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6oro m =1, ..., n. Ilokaxure, 4TO ABe KOMMYTHPYIOUIHE MATPHUILbI
HMEIOT OJIHAKOBBle HHBAaPUAHThHIE IIOAIPOCTPAHCTBA.

(b) Tloxaxkure, uTo cOOGCTBEHHBIN BEKTOP U, MAaTpPHIBl @) OTBe-
yaeT 3aKOHY COXPaHeHHs, 3aBHCslleMy OT (4, Uy, ..., Up—1)x), 9TO
Un—1 OTB€YAeT 33aKOHY COXPaHEHHs, 3aBHCSALIEMY OT (Un, U, Ux, ...
..oy u(p_1)x), HT. A

(c) Tlokaxkure, yro nGas abenera anre6pa JIn COOTBETCTBYET
Ha0Opy 3aKOHOB COXPaHEHUS PacCMATPHBAEMOr0 YpaBHEHHS H 4TO
OHM MOTYT OBITh KAK TPHBHAJbHHIME, TaK H HETPHBHAJBHLEIMH,

6. Tloxaxure, yTO ypaBHEHHe

ut‘l'uxxx"]'f(u)uxzo

HMeeT ICeBAONOTEHIHAN, 3aBUCAIHNA OT (U, Uy, Mex), TOTAA H TOJb-
KO TOrzd, Korja
fu)=1cy+ ciu+ cou?

(Yonksuct u derabpyk [497]).

7. Jlokaxute, uto cooTHomeHus: (3.2.21) He uMmeloT HeabeneBHIX
pewenuit. [Tycts @, B, y, & sBasiores N X N-marpunamu; BeibepeM
CHCTEMY KOOPAMHAT JJIl ¢ Tak, 4ToObl B Hell MaTpHLIA ¢ HMeaa HOp-
MaJbHYIO )KOpLaHoBY (opMmy.

(a) Ilpexmonoxum, uto o guaroHanbHa. [lokaxkure u3 (3.2.21a),
yro o = 0. Tlokaxkure, uto npu sToM ajare6pa JIu saBisercs aGene-
BOH.

(b) Tenepp mpeAmoONOXKHM, YTO MATPUILA O HE MOXKeT OHITH AHa-
ronanuzoBana. I1ycTh MaTpHuUa o HMEET TOJBKO OJHO COGCTBEHHOE
3Hayenue (M) u omun coOGCTBeHHBIH BekTOp. Bolumcsaure ciaef coor-
nouenuss (3.2.21a) u mokaxure, uro A = 0. ITostomy

0 141 =1, Gi;=0 (G=#i+1).
[Tokaxure, uto 3 (2.2.21a) cienyOT COOTHOLIEHHUS
y,»,,-=0 ecau >,
vi; =i+ M pas uegkoroporo M, i=1..., N.

Boiuncaute caen Bepaxenusa (2.2.21d) u noxaxure, uTo
M= — (N 4+ 1)/2.

Mokaxkute, Bocnoab3oBasuuchk (3.2.21d), uro
Bipri=i(N—10/2>0, i=1,2,...,, N—1.

B (3.2.21b) o6osnauum Q = [a, 8] 4 [B, y] — @. Brruucaure

ZN_I (Q);.,; u MOKaXuTe, YTO HPH 3TOM BO3HHKAET IMPOTHBOpEUHE

i=1
o N> 1.
(¢) Ocranacp eZMHCTBEHHAs] BO3MOXKHOCTb: MaTpHIa O HMeeT

Gosee ueM oxuH, HO MeHee N coGcTBeHHBIX BekTOpoB. TakuMm obpa-
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30M, « HMeeT ABe WiH 0oJjee JKOPAAHOBbL KJAETKH BJOJb JAHATOHAJH
H HYJH B OCTaJbHbIX Mecrax. basuc moxkHo BbiGpaTb Tak, yToObl
camasi Oosblliasi KAeTKa Obljia paclofxeHa B JjeBOM yriy. Bolunc-
JINTe YACTHYHHIN cJel cooTHoUeHus (3.2.21a) ans kasmdoil KAeTKH U
IOKaXKHTe, YTO 8¢ cOOCTBEHHBIC 3HAHEHHS MATPHLbl ¢ PaBHL HYJIO,
Marpuuy y MOXKHO pa3buTb Ha GJIOKH, COTJIACOBAHHBIE C @, HO TIpH
5TOM ee HeJHaroHajbHble GJIOKH (KOTOphle, BOOGUIE rOBOPS, MOTYT
He ObITb KBaJpaTHbIMH) He 00s3aTeJbHO PaBHBI HYM10. [lokaxwure,
YTO JHaroHaJbHBlE OJOKH HMEIOT TOYHO TaKOH Ke BHJA, KaK B CJYy-
yae (b), u d¥r0 Kaxablfi HeAMAroHaJbHBIH GJIOK SBJSIETCS BepXHe-
TPeyrolbHbHIM. B ocTasbHOM J0KAa3aTeNbCTBO TAaKOe IKe, KaK B
n. (b), 3a MckaOYeHHMEeM TOro, uTO, BOcHmoJb3oBaBuinch (3.2.21d),
caelyeT AOKasaTb DaBEHCTBO HYJIO COOCTBEHHBIX AuWaroHajef He-
AuaroHasbHbx 6jokoB y. Onpegenum R=][e, B]—vy, rorga
2 i(Rip ) (cm. (3.2.21d) mpuBomuT, Kak u B NpeiblylleM cayuae,
K nporuBopeuuto, ecau N = 1,

(d) Takum ob6pasowm, cootHouweHus (3.2.21) He umeroT pereHuii
IIpH HeauaroHaJusyeMmoil matpHile o. Eciii MaTpuua « amaronaJu-
3yeMma, TO pellieHue sIBAseTCs afeseBbiM.

8. PaccMmoTpum ypaBHeHue

2 —_
Uy + UWly —Ugyy = Ugy.

(a) Tlokaxute, yTo 3TO ypaBHeHHe HMeeT OrpaHHUYEeHHLIE HA
BceH OcH —oo <C ¥ <C oo CTAlHOHApHBle pellenus (4 = f(x — ct)),
HO CpeJi¥ HHX HeT NepuoAuveckux peienuit. Onuuure anepuaognye-
CKoe pellleHHe.

(b) Bonee ToukuA BONpoOC COCTOMUT B caepyouieM, CyllecTBYIOT
JH OrpaHuvYeHHble HEOCHMJJIUPYIOLIHEe CTAllMOHAPHbBIE PelleHHs?

(c) Koponec u Tecra [122] nokasau, uTo 3T0 ypaBHEeHHEe HMeET
HeaGenen ncesaonorenuuan. OHH He NPOBEPHJIH, NPUBOJIHUT JIH 3TOT
ncesjonorenuuan k [1b nau K 3apade paccesiHus, B3aHMOAEHCTBYIOT
JIM pellieHHs] H3 1. a) KaK COJIHTOHbl H MOXKHO JIH 3Ty 3ajady TOYHO
pewutb. MiMeer 1M 3TO ypaBHeHHe NCEBAONOTEHIHA?

Pasdes 3.3

1. UccnenoBats casurn $a3 COMUTOHOB B ABYXCOJMTOHHOM pe-
urenun ypasHenus MKa®. To xe camoe aas ypaBHeHus sin-I'opnoH
u HenuHelnoro ypasHenus lpéagunrepa.

2. BocnonbsoBaBuwinch npeo6pasopanHeM bakaynga B GuanHed-
HOH ¢opme (3.3.72), BHIUHCIUTL ABYXCOJHTOHHOe pellenue (3.3.76),
OTIPaBJASCh OT OTHOCONHTOHHOrO pelleHus (3.3.74).

3. Bocnonb3zoBaBIIHCL (QOPMYJOH CYNEPHO3HIUH COJIUTOHOB H
COJINTOHHLIMH peLIeHHAMH ¢ HeGOJBIIMM YHCJIOM COJHTOHOB, BHIUMC-
auth kKoHcrauty C B (3.3.86).

4. BocnosnbzoBasmuck (3.3.87), BulukCAuTh COGCTBEHHYIO (DYHK-
LHIO P 1O NEePBHIM ABYM COJIHTOHHBIM PelleHHUAM.
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Paszden 3.4

1. TTokaxkure, uto (3.4.25) Bmecrte ¢ ypaBHenuem Knd (3.4.1)
Jaubo BmecTe ¢ BolpoxAeHHBIM IIB (3.4.26) nact oguHakoBbe pa-
LHOHAJbHEIE pelleHns.

2. UeMm orTanualorTcsi aBTOMOJE/AbHLIE DAalMOHAJbHLIE peIIeHHs
ypaBaenuss Kn®d, 1. e. u=(3¢)"*%w(z), 2= x/(3t)/%, or BCero
KJacca palHoHaJbHBIX pelleHnil ypaBHeHus Knd?

3. Ilonyuure caenyiollee palHOHAJILHOE pellleHHe YpaBHEHHs
Byccunecka (3.4.34) (orBeuarouiee F3) u ypaBHeHue MKa®d (3.4.43)
¢ HeHyJeBBIMH acUMOTOTHKaMu (oTBeyawilee Fs, Gs).

Pasden 3.5

1. M3yunte cTpyRTYypy ABYyXcosuTOHHOro pemenns (3.5.1). Ka-
Ko# caBur (a3 BO3HUKAeT B pe3yJbTaTe B3auMOAeHCTBHA? Kakuwm
oH Oyner ajas N-CONMUTOHHOIO pelieHus?

2. Kak noayuurs (3.5.38) u3 (3.5.37)?

3. TIpoeepbTe, uto (3.5.39) B camoM neje mpuBOAUT K (3.5.41)
npu 6 = 0 1 kK (3.5.42) npu § — oo.

4. NUmeetcs peweHue (3.5.48). Ilpeanonoxum, uto k;—-0. [To-
Ka:KuTe, UTO, 32 HCKJ/IOUeHHeM caydyas 0k ~ m, pe3yJbTaT mepexoaa
K Ipenety sIBASeTCS TPUBHAJbHBIM.

5. B kaxom cmbicie (3.5.63) mpencraBnsier coboit 3agauy Pu-
maHa — [uab6epra? MoxKHO /1M 3TO NpeACTaB/eHHe PACCMaTPUBATh
KaK 3ajJa4y paccesHus?

Pasdea 3.6

1. B kakom cMbic/Ie TOAXOMA, OCHOBaHHBIN Ha ypaBHeHHH (3.6.8)
¢ LiF =0 u omepatopamu L, L,, omnpenenenanivu B (3.6.12),
(3.6.16), siBnsietcst Gosiee oOIHM, YeM MeTOJ oOpaTHOH 3ajauH pac-
cesinds, ONHCAaHHBIA B ra. 1?7 B xakom cMmbicie mosiyueHHas unHdop-
Manus OyAeT MeHblue?

2. Tlokaxute, uto «dakTopusoBanHoe» ypaBHeHHe (3.6.51) maer
ypasuenue I'enpdanga — Jlesurana (3.6.53).

3. Ilyers My, M. 3apausl opmydoit (3.6.61). Ilokaxure, uTo
yciosne (M;, Mz)=0 B camoM jeJie NPHBOAHT K ypaBHeHHIO Ka-
gomuesa — [lerpuamsuan (3.6.63).

: 4, Kak mnonyuyuTb pe3oHaHcHoe pemenne Mainza [376] wus
(3.6.68)?

Pazden 3.7

1. (a) [Tokasxure, uTo f == 2/2 ABJIsIETCS] TOUHLIM pEIEHHEM ypaB-
geuus (3.7.1c). Kaxkoe pewenune ypasHenus (3.7.1a) coorser-
creyer f?

(b) Mycrs f(2) == 2/2 + g(2). KakoMy ypaBHEHHIO YI0BJIETBO-
psier ¢yHkuus g(z)? IlpoBepbTe, UTO g SIBASETCSI UHTErPHPYIOUIMM
MHOMKHTEJEM, H TPOHHTErpUpyiiTe ypaBHeHWe oauH pa3. [losyuen-
HOE ypaBHEHHe BTOPOro MOpsJKa COAEPKHUTCA B CHHCKe KHUTH [238,
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ra1. 14] non nomepom XXXIV. TToraxkuTe, UTO NPHBEJEHHOE TAM «De€-
IIeHHe» 3TOr0 ypaBHEeHHs fBJISETCS Ha caMoOM JfeJe npeo6GpasoBa-
HueM Muypn [379].

2. Tlocne dopmyant (3.7.52) HaMeueHO «4aCTHUHOE AOKAa3aTelb-
CTBO» runoTe3sl o cBolicTBe Ilennese, B kakoM cMbicae 3T0 HoKa3sa-
TeJbCTBO SIBJISIETCS YaCTHYHBIM?

3. YpaBHenue Bioprepca

uptuu, =u,,

TOUYHO JHHeapusyercs npeoOpasosannem Koyna — Xonda (cM.
pasa. 3.1, 3.2). Ilokaskure, 4TO OHO AOTYCKAEeT pellieHHe THNa Gery-
el BOJIHBI M aBTOMOJenbHoe pemenue. [lokaxkurte, 4To B 06OHX
cayyanax coorBercTByioliee OJlY MOXKHO OAMH pa3 MPOHHTErpUpo-
BaTh, U B pe3ysbTaTe NOJy4YuTcs 0O0OOLEHHOe ypaBHeHHe PuKkaty
(3.7.3), T. e. ono P-tuna.

4. YpaBHenue @uinepa

up=u—u*tu,,

He HMeeT NceBiomoreHuuana (cMm. pasn. 3.2). Kakomy OIY noxuu-
HAIOTCA pellleHHsi Tuna Oeryiuei BOJHW 4 = u(x — ct)? [lokaxure,
4TO 3TO ypaBHeHHe O6yner P-tuma Toapko B ciayuae ¢? = 25/6.
ITpu atux cnenmanbHeix 3HaueHusix AGaosBun u 3emerena [30]
npounterpuposasu sro OV u Hawiy, NO-BUAUMOMY, €AHHCTBEHHbIE
fIBHEIE DelleHHsI 5TOro ypaBHEHHSI.
5. O6o6menHoe ypaBHenue Knd umeer Bug

us+ unux + ttyxe = 0.

Kakomy cemefictBy OJ1Y yp0B/I€TBOPSAIOT PEIlIeHUs] ITOTO YPaBHEHHUs
B Bune Oeryleil BoaHH? [lia Kakux n 3TH ypaBHeHHs 6yayT P-tu-
na? (CpaBHHTb NOJIyYeHHOE YTBEPKACHHE C Pe3yJabTaToM s ynp.6
pasz. 3.2.)

6. (a) Kakos aBroMognesbHull BHI ypaBHeHusi (3.7.10)? Iloxka-
XHTe, 4To pelllerusi 31oro OJLY HMeET NoABHKHLIE Jorapudpmuye-
CKHe TOYKH BETBJIEHHS. DTO YKa3bIBAeT HA TO, YTO pelLIeHHe JHHEH-
HOTO HHTErpaJjibHOro ypaBHeHHs oOpaTHON 3afauH PacCesiHusi He MO-
KET HenocpedCT8eHHO YIOBJIETBOPSAThH ypaBHeHHIO sin-I'opaon.

(b) IMoxaxure, 4YTO NOABUKHLIE TOUKH BETBJIEHUS] HCUEIHYT JHGO
nocie auddepeHnuposanus, Aub0 IOCTE SKCIOHEHIHAJBLHON 3aMme-
Hbl, yKa3aHHOH cpa3y 3a Qopmyaoi (3.7.11). Hanomuum, (cm.
(1.2.18)), uto MO3P no3BossieT onpefennuTh Uy, 2 HE 4. DTOT NPHU-
Mep NOKAa3hIBAET, YTO €CJIM MOJABHXKHASA KPUTHYECKAsh TOYKA SBJAET-
Csl IOCTATOYHO MPOCTOfl, TO ee MOKHO HCKJIOUHTh MOAXONSLIUM IIpe-
o6pa3oBaHHeM.

7. MmeroTes cepbe3Hble OCHOBAHMSI CUHTATh, YTO «JBOHHOE ypaB-
HeHue sin-I'oproH»

Uy =sinu -4 A sin 2u



YnpaxHeHus 305

HeJIb3sl POMHTErpupoBath ¢ momoipio MO3P (cM. pasa. 4.4). Haii-
JIHTe ero aBToMofeabHOe pelienne. CoorBerctBylouiee OJIY umeer
MOABMIKHBIE JiorapH(MHYECKHe TOUKH BeTBJEHHS, KaK H B Cjyuae
ypaBHenus sin-T'opposa. [lokaxurte, 4To mocje 3IKCHOHEHIHAJbHOH
3aMeHHl 9TO ypaBHeHHe MO-NMpexXHeMy OyJAeT MMeThb NOABHIKHBbIE KPH-
THYECKHE TOUKH.

8. Muxainos ') (1979) [374] nokasaJ, 4TO K ypaBHEHHIO

U,y = ae* - be=

npumenuM MO3P. Tlokaxure, 4To COOTBETCTBYIOLIE€E aBTOMOAEJb-
HOe ypaBHenHe He uMeerT BuAa (3.7.4), HO MPHUBOAUTCA K HeMY 3KC-
NnoHeHIHa bHOH noacraHoBkoi. [lokaxure, uto 310 ypaBHeHue P-
tuna. (dro OAY, B CcyllHOCTH, sIBJAsSETCS ypaBHeHHeM Py, HO OHO
oTcyTcTByeT B cnucke AfiHca [238]! DTo nokasniBaeT, HAaCKOJBKO
ONAcCHO MOBEPXHOCTHOE cpaBHeHHe cO cnuckoM. [leno B Tom, 4TO
yKasaHHble B CIHCKe YDAaBHEHHs] NPHBEJAEHbl K <«KaHOHHYECKOMY>
BHIYy, 4 SKBUBaJEHTHHIE WM YpaBHeHHs He yKasaHol. [losToMy MbI
PEKOMEHYeM KaXKJblli pa3 aHaJH3UPOBATH CTPYKTYPY KPHUTHUECKHX
TOYEK, a4 He MOJIb30BAThCs TOTOBLIM CIIHCKOM.)

9. 3axapos (1981) [530] coo6man o YHCIEHHBIX SKCIEPHMEH-
Tax, Pe3yJbTaThl KOTOPbIX HABOAAT HA MBICJb, YTO YPaBHEHHE

—_ g3
Ugy —Uyp=1U

MoxkeT 06JafaTh HEKOTOPBIMH CIelHaNbHHIMH cBoficTBamu. Haii-
IuTe aBTOMOJesibHOe pelleHue. [lokaxkuTe, 4TO COOTBETCTBYyIOILEe
OI1Y ue sBJasieTcs ypaBHeHHeM P-tuma. :

10. «YpaBHenusi Byccunecka» (o6pallaeM BHHMaHHE Ha MHOXe-
CTBEHHOE YHCJIO)

ht + (uh)x =0,
i, + ghy + - By =0

1} VYpasHenue, 0 KOTOPOM HAET Peub B 9TOM YNPaKHEHHH, B KauecTBe KaHIH-
JaTa B HHTErpHpPYeMbie CHCTeMbl BlepBLle MOBHJIOCH B pafoTe )Kubepa u Ila-
Gata (1979) [1*]. B sTofi paGoTe Ghlaa BrepBbie pellleHa 3ajada o KJaccHdHKa-
UHH YpaBHEHHH 3alaHHOrO BHMJA4, TOYHee Uy = F(u), oOnajalomIHX CHMMeETpHeH
IOCTaTOYHO BBLICOKOTO MOPsifKa, NpHYeM HHKAKAX BCIOMOTATEeNbHBIX THIOTE3 IMpH
aToM cpenano ke Owbito. Iloa HemocpeAcTBeHHBIM BaHAHHeM paborsl [1*] Bos-
Hukaa pabora [14], B koTopoft Obuia HalileHa HeoOXoAuMas M/ NPHMEHEHHS
MO3P 3apmaua paccesHHsi M NOJydYeHa PeKyppeHTHas ¢opmy/a AJs GecKOHeUHOH
Noc/aefloBaTeILHOCTH 3aKoHOB coxpaHenusa. MO3P gas storo ypaBHeHHst Gbul
paseur B pabore [374], TaM Xe ObLIO IOKA3aHO, YTO HETPHBHANBHLIX JIOKaJb-
HBIX 32KOHOB COXDAaHEHHs CyliecTByeT GeckoHeuHO MHOro. CiexyeT OTMETHTBb, YTO
elle paHblie 5TO ypaBHeHHe GbuIO BhnHcaHo B pabore Bysoy m Homma [16%],
rie oo GHMrypudpoBajJo B KayecTBe HpHMepa YPaBHEHHs, He HMEIOWIETO JIOKaJb-
HBHIX 34KOHOB COXPAHEHHs, a CJef0BaTeJbHO, H CHMMETPHA ¢ NOPAAKOM GoJsb-
mum 11 (reopema 9). Ho ommbku B [AOKa3aTeqbCTBE CBOEH TEOPEMbl aBTOPHI
voka ue o6uapyxuan (cm. [79], crp. 159—160). — Ilpun. nepes.
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OMHUCHIBAIOT 3BOJIIOUHIO JJTHHHEIX BOJIH, PACIPOCTPAHSIOLIAXCS B 060-
UX HanpasJeHuax (cM., Hanpumep, Yusem [505]). Hafizute cra-
UHOHAPHOE pewleHHe u HcKamuuTe u. [ToKa)kuTe, 4TO NOJyYEeHHOE
OILlY ma h He sBAsieTcs ypaBHeHHeM P-tuma.

11. PaccmorpuTe ypaBHeHue

9+ e — @yy — 2| @ P =0,

OMHCHIBAIOLIEE SBOJIOLUHIO BOJHOBBIX NAaKeTOB Ha NOBEPXHOCTH IMIy-
Goxoro Bojoema 0e3 yueTa IOBEPXHOCTHOTO HATSIKEHHA (CM.
pasx. 4.3). IlokaxuTe, 4TO y 3TOr0 ypaBHEHHS HMeEETCH TOUYHAS pe-
LyKOHs K ypaBHeHulo (3.7.26). MoXHO N K HeMy NPHMEHUTh
MO3P?

