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C npyro#i CTODOHH, TaM BHINOJHAEeTCSs Takxe ycaosue (9), M, TakuM
00pa3oM, C MOMOLIbI0 IuddepeHUUpOBAHUS 1O TAPaMETPy y; Mbl HOJy-
YaeM, YTO 4yy, - luy,y, ==0; npumenss (10), noayuum

[7}
EAu:O npu  y,==0.

VI3 enuHCTBEHHOCTH pelleHus 3amayn Kowd, Tak ke Kak M BBlE, Mb
nonyuyaeM, uro Az =0 BcloLy B ueThHpexMepHOH# o6aactn B. AHaloTuyHO
JOKa3LIBaeTCs, YTO B B BHIMOAHAETCA COOTHOWeHHe Vi ==0.

Tak KaK W3 3TOTO CJeiyeT, YTO (PYHKUMSA 4 — aHAIUTUYECKAasds B He-
KOTODO}# KOMMJIEKCHOW OKPEeCTHOCTH TOUKH X==X,, y==Y;, TO MHl
LOKa3anl GHAAUMULHOCMS UCXO00H020 peulerus u(x, y) sssunmu-
yecKo0zo Ougdepenyuarsnozo ypaguenun Au=f,

3. 3ameuaHue 06 obweM audpdepeHuHANLHOM  YpaBHEHHUH
F(x,y, u, p, q, r, s, {)y=0. Hneo JleBd MOXHO NPUMEHHTb TaKxKe H
B cayyae oOIEro aHAMUTUUYECKOTO AH(p(epeHUHaNTbHOr0 YpPABHEHHS BTO-
poro mnopsika ¢ JHABYMS He3aBHCHMbIMM nepeMeHHbMH. CnpaBennusa
crenyiomas TteopeMa. Ecau u(x, y)— mpuswos Henpepwvisno oug-
depenyupyesmoe pewenue sarunmuieckozo Ouggepenyuarorozo
YPABREHUS, QHAAUMULECKO20 OMHOCUMENbHO BCEX C80UX apey-
MeHmos, mo cama OywKyus u(x, y) maxxce s8AREMCA AHALUMU-
HeCcKol OMHOCUMENbHO NEPEeMEHHBLY X U Y.

Hertann noxasaTenbcTBa uuTaTeab HafizeT B aureparypel!). OcHoBHas
uIes 3aK/IOYaeTcd B TOM, UTO, Kak W paHbwe, RuddepeHuuanbHoe ypas-
HeHHe 3aMeHsieTCs KBasuJuHeHHOH cucremoft auddepeHunasbHHX ypashe-
Huft. Ho, B cuaiy ee saMNTHYECKOTO XapakTepa, B Heft Henb3s mepefiTu
K JefCTBUTE/bHEIM XapaKTePUCTHUECKUM MapaMeTpaM a u 3. TeM He Menee
MOXHO TpHUBECTH 3Ty cucTeMy AuddepeHIHatbHEIX ypaBHeHUH K BULY

VU =f (0 B oL POl kvl Y )

¢ HeusBeCTHHIMH OyHkumaMu o', o2, ., .. Jlaa TakoH CHCTEMB MOXHO
noutu Ge3 M3MeHEeHHWH INPUMEHHTb Teopuld § 2, W HA OCHOBAHHH ITOH
TEOpUM JHO0Ka3aThb AHAIUTHYHOCTb pPelleHus.

§ 5. IIpumenernue KomnaexcHoLx nepemeHHoLx
0481 NPOOOAINCCHUS peWeHul

IlycTs & -— pelleHde aHAMUTHYECKOTO SJIHNTHYECKOTO YPABHEHHUA,
yzloane'rsopmom.ee AHAMUTUYECKUM KDAeBbIM YCJ/OBUAM HA 4acTy TPaHHLB
ero o6aactu onpelenenus. C MOMOIbIO NPOIOJKEHUS B KOMINIEKCHYIO
ob6aacte [. JleBu [2], a Takxe lapabensH [2] n0Kasand BO3MOKHOCTb

) CM. paGory I'. Jlesu [6] u uanoxenne nokasareabcrsa JleBu B kHure
Anamapa [2).
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AHAJMTHYECKOTO MPOAOJIKEHUS PeIleHnH 9/MUNTHYECKUX YpaBHEHu#t uepes
rpaHnny. BaxHbie TpPUJIOXKEHHS 3TOTO MeTONd K NPOAO/IKEHHI0O MHHH-
Ma/JbHHX MOBepXHOCTeH, K (POpMyIMpOBKe 0000LIeHHOTO MpPHHIMNA OTPa-
KEHUR, K 3ajnauaM cO CBOOOIHOH rpaHuiied MOXHO HaHTH B YyKa3aHHOH
auteparype ).

Mul naguM  31eChb TOJbKO MOHATHE 00 3TOM METOAE, PaccMOTpPeEB
OYeHb SJEeMEHTApPHHIA TNpuMep.

B § 4 Mbl Buzeaun, 9TO ecau OYHKUHA # 9BASETCA PELICHUEM aHaJUTHYe-
CKOT'0 3/JJIMNTHYECKOTrO ypaBHeHus B AeHCTBUTENbHON 00/aCcTH, TO ee MOXKHO
MPOJO/IKHTE B KOMILIEKCHYIO 0061acTb, pemas 3adawy Kouu ans HeKOTO-
poix runepGoauueckux ypasHeHu#t. Ecas ¢yHxuua o yuosiaeTBOpseT
aHAMTHYECKHM KPAeBBIM YCJOBUSIM HA aHAAHTHYECKOM KYCKe FpaHulbl, TO
Mbl MOXEM HCIIOAb30BATh MPOAOMKEHHE KPAeBLIX YCJAOBUH B KOMIUIEKCHYIO
obaactb. [Ipn 9TOM noJyuaeTcs CMEUWAHHAR, ¢ HAYANbHOBMU U zZpa-
HudHBL MU YCca08uAME, 3adaua AN THIepOOJHUeCKHX ypaBHeHHH, KO-
TOpHE MO3BOJAIOT AHAMMTHYECKM TNPOMOMKHTL GYHKUMIO # B GoJee
WHPOKYl0 o06gacTb. DTO ¥ JaeT MPONO/IKEHHE uYepe3 KYCOK IPaHHIbI
NepBOHaYaMbHO 3afaHHOH 00JacTH CYlLIeCTBOBaHHA.

Yro6bl MOJYUHTh CKOJAbKO-HMOYAb OOWMA pesyabTaT TaKOFO poaa,
Halo NPeONOJeTh 3HAYMTE/bHbie TeOMEeTPHUECKHe W aHaJAuTUYeCKHe TpyI-
HocTH. CaMbie cu/bHble NOJYUYEHHBIE 10 CHX MOD Pe3yJbTaThl NMPHHALTEKAT
FapaGensny; B ero pafoTax AaHH CCHIIKA Ha OoJee paHHUE HCC/enO-
Bauua I'. Jlesy u Anamapa.

Msl mpoaeMOHCTpPHpPYeM STOT MeTOML Ha TpHMepe MNpocTeflero He-
TPYBHAJLHOTO C/ydyast; paccMOTPUM ypaBHeHue (3) u3 § 4 B npaMoOyrosn-
Huke R: — oL x Ko, —t Ly <0, HaxonsweMcs B HHXHe# moJy-
naockocth. Ilycts #==0 wHa cropoHe y==0, u OpPeANOJIONKHM, YTO 4
MMeeT HempepLiBHbIE TPEeTbH MPOH3BOJHBIE B 3aMKHYTOR obaactn R, Mu
OyneM npoao/kaTe # B HOJyNAOCKOCTb y > 0.

BeeneM, kak u paubille, NepeMeHHBe X, U X, YpaBHeHue (4) ¢ Ha-
yanpHLiMH  ycnosusmu (B) u (6) (cM. mpeamiaymmfi maparpad) v c rpa-
HHYHBIM YCJIOBUEM

=0 mpu y==0

naeT runeplOMHUECKYIO NOYTH JUHEHHYIO FPaHUYHYIO 3ajauy; Mbl 3HaeM,

YTO OHa MMeeT pelleHHe B NOCTATOYHO MAJOM TPEYroJbHUKE, OrpaHHYeH-

HOM ¢ OIHO# CTOPOHH XapaKTePHCTUKAMH, a C APYro# CTOPOHH — JHd-

Hueft y =0, Ha KOTOPOH 3anaHH I'PaHHYHble 3HauUeHHs (CM. puc. 35).
Taxo#t TpeyroibHUK 3ajaeTcss ABHO HepaBeHCTBaMYU

Iyl <L y<0; : (1)

X, BXOLMT B 9Ty 3aiady TOJbKO Kak mnapaMerp. HauGoavuras obaacts
Ha IJIOCKOCTH X, Y, B koTopofl ypamueuue (4) (§ 4) uMeer pewenue,
3aBMCUT OT X,; AR NOCTATOYNO MaJdbIX 3HaueHHH p pemeHue OGyner

1) Cm. take BCKOpe BbIXOAAINYIo B CBeT kHury [apaGeasua [1).
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CYWECTBOBATL NPH BCeX | x| <0 H Xy Y, YAOBJICTBOPAIOUIMX Hepa-
BeHcTaM (1).

Tenepb Mbl 8HaeM suauenus u, u, npu y=0, |5 | <p, |x;|o.
OTu faHHBIE TO3BOMSIOT HAM HafTW u, pewas sagauy Koww mas ypas-

venus (4) (§ 4) B Hekoropo#h obaactu, rae y > 0, sakaouawouieft 4actb
IeficTBUTEAbHON noaymiaockocTd y > 0, x,=0.

Hano ewe npoBepuTh, YTO MOJMYYEHHOE HAMH MPOAO/IKEHHE SABJAETCA
pelleHueM UCXOIHOTO ypaBHEHH. DTO MOMHO Cle/aTh, [0KA3aB, KAK U

Xz Xz

Puc. 35.

Bhillle, 4TO GYHKUMA & YIOBJAETBOPAET COOTBETCTBYIOLIEMY YPABHEH:iIO
B YeThIpeXMepHOH KOMIJIeKcHOH ofaacTi; Mbl He OyJeM Ha 3TOM OCTa-
HaBJIMBATbCA.

3aMeTuM, 4TO AJA JauHeHHbIX ypasHenufi Buxa (4) u3 § 4 obaacTs,
B KOTOPYIO MOXHO MNpPOIOMKHTb (YHKHUMIO &, 3aBUCHT TOJIBKO OT R H
OT pacmojiodenns OcoOeHHOCTeR KOSPQHLUHEHTOB, HO He OT CaMmoro
pewtenuss ¢. B wacTHocTH, ecau KO3Gb(PUUUEHTL He UMEIOT OCOOeHHOCTeH,
TO (GYHKUHIO & MOXHO MPOLO/IKUTL HAa BeCb NPSMOYTOJIbHUK, KOTOPbIf
ABJSeTCA 3ePKAJbHBIM OTpaxeHueM R1).

INMPHUJOXKEHHE? 2 K 'TABE V

HECTALIMOHAPHbBIE 3AJAYH U ONEPALMOHHOE
WCYHUCJIEHUE XEBUCAMIA

Hecraunonapusie 3agaun (cm. ra. I, § 8) wurpaior BecbMa Bax-
HYI0 pOJb B DPasjiMUHBIX NPUJIOKEHUAX, HANPUMEp B 3/MeKTPOTEXHHUKE.

"y Kak sameTus Tapabenss, aT0 coob6paxeHHe NO3BOJASET NOAYUHTh MNPHH«
uun orpaxenus Jlesu (cu. . JleBn [2]).

2) XoTs 9TO mNpHJOKEHHE TEeCHO CBA3AHO C 33a7aYyaMH, PaCCMOTPEHHBIMH
B ra I, V u VI ero caeayer paccmaTpuBarth KaK BCTaBKY, HECKOJABKO OTJAHY-
HyI0 IO CTHJIO U HAaNpPasJAeUHOCTH OT OCTaJbHBIX YacTeH KHHIH.
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VIM mocsAmeHa o6wWMpHas JuTEpaTypa, B KOTOPOH 0C060 BblLeaseTCs
CHMBOJIHYECKUH Memod onepamopos XeBucafhza. ITOT MeTOL HaeT
OueHb MpAMOH INOAXOL K 3alayaM W YacTO T03BOJsAET MOMYYATH SBHEIE
pellleHusl, KOTOpble APYTUM IyTeM He MOryT ObiTb TaK MPOCTO HafIeHbI.
Chauaia 3TOT CHMBOJMYECKHMH MeTon Obla mpelsoxeH 6e3 crtpororo 06o-
cHoBanus: XeBucalii Bhpaxaa Haxke HeKOTOpOe mpeHeOpexenue K omnace-
HUAM TIpodheCcCHOHAIbHBIX MaTeMaTHKOB. Ho nopasuTenbHBIH ycrnex merola
Xesucaliza 3acraBunl OODBACHHTL €ro C MaTEeMaTHYeCKOH TOUKH 3peHus,
YTO MPHBEJO K NOJHOMY OIPaBAAHMIO H AaJbHeRIIeMY Pa3BUTHI0 CUMBO-
JIMYeCKUX METOIOB.

HcuyepnbiBaouiee H3M0XeHHe ITOr0 BOMpOCa BHILIO Obl 32 paMKu
yto#t xHuru!). ONHAKO MbI PAaCCMOTPHUM TEOPUI0 HECTALHOHAPHBIX 3anady,
no xpafiHefi Mepe npocTefilero BHAa, W NPHUBEIEM HECKOJbLKO MPHMEPOB.

§ 1. Pewenue HecmayuoHapHolx 3a0a4
C nOMOUbI0O UHMEPANBHOLYX npeocmasieHul

1. Mlpumep saBuoro pemenus. BoaHoBoe ypasHenue. Mol Oynem
UCKATb pELIEHHUE BOJHOBOTO ypaBHEHUSA

Uy— Uy =0 (1)
Ha otpeske 0 < x <!, yaoBJeTBOpAIOLIEE HAYAMbHBIM YCJIOBUAM
a(x, 0)==0, u,(x, 0)=0
M TPAHUYHBIM YCJIOBUAM

u©, H=f(@#), u(l, t)=0 (@)
HIn

w0, )=f(t), u,( =0, ®

rae ,cuna® f(¢) ectb 3amaHHas ¢GyHKums f.

[epBas 3ajaua (@) MOMET OTHOCHTbCH K CTPyHe, KOTOpas B Haualb-
Hbif MOMeHT £ =0 HaxoZUTCA B COCTOAHHH MOKOS, 3aKpEIVIEHa B KOHIle
x=1[, a Ha ApyroM KoHue x =0 cOBeplIaeT ABHIKEHHE, OMUCHIBAEMOE
3agaHHo# ¢yHkuue#t f(f), BbIsbBalOIEH OTKJIOHeHHE 4.

Bo BTopo#t sajgaue (B) cTpyHa coBepiaeT TO e ABHXKEHME HA KOHLE
x==0, HO KoHenm x ==/ Temepb MOXeT CBOOOAHO NepeMellaTLCHA MO
NpAMOH, NepneHAUKyAIpHOR ocu x (MOMOXKEHHIO MOKos). BTopyio samauy
MOXHO TaKXe MCTOJKOBATb Kak 3adauyy o0 onpejeeHHH HalpsmKeHUs
u(x, ) B uleaJbHOR JIHMM Mepenaud, riae TOK «, obpallaercss B HyJb
B KOHUe. B ofeux 3anauax Mei mpello/araeM, 4ToO

f=0 mma t<LO.

') YHuratear HaigeT moppoGHOe H3JIOKEHHE, COAEpPHKAILEe MHOTHE JOCTHXE-
HHA NOC/IELHEro BpeMeHH, B kHure MuxycuHckoro [1).
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A1y sajauy Jerko BHO pewuThb, noabupas ¢yHkuMu ¢(A) u ¢ (A) B 06-
eM pelleHHH BOJMHOBOTO YpaBHEHHs

u(x, h=p(E+4x)+ ¢t —x) &)

Tak, YToGbl YIOB/JAETBOPAINCL HAauaAbHble W TPaHHYHBIE YCAOBHA. Mul
pasgenum ocb A Ha unrepBadn J,: vl A (v4 1), a saTeM nocaeno-
BATEJbHO ONpeNe/uM ¢ M ¢ B KaXIOM M3 3THX HHTEPBAJOB.

