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B paborax [26] u [377]. XapakrepHblii MaciITab BOJHL HESBHO CBA-
3aH ¢ HapyweHdem (1.7.45). Yno6Ho onpenenuTh HOBYIO NPOCTPaH-
CTBEHHYIO MEPEMEHHYIO §

(1.7.47a) (3)7** (—22)"e (( —22)%? ) S
¥ 3aBHCHMYIO NnepeMeHHnylo g (&, £)

(1.7.47b) u(x, )= (St)2/3 g 0.

MoXHO NnoKa3zaTb, 4TO B IJaBHOM MOpsijike (POHT GEeCcCTOJNKHOBH-
TEJbHOH YJapHOH BOJIHBI UMEeT BUA

(1.7.48) g6 OH~—++ ‘

2ot {- @~}

1o Bepaxenue cmuBaercs ¢ (1.7.45), ecam &y = —3/2In(C/2).
Takoe npejcraBjeHde CTAHOBHTCS HECIPaBELJIUBLIM NPH GOMbLUIHX
E (In?¢t> E>Int) uan 3 (Inf)*2 > (—x)> tV3(Int)%/3, u ero
caenyeT 3aMeHHTh Ha APYroe MelJeHHO H3MEHSIOLLeecs pelleHHe

(1.7.49) g~al)+b(Y)en* (@4 Dy v(Y)),

rae @ siBasieTcst (MOAXOAALUIMM 06pa30oM oNpeaeseHHOH) OLICTPOl ne-
pemeHHO#, a Y — mennennoli nepemenHofi. OHO cmuBaercs ¢
(1.7.48) mpu ¥ — 0. Ilpu Y — co pemwenne ypaBrenus KadP (ua ca-
MOM XBOCTe yJapHOfi BOJIHBI) 3ajaercs (GopMynok

u(x, t) ~ (3f)=2B(—-Z)u (%t-) " cos 0,

(1.7.50)
] e ~ -%— (_2)3/2.
310 peuicHue LOJI?)KHO CIIHBATHCA C pelUeHHEM B OCU.I/IJIJIﬂTOpHOﬁ 006-

JIACTH.

HakoHel, Mbl PACCMOTPHM YHCTO OCUHJISATOPHYIO 06J1acTh. B Heil
HeT GOJMBIUOrO PAa3juudsi MeXJy NOBeAeHUeM pelleHuH ypaBHeHHH
Knd u mKa®, u mMbl JulIb [PHBENEM OKOHUYATEJNBHBbIH pe3yJbTar.
AcumnroTHka peniendsi ypaBHenus (1.7.36) B arofi obmactu umeer
BHJL
(1.7.51) u(x, {) ~ (30)~12X14(2d) cos® — (3¢)"1X~12(2d)*(1 — cos 26),
rze ~

0~ 2tX¥2—2d%In3t — 3d®In X + 6,
X

X=—=7 d=d(X), 8=0(X).

OTMeTuM, 4TO JI0GOE peLIeHHe 3TOr0 BHAA HMeeT HEOCLHJIHpYIO-
wmii ysieH, KOTOPHIA OTpULATe/NeH U HMeeT NOPsifok (3¢) —1X-172, Tas
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KuM o6pasoM, mjaa ypaBHeHus Kiad cosurToHam mnpucymnia «IoJo-
KUTEJBLHOCTbY, @ M3Jy4YeHHEe HECeT «OTPHIATENBHYIO 4acTb». DyHK-

uun d(X), 6(X) BhIpaXKaloTcs yepe3 K03(hGMHULHEHT OTpaKeHus p (k)
CJIeAyIolIuM 06pa3oM:

X = — I {l —[p (A) P},

(1.7.52) B(X) = _;_‘_ — arg {p (k)} — arg {T' (1 — 2id?} —

2k

—6d2In2—4 \ In YY) (d?), dy.
§ 2k+) v

Ecnu |p(0)| << 1, ato pemwenne ciuusaercst upu X — 0 ¢ pemenuem
(1.7.41), B uesoM pelleHHe KayeCTBEHHO MOXOXE HA PelleHHe ypas-
HeHus MKn® u moxer 6vlTh nosydeno no ¢opmyae (1.7.37). Ecau
p(0) = —1, 310 pemenne cumuBaerca npu X—0 ¢ peweHuem
(1.7.50). Tunuyxoe peieHue ypaBrHenns Ka® npuseneHo Ha puc. 4.3,
c. 326.

910 3aBepmaer aHaau3 peiieHuil ypaBHeHus Kad B ciyuae or-
cyTcTBHst cosiuToHOB. Obliee pelileHHe MOXKeT cojepxkate N coquro-
HOB, HO NPH {—> 0o KaXJblli U3 HUX OyJeT HaXOAuTbCsl B 06JacTH,
rje OocTaBIUAsCs YacTb pelIeHHs 3KCIOHeHUHaabHO MaJga. Takum
obpasoM, npH !-—> oo B3aHMOAEHCTBHE COJIUTOHOB H HECOJHTOHHOH
yacte (B IJIaBHOM INOPsJKE) OTCYTCTBYeT, H MOXKHO NPOCTO ao6a-
BUTb N COJIMTOHOB (Bce ¢ HeHTpaMu npu x > 0) K pelIeHHuIo, 4ToGHI
MOJIYYHTb ACHMITOTHKY OOLIEro pelieHus. 3aTeM CJaeLyeT YTOUHHTh
cIBUTH (a3, obcyxkaaBuneca B pasi. 1.4. A6aosuu u Koaama (1980)
[14] nmocTpounu acHMNTOTHYECKOE pelUueHHE, COAepIKalluee H COJIM-
TOHBI, ¥ HenpepbiBHLIA crnekTp. OHU BOCNONB30BafHCh N-COJMHTOH-
HBIM pellleHHeM, B KOTOPOM YiKe [IPeKPaTHJHUCh CTOJKHOBEHHS.

Haxkouen, cpaBHAM acHMIITOTHYeCKOe pelleHue ypaBHenus Knd
(1.7.36) u cootBerctByOuell nuneiiHo#t samaun (I1.1.49). B orau-
ye ot ypaBHeHus (1.7.2) u (1.7.23), TouHee B OTVIHUKME OT Pe3yJibTa-
TOB, OTHOCSIIMXCSI K pelleHuio ypaBHenu#i Buga (1.5.16), ans koro-
pbix a(k) He uMmeeT HyJseli NpuU BEIIECTBEHHBIX R, B Cjayyae ypaBHe-
uua Kad® asa npepena (1—>oo u HayanbHas ammauryga —- 0)
He KOMMYTHUPYIOT Mexay co6ofi. B cayuae ypasuenus Ka® coan-
TOHBl MOXHO CHAeJNaTht NPOHU3BOJLHO Ma’sbiMu (B n060i Ly-Hopme
1 << p << o), HO mpefielBl He KOMMYTHPYIOT J1ake B OTCYTCTBHE
cONMMTOHOB. B nuHefinof 3a7aue 0CHOBHAR BOJIHA B aCUMITOTHUECKOM

pellleHHH CrajiaeT coO BPeMeHeM 110 3akony ('3, ecqn Sudx %= 0;

8 [POTHBHOM CJyuae (S ud)_c-,——O) CKOPOCTb CHAaJaHHS AMIJHTY-
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Bl 3TOH BOJIHHE paBHa {~23, ecunm qu dx =0 u 1. 1. Ho nouru

sl BcexX pemeHu#i ypaBuennss Ka® He3aBHcHMO OT HX MaJOCTH
p(0)=—1, m cKOpOCTH aCHMHTOTHYECKOro CHAJAHHS TJIABHOTO
umnyJeca umeer nopsiaok (In¢/t)?3, cornacuo (1.7.46). Takum oG-
pPasoM, aCHMITOTHYECKOE MOBeXEHHE JIBYX peleHH# B 3TOH 06-
Jactd pasauuHo. KpoMe Toro, 3a HCKJIOueHHeM ocoforo ciyyas
Sudx==0, HauMeHbIIasl CKOPOCTb ChmajaHusi paBHa [~!3 paa pe

o o ~1/2
IIeHHs! JUHEHHOH 3ajaud H [ !
vpasuenus Knd.

JJs COOTBETCTBVIOIIUX pelleHHH

YuopaxHeHus
Pazdea 1.1
1. (a) Ilokasatp, uto (1.1.2) momyuwaercs uz (1.1.1) mpu (h—
- 0).

(b) Kakwue unensl nponopuuoHasbusl h*; eh??
(c) Yto mpomsoitzer npu g/h? KL 1; ¢/h2 > 1?
2. 3apano K(u) B (1.1.5) u M(v) B (1.1.7). [Tokasars, 4To ec/iu
u=—(v24+uv,), 0

K@= (2v+ —007) M (0).

3. 3apano (1.1.11—13). IIpoBepuThb, YTO YCJAOBHE Prey == Pyyt
npusogut K (1.1.14) u nostomy K(u) = 0 B TOM H TOJBKO B TOM
cayyae, xorga At = 0.

Pazoen 1.2
1. BuBectn (1.2.13) u3 (1.2.8).
2. (a) Ha#ttn Tounoe pemeﬁgxe (1.2.8) nas pasaoxenus A, B,

C nsitoro nopsiaka, T. e. A= Y. a,z"% u 1. i Kakoe Hemuneiinoe
0

ypaBHEHHE BO3HHKHET NPH r = ¢, KOI'la NPOU3BOJIbHbIE KOHCTAHTH
BbIOpaHbl TaK, UTOObl JIMHeapu30BaHHOE YpaBHEHHe HMEJO BHA
[9: +(9:)5] 0 = 0?
(b) Ha#itu pewenne (1.2.21), Buipa:kennoe uepes pas/oKeHHS
2

(A, B) sroporo mopsaxa, T. e. A= Zanl”. Kakoe mosyunrcs He-
0
JIHHEIHOe 3BOJIIOLMOHHOE ypaBHEeHHe, JHHeapu3auus KOTOporo uMeer
BuA [0 + (0x)%]u = 0?
(c) IToxasaTb, YTO 3TH ypaBHEHMs CBS3aHbl I1peobpasoBaHHEM

Muyph
U= —v’—u,.

Pasder 1.3 )
1. Henosways (1.3.3, 4), mnokasarb, uro Y=a¢+bp, p=
= bp — ap.
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2. Mlyers byurkuuu r, ¢ B (1.2.7a) ynoBIeTBOPAIOT HepPaBeH-
ctBaM |r(x)}, [q(x)|<Ce‘2K"‘I aas unekoropuix C, K > 0. JIloka-
- 3aTh, YTO B 3TOM cJayuae Gyskuusa a(f) aHaiuTHyHa AJas Img >
> —K, b(), b) ananurnunst upn | Img|< K, u a(g) anaauruu-
Ha npu Im < K.

3. (a) Tlouemy ycJoBue r= ¢ & L, rapaHTHPyeT OTCYTCTBHe
JHCKPETHBHIX COGCTBEeHHBIX 3HaueHuit samauu (1.2.7a) npu Img > 0?

(b) Hcnoawsys (1.3.4, 14), nokasatb, uro npu r=-q
la>1 npu Im(Z)=0. oxasaTb, uro a(f) =0 npun Im () >0,
ecau r=-¢q".

4. Tlpn r=—¢ =L, B (1.2.7a) 6bs10 MOKA3aHO, YTO YCJOBHE
(1.3.16e) siBsieTcst HOCTATOUYHBIM, 4TOOBI TaPaHTHPOBATL HEPaBeH-
ctBo a(f) = 0 upu Im (¢) >0. HomycTum, 4ro r == -—g — BELIECT-

BenHas ¢yuruwsi. Pemute ypasHenne (1.2.7a) npu {=0 B aABHOM

oo

Bufe. Ilokaxure, uro a(0)=cos( S qu). [TosTomy ycaoBue
— 00

Qo (0) < 1/2 apasiercs HeOGXOAUMBIM JAJR OTCYTCTBHSI LHCKDPETHBIX

cob6erBennblx  3Hauenuit. (Carcyma u S1asuma [451] mokasanu, uto

IJ5 ceMeficTBa  BELIECTBEHHBIX IOTEHLHANOB NPH 7 == —g OJHO

JAHCKPeTHOe COGCTBeHHOe 3HayeHHe TmosBJAseTcs MNpH Qofoo) =

= n/2, Bropoe mnpH Qo(o0) = 3n/2u 1. 1)

5. Mlyets r = —q* B (1.2.7a), npuuem ¢(x) = Q (rze Q =
=const) mpu 0 < x <<L u g(x)==0 Ha oCTajAbHOH YacTH OCH.
BoluncanTs AaHuble paccesuus {a (&), b(E)}. O6cynuts yneno u pac-
T10710JKeHHe MHCKPETHBIX COGCTBEHHBIX 3HaueHHH Kak QyHkuud Q u
L. Kak co6cTBeHHOe 3HaueHHe orTpaxkaercs Ha arg Q? Ilokasarts,
yro Im () > Q mas n1060ro AHCKPETHOro COOCTBEHHOIO 3HAYCHHS.

6. Jlokasatb, yto a(k), onpenenentoe B (1.3.35), umeer anaju-
THYECKOE TIPOJOJIJKEHUE B BEPXHIOIO NOJYIJIOCKOCTb. ’

7. Tlyets g(x) << 0 B (1.2.20a). JokasaTb OTCYyTCTBHE NHCKPET-
HbIX coOcTBeHHbIX 3HaueHuit (¢ A << 0). (¥xasarue: ucnosb3oBaTh
OCHHJIISILMOHHYIO TeopeMy.)

8. (a) Iycrs B (1.2.202) g(x)= Q (BewecrBenHoe) npu 0 <<
< x<<L u g(x)=0 B ocTaspHbIX TOYKaX. BLIYHCIHTL JdaHHbIE
paccesnus, O6CYANTL YHCJAO H PACNOJIOKEHHE JHCKPETHHX COOCTBEH-
HbIX 3HaueHu# Kak ¢ynkuui or Q, L. ITokasatsh, uTo aas Ji060ro
co6erBennoro 3navenns (A} << |Q].

(b) Cnenath To xe camoe aasi q(x)= Q/ch?(mx) B (1.2.20a)
(Q, m BemecTBennnie). (¥kasanue: nonoxutb t=thmx u Boc-
N0JIb30BaThCA NPHCOEAMHEHHBIMU GYHKIuaMH Jlexanapa.)

(¢) B cayuaax (a) u (b) Beiyucaute p(k = 0) B ABHOM BuJe
u ToxaszaTthb, 4to p(0) = —1 mouTH a5 BCeX NOTEHLHAJOB H3 3THX
cemeficts. UeMm BuigeneHb moTeHuuans ¢ p(0) = —1?
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(dpyrue orpaHHuYeHHss Ha UHCJIO H DPACIOJOXKEHHE AHCKDPETHBIX

COOCTBEHHbLIX 3HA4YeHHA MOXKHO HalTu B paGorax [453] nas
(1.2.20a) u [12], [451], [253] mas (1.2.7a).)

Pasden 1.4

1. (a) Hafitu osHoconuTOHHOE, ABYXCOJMTOHHOE H OpH3epHOE
peutenue ajs ypaBHeHns MKa® (1.2.2) ¢ nomouibio JHHeAHOrO HH-
TerpajibHoro ypaBsenus (1.3.29) npu NoaxoAdAIlHX AaHHBIX pacces-
HHSL.

(b) B nmeficrBurenbHOCTH HMeeTcs ABe (OPMBI AJIsl yDaBHEHHS
MKa®, nmeromux coMUTOHbL:

G: + 6%, + g.yy =0 (¢ BewleCTBEHHO),
qt + 6' qQIqx + qxxx=0-

Kak takue uacTHue pelleHHs COOTHOCSTCS APYT ¢ APYyroMm IJs
3THX ABYX 32jJay?

2. (a) BosbMmute 0OAHY M3 cucTeM YypaBHeHHH (AJada r, g), HHTe-
rpupyembix ¢ nomoiupio (1.2.7), u nycth ¥ U ¢ B HaYaJbHbIH MOMEHT
He CBSI3aHbl MexXJy coboii. [TokasaTb, 4TO OAHOCOMHTOHHOE peLIeHHe
HMEeeT CHHTY/ISIPHOCTH B OeCKOHEUHOM KOJHYECTBE BellleCTBEHHBIX
Touek (¥, {), 3a HCKJWOYeHHeM cayuas ¢ = ar*, a = const. [Toka-
3aTh, YTO CHHTYJISIPHOCTH MOXET pPa3BHTbCS U3 OECKOHEUHO TIyaj-
KOTO Ha4aJ/JbHOTO YCJIOBHSI.

(b) Tlokasartb, uto grq dx siBnseTcs COXpaHsIolleics: BeJHUYHHOM

IJ8 3BOJIOLHOHHOTO ypaBHeHuA. IlycThb 7 = g*a, o BellleCTBEHHO.
ITokaszaTh, 4TO pelleHHe octaeTcsl B L, eClIM HayaJbHOe YCJOBHE
npuHajAJexkajio 3ToMy mpocTpaHcTBy. Ilokasate, 4To npuHapiIexa-
mue L, GyHKUHH HE MOTYT HMeTb CHHIYJ/ISPHOCTEH ONHCAaHHOTO B
(a) Buga.

3. Mycrs aas (1.2.20a) q(x)= N(N + 1)m?/ch?(mx) (kak B
ynp. 8 pasa. 1.3).

(a) dnsa N = 2 naiitn siBHbIH BHJA COOCTBEHHBIX (YHKIHH i,
Yo AHCKpeTHOro cmnekrpa. Ha#itu nanee ci, di (i = 1, 2) u BruMC-
JIuTh cABHr (a3 aByx coanTtonoB ypaBHenus Ka®. I[Iposepursb
(1.4.44) B 3TOM yacTHOM cayyae.

(b) Cnenatb 10 xe camoe npu N = 3.

(¢) Kak mnamensitcsa casuru a3, ecay 3BOJIOIHOHHBIM YpaBHe-
HHeM gaBiaserca He ypaBHenne Ka®, a ypasuenue Kp® msroro mo-
psaka? Yro Gyner npoucxoauth B caydae Kad® mepBoro mopsiaka
(1. e g4 cqe=10)?

Pazdea 1.5
1. B cayuae A_(¢)=(1/2i)(2¢)® nokasatp, uro (1.5.16) cBo-
AuTCA K CUcTeMe ABYX ypaBHenu#t MKad®.
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2. B cayuae A_(§) = (—1/2{) (2¢)° noxasatsb, uto (1.5.16) npn-
BOJAHUT K CHCTEME U3 IBYX VpaBHeHHuH nstoro nopsjaka. Ecau y (k%) =
= —(2k*), noxasate, uto (1.5.21) cBoAMTCS K ApPyroMy ypaBHEHHIO
nsToro nopsaxka. Eciu r = ¢ U BelleCTBEHHO, MOKa3aTh, UTO pelle-
HHS 3THX JBYX ypaBHeBHil cBs3aHbl npeobpasoBanueM Muypol

= —02 —u,.

