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CTBEHHO, €C/IM CHCTEMa MCIOJAb3yeTcs [Jis H3YUeHHs OKeaHCKHX
BOJIH.

PaccmatpuBaeMas koHdurypanus nokasaHa Ha puc. 4.8. Jlunea-
PH30BAHHOE JIHCIIEPCHOHHOE COOTHOIIEHHE JJIf BOJH B 9TOH CHCTeEMe
ouls10 fano dopmysof (4.1.25), puc. 4.14. Mcnoab3dys reomerpuye-
ckuii Meroa bosagna [47] (cM. Takxke [455]), Jerko nokasatb, 4TO
(4.1.25) nomyckaerT HecKOJbKO PEe30OHAHCHHIX TPHAM, BKJIIYAIOLIHX
a0 ABe TOBEPXHOCTHBlE H OJHY BHYTPEHHIOIO BOJIHEI, JHGO jBe
BHYTPEeHHUE H OAHY IIOBEPXHOCTHYIO BOJIHY.
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Puc. 4.14, JluHeapH30BaHHOE IMCIEPCHOHHOE COOTHOINGHHE AJS ABYXCHOAHOA CH-
cremb (4.1.25). PHcyHOK cooTseTcTByeT caydalo hp == oo, IlokasaHBl IBe peso-
HaHCHBIE TPHAABI, OJAHA H3 HUX BKJIOYAET JBe NOBEPXHOCTHHIE BOJIHBI, Apyras ABe
BHYTPEHHHE BOJIHBL

Jlanee, HeOOXOAMMO MOKa3aTb, YTO KO3(P(HLHEHTH B3auMoaei-
crBusi 8 (4.2.2) ne obpamaiorcs B HyJb. COOTBETCTBYIOLIHE BHIUKC-
JICHHSl MOXKHO BBLINONIHUTb HECKOJbKHMH crioco6aMu, ONHHM H3 KOTO-
puix sBJseTcs 0OLIYHOE MPHMeHeHHe MeTOAa HeCKOJbKHX BPEMEHHEIX
macmta6os (cM., nanpumep, [483], [248]). Has Toro 4tobu usbe-
}aThb YTOMHTEJbHBIX ajreOpavyeckux BBIYHCIAEHHH, C KOTOPBIMH
cBsizan 310T noaxca, CumoHce [462] uzo6pesn BapualMOHHBI MeTOZ,
Gosiee 3G (EKTUBHBIH B BLIYHCIAHTENbHOM HjaHe. C IPYrHMH MeTO-
JaMH MOXHO O3HAaKOMUTbCsI B paboTax, Ha KOTOphle cchlsiaeTcs Pua-
sunc [421]. OGbigHO 3TH MOCTPOEHHs BKJIOUAIOT OAHOPOJAHEIE BOJ-
HOBbIE ILYrH, TaK 4YTO 3BOJIIOLHOHHBIE YyDaBHEHHs COOTBETCTBYIOT
(2.2.2"), a He (4.2.2). Yyer NPOCTPAHCTBEHHOH H BPEMEHHOH MOAY-
JS1HY, OJHAKO, Hec/0XKeH. BaiKHbIM MOMeHTOM B HauleM oGcyKie-
HHM ABJSIETCS TO, YTO KOI(P(PUUHEHTH DE30HAHCHBIX TPHAL B ABYX-
CJIONHON MOJEJH He PABHBI HYJIIO TOXKAECTBEHHO.

KakoBo 3nauenue 3Tux Tpuaj? s NpocTOTH PaccMOTPUM CHa-
yajna cayyail IPOCTPAHCTBEHHO OAHOPOJAHOTO lyra BosH. HM3menus
MOPAZOK HYMepaluH MO JHHEeAPU30BAHHBIX BOJIH, MOXHO Mepenu-
caTb KHHeMaTHueckoe ycjaoBne (4.2.1) B Bune

(4.2.21) ki+ko=k;, o + 0,=a;,
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rie o; > 0. Jlns KOHCepBAaTHBHHIX CHCTEM, HE 3aBHCAUIMX OT IIPO-
CTPAaHCTBEHHBIX MepeMeHHBIX, XacceabMaH [204] 3aMmeTHs BO3MOK-
HOCTb CJeAYIOLLero npeacrasienus ycaosus (4.2.2a):

(4.2.22) 0a =iaa, O0a,=iaa, 0a,=—iaga,
T. €. OTpHIATeNbHOMY Ko3(duumueHty ssanmoaeicTBua B (4.2.22)
COOTBeTCTBYeT HauboJjbluas gactota B (4.2.21). 310 cooTBeTcTBHE
He 3aBHCHT OT BHAA KO3((PHUHEHTOB B3aUMOJEHCTBHS, AOCTATOYHO
TOJIbKO, 4TO Obl OHH He ofpaluajiuck B HyJb. PaccMoTpum OmHODOJ-
HBIH LYT BOJIH YaCTOTHl ®s ¢ 6e3pasMepHOd aMIIUTYROH as (mopsn-
Ka eaunuubl). Ecnum a; v a; BHavase GeCKOHEUHO MaJbl, TO Ha Ha-
YajibHOH cTajuH, Kak 370 caexyer u3 (4.2.22), a3 mocTOsiHHO, ¥

(4.2.23) O, ~|a,Pa, i=1, 2.

Takum 00pasoM, 6eCKOHEUHO MaJible MOAB 3KCIOHEHIHAJbHO Hapa-
CTalOT 32 CYET a3, T. €. Q3 ABJSETCA HEeJHHEHHO HEYCTOHYHUBOH MO-
JOH 10 OTHOLIEHHIO K MaJbiM BO3MYLIEHHSIM B TpHaje, olnpelesse-
moii (4.2.21). (Caemyer uMeTb B BHAY, UTO 3Ta HEYCTOHYHBOCTD
KpaTKOBpeMeHHa, ofbliee pellenne (4.2.22) saBasieTcs NnepHOAHYE-
CKHM.)

Ecsin pesoHaHCHBIE TPHAJBl, CBA3aHHBIE C ABYXCJAOHHOH MOAEJbLIO,
NpoHyMepoBaHb B cooTBeTcTBHH ¢ (4.2.21), rae @ > 0, 10 @3 06s-
3aTeJbHO OTHOCHTCS K IIOBEPXHOCTHOH BoJHe (cM. puc. 4.14). Beuay
TOr0 YTO KO3()(PHIHEHTH B3aHMOJEHCTBHA He 06GpallaloOTCs B HYJb,
H3 TeopeMbl XacceJbMaHa CJeAyeT, YTO NOBEPXHOCTHbIE BOJIHH B
ABYXXHJAKOCTHOH cucTeMe HeyctoHumBbl. HauanbHas ckopoctb pas-
BUTHSl HEYCTOHUMBOCTH NPONOPLHOHAJNbHA AaMMJIHTYyAe |as| u3
(4.2.23). 3amerum, 4TO B JAHHOM CJyuae CKOPOCTb PA3BHTHS He-
VCTOHYMBOCTH BBIILIE, YeM HeycTOH4YHBOCTb DBenpxamuna — Pefiepa,
KOTOpas NponopunonanbHa |as|? (cM. pasa. 4.3).

Kak 06CTOHT Aes0 ¢ 3KCMEPHMEHTANbHBIM MOATBEpPKACHHEM Ta-
Ko# Heycro#unBocTu? Jlbiouc, Jleiik u Koy [326] usyuanu (4.2.22)
C TOYKH 3PEHHUs] YCTOHYHBOCTH M PacCMaTPHBaJ TOJBKO HAYAJIbHYIO
CTaJMIO BO3HHKHOBEHHS BHYTPEHHHX MOJ 3a CUeT BO3GYKACHHS ABYX
NOBepXHOCTHbIX BOJH. Ilpeackasaunbie HaG/IOJEHHS OKa3aauCh B
CPaBHHUTENbHO XOPOIIEM COOTBETCTBHH ¢ pelueHHsimMu (4.2.22) Ha Ha-
YaJbHOH CTaAHH, HO SKCIEPUMEHT NpPeKPallajcsi paHblle, 4yeM MOT
NPOSIBHUTLCS! NIepPHOAHYECKHH XapaKTep peLIeHHs.

Bo36yxaenneM ABYMsI NOBEPXHOCTHBHIMH BOJHAMH BHYTPEHHEro
BOJIHOBOTO JBHXKEHHsi 3aHuMaJjics Takxke Ixoiic [248]. B ero ske-
fIepUMeHTax BsiI3KHe I0Tepu OblIM CPABHUMBI C HEJIAHEHHHIM POCTOM,
nosToMy B ypaBHeHus (4.2.22) Ownin no6aBieHbl cjaraemMbie, ydu-
THIBAIOIlIMEe NOTEPY MO JuHeliHOMY npubiuxkenuto. OnHoH U3 ero oc-
HOBHBIX 3ajlay sIBAJIOCH HaGJIIOfeHNe MepexOoAHOro Mpolecca ycra-
HOBJICHHSA' CTALHOHAPHOTO COCTOSIHHA, B KOTOPOM MOANHTKA MOBEpPX-
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HOCTHBIX BOJIH NPOHCXOAHT C TOM Ke CKOPOCTHIO, YTO M AHCCHIIALHA
BCeX Tpex BoaH. SlcHO, uTo nmepHoiHuecKHe peiteHus (4.2.22) B aTOM
9KCIEePHMeHTe He BO3HHKAJH.

B rex cuayuasix, korga B ypaBaenus (4.2.22) BKJIOUYEHB! JHHEII-
Hble BA3KOCTHBIC claraemble, Kak oTMeTus Mak-IJean [364], cyiie-
CTBYET MHHHMAaJbHasg aMIUINTYAA (s, HHXKE KOTOPOH HEyCTOMYHBOCTL
ucuesaer. OH TakKe IKCIEPAMEHTAJBLHO MPOAEMOHCTPHPOBAJ 3TY
aMIIATY AHYIO OTCeuKy (cM. Takxke [365]).

OrmeruM, 4TO BO BCeX MEPEUMCIEHHBIX 3IKCIEPHMEHTAX H3yya-
JIECh MOAYJALHN OJAHOPOJAHBIX BOJHOBHIX ILIe#(OB IO BpeMeHH HaAn
IIPOCTPAHCTBY, 4TO cooTBeTcTBYeT (4.2.2°), a He (4.2.2). 3amerum
TaKkke, YTO B 3KCHepHUMEHTax He HaO0J/I0]ajqHCh TOYHBIE MEPUOIH-
yecKHe pellicHHs (4.2.2"); NPHUUHHON TOMY CAYXKHUT KN CHJIbHAS AHC-
CUTIALHsi, KOTOpas He yduTbiBaerca B (4.2.2"), wiau manas npogmod-
JKHTEeJNBHOCTb IKCIEpHMeEHTa,

PaccMoTpum pesonaHcHble TpHabl BOJHOBLIX [1aKETOB, IPOMOAY-
JHPOBAHHBIX KaK MO BPeMeHH, TaK U IO NPOCTPAHCTBY, YTO COOTBET-
cTByer ypaBHenuaM (4.2.2). He Boi3biBaeT coMHeHHH, uTO B caydae
OKEaHCKHX BOJIH 3Ta MoJenb GoJjee NpeANouTHTeNbHA. BBuAy TOro
YUTO KHHeMaTuueckoe ycqaoBue (2.2.21) He 3aBHCHT OT IPYIIIOBBIX
CKOpOCTeH BOJIH, TPH BOJIHOBBHIX NaKeTa PEe30HAHCHBIX BOJMH (KOHeu-
HbIX Pa3MepoB) MOrYT NPOCTPAHCTBEHHO DPa3AeHThCs, YTO M HPO-
HCXOAHUT Ha camoMm Jese (cM. pa3Aa. 2.1). Takum o6pasom, H3 Beex
Pe30HAHCHBIX TPHAJ, JOMNYCKaeMblX JHUHEAPH30BAHHBIM JHCIIEPCHOH-
HBIM cooTHowlenueM (4.1.25), ocofoe BHHMaHHe CJAELyeT YAENAThb
TeM TpHajiaM, B KOTOPBLIX GJH3KH IPYNIOBLIE CKOPOCTH, UTO NPHBO-
AUT K YBEJHYEHHIO BPeMeHH HX 3¢ (PeKTHBHOIrO B3aMMOAEHCTBHS.

Cymectsye ceMeficTBo Tpuajl, yAoBaeTBopsiomux (4.1.25), B Ko-
TOPBIX k| TIpPeJCTaBsieT MAJIHHHBIE BHYTPEHHHE BOJHH, a Ry, B3 — KO-
POTKHE NOBEDPXHOCTHBIC BOJHbLI, NpHYeM k) = k3 — ky K Es.

N3 (4.2.21) caenyer, uto

®3 — W2 W,
(4.2.24) m = k—l .

Ilna pocratouno Majisix ks — kg seBasi yacte (4.2.24) spasercs
TPYNNOBOA CKOPOCTHIO NOBEPXHOCTHOH BOJMHBI k3 (& ko), a mpapas
yacTb — Ga30BOH CKOPOCTbIO BHYTPeHHeill BoJHb. Ho mnockoabky
BHYTPEHHA BOJHA AJHMHHAA, TO 3Ta (a3oBas CKOPOCTb paBHA Tpyil-
nosoit. Takum o6pasoM, ANMHHbIC BHYTPEHHHE U KOPOTKHE MOBEpX-
HOCTHBIE BOJIHBI PAcIpPOCTPAHAIOTC COBMECTHO. B HekoTOpmix cay-
yasx 3TOT (AaKT H3BeCTeH KaK B3anMOJEHCTBHE JJIHHHBLIX H KOPOT-
kux Boan ([176], [421], [57], [432], [340]). '

HakoHel, OTMeTHM, YTO HAMH He paccMaTPHUBAJIHChL BOJHOBHIC
NpolLecchl, MPOHCXOAANIHe HAa (OHE HEOAHOPOAHOTO 110 BEePTHKAJIH
(caBurosoro) Teuwenus. Kepue (1979) [84] u Kpeiik u Anam (1979)
[126] nokasasu, 4TO eciH PaBHOBECHON KOHMHUrypailH# COOTBET-

12 3ax. 114
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cTByeT ycrofiunBas crpatudukauua (T. e. CYUeCTBYeT rOPH30HTAb-
Hasi ckopocTh U(z), rae U’(2) = 0), 10 Bce K03)PHIHEHTH B3a-
HMOJefiCTBHS MOTYT HMETh OJHH W TOT Ke 3HaK. B 3ToM cayuae
HMEeT MeCTO «B3PHIBHAS HEYCTOHUHBOCTH®, MEPBOHAYAJBHO H3BECT-
Hasi TOJAbKO Aast maasmbl (cM. [132], [468]). Ona coctout B TOM,
YTO TPU PE3OHAHCHbIE BOJHBI MOIJIOLIAIOT SHEPTHIO U3 (POHOBOrO Te-
ueHHs, GOPMHPYs CHHTYJSPHOCTL 3a KOHeuHOe BpeMs (B JaHHOM
NpHOJIHIKEHHN),

4.2.c. PesonancHbie kBapterbl. Mbl BHJedH, KTO B Npelese Ma-
JIOH aMIJINTYAB Pe30HaHCHBIE TPHAJAbl 324aCTVIO aJleKBATHHI IIepBOH
HeJWHEHHOH TmonpaBke JuHeliHofl Teopuu. OCHOBHBLIE ypaBHEHHS
(4.2.2) wian (4.2.2") aBAAIOTCS YCJAOBHSIMH MOAABJIEHHS CEKYJSIPHBIX
unenoB O(e?). Ecan B 3TOM NoOpsilke HeET. PaCTYLLIHX CEeKYJAsPHBIX
4JeHOB, TO [EpBasi HETPHBHAJIbHASI HeJHHeHHAs MONPaBKA BO3HHU-
kaer aist O (e?). B HenuHefiHO! ONTHKE 3TO MMEET MECTO, KOrjga -
3JEKTPUK SIBJISIETC W30TPONHBIM WJIM KPHCTAJJIOM C IIEHTPOM CHM-
meTpuu. JlJiss BHYTPEHHHX H [OBEPXHOCTHBIX BOJIH TaKasi CHTyalLHsi
BO3HHKAeT NPH PACCMOTPEHHH B3aHMOJEHCTBHI TOJIBKO MeXKAY pas-
JHYHBIMH BOJIHAMH OJAHOH M TOH e BePTHKaJbHOH MOALL. B wacTHOM
c/lyyae NMOBEPXHOCTHLIX BOJIH B OXHOPOJHON XKHUAKOCTH PE30HAHCHBIX
tpuan Her [420].

Pe3onaHCHbIe KBApTEThl, €CJH COOTBETCTBYIOHIHE KO3 HUIMEHTHI
B3aMMOJAEHCTBHS He 00pamlaloTcss B HYJb, BO3HHKAIOT B CJAeLYyIOLIEM
nopsiike. Pe3onaHcHoe ycioBHe, cooTBeTcTBylollee (4.2.1), umeer
BHA

(4.2.25) kitket+ks+ky=0, o+ o+ 03+ o=

rae o; = o(k;) oupenensiercs u3 JHHeAPH3OBAHHOrO JHUCHEPCHOH-
HOro cOOTHOWIeHHs. BBuay rtoro uro mbl mnpepmojoxuan o (k) ==
= —o(—k), (4.2.25) umeer pelieHns BHAA

(4.2.26) k=—ky, ky=—k,

TakuM 06pa3oM, AHCIEPCHOHHOE COOTHOLIEHHE BCerja AOIyCcKaer
CyLIeCTBOBaHUE PE30HAHCHBIX KBApTeTOB. (DTO OcTaercs B CuJe, Aa-
x)e ecan o (k) + o{—k) 5= 0.)

JJisa pe3oHaHCHBIX TPHAJ COOTBETCTBYIOLIMMH MEAJEHHLIMH Tepe-
MEHHBIMH fABJSAJAUCL (eX, ef). Tak Kak pe30oHaHCHBIE KBapTeThl BO3-
HHUKAIOT B CJelylolleM TOPSAIKE, HX MEAJECHHbBIMH NEPEMEHHBIMH $IB-
asaworesa (e2x, €2t); HenuHeHHas CBA3b siBasieTcs Gosee caaboit 1 9B0O-
gouus Gosee Menienroil. Onpepensiolive ypaBHEHHsST HMEIOT BHJ

4
aram + (cm ' ) ; mpamapap + { q YZS?& mqurs qr s’
(4.2.27)
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rae m=1, 2, 3, 4 4 ¢y — JMHeapU30BaHHas TPYIIOBAA CKOPOCTh,
cooTBeTcTBYIOIas BekTopy k» (cM., Hampumep, Deunu m Hbiosan
[58]). Bennn u Herosna takxke oTmerwiu, uto ecan (4.2.26) ss-
JsieTcsl €HHCTBEHHBIM pelieHHeM (4.2.25), To nocjenHsis cymma B
(4.2.27) obpauiaercss B HyJb, H pelleHHe YIPOUEHHHX ypaBHEHHH
MOXKeT ObITh NpeJCTaBIeHO B KOMIIaKTHOM BHJE:

T

am (%, V= (x—=C1)exp Y | 3 Bup | (x—C+(en—c,) T) PdT(
(4.2.28) Op

rae am(x, 0) = [n(X) — HauaNbHbBIC KOMIJIEKCHBIE AMIUIHTY/LL.
Jpyruie obuine pe3ysabTathl, Kacawouiuecs: cucreMbl (4.2.27), Ham He
M3BeCTHHL. B uacTHOCTH, Bonpoc 0 nmoJHOoil uHTerpupyemocts (4.2.27)
OCTaeTCs OTKPHITHIM.

CoBepuIeHHO WHAasi KAPTHHA HAGJI0JaeTcss B TEOPHH YETHIPEXBOJI-
HOBOTO B3aWMOJeHCTBHUs, pa3Butoii Xacceapmanom [202, 203] nas
NIOBEPXHOCTHBIX BOJIH; CM. TakxKe [205], [504] u [507]. I1pu BrBOZE
ypaBHeHus (4.2.27) npeanosaranoch, 4To 3¢HeKTH HeJHHERAHOCTH
npeobsanawT Hak dbdekraMu CayuailHOCTH, &8 B Mojean Xaccelb-
MaHa ¥ JAp. npeanoJaraercsi o6patHoe. Pe3yabraToM sBJIsIETCS ypaB-
HeHHe NepeHoca THNA ypaBHeHWs bBosbumana, a He (4.2.27). Ilo-
BHIHMOMY, pellleHHs] 3THX ABYX MOJeJell He COBNALalOT, HOCKOJBKY
HX HCXOJHBIE NMpeanosokKeHus pasanudel. HeoOxoaumo TuiaTennHoe
u3yueHue 06JiaCTH NPHMEHUMOCTH Kaxaol Mmoaenu. [lo nauium ce-
JEHHSIM, 3TO ellie He cIe/aHo.

4.3. Heanneitnoe ypasnenue LIpénunrepa mu ero o6oGueHus.
B pasn. 4.2 Mbl BHIENH, YTO B 3aBHCHMOCTH OT CHeNH(UKH 3a7auH
OAMH M TOT e MeTOA IIOCTPOEHHSI YDAaBHEHHH MOXKeT MPHBECTH K
B3auMoJelicTBHIO 160 Tpex, JU60 yeTnipex (MoxKeT ObiTh, U 60Jb-
ue) BoaH. Henunefinoe ypasnenue Ilpéaunrepa (kyGuueckoe)

(4.3.1) iy + bey + 20 PPP=0, o= 1

BO3HHKAET KaK pe3y/jbTaT IPHMeHEeHHs NOJOGHOTO MEeToja K JiHHell-
HOH cHucTeMe ¢ JHCHepcHel, HO COOTBETCTBYET APYro#i COBOKYNHOCTH
B3aHMHO KOMIEHCHPYIOIUX cjaaraeMblX. MBI MOXKeM YTOUHHTL 3TO
yTBepKAeHHE,

[TpeanoyoxuM, YTO HeKOTOpas (H3MYecKast BeJHYMHA MPEACTAB-
Jsier coboit cynepno3uuuio N IJIOCKMX BOJH C KOMIUVIEKCHBIMH CKa-
JSpHBIMH aMIauTyiamMu a; i=1, 2, ..., N. Kak nokasauno B
pasn. 4.2, ypaBHeHHs AJs CKaJSPHBIX TPHAJ WJIH KBAPTETOB BO3HHU-
KalOT B TOM cJaydae, ecid N OruGamoluX MeMJeHHO MeHSIOTCS BO
BpeMEeHH M NPOCTPAHCTBe TakK, 4To6wbl (0: 4 ¢;-V)a; Mo NOpsAKy Be-
JHYHHBl COBNARAJO C HeJHHEHHLIMH 4YJeHaMH. 3J1ech ¢; — CPYINo-
Bast CKOPOCTb i-H BOJMHBL. B Tex ciyuasx, KOrja HeJHHEHHBIE YJIeHE

12*
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MHOro MeHblue, T. e. (d;+ ¢;- V)a; &~ 0, Bo3HUKaeT Apyras cHTya-
nus. B atom cayuae kaxkabli BOJHOBOH NakeT Ha JaHHOH BpeMeH-
HOR WIKaje, He B3aHMOJEHCTBYS, ABHXKeETCs €O cBoell cOGCTBEeHHOI
rpynnoBofi ckopocthio. Ecaim rpynnoBble CKOpPOCTH He COBNAZaloT H
€CJIH BCE BOJIHOBble MAaKEeThl JIOKaJH30BaHBl, TO OHH Da3fessloTcs B
npoctpancTee, [103TOMy He/lHHeHHOCTH, BO3HHKAWIIHE B CJeAYIOLIEM
BpeMeHHOM Maciutabe, NPHBOAAT K B3aUMOJAEHCTBHIO KaXKJ0ro BOJI-
HOBOTO MakeTa TOJLKO ¢ camum coboii. Ins pasmepuoctn 1+ 1 B
3TOM MaciuTabe onpeiesisiiOlIMM ypaBHeHueM 4acto cayxut (4.3.1).
[Tpu HEKOTOPHIX OrpaHHYEHUSAX TOT BHIBOJ CIIPABEJJIHB H B TOM CJy-
yae, KOTAA Haya/jbHBIMH YCJAOBHUSIMH SIBJIAIOTCA JOKaJbHbE BO3MY-
LIeHHSA, KOTOPble He MOTyT GHTh BhpaXKeHbl yepe3 N IJIOCKHX BOJH.