CHayana Mbl pacCMOTPUM BTODYIO 33134y, COOTBETCTBYIOILYIO OTpa-
KEHHI0 OTHOCHTeNbHO KoHUA. M3 HawanpHEIX ycaoBu#t nmpu £ ==0 Mbl 1O-
Jy4duM A1 MCKOMBIX (PYHKUMH COOTHOLIEHHS

¢ (*)+¢(—=x)=0,

¢’ (0)+ 4" (—x)=0.
W3 nepsoro cooTHoLIeHHs € MOMOWLI0 AnddepeHuupoBaiua NOAyUnM
o’ (x) — ¢ (— x)=0. 3)

3Hech X HAXONMTCA B uHTepBane J;, a —Xx — B uHTepBane J_,. Orciona
caeayer, 4to (yHkuud @ (A) U ¢ (A) MOCTOAHHEI A A, NMpHHAIEKAUHUX
9THM MHTEPBAa/laM; COOTBETCTBYIOWUM 00pasoM nono6paB NMpOU3BOJIbLHYIO
aJJIMTUBHYI0O KOHCTaHTY I QYHKUMH ¢ ¥ — , Mbl MOXEM CUMTaThb, 4TO
o™i (yHKUHM paBHH Hymo. VI3 rpanuuHoro ycnosus aaa x ==0 caenyer,
yTo I8 BCeX HHTepBan0B J, BHIOJHAETCA COOTHOILEHHE

6))

e(O+¢O=S®. 4
W3 ycnoBusi OTpaxeHHsi HA APYTOM KOHIE CJIEAyeT, uro
lim [¢" (£ x) —¢' (¢ — x)] =0. 5)
x->1
MMpeanoaaras, 4to QyHKUMA @ (¢ -+ ) — ¢ (¢ — ) BCiOLY HempephIBHA, Mbl
ROMY4UM
et+D—y(t—D=0, ®)
OTKyZIa CAelyeT DeKyppeHTHas ¢opmyna
e(t+2)=¢ (), ™

cnpaBeiNMBas IJs BceX f, NMpHHaaJexamux HuTepBanaM J_p, Jy, .... U3
cootHoneHnlt (4) u (7) OAHO3HAUHO ompelesioTcs QYHKUMH ¢ u ,
a cjaenoBaTenbHo, u u(x, t) Ang Bcex 3HaveHuit £ > 0. Kax Jerxko mpo-
BEpPHUTH, pelleHHe MOXHO ABHO 3alMCaTb B BUIE

u(x, )=FfE—x)+ 2 (= D[fE—x=DD—f (¢ +x=DD. (@

[IpaBasi yacTb 3/eCb NPEACTaBAfeT COOOH GECKOHEUHYIO CYMMY, HO B KaX-
Ibit MOMEHT BpeMeHH { TOJNbKO KOHEYHOEe 4YHCJO €e C/araeMulX OTIHYHO
OT Hyas. Mbl MOXeM CUMTaTb, YTOQ STOT PAA OMHCHIBACT ABHKEHHE BOIHbI;
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pellieHde sBAAETCA Cymeprnosulived BoaH, wumeiowmux dopmy f () unu
f(—X) u nepememamomxcid NO CTpyHe — 00 < X <O B oboux Ha-
NPaBACHUSX.

Hago oTMeTuTh OLHO cBOHCTBO 3TOro pemtenus. IlpeanonoxuM, 4to
f (¢) npeacrasaser coGo#i ummyancl), nanpumep, f(f)==1 B MajiOM uH-
teppane 0 ¢t e u f(f)=0 Bciony BHe 3TOro MHTepBana. Toraa s xo-
HeuHOM TOUKe X ==/ QyHKuMA & npu 3HaveHusx BpeMenu [ < <I-}-¢
GyzeT MpUHMMATbL 3HaueHue 2 (cM. puc. 36). B npuaoxeHusx K saekTpo-
TeXHUKe, KOrja u# 00O3HauaeT HaNpsiKeHue, 3TO 3HAYMT, YTO B JIMHUH

t

0
ey lx
Puc. 36. Puc. 37.

nepenaud ¢ GeCKOHEYHBIM CONMpPOTHBIEHHEM HA KOHILE MNPHIOXKEHHOE Ha-
npskeHne MOXeT ObITb YIABOEHO.

3anauy (@) ¢ 3aKpeIeHHbIM KOHIOM MOXHO pelluTb fBHO TaKUM Xe
APOCTHIM Ccnocobom:

u(x, t)=f(t-—x)+§__‘,1 [f(t—x—20)— f(t+ x— D] (9)

DTO pelueHue TaKXe MONKHO HArJsigHO TPeACTaBUTb cebe KaK Cymeprno-
8MLMIO BOMH OAMHaKOBOH ¢opMbi. Puc. 37 COOTBETCTBYET MMIMYJbCY, AJs
Koroporo ¢ynkung f(¢f) pasua 1 Ha unteppane 0 <{f < e M HyJi0O BHe
9TOT0 uHTepBana. Ha HamueM pucyHke noJjoca, paccMaTphBaeMast Ha MJo-
CKOCTH X, £, paslleqeHa Ha 06JacTH, B KOTOPBIX QYHKIHA # NMPHHUMAET
8Havenus -1, — 1 Wi HyJb.

9) gnoao »HMIYJbC* MH OyAeM TNpPMMEHATb JJIa OMHUCAHUA MIHOBEHHBIX
SABJEHH.
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2. O6mas dopmyauposka 3agaud. Mayuyas HecTanuoHapHule 3agaud
c Gosee oOWeR TOUKM 3peHus, Mbl OTPAHMUMMCH CJayyaeM OLHOrO HPO-
CTPAHCTBEHHOrO [EPEMEHHOTO X ¥ BpeMeHHOR KoOopAMHATH f; caydaid
HECKOJIbKHX MNPOCTPAHCTBEHHHIX MEPEMEHHBIX MOXHO U3Y4MTh aHalOTuy-
HbiM 06pasoM. Mbl OyleM pacCMaTpuBaTh CJAeAyIOLIYI0 3axady.

3adaua 1. Tlycts 3amano auddepeHuansHoe ypaBHeHHE
au,+ba,~=Llal=pu,,+qu,+ru, (10)

npuueM a, b, p, g, r-— HempepHiBHHE (PYHKUAH OLHOIO TONLKO X Ha
orpeske 0. x !/ H yDOBNETBODAIOT HA STOM OTPe3Ke CJAEAYIOLUM
yCAOBUAM:

@ p>0,
[ a>0 B runep6oauyeckoM crayuae,
® a=0, 5>0 B napabonuyeckoMm cayuae.
Ha orpeske 0 x <! n nna snHavennft Bpemenu ¢ > 0 OTHICKUBaeTCH

pemenne «(x, £) ypasHenus (10), ynosaeTBOopsioilee Ka4aLoHboiM YCAO-
8unAM

u(x, 0)=¢(x), 0"
u,(x, 0)=¢(x) (B runepbONUYECKOM Cayyae) an
H 2PAHUBHBM YCROBUAM
u0, H=f (),
0. H=710® (12)

p, (L, )4 hu,(l, £)==ou(l, t).

Bnech @(x), $(x) u f(f) —sanandpie pyHxuuu, a p, A ¥ 6 — 3anaHHBIE
NOCTOSIHHBIE.

B 4acTHOCTH, MBI DPACCMOTPUM CaMblf BaXHBIR cayuaRh, «oraa
¢=¢==0, T. e. xoria npu f==0 UMeeT MECTO COCTOAHHE MOKO: ') (He-
CTauMOHapHas 3ajaua B COOCTBEHHOM cMuiche, cM. Fa. III, § 6, cTp. 226).

3. Hurterpaa [dioameas. A Takux HavaAbHBIX 3HaYeHUH, T. e. BJd
u(x, 0)=u,(x, 0)=0 B runepGoauyeckOM cayuae, wid « (¥, 0)=0
B napaGo/auuecKoM cayuae, oOuiyi0 3afauy | /erko MOXHO CBeCTH K 3a-
gaue ¢ oyHkuued f(f) cneumanbuoro Bupa (cM. ra. IIl, § 4). 3ameruy,
YyTO, TaK Kak KO3(GUUUEHTH He 3aBUCAT OT £, MPOU3BOAHBIE Uy U, (€CAH
OHH CYILECTBYIOT UJIH MOTYT ObITb COOTBETCTBYIOLIMM 00Pa3oM OMpPENRe/IeHb)
SABAAIOTCA PeELIeHUsMH, COOTBETCTBYIOLMMH ,cumam* f'(£), f(£), ....

') Kax Mw Bugean B ra. III, § 8, o6muit caywai QopmaibHbiM cnoco6oM
MOXHO BCEria CBECTH K STOMY CJAyvamw.
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Beenem pemenne U (x, £) ¢ paspbiBHHIM TPaHHYHBIM YCJOBHEM

1 nma t2>0,

UQ. t)=f(t)={0 ama <0,

leOBJIeTBOPRlOLU.ee HEKOTOPHIM TpAHUYHBIM YCJOBUAM HpH x=l,
U(x, 0)=0,

¥ TPeAnooXuM, uYTo /M100yI0 orpaHnueHHyio yacTe mojdoch O < x /U,
t >0, MOXHO pa3leluTb HA KOHEYHOE YMC/IO 3aMKHYTHIX MOpoO.acTedt,
B KOTOpHIX peitiedde U HenpephiBHO BMeCTe CO CBOHMH NMPOH3BOAHBIMU 10
sroporo nopsakal). Takyio ¢yuxuuio U MoxHO BBecTH AH60 KaK BTO-
pyl0 TpOH3BOAHYI0 NO BpeMeHu oT pewenus U, (x, £), COOTBETCTBYIO-
IEr0 TPAHUYHOMY YCJAOBHIO

t?
fHy=1 2 ~
0 mma £<O0,

6o HemoCpeACTBEHHO, O0pallafch K MNOHATHIO OOOOLIEHHBIX (YHKUUH,
win pacnpefenenuft (cM. ra. VI, § 3 n npunoxenue).
Torana cnpaseanuBa

TeopEma [oamena. Ecau gpyuryusn f(t) u ee npoussodnasn f'(t)
Kycourno-nenpepsgrs. 0as t >0, mo unmezpar Hoanxean

t
u(x, t)=-§t—fU(x, t—7) f(®)de (13)
0

asanemcn peuteruem 3adadu 1 ¢ 2panuunumu ycaoguamu (12).

dynkuus U (x, ¢) He nomkHa OwTh BCIOAY HenpepHBHOH, kKak Oyzxer
NOKa3aHO Ha npuMepax. JeACTBHTEJIbHO, MBI JOMKHB OXHUAATH, 4TO
¢byukuus U 6yner paspsiBHO#, Tak kak rpanuuHoe ycaosue U (0, f)=1
BMecTe C HauaibHbiM ycioBueM U (x, 0)==0 o3HayaeT, 4TO B TOUKE
x==0 B MOMeHT BpeMeHH { =0 BO3HMKaeT UMNYJbC, KOTOPELI# MTHOBEHHO
nosbiiaer 3Hauenne U (0, 0)=0 no 3uauenus 1. OTCI0Za CTaHOBUTCH
MHTYUTHBHO NOHATHBLIM CMbiCa HHTerpata lwoamens (13).

Mul npencraBasem cebGe, uTo meficTBHe ,cuant‘ f(£) (Ha 1eBOM KOHLe
OTpe3Ka) caaraeTcs u3 OTHeAbHHX HMMNYJAbCOB, BO3HUKAIOWKX B MOMEHTHI
=0, 17, T, ..., T, Kaxnauf#t umnyabc sacrasiser suauenue u (0, t,_,)
CKauKOM H3MeHHTbC Ha Beaumuuny f(t,)— f(t,_,). Ecau U(x, t)—
onpejeneHHoe Bhillle pellieHHe CMelUalbHOrO BHAa, TO pelieHue u (X, t),

') 3ror daxkT Momer 6biTb OGOCHOBAH € MOMOMILI0 HCCAENQBAHHA PACHPO-
CTPAHEHHusl pa3pHBOB, npuBejeHHoro B ' V, § 9, u Huwe, L VI, § 4.
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COOTBETCTBYIOUIEE ITUM HMIYJAbCAM, MOXKET OBITb 3aNMUCaHO B BUIE

u(x, )= gﬂ Ux, t=t)[f (tp) — F G+ Ux, ) F0) (5,5, =1).

Ecau b npeanosnoxuM, uto ¢GyHKUUs f(f) HenpepblBHO AuddepeHun-
pyema npu ¢ >0, HO f(0) MOXeT OTJIHYATLCH OT HYyJs — ITO COOTBET-
CTBYeT KOHECUHOMY CKauyky B MOMeHT f=0-—mu ecau Mbl mepeiaeM
K mpefely, YCTPeM/IAs HHTEPBadbl BPEMEHH K HYJI0, TO MEHl HOJydUM
peleHne

t
u(x, t)y="U (x, t)f(O)—}—fU(x, t—n) f/ () dv =
0

t
zditf Ux, t—=) f (%) dr, (13"
0

41O cooTBeTCTBYeT popmyrae (13).
It HaBoAALIME COOOPaXKEHHA JErKO MOXHO 3aMEHUTb HEIOCPenCT-
BeHHOH NpOBEpKOH, OCHOBAHHOK Ha TOXAECTBE

¢
gt—fU(x, t—n) f(R)yde=U(x, £) f (0)+
0

t
+ Uy (5, ) @4 Uy (5, ) SO+ [ Up(x, £—) /7 @) d,
0

KOTOpOe crpaBelmnBo, Tak Kak Uy(x, 0)=U,(x, 0)==0, rae U,(x. )
eCTb peuleHie, COOTBETCTBYIOLIEE I'PAHHYHOMY YCJOBHUIO

t mia £>0,
f(t)"""(o aast ¢ < 0.

AT0 TOXIECTBO TNOKA3LIBAET, YTO IuddepeHUHraIbHOe YpaBHeHUE M rpa-
HUYHBIE YCJIOBUA, 3alaHHBle Ha KOHUe Xx ==/ mas dywkun#i U, U, u U,
BHIIOMHAIOTCA M Aa  GyHKuuH u (x, £). To, 4To u yHOBIETBOPAET Ha-
Ya/JbHBLIM YCJOBHAM, BHITEKAeT M3 CJelyIOliero 3aMevauus: U3 AHpdepen-
UMaNbLHOTO ypaBHeHus U u3 ycaosufi Uy(x, 0)==U,(x, 0)==0 caenyer,
yro U (x, 0)=U,(x, 0)==0. Haxoueu, rax Kaxt U, t)=1, u3 ¢op-

myan (13’) moayuaercs, uto (0, t)=f(0)—i—ff’ (*)dv = f (t). Cne-
0

I0BaTeAbHO, TMEPBOE U3 TPaHMuHbBIX yciaoBu#t (12) BemoaHseTcA.
Wnrerpanbhylo dopmyny Jlwoameas (13) MOXHO paccMaTphBaTh Kak

npeacTaBaeHne JuHeitHoro omeparopa T, KOTOpHI# MpeoOpasyer 3alaHHble

rpanuyHbie 3HaueHus f(f) B pewenue u(x, £), T. e. dopmyna (13) ecTb
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npencTaBieHue onepatopa #==7f. QnHako uHTerpaasHas QopMyaa
Iloamens cnpaBepiuBa He TOJAbKO AJAS TaKoro omepatopa T, KOTOpHH
paccMaTpMBasicd 8iech W ONpelesiss pellieHue 3a4aud Aas AuddepeHunans-
HOI'O ypaBHeHWs, a IJf BCeX JuHeHHBIX onepatopos T, YAOBJIETBOPSIOLIUX
CAeNyoWMM yCa0BHAM 1),

a) Oneparop T ompenened ans Bcex QyHKUu# f(£), paBHEIX HYIIO
npu £ < 0, u npeo6pasyer f(f) B ¢yHkuuio Tf (f), TakKe PaBHYIO HYJIIO
npu <0, (Tf(f) moxer, KpoMe £, 3aBHCEeTb TaKXke OT APyrux mepe-
MEHHBIX 2 X, ...).

6) Tff(t, 1)u":=f2Tf(t, %) dr;

3lieCb T — MapaMeTp.
8) Ecan f(0)==0 u ecmu dyuxuun f(f) nuddepenunpyema, to
d 7 4@
FTf @) =T —=.

r) Ecau Tf(f)=1¢(¢), To ana Bcex T >0
Tf(t—)==p(t—n).
Yro6sl A0KasaTh CNpaBeAnUBOCTb ¢opMyabl (13), KOCTATOYHO NMPeACTABHTH
f () B BuIe
d (=]
FO=—2 [1¢t—vf@a,
0

rae
1 nas ¢>0,
0 nna ¢t<O.

Hs srtoro, B cuiy ycaosu#t a), 6), B) 4 r), CleLyer, uTO

'n(t)={

53] ¢t
Tf(t)=-5—tfTn(t—t)f(r)dt—_——:—tfU(t—t)f('c)d'c,
0 0

rie
U=Tn.

Moxuno yGeanTbcs, uto ycaosus a), 6), B) U T') NMOJHOCTHI0 Xapak-
TEPU3YIOT KJACC JIMHEAHLIX ONepaTOpOB, MPeACTABHMBIX B BUIE UHTErpana
Jioamens.

4. Meton cynepno3unuu SKCMOHEHIHAJLHHX pemenuii. Paccmar-
puBas samayy Kowm B ra. IIl, § 7, Mb npuMensian MeTOHd, CBA3AHHLIfA

') 310 3ameuanne BO3HMKIO Kak CJENCTBHE 3aMEUaHHd, CAERAHHOTO B pyc-
CKOM nepesoje [IEPBOHAYANbHOI'O0 HEMENIKOr0 H3ZaHuA.
%) 3aBHCHMOCTb (YHKIMM OT 3TUX NIEPEMEHHHX ABHO HE yKasWBaeTcd.
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¢ uHrerpamoM ®ypbe, T. e. ¢ cynepno3uilMed peleHuft, npeacTa-
BHMBIX B BHJE 3KCMOHEHUHAJbHBIX (QYHKUUH; ISTOT MeTOL MNOcCje COOT-
BETCTBYIOLUIUX H3MeHeHUH MoOeT OHiTh MpUMEHEH M K peLIeHUI0 CMe-
IIAHHHIX 3a7ay. Mpbl 31eCh CHOBA OIpaHHYUMCS HABOIALIMMH COOOpake-
HusAMH; oHH GyAyT B § 3 HOMOJHEHH TeOpeMOH CyluecTBoBaHUs. PaccMo-
tpuM cneunanpHyio samasy ¢ #(0, )=1, u(x, 0)=u,(x, 0)=0 n
Gynem uckatb ¢yukuuio U (x, ), BBElNEHHYI0 B MpPEAbIAYIEM MyHKTE.

