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yTBEpKJeHHs] 3aMETHM, U4TO 10 ONpe/eseHHI0 PaBHOCTENeHHOH Hempe-
peIBHOCTH Aqa g=1 ma#inerca 6>0 Takoe, uro KoaeGaHHe J060#
¢GyHKuHHE [, (x) Ha JAO60M cerMeHTe IJIHHHE, He IpeBHUIalomel §, He
npeBocxoaut unuciaa s=1. Tak Kak Bech cerMeHT [a, b] MOXKHO MOKPHIThH
KOHEUHBIM YHCJIOM fo CEeTMEHTOB [JHHH, He IpeBHIIaloledl §, TO KOs
jgeGanne Ja060fi GyHKUHH f,(x) Ha BceM cerMenre [a, b] He mpesoc-
XOQHT uHcaa no. Ho Toraa u3 HepaBeHcTBa |[fn(xo) | <A, Bmpaxalo-
UIero OrpaHUYeHHOCTh NOCJAEAOBaTeNbHOCTH {f.(x¥)} B TOUKe X, BhITE-
Kaer HepaBeHCTBO |fn(x)|<A-+ny, cupaBemauBoe aJs JNI0GOH TOYKH
x u3 cermenta {a, b] u BEHpaxalollee pPaBHOMEPHYIO OrPaHHYEHHOCTb
paccMaTpHBaeMoOH MOCJAef0BaTeIbHOCTH HAa 5TOM CerMeHTe.

3aMevyanue 2, YcTaHOBHM JOCTAaTOYHBIH NMPH3HAK
pPaBHOCTENEeHHOH HENPEPBHIBHOCTH: eCcau nocaedosaresb-
rocre {f,(x)} cocrour us Ougpgepenyupyemoix Ha ceemente [a, b]
PyHKyuil u ecau nocaedo8aTeabHocTs npousdsodunsix {f,’(x)} pasro-
MEPHO 02PAHUYEHA HA 3TOM ceemeHTe, To nocaedosaresvHoctd {frn(x)}
PABHOCTENEHKO Henpepoulena Ha ceemeHTe [a, bl.

Jlas mokasaTeabcTBa BO3bMeéM Ha cerMente [@, b] aBe IpPOH3BOJIbs
Hble TOYKH X’ M x” W sanumeMm AJst QyHKumH f[,(x) Ha cermenre
[x’, x”] dopmyay Jlarpanxka (cMm. § 3 ra1. 6 u. 1),

CoranacHo Teopeme Jlarpamxka Ha cermeHte ({x/, x”] mHafnmercsa
TOYKa §, Takas, 4yTo

[Fn () —Fa(%4") | =" €n) | - |¥"—2"]. (2.58}

IMockoabky mnocaenoBaresbHOCTh Npou3BoAHHX {fn’(x)} paBHOMepHO
orpaHuMueHa Ha cermenre [a, b], Haiijercsa mocrosHHas A Takas, 4TO
IJsl BceX HOMEpOB 1 CIPaBeJJIHBO HEPaBEHCTBO

[fn” (Bn) | <A. (2.59).
IMoacrasaas (2.59) B (2.58), noayuum
[fa (X)) —fn(x”) | <A|x"—x"]. (2.60)

duxcupyem Jaw6oe ¢>0. Toraa, B3sB §=e/A u ucnomszobas (2.60),
NOJIyYHM, 4TO AJSl BCeX HOMEepOB n M JJs Bcex x' u x” u3 [a, b], cBa-
3aHHBIX ycjoBHeM |x'—x”| <8, GyAer cnpaBeAJHBO HEPaBEHCTBO

[Fn () —fn () | <e.

PaBHocTenennas HenpepHBHOCTb MOCTeAOBaTeNbHOCTH {fn(x)} MoKa=
3aHa.

B KauecTBe mpHMepa PacCMOTPHM IOCJELOBATENbHOCTb {sinnx/n}.
DTa nocsiefoBaTeNbHOCTh PABHOCTENEHHO HENMpPEPHIBHA Ha JIO60OM cers
MeHTe [a, b], Tak KaK Ha J060oM cermenre [a, b] mocienoBaTeNbHOCTD
H3 NPOM3BOJHRX {COSnx} paBHOMEPHO OrpaHHUYEeHa.

3ameuanne 3. [loHaTHe paBHOCTENEHHOH HEMPEPHIBHOCTH MOXK-
HO BBOAHTbL HE IO OTHOIUEHHIO K MOCJeZOBaTeNbHOCTH (QyHKUMH, a 110
OTHOILUEHHIO K JI060MYy 6eCKOHEYHOMY MHOXKecTBY (DyHKLHH.
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§ 6. CTEITEHHDBIE PAJbI

1. Crenennoii paa u o6nacth ero cxonuMoctd. CTeneHHHM P -
JOM Ha3bBaeTcss (yHKIHOHAJbHBIA pan BHAA

«©
ay + Zanx"zao-i—alx—{— ax*+ ..., (2.61)
n=1
A€ Qo, A1, A2, ..., Qn, -..— [OCTOSIHHBE BEIECTBEHHBIE UHCJAA, HA3Hs

BaeMbie ko3P bunuentamu psaxa (2.61). Ilocrapaemcs BmIsiC-
HHTb, KaK yCTpOeHa 06sacThb CXOAHMOCTH JIO0Oro CTENEeHHOro psAfa.

3aMeTnM, uto 8cakuli crenennod psd cxodurcs 8 To4ke x=0, mpH-
YeM CYLIeCTBYIOT CTeNeHHBle DSABI, CXOJASIHecs TOJIbKO B 3TOH TOYke

(nanpumep, psin ] nlx™).
n=1

CocraBuM ¢ nmoMolplo K03QOdHUMEHTOB a, psafa (2.61) crenyios
ILYIO YHCJIOBYIO NOCTEL0BATENbHOCTD!

WTa )l (n=1,2, ...). (2.62)

MoryT npeacraBuThes ABa chaydasi: 1) mocieoBatenbHOCTb (2.62)
ABJSeTCs HeOTrpaHHYeHHOH; 2) nociexoBarenbHocts (2.62) sB-
JsleTcI OTpaHUYEHHOH.

B caywae 2) y nocaenoBartesbHocTH (2.62) cymiecTByer KOHe Y-
HH if BepxHuil npeaen (cMm. m. 1 § 3 ro1. 3 4. 1), KoTophifi MBI 0603Ha«
yiM yepe3 L. Dtor BepxHM# npedesa L 3aBefoMO HeoTpHuaTeJeH (Tak
KaK BCe 3JeMeHTH NocjaefoBaTeJbHOCTH (2.62) HeoTpUiaTeNbHH, a
C/lI€0BaTeNIbHO, M Ji00asi NpejenbHAas TOYKAa 3TOH MOCJAEA0BATeNbHO«
CTH HeOTpHLaTesbHaA). :

IToaBoast urTOr, MBI NPHXOAHM K BBIBOAY, YTO MOTYT NpPEICTaBHThCSH
caeaymomye Tpu cayyas: 1) mocienoBatenapHocTh (2.62) saBasercs He-
orpanugernoii; II) nocnenosarenbuocts (2.62) siBasieTcs orpaHHyeH-
HOH u HMeer KoHeuHblH Bepxuuil mpegen L>0; III) mocaemoBarensn-
HocTh (2.62) siBJisieTcsi OorpaHHuYeHHOH M uMeeT BepxHui mpepen L=0,

JokaxeM Temepp cielylolllee 3aMeuaTelbHOE YTBEPXKIEHHE.

Teopema 2.13 (reopema Kowu — Agamapa). 1. Ecau nocaedo-
earesbHocTy (2.62) He oepanuuena, 1o crenentoil psd (2.61) cxo-
ourca auwe npu x=0.

L. Ecau nocaedosaresvrocro (2.62) oepanuuena u umeer eepx-
Huii npedea L>0, 10 pad (2.61) abcoatorrho cxodurcsa 0as 3Haxenuld
x, ydosaersoparoujux nepasercrsy |x|<<l/L, u pacxodurcsa O0in 3Ha-
wenul x, yoosaersopaouux Hepasencrsy |x|>1/L.

HI. Ecau nocaedosareavrocre (2.62) ozpanusena u ee sepxuuil
npedea L=0, to pan (2.61) abcoarorro cxodurca 0aa 8cex 3nade-
Huti x.
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JokasateabcTB o. I. Ilycts mocnemoBatenbHocTh (2.62) He
orpannuena. Toraa npu x#0 moc/ie10BaTEAbHOCTD

%1V Taal =V Tane"]

TaKXe He OorpaHgueHa, T. €. Yy 3TOH TOCJeN0BATEJIbHOCTH HMEIOTCH
YJIEHBl CO CKOJIb YI'OZHO 6ONBIIHMH HOMEpaMH n, yAOBJIETBOPAIOIIHE

HepaBeHCTBY '{/Ia,,x"I)l, wi |a,x*|>1. Ho 3To o3nauaer, uTO
aag psiza (2.61) (mpu x#0) HapyuleHo HeoGXOIMMOE YCJOBHE CXO-
aumoctd (cM. m. 2 § 1 ra. 1), 1. e. pan (2.61) pacxonures mpu x40,

II. Ilycres mocaemoBatesnbHOCTh (2.62) orpaHHYeHa W ee BepXHHH
npegen L>0. Jlokaxewm, uto psaa (2.61) aGCoNIOTHO CXOLHUTCS NPH
|x| <1l/L u pacxomutcs npu |x|>1/L.

a) ®uxcupyeM cHaiaja Ji060e X, yAOBJETBODSIONIEe HepaBeHCT-
By |x| <l/L. Torna naiizercst >0, Takoe, aro | x| <1/(L+e¢). B cuny

CBOHCTB BEPXHEro mpefena Bce 3JeMEHTH Vlan|, HaYHHad ¢ HEKOTOPO-
ro HOMepa 1, YIOBJNETBOPSIOT HEPaBEHCTBY

VTal <L+

Takum o6pasom, HauHHas ¢ 3TOrO HOMepa n, COPaBeJJHBO HepaBeHs
CTBO .

np——  ny——  L|g/2
/lanxl—lxh/lanl<—L+e <1,

T. €. pfm (2.61) ba6comomo cxonurcs no npusHaky Komu (cM. m. 3
§ 2.

6) d)nxcupyeM Tenepb J060e X, YAOBJETBOpSIONlee HepaBEHCTBY
|x|>1/L. Torza naiigerca ¢>0 rakoe, uto |x|>1/(L—e). Ilo ompe-
JeJIEHHIO BepXHero mpejeja H3 NOCHeLOBaTeNbHOCTH (2.62) MOXHO

ﬂk —_—
BHIAECJNUTh MOANOCAENOBATEAbHOCTh {1/ la,,kl } (k=1,2, ...), cxozms-

myiocst K L. Ho 310 03Havaer, 4TO, HaYHHAsi C HEKOTOPOro HOMepa &,
CpaBeJIHBO HEPaBEHCTBO

L—a<n;k/|ank| < L+e.

Takum o6GpasoM, HauuHas ¢ 3TOro HoMepa K, CIpaBelJIHBO HepaBeH-

CTBO
Y 1Y
|2, %] = 1%V lay,

lankxnkl > 1’

OTKyZla BHJHO, YTO HapylleHO HeOGXOZHMOe yCJOBHE CXOMMMOCTH DS~
Aa (2.61) u 3TOT PAA PACXOHMUTCH.

HIH
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I11. Iyets mocienoBatenbHOCTh (2.62) orpaHuYeHa M ee BEepXHHHA
npenen L=0. okaxkem, urto psax (2.61) abconoTHO CXOZHTCS IPH
Jbom x.

dukcupyem npoussosbHoe x70 (mpu x=0 psan (2.61) s3aBemomo
a6couioTHo cxomutcs). ITockoabky BepxuHi npenen L=0 u mociaenos
BaTeabHOCTh (2.62) He MOXeT HMeTb OTPHIATENbHBIX NMpeleJbHBX TO-
yek, uncio L=0 siBisieTcss eIMHCTBEHHOH MpeAeNbHOH TOUKOH, a
CJI€0BAaTENbHO, SBJSETCS TPEeAeJOM 3TOH MOCJIeNOBAaTEeJbHOCTH, T. €.
nocaef0BaTelbHOCTh (2.62) sBAsieTcss GECKOHEUHO MaJoi.

Ho Torma ajs nosoxurtensHoro uucia 1/(2|x|) nafimercss nomep,
HauHHas ¢ KOTOPOTro

1
20x| °

Vil <

Crano GuITh, HAUHHASL C YKa3aHHOTO HOMEpa,
n n ——-— 1
Vg =121V Tl < <1,

T. e. psag (2.61) aGcosorHo cxomurcss K npusHaky Kommwm (cm. m 3
§ 2 ra1. 1). TeopeMa MONHOCTBIO J0Ka3aHa.

JokasanHasi TeopeMa HeNOCPEJCTBEHHO NPHBOJHUT K CJAeAyIOLIeMY
byHzaMeHTalbHOMY yTBEpKAEHHIO.

Teopema 2.14. [Jas ramdoeo crenenrnozo pada (2.61), ecau on
He AgAfeTca padom, cxodauwumen auwo 8 Touke x==0, cywecrsyer no-
A0XCUTEAbHOE 4ucA0 R (803mMOdHO, pasHoe 6ecKOHe4HOCTU) TaKoe,
4To 3710T pad abcoaoTHO cxodurca npu |x|<R u pacxodurca npu
| x| >R.

1o uucao R HasHBaercsi palHyCcOM CXOLHMMOCTH paccMmar-
pPHBaeMOro CTemeHHOro psiza, a mHTepBak (—R, R) HaswBaercd mp o-
MEeXYTKOM CXOAMMOCTH 3TOro psaa. [las BHUHC/IEHHS pajHy=
Ca CXOAHMMOCTH clipaBeliuBa GopMyJa

1
R=—r (2.63)
-h_mV {anl

n—>o

—_—
(B cayuae, korga limy/ |a,| =0, R= oo).
n—>mw
3ameuanue 1. Ha KoHIax npoMexyTka CXONMMOCTH, T. €, B
TOYKax x=—R u x=R, cTeneHHOH psAJ MOXKeT OBITh KaK CXOAAIIUMCH,

TaK M pacxomsiuMcs 9.

9 OtmeruM chenyiomylo Teopemy AObeas: ecau crenennoii psd (2.61)
cxodurca npu x=R, To cymma ezo S(x) asaserca nenpepwvisnoii 8 To4ke R caesa.
Bes orpannuenHs OGUIHOCTH MOXHO CuHTaTh, 4T0 R=1, HO B TaKOM BHIE TeopeMma
AGens (dakrHuecKH yTBepKAawIUast PEryJspHOCTD METOZa CymMmHpoBanus Ilyac-
cona—AGess) xoKkasaHa B n. 2 § 7 ra. 1
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o0
Tak, aas psaga 1 + zx" paAnyC CXOJHMOCTH R paBeH elHHHIE,
n=1
NPOMEXYTOK CXOZAHMOCTH HMeeT BHA (—1, +1), U 3TOT psix pacxo-
JLHTCs Ha KOHIIaX 5TOro NPOMEXYyTKa,
@

Ins psana 2 iz MPOMEXYTOK CXOZMMOCTH ToT Xke (—1, +1),
n=1 "
HO OH CXOJHTCS Ha 0GOHX KOHIAX 3TOrO MPOMeEXYyTKa.

Samevanune 2. Bce pesyibTaThl HACTOALIErO INYHKTa CHPaBel-
JUBH M psiga (2.61), B KOTOpOM BellleCTBeHHas NepeMenHas x 3a-
MeHEeHa KOMIIEKCHOH mnepemenHoll z. [ag Taxkoro psla ycraHaBiH-
BaeTCs CylLIeCTBOBAaHHE MOJOXHUTEJBHOTO YHcaa R Takoro, 4to psx
abcoaoTHo cxomutcss npu |2| <R u pacxomuress mpu |2| >R.

Jna soiuucsenus R cnpaBemauBa (opmyaa (2.63). Yucao R Ha-
3BIBaeTCs paJHyCOM CXOAMMOCTH, a obmacth [2|<R — Kpy-
rOM CXOJHMUMOCTH CTENMEHHOTO psAja.

2. HempepbiBHOCTD CYMMBbI crenmenHoro psapa. Ilycrb creneHHOR
pan (2.61) umeer paguyc cxogumoctd R>0.

JlemMma. Kakoso 66l Hu 6bl40 NOAOHUTEAbHOE HUCAO T, yOosAer-
soparoujee ycaosuw r<R, pad (2.61) pasnomepHo cxodurca Ha cee-
menre [—r, +r), 1. e. npu |x| <r.

JlokasateabcTBo. B cuay teopemn 2.14 pax (2.61) aGco-
JIOTHO CXOAHTCS NMPH X=r, T. €. CXOLUTCSH PAL

el
gl + ¥ laalrm.

n=1

Ho astor uuc/ioBo#i psaj CAyXKHUT Ma)KOpaHTHHIM 1Js psida (2.61) npu
BCceX X M3 cermeHra [—r, +r]. Ha ocHoBannu npusHaka Betiepmrpac-
ca psp (2.61) cxomurcs paBHOMepHO Ha cermenre [—r, -+r]. JleMma
JOKa3aHa.

CanencrBHe M3 JdeMMBb. B ycaosuax asemmo. cymma psoa
(2.61) seaserca Qyuryueti, HenpepoleHoil Ha ceemente [—r, +r] (8
cury Teopemel 2.7).

Teopema 2.15. Cymma crenennozo pada SHYTPU €20 NPOMENHYT-
Ka cxo0UMOCTU A8AALTCA HENPEPLLBHOL PpyHKyUel.

HokaszateabctBo. Ilycte S(x) — cymMMa cremeHHoro psiaa
(2.61), a R — ero pamuyc cxonumoctd. PUKCHpyeM JI0GOe X BHYTPH
NIPOMEXYTKa CXOAHMOCTH, T. €. Takoe, uro |x|<<R. Bcerna nafizercs
YHCJIO r TaKoe, uTo |x|<r<R. B cuay cireactBus u3 neMMbl (YHKUHSA
S(x) nenpepniBna Ha cerMente [—r, +r]. CaenoBatennno, S(x) He-
npepsiBHa H B Touke x. TeopeMa qoxaszana.

3. IMouaenHoe wHTerpupoBaHme ¥ nouyjeHHoe auddepeHUUpOBaHHE
CTENEHHOrO PsAAa.

Teopema 2.16. Ecau R>0 — paduyc cxodumocru crenennozo
pada (2.61), a x ydosaersopser ycaosuwo |x|<R, r0 pad (2.61)



106 T'a. 2, ®dyHKunOHAJbHEE NOCAEKOBATEIBHOCTH H PAXHL

MOXMCHO no4aeHHO urTeepuposats Ha ceemente [0, x]. Iloaywennsiil 8
pesyabTare NOYAEHHO20 UHTEZPUPOBAHUS DPAO uMmeer TOT e paduyc
cxodumoctu R, 4To u ucxodnoeil pagd.

HokaszareabcTBo. Ilaa nwoboro x, yIOBJETBOPAIOIIErO YCJO-
Buio |x| <R, Ha#izercs r takoe, uro |x|<r<R. Cornacso JemMme DL
(2.61) cxomuTcs paBHOMEpPHO Ha cerMenre [—r, +r], a cielnoBaTenb-
Ho, u Ha cerMenTe [0, x] Ho Torma B cuay rteopemn 2.8 aTOT psin
MOXKHO MOYJIEHHO HHTerpupoBarth Ha cermenre [0, x].

B pesyanbraTe mOYJIEHHOTO MHTErPHPOBAHHS INOJYUYHTCA CTENEHHOH
pan

a0x+aT’x2+... +—9"n‘—1x"+...,

paanyc CXOAHMOCTH KOTOpOro (corjacHo teopeme 2.14) siBasieTcsl Be-
JIHYHHOH, 06paTHOH BepXHeMy Ipeje]y Nocjef0BaTeJbHOCTH

Y/ lanali "I/|a,.,_1|
= — . (2.64)
I

Tak kak BepxHHH npenen mocienoBaTesbHOCTH (2.64) TOoT XKe, UTO H
y (2.62) 19 10 TeopeMa foka3aHa.