12. Ypasuenue Kapomuena — [TerBuamBuiu

(g + Oun, + vyyy)e + 301y, =0, o==x1,

unTerpupyercs ¢ nomoumpbio MO3P. INokaxure, 4To:

(a) He 3aBuCslllMe OT y pelIeHHs YAOBJETBOPAKT ypaBHEHHIO
Ka®;

(b) peuwrenus tuna Geryuieii BONHB &(x — ct, y) YAOBIETBOPSIOT
ypaBHeHHI0 DyccuHecka;

(c) mpp ¢ =0 oBo maer cTalHOHAapHOE DpelleHHe (CTOAUHE
BOJIHBI) ;

(d) aBTOMOJE/NBLHON MmepeMeHHOH ABJASETCA

2=30)""Px 4 0B Py

IMoxaxure, yro uoayuennoe npu stom OIY mna dymkuun F(2)
OJIMH pa3 MOXKHO NMPOHHTErPHPOBATL. YMHOXKbTE ypaBHeHHe HA F u
noKaxure, uTo F*? yjaoBjaetsopsieT ypaBHeHuio Piy [429];

(e) «moauduunponanHoe ypasHenne K—IT»

(v — 60%v, + Urreds T+ 0Vyy == 0

MOXKHO paccmatpuBaTh Kak (2 - 1)-MepHBEIl aHaJOr YypaBHeHHS
MKa® (cm. pasn. 4.1). Kakomy OJlY nonuunsieTcsi aBTOMOAEIbHOE,
He 3aBHCslllee OT BPEeMeHH pelleHHe 3TOro ypaBHenusi? Ilokaxure,
yto atro OILY He aBAsieTcs ypaBHeHHeM P-Tuna.

13. 3aech MBI TIOKaXkeM, YTO TPHBHAJBHYIO QOPMYJIHPOBKY CBOM-
crBa [lennese, mpeanoxennyio B pabore [22], caenyer moxuuudu-
HPOBaTh. YpaBHeHHe Benmxamuua — OHO

U+ un, + H () =0

(H — npeoGpasosanue 'mabbepra) siBisieTcs, MO-BUAMMOMY, HHTe-
rpupyemuM npu nomown MO3P (cm. pasn. 3.5, 4.1). B pasx. 3.5
npu MOCTPOCHHH PALMOHAJNBHBIX pewenufi o6CcyXKpanach TOuHas pe-
AyKLHA 3TOro ypaBHeHus K cucreMe OLlY. Mu nonyunman cucremy
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ypaBuennit Kanomxepo — Mosepa u, B uacTHoCTH,
oo — 2 0o o 2
f= (xr — x9)° EC R P
Mu Moraim 6bi cMotperh Ha 3TH OJ1Y Kak Ha HeJHHEHHBIE 3BOJIO-
LIMOHHBIE YpABHEHHs, HHTerpupyeMble ¢ nomoulbio MO3P. Ho penre-
Hye cucteMnb Kanonxepo — Mosepa He CBsI3aHO ¢ KaKHM-JHOO JH-
HefHbIM MHTErpaJbHbiM ypaBHeHHeM THna (3.7.5a).
(a) Tlokaxwure, yro 3ta cuctema OIY nonyckaer NOABHXKHEIE
anreGpauyeckude TOUKH BETBJIECHHd, T. €. Ipu { — &g

X~ (=D =) e~ — (=)=t

(b) Tloayuute ykazaHHBI pe3yjbpTaT, BOCNOJNbL30BABIINCH 00-
v peuieHueM 3Tof cucrembl OJ1Y, npuseserHoil B pasa. 3.5. 10
JEMOHCTPHUPYET BarkHOCTh TOUHbIX peldykuuii B OJLY B nepemeH-
HBIX, MPHCYLLHX JAUHEAHOMY HHTErpajJbHOMY yPaBHEHHMIO.

(c) Bo3uukiias cHTyalHs BOBCe He CBsA3aHa C TeM, 4TO ypaB-
neine B—O He sBasercsa AuddepeHUHANbHBIM B 4YacTHLIX IMPOHU3-
Boanbix. ITokaxiTe, uro cucreMa (3.5.36), monyyenHas npu usyue-
HHH pallHOHAaJbHBIX pewleHnii ypasnenua Kad, taxxke jponyckaer
MOJBHXKHBIE aircOpanuecKHe TOYKH BEeTBJEHHS.

(d) Eme npome peaykuuwo (3.7.1a) x (3.7.1c) MoxHO mnosay-

YHTb, IOJIOZXKHB
X

u(x! l)——g(t)f(z), 2 (3!)1/3 .
[Tpu srom OLY aas f(z) cosnanaer ¢ (3.7.1c) u sABAserca ypas-
Heunem P-tuna. [Tokaxure, uto OY ansa g(f) He sBasieTcs ypas-
nenueM P-tuna. Ewme pas moguepkueM, uto (f) He HrpaeT HHKaKOH
POJIU B JIMHEIHOM HHTEIPaJIbHOM YPaBHEHHH.

(e) Tem He MeHee cielyeT OTMETHTb, YTO B 00OHX 0OCyXKAaB-
ilIMXCSsi CAyyasix COOTBETCTBYIOIIME ypaBHEHUs MOTYT ObITb npeofpa-
soBanbl kK OY P-runa. BosmoxHOCTb TakHx NnpeobGpa3oBanuil cie-
AyeT yuecTb B (OpMYyJaHpOBKe THIOTE3H O cBoicrBe [lerese.

Pasden 3.8
1. (a) [Tokaxure, 4TO ecau Mbl NoJoXRUM y = thn(0— 6(®),
tTo (3.8.10) MOXHO mepenucatb B BHJE

~ d d 4 =
Lgw _W(l — 39 Eq(l) 4 (12 _1_—7) ¢'h = F,
rae

26
oT

a 2y 1 2y 14y

Fy— X L X n-—2 12
B THy T =y T

(b) Vuurmieas, uro Lv = 0 siBaseTcs ypaBHeHueM JlexaHupa,

nokaxure, uto v =P%(y)=156y(l — y?) sBAdeTCR €AHHCTBEHHLIM
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HOAXOUAIINM pelleHHeM. 3aTeM, BOCIIOJNb30BaBIINCh METOJOM Ba-
pHaluu NOCTOSHHOH, T. €. NPeACTABHB

4V (y) = A(y) P3(»),

noJyuute ypasHeHue aas B(y)=dA/dy:
dB | 2(1—4y?

dy * y(1—y?
R T BTN g lty 2 989 1

T Hn (=g e g -y T~y T 15 of g —g7"
(c) oayunre pelleHHe 3TOrO ypaBHEHHs [EPBOrO MOPAAKA

. 3 96 1

= [+ (2D ) 0= (2—yintEL) 4

1 1 1

+(1=9) (1 —yintEL) L],
2. Paccmorpute Bosmymennoe HVII caeayiomero supa:
(1) iqs + Gxo + 2¢°¢" = — ieyg.

(a) Tloxaxure, uto
qo=mnsechn(® —69)exp [i£ (6 — 69) + i (o — 0],

rae
a0 a6
o —— 2% o =
do do
‘07""7]2+§2: W___0,

SIBJSIETCA pPelleHHeM HeBO3MYIIEHHOro ypaBHeHHA. 3aech &, m, 0 n
0(®) — npou3BoJIbHbIE (PYHKUHH MeNJEHHOH nepeMenHoi T = gf.

(b) Tlpeanonoxum, 4TO KBAa3HCTALHOHAPHOE pelUeHHE ypaBHe-
pusi (1) umeer BuA

q=4, T, e)exp [i (0 —689) + i (6 — c™)].

IHoacraBbTe ero B (1) u moayuure

A — 04 + doo + 24°¢" = ¢F (9),

F(@)=— ivg— i+ 0 —09) &4 — (09 + o) 0.
[Tpeanmonoxum, uro § passnaraercss B psag

4O, T, &) =gO®, T)+e4V@, T)+ ...
¥ IVIaBHBIH NOPSAJOK pelIeHHs eCTh
4© = n sech n(6 — 69Y),
[Tokaxure, 4TO B MepBOM [0 & MOPsAKE MOJNYUHTCS
— W40+ G+ 4 (GO ¢ + 2 (O 40 = FO,
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rae FO = F (§0). TIpemcrasus ¢ = ¢V 4 i (¢N, P — peue-
cTBeHHble (QYHKIHH), MOJYUYHTE

L0 = — 029 + G + 6 (§OF §0 =Re [P,
FI§0 == — 20§43+ 2 (0§ = Im [0,

(c) 3ameTuB, uTo omepartopn L, M SIBISIIOTCA CAMOCOMNPSINKEH-
HeIME H LGP =0, M§® =0, noxaxure, uTO YCJOBHS paspeun-
MOCTH JAlOTCS YCJAOBUSIMU CEKYJAPHOCTH

S 4O Re [FW]de =0,

[

S 4O Im [F0] d6 = 0.

—00

Bocmosb3y#iiTech 3THMU YCJIOBUSIMH M HOJYYHTE BOJNIOHHOHHLIE ypa-

BHEHHSA
d

s,

1 dn

wor — 2%

g
oT
II0Ka3bIBaollke, YTO aMIUIUTYIA COJUTOHa yMeHbluaercs (y > 0),
a CKOPOCTb OCTaeTCsl HEH3MEHHOH. 3aTeM BLIYHCJAHTE pelleHHe

G = — 5 (09 + o) {1 — (8 —69) thn (8 —69)} sech n (0 — 6),
P = (6 — 69) {6 + y (0 — 89)} sech n (8 — 69)

(npu pocratouro Goabumux |8 — 6| aro pasnoxenne caepyer mo-
AUUIUPOBATL aHAJOIMYHO TOMY, KaK 3TO OBLUIO CHENAaHO B ciyuae
ypaBHenus Ka®). 3pecy Mbl UMeeM [Ba NPOH3BOJIBHBIX Napamerpa
0@ u ¢©, onpemensitomux $ady W NMPOCTPAHCTBEHHOE PAaCIOJONKe-
Hue coiuToHa. [Tokaxure, uTo B ciayyae 3ajadyd ¢ HAYAJBHLIMH yC-
JIOBUSIMM Mbl JOJIXKHBEI y/JOBJIETBOPHTH YCJOBHSIM OPTOTOHAJNBHOCTH

S GO0 do =0, S GOG d = 0,
—00 —00
KOTOpHIE AAIOT
20 ‘%
of = ar =

[TokaxuTe, YTO 3TH YCJOBHs, Kak B ciyuae ypaBHenus Ka®, mox-
HO NOJIYYHTh M3 CJAEAYIOLIUX COOTHOWEHHH (MOAH(PHLHUPOBAHHBIX 3a-
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KOHOB COXpaHeHHs):

oo

o Scoqq’dx=—2ev | g9 dx,

d c L] » c » *
=7 S (99" —q,9)dx=—2ey S (9.9 — q,9) dx.

3. Paccmorpure wMmuoromepHoe HYII (3axapos, Py6erunk
- (1974) [543]):

iq:+ Gxx + 2| g B g =¢%ag,,.

(a) [loxaxure, uTO HMeeTCsA C/AEAyIOLlee TOYHOE HEBO3MYIIEH-
HOe pellleHHe 3TOr0 YpaBHEHHS:

g0 = §O (x) W (t+0f0,
4© (x) = 2 sech A (x 4 60).
b) Hycte T =¢t, 6O =c¢O(T, y), 60 =060(T, y) u
y .

- iq; + 425 + 2| q P g =€%agq,, — ieqr.
TTonoxure

g == § (x) ir* (t+®)
H IOJYYHTE

— A4+ 4, + 214 F §=er0P§ — ieq, +
€ (4, -+ 20000, + 17,0 — 14 (50)74).

Pasjgoxus § B pan §=4O 44V ..., nokaxkure, uro mJs
06CyKAaBIErocs: COJMTOHHONO PelleHHs

— 2240+ 49 + 21 §OF 4O =0.
[Mokaxure, yro B nopsiake O (e)
— A2 4 1) 4 4 (§O)2GW + 2 (§O)2 G0 = A260GO — iG®.

(¢). Pacmenute 3TO0 ypaBHEHHE Ha BelNECTBEHHYIO H MHHMYIO
yacTH V== ¢V 4 P u nonyuure

Lo'q)l —_ — ¢7(19) = — 9(79)(75?) = Fgl),
L@, = A0P§0 =F,
rae Lo, L1 — camoconpsiKeHHbIE ONepaTOPH
dz
Ly= gz +2 (49 — a2,

o 6Oy~

LIE
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(d) 3ameruB, uTO Lod‘o), L¢® =0, moJjyuure yCJOBHA COBME-
CTHMOCTH

S GOFm dx =0,

{ dormds=o

H NIPOBepBTE, UTO Y1, Q1 AaIOTCs IBHBIMH popMyaamu
(0)

ro

'lpl_“"qu(O)’
— L@ 9 40

@, =5 Ao 54O

(e) Tlokaxkwure, uro B nopsiaike O(e?) GyHKUHH yIOBNETBOPSIOT
YpAaBHEHHAM

Lyp® = A2oPp) — @i 4 2aA20040 + ar6(0) 40 — 4ginpgD = FD,
L g = A20{gM 4 0 ad% — gt (09))2 GO —
— 2 (@) — (¥ 4O — 440 (@2 + () = FP,
(f) IlokaxkuTe, 94TO YCJIOBHS COBMECTHMOCTH AAIOT
S 49 (— ¢l 4 0A2610)§) dx =0,
of) — 4ar’0() =0
H
| 60 (¥ + aqgy) dr=o,
HJIH
G(TO%“I‘ 4% o 3(0) —0.

[TosToMy He3aBHCHMO OT 3HaKa o MBI MOJIyuyaeM, UTO 3TO pelleHue
HYIIl HeycTOHUYHBO OTHOCHTEJNBHO NONEpeuHbIX Bo3MylleHn#i. Kak
MBl yXKe OTMeuasd, B ciysae a == —I| ypaBHeHHe (3.8.46) moxer
UMeTh KoJlalicupyiolllee peleHue (cM., HanpuMmep, 3axapos u Chl-
uax (1976) [549])

4. B 3TOM yIOpaiKHeHHH MBbl IOKaXKeM, UTO Pe3yJbTaTh Ipeabiay-
IEero YOpa)KHEHHs MOXKHO IOJIYUUTh H3 APYTHX COOGpa)KeHHi.

(a) Buauyane JsmHeapusyeMm ypaBHeHHUS H3 ymp. 3, MOJMOXKHUB
g = q(O) + q(l) I q(O l > I q(l) I’ H HauJaeMm

igy) + q4) + 41 gOF g + 292" = agf).
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(b) Onpenenum
g® = A sech (Ax) ¥ = §O (x) e?*%,
g0 = (o (x) + i (x)) e"*e% sin ky
H TIOKaXeM, YTO @, P YJOBJIETBOPSIOT CHCTEME ypaBHEHHH
(Lo + ak®) b= — Qg
(L1 + ak?) @ = Q,

rae Lo, L1 nanwl B ymp, 3.
(c) Pasnoxute B AJHHHOBOJIHOBOM Ipefene k—> 0:

Q=kOM 4+ g2+ ...,
e=0¢0+ ke + ...,
P=PpO 4 kPO 4 ...,
Torna B nopsiake O (1) umeem
Loy =0,
Lig=0
A BO3bMeM 6e3pa3/IHYHO YCTONYHBOE pelleHHe
PO = A*40),
0= A4,
B nopsake O (&)
LW = — Qg = Fib),

Lo = QU0 = Fih),
[TokazkuTe, UTO HMeeTCsl pelleHke
(1) 1 A1) = A0
V= -3 QA g, »
1 3]
(1) — —— O A+ = 400
L aa 20AT 549

d) TITokaxuTe, YTO YCJOBHSI COBMECTHMOCTH YAOBJETBODPSIOTCS
aBromatuuecku npu n =1, A B nopsiake O (k%) Mb uMmeeM
L = — Qg — gp® — Qi) = FO),
L@ = QOO — @ 4 QUiph = FO),

HOKa}KHTe, YTO Telepb yCJOBUS COBMECTHMOCTH JAlOT
(o] o0
a S GOPO dx 4+ QW S 4O dx =0,

-0 -0
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HJIH
Q2 = 4)2q,
H
0 o0
a S 409 dx — QU S GOP0 dx =0,

— o —00

HJIH

Q2 = — A2,

o] v

ITocnennee cornacyercs ¢ pe3yJabrataMu yup. 3.
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maea 4. MNMpunoxexus

B sToff riaBe MBI PACCMOIPHUM HEKOTOPble BNOJIHE HHTEIPHPYEMBIE
YPaBHEHHs B KauecTBe MoOJesell KOHKDETHBIX sIBJEeHUH. YpaBHEHHs,
NpeACTaBJsIONHe (QU3HUECKHe MOAeNH, MOTYT 00CAyXKHBaTh cpasy
MHOTO pa3JHYHbIX (PU3HUECKHX CUTYyalluil, TAK KaK B OCHOBY HX BHi-
BOJA MOJIOXKEHHl CXOJHble MpelNoJoxeHHs. B KaxaoMm ciaydae MBI
OCTaHOBHMCS TJaBHBIM 06pa3oM Ha ABYX-Tpex (U3HYECKHX 3aadax
AJisl Toro, 4ToGbl NPOAEMOHCTPHPOBATbL «THHHUHBIA Cnoco6» BbIBOAA
3THX .ypaBHeHu#. [pyrne 3agaun MoryT GHITb PacCMOTpPEHbl aHaJo-
ruaubiM obpasoMm. [lpn TakoM nojxone u3 Haulero moJs 3peHHS Bl
NajfaloT HEeKOTOpble BaKHble MPUMEpDl, OJHAKO B AaHHON KHHIE He-
BO3MOXHO AaTb HCUEPNBIBAIOIIKI 0630p He/lMHeHHbX fBJeHHH. [ py-
rHe NpHJoKeHHs obcyxaaioTces B paborax [254], {511], [344] w
[510].

B GosbliuHCTBE CciydaeB BLIBOJ, ypPaBHEHHH ocyuiecTBiasiercs 6o-
Jiee HJIN MeHee CTAHAAPTHO, MyTEM HCCJEN0BaHHsI OTHOCHTENbHO Ma-
JIBIX OTKJIOHEHHH (PH3HUeCKOH cHCTeMHl OT ee PAaBHOBECHOIO COCTOS-
HHA. B rnaBHOM nopsiike 3TO O3HAYaeT NMPOCTO JHHEApH3AIMIO 3a-
Jlayd OKOJIO PABHOBECHOTO COCTOSHHA. 3aTeM HeJiaeTcs MOIBITKA I10-
CTPOUTb ACHMIITOTHUECKOE DA3JIOKEHHE; NPH ITOM B CAEAYVIOUIUX IO~
psiikax OOBIYHO BO3HHMKAIOT CeKyJ/sipHble uneHbl. s Toro 4tobm
HCKJIOUHTb CEKYJsApHble WIeHH C Ueabl0 PaclIHPHTh 06/acTh MpHU-
MEHHMOCTH pas/oXkKeHHA, UCIOJb3YIOT METONL MHOTHX BpeMmeH (Ha-
npumep, Koya (1968) [115]). Takum o6pasom, Haubosee obIueil
yepTOfl HeNHHEHHBIX 3BOJIIOLHOHHBIX ypaBHEHHH SBJAETCA TO, 4TO
OHH BO3HHKAIOT B pe3yJbTaTe HCKJIOUEHHS CEKYJSPHHIX UJICHOB B
(hOpMaNbHOM ACHUMITOTHYECKOM Pa3JjI0XKeHHH.

Tot ¢daxr, 4TO 3TH ypaBHEHHS HIPAIOT HMEHHO TAKYIO POJb, MPH-
BOJHT K HEKOTOPHIM CJA€JCTBHUAM, MOJIE3HBIM /151 YCTAHOBJIEHHS CBSI-
34 MeXAy TeopHeil COJHUTOHOB ¥ (U3HUECKHMH SIBJEHHSMH,

(i) DBomiouvOHHBIE ypaBHEHHS ABJAITCA HEJHHEHHBIMH, H UX
pelueHnst Heo6Gsa3aTenbro Maabl. HecMoTps Ha 370, peluenus, umero-
Iiue NepBLIl NMOPAAOK, B (H3UUeCKON 3anaue COOTBETCTBYIOT OTHO-
CHTEJIbHO MaJIbIM OTKJIOHEHHSIM OT PaBHOBECHOTO COCTOSIHHSA.

(ii) ITpeumymecTBO HeJUHEHHBIX BOJNIOLHOHHBIX YPaBHEHHH CO-
CTOHT HE B TOM, YTO OHH IIO3BOJIFIOT H3yuaTh OOJIbIIHE OTKJIOHEHHS
OT PABHOBECHOr0 COCTOSIHHS, a CKOpee B TOM, UTO MOABHJIACh BO3-
MOXHOCTb HCCJ/ICOBAHHS MAaJblX OTKJOHEHHH B TeueHHE IJHTEJb-
HOTO BpeMEHH, ’
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(iii) HesrunefiHEle 3BOMOHMOHHBIE YDABHEHHS OXBATHLIBAIOT CJie-
AYIOILME 110 CPABHEHHIO C JHHEHHBIMM 3ajJayaMH BpeMeHHOH Mac-
mtab. IIpu uHTepnperanun HalJ0ZeHHH (QU3UUECKUX SBJEHMH He
MMeeT CMBIC/Ja TOBOPHTb O COJIHTOHAX, €cjld BpeMsi HabJI0JeHHs He
NpeBHIIAET XaPAKTEPHOTO BPEMEHH, COOTBETCTBYIOIIErO JHHEHHOMH
3ajaye.

(iv) B noBenenun pelleHHfi BIOJHE HHTETPHPYEMBIX YpaBHEHHM
HE MPOABJAETCS CTOXAaCTHUHOCTb. OJHAKO aHAJOTHYHBIH BHIBOA O QH-
3UYECKOH CHCTeMe CNPaBeJJIMB JHIIb /15 OTHOCHTENbHO MaJLX OT-
KJAOHEHHH OT PaBHOBECHS H JJIsi COOTBETCTBYIOLIHX XaPAKTEPHBIX
BpeMeHHBbIX MacmTaboB. CTOXaCTHUHOCTb MOXKET HMEThb MECTO AJS
6O/IbIIMX OTKJOHCHHH OT DABHOBECHs H Ha GOJbIIHX BpeMeHax.

[Ipexpe uem Mb OGCYAMM KOHKPETHBIE NPHUMEpPhHI, YMECTHO MPH-
BECTH ellle OJIMH KOMMeHTapuil obuero xapakrepa. Mup, B KOTopom
MBI JKHBeM, AMeeT 3 (IPOCTPaHCTBeHHbIX) 4 1 (BpeMeHHYI0) pasmep-
HOCTH, B TO BpeMsl KaK H3yuaeMmble HAMH YPaBHEHHH SABJASIOTCH
(1 + I)-mepHbIMH. B KakoMm cMblicjie 3TH ypaBHEHHs] MOLYT MOJEJH-
poBaTb (PU3HUECKHE ABJEHHS?