B pasa. 4.2 yuTaresnp MOr 3aMeTHThb, YTO JiHEaPH30BaHHas rpyM-
noBas CKOPOCTb, AONYyCKalolllasi OAHY Pe30HAHCHYM TpHAAy, Kak
npaBuJo, AOMYCKAeT W HECKOJbKO TpHaj (Hampumep, cM. puc. 4.12
u 4.14). TpeGyroTcs AONONHHTENbHBE COOOpaXkKeHHus, UTOOH BHOpPATh
M3 HHX OJHY «IOMHHHDYIOILYIO» TPHAJy, OCHOBHBIMH ypPaBHEHHAMH
kotopoit siBasorcs (4.2.2). Tlpu uccnenosanun ypasHeHus (4.3.1)
TaKuX Mpo6seM He BO3HHKAET, eCJIH HUKaKue [BE JIHHEHHbIe Ipynmo-
Bble CKOPOCTH He COBNAajaoT. B Tako#l cuTyalnu UMeeT MeCTO TOJb-
KO aBTOB3aMMOJeHCTBHE, TAK KaK BOJHOBblE MAaKeThl Pa30INIHCh Ha
npeAbiAyiieM BpemeHHoM macitabe. OfHako nomepeuHass HeyCTOH-
YHBOCTb, KAK MBIl YBHAENH HHXKe, OrpaHUYHBaeT (PH3HUECKYIO MpPH-
menumoctb (1 + 1)-mepnoit mogenu (4.3.1).

4.3. a. Heaneitnnas ontuxka. PaccMOTPpUM H3OTPOTHBIA HH3JEK-
TPUUYECKHHA MaTepHaJ, IOKas3aTelb MPeJOMJEHHsT KOTOPOro AEMOH-
CTPUDYET HEeJHWHEAHYIO MONPaBKy B 3JEKTPUUECKOM MOJie yMEepeHHOH
HaNpsXKEeHHOCTH:

(4.3.2) 1 (@ |E|) =5 ~ ny(0) -+ nz (@) | EP.

Jlas onpenenentHoct BeiGepem no > 0. Axmanos, Xoxsos u Cyxo-
pykoB (1972) [39] o6cyxnanu HECKOJBKO MEXaHH3MOB BO3HHKHO-
BeHHMsA TAKOrO HeJHHEHHOro MONPaBOYHOrO dieHa (cM. Takke [515]
u [254]):

(i) «Opuentaunonnsiits (uau BHCOKOYacToTHHIH) a>ddekt Kep-
pa, OTPaXKaloUMA TEHAEHUHIO AHU3OTPONHBIX MOJIEKY] KHJAKOCTH
ODHEHTHPOBAThCS BIOJb HANPAKEHHOCTH CHJIBHOLO 3JEKTPHYECKOTO
noss. EcrecTBeHHO, 4TO CpeAa B DPHCYTCTBHH NOJAA NpHoGpeTaeT
aHu30Tponu. DTOT 3GdeKT B pALe CAydaeB 1aeT OCHOBHOH BKiaj
B nNy.

2(ii) «DNEKTPOCTPUKIHUS> OTHOCUTCHA K 3D (DeKTy CKaTusl AH3JeK-
TPHIECKOTO MaTepnana s/1eKTpuueckuM nosem. Cxkarue B CBOIO Ove-
pellb MeHsieT NOKasaTelb NpPeJOMJeHHs. ITOT 3PdeKT 06bIUHO npe-
o61afaeT B KHAKOCTAX C H3OTPONHBIMH MOJIEKY/1aMH, B Ia3ax W H3Q-
TPOMHBIX TBEPABIX TE/IaX,
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(iii) Ecau BeutecTBO mOrJoLiaeT Kakoe-TO KOJHYECTBO CBETAa, TO
NOrJIOUIeHHAs HEPIUs NPHUBOJAUT K €ro pasorpeBy H PaCIIHPEHH!O.
Jlanpaysp (1967) [316] mokasan, 4TO HPH OTCYTCTBHH MOIJIOLIE-
HuA ny > 0. Byner nokasaHo, 4TO HepaBeHCTBO Hg > 0 OTBeyaer ca-
Mo(OKycHPOBKe, a ng << 0 — camozedokycuposke cBera. CaemnoBa-
TeJbHO, CaMOAePOKYCHPOBKA MOIKET HMEeTh MeCTO TOJbKO B Cpeje,
norjomarouleli ceer. KakoB 61 HH Obla MexaHu3M, dopmyna (4.3.2)
IpeAnosaraeT, 4T0 OTKJAHK CPelbl siBJsieTCs KBAa3HIOKAJbHbIM H KBa-
3HCTAaTHYECKUM JJ/1si KaxKAoH uactoTh. Axmanos, Xoxsos u Cyxopy-
KoB (1972) [39] oTmeTn.H, 4TO 3JEKTPOCTPHUKUHOHHBIH M TENIOBOW
3¢ PekThl OOBIUHO HENOKaJIbHBI, a MOCJAENHHIl K TOMY Ke 4acTo siB-
Jasiercs HectatHuecknM. [lasee Gymer paccMOTpeH NpOCTEANIMH cro-
co6 BbiBofa ypaBHeHHsi (4.3.1), oCHOBaHHBIH HA MPEAMOJIONKEHHU O
npumenumoctu (4.3.2). OnHako, Kak Mbl YBHAMM HHUXKe, 06CYXKAas
BOJIHBI Ha BoZAe (pasd. 4.3.b), B HEKOTOpPLIX CJydasXx BO3MOKEH yyer
HeJl0KaJbHBIX 3(p¢eKTOB.

[lpeanonoxuM, 4To cTalHOHAPHAS IJIOCKAsi BOJHA (DUKCHPOBAH-
HOH 4YacTOTHl, PacNpoOCTPaHssICh B HalpaBJeHHH X;, najaeT Ha au-
snekTpuk. KoMmniekcHas aMIIHTYAa NOJsi MOXKET MEIJeHHO MEHATh-
csl B MPOCTPAHCTBE, HO He BO BpeMeHH (Mo mpeanosoxenuio). B co-
oTBeTCTBHH ¢ (4.3.2) monxoasiiedl Mepoil HeNHHEHHOCTH SIBJAETCA
ng |EJ?

o

g2 =max
x, t

’

npeanojiaraeM, uro € < 1. B coorBerctBuM ¢ (4.3.2)
(4.3.3) P =(n"—1)E ~ (n)— 1+ 20| EP)E,
TaK 4TO CoOTHOUIeHHe (4.2.5) mpUHHMAaeT BUJ
4.34) ¢ ’0i{(ni+ 2nnz EF) E} 4 VX VX E ~0,
BBegem B paccMoTpeHHe MeJJieHHble NPOCTPAHCTBEHHBIE mepe-
MeHHbIe
(4.3.5) Y ==8X|, Yo==8€Xy, U3==8X5, Y =8,

B ranaBHom nopsiake (O(e)) BblpamkeHue Ais 3JIEKTPHYECKOTO
HOJIsT IPUHUMAET BHI

(4.3.6) E = ée { (y; 2 exp {tkx, — iof} 4 ()} + O (¢,

rie é — eJHHUYHLIA BeKTOp, OPTOroHa/JbHbIH K Kk, U (k) ompene-
JSieTCsi JIHHEHHBIM JHCIEPCHOHHBIM COOTHOIIeHHEM (T. e. mocpen-
ctBoM fg(w), (4.2.14)). IIpenebperas oQHOPOAHBIMH HWJIEHAMH CJle-
LYIOIIEro MOPSiIKA, Mbl IOJY4aeM

0
(4.3.7) 7{/“’—‘ =0.
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STo 3HAYNT, UTO Ha paccrostHuAx nopsaka O(e~') Baonp HampasJe-
HHSl PacIpPOCTPaHEHHs] MOAYJSIHUH BOJH HET.

YCaoBHE HCKJIOUEHHsT CeKYJNAPHBIX YJEHOB, BOSHUKAIOWUUX B IO-
psanke O(e?), uMmeer BUA

(4.3.8)  2ikd, % + V2 ¥ + {20222 sign (n,)}| P Py =0,

rae V2 ==02 + 0% — momepeuHeli JlaniackaH. YpasHenue (4.3.8)

3
noayuun Kejnu (1965) [273] n nesaBucumo Tananor (1965) [473].
ITpu paccmoTpeHuH cTallHOHapHOH 3ajaun dopMa BXOAALIETO Jiyya
sanaercs Qyukuued P (Y2, y3; x = 0). CnenoBarenbno, (4.3.8) Bme-
CTe ¢ I'PAHAYHBIMH YCJAOBUSAMHU (Y2, Y3s) ONpelensieT IPOCTPAaHCTBEH-
HYIO 3BOJIIOLHIO Jiyua TMPU MPOXOXKAEHAH NUAJNEKTPUKA B HampasJe-
HHH Xi.

3ameruM, uto (4.3.8) He 3aBHCHT OT &, Tak e Kak (4.3.7) n
(4.2.14). TloaTomy ykasaHHblE ypaBHEHHS He BBIPOXKJAOTCA B Ipe-
nene € = 0. D10 CBOMCTBO KenaTeNbHO, NOCKOJNBKY YKa3aHHBIE ypa-
BHEHHs OBIIM TOJIYUEHB KaK 4aCThb acCHMITOTHYECKOIO Pa3/OXKeHHS
N0 CTENleHAM e.

O6cynnM [JBe 3KCIEpHMEHTaJbHbie cHTyanud, B MeHee tpaau-
LIAOHHOK BXOASALIMA Jy4 HPOMOAYJNHPOBaH TOJbKO B OJHOM IOIe-
peyHOM HanpaBJIeHHH.

ITyctb

9%
9Ys )

B stom cayuae ypaBHenue (4.3.8) omuchiBaeT 3BOJIIOLHIO B pas-
meproctd (1 -+ 1). OHo Moxer 6bTb npHBefeHO K Buay (4.3.1),
NO3BOJISIOEMY IIPHMEHUTH Pe3yJbTaThi METOAa OOpaTHOH 3afauu
(cm. rai. 1). B uacTtHOCTH, ecau Y GEICTPO CTPEMHTCH K HYJ:0 INPH
|y2| > o0 u ecam np > 0, To BXOAAMH Jiyy, HMEIOLIHA NOCTATOU-
HYI0 HanpsiKeHHOCTb, OyxeT «caModoKycHposaThes» B N COJHTOHOB
HJI0C OCTATOUHOE H3JIyYeHHe (CBS3aHHOE C HeNPEePLIBHEIM CIIEKTPOM).
B maHHOM KOHTEKCTe COJIMTOHBI MMEIOT BHJ NpPSIMBIX JIHHUN (B mJIO-
cKocTH (Y2, %)), BAOJb KOTOPBIX HHTEHCHBHOCTb Jy4a IPH ) —> 00
CTAHOBHTCSl NMOCTOSIHHOH. DTH COJIUTOHLI HHOI'AA HA3BIBAIOTCS BOJIHO-
BOJAMH, H TapaMerp, B OOLIYHOH CHTyaluH ONpeNe/SIOHH CKO-
POCTb COJIMTOHA, 3aZaeT OPHEHTalMIO BOJHOBOAA B OKpY:KaioLleH
cpene. ot 3ddeKT HHOTAA UMeHyeTCss aBTOJIOKAJH3AUHMeH s TO-
ro, 4yto6ul OT/NHYATh ero oT GoJiee CHIBHON caMO(OKYyCHPOBKH, BO3-
HUKaloulell B cayuae pasmepHoctd (2 - 1).

TepMHH «aBTOJIOKAJH30BaHHEIH BOJHOBOA» B JAH3JEKTPHKE fB-
aserca Gosiee MPeANOYTUTENbHBIM, TAK KaK Jyd He NOABEPXKeH BJHSA-
Huio aumcrepcuu (uau Audpakmuu, uTo OBIO OTrOBOPEHO BbILIE).
K coxaneHuw, Kak ormeyajoch B pa3g. 3.8, (1 4 1)-mepHsle BOJ-
HOBOJbI HEYCTOMYWBLI IO OTHOLIEHHIO K JJIHHHBLIM TONEPEYHHIM BO3-
MyuieHHaM (T, € B HalipaBJeHHH Y3). BO3MOKHO, UTO HeAOCTATOY-
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HOCTb IKCNEePHMEHTaJbHOH MHpOpManuu o0 aBTOBOJIHOBOAAX oGyc-
JIOBJICHA HX HEYCTOHUMBOCTHIO. B 3TO# CBSi3W YMECTHO 3aMeTHTb, UTO
COOTBETCTBYIOUIHE COJIMTOHBI OrHOaloUIMX B BeJHAX Ha BOJE TaKkKe
HEyCTOHYHBHl MO OTHOLIEHHIO K [JHHHOBOJHOBHLIM BO3MYIIEHHSM.
Tem He MeHee B 3KCIEpHMEHTE OHH TOJydeHBI Ge3 OCOGBIX TPYAHO-
CTed: 0jHa M3 BOJIHOBLIX KapTHH npuBeflieHa Ha pHc. 4.16. Xutpocts
3aK/II0YaNaCh B HCNIOJNB30BAHHH Y3KOro GaccefiHa, NOITOMY HEYCTOH-
YHBble NONepeudble MOAB HCKJOYAJUCh TreoMeTpHell dKcmepHMeH-
TaNbHOH YCTaHOBKH. B nmpuHuune anasord4Hblfl HOAXOM MOXET GHITh
HCNOJIL30BAH AJS1 NOJYYeHHS YCTOHYHBBIX ABTOBOJIHOBOLOB B IH-
snekTpuke. ONHAKO, HaCKOJNbKO HAaM H3BECTHO, 3KCNEPHMEHTaJbHas
pa6oTta B 9TOM HampaBJEeHHH He BeJeTCs.

[TepefinemM k paccMoTpeHHIo GoJiee eCTECTBEHHONH MOCTaKOBKH 3a-
Jauy JJis ypaBHeHus (4.3.8), B KOTOpO# BXOASIILHA JIy4 HMeeT ceue-
HHe, 6iu3Koe K KpyroBomy. PyHAaMeHTAa/NbHHIM SIBJAsSETCS BOMPOC:
'MOXKHO Jin pellnTh ypasreHHne (4.3.8) npu nomouts MO3P B cayuae
pasmepnoctd (2 4 1)? [lo-BuanMOMY, OTBET OTpPHLATENIEH: N0 Kpaii-
Hell Mepe ypaBHeHue (4.3.8) ne oGnanaer csoiictBom [TenneBe (cm.
pasz. 3.7). Urobu y6eauTbcst B 3TOM, 3aMETHM, YTO aH3aTIl,

r="A(y;+ 43"
(4.3.9)

; iA2
b (92, 95 1) = 4| 20"~ T R () exp (- '_gkx )

IO3BOJII€T OCYLIECTBUTH peAyKUHIO0 (4.3.8) k 0ObIKHOBEHHOMY And-
(depeHIHANBHOMY YPaBHEHHIO "

(4.3.10) R”++ R+ sign(n)) R — R==0.

10 ypaBHenHe 006JajaeT CHJIbHBIMH MOABHXHBIMH JOrapudmuue-
CKHMH CHHTYJSIDHOCTSIMH, a 3HAUYHMT, He oTHOcHTCS K P-rumy. ITo-
3TOMY, OCHOBBIBAfICh Ha MpPEANONOXKeHHAX pasl. 3.7, He cjelyer pac-
CYHTBIBATb Ha TO, uTO ypaBHeHHe (4.3.8) MOXeT GHITh pelleHO NIpH
nomoutr MO3P, uMeer noaublfi HaGop MNepeMEeHHHX JeficTBHE —
yroJ, ob/nanaer cBOHCTBOM BO3BpalllaeMOCTH H T. 1.

Hpyro#i ¢ynnamenTanbHLE BONPOC OTHOCHTCS K HPHPOJAE CaMoO-
($OoKycHpoBKH B cayuyae pasmepHocTH (2 - 1). 3axapos u CHnax
(1976) [549] nokasaun, uto pemenus (4.3.8) ¢ ny > 0 momxHw o-
KyCHPOBAThCSl 32 KOHEUHOE BpeMs (cM. pasn. 3.8).

CymecTBoBaHHe HEYCTOHYMBOCTH B3PHLIBHOTO THIIA B pellleHUH
ypasHenus (4.3.8) cBuaeTeNbCTBYeT JIMIIb O HEMPHMEHHMOCTH Npes.
CTaBJeHHA B BHJE PAAa IO CTENEHSM €, IPH IOMOLIH KOTOPOro GhIIO0
noayyeno (4.3.8). Ee Hainuune He sAB/As€TCS CBHAETENBCTBOM Cylie-
CTBOBAHHS CHMHTYJSIPHOCTH B HcXomHolt 3amaue. OaHako Xxapakrep
CHHTYJNApHOCTH B ypaBHeHHH (4.3.8) MoXeT GBITb HMCIOAB3OBAH IS
OTAEJBbHOTO aHalin3a, KOTOpbii HEoOXOAUM B RKaHHOM obsacTt. Ouen-
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Ka TOpsAAKa CHHTY/JspHOCTH Obla npomusBeleHa B paborax Keanu
(1965) [273] u 3axapoea, Cninaxa (1976) [549]. Oauako, kak ot-
MeueHo B [28], HY OfHA M3 ITUX OUEHOK, N0-BHAHMOMY, He ABJSETCS
ucyepnbiBaomell. Tounblfi XapakTep caMO(OKYCHPYIOUIHXCA CHHIY-
JisipHOCTe#l pelleHuit ypaBHeHHs (4.3.8) B HacTosillee BpeMs OCTaeT-
Csl HEBBLISICHEHHEIM.

Axmanos, Xoxaos u Cyxopyko (1972) [39] obcyxaann mnoro
5KCIEePHMEHTANbHBIX Habuiofenuit 3¢dekra caMOPOKYCUPOBKH AJist
pa3meproctd (2 4 1). B HekoTOpHIX cayyasx cOKyCHPOBAHHBIA Ny
OblJ1 CTOJIb MHTEHCHBHBIM, YTO MPOHCXOAWJIO (HU3HUECKOe MOBpexje-
nue marepuana. Kak ormerun fpus [515], «ator apdexT ouenp uu-
TEpecyer 3KCNepHMEHTaTOpoB, paboTalINNX C OYeHb MOLIHBIMH Ja-
3epHbIMH HMNYJbCAMH, TaK KaK ITH [OBPEXKAEHHS MOLYT MPOHCXO-
JLUTb BHYTPH CaMOro HCTOUHHKA JIa3€PHOTO U3JYydeHHsd».

Jlo cux mop Mbl paccMaTpHBAJH TOJbKO CTAalHOHAPHBIE NMajaato-
mue Jy4d. DTO OrpaHHyeHHe ¢ (QH3UYECKOH TOUKH 3PEHHS HexeJa-
TeJIbHO, IOTOMY YTO BHICOKHE UHTEHCHBHOCTH, HEO6XOAHUMbIE AJS1 BbI-
nonuenusn (4.3.2), yacTo JOCTHraioTCs NMPHMEHEHHEM J1a3epOB C MO-
LyJsiuelt JOOPOTHOCTH, H3JYYalOLIHX KOPOTKHEe HJM YJbTPAKODPOT-
KHe uMnyabcol. K tomy Xe 6Ge3 Hero MoxHo obofituch. Haa Toro
yTo6bl YCTPAaHHTh 3TO OrpaHnuenue, Hapsay c¢ (4.3.5) paccmorpum
Me/JIEHHOE BpeMs

(4.3.11) T=e¢l

# 06061muM (4.3.6) Tak, uto P = ¢ (y, t; x). CiejnosaTeqapHo, ¢ TOY-
Hoctbio 10 O(e?) (4.3.7) AOMKHO GbLITH 3aMEHEHO Ha

(4.3.12) (@x+ €10y) =0,

rjie ¢; — OAHOMepHas JHHeapH30BaHHAA PYNNOBas CKOPOCTb. IJTO
3HAYHUT, YTO HMIYJbC PACOPOCTPAHAETCS, HE MEHAS HOpMY, C JinHea-
PM30BaHHOM TPYNIOBON CKOPOCTHIO HecylleH BoJHB. B caepyomem
nopsigke (4.3.8) npuHHMaer BHA

(4.3.13) 20k, b + 002 + V2 + {2022 sign (n,)} | b P =0,

rae o = —k(0%)/(0w?) u m ==t —yi/c1. 3decb 3BOJIOLHA OCY-
uiecTBaseTcss B pasmepHoctd (3 4 1), HO KauecTBEHHO COBNajaeT CoO
cnayuaeM pasmepHocTH (2 4 1). YpaBHenus (4.3.13) He o6napaior
cofictBoM Ilennese W, mo-BHAMMOMY, He MOI'YT OLITb pellleHnl NpH
nomouy MO3P. CyuiecrBoBanue caMo(oKycHpyIOIeHca CHHTYJSD-
HOCTH masi a >> 0 nokasanam 3axapos u Cuinax (1976) [549], a
takxe [scen (1977) [187]. B atom cayuae npupoja CHHIYJAspHO-
- CTH, NMO-BHAMMOMY, SIBJISIETCSI He CTOJb TOHKOM, M 3axapoB U Chl-
Hax (1976) [549] ycranoBuay, uto aas x — ¥

(4.3.14) P~ ="
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4.3. b. Boann na Bone. Heanneiinoe ypaBuenue lllpéaunrepa mo-
JeHpyeT 3BOJIOLHIO OJHOMEPHOTO NTaKeTa BOJIH HAa NOBEPXHOCTH HO-
CTaTOYHO ray6oKo# BoAabl. Pasnnudbie cnoco6w BLIBOJA YpaBHEHHS
B 3TOM cJiyuyae gajy 3axapos (1968) [524], Bennn u Pockec (1969)
[59], Xacumoro u Ono (1972) [201], Hdssu u Cricapacon (1974)
[131], IO3n u Jleiik (1975) [517], ®pumar u Hdssu (1975) [168],
Hxopaxesuk u Penekonn (1977) [138], cm. rakxke [28], [518].
CyulecTByloT IBa NpPHHIHIHAJBHBIX Pa3IHUHs MeEXAy HpobIeMOi
BOJIH Ha BOJe W 33ajJauaMH HeJHHeHHOH ONTHKH, KOTOpbie Mbl 06CY-
IuM. Bo-miepBHIX, B ciiyuae KOHEUYHOH IJIYOHHBI OCLHAJSITOPHBIE BOJ-
HBl BO36GYXKAAIOT CpelHEe TeueHHe, KOTOPOe SIBJISETCS HEJIOKAJbHBIM
sppektom. (HenokanpHeie 3pdeKTs MOryT NOABASATHCS TAaKXKe H B
HeJIMHeHHOH ONTHKE, HO B MpeAblAylleM OOCYXKIEHHH Mbl HX He pac-
cMaTtpuBanu.) Bo-Bropmix, cyliectByer passnuuue B HHTEpIpeTaUUH
YPaBHEHHUS] M COOTBETCTBYIOLUIHX TPAHHUHBIX YC/0BHE. Mmeercs He-
CKOJIbKO KOHTEKCTOB, B KOTODLIX BO3HMKaJO ypaBHeHue (4.3.1) uau
ero 0o6061eHus aasi paamepHoctu (2 + 1).

(i) MonoxpoMaTuueckie BOJIHEI MOXKHO reHEpHpPOBAThH MJACTHH-
KOH, OCHHJIIHPYIOILEH HAa OJHOM H3 KOHLOB JJIHHHOro Gaccelina.
JBOJIOLHA 3THX BOJH OU€Hb NOX0Xa Ha 3BOJIOLHIO JIEKTPOMAarHHT-
HBIX BOJIH, 0OCY/JaBLIHXCS BhIllle,

(ii) JloxanpHbI#l WTOPM Ha MOpe BO3OyXkKAaeT LIMPOKHH CHEKTp
BOJIH, KOTOpble pa3feraioTcs MO TOPHU3OHTAJH BO BCEX HalpasJe-
HusiXx. Ecan Gerylline BOJIHBI HMEIOT Majibie aMIVIHTYAB H HE B3aHMO-
AEeHCTBYIOT C BETPOM, BbIJsl U3 30HH IITOPMA, TO B CHJY CBOeH JHUC-
NepCHOHHOH TNPUPOABI OHH B HTOre MpeobpasyloTcs B KBa3HOJIHO-
MepHble NaKeTbl KBa3UMOHOXpoMaTHyecKux BosH. Eciu macmraGur
BEIGpaHbl NpPaBHJbHO, TO ypaBHeHHe, o6obuwalouee (4.3.1) Ha cay-
yaft pasmepHocTH (2 -+ 1), OmHCHIBA€T 3BOJIIOHHIO KaXKAOrO H3 3THX
NaKeTOB B TeUEHHE JJIHTEJLHOro BpeMmeHH. Ec/iu makeT cylecTBeHHO
JIOKAJIM30BaH, TO €CTeCTBEHHO NMOTPe6oBaTh, UTOOH BOJIHH HCYE3aJH
Ha GOJIbIIMX PACCTOSHMAX OT LeHTpa Nakera.