3. SIBnsierca qm (1.5.16) cnemctBuem (1.5.5) uau mpocto corsa-
cyeTcsl ¢ HUM?

4, Kakoe oO0llee 3BOJIOUMOHHOE YpaBHEHWE, aHAJOTHYHOE
(1.5.16), moayuntcs Aas 3afauu paccesnus (1.2.25)?

Pasden 1.6

1. Tlokazarb, uto oTOOpaxkeHnue (g, r) =S, onpejesneHHoe B
(1.6.42), siBnsieTcss KaHOHHYECKHM npeobpasoBaHueM s JH0GOH ra-
MHJIBTOHOBOH cucTembl Buaa (1.5.16). (B ocHoBHOM 3TOT anaju3
caenyer pabore 3axapoBa 1 Manakosa [534].)

(a) Taxk xe Kax 310 6nl0 cxenano s a(E) B (1.6.39), Buunc-
JIATh TPaAMeHTH (10 7, ) dyHkuui @, b, b.

(b) Myers 4= (", u¥’) u w'" cyrp npa peuenus (1.2.7a)
ang E=2§& u nyctp u®, w® — aBa APYrux peuieHus npu & = E»,
Joka3aTb TOXKAeCTBO

. 1, (2 1 2 D, (2 1 2
2i (& — &) [4fuP0"0f — uluPeP ] =
(1), (2 1) (2 (1 2, i 2
=0, [(4"4® — uPu?) (0P — wPw(?)].
(c) DTo TOXKAECTBO MO3BOJNSET BHIYHCAHTL B SIBHOM BHJE HHTe-
rpanst u3 cko6ok Ilyaccona, cogepxamue a, @, b, b. [lokasats, uto

@) b &N =— g5 =gy [*E) b &) — b G)a ) lim exp (2 (&~

— &) x}]

Haiiti cko6ku Ilyaccona Bcex ocraipHBIX KoMOuHaNui a, d, b, b.
(d) Toxpectso
ikx

k

e

lim
X =>» 00

= nid (k),

B KOTOPOM Ji€BYIO UYacCTbhb CJEAYyeT HHTEPIPETHPOBATHL B CMEIC/E
IJIaBHOTO  3Ha4Y€HHst, MOXKHO JOKasaTb, Mepexoas K Tmpeneay

oo X

lim S dk S dyp (y) cos ky,rae @ (y) — npoGuas ¢ynruus. He-

X =»oo
x> -0 -
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I0JAb3Ys 3TO TOXKAECCTBO, N0KA3aTh, UTO
i T

(na(g), InbE))=— % (5 — &) + 5 8 (& — &)

(ln a (El): ln b (§2)> f— ml_._gz) _I_. % 6 (gl —_ §2),
{aE), aE)y=0.

Mcnonbsya (1.6.43a), nokasars, uro

(PE) PEN=0=(QE) QE))
PE) Q (E)) =06(8 — &)

(e) Tlokasate, uto {In b, In &) = 0. (dro npocro crenats, BOC-
TI0/Ib30BABUIMCH COOTHOIIEHHEM [1J1s1 BDOHCKHAHA.)

(f) Tpomonxkas b, b ¢ BelecTBEHHOH OCH, MOKa3aTb PaBEHCTBO
HYJII0O HEKOTOPHIX H3 ocTaBlunXxcs ckobok [lyaccona.

(g) 6%m/06g(x) nemocpeacTBeHHO HoJydaercs u3 Toro ¢akra, 4ro
a=a(g, q, r); Takum o6pasom,

0 0 4}
6as—a%—6§+—£6q+—6‘:—6r.

[To onpenenennio 8%./8g MOXKHO BHUHCIUTD, IOTpeGoBaB 8a = 6r=
= 0 u nponosxkus (1.6.39) c BemecTBenHoH ocy;

da 8m
og I, 8¢ (x) @2 (% ) b (%, &)

BoiuucauTs 6§m/6r, &:/8q, 6L:/6r. Bocnonnaobathest (1.6.43) u mo-

KasaTb, 4TO o
(Pm» Qw)=0m n (P Q=0

H 4TO Bce ocranbHble cKoOKkH Ilyaccona B (1.6.43) paBubl Hysro.
2. BuBon (1.6.46) Tpebyer 3nanus 8H /65m, 6H /88:.
(a) Hs (1.6.19) nokasars, yro npu Im§ > 0

(=]

d(na) 1 1 S W 1
m ~  t—im +2m‘ _Soo E—C E—Lm E—Cm'
0(1na)= 1

at; t—8

(b) Passoxurh 3TH Bhlpaxkenus npu |G| o0, Im¢ >0, n,
ocnonb3oBaBuuck (1.6.6), nokasate, 4To

6Cn — _9; . n écn —: » n
OCm = —2i (2l§m) ’ 6?,1 =2i (2@1) .
{c) Bocnosnpsosasuuce (1.6.38), nokasaTts, uto

= 4iA_ (¢), %g— = —4iA_ ).

0H
0Cm
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3. (a) Kagum yC/OBHSIM AOJIKHBl YAOBJETBOPATL (PYHKUHH ¢, 7
AJia TOro, 4to6n QyHKuMH a, b, @, b NPOLONIKANHCHL C BEUleCTBEH-
HOH ocu?

(b) Kagum ycioBHsM OHHM JOJKHB YAOBJ/ETBODPSATb, YTOOH HH-
Terpan

o

£" Inad (§) dé

8C/ﬁ

cyliecTBOBan Ajsi Bcex n =0 H, TakuM 06pasoM, CyLIeCTBOBaJH
nurterpans (1.6.21)?

(c) Mycre A-(C) sBasercs noauHomoM. Kakum ycaoBuaM AOJ-
JKHBl YJOBJETBOPATH ¢, 7, yToObl cyllectBoBas HHTerpan (1.6.44)?

(d) TIpu KaKuX yCJIOBHSX Mbl MOJKEM HCOJIb30BATH NOJHHOMHAJID-
Hble IJIOTHOCTH 3aKOHOB COXpPaHeHHs1 (TOIbKO) KaK NepeMeHHble el -
crBusi? Kakue yryisl HM COOTBETCTBYIOT?

4. Ypauenue sin-Topaon (1.2.3) obnasaer AUCIEPCHOHHHIM CO-
OTHOILEHHEM JIHHeapH30BaHHOH 3ajaud (k)= k~!, He y10BJETBO-
pstomum (1.6.37). HecmoTps Ha 3TO, pe3ynbTaTbl 3TOro pasfena
npuMeHuMsbl, eciu aa(0) = 1.

(a) Ilokasath, uto (1.2.3) —ramu/ibTOHOBAa cucTeMa BHAA

(1.6.31) ¢
H= S {cos( S v(y)dy)—— l}dx.

(b) TTokasatb, uto mpeoGpasoBanue (1.6.43) sBIsieTcs KaHOHH-
YECKHUM.

[ ((]:) 3anucaTh raMHJbTOHHAH B TEPMHHAX 3THX MePEeMEHHBIX
370].

5. Korpa aucnepcHonHoe cooTHolueHue (1.5.16) sBasgercs Hewer-
HOH (yHKuHeH T, ypaBHEHHs AONYCKAIOT BElUIECTBEHHLIE PEIleHHd C
r = +¢. Hanoxure 311 orpanuvenus Ha (1.5.16), uto6el ¢ u r He
H3MEHANUCh HE3aBHCHMO, H pa3BefiTe aHAJOTHYHYIO TEOPHIO AJIS Ta-
KHX pelyIHPOBaHHbIX YpaBHEHHIH.

(a) TMokaxure, yto (1.5.16) Tenepnr npunumaer Bua (1.6.31).

(b) Tloxkaxwure, 4ro mpeoGpasoBaHHe K NOAMHOMKECTBY AaHHBIX
paccesiHUs SIBJASIETCS KAaHOHWYECKHM.

(c) Tloxaxure, yTO HMeIOTCs IepeMeHHbBle THNa JAeficTBHE —
yroJ.

6. Umerorcss Be MHTEpecHble 3aJdud, HE COBCEM OTBeYalolliHe
OIpE/IeIEHHIO BIIOJIHE HHTErPHPYEMBIX IaMHJIBTOHOBHIX CHCTEM, IPH-
HSTOMY R 3TOH KHUTE.

(a) 3anaua o camouHayuupoBanuoi npodpaynocru (CHII), 06-
cyxnatowmasics B pasa. I1.2 u 4.4. Kak tam ormeuaercs, QyHKIus
a(t) He seisercs He 3aBHCALIEH OT BpeMeHH, XOTf PAacIOJOXKeHHe
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ee HyJed OT BpeMeHH He 3aBHUCHT. MMeeTcss TOJBLKO OIMH IOJHHO-
MHaJbHBIH 3aKOH coxpanennsi. TeMm He MeHee 3ajaya pelllaercs ¢
nomoiplo MO3P. 2710 HAaBOAHT Ha MBlCb, 4To Ju6o MO3P me or-
paHuyeH BIOJIHE WHTETPHPYEMBIMH TaMHJIbTOHOBBIMH CHCTEMAaMH,
au6o ciefyer paclIupUTh OmpejesieHHe HHTErPHPYEMOCTH.

(b) YpaBHenus Bennu [56] Anf ANMHHBIX BOJIH, MMEIOILHE BHA

g

ut+m"’x_ux(g uxdy)+hx=O:

0

h
ht—l—(gudy) =0.
0 X

3pecy u =u(x, y, 1), h =h(x, 1), upuueMm —oo << x << 00, 0 <<
<y << h, t = 0. OTu ypaBHeHUA UMEIOT OCCKCHEUHOE YHCJO 3aKO-
h

HOB COXPaHeHHsl, COAepIKalNX [I0JHHOMBI OT Su” dy. Bouee Toro,
- 0

B HEKOTOPOM CMBICJIE 3TO yDaBHEHHE SIBJSIETCS IaMU/ALTOHOBBIM, HPH-
yeM 3aKOHBl COXpPaHEHH§ HaxXOAsATCS B HHBOJIONMH. TeM He MeHee
KynepwuimuaT ¥ MaHuH noxkasaJu, 4To:

(i) xpome mnalinesHbix bBennu, meT JnoKajbHBIX (1O X, f) 3aKo-
HOB COXPaHEHHs, COAepKAUIUX TOJNbKO MOMEHTH (DYHKHHH U

(ii) 3THX NOJHMHOMHAJIBHBLIX COXPAHSIOLIHXCA BEJHWYHH HEZOCTa-
TOYHO AJIs1 IOJIHOH HHTErpHPYEMOCTH;

(iii) mo-BMAHMOMY, HET COJINTOHOB.

3a noApoGHOCTSIMH YUTATEIb MOXKET 06paTuThesi K paboram [56],
[380], [305], [351], [530].

Pazden 1.7
1. JIluneapusauusa
(a) Ilokazate, uto B mpejene Maanx g(x), r(x)

b(E)—7(2), bE)—>—q(—28),

rae 7(§) — npeo6pasosanue Pypbe pynkuuu r(x), a b, b onpene-
Jensl B (1.3.3). BocmosansoBatbest Li-HOpMOIi, KoTOpasi fBjasieTcs
eCTeCTBEHHOH Mepoil MaJloCTH B 3TOH 3ajaue.

(by TMokasaTb, uYTO acCHMNTOTHYECKOE pelleHHe HeJHHeHHOro
ypaBHenusi LlIpéaunrepa nepexoAuT B 3TOM npejese B peuleHHe JIH-
neiigoro ypasuenus LIpéauurepa, 1. e. uto [(1.7.4) ¢ (1.7.20)] —
— (I1.1.39). Yto posXHO GBITH MaablM, YTOOB STOT NpelesbHbld Ie-
pexoa Obla crpaBefauB? Kakoil cielyiOlui uleH B Pa3jOXKeHHH?
[Mepexoaut Jiu obuiee peumenne (1.7.2) B obumee peumenue (I1.1.23)
B mpejesie MabiX aMIUTYA?

(c) Paccmorpure Henuwneinwet unen B (1.7.2) kak MaJjoe BO3-
MyllleHne ¥ peurnte (1.7.2), paccMoTpeB Manoe BO3MYLUeHHe JIMHEH-
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Horo pemeHus. Ilokaxure, 4To npU 3TOM BO3HHKHYT CeKY/spHbIE
yjeHb. Kak BBl corjiacyeTe 3TOT pe3yJibTaT ¢ pedynabtaroM m. (b)?

2. KakuMm 6yner acumnroruueckoe peutenue (1.7.2), ecam nomy-
CTHTb, YTO OJHMH u3 HyJeH a(f) JeKUT Ha BellleCTBEHHOH OcCH?
(B pa6ote [26] mbl mpeamonoXKu/H, YTO CKOPOCTb yGbiBaHHs pele-
HHS B 3TOM cJayuae foJyxkHa Owuith (In f/£)1/2)) Tlpozenath To Xe ca-
moe aas (1.7.23).

3. BuiBectu (1.7.33), (1.7.35).

4. (a) Hycre dynknus

Q <x<L;
=10
APYyrux TOUKax

ABJSETCS HauaJbHLIM ycaosuem Ans (1.7.2). Haditu a(§) u 6(E) B
AIBHOM BHAe npu 0 == -1 u npu o = —1. Kakomy HepaBeHCTBY
AOJIKHBI yA0BJIeTBOPsATE Q H L, yTo6b He GbLJIO COJHTOHOB?

(b) Hafitm acumntoTnyeckue peienust ypaBHeHus (1.7.2) mpu
. 0=+41 u npu o= —I1, pasBuUBaIOllHECs H3 3TOrO HAYA/JIbHOTO
YCJIOBHA B cJ/aydae OTCYTCTBHst cOJHTOHOB. OOpHCyHTe mnoBejaeHue
orubatouieli BOJHOBHIX IAKeTOB 3THX pelLIeHUH HA OCHOBAHHH TOJILKO
IJIaBHBIX 4JIEHOB AaCHMITOTHYECKHX pasJsoxkeHu#. (3mech caeayer
HalTH XODPOLIO Olpe/eseHHble BOJHOBbIE MaKeThl.)

(c) CpaBuuBas mepByl0 NONPaBKy acCHMITOTHYECKOTO pa3JoxKe-
HH$I C TJIaBHBLIM 4JIEHOM, ONPEACJHHTb BpeMs, Heo6X0aUMOe sl VeTa-
HOBJIEHHMSl ACHMITOTHYECKOH KapTHHB, oOpucoBaHHo# B m. (b).

(d) Manakos [345] ormeTus caeayiolllee MPHAOXKEHHE YpaBHe-
Hua (1.7.2). Ilycre uHTencusHas (uHTeHcuBHOCTH |Q|2) miockas
MOHOXpPOMAaTHYeCKas# CBETOBas BOJHA HOPMaJbHO NajaeT Ha He-
NpO3payHbli 2KpaH ¢ MQJIUHHOH IMesblo wwnpHHBl L. Ecau x
AABJIAICTCA KOOPJAMHATOH BIOJDb 3KpaHa, a [ 0603HauUaeT KOOpAHHATY,
HODMaJIbHYIO K 3KpaHy, TO pelleHne ypaBHenus (1.7.2) npemcras-
JisieT co60H KOMIVIEKCHYIO aMIIUTYAY BOJHB IUMPAKIHA HA [IeJH.
Henunefinblii unen B (1.7.2) mpeacrasiasier coGoii u3MeHeHHe KO3()-
(duLMeHTa NPeJOMJEHHUs] CpPeAbl B. MOJ€ HHTEHCHBHOA BOJHB. Penre-
HHe, KOTopoe Bbl o6pucoBasu B m. (b), coorBercTByer aAudpakuuoH-
HOI KapTHHE, KOTOPYI0 MOXHO HabJ10JaTb, IIOMECTHB AOIOJHHUTENb-
HLIH 3KpaH BAaJu OT Illefu. BpeMms, oleHKa KOTOporo 6wlia mosy-
yeHa B M. (c), 3/lecb MHTEPIPETHPYETCS KAK PACCTOsIHHE, HA KOTOPOE
cleflyeT OTOJABHHYTb 3KpPaH OT wieau. IIpu 3TOM cOAHTOHAM OTBe-
yaloT AHGPAKLHOUHLIE BOJHOBOAB, B KOTOPHIX HMHTEHCHBHOCTH He
YMeHbIIAeTCs NIPH yIaJeHHH 3KpaHa OT e,

5. Paccmorpers 3agaun n. 4 agas ypasuenus (1.7.23) BmecTo
(1.7.2).

6. Hafirn acumnroTuyeckoe peulenne ypasHeHus sin-Topuon
Qxt = Sin ¢, NPelIoN0KHB OTCYTCTBHE COJTMTOHOB.
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(a) Hafitu aBromomenbHoe pewenne. IloxkazaTh, uTo BHYTpHU
CBETOBOIO KOHyCa yDaBHEHHE HMeeT MeNJeHHO MeHsIolleecss aBTO-
MOJIeJIbHOE pelleHHe BHAA

@ ~ 27" x"d sine,
B~ 20X — L Int— L x 43,
rie X=—x/t, d=d(X), 6 =0(X).
(b) Tloxasarsb, uto npH —x/f = {2
=1 £\
@ (X)=-+1n{1 +\r(2)| L
A id? 3
e(X)=%-arg{r(§)}—arg{r(1—‘—2— }—7d21n2—
¢! -

1
— 1n(§_ “y) &), dy.
OS Ty @)y ay

(b) Brlpa3uTb OKOHUATe/bHWI pe3yiabTaT yepe3 JaGopaTopHbie
nepemMeHHbple y = (x+¢) n 1= (x —1).

(c) Yro npoucxoxut BO6JH3H CBETOBOrO KOHYCa, BHe ero?

7. BuBectu (1.7.52).

8. (a) Ilokasatp, uto nmpu Goabliux R (T. e. A > ¢ (B (1.3.33))

o(3)~ 5%

rae § —npeoGpasoBanne Pypre GyHkuuun q(x) n p(k) saBasercs
K03)HHUKHEHTOM OTpaKeHus, onpefeseHHeiM B (1.3.33—35).