CHayajza Mbl NOCTPOMM 4YacTHble pellleHusl AuddepeHLHaqbHOrO ypas-
HeHus (10)

au, - bu, = Lu]

BHJA

u=etv(x, 1)  (y=a-+f)
Jas v noayuaercss oObIKHOBeHHOe AuddepeHuUnanbHOe ypaBHEHUE
Livl=(a7?+ b7, (14)

Kyla Y BXOIMUT Kak mapaMerp. Eciu Ha KOHUe X ==/ Mbl HAaJOXHM HA ¥
TpaHKHYHOE YCJO0BHE

pv, == (e —AY) v, (15)
TO (yHKUMA
u=ov(x, 7)e"

GyZeT, OYEBUAHO, YIOBJIETBOPATL 3alaHHOMY TpaHUYHOMY ycaosuio (12)
pu, ~ hu, == ou;

TO e CaMoe CIpaBelIMBO OTHOCHTENbHO JIIOOOH nuHeHHOHR KoMOuHauuu
TAKUX pelueHuil ¢ pasJMYHBIMH MapameTpaMu 7. Temeph Mb MOCTapaeMcs
yAOBIETBOPUTL FpaHuuHoMy yciosuio u (0, £)==1 naa £ >0 u Havamb-
HeM  ycaosuaM  u(x, 0)==0, z,(x, 0)=0 c momowbIO CynepnosuuHuH
TaKUX pelleHuft.

C 3TOH UeAbl0 MBl NMPERNOJOXUM, YTO GYHKUUS U M ee NMPOU3BOJHbIE
ABJAIOTCA AHAJUTHYECKUMH (YHKUMAMH KOMIJIEKCHOTO MapaMerpa |=a -}
—+ i3 B moaynaockoctd a > 0. Muterpupys mo kourypy L, nexauemy
B TNpaBOH NOJYNJIOCKOCTH KOMIUIEKCHOTO NMEPEMEHHOrO Y, Mbl TMOJYYHM
HOBHE pellieHus AuddeperunasbHoro ypasnenus (10), yaosieTBopsiomiye
BTOPOMY M3 IpaHMYHBIX ycjoBu#t (12). ITH pelleHHs MMelOT BHI

u(x, t)=2im.f@eﬂ dr. (16)

Mpn x =0 MH noayyaem

% (0, t)=;Tif1("Ydlerfd1,
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M 3aJaya COCTOMT B TOM, YTOOBl BHIOPaTh NyTb HHTerpuposaHusi L M
rpanuunscie 3HaueHus v (0, Y) TakuMm 06pasoM, 4TOOH
u(0, H=1 ana ¢>0,
20, H)=0 maa £t<O.
I'paHuuHoe ycaoBHe npu x =0 OyZeT BBHINOJHEHO, eCAd Mbl TO-
TOKUM
(0, 7)=1 (15%)
M BO3bMeM B KauecTBe L J/06yI0 NpaAMyl0, MapanielbHylo MHUMOH ocCH

Ha TIVIOCKOCTH | H Jiexallylo B npaBodl mnoaymiockocta a > 0. [Ipu Takom
Bei0Ope L Mbl MOJYYMM HHTErpa

lﬂ1 1 a+ico 1
RE
Ll(O, t)-—-—*_QTia-L ——_-\{—d'r:
ﬂl ©
e'xt etBt
— f——a+i§ g, (17)
—co
l, 12 X KOTOpHIi B CUIY 3JIeMEHTAPHHLIX TEOpPeM CXO-
AuTcs mpu Bcex a =+ 0, £+0. Tak kak
lL+iB e*{f
B, vHTErpan f — dy, B3THH mo mps-
L +if
MO/NMHEHHOMY OTpe3Kky madHel [,—[,, ma-

panIeNbHOMY deficTBuTeNbHOH OCH a, CTpe-
Puc. 38. MUTCA K Hymo mpu Bospactanuu [B], TO

unterpan (17) He 3aBHCHT OT a. DTO OOLIYHBIM
crnocoGoM mnoJayyaercs u3 HMHTerpaibHolt Teopemnl Kowu (cm. puc. 38).
CrepoBarelbHO, €CaM Mbl YCTPEMHM G K OeCKOHEYHOCTH, TO cpasdy no-
ayuuM, uro #(0, #)==0 nmaa t < 0. B cayuae £> 0, npumenss uwure-
rpanbhyio Teopemy Kowwu u BHUMCAAA BbiveT mpu | ==0, Mbl NOJIy4uM
ypaBHeHHUe

a4 ioo
1 ot
4@ H=ldgp [ Zoar,
o~ {oco

rle o OTPUUATEJbHO, HO B OCTaJAbHOM NpousBo/ibHO. Ilepexoms x mpe-
Heny NpH o —>— oo, Mbl noayuum, uro #(0, £)=1 aaa £ > 0.
TTosTOMy Kamerca NPaBLOTOLOOHBLIM, UTO BbIpaXeHHe

U (x, t)=2+cif—v—(%7—)—e”d1 (18)

ABISIETCS UCKOMBIM pelieHueM ypasHeHus (10). Mexay mpoyum, MH He
MOXKEM BCerja 0XuAaTb, YTO STOT MHTerpan O6yaeT alCOMIOTHO CXOAUTLCH,



§ 2. Oneparopneii merod Xesucaiida 513

TaK Kak 119 sajawnoro x ¢yuxuus U (x, £), BooGuwe rosops, Oyrer
HMeTh PaspeiBE MO £. DTy TPYAHOCTb MOXKHO OOOHTH TPH TMOMOLLA CJe-
LyIOLIEro MeToJa.
IOnst DOCTATOYHO GOJBIIAX 7 MBl PaCCMOTPHM BBLIDaXKEHHe
1 1 v (x, ‘
Uy, )= o oo [ 250 o7 ay,

i n! n+1
2ni n.L 1

cooTsercTylouiee pyukuun f (£)==t"/n! ana ¢ >0, f(#)=0 ana £ <0,
1o mpeacrasienne aas U, (x, {) XOpowo CXOUATCA Ajds GOMblIUX 72,
¥ JIerKO NpOBepseTcs, 4TO OHO JAaeT pelleHue CMelaHHOW samayu. Toraa
¢yukuuio U MoxHO moayuutb us U, ¢ moMmouwmio auddepeHuupoBatus
no £. ATd npelBapUTeibHEE COOOPaXEHUs, UMEIIHe IBPUCTUYECKHH Xa-
pakTep, GYAyT CHOBA PacCMOTPEHHl M H3YUYeHH ¢ HECKONbKO MHOH TOYKw
spenus B § 3.

§ 2. OnepamopHueii memoo Xesucaiioa

Ha npaktuke cumsoruveckuli memod Xegucalidoa wMmeer Gosbuiue
NpeuMylIecTBa M0 CPABHEHHIO C METOLOM, omucaHHbiM B § 1, m. 4. Ero
MOXHO CTpOro oGOCHOBaTH HAa OCHOBE MOHATHH, BBeAEHHHX B § 1 u 3.
TpeumyllecTB0 Meroia XeBucalla COCTOMT B TOM, YTO (OPManbHOE Bbi-
yMC/leHUe pelleHus OTAeNseTCd OT MaTeMaTHYeCKOrO COJIepIKaHud MeTold.
D10 pasneneHne I103BOJASET OTMOXUTb OOGOCHOBaHME (HOPMaA/bHO TNOJY-
uyeHHOro peayqabTata. Kpome TOro, peajnsauuio CUMBOJHYECKUX oOrnepa-
TOpPOB MOXHO B3afaBaTh B ¢opMe Tabaun. TakuM 06pasoM, BO MHOTUX
NPUIOKEHHSAX MONKHO MBOEKATh TPYIHOCTEH, CBA3AHHBIX C HEPOPMA/IbHEIM
MaTeMaTHYECKUM COAEPIKAHHEM METOAA.

OcHoBHas HIes 3TOro (GOpPMaJbHOrO HCUYKCIEHUst COCTOUT B PacCMo-
TpeHuu JHHEHHOro Mpeo6pa3oBaHust, KOTOPOE 3afaHHON rpaHuyHOR QyHK-
uuy f(¢) craBatT B cooTBeTcTBMe peleHne #(x, f) auddepeHLuanbHOro
ypaBHeHus M3 § 1, m. 3. Mbl CHOBa OrpaHMYUMCH HECTALMOHApHOH 3a-
naue#t B coGCTBEHHOM cMbIc/e, Koraa npu f==0 uMeeT MECTO COCTOfHHE
NOKoS.

1. Mpoctefimue omepaTtopsl. MeTold OCHOBAH Ha BBeJEHUH Onepa-
mopos Judbgepenyuposanus n UHmMe2puposanus p u p~l, KoTopbie
ABAAIOTCA O6paTHBIME APYr K APYyry. Mel paccmarpuBaeM (YHKUMM Bpe-
Menu ¢ nas ¢ > 0 (koTopsle Mbl mpojoskaeM Mg £ < 0 TOXIECTBEHHBHIM
Hy/ZeM) W BBOJZMM ONepaTop WHTerpupoBanus p~! npu mnomouw ¢op-
MYJbl :

t
plf)=g®)=[F@®ds. )
0
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Ecan Mb 0603HauuM omepaTtop AuddepeHUnpOBAHUA UYepe3 p, TAK 4TO

d
pey=f)="2%, @
TO paBeHCTBO
ppl=pTlp=1 3)

GyneT nexaTb B OCHOBE TNOCTPOEHHS HCUMC/ICHHS C MpaBWJIaMH, aHaJo-
ruuHbiME anrebpaunseckuM. YroOwl OBIIO CNpaBefIHBO 3TO COOTHOLIEHHE,
T. €. OnepaTop p W p~! GuIM OOpPaTHH LPYr APYry, MBl JO/MKHBI Ha-
J0XUTbh OYeHb CUJIbHOE OrpaHHYeHHe.

Onepamop p MONHO NPUMEHAMb MOAKO K MAKUM PHYHK-
yuan g, 0xa xomopux g(0)=0.

Hnave Mbl uMeaun Obl

H
pipg=[ LD gi=g (t)—g 0).
0

t
d
prig =45 [g@a=g®).
0

i, cJaenoBaTeNqbHO,
p~pg + ppTlg.

Odnaro, 8 omaunue om onepamopa p, Onepamop p-! MONCHO
NPUMERAMb K RPOU3BOAbHOL Henpepulsrnol gyurxyuu. Ecnn

QM =ay+a)r+ ... +a\"

-— MPOU3BOJILHBIA TOJNUHOM CTENEHH M, TO MBI MOXEM OYEBHIAHHIM 06pa-

30M ONpEeNeNuTh PAUUOHANbHOLE uHmezpassruli onepatop Q(p~!) u

NPUMEHHTb ero K npoussoibHol ¢ynkumu f. CooTseTcTBylOlIN# Omepa-

Top Q(p) ompeiensercs kak JauHeHHbH nuddepeHunaIbHLHR onepaTop

HOpANKa 7, HO €ro MOXHO NPHUMEHATb TOJbKO K (YHKUMAM f, PaBHBIM

Hymo npu f{==0 BMecTe €O CBOMMH NPOU3BOAHHIMH 1O NOpsaxa m — 1.
Ecau

PM=by+br 4+ ... +5,)"

— npyro#t momuHoM crenenn n# u ecin Q(0)=a,+ 0, ToO

-n__ P
R(p~H= o) 4

HA3BIBAETC OPOGHO-PAYUOHAALHOM DEZYAAPHUM ONEPAMOPOM.
10T omepatop

R(P™HfO=g®

MOXeT ObTb Ompeie/eH Das3iMYHBLIME Crocobamu.
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Bo-nepsrix, Ang 3agaHHO# ¢yHKuUMH f, KYCOYHO-HENPEPLIBHOH npH
t >0, MoxHO ompefeauth g Kak peltende InddepeHUHanLHOro ypas-
HCHHUS

ag™ +a,gm-V+ ... +a,g=—¢m, (5

rie ¢ =P (p~!) f. DTo pelleHHe OJHO3HAYHO ONpelEJsAeTCS TeM, YTO OHO
ILC/XKHO YAOBAETBOPATh HAYAMbHBIM YCIOBHAM

g (0) =4 (0),
a8’ (0) 4 a,£ (0) =9’ (0),
ag” (0)+a1g (0>+a2g <0)-cp" <0> (6

28"~V (0)+ g™ DO)+ ... +apg (0) = -1 ()
Bo-BTOpHIX, £ MOXHO ONpeNeauTb, €CIM Mbl PA3JIOKHM PAUUOHA/b-

HYI0 GYHKUHIO
PMRM=R®M

B OerCTHOCTH Havyaja KQOpIHWHAT B CTEINEHHOH pa4a na )\,
(oo
RQ) = ZO%’\'-
Jlerko BuIeTb, 4TO COOTBETCTBYIOLIH# paa
. [e]
R(p~)f= ;0 a,p=f (£)

CXOINTCA AN BCeX MOMOXHTENLHHIX 3HAYeHM# f M coBmamaer ¢ onpeje-
JAeHHOH Bhuilie ¢yHkuue# g (£).

Ecmu kospduunent aq, paseH HYJIO, TO PAUMOHAALHEIR OmEpaToOp Ha-
BLIBAETCH NepezyAspHblM U MOXET GHTb NpeicTaBleH B Bule

PER(p™Y),

rie onepatop R-— peryaspuuift. Yro6bi MOXHO GHIO MPHMEHHTb TakoH
onepaTop K ¢yHKuMH f, MB IOMKHE TNpeanonarath, 4TO

fO=f 0= ... =7*0)=0

ﬂCHO, YTO Haa STHMH OIepaTopaM¥ MOXHO NPOH3BOAUTH palluoHaNbHBEIE
onepauyn B COOTBETCTBHH C IIpaBU/IAMHA anre6pu. ,H,Jlﬂ 3THX OmnepaTtopos
u3 naHHOro B § 1 mpencraBiexus IioaMels MOXHO BHIBECTH CleLyIOLiee
yTBepKICHHE,
Ecau Onn ,e0unuunod gynxyun“ Xesucaida m(t), onpedesen-
ROG ghopmyramu
1 0ua t>0,

71(t)={0 orn £ <0,
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u Oxs onepamopa T 8unoArLemcs coomuouledue?)

Tn{)=H(?), ™
mo Mo umeen

t
Tf(t):-d‘-it—fH(twr)f(t)dt ®)
0

Ig TpOu3BOJIbHON dyHkuuu f (£).

Yro6sl paciiuputh 06/aCTh NPUMEHEHUS ONEPALUMOHHOIO HCYMCTEHHS,
OuUeHb Ba)XXKHO ONpEJENUTb He TO/NbKO panuOHalbHLIE, HO U Gouee obliue
GyHKuMH OT p TakuM 00pasoM, 4TOOH B 3TOM PAaCUIHPEHHOM MHOXECTBE
ONepaTopoOB COXPAaHWIMCh 3aKOHBl aare6phl, npuHuun HioaMens ¥ HeKO-
TOpbIe [ApYTHe 3aKOHB, KOTOpee OYAyT BBENEHHI HHUXKE,

2. Mpumepnt omepaTopoB H MPUJOKEHHA, B 3TOM myHxrte Ml pac-
CMOTPHM HECKOJBKO MPOCTHIX ONEPATOPOB M NOKAXEM, KaK MX MOKHO
NPUMEHHTh K peLIeHUI0 Iu¢depeHiralbHEX ypaBHeHUH,

1) Iaa oneparopa
' 1
14ap—1

t

Tn=e=, Tf(®)="1; [e*t=9f()ds=g ).
0

T =
Mbl HUMEeM

3necy g aBasetca pellleHneM AuddepeHIHaIbHOrO YpaBHeHHS
g +og=f', npuien g (0)=7(0).

2) Ilna onepatopa .

TFvp?
t

Tn=cosvt, Tf=g(t)=-3 [cosv(t—1)f(x)dx.
0

T=
Mbl UMeeM

31ech g ecTb pelieHHe AUddepeHUnanTbHOrO ypaBHEHHUS
g +rg=7
C Havya/IbHbIMH YCJAOBUAMU

g(0)=/(0), g'(0 = f(0).

') B auteparype epunuunas ¢yHKUMA 7 (f) 4acTO He BHIMHCHIBAETCH SIBHO.
Cumpoa omepatopa 7 Toraa mpocTo 0603HawdeT Qyukumio 7. Mexay npouum,
€CaM Mbl 32XOTHM BBIPa3uTb TOT akKT, 4TO HekoTOpas GyHxuns f (£), onpenenex-
Has i £ > 0, npolomkaercs HyneM aasd £ << 0, 70 uHOrAa Mbl GyjAeM mMCaThb

1 (&) n(¢) BMectO £ (¥).
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3) PaccmorpuM HeOQHOPOAHOE YpaBHEHHE C MOCTOAHHBIMH KO3(du-
IMENTAMU

Gt 4 gm0 L 4= 1 (@) ©)
¢ HavyaJbHBIMHU yCcaoBusiMHu
BO=u )= ... =um-0(0)=0, @)

[Ipx 3THX HAYaJbHBIX YCIOBUAX Mbl MOXEM CHMBOJHYECKH 3anucaTb Aud-
¢epenLnanbHOe yDaBHEHHE B BHJE

Qpu=rf®) QM =12a)"+ ... +a,);
ero pellleHUe MMeeT CHMBOJHMYECKYI dopMmy
1
u(t)—Wf(t). (10)
Ecan anre6panveckoe ypaBHeHHe
QM =0

MMeeT m PasNUUHBIX KOPHEH a), ay, ..., &, # 0, TO MBl MOXEM TNOJYUYUTH
pelleHHe OUeHb H3ALIHBIM CMOCOGOM C MOMOUIBI0 NpocTefmux ApoGelt.
Hs dopmyan

PQ (p) g — Gy

MBI TIOJIy4aeM
m
1 _ N cp
s )=y f O=10f (t)“l"v}.‘l_“”-“v £ @).
B uyactHoM ciyuae, koraa

f@Oy=el(@t) (o #a),

MBI MOXeEM, He MNpHMeHsas HHTerpasa JioaMens, HOJNYUYdTb Peanu3aluio
HAaLIero ofepaTtopa ¢ MOMOIILIO CAeAYIOILero, elle Gosee H3SLLHOTO Me-
TOJA.