Teopema 2.17 Crenennod pad (2.61) enyrpu ezo npomexyrxa
cxodumoctu modxcno Ougpgpeperyuposars nousenno. Pad, nosyuentoll
nouaennoiym Oudpepernyuposanuen, umeer 10T He paduyc cxo0uUMo-
CTU, 4TO U UCXOOHbLL pAl.

HokasatenscrBo. Jocrarouno (B cuay TeopeMbl 2.9 u JeM-
MbI) J10Ka3aTh JHLIb BTOPOE YTBEPKAEHHE TEOPEMHI.

B pesyabrare mousnenHoro pupdeperumpoBanus (2.61) noayuum
paA

a1 +2a9x+. . Ana x4 (nt1) appxn+. L,

paauyc cxoxumoctH R Koroporo (corsacHo TeopeMe 2.14) oGpareH
BEepPXHEMYy Hpejleny MOCJHe0BaTeIbHOCTH

(V@ + Dlaanl |- (2.65)

Tax kak nocaenoBatenbHOCTb (2.65) HMeeT TOT XKe BepxXHHH mpefed,
yro u (2.62) 'V, 10 TeopemMa noKa3aHa.

n
P (et — N ———— — 41— — N pm——— ——1
10) Tak kak limy n=1, lim y/az—1 | = lim +;/|an| = hm (;/|a,,|}"+ =
n-->w n-»w n—>w n—-ow
— N
= lim y/[aa[,
>0

n
- — e =m— =] p—— e —1
1) Tak kak lim 37+ 1=1, lim"/|an+1|= im" 5 Tanl= im arnys '
n—o0 n—>oo n->co n—-+8
= Tim Y Tag].
n—w
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Caepcreue 3 teopemu 2.17. Crenexnoii pad swyrpu eeo
NPOMENCYTKA CXOOUMOCTU MOHCHO Oudpepenyuposars NOYAEHHO CKOAb-
k0 Yy200HO pas. Pad, noay4ennbll n-KpaTHoim NO4AeHHbim Ouddepen-
yuposanuem UCx00HO20 CTENEHHOE0 pAda, umeer TOT e paduyc cxo-
ouMocTU, 4TO U UCXOOHSLE PAD.

§ 7. PA3JIO)KEHHE ®YHKIHN B CTENEHHDBIE PSA bl

1. PasnoxeHnne QyHKIHH B CTENEHHOH pAA.

Onpenenenue 1. Bydem zosopurs, 4ro ynkyus f(x) Ha ux-
repgase (—R, +R) (na mHosxecree {x}) mosmer 6o.Td6 pasaio-
HeHa 6 cTenernKOU pald, ecau cyujecTsyer cTenenHol psd, cxo-
dauuiica k f(X) Ha ykasanHom unrepsase (YKA3AHHOM MHOXCECTBE).

[lpuBenemM Heo6xoAMMble M JOCTaTOYHBIE YCJHOBHS TOrO, 4YTOOH
¢dyHKuUs [(x) Morsia ObTb pasjiokeHa B CTENCHHOH pal.

YrBepxaeunue 1. Jaa toeo urobo. ¢ynkyusn f(x) moera 66iTo
pasioxcenq g crenenroil psad na unrepsase (—R, +R), neob6xodumo,
4Tobbl 3TQ PYHKYUA UMEAQd HA YKABAHHOM UHTEp8aie HenpepovieHbie
npoussoonsie 1106020 nopadka'd,

HeiicTBUTeNIbHO, CTE€MEHHO! Psil BHYTPH €ro NMPOMEeXYTKa CXOJH«
MOCTH, KOTODBI{i BO BCSKOM Cilydae COAepXKHT uuTepaa (—R, +R),
MOXKHO NOuYJIeHHO AH(pdepeHUUPOBATH CKOJBKO YrOAHO pa3, IpHYEM
BCe NOJNYYeHHble NPH ITOM PSLABI CXOAATCA BHYTDH TOrO XKe IpOMe-
XKyTKa cXxoiuMocTH (TeopeMma 2.17).

Ho rtorga cyMmbl psiioB, IOJy4eHHBIX CKOJb YTOJAHO KPATHHIM AH-
pepeHuypoBaHueM (B cuiy TeopeMnl 2.15), npeAcTaBAfioT coBo#
(GYHKLHH, HempephiBHbIE BHYTPDH YKAa3aHHOTO INPOMEXKYTKa CXOAHMO-
CTH, a Clle[loBaTe]bHO, HempepbiBHbIe Ha uHTepBane (—R, +R).

YrBepxkaenue 2. Ecau ¢pynxyus f(x) moocer 6oiro na untep-
sase (—R, +R) pasaoxmena e creneHnoii pad, TO Aullb eOUHCT8EH-
Hoim 06pa30M.

B camom pene, mycts dyHKOuS f(X) MoxeT OoiTh pasjioxeHa Ha
unrepBase (—R, +R) B cremennoit pax (2.61). Juddepenuupysa stor
PSiJ MOWIEHHO n pa3 (4TO 3aBEJOMO MOXHO JenaTb BHYTPH HHTEp-
Basa (—R, +R)), noayuum

f (x) =apnltan (nt+1)1x+. ..
Orciona npu x=0 Hafigem
f (0) =a,n!,

HaH a, =100 (2.66)

n!

2) OTMeTHM, YTO CYWIECTBYIOT (YHKIHH, HMEIOLIHE Ha HHTEDBaJIe HenpepHBHHE
NPOH3BOJHBE MOOOro MNOpsiKA, HO HE Da3joXKHMHE HAa 3TOM HHTEDBaje B CTENeH-
HOK psia. IIpHMepoM TakoA (GYHKIHH MOXKET CAYXKHTb

—1/x3

ke
f(x):{e npu x =0,
0 npr x=0.
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Takum o6pasom, Ko3d¢uiuHeHTH creneHHoro psaa (2.61), B xoro-
pHii Moxer OHTh pasioxeHa GyHKuus f(x), oOHosHauno onpedeis-
orca gopmyasoi (2.66).

[IpennosoxuM Tenepb, 4yto GyHKUHusS f(x) HMeeT Ha HHTepBale
(—R, +R) senpepbIBHbIEe NPOH3BOAHEE JI060r0 MOPSAAKA.

" Onpepenenune 2. Crenentoll pad (2.61), koagpuyuentol xo-
T0po2o onpedeaarorca gopmyrol (2.66), nasvieaerca padom Teli-
r0opa pyukyuu f(x).

YTBepxaeHHe 2 NPUBOLUT HAC K CAEAYIOIIEMY YTBEPXKIEHHIO.

YrBepxaeunue 3. Ecau ¢ynkyus f(x) moocer 6viTe passosce-
Ha Ha unrepsare (—R, +R) e crenennod psad, 10 3T0T pAd aAsaser-
ca padom Teiiropa ¢pyuxyuu f(x).

U3 pesyavratoB § 8 ri. 6 y. 1 HemocpeACTBEHHO BHITEKaeT cle-
pyioliee

YrBepxaenue 4. [Jaa ro20 urober ¢ynxyus f(x) moeaa 66ird
pasaoxena 6 pad Tedaopa wa untepsare (—R, +R) (na muosecr-
ge {x}), neobxo0umo u 0ocTATO4HO, 4TOGBL OCTATOUHLLEL Yaen 8 ¢op-
myare Max/zopena O0asa arol d)ymct;uu CTPEMUACR K HYA0 HA YKA3aH-
HOM unrepsaie (YKasanHoOM MHOXcecree).

2. Pa3jioxenHe HEKOTOPHIX 3JeMeHTAapHbIX GyHkuuii B psax Tedno-
pa. B u. 1 (cM. . 2 § 9 ra. 6) mokasaHO, YTO OCTaTOYHHE YJEHH B
dopmyne Maxknopena s QyHKumit e*, cosx H sinx crpeMsaTcs K
HyJJ0 Ha Bcell YHCJIOBOH NpAMON, a ocTaTOUHHA ujJeH B dopmyae
Makaopena ans ¢yskuun In(l+x) crpemMurcss K HyJio Ha no.rlycer~
MeHTe —l<x<l.

B cuny yTBepxkaeHus 4 M3 npeABAyllero NyHKTa 5TO NPHBOJMT
Hac K CJeAYIOUIHM DPa3JIoXKeHHSIM:

e

n=1
cosx-1+2 (72’);:‘”‘
N
(_l)nxﬁn+l
sinx Z i

©
—1)ne14n
In(l14x)= Z e i
n
n=l
IlepBrie TpH M3 3THX pas3iOXKEHHHA CXOAATCHA AJS BCEX 3HaUeHHH X,
a mocjefHee — HIJsi 3HaUeHHH x M3 nojaycermMeHra —l<x<l.
OcTaHOBHMCS Temepb Ha Da3JIOXKEHHH B CTeNEeHHOR psifi QYHKLHH
(1+x)*, uau Ha Tak HasHBaeMOM GHHOMHaAbHOM paAxe. Ecau
f(x)=(1+x)* 10
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f(x)=a{a—1) (¢—2)... (a—n+1) (1+x)*™.

[TosTomy ¢opMysna MariopeHa ¢ OcTatounniM uaeHoM B (opme Ko-
aux uMeeT BHA (cM. § 8 rar. 6 u. 1)

k!
k==1
Iae

8)

Ruy (x) = _(_1_:n'_” anH kD (0x) =

__(1—8)n
o nl

xtHe (a—1) (@—2) ... (a—n) (1 +6x)>—1 =

- 1—e\n (a—1)(a—2)...(a
<l+6x/ n!

{6 — mekoTOpoe uHcI0 H3 HHTepBala 0<6<I).
Cuauayna yGemumcs B TOM, uTo npH o>0 BCIOAy Ha HHTepBaJe
—1<x<1 ocTaTOYHBEIH WIeH Rp+1(X) CTPEMHTCA K HYJIO (NpH n—»co).
— n
B camoM gene, Bce uieHBl [OCJEJOBATENbHOCTH ll+ei) }
BCIOAYy Ha YKa3aHHOM MHTepBaJie He NPEBOCXOAAT eAMHHIH; MOCAeN0«
(a—1)(x—2) ... (t~n) y 1
BaTeJbHOCTh - }orpaHquHa, a uncno a(l+
+0x)*"! onpexeneHo nmpu Jio6oM GHKcHpoBaHHOM >0 u npH Ja0GOM
X u3 MHTepBasa —1<<x<l; HaKOHel, MOCJeLOBATEIbHOCTb {x¥"*!} sB-
JigeTcss GeCKOHEUHO MaJsiol mas Jjio6oro x 3 HHTepBana —I<x<l.
Takum o6pasom, B cuiy (2.68) ocratounufi uiIeH Rp+1(X) crpe-
MHUTCS K HyJI0 AJs Jio6oro GpukcupoBanHoro a>>0 u ja1060ro x H3 HHs
TepBasna —1<<x<1.
CaenoBatenpio, B cuay (2.67) nmpun o>0 BcioXy Ha HHTepBaje
—1<x<1 cnpaBelJIUBO PasJOKeHHE

=) g (1 +0x)e—lxntl  (2.68)

. O o (a—1)(@—2) ... (a—k-+1)
(14x)7=1+ E : X, (2.69)
f=sl

Hoxaxem Tenepsb, uto npu o>0 psad, croawud s npasod 4a-

cru (2.69), pasromepro cxodurcs K gynkyuu (1-+x)* na samxHy-
Tom ceemenTe —l<x<1.

Bciogy Ha yKa3aHHOM cerMeHTe 3TOT DA MaXOpHPYyeTcs YHC-
JIOBHIM PSIOM ‘

@] Jl—a} ... - |k—1—al

= (2.70)

kel
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B cuny npusnaka Beftepuitpacca st yeTaHOB/IeHHS paBHOMep-
HOM Ha cerMeHTe —1<x<1 cXOZMMOCTH psla, CTOSAILETO B NPaBOi
yactu (2.69), nocTaToO4HO MOKa3aTb CXOAHMOCTb MaXKOPHPYIOIEro
psana (2.70).

CooskaunM k-t uaen psapa (2.70) cumsogom pp. Toraa nas
BCeX JOCTaTOYHO GOJIBIIMX £ MOJyYHM

Pe E+1 E4+1"
M3 popmyar (2.71) BeITE€Kaer, 4TO

li . Pra )\ im—% _—
1mk(1 Pk) (l+a)1}_l,r2k+l (14+a)>1,

ko

Pba1 _ k—a 14 o (2.71)

T. e. pan (2.70) cxoxurca B cuiy npusnaka Paabe (eMm. n. 5 § 2
ra. 1

TaguM o6pa3som, foKa3aHo, yto IpH >0 pax, crosmui B npa-
Boit yacru (2.69), cxomurcsi paBHOMepHO Ha cerMente —l<x<l.
Ocraetrcs J0Ka3aTh, YTO YKa3aHHBIA pSX CXOAUTCH Ha CerMeHTe
—l<x<1 x ¢ynkuun (1+x)%

B cuay noKasaHHOrO BhILIE CyMMa ykasauHoro psga S(x) u
¢yskuus (1-4x)* coBnanalor Bcoody Ha HHTepBajde —1<x<1. Kpo-
Me Toro, obe (yHruuH S(x) u (I+x)® HempepHIBHBE Ha CerMeHTe
—l<x<1 (pyHkuus S(x) Kaxk cymMMa paBHOMEpPHO CXOXSILErocs
pAla u3 HempephBHHIX (QYHKUHI; HenpepuBHOCTb (pyHkuuu (1+x)*
npu o>0 oueBHzHa).

Ho rorna 3nauennss S(x) u (1+x)® B Toukax x=—1 u x=l1
o6s13aHEl COBNajaTh, T. €. PHA, crodului B mpaBofi yacte (2.69),
paiaHOMepHo cxofuTcsi ¥ (1+x)* Ha 3aMKHYTOM cerMeHTe —l<x<
<

3. BaemeHTapHbie NPeACTABIEHHS O q)yﬂxumlx KOMILIEKCHOH me-
pemenHOH. BHile oTMeuasoch, YTO Ha CJay4ail CTENEHHOro psja
OTHOCHTEJbHO KOMIIJIEKCHO! nepeMeHHOH 2

agt+a,2+aq.22+. . .4azzn+. ..

neperocsitcsi TeopeMbl 2.13 1 2.14 (o cyllecTBOBaHHH H BelHYHHE
pazuyca CXOZHMOCTH). Psigbl Takoro Tuma HCIONBL3YIOTCH JIs Ompe-
JdeseHus (QYHKUMHA KOMILJIEKCHON ImepeMeHHO# 2.

OyHKIMH €%, COSZ M Sin 2 KOMILIEKCHOH IlepeMeHHOM 2 ompefe-
JAIOTCH KaK CYMMH CJEAYIOIHX PSAOB:

=1+ E Z’: . (2.72)
n==1
cosz=1+ 2 ("(‘2”)';22" (2.73)

n==1
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_(=1ynzni
smz_): BT (2.74)

Jlerko npoBepHTb, YTO 3TH PAAB aGCONIOTHO CXOAATCA JJs BCex
3HaUEHHMH 2 (HX pajuyc CXOZHMOCTH R=o0).

YcTanoBHM Tenepb CBs3b MeXAy OYHKLUMAMH €%, cOSZ H sinz.
3amenaa B popmyne (2.72) z Ha iz, nONYVYHM

(lZ) (t'z)" (iz)s (iz)®

er=1+iz+ m T e T
22 24 . Fad 25
=(1——21—+—4—’-—..)+L(z——7+ 51 —...). (2'75)

Comnocrasassi mpaBylo yacTh paBeHcTBA (2.75) ¢ passioxeHus-
(2.73) u (2.74), npuieM K cjelyioumel 3aMevyaTeJqbHOR (OpPMY-

Je:
e?=cos z+isinz, (2.76)

®opmyna (2.76) urpaer QyHRAMEHTANbHYI0 POJb B TEODHH
GyHKUMA KOMIJIEKCHO! NepeMeHHOH H Ha3hmBaeTci GOpMyJaoi
ditaepa.

[Monaras B dopmyne Dilepa nmepeMeHHYI0 2 PaBHOW CHauana
BELECTBEHHOMY YHCHY ¥, a 3aTeM BEIeCTBEHHOMY YHCIY —X, 1O«
JYUHM CJeAyiounue Q)opmymﬂ

e*=cos x+isinx, e **=cosx—isinx.

CkanaaviBass ¥ BbUHTast 3TH (GOPMYJH, NMOAYYHM (OPMYJbI, BEpa-
XKaloIlHe cOoS ¥ ¥ Sinx yepes NOKa3aTeJbHYI0 QYHKUHIO:

et¥ e—ix
COS X = -—i;-——
. g i (2.77)
sinx= .
2

B 3akmiouenne OCTAHOBHMCH Ha olpese/IeHHH Jorapupmuye-
CKOIl (pyHKUHH W==In2Z KOMIVIEKCHOH nepeMeHHOH 2. DTy (GYHKIUIO
€CTECTBEHHO ONpeJeNHTh KakK (QyHKUHIO, OODaTHYIO INOKa3aTelb-
HOH, T. e. U3 cooTHomeHus 2=e¥, [lonaraa w=u+iv, z=x-+iy, no-
CTaBUM mepel cO60H Lenb — BHPA3HTb U H U uyepe3 z=x-tiy.

W3 cooTHomenus

2=x+iy=etiv=e%(cos v+isin v)

NOJyYuM, HCHOJIbB3Yd NOHATHA MOAYJA M apryMeHTa KOMIIJICKCHOIO

qHCIa,
|2l =V x* + y?=¢¥, argz=0v—2nk,
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rae
k=0, =1, £2, ...

U3 nocefHUX DaBEHCTB HAXOIUM, UTO
u=Inlz|=InV 2+ 43,
v=argz+2nk (k=0, =1, £2,..)),
HJIH OKOHYaTeJbHO
Inz=In|z|+i(arg 2+ 2nk), roe k=0, =1, =2, ... (2.78)

®opmyna (2.78) mokaseiBaer, yTo Jorapupmuueckas GyHKuus
B KOMIIEKCHOH OGJIaCTH He A844eTCl O0OHO3HAYHOU: ee MHHMas
4acTp AJISL OAHOrO H TOrO Xe 3HAUeHHs 2 uMeeT OecuucjeHHOE
MHOXKECTBO 3HaYeHHH, OTBEYAIOIIMX pa3nuuneiM k=0, =1, £2, ...

Jlerko moHATH, UTO aHAJOTHUHasi CHTyalust OyAeT HMeThb MecTO
H OpH onpeJeNieHHH B KOMIJIEKCHOH o6sacTH ob6paTHHIX TPHUrOHO-
MeTpHUYECKHX (PYHKIHH.

4. Teopema Beilepmirpacca 0o paBHOMepHOM npHOJMKEHHH Hempe-
PLIBHOH (GYHKLMH MHOTOYJEHAMM.

Teopema 2.18 (reopema Belhiepmirpacca) 3. Ecau ¢pynxyus f(x)
Henpepotena Ha ceemente [a, b], To cyuwjecTayer nocaedo8aresvHOCTL
MmHoeourenog {P,(x)}, pasnomepro Ha ceemenrte {a, b] cxodawjanca K
f(x), 7. e. dasn ar060eo £>0 HalideTrca muoeousren P,(x) ¢ Homepom
n, 308UCAWUM OT €, TAKOU, 4TO

[ Pn(x)—f(x)|<e

cpasy das ecex x u3 cezmenrta [a, bl.

HubiMu ciioBaMu, xenpepolsnyto na ceemente {a, b] gpynryuro f(x)
MOMCHO PABHOMEPHO HQ ITOM CeZMEeHTe NPubAuU3uTb MHOZOYAEHOM C
naneped 3a0aHHOL TOYHOCTLIO &, ,

HdoxasareabcTtBOo. He orpannuuBasi OGLIHOCTH, MBI MOXKEM
BMecTO cermenTa [a, b] paccmatpuBath cerment [0, 1]'9. Kpowme Toro,
JOCTAaTOYHO AOKa3aTh TEOPEMY AJisl HenpepeiBHON ¢yHKuuu f(x), 06-
pamamwmeiics B HyJb Ha KoHuax cermenta [0, 1], T. e. yroBaerBopsio-
meit yenoBusam f(0)=0 u f(1)=0. B camoM nene, ecin 6u f(x) He
VAOBJIETBOPSIJIA 3THM YCJIOBHSIM, TO, MOJOXKHB

g (x)=F (%) =F(0) =x[[ (1) -} (0)],

Mbl moJyunsu Gbl HenmpephiBHYIO Ha cerMenrte [0, 1] dyurumio g(x),
ynosiaerBopsiomyio yciaoBuaM g(0)=0 u g(1)=0. Torna u3 BO3MOXK-
HOCTH IIpeJAcCTaBJieHHst g(x) B BHIAe npefesa PaBHOMEPHO CXOAsIIel-
csl TIOCJeOBATEIbHOCTH MHOTOUJIEHOB BHITEKaJNO GBI, 4TO H f(x) mpen-

3 Dra ¢dyHzaMeHTasbHAs TeopeMa Oplsia AOKa3aHa Beitepritpaccom B 1895 r.
!4 TlockOMbKY OMMH H3 STHX CerMEHTOB NpeoGpasyercss B APYrof JuHeHHOH 3a-
MeHOR x= (b—a)t+a.
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CTaBAMa B BHJE Npeliesia PaBHOMEPHO CXOASINEHCs MOC/Ie0BaTeNbHO
CTH MHOTOUJIEHOB (TaK KaK Pa3HOCTb [(x)—g(x) sBAseTcs MHOrouje~
HOM HEepBOH CTeNleHH).