(b) CpaBuuBas acumnToTHYeCKHe pelllenna ypaBHeHus Ka® u
ero auneapusanuu (I1.1.49), nokasats, uto npeneJn (f—-0, HauaIb-
HBle yCJIOBHSI — 0) KOMMYTHPYIOT (IPH OTCYTCTBUH COJMTOHOB) BCIO-
Ay, KpOMe OKPECTHOCTH GeCCTOJNKHOBHTE/IbHOH yaapHO# BosHbL [Ipy-
TUMH CJI0BaMH, 06J1aCTh YAAPHOH BOJIHbBI SIBJSIETCS CYIIECTBEHHO He-
JIMHeiiHOl; BHe ee pellenust ypaBueHuss Ka® npu OTCYTCTBHH COJH-
TOHOB fABJISAIIOTCSH JIKHIID CJ1ab0HeTHHEHHBIMH.



naea 2. MO3P
B APYrMX MOCTAHOBKAX

2.1. 3anaum paccesiHuUsi 1Js oneparopos GoJee BLICOKOTO NOpsn-
Ka H MHOTOMepHble 3aja4m paccesHus. Lo cHX mop MBI paccMaTpH-
BaJM TOJbKO TaKHe HeJHHeHHble SBOJIONHOHHBIE YPaBHEHHSs, KOTO-
pHe CBsI3aHbl C CNepaTOpaMM BTOPOro nopsigka. 3axapoB W Mawua-
koB (1973) [533] nokasasiu, 4TO CyLIECTBYIOT HHTEPECHbIE C TOUKH
3peHHsi (PU3HUECKUX NPUJIOXKEHHH YypaBHEHHs, CBsI3aHHBIE C 3a]a-
YaMM paccestHHsl A/ oNepaTopoB 6oJsee BEICOKOro mopsiaka. B gacr-
HOCTH, OHH TOKa3ajH, YTO XOPOUIO H3BECTHOE ypaBHEHHe TPeXBOJI-
HOBOI'0 B32aUMOJEHCTBHSI CBSI3aHO C 3ajauvell paccestHus JJs omepa-
Topa Tperveco mopsiaka. Heckosbko moznnee Kaynm [259] u 3axa-
poB, ManakoB [53D5] u3yunau COOTBETCTBYIOLLYI0 00paTHYIO 3ajauy
paccesnus U pellleHks YpaBHEHUH ABHXKEHHS.

B sToM pasiesne Mbl BHauaJje NOKaXeMm, Kak Haeu pasa. 1.2 mox-
HO 6e3 TpyZAa o60061IHTL Ha cayuaid 3amay 6ojiee BHICOKOTO MOPSAKA.
3ateM MBI OOCYAHM HEKOTOpble MOJAPOOGHOCTH, CBI3AHHHBIE € IpOLe-
JLypo#l BLIBOAA ypaBHeHHH 0OpaTHOM 3ajauu paccesHus.

2.1. a. BbIBOJ OHOMEPHBEIX 5BOJIIOLUHOHHBIX ypaBHeHHH. Mbl Hau-
HEM ¢ MaTpUuHOH popmynupoBku [8]:
(2.1.1a) v, =i{ Dv 4 Nv,

(2.1.1b) vi=QVv,

rje v aBasercs n X l-matpuuefi (BeKTopoMm)
Uy

V == .

Un

u D, N, Q sBasiiorcs n X n-marpuuamu, npuuem D auarosasibHa,
D = d;b;; (diag(dy, ds, ..., dn)), di = const u N — takas martpuua,
y1o Ni; = 0 (B neHACTBHTENBHOCTH MOCJENHEE NMPEANOJ0KEeHHE HeCy-
IeCTBEHHO, HO OHO ynpoulaer aHaaus). M3 paBencTBa NMpoH3BOA-
HBIX Vyt == Vi, NOJYYEeHHBIX NepeKpecTHHIM AH(depeHLHPOBAHUEM,
u TpeboBanusa §; = 0 nonyuum

(2.1.2) Qx=N;+it[D, Q1+ [N, Q]
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({A, B] = AB — BA). Kax B pa3a. 1.2, Mbl XOTHM NpH 3a4aHHBIX
D, N nalitu Takoe Q, Kotopoe yxosaerBopsier (2.1.2), uto6ul 3agaun
(2.1.1a, b) GbuH coBMecTHB. DTO MpUBeleT K AaJbHEHLIAM OTpaHHU-
YeHHSIM, KOTOpbie NPeACTaBJAIOT COGOH CHCTEMY HeJHHEHHBIX 3BO-
JIIOLHOHHBIX ypaBHeHuH. Pasznoxenue Q mo crenenam § apasercss or-
NPaBHBIM IYHKTOM Hallero HccjefoBaHusi. B kauectBe npumepa Mbl
BHIBEJleM ypaBHeHHS HeJHHEHHOro TPEXBOJHOBOTO B3aUMOIEHCTBHSA.
OTa cucteMa ypaBHeHH# nosyyaercs Haubosee nmpocro. Mbl pasio-
xKuM Q B Bujae

(2.1.3) Q= QW + QO

(160 ypaBHeHHs TPeXBOJIHOBOTO B3aWMOAEHCTBHS HMEIOT MepBLIM
NOPAAOK IO INPOCTPAHCTBEHHBIM MNpPOU3BOAHBIM). Pesyabrathl
pasa. 1.2 u 1.5 mortuBupyor BuGop Buaa (2.1.3). Iloacrasus
(2.1.3) B (2.1.2), nonyuum B nopsiake G2

n

(2.1.4) i[D, QW + i; (D QY — QWD,,) ==0.

Bocnosbsosasiuucs TeM, uto D, =96,,d,, noayuum (d;, — d ) Qi) = 0.
Mu 6yneM mpexmosarath, 4TO

dy>dy > dy
H N03TOMY

(2.1.5) QY =q,5,.

Mu BriGepeM Bce i NOCTOSIHHBIMH (MOMHO TOKAa3aTh, 4TO eCJH Ka-
Koe-HHOYIb ¢, fBJsieTCss QyHKUMel BpeMeHH, TO 3aMeHaMH (lepeMeH-
HbIX 3BOJIOIHOHHOE ypaBHEHHe, KOTOPOe MOJYYHTCA B pe3yjabTaTre
BLIYHCJ/IEHHS, [IPHBOAUTC K BHAY C NOCTOSAHHBIM ¢:). B mopsigke §
uMeeM

(2.1.6a) QV=i[D, QU]+ [N, QW]
HJIH
(2.160) QY =i X (Du@) — QiDe) + X (N,Qf) — QUN,,).

[Topcranoska (2.1.5) B (2.1.6) maer (oTMeTHM, 4TO 34eChb MBI He
NO0JIb3yeMCs COryiallleHHueM O CyMMHPOBAHHH IO MOBTOPSIOUIMMCS HH-
JIeKcaMm)

91— .
(2.1.7) Q) = ,—(d—:;i—)Nw [+ .
Mpu /=j mn BoseMem QY = 0. Onpenesun
1 9,—9¢
(2.1.8) =+ ——= =ay,
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npeacrasum (2.1.7) B Bue
(2.1.9) QY=a,N,;, I+*].

TTpn §° mu umeem QO =N, [N, QU], oTkyna mosiyuaeMm cHCTeMy
N (N — 1) ypaBHeHu#

(2.1.10) Nyt — Ny, = ; (@1 — ar) NypNyy

(OTMeTHM yto ycaosyue Ny = 0 coBmectro ¢ (2.1.10)). Uncno ypas-
HeHHl MOXKHO YMEHbIHTb B ABa pasa, nortpe6oBas N, =0, N}.

(d1o anajsor BeiGopa ¢ = —r* B pa3n. 1.2 B caydae MaTpHI BTO-
poro nopsanka.) Torza cuctema (2.1.10) » KOMOJIEKCHO CONpsiKeH-
Has eff cHcTeMa COBMECTHBI, €CJIH

(2.1.11) leo'kj=—glj’ l>k>],

H K03 QUIHEHTH Qi BelleCTBeHHHI.

Ypasrenusi (2.1.10) noaxoasium Be60poM MacuiTaGoB nepeme-
HBIX MOXHO NPHBECTH K BMAY CTaHAAPTHOH CHCTEMbl HeJHHEHHBIX
ypaBHEHHH TPEXBOJIHOBOro B3auMmoneicTBus. Hanpumep, mbi nmosy-
YHM CHCTEMY

Q1+ C\Q . =ivQQ
(2.1 12) ta + Cngx = ZYQQIQ;’
Qgt + CsQ,gx = l\’aQIQ;,

TAe Viyoys=— 1 u y;= =1, ecaum NOJOKHTH

Nip=—iQs/A/Bisbam Nay=— iQy/+/ Bz
n=7 in/’\/ﬁmﬁla' Niy=—vv;Ny,

Ngy=1v,%;N 55 Ny =vY,N}
TAe
. C,CoC
=i 8L gt — 4= =0,
Cs>Cy>C,.

B cucreme (2.1.12) uMeroTcs pacnagHasi HeyCTOHYHBOCTDb (/151 BOIH
C MOJOXKHTENbHO ONpejeseHHOA sHeprueit), eciu Mbl BhifepeM 3HAK
OJHOH M3 Y, OTJHYHBIM OT OCTABLIUXCS, W B3PbLIBHAS HeYCTOHYH-
BOCTb, KOrjaa yi = Y2 = y3 = —1. Ilpsamo us ypasHeunit Mb Ma-
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JKeM BBHIBECTH 3aKOHLI COXpaHeHus 1)

viM| — y.M, = const,
(2.1.13) yeMy; — y3My = const,
Ylﬂql _ Y3M3 = COI]St,

rae M, = S QnQ;‘l dx, w BHIHO, UTO HE CYIIECTBYeT IOJIOKHTEJbHO
—0
OnpeJeseHHON 3Heprun B cayvae y; = —1,j =1, 2, 3.

OtmeTuM, YTO TaK Ha3bIBAEMBIH CJayYail ABYXBOJHOBOIO B3aHMO-
nefictBust noayuaerca uz (2.1.12), ecnn nonoxurs C; = Cy, Q3 =
= Q. C TOUKH 3DEHHs HAlIEro BHIBOJAA, 9TO ABJSETC CHHTYAAPHLIM
npeaeaoM, M 3ajaya Ha coOcTBeHHBle 3HaueHus (2.1.1), no-Buau-
Momy, Hempumenuma. Kayn [263] moapoGHO u3yuus ABYXBOJIHOBOM
cayuai.

Heckonbko nosanee B 3T0M pasfieie M BepHeMes K 6GoJiee moj-
poOHOMY M3YYEHHIO TPEXBOJHOBOIO B3aHMOJEHCTBHS; CHavajaa, Of-
. Hako, o6cyauM caydaill apyroro pasnoxenus Q. Ecan Mbl BozbMeM
Q =0Q®2 4 QMg+ QO u npomenaem Te ¥Ke BLIYHCACHHSA, KAK H
panblie, Mbl Haliem

(2.1.14) BNy, xx+€[lej,x—k; I_Ytk/ (NpNp))y ==
=Nli.t+k#z;’i(ekj—elk) Ny Ny +
+ Nlj {QBl]Nlejl 'l‘k;l(ﬁkj + Ytte/) N/kaj -
— (Brr + Vej) NipNys } +
+ \ ;l j(Bijlkaj, = BieNgiNig, «) +

+ Z Z _ (YlkmelemNmk - Yk]lekamij)7
ksl me#1§

rae
17(12)"‘0(12) 2y
al.:_—_——-—=al 5['2'—-—_=_B'l
i ’(dz_d;) b i l(dl—-dj) e
Qi — %k qi" — gy

Yije = i(d,—d) =Yl ="Yetp ;= i(d,—d) — &

') Coorsomenus (2.1.13) npHHATO Ha3bIBaTh COOTHOLIEHHSIMH ManaH — Poy.—
pun. ped.
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u ¢?, ¢! — npons3BoJbHBIE KOHCTAHTH. CxeMaTHUECKH 3TH UJIEHHI
MOryT ObITh HHTEPODETHPOBAHb CJAEAYIOWHM 00pasoM:
0A 0A i0%A ’ 0
ot ox + dx? + BC + 0x (BC) +
A e A e e P -
rpynnoBasi  Aucnepcuss ~ TPOHHOH DE3OHAHC
CKOPOCTH
-+ AAT + ABB® + BDE
N — — .
camojelicTBHe  HEJHHEHHBII  uYeTBEPHOH
CJILBUT pesoHaHc
4aCcTOTH

Crelyer OTMETHTDb, UTO BCE 3TH UJ€Hb BO3HHKAIOT B TEOPHH BO3-
MylieBHH; npy 3ToM OyieM HMeTb B BHAY, UTO NPOH3BOJAHHIE ToJell
HMEIOT JONOJNHHTE/NbHBIA MOPSAJA0OK MajJoCTH (OTMETHM, YTO YJEHb
BC BosuukJu 6bl B ApYroM nopsiike no cpaBHenHio ¢ dx(BC)). Ipu
ACMOJNb30BAHHY 3TOTO YPABHEHHUSI B KOHKPETHbIX QU3HUYeCKUX NPHJO-
XKEeHHAX CaelyerT CReluTh 3a TeM, 4ToOb Bce ero Ko3hPUUHeHTH B
TOYHOCTH COBMaja/Ju ¢ KO(ppULUHEHTaMH HHTEepecylolled 3amauu.
Hanpuwmep, ecan a;i, B;: nogobpars noaxoAsiumM oo6pasom, T0 ypas-
Henue (2.1.14) moxer ObiThb NMPUBEJEHO K BHAY, UHTEPECHOMY AJf
(pu3HUeCcKHX MPUJIOKEHHH:

(i) Maunakos [346]. BexkrtopHoe Henunefinoe ypaBHenne UIpé-

JMHrepa:
0 A4, A
N=|o,4 0 0 |
0,4, 0 0
2.1.15) iAyy= Ay + 24109 | A P+ 05| A5 P),

iAgs == Agyx + 245 (0y | 4, P4 o3| 4, ).

(ii) Ansnma, Oukasa |[513}. B3aumoneiicTBue JI3HIMIOPOBCKHX
H HOHO3BYKOBBIX BOJIH B IJ1a3Me:

0 Ee~™* in
N= 0 O Eeix
—i 0 0
(2.1.16) iE,+ 4 By + 5 (L—n) E =0,

ny+ng (1EF), =0

(cm. takxke [512]). TToxoxee ypaBHeHHe, ONMHCHIBalOllee B3aMMO-
JHeficTBHe KOPOTKHX KaNWUISPHBIX BOJH C JJMHHHIMH [PaBHTaLHOH-
HbBIMH BoJHamH, usdyuanu JlxopaxeBuuy u Pegekonn [138].
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(iii) 3axapos (1974) [527], AGaoeuu u XaGepman (1975) [8].
¥Ypasuenue Byccunecka:

0 0 1
N=| Ny 0 (1+ o) Ngl )
1\’31 1 0
rae ecJu
Wy==e 2B, Ny =nug, +v, Nm=u(§°—§®t+-(;—3-@xx),
W3 — 1
M:(D:;-—l, V= 12 ’ W= @y,
TO
2.1.17) Wyt — ﬁ2 (wex +6 (w2)xx + Wyexx) =0,

Mp ormeruM, uto ypaBHeHHe (2.1.17) sgBasieTca HEKODPEKTHHIM,
koraa P2 = 1, XOTs OHO Y4acTO BO3HHKAET B Pa3/HUHLIX (PU3HUECKHX
cutyanusnx. OQHako B 9THX NpUJIOKeHHAX ypaBHeHue (2.1.17) Bo3-
HUKaeT Kak JJIMHHOBOJHOBOH Ipejes, W NMOTOMY KOPOTKHE BOJHBI,
IBJSIIOLIHECs PHUYNHOA HEKOPPEKTHOCTH, NPH aCHMITOTHYECKOM BhI-
BOJie He JOJIXKHbB paccMaTpHBaThCA.

Kpome Toro, B aToM cjayuae 3ajaya Ha cOOCTBeHHble 3HAYeHHs
ana omeparopa (2.1.1a) moxer ObITb CBeJeHa K CKaJAPHOH 3ajaye
IJig onepaTopa TPeThbero Nopsiaka

(2.1.18) Yyxx + (A -+ M) b+ My, =0,
rae
M= N3y, x + Noj, My=(2+ @3) N3,

(3mecb uMeeTcs aHajorusi ¢ BhiGopoMm r = —1 B cayvae n = 2).
3axapoB HaunHas B cBoeil pabore [527] ¢ ypaBuenns Bupa (2.1.18).
EcrecTBeHHON BpeMeHHOH 3aBHCHMOCTBIO, cBsizaHHOH ¢ (2.1.2), aB-

JIFeTCa
Py = AY + By, + C"]’xx;

A, B, C — nonuHOMbBI 1O A.

CJleyeT OTMETUTb, YTO HHTepecHOe o6o6lleHne ONUCAHHOA HeH
BO3HHKHET, ecan B (2.1.1) dopmaibHo ycTpeMuth n—-oo. B 3ToMm
cayuae 3ajavya Ha COGCTBEHHble 3HAYEHHS H BpDeMeHHas 3aBHCH-
MOCTb IIPHBOASTCH K BHAY

(2.1.192) L (6, s )=1itd (9) v (%, 4: ) +

4+ \ N, 4, 2; Dv{(x, z; ))dz,

|
ge—"3

@1.190) 2o (x, y; )= S Qx, y, 2 ou(x, 2 1) dz.
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Ilpu 3TOM onucanHan 31ech Npoueaypa NPUBOIUT K HHTErpo-aud de-
PEHLHAJNbHOMY YPaBHEHHIO

(2.1.19¢) Ni(x, y, 2; ) =0aly, 2) N, (x, y, 2; )+

+ @ ) —a@ DN g 2 0N 2 7 D dz,
rae -
a(y, 2) =0 p).

Ycnosue cummerpun N(x,y,z;t)=o(y,2)N*(x,2,y;t) tpu y >z
COBMECTHO C 3THM YypaBHEHHEM, €CJH O YAOBJIETBOPSET YCJO-
BusaM o(y, 2’)o(2',2) = —o(y, 2) anay > 2’ > z.