3anuueM f(f) B Buge

AOES n

——l(l)

%4 lIOJIy‘{l/IM
P
U= ——1,
AR
rae A KpaTKOCTH Mbl noJjaaraeM

Lipl=(p—io)Q=ay(p—a) ... (0 —0a,)(p—iw)
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Mu MoxeM 3andcaTh APOGHO-pPaUMOHAAbHBIA ONepatop B BuAe

m
p — doP dvp
Ll = 7= T A=

v=1

npuueM x03(dGUUHEHTH Pa3NoXKeHus Ha mpoctefimine Apobu onpeneasoTcs
¢opmynamu
1 - 1 1
dy= -+, d,=——-r——5r—.
TTRE) T T ay—ie Q(a)
BcmomuHada Haw Mepsuif NMpuMep, Mbl Temepb Cpa3y MOJAy4YaeM HUCKOMOe
pelueHune

m
u=delo 4 Nde™. (11)
v=1

Koneuno, xosdduuuent d, naubonsee BaxeH NI NPHIOKEHHH,
4) B xauectBe IApyroro npuMepa pacCMOTPUM ,CHHTYJSIpHEIE ONepa-

TOpH“
p'/z, p"'/z; (12)

HX Hag0 OMpEeNe]UTb B COOTBETCTBMM C HAIUMMH NPABUIAMH, YKA3aHHBIMH
Bhillle, €CJH MBI paciiupsieM COrJacoBaHHbIM 00pasoM Hawl 3amac ofe-
patopos. Teopus HudpdepeHUUPOBAHUA ¥ UHTETrPUPOBAHUA APOOHOrO no-
pAAKa MOACKA3LIBAET CjeAylollee OnpefeleHue:

t
prm=2 Vim p=if O=(2/V7) 5 [VE=sf@ds;
0
(13)

t
plhn= I/V;!?; pif ()= (I/V;) Td[ f V{-(:)t ar.
0

Kak nerko npoBepuTb, STO OnpeleNeHHe AeACTBUTENLHO YIOB/ETBOPSET
Tpe6OBaHUIO

p~hp=thm=p=ln.

310 XKe olpele/ieHne MOXKHO NOMYYdTb B pe3yabTaTe CJAEAYIOUIUX pac-

cyxnenuit. CooTHoleHHe p'"vz:ct" ynosreTBopsiercs Aaa c¢==1/nl
TTo3TOMy €CTECTBEHHO MOJIOXKHTb

prim=c V4,

rie KOHCTaHTa ¢ NOJMHA ObIThb ONpele/eHa COOTBETCTBYIOWIMM 0GpasoM.
Ecau Mul norpeGyeM, yToOH Obll crnpaseanads npuHuun ioamens u Boi-
TIO/IHAVIOCHh COOTHOILEHHE

pihp=thn=p-in=t,
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TO MBbl NMOJMYYHM
t 1
t=c g [VimsViai=2ct [YT—<Vrdi=ct 4,
V] 0

U, CJIelOBaTeabHO,
2

Ve

Takum 00pasoM, KOHCTaHTA ¢ OKasblBaeTCd TaKoH ke, Kax u B ¢op-
mysae (13).

5) OueHb BaXHBIM TIPUMEPOM OTlepaTopa, KOTOPHIH He sBJISETCd pa-
UAOHANbLHEIM, CIYXKUT OKCAOHEHUUAAbHOE onepamop, KXOTOPHHR Iis
A1060# NOCTOAHHON A BBOZMTCA NpU THOMOLIM QOPMYJbI

e=hp f (£)= f(t — h). (14)

910 omnpeleneHHe NOIcKasaHO psazamu Tefiopa s e~2P u f(t — k).
OxaHako Takue MpaBAONOAOOHBIE COOOPaXKEHUS He MOTYT CJAYMUTb NOCTa-
TOYHBIM OOOCHOBaHMEM, TAK Kak OINpejeneHHe He LOMKHO 3aBUCETh OT
aHaquTUYecKoft nmpupoan ¢yHkuMu f(%).

O60ocHOBAaHHEM JJi HALIErO ONpejeneHus ABJAAETCA TOT ¢aKT, 4TO U3
HEro CJaelyioT COOTHOLIEHHS

e—hp p—kp f (t) == p—(A+R) p f (t)

¢ ==

L gmp ()= — pe=t £ 8)

nocjejHee COOTHOUI€HUE 3KBUBAJICHTHO YPAaBHEHUIO

d d
5 f@—h=——_f(t—h).
6) Temepb aiaa 2 <0 MB paccMOTpHM ONEpaTop
e=hVr, (15)

KoTophit Oyner ompeleneH B M. 5. 34ech MBI NPOCTO 3aMeTHM, YTO,
ecad HalWl omneparop AomyckaeT IuddepeHUUPOBaHHE NO NApaMmeTpy A,
w3 paBeHcTBA e~tVP f=g M mnoMyuuM ypaBHeHUe

0 — —
sr=—Vpe V7.

Cnenyer oxuaTh, 4TO A/19 3HadeHud napamerpa k=0 dyuxuusa 0g/oh
6yneT onpeneadarscs GopMyJoi

t
- 0g — — 1 ad Q)
Fl=Vo = [ (16)
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OTO TNOKa3BIBaeT, HACKOJbKO MPAMBIM METONOM SBJfETCH ONepaTOPHBIH
METOH.

7) B kauecTBe mocielHEro MHpuMEpPa B STOR CBA3M Mbl PAacCMOTPUM
TaK Ha3biBaeMH#t npunyun cMeujenus Xesucahia.

Ecau T =@ (p) — Hexomopuli onepamop, a k— ROCMOAHHAA,
mo onepamop @ (p-+ k) onpedeasiemcs gpopmuyroi

O (p k) = e~ (p) e, (17)

Dty GOPMyNy MOIKHO HENOCPEACTBEHHO NPOBEPUTb A/ BCEX DEryIapHBHIX
pauMoHambHHX ofeparopoB. CHayala nO WHAYKUMHM OT 1 K n—1 Mb
NOKaXeM, 4TO WPUHUMI CMEIiEHUs CNpaBeiuB 1Jd OHepaTopoB 1/p”.
Toraa ou Oyider CnpaBelauB I/ BCeX PeryaspHbIX PALUOHAIbHHIX Ole-
paTopoB, TaK KaK OHM MOTyT ObITb BBIDAXEHH 4Yepe3 pALbl OTHOCH-
TeabHO 1/p. 3aTeM Mbl CMGKeM BBECTH NpPHHUMI CMeLIeHHs IJA Hepery-
JAPHEIX OTEPATOPOB B KauecTBe MoCTyaata. Hampumep, Mbi ompenesum

V p—+a? Tak:
S - —ut Lot e
ViFaf®)=e=Vp eqztf(t)_—_"’?;_%of%dn (18)

¥, B YACTHOCTH,

t
~a?t d ea’ft
)= L [ e dr =
Vp_‘l—a N (t) V= dto Vt—-'c T
2~ 4 e 9
===l [ v,
aVn

0

Yro6bl onpaBaaTh TaKoe OMpejeleHHe 3THX Hepery/asipHbX ONeparopos,
Halo elle J0Ka3aTb, YTO OHO COTJACYeTCs C 3aKOHAMH S/eMeHTapHOH
anre6pe. dto 6yler chenaHo B M. 5.

3. Mpuaoxenne K ypaBHEHHIO TEIJIONPOBOAHOCTH. Mbl mpuMeHuM
OmepaTopHLIA MeTOl K HEeCKOJbKHUM THUIMYHBLIM IpHMEpaM.
Ha mnonyGeckoHeYHOH OCH pacCMOTDUM YPABHEHUE MenAonposoo-
Hocmu
u—u,, =0. (20)
[MycTs 3ajaHbl HayadbHble W TPAHUYHEIE YCJIOBHS
u(x, 0)=0,
0, H)=f(t), wu(co, t)=0.

Mu 6ynemM uckath omepatop T =T (x) (3aBucauuft OT X Kak OT mapa-
MeTpa), npeoOpasyowui sanaHnyio dynkuuio f(f) B uCKOMOe pelle-
Hue u(x, &)
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SanuuwemM mubdepenunasbHoe ypaBHeHHe B BHAE
(Txx—"pT)f:O’ (21)
4 TpaHUYHBIE YCA0BUA — B BUIE
T(O)=1, T(co)==0.

Hpennonaraﬂ. YTO HAWUH (pyHl(lU/lH paBHBl HYJAIO IIpU OTPULUATEAbHLIX 3HA-
yeHHsX £, Mbl yie YUYUTbIBAEM Hauya/bHOE YCJ/J0BUE, 3aMUCaB

PaccmatpuBag AuddepeHiraibHoe ypaBHeHue
Txx —pT =0

KdK ypasHeHHe, COAepiKaliee napaMerp p, Mbl HEMEAJNEHHO MOJNydaeM €ro
peuleHue
T=e-xV0p, (22)

Bo3Hukaer BOMPOC, KaK MOXHO HCTOJAKOBATb 3TO CHMBOJIHYECKOE BhIpa-
KeHue N Kakue GYHKUMU 3a1al0Tci (opMyaaMu

e-*Vey, e=xVof ().

Ha stor BONpOC MBI MOXEM JaTh IO KpalHeH Mepe 4YacTHYHBIA oOTBeT,
KOTOpPHI# NO3BOJSET pelliaTh 3afauu, HMEIoLlHe HENOCPelNCTBEHHOE 3Hauye-
HUe AJA NPUAOKEeHHH: MH MOXeM HaWTu nmoTok Temaa npu x =0, T. e.
fBHO HalTu Bepaxenue aaa #,(0, £), npumenss k onepatopy T oObiu-
uole npasuna. [Ipumenss pesyJbTar npumepa 6, m. 2, Mbl noayuyum

t
0 9=T0 = VE == ek f
0

OaHO M3 TJABHBIX INPEHMYIIECTB CHMBOJMYECKOTO HCUHC/IEHHS COCTOHMT
B TOM, H4TO Mbl HMeeM BO3MOXHOCTb MOJYYaTb YacTHHIE Pe3Y.bTaTH,
Takue, KaK 3TOT, He HAXONs MOJHbiE BhIPAXEHUs I/ ONepaTOLOB yepes
u3BeCTHHE (QYHKLMH.

AHanorv4HO MBI MOXEM paccMOTpeTh OGollee o00wee ypaswenue
menaonposoonocmu u,— i, o’y =0 Ha wunrepBante 0L x < oo
C TeMU Ke HauaJbHBIMU M TPAHUYHBIMH YCJAOBHAMY, 4TO # paublue. s
onepatopa T (x), xoTopulit naet pewenue u(x, £)==T(x) f(f), cupasexn-
JHBO CHMBOJHYECKOE ypaBHEHHe

Txx =(p+a)T. (23)
[Ipu rpaHuuHLIX YCA0BUSAX
T0)==1, T(co)==0
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OHO HMEET CHUMBOJIMUYECKOE pelleHUHE
T=e*Vrie, (24)

Haum eute TpyanHee NMOJHOCTBIO HCTOMKOBATL STOT QMNEPATOpP, UeM ONEPaTOp
B npensiayuieM npuMepe. ONHAKO Mbl CHOBA MOXeM NaTb OTBET HA BaX-
HYI0 YacTb 3ajauu; Mbl HaxouiuM 1ias u#,(0, £) BuipaxeHue

¢
e~ g e f (%)

0, ¢t =T (0 —_— 2 fom o dr,
0, =T, O f=—Vp+a/f s a) =
roe npasasd vacTe Oepercs u3 nmpumepa 4, n. 2.
B vacTHOM cayuae eiMHHYHOH (YHKUMM f =7 MB UMeeM
90— 4 aVt
—_ € . a?f —12
4 0 )= | e Of e d’c). (25)

/

4. BoanoBoe ypaBHenue, Peuwrenue mpocTeflMx CMeWaHHHIX 3ajad,
paccMoTpenHnx B § 1, m. 1, Toxe MOXHO OODBACHUTL C MOMOLULIO Ole-
paunosHoro ucuucaenus. Ha orpeske 0 < x </ Mb paccMoTpuM audde-
peHLKaJIbHOE YypaBHeHue

uy—t,, =0 (26)
C HayaJbHbBIMH H I‘paHI/IlleIMH yCJ[OBI/IHMl/I
u(x, 0)=u,(x, 0)=0,
u(0, )=f(), u,{, )=0.
IMonoxum
u(x, t)="T(x)f.
Ilas onepatopa T Mbi noayuuM auddepeHUHanbHOE YpaBHEHUE
Txx — pT=0 (27)
C yCIAOBUAMHU
TO)y=1, T, ()=0.
MBH noJiyyaeM CHUMBOJHYECKOE BbipaXieHHe
chp(l—x) e PXf e P2-H
ch pt 14 em2p

WJaH, €CJHU BBINMHCATL €ro pasjoXeHue B psl,

T (x)= , (28)
T(x) — e—px,+_ i (_1)" [e—p (x+Dl) __ p~p (Qvl—x)]_
v=1

Ha ocHoBaHuu NMpUMepOB, PacCMOTPEHHBIX B fl. 2, Tenepb OYEHb JErko
MCTO/KOBaTb 3TOT pe3y.bTar.



§ 2. Oneparopneii merod Xesucaida 523

B cooTtBercTBUM C pesyabTATOM, MonydyeHHuM B § 1, m. 1, MH nMeeM

#(x, £y =f(t— %)+ gl(—-l)” Lf (t — % — 29) — f (E+ x—2D]. (29)

Jpyras paccMOTpeHHas TaM 3ajava (3afaua (®) ¢ 3aKpen/ieHHHIM KOHLOM),
KOHEYHO, TAKXe MOXeT ObiThb pellieHa aHaJdOTHMYHHIM cnocoboMm. s
COOTBETCTBYIOLIETO OMNepaTopa Mbl MOJAyuYaeM

shp(i—x)

T(x)== —m (30)
HIH
T=e¢-rv4 2 [e=P (X+Dl) — g=p DI=1)],
=1
[Mostomy

(x, t)=f(t-—x)—|—v=2][f(t—x-—2vl)—f(t+x—-2vl)]. 31)

5. O6GocHOBaHHe omepayHOHHOrO HCuHcaeHus. Onpenenenue gajn-
Heflmux onepatopoB. OmnepaudOHHOE HCYHC/IEHHE MOXHO CTPOro 060-
cHosatb. CHavana Mbl jnafuM ofuiee ONpelelieHHe HALIMX OMNEPAaTOPOB,
a saTeM, Ha OCHOBAHMM STOTrO OINpejeJieHHs, Mbl MPOBEPHM, YTO BHIMOJ-
HAIOTCHA yKasaHHBIe IpaBuJa BBIYUHCJIEHUHA, TeopeMa O CMCIUEHUH H NIPpHH-
uun Hioamenas. Mbl npoBepuM Takxke, YTO 3TO ONpele/eHHEe COTJACcyercs
¢ TeMH, KOTOpble GblIM AdaHB paHblle.

CooGpaxenus, npuBeseHHse B § 1, m. 4, onpaBAbBalOT CAeAyIOlLee
onpelieleHue.

IIyemy F () — pezyaapras anarumuieckan yHKuus nepemen-
HOo20 Y =a + I8, onpedesennasn 8 nosynsockocmu a > ay I[Tycms L —
NPOU3BOALHASR NPAMAA, NAPAALCABHASL MHUMOE OCU, NEHAUWAR
8 noaynaockocmu a > ay ecau e oy <0, mo L neanemcsa Kow-
mypom, usobpascennsn wa puc. 39. To2da, & npednoaosce-

Huu, 4mo unmezpans (I/Qﬂi)f(F C9A9) e d1 cywecmeyem u He 3a-
L

sucum om KOHKpemuozo su6opa woumypa L 0an scex t >0, muu
nosazaem

i F
Fo)yn=g [ e ar,
L

(32)

t
d 1 F -7
Fo) f=g [ f@deg; [F0eay,
0 L
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JOCTaTOYHBIM YCJIOBHEM CYIUECTBOBaHMA uHTerpanta (32) spasercsd, Ha-
npuMep, Hajduune Tako#h mnonoxuTeabHOR dyukuun D (p), aas xorTopof
CXOIUTCA HHTerpal

f @ (p)dp
0
v npu BceX Y=a—+If ¢ a>a;+ 9, 8> 0, BLNOIHACTCS HEPABEHCTBO

| =2 | <@ qp).

Torma BO BTOPOM HHTerpajie B ¢opMynax (32) ME MOXeM NPOM3BECTH
MHTETPUPOBAHKE MO T 1OJ 3HAKOM MHTerpana; CJeN0BATENbHO, €C/IH MHI
NOJMOXKHM

t
D(1, t)=ff(t) e dr,
0

TO NOJYYHUM !
d F
F() f =57 45 [ 2D e ar.
L

CHpaBellJIPIBOCTb 3aKOHOB ONEPAUHOHHOIO HUCYUCJACHHA IJg9 ONepaToOpOB,
OonpeneICeHHBIX TaKUM 06p830M, obecneunBaeTcs meopemol YMHONCeHUS

F(p)G(p)=FG(p) (33)

WaH, JPYTUMH CJIOBAMH, TEM, YTO pe3yssmam nocaed08amenssHoz0
npumenenus 0syx onepamopos F u G moocem Goms marxdce noay-
YeH C NOMOWBIO NPUMEHERUS OREPAMOPR, COOMBEMCMBYIOULEL0 NPO-
u3gedenun 08yx dyuxyui FG.