Hrak, nyctp dyukuus f(x) nenpepniBHa Ha cermente [0, 1] u ynos-
aersopsier ycaosusaM f(0)=0, f(1)=0. Takyw o¢yukuuio f(x) MoxHO
MPOXOJNXHTb Ha BCIO NPSIMYIO, IIOJIOXKHB €e paBHOM HYyJIO 3a mpexe-
Jnamu cermenra [0,1], # yTBepXaaTh, YTO TaK MPOAOJNKEHHAS OYHKUHST
ABAAETCA PABHOMEPHO HenpepvleHol Ha acell npamot,

PaccMOTpHM c/leAyIOIIYI0 KOHKPETHYIO MOCHEJ0BaTeNbHOCTh HEOoT+
pHUATeJIbHbBIX MHOTOUYJEHOB CTENEHH 2n:

Qu(x)=c, (1—x%)" (n=1, 2, ...), (2.79)

Y KaxJAOro M3 KOTOPBEIX NOCTOSIHHAA Cp Bmﬁpaﬂa Tax, yTOGH BHIIOJ~
H5JI0Cb PaBEHCTBO

iQ,,(x)dx:l (n=1, 2, ...). (2.80)
=1

He BbluHC/AST TOYHOrO 3HAUEHHs NMOCTOSIHHOH Cn, OLIGHHM €€ CBep~
Xy. s 3toro 3ameruM, uto AJs Jioboro Homepa n=l, 2, ... U A%
Bcex x u3 cermenra {0, 1] cnpaBeninBo HepaBeHCTBO 9

(1—x2)n>1—nx2 (2.81)

1
IMpumensisn HepaBenctBo (2.81) u yyuThiBasg, uYTO —= < I npu o~
14

6om n>1, 6yaem HMeThb

+1 1 Ve
S(l—xz)”dx=2 (1—x2yrdx > 2 S (1—x2)dx >
-1 2) 0

1/Vn

1 1
v n Vn

=2 S (l—nx“‘)dx:—-%-
0

(2.82%

Uz (2.79), (2.80) u (2.82) 3akmiouaeM, uTO MJis BCEX HOMEpOB
n=1, 2, ... chnpaBeAJHBa CJeAylolllasg OLEHKa CBePXy AJS HOCTOSH=

HOH Cp:
cn < Vn. (2.83)

5) D10 HepaBeHCTBO BHTEKAET M3 TOrO, 4T0 npH JgoboM n>1 dyuxkous @(x)=
= (1—x?)»—(1—nx?) neoTpHuaTespHa BcioAy Ha cermentre O<x<l, Tak Kak 3Ta
¢yHKIMs obpamaercss B Hyap nOpu x¥=0 H uMeeT BCIOAY Ha 3TOM CerMeHTe He-
OTPHLATENBHYI0 NPOH3BOAHYIO @’ (x)=2nx{l— (1—x2)"~1].
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M3 (2.83) u (2.79) BurTekaeT, yro npu Jobom 8>0 aas Bcex x H3
cermenra 6<|x] <1 cnpaBelJHBO HepaBeHCTBO

<QQUE<Vn(1—&). (2.84)

U3z (2.84) cuenpyer, uto npu Jmo6om ¢ukrcuposaniom >0 nocie-
JOBATeJbHOCTb HEOTPHLATENbHBIX MHOrouwneHoB {Q,(x)} cxoaurcs K
HYJII0 PaBHOMEPHO Ha cerMenTe 8< |x| <116,

[Tonoxum Tenepp Ans Jo6oro x u3 cermMenra 0<x<l

+1
Pa()= [ F(x+0)Qu (1) at (2.85)
-1

#u y6eiHMcH B TOM, 4TO Hisi Jio6oro n=1, 2, ... ¢yHkuug P,(x)
€CTh MHOTOU/IeH cTeneHu 2n, npuueM {P, (x)} u siBjIsleTCA HCKOMOH IO~
CJe0BaTEJbHOCTBI0 MHOTOUJIEHOB, DAaBHOMEPHO CXOAfAIIelics Ha cer-
mente [0, 1] K dyuxuuu f(x).

Tax kak usyuaemasi Pynkuus f(x) paBHa HyJIO 3a IpejgejaMu cer-
meHra [0, 1], To masa gawo6oro x u3 cermenta [0, 1] uuterpan (2.85)
MOXKHO 3alMcaTh B BHJE

I—x

Pox)= | 1(x +DQu(n)dt.

—X

3amensisi B MOCJeLHEM HHTerpaJie nepeMeHHylo ! Ha t—x, MBl [pH-
ZJajuM eMy BUJ

1
Py(0)= () Qu(t—x)dt. (2.86)
0

Us (2.86) u (2.79) scuo, uto Oynxkuusa P,(x) NpEeCTABISET CO
00l MHOTOUJIEH CTEeneHH 2.

Ocraercs n0KasaTh, uTo HnociaenoBarenbuocts {P,(x)} cxomures K
f(x) paBHoMepHo Ha cermeHTe 0<x<1. PuKcHpyeM NpPOU3BOJBHOE
¢>0. Jlnag GUKCHPOBAHHOTO & B CUJY PDaBHOMEDHOH HeNpepHBHOCTH
f(x) na Bcell uncaoBoil nmpsimoil Halinercs 6>0 Takoe, uTo

[F(x)—F(y) | <e/2 mpu |x—y[<8. (2.87)

3ameTumMm ellle, 4TO TaK Kak [(x) uempepeiBHa Ha cermente [0, 1],
TO OHa OrpaHHuYeHa HAa STOM CETMEHTe, a CJeAOBaTeJNbHO, H BCIOAY Ha

1 B camoMm fHene, AOCTATOYHO AOKa3aTh, HYTO IMOCJEAOBATENbHOCTD @n= (1 —
—&82)” Yn CXORMTCA K HYJIO, & 3TO BBITEKAeT, HAampHMEp, U3 TOrO, 4YTO, NOCKONBKY
«®

lim ¥ a = (1 —8%) lim n?

n—o

suaxky Kown (cM. teopemy 1.6.).

=(i—8) <1, pan Z Gn CXOJIMTCA TO TpH-

==l
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YHCJOBOH NPSIMOi. DTO O3HAYaerT, 4TO CYLIECTBYeT MOCTOsiHHas A Ta-

Kad, 4TO AJid BCeX X
I (x) | <A. (2.88)

Hcnonnsys (2.80), (2.84), (2.87) u (2.88) u yuuTEIBas HeoTpHIa-
TenpHOCTb Qn(x), omenuM pasnoctb Pn(x)—f(x). Jas Bcex x u3 cer-
mentra O<x<1 OyneM HMeTb

i
1P (x)—F(x)] = | g [ (x +)—F ()] Qn(t)dtl <

Slf(x+t) —F()Q () dE < 2ASQn t) dt +

=1
4] 1
\d Py 2\n} d
+— S Q. () di + QASQn(t)dt\<4AVn(l—6 Y+
—8 4]

ﬂﬂﬂ 3aBeplICHHs AO0Ka3aTeJbCTBa TEOPEMHB JOCTATOUHO 3aMETHTD,.
4YTO AJIA BCeX JOCTATOYHO GoJabLINX HOMEDPOB 71 CnipaBeAJIHBO HEPaBEH-

CTBO
4AV n (1—8) < g/2.

CneactsBue u3 teopemnu 218. Ecau #e TOABKO cama
pynkyus f(x), Ho u ee npoussoOrsle 00 HekoTOpPo2O0 nopsadka k
sKAtO4UTeAbHO Henpepbisrol na ceemenTe [0, 11170, 10 cywecrsyer
nociedosaresbHocTy mrozounenos {P,(x)} raxas, uro kamdas us
nocaedosareavrocrel {P,(x)}, {Pn'(x)}, ..., {P.®(x)} cxodurcs:
paauo/tfepuo na ceemenre [0, 1] coorsercrsenno k f(x), ' (x),
ey [®(2).

B camom gene, He orpaHMyMBasi OGIIHOCTH, Mbl MOXKEM CUHTATh,.
4yTO KaXnasd u3 ¢yukuud f(x), f(x), ..., f®(x) obpamaercs B
HyJab npd x=0 u npu x=1'9, a npu Takux ycaoBusax ¢yHxuuo f(x)
MOXKHO NPOJOJIKHTb Ha BCIO NPSMYIO, ToJlarasi e paBHOH HYJIO BHE
[0, 1], Tak uTo mpomoNKeHHasi QPYHKUHKS U BCe €€ MPOH3BOAHBIE A0
nopsiiKa R BKJIOUHTENBbHO OKaXyTCsl PaBHOMEPHO HeNpephIBHBIMH.
Ha BCe# YHCJOBOH NPAMOH.

Ho rtoraa, o6o3navas uepes P,(x) Tor xe MHorouies (2.85),.
YTO W BBILIE, ¥ NOBTOPSI PACCyXAEHHS, POBeleHHHE NpH JoKa3a-
TEeJbCTBE TeopeMbl 2.18, MBI JGOKaxXeM, 4TO KaxJas H3 pa3HocTel:

Po(x)~f(x), P’ (x)—f' (%), ..., Pa® (x)—[® (x)

' Koneuno, smecto [0, 1] moxuo B3ats [a, b].

18) Ecau 6H f(X) ne yAOBJIETBOPSIAa 3THM YCJAOBHSIM, TO MH Hauuwi OH MHO-
rounen pr(x) cremeHH 2k Takofl, uTo ans GYHKHHH g(x)= f(x)—pr(x) aTH ycaoBHsm:
6bi OBl BHINOJHEHH,
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siBsieTca GeCKOHEYHO MaJloH, PaBHOMEDHO OTHOCHTENBHO X Ha
cerMente O<x<1. ‘
3ameuanue 1. HajgoxeHHOe HaMH [0Ka3aTeNbCTBO JIErKo
ob6obuiaercs Ha caydail GyHKUMH m nepeMeHHHIX f(x;, X2, ..., Xm),
HenpephBHOH B m-MepHOM Kybe O<x:<1 (i=1, 2, ..., m).

CosepuieHHO aHaJOTHYHO TeopeMe 2.18 noka3riBaeTcs, 4YTO AJd
Takolt QyHRUMH f(Xi, X2, ..., Xm) CYIIECTBYET PaBHOMEDPHO CXOIsI~
masicss X Hefi B mM-MepHOM Kybe NOCJeJOBaTeNbHOCTh MHOTOUJIEHOB
OT M NepPeMEeHHBIX X1, X3, ..., Xm.

Samevyanne 2, 3aMeTuM, 4TO (Hrypupyouue B Teopeme 2.18
MHOTOUYJIEHE MOXHO 3aMeHHTb (QyHKUHUSAMH GoJiee OOLIEH HPHPOAHL,
COXPaHAs NPH 3TOM YTBepXKJAeHHE O BO3MOXKHOCTH PaBHOMEPHOTO
NpHOJHXEHHA TaKUMH QYHKUMAMH J1060f HenpepnBHOH (yHK-
uun f.

HloroBopHMcsl Ha3HBaTh IPOHU3BOJNBHYIO COBOKYNHOCTb A ¢yHK-
uMi, ompesesieHHBIX Ha HeKOTOpoM MHoxXectBe E, anre6po#, ec-
an'9: 1) f+g=A; 2) fgeA; 3) af=A npu npoussoibhbx feA
H gEA U 0pU BeLIeCTBEHHOM Q.

HWubsiMu caoBaMu, aire6pa eCTb COBOKYNHOCTb (DYHKIHH, 3aMK-
HyTasl OTHOCHTEJIbHO CJIOXKEeHUsS H YMHOXKeHHs (YHKUHH H yMHOXe-
HH OYHKLHH Ha BelleCTBEHHbIe YHCJA.

Ecau nas kaxaoi ToukH x MHOXecTBa E Haijercs HekoTopas
bynknus geA rakas, uro g(x)+0, To roBopar, yto anrebpa A
He HCYe3aeT HH B OJHON TOUKe X MHOXecTBa E.

['oBopsiT, uT0 coBoKynHOCTh A (GyHKUUH, ONpeeNeHHBIX Ha MHO-
xkecTBe £, pasjenser TOUKHM MHOoXecTBa E, ecsin 175 Jio-
6bIX ABYX pas3/IMUHBIX TOYEK ¥; H Xy STOrO MHOXeCcTBa Hafijercs
oyekuus f us A takas, uto f(x1) #f (x2).

Hmeer MecTo cliefyioliee 3aMeyaTebHOE yTBEpXKAEHHE:

Teopema 2.19 (reopema Beiiepmrrpacca — Croyna ),
ITycte A — asncebpa Henpepol8rblx Ha KOMNAkTHOM 2V muodxcecTse
E ¢ynuxyui, xoropas pasdeaser rouxu muoxcecrsa E u ue ucue-
3aer Hu 8 OOHOL TouKe 31020 MHoMecTsa. Toeda kamdas Henpe-
poieran na muoscecrse E ynkyus f(x) moocer 6oiro npedcrasae-
Ha 8 sulde npedeaa pasHoMepHo cxodauwelica nocaedos8aresbHOCTY
Pynkyud areebpor A.

19 HanoMHuM, 4TO cMBOJ fe=A o3HauaeT npHHaANeXHOCTb [ K A.
20) M. CTOyH — COBpPEMEHHHI aMepHKAaHCKHI MaTeMaTHK.

31) HamoMHHM, 4YTO KOMNAaKTHHM HAa3hIBAeTCS 3aMKHYTOE OrpaHHYEHHOE MHOMKe-
<TBO.



I'masa 3

JABOHMHBIE U n-KPATHBIE HHTETPAJIbI

Bo BBoaHO# riaBe 4. 1 GHJIM yKasaHH BaX<Hble 3aJayd O BHIYHC-
JeHHH IJIOMaAH KpPHBOJNHMHEAHOH TPAaNEUMH M O HAXOX/IEHHH NpOH-
JEeHHOTO MaTepHAaJIbHOH TOYKOH NyTH, NPHBOAAINHE K IIOHSTHIO OJHO-
KpPaTHOTO OmpeJesleHHOro HHTerpaja. AHaJOrHyHhe <«MHOTOMEpHHEe»
3ajayd, TaKue, HalpuMmep, Kaxk 3ajaya O BHIYHCJIEHHH O0beMa HJH 3a-
Jlaua o BBIYHCJIEHHH Macchl HEOJHODOXHOro TeJsa, eCTeCTBEeHHBIM ofpa-
30M NPHBOAAT K PacCMOTPEHHIO JBOHHHIX H TPOHHBIX HHTErDAJIOB.

B nacrosime#i rsnaBe u3smaraercs TeOpHSl n-KPATHBIX HHTErpaJioB
(n=2). IlocTpoenne TEOPHH n-KpaTHHX MHTErPaJOB HPOBOLMTCT B
NOJIHOH aHaJOTHH C NOCTPOEHHEeM TEODHH OLHOKPATHOrO HHTerpaJa.
Hna 6onee 3¢ PeKTHBHOIO HCMOAL30BAHHS aHAJOTHH C OJHOKPATHHIM
HHTErpajioM CHaYalla BBOAHMTCH NOHATHE JBOHHOrO HMHTerpaja AJs
NpAMOYTOJbHHKA. 3aTeM BBOAHTCA IOHATHe JBOHHOTO HHTerpaJja Io
NPOU3BOJBHON 006/1aCTH KaK € IOMOWIbIO IPSIMOJMHEHHOro, TakK .H ¢
IIOMOIIBIO TIPOH3BOJILHOrO pa3bueHHs 3Ttoi obaactH. Ilocrpoennas
TEOpHsl MEePeHOCHTCS Ha cJydal n-KpaTHOro uHTerpaja. B xosue ria-
BBl M3y4aloTCsl KpaTHHE HecOOGCTBEHHHE HHTEerpaJH.

§ 1. ONPEAEJEHHUE U YCJIOBHS CYHIECTBOBAHHS
JABOAHOr0 UMHTErPAJIA

1. OnpenefeHne ABOIHOrO HHTErpaJja AJs NPAMOYroJbHHKa. Pac-
CMOTPHEM NPOM3BOJBHYI0O GYHKUHMIO f(X, y), ONpeleseHHYI0 BCIOAY Ha
npsiMoyroabHuke R=[a<x<b] X[c<y<d] (puc. 3.1). Bsemem mo-
HSITHE HMHTErpaJibHOH CYMMBl (QYHK-
und f(x, y). vy

Paszobnem cerment [a, b] Ha n d=y,
YACTHUHBIX CErMEHTOB NPH TOMO-
¥ TOUeK a=X<X1<X<Z...<Xp= y
=b, a cermenT [c, d] Ha p yacTHu- !
HEIX CETMEHTOB IIPH IOMOIIY TOYEK Yt
c=lYo<h<Ye<L..<Yp=d. DrOoMy
pa3bHeHHI0O CEerMeHTOB COOTBETCT- €=y
ByeT pas6ueHHE MPSIMOYrOJbHHKA : -
R mpsAMEBIMH, NapajielbHBIMH OCAM 0l a=az Tx-p Tk b=z,
Ox u Oy, Ha n-p 4YaCTHYHHIX
NPSIMOYTOJLHUKOB Pxc. 3.1
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Rklz[xk—l\<x<xk]><[yl—l\<y\<yl](k=1’2) DRI (4 12192’ v 7p)’

YkazaHHOe pa36ueHHe NPSIMOYroJbHHKa R o6o3HayuM cuMBojom T.
PasGuenne npsMOyroJpHHKa R, MoJjyueHHOe H3 paabuenuss T no6as-
JIEHHEM MNPSIMBIX, mapanjesbHplx ocsiM Ox u Oy, Ha3oBeM H3MeJb-
yeHuem pa3buenuss T 1 OyneM obo3HadaTth CUMBOJIOM T/,

Bciony B 3TOil riaBe mOJA TepMHHOM <«IIPAMOYTOJBHHK® MBI Oyaem
NOHUMATh IPSIMOYTOJbHUK CO CTOPOHAMH, MapaJijieJbHEIMH KOOpPAHHAT-
HbIM ocAM. Ha KaX[goM YacTHYHOM MNpSMOYroJbHHKe Ry BHOepem
NPOU3BOJLHYIO TOUKY (&g, Mi). ITOMOXKEM AXe=Xr—Xr-1, AYI=Y1—Yi1-1
H o6Go3Hauum uepe3 AR, mjowmanb npaMoyrojbHuka Ry OueBupHo,
ARp=Ax¢-Ay,. auHy [HaroHaJu INPSAMOYTOJbHHKA Ry, pPaBHYIO
V(Axe)?+ (Ay:)?, HazoBeM JHaMETPOM 3TOrO NPSAMOYIOJbHHKA..
Hauboabluét 3 muamMeTpoB BCeX YAaCTHUHHBIX NPAMOYTOJBLHHKOB Ha30-
Bem fHaMeTpoM pa3dbuenus T npaMoyrojbHHKa R u 0003Ha-
YUM CHMBOJIOM A.

Onpeneanenue 1. Yucao

nop
o=0(f, T)= Z ‘,@: (& M) ARy (3.1}

k=1 1=

—

Hazosem uHMTeepaarbHoOU cymmou ¢pynkyuu f(x, y), coorser-
creyroujeti dannomy pasbuenuro T npamoyzosvrura R u OanHOMy
86.60py npomesxcyTouroix To4eK (Er, Mi) HA YACTUUHBIX NPAMOYLONbHU-
xax paszbuenus T.

