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Mur nossosum cebe oGosHauate yepes St Y (X Xy ..., x,)=0
aubo rpanuuny obaactu G, 100 BEPTHKAMLHYIO YaCTh TPAHHILL LMIUHADA Z,
nepReHIUKyasproro f==0, nocTpoenHoro wan rpaxuueit G. Ha S xapax-

R

v
TepUCTHYecKas MaTpuua A== 2 §,A° npocto paBHa
i=0

k
A= D A E=1.)

i=1

TaK KaK KOMIOHeHTa HOpMaiM K Z 7O HanpaB/eHUI0 ocu ¢ obpalaercs
B HYJb.

OcHOBHAst LUeJb 9STOTO NYHKTAa COCTOMT B TOM, 4TOOH cHOpMyIu-
poBaTh COOTBETCTBYIOLIME TpaHMuHHIE yC/a0Bus Ha Z (uaum S) mpu £ >0,
KoTophie BMecte ¢ AaHHbMH Komm Ha G rapaHTHPYIOT eIMHCTBEHHOCTb
pelleHuds ¥ B TO )K€ BPeMs TaKOBH, YTO MOXHO OXHIAATb M CYLIECTBO-
BaHUS pelIeHHus.

CoOTBeTCTBYIOLHE TPAHHYHBIE YCJOBUS, TaK Xe Kak M B I V,
§ 6, n. 4, BeIpaxaiTCA CIeLyIOLMM 00pasoM: B KaxAof Touke x, f Ha
60KOBOfl TMOBepXHOCTH S uMauHApPA Z BeKTOp u (X, ) NPUHALIEKHUT
HEKOTOPOMY JuHeHHOMY mNpocTpaHCTBY N pasMepHOCTH r =k — p,
ofnpeseneHHOMY p JHHEHHBIMH OIHOPOAHEIMU COOTHOLIEHHAMHU

(u, m)=0 (=1 2, ..., p), (13)

rae m’ — nune#iHo HesaBucuMble BexTOpH. Ha mnpoctpancTBo N na-
naraeTcsl CleAyioluee OrpaHHyeHHe: LI BEKTOPOB i, NMpUHALAexaiLux N,
Keadpamuunan Qopma

Qu, wy=_(u, Au)

Heompuyamesvna Ha Z.
O6ocHOBaHHE TaKMX T'PAHMYHBLIX YCJAOBHH NaeT npuMeHeHHe OpPMYyJnl
laycca k¥ cooTHOuEHHIO (2)

fff(u, éu)dtdx+ff(u, Au)dS =0,
D S

n
1

rie A=, Ao, — xapaxTepucTHYeCKad MATpHUA HA T[OBEPXHOCTH,
i=o

orpannunBaomied D. Ecan (2, Bu)— nonoxuTensHO ONpeleseHHas
¢opMa, TO 3Ta popMmyaa obecrneynBaeT eAHHCTBEHHOCTb pelleHUs ypa-
sueHus (1) B D, ecay u3 3aiaHHHIX T'DAHUYHBIX YC/IOBHH ClleLyeT HeoT-
punaTenbHOCTh POpMb (2, Au)= Q(u) B KawIO! TOUKe NMOBepXHOCTH S.
HuTepecHO OTMETHTb, UYTO 3TO 3aMevyaHHe CMPaBelJHBO HE3aBUCHMO OT
TOro, sBJAseTCA JU cHCTeMa (1) rumep6oauueckoft.
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B wuwactHocTH, ecam Mbl BhibepeM B KayecTBe [) UUAHHAPHYECKYIO
obaactb Haa G Mewnay runepnmockoctamu f=0 u f==r1, TO A1 pe-
niedust ypapHeHust (16) Mb TOJAy4uM

[ u)dx!i=;+f [ awasat+ [ [ @ Boyazat=0. (14
G = 0 s D

Torna U3 rpaHUYHBIX YCAOBUH 1J4 %, HECOMHEHHO, C/ICAyeT eAHHCTBEHHOCTD
pellieHuss CMeMIaHHOM 3alauM TaK ke, KaKk 3TO NOJAy4asocs B I 1 aJd
sanayn Komu. DTo 3aMeyaHne ABJSETCA TJAABHBIM B HACTOfILEM NYHKTe.
OnHaKO MBI XOTHM H00aBUTb HECKOJbKO 3aMedyaHuit, yToObl BHECTH 00/ib-
Y0 fCHOCTb M MOJNYYMTL YHNOOHBIf AJA TNpUMeHEHUs KPHUTepu# enuH-
CTBEHHOCTH. )

Bo-nepBhix, s 3afaHHOH MarTpuusi A NPOCTPAHCTBO N MOXHO
suibupath pasauuHbeIMu crmocobamu. HampuMmep, B NPOCTOM cJaydyae, Koria

k=2, a (u, Au)=u?— 43, moGoe nuHeHHOE NMPOCTPAHCTBO, 3alaHHOE

COOTHOWIEHNEM #y— oy =0 ¢ |o| </ 1, oueBUAHO, yAOBAETBOPSLT yCJIO-
BUIO OMpeNeJeHHOCTH.