(iii) KBasuMmoHOXpoMaTHYeCKHe H KBAa3HOJHOMEDHBIE BOJHBI MO-
TYT NOKPbLIBATh OOIIKPHBIE 061aCTH OBEPXHOCTH MOPSt B pe3yJbTaTe
JefiCTBHA AJIMTEJbHOrO, YCTOHUHBOrO Berpa. To Ke caMoe ypaBHe-
Hue, obobwatouiee (4.3.1) na cayuait pasmepuocru (2 + 1), Mmoxer
ONHCHIBATH IBOJIIOILHIO 3TUX BOJIH IOCJe NpeKpalieHus: BeTpa. B atom
c/lyuae eCTECTBEHHO HAJIOXKHTb NMEPHOAHUYECKHE TPAHHYHHIE YCJIOBHSA
B FOPH30HTAJILHEIX HalpaBJieHusiX (CM., OfHaKo, yip. 5).

B sobom cayuae Hac uHTepecyer pewenue (4.1.5)—(4.1.7),
HMelolllee BU COBOKYIHOCTH KBa3WMOHOXPOMAaTHYECKHX, KBa3HOLHO-
MEpHBIX BOJIHOBBIX IYrOB MaJsoH aMIVIHTYAB. DTH LUYTH ABHXKYTCHA
B HampaBjieHHAH X C COOTBETCTBYIOIUMM (CPeJHHM) BOJHOBBIM YHC-
oM % == (k, [). Ilycts a o6o3HayaeT XapakTepHYI0 aMIUIATYAY BO3-
MylleHua u Ok — xapakrepHyio Baprauuio k. HesnnuefiHoe ypasHe-
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e lpénunrepa nna pasmepHoctn (24 1) aBrisercs caelcTBHEM
CAEAYOIHX TPeanoaoKeHud (%2 = k2 4 [2):
(i) manocTh aMIJIHTYABL

(4.3.15a) e=uxua L |;
(ii) mepseHHOE H3MeHEHHE MOLYNALNH
(4.3.15b) % <1,
(iii) KBa3HOAHOMEPHOCTH BOJH
(4.3.15¢) e,
(iv) 6ananc Bcex Tpex aderTos
(4.3.15d) % —0),
(4.3.15¢) Y~ 0.

Beapaamepuas rayGuna kA mMoxer ObITh KOHEUHOH WM 6eCKOHEUHOH,
HO AJs1 TOTO, YTOOBI HCKJIOUHTDL NPENeNbHBbIH CJydad MeNKOH BOABL
(n Kn®), Heobxoaumo norpedosath

(4.3.16) (khY > e.
B sTOM mpenenbHOM cayyae pelIeHHeM JIMHEHHOM 3aJavyl B HU3IIEM
NOpsifiKe SIBJASIETCS ’
hk(z4h 3 . N
(43.172)  @~e(SEELM) [Aexp i) + ()] + const),

rae (*) o603RayaeT KOMIIEKCHOE CONPSXKeHke,
(4.3.17b) 0=rkx —o(R)t,

n o(k) onpenensiercs ¢dopmynoit (4.1.8). Idna Toro uro6e yuectb
GoJsiee BHLICOKHI IOPSJOK, BBEAEM B PACCMOTPeHHE MeJJeHHbe (mpo-
CTPAHCTBEHHbIE) TIePeMeHHble (CHOBA HCIOJNb3YeM METOA HECKOJb-
KHX MacmTaboB) :

(4.3.18) X, =ex, Yy =¢ey, l=z¢l, l=E¢u"
¥ pasnoxuM ¢ u § B pan

@~ e{® (s, g1, by )+ SEEER (A g, 4, 0) X
(4.3.19) X exp (i0) + (*)]} +0 (),

t=e (G exp (8) + O} + 0 ), tu= g7 pr A
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Pasjioxenue Z0/KHO GBITh NPOM3BEAEHO [0 YJEHOB MOPSIAKA
O(e?). [Tepemennnie, BBeieHHbIe B A, OTPaXKaoT TO 06CTOATENLCTBO,
YTO PACCMATPHBAIOTCS BONHOBBIE NAKETH, @ HE OJHOPOAHBIE HAGOPBI
BosiH, npuueM @ cnuceiBaeT BO30yXAaeMoe TAKETOM cpeflHee Te-
yenue. Jlanee 6yayt obcyxaaTbess cekyaapHee 3OeKTh, Bo3aei-
crBie Kotopbix Ha @ u A mposBasiercs B uieHax 6oJiee BHICOKOTO
nopaaka. Jeranu obcyxaenust MOXHO HaliTH B pa6orax Bennu u
Pockeca [59], Haeu u Crioaprcona [131] man [IxopaxeBuka u
Penexonna [138].

B caepynomem nopsiake anmpoKCHMAaLHH YCJIOBHE CEKYJSPHOCTH
TpeGyeT NepeMelleHHs BOJHOBOIO lakeTa € JIHHEHHOH I'pyHnoBOH
CKODOCTHIO

A oA

rae Cg = dw/dx. B atoM macwitabe BpeMesn @ ynoBJeTBOpsieT He-
OJHOPOJHOMY BOJIHOBOMY YpPaBHEHHIO

’D @0 | o) __ 9 o
(4.3.21) —atf {—ax% +_—0yf} ko, o, [A P
rjie
B, P sech l’eh—{———1 7
~ 2 ~
T= ﬁgl = (kh)T.

Pemenne (4.3.21) u3MeHsieTcsi KOpeHHBIM 06pPasoM B 3aBHCHMOCTH
OT TOTO, BLIIIOJIHEHO HJH HET HEPaBEHCTBO

(4.3.22) gh > Ci. »

Ecau ornomenne Cg/+/gh HHTEPIPETUPOBATh KaK <«4HCJa0 - Maxa»
BOJIHOBOro nakera, to (4.3.22) apiasieTcst ycjaoBuHeM TOr'0, YTO MOTOK
«no03BykoBoii». Korna 4 umeer koMnaktHwili HOocuTeab, @ copepuT
cJaaraeMoe, KOTOpOe ABJASETCA pelleHHeM HEeOJHOPOAHOrO ypaBHe-
HHsl. DTa KOMIIOHEHTA pelleHHsi ONUCLIBAET BHIHYXKAEHHOE IBHXKeHHe
co ckopoctbio Cg, T. e. ynosjerBopsier (4.3.20). Bosima, coorser-
CTBYIOLIAsl PEUICHHI0 OJHOPOAHOTO ypaBHeHus (CBOGOAHAST KOMIIO-
HeHTa), Mo mopsiaky Beauamus pasna O (/%) mpu t;, — oo; ona
H3JIy9aeTCsi 3 0BJACTH CO CKOPOCTbIO 4/gh. Ilo3TOMY npu BHIOJ-
Hernu (4.3.22), Koraa t; — oo, M yIOBJETBOPSIET KaK (4.3.20), Tak u

e | 02d ko o .~
4.3.23). 0 —+—=—-"—8,—4F,
( ) ox} + oy} o Pl o 14l
rape
2
o= gh—-—Cg
gh

BMeCTe ¢ rpaHMuHBIME yeaoBuaMu ©—>0 npu (x] + yi) — oo.
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OTH rpaHuunble ycaoBHs Gblin chopmynnpoBars [13Bu u Crio-
aptconom (1974) [131], oHu KOPpPEKTHHI B TeX CayyasiX, KOrZa HeT
MOBEPXHOCTHOTO HATSAXKEHHS.

Ecsu noBepXxHOCTHOE HATsXKeHUE AOCTaTOUHO BeHKO, TO (4.3.22)
Hapyllaercs, H MOTOK CTAHOBHTCS «CBEPX3BYKOBbIM». B nanHoM cay-
yae, naxe eciu A MMeeT KOMNAKTHHH HocuTedb, @ W ee IPOU3BOA-
Hble OTJIHUHBI OT HYyJsi BHOJb «1HHMH Maxa», Buixoasule#i u3 HOCH-
reas A. B npenene ¢t — oo, Kak u npexae, @ yI0BAeTBOPAET OAHO-
BpemenHo (4.3.20, 23). Oanako Tenepn COOTBETCTBYIOIHMH TPaHuy-
HEIMH YCJIOBHSIMH ypaBHeHHs (4.3.23) aBnasierca obpaiuenue @ swme-
CTe CO CBOMMH NPOH3BOAHBIMH B HY/b Bnepean Hocureas 4 (1. e.
Ipy Xy — 00); NPH X —> —00 HUKAKUX T'PAHHUYHEIX YCJOBHH HeT.

[losTomy B oOuiem ciydae HeJb3s OXHAATh CXOAMMOCTH HHTe-
rpanioB, cogepxaumux @ npuy UHTErpupoBaHUH MO BCeH 006JacTH.

Ilpenen fy—- oo uHTEpeceH TeM, UYTO HeJHHeHHOe ypaBHeHHe
[Ipéaunrepa BO3HUKAET NPH YCTPAHEHHH CEKYNSAPHBIX YJEHOB B C.ae-
Oyrowem BpemeHHoM Macwitabe ! = O(e~?). Bruimoanas srto, noa-
cTaBiqaa pe3yabTaT B Oe3pa3MepHoli dopme H BBOAS HOBhie 0003HA-
"YeHHs

E=ek(x —Cyf), mn=¢eky,
(4.3.24) v =2¢2(gk)"",

A=k (gh)=\24, @ = k?(gk)~\D,
Mul y6exkaaemes, uto A u O yAOBJETBOPAIOT yPaBHEHHAM
(4.3.252)  iA+ Mg+ RAm =%l AP A+ 0AD;,

(4.3.25b) a®yz + Oy =— B (| A P,
rae
~ 2 R
o = th kh, =kT, w=ET B
o*=gho(1+T7)>0,
mg: g%,
&)
A= “ ( ox? )
- 2(00 i
o
%? ——-)
. 612 - XCg
- 20)0 - 2(.00 > 0’
(@ \fU1=0)0—0)+T(2—0") (7~
(4.3.26) x= ( 40 ) { 6?—T (3—0? -

4862 — 2 (1 — 692 (1 +T)—,lsf§}.
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n=1+25E (1 —of (L+1) >0,

(gh—cp)
(I=—gh——,
(0 Y [#Ce (| _ 42 2
ﬁ~(%M){w (1 o>+1+7}>m
v=x—%§.

B npeéapiayunx dopmynax Bce QYHKIHH BHYHCASIMCh OpH [ =
= 0, Tak KaK Mbl IpeAnoJaraeM, 4TO paccMaTpHBaeMble [IYTH BOJH
pacnpocTpaHsIoTCA TONbKO B HANPABJEHUH X.

ir
x>0, x <0,
V>0 V<0
A<0 A>0
3~ F a>0,)<0
13
kh . a<0,V>0
2 -
V>0
1,._7)'<[] 8
A V>0
¢ V<0
0 ] ] | ] { : ]
0 0.25 0.5 0.75 1.0 1,25 1.5
'7.:: Kk T/g

Puc. 4.15. Kapra npoctpaHcTBa napaMeTpoB AJisl NaKETOB OCUMMAATOPHHIX BOJH
Ha BAOe, MoKasbiBaloWas, rae KodhduumeHTH ypaBHeHnit (4.3.25) meHsIOT 3HaK.
JuHaMHKa 3BOJIOLMH BOJH pa3jiiyda B Kaxxofi o6nactd. CaModOKyCHPOBKa BO3-
moxua B o6aactu F. (A6nosuu u Curyp [28].)

[lapa cBfisaHHbIX ypaBHeBu# (4.3.25) onucbiBaeT 3BOIOLHIO KOM-
IJIEKCHOA aMnauTyas Boik A W BO36yXKaaeMoe HJH cpejlHee Teye-
e (V®). Ecau BOJHOBOH NakeT JOKaJjeH, €CTECTBEHHO MOTPeso-
BaThb, uTo6H A cTpeMujoch K Hymio npH £ + 12— oo, Kak ykasaHo
BHIILIE, TPAHHYHBIE ycaoBust A @ 3aBHCAT OT 3HaKa «. Xapakrep
pewenuil (4.3.25) cyllecTBEHHO 3aBHCHT OT 3HAKOB KO3(¢HIHEH-
ToB ypaBHeruil. Ha puc. 4.15 uso6paxena kapra npocTpaHcTBa na-
paMeTpoB, IOKa3LBalouias, rie U3MEHSIOTCH 3TH 3HakH. Kak BHAHO
U3 PHCYHKa, KaxKaas TDaHHYHAs JHHHSA COOTBETCTBYET NPOCTOMY
HyJo KoaddhHuLKeHTa, 32 HCKIIOYEHHEM ABYX KPUBLIX, OTPaHHYHBAIO-
mwux obaacte F, DTH ABe KPHBble OTBEUAIOT CHHTYJSPHOCTH v. B 0k-
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PECTHOCTH KaxAOH M3 3THX KPHBBHIX NPOLECCH MPOUCXOAAT Ha Go-
Jlee KOPOTKOM BpeMeHHOM MaciutaGe, yueM O (e72), uMeloueM MeCTO
B JIpyrux cayuasx (cm. [138]).

OTHM 3aBepllaeTcsi BbIBOJ OCHOBHBIX ypaBHenuii (4.3.26). Ilpe-
XKJe YeM MepefiTH K PACCMOTPEHHIO HX CJAEICTBUMH, clesaeM JiBa [0-
TIOJHUTEJbHLIX 3aMeUaHMsl, KOTOpPLle MOMOrYT YICHHTh MECTO I[I0Jy-
UeHHBIX ypaBHEHHI B HalleM 00CYXKAEHHUH.

(i) B nexaBuux paGotax Jlourer-Xurruuca (1975) [333], Koke-
jera (1977) [113] u ap. OGbiiM BHISICHEHBl HEKOTOPHIE acCleKThl AWHA-
MHKH BOJIH Ha BOJe B COCTOSIHHH, 6JIM3KOM K OnpoKuAbiBaHuio. Oue-
BHIHO, 9TO MeXKAY 3THMH pa60TaM14 u (4.3.25) Her Huuero obuiero,
NOCKOJIbKY B IIEPBOM CJydyae H3yya/HCb BOJIHB GOJNbIUION aMIJIHTY-
JH, B TO BpeMsi KaK ypaBHeHHs (4.3.25) ONHMCHIBAIOT BOJIHBI MaJOH
aMHJIHTYJlbI

C ypaBHenusamu (4.2.21, 25a) TecHO cBA3aHbl ypaBHEHHS 3a-
xaposa (1972) [526], nomyuenusie B pusnke niasmbl. B cayuae pas-
mepHOcTH (1 -+ 1) MBI MOXKeM OTOXKJECTBHTH OCHLUJISTOPHBIE BOJIHBI
Ha BOJAE C BHICOKOYACTOTHBIMH JIEHTMIOPOBCKHMH BOJIHAMHU B IJasMe,
a @ —c naordHocteio HoHOB. [lostomy (4.3.2) omucbiBaeT HOHHO-
aKyCTHUECKHE MOJbI C YUeTOM NOHJAEPMOTOPHBLIX CHJI B NPABO# yacTH
ypaBHeHHs1, B TO BpeMs Kak (4.3.25a) npu x = 0 onucniBaer 3BoJio-
I[HIO JIEHI'MIOPOBCKHX BOJIH.

Paccmorpum Tenepb paspeituMocts (4.3.25) B pasaHuHBIX TIpe-
JeNbHbIX cayyasix. B cayuae ray6okoit Bogsl (kh — o0) cpeanee Te-
uyeHne obpaliaercs B Hysab, u (4.3.25) CBOAMTCA K HeJHHeHAHOMY
ypaBueHuto IlIpénunrepa anas pasmeproctu (24 1):

(4.3.27) A+ AoAeg + BopAgn =
rne
A= — B0 (_1-._‘__67_'" 3?2)
°° 80 1+7 ’

o .
=20 (14 37),

@y 84T 427
Ko = o a—2na+T7)°

CoOTBETCTBYIOLHE TPAHHUHBIE YCIOBUS IS JIOKAJIH30BAHHBIX Ha-
YaJbHBIX AAHHHX HMeloT Buf A — 0 mpu E2 - 12— oo.

Kak ykasaHo BhIllle, 3TO ypaBHeHHe He 00JiafiaeT cBOHCTBOM HeH-
JieBe M, MO-BHANMOMY, He MOXKeT OBITh pelleHo npu nmomours MO3P.
Bosee Toro, B ciyyae nMepHOJHUECKHX YCJAOBUH HeT HaJMeX/Abl HA Ha-
6.10/lcHHe BO3BPAIaeMOCTH B TeUeHHe CKOJb YTOAHO GOJBLIOro mpo-
MexyTka Bpemenu. B paGorax Vena u ®epriocona (1978) [516]
co00111a/10Ch 0 HOYTH BO3BPALIAEMOCTH UHCAEHHOro pewlenus (4.3.27)
3a CPaBHHTEJNbHO KOpOTKoe Bpemsi. Murerpuposanwe Ha GOabuIMx
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BpeMeHHbIX MacuitaGax, [10-BUAHMMOMY, JIOJI2KHO 1[10Ka3aTb, 4TO BO3-
BpallaeMocTh NPHOIMIKEHHO peasu3yeTcs JIHIIb B TeYeHHE KOPOT-
koro Bpemend. Ilocaeaywomas pab6ora Mapruna u HMena (1980)
[353], moxoke, corjacyercsi ¢ 3THM HPEANOJOKEHUEM.

B o6nactu F puc. 4.15 (1. e. B c/lyyae JOCTAaTOYHO CHJIBHOIO IO-
BEPXHOCTHOTO HATSXKEeHHsl JJisl JOCTATOYHO IJYOOKOH BOJBI) ypaBHe-
HHe (4.3.27) uMeeT pelleHHs, KOTOpble (POKyCHPYIOTCS 3a konéunoe
BpeMs, TaK XKe Kak 310 Oblji0 B cayuae (4.3.8). Ilpenenvunii cayyai
6ecKoHEeYHO TJyGOKOH BOJABI HE HCKJ/OUYaeT BO3MOXKHOCTH (OKyCH-
POBKH, KOTOpPasi MOXKET HMeTh MecTO H B peulenusx (4.3.25) mna o6-
jgactu F. B oTiinmune ot onTHKH 3TOT 3G (eKT noka He HabJa0xaJucs
aasi Bosin Ha Boge. [lonpoGrocTu MOXKHO HalTH B padorte AGsoBHua
u Curypa [28].

B npegnesne menkofi Boaw, T. e. Korja kA — 0, Ho & K (kh)?, cu-
Tyauust coBceM apyras. B sTom npepene mocie maciutaGHBIX mpe-
o6pasoBaHuil MBI MOJTYYUM ypaBHEHUS

iAy— Ay + Ay =0l AR A+ AD,,

4.3.28)
( ) U(Dxx+q)yy=—2(l‘4l2)xv

rie o= sign (%—-T). K stomy ypaBHeHHio npuMenum MO3P, u

TouHble N-CONHUTOHHBIE PelleHus Obljid NOJyuyeHH B paborax [7] u
[42]. Pewenns Tuna gamnoB Gbuin Halinensl B [447]. Takum o6pa-
30M, OYEBHJHO, uTo pelueHus: (4.3.25) BeayT cebst XOpolIO B Ipepesie
MEeJKOH BOABl M HMEIOT IJIOXOe NMOBeAeHHe, eCaHu IVyOHHA AOCTATOY-
HO BeJIHKA.

B 3akuaioueHne paccMorpuM ypaBHeHus (4.3.25) B ciyuae pas-
mepuoctu (1 -+ 1). Kak ormeueno B [28)] u [236], Bo3amOXHH pas-
JIMYHBbIE CIOCOOB! MOHHKEHHS MOPSAKa B 3aBHCHMOCTH OT TOrO, B Ka-
KOM HalpaBJIeHHU JONycTUMa MOAyJsuus orubamoieli. OgHako 3Kc-
MepUMEHTAaNbHO MOJYJSLHUS BOJH HabJ0/anach TOJbKO B HampasJe-
HUH UX PACIPOCTPAHCHHUS, U NMOITOMY MBI PACCMOTPHM TOJBKO 3TOT
cnyyait, Ecnu B ypaBHennsax (4.3.25) 0, = 0, To BTOpOE ypaBHeHHe
MoxeT OBbITb OAMH Da3 NpPOMHTErpupoBaHo, H (4.3.25a) npuHuMaer
BHJ

(4.3.29) A, + Mg =v] AP A,

rie A, v omnelxenens Qopmynamu (4.3.26). Hauanbuble naHHble B
9KCIepHMeHTe MOXKHO CPOPMHPOBATh, MOAYJIHPYS (BO BPEMEHH) aM-
IVIATYAY OCHMJIIMPYIOUIed NJACTHHKY HAa OJHOM M3 KOHIOB OJHO-
mepHoro 6accefina. Ecan Av > 0, uto cooTBercTByeT o6snactam A, B
u E na puc. 4.15, 10 conuronos Het. ITpou3BosbHbIe HauaJbHbIE [JaH-
Hble, IVIaJAKHe W obpaliamuiuecs B H,Jb npu |E| = oo, mopoxaamr
H3JIy4yeHue, KOTopoe yOniBaeT Kak t—/2 (cM. pasa.
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CoauTOoHL oOrufawiiux BO3MOXKHH B objactax C, D u F, rae
A < 0. OgnoconnroHneiM peiueHneM (4.3.29) sasaserca dynxuus

(43.30) A=a ‘ 2—3; " sech {a (§ — 2b7)} exp {ibE + iA (a® — b?) 1}.

(HanomnuM, uTo Bo3BhilleHHe cBOGOAHOMH MoBepxHOCTH, cM. (4.3.19),
nponopunonanbio [A exp(i0) — (*)].) Ha puc. 4.16 usoGpaxenn

a.1zﬁ a /'\W\
nog- gﬁgﬁﬁ”"ﬁ/ ﬂ \
004 |- 4 A\
re
k¢ UR v&/&/\ {\ h;/ky‘lf\ngﬂv
004} M\v V//
- /
008 A u//
mzr \\//
o2 O T~
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&08: //” P b
i Y N
004 - i n A N
i [ | I e
=V V v \Ly)l =
004: \\\ //
008} \ /
I N1 D4
pa2!- N—

Puc. 4.16. Cmeulenne 1mOBEpXHOCTH BOAHI, I10-
KasblBalollee 3BOJIONHIO orubamouielt B ABYX
OTMeTKax BJAOJb TMNOTOKa. 3aech h =1 M,
kh =40, ® =1 I'u, T = 1-10—%, cniownoi
JIMHHEN II0Ka3aHO CMeleHHe MOBEPXHOCTH B
JKCIEePUMEHTE,  LITPHXOBOH — TeopeTHyecKas
dopma orubamwed; k¢ = kasech(z), z =
= [ag/o](v/8L)1/2 (Cgt — x).

(@) 6 M or BoaHompoayxTopa, ka = 0,132:
(6) 30 M ot Boamompoaykrtopa, ka = 0,116.
(AGnosun, u Curyp [28])

pe3ysnbTaThl  IKCIEepHMeH-
TaJbHBIX H3MePeHHH TaKHX
BOJH B JABYX TOuYKax Oac-
CefiHa, pacrnoJOXKeHHbIX HH-
;K€ M0 HalpaBJeHHI0 /[BHU-
JKE€HHs BOJIH.

Ha pucyHnke Mbl coBMe-
CTUJIH COJIHTOHHOE pelIe-
Hue ypaBHeHusa (4.3.29) c
COOTBETCTBYIOLIUM TNHKOM
aMIJIUTYABl B KaxKA0H TOU-
Ke. 3aMeTHM, 4TO aMIJIUTY-
Ja BOJIH BO BTOPOM H3Me-
pPEeHHH YMeHbIUHJacCh, 4YTO
CBHJAETEJILCTBYET O HaJH-
unn 3¢ deKroB, 00YCJI0B-
JIEHHBIX Bsi3KocTblo. M Bce-
Takd BBUAY TOrOo, 4TO Xa-
pakTepHHIH BpeMeHHOH
macuitab, Ha  KOTOpPOM
BJIHSIHHE BSI3KOCTH CTaHO-
BHTCSI 3aMeTHHM, OoJibilie
XapaKTepPHOTO BpeMeHH 3¢-
(hekTOB, ONHCHIBaEMBIX
ypaBuenuem (4.3.29), To
BOJIHA COXpaHseT  CBOIO
¢dopmy, YTOOH JIOKAJbHO
BBHITJISIJ€Th KaK COJIUTOH.