B 3aBHcuMOCTH OT KOHKPeTHOH mpobJeMbl MOXHO YOeIUThCS, UTO
JHHeapH30BaHHAs 3ajaua JONYCKAeT paclHpocTpaHeHHe BOJH B
(I4+1) wm (34 1) naMepenusx. B mepsoMm cayuae TpymHocTeil
He CyIeCTBYeT; HeJHHeHHble 9BOJIOLUOHHBIE YPABHEHHUS OIHCHIBAIOT
IBJICHHA, KOTOpHle N6 cyTH cBoefl (1 + 1)-mepuel. B aByx apyrux
CydasiX 3TH YpaBHEHHS BO3HHUKAIOT TOJMBLKO MOCJE TOro, KAK OHU CBe-
AeHbl oT pasmepnocrefi (24 1) wiu (34 1) k pasmepnocru (1 +4
-+ 1). Torna BO3MOXKHBI Be HHTEPIPETALUH.

(i) YpaBnenre pasmepuoctu (1 -4 1) saBasercs (HETpUBHA/b-
HOH) MOZReJbHOH 3ajaueil, pellleHHe KOTOPO# MO3BOJsIET HOHSATh CYTh
SIBJICHHH, EMEIOLINX MEeCTO B 3ajayax ¢ OONbLIIMMH Pa3MepHOCTAMH.
OnHako cpaBHeHMe pellleHHH YpaBHEHHs HENOCPEICTBEHHO ¢ (H3H-
YeCKUMH HaOJIOAEHUSIMH He SIBJSIETCS 1eJIbI0 JaHHOH pPaboTHI.

(ii) YpaBuenus pasmeproctd (1 1) uMeOT HemOCPeACTBEHHBIM
¢dusnveckuii cmpicsi. CyllecTBYIOT peajibHble YCJIOBHSI, KOTAa pelle-
HHe 3ajauyn Gosbllefi pasMepHOCTH, MO KpalHe# Mepe MpubIH3H-
TeJIbHO, MOXKeT 3IBOJIOUHOHEPOBATH TAKHM 00pasoM. DTO BO3MOKHO
TOJIBKO B TOM cJyuae, ecau (1 - 1)-MepHble pellleHHs YCTOHUHBHI
OTHOCHTEJIbHO BO3MYLICHHH 110 OCTAaJbHBLIM H3MepeHHsM. B mporus- -
HOM CJlyuae TaKas 3SBOJIIOLHS B HU3LIeH PasMEpPHOCTH TEOPeTHUECKH
BO3MOXKHA, HO IPAKTHYECKH HENpaBJonog06Ha.

Huxe mMbl 06cynuM Bce Takue c/ydyay, HMEIOLIHe MECTO B IIpH-
JIOXKEHHSIX.

4.1. Kn® u poacrBenHble ypaBHeHus. Mcxonnoft mope/bio cay-
wuT ypaBHeHue Kopreera — e ®pusa

(4-1-1) Uy + Guu, F oty =0,
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OznHako W3MeHeHHWe HCXOJHLIX YNPOLIAIOIIHX NPEeANOCHNIOK HPHBO-
JIUT K TOSIBJCHHIO APYTHX HHTErpHpyeMbix mopeneil. OHH BKIIOYaIOT
B ce6a MmoaudunupoBanHoe ypaBHenne Kp®

(4‘1'2) u; + 60u2ux + i =0,
ypaBHerue Benpxamuna — OHo
(4.1.3) uy + 2uu, + H [u,,] =0,

rae H — npeobpasoBanue ['unpbepra

' 1 ¢ d
Hif|= § L2

—00

k)

u ypaBuenne Kanomuera — Ilersuamsunu
(4.1.4) (g + Buny + otlyyy)y + uy, =0.

Kaxpaoe u3 HUX BO3HHKaeT Kak YCJOBHe, HeOOXOAUMOE AJs yCT-
PaHEHHs! CEKYyJsPHBIX 4JeHOB (HOPMAJbHOrO aCHMITOTHUECKOTO pas-
Joxenusi mo Mmajoil ammantyjge. OT ypaBHeHHH, pacCMOTPEHHHIX B
pasa. 4.2 u 4.3, ux OTNMYAET TO, UTO OHH NOABHJIHCH B 3ajadyax, KO-
TOpBIE B [JIaBHOM nopsijke He obaajgaior aucnepcueit. [Toatomy Hu3-
IINM TOPAAKOM aNNpPOKCHMAlUH SBJSeTC BOJHOBOE yPaBHEHHe

— 2
Py = C"Qyy»

KOTOpOoe OOGBIYHO BO3HHKAaeT B Ipejesie MJHHHBIX BOJIH, HO CyIIecT-
BYIOT H HCKJIIOUEHHUS.

CymHocTs BHIBOAA ypaBHEHHH, KOTOPBIH MBH cefyac paccMaTpH-
BaeM, OBlIa TIOHSTA HECKOJIbKHMH HCCIeJOBaTeNsIMH, BKJiouass BeH-
uu (1966) [55], Tapasepa u Cy (1969) [175], Kapnmana (1975)
[245]. Meton 6u1 popmanusoBan Tammytn, Baem u ap. (mampu-
mep, (1968) [478]) u Gblm HasBaH WMHM YNPOIUEHHBIM METOAOM BO3-
MylleHH#. Psin nmpuJoXeHHH, NMOMHMO TeX, KOTOpbe 3Jech 06cCy-
JKIAIOTCs, MOXKeT ObITh HafifieH B paboTax, Ha KOTOpble CCHLIAIOTCS
Kapnman [245], Sinsuma u Kakyranu [511], Maxanb [344] u Sn-
suMa u Mcukasa [510].

4.1.a. Boanbl Ha Boje. [IpoGieMa AnMHHBIX BOJH Ha Bole Oeper
HauaJo Cc paHHel 3KcmepuMeHTaabHOH paGore Paccena (cm. (1938)
[438], (1844) [438]) u Teopuit Ditpu (1845) [37]. INepBonauans-
Holi ueapio Kopreera w me ®pusza (1895) [291] Geuio cosmanue
TEOpHH, aJbTEPHATHBHOH TeopuH OfpH, KOTOpas OBl TOUHEe COOT-
BeTcTBOBaJa Habawienusm Paccena. OGumupHOEe ONHCAHHE 3TOrO
BONpOCa C HECKOJbKO OTJHYHOH OT NPHUBOAMMON 31eCh TOYKH 3pe-
Hus 6u1o pano JlamGom (1932) [314], Ctokepom (1957) [466],
Bexaycenom u Jlefitonom (1960) [500], Yusemom (1974) [506] u
Maiacom (1980) [378].
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Knaccuueckas 3amau BOJH Ha BOJAE 3aKJIOUAeTCs B ompesele-
HHE Ge3BUXPEBOTO JIBMIKEHHS HEBSI3KOH HecXKUMaeMOH OJHOPOAHOMH
JKHAKOCTH C IJIOTHOCTBIO O MOJ A€HCTBHEM MOCTOSIHHOH CHMJIB TsKe-
ctH. JKHIKOCTb HAaXOAHTCS HaJ TOPH3OHTAJbHBIM HENPOHHIAEMbIM
JHOM, NpOCTHpaloUiuMca OeCKOHeyHO (2 == —Hh), H uMeeT CBOGOA-
HYI0 NOBEPXHOCTb 2 =={ (¥, y, f), Ha KOTOpO¥ AeHCTByeT cuia mo-
BEPXHOCTHOrO HaTsiKeHHs1 7. Bo MHOrHX Npu/oXKeHHsx cuaa mo-
BEDXHOCTHOTO HATSAXeHHs HECYNIeCTBEHHAa M MOXeT ObiThb MpHpaB-
HeHa HyJ10. Mbl coXpaHuM ee, MOTOMY YTO /IS HAIIMX UeJeH yyeT
NOBEPXHOCTHOTO HATSIKEHHSI B HEKOTOPBHIX CJyuYasiX BajXKeH.

JKuAKOCTE HMeeT NOTEHLIHAaN CKOpPOCcTeH @, YAOBJIETBOPAIOUIUIL
YPaBHEHHUIO

(4.1.5) Vo=0, —h<z<g(x y )

(6e3BuxpeBoe JBHXKeHHe HecKHMaeMoH xuiakoctH). [lorenuman
NOJUUHSETCS TPAHUUHBIM YCJAOBHSIM Ha JIHe (2 = —h)

(4.1.6) ¢,=0 (XZHO HempOHHIIAEMO)

H Ha cBOGOJHON noBepxHoCcTH (2 == §)

(4.1.7a) %;t_ ={; + @l + 0,0, = ¢, (KNHEMATHUECKOE YCJIOBHE),

T
(4.1.7b) o+ g8+ 3 | Vo =X
x L (it Eyz 1+ +ngg.;);372 Lybely (LMHAMHUECKOe YCaO0BHE).
T &y

Hyxupl TakXe HavaJbHble M TPaHHUHBIE YCJIOBHS MO (X, y).
Ecau paccmaTpuBaeMble BOJIHBI ABJAKTCA YeAMHEHHBIMH, TO |V
H { NO/KHB CTPeMHTbCS K HyJIo npu (x? 4 y2)— co. B npyrux sa-
Aayax MOTIYT OBITb YMECTHBI NEPHOAMYECKHE 1O ¥ U Y YCJIOBHS.

Mpl Moxem auHeapusoBaTh (4.1.5—7) okoJsio cocrosinus |Vo|=
=0, { = 0 n ucKaTb pelleHHs JHHEAPH30BAHHBIX YPaBHEHHH, Mpo-
nopuuonaabnsie exp {i(kx 4 my — of)} (cM., Hanpumep, [314]).
PesynbratoM siBjIsieTCsi JIHHEAPH30BAHHOE IHCIIEDPCHOHHOE COOTHO-
HIeHHE

(4.1.8) ©? = (g% - %°T) th (kh),

rae x = k? 4+ m?. (3T CAeACTBHsA, BHTEKAIOMIHE H3 JIHHEHHOH Teo-
puH, obcyxaarwTca B npusaoxeduu.) Orciona BBHIUHCASETCS TPyil-
NOBasl CKOPOCTb H NOKa3blBAETCs, YTO HMeeTCsl AUCIEePCHs AJsA 60Jb-
IIHHCTBA BOJIHOBBIX 4YMCeJN, H TOJbKO B OKpecTHocTH % = 0 (7. e.
IJIs1 JAJHHHBIX BOJIH) JMCIepcHs siBjsercs caaGoif. D10 cyulecTBeH-
HBI/I MOMEHT npu BbiBoZe ypaBHenus Ka® (mbl Gynem paccmarpu-
BaTbh TOJILKO TaKHE BOJIHBH, AJI KOTOPHIX AHCHEpPCHS B JIHHEapH30-
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BaHHO#l 3ajaue mana). Bo MHOrmx 3ajayax 3TO OCYuUIeCTBJ/sIeTCS
mpu % = 0.
Hns BoiBoga ypasuenua Kad Mbl mpenmosnaraeM, 4to:
(A) [BuiKeHMe CTPOro ABYMepHO, m == (
(B) Xapakrtepuwnlii MacmtTal BOJNHBI B HampaBJeHHH X MHOTO GOJib-
e rayGuHbI:

(kR < 1.
(C) AMNauTyan BOJH MaJibi:
e Llmax

(D) Ilee mociennne BeJHUMHBI HMEIT OXHHAKOBHIA MOPALOK:
(Rh)? =0 (g).

3ameuanue. Tlpn TakuX [JOMONHHTENBHBIX IpPeANOJOKEHUSX
(4.1.5—7) npeobpasytoTcsi K YNPOULIEHHOH MOJLE/H, KOTopasi, Kak
9TO CTaHeT SICHO BIOCJIEACTBHH, fBJsieTcl ypaBHeHueM (4.1.1). Mo-
JeJb siBASEeTCS CaMOCOTJIaCOBAaHHOH, ec/li ee pellleHHs YJOBJETBO-
PSIOT MepedHC/IeHHBIM OpeANoJoxKeHusaM aJasa ¢ > 0, npu ycJaoBuH
YTO MM YAOBJETBOPSJIO HauyasbHOE ycjoBue. TOT ¢akr, 4TO MOAEb
BbIBeleHa fIBHO PAl[HOHAJbHEIM CNOCOGOM, ellle He rapaHTHPYeT ee
CaMOCOIJIaCOBAHHOCTH UJIH PEaJHCTHIHOCTH.

3ameuanue. Tlpeanonoxenue (A) MmoxHo ocaabutb. Heobxo-
AMMO TOJBKO, 4TOObl BOJHB ObIH NOYTH OJHOMEDHBIMH, HJIH
(m/k)? < 1. Mbl MoxeM 3ameHuTh (A) ycaoBHeM

m\2
() <
¥ mo-mpexHeMy moayuuM (4.1.1); oaHako ecqM B3aMeH MBI INpen-
N0JI0XKHM ,
(%) =06,

TO TOT Xe cnoco6 BeBoAa npusefer K (4.1.4).

3ameuanue. [peanonoxenne (D) saBisieTcss OpPHMEPOM <IpHH-
nuna MakcumadbHoro ymnpouennsi» Kpackana (1963) ([295], koro-
pHIl TJIACHT, YTO B PsjaX TEOPHUH BO3MYLIEHHH, COJepXkallHX JBa
Wwin GoJbllle MaJbiX MapaMeTpoB, HauOOJbIUMH HHTEpEeC IpeacTaB-
Asetr BbIGOp Macwmitaba, MaKCUMAaNbHO YIPOIIAKOWIEro 3aaauvy.

[Tpeanonoxenuss (A)—(D) HaBOAAT Ha MBICAb BBECTH B pac-
cMoTpende Ge3pa3aMepHble nepeMeHHbie (MOMedYeHHble *): .

. 2z * — X . '\/EE-:
(+.1.9) T Ve =T
‘P=h-\/@q"v [ =¢ehf
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Ecan g ananutuuHa npu 2z == —Hh, ee MOXKHO TPeJCTABHTL B BHIE
CTEICHHOTO CXOASALIerocs psija:

e=hfegh 2, @+ 1), (", ¢

Paneft B 1876 r. [426] oOHapyuj, 4TO B caydae NJWHHBIX BOJIH
9TO pasJjioKeHHe ABJSETCS acCHMNToTHYecKuM. [loacraBass 3ToT psan
B (4.1.5) u npupaBHUBas KO3(PGHHUHUEHTH NPH OXHHAKOBHIX CTelle-
HSIX 2% noJyyaem
. e !

(#4119 YT T GI YD o

U3z (4.1.6) u (4.1.10) caeayer, uro q)f,nH=O. Taxkum oGpasom,
(4.1.11) q>=h«/ghe lo;— = @+ g o+

( + D 55 a(x*)'* + ]

Jlo sToro MOMeHTa Mbl He CAesNajd HUKAKuX OpuGIHKEHHH.
B rnaBHOM mopsifike ycJ0BUsi Ha CBOOOAHOH NMOBEPXHOCTH MOXKHO
3amucaTth B Buje

*

ag 0 dq)o

o + 5 ax* dx* =0 (),
4.1.12) .
7] O(po at

7 o T — 0@
Yrobnl pewnts (4.1.12), npeanonoxum, 4ro

* - awo
(4.1.13) U=L+efi+ ..., —F=u+eu+ .

Y1066 U36aBUTBCS OT CEKYJASPHLIX YJIEHOB, KOTODble BO3HHKAIOT B
nopsaxe O (g), BBejeM MeaienHoe Bpems (cm. [115])

(4.1.14a) v=¢f",
TakK 4TO

5} d 5}
(4J.14b) 75;——>7§;-+-87§F.

Teneps (4.1.12) npespaTuioch B JHHEHHOe BOJIHOBOE ypaBHEHHE
ansi (Go, 4o), OOllee pelieHAE KOTOPOFO UMEET BHJ

== V+g(x"+7; 1),

(4.1.15) w=F&" =10 1) — g + 1 1)
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Bce 310 MOXKHO BHIpa3uTh uepe3 (JNHHeHiHble) XapaKTepUCTHye-
CKHe NepeMeHHbIe

(4.1.16) r=x'—t'=V—f(x—V'§zt),
=241 =Y (x4 Vghi).

Takum o6pasom, 3a kopoTkoe BpeMsi {{* = O (1)) npousBosbHOe
HayaJbHOEe YCJOBHE pacllelysiercs Ha BOJHB, Oeryiliue BIPaBO M
BJeBO. B TeueHue 3TOro BpeMeHH HabJIOZeHHE COJNUTOHOB HEBO3-
MOXHO BBHAY TOrO, UTO Kaxdoe pellieHue npeactasisieT co6oft (nu-
HellHy10) CyneplpoONOPUHIO BOJH HeusMeHHOH dopmbl. B ganHom
cllyyae B3aMMOJEHCTBHE OTCYTCTBYET, IOTOMY UTO HeJNHHEHHBbIE ujie-
HBl CJIMIIKOM MaJibl, 4YTOGRl HX BJIMSIHHE YCIIeJO NMpPOSIBHTHCS.

B craenyomewm nopsake (4.1.12) npunuMaer Bujg

K48} a”l — _ [9%% 0 (uolo) __ 1 9%
- o T o [ T o 6 ax*3]
(4.1.17) ou =_[ du, ] ig)_l 0, Aa?';o]
at  ox av ax* 2 ax*2ar ax*3

rae T = T/pgh? — GeapazmepHOE MOBEPXHOCTHOE HATSXKEHHE.

OTH ypaBHeHHA IPOIle HHTErPHPOBATb, HCIOJB3YS XapaKTepH-
cTuueckpe mepeMendbie (4.1.16). Pemienus, nosyuennsie TakuM 06-
pasoM, cojepxKaT cjiaraeMble, JHHEHHO pacTyllne mo [, u Apyrue,
JuHe#HO pactyuide no r. OHH sBJASIOTCA CeKYJADHLIMH UJICHAMH B
MPHBOAAT K HePABHOMEPHON CXOAHUMOCTH pasnoxenuii (4.1.13). Mu
136aBUMCS OT HHX, NOJNOXHB KO3(hGHIHEHTH mnpu [ U 7 paBHBIMU
HYJIIO:

A

(4.1.18) g
o +3e 5t a r+ (3 - =0.

Takum oOpasoM, BOJHB, Oeryline BJeBO W BNPABO, 5BOJIOHHO-
HHPYIOT COTJIaCHO CBOMM COGCTBEHHHIM ypaBHeHHsM Kn®, omuce-
BalOLIUM B3aMMOJEHCTBHS BHYTPH KaXKAOrO U3 ABYX HaGOpOB BOJH
B TeueHHe AJIHTeJbHOro BpeMeHH (1 ==el*=0(1)).

Ha nosepxnocru paspena soja — Bo3ayx (1/3—T) >0, ecan
h > 0,5 cMm. O6biuno T < 1/3, 1 MBl BnONHE MOXKeEM npeHeﬁpeqb T.
Torna ¢opMa MOBEPXHOCTH, COOTBETCTBYIOIIAs OJHOMY COJIHTOHY,
NPHHUMAET BAA

1.19) <5 = Seatene { V22 [ VaR (14757 4 ]}
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OtmeTruMm, 4yTto:
(i) Tlpouseon B BLIGOpE & HeCYLIECTBEH, MOTOMY uTO B op-
myay (4.1.19) Bxoaut auwms koMmGunauusa (ea?).
(if) CosuTOHB MOAHHMAIOT CBOGOAHYIO MOBEPXHOCIb, B KAKOM
Obl HanpaBJeHHH OHU HH JBHIAJHCD.

(iii) CropocTb Kax/J0ro COJNUTOHA NPeBbillaeT 1/gh.
(iv) B rnaBHOM mopsiiKe CKOPOCTb COJHTOHA € aMILIMTYIOH o

paBHa ¢=/g (h F a). d1o BHIpakKeHue Oblio HaliaeHno Paccenom
(1938) [437] akcnepuMeHTaAbHO.

(v) Has tomkoro caosi Boasl T > 1/3, u yreepxaenus (i),
(iii) caenyer 3aMeHUTb HA MPOTHBONOJIOXKHLIE.

BaaumonefictBue Mexay BOJHaMH, GeryuldMu BJIE€BO H BIPaBo,
MOXeT ObiTh HalijeHo uHTerpupoBanueM (4.1.17):

(4120 440 D=[0g0)— g W) | far+

To

!

+ 10, () — 0,7 (roll { g dl +21g () — g W [F () — f(rol;

L

BbIpaXeHHe IJs 4; uMeeT aHajJoruyublf Bui. st Toro 4tolH 5TH
4IEHbl HEe CTaJlH CeKyNAPHBIMH, NoTpebyeM TakKe

@12y 171941 |(far], 121 101, |{gar] < co.

OTH ycJOBHsl TapaHTHPYIOT, YTO B3aUMOJEHCTBHE MexAy JeBOH
U TpaBOi BOJIHAMH sBJsIETCs OAHOBPEMEHHO cJAalbiM H JIOKaJu30-
BaHHbIM. s npumenumoctu Moienn Kad nweo6xoaumo, utobm yc-
Josra (4.1.21) ynoBneTBops/INCh B TeUEHHE BCEro BpeMenu (t), eciau
HM YLOBJETBOPSIIOT HayaJbHble YCJIOBHS.

B npeanonoxennsix (A)— (D) Mol 3amenuan (4.1.5—7) ynpo-
LeHHo# 3anaued, pelienue KOTPoi (HopMaIbHO aNNPOKCHMHUPYET pe-
weHue ypaBHenu#l (4.1.5—7) ¢ Tounoctsio g0 O (e?). UMenno B saToM
cMblcie ypaBHenne Kad® mojenupyer IJHHHBIE BOJHB yMepPeHHOH
aMnauTyAsl Ha Boje. Ilpexpae yem cpaBHHBAaTh pe3yJbTaThl, Mpej-
CKa3aHHble 3TOH MOJENbIO, ¢ 3KCIEePHUMEHTAJbHBIMH JAAHHBIMH, MOXK-
HO CeJIaThb HECKOJIbKO 3aMeuaHH# 10 clocoby ee BLIBOAA.

(i) «Mozmeapr Kn®» ns BosH Ha Bole (DAKTHUECKH COCTOMUT H3
JIMHEIHOro BOJIHOBOrO ypaBHeHHs! (4.1.12) aast «GbICTPOrO BpEeMEHH»
#* n nByx ypaBHedud Knd ua macwrabe Bpemen 1. Moaeab nosx-
Ha ObiTh AaCHMNTOTHYECKH CIpaBelfuBOd npu e-—> 0, U BakHO
yToOnt Kak (4.1.12), Tak u (4.1.18) ocraBajuch HETPUBHAJBHLIMH
B npeaene e - 0. Kak nokazan Kpackan (1975) [298], mozens Kn®
NpeINOUTHTENbHEE B 3TOM OTHOIIEHMH APYTHX MoJesel AJHHHBIX
BOJH yMEpPEeHHOH aMIINTYyAbl Ha BOJe, TaKHX, Kak ypaBHenue Dyc-

{1 3ak. 114
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cuHecka (4.1.22):
(4'122) Upyp=Uxx + € [(u2)xx + uxxxx] + O (32)'

B npemene e—0 (4.1.22) Ttpancdhopmupyerca B (4.1.12) n
(4.1.18).