Onpenenenmne 2. Qucao I naseisaercs npedesrom untee-
paassnorx cymm (3.1) npu A—0, ecau daa rr06020 noroscuress-
HO20 4UCAQ & MOJNCHO YKA3QTb TAKOE NOAOMUTEASHOE Yucao 8, 4To npu
A<<d Heszasucumo or seibopa npomexcyrounolx Tovex (Er, M) Ha R
goinoansercs nepasencrso |o—I| <e. _

OTMeTHM, YTO HHTErpasbHylo cyMmmy (3.1) MOXHO paccMaTpHBaTh
KaK MpPSIMOYroJIbHYIO YaCTHUHYIO CYMMY Spp NBOHHOrO psifa, a Ipeae
unTerpaabHnx cymm (3.1) nmpu A—-0 — xak mpegea limS,, npm

P
HE3aBUCHMOM CTPEMJIEHHH 7 U P K GECKOHEUHOCTH, T. €. KaK CyMMy
COOTBETCTBYIOUIErO ABOKHOro psiga. (DJeMeHThl TEOpUH JIBOIHBIX
PALOB H3JIOXKEHH! B IJI. L.) :

Onpeneanenune 3. Pynkyus f(x, y) Ha3vleaeTcs uHTeZp u-
pyemoii (no Pumany) na npamoyzorvruke R, ecau cyuecrsyer
KoHneunoli npedea | unrteepasvrolx cymm 3roid pynkyuu npu A—0.

Yrazaunoii npedea I Hasoieaercas OB0UHOLIM UHTE2PAAOM
or ¢ynkyuu f(x, y) no npamoyzosvruxy R u obo3nauaerca 00HUM.
u3 credyrouiux Cumsonos:

1={110 wvdy= [] 1) do.
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Sameuanue TouHO Tak XKe, KAK U [Jis OLHOKPATHOTO ONpeje-
JaenHoro uHrerpana (cM. § 1 ra. 9 u. 1), meTonoM AOKaszareiancrBa
OT IPOTHBHOTO YCTaHaBJHBaercs, yTo Jiobas HHTErpHpyeMas Ha mps-
MmoyrosapHHKe R ¢yHkOua f(x, y) sABaseTcs OrPaHHYEHHOH Ha 3TOM
npsiMOyroJibHuKe. IToaToMy Besfe B 3TCH IJiaBe, KpOMe IIOCJELHEro
naparpada, He OropapHBasi 5TO [ONOJHHTENbHO, OyleM paccMaTpH-
BaTh JIMIIb OrpaHHYeHHBIE QYHKIHH.

2. Yci0BHS CYLIECTBOBAHHA JIBOHHOrO MHTErpaja AJfl NPAMOYroJib-
nuxa. Teopusi [lap6y, pasBurtas B II. 9 4. 1 1Ja OoHOKpaTHOrO ompe-
IeJIeHHOTO HMHTerpaJia, IOJHOCTbIO NePeHOCHTCA Ha ciayya#l JBOHHOrO
HHTerpajia B npsiMoyrosibHike R. BBHAY NOJHOH aHAJIOTHH MBI Orpa-
HHYMMCSl yKa3aHHeM OOIueH cXeMBl paccy:ieHHH.

CoctraBuM Ajig faHHOrO pa36uenus I OpsMOyroJpHHKa R Be CyM-
MBI: BEPXHIOIO CyMMY

n

p
S: Z Mk[ARkl (Mklzsupf(x) y))
Rut

k=1 I=1

4 HUKHIOIO CyMMY
n p
§= MyARy  (my =inif(x, y)).
kgltgl Ret

CnpaBef/iuBH CjIeLyIOIIMe YTBEpXKAEHHs (LoOKa3aTeJbCTBa HX
HOJIHOCTBIO aHaJIOTHYHB JI0Ka3aTeJbCTBaM, INpDHBELEHHEIM B I. 2
§ 2ra 9u ).

Yreepxnaenue 1. Jas awboeo paszbuenus T npamoyeorsrurxa
R npu arobom seibope npomesicyTounsix Todex (Er, M) HQ 4QCTUYHOLLY
npAMOYy20AbHUKAX Ry unrezpasvnas cymma o yooBAETEOPAET Hepa-
sencream s<o<S.

YrBepxpernue 2. Jaa arbozo ¢ukcuposannozo pasbuenus T
u ar06020 uucaa e=>0 npomexcyrounoie Touku (Er, M) ERp  MOMHO
8blbpars Tak, 4TO UKTezpasbHas cymma ¢ 6yoder y0os8AeTBOPATL Hepa-
gencream 0<S—o<e.

Touxu (Ee, Mi) MoxHO 86I6paTo u TaKum 06PA3OM, 4TO UHTee-
paavras cymma o 6yder ydosaergopars wepaseucrsam 0<o—s<e.

Yreepxnenue 3. Ilycre T’ - usmesvuenue pasbuenus T
apamnoyeosvruka R u S’, ' — COOTBETCTBEHHO 8EpXHAS U HUICHAA
cymmot paa3buenusn T'. Toeda cnpasedausel HepasencTaa

s<s, 8'<S.
Yreepxaenue 4. ITycroe T’ u T” — awbole 08a pasbuenusn
apamoyeosvnura R, S’, 8" u 8”, s — sepxuue u nusicHue cymmol ITUX
pasbuenuti coorsercreenno. Tozda

sl\<Sll’ S”<S,.
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YreepxaeHue 5. Mroxecrso {S} sepxuux cymm OaHHOU (yHK-
yuu f(x, y) Oan 6cesozmoxcHolx pasbuenull npamoyzosvnuka R ozpa-
Hu4eno cuusy. Mmnuoxecrso RHudcHux cymm {s} oepanuteno ceepxy.

Takum oOpasoM, CyLIecTBYIOT YHCJA

I=inf{S}, [=sup{s},

Ha3blBaeMble COOTBETCTBEHHO B€PXHHMM M HUXHHM MHTErpa-
anamu Jap6y (or pyHkuum f(x, y) mo nmpsmMoyroibHuky R). Jlerko
y6eautsca B ToM, uto I <1.

Yreepxaenune 6. Ilycre T' — usmeavuenue pasbuenus T npa-
moyeorvruka R, noayuennoe uz T OoGasrenuem p HOBbLX npAMbLX, i
nycro §’, s u S, § — 6epxHuUe U HUMCHUE UHTEZPALbHbIE CYMMbL PA3-
6uenui T" u T cooreercrsenno. Tozda umerOT mecTo oyeHku

[S—8' < (Mgr—mg) pAd; s'—s < (Mg—mpg) pAd,

ede MR=sgpf(x, Y), mR=igff(x, Yy), A — Ouamerp pasbuenus T,

d — OJuamerp npamoyeorbruxa R.

B mosnnoit amanorum ¢ moHsiTHEM mpeiesa HHTETPaJbHBIX CyMM
(ompenenenne 2 m. 1) BBOAMTCS INOHATHE NpEAesa BEPXHHX M HHIKHHX
cymM. Tak, yucio I HaspiBaeTcsl NpEAeJOM BEPXHHX CYyMM S IpH
A—0, ecan pas awo6oro &>0 MOxHO ykasaTb O6>0 Takoe, YTG
|S—I| <<e mpu A<T8.

Yreepxaenue 7. Bepxnull u nuncnuil unreeparvt Japby T ul
or ¢yunkyuu f(x, y) no npamoyeosrvnurky R ssasworcs npedesamu co-
OTBETCTBEHHO BEPXHUX U HUXCHUX cymm npu A—-0.

W3 nmpuBeneHHbx yTBepxJAeHHH 1—7 BBITEKaeT cjefyiomas

Teopema 3.1. [Iaa 1020 4TO6bL 02PAHUYEHHAS HA NPAMOYSONbHU-
ke R ¢yukyus f(x, y) 6olra unTeepupyema Ha sTOM NPAMOY20LbHYKE,
Heobxo0umo u 0ocTaro4no, 4Tober Ois 406020 £>0 HAWAOCH TaKoe
pasbuenue T npamoyeorvrura R, 041 Koropozo S—s<e.

Kax u B ra1. 9 u. 1, Teopema 3.1 B coelMHEHHH C TEOPEMO# O pas-
HOMEDHOH HeHpPEepHIBHOCTH I03BOJISET BHIAENHTL BaKHeHIHe KJacChs
HHTErpupyeMbix (HyHKIHUI.

Teopema 3.2. JJrwbas nenpepoisnas 8 npamoyzorstruke R pymnx-
yus f(x, y) uxTeepupyema Ha 3TOM NPAMOYZOAbHUKE.

Onpenenenue 1. Hasoeem asaemenrapunoid Gueypoit
MHONMCECTBO TOUEK, npedcTasinarouiux coboli o0vedunetle KOHEYHO20
HUCAQ NPAMOY20AbHUKOE (CO CTOpOHamu, napairessuolmu ocam Ox
u Oy).

3aMeruM, 4TO B ompefeneHud 1 MOXKHO GpaTb NPSIMOYTOJbHHKH,
KaK uMemolmue ofiye BHYTPEHHHE TOUYKH, TAK U HE HMEIOUIHE HX.

Onpenenenme 2. Bydem eosopurs, uro ¢ynxyus f(x, y) obaa-
daer 8 npamoyeonrvruke R (& npouseonsroil samxnyroii obaacru D)
I-ceoicreom, ecau: 1) f(x, y) oepanusena 6 R (8 D); 2) daa aro-
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6020 £>>0 Halilerca aaemenrapHas uzypa naouadu, mexvulell e,
codepxcau,as 8ce TOUKU w AUHUW pa3peiea Qyrkyuu f(x, y).

Teopema 3.3. Ecau pynrkyus f(x, y) obradaer 8 npamoyaorbru-
xe I-ceolicTeom, TO OH@ UHTezpupyema HG 3TOM RPAMOYZOAbHUKE.

JlokasaTenpcTBO TeopeM 3.2 H 3.3 MOJHOCTHI aHAJOTHYHO AOKa3a-
TeabcTBY Teopem 9.1 m 9.2 u. 1. '

3. OnpepneJieHHe W YCJOBHA CYLIECTBOBAHHS JBOHHOrO HHTerpaia
AJsi Mpou3BoJibHONH o6xactd. B m. 2 § 2 ro1. 10 u. 1 6ui  BBefeHH
TIOHATHS KBaJAPUPYEMOCTH M IUIOINAAH NJIOCKOH ¢uryphl. HamomuuM,
YTO MJIOCKON GUIrypoil MBI Ha3BaJH YacTb IJIOCKOCTH, OrDaHHUYEHHYIO
npocToil 3aMKHyTOH KpuBOH. Ilnockas ¢urypa HasniBaercd KBaJpH-
PYEMOIi, ecyid BepXHSs M HUKHAS MJIOWagud 3Toi ¢urypsl D paBHH
MeXay co6oi. DTo UHCIO Ha3HBaeTCsd IJOMAAbI0 GHrypH. DTH NOHSA-
THA 6e3 KaKuX-1n00 M3MeHEHHH nepeHOoCATCs Ha CIyyad IPOH3BOJb-
HOTO OI'PaHHYEHHOTO MHOXKecTBa (Y TOUEK IJIOCKOCTH.

Bo Bcex ompeneseHHsx W yTBEpP:KIEHHSX YKa3aHHOTO IyHKTa BMecC-
TO NJOCKOH (PUTypH MOXKHO OpaTbh NPOM3BOJLHOE OTpaHHYeHHOE MHO-
XecTBO () Ha MJOCKOCTH.

B ToM e mynkTe OBJIO AaHO onpejeseHHe KPHBOH (WAH I'paHH-
bl Guryper) miaomanud Hyab: I' HasblBaeTcs KPHBOH HJIOIALM HYJb,
ecau JAas jo6oro >0 HaljeTcs MHONOYTOJBLHHK, COAEpKAUHE Bce
TouykH I' m HMeoWHHA nJjomanb, MeHpIylo €. B sToM omnpeneseHuu
TEPMUH «MHOTOYTOJIbHHK» MOXHO 3aMEeHHTb TEDMHHOM <«3JieMeHTapHas
¢durypa». JT0 cielyer M3 TOTO, uTo Jio6asg sjeMeHTapHas (¢uTrypa
SIBJISIETCS MHOTOYTOJNIbHHKOM, a JI000H MHOTOYTOJIbHUK C IJIOAAbIO,
MeHbIIeH 9yHhcJa e, COAEPKHUTCS B 3JE€MEHTapHOH ¢urype, HMewlIeH
mouajib, MeHblIyio yncaa 32¢ (cm. teopemy 10.2”7 u. 1),

YrBepxnaenue 1. ITycro kpusas I' umeer naowjads Hyss u
110cK0CTb nOKpoiTa Keadparnoil cerkoll ¢ wazom h. Toeda Ors ab0o-
20 €0 naddercs wucao h>0 raxoe, 4ro0 cymma naowadei 8cex
xeadparos, umeroujux obujue Touxku ¢ I', menswe e.

JleficTBHTENIBHO, MUIST KaXKA0r0 £>>0 MOXHO (PUKCHPOBATH HEKOTO-
pyio sjeMeHTapHylo durypy Q, comepkamyio sHyTpH cebs I' u uMeio-
wyo niaomanb, Menpmyio €/4. Ilpn nocratouno manaom h Bce KBaapa-
THI, HMeomue obmue ¢ I' TOoukH, cojep:xarcd B 3JeMeHTapHO# ¢ury-
pe, mosyyaolleicss 3aMeHOM KaXJ0rO NPSIMOYNOJbHHKA IPSIMOYIOJib-
HHKOM €O BABO€ OOJBIIMMH CTOPOHAMH H C T€M K€ IEHTPOM.

OTMeTHM, YTO KJacC KPHBHIX IJIOINAAH HyJb BeCbMa IUIHPOK. DTO-
My KJacCy NDHHaAJIeKHT, Hampumep, Jiobass chopsiMiseMasi KpHBas
(cm. § 1 ro1. 10 u, 1).

Beesem noHsiTHe NBOHHOrO MHTErpaja AJs HPOU3BOJLHOR AByMep-
Ho# obsnactu D. Ilycts D — 3aMkHyTasi orpaHMueHHass 06JacTb, rpa-
gua I' KoTopo# uMeeT maomajp HyJdb, a f(x, y) — NpPOH3BOJBHASA

1) BepxusAs IJOWIajb ONpPENENseTCSs KaK TOYHAS HHXKHAA TPaHb IJomajgel Bcex
MHOTOYTOJIbHAKOB, COAEPXKaUNX (GHCYPy, a HHXHsS NJOIAfb — KAaK TOYHAH BEpX-
#5151 rPaHDb IWIOLIAJIEHl BCEX MHOTOYTOJILHHKOB, COAEPIKAIMXCSH B (QHULYpE.
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OrpaHHyYeHHass (GyHKIHS, onpeleseHHas B objactu D. O6osnauum ue-
pe3 R n1060# npsMOYroJbHHK (CO CTOPOHAMH, MapaJJiebHBIMH KOOpP-
AMHATHBIM OcsiM), coaepxamuii obaacte D (puc. 3.2). Omnpenenum
B NpPSIMOYTOAbHEKE R cieayonyno GyHKIHO:

. f(x, Y (%, yyeD;
Flo )= { 0, (x, 5)=R\D. (3.2)

Onpenenenue. Dynryuro
yi f(x, y) nHasosem uHnHTezpupye-
Mol g obaacru D, ecau pynxyus
R F(x, y) unteepupyema 8 npamo-
YeonbHUKE R. Yucao I=

= H‘ F (%, y)dxdy nasosem Osoti-
R

0 ' Z  HbIM  UHTeepaioM OT (PyHKyuu
f(x,y) no obaactuD u obo3nauum
Puc. 3.2 CUMBOAOM

lzjég" fx, y)dxdy=jujf(M)da.

U3 storo ompenenenus BeTeKaer caeayiomniee
YrBepxaenue 2. Hureepaa Ss ldx dy pasen naou,adu
b

obracru D.

JelicTBHTENbHO, TOJBEprass COOTBETCTBYIOLUHH NDSIMOYTOJBHHK R
Bce Oosiee MeJKMM pa3GHEHHsIM, TMOJIYYHM, YTO BePXHHE HHTErpajibHHE
CyMMBI 3THX pa30ueHul OyAyT paBHH IJIOILAAsAM 3JEMEHTAPHHIX (u-
ryp, cofepxauux D, a HYXKHHE CYMMBl — IJIOIIAASAM 3JeMEHTAPHBIX
¢uryp, cogepxkauuxcs B D. HMurerpupyemocts ¢pyukuuu f(x, y)=1 8
obaactn D cneayer u3 Teopemu 3.3.

Vreepxpnenue 3. ITycro ¢pynkyusn f(x, y) unreepupyema 8 oe-
paruuernold keadpupyemoti obaracru D, naockocTs nokpeira kseadpar-
Hoti cerxoti ¢ wazom h, Cy, Cs,..., Comy — K8aOpATH. YKABAHHOU ceT-
Ku, yeaukom codepxcatjuecs 8 o6aacru D, (&, mr) — npoudgorvHas
Touka x8adpara Cr, m,=inf f(x, y), k=1, 2,...,n(h). Toeda kasxdas
us cymm C

n(h) n(h)

E f(gkr nk) hz, Y mkhz

k=1 k=<1

umeer npeden npu h—0, pasnoii “‘f(x, y)dxdy.
D
Jlnst nokasartesibcTBa HOCTATOYHO 3aMETHTBb, YTO YKa3aHHBIE CYMMBE
OTJIMYAIOTCS OT OOBIYHON HHTErpasibHOM CyMMBI (COOTBETCTBEHHO OT
HilxKHeH cyMmBbl) ¢yHKOuM f(x, y) B obaacta D TOJBLKO OTCYTCTBHEM



§ . Onpenenenne u yCAOBHS CYIIECTBOBAHHS ABONHOrO MHTerpasa 123

cllaraeMblx MO KBaJpaTaM, HUMeIOHM OfliHe TOYKH ¢ rpanuumed I

obnactu D, npuyeM cyMMa BceX OTCYTCTBYIONIMX CJaraeMblXx IO MO-

IyJ0 MeHbLIeH NpousBefeHuss uuciaa M=sup|f(x, y)| na niowans S
D

3JIeMEeHTapHOH (QHUTYpH, cOCTOsIeH K3 KBaApaToB, HMEIOIHX ob6uixe
Toukn ¢ I'. [Tockonpky rpanuna I' uMeeT maowaxb HyJb, TO COTJIACHO
vreepxaeHHo 1 S—0 npu A—0.

M3 reopeMbl 3.3 H MPHBENEHHOTO BHIILE ONpEAEJEHHsI HABOKHOrO
HMHTErpajia BHITEKaeT CJeaylolias OCHOBHAsl TeopeMma.

Tecpewma 3.4. Ecau ¢pynrkyus f(x, y) obaalaer 6 obaacru D
I-csodcraom, T0 OHa unTezpupyema 8 arol obractu.

HoxasateancrBo. Pyukuus F(x, y), onpexenennas ¢opmy-
Jioit (3.2), B paHnOM ciyuae objanaer /-CBOHCTBOM B NPSIMOYIOJIbHH-
ke R. B camom gnene, dyHkuus F(x, y) orpaHnueHa B8 R H Bce ee
TOYKH M JIHHHH Da3pbiBa JHOO COBNAJAlOT C COOTBETCTBYIOLIHMH pas-
peiBamMu f(x, y), n1ubo nexar Ha rpanuue I' ob6aacty D. Ho rpaunna
' umeer myomans, Hy/ab. Takum 06pasoM, yTBEpKIEHHE TEOPEMH
cnenyer H3 teopeMmnl 3.3. Teopema nokasaHa.

Canencreue 1 na reopemu 3.4. Ecau pynxyus f(x, y) oepa-
Huyvena 8 obaactu D u umeer 8 3Toll 06aacTu  paspeiBel  AUULL HA
KOHEHHOM 4ucae cnpamisemvlx Aunul, To f(X, y) uHTezpupyema 8
obaacru D.

Crnencreue 2usteopemn 3.4. Ecau ¢pynxyus f(x, y) obaa-
daer 8 obaactu D I-ceodicteom, a g(x, y) ozpanuyena u cosnadaer c
f(x, y) 6crody e D, 3a uckarouenuem MHONCECT8A TOHeK naowadu
HYAib, TO (ynkyus g(x, y) unteepupyema 8 obaactu D, npuuem

{ Dj g(x, y)drdy = fbf F(x, y)dxdy.