HanomuuwM, uto B pasa.
1.1 cosuTOoHBlI ObLIM ompe-
JeJieHBl yepe3 UX CBOHCTBO
coxpaHaTb (HopMmy He3aBu-
CHMO OT B3aHMOJEHCTBHA.
Plen u Jlefix [517] mnoka-
3aJld MHTEPECHYIO dKCMepH-

MEHTAJbHYIO AEMOHCTPAIUIO 3TOro CBOHCTBA, 3aneyaT/]eHHylo Ha
puc. 4.17. B nepBoM cTos161e u300pakeHa KapTHHa pacnpocTpaHe-
HHSl COJIHTOHa orubampieii 6e3 uameHeHuss (QOPMBI Ha paccTosHHE
9,15 M. Bropoii croaben usobpaxaer APYryilo BOJHY C HECKOJBKQ
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HHOH YACTOTOH HECYIIHX BOJH. 3Ta BOJIHA He SBJAETCS COJIHTOHOM,
H [PU PAacIpOCTPAHEHHH HA TO K€ PACCTOsIHHE fICHO HaObJI0xaercs
3BOJIIOIIHSL BOJIHOBOTO makera. llocsenHuit croabeu AeMOHCTPHDPYeET
B3aWMOJefiCTBME 3THX /ABYX BOJIHOBBIX nakeroB. HecmoTps Ha TO
YTO B3auUMOJEACTBHE CJOXKHO, H3MepeHHass ¢GOpMa BOJHLI §B-
JNsieTCA CYNepno3uuued JABYX BOJH, 3apeTHCTPHPOBAHHBIX paHee,
T. €. [ocje B3auMoAeH-
CTBHSI BOJHBI CHOBa BOCCTa-
HaBJIHBAIOT CBOH HCXOAHbIE
(opMHI.

Jleiik, HMen, Pauranbaep
u ®epriocon (1977) [308]
paccmoTpenu- Takxke (4.3.29)
np¥  DepHOAHUYECKHX  rpa-
HUYHBIX YCJOBHSX. B 3TOM
clydyae TeOpHA HpelACKasbl-
BaeT BO3BpalllaeMOCTb, KOTO-
pylo OHH HaOJI0janH 3Kche-
pumenTaabHo. OHH  Takxe
YCTAHOBUJIH  CBA3b  MEXKAY
BpeMeHeM BO3BpalleHHus U Ha-
aJibHOH HeyCTOHYHBOCTBIO
(Bennxamuna — Peitpa) Ha-
6opa CTOKCOBCKHMX BOJIH Ha
s10it uacrote. HMen u Jleiik
(1980) [518-] Aanu  Gouee Puc. 4.17. BsaumoneficTBHe ABYX ABHXKY-
[I0JIHOE OMHCAHHE 3TOTO 3KC-  [uxcs BOMHOBHX nakeros, CneBa: mepBHit
NepUMeHTa. eAMHHYHBIH WMOyabe, @o = 1,5 [, Ha-

. yvambHoe (ka)= 0,10, naker COLEPKUT
Kaxxoe pelieHne ypaBHe 6 mepHOLOB; B LEHTpPe: BTOPOH ¢AHHHYHBIN

nus (4.3.29), pasymeercs, Tak- uMnyaee, wo=3 I'l, HauaabHOE (RQ)max==
e yaoBiaerBopsier (4.3.25), HO, = 0,2, naker, comepxaumuii 12 nepHONOB,
KakK 06Cy:KAanoch B pasj. 3.8, pacnajaercs Ha [Ba COJHTOHA; Cnpapa:
COﬂHTOHbI HQYCTOﬁ‘IHBbl o oT- B3aHMOA61;ICTBHe ABYX BOJIHOBHIX MaKeTOB.
(Men, Jleiik [517].)

HOIICHHIO K AJHHHOBOJIHOBBEIM

NonepeuHslM  BO3MYILEHUSM.

CosuTOHBI, MOKa3aHHble Ha puc. 4.16, 4.17, usmepeHs B CpaBHH-
TeJIbHO Y3KHX -GacceiiHax, KOTODHIE HCKJIOYAIOT JecTabu/IH3UPYIO-
mwue Mojabl. CJief0BaTesbHO, T€ e CaMble 3KCIEPUMEHTH He MOryT
6LITh NpPOBejeHbl ycrneuiHo B 6acceiiHax CyliecTBeHHO GoJbiued HiH-
pHHBI. DKCIepHMeHTalbHOe NOATBEPIKAeHHE 3TOH HeyCTOHUHBOCTH
MOKHO BHJETh, CDABHHBAs pe3yJbTaThl H3MEePEHHil BOJIH, MOJYYEeH-
Hbie XammakoM [195] u npusegennvie Ha puc. 4.16 u 4.18. Hauanb-
HBHE ¥ NPOYHE YCJIOBHS, NPH KOTOPHIX BLINOJHSJHCE 06a SKCIepH-
MeHTa, 6BLIH MOYTH OJHHAKOBH, 32 HCKJIOYEHHEM TOro, uto puc.4.16
COOTBETCTBYET CPaBHUIEJbHO y3koMY Gaccediny( mupunoii 86,4 cm),
B TO BpeMs Kak puc. 4.18 — Qosiee wHpokomy (244 cm). B yacruo-
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CTH, HIHpOKHUH GaccelH AOMycKaeT CyLIeCTBOBaHUe NecTaOUIU3HDPYIO-
IIHX MONEePEUHbIX MOJI, KOTOPhIX HeT B y3koMm Gacceiine. Heycrofiuu-
BLIH XapakTep coJMTOHa orubalomieil sicHo BujaeH Ha puc. 4.18.
Hoxsenem urtor: ypaBHenus (4.3.25) ONHCHIBAIOT 3BOJIOIHIO JIO-
KaJIU30BAHHBIX BOJIHOBBIX I1AKETOB OCUIJIJIATOPHBIX BOJIH Ha BOJE
OTHOCHTEJIbHO MaJIofl aMIIUTYIbl A5 pa3mepHocTH (2 -+ 1). Ilpnm
yMeHbIUeHNH paszMepHocTH A0 (1 4 1) ypaBHeHMs MOryT ObITH pe-
utensl TouHO NpH nomouy MO3P. Teoperuueckue pe3yabTaThl ¢ IPH-

A Iabhens
B 244 o
Cokas=D12

Puc. 4.18. DBoMouHs BOJHOBOrO NaKeTa B IIMPOKOM OacceiiHe, NeMOHCTPHpYyOLIas
TIONEPEUHYIO HEYCTOMYHBOCTb, OTCYTCTBYIOWLYIO Ha pHc. 4.16. (Marepuan nioGesto
npenocrasae k. JI. Xammakom.)

€MJIEMOH TOYHOCTbIO COBNAAAIOT C IKCIIEPUMEHTAMH, NPOBELEHHBIMHU
IOpH YCJOBHAX, TakxKe obecneyuBaromux pasmepHocts (1 -+ 1). Ox-
HAKO BBUJAY HEYCTOHYHBOCTH COJIUTOHOB IIO OTHOLIEHHIO K JJIMHHO-
BOJIHOBbIM MNOIEPEYHBIM BO3MYIIEHHUSIM HH TEOPHS, HU IKCHEPHMEH-
THl, COOTBeTCTBYIOIIHe pasmepHocru (1 -} 1), He MoryT 6BITH wuc-
NOJIb30BAHbl [Jil NPOTHO3a 3IBOJIOLUHMHM BOJH pasMepHOCTH (24 1),
Teopun, NPHrOAHON /s ONHCAHHSI TAKUX BOJIH, B HACTOSIEE BpeMs
He CYILLEeCTBYeT.

44. Ypasrenuss thna sin-ToppoH. VYpapuenue sin-loppon mias
pasMeproctd (1 + 1) mMoxer GHITH NpeACTaBAEHO B BHJE
(4.4.1a) Prx — sy = SiN @
HJIH B KOVCHBIX [IePEMEHHBIX:
(4.4.1b) @yy == sin @,
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[Mopo6HO ApyruM ypaBHEHHSIM, KOTOpHe MBI DAcCMOTPeSH B 3TOH
rjaBe, OHO BO3HHKaeT B caMblX pas3jinuHbix obaactsx. Ckorr, Uy u
Mak-Jladaun [452] mepeuuc/iu/H HEKOTOPHIE H3 HHX, HpHBeAd 006-
WHpHEI 6ubauorpaduueckuil cnucok. byner mokasaHo, 4TO B mpe-
JeJIbHOM CJyuae O6eCKOHEUHO Y3KOH CHeKTpaJbHOH JHHUH B 3ajaye O
CAMOMHAYIIMPOBAHHON NPO3PAauHOCTH 3TO ypaBHEeHHe BO3HHKAET KakK
YCJIOBHE OTCYTCTBHSI CEKYJSPHBIX 4JEHOB IPH Pa3/OKeHHH B DAN
no Teopuu BoaMyuienuit. [1pu sToM npeanosnaraerTca MaJjgocTh aMILIH-
tya. [u66on, Mxeitme, Mopos (1979) [185] nokasanau, 4To aHaso-
rHYHLIA aHaan3 GapOK/IMHHOR HeyCTOHUMBOCTH Bpallamlledcs cH-
CTEMEBl [IByX CJIOEB JKHUJKOCTH TaKXe TPHBOJHT K yDaBHEHUSIM
(4.4.1). Tlo-Bupumomy, Takoif crnoco6 BeBoAAa ypaBHeHHi (4.4.1) siB-
Jgsercst TunuuHbiM. OH COOTBETCTBYeT NpPOLCAYpe, PaCCMOTPEHHOH B
pasa. 4.1, 42 n 4.3 B TOM cMblcse, YTO 3BOJIOLMOHHbBIE YPaBHEHHUSA
BO3HHKAJI KaK HEKOTOpble YCJIOBHMsS HA CEKyJsIpPHbIE UJEeHH B pasJio-
JKEHHsIX N0 TEOPUH BO3MYLIeHHH, BO3HHKaBIIHe B 0oJiee BLICOKOM
nopsaake. OnHAaKo CYIECTBYIOT M Apyrue CJIydaH, Takue, KaK oluca-
HHe IceBAOC(hepHUecKHX MoBepxHocTell B AnddepeHHHANbHON reo-
METPHH WJIH pAaCHpOCTpaHEHHe MAarHUTHOTO BHXPSI B OGeCKOHEYHO
JJHHHOM AX03e(hCOHOBCKOM KOHTaKTe, B KOTOPbIX ypaBHeHHe sin-
Topnon Bo3HUKaeT 6e3 NPHMEHEHHs1 TeODHH Bo3MylleHHH, IIpumepsl,
MpeaCTaB/MeHHble 3/1ech, ObIM BHOPAHHl TJIaBHEIM 00pasoM C IeJbio
IEMOHCTpaliil Pa3sHOOOpa3usl sIBJeHUH, ONHUCHIBAEMBIX YpaBHEHHEM
sin-T'opaow.

4.4. a. AnddepesunanpHas reomerpusi. Haunem c¢ camoro pas-
HEr0 W3 M3BECTHBIX NPUJIOXKeHHH ypaBHeHus sin-I'opjaoH. YpaBuenue
(4.4.1) omucniBaeT AByMepHBIE IIOBEPXHOCTH C NOCTOSIHHOH OTpHILa-
TeJbHOH KPHBH3HOH. B 3TOM ciyuae Mozenb SBJASETCsSI TOYHOM, HH-
Tepecyiollas Hac 3ajavya uMeer pasMepHocTb (14 1) u He sBAsiercst
Cy:KeHHeM 3ajauu ¢ Goabluell pasmepHocTblo. Baxnas paGora Bak-
Jiynza o npeo6pasoBaHusx nosepxuocrefi (cMm. pasg. 3.1) Geuia mo-
CBSillEHA 3THM InpujoxenusaMm. I[IpuBoguMmoe 31ech 06CyXaeHHe
npob6JieMBl, KOTOpOe IpeAnoJsaraer 3HaKOMCTBO yutarteds ¢ gudode-
peHIHaNbHOH reoMelpHel, SIBASETCSI COKPAIIEHHBIM BapHaHTOM G6o-
Jee moApoOGHOro o6cyxKAeHHs nNpobGieMbl u3 paGoTel Di3eHxapTa
(1909) [148].

PaccMOTpUM rafikyl0 ABYMEPHYIO NOBEPXHOCTb B TPEXMEPHOM
eBKJIHAOBOM npocrpancTse. Ilyctb yi(i = 1,2,3) o6o3HayaoT opTo-
roHajibHble AEeKapTOBbl KOOPAMHATHL B TPEXMEPHOM NPOCTPAHCTBE,
a u* (@ =1, 2) — KOOpIMHATH Ha NOBEPXHOCTH. TpH ypaBHeHHH
BHJA

¥ =y (', u?)

onpezensior noeepxuoctb. Ilycrs r(y') — panpuyc-BekTop Touku P,
Jexaillel Ha noBepXHoCTH. Ecau Touky P nepemecTuTb BJOJB MO-
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BEPXHOCTH Ha GeCKOHeYHO Magylo Be/HYHHY, DpHpalleHue paauyca-
BeKTOpa onpefensiercs GopmyJsol

dr =

(3necy u manee mo MOBTOPAIOMEMYCS HHACKCY MPOMIBOAHTCS CyM-
MHpOBaHHe).

Moayas NpHPAIIeHHs ONpelessieTcs: NepBoi (pyﬂnameﬂranbﬂou
KBaapaTHUHOH opmoi

(4.4.2) I=dr - dr = g, du®du®,
rae '
__ Or ar
8ap = ou* ‘9B

ABJACTCSH KOBapHaHTHbIM METPHUYECKHM TE€H30POM [OBEPXHOCTH. Ana-
JIOTHYHO HyCTb n— elllrlHHquIH BEKTOD, HOPMdJIbeIH K ﬂOBerHOCTH

B Touke P. [IpH GeCKOHEYHO MaJoM nepemerienun P n u3Mensiercs
corJyiacHo ¢opmyJe

dn ==

Bropas (pyHJIaMEHTaJleaﬂ KBajJpaTHuHas (opMa uUMeeT BHA
(4.4.3) = —dn-dr= hog du® du®,

rae h,p— Tensop BHeluHe#i KpUBH3HH. Jll06as raajkas KpuBas Ha
MOBEPXHOCTH, NMpOXoJsillas yepe3 Touky P, uMeer B 3TOli TOUKe He-
KOTOpbI pajAMyC KpHBHU3HBI (B €BKJHAOBOM NpocTpaHcTBe). Meuss
HanpaBJeHHe, B KOTOPOM KPHUBAasi nepecekaeT TOUKY P, MOXKHO HaliTH

MaKCHMaJbHLIA (P1) U MHHHMAaJbHbIA (P2) PaAHyCbl KPHBH3HH, CO-
' OTBETCTBYIOLIHE ABYM [JIaBHbIM HanpaBJieHHSIM B TOuKe P, 3TH Ha-
npaB/leHHUsT OPTOroHaJbHEI ApPYr K Apyry. lloanas (eayccosa) xpu-
8U3HA TOBEPXHOCTH B TOYKe P onpexnensercs Gopmynaok

1

(4.4.4) K= o

[loBepxHoCTL HMeEeT OTPHLATEIbHYIO NONHYIO KpuBH3HY (K << 0),
€CJIH TJIaBHble PaJIMYChl HAXOAATCA C NPOTHBOMOJIOXKHLIX CTOPOH Ka-
caTeibHON IJIOCKOCTH B Touke P. Pacrpy6 ayxoBoit Tpy6ml, cezo
H TOHKHe JIOMTHKH XapeHOro kKaptodess — BCe 3TO NPHMEPH [MO-
BEPXHOCTEH ¢ OTPHLLATeNbHOH KPUBHU3HOH.

[Mycts A!, A? — enunvuHbIl KacaTebHBIE BEKTOp K KpuBoi C,
KoTopas mnepecekaer Touky P. C sBisercs acHMITOTHYECKOH JH-
HueH, ecan

(4.4.5) hagh®AB =0
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Baoab C. To4ky Ha MOBEPXHOCTH TMEPeCeKaloT [Be Pa3/HYHLlE Belle-
CTBEHHbIE ACHMIITOTHYCCKHE JIMHHH TOrAa H TOJbKO TOT/A, KOraa
M0oJiHas KPHUBH3HA B 3TOH TOouke oTpHuarenbHa. Ecam Bcsi mosepx-
HOCTb IIEJIHKOM HMMeeT OTPHLATeNbHYI0O KPUBH3HY, MBI MOXKeM HC-
0J1b30BaTh CHCTEMY AaCHMITOTHYECKHX JIHHHIl B KaueCTBe BHYTpeH-
HHX KOOPAMHAT Ha MOBEPXHOCTH.

PaccMOTpHM TOBEPXHOCTb IMOCTOSIHHON OTPHILATENbHON KPUBH3HBI
(K = —1/a?) ¢ BHYTpEeHHHMH KOOPAHHATAMH, OUpPEAEJEHHBIMH NPH
noMomy acumnroruueckux Junui. Ilpn coorBercTBYyIOIlEM BHIGOpE
macimitTaba nepsas QyHAaMeHTasibHas KBajJpaTuyHas GHopMa MOXKeT
ObiTh 3alUCcaHa B BUJE

(4.4.6) [=a?(du® + 2 cos@ du dv + dv?,

rie ¢ — yroJ MexAy acCHMNTOTHYECKHMH JHHHAMH. B 3THX KoOp-
zuHaTax ypaBHeHue 'aycca mpeBpamaercs B ypaBHeHHe Sin-T'opaon

o .
Fuge = Sine.

YpaBuenue T'aycca siBasieTcsl ycJOBHEM COBMECTHOCTH, KOTOPOMY
JOJIXKEH YIOBJIETBOPATb NPOH3BOJBHLIA TEH30D fgg, A1 TOrO YTOOH
OH MOTr ObITb TEH30POM BHELIHeHd KPWUBH3HBI MOBEPXHOCTH. TakuM 006-
pasoM, Kaxaoe peliecHHe 3TOr0 ypaBHEHHA ONpelenseT N0BePXHOCTDb
NOCTOSIHHOA OTpHilaTeNbHOH KPHBH3HB (—1/a?) ¢ nepBoii ¢yHAa-
MeHTajsbHOH Qopmoii, onpeneasieMoii dopmynaoit (4.4.6). Takue mo-
BEPXHOCTH HasbiBaloTcs ncesdocgpepuueckumu. Hekotopoie cnennals-
Hble ]cnyqau obcyxaatorcsi B pabore Diizenxapra (1909, § 116, 117)
148].

[ ITO NPHJIOKEHHEe Mbl NPHUBOAHM B KayecTBe MEPBOTO HpHMEPa,
Kkorja ypasHeHue, pemaemoe npa nomomu MO3P, BosHukaer kak
TOYHas Mojdenb. [Ipu BHIBOAE YPaBHEHHS JaxKe He MpeAnoJarajoch
HUKAaKHX aCHMITOTHUECKHX pa3JoxeHu#h. OTciona caemayer Bompoc,
oruuaercs Jgu QyHraMeHTaNbHBIM 00pa3om ypaBHeHHe sin-TopaoH
OT ApYrHX ypaBHeHHH, K KOTopuM npuMedum MO3P? Orser orpu-
natened. Cacakn [442, 443)] nokasaz, uto xaxdoe ypaBdaeHHe BHAA
(1.5.16) omuceiBaeT MOBEPXHOCTH C MOCTOSAHHOH OTPHIATENbHOH KpH-
Bu3HOH. PazinuHbie ypaBHEHHsI H3 3TOro Kjacca NPOCTO COOTBETCT-
BYIOT pas3/iHyHbiM MeTpukaM. To, 4To 3TO reoMeTpHuecKoe CBOHCTBO
accouuupyercss ckopee ¢ ypasHenueMm sin-Iopnon, uem c ypasue-
Huem MKa®, — 310 pakT HCTOPUH MaTeMaTHKH, a He caMoH Mare-
MAaTHKH.

Jas toro urobsl 06061uTh ypaBHeHns (4.4.1) Ha Gosblyio pas-
MEpPHOCTh, €CTEeCTBEHHO 3a1aTh BONPOC, KaKHe ypPaBHEHHS ONpene-
ASOT nceBRocepHUecKie NOBEPXHOCTH pa3MepHOCTH 3 Hiu GoJblie.
HepaBuue uccnenoBaHus N0 3TOMY Bompocy onyGankoBaJjn Hepn u
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Teprr [107]. Bonpoc 06 WHTErpHDPYEMOCTH MOJYYEHHLIX HMH 0606-
meHu# ypaBHeHus sin-I'opaod npu nomomwu MO3P octaeTcs oTKpH-
THIM.

4.4.b. CamounpyunpoBanHas npo3paudocts (CHI). B pasn. 4.2
OblJIO YCTaHOBJIEHO, YTO IOKa3aTesb NpeloMJeHHs (T. €. JIHHeapH-
30BaHHOE JHCIIeDPCHOHHOE COOTHOLIEHHE) MAeasbHOTO AHM3JIEKTPHKA
CHHTYJIpEH Ha 4YacToTe, COBMajaiouieil ¢ JA0OGOH H3 PE30HAHCHHIX
yacTtor aromMoB BeulecTBa. CaMOHHAYUUPOBaHHAS TPO3PAYHOCTb SIB-
Jasietcst OAHUM H3 3(QeKTOB, BO3HHKAIOIUX NPH B3aHMOAEHCTBUM
JAU3NeKTPHKA C 3JIEKTPHUYECKHM II0JIeM Ha 4acToTe, GJAH3KOH K pes3o-
HaHcy,

dddexr 6u11 oTRpHIT Mak-Kossom u Xanom B 1965 r., cM. [358,
359, 360, 361]. K nacrosilieMy BpeMeHH [0 AaHHOMY BONPOCY Cylile-
cTByeT o61upras Gubauorpacus, Mbl BeLAeTHM 0c060 paboTh Mak-
Konna u Xana (1969) [360], JIama (1971) [309], Cnamepa u Tu6-
6ca (1972) [465], Kyprena (1972) [125] u Kayma (1977) [261].
Kaxnas M3 HHX K MOMEHTY CBOero HOsiBjieHusi GoJee HJIH MeHee
TIIOJIHO OTpa’kaJja COCTOsIHEE BOHpoca.

Mpr nayneM ¢ QU3HYECKOrO OMHCAHUSI CAMOMHAYLHPOBAHHOK MpO-
spaunoctd. B mpocrefimem cayyae CHIT ausnekTpuk cocrouT us3
JABYXYPOBHEBBIX aTOMOB, KaXAbIH H3 KOTOPHIX HMEET OCHOBHOE U
B036yXeHHOe cocTosHudA. [IpeanonoXuM, YTO 3TH ABa COCTOSIHHSA
He HMeIOT 8biposcdenuss no momenty. [lanee, nycTh BHauaje aTOMBI
HaxXoAsITCS B OCHOBHOM COCTOSIHHH, T. €. CPeJla SIBJSIETCS QTTeHI0aTO-
pom, a He ycuauresem. Ilanaiolee saeKTpUYECKOE IOJIE, HACTPOEH-
HOe Ha De30HAHCHYIO 4acTOTy, BO36yKJAaeT aToMbl. Takoll mepeHoc
SHEPTHH OT 3JIeKTPHYECKOTO NOJSl K BellecTBY OObIYHO HeoGpaTuM H
B KOHLE KOHIOB HMCTOLIAeT 3HePreTHUECKUH 3amac 3JeKTPHYECKOro
umnyabca. CKOPOCTb IOIVIOLIEHHS] SHEPTHH BELIECTBOM OIlpejenser-
cs 3akonom Bapa (1852) [50].