(ii) B BriBose ypaBHeHuH, NPHBEJEHHOM 3/€Ch, T NPEACTABJAJIO
co0oi MeJJleHHO MeHsiolleecs BpeMs, H pelleHdsa Ka® npn dukcu-
POBAHHOM T COOTBETCTBYIOT MOMEHTAJIbHOMY CHHUMKY BOJIHH Ha BOJE.
B cBere (4.1.16) x* n ¢* siBAsAIOTCA B HEKOTOPOH CTEleHH B3aHMO-
3aMEeHAEMbIMH, H BMECTO T MOXKHO BBECTH B DAcCMOTpEHHE MeJJeH-
HO MeHsIOIyIoCs DPOCTPAHCTBEHHYIO nepeMeHRylo ¥. [lo-nmpexunemy
ocraercs aBa ypabHeHus Kad®, Ho teneps pewenne Kn® nmpu duxcu-
pOBaHHOM % OYyJeT COOTBETCTBOBATH ABHIKEHHIO MOBEPXHOCTH BOJBI
IIPH IPOXOXKJAEHHUH BOJHE HajJ H3MepHTebHBIM 30HA0M, YCTaHOBJIEH-
HbIM B OIpejieleHHOM MecTe. TakuM crnocoGoM BLINOJIHEHO 0OJIbILHH-
CTBO BOJIHOBBIX H3MepeHHH.

(iii) dtor BBIBOA siBJIsieTCA (POPMAJIbHBIM ¥ (PAKTHYECKH He JO-
Ka3bIBAGT TOro, YTo pelieHHs Ka® sBIAAIOTCA aCHMOTOTHYECKHMH IO
otHowennio K (4.1.5—7). Takoro mAokasatenbCcTBa B HalleM pacro-
psi2keHUd HeT. B AeficTBUTENILHOCTH JIMIIL HEAABHO GHIO AOKAa3aHO,
yto (4.1.5—7) pmomycKalwT cylleCTBOBAHHE BOJIH C YIVIOM HAKJOHA
IOBEPXHOCTH BOJHI BIIOTH A0 /6, T. €. BIJIOTb O NPEAEJBbHOTO Cay-
yaa Crokca (Amuk u Tomang (1979) [40]).

(iv) JKuIgkocTb cyuTaercsi HEBA3KOM, H MOJeab He AONMyCKaeT
Hukako# guccunamuu. Ho Boja uMeeT KOHEUHYIO BSI3KOCTb, H MOX-
HO OLEHHTb XapaKTepHOe BpeMs AMCCHIALHH Ha OCHOBE JJaMHHapHOro
uau TypOyJaenTHOro norpancioes [275]. [as npuMeHHMOCTH MOLeNH
Ka® neob6xoaumMo, yToObl XapakTepHOe BpeMsi AMCCHIALMH HaMHOrO
npeBHIIAN0 XapakTepHHI BpemeHHoH Macwmrtab Ka® (v = O(1)).

(v) Hcxopuele ypaBreHusi ABHxKeHus (4.1.5—7) uHBapHaHTHbI
OTHOCHTeJbHO npeoGpasoBanuil annaes. M3 (4.1.15b) cuexyer, uto
ypapHerus Kia®d COXpaHSIOT 3Ty HHBADHAHTHOCTb, ecad [ (uim g),
HHTEPIPETHPOBATh KaK OPU3OHTA/bHYIO ckKopocThb. [losToMy mpeo6-
pasoBaHHe

tT—>1, r—>r—ci, [—>f+c

He usMenser (4.1.18a).

(vi) PaccMorpennbiit BeiBoA ypaBHenusi Knd HaBOAUT HA MbIC/b,
4TO ero MOXKHO HOJNYYHTb JHIIb NpH oTcyTcTBHH Buxped. Ho, kak no-
kasan Bennn [55], 310 HeBepHO: cM. TakKe [52].

(vil) JInHamuyeckoe ycnoBHe Ha CBOGOJHOH  MOBEPXHOCTH
(4.1.7b) osnauaer, 4TO AaBjeHHe HA Hed paBHO HyJI0. las 6oub-
IIMHCTBA CJY4aeB BOJMH Ha BOJE 3TO BLINOJHAETCH JHIIb NpuOaH3u-
TelbHO. Boslee TOUHBIM SB/ASETCS yTBEpP:KAEHHE, YTO AABJEHHE [OJI-
KHO COBIIaflaTh C AaBJIEHMEM BO3JyXa Ha 3TOH MOBEPXHOCTH, T. €.
MOBEPXHOCTHbIE BOJNHb (aKTHYECKH ABJSIOTCA BHYTPEHHHMH BOJIHA-
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MH. BBHIY TOro 4To OTHOLUEHHe MJIOTHOCTH BO3AyXa K IJIOTHOCTH
BOABI panrHo NpubausuresnbHo 1073, 3TUM TOHKHM pasauuueM OBLIYHO
npede6peraioT. OQHAKO ANS AJHHHBIX BOJH (kA < 10-3) sTuM 3(-
¢dexToM npenebperaTb HeJb3sl, IOITOMY B KauyecTBe COOTBETCTBYIO-
meHd mojeau caeaoBaso Obl BHIOpaTh ypaBHeHue (4.1.3), a He
(4.1.1). Apanoruunsle coobpaKeHHs NPUMEHSIOTCS MPH HecJaeq0Ba-
HHH BpallleHHsi 3eMJH ¥ (GOPMBL e¢ MOBEPXHOCTH.

YpaBuenne Kp® 6n10 onpofoBaHO KaK MOJeNb BOJH Ha BOJAE
3abyxckum u ansunom [522], Xammakom u Curypom [196, 197],
Befizmanom u Maxkcyopen [501]. Mo cux mop sacayXupaeT BHHMa-
HHSL TaKe Iliepsas 3KCIeDUMEHTaJb-

nas paGora Paccera (1838, 1845) ° Pt

[437, 438]. Slom T =
O6uwupHast paboTta B 3TOM HalpasJe- h

HHH, KOTOpas cefiuac OyneT o6CyKAaTb- s

cs, O6bl1a npojenana XaMMakoM u Cury- v

pOM. OJIKCIEePHUMEHT OCYLIeCTBJSJCA B 4

Gacceitne aanHOM 31,6 M, riyGuHO# 61 CM  pyc. 4.1, Cxema soanompo-
n wupuHoi 39,4 cM. Kak cxeMaTHYHO nykropa (Xammak u Curyp
u3o0pakeHo Ha puc. 4.1, BosHomponyk-  [196]).

TOp COCTOHT H3 NPAMOYI'OJNBHOrO MNOPLI-

Hsl, yCcTpoficTBa AJst ynpaB/eHHs UM Hu creH Oaccefina. Ilopuienn
B 9KCIIEPHMEHTaX, KOTOPble OYAYyT 06CYyKAATbCA, HMEJ MJIHHY 61 cM
u wupuHy 39,4 c¢M. BeprukaJjpHoe ABHIKEHHE NOPIIHS 3a4aBaJioCh
JUTS KaxK/JO0TO 3KCIepHMEeHTa HHAMBHAYaJlbHO.

Bo Bpemsi skcnepuMeHTa B HECKOJBbKHX TOYKAaX BJOJb OaccefiHa
OblJIM POBEJEHbl H3MEpPEeHUsi MPH NMOMOLIH AAaTUHKOB C INapaJljeb-
HBIMH TIPOBOJIOYHBIMH COMpPOTHBJeHHsAMU. B nepBoit cepuu skcmepu-
menToB (1974 r.) ray6uHa KHAKOCTH PaBHSJIACh D CM, U3MEpEHHSI
npoBoAuJuCh npu x/h = 0, 20, 120 u 400, rae x = 0 Ha Kpalo LOPII-
si. Bo Bropoii cepun (1978 r.) A = 10 cm, BOJHBI H3MePSIIHCD NIPH
x/h =0, 50, 100 u 200.

Ha puc. 4.2 u3o6pakeHbl BOJHBI, FeHepUpyeMble NPOCTHIM HPH-
NOAHUMAHHEM TOpPLIHSA. JIBHKeHHe MOpIUIHA OblIO AOCTATOUHO OBI-
CTPBLIM JJIsl TOTO, 4TOOB (hopMa BOJHB IPH X/h = 0 cOOTBETCTBO-
BaJjia (GopMe NOpIIHsS (6aarogaps HaAJHUHIO CTEHKH y JIEBOTO Kpas
MOPIIHA [JUHA BOJIHBL, H3MepsieMas B Touke x = 0, paBHsaiach yI-
BOEHHOH JJIMHE IOPIIHS, a BHICOTA — IOJOBHHE €r0 CMELIEHHS ).

Ha xoporxux Bpemenax, corsaacHo (4.1.15), nBHIKeHHe NOJIKHO
OCYILECTBJISATLCS MyTeM IapajelbHOro MHepeHoca cO CKOPOCTHIO
Vg7f Bosana, usmepennass mpu x/hA = 20 {(puc. 4.2,6), npu6.u-
JKCHHO COOTBETCTBYET STOMY OINMHCAHHIO; ee (popMa B OCHOBHOM Ta
e, yTo y BOJHH B Touke X == 0. (DpoHT BOJHB H300paKeH cie-
Ba.) M3 pucyHKa BHAHO, YTO MeXAY CMEHSIOIMIMMHCS KoHbHTypa-
nusMu (B ABHKYLIeHCst cHcTeMe OTcueTa, MepeMelarlleicss ¢o CKo-

pocTbio 4/gh), HET TOPH3OHTANBLHOTO CMELIeHH S,
11*
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ConMTOHH, BO3HHKAIOMIHE HA C/IEAYIOLleM BPEMEHHOM maciiTabe,
MOXKHO BHIeTb Ha puc. 4.2,2 n 8. Pelllenue 3agauud Ha cOGCTBEHHBIE
sHauenus Ans onepartopa Ulpéaunrepa (1.3.33) ¢ uamepenno#i npu
x = 0 BosHOH B KayecTBe IOTEHLHaJa JTaeT TPH COGCTBEHHLIX 3HA-
YEHHR, COOTBETCTBYIOILHE TPeM COJHTOHAM. DTO OTBedYaeT TpeM MNO-

0,06 — T ————T— JIOXHTENbHEIM GoJ/lee HIH Me-
0,04]- a J Hee HEM3MEHHLIM BOJHAM, lla-
002} ] 6JI0/laeMbIM B TOUKax x/h =
’ , = 180 u x/h = 400. Coraac-
0 | ! B ] ' : 1
b Ho (4.1.19), BCce 3TU BOJIHBI
006} g Ha pHCYHKax JOJKHbl CMe-
004+ - 1aThCAd BJEBO, TaK KaK BCe
002|- 4 HX CKOPOCTH  [OpeBbIWAIOT
0 ol Vot L 1] ’\/gh TO, 4YTO 3TOT 3q)¢)eKT
- 123 8 | B 9KCNEepUMEHTe He HabJlo-
’ | JaeTcsi, CBHAETEJLCTBYET O
004y ] BJAHSIHUY BA3KOCTH.
002f- § W Bce-Taku, OCHOBBIBASICh
[ i Ha HadJ0leHnH GOpMbl BOJH,
ooef | %3 z Mbl YTBEp:KJAaeM, 4TO OHHU §B-
0041 ‘ | Jsorcs  conuToHamu. [Ipo-
' busb COJUTOHA OnpejensieTcs
002+ 4
u3z (4.1.14) nocsae Toro, Kak
0— Aot H3BeCTHA €ro aMIIuTyzAa.
-0 0 20 40 80 % W0 MO WOwo T DPWIH M3MEDEHBl HKH aMnuii-

TyA NepBHIX ABYX BOJH Ha
t(g/h)é-x/h=-r puc. 4.2 4 OTMeyYeHH TOYKAMH

Puc. 4.3. DBomouxs AJMHHOK mNONOXKM-  PE3YJbTAaThl BBIYMCJCHHHA (Ha
TeJbHOK BOJleIKHa l'IO};B@pXHOCTH BOJAbl B OCHOBE 93THUX H3Mepe}”,”‘,’i) no
Tpu coautoHa Kad; A =5 cm. Cnaow- ~
Hasi JIHHHS COOTBETCTBYET H3MEPEHHOMY dopuy.e (4’1'19)" Coorser
npodbualo,  NyHKTHpHAsA — BhiuMcaenHomy ~CTBHE C H3MEPEHHLIMH TPO-
¢ ucmonbsoBanueM  (4.1.19)  mpodmaio  (GUASAMH BOJIH fIBJISIETCS fopa-
coantona: (@) x/h=20; (6) x/h =20, gpuTe bHBIM.
(6) x/h = 180; () x/h = 400. (Xammax Pe3yJ/ibTaThbl, IPHBEACHHBIE
u Curyp [196].)

Ha puc. 4.2, packpbBaiOT
CJAEAYIOILYI0 KAPTHHY AJHHHBIX BOJIH YMEPEHHOH aMIIUTYAb Ha
BOJE.

(i) CymectByer ObicTpbifi (auHEHHBI) MacluTab BpemeHH, B
TeyeHue KOTOPOro BOJHBI, Oeryuiue BIPaBO H BJIEBO, OTARJIAIOTCA
JpyT OT Apyra.

(ii) CyuiecrByer Gosee MeaJepHBIH MacmiTab BpeMeHH, B Teue-
HHE KOTOPOTro BOJHAa, Gerylnas BIpaBo (BIeBO), TpaHCHOpPMUPYETCH
8 COJIUTOHBI IJTIOC H3JyYeHHe.

(iii) CymecrByer ewme Gonee MelJeHHBIH Macwirtal Xxapakrtep-
HOTO BPEMEHH BSI3KOCTH, B T€UeHHe KOTOPOIO SHEPrus COJHUTOHA [0-
HemHoOry puccunupyer (repsiercs). OHako BBUAY TOrO, 4TO Xapak-
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TepHoe BpeMa JAns ypasHenuss Kad kopoue, COMHTOHB HeNmpepbiBHO
«HOANPABJAAIOT> CBOIO (POPMY M CKOPOCTb B COOTBETCTBHH C IHepre-
THYECKUMH MOTEPAMH, TaK YTO 10KAABHO OHH BHITJIAIST U BEAyT Ce-
65 NOROGHO COJTUTOHAM.

3amMeTuM, uTO Ha puc. 4.2, 8, e cpemmn YPOBEHb MOBEPXHOCTH BO-
bl OCHHJJISITOPHBIX BOJIH SIBJISIETCS MOJOXHTENBHHIM. BenomMHuM
(cM. pasa. 1.7), 4To cpedHuii ypoBeHb OCUHJIISATOPHBIX BOJH, yAO-
BJIeTBOPSIIOUINX ypaBHeRHio Knd Ha GosiblInX BpeMeHax, sIBJAsSETCs
otpunatenbubiM (cMm. (1.7.51)). HecoorBetcTBHE 06yCi0BaCHO BAHS-
HHeM BSISKOCTH U MOXKeT ObTb OODBSICHEHO CJAEAYIOLMM 06pasom.
COJIHTOHBI MEJICHHO TEPSIIOT YHEPrUI0 BCJAEACTBHE BA3ZKOCTH, OJHAKO
IoJHas Macca BOJHB He u3Mensiercsi. Ilostomy korjia macca «Bbl-
TECHACTCH» M3 COJHTOHA, OHA 00pasyeT «MOJIKY», PacloJaraluiyio-
Csl C3aJd Hero, KOTopas yBeJUYHBAET CPEeHHHH YPOBEHb BOJK. IJTO
ABJISETCA AHAJIOTOM M0JKH, o0cyXKaaBiledcs B pa3a. 3.8.

B aroit cepun 6bl10 Tak:ke CAeNaHO HECKOJbKO APYTCHX SKCIEpH-
MEHTOB C y4YacTHeM COJHTOHOB. B HEKOTOpBIX 3JKCIEpPUMEHTax Ha-
4ajbHble AMIVIUTYALl BOJH OBLIM OYEHb MaJbl, U COJUTOHBI He Ha-
6mopanuch gaxe npu x/h = 400. B kaxaoM sKkcnepumeHTe, KOTIa
SIBHO NPOCJIEXKHBAJOCh UHCJIO COJNHTOHOB B Touke x/h = 400, oHo
HaXOMUJIOCh B COOTBETCTBHH C UHCJOM COJIHTOHOB, IIPeICKa3aHHbIM
N0 HayaJbHOMY YCJOBHIO M3 3KcneprmenTa. HauanbHoe ycioBue ur-
paJio poJsib MOTEHIHa a B 3aflaue Ha COOCTBEHHBIE 3HAUYEHU A AJisl Olle-
paropa Illpéaunrepa. AMnnuTyna nepBoro coquToHa npu x/h = 400
TaKXe ¢ JOCTATOYHOA TOYHOCTBIO COBMAJA C NPeNCKa3aHHON aMILIH-
TylLOH, KoTopast OblJia BbIYUC/IEHA B ABa sTama: 1) amnauryna (6es
yuera BSI3KOCTH) ONpefessiach MyTeM pelIeHHs 3aJaud Ha cobeT-
BeHHble 3HAayeHHs; 2) Ha OcHOBe (opMyJab W3 paborbl [275] ansa
onpefie/leHHs BA3KOTO 3aTyXaHHd yeAHHEHHOH BOJIHBI C TaKOH am-
MJUTYROH, npowepmeir paccrosinue B 400 pas Gosbliee, ueM rury-
6una GacceiiHa. C neTa/siMH MOXKHO O3Ha2KOMHTbCSl B pafore Xawm-
maka u Curypa [196]. Ha puc. 4.3 npuBelena kapTuna, cooTBeT-
CTBYyIOLIAsl B TOYHOCTH NMPOTHBONOJIOKHOMY IO CPaBHEHHIO ¢ puc. 4.2
ABHKeHUIO nopiiHs. Ecan 6bl BOJIHA 3BOJIIONHOHHPOBAJa JUHEHHO,
Kaxjas KapTuHa, n3obpaxeHHas Ha puc. 4.3, 6bu1a 6wl IPOTHBOMNO-
JIOXKHA H300paxKeHHOH Ha 4.2. DTo NMPUGJIU3UTENBHO COOTBETCTBYET
HAGJII0leHUAM B NEPBBIX JBYX OTMETKaX, KOTODble OCYIIECTBJSAJIUCD
Ha KOPOTKOM Maciitabe BPeMEHH, rje CIpaBeiIHBO JHHEHHOe NpH-
G6nuxenne. Oguako Ha GosblleM BpeMeHHOM Macuitafe pe3yJbTaThl
usMepeHuil coecem apyrue. IlepBoHauanbHO oTpHIaTeNbHAst BOJHA
He MOXET NPOH3BECTH HHU OJHOTO COJHTOHA; BCS €€ IHEPrus AOJKHA
mepefdiTH B HENPEPHIBHLIH cnekTp. Puc. 4.3 naeT HarAsaHbIA npUMep
pemtenus ypaBHeHuss Ka®, coOoTBeTCTBYIOILEr0 HENMPEPLIBHOMY H3JY-
YEHHUIO.

Bosee TmiaTenbHBIE aHaJH3 COOTBETCTBHS CJEJCTBHH H3 MOJENH
Ki® Takomy H3Jy4eHHIO MOXKET ObiThb C/Ae/JaH C HOMOLIbIO PHC. 4.4,
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Ha KOTOpPOM H300paXieHa BOJIHA GoJbllel aMIVIHTYyABl B cJayyae He-
CKOJIbKO Oosbluefi ray6unnl. Hanomuum (pasa. 1.7), uto acummnro-
THYeCKOe pellleHHe ypaBHeHMs (4.1.1) B OTCyTCTBHE COJIHTOHOB CO-
CTOMT U3 UeThipex obJacTed.
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Puc. 4.3. DBOMIOLHA NJIHHHOM OT- Puc. 44. DOsoaouns MJIHHHON

pHuIaTe/]bHON BOJHBI Ha IOBEpX-
HOCTH BOJbl B IaKeT OCHUUMAMS-
TOPHHIX BOJH 06€3 COJHTOHOB;
h = 5 cM. HenpepmBuas Jannus
COOTBETCTBYET H3MEPEHHOMY IO~
¢uao: (a) x/h =0, (6) x/h =
=20; (8) x/h == 180; (¢) x/h=
=400 (Xammak u Curyp [196].)

OTPHUATE/bHOW BOJHBL B COBO-
KYIMHOCTb OCHHJJISTOPHBIX BOJIH
C SBHO BLIPAXKEHHBIMH BOJHOBBI-
Mu rpynnamu. Hauanpuas awm-
nAHTYAa Gogblue, yeM Ha puc. 4.3;
h =10 cm. CnyomHas JIMHHS —
H3MepeHHBle NpodHaH, CcTpes-
KH — TPaeKTOpHH BOJIHOBBIX
rpynn, MNOCTPOeHHble IIpH MOMO-
WX ycpeJHeHHS H3MepeHHOMH ua-
CTOTB! BOJH M JIMHEADH30BAHHOTO
AMCTIEPCHOHOTO COOTHOLIEHHS
(4.1.8): (a) x/h = 0; (6) x/h=
=50; (8) x/h = 100; (¢) x/h=
= 150; (8) x/h = 200. (Xawm-
Mak u Curyp [197])

@) Oas x> BB pellieHHe SKCIIOHEHIIMAJIbHO Majio.

(ii) Oas {xl<0((3l)”3)pemenne ABJISIETCST MMPUMEPHO aBTOMO-
ZeNbHLIM H anmpOKCHMHDYET YacTHOe pelleHHe

6¢

X X
u=2t%
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(iii) BOausm — x> [O((31)"3(log 3¢)?/3+°], 1> p > 0, cyue-
CTBYET OTHOCHTEJIbHO TOHKHH CJIOH, COOTBETCTBYIOIIHH GeCCTOJKHO-
BUTE/JbHOH Y/JapHOH BOJIHE.