B OTHOWEHHH JaHHOrO HaMM ONpeJesIeHHs] JBONHOTO HHTErpaJa
BO3HHKaeT BOIPOC O €ro KOPPEKTHOCTH. 3aBHCHT JH (DakKT CyLIeCTBO-
BaHHsl ABOHHOrO HHTErpasa M ero BeJquudHa 1) or BHOOpa Ha mJoC-
KOCTH KoopauHaTHbix ocell Ox u Oy, 2) or BHGOpa NPSAMOYroJbHHKA
R, Ha xoropom onpegnenasiercs pyuruus F(x, y)?

B cnepymomweM nyBKTe OyZeT JaHO APYroe omnpefesieHHe HHTErDH-
pyemoctu GyHKUuM f(x, y) M ABOMHOro WHTErpaja, He 3aBHCsIIEe HU
oT BHIOOpA KOODIHHATHHIX OCel, HM OT BHOOpa NpPSIMOYTOJbHHAKA R,
M [0Ka3zaHa 3KBHBAaJEHTHOCTb 3TOrO ONpeJeNieHHs] NpPHBEeIEeHHOMY
BHILLIE.

4. O6Guwee onpeaencHue pBoiiHOro mHrterpaia. [lycts D — 3aMkHy-
HyTas orpaHuueHHas objacTh ¢ rpaHuned I' mromanu Hysab. PazobbeM
obaacts D npy mOMOILH KOHEYHOTO YHCJAa HPOH3BOJBHBEIX KPHBHIX IJIO-
mwany HyJdb Ha KOHeuHOe uMcao r (He 00S3aTesNbHO CBSI3HHIX) 3aMKHY-
ThIX yacTHYHHIX o6nacrest D, D,,...,D, Kaxpaa obaacte D; uMeeT
rpaHuly MJOLIAAH HYJb H MOTOMY kKBaapupyema. OO603HauuM mnJo-
mane obaactu D; cumsonom AD; B kaxpoli obaactu D; Brbepem
f1pOU3BOJIbHYI0 TOUKY P;(&:, m:).
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Onpenenenune 1. Jucao

r
—~

o= Y }(P)AD; (3.3

{e=1

HO3bL6aCTCS UHTEZPAAbHOUL cYymMmo il pynkyuu f(x, y), coorser-
creyrowell dannomy pasbuenuto obracru D na wacruunsie obaractu
D; u Oannomy svibopy npomedscyrounsix Touex P; 8 uacruunsix 06-
AQCTAX.

Hasosem nnamerpom ob6mactu D; ancno di= sup p(M;, M)

MM, €D;
(p(M,, M) — paccrosinue MexAy ToukaMH M;, My). luameTpom
pas6uenus obaactu D HasoBeM uuciao A=maxd;.
1<i<r

Onpenenenune 2. Yucao I nasvisaercs npedesrom uHTee-
paronoix cymm (3.3) npu A—0, ecau dan a1w06020 nosoxureso-
HO20 4UCAQ & MOXMCHO YKQA30Tb TAKOE NOAOKCUTEAbHOE 4UCAO O, 410

npu A<<8 Hesasucumo or swibopa Todex P; 8 uacru4nslx obaacTax

D; soinoansercs nepasencreo |o—I| <<e.

Onpenenenne 3 (oOwmee omnpeleneHHe HHTEIPHPYEMOCTH),
DPynkyus f(x, y) Hasvieaercs unreepupye)uozi (no Pumany)
68 obaacru D, ecau cyuwecrsyer Koneunolil npedea I unrezparvrolx

cymm G 1Ol PyHKYUL npu A—0. dror npedes I nasoieaercs 8 8o d-
Hoim uHTeepansomor pyrkyuu f(x, y) no obaacru D.

HoxkaxeM caenymouyo GpyHIaMeHTaJbHYIO TEOPEMY.

Teopema 3.5. Obuee onpedesrenue uHTE2PUPYEMOCTU IKBUBA-
AGHTHO onpedeseruto, 0aHHOMY 8 1. 3.

JdoxasateabctBo. 1) Ilycrs ¢ynkuus f(x, y) uHTErpHpyeMa
B ob6nactn D corsacHo o6meMy oOnpeJeseHHI0 HHTEIPHDYEMOCTH H ee
JBOHHON MHTErpajl COIVIaCHO 3TOMY ONpejesieHHI0 paBeH I. 3akJ0unM
D B npsimoyroJibHHK R, paso6beM €ro Ha YacTHYHHE NPSMOYTOJbHHKR
u seefieM Ha R ¢ymxumio F(x, y) mo mpasuay (3.2). Paccmorpnm

HHTErpasbHyo cymMmy (3.3) o ¢yHKuMH f(X, y) W HHTErpaJbHYIO CyM-
My (3.1) o pyuxuun F(x, y). DTH CYMMH MOryT OTJIH4aThCs APYr OT
Jpyra JIHLIIb CJaraeMbIMH, 'COOTBETCTBYIOUIMMHM YaCTHYHBHIM IPSMO-
yroJbHUKaM pas3buenud, uMmewmum obuiMe TOYKM ¢ rpaHuuei I' o6-
aacta D. Tlockoabky I' uMeer miomans Hysab, a GYHKIHA f(X, y)
OrpaHHyeHa, To 3Ta (YHKIHS HHTETPHpyeMa H COIJIaCHO OIpejelieHHIO
n. 3. ITo sToMy XKe OlpeesieHHIO OHA HMeeT TOT Xe CaMbli ABOHHOX
uuTerpada 1.

2) Tlycrs ¢ynkums f(x, y) uHTErpHpyema B ob6aactu D cornacuo
onpefenenuo n. 3 u / — aBOHAHOH HHTerpan or f(x, y) mo obaacTd
D cornacHo sToMy onpenesenuio. J[lokaxeM, uTo Aaf  (YHKIHH

f(x, y) cymecrByer paBHblii | mpexes HHTErpPajbHHX CYyMM O NIDH
A—-0.
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CocraBuM AJs1 JaHHOro pa3bueHHss o6jacTH D BepXHIOI M HHUX-
HIOIO CYMMBI

§= é M‘AD{ H ;z i ;;l;ADi

{m=] {=l

(3mechb M;—supf(x Y), mtzlnff(x y)). Tax kak gus aw6oro pas-

Ouenns (npﬂ .ruo60M BEI6Ope npOMemyTqube TOYEK B WHTErpasbHOR
cyMMe ©)

§<0<S,

TO JOCTATOYHO JA0Ka3aTh, 4ro o6e cyMMH S # § cTpemsitca K [ mpn
A—0: mas moboro e>>0 Hafizercs 60 TaKoe, UTO Kax/as H3 CyMM
S u § orkJaoHsieTcs or I MeHble YeM Ha & npH A <<8.

dukcupyem TIPOH3BOJIbHOR ¢>0. B cuny teopemsl 3.1 n yTBepxme-

aus 1 pasi storo & Halijercs pas6buenve T mpsmoyrosabHHKa R(DcR)
Ha YacTHYHBE NMPSIMOYTOJbHUKH R Takoe, YTO AJS HEro

S—s< % 74

(3.4)
Rknr‘#ﬁ
rae Mo=51;)plf(x. Y.

3akJoydM BCEe OTPE3KH IPSMBIX, NPOU3BOAAUIMX pasbueHue T, w
rpanuny I' o6aactu D cTporo BHYTph 3JeMeHTapHo# ¢urypn Q, mio-

€

majgb KOTOPOA MeHbIe YHCJja o Torja 3aBeOMO CYIIECTBYET
0

MOJIOKHUTEJIbHASL TOYHAsi HHXKHSS IPaHb O DAacCTOSHHA MeXIy HABYMS

TOYKaMH, OfHA M3 KOTOPHIX NpPHHAAJEXHMT TrpaHHue QHUrypH Q,
apyras — OTpe3KaM MpSIMBIX, IIPOH3BOASIINM pa3buenue T, uau rpa-
Huune I' obmacru D. ITocrpoenne ¢urypst Q MoxKeT GHITb IIPOBEIEHO
N0 cXeMe, NIPEAJIOKEHHON HpH OOOCHOBAHWM yTBepXIeHHs 1 B m. 3.
ﬂ.oxax{eM 4TO JUISL CYMM . S u § moboro pasbuenus obaactu D,

YJIOBJIETBOPSIIOIIEr0 YCJIOBHIO A<, CIpaBe/IMBH HEDPaBEHCTBA
S<<S+¢ef2, s—ef2<S. - (3.5)

Hokaxem mepBoe HepaBeHCTBO (3.5) (BTOpOe HepaBeHCTBO AOKa3hbiBa-
eTcsl aHaJIOTHYHO).

Vaanum us cymmol S Bce caaraembie M;AD;, cooTBeTcTByHOLIHE
ob6aactsaM D;, Kaxjaasi H3 KOTODHIX He JIEKHT LIEJHKOM B OJHOM dYac-
THYHOM NPsSMOYrolbHHKe pasbuenus T. Bce takue oGaacT D;=Q
(tak Kak d;<KA<<B), a mosTomy obmas cyMMa TJomanell TaKHX
obsiacrell MeHplIe ymcia &/6M,.
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CieoBaTenbHO, CyMMa BCeX YIaJieHHHIX caaraeMux M;AD; meHb-
e yHucaa ¢/6, B copaBe/JHBa OlEeHKa

S« 2 MAD;+ - (3.6)

TAe WTPpUX 00603Hauyaer, YTO CyMMa pacHpOCTPaHeHa JHIUb HA 06JIacTH
D;, Kaxjaas H3 KOTOPBHIX LEJHKOM COAEPXKHUTCH B OAHOM u3 IPSIMO-
YroibHHUKOB pa3buenus T.
3aMeHHM Teneps B npasoil yactu (3.6) Tounwle rpanu M; B o6aac-
TAX D;, comepxaluuxcs B YaCTHUYHOM HPAMOYroJbHHKe R, TOYHOH
Bep‘sHeH rpaupio M, B npsmoyroavHuke R.. Bselem oGosHaueHHe
U D;  u uepes AR 06osnaunm miomanp obxactu R Toraa
<R k
101y UUM

S< Z-MkAfek + % (3.7)

Insi npsMoyrosvuukos RrcD obnactu R\ R,<=Q, mnosromy pas
HHUX

ZA(Rk\Rk)—L(ARk AR) < 8Q < oo

IJis IPSIMOYTOJIbHUKOB Ry, mepecekatouuxcst ¢ T,
ZA (Re\Re) < 2 AR, <

H, CJeL0oBaTeJbHO,

|s— ;MkA”zék\=|2k]Mk(ARk—A§k)[ <ttt

GM,

2MkA§k< S+—§-~

Vi3 mocsennero HepaBeHCTBAa H u3 HepaseHcTBa (3.7) moJsyuaem,
YTO

P [ [ e

4 nepsoe HepaBeHcTBO (3.5) mokasaHo. Bropoe Hepasencrso (3.5)
JOKa3bIBAETCST AHAJIOTHYHO.
Uz (3.5) mosayuum

s——;—< E<§<s+—;-. (3.8)
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Tak Kak B ouay (3.4) kKaxzas H3 ¢yMM s H S oTkaoHsercsi or [
MeHbLIEe YeM Ha e/2, TO KaxzAas u3 cyMM § u § B cuay (3.8) orkio-
HsieTcst oT / MeHblle yeM Ha &. TeopeMa JokasaHa.

§ 2. OCHOBHBIE CBOHCTBA JABOMHOI0 HHTEIPAJIA

CpoficTBa MBOMHOrO HHTErpaJja BIOJHE aHaJOTHYHBI COOTBETCTBY-
IOLIEM CBOMCTBAM OJHOKDaTHOrO ONpe/lesIeHHOrO HHTerpasa.

1°°. AnpurusuocTb. Ecau ¢yukyus f(x, y) uHTeepupyema 8
obaactu D u ecau obaacte D npu nomowu xpusoii T naowadu nyav
pasbusaercs Ha Ose c8a3nble U He umeroujue OOuUX BHYTPEHHUX
Toyex obaactu Dy u Ds, 70 ynxyus f(x, y) unreepupyema 6 xaxcdot
us obaacreti Dy u Dy, npuuem

Sbfﬂx, y) dx dy = jD § 70 paray+ 3; (fx wyaxdy.  (3.9)

Jlnsi 10KasaTesbCTBa 3TOrO CBOiicTBa pasobbeMm objactd Dy u Di
Ha KOHEYHOE WHCJIO KBAaJApPHPYEMBIX OOJacTeH, TeM CaMHIM IOJyYuM
pas6uenne obaactu D. Ilycte S u §, §) u §, S; 1 §; — BepxHue H
HHXHHe CyMMBl ¢yHKIUHM f(x, y) cooTBeTcTBeHHO B obaactax D,
D], Dz.

Tak kak Dy D u DycD, 10 §;—5<<S8—5 n §;—3,<85—5, oTkyna
M BBITEKAeT WHTErPHPYEMOCTb GYHKIMH f(X, y) B KaXH0# u3 obsacrei
D1 H DQ.

CrnpaBelIMBOCTL COOTHOIIEHHUS (3.9) caelyeT H3 TOro, YTO

§=8,+8;, §=5+3;. (3.10)

3ameyanue. CipaBennuBo H o6paTHOe yTBepK/IeHHE: U3 UHTee-
pupyemocru ¢yuxyuu f(x, y) 6 Kawdoi us obaacreii Dy u Dy credyer
unTezpupyemocTs gyukyuli 8 obaacru D u cnpasedausocto popmy-
a6t (3.9).

Ieficteutenbro, pasbusas obiacts D Ha KOHeYHOe YHCJO KBaJpH-
pyeMbix uacTeél D; m BBOJAS BepXHHE M HUXKHHE CYMMBl (yHKIHH
f(x, y) B obaacrsax D, Dy, Dy, mb monyuum pasenctsa (3.10), BepHbie
C TOYHOCTBIO JO cJaraeMbiX, OTBEYalONUHXx TeM obJjacrtaM D;, Koropble
uMeroT obmue BHyTpeHHUe TOukH ¢ kpusol I'. Kpusas I' umeer mio-
mans HyJab, GyHKuus f(x, y) orpaHHyeHa,no3ToMy obliasi cyMma STHX
caaraembix GyAeT CTPEMHTbCS K HYJIO MPH CTPEMJEHHH K HYJIO JHa-
MeTpa paszbuenus A.

BLIBOJl IOCJeAyIOIIHX CBOKCTB (TaK Ke, Kak M BBIBOX CBOHCTBA 1)
BIIOJIHE aHAJIOTHYeH BHIBOAY COOTBETCTBYIOIIHMX CBOMCTB OJHOKPATHOTO
onpejesesHoro uHrerpajia. OrpaHuuuMcss  (GOPMYJHPOBKOH  9THX
CBOHCTB.

9°, JiuneliHoe cBoBcTBoO. [lycrs pynxyuu f(x, y) u g(x, y)
unrezpupyemo. 6 obaacru D, o u f — npoussosbHule sewjecroentible
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aucaa. Toeda ¢pyuxyus af(x, y)+pg(x, y) Taxxe unrecpupyema 6
obaactu D, npuuem

(§1ar(x, 9)+Be (e P dedy=a [ F(x, g)drdy+

&D D

+p [DSg(x, y) dxdy.

3°. Ecau ¢ynryuu f(x, y) u g(x, y) unrespupyemo. 8 obaacru D,
70 U npouseederue aTux pyuxyuil unreepupyemo 8 D.

4°. Ecau ¢ynxyuu f(x, y) u g(x, y) unreepupyemo. ¢ obracru D
u 8cro0y 6 aroil obaacru f(x, y) <g(x, y), T0

§fFen y)dxdy\<j0jg(x, y) drdy.
D

5°. Ecau pynxyus f(x, y) unrespupyema 8 obracru D, To u yHK-
yusa |f(x, y)| unreepupyema e obractu D, npuuem

H‘Djf(x, y)dxdy|\< SDf |f(x, y)ldxdy.

{O6paTHOe yTBepK/eHHe HEBepHO: M3 MHTerpupyemoctu |f(x, y)| B
D, BooGuie roBopsi, He BEITEKaeT MHTErpupyeMoctsh f(x, y) B D.)

6°. Ecau ¢ynxyusa f(x, y) unreepupyema 8 obaactu D, a g(x, y)
oepanuuena u cosnadaer ¢ f(x, y) ecody e D, 3a uckaouenuem MHo-
JecTea ToYek naowyadu Hyas, T0 u g(x, y) unreepupyema 8 obaac-
ru D.

7°. TeopemaocpenHeM 3HaueHU U Ecau pynxyuu f(x,y)
u g(x, y) unreepupyemor 8 obaacru D, pynxyus g(x, y) HeoTpuya-
TesbHa (Henoaoscutenrvra) ectody e 3rol obaactu, M=sgpf(x, y),

m=inf f(x, y), 70 Haiidercs uucao pes[m, M] rakoe, uro cnpa-
D

sedausa gopmyara

J] 16 98t pavdy=p [[ ez paray

Ecau npu srom pynxyus f(x, y) nenpepoisna 8 D, a obaracrte D
£8A3HA, TO 8 3Toll obaacTu nailderca rtaxkas rouka (&, m), 410 p=

=f(E, ).

8. 'eoMeTpHYecKOe CBOHCTBO. Sf ldvdy  pasexn nao-
D
wadu ob6aactu D (cM. yTBepxaeune 2 m3 m. 3).
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§ 3. CBEAEHHE ABOMHOI0 HHTEIPAIJIA
K NOBTOPHOMY OXHOKPATHOMY

S heXTHBHEIM COCOGOM BHIYHC/EHHS JBOAHBIX HHTErpaJjioB sBJIS-
eTcsl CBeJ@HHe HX K ONHOKPaTHHIM HHTerpajau.

1. Cayuaii mpsimoyroapHuKa. Haunem ¢ mpocrtoro cayvas, Korpa
obnacTe HHTETDHPOBAHHS NpelcTaBJisfgeT co00OA NPAMOYTONBHHK R =
=[laxy<b] X[c<y<d].

Teopema 3.6. llycre pynxyus f(x, y) unrespupyema 6 npamo-
yeonvHuke R, u nycre daa xascdoeo x=[a, b] cywecrsyer odnoxkpar-
Hbll uHTE2paA

d
1(0={f(x, y)dy. (3.11)
Toz0a cyuijecrsyer noBTOPHLLL UHTezpaA
b b d
51(x)dx= s‘def(x, y)dy
a a ¢
u cnpasefauso pasencrso
”i(t y) dx dy= 5dxjf(\c y) dy. (3.12)
HokasateanbctBo. Pazo6beM NPAMOYroJbHHK R ¢ NMOMOILBIO
Touek {x:}, {y:} Ha np yacTHUHBIX NpSIMOYTOJBHHKOB
Ru=[xp1<x<xe] X [Y121<y<yi]

(k=1, 2,...,n; I=1, 2,...,p) TaK, 410 x9=a, Xn=D>, yo=c, Yp=d u
Axp=xr—%£-1>0, Ayi=y1—Yy1,>0.

Ilycts, kak u 8 § 1, unciao A o6o3Hauaer jguaMeTp pasGHeHHS
NpSAMOYTrOJbHHKa R, Mk, =supf(x, Y), mk,——lénf fix,y), aSms —

Rt
BEPXHSS M HHUKHAA CyMMbl Gyukuuu f(x, y). Torﬂ,a BCIOly HA MPAMO-
yroJibHHKe Ry

Mu<f(x, y) <M. (3.13)

dukcupyeM IPOH3BOJBHOE YHCIO Ex& [X4-1, Xz] M NPOHHTErpHPYyEM
HepaBeHcTBO (3.13) mo y B mpexenax OT Yi—; O Ys, TIOJOXKHB B HeM
x=Eg. ITonyunm

7
M Ay; < j f(Er y)dy < My Ay (3.14)
L
5 3ak. 25
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Ymuoxum (3.14) Ha Axg, DPOCYMMHDPYEM NOJYyYeHHEIE HEDABEHCTBE
chauasa 1mo BceM [ or 1 no p, a 3aTem no Bcem & ot 1 mo n. Hcnoas-

3ys o6osnauenue (3.11), 6yneMm HMeTb

n p n P
8= Z Z MmpAxyAy; < Zl(gk) Ax, < E Z MyAx,Ay; =S. (3.15)
k=1 1=1 it}

[ k=1
I[Iycts A—0. Toraa u max Ax,—0. IIpu aToMm s u S cTpeMATcs K
R
JIBOHHOMY HHTerpajy H f(x, y)dxdy. CnenoBaTe/nbHO, CYLIECTBYET

npeiaen u cpepHero uieHa B (3.15), paBHHIE TOMY XK€ CaMOMy IBOH-
HoMy wuHTerpaay. Ho 3ToT mpefes 1o onpejeseHHI0 OJHOKPAaTHOTG
HHTerpaja paBeH

b b ‘,i,
51(x)dx= dejf(x, y) dy.

a

Takum o6pa3oM, JOKa3aHO CyliecTBOBaHHe NOBTODHOTO HHTerpaa
H paBeHcTBO (3.12). Teopema apokasaHa.