JlOCTaTOYHO MNOKa3aTh 3Ty TeOpeMy Aas eNUHWYHOR Qyukuuu 7 (f).
Iis J0Ka3aTelbCTBA Mbl BBeleM CJAELYIOLIHe LOMOMHUTEbHBIE Mpeano-
NOXeHUs: OTHOCHTeAbHO GyHkuMH F n G1): B mo6oft noaymiockoctu
o> a;— 8 cyumecTByeT nonoxuteabHas GyHkuus ¢(p), 418 KOTOpOH

[eo]

MHTErpan f ¢2dp cxomuTcs, Taxas, 4YTO BCIOAY B 3TOH MOJYMIOCKOCTH
0

IFI<$UBD 1GT <9 BD-

Toraa HHTErpajhl

foa v [2a

') Ha camom nefe aTH OrpaHMuEHHMA CJAMIIKOM CHJABHBI JAS MHOTUX BaXHBIX
cayuaep. TeopeMy MOXHO J0Ka3aTh IIPH ropaspo 6oaee cnaGeix OrpaHHYEHHSX.
Cwu., Hanpumep, Konnendeanc [1].
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TaKKe CyWecTBYIOT — nepBuift B cuay Hepasenctsa LlIBapua

rocy foe [

TMosromy unrterpans (32), coorsercTByiouue qyukuuam F, G, FG, a6co-
JIOTHO cxodarcs. Eciay Mb nmosmoxuM

fO=0@ =g [ LD @
L

Oni

(3—-7)
D(1. t)—ff(—c)e ¥ = fo” 0 -1 g,

Ini 3 3—1
L
TO MH MMOJYYUM

1 F(Y) 1t
FOn=—4_ dt D(y, t)e" dr.
B cuny Hammx npeanosoxeHu#t JIETrKO BHIETb, YTO IndidepeHurpoBaHue

1noJ 3HaKOM HHTerpaja Bcerja JdeT HHTErpaa, paBHOMEPHO cxondiuics

T

L

=D :

T‘T

Puc. 39. Puc. 40.

B obnactu £, <t <t npu £) > 0. TlosTOMy Mbi UMeeM

1 F(y) G (3) b — et o
FGY]—Wf d f 5 —+ dd.

3nech B KauecTBe L/ Bei6paHa npsaMas, Jnexawas fnpasee L u napanieo-
nag L (puc. 40).



526 Hpunroxcenue 2 x ea. 'V

W3 ouenku

ay’

G (3) 1 G (b)
L,f 5@E—7) dsl< o —a Lf‘ 8

cAelyeT, YTO BTODOE CJaraeMoe BHYTPEHHEro MHTerpaja B NMPaBo# yacTH
CTAHOBHTCH CKOJb YFOAHO MaJbM IIpU BO3pACTaHHd a’; 3ITO O3Hayaer,
YTO COOTBETCTBYWOIUMH uHTerpan paseH Hymo. CrenoBaTelbHO,

__l (fo G (%)
Fon_(w)sz Lay [ 2 an,
K

M3 Hawux NPeamoNoKeHUH CAefyeT, UYTO Mbl MOXeM NepeMeHHTh Nops-
IOK HHTerpupoBaHusil) B ABofHOM HHTerpaze. Mbl moJydum

1 3 F)
FGn= (Q“i)szG(a)eat doL 60— dy.

Takum 06pa30M, OCTa/MOCh TOJAbLKO JA0Ka3aTh COOTHOIMEHHE
1 F(1) )
2ni f dy= *
L

1@—=7 Y

Ho oHo siBiseTCs CJeACTBHEM HMHTerpanbHO# Teopembl Kouiu.

OGocHOBaHUE Mmeopems. O CMeueduy TaKkKe HeMelJeHHO TMoJy-
yaeTcd M3 NpeicTaBieHus B BUJe KOMIUIeKCHoro unrerpaia. Ecma F (p)—
3aJaHHBIH onepaTop H, CJAeAOBATE]bLHO,

1 F
Fp)n=—ggz [ S e ar,
L

TO MBI HUMEeM

1 F k) et F@)

7¥CTb L; — koHeuHnlit oTpe3ok npaMoH L wmemay TOYKaMM C OpAUHa-
tamu —T u T (puc. 40); Tor,ua MBI HMeeM

FGn=lim o 1)2 fG(&)eatdaf F(‘Y) S a

Li>L

310 yTBEpKAeHHE HENOCPEACTBEHHO CAEAYyeT H3 OLECHKH

o 1 0
| [ww2gal<mn)/ 2feay e =)

W 13 CXOAMMOCTH HHTErpaia f {2 dp.
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3T0 BHpaMeHUE O3HAYaeT, YTO

F(p+k)yn=e"*F(p) _k 7.

Tax kax

f_ 5 == e*y, To moayuyaercs, 4TO
F(p—+k)n=e"*F (p)etn.

Jlerko yCTaHOBUTL TaKXKe IKBHBAJEHTHOCTb ONpene/eHHH, KOTOPHIMH MH
N0Ab30BAMUCH B paHee DPaCCMOTPEHHLIX MNpHMepax, 4 [LAHHOTO 3JeChb
MHTErPaJbHOrO OnpeieneHus. Mbl umeem!)

1 1 et

L

rie 7 — NOJOXHTeJbHass NOCTOsHHad. KOHTYp HHTerpHpPOBaHHS MOMKHO
IedopMHPOBaTL B NMPOU3BOJLHYIO KPHBYIO, OKPYXAiOLIYID Hayalo KOOp-
LMHAT; CJlel0BaTeabHO,

P onlLay? n!
2 Pia:%f ye—:a dy=e"*
L
3) W=ﬁfﬁgﬁ¢i—d1=e‘”%.
Y = o f o =71fi!%
Ecan MB 3aMeHHM NepeMenHyio y Ha k==)/7, TO noayuum, 4To
21:; V—xd —%L et dk.

Ilyts unrterpupoBanus L’ nHa mnockoctd & sasaserca (cM. § 3, m 3)
npaBoft BeTBbLI0O NPOU3BOJBHOH pPaBHOCTOPOHHeR runep6oAbl U SKBUBA-
neHTeH MHuMOH ocu. Takum 06pa3oM, ME UMeeM

- 11 f 1
= — — e~? d = .
Vp Vi “_‘[a 3 Vit
s 1 et 1 el
=— | ——dy=t"" —dy.
%) P Q‘EiL ‘(1—3 T Qm‘[:[ ﬂ{l—s 1

1y Ias xpatkocru Mbl 6yaem nucatb f(p) sMmecto F (p) .
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HHTeraH MOXHO BBLIYHCJAHTD:

e =1
oni J 417S T=Tasy”
H, CJeA0BaTe/IbHO,
t—S

S __
p"‘r(l___s) (s<1)' )
1 o1 (1= F) 0 nns t < k&,

6 = [ gy =

) ¢ 21::! 1 @y {lzumt>k.

p 1 et

N e Lf TFa

Ecan Mbl xepopmupyeMm L B KPHBYIO, OKpyXaoliylo Touku i@, TO Mbl
NOJIy4UM

rp 1 w1 1 1 sin at
7@3ﬁ—“75§e 55(%~m——7+w)d:= a
8) B kavecTBe mpumepa IajbHeHIUIMX ONEPATOPOB Mbl PACCMOTPUM
ViesVF = S gy (34
21'1 V{

Murerpan B npaBod uacTH Jerk0 BBHIYHC/AUTH; MBI MMeeM

— ~ 1 x4
Vpe*Vo=—— ¥, (35)
V'wt
[las omepatopa e~*VP, BMeCTO TOro, 4TOOB HENOCDPEJICTBEHHO BbIUH-
CAATb MHTErpaif

~ —xVy
e—*Vp— _1_ ¢ !
, 2m’L v

MBI TIOJYUYHM TIpeNCTaB/IeHUE cnellyroumm o6pasoM:

e—x Vp — Vp e—* Vp_* _
TakuMm 00pasoM,

e dy,

_ -xVp
Vp =Vre

2VT.

t
— d e-x2/41 I, 1 - x2/4r
e—pr:_f — —— Vit —tdi=— f
dt g V’" P V V

T T(t—-'c)
9) dopmyaa

Vpp+a2 2” J V*{ dT—JO (at)

(36)
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NPUBOANT K HHTEPECHOMY NPHMEHEHHIO TeOopeMbl yMHOXeHUd. Ecau Mu
pasnoxxum onepatop p/(p?-+ a?) B mpousseleue

p___1__p P
N e

TO npunuun Hioamens naer

t
?ﬁ’_-;fz fJo(a(t——r))Jo(ar) dr.
0

C npyro#t CTOpOHE, B COOTBETCTBHH C MPHMEPOM 7, MH HMeeM
p ___ sinat
rPta T e

Taxum o6pasoM, Mbl nojayyaeM CleAyIOLIYI0 UHMELPAALHYIO Meopemy
ora PyHxyui Becceas:

sin at

t
fJO(a(t—t))Jo(a'c)d't:— L
0

37

10) Hakoneu, wmbl paccmorpum (em. T I, ra. I, § 10, m 9,
ctp. 140) mnrerpanasHoe ypaBHeHue Abens
t

fo=[ 05 0<a<D. 38)
0

T. e. ONepaTOpHOE ypaBHeHHE
pf=T(1—a)p%.
Ero pelenue ecThb
1
v=Ta=q Pl
nJjau

t
o 1 40 @
=T TI= dtof Tl (39)

Torza, B cuay toro, uto I'(@) (1 — o) =m=/sinwa, Ml MOJyuaeM OTCIOAA
pelleHue

t
sinmx d f®
[ dt J (t—'c)““

@ ()=

dr, (40)

YTO COBMAZAeT C Pe3yAbTaTOM, MoayueHHHIM B T. I, crp. 140.
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§ 3. O6uwan meopus HecmayuoHapHeix 3ada4

B mpenwiaywem maparpade NaHb MPUJIONKEHUS ONEPATOPHOTO MeTONA,
HO HeT MOJHOrO ero o6ocHOBaHuA. BHI3EIBAET cOMHeHWe, CTOUT au dop-
MyJAupoBaTh Te OOllME TeOpEMbl, OMNHPAACh Ha KOTOPHE MOXHO HEAYK-
THBHLIM nyTeM oO0ocHOBaTb 3TOT MeTold. I[IpuBiaexaTenabHOCTH MeTOXa
COCTOMT B TOM, YTO OH JerkO H eCTeCTBEHHO MNpUMEHseTCs K 3alauam
COBEpLIEHHO pa3/jHuHBIX TumoB. (BeleHUE BCeX STHX BO3MOXKHOCTeH
B OJHY MCYEPNLIBAIOILYIO TeOpeMy npuseso Obl B JyullleM ciydae K KpaitHe
Heyno6uo#t ¢opmyauposke. 3necb Mbl He OyldeM NpelNpHHUMATh TaKYIO
NONBEITKY, HO Mbl clejaeM IUar B 9TOM HaNpaBJeHWH, MPOJLOKAA HIEH
§ 1, n. 4. Mo He TOJbKO MOKaxeM, Kak 3TOT MeTol MoxeT GuiTh 060C-
HOBaH, HO M chopMyaHpyeM TeopeMy, KOTOpas Mo3BoaseT 06OCHOBAThH
NOBOJILHO ca0XKHHEe npuMeps. OcHoBo# 3iech 6yleT cayxurbh npeobpa-
3osanne Jlanaaca, KOTOpOe 4acTO NPUMEHAJOCh Aas STOH leau, B 4acT-
Hoct B paborax Jérwa [1], [2].

1. IlpeoGpasosanue Jlannaca. IIpeoGpasosanue Jlannaca Henocpen-
CTBEHHO NOJYYaeTcs, eCAd B ABYX TeopeMax 00 HHTerpadbHHX ¢(opMy-
nax Meaauna (em. 1. I, crp. 95, 96) MBI 3aMeHMM NepeMeHHYI0 X
Ha e~*, a ¢yHkunio g (x) Ha g (e *)==@(x). ONHAKO MH He3aBHCHMO
JokaxeM ghopmyry o6pawenus npeobpaszosanus Jlansaca (¢ no-
MOlLbI0 MHTerpasa Pypbe) npu HeCKOJbKO OoJiee IUMPOKMX MPEANOJo-
KEHHAX.

TeoreMa 1. ITycmb ¢ (S) — PYHKYUA KOMNAEKCHO20 NeEpPeMEHHO20
S==o--It, peeysapras u anasumuueckan 8 nosoce a<a<B.
ITycmb 8 2106084 60nee y3xoid nosoce a8 Lo LB—8 @>0—npo-
u3804bH0e QPUKCUPOBAHHOE HUCA0) 3a0GHA NOAOICUMEALHAS PYHK-

(o]

yus D (p), maxasa, wmo ffb(p)dp cywecmsyem u 8ci00y 8 nosoce
0

cnpa 8202180 Hepaserncmso

le @< @(]<]). M

To20a Oan Odelicmsumensivlx X 4 (PUKCUPOBAKHO20 G Cywecmsyem

unmezpan
1 e+ {co
Y =57 [ el)esds @

g—ico

u 8 nosoce a < o< B sunosnsemcs ypasuenue

o= [¢xe=dx. ®)
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Teopema 2. Ecau b (x) — kycouno-2aadran dynkgua Oelicmsu-
(S}

MeAbH 020 NEePemMennoz0 X U ecau unmezpa.n fq)(x) e~>*dx abco-

~oo

amuo cxodumes npu o <<o<B, mo us pasencmsa (3) caedyem

gopuyaa o6 pawenusn (2).

Cneacreue. Ecau B==00 u, cuedosamensno, pyuryus ¢ (s) pezy-
22pHE Ha 8cell noaynaockocmu o> a, u ecau Pywryus ¢(s) ydo-
saemgopsem CEHOPMYAUPOBAHKBM BbllLe OONOAHUMENbHBM YCAO-
suam '), mo met umeesm $(x)==0 oara x<O0. Taxum o6pasor,

8 IMOM cayuae cnpagedruss gopmyas

o+ loo

YW =gy [ 9@esds,

¢—1loo
q;(s)=fq)(x) e~* dx.
0

Cnauana Mbl jpokaxeM rteopemMy 2. Ilyctsb
s+ iT

T
b =nr [ e@esds=S [ glotiend-.
-T

o—iT

TToacrasuB BMecTO ¢ (o—} It) BhipaxeHHe

o= [b@eteriia

Mbl NOJAYYUM

T =
=5 [dn [@ee-tenra
-T —00

o)

)

Taxk kax ¢yukuua ¢ (x)e—*° KycouHo-raaakas u f]qa(x)| e~ dx

- 00

CXOIUTCH NpH MOGOM (GUKCHPOBAHHOM & B uHTepBate a << o< B, u3
TeopeMHl 00 uHTerpane Pdypoe (cM, T. I, cTp. 72) caenyer, 4TO UHTErpa’

T [+
1
o _[dt [o@ete-te-n-g

') Mbl umeeM B BHAY yCIOBHE, 4TO Add BCeX ¢ >a-} 3 CymecTByeT COOT-

BeTcTByIOmas gynkuus D (p).
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npu Bospactaum T CTpeMuTCca K 4 (x) e~°%; cnenosatenbHO, (PYHKUUS
$r (%), KaK Mbl W yTBepxAamd, cTpeMurcs K ¢ (x).
Yro0ul noKasaTh TeopeMy 1, MBI COCTaBHM HHTErpal

4 =5 [ge+mera,

KOTOpLI# Tpy HALIKX NMPEANOJONKeHUAXx abCOMIOTHO CXONMUTCA HA HHTep-
\ Bane o < o < B.

Tenepp Mb NOKaMXeM, YTO 9TOT UHTErpa
HE 3aBHCHT OT a. PaccMOTpuM uHTerpan

T o
J= [g+iT)ere+iDdo
a
% | o z ™ [0 OTpe3Ky mpAMOH, mapanieabHOH neHcTBu-

TeJLHOR OCH; HJHHA STOro OTPeska (pHKCUPOBa-
HA4 M paBHa 0, —o; > 0, U OH UEJHKOM conep-
xutca B mooce a—+ 8 Lol B—3. Ilpnmenss
uHTerpajbHyio TeopeMy Komww, Mbl Bumuwm,
410 GQYHKIUA ¢ (X) AeHCTBUTEILHO HE SaBHUCHT
OT 0, €C/aH TOMbKO J CTPEMUTCS K HYJIO,
Puc. 41 koraa |7T| mpoGeraeT COOTBETCTBYIOULYI He-
OrpaHMYEeHHO BO3PACTAOUYI0 MOCAEA0BATEb-
HocTh 8Hauenuft |7, [Ty, ... (puc. 41). A uurerpan J cTpeMuTcs K Hy/1IO
B CHIy OLEHKH

[J| < exte [|o(e4-in|de < eI =D (| T|) (o — o)

co
TaK KaK HHTerpalf f ® (p)dp cyuecTByer, TO IHOJKHA CYLIECTBOBATH
0

Takas nocsenoBareabHocts Ty To ..., Ans Koropo#t @ (|T|) crpe-
MHTCS K HYJIO.
Ws ypasuenus

o]
1 -
t[)(x)e‘x°=§; fcp(o—-it)e nx g
- 0O
caenyer, uro ¢yHkuus ¢ (x)e~*° ecTb npeoGpasosaHue $ypbe QyHKuUHM
¢ (0 — it), KycOuHO-TaanKo# OTHOCHTeabHO T. [l03TOMY, eciu uHTerpan
oo

f | (e —it)|dr cxomurcs, TO, B CUIYy TeopeMbl 06 OOpalleHHH HHTe-

- Q0
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rpaaa ®ypbe, MH NOJAYUYHM

oo —it)= f $(x)e-*e-dx,

o= [¢(x)e-"dx,

YTO U yTBepXiaerca B TeopeMe 1.
Yrobsl mOKA3aTh CJAEACTBHE, 3aMeTHM, UYTO B YKA3aHHHIX TaM Mpel-
NGJOKEHUAX LA BCEX 6> a—+O8 M Ijs BCeX X CNpaBeijuBa OLEHKA

190 < e [ (p)dp. (5)
0

Ecan x oTpuuatenbHO, TO NMPaBas YacThb CTAHOBUTCHA CKOJbL YTOAHO MaJoH
npu GOJAbIIMX G U, CAEROBATEBHO,

¢(x)=0 nm x <0,

UTO H YTBEPKIAJIOCH.