(iv) Ilpa (—=x) > (3f)'/3(log 3t)?/>+ pewenue COCTOUT u3 YObi-
BAIOUIUX OCUHJIALMHA. IDTH OCLH/VIALMH NpPeobpasyoTcs B TPyl
BOJIH, y3Jibl KOTOpBHIX Ompeje-

JAI0TCS HYJAsIMH KO3 duunen- 5 10 15 20 25 30 35 40 45 50

Ta oTpaxedus p (k). ~ | T
BoJiHOBBIE uHC/a KakKA0T0 L

maketa, KOTOPBLIH IBHIKETCS 0ok T3 ;

C rPYNNOBOIl CKOPOCTBIO COOT- s\ ll S

BETCTBYIOIEH JIMHEAaPH30BaH-

HOH 3ajaud, (HKCHPOBAHHL. 02”"\ ,'

CropocTh onpejeJsieTcs mnpe- PR

06J1a a0 M BOJIHOBBIM YHC- 030} - \\ ,’
JIOM B Tpymmne. sk ]
DTO ONHCAaHHE HAXOJHUTCA ) (O
B KauecTBEHHOM COrJIacHHU C osoF L
9KCHEePHUMEHTAJbHBIMHU pe- 045) \ g
3yJAbTATAMH, [PUBEIEHHBIMH 050l- \\ /
Ha puc. 4.4. KosnnuecTBeHHOe ) 4
cpaBHeHue Ajs obJsacrelt (i) 053
u (ii) mpuBeleHO Ha DHC. 4.5, pyc. 45. TeopeTH4ecKHil H 9KCIEPHMEH-
rae JUAUpYIomasi 4aCTb BOJI-  Ta/bHHH NPOGMIH BOJIHOBOro (poHTa mpH
HBl, M306parkeHHass Ha puc. X/h=200 (puc. 4.4, cayvait (9)). Craomw-

. Has JIHHHSA — H3MepeHHBIH NpOoQHUIb; IUTPH-
4.4,0, CpaBHHBALTCA C aCHMI XOBaf —— JHHEeHHAA AacHUMNTOTHYEeCKasi Teo-

TOTHYCCKHM pEIICHHEM YpaB- pyugq (I1.1.58); nyWKTHpHAS — aCHMITOTH-
Henus: Ka®, BHIUHCIEHHBIM B  ueckas Teopus Ka® (1.7.41—45). (Xaum-

COOTBETCTBYIOLLHH MOMeHT Mak m Curyp [197])

BpeMeHn. [1J1 cpaBHeHHs TaK-

e BBIUEPUEHO aCHMITOTHYECKOE pellleHHe JIMHeapu30BaHHON 3agaun
(I1.1.49) ¢ TeMu XKe caMBIMH HayaJbHBIMH YCJIOBHSIMH. B aTom 3Kc-
IIepUMEHTE COBMAJeHHe TEOpeTHUeCKOH KPHBOH ¢ Pe3yJbTaTaMU H3-
MepeHu#l inAupyoLlell BOJHE yIHBUTENBHO TouHOe. Bosee Toro, oue-
BU/IHO, YTO COOTBETCTBHE YJYULIAETCSH, €CJIH YUECTh BA3KOCTb KHAKO-
cru (Xammaxk u Curyp (1978) [197]).

B aroM skcmepuMeHTe mpeAckasanne teopuu Kad ans ocuunmis-
TOpPHO# 00JaCTH He CTOJNb TOYHO B OCHOBHOM MOTOMY, YTO BOJIHHI,
reHepupyemMble B 3TOH 00/1acTH, He ABASIOTCA AJHHHLIMU B CMBiCJe
Hauero ocHoBHOTO mpeanosoxenua (B), c. 278. Ipyrumun cinosamu,
HayaJbHOE yCJIOBHE BHAUaje COCTOMT H3 AJIHHHHIX BOJIH, HO IJHHHBIE
BOJIHBI MOPOXKJAAIOT KOPOTKHE BOJIHHE, M ypaBHeHue Ki® He ouenb
XOpOILO MOAeNHUpYeT X 3BoJionuio. M Bce-Taku kauecTennas kap-
THHA $BJIsIeTCS NpaBWibHOH. BoJHOBBHIE rpyNmbl $ICHO BUAHLI Ha
puc. 4.46, 8, 2, ® TIATeJbHBIH aHaJU3 MOKAa3BIBaeT, 4TO npeobia-
Jamollfe BOJHOBbIE uuc/la CYyHIeCTBEHHO HE H3MEHSIOTCS IPH 3BO-
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Puc. 4.6. Tpu cayuas ABHIKEHHs NMOPIUHS: IPadHKH ABHKEHHA H BOJNHBHI HA BOJE,
KOTOpble OHH HOpOXAalT; B =5 cM. Cayuait (@) — MoHOTOHHOe JBHIKeHHe, (O)
¥ (8) — MOHOTOHHOE [BHKEHHE C HAJIOXEeHHeM oCUHANAuuiA. N — YHCAO HHCKpeT-
HbIX COGCTBEHHBIX 3HAYEHHH, MOJNYUYEHHHIX B KaXKAOM H3 IKCIEPUMEHTOB C HCMOJb-

30BaHHEM H3MEPEHHbIX BOJHOBHIX Npoduaer npu x/h = 0 B 3ajaue paccesHus
(1.3.33). (Xammak u Curyp [196].) ‘

Jounuu BoJiH. BoJiee Toro, Tpaektopuu, u3obpaxKeHHble Ha puc. 4.4,
KOTOpDble, OUeBHAHO, COBMAAAIOT C HAalJIIOJAEeMBIMU TPaeKTOPUIMH
BOJIHOBBIX TPymn, ObLIH HOJYYEHBl BHIUHCJAEHHEM JHHEAPU3OBAHHOH
rpynnoBoit ckopoctu (4.1.8) TIpH H3MepeHHBIX 4YacTOTax BOJIH.
To, uTo peanbHble HayadabHble yciaoBus mias (4.1.5—7) o6wiuHO
COMEPIKAT HEKOTOPble BBHICOKOUACTOTHHIE BOJIHBI, MOAHHMAET BOMPOC
O TOM, He BeJeT JIH HaJIHuHe 3THX KOPOTKHX BOJH K HECOCTOSITENb-
Hoctu moaenu Ka®. [pyrumu cioBaMH, ecad 3BOJNIONHS AJHHHBIX
BOJIH OGYC/IOB/JEHA [JIABHHIM 00pa3sOM HaJHYHEM KOPOTKHX BOJIH M
ecau Mozenb Knd mpaBoMepHa TOJIbKO TOTAa, KOrAa KOPOTKHE BOJ-
HBl OTCYTCTBYIOT, TO ypaBHeHue Ka® He OyaeT afiekBaTHOH MOAEJbIO
(4.1.5—7). PesyabTathl CepuH 3KCIIEPHMEHTOB, BBLINOJHEHHBIX A4
IIPOBEPKH TAKOH BO3MOKHOCTH, H30OpaxeHsl HA puc. 4.6. B Tpex He-
3aBHCHMBIX JKCIIepAMEHTaX (HA pPHCYHKe KaXXJAOMYy COOTBETCTBYET
BepTHKAJ/bHBI cTo/ifen) nopileHb OJHHAKOBHIM 00pPasoM cMellaJcs
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BBepX, HO ¢ Bo3pacraioimlefi j0/efl BBHICOKOUACTOTHHIX KoJeGaHui.
INepBHiii 3KcnepuMeHT Gbll KAaYeCTBEHHO NOA06EH H306pa’keHHOMY
Ha puc. 4.2: HavaJibHOE BO3MYUIEHUE NMPHMEDPHO HMEJNO BHJ IMOPLIHS
H pacnajoch Ha uYeTbipe OTAEJNbHHIX cOJUTOHA., [IBa Apyrux sxcre-
pUMEHTa Ha paHHeH CTalAMH BBINISAAT NO-APYroMy, Tak Kak elle He
pasieseHbl KODOTKHe H JJHHHBEe BOJHBL. OJHAaKO MOBEPXHOCTHBIE
BOJIHBI MaJ1Of aMIIUTYAbl SIBJISIIOTCS CYUIECTBEHHO AHCIIEPCHOHHLIMH
(cm. (4.1.8)), u npu x/h = 180 (r. e. B Macwitabe BpeMenu Kn®d)
OJIMHHBIE H KODOTKHe BOJIHB (u3nueckH paspetenbl. CONUTOHEI, KO-
TOpble MOABJLIOTCH NpH HabJiofeHusx B Touke x/h = 400, ue or-
JHYaloTcs OT 3a()HKCUPOBAHHBIX B NMPEABIAYIIHX 3KCHOEPUMEHTAX.

[Tonsenem uror. ¥Ypabuenne Ko® siBnsiercsi 4acTbio MOJEJH, ONK-
ChIBaIOILlell 3BOJIIOLHIO AJHHHBIX ABYMEPHBIX BOJIH Ha BOJE C yMe-
PEHHO!l aMIJIUTY0! B TeueHHE OTHOCHTENbHO AJHTEIbHOIO BPEMEHH.
OHO [0BOJIBHO HENJIOXO [PEACKA3bIBAET IBOMNIOLHIO AJHHHBLIX BOJH,
0COOEHHO €CJH TPOH3BOAHMTCS MOMNPABKa HA BJHsIHHE BA3KOCTH.
[TpenckazaHus, Kacawouinecss KOPOTKHX BOJIH, HENPaBHJAbHE, OJHAKO
HajM4de KOPOTKHX BOJH BCJEACTBHE CHJIBHOH IHCIEPCHH MOBEpX-
HOCTHBIX BOJIH HECYIIeCTBEHHO YXYALIAaeT TOYHOCTb MOJENIH JJIsi
AJIMHHBIX BOJIH.

B rtex cayuasix, KOraa BOJIHEL Ha [TIOBEPXHOCTH BOJABI HE sIBJAIOT-
Csi TOYHO OJHOMEDHBIMH, BO3HHKAaeT HECKOJbKO BapHaHTOB (CM.
[378]). Onna 13 BO3MOXKHOCTEH COCTOMT B TOM, UTO BOJIHBI SIBJISIOT-
cs OIM3KUMH K AByMepHbIM. B 3TOM cayuae (4.1.18) ciemyer 3ame-
HUTb HA

128 (243l + (5 =) Frr) + =0,

rae M == ey/h. TlpusejieM CBOAKY pe3y/IbTaTOB, H3BECTHHIX O pelle-
nuax (4.1.23).

(i) Kaxnoe pewenne (4.1.18) ynosserBopsier (4.1.23).

(ii) CormacHo pesyabratam Kagomuesa u IlerBuamBuau (1970)
[252], opHOMeEpHbIE COMUTOHBI HEYCTOHMUBEI 110 OTHOLIEHHIO K IJIHH-
HBIM IONEepeYHBIM BO3MylneHusM, ecan (1/3 —T) << 0 (r. e. Korga
CJIOH BOJH! OY€Hb TOHOK); B OOBIUHOM cayuae, Korga (1/3 — T) << 0,
yTBEPXKAEHHE O HEYCTOHYUBOCTH TepseT CHUJY.

DKCIepUMeHTabHble DEe3yJbTATH, HpHBEJEHHbIe Ha puc. 4.2 u
4.6, CBUIETENBCTBYIOT O TOM, YTO COJHTOHBI YCTOHYMBEI IO OTHOIIe-
HUIO K KOPOTKHM IOIEPEeYHbHIM BO3MYIIEHUsM B 06OHX CAyuasix.

(iii) Ecom T << 1/3 (oGbiummbiit cayuait), (4.1.23) umeer N-co-
JIUTOHHBlE PeLIeHHs H COJIMTOHBI, KOTOPble B3aUMOAEHCTBYIOT, mepe-
cekasicb nog yriaom (3.3.90, 91). BsaumozeiicTBie ABYX HAKJIOHHBIX
COJINTOHOB, SIBJISIOLUIUXCS B COOTBETCTBYIOIEH CHCTEME KOOPAHHAT
CTalHOHAPHBIMH, H300paxeHo Ha puc. 4.7a.

OTOT BUJ B3aHMOJEHCTBHSI OUE€Hb HANIOMHHAET OKEAHCKHE BOJHBI,
u3obpaxennole Ha ¢ororpapuu 4.76. Onu cdororpadupoBanu Ha
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Puc. 4.7a. Dcku3 ABYXCOJHTOHHOrO peLie-
HHa ypaBHeuHs Kanomuesa — IlerBuam-
Bunu (3.3.91). B 3TOM cHMMETpHUYHOM CJy-
yae ky = ks, p1 = p2 = 4/3k,. Kaprun-
Ka [BHXeTCs B HaNpaBJeHHA X CO CKO-
pocteio k%4 kf.-

4. MpunoxeHue

noGepexbe Operona. [lo cao-
BaM ¢pororpada, raybuna Bo-
Ibl, rle MNPOHCXOLHJO B3aH-
MOJeHCTBHE, COCTABJAIA OKO-
Jgo mnonymerpa. Ha prcyHke
BHAHO, 4TO KaxAas M3 ABYX
BOJIH CBsI3aHa C NepHOAHUeE-
CKMMH LyraMi BoJIH (HO-BH-
JUMOMY, NPUIIEAIINME H3 00-
Jacty rJay6oko#i BOAw), HO
KaxJas BOJHA HMeeT CTOJIb
6oablIyI0 AJHMHY 0O OTHOMIE-
HHI0O K Majoil raybuHe BO-
IBl, YTO BOJIHBH MOXKHO CYH-
TaTh yeAHHeHHHIMH. Hukakoii
KOJIMYeCTBEHHOH  uH(pOpMa-
I[AH, KacaloUHXCsA ITHX BOJH,
6oJiblle HeT, # BCe-TaKH CXOA-
CTBO MeX1y TOH KapTHHOH H
NpeACKa3aHHOH TeOpeTHUeCKH
ypaBHeHueM (4.1.23) nopasu-
TeJIbHO.

Puc. 4.7b. «Haxnonnoe» BsauMofeficTBHe IBYX BOJH Ha orMmenn. (Pororpadus

ao6esno npepocrasiena T. TéatemaitepoM.)

(iv) IloBepxHocTHOE HaTsAXeHHe OKa3blBaeT OoJsblllee BJIHAHHE,
uyeM CHJa TSAXKECTH, AJ8 OueHb TOHKHX CJIOeB BOAbl, Korga T > 1/3.
B astoM ciaydae OJZHOMEpDHbIE COJNHTOHH HEYCTOMYHMBBL, HO CYILECT-
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ByoT peumienus (4.1.23) B Buae «snaMnoB»; cM. pasa. 3.4. Ata (24
~+ 1)-MepHEIe aHAJOTH COJUTOHOB KCIIEPHMEHTAJbHO IMOKA ellle He
Ha6JI01a/HCh.

JKCnepHMEHTATOPAM, KOTOPBIX HHTEpeCyeT NMOHCK JaMIOB, cJe-
AyeT HMeTb B BHAY, 4TO JJIS 3TOH LeNH TakkKe npumenumo (4.1.23)
¢ T > 1/3, ecin npene6Gpeub CUIIOH TAKECTH, yAANUTH TOPU3OHTANb-
HO€ JHO H CBfI3AHHBLIH ¢ HUM BA3KHUH TOTPAHCJOH H OTPAaHHYHTHCA
TOJBKO CHMMETDHUHBIMH MOJaMu (IJIf KOTOPHIX CIIPABEIJIMBO
(4.1.7)). Ilpn sTOM MBI paccMaTpHBAaeM BOJIHH Ha CJO€ BOAHI, KO-
TOPBIH HAXOAHTCS BO B3BEIIEHHOM COCTOSIHHH, TaK Ke KaK B cayuae,
usyuyapmemcss Teitmopom (1969) [479]. OcHoBHOe mpeumymiecTBO
TaKOH KOH(QHIYpalUH COCTOUT B TOM, 4TO 3(¢eKTH BSA3KOCTH Hpe-
HeOpeXHMO MaJibl.

(v) Has T > 1/3 (npeo6aamaer NOBEPXHOCTHOE HaTsIXKEHHe)
3axapos u Manakos (1979) [530] moayunsnu TouHOe pelleHHe ypaB-
HeHus: (4.1.23) npu nomomu oGobuenns MO3P. Hanoxennsie uMn
TpAaHHYHBIE YCJAOBHA a priori HckJjwodaau Jamnbl. Manakos, CaH-
tHHU U Taxramxkan (1980) [349] npm TakHX rpaHHYHBIX YCIOBUSX
OMHCa¥ ACHMIITOTHUECKOE IIOBejeHHe pelleHHst (f—- oo},

4.1.b. BuyrpeHnue BoaHbl. BHyTpeHHHe KoJie6aHHS KUIKOCTH C
YCTOHUHBOH cTpaTH(pukaunuel, o6yCcaOB/IeHHbBIE CHJIOH TSAMKECTH, U3-
BEeCTHBl Kak BHyTpeHHHe BoJHBL. OKeaH W aTMocdepa OObIUHO CTpa-
THQHIHPOBAHB N 006/1a4al0T OOraThiM CIHEKTPOM TaKHMX BOJH (CM.,
Hanpumep, [422]). [eficTBUTeNbHO, BOMHBI Ha MOBEPXHOCTH pa3fiesa
BO3JyX — BOJA, KOTOPbleé MBI TOJbKC YTO OOCYXKJaJH, MOXKHO Ipej-
CTaBUTb KaK INpPeACabHBIH Ccayyall BHYTPEHHHX BOJIH (0OYCJOBJIEH-
HBIX Ype3BbHIYAHHO OOJBIIMM TpPaJHEeHTOM IIOTHOCTH HAa TpaHuIe
pasjesna).

[Ipu CcOOTBETCTBYIOIIHX YC/IOBHAX HJIHHHBIE BHYTPEHHHE BOJHBI
YMepeHHOH aMIIHTYAbl, TAK XKe KaK IOBEPXHOCTHBIE BOJIHBI, 5BOJIIO-
LUHOHHPYIOT corsacHo ypapHenuio Ka®. OnHako pjas BHYTPEHHHX
BOJIH ypaBHeHus Kja® He Hrpalor cTofb YHHBEPCAJbHOH POJH, KaK
5TO OBIJIO B CJyyYae MOBEPXHOCTHBIX BOJIH. B 3aBHCHMOCTH OT 06cTOS-
TeJbCTB JJMHHBIE BHYTPEHHHE BOJIHBL MOTYT 3BOJIIOLHOHHPOBATH CO-
ramacHo ypaeHeruio Kn® (4.1.2), ypasuenuio Benmxamuna — Owno
(4.1.3) unau Mozenn, npomexyrounoir mexay Kad® u (4.1.3). B stom
nofpasfiene Mb OyJeM aHAJIH3HPOBATb OJAHY MAOBOJBHO TPOCTYIO
(ABYyXCJIOMHYIO) MOAenb BHYTPEHHUX BOJIH JJsl TOro, 4ToOnl mOKa-
3aTh, KaK BO3HHKAIOT 3TH YPaBHEHHS U B KAKOM CMEBICJE OHH MOje-
JIUPYIOT 3BOJIIONHIO AJTHHHBIX BHYTPEHHHX BOJIH,

PaccmoTpum jBe HecXXHMaeMble HecMellHBaeMBle MKHIKOCTH €
IVIOTHOCTSIMH 1 < P2 W TiyOuHamu hy, hy (H = hi 4 k), xax mo-
kasaHo Ha puc. 4.8. Huxuufi cnoit Gosee TaXeno#l KHAKOCTH IIO-
KOMTCA Ha TOPA3OHTAJbHOM HENPOHHLAeMOM JHe, B TO BpPeMs Kak
XXHAKOCTb, HaXoAAllasfAcs CBepXy, UMeeT CBOGOIAHYIO IOBEPXHOCTb.
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Ha oGe xumkocTH feficTByeT BepTHKAaJNbHAS CHJA TsXKecTH. Mbl mpe-
HeOpexXeM NOBEPXHOCTHbIM HAaTsXKeHHEeM KaK Ha TOBEPXHOCTH pas-
Iesa, TaK # Ha cBOGOJHON noBepxHOCTH. I1peHe6pexem TakxKe U Bpa-
mennem 3emau (cm. [185]). Ecam nmpeamosoxuth, 4To ABHIKEHHE
KaXXJIoil XHJAKOCTH sBJseTcs1 6e3BHXPeBbIM, TO CYLIECTBYIOT MHOTeH-
HHa bl CKOpOCTeH (@ 92), KOTOPHIE YAOBJAETBOPSIIOT B COOTBETCTBYIO-
KX obaacTtax ypaBHeHHIO Jlannaca. ['panuyHble yesnoBHsi craBaATCA

clelyomuM o6pasoM: Ha AHe (2 = —H) BepTHKaJbHasA CKOPOCThb
v p-0
Vo
P
g
* he P2

a
Puc. 48. [syxcnoiinas Mojenb. I[ToBepXHOCTHBIE BOJIHEI HMEIOT MAaKCHMAaJbHYIO

aMIVIHTYAY Ha cBOGORHOM [IOBEPXHOCTH, BHYTPEHHHE BOJIHbLI -—— Ha [OBEPXHOCTH
pasaeaa.

NOJKHaA obpailaThesi B HyJb; HA NMOBEPXHOCTH pasiena (2 = —h;+
-+ n(x, y, t)) BepTHKaJbHAS CKOPOCTb H JaBJIeHHE MEHSIOTCA Hellpe-
PHIBHO; Ha cBOGOJHON NOBepXHOCTH (2 = §(X, y, {)) ycaoBus Te XKe,
yTo H B cayuae (4.1.7) ¢ T = 0; npu x%+ y? — oo morpebyem, urTo-
o (Vgi, Ve, §, M) cTpeMuiuch K HyJso. [locie Toro kak 3anaHo
HauaJbHOe ycsoBHe (mpu f = 0), MOXHO CTaBHTb BONPOC 06 3BOJIIO-
ece n(xr Y, t)$ Q(x, Y, t)a cpl(x, Y, 2, t) H tp?(x’ Y, 2, t) ans ¢t > 0.
,(Hbanee IJIaBHBIM 06pasoM OyneT H3yuaTbCsl ABYMEPHOE [BHIKEHHE
u = 0) .

HauneMm ¢ uccrenoBanus JHHeapH3OBAHHON 32JaY¥ M IOHCKA ee
JHUCIEPCHOHHOr0 COOTHOIIEHMsT. OTH BOMPOCH OBLT PacCcMOTPEHHI
JIam6om [314, § 231].

O6o3Haunm

(4.1.24) A= (p; — po)/-

CiiepoBaTeNbHO,

(4.1.25) o*[l + (1 — A) th kA, th khy] — @?gk [th kA, + th khy] -+
+ Ag?k*th kh, th khy = 0.

TIpeAcTaBAsIOT HHTEPEC CIELYIOIIHE MOMEHTH:

(i) das xaxporo & (4.1.25) — 310 ypaBHEHHe YeTBEpPTOro Imo-
psiZiKa OTHOCHTeNbHO w(k), Torla Kak JHHeapU3OBaHHOe JHCIIEp-
CHOHHOE COOTHOILEHHe JJisi MOBEPXHOCTHHIX BoaH (4.1.8) sBasierca
KBaJpaTHUYHEIM
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(ii) (4.1.25) csoautcs k (4.1.8) npu T =0, ecnt A = 0, uin
hy =0, unu hy = C, unu A=1 (3ameruM, uto0 A — 1 MOXKHO HH-
TEPHPETHPOBATH JHO0 Kak p; — 0, 1160 Kak ps — 00).

