM npOH3BOJIBHOE
yucao £>0. Ilyers {xz’} u {x.”} — Takme pasbueHUs: CErMEHTOB
[a, ¢] u [c, d], uTo Ha KaxjaoM H3 3THX cerMeHToB S—s<g/2. [lycth
{xz} — pasbuenue cermeHra [a, b], cocrosiee u3 ToueK pa3Guenult
{xs'} u {x."”}. OueBHAHO, UTO Pa3HOCTb MEXKIY BEPXHEH H HIXKHel
cyMMaMH pas3bueHHsi {x.} He OyJer IpPeBOCXOAHTh &. FIHTerpupye-
Mocth ¢yHKuuH f(x) Ha cermente [a, b] mokasana. Ilycts Temepn
{ftk} — TIpOM3BOJIbHOE pas3bueHue cerMenra [a, b], coiepxkaluee C.

orza

n

Y F(E) Axe= 3 F (&) Axi+ 3F (8) A,

k=1
rae ¥’ Geperca IO YaCTHYHRIM CEeTMEeHTaM, IpHHajlexauum [a, c],
a X" — 10 4aCTHYHHM cerMeHTaM, npHHagIexamum [¢, d]. TTockoub-
Ky 3TO BepHO AJjs Jio6oro pa3bueHus, To, mepefiis K npenesay Npu.
CTPEMJIEHHM AHaMeTpa pa3GHeHHH K HYJIO, NOJYYHM, 4TO

b ¢ d
‘ jf(x)dx=jf(x)dx+jf(x)dx.

Ecnu ¢ mve npuBapnexur [a, b], To cermepr [a, b] NpHHAMIEKHT
aubo [c, b], mubo [a, c]. Ilycrs, Hanpumep, c<a<b. B cuay cpoii-
crBa r) ¢ynkuus f(x) wuHTerpupyema. ma [a, b]. leificTBHTENbHO,
dysxnus f(x) uarerpupyema Ha [¢, b] mo ycaosmio, a [a, b] < |[c, b].

Ianee, nockosbky c<<a<b,

If(x)dx+ff(x)dx=ff(x)dx.

* ‘DyHKU.HX B TOYKE 4 OIpejiejleHa H NPHHHMEET KOHEYHOe 3HaueHHe.
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a ¢
Ho no NpHHATOMY COTJIAlIEHHIO sf(x) dx='—5f(x) dx. Takum 06-
c a

.pa3oM, CBOHCTBO X) YCTaHOBJEHO HaMH M JJs cJydasi, KOTAa € JIEXHT

BHE cerMeHTta [a, b]. 3ameruMm, 4TO HopMyJy 3TOrO CBOHCTBA MOKHO
.3allHCaTh TakK:

ff(x)dx+ff(x)dx—l-ff(x)dx———O.
a ¢ b

2. OueHKH MHTErpaJioB.

a) Ecau ¢ynkyun f(x) unreepupyema wHa ceemenre [a, b] u
J(x)=0 0dan 6cex x us [a, b], To unrecpar, or ¢gynxyuu f(x) no
STOMY Ce2MEHTY HeOTPULATeNeH.

JJokasaTedbcTBO CJeLyeT H3 TOTO, YTO AJjs Jo6oro pasou-
«HHus {Xz} H JI060ro BEIOOpa Er MHTErpajbHasi CymMMa

szgxf (§) Ax, = 0.

B atom ciyyae mpeles MHTETPATBHBIX CYMM TOXe GyJeT HeoTpHumaTe-
JieH. JleficTBHTeNbHO, NOMYyCTHM, 4TO npefesd A 3THX CYMM OTpHIaTe-
Jien. Ilycts e=|A|. Bribepem pasbuenne {x:} Takoe, uro |c—A|<
<|A|. Ho nmocnesnee HepaBEeHCTBO MOXKET BLITIONHATECA, TONLKO ECIH

<0, 4TO IPOTHBOPEUUT YCAOBUIO 0>=(0. 3HAUMUT, " f(x)dx >0.

a
6) HurerpupoBanue HepaBeHcTBa. FEcau pynxyuu f(x) u g(x)
:unreapupyef;m Ha cecMente [a, b] u [(x)<<g(x) dra sCex x wu3

{a, b], 10 yf(x)dx\<5g(x)dx.

~ HeiictBurenbno, ¢pynkuns g(x)—f(x) HHTErpHpyeMa WU HEOTpHIA-
‘TeJqbHa Ha [a, b], Tak uTO

b
fe—F ) dszo0.

b b
Ho torma B cuny cBofictBa a) u3 m. 1 jg(x) dx—S f(x)dx >0,
: a ‘ a

410 U TPeGOBANOCH YCTAHOBHTD.
B) Ilycre ¢hyuryus f(x) Henpepwiéna u HeOTPULATEAbBHA HA cee-
menTe [a, b]. Ecau cyujectsyer xota 6e. 00HQ TOYKA Xy Ce2MEHTA

{a, b], 8 koropoii [(x0)>0, TO HaideTcs NOAOHUTEAbHOE HUCAO @
Takoe, 4ro

ff(x)dx>a> 0.