2. Pemende HeCcTAHOHAPHBIX 3aJa4y ¢ NMOMOILLIO MpeoGpa3oBaHus
Jlanaaca, Tenepp MB MOXeM NOJYuYMTb peLIeHHE HECTalHOHapHOH 3a-
naun I u3 § | B Gonee obwe#t Qopme, yem panbite (cM. § 1, nm. 4),
Jaxe B NPEANONONKEHUH, YTO HAuajIbHOE COCTOSIHHE He fABJAETCH COCTOsA-
HHUeM NoKod. Meron pemwenus omupaercs Ha TOT ¢akt, 4yro 3agauy I
MOXHO CBECTH K HekoTopo# npyro#t samaue II, conepxkaiwie#t Ha oxHy
He3aBHCHMYI0 NepeMeHHY0 MeHblue. O6e 3TH 3alayd SKBMBAJEHTHbLI, YTO
YCTaHABIMBAETCH C MNOMOMIbI0 NpSMOro u oOpaTHOro mpeoGpasoBaHus
Jlannaca, HO BO MHOTMX CJAyyasX BTOPYIO 3a1ayy MOXHO PeMUTb HPOCTO
U B sBHOH ¢opMe, a mepBylo Hesbast. YKendare/abHO, uTOOH TpenNoJiOXe-
HHUS, NPH KOTOPHIX MOXHO MNpPHMeHSTL NpeoOpasoBaHue, ObLIH AOCTATOYHO
INMPOKHMH ¥ OXBaThiBaJiK OBl BaXKHble NMpPAKTHYeCKUEe NPUMEHEHHS.

Mbl norpeGyem, uroObl peluenne u(x, £) 3samaum [ yxoBneTBOpSIO
ClelyOLIEMY YCAOBHIO: CYWIECTBYeT TaKoe AeRCTBUTEJBHOE YHCAO &g, YTO
dyHKIUH

w(x, et u,(x. £)e~, u,, (x, t)e~** (6)

OCTAIOTCA OTPAHHYEHHHIMU PABHOMEPHO MO X TNpuU CcTpeM/eHun ¢ K Gec-
KOHeUYHOCTH. [lpu 9TOM MpeANoJONKeHUH COOTBETCTBYIOLee NMpeobpas3oBa-
nue Jlamiaaca, xoropoe yno6HO 3anucaTb B Buie

(o]

viny) v —qt
7 =7 éfu(x, t)e-1t dt,
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cyliecTByeT Aas Rey==a > a, ¥ ABISeTCA pPery/a9pHO#l aHAIMTHYECKOMH
dyHKUHEH OT
T=a—+if

B HOJYNJIOCKOCTH @& > dy. Ha OCHOBAHMM HAaIUMX MNPEANOJIONKEHUH MBI
nojyyaeM caeayioiue GOpMyabl /s NMPOU3BOAHBIX 9TOH PyHKUMHU:

V3 nawmx ycaosuft Mbl 3akJjiouaeM, 4TO npeobpasosanus Jlamiaca ans
OyHKUMA 4, u u, TaKKe CyllecTBylOT. Mbi uMeeM
T T

fu,(x. et dt =u(x, T)e-1T —(p(x)+~;fu(x, f)e-1 dt.
0 , 0

Tak xak mpasas yacTb uMeeT npedea npu T—>oo u Rey > a; TO JeBas
4acTb TaKXKe MMeeT Ipelea, T. €. Mbl HMeeM

[ee]

fate"'(‘ dt =v(x, 7)— o (x).
0

B runepbonnueckoM cayuyae (a > 0) orcioja cielyeT TaKKe CyLIeCTBO-
BaHHE HHTErpaa
[es]

[ uyert at,
0
Mul nmosyuaeM, uro-
f uye~t dt = (v —¢) Y —1{.
0

KpoMe Toro, ecin Mp ymHoxuM JnddepenuuanbHoe ypasHenue (10) us
§ 1 Ha e~ u npounterpupyeM ero 1mo £ or 0 10 co, TO AAS U MH
NO/My4YuM HEOAHOpPOLHOEe OOBKHOBeHHOe aHddepeHLUaIbHOe YpaBHEHHE

L1v]+ (ay*+ 1) ¢+ a1 = (a7*+ bp) v.
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3TO ypaBHeHHe CTAHOBUTCA OAHOPOIHLIM, €CAd B HAYAJALHLIA MOMEHT Mbl
UMEeM COCTOSIHHE TNMOKOA. AHAJOrMYHLIM NyTeM MBl NOJYYaeM TpaHHYHBHE
yCJIOBHS

v (0, 7)='{ff(t)e—¥’ dt,
0

pv, == (e —AY) v+ Mo (D) ana x =1l

TakuM o00pasoM, BO3HHKAET CcJeAyOlAs KpaeBas 3ajaua Ajad OGHKHO-
BEHHOro JAnddepeHnuansHoro ypaBHEHUSs OTHOCHTEIbHO QYHKIMM U He-
3aBUCHMOH mepeMeHHOH X, CONEpKAlUEero KOMIVIEKCHLIA mapaMerp Y.

3adaya 1.
L{v]l+ (ay?+bY) o+ a1y = (ap?+ bY) v, (M

v D=1 [ f®erat, @)
-0

00, = (s — ) v+ Mo () aa x =lI.

MMycts ¢yukuua f (£) — KycouHo-raankas naas £>0 u  uHTerpan
(o2}

f f (@) e ' dt abcomoTHO CXOIMTCA LA & > ag MycTs ¢ (X) U §(X) —
0

HenpepuiBHbie dyukuun ama 0 < x < L

Mbl HeMenseHHO IeJsaeM CAELYIOIUA BLIBOL:

Ecau 3adaua 11 umeem eduncmsennoe peuernue 048 4106020
T=a-+if ¢ a>a, mo cywecmsyem He Gosee 00H020 peuienus
coomsemcmeywuwel 3adaxu 1, yoosaemsopsawouezo ycaosuar (6).

OnHaxo eue Gonee BaXHO MOKa3aTh, YTO ¢ NMOMOILIO (OpMy.b o6pa-
meHus npeo6pasoBanus Jlamiaca W3 pelenust 3anaud Il MOXHO MOMYYHTBH
peirenue 3anaun I. Mbl DokaxeM caelyIOLLYI0O TeopeMy.

ITyems v(x, 1) — peuwenue 3adayu 11, Henpeposroe u 06.radaio-
uwee HenpepuiBHLIMU NPOUIBOOHBMU NO X 8RAO0Mb 00 BMLOPOZO
nopadka na ompesxe 0L x < I. ITycme dan aw06020 Purcuposan-
HO20 X Ha smom ompeske Pynxyus v(x, Y) pezyiapHa 8co0dY
6 noaynaocxocmu Rey > oy, xomnaexcuold naockocmu 4. Kponme
mozo, nycms 8 Kaxdoi noaynsockocmu Re 1> ay—+ 9, u3 xomopod
8 cayrae ay< 0 Hauwaao rkoopdunam uckaionaemcs ¢ NOMOWbIO
nPouU3OAbHO MANO20 PUKCUPOBAHHO20 KpYy2a, U 045 4106020 durcu-
posannozo ompeska e x< 1 sunoansemca Hepasencmso 6uda

|22 <o ®



536 Mpunoscenue 2 k 2a. V.

npuuen f(I)(p)dp cywecmayem. Toz20a ecau Pynxyus u, onpede-

0
AeHHAA popmysol
u(x, )= fl%ﬂevfd7, ©)
L

nenpepesra 8 obracmu Q0 Lx Ll >0, P4+x22e>0 —
RPOU3BOABHO MaA0e 4uCA0) U 06radaem Henpepuishbimi NepPEbLMU
u smopumu npouzsodusmu 8 o6racmu 0 < x 1L >0, 24 x22> ¢,
mo PYyHKUUA U ABASLEMCA peusenuem coomsemcemayiouel 3adawu 1.
3aecb KOHTYD UHTerpUpOBaHUA L ecTb MPOU3BOJAbHAS NpAMas, Napajiefb-
Had MHUMOH OCH ¥ Jexauas B NOJYMJAOCKOCTH o > @, MU Ke, B CIy-
yae ay << 0, L ecrtb kouryp, usoGpaxeuHuif Ha puc. 39, § 2, m. 51)

CHavajga MBI YCTaHOBMM, 4TO (yHkuud #(x, {) yIOBJIETBOPSAET AUP-
depenunansHOMy ypaBHeHuio. Tak ke Kak U Mpu nocjaelylowe# npo-
BepKe TPaHHYHBIX U HAYaJAbHLIX YCJ/IOBUH, Mbl MPOU3BEJEM HYXHblE And-
(depeHUMPOBAHUA C TOMOLIBI0 TPUEMa, HECKOJAbLKO Pa3  yHnoOMAHYTOro
B § 1. CHavana Mbl COCTaBUM BCIIOMOTATENbHYI0 (YHKUHKIO

w (. t)=?:c7 f;'i%‘;—"‘lerf dr. (10)

B cuay npennonoxenus (8) 3Ty QYHKUMIO MOXHO ABaMcAb Auddepenud-
poBaTb MO f MO 3HAaKOM uHTerpasa aas e < x </, ¢ > 0. B uacrhocTty,
Mbl MMeeM

W, = u(x, ).
C apyro#t cTopoHH, B cuay auddeperunaasHoro ypasuenus (7), uaterpan

1 Liv] .
ST f ‘53] ertdy
L

paBHOMepHO cxoautcs B obaactH e L x <!, e Lt T. U3 aroro Mu
3aKJ/II0YaeM, YTO CIPaBEeLMBO COOTHOLIEHHE 2)

L{wl=2%i f L[v] ertdy.
L

') Jlerko nOKasaThb, YTO 3TOT pea JbTAT COBMANAET C MpPEJCTABJIEHHEM pelle-
uug B Bune uHterpana Hioameas (§ I, o. 3).
2) locTaTOYHO NpPOBEPUTDb, UTO

1 PUsx+qUs ot *

577 f—“.ﬁ—"x‘ et dy = pwyy + quy,
L

Hay, Tak kak p > 0, uro

1 Py
o=z A28 ot ay = (P
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Or1ciona cienyer, uTo

1 eV N
awtt+bwt—'L[w]=T’ f“.?a'[(aT +b7) v—L [v]]dy.
L

T

Taxum o6pasoM, us aunddepenunaibHoro ypasHenus (7) Mb NOJYUHJH
1 et 0
aw,+bw,—Liwl= o [ £5lar?+ 19+ arildr,
L

Ui

aw,—+ bw,— L{w]=a¢ 4 (bp+ a}) . an

Ecmu Mbl npopuddepeHunapyeM 9TO ypaBHEHHE ABAXAH [0 f— 3TO BO3-
MOXHO, TaK KaK WO MpeanogoxeHnio QyHkums (X, £) ABaXAL Hempe-
puiBHO nuddepenunpyema, — To Aad & Mb NOJAYuuM AuddepeHumansHoe
ypaBHeHue au,— bu,==L[u], cnpaBefnuBoe 0Jd TaKUX X, £, HJA KOTO-
prix 0 < x I, £ > 0. Tor dakr, 4o ¢yHkuua & B Touke X ==0 yno-
BeTBOpseT rpaHuuHoMy ycaosuio # (0, £)== f(f), HeMeANeHHO cienyer
U3 TeopeMbl 00 oOpauweHuu npeo6Gpas3osanus Jlanaaca W M3 HenpephiB-
Hoctd u(x, £) mpu £ >0, 0 L x KL

Jlns scoMorate/bHOH QYHKUMM W Ha KOHUE X ==I BHINOJHSAETCA
ycaoBue

1 1t
Pt —ow = o [ L5 [pv, 4+ Oy — o) vldy =
L

2mi

t
=20 [ £ dy =M 0.
T

CnenoBatenbHo, Inddepenunpys nBa pasa mo £, Mbpl NOJyyaeM
pu, + hu, — ou =0.

X

MH MOJOXHAN 31ech P (x) = exp{ f —Z— dx’}. Wnrerpupys BuipaweHnue L, 3a-
0

AaHHOE Bhbille C NOMOIKBLIO HHTErpaja, Mhl Iojayvaem

X

P(x,) fgdx”_w(x, H—w(, ) — A (t)fp(x,)

rae A(f) we saBucut ot x. Juddepenuuposanne STOro NMOCASAHETO YPaBHEHUA
cpasy zaeT Q = (Pw ).
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Uro6ul MpPOBEPUTH, BHIMOMHATCA JH HAYAJAbHBIE YCJOBHS, Mbl 3aMETHM
cHavana, uto ¢yukuud w(x, 0) u w,(x, 0) pasunl Hymo upu x >0
B CHJAYy TOro, 4YTO

1 v
w(x, 0)== Tl f?;d'[’
I .

1 v
@y (%, 0) == 5— f?-d'f,
L
A BBuAy ycnaosus (8). JleHcTBHTe/NbHO, CNpaBelJHBE OLEHKH

@ (x. 0] <= [ ©)dp,
]

|, (2. 01 <5 [ @) dp
0

M3 KOTOpPHX NpH a—»00 MNOJydaeTcs HYyxHOe yTBepxuaenue. M3 npen-
NONOKeHuH, CAENAHHBIX OTHOCHTENbHO yHKUMM « (X, f), clenyeT, YTO W
H W, HENIPEPBLIBHLL BMECTE CO CBOUMH TPOU3BOAHLIMM IO BTOPOroO MOpAiKa
B 06./acTi

0I<xLL t2>20

H, CHeNOBATeNbHO, 4TO BHIpaxenus L[w]u L[w,] crpemarca K Hy.:o
npu ¢-—>0. YpaBrenne (11) mepexonuT B ypaBHeHHe

alwy(x, 0)—o () =alu(x, 0)—¢(x)]==0. (12)
Juddepenunpys ypasHenne (11), Mbl noayunm s £==0
a(Wy— )+ b (@, —¢)=0,

alu(x, 0)—P(x)]+blu(x, 0) —¢(x)]==0. (13)
B cayuae a0 orciona chaenyer, 4to
u(x, 0)=¢(x), u,(x, 0)="9(x),
a B cayuae, koraa a=0, b=+0, noayuaem
u(x, 0)==0q(x),

Hiau

yeM 3aKaHUMBAeTCs JOKA3aTeAbCTBO.
Hakonel, Mbl 3aMeTHM, YTO, B cuay yc/aoBus (8), npu NpPOU3BOALHOM
o> a, AaA GOYHKUMM 2 CTpaBefSiuBa OUEHKA

1 o]
lu(x, D<K 5 e [ O@)dp.
0
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HOas ¢t < 0 orciona crepyer, 410
' u(x, £)=0, (14)
annat>0

4 (x, )] < et [ O @) . (15)
0

3To NOKa3wIBaeT, YTO NnepBoHavYaJbHO CAEJaHHOE OTHOCHUTENbHO X TMpen-
NOJOXKEeHHE (6) BLIMOJIHAETCA A4 TOJIBKO UYTO NOCTPOEHHOrO peUIeHHd.

3. Mpumep. BoaxoBoe u TederpadHoe ypaBHenus. B Kkauectse
HJTIOCTPAUMH METOAa MBI PAaCCMOTPHM TederpadHoe ypaBHeHue '
Uy=1u,, — riua (r — NOCTOAHHAA) (16)

C HA4YdJbHBIMH YCJAOBUAMH

u(x, 0)=u,(x, 0)=0 (16%)
U TpaHHUYHBIMKH YCJIOBUAMH 1)
13
w0, t)y=—,

pU,~+Au,=ou ana x=I.
Msl nMeeMm cooméTCTByxomylo samauy lII:
Uy = k0, (17)
v (0, 7)= %, (17%)
pv,=(—MA)v nm x=l,
npHYeM MBI JOJIKHBI TOJIOXHTD
k% =2+ r2
Peulenue 3TO# 3amaun onpefessercd GHopMmynoi

_ pkchh(l—x)FOy—d)shk(l—x) 1
v(x 7)= oF ch Rl - (M —o) sh &I E T
e-kx_ ¢ (k) ek x—20)

1
l—c()e ™ (18)

) BMecto TOro uTO6bl CTPOMTH BO3HHKAIOMIYIO MHOA AEHCTBHEM HMIyJAbca
dyukuumio U (x, £), Mpt moctpoum dynxuuio Us(x, £) (e § 1, n. 3), utobn Ha
OCHOBaHHH TEOpPeMbl U3 IL 2 HMeTb YBEPEHHOCTb B TOM, 4YTO COOTBETCTBYIOUIHH

unrerpai (1/2wi) f[v (x, D1 evt dy npeacrasaser uckomoe pemenue. [Ipex-

L
NOJOXeHHs 3TOH TeopeMbl He OYAYT BBIMOJHATBCS JJAS MHTErpaJja, NpeaCcTaBlsiio-
mero U (x, t). Oxsako Mbl Mmoxem 3ateM noayuuth U u3 U, Tak kak
U (x, t) = U, (x, t)/0t3
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rae
AV B =71t — ok —q
\WR—rtk—e

Kak u panbliie, MB BHIMM, YTO CYIIeCTBYyeT Takoe &, > 0, uTo 3name-
HaTeab BhipaxeHus (18) He uMeeT HyJe#i B moaymaockoctu Rey > ;)
CNenoBaTeabHO, (YHKUMS @ peryjaspHa BCIOAY B 3TOH MOJMYMJIOCKOCTH.
Ha moGo#t mpsamoit L, napannenpbHo# MHMMOH oOCH W jexauied B nojay-
MI0CKOCTH Re 72> 0y—+ 0, BHINOJHAETCS HEPaBEHCTBO

v(x, ) A

| “2| < o

i B+IBD

rie A>0 n B> 0— nocrosuHue, He sapucauige oT x u 7. Ms sroro
HEPABEHCTBA U M3 COOTBETCTBYIOLUMX OLUEHOK LM% ¥,/ U U, /Y ACHO, 4TO

€ (k)=

(19)

Uste, = [ 2D e ay (20)
. L

ABJSETCA HenpepuBHOR ¢QyHKuHeR M HMeeT HelpepLiBHbe MPOU3BOAHbBIE
nepsoro u Broporo mopsaka B obmacth 0L x L ¢2>0. Caenosa-
TeJbHO, 9Ta (YHKUMA ABJSETCH pelleHHeM ypaBHeHus (16).