2.1.b. Teopus paccesuns. Tenepp Mb o6cyauMm obGpaTHyio 3a-
Aady paccesaHus, CBA3aHHYI0 C MAaTPHYHBIMH 3 3-onepaTopamu, T. e,
(2.1.1). Kpome Toro, paccMOTpHM 3afadyy O HeJIHHEHHOM TPEXBOJI-
HOBOM B3aHMOJeHCTBHH, HMEIOILYI0 BaxHOe (u3nyeckoe 3HaueHHe,
K KOTOPOH NPHUMEHHMbl HEKOTOpPHle W3 3THX HAeH. B ocHoBHOM MBI
6ynem cienoBaTh pabore Kayna [259] (Hekoropbie u3 3THX pesyiib-
TATOB MOXKHO HalTH B pabore 3axapoBa u Manakosa [535]!)).
ITonnoe pewenve oOpaTHOH 3aj4auu paccesiHUs IJs1 OMEPATOPOB MO-
psiiKa BbIllle TPETbero B HACTOsiLiee BpeMsi OTCYTCTBYeT?), Tem He
MeHee OblIO MOKasaHo (cM., Hanpumep, [546, 119]), uto B cayuae
nX n wumeercs ypasHenue ['eabcdanga — JleBurana — MapueHko,
cBsi3aHHOe ¢ n X n-onepaTopoM, HO NPH 3TOM HESCHO, Kakue orpa-
HHYEHHS CcJelyeT HaJIOKHTb Ha HayaJbHble YCJIOBHS AJISI TPHMEHH-
MocTH 3Toro noaxonaa. Takxke Mbl oTMeTuMm pabory lllaGara [460],
B KOTOpO#l H3ydYaJHCh HEKOTOpHEe BOMNPOCH, CBS3aHHbE C 3ajaueil
paccesiHHst jaJs omepatopa n X n, B HedaBHHe paboTh 3axapoBa
u llfa6ara [547] u 3axapoBa u MuxaisioBa [540, 541], nocBsiuieH-
Hele GOpMYyJNHPOBKe MeToAa 3aAaun Pumana.

Paccmorpum ypasuenust (2.1.1a) na untepsane |x| << oo, mpu-
yeM { ABJseTcA COOCTBEHHBIM 3HaueHHeM, v siBasercs 3 X l-mMatpu-
ueii-crosbuoM (BekropoMm), N sapisiercss 3 X 3-maTpuileli moTeHuua-
JIOB C HYJeBBIMH AuaroHaJbHBIMH 3jeMeHTaMH (N;=0) u D=
= diag(d,, ds, d3). [lpeanonoxum, uto N;;— 0 n0cTaTOUHO GHICTPO
npu |x|— 00; AJsi BEWIECTBEHHBIX { 9TO MO3BOJSET ONPEAEJHThH Ha

) Tlosnoe pentenue o6paTHOH 3afaun paccesiHsl, CBSA3AHHON HeJMHeHHBIM
ypaBHEHHEM TPEXBOJHOBOTO B3aHMOAEHCTBHS,, COAEPIKHUTCA B MPENnpuUHTe 3axas
poBa u Manakosa [1*], Ha ony6ankoBauHbBI n034HEe COKpAlleHHBIH BapHaHT
KOTOPOro cchlialotest aBTOph KHurk. Jlpyroil moaxol k 3ToH e 3ajaue MOXKHO
uaiitn B paGorax lllaGarta [460], [2*] u monorpadun [539].

?2) CienyeT OTMETHTb, YTO BO BPEMs HAMHCAHUA 3TOH KHHIH OTCYTCTBOBAJIO
NOJTHOE pelIeHHe 3aJayd W AJIf ONepaTOpPoB TpeTbero nopsjka. B paGorax Kayna
[3*] u [374] Takas 3agmaua Gblia B OCHOBHOM pelueHa. [losHoe W MaTeMaTHUECKH
cTporoe pellleHHe oOLlell 3ajaud MOXKHO HafiTh B GoJsee mo3AHHX paborax DBna-
ca [4*] u Buaca u Kaybmana [5*]. — lHpun. nepes.
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Ka:KA0M H3 KOHIIOB OCH X IO TPH JHUHEHHO He3aBUCHMble COOCTBEH-
Hble QyHKUMH, T. €. MBl onpejesum peulerne @) (rae ungeke j = 1,
2 nan 3 ob6o3Hauyaer j-10 COOCTBeHHYIO (yHKUHIO, n =1, 2 uan 3
0603HauaeT n-10 KOMIOHEHTY BekTopa @) ¢ TPAaHHUHBIMH YCJIOBHAMH

(2.1.202) ¢ ~8, €7 mpr x—>— oo
H COOGCTBEHHBIE HKIIHH () ¢ r dAHUYHbBIMH YCJAOBUAMU
y n

) (9]
(2.1.20b) P~ 8

jeicdf" npu x — -+ oo.

n,
BpoHcKHaH, CTaHAapTHHIM 06pa3oM onpefeeHHbl A1 TAKHX MaT-
PUUYHBIX YpaBHeHHH,

Uy v w
(2.1.21a) W (u, v, w)y=det| uy, v, w, |,
Uy U3 ws

OTJIHYEH OT HyJs, €CJH U, U, W JHHeAHO He3aBucuMul. Kpome Toro,
uMeeM

(2.1.21b) W,=it(TrD)W

(TrD=canep D=d,;+ dy+ dj). Takum o6pazom, TPOHKH BEKTOPOB
[0, @@, @] u [PpO, P, O] geasiorcs HaGopamu JHHEHHO He-
3aBHCHUMBIX cOGcTBeHHBIX GyHKUuH. [ToaToMy

3

(2.1.22a) o= 3 [a Qs v®.
=
Tak HasbiBaeMas MaTPULla pacCesiHUsT UMEeT BHJ
a; Qp Qg
(2.1.220b) S=[aik]= Qg Qg Qg
a3; Qzp Qg

Ona cBf3bIBaeT pelleHHs NpH X—> 400 u x—>—oo, B cayuae 3a-
gaun 2 X 2 (pasa. 3) Mbl uMeeM

a b
2.1.220) s:( ’ )
—b a
Briuncnus onpegfenurenb ot (2.1.22a),
HOLIeHusa ad -+ bb = I:

(2.1.22d) det [a,4] = 1.

AnajiornyHeiM 06pa3oM MOXKHO DPAa3JIOKHTb COGCTBEHHBIE (YHKIHH
V) mo pynruuam ¢;

3
(2.1.23a) W= 2 b,

MBI TOJAYYHM aHAJOT COOT-
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[Moacrasassa (2.1.23a) B (2.1.22a), noayuum
3
(2.1.23b) k; Qb =8,

Bompoc 06 aHanuTHYHOCTM pellaercs NPH NOMOINH HHTETPaJbHOIO
ypaBHeHHs1, cBsizaHHoro ¢ (2.1.1a). Hanpumep, Bbi6pas rpaHuyHbie
ycaoBus Bujaa (2.1.20a), Mbl npuaeM K CAeAyIOLLEMY HHTETPajibHOMY

ypaBHeHHIO a5 @{):
X

(2.1.24a) (p(nj) (x) e ibdix 8, ;=i S dyeim”i =) ¢

—00

3
X YN, () (o4 (9) e,
rme !

(2.1.24b) By =d, —d,.

Ormetum, uro: (1) ypaBrenue (2.1.24a) aBasieTcs ypaBHeHHEM THIA
Boabrepphl; (2) Bin >0 u P3m < 0. DTO HEMeRJEHHO NPHBOJAUT
K TOMy, uTO coGcTBenHast ¢yukuus @e~%4* gpngeTcss aHAMUTH-
yecKOH B HHMKHeH MOJYNJOCKOCTH §, a ¢®e~%d* — g epxuell mo-
JIYNJIOCKOCTH { NpPH BCeX BelleCTBEHHBIX X. [leficTBUTENBHO, NMpej-
MOJIOKHUB MOTEHIHaJ NPHHALJEeKAWKM L;, MOXHO [OKa3aTh, 4TO
ypasunenue (2.1.24a) umeer cxojsumiica psaa Hedimana. Kpome
TOr0, MOCKOJIbKY @y == lim ¢{le="t4* nonyuaem, uro a,, (f) Toxe
X ~» o0

SBASETCH aHaJUTHYeCKON (yHKUUeH B HUIKHEH MOJYNMIOCKOCTH. Tem
)Ke croco60M MOXKHO NPOoaHaIH3HpPOBaTh GYHKIMH P,

B pesyabraTe mosyuynM, 4TO B HHKHEH MNOJYIJIOCKOCTH (§ =
=t 4 in, n << 0) aHaNUTHYHB QYHKIHY

(i) q)(l)e—i{d,x, \p(a)e—iCd:,x’ Qs bas;

B BepxHeli moamymaockoctd (§ = § + in, 1 > 0) aHanuTHuHb QyHK-
11§50

(i) gPe—itdx,  Pllg=ildir, gy, by,

(Korna morenuuan N;x uMeeT orpaHHYeHHBIH HOCHTEJb HJIH yOniBaeT
GuicTpee J1I060H SKCNOHEHTDLI, TO ONpejeseHHble Bhillle QYHKUHH fB-
asotest nensiMu, Oyuxkuun (i) u (ii) orpanuuens nmpu |{|— 00.)

STH pe3yNbTaTh NO3BOJNSIOT HAJEeATbCS HA MOCTPOEHHE ecTecT-
BEeHHBIX HHTErpaibabix npeacraBaeHuil aias @M, ¢® P B ¢ tpe-
GyeMbIMH CBOHCTBaMu aHasuTuyHocTH. OnHako y Hac HeT HHpOp-
MalUH{ OTHOCHTENbHO (PYHKLHE @@, v, I10 neppbiit TPyAHbIH BO-
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Mpoc, KOTOpHIl NOKa BcTpeTHscsd. Bce ocrajbHble uien (peub Bce
BpeMsi uaer o6 onepartope (2.1.1a)) coBepllueHHO aHaJOrHUHB CJY-
yaw 2 X 2.

Kayn [259], paccmarpuBasi coGCTBeHHbie (YHKLHH CONpsIXKEH-
HOTO ollepaTtopa, MOKasaJ, yTo

(2.1.252) % = e~ R (by D) — by ),
(2' 1 .25b) i — e—i(dzx (b33\l:,(2) — b231p(3))

SIBJASIOTCH AHAJHTHUECKUMM COOTBETCTBEHHO B BepXHell M HUXKHeH
noaymiaockoctsix §. Ilepen tem xak nepefitu K o6partHO#l 3ajaye pac-
CesiHMfl, MBI OTMeTHM, uto, paccmartpuBas (2.1.1a) npu |§| - o
(metogom BKB), ¢ yueroM rpaHHYHBIX YCJAOBHH HOJIYYHM

Img >0, qeritds =

0 1
~(o)ro@. wemen(o)so().
1 0

(2.1.25¢) 0+
x=(—l)+0 (). aw=1+0(3).
0

bu=1+0 ().
1

Img <0, cp“’e“'“""=(0)+ o(3):
0
0
POg—itdsx =(0 )—{- 0] (—é—) '

1

x=((1) )+0(é), a=1+0(3).

0

(2.1.25d)

b33=1+0(%).

OcHoBLIBasiCb HA aHAJUTHYHOCTH, MBI NPEANOJNOXKHM CYUIECTBOBA-
HHe CJeAyIOLIMX HHTErpaJjbHbLIX NpeiacTaBieHuit mis (yHrunin O
H Y@ (MMeIoUMX MOAXOAsLee aHAJIHTHIECKOe OBEAEHHE B BepXHeil
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H HHXKHEH TOJYIIOCKOCTAX) !

1N e
(2.1.262)  pe=ithx =| 0 |4 | KO (x, 5)ertte=nbuds,
0 X
0N w

(2.1.26b) p®e=itdr =] 0 +SK(3)(x, s) e=it{s=0Bs s,
1 X
[Torpe6oras, uto6u (2.1.26) ynosaerBopsiu ypaBHenuio (2.1.1a),

MOJYYHM ypaBHEHHs B YacCTHHIX npoussoiublx s KO, K® (aua-
Jgoruunbie (1.3.19)); naupumep, paga KO

@.1.272) {0, +0)+5-(I—diD™) 0, } K (x, 9)=N () K" (x, 9),
npuyeM

lim KO (x, s) =0,
(2.1.27b) s

K (6, 9= — N,y (9 n=2, 3,

Orciona caenyer nesaBucumocts K (x, y) or mapamerpa §. M3 ra-
Koro xe ananusa ajas $® mpr nonyuyum, uro K@ cBsasano ¢ nores-
HHAJOM COOTHOLIEHHEM

(2.1.27¢) K® (x, x)=—-§§;—Nn3(x), n=1, 2

n uto K® Takxke He 3aBHCHT OT .

s Toro 4ToGLl BBHIBECTH YpaBHeHHs oOpaTHOH 3ajxauu pacces-
HHS, Mbl BHAuaJjie BHIBEJEM HEKOTOpbie WHTerpajbHbE NpejcTaBie-
aus aaa PO, j==1, 2, 3. Mbl npexnos0xKuM, 4TO MOTEHUHANB YObI-
BaoT OnicTpee JOGOH KCIOHEHTH, TaK YTO BCe (PYHKUHU fABJSIOTCS
LEeJBIME H [0O3TOMY MOYKHO ONPEIENUTh KOHTYPHbIe HHTErpassl. (10
orpaHuyeHHe MOXKHO y6paThb, IPH 3TOM KOHTYPHBIe MHTErpasbl 3a-
MEHATCHA HA MHTErpanbl BJAOJb BEIeCTBEHHOH OCH M CYMMY BKJAJ0B
OT MOJIIOCOB. )

Mu onpenenum koHTyp ¢ (€) Ha MJAOCKOCTH § NMPOXOASIIIMM OT
—oo 4 ie (o1 —o0o —ig), £ >0, K 00 4+ ie (K 0o —ig) cBepxy
(cuusy) Bcex HyJell GyHKUHA b1y, As3(ai1, bas).

Tenepb BHIUHCIUM HHTErpaJbl

(1), —it’dix
_(_olemiwar
’*—ES o=ty 9%

(2.1.28) I== (S - S) gldi’g q,(a)e-:;dzx),

[ c

(3)p— it/d.x

_ [ _o@emidr
’3—§ m T =p %>
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rae ans I (/3) € aexut soie (HuxKe) KoHTypa £(c), a aas Io § ne-
XKUT Mexady ¢ u ¢. Ucmoapaya (2.1.22a), acumnroruxku (2.1.25),
(2.1.24) u TpeboBaHye aHATUTHYHOCTH, IPH NOMOLIH KOHTYPHOTO HH-
TEerpupoBaHHs HalijleMm

1
(2.1.29a) PV (g, x) e~ th* = (0 ) — 5 S zdf—g em 1, (') X
0 ¢

XYOE, 1) — g | Tz e 84%, ) $9E', ),

2mi
b

0
(2.1.296) B0, )it = ( 1 ) + 5 | T )X
0 c
X ey ¢/, 1) — 5 S T 05 () eI, ),

0
(2.1.29¢) PO (g, x) e~ = ( 0 ) -QL—Z S z%g:g 0,4 (&) X
l ' ¢

S e= e 7 x) + %m S gfL_’g 02 () e~ F @/, ),

o

rue
T ) =31
2.1.29d) 1= as3’ 02 ass’ O3 ay’
@.1. - b = b
L= ay’ ° big’ 6 bas ”

B (2.1.29a, ¢) mb moactaBum Y wuz (2.1.29b). drto mact auwe

HHTerpaJpHble cooTHomenuss mexay PV u $©. lanee mbl moacra-

BHM HHTerpaJbibie mpeicrasJenus Ajas P, 3 B a1H cooTHOwe-
(o]

uusi. [TogeiictBoBaB Ha (2.1.29a) onepatopom 1/2xn S et - b dr

-— 00
0o

n Ha (2.1.29¢c) onepartopom 1/2xn S e~ (==9)B» dr (npeobpasoBanue

Pypse), 1OCJE YTOMHTEJbHBIX anreGpPandyecKuX BbIYHCJCHHH MOJy-
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YUM NPH Y > X

0 1 0
(2.1.30a) K (x, y)+(1 )F1 (9) + (0 )Fa (x 9+ (0 )Fs (x, y)+
0 0 1

+§ KO, 9)Fs(s, 9)+ KO (x, 9) Fs (s, ) ds =

x

0 0 1
(2.1.30b)  K®(x, y)+(1 )F:»(!/)-I—(O )F;(x, y)+(0 )Fe (¥, )+
0 1 0

+ S (KW (x, 5) Fe(s, y) + KO (x, s) Fy(s, y)) ds =0,

rae

Fi(9) =52 { deo, @ e-itpe,
(2.1.30c) B : _

Fy(x) = 212: S dgp, (¢) e'eP=*,

(2.1.30d) Fi(x, y)= 4':;1 Sdzpo(g)e,cs.zxg
¢ c

d
4631;2[ S d§96 (‘;) e_itﬁzsx S g’ E
¢ 4

dag’ Y
0 () e,

(2. 1 -306) F, (x, y) 7 s (;’) eiC'ﬁzsy,

(2.1.300) Fs(x, y) =Bz 12 { dgp, (g e~ Boubon —

4

d ' 7’ 4
S dgpﬁ (g) e—izﬂzsx S "cﬁ‘pl (g )e—tC ﬁlzy’

(2.1.30g) Fe(x, y)= B” Sdép“ (¢) % Bux+Buy)

c

B ithox | 48 7y oit/Bus
+ 2 Sdépa(z)e“ SC,_Hiepz(é)e” .

4n2j
¢ ¢

B (2.1.30f, g) moxHo mepeiiTn Kk npedeay &£— 0 (Mbl HaiizeM ero,
eCJIH HM3MEHHM TODSJ0K HMHTErPHPOBAHHS, COXPAHHB COOTHOIIEHHE
mexay ¢ u t'). Pacemarpusas mpegen |G| = oo gasm ¢, @, @
B (2.1.1a) u B uHTerpaibHBIX npeAcrasacHusx (2.1.20), mbi noasy-
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YHUM
@.1.31a) N, (x)=KU(x, x), N, (x)=— ‘%Kgn (x, x),

(2.1.31b) Ny () =— E2 KO (5, 1), Ny (9) = — KD (x, ),

(2.1.3lc) N,(x)=— |‘r}12(El (x) — S ds (K® (x, s) E,(s) —

— K (x, s) E, (5)),

(2.1.31d) N, (x)=— [323(E2 (x) + S ds (K (x, s) E,(s) —
— K (x, $) E, (5)),

rane
(2.1.32a) E (x)= % S 05 () ei%Bu* dg,
(2.1.32b) B = S 06 (¢) e~ %805 d,

[Tpu BuiBoge (2.1.31) mbl ucnosabszoBasu (2.1.29b) B npenene
|¢]— o0 BmOAL BellecTBEHHOH OCH H MNOACTABHJM HHTErpasibHOe
npeacrabnenne (2.1.26) B (2.1.29b).

2.1. c. TpexBosHoBoe B3aumopeiicTBue. CBSKEM Telepb TOJbKO
YTO ONHCAHHYIO OOPATHYIO 3a/auy paccesiHHs C KOHKPeTHOH 3anayeit
HeJNUHeHHOro B3aumoecTBus TpeX BoJiH (2.1.12).