CHIT Bosnukaer, xorja AOCTATOYHO MOIIHBIH M OUEHb KOPOTKHH
najamlini UMnyJaec ¢opMupyeTcss BO BpeMeHH TakK, 4TO (GPOHT HM-
NyJbCa OTAaeT 9Hepruio (KOrepeHTHO) B cpely, KOTopas 3aracaer ee,
a 3aTeM BO3BpaliaeT ee (KOrepeHTHO). HasaJ B MUMOyJabc. Baaumo-
JIeficTBYsl ¢ TAKHM HMIOYJAbCOM, aTOMbl BeUleCTBa OCTAIOTCHA B CBOEM
OCHOBHOM COCTOSIHHH, CYMMAapHBLIH HEePEHOC SHEPTHH OT H3JYYeHHUS
K BELIECTBY paBeH HYJIO, a UMIYJbC PacnpOCTPAHAETCH C MOCTOSIH-
HO# (MeHblleH yeM CKOPOCTb CBeTa) CKOPOCTHIO CKBO3h Cpedy, KO-
TOpast CTAHOBHUTCA KaK Obl MPO3payHON. TO M €CTb CAMOMHIAYUHPO-
BaHHAsi IPO3PaAUHOCTb.

Tenepb MBI paccCMOTPHM OCHOBHBie ypaBHeHHsi (ypaBHeHus Mak-
csesta — Baoxa). YpaBuenue MakcBeasna ass HAeaJbHOTO JH3JIEK-
TPHKA HMeeT BHJ,

(4.4.7) ¢ + 0P+ v XVYXE=0.
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B sroM ypaBHennu P oGosnauaer mosHyio nosasipusauuio, o6yciaoB-
JIEHHYIO IOJHOH COBOKYNHOCTBI) KaK PEe30HAHCHHIX, TaK H Hepe3o-
HaHCHHIX aunosefi. (Hanpuwmep, skcnepument Mak-Koana u Xana
6blT MpoBeJeH B pyOuHE, B KOTOPOM pe3oHHpoBaau uoHb Cr+3, co-
CTABJSIOIIKE JHIIbL OYeHb HeGOJBIIYIO YacTh OT OOLIEro 4Mcaa arTo-
moB. «OcHoBHas cpepa» Al,Os siBnsanace Hepedonancuodt. st nans-
Heduero o6cyxnenus Oyner ynoGHO mpeAnonoxurth, uto P coorser-
CTBYET HOJspU3aluy, oGyC/OBJIEHHOH PE30HAHCHBLIMH HJIH OKOJIOpe-
30HAHCHLEIMM Junossmy. Takas HHTepHUpeTanust AONYCTHMa B TOM
cayuae, ecjqu Mbl 0603HauuM dyepe3 ¢ (ha3oBYK CKOPOCTb CBeTa B
cpene Ge3 pe30HAHCHBIX HJIH OKOJOpe30HaHCHHIX atoMoB. Crenosa-
TeJIbHO, A5 pyOuHa ¢ ofo3HauaeT (a3oByI0 ckopocTh cBeta B AlyOj
H P coorBercTByeT noJspH3aliMH, OOYCJOBJIEHHOH TOJbKO HOHAMH
Crts,

B sagaue o CHII npenmosiaraercs, 4YTO pe3OHAHCHbIE JHIIOJNH
pacmpezesieHBl Tak peaKo, YTO OHH, B3aHMOJEHCTBYsi C BHEUIHHM IIO-
JieM, He B3auMOJeHCTBYIOT Apyr c¢ apyrom. IIpu takux ycaoBuax
MPENNOJOKHM, 9TO P(X, {; @) COOTBETCTBYET MOJAPU3ALUUH HHAHBH-
LyaJIbHOTO JIByXypPOBHEBOI'O aTOMa C 4acTOTO# nepexoia o  fi(x, £, o)
COOTBETCTBYET OTHOCHTEJIbHOH Pa3HOCTH 3aCesIeHHOCTeH MEeKAY BO3-
OY:XAEHHBIM ¥ OCHOBHBIM COCTOsiHMsIMH. Taxum obpasom, |f|<<
< I; fj = —1, ecsiu BCe AUMNOJH C YaCTOTOH o HAXOJATCHA B OCHOBHOM
COCTOSIHHH (II0 TIPE[TONIOKEHHIO 5TO HWMEET MeCTo npu f-—> —oo),
JIam™ (1971) [309] u3 KBaHTOBOMEXAaHWUECKHX COOOpaKeHHH NOKa-
3aJ, yto p, N u E yI0oBjeTBOPAIOT ypaBHeHWsM Tuna bioxa

1/ 20p%N _
(4.4.8a) Fp+op=—5 (T) Edi,
. - 2
(4.4.8b) o = (55 ) E- 0,

rae # — nocrosuuas IlyaHKa, p— 3/71eMeHT QUNOJbHON MATPUIBI AJS
JaHHOTO NEPexXona,

=0 (q7),

rge ¢ — 3apsin JeKTPOHa, 7 — cpefnuit paguyc atoma. B sanaue
pasmeprocti (1 4 1) u3 dopmyas (4.4.8a) cieayer HCKIIOUUTDH
MHOXKHUTeNb 1/3. 3ameTum, 4TO ecaiM Mbl TpeHeOpexeM MPaBoi
yacTelo ypaBHeHus (4.4.8b), 1o (4.4.8a) >KBHBa/NEHTHO JHHEapH30-
BaHHOMY ypaBHeHHIO (4.2.6).

B ypaBHenus (4.4.8) TakKe MOryT GBITh BKJIOUEHB! UJIEHBl, YUH-
THIBAlOLIYe Pa3/uukble MeJJEeHHble pejJaKcalHu H norepu (cM., Ha-
npumep, [465]). Ml He 6yAemM NPHHUMATb BO BHHMaHHUe 3TH 3h ek~
TH, HO CJEAYEeT y4ecTh, YTO HAalla MoJesb OyIeT HeCOCTOsiITeNbHA B
TOM cJjydae, KOrja HHIUBHAYaJbHBIE AHIOJNM OCTAIOTCA BO36YXKAEH-
HBIMH B TedyeHHe BPeMEHH, CPaBHHUMOIO C XapaKTepHbIMH BpeMeHaMy
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pesiakcauuH: nJjs napoB Rb HamMeHbliee W3 3TUX BpeMeH NPHMEPHO
pasuo 3-10-8 ¢ [465]. T'oBopsT, uTO cpefa HEOLHOPOIAHO YHIHPEHa,
€CJH HacTOThl TMepexXOA0B Pe30HAHCHLIX AHNOJefi He paBHBH ApYyT
IAPYTY U cOCPeJOTOYeHH BOJM3H pe30HaHCHOH uacToThl, Takoe yinu-
peHHe CNeKTPaJbHON JHHUH OBYCJOBJEHO JOMJIEPOBCKHM CABHIOM
YaCTOTHl B Ia3aX H CTATHYECKUMH MarHUTHBIMH HUJIH 3JIEKTPHUYECKHMH
nonsiMu B TBepAsix Tenax (Maxk-Koan u Xau [360]). B nwo6om cay-
yae Mbl noTpebyem '

(4.4.9) | o — @ | << @,

Hanee, ecan B epunuune o6bema naxopurca No(= const) peso-
HAHCHEIX QUIIOJIeH, TO NOJHAs NOJsipH3allius paBHa

oo

(4.4.10) P=wy | pix, 1, 0) g @ do=N,(p),

- 00

rie g(®)-— HOPMHPOBaHHAsA Ha €JMHHLY IVIOTHOCTH BePOSTHOCTH,
XapaKTepH3yolllasi HeOAROPOJHOE YUIHPEHHE:

Sgdo)=l.

YpaBuenusi (4.4.7, 8, 10) u3BecTHH KakK ypaBHeHHss Makcpeana —
Bsioxa, He yuuTHIBaIOIlHe NOTEPS.

CyuwectBeHnbiM MoMenToM B Teopuu CHII aBaseres 1o, uto pe-
30HAHCHbIC AHIIONH HACTOJbKO paspexkeHbl, UTO UX NOJHAS MOJSPH-
3anust Manaa, T. e,

(4.4.11) 0T E| > |9t P|.

ITosatroMy B ypaBHenun (4.4.7) MOXHO npeHeGpeub paccesHHEM Ha-
3af. dabek (1972) [145] nokasan, 4TO B KayeCcTBE Mepbl Pa3perkeH-
HOCTH MOXHO BHIOpaTh BEJHYHHY

N 2
(4.4.12) o=

Qﬁ&)o < 1’

KOTOPYIO MOXHO HHTEPIPETHPOBATb KaK OTHOLIeHUe sHepruit. [das
TOro yroGnl W3 ypaBHeHuil MakcBensna — Bjoxa noayuuth ypabHe-
uus CHII, veo6xoxumo norpeGoBaTh MaJocTh napamerpa §.

AHanornyHo BceM 0OGCYKIaBIIHMCSl BBIlle JUHAMHYECKHM MOJe-
asim ypaBHeHuss CHII BosHukator B npefene ciaboix nmodnefl. B pau-
HOM ciyuae norpebyem, 4ToOsl

A®
|E|=0 (6 ——"—) )
,l
TaKHM 06pa30M, MBI HpeﬂHOJIO)KHJIH, yTo 3JI€KTpH'-leCKOE \noxe npe}l-

cTaBJsieT co0oi cnabyl nonepeyHylo BOJHY C 4aCTOTOH g, JBH-
KYUIYIOCs B HAaNpaBJeHUH X, aMIVINTYa KOTOPOH fBJAETCA MeJJIeH-
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HO MeHsllefics Beanyunoi. das pasmeproctu (1 4 1) umeem .
(4.4.132) E~- ‘“’" 18] {E (1, ) e® -+ E'e~10} + 82E,],
rae

9=k0x—0)dl', x=6k0x, T= 6m0t-

3xech MHl paccMaTpHBaeM JIHHEHHO NOJIAPH3OBAHHOE MOJiE; Cayuai
varoaon NONAAPH3ALHH OT/IHUAETCS He3HAUNTENbHO. B coOTBeTCTBHH
c (44.7, 8, 10) paccmorpum:

(4.4.13b) "o =0, (1 + 26a),
(4.4.13¢) q~ 0% 7 a)+ o,
(4.4.13d) p~ ﬁ i {p (6 7 @)ei®-in2 o ple=idtinz} 4 48,

4.4.13¢) P=¥ ”‘“” .

Takum o6pa3som, B rliaBHOM Nopsiaxke u3 ypasueHas (4.4.7) caenyer
COOTHOLUEHHE

(=¥

(4.4.14) k2 =

2
“0 ¢

N

TAK 4TO BOJIHOBOE 4HCJO Hecyuxeﬁ BOJIHbBI OHpEREIACTCA CBOMiCTBAMH
OCHOBHOM cpeabl NpH OTCYTCTBHH PE30OHAHCHBIX aTOMOB. Ycnosue
noaaBJeHnss CEKYJIAPDHBIX YJE€HOB, KOTOPbleé MOIJ/H 6bl NOABHUTbLCA B

caenyiouieM nopsaake (B uneue j-E), nmeer Bun
dE | OE __
(4.4.15) W + a9t (p).

AHaNOrHYHOE YCTPAHEHHEe CEKYJSAPHBIX uleHoB B (4.4.8) NpHBOAHMT
K ypaBHEHHAM

(4.4.1€a) 0.p + 2iap = En,
(4.4.16b) om=— 5 (Ep"+ E'p).

B xapaxrepncmt{ecmx nepemem—xmx
% =% T=1—y

mb noayuaem ypapHenuss CHII B Tom Buie, B KOTOPOM OHM TNpHBe-
nennt y JIama [310]:

Ey={(p),
(4.4.17) pr + 2iap = En,

l . * *
Nr=— 5 (Ep" + Ep).
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CoOTBETCTBYIOIIHE HAUaJbHO-TPAHMUHBlE VCJOBHST TAKOBH: /s
Bcex ¥ > 0 umeem E—0 npu T - 400, p—>0, 1 >0 upu 7T —>
—> —o0; KpoMe Toro, 3ajaerca E(y==0, T), mocrarouno GwICTPO
cTpeMsumasca K HyJaw npu T - --oco. Paznuunble acnekTs THX ypa-
BHenu#l GbL1M paccMoTpeHH B pabore Dnbeka, I'mb66orna u Byanqy
[147]. '

Ypapnenune sin-I'opaon sBasercs yacTHuim ciaydaem (4.4.17) u
BO3HHMKaeT B npelene OeCKOHEYHO Y3KOH JHHHH, KOTAa HE YUHTHI-
BaeTcsl HEOAHOPOHOe yinupenue. B atom mpegene

g () =19 (0 — ay)

u ypaBHeHus (4.4.17) npuunMaior BAI

E,=p,

(4.4.18) pr=En,
1 . N

=~ 5 (Ep" -+ E'p).
U3 apyx mociefHHX ypaBHEHUH cjaelyeT COOTHOLUeHHe
(4.4.19) wH+lpl=1,
KOTOpOe HABOAMT Ha MBICJb O IapaMeTPH3aLMH CIeAYIOLlero BHAa!
(4.4.20a) n==cos0, p=-exp(iP)sinb.
Toraa ecnn B Hayane E ob6majnana moctosHHOM dasofi, To
(4.4.20b) P=const, E=-exp (i})dD
H
(4.4.21) 0,7 == sin 0.

Beuny toro uro u (4.4.21), u (4.4.17) MoryT GeITb pelueHBl IPH
nomoiwty MO3P, Her nNpUYAH OFPaHHUMBATBLCA HCCAENOBAHHEM
(4.4.21).

Caenysa BaxHo# pabore JIama [310], A6nosun, Kayn u Heiosaa
[9] paccMorpenu 3agauy paccesiHus

. 1 )
0rv, + ity = 5 Ev,,
(4.4.22a) 1
6;02 —_ i€02 = — 'E‘ E'v[

BMeECTE ¢ <<Bp6MeHHOﬁ>) 3aBHCHMOCTLIO

(?xvl == Avl + sz,

(4.4.22D) 0,0y = Cv, — Av,.
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U3 ycaosuil unterpupyemoctu (4.4.22) BHITEKAlOT ypaBHEHHSA

— 5 (EC+EB),
(4.4.23) Br +2itB = E, — AE,
Cp— 2LC = — 5 E, — AE",

Kotopeie coorsercTByioT (1.2.8). CpaBHuBas -~ 3TH . ypaBHEHHA C
(4.4.17), onn waman, yro pemenus (4.4.23) umewT BHuA

Amﬂ9=

B—_"<§

Caenosatenpio, (4.4.17) woryT OHITb pellleHBHl NPH TOMOIUX
MO3P, xors aas storo TpebyeTcss HeKOTOpoe oOoGlleHHe MeToJa.
Pasnuunble acmekThl pelleHHss 9TOH 3aJaul AeTajJbHO 00CYXAANHCh
B paGorax. [310], [95) u [261]. 3mech MB PacCMOTPHM HECKOJBKO
OCHOBHBIX MOMEHTOB.

1) B auTepaType COJMTOH 4YacTO HA3LIBAKOT «2M-HMIYJbCOM».
Oru6arolias 3/JeKTPHYECKOrO TOJs [JA H30JHPOBAHHOTO COJHTOHA
onpezeaserca Gopmyaoi
(4.4.25a) E (x, T) = 4%i exp (— ig) sech ¥,

rae ¢ ==&, 4 if; aBasgercss COGCTBEHHLIM 3HAUYEHHEM, COOTBeTCTBYIO
LAM 3TOMY COJIHTOHY,

= 's TI(X T; a)g dO)()
(4.4.24)

(4.4.25b) Y= Q% — 20,T + o
(4.4.25¢) =% — 2T+
)41

0 — 1 g do (o)
(4.4.25d) Q, +iQ=—3 S e

- 00

JLisi CHMMETPUYHON OTHOCHTENBHO ®o QYHKUHH g (®) B ciyuae Kor-
na tr =0, popmyna (4.4. 25a) CBOAMTCA K COJIMTOHY, KOTOPHIH BIep-
Bhie Obl1 Hablgen Mak-Kosom m Xanom (1967) [359]. Ckopocts
pacmpocTpaHeHus 27-UMIyJbca paBHa

1

 (4.4.26) v—c(l .. % -,

CrlefoBaTeIbHO, HMIYJILC ABHUIKETCS CO CKOPOCTBIO, MeHbuULel CKOpPO-
¢TH CBETa B OCHOBHOH cpeje. 3amasjblBaHHE HMILYJIbca NPH JBHXKeE-
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HHM B aTTEHIOATOPE NaeT NMPHHUMNHAJBLHYIO BO3MOXKHOCTb IKCHEpH-
MeHTasbHOro o6Hapyxenus (ITarenb [416]).

2) Ananorom Gpusepa sBasetrca «Om-umnysabcs. Orubalomas
3JIEKTPHUYECKOTO NOJIsl B 3TOM cJydae HMeeT BHJ

Lrechpsing 4 §;shpcose
4.2 == i
(4.4.27) S

rie ¥, ¢ ompenesnenn dopmynamu (4.4.25). Takne pelnenus uMeoT
0coGhI# MPaKTHYECKHH HHTepec, MOCKOJIbKY COOTBETCTBYIOLLHE peuie-
HH$i CYLIECTBYIOT W NPH HAJWUYHH BBIPOXKIeHHus ypoBHe#t (cm. [309],
[269]).

3) B pasg. [1.2 B aeransix nokas3aHo, 4T0O JHHEAPH30BAHHHH Ba-
pHAHT ypaBHeHHsl He HMeeT AHCIEPCHOHHOrO COOTHOUIEHHS, H BO3HHU-
KaeT 3aTyxaHue THna 3aTyxaHus Jlaanay. CoOTBETCTBEHHO PeLIEHHS
ypaBHeHuii (4.4.17), oTHOCAILIKECA K HENPEPLIBHOMY CIIEKTpPY, yObl-
BAlOT He 10 CTENEHHOMY 3aKOHYy, KaK OmHcaHo B pa3n. 1.7, a kak
satyxanue Jlangay skcnoHeHunHasnbHo. Kak mokasano B [9], cko-
pOCTb 3aTyXaHHs IponopuxoHanbHa g(wo [1 4 da]). Takum obpa-
30M, BCE MOJBI 3aTYXAlOT SKCMOHEHIHAJIbHO B TOM H TOJIBKO TOM CJY-
yae, korga g(w) > 0. CkopocTh 3aTyxaHusi B 3akoHe DBapa oGbluHO
colepKHuT KoapdunueHt g(wo).

4) Coraacro (1.3.16), ecnu BBHINMOJHEHO HEPABEHCTBO

o

S | E|dt < 0,904,

-0

TO HET NHCKPETHOTO CNeKTPa, a BMeCTe C HHM H CaMOHHAYIHPOBAaH-
Hoit mpospaunoctd. Kaynom [261, 262] o6cyxpancs Bonpoc o6 oT-
HOLIEHHH 3TOTO pe3y/bTaTa H 3HaMeHHTOH TeopeMbl miomafneit Mak-
Kona — Xana [370]; cm. Takxe [232].

5) Tlpou3BOJBHBLIH HAYANBHBIA UMITYJBC XOCTATOUHOH HaAHpsiKeH-
HOCTH OYyJeT pacHajaTbCsl Ha KOHeyHoe 4ucao 2n- U On-uMmyJsscoB
mIoc uaayuenue (HAH «psGb»), KOTOPOe 3aTyXaeT SKCIOHEHIUAJb-
Ho. I'n66c u Caawep [186] nabuaioganu stor 3ddekT 3KCHEPHUMEH-
taiabHo (puc. 4.19). Ha pucyHke cneBa mokasaHbl pe3yJsbTaThl ce-
DHH IKCIIEPUMEHTOB, B KOTODBIX. MEHSIOTCS MHTEHCHBHOCTH Hayasb-
HBIX MMNyJabcoB. Kak BHAHO M3 PHCYHKa, B cjydae (a) NMPOHCXOAHT
norJaouienne, (8)— TpaHcopmanusi B 2n-HMOYyJabC, ¢ B d — pacnaj
Ha [Ba HJH TPH 2W-HMIyJbca.

6) Ypasuenus CHII (4.4.17) Bcrynalor B IPOTHBOpPEYHe CO MHO-
rUMH OGLIHNMH YTBEPXKAEHHSIMHY, KOTOpble NPeJACTaBJsAIOTCA CIpaBe]-
JUBHIMH AJ4 33]ay, pemraeMuix npu nomomu MO3P. KorkpeTHO MbI
JOJIXKHB OTMeTHTb, uTo: (i) (4.4.17) He HMeeT AMCNEPCHOHHOTO CO-
otnomenus; (ii) 3a HCKJIIOUEHHEM CIeNHAJbHBIX CIyyaeB, ONUCHIBae-
Mble NpOLEcch ABJAITCA HeobpaTuMeiMy; (iii) cyuiecTsyer Gecko-
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HEYHO MHOTO JIOKAJbHBIX 3aKOHOB coxpaHeHus, HO (4.4.19) moxer
GBIThb €AMHCTBEHHBIM T106anbHEIM MHTErpajoM ABHKeHHA; (iv) ko-
s dunnenT npoxoxuenus a(f) 3aBHCUT OT BpeMeHH H TMOITOMY He
NOpOXJaeT MepeMeHHHe Tuna JAefictBue — yroa. Koneuno, Bce 3TH
yTBepXKJeHus cBA3aHbl Mexay cobofi. B uactHocTH, Bce OHH Tpe-
GyI0T HEKOTOPOTO HeOAHOPOAHOrO yiunpeHnHs (g (o) = 6 (0 — wo)). Ho
Iaxe C y4eToM 3TOro $akTa OHH BCe PABHO NOKA3HBAIOT, HACKOJBKO
HeoOwiuHa 3anaya o CHITIL.

HumencBrocms

R T -

0 5 0 15 20 0 5 0 15 20
Bpema, He Bpems, He

Puc. 4.19. DBOJIOUHS ONTHYECKHX HMIY/JbCOB DA3HBIX HHTEHCHBHOCTEH B cayuae,
6au3KOM K pesoHaHcy. DopMa BXOJAHOrO HMIYJbca NMOKAa3aHa MYHKTHPOM, BHIXOJ-
HOro — cnpomHofi nuuueii. Cnabuiif uMmyasc (pHuc. %1)) noryiouiaercsi; Gosee
cunpHble (kpusbie (8), (2¢) u (J)) nemoncrpupyior CUIL Coorsercrayiouue pe-
3yJabTaThl YHC/JEHHOrO cyera npusedeHsl crnpasa. (['w66c u Caawep [186])

Ha sTom 3aBepmaercs name obcyxpaenue (14 1)-mepuoit mo-
aenn 06e3 3atyxaHus uiu 6e3 Bipoxaenusa yposHell. Kak o6uiuno, B
cayuae pasmepHoctd (3 - 1) Bo3Hukaer Bompoc 06 YCTONUYHBOCTH
2n- u On-AMOYJNHCOB IO OTHOLIEHHIO K NONEPEYHBLIM BO3MYIICHHAM.
Konama u A6JoBuu [282, 283] nokasanu, uto o6a 3TH MUMIyJbCca
HeycroiiuuBbl. [Tonepeanyio HeycTOHYUBOCTL HAGMI0OAA/MH SKCIEPHMEH-
taabio Mak-Kos u Xan (1969) [360], kotopeie HaswBaau 310T 3¢-
deKT «o6AupaHHeM HMUyJbcay; cM. Takxke [354]. Omnako Caawep
u 'u66c [465] coobuianu, yTO BXOZHYIO ¥ BHIXOJHYIO anepTyphl aT-
TEHI0ATOPA MOXKHO € YCIIEXOM HCHOJIB30BAaThb HA NPAKTHKE JISl KOH-
TPOJISi HEYCTOHUHBOCTH.

Tlpo6iemMa BHIpOXKJEHHS YPOBHeH, NMO-BHAMMOMY, Gosiee cepbes-
Ha. B 60/bIIHHCTBE aTTEHI0ATOPOB AJs NOAXOASIIHX ME€PEeX0JO0B ia-
faojaercs BHPOXK/AEHHE OJHOTO WM APYroro yposasa. B paGote Jla-
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ma [309] maHo oGmupHoe oGCyXaeHue AaHHOK mpobaemul. das Ha-
uIeH [(eJH BaXXHO OTMETHTb, YTO AJIs NPOCTERILIEro C/1yyas BhHpOXKie-
HHs1 YypOBHeH B npejese y3koH JHHHH (g(0)= 6(® — wo)) ypas-
nenue (4.4.20) caenyer 3amMeHuTh Ha ')

(4.4.28) 8,; = sin 0 -+ A sin 20.