(iii) Hns mocratrowno manawlx A, cpaBHuBas § (cBoBojaHas mo-
BEPXHOCTb) ¥ 7 (NOBEPXHOCTh pasjesa), MOXKHO BHJAETh, 4TO IPU
¢UKCHPOBaHHBLIX k GOJblIas (mo BesuuHHe) napa xKopHelt (4.1.25)
COOTBETCTBYET JBYM BGCJHAM, MAaKCHMaJjbHble aMIUIUTYJIbl KOTOPBIX
AOCTHralOTCA Ha CBOGOAHOH NOBEpXHOCTH. IDTH JBe MOAB Ha3hbl-
BAlOTCsl MMOBEPXHOCTHBIMH BoJMHaMu; npu A—0 oHu NpeBpallaoTCs
B BOJIHBI HA [IOBEPXHOCTH OXHOPOJHOH JKHUIKOCTH.

(iv) Menbwas (mo BennuyuHe) napa xopHel (4.1.25) coorBer-
CTBYeT [BYM BOJIHaM, MakCHMaJbHble aMIUIUTYAB KOTOPBLIX peaJH-
3YIOTCS Ha NMOBEPXHOCTH pasjena, eciu A I10CTaTOYHO MaJo. DTH IBe
MOJbl HA3LIBAIOTCS BHYTPEHHUMHM BOJIHAMM; OHH HCY€3alOT, KOTZa

= 0. B nepByio ouepeab Hac OyAeT HUHTePeCOBaTh IBOJIOLHS BHY-
TPEHHHX BOJIH Ha JJIUTCJBHOM OTpPE3Ke BPEMEHH.
(v) M ans moBepXHOCTHBIX, M JAJIsi BHYTPEHHHX BOJH

©® =0 (k?) npu kh,, khy—0,
0 0%
(4.1.26) SF >0, 7 <0 nast k>0,
0 =0 (k) upn kh,, khy— oo.

OTciofia cienyer, YTO AJUHHBIE BHYTPEHHHE BOJIHBI JBHKYTCS OHI-
CTpee OCTaJbHBIX BHYTPEHHHX BOJIH, HO IIPH 9TOM CYILECTBYIOT KakK
Gosiee GuicTphle, TaK U Gosiee MeAJIEHHbIE NOBEPXHOCTHHIE BOJHBI (B
CMBIC/Ie TPYNIIOBOH CKOPOCTH).

Hanee 6ynem pewats (4.1.25) B pjaunHHOBOJNHOBOM mnpenene. On-
HaKo, Kak orMmeuan Benmxamun [53] (cm. Takxke [133] u [314,
§ 231]), ypaBHenue (4.1.25) uMeeT HECKOJBKO NpeNeJbHBIX CJy-
yaeB, KaxAbIll H3 KOTOPBIX MOXKHO OBbIJIO OB Has3BaTb «IpeiesioM
JJIHHHBIX BOJIH», Bce 3TH npefenibl uMeOT (H3MYECKUH CMBICJ.

(i) Ecan nnuHa usyuaeMOH BOJIHBI GOJiblile, ueM BCEe BEPTHKAJb-
Hble rAy6HHbl, TO khy, khe, RH < 1. B 3tom npenene (4.1.25) cBo-
IATCS K

(4.1.27) () — et () + g2Anh, =0 ()

H BCe UeTHIPe KOPHS NPHHHMAIOT BHJ,
(4.1.28) o~Ck-+ak® gna kH < 1.

AToT cayuall aHaJloruueH yxke o6cyXJaBlledcs 3ajaie O I0-
BEPXHOCTHBIX BosHax. HauasnbHoe Bo3aMyllleHHe MaJsioOf aMIIMTY[HI,
coCTosiIlee TOJBKO H3 AJHHHBIX BOJIH (B TOM cMbicae, uto RH < 1),
pacHieNJsieTcs Ha JBe NMOBEPXHOCTHBIE M [Be BHYTPEHHHE BOJHBI Ha
KOpPOTKOM (JHHeHHOM M 6e3jHclepcHOHHOM) Macwitabe BpeMeHH
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(cm. [314, § 231—234]). Ecitu ckopocTH Bcex ueThipeX BOJH pas-
JHYHBL, TO YeTbIPe BOJIHBI IIPOCTPAHCTBEHHO PA3JEJSAIOTCS 38 KOPOT-
KOe BpeMsi, H KaxJas B3aHMOAEHCTBYyeT JiHlIb caMa ¢ co6ofl Ha cie-
AyiouleM (HelHHeHHOM M [IHCNEPCHOHHOM) BpeMeHHOM MacliTabe.

Kak Gyjer mokasaHo HHiKe, OCHOBHLIM YPaBHEHHEM Ha AJHTeJb-
HOM BpeMeHHOM Macwrabe sBasiercss au6o Kgd (4.1.1), aubo
MKn® (4.1.2).

(ii) Ecau A < Ay, TO H3yyaeMmble BOJHbl MOI'YT ObITh AJHHHBIMH
MO CPaBHEHHIO C TOJILMHOH cost (kA < 1) M KOPOTKUMH MO CpaB-
HEHHIO C [OJIHOK ray6uno#t (RH > 1). DTOT «ATUHHOBONHOBHH Npe-
Ae» YacTo MMeeT MeCTO B ciayuyae okeaHCKHX BouH. Hampumep, ne-
TOM TyOHHA TepMOKJIHHA mpumepHO paBua 50—100 M, B TO Bpems
Kak Iy0HHA OKeaHa MOKeT ObiTb PABHA HECKOJLKHM THICSYaM MeT-
pos. Kak meranbHo o6cyxpan Bewmxamun [53], B stom npenene
ypaBHenue (4.1.25) cBoaurcsa x

o’ =g| k| (KOPOTKHE NOBEPXHOCTHbIE BOJIHBI)

(—(kg)g— gA =0 ( k|h)) (WIHHHblE BHYTPEHHHE BOJIHH),
(4.1.29)

Kak u npexje, HauaqbHOe BO3MYIIEHHE MAJOH aMIJMTYAB 32 Ko-
pOTKOe BpeMs pacmajaercsi Ha YeThlpe JHUHEHHble BOJHOBBHE MOALI
(4Be MOBepXHOCTHHIE H JBe BHYTPeHHHE). B cienyiomem BpeMeHHOM
Macwrale Kax[as U3 BHYTPEHHHX BOJH ONHUCHLIBAETCS ypaBHEHHEM
Benmxkamuna — Ono (4.1.3) (cm. Takxke [409] u [29]). HanoMuuwm,
410 (4.1.3), NO-BHAMMOMY, pelllaeTcsi MPUMEHEHHEM HEKOTOPOIo Ba-
puanta MO3P, xors obmas Teopust 40 HACTOALIEro BPeMeHH He 3a-
BeplleHa.

(iii) Jipyras BO3MOXHOCTb COCTOHT B TOM, uTo Rhy & 1, kH =
= O(1). B atom ciyuae «ZJIHHHOBOJNHOBOrO mpegenas Jlxosed
[246] u Ky6ora, Koyn u Jo66¢c [301] moayuunu ypasuenue (3.5.39)
Kak npoMexyrouyHoe mMexay (4.1.1) u (4.1.3). OHO comepxHuT Tpo-
U3BOJIbHBIA napameTp (KOTOPHIH B JeHCTBHTEJBbHOCTH paBeH kRH) u
csoaurcs K (4.1.1), ecin RH—0, u K (4.1.3), eciu kH — oo0. Ypas-
HeHue (3.5.39) rTakxke peiiaercs TOuHo (cM. pasi. 3.5).

Bepuemcst K cayuaro RH < 1. JIns mpocrotsl norpefyem, 4To6bl
A<l (B okeane o6buHO A << 0,02). M3 (4.1.27) mna cxopocT
JAJIHHHOH BOJIHEI BHITE€KaeT COOTHOUIEHHE

C:=gH (noBepXHOCTHEIE BOJIHB).
() ong
23 o A
k [C?=—g—f]‘—@ (BHYTpeHHHE BOJHEI).

Beuay toro uto A < 1, 3TH cKopocTH pasaudaoTcs. CiaefoBaTebHO,
€CJH BHYTPeHHee BO3MYILIEHHEe HMEET KOHEUHYIO IPOTAXKEHHOCTb U
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COCTOMT TOJIbKO H3 MJIHHHBIX BOJIH, TO OBePXHOCTHEIE H BHYTPEHHHE
BOJIHBI Pa3jeisioTes Ha «JHHe{HOM» Macuitabe BpPeMEHH.

Has toro utofb paccMOTpeTh BHYTPEHHHE BOJIHB HA CjeAylolleM
Macuirabe BpeMeHH, ONpee/uM

| 7 A1 x—Cyt 3 (hy — hy)
4. l 3 == — 2 = ——-——"—- . I ———— iy
( 0 < 6 ( H ) Lo (hhg) 2 ! 2h.hs kL

rae v; — NpoCTpPaHCTBeHHOE OTKJIOHEHHE FpaHulbl pasjena, BH3BaH-
HOe BHYTpeHHell BONHOBO# MO0, CKOpPOCcTb KoTopoll paBHa C..

Hanee mMox»KHO moKasaTb, 4TO 3T BHYTPEHHSA BOJHA 3BOJIOLHO-
HUpYeT corjacHo ypasHernuio Knd®

(4.1.31) o+ 61, + Fr =0.

BBuAy TOro 4TO COJNIUTOH SIBJASETCA CYHIECTBEHHO MONOMKUTSJ]b-
pbiM pelteHnem (4.1.31), u3 (4.1.30) caeayer, 910 8HYyTpeunuil co-
AUTOH 8cee0a A8A7eTCA BOAHOLU, 8 KOTOPOU TOHKUL CAOU yToarusaeT-
cs. Takum 06pa3oM, OTKJIOHEHHS! MOBEPXHOCTH pasje/a HanpaBJ/eHHl
BHM3, €CJIH TOHbllle BEPXHHH CJIOH, H BBEpX, €CJH TOHbLIE HHKHHH
cnoft, Takue BHYTPEHHHE COJHTOHBI BHepBhle 00CyXKAajIMch B pa-
Gote [276].

[IpuMep BHYTpPEHHEro COJIHUTOHA, KOTOPHIH OBl oOpa3oBaH B Hac-
ceilHe, UCTOJNB30BAHHOM B 3KClepuMmeHTax XamMmaka u Curypa
(puc. 4.1—4.6), npusBenen Ha puc. 4.9. B stoM cayuae KHAKOCTb
Obina crpatudunupoBaHa No mIoTHocTH. Ha pucyHke uzoGparkeHb
HauaJbHasi BHYTPEHHsAS BOJHA U pe3ynabTaT ee 3BoJounu. Kak u Ha
puc. 4.2, Toukamu oTmMeueHa (popmMa TOYHOTO OJHOCOJHTOHHOTO pe-
HIEHHs], KOTOPO€e BBIUHCJIEHO O MAKCUMYMYy H3MEDEHHOH aMIJIHTYIHL.
Jerajnun MoxXHO HalTH B paGoTe (458). AHajsoruuyHble 3KCHEpHUMEH-
To BenosiHugn Kyn u Byriaep [289].

UTo6b HENMOCPEACTBEHHO CPABHHTL TEOPEeTHYECKHEe Pe3yJbTaThl ¢
9KCNEePUMEHTOM, KaK H B CJydyae MOBEPXHOCTHLIX BOJIH, HEOGX0AUM
yueT BA3KOCTHBIX motepb. OKasbiBaercs, 4TO B cJyuyae AJHHHBIX BHY-
TPEHHHUX BOJIH NOTepH GoJblle, YeM B Cayyae AJHHHBIX MOBEPXHOCT-
HBIX BOJIH. [IpuuHHa COCTOHT B TOM, UTO AONOJHUTENbHO KO BCEM MO-
rPaHC/IONAM, BO3HHKAIOUMM B INOBEPXHOCTHBLIX BOJIHAX, BHYTPEHHHUE
BOJIHBI HMEIOT NMOrPaHCJION Ha TpaHulle pasiena, rie CABHIoBas CKO-
pocth Gosbure, PAKTHYECKH 3TOT AOMOJHHUTENbHBIl MOrpaHciION ya-
CTO CJYXKHUT HauboJjee BaKHOH NDUUYHHOH 3SHEPreTHYECKHX MOTEPb.

O6o61enne Teopun Koymerana [275], kotopoe nossossieT yuecTsb
5TOT AOTOJIHHTE/bHBIH NOrPAHCIOH, He MPeACTaBAseT HUKAKHX IPHH-
IUNAaNbHBIX TpyaHocTedl [324]. dra o06oliueHHas TeOpHs CBs3aHa
¢ mozensto Knd ans HeBA3KOH XKHIKOCTH H TO3TOMY cHOcoGHA
NpPEeNCKa3aTh 3BOJIOLHIO JJHHHOBOJHOBEIX BHYTPEHHHX COJHTOHOB
[325].

W3 (4.1.30) crenyer, uto { oGpawmtaercs B Hyab, ecan 06a cJjos
HMEIOT OJMHAKOBYIO rayOUHY W Pa3HULA HX IJIOTHOCTe#H MaJa. [Tpu
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Puc. 4.9. TpauchopMauus HavaJbHOro NpodHas AJIHHHOH BHYTpeHHeH BOJHLI B
nBa coautona, CmioWHas JuHUA 0603HAYAET Ppe3yJbTaT H3MePeHui, NyHKTHP-
Hasi — COOTBETCTBYIOUIEE COJMIMTOHHOE peureHHe ypaBHennst Kn®.

Takoil crmenuajbHON KOoH(uUrypauud B 3ajaue BO3HHKAeT CHMMe-
TpHUsi, TPUBOASALIAA K HCUYE3HOBEHHIO HeJMHeHHBIX 4jeHoB. B 3ToM
clyyae H3MeHeHHe MaclITaGoB, HESIBHO cojepiKalleecss B Ipelno-
goxenun (D), Hempurogwo, u ypaBHeHne Knd He sBasiercs age-
KBaTHON aCHMITOTHYECKOH Mopesnblo. [IpaBunbHBIN MacliTab B 3TOM
cayyae BHIOHpaeTCa H3 yCJIOBHSA

kh =0 (e).

B 3TOM cayyae acHMITOTHYECKHM YypaBHEHHEM CJYXKHT ypaBHeHHE
MKa®, xoTopoe ompelessieT 3BOJIOLHMIO BOJHH AJS CJAEAYIOLIEro
macmraba spemenu (g2f = O(1)). O6piuHo ypaBHeHHe MKa®d Bo3-
HHKaeT B JJIMHHOBOJIHOBOM mpejedne, Korjaa w (k) ~ Cok + ak®. Pac-
cmarpuBaeMasi 3ajaua obsajfaer cuMMeTpHel, oOyciaapauBaroLlei
JAHHAMHYECKYI0 HEPa3JHUYMMOCTb NOJIOKHTENbHEIX H OTPHLATEIbHbIX
BOJIH, YTO UMEET MeCTO B cayyae hy = ho.

MOXHO yIOMSAHYTbH elle 006 OZHOH MOINOJIHHTEIBHOH aHOMAaJIHH.
Ec/H cOOTBETCTByIOLIEe OJHOMEPHOE YypaBHEHHe, OOYCJ/OBJIEHHOE
cuMMeTpuell 3aaauw, siBasietcst ypaBHeHHeM MKa®, To mourn oauo-
MepHBLe BOJIHBI YIOBJETBOPSIIOT He ypaBHeHHIo (4.1.4), a

(4.1.32) (u; + av’uy, + buigyy)y + Uy, =0,
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rie a, b aBasiorca KoHcTaHTaMd. Kak ormeuanoch B pasa. 3.7, 3Tu
ypaBHeHHsl He oOnapmaior csolictBoM [lenseBe. BeposiTHO, mo 3ToH
NPHYHHE OTCYTCTBYIOT BCe OCOOEHHOCTH (COJIMTOHBI, 3aKOHH COXpa-
HEHHsl, NOJHASl HHTETPHPYEMOCTb H T. A.), MO3BOJAIOULIHE BhIIEJNHUTD
(4.1.32) B ocoGelil Ka1acC ypaBHEHHH.

Hakonen, ormerdm ellle ogHy MOAH(HUKAIHKIO ypaBHEHHH, ompe-
HeNSIOUINX SBOJIIOLHIO JHHHBIX BHYTPEHHHX BOJIH YMEpeHHOH aM-
nauTyAbl. Takue BONHBI MOrYT ObITh PE30HAHCHO CBSI3aHBL C MakKe-
TOM KODOTKHX MOBEDXHOCTHBIX BOJIH, FPYNNOBAasi CKOPOCTb KOTOPBIX
COOTBETCTBYeT CKOPOCTH BHYTPEHHHX BOJIH. B pesysnbrate BO3HH-
kawt He (4.1.1), (4.1.2) unu (4.1.3), a cuctema U3 JABYX HeJuHEH-
HbIX 3BOJIIOLHOHHBIX ypaBHexui [192], [138], [339], [340]. Hs-3a
TAKOro B3aHMOAEHCTBUS AJIHHHbIE BHYTDEHHHE BOJHBl HHOTAA MOTYT
HabJ0AaTbCsl B BHAE pPe30HAHCHO BO30YXKAEHHLIX MNOBEPXHOCTHBIX
Bosan. Habmionennsa takux siBsieHuil npuBefeHsl OuanuncoM [421] u
Oc6opHom u Bapuem [413].

4.1.c. Boansl Poccou. B atmocdepe Bpamamomuxcs niaaHer ya-
CTHIB 06J1a1al0T YyIJIOBOH CKOPOCTBIO, ONpelesisieMOl HX reorpadu-
yeckolt muporol. Clef0BaTeNbHO, 3aKOH COXPAHEHHS YIJIOBOTO MO-
MEHTa NPEeNATCTBYeT JABHXKCHUIO YACTHIL B HallpaBJeHUH CeBep — IOr,
NMOAOGHO TOMY KaK CHJIa TSIKECTH NPENSTCTBYeT BePTHKAJbHOMY ABH-
KEHUIO CTPATH(HUUUPOBAHHOA MO MJIOTHOCTH XKUAKOCcTH. Kpymuo-
macmrabuble aTMoc(epHbie BOJHBI, 00YCJOBJIEHHBIE BapHalHeH yr-
JIOBO/ CKOPOCTH YacTHIL MO IIHPOTe, M3BEeCTHH KakK BOJIHE Poccbu
[434].

Mo3XHO 0XHAATb, YTO MEKAY BHYTPEHHHMH BOJIHAMH H BOJHAMHU
Pocc6u npH COOTBETCTBYIOLIHX MNPEAINOJIOKEHHAX CYLIeCTBYeT aHa-
Jorus. ITockonbky ypaBHeHne Ka® Mogesupyer BHYTpEHHHE BOJIHHI,
TO MOXHO NPEATNONO0XKHUTL, YTO OHO CNpPaBeAJUBO U JJsA BojH Poce-
6u. 1o Obly0 mokasano Bennn (1966) [55] u Jlourom (1964) [331]
(cM. Takxke [378] u uuwrupyempte ram paGots). Ilpu mpocTeiiimux
NpeAnoNoXeHusX (AJMHHbIE BOJIHBI, HeCXKUMaeMas XKHUIKOCTb, NIPH-
GanKeHue P-IVIOCKOCTH H T. A.) B NMPHUCYTCTBHH CTALMOHAPHOTO BO-
CTOYHO-3aIaJHOTO 30HAJBLHOTO MOTOKAa BBIBOJ ypaBHenus Kad kak
mognesan BojH PoccOu NPOHU3BOAMTCHA CTAHZAPTHBIM 06pa3soM, ONHU-
canubiM B paGore Bennu [55], K KOTOpOH MBI OTCHLJIAEM YHTaTeJs,
uHTepecytomerocs: noapobHoctaMu. Ocofoe BHHMaHHE K TaKOMY
npusioxkeHuio ypaBHenus Kn® obycnoBieno npeamnosoxenneM Mak-
cyopcu u Penekonma (1976) [356] o rTom, uro Bosbuioe kpachoe
nsatHo IOnurepa MoxeT OBITH YeAUHeHHOH BOJMHOH Pocc6u.

Ha puc. 4.10 nzo6paxkena ¢ororpadus IOmnurepa, nonyuennas
B XOJ€ OCYLIeCTBJIeHHs] HellaBHeH nporpaMmul «Bosinxep». Kapruna
06/1ayHOCTH MOKAa3bIBAET, 4TO B aTMochepHOM ABHKeHHH IOmutepa
npeobaajaer psAX BOCTOUHO-3aMaJHBIX 30HAJbHBIX MOTOKOB, 110XO-
JKHUX Ha KOHBEPCHOHHBIH CJieJ] peaKTHBHLIX CAMOJIETOB B HaLIeH 3eM-
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Puc. 4.10. IOnurep. BoabluuM KpacHbIM NSTHOM Ha3eiBaeTcs OOMIMPHOE 3aBHXpe-
HHe OBaJsIbHO# (GOpMHI HHXKe dKBaTopa. IToJIOCTh JIEKHT TOYHO K ceBepy OT HATHA.
(@ororpadus mobesno ppenocrasaena HACA))

HOll aTMoctepe. MOXHO BHAETH TaKXe HECKOJBKO OBaJIbHHIX HATEH,
BKJIIOYAsi XOpOIIo u3BecTHOe Bosbmoe kpachHoe nsatHo B IOxHOM
noaymapun. Boabimoe KpacHoe HSITHO OBLIO OGHAPYKEHO NPHMEpPHO
Ha 3TOH Ke LIMPOTE COTHH JIeT Hasaj, U3BECTHO, YTO OHO MeJJIEHHO
nepeMelllaeTcsl Ha 3anaf H COXPaHseT CBOK LEJOCTHOCTb, HECMOTPS
Ha B3aUMOJEHCTBHE C APYruMH aTMoc(hepHHIMH oObekTamH. B Teue-
HHe psaja JeT GbIo MPeAJOKeHO GOJBIIoe YHCI0 MoJenell Asi 00b-
siCHeHHs1 3arajouyHoro o6bekTa B armocdepe IOmurepa, BKaOUas
MOJeNb YeAVHEeHHOH BOJHBL.