Hcnonb3ys BoiGpandbie B (2.1.12) Macwmra6el, Mbl MOJYYHM, YTO
onepaTtop BpeMeHHOH 3Bomiounu (2.1.1b) npuBomutcs K BHAY

C,CyC C C,C
(2.1.33) v”—[ e Ny — i gai,]vj
OnpenenuM 3aBHCUMOCTh AAHHBLIX paccesiius OT BpeMmeHH. as sTo-
rO ONMpeneHM 3aBHCSIIIHE OT 8peMeHu COOCTBeHHble (PYyHKUHH

(2.1.34a) @i () — gfm) exp ( . C Czca Cf)

(2.1.34b) APl () — p(m) exp( ; € C'zCa Cl) _

B KaxAHH MOMEHT BpeMeHH [ (byHKLLI/IH @tk (B plm). () mopuy-
HAOTCH COOTHOIIEHUIO

3
(2.1.35) e B =" q,. (£ ==0) Pt @),
. Z
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Tak Kak @M, Pim. () yrop1eTBOPAOT OAHOBPEMEHHO COOTHOLIE-
vuaM (2.1.1a) u (2.1.1b). 3arem, Bocnosb3oBaBwHch (2.1.22), mo-
JYYUM

(2.136) Gy () =y O)exp (1C,CCs (o= — ?‘n-) {).

Takum 06pa3oM, JUaroHaJbHbE 2J1¢MEeHTH MATPHUB PaccesHus, TaK
JKe Kak M B 3ajaue 2 X 2, He 3aBucAT OoT BpeMeHu. Mcnoabsys ¢dop-
MyJbl CJAEJNOB, Tak Xe Kak B cayuyae 2 X 2, ¢ 3THMH 3JeMEHTaMH
MOMXHO CBfiI3aThb O€CKOHEUHOe UYHCJO COXPAaHSAIOIIHXCS BeJHYHH.
C apyroil CTOPOHBI, TaK K€ KaK B pa3i. 1.6, NpsiMbiM BbIYHCJIEHHEM
MOXHO TOJYYHTb OECKOHEUHBIH HaBOp JIOKaJbHLIX 3aKOHOB COXpa-
Henus [193].

CooTHOllIeHHs1, BuinHcanHbie nocse (2.1.12), npuBoAsAT K cierylo-
HIHM HeoOXOAUMbIM YCJIOBHSIM CUMMETpPHH:

(2.1.37a) 05 (0) = — viv2 (0: €))%
(2.1.37b) P () = — a3 (02 (C')"
(2.1.37¢) V104 (©) + 3 (03 G — v2 (01 () 02 () =0,

rae pi(§) onmpenenennt B (2.1.29d). 1o B cBOO ouepeldb AaeT

F;(x’ !/)=F3(x» y)r
F(x, y)=F (y, x),

(2.1.39 Fy6 0) == vy g Fo 0, ),
E (x) '\’1\?2 F (x),
E (x) = '\’le F* (x)

YacTHOe COJIMTOHHOE pelileHHe HoJyyaeTcsl B TOM cJjyyae, Koria sij
PO HHTErpajbHOTO ypaBHEHHA sIBJseTcs BbIPOXIEHHbIM. Hecmorps
Ha TO 4TO YpaBHEHHS TPeXBOJHOBOTO B3aUMOLEHCTBHA SBJAIOTCA
6e3MCIIePCHOHHBIMH M TIO3TOMY COJIHTOHBl B HeM He 0oJjiee BarXKHHI,
yeM BKJ4Jl OT HEPEPLIBHOIO CIEKTPa, TeM He MeHee OHHU IPOJIHBAIOT
CBeT Ha CTPYKTYpY pellleHHs, TaK KaK MMEIOT 3aMKHYTHH W SBHBIH
BHA. MH paccMOTpHM cayual, B KOTODOM 411 ¥ Q33 MMEIOT HYJH B

cooTBercTByOMUX noaymiockoetsix. [lyerb §i(8s) sBaserca mpo-
cTHIM HyJeM OQYHKIHH a;(@s3) B HHXKHefl (BepxHeit) MOJyNJOCKO-

cri, 1 C(C) sBasercs BuiyeToM P2(p1) B TOuKe § = ta(t = &1) (Bb-
yeTH 4 B L3, p3 B 71, P5 B §, Py B {3 ompeaensiores no gpopmynam
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(2.1.37c) ). B atom cayuae siapa npHBOAATCA K BHAY
F) (x) = iBCeibuby,
Fy(x) = — ifyCelPstt,
F3(x, y)=— \21\82512E eiﬂm (Elx-cly),

(2- 1 .39) C*C lﬁ23 (C;x‘ c3y)

Fy(x, y)= —szsﬁf’s

Fs(x, y) = ivzvsﬁm?(ﬁ_*e— ’ (ﬁ23c3x+512§ly) ’

1 3
e e (ByEy* +Bysta0) ’

3 1

Fo(x, y) = —iv\y:P ¢

ocTasbHBIe onpejensiores no ¢opmynam (2.1.38). M3 (2.1.3b) cie-

ayer, yTo 3aBHCHMOCTb C, C OT BpeMeHH HMEEeT B/
C =Cpe~ Bt

(2.1.40a) - = -

C = Coelﬁnclcxt,

Mu 6ynem napamerpusoBatb Co, Co u {1, §s CleyiomumM oGpasoM:

(2.1.40b) g—l=_€16—2!n.1 - §3'§;3”Is
1

(2.1.4’00) CO = Z‘:: e'ﬂ:xl—ihfl,

(2.1.40d) C = ﬂg Lo pMiXtiBi%y

Ilpn atom unTerpanbHoe ypaBHeHue (2.1.30) uMeerT BHIPOKAEHHOE
AP0, ¥ €ro pelleHHe NMPUBOJHUT K ')

Qi =Bubn .gn.l.giie (~Cit %) [em (1= Cat =) —
Li—8 Cit
— Y1Y2 =+ ‘“711 {(x—Cst—x3) ,
& =1
Q,= /\/—4m"(l§:ﬂq:; =it (= Cat = %4) g ia (4~ Cit —R0)
B12523 1 c3 D
/\/ﬁISﬁQS YEVQ 2N ik (x—Cst—3y) [e'fh (x=Cit~xy) __

E—2 ]
—_ ——— M =Cit~x)) ||
Y2Vs3 £ —t,

!} Dro pemenue Gulio Bnepsble moayueHo B paGoTe 3axapoBa H ManakoBa
(1973) [1*]. — Hpum. ped.
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rjpe
(2,1.41) D= [em (X=Cst —x3) YIYZe—ﬂl(x—cat-,xs)]X
X [en: =Gt =51) — yoypie=Ts (F=Cif—x1)]

(§l — Zi) (%f ” g;) e~ (x—Cst—X3) e—m(x—Clt—xx).
(& —25) (8 — %)

[pu ¢t — oo BonHOBble nakeThl Qs u Q) ABHXKYTCS 10 CBOMM Xapak-
tepucTHkaM x — Cst u x — Cif (Qs caeBa or Q). Ilpn yBeauuenuu
t makeThl BCTPeYalOTCs M NOPOKAAIOT BoHY Qo [Ipu f{— oo BOJHA
Q: pacnajaercs u 3atyxaer, a Qi u Q3 ONATbH ABHXKYTCA MO CBOUM
xapakrepuctukaM (Qs cnpaBa or Q). Ammauryas Boinb Qi Qs
B 3TOM Mpolecce He MeHsioTcs. PellleHue fBAsSeTCS HECHHIYJASPHBIM,
€CJId OJHAa U3 y; UMeeT 3HaK, OTVIMUHBI OT OCTa/bHbIX ABYX,a B CJYy-
yae y; = yz = ys = —1 pellleHNe FABJASETCH CHHIYJSIPHBIM B HEKO-
TOpoi 0GjacTH NPOCTPAHCTBA-BpeMeHH (B3PblBHAs HeyCTOMYH-
BOCTb).

OHO ¥3 CYUIECTBEHHBIX YNpPOUIEHUH, XapaKTepHbIX A1 3aXauk
TPEXBOJIHOBOIO B3aWMOAEHCTBHA, BO3HUKaeT O6jarojaps OTCYTCTBHIO
aucrnepcuu. Ecam B HauaJbHBI MOMEHT (KOTODHIE Mbl OTHECeM K
t— 00) orubaiouive BOJHOBHIX INAaKETOB IPOCTPAHCTBEHHO pasje-
JeHHl H He HMeIOT CYLIeCTBEHHLIX NepeceyeHHH, TO MOXKHO 0OOCHO-
BaTh [259], uTO BOJHOBLle TNakeThl OYAyT pas3jieseHbl H NpuU t—>
— +-o0. Korja nakersl npocTpaHCTBEHHO pasjesieHbl, OHH ABHXYTCS
KaMJbl cO cBOeH XapaKTepucTHuecko#i ckopoctbio Qi ~ Qi(x —
— Cit), i=1, 2, 3. KpoMe TOro, pernieHne TPEXBOJHOBOH 3aaayu
CBOJMTCA K NOCJeNOBAaTEeNbHOMY pellleHHio oOpaTHBIX 3afay pacced-
nua 2 X 2, obeyxkaaBmuxcs B ra. 1. Bee BaxHble pe3yjbTaThl MOXK-
HO 060CHOBATb, BOCIOJB30BABLIHCh aHAJH30M, MNpPOAEJAaHHHIM B
pasa. 1.3. Tockoabky Cs > C; > C, T0 npu {—>—oo orubamiue
BOJIHOBHIX NAKETOB PACHOJIOKEeHbl B MPOCTPAHCTBE B CJAELYIOWIEM M0~
paake: Qs, Qz, Q1. laa Toro uToGbl MOKa3aTh, MoueMy 3ajaua pac-
cessnus 3 X 3 adperTuBHO CBOANTCS K 3amayam 2 X 2, Mbl paccMo-
tpuMm orubaiomyio Q. Ilpu { — —oo B o6aactu HocuTens: Q3 BOMHBI
Q,, Q; o6pamaiorca B uyab. I[Tostomy 3agaua 3 X 3 npHHEMaET BHA
(nanomunM, uto Nyp ~ Q3)

U, =i d v, + N p0g,
(2.1.42) gy = i dyvy + Ngy0y,
U3y = i d3v;.

+ vivs

Mu BHAHM, uTO U3 He M3MeHsieTcsi U paBHO et 4*, osTOMYy 3a-
naya 3¢ (PeKTHBHO CBOJMTCS K CHCTEME Ha U0z, KOTOPAas COBIAfaer
c 3apaueii (1.2.7a) npu g = Nyy, r = Ny;. Umenno 6naronaps tomy
dakry, 4To Uz==e't%*, yactuyHas matpuua paccesuus S® ua mo-
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TeHuuade Qj cBA3HIBAKOWIAA BOJHOBbie (QYHKUHH MO DPasHHeE CTO-
POHBI OT HOCHTeJsl, HMEeT BHJ

afy a0
(2.1.43) SO=1{a® ap 0
0 0 1

Myl HanoMHHM, uTO B 3afade paccesHus 2 X 2 MaTpHIa paccesHus
HMeeT BHJ

a b
(2.1.44) ng2=[ _ _].
—b a

(3mech ¢ uenbio mpocsaefuTh aHajoruio ¢ pasi. 1.3 mel Gyzem coro-
crapaate ¢V — @, YV >, ¢@ > —¢, y@ -1 u 1. a.) [Iporoa-
JKas 3TO paccyXAeHHe, Mbl OJNYYUM NpH ¢ — —oo, 4TO

(2.1.45a) S =SPsPs,
rae uuaekc 0 COOTBeTCTBYeT f==—o00, 0 (ONycKas HHAEKCH)
a® ¥ 0 a? 0 p?®
SO =1 —p® g o/, S@ — 0 1 0 ,
0o o0 1 —5% 0 a®
1 0 0

S,=|0  a® 5
LO _E(]) d(l)

AHanoruuHo npu £ — 400 Mbl MOAYYHM

(2.1.45b) S = SIS,

roge uHAekc [ o6osnauaer (- -+ oo. I[lpupasuuBas (2.1.45a) u
-1

(2.1.45b) u yMHO*as cnpaBa BHauaJe Ha (S(fa)) , a 3aTeM Ha

2N\~ 1
(S(;’) , Mbl BHIPA3uM 3HaueHHs bj/a; B TepMHHAX JaHHBIX pacces-
H{f, BBIYHCJEHHBIX NPH [ — — oo:

23 SE3) _ ~B @70
(2.1.462) B B — apBn
. d‘f’ d}f’dfﬁ’ ’
‘ AR g
P i =(3)£(2) (1 F(HZ 3
(2. 1 .45b) 2@ = 72503 [ao )bo )a(o) — b )bg )],
i 0 %
l;(f” d(fg)
. 3) = (D0 7(3)p(2)
(2.1.46¢) P T () I_af ap )bO) — bibg ]‘
i 0“0

5 3ak, 114
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Bcio uHdoOpMalli0 OTHOCHTENbHO CBA3H pewieHus npH [—»-—oo C
pellieHHeM Npu {— 400 MOXKHO NOJNYYHTh U3 3THX dopmyn. (Orme-
THM, uTo b cBA3aHo ¢ b, d ¢ @ Kak CJeCTBHE CUMMETPHH; CM. TaK-
xke pasa. 1.3, nanpumep (1.3.14).)

HanpumMep, 3a6aBHBIM NPHMEHEHHEM 3THX UAEH fABJAETCA A0Ka-
3aTeJbCTBO MepepaclpefieieHns CONUTOHOB MeX/JAy BOJHOBBLIMH Ia-
KeTaMu. 31ecb Mbl JOJNXKHBI NMPEeAyNPEAUTb YHTATE]R, YTO B Aab-
HelllleM Mbl GyleM BeCTH pedb O COJNIMTOHAX, CBSA3aHHBLIX C 3ajauei
3axapoBa — lllaGata apas omepatopoB 2X 2, a He O pelIeHUsX,
IIOPOXKJA4aeMHbIX AWCKPETHBIM CIeKTpoM 3afaun 3 X 3, KoTopbie ObliH
yXKe paccMOTpeHH B 3TOM pasjene. DByaem roBoputb, uTO HyJH
¢yukuun @(f) (uav a(f)) B KOMIJEKCHOH IIJIOCKOCTH COOTBeT-
CTBYIOT aHaJIOraM COJMTOHOB B 3ajave 2 X 2 (udTare/ib HOJXKeH
Takke HMeTb B BHAY, YTO AaHHble paccesHus a, @, b, b cuurarorcs
B JajbHeluleM ueaviMu oynkimamu). M3 (2.1.46a) cieapyer, uto
a® uMeer Hynu B TOuKax Hysaeil dymkumi afP u @), sa uckaoue-
HHEM TeX CJyuaeB, KOrja 4UUCJUTeNb TakKe obpaulaeTcs B HyJb B
5THX Toukax. Jlas HayanbHBIX YCJI0BHA oOLlero BHAA TAaKUX COBNa-
JeHuil He ObiBaeT, U MBl uMu npenebpexeM. Takum o6pas3om, OKOH-
YaTeJbHOE UMCJIO COJMTOHOB BOJIHBL Q3 PaBHO YHCJY COJIMTOHOB 3TOM
BOJIHB [I0 CTOJIKHOBEHHS TMJIOC UHCJIO COJNUTOHOB HAUYANbHOH BOJIHEI
Q2. B koHeYHOM cOCTOSIHHH BoJMHA Q2 HE COLEPXKHT COJHTOHOB, Tak
Kak @ e umeer myneii (myan ¢ymxkuuit af) u af'a’ cosnanaior
¥ COKpamaioTcs). AHAJOrHYHO YMCJIO COJUTOHOB BOJMHB Qi B KO-
HEYHOM COCTOSIHHH PABHO YHCJY COMHUTOHOB HA4aJbHOTO COCTOSIHMSA
9TOH BOJHB NJIOC YHCJIO CONHTOHOB BOJIHBI Q. (Ciienyer mopuepk-
HYTb, YTO 3TH pe3yJbTaTh INpHBEJEHbl B KayecTBe HJJIIOCTPALHH,
B npuHUKIE MOXKHO OTBEeTHTDb Ha J11060i Bompoc, nMockoabky (2.1.46)
CONEPIKUT BCIO HHOOPMAUHIO, HEOOXOAHUMYIO /I PEKOHCTPYKIHH
peleHus mpH [ — +-00.)

- Temepb MBl cjesnaeM HECKOJNbKO 3aMeYaHHH OTHOCUTENbHO CJHy-
yaeB. B3pbIBHOH ¥ pacnaanofi Heycroitumsocreft. Korga y = yp =
= y3 == —1 (B3pbIBHasi HEYCTOHUNBOCTb), Mbl HMeEM

. s
QxN,=N QxNy=-N Q>N

21? 13? 23 =
r(l ) — + q(l)*’ r(Q} — q(?‘*’ ry= + 4(3)*.

W3 pesyasrartos pasa. 1.3 caenyer, uto TobKO Qg MOKET HMEThb CO-
JIATOHBl B HAuYaJbHBI MOMEHT (MOCKOJLKY r® = —g®*) Ho ecau
nose Q; couepxaJjo CONUTOHB, TO H3 (2.1.46) caeayeT, uTto (QyHK-
unn @ u @Y 6yAyT umerb Hya:m B KOMIUIEKCHo# maockoctd. Ho
eci IQ‘fa)l # |Q\"| ABAAIOTCA MHTETPHPYEMBIMH, TO, KaK CJIELyeT H3
pe3ynbTaToB pasj. 1.3, Mbl NPUXOAHM K HNPOTHBOPEUHIO, TAK KaK B
sToM cayuae r'h= -+ g (i=1, 3). Epuncreennblii cnoco6 paspe-
IIHMTh 3TOT MApajoKC — OTKa3aThcsl OT HHTerpupyemocta. Ha camom

»
N32 !

(2.1.47a)
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AeJie XOpOLIO H3BECTHO, YTO B CJyuae B3PLIBHOH HEYCTOHUHBOCTH 3a
KOHEYHOE BPeMf BO3HHMKAIOT CHHIYJIAPHOCTH (CM. TaKXKe MpeablAy-
1lee pacCMOTPEHHE CONUTOHHBIX pelIeHHH, CBA3aHHHIX C MOJHON
3 X 3 3agaueit).

B cnyuae pacnaanoii HeycTOMYHBOCTH BO3MOXKHEL 1Ba BapHaHTa:

(@) y1=1"v3=—1, y2 = +1. Toraa
(2.1.47b) Qe Ny=—Ny QNy=—Nj, QxN,=—N,,
D= — gl @ g O = — g0
ITockoapky ri? = —q* [ =1, 2, 3, To pe3ysbraThl pa3a. 1.3 noka-

3bIBAIOT, YTO BCETJA CYIIECTBYET €AUHCTBEHHOE pellleHde 3TOof 3a-
nadu (cMm. Takxke [12]).