Herpyano nokasaTs, yTo aBTOMO/E/bHOE pelieHHEe 3TOTO ypaBHe-
HHs He obsnajnaer cpoiictBoMm Ilennese u, nmo-suauMomy, (4.4.28) He
Mox<eT ObiTh pelteHo npu nomown MO3P. lonn, Bymiop u Jlaksopt
(1975) [139] mpumwiu K TakOMy e BBIBOJAY, OCHOBHIBAfICH HAa TOM,
uyto Aasi (4.4.28) He cymlecTByer npeoGpasoBanuit Bakaynma omnpe-
aenennoro tena. YuciaeHHele sgcnepumentsl A6maosuna, Kpackana
¥ Jlaguka [15] moaTBepauJIH, 4TO JABE yeAHHEHHBIE BOJHBI, BJSIO-
liHecs pelleHHsiMu ypaBHeHus (4.4.28), BzaumopedicTBysi, npu 0 <<
< A <C 00 TeHepHPYIOT M3JaydeHHe, KOTOPOe NMpPH HEKOTOPLIX ycJo-
BUAX MOXeT OnTb odeHb Majo. Canamo, I'm66c u Yepuuan [439],
OCHOBLIBAsiCh HAa CBOMX 3KCIIEDUMEHTaX B Mapax HATPHsl, OTMETHJH,
UTO H3JydyeHHe siBAsieTcs caabbiM. Bynanoy u Koapu [78] takke or-
MeTHJH CJaabbifi XapakTep H3JyueHHs, HaOJI0JaBLIMACA B YHCJIEH-
HbIX dKcnepuMenTtax. Ilo-Bupumomy, (4.4.28) u ero oGoluiedus Ha
caIy4ad HEONHODPOMHOIO YIIHPEHHS XOPOILIO GNAPOKCUMUPYIOTCS TOY-
HO pellaeMBIMH MojedsiMH. [ljid NpaKTHYECKHX HPUJIONKEHHH 3TOrO
MOXeT OKasaTbCsl AOCTAaTOYHBIM. OJHAKO HET OCHOBAHHH OXKHAATh,
4TO 3TH 3aJa4H afeKBaTHb CaMOHH/JYLHPOBAHHOH MpPO3PAYHOCTH B
o6lleM CMBICJE HJIH YTO OHH MOTYT OBITh TOYHO pPelLIeHBl NpH I10-
mongx MO3P.

4.4.c. O6masn Teopus orHocuteabHocTH. OnHOM u3 Haubojee
BIeYaT/IsAIoIKX Bo3aMoxHocTei MO3P saBnasiercss TO, 4TO OH croco-
OeH JaTh HOBHIH KJAacC HETPUBHAJIBHBIX pellleHHH ypaBHeHui JiiH-
mrTefiHa o6Llelf TeOpHH OTHOCHTebHOCTH. CyIIeCTBEHHBIE De3yJb-
TaThl B 3TOM HanpabJ/eHuu Oblin mosydyeHbl Meiisonom [342], Be-
JAuHCKHM M. 3axapoBniM [51], Xappucomom [199]; cMm. Takxe pa-
6otel Meiizona [343] u Hore6ayspa [395]. BBuny toro uto stu pe-
3yJIbTAThl SBJAIOTCS IIPeJABAPUTEJIbHEIMH, MBI OXapaKTePU3yeM JIHIIb
OCHOBHble MOMeHTHI. [To Bceit BHAHMOCTH, Hallle 0GCYXKAEHHE BCKOpe
ycrapeer.

B ueThlpexMepHOM NpPOCTpaHCTBe — BpeMeHH Kak Meiison [342],
tak u Benunckuit ¢ 3axaposmim [51] ucnonbsoBanu 0603HaueHNs, B
KOTOPBIX METPHKa HMeeT BHJ

—ds?=g; dx'dx’,
rae gi obaanaer curHarypoit (—-+-4-). Meiison usyuan monenn

') Ha camoM Jese BHPOXKIEHHOCTB YPOBHeH NpPHBOJHT K HEOGXOLHMOCTH
yunTHBaTh o6e nonspusanud. OKa3biBaeTCs, HTO COOTBETCTBYIOWNAs MOJE]b SIB-
ageTcA uHTerpupyemoii ¢ nomomsio MO3P (cm. [1*]).~— lipun. nepes,
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CTAaHOHAPHO Bpallalolleiicss 3Be3[bl (3aBHCHMOCTb OT Yrja OTCYT-
CTBOBAaJa), NO3TOMY OH NPEANONOXKHII, YTO

(4.4.29a) ds®=h;dx'dy —h(d2®4dr?), i, j=1, 2,

rae A v h 3aBucaT Toabko oT (2, r) u det A << 0. Benunckuit u 3a-
XapoB HHTEPeCcOBaJlCh KOCMOJIOTHYECKHMH BONPOCAMH H HpPeAIoJa-
raju ’

(4.4.29b) ds?=A;dx'dy’ —h(d24-dP), i, j=1, 2.

OnHako 3TH NpPeANoJoKeHHst TPAHCPOPMUPYIOTCS OAHO B APYroe npH
IOMOIIY CJOXKHOW 3aMeHbl IepeMEeHHBIX, H Cmocolbl AajbHeHIIero
aHa/nu3a a”HaJoruuHbl. B ofoux cayuasix onpegeanm

(4.4.30) ?=—detd > 0.

YpaBueHns JHHIUTEHHA B IyCTOTE€ O3HAYAIOT PABEHCTBO HYJIO
teH3opa Puuyuu

(4.431) Rij=0'

Nas (4.4.29a) kaxkjnas komnonenta (4.4.31) paBnoznauna 2 X 2-
MaTPHYHOMY YPaBHEHHUIO

(4.4.32) O (TA=10,0) =0,

rge i =34 u x3 =2, x* = r. OnycruM ypaBHenue mjia A, KoTopoe
copepxurcs B (4.4.31), Tak KaK oHO MOXKeT GBITb NPOMHTErPHPO-
BaHO B KBaApAaTypax, eCld U3BECTHO A.

Meiizon BBes1 HOBblE KOOPHHATHL

(4.4.33) =z+4ir, &=z—ir,
u 3aMeTuJ, uTo cied (4.4.32) cran paBHbIM HYJIO:
(4.4.34) Tgg* == 0.

YpaBuenue (4.4.34) uHTerpupyercs TpuBHaJbHO. Briote g0 Ha-
CTOSIIlero MoMeHTa MexXJay paboramu Me#sona u Benunckoro u 3a-
XapoBa CYIIECTBeHHbIX pa3iuuuil He Obwio. [lanee BosHHMKawT pac-
XOXK IEHH.

Meii3oH onpejenns HOBHIE NepeMeHHBle, o (BellecTBeHHoe) u A
(xoMmekcHOR), U ToKa3aJ, uto (4.4.32) MOXHO mpejiCTaBHTb B BH-
ae (4.4.34) mmoc

9 + T 11 A" cos @ — T g d = 0,
(4.4.35) 24: + v 't A cosa+ v 'red =0,

oz + | A P sina — Re {r Ig (%) sin a}§=0.

OTo u ecTb ypaBHeHHs, KOTOpLle cjeiyeT pemarts. Mx MoOXHO pac-
cMaTpuBaTh Kak oboOuieHune (eBKAWZOBa) ypaBHenus sin-Toppnon,
_ K KOTOPOMY OHH CBOAATCS, ecii v = A = 1,
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3arem Meifizon chopMmyaupoBasa 3anauy paccestHHsl W MoKasal,
YTO yCJIOBHE ee pa3pelliuMocTH cosnajaer ¢ (4.4.35). dr1o sBasercs
UEHTPaJbHHIM MOMEHTOM INpH pelleHHH ypaBHCHHEH MeTOAOM 06part-
HOH 3afmaud. Bojee Ttoro, eciin T = A = 1, 3ajaua paccesHHs CBO-
AHTCA K eBKJHZOBOH Bepcud (1.2.7) — oOnluHOro ypaBHeHHs sin-
T'opnon.

JlanHaa 3ajaua paccessHMS OTHOCHTCS K 3ajauyaM 3SJJIHNTHYE-
CKOTO THIIa, a He runepOONHUECKOro, YTO NPENsTCTBYeT NPUMEHEeHHIO
K ypaBHeHusm (4.4.35) cramgaprtaoro ¢popmanusma MO3P, Hecwmo-
TPs Ha 3TO, KaK o6cyxaanocs B pasj. 3.1, ee MOXHO paccMaTpHBaTh
C TOYKH 3peHHs npeobpasoBanuit bskaynna. IleficTBUTENbHO, TaKOH
NoAXOA AJl ypaBHeHHH DPHCTA, KOTOPbIE MO CYIIECTBY SKBHBAJIEHT-
Hel (4.4.32), npusen Xappucona [199] x npeobpaszoBanusm DBak-
JyHJa.

Hanee cpaBHuM 3TH pe3y/bTaTh ¢ pe3yjbratamu DBeaunckoro
u 3axapoBa [51]. Ouu Toxe copMynnpoBanu 3ajauy paccesHus,
YCJIOBHSl Pa3pelIMMOCTH KOTOpo#i cootBercTByoT (4.4.35). Oanako
UX 3ajaya paccesHusi M0 BUAY 3HAUMTENBHO OTJIHYAETCH OT MOCTaB-
JeHHOM MelzonoM. B neficTBuTeNbHOCTH OHa, MO-BHAHMOMY, NpEA-
craBaseT co6oli HOBBIH THN 3aAay paccesiHusi XOTs Obl [OTOMY, YTO
coaepXHuT AupepeHnupOBaHHe N0 clleKTpasibHOoMy napamerpy. Oua
6bl1a HCMONBL30BaHA JJsl MOCTPOEHHUS] TOYHBIX ONHO- U JBYXCOJHTOH-
HbIX pellleHHH mpuBeleHNeM K 3ajaue Pumana — ['manGepra. 3axa-
poBbIM u DBenunckuM ObLIO OTMeueHO, YTO CTAIHOHADHOE pelleHHe
Keppa nyreM KOMN/IEeKCHOH 3aMeHbl ePeMEHHBIX MOXET 6bITb moay-
Y€HO U3 COJNHUTOHHBLIX pelleHHH. :

4,5. Kaurosas Tteopus mnoas. 3abyxckuit u Kpackan (1965)
[5623] mepBhIMH ynoOTpe6u/au CJAOBO «CONMTOH» /sl OMHCAHHS HeJH-
HeHHbIX BOJIH, B3aMMOJEHCTBYIOLIHX KakK uacTullkl. B Hacrosiuiee
BpeMsl COJIUTOHBI fIBJSIIOTCA CTPOrO ONpe/e/NeHHBIM MaTeMaTHUECKHM
00bEKTOM, [O3TOMY MOXKHO MPOBeCTH o0paTHOe cpaBHeHHe. 31ech
MBl PacCMOTPHUM HEKOTOpble H3 paboT, YTOOGH BBLISICHHTh, B KaKOH
Mepe ¢H3HUECKHE YaCTHIB MOT'YT GHITh ONMHCAHBI NMPH MOMOLLH COJH-
TOHOB. dTa npobieMa Obljia B LEHTPe BHUMAaHHS MHOIHX HeXaBHHX
HCCJeOBaHUA B KBaHTOBOH Teopuu noad. KpaTkoe omucaHue, mpu-
BeJICHHOEe HH¥XKe, [VIaBHHIM 00pa3oM JaeT BO3MOXKHOCTb OPHEHTHPO-
BaThCsl B JINTEpaType.

KBanToBasi Teopus mOJs MO PsALYy aCNEKTOB OTJIHYAETCS OT APY-
rux obcyxkaasiiuxcsa npuioxenuii. OQHO U3 OTIMYHH COCTOHT B TOM,
YTO BO MHOTHX CJyuYasiX ypaBHEHHs, AONYCKalOLiHe COJIHTOHHHIE pe-
wenust (sin-TopaoH, HenuHeiiHoe ypaBHeHHe [llpéxunrepa u 1. 1),
He 9BJAI0OTCA annpokcumanuedi 6osiee oGILIHPHOrO Ha6opa OCHOBHHIX
ypapHenuil. CKopee caMy COJIMTOHHbIE YPaBHEHHs BHIOPAHBI KaK MO-
JieJld OCHOBHBIX ypaBHeHHH. Bosee Toro, Bo MHOrHX aclekTax KBaH-
TOBOH TEOpPHH MOJA He CYLIeCTBYeT «OCHOBHBIX ypaBHeHHii», a cy-
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1eCTBYIOT JHIIb NMPHHIHAE CHMMeTPUH (Takue, Kak rajujeeBa WJH
JIOpeHIeBa HHBAPHAHTHOCTD), H JI00ble AHHAMHYECKHE MOJEJH, YAO-
BJIETBOPSIIOLIME 3THM HNPHHIMIAM, CYHTAWOTCs npueMaeMbiMu. Ilo-
3TOMY K BONPOCY KBAaHTOBAHHA He/HHeAHBIX MoZesed Lpénunrepa

(4.5.1a) ipp=—y, —alofo
u sin-I'opaon

(4.5.1b) Uy — Uy =m?sinu

Obla nposBaeH 60JbIION HHTEpEC.

Mopenb (4.5.1a) npencrasasier coGoii mpocrefimyo (HeTpHUBH-
a/lbHyl0) 6eCKOHEYHOMEPHYI0 FaMHJbTOHOBY CHCTEMY, KOTOpas siB-
JsieTCs BNOJHE HHTerpPUpyeMoH, B TO BpeMs Kak (4.5.1b) — mpocreii-
HIas BNOJHE HWHTerpupyemas, HeJHHelHass U pPeJIATHBHCTCKH-HHBA-
pHAHTHAs raMHJbTOHOBA CHCTEMA,

Kak 06b1uHO, pemennsle ypaBHerus spasiores (1 4 1)-mepHbimMu.
KBaHroBrle pesynbraTel Ajas pasmepHoctd 1 -+ 1 umeor ¢usuye-
CKHH CMbIC/1 B HEKOTOPHIX pasfenax (HU3HUKH TBePAOro Tela, HO He
B (u3NKe BHICOKHX 3Heprufl. Mofenu saeMeHTapHBIX YACTHI, HUMEIO-
mye ¢usnuyeckui cmbica, apasiores (3 4 1)-mepubimu. Takum 06-
pasoM, GOJILIIMHCTBO Pe3y/bTAaTOB, NOJYYEHHBIX KBAHTOBAHHEM ypa-
BHeHHUH, moJo0HbIX (4.5.1), cnenyer paccmaTpuBaTbh Kak MOACKA3KY
TOro0, YT0 MOXKeT GbiTb B cydae GoJblIeH pa3MepHOCTH.

Kak o6cyxnanoch B pasn. 1.6, GONbIIKHCTBO ypaBHEHHH, peliae-
Mbix npu nomoutn MO3P, moryT GBITb paccMOTPEHH KaK GecKoHed-
HOMepHble BIOJHE HHTerpupyemble TaMHJIBTOHOBHI CHCTEMH. DTOT
NOJAXO0J K KJaccuyeckuM (T. €. He KBAaHTOBHIM) ypaBHeHHsM COBep-
IIEHHO €CTECTBEHHO HCNOJIb30BATh B LENsAX KBaHTOBaHHA. [aMuibro-
HHaHbl ypaBHeHuid (4.5.1a,b) umetor Bua (NLS — HenuneiiHoe ypas-
"erne llIpéaunrepa, SG — sin-I'opzron)

(4.5.2a) Hyg=—i §° {90, — 500’00} dx,

(4.5.2b) Hg, = S{—%(u’fc—l—p?)—{—m?(l—cosu)}dx

Rl

coorBeTcTBeHHO. CONpsixKEHHBIMU NePEeMEHHEIMH B 9THX ABYX CJydYasix
aBasoTcs (9, ¢*) u (4, p). YpasHenus I'aMuabTOHA ¥ cKOGKM [lyac-
CoHa Obly onpenenensl Gpopmynamu (1.6.22) n (1.6.29) coorBeTcTBEH-
Ho. CJoenyer 3aMeTHTb, YTO ypaBHeHuss ['aMHJILTOHA MOXHO 3anH-
caTh npH nomoilu cko6ok Ilyaccona B ciaeaywoumeM Buie:

(4.5.3) g=—H, q), pi=—{(H, p).

13 3ak. 114
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Yro o3navaeT NPOKBAHTOBATH 3TH ypaBHeHHa? Bo-nmepswix, uTo
cyllecTByeT Tuib06epToBO MNPOCTPAHCTBO F¢, a CoNpsKeHHble mepe-
MeHHbIe KJIaCCHYeCKOll TEOpHH TellePb MHTEPIPETHPYIOTCA Kak Ore-
paTtopnl, gelficTByiouye B J&. Bo-BTophix, ckoOku [lyaccoHa same-
HSIIOTCS HA «KOMMYTaIlHOHHbIE COOTHOLIEHHUA»

(4.5.4a) [px, 8), 9" (y, D]=0(x—y),
(4.5.4D) [p(x, 2), uly, D] =208(x—y)
COOTBETCTBEHHO, THe A== 1 H

la, b]=ab — ba.

Bonee touno, (4.5.4) o3HauaeT, UTO A5 JOGBIX ABYX 3JEMEHTOB H3
76, 0603HaUEHHbIX o, P,

(o, [p: q] ﬁ)=(a, 6()5——1/) ﬁ)’

rge (-, +) — ckaaspHoe npousBeleHue B . Takum o6paszoM Mo-
HO MHTEPNpPETHPOBATh BCe ONMEpaTOpPHBIE ypaBHeHHsi. B-TpeTbux, mu-
HaMHYeCKHEe ypaBHEHHs, KOTOPble Telmepb ONpee/siioT 3BOJIOLHIO
ONnepaTopoB, HMEIOT BHJ

(4.5.5) pr=~—I[H, pl. q=—1H, 4],

a He (4.5.3).

B nmanHOil mpoueaype ecTb HEKOTOpble TOHKHe MOMeHTHl. OpuH
H3 HHX 3aKJIOUaeTcs B SIBHOM OIlpefeNeHHH J#, TaKoM, YTOOH Bce
BEJIMYHHBI B TEOPUH HMesau 6bl cMbICA. DTy npo6aeMy MHOTAA CUH-
TAlOT HAaJAYMaHHOH, OfiHaKo peayabraTtel Okcdopra [415] o Tom, uro
B KBAHTOBO¥M BEepPCHM MPHCYTCTBYeT JHUIIb Masas 4yacTb U3 GeCKOHeY-
HOro psifia WHTErpajoB ABUXKEHHS ypaBHeHHs (4.5.1a), HaBOAHT Ha
MBICJIb, 4TO K HeHl CJeAYyeT OTHECTHCh CO BCEH Cephe3HOCTBIO.

Jpyro#t ToHKHH BONMPOC OTHOCHTCS K YNOPSIAOYMBAHHIO ONEpaTo-
pOB B KBaHTOBOW 3anaue. Takep u Yuakuucon [481] ncrnosnb3osain
(4.5.2a) B KauecTBe KBAHTOBOI'O FaMHUJIBTOHHAHA, COOTBETCTBYIOIIErO
(4.5.1a), B To Bpema kak Kayn [257] ucnosabsoBasn

(4.56) =—i{{(@lo. — 5 vevo}ax.

Ony 3KBHBAJIEHTHH B KJaCCHUECKOH, HO He B KBaHTOBOH 3ajaue, no-
TOMy 4TO @ H @* Temepsp yxke He KoMMyTupyioT. [leftcTBHTENBHO,
OKOHUATeNIbHLIE Pe3yAbTATH OTJIHYAIOTCS; IMO-BHAUMOMY, 3TO BBI-
3BaHO Pas3/IHYMAMH B YHIOPSIAOUHBAHHH ONEPATOPOB.

Takue pacxOXAeHHS CBHAETENBCTBYIOT O TOM, 4TO [OJHOE pe-
ileHHe KBAHTOBOH 3alauyM He sIBJSETCs OYEeBHJHBIM, Jaxe KOrjia
KJaccHueckast 3ajlasa xopouo mnoHsta. McTopuyeckn KBaHTOBaHHe
BHOJIHE HHTErPHUPYEMBIX CHCTEM OCYIECTBJSJIOCH NIOATANHO, ¢ INpPO-
cTeHIUNX MoJesielt KO Bce Gosee caoXHbIM. [lepBbiM warom (T. e.
HH3LWHM YPOBHEM aNNPOKCUMANMH) SBJSETCH KBa3HKJacCHyeckoe
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npubauxkenue. [Ina HennHefiHoro ypaBHenus Llpénuunrepa 3to cBo-
AHTCA K Mpeo6pa3oBaHuI0 KJaCCHUeCKO# 3aJaul K MepeMeHHbIM Jefl-
CTBHe — yroa (cM. pasi. 1.6) ¥ KBaHTOBaHHIO 3THX MepeMeHHBIX
[257], [304]. Kak oTmeuanoch BO BTOpO#l W3 3THX paboT, He Cylle-
CTBYeT FapaHTHH, 4TO Npeofpa3oBaHHe C MOCAEAYIOLUIMM KBaHTOBA-
HHEM JACT TOT e Pe3yJbTaT, YTO U KBAHTOBAaHHE C IOCJIEAYIOLIHM
npeo6pasoBanueM. OfHAKO pe3y/bTaTh, NOJY4YeHHHIE MOCPEACTBOM
KBa3HKJIACCHYECKOr0 KBAHTOBAHHA, SKBHBAJIEHTHH (C TOYHOCTBIO A0
YNIOPSiAOUHBARKA) Pe3yJbTaTaM, OJYyYeHHBIM C HCIIOJNb30BAHHEM aH-
3atua Bere [63] ans pelieHHs MOJHOCTbIO KBAHTOBAHHON 3a]auH,
Kak 370 caenano JIubom u Jlenunrepom (1963) [327], Bepesunnim,
[Moxunem, Gunkensbeprom (1964) [61] u Mak-Tupom (1964) [366].
JipyruMu clI0OBaMu, B 9TOM CJy4yae KBa3HKJIaCCHYECKAs aNIPOKCHMA-
LHS JdajJa pe3yJbTaThl, KOTODblE OKA3aJuCh TOYHEIMH. B 3Toil cBsA3u
WHTEPECHBl TaKke pe3yabTaThi Tskepa [480] u Oxrcthopra [415].

Hans ypaBHenus sin-I'opron kBaszukaaccuueckoe (/M MOJYKJAC-
CHYeCcKOe) KBAHTOBAaHHE HeCKOJbKO cjoxHee. [lawen, Xacciaxep
u Hesé {128], a rakxe Kopenuu u ®annees [290] pa3suian octpo-
VMHBIE METOJbI, B OCHOBY KOTOPBIX MOJIOXKEHO BHIYHCJIEHHE KBaHTO-
BbIX MONPABOK K TOUHOMY peHieHHIO Kjaccuyeckoi sagayu. Craenyer
NOAYEPKHYTb, YTO 3TH pE3y/NbTaThl HE OCHOBLIBAIOTCA Ha OGBLIYHOMN
TEOPUH BO3MYIIEeHHH, KOTOpas NPHMEPHO COOTBETCTBYET (B KJaCCH-
yeckod 3ajave) pas3fiokKeHHIO N0 Majoil aMmnuurtyae. Hamen ¢ co-
aBTOpaMH NPHMEHH/H CBOH METOAbI TaKxKe JUIS HCCJAENOBAHHS ApPY-
rux MojeJfel, BKauYasi Mojesb ['pocca — Hesé.

CienyioniumM ypoBHeM YTOYHEHHs! JOJIKHO OHITh pa3BHTHE IIOJI-
HOCTbIO KBaHTOBOH Bepcun MO3P, BnosHe aHaJOrHYHOH paccMo-
TpeHHOH B . 1, HO Tako#, B KOTOpo# Bce GyHKUHH (TNOTEHIHAJH,
coGCcTBeHHBIE (YHKLHH, AaHHBlEe PacCesiHHsI) 3aMeHsIOTCs ONepaTo-
pamu. [locne Toro kak Oyner peanu3oBaHa JaHHasi NMPOrpaMmma,
KJaccHueckas 3agada Oyner HCNoJb30BaThCs TOJMBKO KaK BCIIOMOTa-
TeJibHOe CpeiAcTBO. Bce mepemeHHbie GyAyT KBAHTOBOMEXAHHYECKH-
mu. [locnenHue .pe3yabTaThl MO HEKOTOPHIM KBAHTOBHIM MOJENSIM B
s10it o6Jactu onyG6aukoBanu CkiassHHH B PanmeeB (1978) [464],
Ckasun (1979) [463], Takep u Yuaruucon (1979) [481], Beprk-
Hod u Takep (1979) [62], Xonepkamm, BeGep u Beiicnep (1981)
[233] u Taxramxsu (1981) [472]. Hekoroprie us 3tux pabor cy-
IeCTBEHHO ONMPAIOTCs HA BaxHble pesyabTaTnl Bakcrepa (1972)
[49]. Cefiuac cTajo fICHO, 4TO NOJIHOCTBIO KBAHTOBAasi BEPCHA Nps-
MO 3aauu paccesitHus UMEET MeCTO JJisl HEKOTOPHIX KBAHTOBHIX MO-
nesefi, Bkmoyas (4.5.2). O6paThas 3agaua paccesiHus X0 CHX MOp
He IPOKBAHTOBaHa.