3ameuaHue, M3 gokasarenbcrsa TeopeMu 3.6 scHO, YTO X H ¥
MOXKHO NOMEHSTb POJISIMH, T. €. MOXHO IPEAIOJOXHTb CyIecTBOBa-
HHe JABOMHOrO HHTErpana H CyULeCTBOBaHHe M Joboro y[c, d]
OJHOKPAaTHOr0 HHTErpaJa

b
K@= [ F(x ydx.

Torpa teopema GyleT yTBepPXKAaTh CyLIECTBOBaHHE NOBTOPHOIG
HHTErpana

d d b
[K@)dy = fdy [ F(x. )

H PaBeHCTBO €ro ABOHHOMY HHTErpaJy.

2. Cayuait npousBoJibHOH oGaactd. PaccMoTpUM Tenepb MpPOH3-
BOJIbHYIO OTPaHHYEHHYI0 3aMKHYTYIO KBajJpHpyemylo obJaactb D c
rpanuued T

Teopema 3.7. llycrs soinoanens. caedyroujue ycaosus: 1) o06-
aacte D rakosa, uro arobas npamas, naparreavian ocu Oy, nepece-
kaer epanuyy T' no yeaomy orpesxy [yi(x), y2(x)] aubo ne Gosee
Yyem 8 08Yyx TOo4YKax, OPOUHATbL KOTOPbLIX CYTob Y1(X) U Ys(x), ele
Yy1(x) <yo(x) (puc. 3.3); 2) pyukyus f(x, y) unreepupyema 8 o6.4acTu
D u Oas awboeo x<=[x;, x2] Oonyckaer cywecreosanue 0OHOKPATHO~
20 uHTezpaia

ya(x¥)
§ Fex gy

Y1(%)
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([x1, x2] — npoekyus obracru D na oco Ox). Tozda cywecreyer
no8TOpHbLL UHTEe2Zpas

Xy ys(x)

Var § fx vyay

xg %ilx)

U cnpasedAuso PaseHcTao

Xy A
” f(x, y)dxdy=5dx ‘E)f(x, y)dy. (3.16)
D Xy Yi( %

HokaszateabctBo. OGo3HayuM uyepe3 R NpAMOYrOJbHHK CO
CTOPOHAMH, NMapaJJIebHEMK KOOPAHHATHHM OCAM, comepxamuli o6-
nacte D, a wepes F(x, y) ¢yuxumo (3.2), copmaparouyio ¢ f(x, y) B

4
I r
Y g v
? D
SN
w B —
0 Z z z 7 z
Puc. 3.3 Pre,'3.4

D u paBHyI0 HyJIO B OCTaJibHHX Toukax R. Iaa F(x, y) BHNOJIHEHH
B R Bce ycioBHA TeopeMH 3.6 H, cJefoBaTesbHO, ClpaBejnBa ¢op-
myaa (3.12), koropas mepexoaur B ¢opmyay (3.16) (B cuay BmbGopa
dyukunn F(x, y)). Teopema noxasana.
3ameuwarue 1. B reopeme 3.7 MOXKHO NMOMEHSTh POJAMH X H Y,

T. €. MOXHO NPEANOJIOXKHTb, YTO BHMOJHEHH cJelylollHe MIBa YyCJO-
BuA: 1) obaacte D TakoBa, 4To Ji06as mpsMas, mapaJjjielbHas OCH
Ox, nepecekaer rpanuny I' aun6o no uenaomy orpesky [x1(y), x2(y)],
Jau6o He Oosiee yeM B ABYX TOYKAX, aGCHHCCH KOTOPHX CyThb X;(y) H
x2(y), rae xi1(y) <x2(y); 2) ¢yukuus f(x, y) unrerpupyema B 06-
aactd D u s moboro y=[y, yo] AONyCKaeT CylIeCTBOBaHHE ORHO-
KPaTHOI'0 HHTerpaJa

%5(p)

f(x, y)dx
ENE)

([y1, y2] — npoexuus D na ock Oy).
5.
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IIpu BHINOJHEHHH 3THX YCJOBHH CyIleCTByeT MOBTOPHBIA HHTErpase

Ys A

dy | Fx, y)dx

J20 LA

H CIpaBelHBO PaBEHCTBO

Ys xs(Y)

[J i wavay={ay | 1 gya

Y1 x3(4)

3ameuyanue 2. B cayuae, ectu obsacte D He ynoBJeTBoOpsieT
TpeGoBaHusSM TeopeMbl 3.7 WM 3aMedyaHHs 1 K 3TOH Teopeme, 4acTo
yaaeTcs pasGuTh 3Ty O6GJACTb Ha CyMMYy KOHEUYHOrO yHcaa obJacreit

y

TAKOTO THIA, HE HMMEIOUIMX OGLIHX
BHYTPEHHHX TOYeK. Toraa HHTe-
rpan mo obsacta D B cuiy CBO¥-
CTBa aJJHTHUBHOCTH paBeH CyMMe
HHTETPAJIOB MO COOTBETCTBYIOLIHM
obaactaMm. Tak, objactb D, u306-
paxeHnnyi Ha pHc. 3.4, MOXHO
pa3buth Ha cyMMy Tpex obgacrel
Dy, Dy, D3, K KaXJ0# H3 KOTOPHX
IpHMEHHMa WJAH Teopema 3.7, WIH
3ameuaHnue 1.

Mpumep. Ilycts o6aacts D
orpaHHueHa KpuUBHMH |x+y|<l u
®+y’<l, a f(x, y) =xy (puc.3.5).
JIio6as mpsiMasi, mapanajesbHasi OCH
Oy, nepecekaer rpauuiy D He 6o-
Jee ueM B ABYX Toukax. [Js1 ynoG-
CTBA 3aMUCH TOBTOPHBLIX HHTErPaJjioB

pasobpeM ob6nacte D Ha aBe ob6nactu Dy u D, ocklo Oy. IlpuMenss
mo xaxJao# u3 obaacreét hpopmyay (3.16), nosyuum

_Uf(X, y)dx dy=.“j xy dx dy +j;§ xydx dy =

0 Vi—xt

== j xdx S ydy+Sxdx

—1—x

1—x

f ydy———g (63 + 2% dx +

P, 7y g

1
1
3__ ) dy = — ——
+S(x x®)dx o
0
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§ 4. TPOAHBIE H n-KPATHBIE HHTETPAJIBI

Hanoxennass HaMH TeOpHs ABOAHOro HHTerpaja Ge3 KakHX-JHGO
OCJIOXKHEHHMH M HOBBHIX HAell NMepeHOCHTCS Ha caydail TPOHHOro M BOOG-
e n-KpaTHOro uHTerpaja. OCTaHOBHMCS Ha OCHOBHHIX MOMEHTax
TEOPHUH N-KPAaTHOTO HHTErpasa.

IIpu ompeneneHuH Kjacca KBajpHpyeMuix MHoxecTB B E? u Kjac-
ca Kybupyembplx MHOXecTB B E® MBl 3auMcTBOBaJM H3 Kypca cpeiHedt
LIKOJIBE TIOHATHS IJIOIaJH MHOrOYroJIbHOH (Hrypel H o6beMa MHOrO-
TPAHHOTO TeJa, KOTOpHe 06/1afaloT CBOACTBAMH aiJHTHBHOCTH, HHBa-
PHAHTHOCTH, MOHOTOHHOCTH (cM. § 2, 3 ra. 10 u. 1). B npocrpaHncrae
E", n>3 neno ocloxHsieTCs TeM, YTO HaM He H3BecTeH 06beM MHO-
)kecrBa (rtena) B E", orpaHHYeHHOro rumnepmjaockoctsaMmu. s Bsexe-
HUS KJacca KyO6upyeMbx Tei B E” 6yaem cunmTaTh H3BECTHBHIM CHOCO6
BHIYHCJIEHHs1 06beMa dYacTHOro Buia Tea B E* — n-MepHOro mpsmo-
YTOJIbHOTO NapaJijieienunesia.

Hamomuum (cM. § 1 ra. 13 u. 1), yto MHOXecTBO R=[a;, b] X
X[ag, bo] X...X[@n, bn] Bcex TOYEK Xx=(Xi, X3,...,%s) B E™, nas Ko-
TOPHX a;<xi<b; i=1, 2,..,n, Ha3HBaeTcsi n-MepHLIM KOOpP I H-
HaTHBM INpPSAMOYrOJbLHHM mapaajegenunenom. Ecim
bi—a;=h pas Bcex i, TO0 R Ha3BBAIOT "M E€PHHM KOOpPAHHAT-
HEIM Ky6owm c pebpom h. Touxu (¢, €2 ..., €n), TAE C; PABHH
anbo a;, aubo b;, HazoBeM BepWHHAMH R, a CETMEHTH, <cCoe-
IUHSIIOHIYE BEpUIMHBI THIA (Ci, Co, ..., Ci-1, @iy CislyeyCn) H (Ci, Co ...
wes Ci1y iy Ciyyy oo Cn), — peb6pamu R. Bee pe6pa R napajsenbHH
KOODJHHATHEIM OCSIM.

ITo ananorun ¢ E!, E2, E® ecTeCTBEHHO ONpEEJHTb 0GbEM n-Mep-
HOTO IpPSIMOYT'OJBHOTO HapaJJesenunefa R Kax 4HC/IO, paBHOE NPOH3-~
BeJEHHI0 JJIHH BcexX ero pefep, BHIXOASIIMX H3 OJHOH BEpIUHHH], T. .

n

KaK YHCJIO p(R)=n(bg—-—a‘-).
i==l

HasoBeM »3/7eMeHTapHBM TEJOM MHOXECTBO TOuek E”,
npejcrasisiomiee co6oil o6beAMHEHHE KOHEYHOrO YHCJIA n-MepHHX
NPSIMOYTOJIbHBIX MapaJijieJIeNuNe 0B, He HMEIOMHX OOGIIHX BHYTPEHHHX
TOYek, pe6pa KOTOPHX NapaJiiesbHBl ocaM KoopAuHar. O6beM Jn1060-
ro 3/€MEHTAapHOTO Tejla HaM H3BECTeH H paBeH CyMMe OOGBEMOB COC-
TaBJISIIOIIMX €ro NapaJuielenuienoB.

[lycts Tenmeppr D — mpousBosbHAsi orpaHHdeHHas o6aacte 8 E™,
HazoBem nuxuumM o6beMoM o6Gaactu D TOUHYI0O BepXHIOK
rpaib p.=p. (D) o6beMoB Bcex coiepxkaimuxcsi B D aneMeHTapHHX
TeJ, a B€pXHHUM 06beMOM obamacTu D — TOUHYI0O HHXKHIOIO
rpaup p*=p*(D) 06beMOB BCeX 3JeMEHTAapHHX TeJ, colepKamux o6-
aacte D. Jlerko y6ejuTbcs B TOM, UTO i< p*.

O6nactb D HasbiBaeTcs KyOHPYeMOH, eclH pa=n*. IIpu sTom uHcC-
10 p(D)=p.(D)=p*(D) nasuBaercsi n-MepHHIM ofGbeMOM obJac-
™1 D.
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B mosHofi aHaJOrHM cO cJayyaeMm IJIOCKOA 06JacTH JOKa3nBaeTcs
clenyioliee yTBepxKaeHHe:

0as To20 4T06bL n-mepras obracte D 6evira xkybupyemoil, Heobxo-
Oumo u OocTarouno, 4To6bl 0an a106020 e=>0 nawauce 0sa sremMer-
TapHolx Teaa, 00HO u3 KoTOpeix codepacur D, a dpyzoe codepxcurca a
D, pasnocTs 065eM08 KOTOPbIX NO MOOYAIO MEHbULE HYUCAQ e.

IToBepxHOCThIO (HNH MHOroo6pas3HeM) n-MEpHOTO
o6beMa HYJ b HA30BeM 3a2MKHYTO€ MHOXECTBO, BCe TOYKH KOTOPOTO
NpHHAAJeXAaT 3JeMeHTapHOMY TeJy KaK YrOfAHO MaJiorO n-MepHOro
o6bema.

M3 npHBeeHHOrO yTBEPKAEHHsI NOJyYaeM, uTO n-mepHas ob6aacrod
D ky6upyema roeda u TOrbKO TO20G, KO2da eparuya 3Toli obaacru
npedcrasaineTr cobol mHO2006pa3ue n-mMeproz20 00vEMA HYAb.

Onpenenum n-gpaTHHE HHTErpaJ oOT GYHKIHH 71 HepeMeHHHIX
f(x) =f(x1, x2,...,Xxn) cHauaja B n-MePHOM KOODJAHHATHOM IIpSIMO-
yrojabHoM napaJJesenunene R. C sTofi nesbl0 MPOH3BOXHM pa3bHeHHe
T napaanenenunefna R KOHEYHBIM YHCJOM THIIePIJIOCKOCTeH, mnapaJji-
JIeJbHBIX KOODAHHATHHM OCfIM, Ha KOHEYHOe YHCJO YaCTHYHHIX 7-Mep-
HBIX NapaJiyiesielunesoB.

Has ykazanHoro pas3GueHHss T B NOJHOH aHaJOTHH CO cJydaeMm
n=2 omnpejesieM HHTErpaJbHyIO, BEPXHIOIO H HHXHIOI CyMMH JI060MH
orpannyeHHol B R ¢ynkuun f(x). Temepnr onpenesruM n-kpaTHHHA
HHTerpaJg oT GyHKIUHH f(x) no mapaanesenuneny R
KaK Tpeles HHTerpaJbHBIX CyMM IIpH CTPEMJIEHHH K HYJIO JHameTpa
pa3buenns T mapananenenunena R.

Kaxk u nas cayuas n=2, reopus Jap6y ycraHaBaHBaeT Heo 6 X 0-
JHMOE H JOCTAaTOYHOE YyCJOBHE HHTETPHPYEMOCTH
Bcienyloueid ¢ opme:

Jasn unrezpupyemoctu pynxyuu f(x) 8 napasresenunede R neob-
x00umo u docrarouro, 4robss 0aa awbozo £=>0 rawsoce pasbuenue
T napaanesenuneda R, O KOTOpPO20 pA3HOCTb BepxHell u HudCHed
cymm 6oLaa MeHbUE €.

IMycts Ttemeps D — npousBobHAs 3aMKHYyTash OrpaHHueHHas
n-Mepuasi 06J1acTh, I'PaHHIla KOTOPOH HMeeT n-MepHHi 00beM HYyJb,
n-KpaTHHUE HHTErpaJ oT GpyHkuuu f mo obaactu D
onpefensieTcsi KaK HHTerpajg Mo 7-MEPHOMY KOODAMHATHOMY INIpSMO-
yroJbHOMY napaJuienenuneny R, comepixauiemy o6aacts D, ot QyHK-
wun F, coBnagatowei ¢ f B D u papHo#t uyJaio sue D.

Ilns 0603HaYeHHs] n-KPaTHOrO HHTerpana or QGyHkuuH f(x) mo o6-
dactd D ecTecTBeHHO HCNOJB30BATh OAHMH H3 CJHEAYIOLIHX CHMBOJOB:

(rear={{. (it £ .. x)dndy . de,. (317
D D

OrmeruM, uro npoussefeHue dx=dx,dx;...dx, OOHYHO HaA3HBAIOT
sJeMeHTOM 06beM a B npocTpaHcTBe E”.

TouHo Tak e, KaK H AJA ciayuyas n=2, 10Ka3HBAeTCs] HHTErpH-
PyeMOCTb 1o n-MepHo# objiactu D mo6oit HenpepHBHOH (QYHKUHH, a
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TaKxe (byHKmm f, obaamaiomeir B o6aactu D I-cBOHicTBOM '(T e. or-
paHHueHHOH B D (yHKIHH, MHOXECTBO TOUYEK pa3phiBa KOTOpO# HMeer
n-MepHblli 06beM Hyab). Boo6iie, umsmeHenHe HHTErpHpyeMoi (yHk-
HHH f Ha MHOXECTBe TOYeK 7-MepHOro obbema HyJIb He H3MeHSeT Be-
JUYHHY HHTErpaJa OT 3TOH (QyHKHHH.

Jns ompeleseHHs n-KpaTHOTO HHTErpaja MOXHO HCIOJb30BATh
pasbuenre obsactd D m NpH NOMOIH KOHEYHOrO YHCJA HPOU3BOJb=
HBIX MHOTOOOpasuii o6beMa HyJb Ha KOHEYHOe YHCJO YACTHYHEIX 06-
JacTedl NIPOU3BOJbHOR (GopMu. B noanoli ananormu c¢ teopeMoii 3.5
JOKaspBaeTcs, YTO Takoe oblllee ompejesieHHe n-KPaTHOrO HHTErpaJa
3KBHBAJEHTHO YKa3aHHOMY BHILIe ONpefeseHHIO.

J1si n-KpaTHOrO HHTerpaJia OCTAalOTCA CHPaBeAJMBHIMH 8 OCHOB-
HBIX CBOHCTB, copMysnpoBaHHBE B § 2 N5 NBOHHOrO MHTErpaJa.

B nonno#t anasnoruu ¢ teopemamu 3.6 u 3.7 ycraHaBauBaercs ¢op-
MyJia MOBTODHOrO MHTEerpPHPOBaHHA AJd uHrterpaia (3.17).

ITycre n-mepras obaacts D, 0o6aadaeT Tem c80LcT8OM, 4TO r06aA
npamas, napariesvnas ocu Ox,, nepecexaer ee epanuyy He bosee
yem 8 08yx TOUKAx (UAU NO YEAOMY OTPE3KY, OSPAHUUEHROMY O8YMA
TouKamu), npoekyuu Koropvlx Ha oce Ox; cyre a(xs, Xs,..,Xn) U
b(xg, x3, ..., Xa), 20e a(xg, X3, ..., Xn) <b(x9, X3, ..., Xn).

ITycre pynryus f(x) unrezpupyema e obracru Dy u donyckaer
cyujecrsosanue 0an At00bIX Xo, X3,...,Xn U3 (n—l)-mepnou obaacru
Dy, neastoueiica npoexyueld Dy, Ha KOOPOUHATHYWO 2unepniocKoCTd
Ox3x3...Xn, OOHOKPATHOZ0 UHTEZPAAQ

bi%g, Xy, .. ) .
T oo = § Flxy Xy oeny %Ydry,

a(x',x‘, LR oxn)

Tozda cyuwjecreyer (n—1)-kpaTnolil unTeepas

j..'f!(x,, ces Xp)dxg ... dx,=
D

n-1

b(%g, ..., %p)

=S§...de,dx3...dx,, Sl Flxy Xa .o, %n)dx,

axg, ... ' X

no obaacru D, u cnpasedausa opmysa nosTOPHO20 UHTEZPUPOBA~
Hus

55..._“()61, Xgy «uvy Xp)dX dx, ... dx,=
Dn .

b(x,, X, . ..,xn)

=\)...} dxgdxs ... dx, f(xy X4 ..., x,)dx. (3.18)
3. j

TE 9% AONNE A

B chopmynupoBaHHOM yTBePXKIEHHH B POJIH X; MOXKET BHCTYNATh
Ji06an U3 nepeMeHHHX X, X3, ..., Xn.
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JorosopuMcsi HasweiBaTh objacTb D NpocCTOM, eciau AJaA KaxaoA
H3 KOODJAHHATHHIX oceil Jobasi npsiMasi, NapaJJebHas 5TOH OcH, JH6O
nepecekaeT rpaHuuy 3tofl o6aacTH He GoJjiee 4eM B ABYX TOYKax, JuGO
HMeeT Ha 3TOH rpaHule LeJblii oTpe3ok. [IpuMepoM mpocro#i obsacTh
MOXeT CJYXHTb n-MepHBIl NPSMOYroJibHHH napajuienenunen (pebpa
KOTOPOro He 00s3aTe]IbHO NapaJiieslbHBl KOOpIAMHATHEIM ocsiM). Jlas
npoctoii o6sacth GopMysy NOBTOPHOrO HHTErPHPOBAaHHS MOXKHO NpH-
MEHSATDb MO JI000H H3 NEePeMEHHBIX X1, X3, ..., Xn.