(b) yi=v.=+1, yy=—1. Torna
(2.1.47¢) Q=Ny=—Ny, QxNy=N;; QxN,=—N

212
P = g, 2 g D) = g0,

Taknm o06pa3oM, BOJHOBHE NaKeTh Q» He COAEPIKAT COJHTOHOB
n QYHKUHA G} He WUMeeT HyJei, NOSTOMY HeT CONHTOHOB moas Q3
(Tak xe xak B clIyyae B3PLIBHOH HeycTofuHBOCTH). KpoMme Toro, 3a-
KOHB coxpaHeHus (2.1.13) o3HaualoT, 4TO MBI C HEOGXOAHMOCTBIO
Oyaem uMeThb Lo-uHTErpupyeMocTb orubalome,, ecjqd B HayajbHBI{
MOMEHT oHa Obina Ly-uHterpupyemofi. (Unrarensim Mb nocoBeryem
obparutbea Kk paboram Kayma [259], 3axapoBa u ManakoBa [535]
AJa OoJjee AeTAJBHOIO 3HAKOMCTBA € 3ajauefl TPeXBOJHOBOTO B3a-
HMojeHcTBHA.) ITO 3aBepuiaeT OGCYXKACHHE 3aAadyu HeJNMHEHHOro
B3aHMOJCHCTBHS TpeX BOJH.

2.1.d. MHoromepHble 3anaun paccesHusi. Tenepb Mul ONMIIEM CXe-
My TIOCTPOEHHs MHOTOMEPHBIX HeJHMHEHHBIX 3BOJIOLHOHHBIX YpaBHE-
HHUH, CBA3AHHBIX C JHHEHHOH 3ajavyefi paccessHHsl. DTa KOHCTPYKILHS
ecTeCTBeHHbIM 00pa3oMm o6o0uiaeT OJHOMEPHHIH cayuafl, yke ONH-
CaHHHH B Hayase 3TOH IJaBE, U TECHO cBs3aHa ¢ paborod A6io-
Bana u XabGepmana [8]. Ipyro#l noaxon, HCMOAB3YIOLIME JTHBEHHOE
HHTErpajibHoe ypaBHeHHe B KauecTBe OTHPABHOH TOYKH, OblJ Npen-
noxken 3axapoBeim n lla6atom [546]; om obcyxpaercs HuKe B
3TOH ryiaBe u B pasn. 3 6.

Mbl HayHeM c paccMOTpeHHsl CAeAyIOoIUell CIeKTpasbHOH 3a1aun
M aCCOLHHPOBAHHON C Hell BpeMEHHOH 3aBUCHMOCTH:

(2.1.48)  V,=itV+ NV + BV,

(2149) Vt=QV+C[Vy+C2Vyy+ LA +Cmvyy...y-
N, o/

m pa3

3aecy V—o3t1o n X 1-Bekrop u N, B, Q, C;— n X n-marpuusl. Msl
YTBEPKAAEM, UTQ TOJNLKO OAHO HEJHHEHHOE IBQJIIOIHOHYOE YPABHEHHUE

5%
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OTBeyaeT Ka)XAOMYy BHAY BpeMmeHHOI 3aBHcuMocTH V. O3t0 mOpo-
THBOIMOJIOXKHO OJHOMEPHOMY CJyyalo, B KOTOPOM LeJblil Kiaacc ypas-
HeHH OblJ1 CBSI3aH ¢ OJHOH M TOH XKe CTPYKTYypOH BpeMeHHOH 3aBu-
cumoct (1. e. Vi = QV). UYacTuble cayuam 3ajaud paccesiHus
(2.1.48) 6nuim pacemoTrpenst 3axapoBuiM #H  ManakoBuiM  (1979)
[637], Huxuukom (1973) [400] u Kaynom (1979) [265], npu atom
6blu TosyueHbl TpeGyemMbie GOpMyabl 0OpaTHO!H 3aAault paccesHus.
Hennneilnbie ypaBHeHUsi, KOTOpBEe Mbl OyeM 00CYXAaTh, SBJASIOTCS
(c yuetoMm 3THX pe3y/bTaToB O 06paTHOH 3ajave paccesiHHs) HHTe-
rpupyeMbiMH (a HMEHHO, ypaBHeHHe TPeXBOJHOBONO B3aMMOJeN-
cTBUSA, ypaBHenne Kagomuesa — IlerBuawBuau u T. 4.).
3xech MBl MPEACTABUM 3Ty CXeMy C INOMOILBIO CJeAyIOulero npu-

Mepa: TPEeXBOJMIHOBOe B3aMMOJelicTBHe B cJyyae JBYX IPOCTpaH-
CTBEHHBIX M3MEpEHHIl (COOTBETCTBYIOLIME Pe3YJbTaThl MOXKHO MOJY-
YUTh U /19 TPeX NPOCTPAHCTBeHHBIX uamepenuil [7]). Kak yactHbli
cayuaii (2.1.48—49) paccmoTrpum

(2.1.50) V,=i{ DV + NV + BV,

(2.1.51) V,=QV+4CV,.

IIpennonoxus, yto § = 0 u uto B, D, C sBASIIOTCS TOCTOSHHBIMH,
NOJYYUM

V,,=itD(@QV+CV,)+ NV +N@QV+CV,) +
+ B(@Qy,V+QV,+CV,y),
V. =Q/\V+QEDV -+ NV 4 BV,) 4
4+ C@@gDV,+ N, V+ NV, + BV,,).

IMpupaBuuBas nyJio kosdduunents mpu V, Vy u Vyy, noayuum
(2.1.52a) V,, :[C, B]=0,

(2.1.52b) V, :ig[C, DI+ [Q, B]+[C, N]=0,

(2.1.52¢)  V :ig[QD]+ [QN]+ Q.+ CN, — BQ, = N,.

B npocreiimeM cayuae ;
» Czciéij, B=b,-6i]-, D:—'diéif’ Ni,-———'—O,

npuueM a;, bi, di— nocrosHusle. I1pu stom (2.1.52a) paer

Z (CikBki - Bikckj) =0=c;b; — bic;.
Vpasuenue (2.1.52b) naet
ig[C, D]+ % (QixBrj — BiQxp) + ; (CigNyj — NiChrj) =0,

YTO yNpoIIAeTCs: A0
ci — Cf

Q=5 =5, Nip %I,

Qi =9, q;=const,

(2.1.53)
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Onpenenum
c;—Cj

%= =

=0q;y

Toraa Q;; =a;;N;;, is=j, u (2.1.52¢c) nmaer
ig ; (QitDr; — DipQrp) + Zk: (QixNg; — NipQyp) +
+ Qux + 2 (CtNig.y — BuQus. ) = Ni £

Jast is~j Mpl umeeM
(2.1.54) igayNy(d; —d))+ (@ —q) Ny +
k;i (jaik — Qyj) NNy, + aijNij. T ciNi]'. v = Ny t.

[lpu i = | ypaBHEHUS YAOBJETBOPSIOTCS aBTOMaTHueckd. OTMeTHM,
uto (2.1.54) copepxut {. HToOBl HCKIIOUUTH 3aBHCHMOCTh OT §, MBI
Bo3bMeM ¢; = ¢i(C); TouHee, mycTb ¢ — q; = iCa;;(di — d;) (370
ypaBHEHHE YOBJIETBOPUTCH, €CMH MEl BO3bMeM d; == b;, q; = ifci).
[Ipu Takom BuiGope (2.1.54) croaHTCS K

(2.1.55) Nij. x = aisz,', P ﬁij. yNij, y +k; j(aik - aki) Ny Ngj,
rue

bicy —ciby
ﬁi} =C;— biai,- = b (rpyrmo_Ba;{ CKOpPOCThp B HalpasnJe-
ETU wuu y),
ci— ¢y -
G =57 (rpynmnoBasi CKOPOCTh B HAmPaBJIEHHH X).
i

: . :
Penykuua N ;==0,N;, coBMeCTHA C ypaBHEHHUAMH, €CJH
O ==—Ouly, [>k>],
M a;, b BemecreHHb. TpexBoHOBOE B3aHMOAEHCTBHE HOJy-
qutcst, ecad n=3, Np=U,, Ny=U,, Nog=Uj:
*
Up=a,U, + BU,, + 05 (13 — ) U,Us,
(2.1.56) Uy = a3Us, + 513U2y+(a12—(123) U\Us,
*
Uy =a,U;, + ByyUs, + 0y (21 — 25) U U,
Ecau 032 > 0 u 09y > 0, TO- Mbl MMeeM B3PBIBHYIO HEYCTOHYHBOCTD;
WHaue HeyCTOHUHUBOCTh OyJeT pacnaiHol u OyAeT cyllecTBOBAThb MO-
JIOXKUTEJIBHO ONpeje/eHHbIH HHTerpa SHepTHH.
TakuM 06pasoM MOXKHO BBIBECTH MHOTO APYrux ypaBHeHni. Ha-

npuMep, eCiH Mbl BhiGepeM BPeMeHHYIO 3aBHCHMOCTb (2.1.49) B
BHJIE .

(2.1.57) Vi=QV +CV, +CVy,
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¢ AuaroHaabHeIME MaTpuuamu B, Ci, C2, MB NOAYYHM

0 A
—_ =1,
N (o'lA*‘O), [o5] =+

Ay=D A+ WA, DW=0D (AP,

b= (bx‘l‘bz—)z [(es — e3) 0% + 2 (bre: — e1b2) 020y +

+ (€103 — bles) 3],
Dy== — %+ (b, + by) 0:0, — bib,0y

(2.1.58)

rae

Bass
= = % —_2le—e) —9
bl""'_ b2) €= — &y == 2l1 W = (bll-—- b; IAl2 2LQ:
noayuum
= (57 Ave+ A+ 204 =L AR A,
(2.1.59) ‘ !

Qux — 01Quy = —201 (1 A )y,
waH, npoussens sameny Q= (20,/b})| AP+ @,

. lAt="’:TAxx+Ayy+%_lAFA+ 2CDxA’
(2.1.60) : 26‘
Qs — b0y = — = (| AP) x.

JLs BelIeCTBEHHBIX b; 5Ta cHCTeMa yPaBHEHHMI ABJSETCS [JHHHO-
BOJIHOBHIM npegesnom (kh~>-0) ypaBuenus (4.3.27) (cM. pasn. 4.3),
KOTOpPOE OMUCHIBAeT 3BOJIOLHIO MOYTH MOHOXPOMAaTHUECKHX cjabo-
HEOJHOMEPHLIX BOJHOBHIX NIAKETOB MaJiOff aMIUIUTY/bl Ha TOBEPXHO-
cta BoAn. (Cuyuail npoH3BOJIbHOA TyOHHBLI HEHHTErpHpyeM HpH MO-
momu MO3P [28].) Ankep u Ppumen [42] paccmorpenu ¢ mo-
Mowiblo cxeMbl 3axapoBa — IHaGara cayuait wucto MHEMOro b; u
nocrpousiu N-conutoHHOe pelleHHe, NpeAcTaB/siiollee coB60# IMJIO-
CKHe BOJIHBI, paclpoCTpaHsiolliHecs NOA yriom Apyr k apyry. Cart-
cyma v A6nosun [447] nokasanu, Kak MOXHO BHIYHCJIHTH pelleHHE
THHAa MHOTOMEPHOTC JIOKQJH30BAHHOTO COJIUTOHA, OBICTPO CTpeMsi-
uierocs K OAHOH K TOH e KOHCTaHTe BO BCEX HANpPAaBJEHUSX, AJS
3TOro ypaBHeHHs (cM. pa3h. 3.4).

-Ona ypapnenus KagomueBa — IlerBuamBusiu (370 ypaBHeHHE
BO3HHKAET B TEOPHU A/MHHHLIX ¢/1a0OHeMHEAHKX BOJH Ha MOBEPXHO-

1) Cucrema (2.1.59) 8 oTeyecTBEHHOR JuTepaType OGBIYHO HA3LIBAETCH CH~
¢remoit Jlagn — Crioapreona — [lpus. ped; '
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CTH XKHJAKOCTH, pPacHpOCTpaHAWIWNXCA BAOAb OCH X, NPHYEM HSMe-
HEeHHE 1o y ABJACTCA A0CTATOYHO MeILJIeHHbIM)

(2.1.61) 0y (Uy 4 6 (UU,) + Usyy) = —3b62U,,,-

L, A-napy Bnepsue noayuuiun 3axapos u Illabar (1974) [546]
Hpioma (1974) [141] Ouu o6Hapyxumau, 4TO ypaBHeHne (2.1.61
CBSI3aHO C 3ajayveil paccesiHus

{2.1.62) Vexr + (A +u)v+bv,=0.

ITOT pe3yJabTaT MOXKHO MOJYYHTb NPH NOMOILH BhIIIEONHCAHHOH
CXeMHl, B31B

s=[ 5 o) =[] o=y ]

¥ OpOU3Be/st COOTBETCTBYIOUKe Briuncaenus. O6paTHas 3ajava pac-
cesiHust aasa (2.1.62) paccmarpuBagace 3axapoBuiM H MaHaKoBbIM
(1979) [537]. Caenyer momYepKHYTb, YTO [PHBEAEHHAS 3/€Ch CIEK-
Tpa/ibHad 3ajauya OTJIHYAETCS OT OOBLIYHOrO MHOrOMEPHOrO ypaBHe-
nusi Mpénunrepa V2 + (A + u)v = 0, gs xkoroporo obpaTHas 3a-
faua paccesHusi oueHb TpyAHa (cM., HanpuMep, Hvioton (1979)
[399])

2.2. uckpethble 3apaun. MHOro MHTEpecHBX HU3HUECKHX siBJIe-
HHIl MOXXHO MOJENHPOBATh AMCKPETHHIMH HEJHHEHHBIMH YPABHEHHS-
mu. TlpuMepamu sBAsOTCA KOeGaHHe YaCTHIL B OJHOMEPHBIX LeNoY-
kax (Toxa [486]), ajekTpuuecKHe JHHHA HA AHCKPETHHIX 3JEMEH-
rax (Xupora u Cynaym [229, 230}, Xupora u Carcyma [226, 227]),
KOJIJIATC JISHTMIOPOBCKHX BOJIH B ¢usuke maasmbl (3axapos [526]),

A3HOCTHAs annpokcHuMauus AuddepeHNHANbHBIX YpaBHEeHUA H T. K.
{{IOSTOMy He BBI3LIBAET COMHEHHS BaXKHOCTb Toro ¢akra, yro MO3P
NPHMEHUM K HEKOTOPLIM THIAM AHCKPETHBIX 3BOJIIOIUOHHBIX ypaBHE-
HuH.

B 9r0it rsiaBe Mbl HayHeM H3JIOXKEHHE C TAK Ha3biBaeMOH Ie-
nouku Toawl, mpeacraBasioniel co6oi cHCTEMY eIMHHUHBIX Macc,
CBA3aHHBIX HEeJHHEHHBIMH NpyXHHKaMHy, BO3Bpaularilas cujaa Koro-
PHIX SKCIIOHEHIIMAJbHO 3aBHUCHT OT pacTsiKeHHs (3TY LENOYKy HHO-
rjla HasblBAIOT 3JKCINIOHEHIHAJbHOH NENOYKOH). YpaBHeHHs ABHKe-
HHS

(2.2.1) Q. p = e~ (@n=Q=1) _ = (Qn41-Q)

"
)

MOryT ObITh BbIBEAEHBI U3 raMu/JIbTOHHAHA

2.2.2) H= i {5 P+ (e @0 — )},

j=—o0
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rie P;=Qy, (namoMHHM, yTO ypaBHeHHs [aMHILTOHZ HMEIOT BHJ
P;,=—0H[dQ;, Qy, = 0H/OP)).

JTa LenoyKa CHCTEMaTHUECKH H3yyasiach B paGorax Toawl (cM.,
nanpuMep, Toxza [484, 486]); uM Obl1 MOCTPOEH PSA TOYHHIX pele-
HUHl KakK AJs NepHOAMYECKOH, Tak W AJsi OeCKOHEUHOH HEIOYKH.
®aawka [155, 156], Bocnmosb30BaBIIKHCL Teopueil 06paTHOH 3agauH
paccesHus g pasHocTHoro oneparopa lllpéaunrepa, passurtoii Keii-
com n Kauem [97] u Koajficom [93], npounterpupoBas ypaBHeHUs
(2.2.1) meToaom o6paTHOH 3aaaun. AHAJOTHUHBIE PE3yJbTaThl GbLIH
nosayueHnsl tak:xe ManakoBbiM [347]. Bckope mocae storo A6.10BHL
u Jlaguk [17, 18] mpeasoxuian HOBYIO AHCKPETHYIO 3a1auy pacces-
HUA. JTa 3ajJaya paccesiHUsl SBJASETCS AHCKPETHHIM BapHAHTOM
2 X 2 sapayu 3axaposa — lllabata n cayKuT OCHOBOI AJIs IOCTpOe-
HHSl HHTErPHPYeMblX AHCKPETHBIX ypaBHeHUH (B YacTHOCTH, LENOYKH
Tonbl, HenuneliHo#t aBTonyanbHoOM peiwetkn (Xupora [214]) u T.14.).
Kpome Toro, st HJeH MOXKHO pacnpoCTPaHUTh HA CJydaldl KOHEYHO-
pasHOCTHHIX ypaBHeHuit (A6Josuu, Jlaauk [17, 18]). B sTom pas-
Aese Mbl oOcyauM 3ajady paccesihus AJf PA3HOCTHOrO ONepaTtopa
Hlpénunrepa u ee cBsi3b ¢ uenoukoil Toasl. Ilpu stom mbl Gyaem
caenoBaTh pabore ®aamku [156]. 3aTeM MBI npoLO/MKHM 06CyXe-
HHE 3BOJIOLHOHHBIX ypaBHEHUH, CBA3AHHBLIX C PA3HOCTHOH 3ajgaue
2 X 2 3axaposa — lllaGara. B koHume pasgena Mb mOKaxkeM, Kak
pelIuTh 06paTHYIO 3aj4auy.