Kak npoxkBaHTOBaTb COJHTOHH? 3TO BONPOC, OTBET HA KOTOPB
HileTess B HacTosilllee BpeMmsi, H BCECTOPOHHHH 0630p 5Toll npod-
JeMun 6YJeT, BEPOATHO, AaH B Ojuxkaiillne HeCKoNMbKo JeT. Haured
Uesbio ABAAIOCH NPOCTO YKA3ATh HEKOTOPbIE BaXHuLe pafoThl B JaH-

13
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Hoi obsacTu. B 1onosHeHHe K TOJBKO 4TO YNOMSIHYThIM paoram
cleyeT TaK¥ke OTMETHTh:

(i) BBomubie cratbu Paamku, Mak-Jladauna, Xaccnaxepa wu
Hegé, KamnGenna, Henna u Ciosepiienna B marepuanax koudepeH-
uun nojg pepakuuedl Gaamku u Mak-Jladauna [161];

(ii) crarbio Pe66u (1979) [427] B xypHane «Scientific Ameri-
can» O TOM, YTO aBTOD B 3TOH CTaThe Ha3bIBAaeT COJHTOHOM (a MHI
Ha3blBaeM yelHHEHHOW BOJIHOM);

(iii) oG3op uHTErpHpyeMbIX KBAaHTOBHIX CHCTEM, CHeNaHHBH Pyii-
senapcom [435], kKoTOpHIE cofepxuT obmupHYO 6ubIHOrpaduio;

(iv) mpumeHesne OOBIUHOH TEOPHH BO3MYIUEHHH K KBAHTOBBIM
conuToHaM, Hanpumep Kaanan u I'poce [85];

(v) pabory Kopenuna, Kyauma u CokosaoBa B cOOpHHKE MOX
penakuueii 3axaposa u Manakosa [538].

YaopaxkHeHUs

Pa3zden 4.1

DuU3NYECKUM NIPUNOKEHHAM BHOJHE HHTEIPUPYEMBIX AJHHHOBOJ-
HOBBIX MoOJesell MOUCTHHE HeT KOHILA, H KaXIbli KOHKDeTHHIH cJay-
yafi TpeGyeT HOBOrO ONHCAHUs (PH3NUECKOH 3aJauH, TEPMHHOJOTHH,
HCCJIElYEMBIX BeJIMYHH U T. A. Bce mpuBOAMMBIe 3/eCb YNpPa’KHEHHSH
OTHOCATCA K OAHOMY HNDHJIOXKEHHIO, BHI6pPaHHOMY H3-3a TOrO, YTO C

F(x+6x) Tx+6x)
w HedmpanaHas

Puc. 4.20.

HHM 3HAKOMBI MOUTH Bce. TakuM NPUMEPOM CAYXKaT MOMepeyHble KO-
ne6aHyuss HATAHYTOH CTPYHBI THNIA I'HTapHOH CTPYHB HJIH TeJedoH-
Horo mHypa. OGune cBefeHns o0 3TOH 3ajaye MOXKHO HAaHTH B
[336], [170] nau [389].

1. PaccMoTpuM GeCKOHEYHO MaJsblfi 2JIEMEHT HATAHYTOH CTPYHHI,
MoNepeyHoe CeyeHHe KOTOPOH MpH OTCYTCTBHH AedopMauuil BCOAY
OJHHAKOBO, KaK MoKa3aHo Ha puc. 4.20.

(a) ITokaxmure, uTO

i

0 & .
0 W:ﬂ(Tsma—i—Fcosa).
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rae o — NnoCTtosiHHas JUHeHHas TJOTHOCTh MmarepuaJia, u

(b) TloxaxuTe, 4TO ey MOXKHO NpeHeGpeub MOMEHTOM HHep-
LIHH 3JIeMeHTa, TO

oM F
O=—%r ta-
(c) CornacHo runorese Diiepa — Jlarpanxa,
El o] .
M =R =" E[a—x(SII'l G),

rie £ — moayab IOHra, / — MOMeHT HHepUHH MONEPeYHOro CEYeHHUsS
OTHOCHTEJIbHO OCH, COBNajaioilell ¢ HelrpanbHO# JnuHuel, R — pa-
. AMYC KPHBHM3HL HefiTpasbHOH JsuHuH. Mcnoan3ys 310, mosyuure

ypaBHeHHe
2 A 62 .
=6Lx,{Tsma—Elcosz(x5;Z—sma}.

0 dw
P5F ax
KakoB ¢u3udeckuii CMBICA Ka)K[IOro CJaraeMoro 3TOro ypabHe-
HHs?
(d). MMycts T o6Go3HauaeT HaTsAKeHHe HEOTKJOHEHHOH CTPYHBL
IToxkaxure, uto

5 B 0w \2 dw \*
T=1(1+45(55))+o ((59)):
rie p\ — HeOTPHIATeNbHAA IMIHPHUECKasi KOHCTaHTa. [IpH Kakux yc-
JIOBHSIX MOXHO. mpeHebpeub uameHenusamu 7? (B stom cnyuae yao6-
HO PacCMOTPEeTb KaK NPOJOJIbHbIE, TAaK M HONEpPeuHble MOJHL.)
2. JiBHKeHHe CTPyHBI onpenejsercs ypaBHennem n. (c) ymp. 1
cOBMeCTHO ¢ ypaBHeHusimu mm. (a) u (b). Ha ocnoBe aTux ypaBhe-

HUH 0OBACHHTE CMBIC/ NMOHSATHS «JJNHHHAs BoJHa»., UTo Takoe BOJIHA
MaJof aMIauTyabl? BoiBenute Ge3pasMepHoe ypaBHEHHE

Ou 9 (1 -2 — 02 TE 0 (et 4, 82, 62),
. 0£2

afr a2

rje € — Mepa MaJjioCTH aMIIUTYAb, 6 — mapaMeTp, NMOKa3blBAIOLIUH,
B KaKOH CTENMEeHH BOJHBI MOXHO CUHTATh JJIHHHbIMU. [loKaxuTe, 4TO
npeanosoxenue § = O(e) NPUBOAUT K MUHUMAJbHBIM YIPOILEHHAM
ypaBHenuil. B nunefiHom npepese (e — 0) coBceM ApYyruM crnocoGom
370 ypaBHeHue BbiBen Morr [389]. Mbl paccMOTpHM TpH BO3MOXK-
HBIX THIA IPAHHYHBLIX YCIAOBHH.

A. Crpyna ruraphl 3alleMsieHa B JBYX TOYKaX, PACCTOSIHHE Me-
way koropuiMe L. JlivHA BOJHBI BO3MYIeHUsST A OGBIYHO HMeeT Q-
panok O(L). _

B. Crpyna sawemnena s AByx Toukax, Ho L > A,
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C. CTpyHa c HATsKEHMEM CMAaThIBAeTCsl ¢ ONHOH KAaTyLIKH Ha
apyrylo. PaccTosinfe MeXAy KaTyLIKaMH pPaBHO L, CKOpPOCThH CTpy-
aHu V.

3. IlycTs 6 == ¢ B ypaBHeHuu ynp. 2. Paznoxum u B psia mo cre-

NeHaAM &
u=u0+82u1+84UQ+ s aas

(a) Tlokaxute, 4yTO B r1aBHOM NOpsAZKe OOlliee pelleHHEe HMeeT
BHJ

uo(#, H=FE—1) 4+ g +1).

(b) ITokaxwure, 4TO B cayvae rpaHUYHbIX ycaoBuid A u B B ynp. 2
[ W g ABAAIOTCA TNEepHOAWYECKHMH  (QYHKUHSIMH  C NMEpHOJOM
2L8(T/EI)'? u uro

§raz=0=§gaz.

(c) IMokaxure, 4T0 B CaAy4ae rpaHudHbIX ycaouii C nepuox [ u
g pasen 2A/|1 £ v|, rae

A= ()" o=v(4)™

IMokaxure, uro eciau V2 > T/p, TO ONHH H3 3THX NEPHUOAOB MEHBIIE
yem A, ¥ NPOH3BOJIbHOE Haua/bHOE YCJIOBHE HeJb3sl HAJOXHTb Ha
Bceil AuuHe cTPYHH KakoB ¢H3HUeCKHi CMBICJ 3TOr0 OrpaHWYeHus?
Kakue mpelaNoJiOKeHUsi He MOTYT ObiTb BHINONHEHb B cjaydae V2 > .
> T/p? _

4. TMokaxwute, uto eciu V2 << T/p, TO yCJOBUS OTCYTCTBHS CEKy-
aspHbix wieHoB npu O(e?) B ypaBHeHHH yIp. 2 HMEIOT BHA

it-G(CQ)ff—6f2fr_frrr=0»

‘ g.+6(Cp e +66°%+ guu=0,
rae

C=1FL§rE v, cg=‘Tj\i§;g2(z, 7)dl.

Tokaxure, uto C; ¥ Cg ABAAIOTCA HHTErpAJaMH ABHXKEHHA AJs 3THX
ypaBHEHHH; CJelOBATE]NbHO, 3BOJNIOUHOHHbIE YPABHEHHS 1Jisi BOJIH,
Geryiiux BJEBO H BIPaBO, GaKTHUECKH paculenuisiiorcs. Kakossl -du-
3UYeCKHe NPEeANOCHJIKH TOrQ, 4TO MQMepeyHnle KoJeGaHns CTPYHbI
MoaeaupyioTcd ypaBHenHaMH MKA®, B TO BpeMa KaK MpOAOJbHBIE
KoneGanusi Mojenupyworca ypasHenuem Ka®? Ecau cTpysa nmeer
KPYIJIOE CeveHHe, MOXKHO. JIH OXHJaTh, UTO KDPYTHJbHbIC KoJeGanus
OyayT Mojeauposathes ypasHennamun Ka® nan mKa®?

5. (a) Ilokasatp, uTo Kaxjee W3 ypaBHeHul ynp. 4 uMeer ne-
proanyeckQe pewenne suna [ = bken {b(r + Ut); &}, rae b — npo-
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H3BOJIbHAs NOCTOsIHHAA H cn(0; k) — sanuntuveckasa ynkuus Sko-
6u (cm. [83]). 3anuuuTe 3TO pelleHHe B pa3MepPHBIX NePEMEHHbBIX
BAa Wy.

(b) Eciu cTpyHa uMeer HayaJpHOE OTKJOHEHHE C CYMMapHLIM
MMIYJIbCOM, PaBHBIM HYJIO, TO f = g npu { = 0, ¥ COOTBETCTBYIOIIEE
pelenye Oy/JeT IpeACTaBAATb HeJHHeHOe ABHKeHUe cTPyHbl. [IycTh
Wy 0603HAYaeT JacCTOTy KoJeGaHHH CTPYHBI B JHHEHHOM NpuHOIHXKe-
uuH. IloxaxuTe, uto HeMHHefiHas yacTOTa onpeaensiercs GopMyJoH

=0 {1 — 0oP[3 (f— 1+ 4) + (R — 5 1}

rae K(k), E(k) — nonHble 3JJIHNTHYECKHE HHTErpaJnl IEpPBOrO H
Broporo poxa. CjenoBaTesbHO, YACTOTHHIA CABHT OOYCJOBJIEH ABYMS
s¢pdexramu. IlepBbifi COOTBETCTBYeT H3MEHEHHIO CKOPOCTH BOJIHHI,
Geryuieli BIpaBo, B pe3ysibTaTe B3aHMOAEHCTBHs C BOJIHOH, Geryuied
Baeso. OH Bcerja NMPHUBOAHT K YMEHBIUEHHIO 4acTOTH. BTopoe caa-
raemMoe fBJSI€TCA Pe3yJbTaTOM CaMOB3aHMOJAEHCTBHS BOJIHH, Gery-
ulef BOPaBO, U MOHHXKAET YaCTOTY, TOJILKO ecau k2 > 1/2.

(c) Oto peureHne TakKe MOMXKHO HHTEPIPETHPOBATL B TEPMHHAX
rpagHuHbix ycjoBuii C ynp. 2. Ecom V2 << T/p, TO BCce AJHHHBIE
BOJIHB ¢ O€CKOHeYHO MaJsIof aMIUIHTYZOH IBHXYTCs GhicTpee, uem
crpyna. Kakofi fomxkHa 6biTh aMIJIMTYLA BOJIHBL B 1. (&), YTOOH ee
CKOPOCTb COOTBETCTBOBAJa CKOPOCTH CTPyHBI? KakoB ¢u3nueckuii
CMBIC/I TaKOH BO3MOMHOCTH? [IDHMEHUMO JIM acCHMITOTHYECKOE pPa3-
JIOXKeHHe [JI51 BOJIH TAKOH aMITUTYAbI?

6. Ilpu ycnoBuu B ynp. 2 Mbl MoKeM petdrth ypasuenune MKa®
Ha och (—oo, 0o0). [Toxaxkure, 4TO B 3TOM Cjydae pelleHHe TPH CO-
OTBeTCTBYIOIMX FPAHHYHBIX YCJOBUAX NPHHUMAET BHJ YHOPSAAOYEH-
HOH MO aMIVIMTyAe COBOKYNHOCTH H3 COJIMTOHOB (caMblil GoJIb-
wof c3adu), KOTOPOHi NMpeNLIeCTBYET UYT AUCNEPCHBLIX BOJH.

7. Huxe npuBefieHbl OLEGHKHY MaciItaboB, NPH KOTOPHIX BO3ZMOXK-
HO 3KCIepHMeHTaJbHOe HabJipJeHHe CONHTOHOB (g = 0 B ymp. 4).

(a) Hns Toro uTo6bl MOJAYYHTH MO KpalHeH Mepe OAMH COJHTOH,
Mbl JOJIKHBI CyLIECTBEHHO HAapyWIHTb HepaBeHcTBo (1.7.1). B pas-
MepHBEIX BeJIHUHHAX 3TOMY COOTBETCTBYET

1 —w ()]

{b) Camblii GonbuIONH COMHTOH yAaNsieTCss OT GECKOHEYHO MaJIbiX
BOJIH CO CKOPOCTBIO, KOTOPasi He HOMKHA MPeBOCXOMHTb (2]f|max)?
Ecan A — HavajbpHas 6e3pa3MepHas AJIHHA BOJIHBL, TO BpeMsi, HeoO-
XOIHMO€ [IJs1 TOSIBJEHHS COJNIUTOHA, HMEeT MOPSAOK BeJHUHHLI

ow
ox

a

S
T @1 lmax)?



392 4. Mpunoxexve

Eciy BOJHH OCTalOTCA B 3KCNEPHMEHTAJIbHOM YCTPOﬁCTBe B Teye-
HHE 3TOTO0 BPEMEHH, TO OTHOLUICHHE IJIHHK yCTpOﬁCTBa K AJHHEe Ha-
4aJbHOH BOJIHB JOJIKHO YAOBJETBOPATL HEPABEHCTBY

L 2 ow -2
> ( 9w ) .
A l—n 0% |max

OTMeTHM, 94TO B 3TO HEPABEHCTBO HE BXOJMT JIHHEAPH30BAaHHAs CKO-
poctb BoH A/T/p -

(c) Pacemotpum HefnonoByio E-ctpyny ot rutapsl (E-cTpyna —
camasi TOJICTas CTPYHA THTapHl, HacTpOeHHas Ha HOTY «mu»). Ilpex-
nonoxum, T ~ 0,1YA, rue Y — npefen Ttekyuectd. Mas HellsioHa
E/Y ~ 50. HOas E-ctpyam [/A ~ (0,018 cm)?. CaenosarenbHo,
JJHHHBIE BOJHB! YIOBJETBOPAIOT HEPABEHCTBY

223> 10 = 5 ~ (0,4 cm)?,

NOSTOMY CJIeflyeT HCIOJNb30BAaTh BOJIHBI ANuHHee yemM 2 cM. Ecan
IPUPABHSATDb ABE BEJNHYHHDI
)2
max ’

=~ (5

TaK YTO MAKCHMAaJbHbIH HAKJIOH NpUMEpHO -paBeH 1/5, TO COMHTOHHI
JIOMXKHB BOBHHKATb_Ha yjajeHun okoao 1 M. CKOpOCTb BOJNHBI NpH-
MepHO paBHa 2 M/c, MO3TOMY TOJIHbIH SKCIEPUMEHT 3aHHUMAET TOJb-
KO JIOJII0 CEKYHADI.

(d) BosmoxHa Gosee ROCTyNHast AEMOHCTPalHs, ecJH HeHJIOHO-
BYIO CTPYHY 3aMeHHTb AJHHHBIM TeJedOHHBIM WHypoM. B sToM cay-
yae mepeMellieHuss 6yayT GoJjblie, a CKOPOCTH — MEHbLIE.

Pazdes 4.2
1. (a) B skcmepumentanbHofi cutyauun (4.2.1a) cienyer same-
HHUTb Ha
ki + ko + ks =72,
rae 8 = |x|/|ks] aBasercs manofi Benmunnol. Kak wmoaundumu-

pyerca (4.2.16), eciu § = O(e), 8 > e, 6 K €?

(b) Kak uaMeHsiTcsi pe3yjabTaThl B OJHOMEPHOM clydae?

2. Io6asbre k E; B popmyse (4.2.15) elile ABe BOJNHBI € 4aCTO-
TaMH (w4, ©5), TAKEMH, 4TO B ponosHeHne K (4.2.1) cnpaseanuBb
COOTHOIUEHHUA

ks + ky + ks =0, o3+ o+ 0;=0.

(a) Ecau cpeau THX BOJH HeT APYIFHX PE30HAHCOB, B3aHMOJei-
CTBHE OCYINECTBJsIeTCS B JABYX TpHalax, Kaxkaas H3 KOTOPHX CO-
RepXKHT 3. Kak caeayer moaudpuuuposats (4.2.16)? Ecan A; ue
3aBHCAT OT Y, B3auMOJeficTBHe ONMCHIBAETCS MATbIO KOMIJIEKCHHIMH
OOLIKHOBEHHbIMH AuddepennnanpibiMy  ypaBHenusivu, Hwmewor au
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ouu cpofictBo [lenneBe? ([IpeaynpexieHHe: BHIUHCIEHHUS YTOMH-
TeJIbHHL. )
(b) Onpegenurte LIecTyIO BOJNHY B BHJE

k5=k1 - k5.

[TokaxuTe, 4TO ecyii BOJHBI PE30HAHCHO CBSI3aHBI, T. €. €CIAH Wg ==
== @) — M5, TO KaxAasa u3 6 BOJH B3aWMOAENCTBYeT B ABYX TpHA-
Aax. Kak B 9TOM cayuae BBIJISAST OCHOBHBIE ypaBHeHus? A6J0BHIL
u Xabepman [8] mokasanu, uto B (1 4 1)-MepHOM caydae K cooT-
BEeTCTBYIOIUUM ypaBHeHusiM npuMeHuM MO3P. Oanako ¢opmanusm
MO3P ans BosHuKaiowel cnekTpaabHOH 3amaun (4 X 4) umu He
pasBHBaJCsl.

3. (a) B HennmeaspHON [H3JEKTPHYECKOH Cpele MPHJOKEHHOE
3JIeKTPHUECKOe MoJie B JONOJIHEHHE K NMOJSIpPH3alu#l BLI3LIBAET cJia-
Obiii TOK. [Tokaxurte, uto (4.2.5) npunnMaer BHA

¢T°0fE + 7P 4 35 O,E + V X V X VE =0,

rae © — MaJjag NPOBOAHMOCTb cpeibl. llpeamosioxum, 4To Apyrax
norepb B cpele HeT u uto 0 == OU(e). Kak usmensiercs (4.2.16)?

(b) PaccMorpum B Takoii cpege OXZHODPOAHBLIA LYr BOJIH BMeCTe
€ .aByMsi (uau 6oJee) cnabGbiMH MAapasuTHBIMH BOJHAMH, MOLYLIHMH,
KaK B ynp. 2, o6pa3oBaTb pe3oHaHCHYIO Tpuaay. Kax orpasurcsi Ha-
JIHUHE TOKAa HA HeyCTOHYHBOCTH?

4. Buipasute (4.2.20) uepes (E X H), T. e. mMOTOK IMJIOTHOCTH
3JIeKTPOMarHMTHOH SHEPTHH.

5. Kaxkos nepuoa sosH B (4.2.18)? Ouennre onTuManbHbli pas-
Mep KpHCTaJ/1a, NPH KOTOPOM KaK MOXHO GOJibilie 3HEPrHH BXOJIS-
wed BOJHH IpeobpasyeTcs BO BTOPYIO TapMOHHKY. DTOT -pasmep
(GakTHYECKH 4BJAETCs OrpaHHYEHHEM CBepXy, IOTOMY UTO JApYyrue
MaJble 3Q(DeKTH Tak:XKe NPHBOASIT K OrPAHHUEHHIO Pa3MepoOB KpH-
craaia. Hekotopeie u3 311X Bonpocos ob6cyxaanauck B [515].

6. (a) Touno pewmnte (4.1.25) nns ©? B npenene hy — oo. Ilo-
KaxuTe, YTo OOJbluass napa KOpHefl AJsl MOBEPXHOCTHHIX BOJH B
3TOM Tpefesie He 3aBHCHT OT MJIOTHOCTH.,

-(b) OGosnauum Tpu BoAHOBHIX uucia (2.2.24) ky = 8k, ky =
=(1—08)k, ks = k. Tlokaxure, uro ans hy = oo Tpuaja B (4.2.24)
BO3HUKaeT, koraa 4Akh, = 1. ’

(c) Tlyctb Takxke hy — oo, Haligure TOUHBIE 3HAUEHHS BOJHOBHIX
upcesl W YacTOT AJIsi TPHAAHl, coJepiKalledl JBe MOBEPXHOCTHbE H
OJHY BHYTPEHHIOIO BOJIHBI, W JJIs TPHAAbl, COAepkKalled OJHY IO-
BEPXHOCTHYIO I JB€ BHYTPEHHHE BOJIHHL,

Paszdea 4.3
1. MoxHo paccMoTpeTb ApYrofi BApHaHT, He OCHOBAHHHLIH HA TH-
motese (4.3.2), a yuuTelBalOLIMH HeJqHMHeHHYIO nonpaBky K (4.2.8)



394 4. Mpunowenne

AJ1 H3OTPONHOH Cpexnl

O + &P 4 d| PP ~ L E,

c2

¥ 00BEIHHHUTD 3TO BEIpaxkeHue ¢ (4.2.5). :

(a) TlokaxuTe, 4TO €C/IM aMIJIUTYyAa BOJHLI HE 33BHCHT OT Bpe-
MEHH, TO pe3yJbTaToM BhiuucjaeHud Oyaer (4.3.2). Habiaure aBHOe
BHIpaxeHne fp vepes d, Q°, (o —@j), ¢ u o

(b) Tloayunre (4.3.8) us (4.2.5) u ypaBHenue ans P, paccmo-
TPEeHHOe Bhillle,

2. O6ocnyliTe yTBepxKAeHus, clenyiomue 3a (4.3.13).

(a) Hafigure (3 + 1)-meproe o6oGuienune (4.3.9), npusoasiuee
(4.3.13) kK obnikHOBeHHOMY JupdepeHnnaspHoMy ypaBHeHuw. [o-
KaXXHTe, YTO OHO He OTHOCHTCH K P-tumy.

(b) OcHoBuiBasice Ha (4.2.12), BuisicHUTe, /I KaKHX © clipa-
BEeJJIHBO HEPABEHCTBO o = —£k(0%k/dw?) > 0.

(c) Tlokaxkure, uro (4.3.13) agomyckaer aBTOMOJAEJbHbIE CHHIY-
JsSipHBIe pelleHHs, ecau o > 0 u ny > 0. UTo MOXKHO cKas3aTb O pe-
IieHHUsAX B cayyae o << 0? _

3. Ilpubaunxenue ray6okoil BOABl AJs BOJH HAa BOJE PaBHOCHJh-
HO NpeANoJIOXKeHHIO kA — oo, o

(a) Tlokaxure, yto ecau kh > 1, To omnOka, BHOCHMAsi B JIM-
HefiHoe npubauxenne (1. e. B (4.3.19)) TakuM InpeaoJNOKeHHEM,
HMeeT KCHOHEHLHAJNbHBIH 10 kA NOPSAOK. DTa NPHUYHHA JIEKHT B
OCHOBE YyTBepPXKACHHS, uTO 3(pdekTaMu KOHEYHOH TyIyOMHB MOXKHO
npeHeGpeub, KaK TOJbKO IMyOHHAa XHIKOCTH NPEBLICHT JJIHHY BOJI-
HBl, TaK KaK KoJjiebaTeslbHble BOJHB NPH 3TOM HE «4YBCTBYIOT» AHA.