B 3akJjoueHHe OTMETHM, YTO, KaK H AJs caydas n=2, cnpasel-
JIHBO cJIefyollee yTBepXKAeHHe:

Mycre ¢pynkyus f(x) unrezpupyema e ozpanu4ennoil Kybupyemoil
obaactu D. ITycte npocTpancrso E™ nokpoiro ceTKol n-mepuolx kY606

c pe6pom h; Ci, Cy,...,Cmny — Te Kybbl YyKasawroil ceTku, KOTOpbIE
yeauxom codepacarca e D; =, B, ..., Ef.k’)— npou3seoss-
nas touxka kyba Cp m,=inff(x), k=1, 2, ..., m(h). Toeda raxdas
Cr

u3 cymm

m(h) mh)

Y FEM A 0 Y me

[y [t

umeer npedea npu h—0, pasweli n-xparnomy unreepary (3.17) or
pynxyuu f(x) no obaacru D.
Mpumepsn. 1° Bouucauts o6bvem T,(h) n-MepHOTO cHMIIEKCa

n
{(xl, gy .oy Xg)&€E™ 5,20, 1=1,2, ..., m Ex,<h}.

Y |

INpumensis ¢popmyay (3.18) nocnexoBaTeNbHO 1O NMEpeMeHHBHIM X,

X2, ...,Xn, NOJIYYHM CJEAYIOLICE BHIpAXKEHHE IJIfA o6bema:
n—1
h— 2 x;
k A—x, {=m]

T,,(h)=j(6{ (...( b{ Ldx,) ... )de)dxy.  (3.19)

CrenaeM B KaxJOM OJHOKPATHOM HHTerpaJje B npaBoit yactd (3.19)
3aMeHy nepeMeHHOH x;=hE;, Xo=hEy, ..., Xn="hEn. Tlonyunm

_T,,(h)=hnof(oj (... S dE,) ... ) dE)dE.  (3.20)

Us (3.20) caenyer, uto T,(h)=h"T.(1). Ons Buuucnenus T,.(l) mo-
JyyaeMm CJelyIolulyl0 peKyppeHTHYIo Gopmyy:
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n—1

1 1§, {1

T,,(l)zf(g (( é' d§n)...)d§,) d§1=STn_1(l—§,)dEl=

0
1

-j(l—ﬁl)"“ Toet (1) By =T (1) (18" dby = Tos (1) ——.

0
CaepnoBarensHo, T, (1)——- 1 .—;---T,(l), #H T1aK Kak T,(1)=1,

non—1 """
T0 Tn(h)=T.
2°. Buiuncants obbem V,(R) n-mepHoro mapa B(R) paauyca R:

n

B(R)={(x,, Xg ..., X)E E™ Z x%<R2}.

. fem

Hcnoabsys ¢opmyay (3.18), nonyuaem
VoR)={{. f1ax,dr,...dr,=

"B(R)

=__£( 52(( f | Ldxy)...) dxy) dx,.
Ve _‘/ R ‘gl 2

B oxnokpatHOM mnerpane NO NepPEeMeHHOM X; CAejaeM 3aMeHy mepe-

MeHHOH x;=RE; (i=1, 2,...,n). [Toayuum
_ﬁ;

— =32

1 V‘—Gf tgl .

iR =R (| ({0 ). db)du=RV.).
- —Vl—gf nl P
- 2
i==]
Hns soiuncaenns Vo(1), Kak H B npefHAyLieM IIPEMEpe, MOJydyaem
PeKyppeHTHYI0 GopMyay
—1

V,(1)= yvn_ (VT—E) dE, = 5(1—52)2 V,,..;(l)dgl
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n—1

1 —
2
=Vaoi(l) [(1—E) 7 dE,
-1
Crnenaem 3ameHy nepeMeHHOH E;=cos@ B NOCJ€AHEM HHTerpaje, BBe-
/2
neM o6o3HaueHHe [,= j 8in*0d0 u npumeM BO BHHMaHMe TOT

©
¢axkr, uto V(1) =2. Torna

/2

Va(1)=2Va_y (1) § sin®8d0 =2V, (1), =... =
0

=2"ley . LYV, (1)=28 ol s ... ],
Takum o6pasom, o6beM n-MepHOTO WIapa pajHyca R shipaxkaercs
¢opmyJioi
Vn (R) =2an1n1n_] oo 12,

OTKyJa, HCNOJIb3ysl M3BECTHHE (POPMYJH AJA HHTErpajoB [, ?, OKOH«
YyaTeJbHO MONyYyaeM

ntt n—1
22 5
- R"n % |, ecau n HeueTHO;
ni
Vn (R) = n
l o7 "?

[ m R'n“, ecanm n uerHo.
n

§ 5. BAMEHA ITEPEMEHHBIX B n-KPATHOM HHTETIPAJIE

YcranasauBaemass B 3T0M naparpade popMysa 3aMeHH NepeMeH-
HOHU sBJAE€TCS ONHHM H3 BaXKHeHIIHX CPEeICTB BHUHCJEHHS M-KPaTHOTO
HHTEerpaJia.

IMpennonoxum, uro ¢yrkuusa f(y)=f(yi,...,Ya) HHTErPHpPyEMa B
HEKOTOpOH 3aMKHYTOH, OrpaHHYeHHOH KyOupyemoi ob6nactd D B mpo-
crpanctBe E”. IlpexmosoxuM, nasee, 4TO OT HEPEeMEHHHX Yi, Y2, ..., Yn
MH IlepexoJuM K MepeMeHHHM Xi, X, ...,Xs, T. €. COBepllIaeM mpeo6pa-
30BaHHe '

2) Bn 4 §5ra 9 4. 1 nokasano, 4ro
i (B — DNt
k1
=% (h—1)! =

P P ecqH k wetHo.

, €CaH k HeyerHo;
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Y1 =P, (%1, ..., Xp);
=l oo ) (3.21)
Un=Vn(Fas -+ o)
KOTOpoe KpaTKO MOXHO 3alHucaTh B BHAE
y=b (1), (3.21)
NoHUMas NOJ Yy TOYKY 7-MEPHOTO MPOCTPaHCTBA (Yi,...,Yn), TOR X
TOUKY N-MEpHOro NPOCTPAHCTBa (Xi, Xo, ..., Xn), a TOX Y COBOKYI-

HOCTb 1 (PYHKUHHA Y1, Po,. .., Yn.

O6o3naunm yepe3 D’ Ty obaacts B £7, KoTopas npH npeo6pasoBa-
aud (3.21) mau (3.21') nepeBomurcst B D, 1. e. mosoxkuM D =+¢(D’).
ITpu 3ToM Mul Bcerna OyaeM TpeGoBaTh, uTOGH Npeobpasopanue (3.21)
win (3.21’) momyckano ob6parHoe, Tak urto D'=y~1(D).

Hoxaxewm, uro ecan GyHkuun (3.21) mmeror B obaactu D’ Henpe-
PHIBHBIE YacTHBHIE MPOM3BOJHBIE NEPBOTO MOPSIAKA H €CJH B 3TOH 06-
aactd D’ oranueH oT HyJs sgkobuaH (cM. § 2 ra. 14 u. 1).

D) _D( ..., 4n) (3.22)
D(x) D(xl,..., Xn), )

TO JJIsl n-KpaTHOTO HHTerpana oT ¢GyHKuHH f(y) mo obaactu D cnpa-
BejsHBa cieayiomas ¢opMyJsa 3aMeHH NepeMeHHB X,

Foydy=( Fro o1 |24 | dx, (3.23)
. D (x)
D D’

KOTOpas B MOAPOGHON 3amHCH NPHHHMAET CJAEAYIOLHiA BHA:

f...Sf(yp coor Yn)dyy .. dy,=
D

=j.,_5f[q>l(x1, cees Xy e Wu(Xay oves X)) X
D

I’ML—-'” dx, ... ix,. (3.23")
D(xl, cee s Xn,)

TouHee, MH J0KaXKeM CACAYIOUIYI0 OCHOBHYIO TeopeMmy.

Teopema 3.8. Ecau npeobpasosanue (3.21) nepesodur obaacre
D’ 8 D u asaserca 83aumMHO OOHO3HA4HbIM U ecau Pynkyuu (3.21)
umetor 8 obaacru D’ HenpepovieHbie 4ACTHble NPOU3BOOHble neEepsozo
nopadKka no 8cem NepemMenHbiM U OTAUMKLLE OT Hyaa akobuan (3.22),
10 0a5 Kaswcdoi unreepupyemoti 8 D ¢pynkyuu f(y) cnpasedausa
dopmyra 3amenst nepemennolx (3.23').

OTMmeTHM, UTO IPH YCJOBHAX TeopeMh 3.8 cymecrByer mnpeobpa-
soBaHue Y~!, ob6paTHOE npeo6pa3oBaHUIO .
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JokasatenscTBy Teopemu 3.8 mpeanouinem ceMp JemMm. CHaua-
Ja ganaum o6ocHoBaHHE (HOPMYJIH (3 23) nmna cayyasi, koraa Ipe-
oGpasoBanue (3.21) sBasiercss JHHeHHBIM (JeMMbl 1—4), a 3aTeM
CBelleM K 3TOMY c.nyqafo oémee npeoépasosaﬂne (3.21) (nemmMH
5—7).

Jlemma 1. Ecau npeo6pa303auue 2=y (x) sasanercs cynepno-
suyuet (uau npoussedenuem) Osyx npeobpaszosanuil z=vy,(y) u
y=1vP2(x) (. e. 2=y [P2(x)]), npuuem sce yuacreyroujie 8 3TUX
npeobpasosanuax (PYHKYUL UMEIOT HenpepuleHbie HACTHble NpPOU3-

D (2)

800Hble Nepsozo nopadka, TO AKoGuan R 83ATbIL 8 TOUYKe
x= (32,, ceny x°,,), pasern npouseedexurd sKOOUAHA gii ; , 83AT020
8 TOUKe xo, Ha skobuan —g-z(yi))—, 83AaTblLl 8 TO4Ke _1;=(;'1, ey g}n),
2de y°=1|3>2(12), T. e.

D(z) _ D(2» D) (3.24)

D (x) D(y) D(xn)’

uau 8 noOpobrod 3anucu:

D(Zl, ceey Zn) =D(Zl, P Zn) 'D(yl’ P yn)
D(xl,..., Xn) D(y;,..., yn) D(xl,..., xn)'
JJokKkasaTeabCcTBO JeMMBHE 1. 3aMeruM, 4yro AJsi JIOOGBIX
. -]
i=1,2, ..., nuk=1,2 ..., n 371eMeHT -g—g‘—(x), CTOSIHH Ha me-
Xk
. o D (z) o
peceueHHH i-H CTPOKH H k-ro cronbua sko6uaHa LI H B3SITHIH
B TOUKe x= (xcl, .. xn) no npaBnle llHQ)(pepeHIlPIpOBaHPlH CJIOXK-
HOH (GYHKUHH paBeH
‘1 62,
o (® )—L (9) 52 (x), (3.25)

=1
rae y=1z(¥). 5
Ho N0 NpaBHJAY [EPEMHOXKEHHSI ONpEJeJHTeNeHl pPaBEHCTBO

D . °
(3.25) u o3HayaeT, YTO SIKOOMaH D(Z; , B3ATHIH B TOYKE X, paBeH
X
D (y)
(%)

NPOU3BEAEHHIO .ﬂK06I/IaHa , B3ITOrO B TOYKe X, Ha suKoOmaH

D(z)

D(y)
HanoMHuMm, uro NHHe#AHHM npeob6pa3oBaHHeM KOOp-

JAHHAT Ha3bBaeTCsAa npeoépasoaaHHe BHAa

B3ATHIH B TOuKe y. JleMMa 1 HoxasaHa.
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Y1 = 0y Xy + ga¥e + o Qyakn]
BT TR T T (3.26)
Yn=Ap1Xy T AngXg + « o . + QppXp,
rae air (i, k=1, 2, ..., n) — NpPOHU3BOJILHBIE IOCTOSHHHE YHCHA.
. D
HOas nunefinoro npeobpasoBanus (3.26) sko6uan L&) (op.
P
najaer ¢ OmpelejHTEeJEM MaTPHIH 3Toro npeobpasoBanus T =
=lla;ll, . e. b
DLW _ getr. (3.27)
D (x)

Ecnu atoT onpexesnuTens OTJHYEH OT HyJsl, TO JHHEHHOe npeobpa-
3oBaHMe (3.26) Ha3biBaeTcss HeBLHIPOXJAEeHHHM. B sTom cay-
yae cyllecTByeT obpaTHoe npeoOpas3oBaHHe, TaKke JHHelHoe H He-
BHIDOXKJAEHHOe, U ypaBHeHHs (3.26) MOXHO pa3pelluTh OTHOCHTE/Nb-
HO X, X2, ..., Xn. KpaTKo GyieM 0003HauaTh JUHEHHOe npeobpaso-
BaHue (3.26) cumBosoMm y=Tx, a obparHoe emy npeobpasoBaHHe
cuMBoJIOM x=T"1y,

OcCHOBHOH LeJbI0 CAENYIOLHX TPeX JeMM sBJjsercs AoKasaTelb-
CTBO TOro (akra, uTo AJs HEBBHIPOXKIEHHOTO JHHeHHOro mpeobpaso-
BaHus (3.26) u gns KaxAod HenpepuBHO K GyHKuuH f(y) cnpa-
BelsiuBa (GopMyJsa 3aMeHBl mepeMeHHBIX (3.23), KOTOPYIO C yueTOM
cootHolwleHus (3.27) MOXHO NpPEACTABHTh B CJEAYIOLIEM BHIE:

(Fuydy={ F(Tx)ldetTidx=det T) { F(Twydx,  (3.28)
D D’ . D’ )
rae D’=T-1D. :

CHauaja paccMOTPHM J1Ba JMHEeHHBIX NpeoGpa3oBaHHS 4acTHOrO
BHJA: : ,
1) nunefinoe npeo6pasoBanue T;j, 3akjaoyaiolieecs B TOM, YTO
K i-B KoopauHaTe no6aBjdercs j-1 KOOPJAMEAaTa, a BCe OCTaJbHHE
KOOD/JIHHATH! NIPH 5TOM COXPaHSIOTCA:

Yr=Xr IPH k=1, 2, ey l—l, !:+1, ey NG
Yi=x;+Xxy,

Han y="T;x (KpaTkasi 3aluCh);

2) nuHefiHoe mpeo6pasoBanue T;*, 3akjaiouaioleecs B TOM, YTO
i~ KOOpAMHaTa YMHOXaeTcsd Ha uucJ0 A0, a Bce ocTaJbHBEIE KO-
OPAHBATH IIPH 5TOM He MEHSIOTCH:

{yk=xk TpH k=1, 2, fe s i—l, ’:"}—1, B (S
Yi=Ax,

win y=T/x (kpaTkas 3alluCh).



142 Ia. 3. Bofinnie H n-KpaTHhle HHTErpafH

Jlerko Bupern, 4TO

detTy=| :°. : |=1, detTi=| & |=A,

nostoMy npeobpasoBanus Ty u T;* HeBHPOXKAEHHHIE.

Jlemma 2. Jan npeobpasosanui Ty u T npu ar0boii nenpe-
poisrot 8 obaactu D pynxyuu f(y) cnpasedrusa gopmysra s3amenve
nepemennotx (3.28).

JdokasateanbctBo geMMH 2. Ilycte R — n-MepHHEN
OpAMOYTrOJNIbHHIA mapaJnJesiennnel, cogepxamui D, ¢yHruus F(y)
HMeeT BHJ,

F ()= {i(y) npr y& D,
npu ye RN\ D.
JocTaTouHo J0Ka3aTh, 4TO
[ Fwydy= | F(Tx)|detT|dx, (3.28')
R TR
rae cuMBoJiom T o603HaueHO OXZHO H3 npeoﬁpasoaaﬂuu Ty wan T
3aMeTHM, 4YTO €CJH R — NPSIMOYTOJIbHHI apaJesenunes
(e : ar<<yp<<be, k=1,2, ..., n}, 10 [T*]"'R — cHOBa mnpsmMoO-
YroJIbHH# napan.ne.nenunen
{xk: a, < %, < by, k£, ’9— xi<-b}:“ npu A >0 u %\<Xt\<

< ﬂ Tpu )~<0}

a [T;]7'R — Ky6upyemas o6JaacTh
{xk:akgxkgbk, k?éi, a,-—x,gx;gb.-—-x;}.

Ha ocHoBanuu ¢opMyan mnoBTOPHOro HHTErpupoBaHus (3.18)

S F(y)dy=
6, Y1l 0,
j .g _s‘ _Y [S‘ F(yl’ coos Yn) dyi] d.l/1 ceedyi—y dyi.|.1 ... dy,.
a  G1%41 94,

(3.29)
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[IpuMensss K ONHOKPATHOMY HHTerpajJy noO nepeMeHHOH i ¢op-
MyJy 3aMeHH NepeMeHHON y;=AX; IJI8 caydass [peo6pasoBaHHs
T* u yi=x;+x; nns cayyast npeo6pazoBanus Ti; (em § 5 ra. 9
u. 1), nonyuum

a) pns caydyas npeoGpasosanus T

b.
yF(ylv ceey yn)dyt——‘
9

>
-

]

F(yy - Y,y Mg, Yippr woon y)hdx, pu A > 0;

>’l &

= (3.30)
4
™
S F'(yn ceey Yy ?"xh yH_l’ vey yn)(_}")dxf IIpH A’< 0;
b,
*
6) ans caydas mnpeoSpasosaHus Ty,
bi bi—x] .
jF(yl, ey Yu)dy;= S F(yy «oov Yy X+ Xp Yipr oo Yn) dxi.
ai ai—x. .
’ (3.30')

[MoxcraBum (3.30) mau (3.30°) B (3.29); 3areM, BOCIOJbL3OBAB-
wHch GopMyJIO MOBTOPHOro HHTerpHpoBanus (3.18) m Tem, uyTo

d . 1 aad T—_—“Tgi;
|etT|={lM ¢
a TAaKme nonarast Yyr=xp upu k=1, 2, ..., i-1, i+1, ..., n, npu-‘

neM K paBeHCTBY (3.28’). JlemMa 2 gokasana.

JTemma 3. Becakoe negvipoxcdennoe aunednoe npeobpaszosanue
(3.26) npedcrasumo 8 sule cynepnosuyuu KOHEUHO20 HUCAG Mpe-
obpazosanuii suda Ty u T npu 3+#0.

JokasateabcTBO JeMMH 3. PasobbeM n0Ka3aTelbCTBO
Ha TpH 3ramna. .

1. Tlokaxkem, yTo JHHeliHOe mpeoGpasosanue T/, 3arJj04YaoN(e-
€Csl B epeCcTaHOBKEe MeCTaMH i-H H j-f KOOpAHHAT (NPH COXPAHEHHH
BCEX OCTaJbHBIX KOOPAMHAT), NPEACTABHMO B BHUJE CYNEPIO3UIHH
mectu npeobpasoBanuit Tuna Ty v T

B camom nene, coxpaHssi NpPH 3amHCH (X1, ..., Xn) TOJBKO i-I0
H j-I0 KOODAMHATH (OCTaJIbHBHle He MEHSIIOTCH), MOXKEM 3alHCaTh:
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()Ct, xl-)T—ij—-b-(Xi-*‘xi, x,-)—-__—l—*(—xg—x,, Xf)—mﬁ
i
= (—xi—x;, —x)—=>(—x—x, xi)T(_xf' x[);_—,—*(x,- Xi)y
Ti [

T.e T =T7'TyT7' T T\ Ty

2) OTrmeTHM, YTO NyTEM KOHEYHOI'O YHCJa MEepPecTaHOBOK MeCTa-
MH JOBYX CTPOK HJIH IBYX CTOJIGLOB (T. €. MyTeM KOHEYHOro 4HCJa
npeo6pas3oBaHuil Tuna 7’) MBI MOXeM IIpHBecTH Jio6oe JHHeHHOE
HEeBEIDOXKJIEHHOe INpeo6pa3oBaHHe K JHHEHHOMY NpeoGpasoBaHHIO
c matpuueit lla;|l, y xoTOpoli OTJIHYHBEI OT HyJs BCe TJaBHLIE MH-
HOpBI, T. €. OIpeJeHTeNH

Qg ... Qg
Ap=1. .. ..., k=12 ..., n
Qpy - .. Ay

3) Ocraercs moKasaTh, 4TO JHHefiHOoe mnpeoGpa3oBaHHE C OT-
JHYHBIMH OT HYyJsl TJIaBHBIMH MHHOPaMH MOXHO IpPEICTaBHTh
B BHJE KOHEUHOro uyucjaa npeobpasosanuit Tuna T;; u T/ Joka-
JKEM 3TO N0 HHAYKUMH.