2.2.a. BbiBoj 9BOMOUHOHHBIX ypaBHeHWH. PaccmoTpum 3apauy
paccesHus aas oneparopa Upénunrepa

(Ac 0603Hauaer cOGCTBEHHOE 3HAUEHHE HENMPEPHIBHOIO CNEKTPa — CM.
[97, 93]). Huckpernsauuneit ypasHenus (2.2.3) apasercs

Vop1+ ¥py — 20,
(2.2.4) B + (ke + ga) $0 =0,

~

rae Yo, = Y(nh) u 1. 1. BocnonbzosaBuinch MOACTAHOBKOH U, =
= gn'\Pn, rle gn = exp (h%q,/2), Mul MONyunM

2.2.5) exp (— o= (Guri + o)) Onsr +
+ exp (— i;’»(‘]n + qn*l)) Up-1 = 7\:0,1,

IPU 3TOM Mbl BOCNOJBL3OBAJHCH TeM, uto exp(h’g,) ~ 1+ h%g, u
A=e""*. Onpenemus a,=exp((— h%2) (gn+ + qu)), MOIyuHM

(226) Q0441 + Ap-10p-1 = 7\.0,;.
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®uawka [155] ucnonbsosan o6obmenue
(2.2.7) An¥ns1 + An-1Un—y -+ baVp =AU,

Yro6r BoiBecTH ypaBHeHHs uemouyku Toaw u3 (2.2.7), Mb Gyaem
caefoBaTh pabore A6soBuia u Jlaguka [17]. PaccMorpum ypasue-
HHe 3BOJIIOLHH 110 BpeMeHH

(2.2.8) 0, = AnUns+1+ BnUs.

BriunenuB npoussoanyio mo BpemeHH ot (2.2.7) M BOCHOJIBb30BaB-
much (2.2.7) pist HCKIIOUEHHS Unyo M Un—y (T. €. Unyolnt1 = AUngq —
— bny1Vn41 — @n0,), MBI TIOJIyYHM [ABa YpaBHEHHS, NIPUPABHSB HYJIIO
KO3(Q(MHUIHEHTH MPH Unt1 H Un (npennonaraeTCH uyto JA/0t = 0):

(2.2.9a) A, (b, —A) + - (A —ba+1) Ant1 +

n+1

a -1, ta
+ a, (Bn+l _ Bn—l) = 'La—r"l' — Ay, 1
n—

at21An+l
(2.2.9b) — T—'_ By (b, —A)+ (A — b,) Bn-1 +
b, — A
+an_]An—1————_an—“t( L ) _bn,t'

Qp-1

[TpeacrasuB A, v B, B Buze (A/1s npuMepa),
An= A3 () + 243 (),

0 1
Bu= By (1) + ABY (1),
U NoTpeGOBaB 3aHyJseHust Koapdunuentos npu A% A, A% moayuum
BeIpaxeHus AJs A,, B, W 1Ba CBS3aHHBIX 3BOJIOIHOHHBIX YpaB-
HeHus (Hampumep, Koaq)cbuuuem npu A2 B (2.2.9a) gaer — AY
+ an A\ Jap =0, AY ==const), Tak 4To AV = q,AY. Ananoruuno
(2.2.9b) maer — —BP 4+ B =0= B =B%=const u 1. 1. [Tocae
SJeMEHTapHHX ajreGpauueckuX Bbiuxcaenuit mbl maigeMm (A9,
BY, i=0, 1, sBasiorcs KOHCTAHTAMH)

A S Ag)anx + Aooan + Aglo)anbm

(2.2.10)

2.2.11) .
B,=BWA 4+ BY + AV (1 —a2) + Y o lnak-y,

H 3BOJIIOUHOHHBEIE YPaBHEHHUS

G, t =5 A%, (busr — b) + 5 Aan X

X (ahp1 — aaey + b2y — b)),
;_21

2.2.12) = A9 (a2 — a2et) + AL [ (Bur1+b,)— -, (bat-bui)]-
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1 0
Lenouka Tofpl BO3HHKaeT, ecsu moaoxuth AW =0, A% =2,

an, t == an (bny1 — ba)s

(2.2.13) b =2(@—a2_,).

OTH ypaBHeHHs cBs3aHw ¢ (2.2.1) caeayoomum o6pasom:

a, = %e' (@n=Qn-1)p2,
2.2.14) 1
bn = —2_Qn—1, te

Hpyryio HHTepeCHle 1leNoYKY YpaBHEHHH MOXKHO MOJYYHTb, NOJO-
®uB B (2.2.12) AV=0, b,=0, AV=1:

l
(2.2.15) @, =75, (00, — G )

- 2 »
BeIGHpas a,=e” “r/’, M Halizem

(2.2.16) Uy, s==e “t=1 — g n+1

(Manaxos [347], Kan, Ban MépGeke [249]). Tenepb mbl mokaxe,
410 06a ypaBHeHHs, T. €. (2.2.16) u uenouky Toaw (2.2.1), MOXKHO
cB3aTh ¢ ypaBHeHneM Ku®, nepexois onpeieneHHnM 06pasoM K
HempepuIBHOMY npelenay. B Haubosee mpoctoM ciayyae ypaBHEHHs
(2.2.16) momoxum h->0 u u,= h?%i, Torpa HenpepbiBHHIH mpe-
IeJ AaeT

2.2.17) iy ~ 2hit, +

Ecqu onpene/uthb

h -
3 Ugxx — 2/13“&,‘ .

X=x42n, T=24,
10 & ~ (X, T) noauunsercs ypasuenuo Ka®
fip ~ fiyxx — Biily.
B cayuae nemoukn TOmH, NONOKHB Q,=hQ,, t= A, [IOJIyYHM

(2.2. 18) Qﬂ =—Qxx + A (Z?xxxx - éxQxx) + e,

u (2.2.18) ana w = Qx cBoHTCA K ypaBHeHHIO Byccnrecka:

Wep =Wy + A° (wxxxx — Oy (_; &’2))
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(cm. pasa. 2.1). Ypaenenne Kad mosyunTcs, ecqu HCKaTh BOJHBL,
pacnpocTpaHsiollHecst B OAHOM HalpaBJeHUH, T. €. OLPEAENHTD

Q ~w (X’ T)’
X=x—1, T=2%L,
Uu=aQ,.
Torpa nonyuum
(2.2.19) —-uT=uXXX—-qu.

[lepen Tem Kak nmepeiiTu K oOpaTHOH 3ajaue paccessHus AAS pas-
HOCTHBIX ONepaTOPOB, MBI PaCCMOTPHUM [IHCKPETH3ALMIO 3ajauyu pac-
cesiHusi Ans onepatopa 3axapoBa — llaGara. Jas navansa mompo-
cty auckperusupyem (1.2.7a), mosoxus

U; — Ui
(0 =~
Takum 06pa30M (1.2.7a) paer
U, nt1 =01, o (1 — iLh) + q,h0s, n,
Uy, nt1 = Uy, n (1 + iLh) + rahvy, n,

rae v n—-v (hn), q,=gqn), r,=r(hn). Ecau ¢q, u r, Gulan
PaBHB HYJIO, TO €CTeCTBEHHO GEJIO Gl OmpelleJuTb 2==e~'t"; npu
5TOM HEIIPEPHBHOE pelIeHHe eCTECTBEHHO MEPEeXONHT B AHCKPETHOe:
U, == e~ it¥ == p=ilnh = 2" y amasorunyHo v,=2z"" [loaToMy 3pech
MBl BO3bMeM 2 ==e~ith ~ 1 —jth, l/z=eith ~ 1 4 ith, u ecau om-
peaeauM Q,=q,h, R,=r,h, TO noayunM

UL, a1 == 201, n + Qu¥2 ne

1
U2 n+1 =5 V2n + Ruvi,n-

(2.2.20)

(2.2.21)

Hmeercs BaxkHOe 060611eH e -(2.2.21):

U, n+1 =20, n nUs n + Suvy, ’
2.2.92) I, ntl 1 Lot Quva n -+ Sats, 4
U, n41 =~ U2, n+ Ra1 o+ To01, ny1.

(OtmetuM, uro HenpepblBHBIH mpeien (2.2.22) Takike CBOLHTCS K
(1.2.7a).)

Bravasie Mbpl o6cynum HeduHefiHble nuddepeHnUasbHO-Pa3HOCT-
Hble ypaBHeHHsA. CBsA3anHyo ¢ (2.2.21) nam (2.2.22) sBojiounuio mno
BpeMeHH MBI IpeICTaBUM B BHIE

a
37 U1, n==An01, n + Babs n,
(2.2.23)

0
aF U3, n ==Cn0y, n + Drvg, ne
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Ananor ypasnennit (2.2.9) mosiyuutcs, ec/H NPeANONOKHUTL 02/0t=
=0mn

a g .
(2.2.24) 57 (Evi,n) = E 5 (94, n)s i=1, 2
rne E — onepatop casura Evs n, = v ny1. Hagee ans ynpouleHus
H3J103KeHHs: Mbl paccmorpuM cayuait T, = S, == 0. [Ipn arom moxy-
YHM

0 9 5] .
= (Evi,n) =2 57 U1 0+ Qo 02,0+ Qu gy V2. 0=

=2z (Anvl, n+ By, n) 4+ Q. 10s, .+ Q. Cuoin+ D, v, n)
E (-(;it U1, n) = An+lvl» n+1 + Bn-]—lUQ, ntl ==

= Apt1 (201, n + Qu02,n) + Bri (% U2, n+ Rnvy, n) .

ITpoBoasi Te Xe ONEpalHH ¢ Uz » U NPUPAaBHHBAA KOI(DHIHEHTHI
IPU Ui n, MBI TOAYYUM aHajor ypaBHeHnH (1.2.8) (xoropble mouy-
yaTcsi B HEMPEPLIBHOM Npefiene):

(2.2.25a) 20N, A, =Q,C, — RuBny1,
(2.2.25b)  — Bnti — 2Ba=Qu, 1 — Ant1Qu+ Do Qs
(2.2.25¢)  2Cpy1— ;_Cn =Ry, t — Ru(An— Duy1),
(2.2.254) + 8Dy = — (QuCrt1 — RuBas),

rae AvA, = Apy1 — Ap, v 1. 4. Tenlepb Mbl XOTHM DEIUHTh CHCTEMY -
(2.2.25) Tak ke, Kak 310 GbUIO cHenaHo Ana (1.2.8). Hekoropoe
anpHOPHOE NpPEACTABJEHNEe O CTPYKType pDellleHHs MOXKHO INOJIYyYHTb,
M3yyash 3aKOH JHCIIEPCHH JIHHEapH3OBAHHOTO ypaBHeHus. B Hempe-
PHIBHOM CJlydae KJIOUeBYIO poab urpana ¢pyHknus o(2f), T. e. muc-
TIePCHOHHAS KPUBAs, OTBeUalollass BOJHOBOMY BekTopy 2§ JHHeapH-
30BaHHOM 3axaun. B auddepennnaJbHO-PA3HOCTHOM CJyuae aHaJo-
roM 3TOH (QYHKIHMH sBAsSETCs ©(2%), MOCKOJBKY MBI HlleM 4YaCTHOe
pellieHHe JMHeapH30BAHHOH 3ajauu B Buie Q,==2¥e~'*@)! B ga-
yecTBe NpuMepa BhiBefeM AnddepeHnHaSbHO-PA3HOCTHOE HEJNHHER-
Hoe ypaBuenue Illpénunrepa. Ero nuneapusanus nmeer BuA iQn, t==
= Qn+1+ Qn-1 — 2Q, (oueBUAHAS AUCKPETH3ALHUS YPABHEHHS i§i=
= ¢xx), NpH 3TOM ®(2%) = 2* + 1/22— 2. Kaxk u B HempepLBHOM
caydae, oKasblBaercs, 4yTo BeqnunHa (A — D), = lim (4, — D)
In|>o
onpejesifeT 3aBUCHMOCTh AAHHBIX PACCESIHUS OT BPeMeHH. JTa BeJH-
yuHa NPOMOPLHOHAJbHA ®(2%), DTO (MM Ke TUIATeJbHOE PaccMo-
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Tpenue (2.2.25)) noackasbiBaeT BHUA NpeJCTaBleHus
A, =22AD + AO),

{
— 1 —1
B,=2B) + — BY,

(2.2.26) o e g
a2l +? no?

1
— 0 —_— -2
D,=DO + — D,

Otmerum, uto A # D 3aBHCAT TOJBLKO OT Y4eTHHIX cremeHel 2. CuMm-
MeTpusi ypaBHeHud (2.2.25) nmosBossier 3akaiouuTb, yTo B u C cie-
IyeT pasjaratb MO HEUETHLIM CTENeHSM.

IMoxcranoska (2.2.26) B (2.2.25) u npupaBHUBaHUE Koacquuaeﬁ-
TOB HpH paa.nwmbxx CTENEHsIX 2 NPHBOIUT K CHCTEMe YpaBHeHHH
aas A®, A9, ..., DO, D=2, Huxe npusejeH pesyabTaT 3JeMeH-

TapHbIX a.nre6panqecxnx BbLIYHCJIEHHH:

(a) 7% AAY =0= AP = A® = const.

(b) z7%: ADS? =0= DS ? = D"P =const.
(b) 7% —B"=4%Q,= BV = A®Q,.

(c) Z7: Chi=A%R,=C) = AR,

(b) z7% BN =D%Q,= BV =DT2Q,_;.
©  Z7%: —CiV=—D"R,=C;"=DE"R,.

(a) Z:  AAY = A?(QuRn-1 — QuriRn) =
=AY = — A9Q,R.-, + AY.

(d) 27" ADY = — DTV (QuRnt1 — RuQu—1) =
= DY = — D"?R,Q.-1 + DO

(a) Z7' QT — RuBi=0=>
= Q. (DUPR,) — R, (DZ%Q4) =0 (BhnOsHEHO).
(d) Z: QL —R.BY=0=

=Q, (A?R,) — R, (4?Q,) =0 (Bmimo.HeHo).
(b) 2% Qui=A2(Qus1 — Qus1QuRn) + A%Qn —
— D2 (Quot — Que1QuRz) — DYQ...
(d) Z°  Ru ¢==D"?(Rny1— Rnt1RiQn) 4+ DLR, —
- A(?-) (Rn-—l - Ru r~anQn) - A(Q)Rn-
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3necs 6ykBpt (a) — (d) 0603HAYAIOT COOTBETCTBYIOIEE ypaBHEHHE
(2.2.25). Tlocneanune ABa COOTHOLUEHHSI AAIOT IBOJIOLUHOHHbIE YpaB-
HEHHUS

(2.2.272)  Qut=(1 — QuR4) (Qus+ 142 — Qu-1D3?) +
(2.2.27b) Rp:= (1 — Qr‘an) (Rn+lD(o:2) — Rn—x/l(go)) +

-k (D(o?:) - AE,?))) Rn.
Ortu ypaBHenus cosMecTHH ¢ R, =+Q), econ DZ? =AD" n
(AQ~ DY) = — (AQ — DQY". Ecmu  Basate  AQ=—i/h?
AQ — DO = 2i/h?, 10 moayynm

2.2.283)  Qui=(—77) Quus+ Qu_y — 2Q,) =
+ QnQ:z (Qn+l + Qn-—l) (_—/:2—) '

UM ecau Q,=hq,, TO

(2.2.980) igy =22t It =20 1 g.0% (guss + Gu),
OTo ypaBHeHHe Mbl OyJeM Ha3bBaTh AH(dEepeHuanbHO-PaSHOCTHHIM
ypaBHenueM IlIpéannrepa.

Caenyer ormeTutb, yTo mojcranoska (2.2.2b) B (2.2.25) axaer
12 ypaBHenu#t ans 8 HeusBecTHbX. [IBa ypaBHeHHs yJIOBJIeTBO-
PAIOTCS TOXKAECTBEHHO, [Ba JPYTHX SBJSIOTCH SBOJIOLHOHHEIMH
ypaBHeHHAMH. DTO HENOXOXE HAa HENPEPHLIBHYIO TEOPHIO, B KOTOPOIl
6bi1o 10 ypaBHenuft Ansi 8 HemsBecTHBIX. CofGupasi Bce BMecTe, 1O-
JyYuM

4,= () (1 =2FQQ..), B.=(5)(—Qz+0Q,/2)
C= (G )@z — Q). D,=(F) (1 -1 FQ, Q)

OTmernM, uto npu |a| — oo v

lim (4, — D) =(57) (2—22—5).

fn|>o0
Jlunefinas yacto (2.2.28b) umeer BUA iGn, t = (Gnt1 + Gner — 2q.,) /A2,
3aKOH JHCMEePCHH MOXKHO HAHTH, MPEIACTaBHB gn ~ 22" exp(—iwl),
Torja o == (2% -+ z-2— 2) /h% Takum oGpasom, A, u D, ya0B/eTBO-
PAIOT COOTHOILEHHIO
(2.2.29) lim (A, — D,) = — io(2%.

{nl>o0

ITpuBeneM HeKOTOpble MHTepPecHBle HeJHHelHble AH(depeHIHaNbHO-
Pa3HOCTHBIE YpaBHeHHS, CBA3aHHble ¢ (2.2,25),
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(1) Auckpernoe ypasuenue mKod. B (2.2.27) Bo3bMeM AQ =

= D@ =0, A‘E’ = D(:z) =5 Qn = hqn’ q, BELIECTBEHHO (R" =
=+ Qn):
(2.2.30) Qo= (1 E1°G2) (0,41 — 9,y)-

Ypasuenune (2.2.30) nepexoaur B MKa® TouHO Tak XKe, KaK ypaBHe-

nue (2.2.16) nepexonut B Ka®. Hcnoassys (2.2.22) u nmoaxonsiyio

3aBHCHMOCTb OT BPEMEHH, MOXKHO IMOJYYHTb APYrue HHTEpPEeCHHE He-

JnuHelnbie guddepeHUHaNnbHO-PA3HOCTHBIE YpaBHEeHHS (BBIYHC/IEHHS

B 3TOM CJyyae BeCbMa rpoMO3JKH, cM. [17]). ‘
(2) AsrodyansHas peuieTka:

aniQn=1n’ Tn=isn=—'vn’
@231) I, =11}V, ,—V,)
Vn,t= (l = V?n) (In— [n+1)'

(3) Lenouxa Tode (2.1.1):
R,=0, T,=1, Q,=tins Sp=1—¢e" (#nt1— un)’

Up tt==€ (#n—tn—-1) _. e (uﬂ-l'l"uﬂ).

DTH ypaBHEHHs [0JYUYAIOTCS U3 PA3JIOKeHHH
— Al 0 —: R0 -1
A,=AbVz+ AO, B, = B9+ Bz,
C,=CVz+CO, D, =D"+ DNz

U T. [., NOACTaBJeHHbIX B aHajsor (2.2.25), comepxkaiinil S, Ta
OrmeruM, uTO 3ajgava paccesHus (2.2.7) moxeT GbITb MOJy4yeHa H3
(2.2.22), ecan nonoxuth Ry=0,Tn=1, Qn=—Pn, Sn=1—an
nAh=z+1/z

(4) Pasnocrnoe ypasrenue Kod (2.2.16). Tlomoxus R, =0,
T,=1, Q,=0, S,=1—e"", naitgem

Up ¢ =g “n—1 — p7¥n+1,

Otu ypaBHeHusa ObliM NOJYYEeHb NPH MOMOUIM KOHEUHBIX pasJio-
JXKEeHHH TakK e, Kak B pasj. 1.2. Jlnsg HekoTOphIXx M3 HHX B pabore
[109] 6binn HalineHb 5BOJIOUHOHHBI onepaTtop u GopMyJsl, aHaJjo-
THYHbIe MOJYUYEeHHBIM B pas3f. 1.b.