Mgbl cHOBa paccMOTpPUM YaCTHHE ciaydau l!):

u,(l, )=0, e(k)=—1,

u(l, )=0, e(k)=1. @
Kax n panblie, pasnoxuM (GYyHKUMIO U B pal
) .{37) (x, ‘r)_--___- 20 eve—k(x+2»l) — EI svek (£ =291 (22)

M moacTasuM STOT pAR B dopMyay (20). Tak kak Jjerko yOemuTbcd, 4TO
IONYCTUMO TOYJEHHOE MHTErPHPOBAHHE, Mbl TMOJyYaeM PSR BHIA

Ug(x, )=S(x, )+ D[S+ x. H—S@i—x, )]  (293)
v=1
rae S(x, ¢) onpenensercs € NOMOLIBIO HHTerpaJja

1 ¥ —s d
St =5 [expl—x VF+r 4] 5. @4)
L
Ias r==0 MBl HeMeAJIeHHO NOJy4aeM

1 -x) d
S(x, t)=__27‘_[_ fe“l(t x)_Y_“\'_'

') Ipyroii Baxumii caywafhi coorserctByer ¢ ==0; OH, OIHAKO, BO3HHKaeT

TONbk0 Mpu r =0, s=0 u A=yp. B atoM cayuae He cymecTByeT ,O0TpaseH-
HHX* BOJH.
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Takum oOpasoM, umeem
(t—x)*
Al pma > x,
S(x, H=S(t — x)= 3l (25)
0 s < x,
M, HAaKOHel,

Uy(x, H)==S(t — %)+ f} CIS(t—x—2)—S(E+x—2)],  (26)
v=1

B COOTBETCTBMM C peay/bTaTaMi, npuBeleHHniMd B § 1, m. 1 ang vacr-
HOTO cJayuas

t3
fO ==, t>0.

ToabKO KOHeuHOEe YHCJIO 4JaeHOB psna (26) OTAMYHO OT TOMIECTBEHHOTO
HYJIl, 1 KaxIbll H3 9THX 4JeHOB HMeeT HeNpepbiBHbie MPOU3BOLHHE IO
BTOPOTrO MOpsiAKAa U KYCOUHO-HENpepbiBHble NPOM3BOAHLIE TPETLEro Mo-
panka. CaenosartenbHo, nnaa ¢ynxuun U npu r==0 Mbl cpasy moayuaem
¢ nomouwplo AuddepeHunpoBaHus Gopmyay

Ux, ) =7t —x)+ gle"[n(t——x-—?vl)—*q(tﬂ—x+2vl)],

rae

1 ana ¢£>0,
0=}y .
0 ana ¢ <O.

Uro6ul BhUMCAUTL MHTerpan (24) B cay4ae r =+ 0, Mbl BBeleM BMECTO 7
NepeMeHHYI0 UHTErPHPOBAHNA ¢ == o - IT, CBA3AHHYIO C | COOTHOIICHHEM

1 ==ircose.
Orcioza crxexyeT, uTo

S(x, t)=-——-§7—:r—3 fexp{ir(lxsincp—l-—tcos:p)} stn ¢ de. @7
I

cost ¢

3necb L' — obpas npamoft L Ha maockoctd ¢, T. e. L’ —3To KkpuBas
Re (ir cos @) == const > a,,

usobpaxennas Ha puc. 42. Eciu ¢ < x, TO AeficTBUTeNbHAA HACTb MO~
KasareJs
ir (ixsing -t cos¢),
T. €. BbIpdXEHue
rsine (£ sht— xchr), (28)

B obaacty 0 <o << xw, >0 crpemurca K — oo Opu T-—>00, Takum
o6pasoM, KOHTYp L’ MoxeT OITb CKAT B ABOHHYIO MPAMYIO, NMPOXOASLIYIO
B 9TOH oOsacti (CM. puc. 43), H, CJIelOBaTenbHO,

Sx, H=0 (¢ < x). (29)
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Ecau £ > x, To Bpipaxenue (28) cTpeMuTcs K — 0O npu t—>0co0 B 00-
nacth —w <6< 0, ©>0, u L MoxHO mepeBecTH B kpusyio L”, umy-
myK no kpan Bce nosoch —w <L o< wm (puc. 44). Tak xax mox-
uHTerpaibHas ¢yHkuus B dopmyne (27) NepHOAMYECKAs, Mbl NOJyHaeM

’E

. i
S (x, t)==§nl—rT fexp {ir (lxsmcp—{—-tcoscp)%dcp, (30)

-n

T
rle TOUKH ¢==f-5; WCK/IIOYAIOTC C MNOMOWbBIO MalbiX TNOJYKPYroB,
OTKDHITHIX CHH3Y.

1 L

0 T 0 p- -_—ﬂ,-c-@-— "'Q_;ﬂ—.

Puc. 42. Puc. 43. Puc. 44.

JLOCTATOYHO BHIYHCAUTb (PYHKUHUIO

*

1 . d
flx )=g= fexp {ir (ix sinp—-£ cos ¢)} ?o—s%, 31)
TaK Kak S==-— f,. Yersepras npoussosHas ¢yukuuu (31) mo £ pasHa
df(ety 1 [ . s
—fd%‘——)=2—n fexp {ir ((x sing 4t cos @)} do = J, (r Y 2—x2).

-7

Npu f=x ¢yuxkuusa f(x, ) obpaiaerca B Hy/Jb BMecTe C NPOH3BOI-
HHIMH [0 ¢ BIUIOTb 1O TpeTbero mnopsanka. JeHcrBuTenabHO, ecad Mbl
B ¢opMyae (31) nonroxuM ==X U BBEAEM HOBYIO MEpPEMEHHYI0 WHTe-
IpUpOBaHUA 2 ==ei?, TO Mbl NOJYYUM

f(x x)-—__—i ._L_eirxzdz
' wrt § TF 2y ’
rae B KauyeCcTBe INYTU UHTErPUPOBAHHUA B3ATA €AUHHUYHASA OKPYXKHOCTb Ha

MIOCKOCTH 2, @ TOYKM 2= 1/ Hafo MCKMOuuTh, cierka AedopMupys
KOHTYp. Mb cpasy noayuwaeM, 410 f(«%, x)==0; aHanorauHo Mul ycra-
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H4BJ/IUB3EM, YTO Npu f==Xx paBHbl HyJ 0 npoussomHuie f. Takum 00-
pPasoM, MBI NoJayvaeM

t
l e ———
F = [t =P h(r VT= D) dr
X
H, CAeHNOBATENLHO, B KayeCTBE OKOHYATEJbHOTO pesyabTaTa HUMEEM

'
o [ (t—r) — -
__&_f(_ml)_,]o(r]/t?—xz)dt s t> x,
X

S(x, )= (32)

0 i < x.

B uacTHOM cayuae, koraa r==0, MH ONfATb MOJyYaeM MpPeXHAR
pesyabTat
(t—x)°
S(x, )= 3l
0 i t< x.

s > x,

B cayusae r =0 B coorBetctBuu ¢ dopmyaoft (32) pax (23) umeer
TOJAbKO KOHEUHOE YHCJO 4JEHOB, OTJIMUHBIX OT TOXAECTBEHHOrO HYJd,
npuueM Kaxuibf M3 STMX UWIEHOB HMeeT HeNpepHIBHBHIE TNPOUBBOAHBIE
BIJIOTb [0 BTOPOTO MNOPAAKA M KYCOUHO-HENpPePHIBHHIE TPETbH TMPOU3-
BoaHble. CieoBaTe/bHO, € HOMOMBIO AMbdepeHUUPOBAHHS MBIl MOXEM
noayuuth aan ¢ynkuun U ==03U,/0f3, Bo3Hukaowe# non neficTsrem
UMOY/IbCa, BhHIpaXEHHE

Ux, £)=S(x, t)+ ie” S@4x ) —S@—x, O], (23

rae
t

__%fjo(rlfﬂ:’*’—x?)dt g t> x,
X

0 g < X,

S(x, )= (24)

dta dynkuua sasagercd pemtedueM 3agayd (16) ¢ rpaHUYHBIM yC/I0BHEM
U@, t)=1.

Boabloe KOAHYECTBO APYrHX BaXCHBIX NPUMEPOB COIEPKHUTCH B LMTH-
pOBaHHOH JHTepaType.



rarasa VI

T'MNEPBOJIMYECKHUE YPABHEHHWA
CO MHOI'MMH HE3ABHCHUMbBIMH NEPEMEHHbLIMUA

BseodeHue

Teopusa runepboauueckux AuddepeHLnalbHBIX ypaBHEHHH MaTeMaTu-
YyeCcKOH (ManKu B CJayuae, KOrAa 4MC/I0 HE3aBUCUMBIX MepeMeHHbIX 6oablie
IBYX, MpeiacTaBaseT coOOH cToab WHPOKYl0 o0O0JjacTh, YTO €e HeBO3-
MOXHO MOJIHOCTBIO HM3JIOXHUTb B 3ITOH KHUre, Iaxe €cJd B OCHOBHOM
OTpaHHYUTbCH JuHeHHbIMU 3azauamu. B sroit rnase Mul Gysem paccua-
TPUBaThb ITH NpPoO6JeMbl C TOYKH 3peHust pacmpocrpaHeHus BoaH. OCHOB-
HYI0 pOJb B HCC/eaoBaHuu 3adauu Komm n 3azauun o6 uanydyeHuu OyayT
WrpaTh XapaKTePHCTHUYeCKHEe TMOBEPXHOCTH U OUXapakTepPUCTHYECKHE JYuM
(B1OIb KOTOPHIX DacnpOCTPAHAIOTCH BO3MYLIEHUS).

B cayuae MHOrMX He3aBHCHMEIX TEPEMEHHHIX YXe HeJb3sl MOCTPOHTb
pellleHne C NMOMOLUBIO NPOCTHIX HTEPALMOHHBIX MeTOAOB, Kak B I V.
TeM He MeHee MBI CMOXeM OMUCATh OOLLYI0 CTPYKTYPY pelleHHH M AaThb
UX MOAPOOHBLIH aHAa/AM3 B HEKOTOPBIX BAXHBIX YACTHHIX CJydasx.

ITpexae Bcero Mnl paccMoTpuM 3sasady Komu IJs ORZHOTO ypaBHEHHUS
MPOM3BOJABHOTO NOPAAKA M LJAA CHUCTEM ypaBHEHUR C HECKOJbKMMH Heu3-
BeCTHEIMH (QYHKIHMAMU. B 10BOJAbLHO 3/MeMEHTapHBIX MepBLIX IABYX maparpa-
¢dax Mbl 06paTHM 0CO00O€ BHUMAHHE Ha CJydalt OIZHOrO ypaBHEHHS BTOPOrO
MOpsiKKa, a B CJACAYIOUIMX 32 HUMH naparpadax — Ha cummempuueckue
2unepboauteckue cUCTEMB NepBoro nopsaka. Mccaenosanue sTux cu-
CTeM HEeCKOJbKO INpolue, YeM H3YyYeHHe OOIMX YPaBHEHUH WM CUCTEM
BBLICIIMX NOPSAAKOB,

3aMeuaTe/ibHO, YTO TOYTH BCE YpaBHEHUS MaTeMaThueckol ¢pu3uku
BO3HMKAIOT B BHUAE CHMMETPUYECKHX TFHNepOOJNYEeCKHX CUCTEM TMEepBOro
nopsaika. 3AeCb HaM NpPUIETCA MOBTOPHTb B HECKONbKO U3MeHEHHOH
¢$opMe HEKOTOpHE pesyJbTaThl, H3JOXeHHble B ri. IIL

Tlepsasg uacTb 9TOH rJaBbl MOCBSLIEHAa BONPOCAM €AUHCTBEHHOCTH,
CyLIECTBOBAHUSA, NMOCTPOEHHS peLIeHUH M UX reOMeTpudecKUM CBOHCTBaM;
BTOpas 4aCTh B OCHOBHOM OTHOCHTCSl K MpeICTaBJeHHIO pelleHuit depe3
JaHHBle 3aJaud H CBA3AHHBIM C STUM BONPOCAM.

[TocTpoenue, AaHHOe B NepBOR 4acTH, A0Ka3bIBAET OCHOBHOH pe3yib-
TaT — HaJu4He KOHeyHo#t o0O0JacTH 3aBUCUMOCTH OT JaHHBX Kommu (uro
MBl Ve BHIENM B ri. V A4 ciyuas [IBYX HE3aBUCHMBIX IepPEMEHHEIX).

B npoTHUBOMNOJOXHOCTE 3TOMY AdHHOE BO BTODOH 4acTH MpelcTasJe-
HHE pellieHH{ yepe3 ,MJIOCKHE BOJHB‘ He [JOKA3blBaeT HEMOCPEACTBEHHO
TOro, 4ro 06JACTb 3aBHCUMOCTH KOHEYHa.
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Hano Bcerna umers B BuAy, YTO, KAK NPaBHJO, HAIUM YTBEDXKIEHHUS
H Pe3y/JbTaThl CNpaBelJMBH TOJbKO ,B MajoOM®;, ONHAKO B TeX cJayyasx,
KOTJla 9TO BO3MOXHO, Mbl OyleM pacnpoCTpaHATb Hall¥ PesyabTaThl Ha
6ojiee 1WHpOKue 007acTH, €CTECTBEHHLIE IS PAcCMaTPUBAEMBIX 3ajad.

Mu Gynem yzeaaTb OCHOBHOe BHHMaHHE AUHEUHHM 300a4AM, HO
JLOCTaTOYHO ToApoOHO OyleM onuchHBaTh 060OIIEHHS U HA KBa3UJHHEHHbIE
CHCTEMBI.

Haxonen, Mer HanmoMuuM (ra. III, § 4, cm. takxe § 10, m. 1 #u
§ 12, n. 5), 4T0 B cayuae JuHeHHBIX rumepOOJHUECKMX 3a1ay pelleHHe
HEOJNHOPONHOH 3alayu BLIPAXKAETCH Yyepe3 pelleHue ONHOPOJHOH 3ajnauud
¢ mnoMouibio npeacrasiaenus oamens. ITosToMy Mbl MOXeM B OCHOBHOM
OTPaHUYUTLCA uccaenoBanueM 3amauu  Kowmwm 1js oaHopoéHOro ypas-
HeHHU4.

Mu OymeM paccMaTpuBaTh # -~ 1 HE3aBHCHMBIX MNEPEMEHHLIX X,
Xy, +..» X, U 0003HAUaThb MX COBOKYMHOCTb uepe3 BekTop X. Ouanako
4acToO Mbl OyleM BHIJENATb NepeMeHHYI0 X, CuUHTas ee BpeMeHeM £, W
3aMMCHIBATL COBOKYNMHOCTb HE3ABUCHMBIX IepeMeHHHX Kak f, x. [las
yro6ctBa Mbl OyJeM MNOJb30BATLCS OOBIYHBIMH COKPALIEHHbIMH 3aMHCAMH
BHJA

fl1
ab,= Z ab;.

i=0

acmoe 1

EJUHCTBEHHOCTb, NOCTPOEHHE .
M TEOMETPUYECKHUE CBOWCTBA PEMIEHUH

§ 1. Judigheperyuanvroie ypasHeHus smopo2o nopaoxa,
Teomempusn xaparxmepucmur

1. KBasuaunefinpie auddepeHnnaibHbie ypaBHEHHSI BTOPOro mno-
paaxa. PaccmorpuM KBasuiuHeHHOe AuddepeHUManbHOe ypaBHeHHe BTO-
poro nopsanka

Llul+d= 3 ayu;—+d=0. )

3necy HCMOJL30OBAHLI COKpalleHHble O0O03HaueHUs u;=0uf0x; ¥ u;, ==
=0%u/0x;0x,. CBoGoiubifi ureH d n KO3hOULUEHTH a;, = @&, — 3a-
HaHHble (YHKUMH HEe3aBUCHMEIX MNEPEMEHHHX Xg Xps «..s X, (QYHK-
uMH & W npousBoAMbIX #;!). Kax Bcersa, Mbl nmpenmoiaraeM, uTo BCTpe-

') B sro0ii raaBe uHAEKCH y GyHKUHMi, kK KOTOPHM HpuMeHsawTca auddepen-
LMaAbHBIE ONEpPaTopHl (Hanpumep, &, ¢, q;i, ®,) 6ynyr 0603Ha4aTb COOTBETCT-
BYIOIIME YaCTHbIE MPOU3BOLHbIE, TOrAa KaK y ko3hdUUUEHTOB (Hanpumep, a;,
b;, ¢;) OHU ABJAAIOTCH HHAEKCAMH B OOGBLIYHOM CMBbICJE,
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yaouinecs HaM (YHKUMH HeNpepuBHH B paccMarpuBaeMoft o6uiacTH, eciu
CMEHanbHO He OroBOPEHO NMPOTHBHOE.

Kak yxe Obto yxasano B ra. I u Ill, monarue xapaxrepucruk BO3-
HUKaeT W3 TOMBITKH JONOJHHTb HauadbHble NaHHbIe Ha NoBepxHoctu C,
3anaHHOd ypaBHeHHeM ¢ (Xq ..., X,)==0, H0o pemenus ypasHe-
nug (1) 1). HauaiabHble daHHbie Ha NOBepXHOCTH C COCTOAT U3 3HAYCHHH
OyHKuMd # (ONpefe dAOLINX BHYTPeHHHe NPOM3BOAHLIE &) M 3HaueHuH

n
onHOH ,BHBOAALICH NIPOUSBOMHOM, Hanpumep u,= > up,. Torma ma C
i=0

Onpefe IOTCS BCe MepBbie NPOW3BOLHbE (QYHKLUHH & 2),

3amava Komm cocrout B TOM, uToObl HafiTH peulenus ypasHeuus (1)
B HEKOTOpON okpecTHOCTH moBepxHocTH C, HO uccaenoBanue Auddepe-
11Ma/IbHOTO YpaBHeHHs Ha caMo#f moBepxHocTH C NOACKa3LIBAET NOCTAHOBKY
ropasno Gosee MPOCTOH 3alaun: AOMONHMTL HauyajbHble NAHHBIE NO UH-
mezpassHoli noaocs, T. e. HalTH GYHKUMH u, u; u;,, xorophe Ha C
yaosaeTBopsioT ypasHenuio (1); cum. ra. IlI, § 2. Mmenno srta mpocras
3alaya HeMOCPeICTBEHHO MPHBOJMT K TOHATHIO XapaKTepucTuk 3).