B coorsercTBHH C HelaBHeH BepcHeil TakoH MOJeNH, OMHUCAHHOH
Penexonnom n Befiamanom [430], paccmorpum KBasureocTpoduy-
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HYI0 (OpPMY ypaBHEHHs NOTeHUHaja CKOPOCTeH M/ HeCKHMaeMoil
xuakoctu [417]:

(4.1.33)  {(0,4Ud,)+e¥, (0, —,0,)} {nd:+ 3} +
+0,(K0,)} b+ (B —U")¥,=0.
3mech (¥, y, 2) COOTBETCTBYIOT BOCTOUHOMY, CEBEPHOMY U Bep-

THKaJbHOMY HAalpaBJICHHAM. CDYHKHI/I}O MOJIHOIrO TOPH3OHTAJBHOTO
notoka ‘¥ 3anuilieM B BHJe

Y
(s, gz, )=\ U dn+ed(x, 2 0.
g

[TepBBifi ujieH COOTBETCTBYET HEOLHOPOAHOMY 30HAJNBHOMY TEUEHHIO,
BTOPOH — BO3MYIEHHSIM. 3aTeM BOCIHOJb3yeMcsl nmpuOIHKeHueM [-
OJIOCKOCTH; Torjaa napamerp Kopuoauca annpokcumupyercs Gopmy-
JIOH

(4.1.34) [=2Qsin6 4 By.
Kpowme Toro,
. 2Q sin 9012
(4.1.35) K (2) =N@d

rae N(z) sBasierca uacrorofl bpenra — Bsiicsing u ly, d — xapak-
TepHbie MacliTabbl AJHHBI BOCTOUHO-3aMIaJHOTO H BePTHKAJbHOIO Ha-
npaBJieHHH cOOTBeTCTBeHHO. Bennuyuna K xapakTepuayer COOTHOIle-
nue 3p¢eKTOB BpaleHUsT U Bapuauuil MJIOTHOCTH (T. €. LeHTpobex-
HO# ¥ rpaBuTanuoHHOH cun). M HaxoHen,

w= L/l

npeacTaB/isieT OTHOLIEHHE XapaKTepHLIX MacliTaloB B HampasJe-
HUSIX CeBep — IOT H BOCTOK — 3amap.

B suneitnom (e —-0) amuHHOBOJMIHOBOM (U —>0) mpenese Y npu-
HUMaeT BHI

(4.1.36) b= Au(x — ) 00 (9) P @),

rje C, fIBJISICTCH KOHEYHBIM pe3yJbTAaTOM pelleHHud IBYX 3ajady Ha
COOCTBEHHbLIE 3HAUEHHUS:

(K*py) + kip, =0, p,(0)=p,(1)=0,
(4.1.37)
o —kapn+ (B—U")o/(U—c.) =0, u(ys)=aa(yn)=0.
31ech mpeanosaraercs, yTo armocdepa 3akjioyeHa Mexay ABY-
M5l TOPU3OHTAJbHBIMH «TBEPABIMH KpbllIKaMu» (npu 2 =0, 1) u He-
OJHOPOJHBIH 30HAJbHBHIA NOTOK TeYeT MeXAy Ys u yn. M3 (4.1.37)
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CIey€eT, UTO PacNpoCTpPaHEeHHe BOJIH BO3MOKHO TOJILKO B BOCTOYHO-
3anajgHoOM HampaBJeHHH, T. e. pobJjeMa SBJISETCs CYLIECTBEHHO O/-
HOMepHOH#, H03TOMY BONPOC O MOMEpPevYHOH HeyCTOHUHBOCTH 3[eCh He
BO3HHKAET.

Ecau pasanuneie Monst (4.1.36) pasgensiorcsi Ha KOPOTKOM Mac-
wrabe BpeMEHH, CJAeLOBATENbHO, MOXKHO BBIBECTH 3BOJIOIHOHHOE
ypaBHeHHe, ONHCbIBaWIIee B3aUMOAEHCTBHE MOJ caMHX ¢ cofod Ha
fosiee ANHTENbHBIX BpeMeHHBIX Macmra6ax. AHaJOCHYHO paccMo-
TPEHHBIM CJy4YasiM ypaBHEHHS BLIBOASTCS MyTE€M HCKJIIOYEHHS CEKY-
JISIPHBIX 4JI€HOB, BO3HUKAIOIIUX B CJEAYIOIIEM TOPSIAKE PA3JIOKEHHs.
B 3aBUCHMOCTH OT NMpPHPOJAL W YCTOHYMBOCTH CTpPATH(OHKAIMH IO
NJOTHOCTH, XapakTepusyeMol BeauunHoi N (2), aaa NaHHOK MOMbI
MOKeT BO3HUKHYTb 1n60 ypaBHenue Kn®, nu6o MmKa®. Ecnu nse unu

DA

|

x- Wt

Puc. 4.11. Kapruna nunuf Toka aas conutona Pocc6u B oxHOpomHOR aTMocdepe.
DonoBblii npoduab CcKOpocTed mnokaszaH caea. (Pemekonn u Befizman [430])

6oJiee MOJ, HMEIOT NPHMEPHO OAMHAKOBHIE JIHHEHHble (a30Bble CKO-
POCTH, MOTYT BO3HHKHYTb TaKXXe CHCTEMHB 3BOJIOLHOHHHEIX YypaBHe-
nuit, K coxanenunio, 06 atMmocdepe IOnnrepa usBecTHO HACTOJBKO
MaJo, 4TO MOJeJb B HACTOsillee BpeMsi HEBO3MOXKHO cAenarth 60-
Jiee TOYHOH HJIH NPHUTOJHOH AJIA KOJHUYECTBEHHOH INPOBEPKH.

Ha puc. 4.11 uso6pakeHa ropu3oHTa/NbHast KapTHHA JHHUE TOKa,
COOTBETCTBYIOIAA ONHOMY COJIMTOHY B CHCTeMe KOOPIHHAT, IBHXKY-
meica BMecTe ¢ BoJHOH. JIBHXKeHHe NPOHUCXOAHT B OJNHOPOLHOH aT-
mMocdepe H, KakK MpeAlo/arajoch Bbillle, B HEOJHOPOIHOM 30HAJib-
HoM notoke. Popma 3aBUXpeHHs] OueHb NOX0XKa Ha Boubiloe xpac-
HOe MATHO, u3oGpaxeHHoe HA puc. 4.10. O6aacTb Haj BuXpeM Ha
puc. 4.11 MOXHO CONOCTABHTH «IBIPKE», KOTOpas HAXOAHTCS CeBep-
Hee nsatTHa. OxHAaKoO, OBTOPSAEM, 3TO CPaBHEHHE B HacTOsillee BpeMs
ciielyeT pacCMaTPUBATh KaK HIOTETHUECKOE,

Ecau conuToHHast MoJenb Bosibllloro KpacHoOro MsTHa H «ABIPKH»
aleKBaTHA, TO MX KOMOHHauUMs [AOJKHA B3aNMOJeHCTBOBATh C JpY-
THMH BOJIHAMH, TOAOGHO conuToHy. Makcyopcu u Penekonn [356]
saMeTuid, yTo B IOKHOM TOMYIIApHU CYIIECTBOBAJIO APYroe 60Jb-

- [I0e BO3MYUleHHe, H3BECTHOE KaK I0XKHOe TPONHUECKOe BO3MYILUEHHE,
nosiBHBlLileecs B HayaJle HHIHEIIHEro BeKa M COXpaHsBileecs HECKOMb-
KO gmecaTus]eTHdi. OTH ABa 00beKTa HMeJH Pa3HBe CKODOCTH H 3a
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BpeMsl CYIeCTBOBaHHsI I0XKHOTO TPOMHYECKOrO BO3MYILUEHHA MPOXO-
AWM APYr uepe3 japyra AeBsith pa3. OAHO H3 B3aUMOAEHCTBUI Ie-
tanbHo omucan ITuk [418]:

«3a mecTb Heaedb, HEOOXOAUMBIX AJs NPOXOXK/IEHHS I'PAHHYHOM
TOUKH p IOKHOTO TPOINHYECKOrO BO3MYLIEHHS OT OJHOTO KOHIIA «AbIP-
KH» [0 JPYroro... He Ha0/a107a/joch HHKAKHX TPH3HAKOB B3aUMO-
IIPOHHKHOBEHHsI; BMECTO 3TOTO B TedyeHHE HECKOJIbKHX JHed mocie
NpUGHTHS TPAHUYHON TOUKH p BO3MYIIEHHS B TOUKY [ «JAbIDKH» Ha
NPOTUBOMOJOXKHOM Kpaio JIBIPKH.. CTaJ BO3HHKaThb 00pas p-kpas
BO3MYILEHHS... DTO HOBoe 00pasoBaHHe BIOCJAEACTBHH OKa3ajoch
HCTHHHBIM p-KpaeM BO3MYILEHHS, KOTOpoe yaanasnock oT KpacHoro
nSTHA TPUMEPHO C TOH e CKOPOCTbIO (C KOTOPOH OHO K HEeMy paHee
npubanxanocp). Takum o6pa3oM, BMECTO TpeX MecsleB, HeOOXOMH-
MBIX JJI1 B3aHMHOTO HPOXOXK/CHHSI NPH HOPMaJsbHOM IOJIOXKEHHH Be-
uieff, mpouecc BIAMMOACHCTBHsS 3aBeplUHJCA 3a YeTHIpHAALATH
THEH».

Makcyopen u Pepexonn [356] unTepnperupyiorT 3TO B3aHMo-
IPOXOXK/eHHe KaK B3aMMOAEHCTBHE HABYX COJHMTOHOB C COOTBETCT-
BylomuM ($as3oBuiM caBuroM. bosee geranbHblil aHanu3 NpuBeleH B
pa6ore [357].

JJist IpPOCTOTH! M3JIOXKEHHUS! Mbl OMyCTHJIH HEKOTOPHIE BaXKHbIE ac-
mekTel npobGsemsl. OAMH M3 HHUX COCTOHT B TOM, YTO aMILIATYAA
Bosblioro KpacHoro mstHa #He MaJa, T. e. € = O(1) B (4.1.33), mo-
5TOMY €-pa3JjiokKeHHe, HCIOJb30BAHHOE BhHILIE, ABJsSETCS UHCTO (op-
MaabHbIM. Cjeayiounil acnekT 3akjaiouaeTcss B ToM, 4To Jwbas pea-
JUCTHYHAA MoAeJb KpacHOro naTHa A0/XKHA BKJAIOYAThb HEKHH Mexa-
HM3M OTGOpa SHepruH U3 HepaBHOBECHOrO 30HAJBHOIO TEUEHHs CO
CKOPOCTBIO, AOCTATOYHOH AJsl KOMIIEHCALHH AHCCHIIATHBHBIX MOTEPb.
dTo 06yCJOBJAEHO JIHTENBHBIM cylllecTBoBaHHeM KpacHoro nsTHa.
O6cyxaeHue MOoApoGHOro Kpyra BONPOCOB MOXKHO HaiTd B paboTax
[356], [428], [430] u [357].

4.2. TpexsoaHoBble B3auMoneiicTBusi. Pe3oHaHCHOe BaamMonefi-
CTBHE TpeX BOJIH, MO-BUAMMOMY, SIBJSIETCs HPOCTEHIIHM HeluHeH-
HHIM B3aHUMOJeHCTBHEM, JIHHEHHBIH Ipeaes KOTOPOro yUHUTLIBaeT JHC-
nepcuio. OGBLIYHO COOTBETCTBYIOIINE YPABHEHUS BO3HUKAIOT NIPH U3Y-
YeHHH JUCIEPCHOHHBIX CHCTEM B cjgabo HeJHHeHHOM Mpelese U LOJ-
JKHBl HMETh JIB€ XapaKTepHble 0COG@HHOCTH.

(i) B nuslieM mnopsaxke pasJsioXKeHHs MO MaJoH aMIIUTYAe OMpe-
JessieTcs JIHHeapH30BaHHOe JHCIIepCHOHHOe cooTHouleHHe o (k).
OHO [0JI3KHO IONMYCKAaTh CYLIECTBOBAHHE PE30HAHCHON TPHAHHL, T. €.
Tpex JHHEHHBIX BOJIH, YIOBJETBOPAIOUINX PE30HAHCHOMY COOTHOLUe-
HHIO
(4.2.1) kk+ka+ks=0, @ -+ o4 a;=0.

(B sTom paspene Mbl npeanonoxuM, uyto (k) = —w(—k), unaye
(4.2.1) 6yner HeNmOJHOH.)
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(ii) B crepymoluieM mopsiike pasNoXeHHs MOFYT NMOSIBUTHCS KBa-
ApatuuHbie B3auMmojelictBust. [T03TOMy ecii MelJIeHHO MeHsIOLIHeCs
aMIVIUTYAB 3THX TPeX BOJIH He YIOBJETBOPSIOT YPABHEHHSM

0:a1+ (C-y)ar=ivias, 0:as+ (Cs - V) ar = iyoaaays

(4.2.2) S
0za3 + (C - V) a3 = iysa,ay

TO MOTYT BO3HHUKHYTb CeKyJspHble uledHb. 3zech C; — auneapuso-
BaHHBIE€ TPYNIOBbie CKOPOCTH, BhiuHcieHHBle npd K;. Ecan ucxopnas
CHCTeMa KOHCEpPBATHBHA, TO Vi, V2, Y3 BELIECTBEHHH H Y1Vey3 << 0.

Ha o6wyio npupofy Takux ypaBHEHH# NPAMO yKasaju (napsany
¢ apyrumu apropamu) Bennn n Hewosnn (1967) [58], xors uact-
Hble clyyan Oblid M3BeCTHH M paHee. Hexoropwle cuTyaumuu, B KO-
TOPHIX BO3HHKAIOT PE30HAHCHBIE TPHAIBI, MOXKHO HaliTH B padorax
[132], [259] u [421].

Bonblnoe BHHMaHUe NMpHBJIEK wacTHH ciyuaii (4.2.2), B KoTo-
pOM KOMILIEKCHBbIE aMIVIUTYAB BOJIH 3aBHCSIT TOJBKO OT OAHOH He-
3aBHCHUMOH NlepeMeHHOH. EMY cOOTBeTCTBYeT HEMOAYJ/IMPOBAHHBIH, O1-
HODOJHBIA UYr BOJH, H 5BOJIOLUHOHHbIE ypaBHeHust (4.2.2) cBoparcs
K BHIY

7 P * PO 2ok . . * %
4.2.2%) a, =iy\a,a, a,=ivaa], a,=iy,aa,

rae d; = 0:a; uan d; = ¢;0:xa;. Tak Xe Kak u (4.2.2), ypaBHeHus
(4.2.2) Moryr ObITb pemieHsl TouHo np# nomouiy MO3P B saauntu-
yeckux ¢yukuusx [47], [77].

4.2.a. Heanueiinas ontuka. MaeanbHblit AH31€KTPHK MOXKHO pac-
CMaTPHBATb KaK BeLeCTBO, B MOJICKYJaX KOTOPOIO 3JEKTPOHHI IPOY-
HO CBsA3aHBl ¢ AApaMH. Bo3ielicTBHE 3JIeKTPHYECKOrO MOJS Ha Ta-
KyI0 CDely He BLI3bIBACT 3JeKTPHYECKOTO TOKAa, HO MPHUBOAUT K He-
KOTOPOMY CMEILEHHIO KaxkA0ro CB3aHHOTO 3JMeKTpoHa. MaKpockonu-
gecKHH 3(@(EeKT CYMMHDOBAHHA BCeX CMeUleHHH B efHHHUE obbema
HasbiBaercs noaspusayued P,

CooTHoLIeHHe MeXAy NOAsIpH3alHell H 3JIeKTPHUECKHM IOJIeM 5B-
JifieTcs OJHUM H3 (PyHAaMEHTAJbHBIX COOTHOLIEHHH, KOTOpbie Xapax-
TEpU3YIOT BelllecTBO. B mpocrefiieM ciyuae 3TO COOTHOIlUEHe SIB-
JseTcs JUHeHHBIM, »

(4.2.3) Pi=Xi1’Ei!

rae yi — (JuHeliHas) socAPUUMUUBOCTy CPelbl. [l H30TPOMHBIX
cpen y;; cBOAMTCS K cKajaspy. I[IpocreiiminM o6o6umennem (4.2.3) cay-
JKHT CJIyual, Korja noje npeacrasasieT co60i MIOCKYIO BOJIHY ¢ ua-
CTOTOH ® H ¥;j 3aBHCHT OT ©.

o uzobpereHus Jiazepa 3TOH MOAeNH OBLIO AOCTATOYHO 151
GoapliuHcTBa 3ajad ontHkH. OJHAKO Ja3eph 0Kasajuch CNocob-
HBIMH CO3[aBaTh MOJS CTOJb BEICOKOH HHTEHCHBHOCTH, YTO CTaJ He-
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006X0AHMBIM yueT HeJuHeHdHbiX 3(hdekToB B BocmpuumuuBocTd. lloa
«HeJMHEeHHOH ONTHKOH» OOBIYHO MNOHHMAaeTcs KJjacce siBaeHuil, obyc-
JIOBJIEHHBIX HeJUHEfHLIMH MONPAaBKaMH K BOCIPHHUMUHBOCTH AMJIECK-
Tpuuecknx maTepuanoB. HMcenenopanus rtakux 3¢ddexroB BeAyTcH
BO MHOrux HaubcJsiee HHTEHCHBHO pa3BUBAMOLINXCH pasjesax MpH-
kaaaHo#i ¢du3uKH, 03TOMY Hallle H3JioXKeHHe OyaeT 3aBeAOMO He-
nosubiM. [locienywoniee obcyxaenne OyleT OCHOBaHO Ha paboTax
Axmanosa n Xoxaosa (1972) [38], Yusema (1974) [50] u Slpuma
(1975) [51]; cm. Takxke [277]

paCCMOTpHM WAeanbHBH HEMATHATHBIE ¥ OAHOPOIHBLIH AHIJIEK-
Tpuk. YpaBHenus Makcsenna (B cucteme MKC) umeror BuA

(4.2.4a) yXH=09D, vyXE=—0B,
(4.2.48) v-D=0, v-B=0,
riae

(4.2.4c) D(E)=sE+P, B=pH,

c — CKOPOCTb CBeTa B BakyyMme. FIXx MOXHO npeo6pasoBaTb K BHAY
i
(4.2.5) S 0E+ 0P+ v X v XE=0.

CwMmelnenye 3/7eKTpoHa Z B cpefe 6€3 AHCCHNALHA MOKHO OIHCATh
NpH NOMOIIYM HEOJHOPOAHOrO YPaBHEHHS AHTaPMOHUYECKOTO OCLHJI-
JsTopa:

“.2.6) mZy + VU (Z) = IgE>

rie m — sbdekruBHas macca ocnuaiasitopa, U — ero norexuuasnn-
Has sHeprus, sBexkTop 1(f) HanpaBjeH BAOJb 3JEKTPHUECKOrO [H-
NONBHOTO MOMEHTA, ¢ -= 3apfjl 3JEeKTPOHa, E — nokanbuas manps-
XEeHHOCTh MoJsi. B mpocTtefiieM ciyuae BCe MOJEKYJbl OJHHAKOBHI,
NO3TOMY

(4.2.7) P = Nq¢Z,

rge N —uucio ocuu/INsSTOPOB B enuHHLe oObema. B KoHue kom-
OB MoJiyyaeM, 4To P yLoBJIeTBOPSAET ypaBHEHHIO

(4.2.8) P+ vV (P =Y g2 g,

rae V yuuThiBaerT Kak CyMMHUPOBAHHE N0 BCeM WHIMBHAYAJBHHIM 110-
TEeHUMANbHBIM SHEPrusaM, TaK H PA3HUIY MeXAYy JIOKAaJbHHIM H Ma-
KPOCKOMHYECKAM moJaMHu. YpaBHenus (4.2.5) u (4.2.8), mocae toro
kKak V 3ajano, BMECTe C TFPAHHYHBIMH H HauaJbHBIMH YCJOBHIMH
onpeiensiorT nose. 3aMeTHM, YTO H HEeJHHEHHOCTb, U AHU3OTPOIHS
cpensl yurenn B V(P).
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MHorre HepHCCHNHPYIOIIHE AH3NEKTPHYECKHE MATepHalibl B MPH-
6snKeHHH cnabLIX NOJed ABASIOTCA H3O0TPONHLIMH, M JJsi HHUX (op-
myay (4.2.8) MOXKHO NpuHOJIHXKEHHO 3aNUCATh B BHAE

(4.2.9) 0P+ @l 4 diupPiPe~ 5 B, i=1, 2, 3.

ITo coo6paxennam cummerpuu dijr = dirj. B pabore $Spusa
(1975) [517] npupoaurcs tabiuua sHaueHHH dijr A HEKOTOPHIX
KPHCTAJIIOB. Ilasi kpucranna kBapua diy %= 0, 4 Bce Tpu B3auMo-
JeHCTBYIOIHX BeKTOpa MOJsipU3alyy napajiensHbl. s aurujppo-
¢pocpara ammounss (AAD) u ans murugpodocdara kanua (KAD)
dijr = 0, ecan He Bce HHJEKCH pas/uuHbL. (DTu ABa KpHCTalja B
JUHEHHOM NPHONMIKEHHH TaKKe SBJSIOTCS AaHH30TPONHBIMH.)

Ec/in BeleCTBO H30TPONHO HJIH ABAAETCS KPUCTAJIJIOM ¢ HEHTPOM
cuMMeTpuH, To dije =0, u HeanHeHHblH 3¢ ekt 6yaer 06ycaoB/eH
npubJIKeHHeM CeAYIOLIEro NopsaKa:

(4.2.10) o i+(DgP[+CijklP/PkPl~%Eb i=1, 2, 3.

B cayuae Takux MaTepHasioB pDE3OHAHCHBIE TPHAJbl OTCYTCTBYIOT,
H CYIIECTBEHHbIMH CTAHOBSITCS Pe30HaHCHble KBapTeThl.

B nunefiHoM npefese pelieHHe ypaBHeHul (4.2.5—9) Moxer
ObITb NPEACTABJEHO B BH/E MJOCKO-NONEPEeYHBIX BOJH:

4.2.11) E=Eg" P=DPgd 0=k -x—ol

3nech k-Ep = 0. D1a noacraHoBKa NpHBOAHUT K JHHEapH30BAHHOMY
JHUCIEPCHOHHOMY COOTHOILEHHIO
20)2

(4.2.12) o=t — 22

0T — @)
KOTOpOe npuBefieHo Ha puc. 4.12. B tex ciygasix, Korza paccMaTpH-
BaeTcs HayaJbHAsA 3aJaya, Mbl HCNOJb3YyeM AHCIEPCHOHHOE COOTHO-
wenue B BuAe o(k). B ontuueckux skcmepumentax GoJee ecTecT-
BeHHO paccMmarpuBaTth k(®), T. e. @ gauo u k onpenensierca ucciae-
nosateneM. BoJsee Toro, B onTHke OOWENPHHATO BBOAHThL NOKa3a-
TeJb TPENOMJIEHHS

¢

4.2.13) n=k-

H BbIpaXaTb JHCHEPCHOHHOE COOTHOuIeHHe B Buie (n%2 = n-n)
Qr

4.2.14 n=1——.

( ) Co2 _ (l)g

OueBuHO, YTO 5Ta JuHeHHas 6e3fUCCHIATHBHAS MOJeNdb HeECO-
CTOsITeNIbHA [Nid ®, OJH3KHX K @y, KOTAA YacToTa MAeHCTBYIOUIEro
NOJA MOYTH COBNAAAET ¢ 4acTOTOH OCUM/IIALHH aTOMOB Cpelsl.
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Puc. 4.12. JluHeapu3oBaHHOe AMCNiepCHOHHOE cooTHoulenne (2.2.12) ans msorpom- -
HOro JMdneKkTpHueckoro BewmiectBa. A, (—B) u C'— dopMa pe3OHaHCHON TpHAaIBL:
A+ (—-B)+C=0.