OTMeTHM, YTO TaKHM Ke 00pa3oM MOMKHO pacCMaTpPUBAThb KOHeU-
HO-PA3HOCTHBE YpaBHEHUs, B KOTOPBIX BpeMs TakkKe sBJAETCS JHC-
KpeTHoli mepeMeHHoil. PaccmorpuM, HampuMep, COOTHOLIEHHS
(2.2.21), B KoTOpLIX OyaeM cYHTaTh, YTO BpeMf AHUCKPETHO:

t=mAt (tak uro v, (/) samenuv Ha o7 =uv,(n\x, mAl), Q, (6)—>
- Qp =Q, (rAx, mAl) u 1. A.).
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Kpome 3TOro, 3BONIONMIO B AUCKPETHOM BpEMEHH 3aAafuM COOTHO-
HIEHUAMHU
m_im
Amvl, n= An?], nt anz n

2.2.32)
A v2.n=cn Ul, a+ Dn”?,n'

3necs A"l =0l — o'y, i=1, 2. Tlonaras A™2=0 u npu-
paBHHBasd
Am (Envt n) = F, (Amv:nn)

(Tak Xe, Kak B (2.2.24), (2.2.25)), mosyuynM KOHEUHO-Pa3HOCTHBIM
BapuaHT ypaBHeHult (1.2.8):

2 A An= Qg-HCn - RZ‘LBn-H;

‘—Bn+l ha an—A Qn - (An+lQn s DanH)
2.2.33
G259 e, — L Co= A™RY + (AREH — Dy iRD),
? ADn=R7"'By — QiCrs1,

rae A,= Ay u T. 1.

JanbHeiiliee passioxXeHHe onpeaeseTcss AHCIEPCHOHHBIM . COOT-
HoileHHeM. Mertoa o6paTHOH 3azaun [19] npuBoauT K caeaynouemy
pe3yJibTarty:

(2.2.34) 0@)= lim ~IAn

rie (2% sABASIETCH <«NEPEXONAHOH XapPAKTEPUCTHKOH» HJIH 3aKOHOM
JHCIepcHH JMHeapu3oBaHHOW 3ajaun (cMm. Takxke pasp. I1.1). Ha-
npumep, HauboJee ofllee JiHHefHOe MIECTHTOYEUHOE KOHEYHO-pas-
HOCTHOE ypaBHeHHe (C MNOCTOAHHBIMH KO3(dULHEHTaMKH) HMeeT BHX

(2.2.35) A"Q) = (aQr,, + @ Q) + a_Q) ) —
— (B + BQn "+ BQ)-

3akon Jaucnepcus, COOTBGTCTBYXOUJ.I/II/I 3TOH 3ajaue, MNOJIYUHTCH, eCJiH

HCKaTh pellleHue B sute Qn =z 0" (2 ); Torna
-2
(2.2.36) ) (22) p— 1 + azz + [¢1) + O—92

T+ B2+ Po + Pzz—? '

DTa pasHOCTHAS CXeMa fIBJSETCS UHCTO «AHCIEPCHOHHONY, ulH Ges-
Pas3iuyHO yCTORYMBOH, ecan |o] == 1. D10 TpeGoBanue cieayer u3
MeToa o6patHON 3a4aun. JLOCTATOUHBIMH YCJAOBHAMH ABJASIOTCS Cle-
Aylolue pasenctsa: B,=a_, PB,=a;, B_,=a; Takum oGpasou,
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(2.2.36) osnauaer, uto A, B (2.2.33) umeer npeacrtasiienus A, =
____A(nz)z2+A(0)+A(—2)z—2
- n n .

Hanpumep, 04HO H3 HHTEpPECHBIX KOHEUHO-PA3HOCTHBLIX ypaBHe-
HHUH UMeeT BHJ

Amqm { n—1 "
2.2.37)  i—-=rm [(q;’;, —2q7+ g, [ A ) +
m § m 1 m( omx *
"l‘( nl =2 gt ll A )] =7 [(]n (g an e e+

n
* *) € o1 m
A gy )+ 2anier [ AT+
n—~1 n n—1
B ’ m m meom m+1 nmom#
+ 27 gyt q,'f“][Ak]~q,, DATSE =g Y ATS
rae
m I+ AquZH'“qu“H
Ak = 2 m* m !
1 + Ax 9r 93

S;;n == AJZ;(] (qzn_l_lq;;n* + ‘IZW,T_*I .

OrmeruM, uro (2.2.37) npeacrasaser cob6oif OAHH M3 BapHaH-
ToB cxembl Kpanaka — Hukonbcona. Omubka annpokcHManuy uMeer
nopsizok O(Af?, Ax?), u B JIHHelHOM Npejlesie T4 cXeMa NepPexOAuT
B crangaptHyio cxemy Kpanaka — Hukonbcona. Caenyer takke ot-
METHTb, 4TO:

(i) Ha koneunom unrepBane [—p, p] BMecTo —oo B cymmax
¥ NPOU3BEJICHUSIX CaeyeT Mucarb —p.

(ii) JIuneapusoBanHas cxema SIBJAAETCS YHCTO AHUCIEPCHOHHON
¥ 6e3pasiuuHo ycToRYHBOH: o] = 1.

(iii) Huasa mo6ofi nnHefiHON KOHeYHO-pa3HOCTHOMR cxembl (2.2.35)
Mbl MOKeM HaHTH HeJNHHeHHYIO KOHEUYHO-DPa3HOCTHYIO CXeMY, BHIOpaB

m m
B (2.2.33) pasnoxenue aas A, ..., Dy coorserctsywuwum o6pa-
30M.

(iv) Tlonnas KOHeUHO-pa3HOCTHAsA cxeMa AJAg HeJHHeHHOro
ypaBHenus llpénunrepa coxpansieT «x — ¢ CHMMETPHH», T. €.

B HENPEPBHIBHOM CJydae x —» —X, [~ —{, [ —> —I,

B KOHEYHO-PA3HOCTHOM cijydae A -—> —n, m-—»—m, {— —i.

(v) Tounoctn anmpoxcumauuu AudpepeHnHaNbHOTO YPABHEHHS
KOHEYHO-PA3HOCTHOH CXEMOH B. JHHEHHOM W HeJHHEHHOM chayuasx
COBMAJAIOT.

(vi) CxeMpi SIBISIIOTCS HEAOKQAbHOIMU, T. €. 3aBHCAT OT Bced
ceTkn ToueK. C Toii e TOUHOCTbIO aNNPOKCHMAlLH{ H COXpaHeHHeM
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CHMMETPHH 3Ta CXeéMa MOXKeT OLITL CAeJiaHa JIOKAJbHOH (IIJIH 3TOro

noctatouro B3t 1| A, =1, Y A”S¥=0). Xora ypasmenue
(2.2.37) siBasieTcst HEJNOKAJbHBIM, €r0 MOXKHO INEpelucaTh B BHIE
JIOKaJbHOH CHCTEMBl KOHEYHO-PA3HOCTHLIX ypaBHEeHHH.

(vii) Pemenue MOXKHO HaliTH MeToAOM oO6paTHO#l 3ajaudm (CM.
HHXKE), H MOXHO TOKa3aTh CXOAHMMOCTb CXeMbi K Au(depennuallb-
HoMy ypasHenuto nmpu Ax, At — 0. ConuToHHBIE pEUIEHHS BHIYHC-
JIAIOTCA SBHO.

HenaBuue uucaennnbie sxcnepumentsl (Taxa u A6aosun [470])
N0Ka3a/u, YTO TAKHE CXeMBl SIBAAIOTCS BeCbMa XODOMIMMH C Npak-
THYECKOU TOUKH 3peHusi. AHAIH3, NPHBEJEHHBIH 3[eCh, MOXeT OBITb
pacmpocTpaHeH Ha JAPYrHe HHTErpHpyeMble IBOJIOUHOHHLIE YypaBHe-
HUS.

2.2.b. Teopus paccesinusi. Temepnr onuiieM o6paTHyl0 3agauy
paccesiiusi, CBA3aHHYIO ¢ pa3HocTHEIM 2 X 2-omepatopom 3axapo-
Ba — lllaGaTta. 3xech uMeercss AOBOJNbLHO O/NHM3Kas aHAJOTHs C He-
NpepbiBHBIM CJayYyaeM, paccMOTPeHHbIM B pas3i. 1.3. B xoHue 3toro
paszena Mbl NEPEYHCAHM pe3y/bTaThl, OTHOCsALIMECS K 3ajaye pac-
cesiHMsi IJsi pasHOCTHoOro onepatopa Llpéaunrepa, u ux npuioxe-
Hus K yenouxe Toawl. '

Mgt 6ygem udydarth 00paTHYO 3ajauyy paccesiHusl, CBA3SAHHYIO C
(2.2.22). 3aTeM COOTBETCTBYIOULHE pe3yabTaTh Aaa (2.2.21) Gyayt
TMoJyyeHsl Kak yacTHbiil cayuall npu S, =T, = 0. BoJjee moapo6-
HOe H3J0XKeHHe MOXHO Haitu B [17] u [18]. ®yukunu Hocra ompe-
IEJSIOTCS CIeAyIoIUM 00pasoMm:

1 n 0 ~n
q)nN(O)z: %N(I)Z ’

(2.2.38) n-—>— oo: n—» oo:
i~()n we(g)7
ad 25 Y, ~ 0 2%

Tak e Kak B pasd. 1.3, MOXKHO MOKa3aTh, YTO JAJIS JOCTaTOYHO
6LICTPO  yOBIBAIOIMX HPH [n] — oo noreHuHanoB Qn, R, Su Ts
(hyHKIUH

¢.2~",  $,2" auaguruuse npu 2| > 1,

Pn2", Pp2~" aunanutuunb npu (2| <1

(T. e. BHE ¥ BHYTPH €IUHHYHOrO Kpyra). DTo Jierue BCero nokasars,
KOTJa MOTeHIMajhl MMeOT KOMIAKTHHIH HOCHTeJdb. B aToM ciayuae
MOYHO TO HHAYKIHU YCTAHOBUTH, UYTO (YHKUHH, aHAJIUTHYHBlE IPH
|z| > 1, aBastoTes monuHOMaMK No 1/2, a QyHKIHH, aHAJIHTHYHDIE
npu |z| << oo, — noauHOMamMu 10 2. BpoHckHaH 3ajaercs COOTHO-
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LICHHEM
—8;T . -
W, (b, ‘ll/) H T— Rt”li = P1aP2n — PonPin-
i=n
Ecm T, =— 8], R,=—Q;, 1o dynxuus W, mosoxurensHo ompe-

menena. B ocramumnix caydaax mpl 6yaem npeanoaarartb, uto Si T,
R; u Q; menbile enruHuupl. JIuHefiHag 3aBHCHMOCTb Yn, Pn NPHBO-
IHUT K

(2.2.39a) @, = ap, + by,
(2.2.39b) Gn=—a¥, + by,

a COOTHOIIEHHE BpOHCKOI‘O aaer

L TT(1—RQ
(2.2.39¢) aa+bb =] (-———l —S ) ,
r1e a, d, b, b 3aBuCST OT BpeMeHH KakK OT mapaMeTpa. Mbl MoKakeM,
uto ad + bb ue 3aBucut ot Bpemenu. [losTomy eciu Ij_o_ow((l—R,Qi)/

(1 —8;T)) saBasercs HeHy/JeBOH KOHEeUHOH BeJHYHHON B HayaJb-
HBIH MOMEHT BPEMeHH, TO H BPOHCKHAH W, fBAAETCA KOHEUHBIM H
HeHYJIeBblM. Pasnoxenusmu (2.2.39a) Mbl 6yiem IOJNB30BATHCA IPH

z| = PaSlleJIHM (2.2.39a) na a (mpeamonarasi a(z) = 0 npu

2| =
(2.2.39d) _q;_n = '\-ljn + 'Z— u)n,

U IPEeaNoJIOKUM cymecmosaﬂne CAeAYIIHUX Hpeﬂ.CTaBJleHHH (HMelO-
muX Heo6X0auMble CBOHCTBA ananmmnocm)

(2.2.40a) by = Z K (n, n'yz=",
(2.2.40b) b= Y, K(n, n)e;

no anaJgoruu ¢ (1.3.17)
0 c .
1p=( { )eiC” + S K (x, s)eits ds.

TToxcraBuB ¥,, ¥, B (2.2.39c) u mojaeficreoBas Ha (2.2.39¢c) ore-
paTtopom l/2ni<§dz;>:‘m‘1 (KOHTYpPOM CJYXHT eJUHHYHAST OKPYyXK-



148 2. MO3P B Apyrvx noctaHOBKax

HOCTb), TOJYUYHM

2:240) I= 2m ® Tzmmeldz = Z K (n, ") 5+ 2n @z”"’”"dz—[—

£ Y R )5 § 4 @ ammemiaz,
n’=n

3ameruB, uTO
1 n’—m—1 — 4
= @ z dz = d(n’, m)
(8(n, m) =1 npu n = m u 0 B ocTajbHbHIX cayuasx; §(n, m) — 310
Jdenbra-cuMBoJ Kporekepa) u onpenessis

(2.2.42) F,(m+ n')= - § L () z-tmtn- d,

oni

MOJIYYHUM
(2.2.43) I=K(n, m)+ Z, K (n, n') F,(m 4 n’):

Tenepb BLIYUCANM JIEBYIO Y4aCTh 3TOrO ypaBHeHHﬂ'

(2.2.44) 1_2—m-c§ Syt gy — L 2m @ 27" et gy,

DyHKUUE @,2~" W a(z) ABAAIOTCA aHAJMTHYECKHMH B 006JaCTH
|2] > 1, nosTOMY efuHCTBEHHbIE CHHIYJISIPHOCTH — 3TO TOYKH, B KO-
TOPBIX a(z,)_- 0. Takum ofpasom, mpu z-—> 00 @2~/ > Jw, n
(Mpr Mornu Gbl BHIUHCHATb Jo, n MEPEXOJOM K INpEReJy 2-—> 00 B
(2.2.22), Ho a5 panvhefimero sta popmynaa He norpebyercs.) [Ipen-
MOJIOXKHUB, YTO @ UMeeT N MPOCTHIX HYJeH 2k, B KOTOPHX @z == Cx\s,
HOJyYHM

N
(2.2.45) =~ Z % (%) gpm=tJ, B(n, m)=

a’ (2,
i=1 (’)
N

=—Za<z) ZK(”’ n)ep®@Em=t 41, 8 (n, m).

i=1

Onpepenns FD(m—l—n')EZNE,.z;‘(""Fm)-l, c]=él./a;, H BOCHOJIb~
3opaBmuch (2.2.44), (2.2.45), noayuum

22460) R(r, m)+ 3 Ko w)Fm 1) =1 00, m)
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rac
(2.2.46b) Fm+n)y=F,(m+na")+ Fp(m+n)=
N

1 b i ’
—_——e ) = >—(n'+m)—1 & o—(n'+m)—1
5r 97 2 dz + E s .

Ecan mMb npoaenaeM 1o ke camoe ¢ (2.2.39b), To monyuum

(2.2.47a) K(n, m)— i K(n, n')F(m+n')=—1I, ,0(n, m),

(2.247b)  F(m+n)= 5~ {P b anim—1 gy Z g2y tml,

rae

To. n=limz

n (Pn
z2-»0 a

(kag u paHblie, Jo, » MOXKHO BBLIYHCJINTb, HO B 3TOM HeT Heo6XOAH-
moctu). CoorHowenusn (2.2.46) u (2.2.47) HaM HYXKHB TOJbLKO IIPH
m > n, Onpeaeanm

K(n, m)= H l_—IE{@'”(”’ m),

K (n, m)= Hl % (n, m),

=) wa (1)

Ipu stom (2.2.46), (2.2.47) nator pa m > n

(2.2.483) #(n, m)—l—((l))F(m—!—n)—i— Z%(n, n')F(n + m)y=0,
atl

=]

(2.2.48b) % (n, m)— ( é)ﬁ(m + n) — Z %(n, n')F (0’ + m)=0.

n+i

DTu ypaBHEHHs ABJSIOTCS AHCKPETHHIM aHajorom (cM. (1.3.24, 25))
uHTerpanbHoro ypasHenus lenbdanna — Jlesurana — Mapqeﬂxo

Mtul csikeM K (n, m), K (n, m) ¢ noTeHUuanaMH, TOACTABHB P, =
=2~ K(n, m)z~" u T A B sagauy paccesnus (2.2.22). s
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K(n, m), K(n, m) noay4iM KOHEYHO-PA3HOCTHHIE yDaBHEHHS, H

Qn=Ml (n’ n+ l))
Rn=_ﬁ2(ns I’l+ l);

@249 5, = — o bur 2+ Quaa(n, n+ 1],

T=— =gzl (n, n+2) + Ry (a, n+ D]

B cayuae R,=F Q, uT,=F S, MOXHO yCTAHOBHTb CJEIyiOlIHe
CBOACTBA CHUMMETPHH!

r » - = 1
b=—_{—b’ a=a., zj—_—..--—*-’
2y

G=%—, F)==F (@)

*
2

%, (n, m)
% (n, m)=( )

Fx, (n, m)

[Tpu stom ypasuenue (2.2.48) naer

(2.2.50a) %, (n, m)— F(n 4+ m) £+

> wn, nYF (" +n') F(n' +m)=0,

n'=n+l n"=n+l

- N
(2.2.50b) F(n) =+ @%(Z)z""‘—zéﬁ?“»

2mi
=1

(2.2.50¢) %, (n, m) x ,iﬂu; (n, n’)F(n' +m)=0,

(2.250d) ) Qn =% (n, n + l))
2.2.50¢) S,=— 1—;—‘Q—Q— [y (1, 1+ 2) + Qutg (, 1+ D).

PaccmorpuM tenmeps Sn = T,=0 kak uyactHuii cayuait. Ecan
Sp=T,==0, TO MOXHO MOKa3aTh, 4TO a(z), @(2) sABAATCA yeT-
HHIMH GQYHKUHAMH OT 2, a b(2), b(2) — nevernsimu. Ilpn aTom co6-
CTBEHHbIE 3HAYEHHs BCTPEUAIOTCS mapaMmH, u ¢j(24) = ¢;{z-). OTH