Hnsa n=1 paccmorpum npeobpasoBanne T ¢ marpuuei

a, 0
1
o. ’ AI:aIIQ‘:O'
0 1
[lpeo6pasoBanne T{«  mnepeBOAHT X=(X;, X3, ..., X¥2) B
(anxy, xo, ..., xa) =Tx, 7. e. T=T §»; yTBepxKJeHHE CIPaBeJIUBO.
PaccemotpuM Tenepn npeobpasoBanue T ¢ MaTpuiuei
fay...0p )
L. 00
Ay <+ g
1
0 ..
t 1)

IIpeanonoxuM, 4To 3T0 mpeolpasoBanne I MOXKHO IPEACTaBHTh
B BHJe KOHeWHOro ymcja npeobpasoBanuii Tuna T;; u T, T. e. 4TO
cylulecTByeT KOHeyHoe YHCJO npeobpasoBanuit Buga T;; u T/, mepe-
BOASIIHE X= (X1, ..., Xz, Xt+1, -+, Xn) B

(anxi+... 4+ aXe, ..., GeiXi+. ..+ QreXe, Xet1, ..., Xa) =Tx. (3.31)

IOnsi 3aBepuIeHHs] HHAYKUHH AOCTATOYHO J0Ka3aTh, UTO INyTEM
Cynepno3HIMH KOHEYHOTo uHcjaa npeobpasoBaHumii. Tuma T; u T
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MOXHO NPHBECTH HOCJIEI0BaTeJNbHOCTh KoopAuHaAT (3.31) Kk BuAy

(anxi+. . Faie+nXetr, . Gaxito Qe Xes,
(3.32)
AetiXr+ .. o+ Gty Xett, Xetz, ooy Xn),
T. . IpeAcTaBuTh npeobpasoBanue T ¢ MmaTpuuei
fay, ...@p Qg ]
L W Qe+ 0
Qe - - - Atk a(k+l)(k+ll) (3.33)
0 -
{ 1
B BHJE CYNepNOSHUUH KOHEYHOro gHC/a npeo6pasoBaHH# BHAA:
TijuTH
JJasa joxkasaresbcTBa 3TOrO, CHayasa JJIs KaxXAOro HoMmepa.
i=1, 2, ..., k, A1 KOTOPOro 3JE€MEHT Q;x+1)7=0, IpousBeneM mpe-

06pa303anne, NpeACTaBHMOE Cyllepno3Huuell Tpex npeo6pa3oBaHUH:.
a .

Tkjt(l T, (k+1)Tk+, (ans tex i, Qs KOTOPHIX Qik+1y=0, 3TOrO!

npeoGpa3oBaHust He npousBoAuM). Cynepnosuuus BCeX yKa3aHHBIX

Tpoek npeobpa3oBaHu#i AJs Bcex =1, 2, ..., k nepesejier sJeMeHT

(3.31) B

(anxi+. ..+ aeXe+ A+ Xett, ., QX1+, . QreXe+
+ Qr(kt1) Xrtl, Kett, Xet2y - ooy Xn). (3.34):

Jasee 3aMeTHM, YTO NMOCKOJbKY MHHOD A, matpuun (3.33) or-
JIHYEH OT HYyJId, TO OTJIHYEH OT HyJS H PaBHBIH eMy OINpelesIHTel]b
MaTpHUH

Qg -+« Qqp Qiet)

¢« s e 8 o @ & o @

Qpy Qe Qkx+n (3.35)
0...0 1
Ilo TeopeMe 0 6a3HCHOM MHUHOPE CYIUECTBYIOT YHMCJAA Af, ..., Ak,

JIUHeNHasy KOMOUHALMA C KOTOPHIMH cTpPOK Martpuub (3.35) paBHa
Qet1)ly «« o9 QetDhy GEA+HDE+)y

T. €. paBHa NnepBHM k+1 snementam (k+1)-# cTpokm MarTpuHun
(3.33). 310 03HauaeT, YTO eCAH MH AJs Kaxgoro j=1, 2, ..., k+1,.
Ias kKoroporo A;70, mpousBefieM mnpeobpasoBaHue, NpeACTaBHMOE:
cynepnosunueit Tpex npeobpasosauui: T;jV/*T ey T/ (BN TEX j,
Ins KOTophX A;j=0, COOTBETCTBYIOWIYIO TPOHKY mpeobpasoBaHHiL
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HE TNPOM3BOAHM), TO CYNEPHO3ULUS T",’e‘i} (|Ae+1|>0) u Bcex
NpOM3BeNeHHBIX TPOeK Npeobpa3oBaHH# mepeBefer sjxemeHt (3.34)
B (3.32). Muayxuus 3aBepuieHa. Jlemma 3 mokasana.

Jlemma 4. [asn 4106020 HesbipoydeHn020 AuHeliHO20 npeob-
pasosanusa (3.26) u arobol nenpepoisroii 8 obaactu D ¢gynxyuu f
cnpasedausa gopmyaa sameror nepemennoix (3.28).

B camom pese, ¢popmyna (3.28) cnpaBefsiuBa IJs KaXKIOrO H3
npecbpasoBanuii Buga T;; u T (nemma 2), HO Js06oe JIHHEHHOE
HEeBBIPOXKJEeHHOe Npeo6pa3oBaHue NPeJCTAaBUMO B BHIE CyNeplo3H-
IIMH KOHEYHOTO YHCJa TaKHX npeo6pasoBaHmi (JemMa 3), NpHUEM
sikoOnaH 3TOH Cynepno3uLMH [OpeoOpa3oBaHHi paBeH NPOHU3BERE-
HUIO siIKOGHaHOB (1eMMa 1).

Cunencreue u3 deMMu 4. Ecau G — npoussosenas kyou-
pyemas obaacrte 8 En, T — npoussoavroe xesvlposcOennoe AuHeli-
Hoe npeobpasosanue, To n-mepuoii o6vem V(G) obaactu G u
n-nepuoili 06vem V(TG) ee obpasa TG cesA3anel pasencrsom

V(TG)=|det T|V(G). (3.36)

Jnst KoKa3aTeJbCTBA STOrO yTBEPXKJAEHHS AOCTAaTOYHO B dopmy-
ae (3.28) Bzsath f(y)=1 B obnacru D, D=TG, D'=T-1D=G.

Ilycte Teneps npano mwo6oe npeoépasoBaHue (3.21) ((3.21))
¥ BHIOJNHeHH ycaoBHs TeopeMmHbl 3.8. Ilpu srom o6Ga wmHTerpana
B (3.23) cymecrtByioT, ecid TOAbKO D’=+4¢~1(D) — kybupyemas
ob6sacTh, TaK UTO HaM HYXHO [OKasaTb KybOupyemocts D’ u paBeH-
CTBO HHTerpaJjioB B (3.23).

Tlycre -Zl—(x)—J;,(x) (¢, j=1, 2,..., n) — 3J1eMeHTH
MaTpHIb! ﬂxo6n B3ATHE B TOUKE X= (X1, ..., Xn), CAMY MaTpHIY
Axobu ||J:;;(x) || o6osmaunM cumsoaoM Jy=/J,(x). HazoBem HOp-
MOH TOYKH X= (¥, ..., X,) BeauuuHy |{x||= max |x;|. Haso-

<i<n
BeM HOPDMOH MaTpHIUH A—Ila,,ll (i, j=1, ..., n) Benuuuny
| 4]l = miax [5‘ Tayl].
1<in j=1

Slcho, yto ecau y=Ax, TO
gl =1AxI<IAl-llxll. (3.37)

Kpome Toro, nng exuHuuHoit matpuum || Efj=1.

Jlemma b, Ecau seinoarenst ycaosus Teopemol 3.8 u C —
n-mepuotli koopOunarneui Ky6, npunadaexcawuil obaacry D', T0
n-meprovie o6vemor kyba C u ezo obpasa y(C) cesaszanst nepasew=
CT8OM

V($(0) < [gréagi 1o "V (C)s (3.38)
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,U.oxasa're.nbc'rno neuuu 5. Ilyere C — n-MepHHi# Ky6

C LEeHTPOM B TOUYKe x (xl, cees x,.) H c pebpom 2s. Torua ky6 C
MOXHO OIpeAEeNUTh uepaBeHcTBom
0

[[x—xlI<s. (3.39)

B cuay dopmyan Temlopa Ans QYHKUHMH 7 [epeMeHHBIX v (X)
(cm. m. 3 § 5 ra. 12 4. 1) naiimercs yncao 6; u3 unreppana (0, 1)
TaKoe, 4To

W)= () =Y Juy [ 46, (r— )] (5 —x)-

j=1

OTciona W u3 cooTHOWEHHA (3.37) 3aK/II04aeM, 4To

14— P I < max 1 (- e —31L (3.40

IMonaras y=1y(x), ;-——"xp(;), noayuum u3 (3.40) u (3.39):
0
lly—yll < s max ||Jy (D).
xeC

Takum obpasoM, eciH Touka X Haxopurcsi B kKy6e C ¢ peGpom
2s W C LEHTPOM B TOUYKE X, ;ro o6pa3 y=1(X) TOYKH ¥ HaAXOAHTCS
B Kybe C UEHTPOM B TOUKe y K c pe6pom 2s ’r‘lé%x [/ (1.  Ioato-
my MHOXecTBO ¢ (C) Ky6Hpyemo M

V($(C) < [max /s (I V (©)

Jlemma 5 nokasaHa.

CnenctBue 1 u3 neMMu 5 Ecau 8blnosHens. Ycao8us
reopemst 3.8 u obaacre G kybupyema, 1o u ee obpas Y(G) kybu-
pyem. B uacruocru, ecau D xybupyema, o u D'=¢~'(D) xybu-
pyema.

HeficrBurenbHo, rpanuua Joboro kybupyemoro MHoxkectsa G
AIBJISIETCS] MHOXKECTBOM 7-MePHOTO 00beMa HyJib, a TaKOe MHOXKe-
CTBO COIVIACHO JOKAa3aHHOMY YTBepIKIEHHIO npeobGpasyercsi B MHO-
3KEeCTBO, n-MepHHBIH 06beM KOTOPOr'O TaKkKe PaBeH HYJIIO.

Ky6upyemocts obnactu D'=+¢~1(D) ciaeiyer H3 TOro, 4ro B.
yca0BHSAX TeopeMu 3.8 AJis npeo6Gpa3oBaHus Y~! BHIOJHEHH TE XKe
YCJIOBHS, 4TO U AJs .

CnencrBue 2 u3 aemMH 5. Ecau ¢pynxyus f(y) unreepu-
pyema 8 obaacty D, D'=+¢~'(D) u seinoanenst ycaosus reopemot
38D’ 10 f((x)), a noromy u flp(x)]|detJo(x)| unreecpupyenot.
e D’
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Jlemma 6. ITycre 8binorxers. 8ce Ycaosus Teopemot 3.8 u
nycte G — npoussossroe Kybupyemoe nodmuoxcecréo D', a
P(G) — ezo obpas npu npeobpasosanuu (3.21). Tozda 042 n-mep-
Ho2o ob6vema obaactu P(G) cnpasediuso HepABEHCTBO

V(9(6) < [ 1detJy ()] dr. (3.41)
G

HokasareabcTBO JeMMb 6. Pazo6beM [A0Ka3aTeJbCTBO
Ha JBa 3Tala.

1) Hokaxewm, yto AJjsi JI060r0 HEBBHIPOKAEGHHOIO JIMHEHHOro
npeoGpasosanus T u aas aoboro n-mepHoro kyba C—D’ cnpasen-
JIHBO HepaBeHCTBO

V($(C)) < |det T| [féacx T~ (N} V(C). (3-42)

B cuay cneictBusi M3 JeMMH 4 AJs J060ro KyOHpyeMOro MHOXe-
crBa G H 1as JuneiiHoro npeobpasoBaHus T cOopaBefJHBO DaBeH-
ctBo (3.36). Tlomoxum G=T-'¢(C), torna TG=T(T-¢(C))=
=y (G) un

V(9(C))=|det T|V(T-'%(C)). (3.43)

Ouenus npasyio yacTb (3.43) ¢ nomompio HepaseHcTBa (3.38),
B KOTOPOM BMeCTO npeoOpa3oBaHHUs ) BO3bMEM CYNEPNO3HLHIO npe-
o6pasoBanuii T, noayuyum

V($(C) < |det T [max |I/7-1, (DI]*V (€). (3.44)

Ilo nemme 1 JT-W:JT-x Jy=T""Jy, u6o matpuua SIkobu JHHEH-

HOro npeo6pa3oBaHUsl COBNAaJaer ¢ MaTpHUlled 3Toro npeofpasoBa-
mus. Ho 370 u o3Hauaer, yTo HEpaBeHCTBO (3.44) Moxker OHITb
nepenucalo B Buje (3.42). HepaBeHcTBO (3.42) mokasaHo.

2) JoxaxxeM Tenmeph HENOCPEACTBEHHO HepaBeHcTBO (3.41).
[Tokpoem npoctpancrso E" ceTkoil n-MepHEIX Ky6oB ¢ peGpom Ah.

Ilycts Cy, Cy, ..., Cumny— Te KyOB, KOTODHIE HEIHKOM COJEp-
xarcss B G, u nycte G,= |J Cp.
1< rSmth)

B kaxaoMm kybe C, ¢uKCHpyeM NPOHU3BOJBHYIO TOYKY X H 3a-
numeM AJst storo Ky6a C, HepaBeHCTBO (3.42), moJiarasi JIpud 3TOM
T=J,(xe). Tlonyuum

V(9 (Cr)) < |det Jy (xp)] {rté%x N[y ()12 g (1} V(Cr).  (3.45)
XeC,

Iockonbky aJeMeHTH MaTpHUH fK06H J,(x) sABJAsIOTCS Hempe-
PHIBHEIMH (YHKUUAMH NepeMenHO# x BO Bcell obsactu D7, a ciaeno-
BaTeJbHO, H PaBHOMEPHO HenpepulBHHIMH B D', 10 ||/, (x)]| — paB-
HoMepHO HenpepmBHas ¢ymkuus B GcD’, Orciopa 3akiamouaem,
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uro ¢yHKuEa || [Jo(xz)] e (x)]|* Takxke paBHOMepHO HenpepniBHA
B G. YuurniBasi, uto || [Jo(%2)] Uy (xe)ll=1, mnoayuaem, uto pas
moboro £>0 naiinerca 6>0 Takoe, yto AJs Bcex x, X,<=G, nas
KOTOpHX p{X, ¥x) <0, BHINOJHSAETCSI HEPABEHCTBO || [To(xe)] X
XJe(x)I"<1+¢. Takum obGpasom, ecnu BH5paTb h>6 TO max X
x€C,
X T (xe) 72 Iy (0" < 1+ (ansa Bcex k) u ouenky (3.45) moxHo
3anmucaTh B BHIE

V(9 (Cp) < (1+2) |det Jy (xe) ]| V(Cp).

CyMmMupys nocjefHee HepaBeHCTBO 1o BceM k=1, 2, ..., m(h),
NOJIyYuM
m(h)
VI (G) <(I+e) Y [det Jy (%) V(Cy)- (3.46)

k=1

M3 yrBepxaeHns, chopMyaupoBaHHOrO B KOHUE § 4 3T0i ryiaBhi,
caenyer, uto npenpes npu h—0 Bcell npasoii yactu (3.46) cymect-

ByeT u paBen (1 +8)S [det Jy(x)|dx (e>0 — mpousBoJLHOE YHC-

G
n10). Kpome toro, limG,==G, tak uro B npepmesne mpu A~A—0 u3
h

—0
HepaseHcTBa (3.46) noaydaercsi HepaBeHCTBO (3.41). Jlemma 6 no-
Ka3saHa.

Jlemma 7. Ecau soinosnenor sce ycaosus reopemer 3.8 u 0o-
noAxuTeabHo npednoaazaercs, 4ro ¢yskyus f(y) HeoTpuyaresvna
8 D, To cnpasediusa opmysra samenvt nepemennsix (3.23).

ﬂ,oxasa’renbcu‘no adeMMbu 7. [Tokpoem npocrpancrso E*
CeTKOH n-MepHHIX Ky06oB ¢ pe6poM h u o6o3nauuMm yepes C,, C,, ...

, Cmny Te M3 3THX KyOOB, KOTOpPHE LEJHKOM cojepxkarcs B D.
HyCTb Gr=v""(C). Oas kaxnoh obiacra G, 3aNHLIeM HepaBeH-
crBo (3.41):

V(C) < )‘ |det Jy, (x)] dx. | (3.47)

N

YmHOXKM 06e yacT (3.47) Ha my, rie

my, = inf f (y) = inf [ (x)],
Cp Gy

H IIPpOCYMMHpYEM IOJIy4e€HHhIE HepaBeHCTBA 10 BCEM k orl pie)
m(h):
m(h) m(h)
Z mV (C) <Y my f |det J,, (x)] dx. (3.48)
k=1
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Ilo Teopeme 0 cpeaHeM 3HAYECHHH
[ FIw)] [det Ty (x)| de = ; [Idet Jo ()] dx,
G k
THE pp € [my, Myl Mk=5élpf [¥ (x)]. TTosTomy
kR

my, ( |detJy (x)] dx < py f |det Jy (%) | dx = jy[\p(x)] |det J (x)] dx
Gy Gy

o

Gy

H HepaBeHCTBO (3.48) MOXHO YCHJIHTB:

m(h) m(h)

Y mV(C)<Y, j f [¥ (x)]] det Jy (x)] dx. (3.49)

k=1 k=1 G,

B cuny yreepxkaenus, chopmyanpoBaHHOro B Kouie § 4, nesas
gacte (3.49) npun h—-0 HMeer mpexen, paBHHIH 5' f(y)dy, m no-
D

m(h)
cKoJbKYy lim Y, G, =G, rne G=v¢"'(D), To B npenese npw
h—~>0 et
h—-0 nonysaercs
(F@)dy < [ Flv )] |det Ty ()| dx. (3.50
b D’

Mensis B 3THX paccyxkieHusx poasimu D u D', paccMatpuBas
B D’ ¢pynkuuio g(x)=f[¢p(x)]|detJy(x)| u Hcnombsys aemmy 1
H TeopeMy 06 omnpejeauTesie NPOH3BeAEHHs ABYX MATpHI, NOJYydHM
MPOTHBOIIOJOXKHOE HePABEHCTBO

[ FI9 (0] 1detJy ()] dx < { F(5) dy. (3.51)
D’ D

Hsz (3.50) u (3.51) BmTekaer HoKa3mBaemass (GOpMyJa 3aMeHH
nepeMeHHBIX. JleMMa 7 nokasaHa.

HoxasateabcTBo TeopeMu 3.8. Ilycrs f(y) — mnpous-
BOJIbHasl HHTerpHpyemasi no obsaactu D (QyHKUHS H BHIIOJHEHH BCe
ycaoBus TeopeMn 3.8.

U3 unrterpupyeMoct Gynkuuu f(y) B obnactu D nosyyaem, uto
cyuiecTByer nocrosiuias M>0 taxasd, gto |[f(y)|<<M B D.

Jdas  xaxpno#fih H3 HeOTpHUATeNbHHX GyHKRUHE fi(y)=M n
f2(y) =M—f (y) Teopema 3.8 cnpaBeanuBa (B cuay jgemmn 7). Ho
TOrAa H3 JHHEHHOrO CBOHCTBAa HHTErpajia BHITEKAeT CIpaBelJH-
BocTe GopMmyau (3.23) u anas pasHoctH fi(y)—fz(y) =f(y). Teope-
Ma 3.8 mokasaHa. :