B pasa. 4.4 Mb paccMOTPHM 3TOT Pe3OHAHCHHIA cayyaii Gosee ne-
TaJbHO. 3/eCh GyleT pacCMATPUBATLCS TOJNBKO HePE3OHAHCHBIH CJay-
yai.

Tenepn ¢ noMoubio puc 4.12 Mbl DPOHJJIIOCTPHPYEM METOM Ha-
XOXK/IeHHs] PE30HAHCHBIX TpHaJ, MAONYCKAaeMbIX JHHEaPH30BAHHBLIM
NHCIEPCUOHHBIM COOTHOIIeHHEM, MOoA0GHbM (4.2.12). Dta mpoueny-
pa 6bljla IEpeOTKpPLITA HECKOJAbKO pa3 (cM., Hampumep, 3afiman
(1960) [550], Boma (1964) [47}). Crauasna BbiGepeM MPOU3BOJIb-
HyI0 TOYKYy A Ha OJHOH W3 BeTBeH NHUCIEPCHOHHOH KpHBOH. 3aTeM
BOCIIPOM3BEJEM BCe BETBH JMCIIEPCHOHHOTO COOTHOIUEHHSl, CMECTHB
nayajno koopaunat u3 O B A. Ha puc. 4.12 oun uzoGpakennl WITPH-
xoBbIMH JHHHAMH. Ka)jgoe mepeceyeHue IMITPUXOBOH W CILIOMIHON
nuEui (HanpwMmep, Touka B) mnpeacTaBisieT BTOPYK BOJHY, KOTO-
pas BMecTe ¢ A MOXeET BKJIOUATHCS B Pe30HaHCHYIO TPHALY. Uz B

npoBseaeM BekTop, mapaJnenbHbii ¥ paBueiii AO. Ilo mocrpoenuio,
5TOT BEKTOP YNHPaeTcs B AHCIEPCHOHHYIO KpuBYyIO B Touke C. Cue-
JgoBaTenbHO, Bce Toukd A, B u € nexaT Ha IAMCIEPCHOHHON KPHBOM
i MO3TOMY NMPECTABJAIOT PelleHts (4.2.12). BoJsee ToOro, oueBHIHO,

—
yro OA 4 OC = OB, Tak 4TO BOJHH, cooTBeTcTByIOmKe (A, —B,
C), Takxe yjpoBaerBopsiior (4.2.1).
Tpuazbl, HafileHHble TAKUM NyTeM, siBAsIOTC ofHoMepHuMu (K,
ko, k3 — KoasinHeapunl). B Gosee obuiem cayuae, korga ki, ky u ks
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KOMIJIaHApHH, pemieHus (4.2.12) ;nexat Ha NoBepxHOCTH, KOTOpas
MOXeT ObiTh NOJyueHa BpalleHHeM puc. 4.12 OTHOCHTENbHO OCH ®.
ToabkO 4TO H3/0XERHHIH FeOMETPHUECKHI METOJl MOHCKA Pe30HaHC-
HbIX TPHAJ /0 CHX IIOP HCHOJIb3YeTCs NMPH pelleHHH 3axayq 6oJiee BHI-
COKOH pasMepHOCTH.

Ecnun B obcyxnaemoft mpobieMe AHS/IEKTPHUECKHA MaTepHad
OCTaeTcs aHU3OTPOIHBIM B JIMHEHHOM NpPHONMKEHHH, TO pasMmep-
HOCTb JHCIICPCHOHHOIG COOTHOIIEHHUs OyneT o0G6s3aTeJbHO BLIlle.
B aroM ciyyae TOXe HCNOJIb3YETCs TEOMETPHYECKHH METOM, XOTH
OYEBHJIHO, YTO OH MOXKET OKa3aThCsi JIOBOJIBHO CJIOXKHGIM.

Hanee, naiineM ciaboHenuHelinble pewenns (4.2.5,9). Coorser-
CTByIOLleH MepoH HeJHHeHHOCTH, Kak 3TO ciaeayer us (4.2.9), as-

JAeTca
d; P
€ =max {—i—jk?l-} .

@

INone sBnsiercs cnabo HenuHedHbIM, ecan € K 1. Bynem uckatob pe-
lIeHHe B BHAE

E (X, t 8) “‘_"‘GEI (X, t: 8) + 82E2 + 0 (83),
(4.2.15a) P (x, £, &) =P, + ¢?P, + O (¢%),

rjae
N
E = mZ=l {Am (y: T) exp (iem) -+ A:n exp ("“' iem)}’

t=¢l, y=¢X, 0,=Kk,+X— oyl

(4.2.15b)

[ToscnuM ckasaHHoe.

(i) B nabopaTopHbiX YCJNOBHSIX, OGeclneuuBAaIOUIMX TOYHOE VII-
paBiieHHe BXOASILHMHU BOJIHAMH, IPEACTAaBIEHHE NOJs B BHAE JHC-
KpeTHOH cymmbl N BOJIH siBAsieTCsi BIOJIHE omnpaBjaaHHbiM. Ojnako
ec/y BXOJsIHE BOJHBI COJAEpXKaT [Be BOJHBI PE30HAHCHOHW TpHanbl,
TpeTbsl BOJIHA TPHAJbl TakxkKe LOMXKHa cogepxkarthcs B E;. Hsna-
YaJibHO OHA MOXKET WMETb HYJIEBYIO aMIJIUTYAY.

(ii) B sTofi 3anave BpeMeHHHle M NMPOCTPAHCTBEHHBIE MEPEMEH-
Hble MEHSAIOTCSl CBOMMH OGBIUHBIMH DPOJSIMHU. DJIEKTPUUECKOE ToJe,
onpejile/IeHHOE HA IPaHHilEe MaTepuHaja BO BCE MOMEHTHl BpEMeHH,
3BOJIIOIIHOHUPYET B NMPOCTPAHCTBE, NMPOXOAs yepe3 cpeAy. Bosmox-
Hble MeJJIeHHble MOJIYJISIHHH BXOJSLIEr0 BOJHOBOIO IMakeTa ompeje-
ASIOTCA 32aBUCHMOCTBIO Ap OT T.

(iii) TepmMur «MelJieHHBle» MOAYJSLUE HYKHO MOHUMATDL Clle-
nywomuM ob6pasoM. [lepruoa BosuEl, HCycKaeMoll pPyGHHOBLIM Jia3e-
pom, npuMepHo paser 2 X 10~1% ¢. Jas Toro uro6nl ZOCTHYL 6OJb-
tefi HHTEHCHBHOCTH IIOJIS, JIa3€PHBIH UMIYJbC (MOAYJIHPYs AOGPOT-
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HOCTb) [AEJaIOT CTOJb KOPOTKHM BO BPeMEHH, YTO OH MOMKET u3Me-
paTbea nukocekyHgamu (1. e. 1012 ¢). Takue KOpPOTKHE HMIYJbCLI
COJiep:Kar Nopsjka THICAYH OCUMJIALUHUHA IOJNS W MOTYT paccMaTpH-
BAaTbCH Kak MeAJeHHAas MOAYyJsaLus!

B uusmem mopsiike pasnoxenus (4.2.15) Mpl npocTo nmosayvaem
pelileHue JIHHEHHON 3ajauu

N
Pi=), m_sae_ {An exp (,,) + Amexp (— iB,)}

m=1 0 m

rae (km, ©m) CBA3aHB COOTHOLIeHHeM (4.2.12).

[TpeanonoxKuM, 4T0 TO JHHEAPH30BaHHOE pDelleHHe HMeeT elMH-
CTBEHHYIO PE30HAHCHYIO Tpuapy, B Koropo#l (k, @) yaoBierBopsioT
(4.2.1), a BeKTOp mOJIA MMeeT NOCTOSHHYIO OPHEHTALHIO, ONpefense-
Myw dir. Hampumep, B cayuae xpuctaJna ksapuna (diu = 0)

A,=va,(y, 1), m=1, 2,3,

rle V— MIOCTOSIHHbIM eIWHHUHBIH BEKTOD, a BCE @m — CKaJsApH. Ta-
KOe pelleHHe B HU3IIEM IOpsiJKe MOPOXKAAeT CHHIYJspHblEe YJEHBI
CJIeYIOLIEro HOPSIIKA, €CJTH OTCYTCTBYeT TPEXBOJHOBOE Pe30HAHCHOE
B3auMojeiicTBrHe Ha GoJbIIMX MacmiTabax NPOCTPaHCTBEHHBIX KOOP-
JUHAT, ONpeleseMoe ypaBHeHHHMH

d.a,+ (¢, V,)a =iva Ay 0.0, (¢, V)2 = iv,a o
(4.2.16a) o
0.0, -+ (€5 + V,) a3 =iv,aa,,
rae ;
dn 0
A=Yl 2
1 Yy Jgo aki k=k1 ay!
(4.2.168) 0,
Yi= .

3
[1+ o (of~ ] IT (o2, o})
Il

Beuay toro uto dijr =0, a (o1, w2, ®3) HE MOTYT HMETh OAMH H TOT
xKe 3HaK (37oT dakrt caenyer u3 (4.2.1)), To y1, Y2, Y3 TaKKe HMEIOT
pa3Hbie 3HAKH.

Takum 06pa3oM, Mbl HMeeM [JeJ0 ¢ PachaJHOH HeyCTOHYHBOCTHIO,
obcyxkaaBuieiics B pasa. 2.1,

Tenepayusn 8Topoli eapmoHuKy SBJSETCA OCOOBIM CJyuaeM pe3o-

HaHCHOﬁ TpHEl}lbI, B KOTOpOM W3 — MW, Wy = ——2(01. Bonee TOr0, MBI
MOXKeM OTOXKAECTBHTb @3 C d; U Npeobpa3oBaThb ypaBHEHHS K BHLY
oa +(c v)a =iaa.

(4.2.17) S CRAPLY e

0.0, + (€5 * V,) @y = — 2i (a})7,
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CaenoBaTenbHO, BTOpasi TapMOHHKa @y, AaXe eC/AH OHa IlepBOHA-
yaJbHO OTCYTCTBOBaJa, 6yAeT BO30YxAaTbCsl OCHOBHOH rapMOHHKOM
a;. B HeJHHeHHOHA ONTHKe 3TOT 4ACTHHIH CJAydYall IIHPOKO MpeACTaB-
JeH B 3Kcnepumente. B dopmynupoBke MeTona oGpaTHOH 3ajayH
OH OKa3bIBAeTCs CHHIYJSIDHBIM npefenoM (cM. [263]).

OrpaHuyuMcsi HCCleJOBaHHEM CTALMOHAPHOH OXHOMEpHOH 3aja-
YH, KOra BCe TPH BOJHBI pPaclpOCTPAHSIOTCA BAOJb OAHOH OCH, T. €.
(ki, ko, k3) nmapannenbHs u (A;, Az, A3) OPUEHTHPOBAHH B COOT-
BETCTBHU C dijr. O0G03HAUHM OCHOBHYIO HPOCTPaHCTBEHHYIO KOOPIH-
HaTy 6ykBoH y. Toraa (4.2.16) cBoauTcsi K cHCTeMe OOLIKHOBEHHBIX
auddepeHHaNbHEIX YpaBHEHHH

(4.2.18) &, =iy aafc, a,=iv,aaj/c, a,=iy,aam/c,
rie ¢ =9d,(a).

[Ba uHTerpasa 3THX ypaBHEHHU}, HHOTJA Ha3bIBaeMble COOTHO-
menuama Mennu — Poy, umeror ciaeayomuit BUA:

2 2 2 2
4.2.19) alall  alsal _onet, Ll@l_ olsl _ oghg,
Y1 Y2 Y1 Y3
OTCIO}la CJeAyeT 3aKOH COXpaHeHHs 3HEPTHH
= kgl P
(4.2.20) Y —LLE —=const.
: 1

i=1

31ech MBI BOCmOJb30BasHCh Gopmynamu (4.2.16b), (4.2.12) u
(4.2.1). Takum oGpa3oM, MOJHAsi YHEPTHSl BXOASINHX BOJH pacrpe-
JeJsieTCsl 110 TPEeM B3aWMOAEHCTBYIOIIHM BOJHAM. DTH COOTHOLIEHHS
HMEIOT TaKXXe KBAaHTOBOMEXaHHYEeCcKylo HHTeplpeTauuio, obcyxaas-
myioca AxmanoBuiMm u XoxaoBbim (1972) [38]. Kak ormeuan Boun
[47], nonnoe peuenne cucrembl (4.2.18) MOXHO BbIPa3HTL Yepes 3J-
JIUNTHYECKHEe QYHKIHH.

Kak xe o0CTOMT Jesno ¢ HelNOCPeACTBEHHLIMH SKCHEePHMEHTaJb-
HbIMH AaHHBIMH? MOXHO cKasaTb, YTO HeJMHeliHas onTHkKa Oeper
HAyaJo ¢ SKCIEepPHMEHTaJbHOM AeMOHcTpauuu addexra reHepanuu
BTOpoil rapmounku PpankenoM, Xuuaom, Ilerepcom u Beitnpeir-
xom (1961) [167].

Ony choKycHpOBann «CTaLHOHAPHHIN» Jayd PyO6HHOBOrO Jasepa
(0,6943 MkM) Ha TOpLEBOH MOBEPXHOCTH KpUCTaJJa KBapua H 3a-
PEruCTPHPOBANHU H3JyUeHHE Y/ABOEHHOH 4aCTOTHI, HCIyCKaeMoe ¢ 06-
PATHOH CTODPOHBI, YTO COOTBETCTBYET CHHEMY LBETY C AJHHOH BOJHBI
0,347 mxM. (B nanHOM cayyae UMINyJbC, AJHTEABHOCTb KOTOPOTO
npessimaer 10~% ¢, MOXHO cunTaTh cTanuoHapHeiM.) Hoas MmomiHo-
CTH BTOPOM TaPMOHHKH B 3TOM CTalHOHAPHOM OJHOMEDHOM 3KCIle-
puMenTe cocraBuaa Beero 102 B mocieayomux Sojsee TOHKHX 9Kc-
EpUMEHTaX YAaJloCh CYyLIeCTBEHHO YBEJKYHTb AOJI0 MOLIHOCTH BTO-
PO rapMOHHKH,
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Brneuarasomas aemorcrpanus sroro 3¢dexra 3amneuatiesa Ha
¢ororpadun 4.13. Bosee neranbHOe 06CYXKJIeHHE AAHHOIO BOMPOCA
npuBefeHo B paborax Spusa (1975) [515] u Kueiiumana (1972)
[277].

CaenyeT OTME1HTb, YTO 9TH IKCIEPUMEHTBl HUMEIOT BAXKHOE NIPaK-
THyeckoe 3HaueHHe. [TOJYUHWTH HCTOYHHK KOTEPEHTHOrO H3JyUeHHst
C 4acToTofi, BABOe GoJiblllel, 4eM y pyOMHOBOrO Jasepa, — 3TO 3Ha-
YHT cje]aTbh «cuHuil jasep». OueBHAHO, YTO C 3TOH LEJABIO XKeja-
TeJIbHO MepepacnpefeNuTb KaK MOXKHO 6oJibllie 3HEPTHH B rapMOHHU-
YECKYI0 MOAY.

Puc. 4.13. OnTHueckas AeMOHCTpalMs reHePalHH BTOPOH TAPMOHHKH: JyY Kpac-
HOTO LBeTa, NPOXOAA CKBO3b KPHCTA/J KHCJAOTO (GocHOPHO-KHCIOrO aMMOHHS,
reHepupyer Jyd roay6oro usera. (Qororpadus aobesno npepocrasiesa P. B. Te-
pyHOM.)

STO TONBKO OAUH M3 NMPHMEPOB NPUMEHEHHs! TPEXBOJHOBOI'O B3a-
uMoAelicTBUA B HeauHelHo# onTHke. PakTHuecku B 3TOH ob6jgacTH
OblI0 pEeaJU30BAHO HECKOJbKO TOHKHX CJEACTBHH u3 (OopMyJH
(4.2.1), koropeie o6Gcyxkpajqucb AXMaHOBbIM u XoxJoBoM (1972)
[38], a Takxke SApusom (1975) [515]. 3pech Mbl PACCMOTPHM TOJNBKO
IBa U3 HUX.

(i) llapamerpuueckue ocyurisayuu BO3HHKAIOT B TeX CJAyYafx,
KOTJa JIa3epHBIH JIyd BBICOKOM 4acTOTHl (—@3) HCHOOJb3yeTcs AJs
«HAaKauKH» B pe30HaTope AByX 60Jjiee HU3KOYACTOTHBIX CHTHAJOB M,
02 (01 + 02 = —w3). [Ipy 3TOM HesHMHelHOe B3aHMOAEHCTBHE [OJ-
XKHO OBITh AOCTATOMHO MHTEHCHBHBLIM, YTOOBI CHTHANB @) H ©2 MOJY-
yaJiy NO KpafiHell Mepe CTONLKO K€ HEPTHH, CKOJIbKO OHH TEPSIOT
H3-3a HECOBEpLIEHCTBA 3epKaJj U APYTHX moTepb. [IpakTuuecKkasi Bbl-
roja 3akKJjiuaercs B TOM, YTO XOTH w3 (HKCHPOBAHA 4acTOTOH pe3o-
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HAHCHBIX MepeXOJOB Jia3epa, HO YACTOTH ®1 H ®g ONpeaessiioTcs
TONbKO ¢opmynoi (4.2.1) u AUCHCPCHOHHBIM COOTHOUIEHHEM JJIf
cpennl. Takum oOpasom, neHo#l Hekotoporo ymensbllenust KITI mbr
HOJIYYHJIH BO3MOXKHOCTb TepecTpauBaTh 4aCTOTH ®j, ®Wg B JOBOJIBHO
wupokux npegenax. CiegoBaTesNbHO, NMOJY4eH HCTOYHHK KOTepeHT-
HOTO H3JIyYCHHR C [IEPEMEHHOH 4acTOTOH.

(ii) Hosviuenue 4wacToTor OTHOCUTCS K B3aUMOJEHCTBHIO HH3KO-
YaCTOTHOrO ONTHYECKOTO CHTHAJa @) C HHTEHCUBHBIM Ja3e€pHBIM H3-
JydyeHHeM YaCTOTHl ®p AJIl NOJYUYEeHHSI CHTHAJa BBICOKOH YacTOTHI
—w3; = o1 + ;. [IpakTHueckasi HeHHOCTb TAKOro INpeoOpa3OBaAHUS
COCTOUT B TOM, YTO OHO IIO3BOJISieT PETHCTPHPOBATHL H3JYyueHHE B HH-
dpakpacHOH uyacTH CIeKTpPa, B KOTOPOH BO3MOXKHOCTH CYIIeCTBYIO-
LIUX JeTEeKTOPOB BeCcbMa OPraHHYeHHbl. Perucrpanus ocylllecTBJseT-
ca nmyreMm npeoOpa3oBaHHUsi CUTHAJAa B BHAUMYIO 00J1acTb CIEKTPA,
AJsi KOTOPOH CYLIECTBYIOT AeTeKTOPH 3HaUHTeJbHO 60Jiee BHICOKOroO
KayecTBa.

Jlna Bcex 3TUX NPUJIOXKEHHH cjaelyeT MOBTOPHTb, UYTO AaxKe ecau
3ajaya ogHoMepHa, ¢opmynan (4.2.18) crnpaBemyuBH TOJBKO B TeX
cjaydasx, KOrja BXOASLINA Jyd cTanuoHaped. Ecan on npeacrasasier
co6oi CyllecTBEHHO KOPOTKHMHA HMIYJbC, TO CIpPaBeIJHBH YypaBHe-
Hus (4.2.16).

4.2.b. Buyrpennue Boaubl. Opna u3 QyHmaMeHTaJbHBIX MpO-
6seM usuueckKoil okeaHosoruu [177, 178] — obbsichenne AHHaMHYe-
CKHX HCTOYHHKOB CIEKTpa BHYTPEHHHX BOJIH, H3MEpSieMOTO B OKea-
Hax [177, 178]. OgHuM H3 acnekToB 3TOH NpobseMbl siBaAseTcs 00b-
SICHeHHE HAuaJbHOH reHepalliH BHYTPEHHHX BOJH. Jlpyrum acnek-
TOM sIBJisieTCsl OObsiCHEeHHE MeXaHu3Ma NepepacnpejiesieHUs] JHepruu
N0 pasiHYHLIM MOJaM BHYTPeHHHX BoJH. Ilonaraior, 4ro pesonamc-
Hbie TPHAABl HrPalOT pPosib B OBGOHMX Npolleccax, 3ieChb Mbl 06CyauM
TOJBKO TepBHiil (cM. Takke [421], [499], [362], [404]).

Oa¥H ©3 BO3MOXHBIX MEXaHH3MOB TeHepalMH BHYTPEHHHX
BOJIH — 3TO pPe30HAHCHAs TpHaja, BKJIOYalouass KoMOHHaHuo mo-
BEPXHOCTHBIX W BHYTPEHHHX BOJH. B 4acTHOCTH, ec/iM NepBOHAYANb-
HO WMEJNH MECTO TOJbKO MOBEPXHOCTHbIE BOJIHEL, & BHYTPeHHHE OT-
CYTCTBOBAJIM, TO 3Ta TPHaJAa MOXKeT BO3OYIHTb BHYTDEHHEe BOJIHO-
BOe JABHIKECHHE.

[Ipocrasi AByxcaofiHass MoAeJb, o6CyKaaBiuasca B pasi. 4.1, 1go-
NycKaeT Pe30HaHCHbE TPHAMBI, BKJOYAIOIIHe NOBEPXHOCTHbE H BHY-
Tpennue BoJHB [47]. ITosToMy B Lessix yupollleHHs aHanu3a B3a-
UMoJeHCTBAS MBI OyAeM HCIOJb30BaTh 3Ty Moxeab. OaHako uura-
TeJib JOJIXKEH 3aMeTHTb, YTO 3Ta CHCTeMa B JOMNOJHeHUEe K IOBepX-
HOCTHHIM BOJIHAM AOIYCKAeT TOJbKO OAVH Ha60p BHYTPEHHHX BOJIH.
TTosTOMY Ha €e IpuMepe MOXKHO NPOAECMOHCTPHPOBATh NIePeHOC FHep-
THH B NIEPBYIO BHYTPEHHIOIO BOJHOBYIO MOAY, HO He NEPEHOC 3HeprHH
B3 3TOl MOAB B APYrHe BHYTPEHHHME BOJHB. DTO OrpaHHYeHHe Cylie-