BMecto Xy ..., X, MB BBeleM HOBbiE HE3aBUCHMbE NepeMeHHHe
Ap ..., A, mpuueM A ,==¢, a Ay ..., A,_; ABJISIOTCA ,BHYTPEHHHMH
nepeMeHHHIMH“ Ha noBepxHocTH C; TaxuM 00pasoM, 3anauy MOXHO GoJee
TOYHO COPMyaUpPOBaTH ClAeAylolMM oGpasoM: Ha nosepxHocTd C 3amanbl
dyHKIMH

£ o vos Aoy uq()\O' oo Aoy)i 1)

NOCTPOUTL TaKylo ¢YHKUMIO u(Xp ..., X,), uToOn Ha C 312 OyHKUMs
W ee TNpOU3BOJHA® MO ¢ COBMANaAH C 3ajaHHbIMM yHkuuamu (1’) or
Agp «+e» Apoy M uTOGH YHKLHS # yAOBJAETBOPSAAa ypasHeHuio (1) Ha no-
BepxHoct# C.

Slcno, uTo BCe BTOpHIE NMPOM3BOIHBIE GYHKUHU & (Xy ...» X,), KPOME
U, ONHOSHAYHO ONPENEAIOTCA H3 IAHHEIX HA mosepxHoctd C ¢ mo-
Mouwpio anddepeHunposanns ¢ynxuutt (1) No BHyTPEeHHUM NepeMeHHbLIM.
Tenepb MB IOCTapaeMcsl BHIACHUTH, KOTAa AuddepeHUMaNbHOE Ypas-
HeHWe W HauajJbHble NaHHbHIE ONPENeNAOT TAaKKe M NPOM3BOAHYIO 4__ Ha

79
nosepxHoctd C. B mepeMeHHBX Ay, A, ..., A, ==¢ ypaBHeuue (1) npu-
HUMaeT BHI

4, Q)+ ... =0, )
rae
Q) =Q(ep 2 = » Oam‘h‘?k 3)
:k=

) Nlanee B 3TOft raaBe MH H3MEHHM OGO3HAUEHHS, COXpaHas o6o3Hauenus C
H ¢ JAs XapaKTepHCTHUYECKHX MOBEpXHOCTeil.

2) Jna ypaBHeHu# mOpsaAKa m COOTBETCTBYOMHE OaHHsie Howu cOCTOAT U3
3HaueHHH# £ W ee BHBOISIIMX NPOH3BOAHBIX IO nopsika m — L.

%) CpaBHuTe € COOTBETCTBYIOIMMH paccyxAeHuaMu B ra. IIL
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— xapaxmepucmuueckas gopmua. Toukn B BHIpaXeHHH (2) saMeHAIOT
YJeHBl, KOTODbiE€ BLIPAXalOTCAd uepe3 HauyajpHbIE NdHHHE, T. €. YJeHH,
COZepXKalilne TOAbKO BHYTPEHHHE IIPOM3BOJHEE (YHKIUMM & W NEpBHIX
npou3BOAHHX 0T «. CuenosarenbHO, BTOpas MPOM3BOLHAN U,, OHHO-
3HAaUHO ONpelenseTcs NAHHBIMH 3a1aud B Kaxio# Touke P noeepxHoctd C,
B KOTOPOH KO3(QEPHUUHEHT NpH Uy, B dopmyae (2), T. e. KBaapaTH4HasA
dopma Q(p;), He obpamaercs B Hyab. Takum o06pasoM, IJas Kaxao#
Toukin P mnoBepxHocTH C Mbl MOJyYaeM CJAEAYIOUIYID a.zbmepHamusy:
au60 BTOpas NPOU3BOLHAS U, @ BMECTE C Hel M Bce BTOpble NPOH3-

BOAHbIE, ONHOBHAUHO ONpeNe/fieTCA HAYAALHBIMH JAaHHBIMH U IHpdepeH-
UMaNbHEIM ypaBHeHHeM, JAxO0 IuddepeHunanbHoe ypaBHeHHe NpPeACTaB-
aseT coOoit HeKOTOpOe [ONOJIHUTENbHOE OrpaHHyYeHHe, HaJ0XKEHHOe Ha
Haya/jbHBIE NaHHBIE,

B manphefimeM OynaeT npeamoJjaraTbCs, YTO Ha 8ced mosepxHoctu C
IS HayaJbHHIX JAHHBIX, 3a4aHHHIX (opmydo#t (17), BbmoaHseTcs OAHa
M3 9TUX BO3MOXHOCTe#. B mepBOM cuayyae Mbl HasbiBaeM HAayaJbHYIO
MOBEPXHOCTh ¢30600r0% (cM. ra. III, § 2), a Bo BTOpOM Cayuyae — xa-
paxmepucmuyueckoi. Bo BropoMm cayuae Ha mosepxHoctd C Tipu 3a-
JNaHHBIX 3HAYEHUAX 4 U #; YAOBJAETBOPAETCA XapaKTEePHCTHUECKOE ypas-
HeHue

n
Qer o) =Q ()= kzoazk?i‘?kEO’ 4)
iy R=

npuyeM B KOS(MQUUHEHTH &;, MOACTABJEHH HAYaJbHbie 3HAYEHHAA 4 H 4.

XoTsi XapaKTepUCTHYECKOE COOTHOoueHue (4) uMeer dopmy Audide-
PeHUMANbHOTO YPaBHEHUS NEPBOrO NOPSAKA OTHOCHTE/NbHO GYHKUUH ¢,
byHKUUSA

P(Xg Xpp vvvs Xp)
He 00d3aHa TOXAECTBEHHO YIOBJETBOPATb 3TOMY YPaBHEHHIO; O Ofipe-
JeJIEHHI0, OHA NOJDKHA YAOBJETBOPATb COOTHOWIEHHIO (4) TO/BKO Ha mo-
sepxHoctd C, T. e. npn ¢==0. OgHako eciu C 3ajaerca B Buje

Xo=0(Xp Koo «.0s X,)

T0 (4) mpeacrasaseT coOo#t AuddepeHuuasbHOEe ypaBHEHHE OTHOCHTEbHO
¢yuxuud ¢, 3aBMcsuled TOABKO OT 4 INePeMeHHBIX:

.kzn_latk‘l’z% —2 é}laio‘l’i =+ agp =0, ®)

MpUyeM BMECTO X, Halo MOACTABMTb B KO3((ULUHUEHTH €r0 BhHIpAKEHHE
uepes X, Xog »..» X, @ BMECTO ¥ M #4; —HUX HaYad/JbHble 3HAYECHHA.
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Ecau, B uwactHoc™H, aypy=—1, g,,=0 nana 1 <{Iin n ecin
KO hHUUMEHTEl @, He 3aBUCAT OT Xo==f, TO YypasHenue (1) npuuu-
MaeT BUJ

n
By— X gyt ... =0, ()
k=1

a XapaKTepuCTHUeCKOe muddepenuuanbhoe ypaBHeHHe A8 QYHKUMH § —
BUI
n

D apdibe=1.

Lk=1

SroT cayua#t uacto BCTpeuaeTcss B usMKe.

Ias 3ajaHHOro pemenus u=u(x, X, ..., X,) AaddepeHuuans-
HOro ypaBHeHust (1) dyHKUMA 4 W NPOM3BOAHBIE 4, ABASIOTCH W3BECTHHIMH
QYHKUMAMU TIEPEMEHHBIX Xg, .X{, ..., X,. 3aMeHUM # W u; B K03ddu-
UMEHTAX @;; Ha 3TH u3BeCTHHie (YHKUMW; moz20a xapaxmepucmude-

cxoe ypasHenue (4) onpedessem XapaKmepucmuiecKue nosepxLocmu
O0rsn 300ann020 pewernus u. Ecau ypasuenue (4) ydossemsopaemcsn
He moavko npu ¢==0, HO u MONCOCCMBEHHO NO X5 Xyv «v.y Xp»
mo ypasHexue p==c==const daem odnonapamempuiecxoe cemelicmso
XapaxmepucmuieckKux nogepxrocmet, aagucsauee om napamempa c.
O6pamnuo, ecau ypasnenue o==c SBAACMCS YPABHEHUEH MAKO20
cemelicmga xapaxkmepucmuueckux nosepxuocmeli, mo GYHKGUL @
yoogaemsopsem ypasueruno (4), Komopoe rRado noOKuMamb Kax Oug-
WeperyuaabLoe ypasuernue nepsozo nopadka.

Kpome Toro, us ypasHenus (2) BUIHO, YTO HAa XapaKTepUCTHUYECKOH
nosepxuoctn C, rae Q(¢; 9,) =0, auddepenuuansuuifl onepatop BTO-
poro nopsaika L[u] sBasercs shympernnunm ougpgeperyuasvholi one-
pamopoxm B ClelyiolieM cMbicje: ecad Ha C 3ajaHbl 3HaueHus QyHK-
UMY # ¥ TNPOM3BOLHHLIX 4; TO M3BeCTHO 3HadyeHue L [u]. JeHcTBUTEABLHO,
U3 HAaYaJbHBIX JHAHHBIX MOXHO HaHTH B3HAuYeHUs BCeX BHYTPECHHHX MNpO-

U3BOAHBIX OT «;, a TaKXe OT ll?. BuiBoasiuas BTOpas MNPOU3BOJAHAA u?‘?

He BXONMT B ONepatop, TaK KaK ujeH C 9TOH NpPOU3BOAHOH HMeeT BuA
#,,Q a Q=0. ITosromy ypasrenue L [#]==0 Ha nosepxnocti C MOXHO

paccMaTpuBaTh Kak AuddepeHUMaIbHOE ypaBHEHME MEPBOro INOpaika
OTHOCHTE/bHO BLIBOJAILEH nepBod Npou3BOAHOM U

Kax yxe yxasmBajsocb B 1. III, xapakrepucTuueckue NMOBEPXHOCTH
MOTYT CyWeCTBOBaTb TOJbKO B TOM cJyyae, KOraa JeHCTBHTEMbHbIE
GyHKUMM ¢ YHOBIETBOPSIOT COOTHOWIEHWIO (4); TOrjla K8adpamu4nasn
gopua Q(p;) He noMmKHAa OHITb 3HAKOOMpede]eHHOH. YpaBHeHusl, AJs
KOTOpHIX KBalpaTnuuas ¢opma Q, comepwamias n-} 1 nepeMeHHkIX,
MOXeT OLiTh C NOMOUIBI0 JHHEHHOrO NpeoOpa3oBaHUs CBeldeHa K aHa-
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nornyHo#t  ¢opMe, 3aBucAmiel OT MEHbIIETO UYHCAA  MEPEMEHHHIX
(napaonuyeckue ypaBHeHus), ne OyILyT paccMaTpusaTbCa B  3TOM
raase ).

Tenepr MH npeamonoxuM, uto ¢opma Q He TOJABKO He fABJIAETCA
3HAKOOMpeJeNeHHON, HO YTO ee uHOexc unepyuu pasex 1, T. €. uTO
B KaxIOH paccmMaTpuBaeMoH TOuke ¢opMy @ MOXHO ¢ NOMOILBIO CO-
OTBETCTBYIOILEr0 JHHEHHOrO NpeoO0pa3oBaHUsi HE3aBHCUMBLIX IePEMEHHBIX
NpHBECTH K BHIY

Q=0}+ D54 ... 4+ 0% — D},

Torma muddepenunansHoe ypasHenue (1) HasniBaerca 2unepGosu-
weckum. B HOBLIX mNepeMeHHHIX ero rJjaBHas u4acTb B TOuke P paBHa

Uy tggt ooty — Uy

T. €. COBNajaeT ¢ TIJIABHOH YacTbl0 B0.KH08020 YPasHeHus. DIeMeHT
n-mepHo#i nosepxHoct™d ®y==0 Ha3bIBAeTCH 91EeMEHTOM MNPOCTPAHCTBEH-
HOTO THMa, 4 HanpasjeHue ocu P, MOXHO paccMaTpHBaTh KaK BpeMeH-
HYl0 ocb B Touke P. [losasee, B § 3, Mul mamum Gonee ofuuit aHaau3
nouarus runepbonanunoctd (cM. Ttakxe ra. I, § 2), He ucnoab3ys ToT
dakT, 4T0 Q — KBajpaTH4Had QopMa.

ITpocrefiiuM npuMepoM fBJSETCS BOJHOBOE YpaBHEHHE

a1]+322+ ...+tt,m ‘-*lloo:o’

479 KOTOPOrOo XapaKTEepPUCTHYECKOE YypaBHEHHe HUMeeT BH
A+t ol —ef=0.

Koneuno, cymecTByloT KkpaxpaTuunble ¢opMb Q C APYrMMH MHIEK-
caMu uHepuuM#. Mbi BepHeMCA K STHM ,yabTparunepGo/uyecKuM” ciay-
yasM mnosxe, B § 16 sTo# raaBel. TUMUUHBIM NMPUMEPOM CAYKUT aud-
(epeHUNaNbHOE YPaBHEHHKE

Uy + gy — gy — ttyy =0
¢ XapaKTepUCTHYECKHM YpaBHEHHEM
2 2 2 2 e
# -+ 9% — o3 — ¢;==0.
') Teopus muueiiHbIX Napa6oOAMYECKMX YpaBHEHHH BTOPOrO MOPANKA TOX-
po6HO u3soxeHa B 0630pHOH cratbe A. M. Masuna, A C. Kanamuu-

koBa u O. A. Onelinuk, JludefiHble ypaBHEHHS BTOPOro Nopsika napao-
AUYECKOro THNA, Ycnexu Mamex. nayx, 17, Bun. 3 (1962), 3—146.— ITpum. peo.
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2. Jlunelinnie auddepennuaabHbie ypaBHeHus. OO6was cutyauus,
onucaHHas B m. 1, ynpomaercss Ajad JuHefnoro JAuddepeHuuaspHOro
ypaBHeHu

Llu}-+d =0, (6)
rae
Liu)= 3} apttip—+ ) a1 au, @
i,k=0 (=0

a KOIDOPUUMEHTH &;,, @; G ABJAOTCH 3alaHHBIMM (QYHKUUSIMH TOJbKO
OoT n—1 He3aBUCHMBIX MNepeMeHHBX X; Xy ..., X,. TOrAa BHMNOJ-
HeHHe XapaKTepUCTHYECKOro ypaBHeHuss (4) wau (5) 3aBHCUT TOJLKO OT
noBepxHocTd C ¥ He 3aBUCHT OT HayaJbHHIX JaHHBIX; NOITOMY Xapak-
TEPHCTUKH He 3aBUCAT OT TOro, Kakoe pelleHue paccMaTpusaercd. To xe
caMoe CHpaBelMBO, €CAH OT 4 U ee MPOMU3BOINHBIX HE 3aBUCAT KO3(DdHu-
UMEHTHl FJIABHOK 4YacTu, T. e. @;,. Takue ypaBHeHHA HA3bIBAIOTCA n04mu
sunelinomu. TloBepxHOCTh ¢ ==0 B NPOCTPaHCTBEe X, YAOBJETBOPAIOLIASA
ypasHeHuio (4), T. e. Takas, uto Q (¢;) = 0, HasbiBAETCA Xapaxmepucmu-
yecKol nogepxHocmsio AuHeldnoz0 Jugdepenyuasviozo ypasHenus
(6). QueBHAHO, B STOM CcJyuae ruNepGONMUHOCTb SBAACTCA CBOHCTBOM
caMoro au¢depeHUHaIbHOrO YPaBHEHUSs U He 3aBUCHUT OT HAaYaJbHBIX
JaHHBIX.

Cesiab MeXJy XapaKTepucTHueckuM ypaBHeHueM (4) u duddepen-
uMaJbHbIM ypaBHeHueM ()

n n
D @bl — 2 b+ agp =0
k= i=1

MOKHO OMHCATb CJEAYIOIWUM OGPa3oM: NPEeANOJOXUM, UTO QYHKUMA
¢=¢(Xp Xy ..., X,) ABAAETCS pelleHWeM ypasHeHus (4), KoTopoe
paccmarpuBaeTcsl Kak AdddepeHunanbHOe YpaBHeHWe ¢ YACTHHIMU TPO-
¥3BOAHBIMH. Ecau ypaBHeHHEe ¢ == ==cOnst peluTb OTHOCHTEJbHO X,

x():q)(xls x2a “ ey x,,, C)l

TO TOJYYHTCS OIHOMapaMeTpuueckoe ceMeHCTBO pelueHuit ypasHeHusa (5).
O6parHo, ecau
Xo=0 (X, Xg o0y X €)

eCTh OAHOMApaMeTpuueckoe ceMeficTBo peutenuft mudbdepeHuanbHOro
ypasHeHust (5) M 3T0 PaBEHCTBO pPaspelllaeTCs OTHOCHTENBHO ¢ B BYle

=@ (Xg Xy o ovs Xp)

TO ¢yHKuUUd ¢ ABJASeTCA pelleHHeM AuddepeHUHaIbHOrO ypaBHeHUs (4).
[Mycts Tenepb ¢ ==0— npoHsBOJbHasA XapaKTepUCTHYeCKas I[0BepX-
HOCTb, YAOBJIETBOPAIOILAS ypaBHeHHw (4) npu o==0; TOrAd COOTBET-
CTByOlIAR YHKIUSA
Xg=¢ (X Xy veer %)