(b) [Mokaxure, uto npu h—oco VO = O (h~'). CaexoBarebHo,
B 3TOM mpelesie (HelHHeHHO) BO3OyXKAaeMblH cpeaHufl MOTOK yObi-
BaeT CTENEHHLIM, & He SKCIOHEHIHAJbHBIM 06pa3oM.

(c) Bui6pas T = 0 B (4.3.26), pacCMOTPHM OJHOMEPHBIE BOJHBI
Ha BOJE C NepHoAoM | ¢ U MaKCHMaJbHBHIM HaKJIOHOM CBOOOAHOH MO-
BepxHocTH, paBubiM 0.1. Uemy paBHa JjHHA BOJIHBI, €CJd OHA IBHU-
JKeTcs B OKeaHe, ray6uHa Kotoporo paBHa 3 km? OueHuTe cpeaHui
IIOTOK, BO36YyxXIaeMbifi 3T0# BoJHOM y gHa. Apmu [43] B kauecrse
XapaKTepHOro 3HAauUeHHsl TOKa y AHa HCIOJb30Bas BeJMYHHY 4 cM/c.
SBasieTcst M MHAYUHPOBAHHBIH CpejHHH MOTOK CYIIECTBEHHBHIM B
raybokoMm okeaHe? Uro Oyjaer, ecqn Ta ke camMas BOJHA JBHKETCS
Hal KOHTHHEHTAJLHBIM 1Ieab(poM, rAe rJayOHHa NPHMEpPHO paBHa
200 m?

4. Croke (1847) [467] oTmerwJs, YTO OCHHJJNSTOPHbIE BOJHBI Ha
BoJe BO36YXKAAIOT BO BTOpPOM nopsake (mo e) «apeiipoByio cko-
poctb». Cjle0BaTeNbHO, YACTHILBl JKHAKOCTH HCHOBITHIBAIOT Me/AJIeH-
HOe CpeliHee ABH)KEHHE B HANpPaBJeHHH TPYNIOBOH CKOPOCTH BOJIH.
(Bonee noapoGHo cM. [422].)
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(a) Ilokaxure, 4TO0 CcpelHee IBHIKEHHE, cOOTBeTcTByMOIlee @ B
(4.3.25), npoucXoAUT B NPOTHBOMOJIOXKHOM HANPABJEHHH M JXOJKHO
oTaeaaThes oT ApeldoBof ckopoctd CToKca.

(b) Jlio6as crauwoHapHasi TeopHsl BOJH Ha BOJE KOHEUHOH IJy-
OuHbl Ge3 yuyeTa BSI3KOCTH SIBJISIETCS HEJOCTATOYHOH AJIS ONMHCAHHUS
BbI3BIBAEMOr0 HMH IIOJHOIO MEPEeHOCa XKUAKOCTH. DTO 06YCIOBJIEHO
‘TE€M, 4TO ypaBHEHHsi WHBaPHAHTHbH OTHOCHTENbHO ROGABJEHHS MPO-
M3BOJIbHOTO OJHOPOAHOTO TOPH3OHTaJNbHOrO moroka. OgHHM u3 my-
‘Ted yCTpaHeHHs 3TOH HEOJHO3HAUYHOCTH SIBJISETCA yueT MAaJol Bsi3-
koctu. O630p pabot B 310l o6aacTh caenan B pabore [330]. Hpy-
Tasi BO3MOXHOCTb COCTOMT B HCC/I€JOBAHHH DeIIeHHH ypaBHEHMS
(4.3.23), onuchIBAIOLIMX JIOKAJH30BAHHBIE BOJIHOBHIE NAKETHl, aM-
TUIHTYla KOTOPHIX CTPEMHTCs K Hymio npu (x4 y?)— oo u gponoa-
‘HUTEJbHOM YCJIOBHH, YTO Ha GECKOHEUHOCTH ABHXKEeHHs HeT. [loka-
JKHTe, 4TO 3TOT METO/, N03BOJIsieT YCTPAaHUTh HeOHO3HAYHOCTh B OINH-
‘CaHWH JBHXKEHHSl HeBA3KOH xkuiakoctd. Hafinure BesuuHHYy mosxoro
TiepeHoca KUIKOCTH.

5. B cayuae siokanbHex BoaH ypaBHenue (4.3.21) 6buio npeobpa-
:30Bano B (4.3.23). Ecin amnsuryna A nepuopuusa no (X, y;), mo-
’Ka)KuTe, 4TO Takoe NpeoOpa3’oBaHHe MOMKHO COXPAHHTb, IPELHOJO-
2KuB, yto @ ynosiersopsier Takxke n (4.3.20). Ecin Ttakoe mpen-
TIOJIOXKEHHe He C/le/1aHo, TO YeMy COOTBETCTBYIOT ypaBHeHHs (4.3.25)?

6. Okcrepument, uso6paxeHunit Ha puc. 4.17, gemoscTpHpyer
'B3aMMOJIEHCTBHE COJIHTOHOB TOJBKO B TOM CJydYae, KOT[a HacTOTHI
JIBYX HECYIIHX BOJIH HACTOJNbKO OJIM3KH, YTO B3aHMOAEHCTBHE ABYX
BOJIHOBBLIX TAKETOB OCYLIECTBJASETCS AOCTATOUHO Hoaro: e2f ~ 1. Oc-
'HOBBIBAsSICH HA 3THX M3MEPEHHSX, ONpPENeJHTEe COOTBETCTBYIOLLYIO Be-
JIMYHHY € K OlleHHTe BpeMs B3aUMOZeHCTBHs. B Kakof cremeHH 5TOT
‘3KCIIEPHMEHT NMOATBEPKIALT TEOPHIO?

7. (a) Has pasmeprocty (1 - 1) MBI MOXKeM OnpeleaHTb Maccy
JIOKaJIH30BAHHOH BOJIHEI

M=p §°gdx,

TZe p — IVIOTHOCTb XKUAKOCTH. TakuM ke 06pasoM ompejenute ro-
PH30OHTAJbHBIA HMIYJAbC H INOJHYIO (NOTeHLHAJBHYIO |- KHHETHUe-
CKYIO). SHEPTHIO BOJMHB. JTH TpW Beauuuus mast (4.1.5—7) coxpa-
HAKTCA TOYHO. . '

(b) Hcnoabsys passoxenne, HeO6XOAMMOE Ajisi BLIBOAA ypas-
Hennii (4.3.25), pasnoxure Maccy, rOPH3OHTAJIBHYIO HPOEKUHIO HM-
nyabca u 3Hepruio a0 nopaaka O (e2). [Mokaxure, uto

M=cl, + €, + 13+ O ("),

rae Iy, I», I3 nponopuHOHaJbHE NEPBLHIM TPEM 3aKOHAM COXPAHEHHS
ypaBHenus (4.3.29). KakoBo cooTBeTCTBYIOLIECE PA3/IOKEHHE LIS IO-
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PH3OHTAJBHOTO HMIIyJIbcAa H SHEPrHU? IDTO Jaer HeKoTOopoe NOHHMa-
Hue Toro, nouemy (4.3.29) mMeer GecKOHEYHO MHOTO HHTErpaJjios
NBUKEHHA: OHHM ABJAAOTCS KOI(PHUNEHTAMH aCHMIOTOTHYECKOTO pas-
JIOXKeHHsI TOYHO COXpaHsoulelics Beanuuns, Takoi, kak M. Ocraer-
Csl OTKPHITHIM BOINIPOC, NOYEMY ApyTHE anlPOKCHMHDYIOlLHe ypaBHe-
HHMSl HMEIOT JHIIb KOHEUHOe YHCJIO TaKHX HHTErpasios.

Pasden 4.4

1. TlceBpoctepuueckue NOBEPXHOCTH.

(a) Kaxjoe pemenne ypaBHenns sin-I'opmon onpepeaser ce-
MeHCTBO IceBAOChepHueCKHX mNoBepxHOcTell. 3aech @ obOo3Hauaer
yroJi Mexjay acCHMITOTHUCCKHMH JIHHUAMH, KOTOpble COBNAAAIOT, €C/IHU
¢ = nn. Ho onu MOJMIKHBL OTJIMUATLCA, €CJH MOJHAA KPHBU3HA OT-
punarte/bHa; TaKMM 00pa3oM, JIHHHH, BAOJb KOTOPBIX @ = 771, B-
JNAI0TCA CHHTYJSPHBIME JIHHHSIMH ToBepxHOcTH. Cor/acHo Teopeme
Cuabbepra, Kaxjaasi nceBaocepuyeckass MNOBEPXHOCTb COAEPKHUT MO
KpaiiHe# Mepe OJHY CHHIYJSDHYIO JIMHHIO: 3TO €CTh C/Ie[CTBHE TeO-
pembl I'aycca — Bonne.

(b) B nawem pacnopseHHH HMeeTCS OTPOMHOE MHOXKeCTBO pe-
meHuH ypaBHeHHs sin-I'opAoH, BK/IIOYAs TOUHbIE COJIMTOHHbBIE pelie-
Hus (uau «kuHKH» (4.4.1)). Kaxpoe Takoe pellleHue omnpepenser
nceBgocepuueckue IMOBEPXHOCTH, KOTOpPble COeAHHSIOTCS BROJb
CBOMX CHHTYJ/ISIPHBIX JIHHHH. FIHTepecHo HOCTPOUTL reOMeTpuyecKue
06BEKTHI, COOTBETCTBYIOILME OAHOMY KHHKY, ABYM KHHKaM, mape
KMHK — AHTHKHHK, 6pu3epy H T. A. :

2. Max-Kosa 1 XaH npeaJioXuJau MpocTyio MeXaHHYEeCKYI0 aHaJo-
ruio CUIL. Paccmorpum psij HAeaJbHbIX OJAHHAKOBBIX MAafTHHKOB,
OT/eJIEHHBIX [APYT OT APYTra H NOJABELIEHHBIX B JIHHUIO HAJ rOPU3OH-
TaJIbHOH MOBEPXHOCTHIO.

(a) Ecau wap, Macca KOTOPOro NPEBOCXOAMT MacCy MasiTHHKA
My >> My, KATUTCS N0 MJIOCKOCTH, TO OH OTJaeT 4YacTb CBOEro HUM-
NyJbCa KaKAOMy MasiTHHKY, C KOTOPHIM CTajJKHBaercs, A0 TeX IOp,
[I0Ka He OTHACT Bech CBOH HMMIIyJibC cpefe (MasTHukaM). [lokaxure,
YTO CKOpPOCTh Ilapa Mocje n-ro  coyfapeHuss  pasHa Vp=
= Voexp(—an), rae o= In((my+ mu)/(My—my)). IT0 aHa-
Jior 3akoHa bapa. -

(b) Ecam Macca mapa paBHa Macce MasfTHHKA W €CJH €ro Ha-
yajbHasi CKOPOCTb JOCTATOYHA /IS MOJHOTro 060pOTa MasTHUKA, NO-
KaXuTe, UTO 1Iap OTAACT Bech CBOH UMINYJbC MasiTHHKY, MOAOXK/IET,
MOKa MAasiTHHK COBEepIUHT MNOJHLIH 06OpOT, MOJyYyHT OOpPaTHO Bechb
CBO# MMMYJbC H MOKATHTCS C IEPBOHAYAJBHOH CKOPOCTBIO K CJIEAYIO-
meMy MaatHURy. J1o siBasiercsi anajorom CHIT. Kakoit mauanib-
HHi umnysnc Heob6xoauM Agas CHII? Kakosa cpeansss CKOpPOCTH
mapa, ecjii NpeBHIeHa MHHHMaJbHas CKOpoCTb? UTO ecau Havadb-
Has CKOpPoCcTb paBHa efl TouHo? YUTO mpousoiijer, ecau HayajbHas
CKOPOCTh CJAHLIKOM MaJa?
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(c) Yro mpouzoiimer, ecau Macca MasiTHAKA 6GOJblle, yeM Macca
mapa?

(d) OTu pesyabTaThHl MBl IOJYYHJIH, NpeANoJaras, 4TO AP H
MasTHHKH SIBASIOTCA TOueyHbIMH. YUTO mpousofiger, ecad oHH oba
HMEIOT KOHEYHBIe AHAMETPhI?

3. Noxkaxure u3 (4.4.8), uto ms JA060ro MEKTPAIECKOTO OIS

2"2A
0r{I10m P+ pP -+ 72} =o0.

KakoB ¢Qusuuecknit cmbica storo Ttoxkaecrsa? ITokaxkurte, 4TO OT-
cioga caeayer |p| = O(p).

4. TTokaxure, uto JioGble Apyrde caaraemble, A06aBJeHHBIE K
uMewomnMcs B (4.4.13), He ABASIOTCS CEKYJSiPHBIMH M He H3Me-
Hsiot (4.4.14, 15, 16).

5. (a) ITokaxute, 4TO yBesHuUeHHe AMIIHTYIb 2N-HMIYJbca B
CHII yBennunBaeT CKOPOCTb €ro pacnpoCTPaHeHHs.

(b) Konkperuniii Bup (4.4.10) MOXHO HajiTH, nosaras

1 T
g(m)—_n' (m—mo)z-{—l‘z .

IIJIH 9TOro cJjJydas TOYHO BBIYUCJHTE CKOPOCTDH QJT-I/IMHYJIBCH.



Mpunoxenue. JluHeiHble 3apaun

M.1. Mpeo6pa3oBanue Pypoe. Llesbr nanHoro pasjena — OnNucath
0COOEeHHOCTH NMpHMEHEHHs MeTOAOB Npeobpasosanus Pypbe A1s pe-
LIIeHHA HEKOTOPhIX JIMHEHHBIX YPaBHEHHH H NPOJEMOHCTPHPOBATL Me-
TOA Ha HeCKOJbKHX npuMepax. BoJsiee TOYHO, onucbiBaeMBIH MeETOJ
npeAcTaBjasieT cobofl pasjeseHue NePEMEHHBIX, KOHEUHBIM pe3yJbTa-
TOM KOTOPOro ABJSETCS NpeJcTaBJeHHe PelleHHs yepes ero Qypbe-
o6pa3. Merox TakXe MOXKHO HUHTEPHPETHPOBATb KAaK OTHICKAHHE
«HOPMAJIbHBIX MOA», HJH OTHICKaHHMe pelleHui B BuAe e**—i! J[an-
HBI METOJ He BCEerja 5KBUBaJNeHTeH mnpeobpa3oBaHuio Pypbe —
Jlannaca, mMpl 06cyHM OTJIHYHE MeXIy STUMH ABYMs NOAXOAAMH B
caeylolleM pasgede.

ITpocreiiniie THNBE BOJTIOUHOHHEIX ypaBHEHHH, AJ1 KOTOPBIX 3¢-
(dexTuBeH MeToXL npeoOpasoBaHusi Pypbe, MOryT ObITb BHIPaKEHB!
B BHJE
(I1.1.1) Uy=FU. thy, Ugyy «+ )

rae F quHeliHa MO CBOMM apryMeHTaM, OLHOPOAHA ¥ HMeEeT MOCTOSH- .
uble ko3¢ ¢uunento. (I1.1.1) paccmarpuBaercss B obmacty —oo <<
< x << oo, t > 0 u npeanosaraercs, YTo ¥ CTPEMHTCH K HYJO HOpH
|x] =00 u u(x, t) > u(x) npu t -0, rre u(x) — 3anannas Qysk-
s (HayaJbHOE 3HAYEHHE).

Jaxe ana JuHeHHBIX 3BOJIOIHOHHLIX YpaBHEHHA MeTOAbI Npeob-
pasoBanufi Pypbe mpuMeHUMB K Ooslee LIMPOKOMY KJaccy 3ajad,
geM (I1.1.1). MoxHo HccneoBaTh ypaBHEHHS, BKJIOYAOIUIHE NPOHU3-
BOJZHBIE [0 BpeMeHH OoJjiee BHICOKOTO MOPsSiAKA, HJIH 3aMEHHTb CKa-
asp u B (I1.1.1) Bekropom (u1, U, ..., Un), TIPOH3BOAA COOTBET-
cTBylomue uaMenenusi B F. MHrepec Moryr rakke npeacTaBiATh
ypaBHeHHsl, pacCMaTpHBaeMble Ha KOHEYHOM HHTepBase a < x < b,
BO3MOXHO, C NEPHOJMYECKUMH FPaHUYHbLIME ycaoBusiMu. Hekortoprie
W3 mepeduc/JeHHBX 0600LIeHHl HCCAeA0BAHb B NPHMeEpax W ynpax-
HEeHHUsIX B KOHLEe pa3jena.

PaccMoTpHM OCHOBHBIE IIArd, OCyLIeCTB/sIEMble NIPH peaH3alkH
MeToza. ,

1. Wmeer niu 3aa4a eAMHCTBEHHOE pellleHKe?

[Moseanana wuHpOpMAalHst yacTO MoOXKeT ObITb NOJNY4HeHA MyTeM
OTHICKAHHS HECKOJBbKHX <«3aKOHOB COXpaHeHHa», T. €. CBf3ed
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BHIA
J . a

rae T u F Moryrt 3aBuceTb OT X, ! H NPOH3BOAHBLIX OT 4. Bo MHOrux
cayuasix ypaBHeHue camo Io cebe nmeer Bup (I1.1.2). Huorpa mno-
CPeICTBOM YMHOXEHHs 3TOrO YpaBHEeHHs Ha HEKOTOPYIO (YHKIHIO
(B TOM uHCaE U, Uy W T. A.) H NOCJEAYIOIIEr0 HHTErPUPOBAHMSA MO
yacTsAM yAaeTca NMOJYYHTb ApPyrde 3aKOHH cOXpaHeHHsA. B mo6om
cllydae, €CH CPAHUUHBIE YCIOBHSA Tpebytor, utobei F cTpeMuiiach

K HyJO npu |x| —oc u ecau S T dx onpenenen npu ¢ =0, 10

-—o0
5TOT WHTerpaJs He 3aBHCHT OT BpeMenu. Ocoboe 3HAUEHHE HMEIOT Te
3aKOHBl COXPaHEeHHs, U3 KOTOPHIX CJAeAYyeT IOJOXKHTEJAbHAA ONpeje-
JeHHocTh T, T. e.

([1.1.3) T>0 u T=0=>u=0.

Torna Sde MOXKET ONpeAeJsiTh HOPMY AJSl HEKOTOPOro IpOCTpaH-

cTBa (pyHKUUH, B eAHHCTBEHHOCTb pelleHHs (B 3TOM NpPOCTPAHCTBE)
ClleJlyeT HEMOCPEACTBEHHO M3 3aKOHa COXpaHeHHs. B 3Tux cayyasix

Sde 6yleT MHTEPIPETHPOBATHCA KaK «HHTErpaJ 3SHepPruu» CH-

CTeMBbl HE3aBHCHMO OT TOI'O, COOTBETCTBYET JIH -OH (HU3HUECKOH 3Hep-
run. BoJsee TOro, aTOoT HMHTErpan sHepruu He 00A3aTENBHO AOJIKEH
ObITb CBSI3AHHBIM € aMHJIbTOHHAHOM, CHCTEMBI, €CJIH TaKOBOH cylie-
ctByer. Ppuapuxc [169] mHPOKO HCIONB30BAN «IHEPTeTHUECKHH Me-
TOH» [JIsi MCCNeLOBAaHHs €JHHCTBEHHOCTH pelIeHHH CHMMETPHYHbBIX,
MOJIOXKHUTENbHO ONpefie/ieHHBIX cHcTeM AMddepeHuuanbHbX ypaBHe-
nuil. Kak o6cyxpann Puxtmaitep u Mopron [431], moxoxue me-
TOJAB MOTYT GBITh WCNOJNB30BaHHL JJIsi IPOBEPKH YCTOHUHBOCTH KO-
HEYHO-PAa3HOCTHBIX cXeM. JTOT MOAX0J OCOGEHHO TNoie3eH A ypa-
BHeHHH, K KOTopbiM npuMeHuM MO3P, Tak kak 3ayacTylo ojHa u3
COXPAHSIOUINXCA BEJIHYHH HONYCKaeT IHEPTreTHYeCcKyl0 HHTepupera-
LHIO.

He Bo Bcex 3ajiauax BO3HHKAIOT HHTErPaJibl 3HEPrHH, a B HEKOTO-
pHIX cayuasix QyHKUHOHAJNbHbIE IPOCTPAHCTBA HEAOCTATOUHO GOraThi
/1 TOTO, 4TOGH MPHMEHHTh PACCMOTPeHHBIH nmoaxox. B aTux cay-
yasgx Ha BOTMPOC O €JHHCTBEHHOCTH HYXKHO OTBeuaTh APYrdMH CIOCO-
6amu.

2. CyumecTByeT Jid AUCIEPCHOHHOE COOTHOILIEHHE?

IloacraBuM npob6Hoe pelueHue B popMe

(I1.1.4) u(x, ) ~ Aexp(ikx — iol)

B auddepeHnnansaoe ypaBHeHue. 31ech 2 BelleCTBEHHOE, a © —
HEeKOTOpoe KommiekcHoe uucao. [das Toro uroGel Merton paboral,
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nuddepenurancHoe ypaBHeHHE AOJKHO ObITh CBEAEHO K
(T1.1.5) D(w, k) Aexp (ikx —inf)=0

(a1s Bcex (x, f)). Dkcnonenta (Wim AaXKe ee BEIECTBEHHAS HJH
MHHMasi YacTH) He MOXeT obpalllaThCst B Hyab mnpu Bcex (x, f), a
A = 0 npezcrapisier co6oii TpuBHaibHOe pemenne. Takum o6pasowm,
(I1.1.4) sBasieTcss HETPHBHAJLHBIM pelleHHeM AudQepeHnuanbHOro
YDaBHEHHsl B YACTHBIX NPOH3BOAHBIX TOJILKO B TOM CJyuae, KOraa @
H Rk cBSI3aHBl AHCNIEPCHOHHBIM COOTHOLICHHEM

(11.1.6) D (o, k)=0.

OTOT 1War MOMKHO Peaju30BaThb HECKOJbKHMH COCOGaMH.

(i) Ecan 3apaua onpenesiena Ha oTpeske a << X << b, a He Ha
—o00 <{ x <C 00, TO K OOBLIYHO CBOAHTCH K CUETHOMY MHOXECTBY Be-
HIeCTBEHHEIX BEJHUHH.

(ii) Haa cucremn ypaBHeHHH n-ro nopsinka samennm (I1.1.4)
Ha

(I.1.7) v (x, ) ~ Aexp (ikx — iwl).

Torpa (I1.1.5) npunumMaer Bug
ﬂA exp (ikx — iof) =0,

rae M — marpuna n X n. JlucrnepcHOHHOE COOTHOLIEHHE ONpPEeNeNHT-

csl BhIpaXKeHueM
(I1.1.8) det (M) = 0.

(iii) s anddepennuanbHo-pasHOCTHEIX YpaBHEHHH (XHCKpeT-
HBIX B NPOCTPAHCTBE H HeNpephBHHX Bo BpeMeHu) 3aMeHuM ([1.1.4)
Ha
(I1.1.9) U, () ~ Az" exp (— iol),

rge z — KOMIIIEKCHOE YHCJO0 HA €AMHHUYHOH OKPYKHOCTH, a n — le-
joe. (Auanorus ¢ (I1.1.4) craner GoJiee OueBHIHA, €CAH MNOJOXKHTH
2 = exp(i0), rue 6 — BemecTBeHHoe yHca0.) Toraa aucIepcHOHHOE
COOTHOILEHHE TIPHHHMAET BHJ,

(I1.1.10) D (o, 2)=0.

(iv) dns KOHEUHO-Pa3HOCTHOH CXeMBl (AHCKPETHOH mO mpo-
CTPaHCTBEHHOH W BpeMeHHOH nepeMeHHbiM) 3aMeHum (I1.1.4) Ha
(TI.1.11) uy ~ AQ"2",

rae 2z JeXHUT Ha eIHHHTIHOU OKPYXKHOCTH, Q — KOMIITeKCHOE qHuCJa0,
m, n — ueJjhe. ,B,I/ICHGPCHOHHOE COOTHOLIIEHHE HMeeT BH]J

(1.1.12) D(Q, 2)=0,