Bo-BTOpHIX, ecAM 3aJaHO CJHIIKOM MHOTO TPaHHYHEIX YCJOBHH, TO
Mbl He MOXEM OXWIaTh, YTO pelueHHe OyJeT CylUecTBOBATb (HANpuMmep,
B CJyyae, KOTJA MeHblllee YUC/JIO TPaHHYHBIX YCJIOBUH BCe ellle rapanTu-
pyeT eIMHCTBEHHOCTb). TaK Kak rpaHHuHOe NMpPOCTPaHCTBO N TeM iupe,
yeM MeHbllle T'DAHHYHBIX YCJOBHHR MBIl HajaraeM, TO Mbl MPUXOIUM K pac-
CMOTPEHHI0 CJELYIOIEr0 IOHATHA, TECHO CBA3aHHOTO C TpeboBaHUeM
CYIUECTBOBAHUA: 2paruunoe npocmpancmso N 00sxHHO Coimb Marcu-
MANDHBIM HEOMPUUAMENbRUM, M. €. €20 HeAb3A pacuupums 00
60abWe20 AUHEIHO20 NPOCMPAHCMBA, KA KOMOPOM K8AOPAMULHAS
gopua (1, Au) 8ce eue 8C00Yy HEOMPUBAMEAbHA.

Xota Mbl He OydeM HOKa3biBAThb CYLIECTBOBaHUA, MH TNOTpebyeM,
yT00K MPOCTPAHCTBO N ObLIO MAKCUMOAbHBLM.

Camblii BaXHbiit BONPOC, Kacaiowuitcsa N, TakoB: KaKOBa pPasMepHOCTb
npoctpadctBa N, T. e. CKOJbKO JAMHeMHO He3aBHCHMBbIX Ychaosu#t (13)
BCerza OMNpEAENsiOT MaKCHMalbHOEe HeOTpHIaTelbHOE NMPOCTPaHcTBO N?

[pexnonoxum NJs MPOCTOTH, YTO UMAMHAD Z HUrAe He UMeeT Xa-
PaKTepUCTHYECKOT'O HanpaB/eHus, T. €. Ha HeM He 00pallaeTcs B HYlb
HU OLHO coBcTBeHHOe 3Hauende Mmarpuusl A1), Torma Mbl yTBepxklaem
CAEAYIOUIEE: HUCAO UBMEPERUL T MAKCUMAALHOZ0 HEOMPUL,AMELbHOZ0
npocmparcmea N PpaBHO -HUCAY ROAOICUMEAbHHX COOCMBEHHELX
3nadgenuii mampuys A. Yucao r u wuciao p==£k —r ycnoBufi Buia

(z, m’)==0, HanaraeMbXx Ha QYHKUMIO &, He 3aBHCAT OT KOHKDPETHOIO
BHIGOpa MAKCHMAJbHOTO TMpocTpancTsa N (A48 cayuyad ABYX TepeMeHHHIX
cMm. ra. V, § 6).

') Jlerko BHAETb, YTO 3TO YXOGHOEe NMPEANOJOKEHHE HECYUECTBEHHO.
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Kputepuif, koTopri#fi Haer 3Ta TeopeMma, 4YacTO MOXHO Hemocpen-
CTBEHHO TIPHUMEHATD.

JlokaszatebCTBO OMMPaeTcd Ha TOT (aKT, UTO B d-MEPHOM JHMHEHHOM
NPOCTpaHCTBe K-MEpHEIX BEeKTOPOB (T. €. BEKTOPOB ¢ R KOMIOHCHTAMH)
BCErjga MOXHO HaliTH He DaBHBHH HYJIO BeXTOp #, KOTOPHLIH YHOBJETBO-
pAeT § JMHeWHBIM OJXHOPOAHLIM YCAOBUAM, eciad TOJdbKO d—s < k.

PaccmMoTpuM Tenepb INOJHOE MHOXECTBO HODPMHUPOBAHHBIX COOCTBEH-

HEIX BEKTODOB ;, ..., WU, MaTpulbl A, COOTBETCTBYIOMHUX COGCTBEHHEIM

3HaYeHUWsM A, ..., A,. [Ipexno/oxum, yTo mepsbie cOGCTBEHHblE 3HAYe-

HUA A;, ..., A, TIOJIONHTE/bHB, @ OCTANbHBIE OTpHUATeAbHE. Ecau
u—=ua;u,;

TG

(¢, Au)==0a2,.

CHauana mn nokaweM, 4yro dim N <r. [eHcTBUTENbHO, ec/au Obl
npoctpaHctBo N umeno 6onee r u3MepeHu#t, TO Mbl MOraM Obl HadTH
B N BekTop u, Takoft, uToObl BHINOMHAMACH I YCJAOBUH OPTOrOHA/b-
HOCTH o) ==ay= ... ==0a,==0 M, cjenoBaTeabHo, Ob10 Obl (&, Au)=

®

= @A, < 0, YTO MPOTUBOPEUHT TMPELNOJOKEHUID O MNOJOKHTEb-
i=r+1
HOCTH MaTtpuuul A aad Bcex # u3 N.
3ateM Mbl MOKaMeM, YTO NMPOCTPAHCTBO N He SABISETCH MaKCHMalb-
HbiM, ecam d =dim N <r.
Jel#cTBUTENbHO, HAJOXHMM HAa BEKTOP # yCJAOBuUA

(#, Av)=0 s Bcex v us3 N
(¢, u)=0 pmai=r—1,..., k;

9TH YCJOBUS HPeACTaBAAIOT CO00H d -k —r JHHEHHBIX OIHOPOAHBIX
ypaBHeHU# 1/ BEKTOpa 4, U, TAaK Kak d -k — r MeHblie, 4eM R, cylie-
CTBYET OTJIMUHBIK OT HYJ BEKTOP #, YIAOBJETBOPHAIOLHH STHM YCJIOBUAM
(43 MepBOro YCAOBHS chaelyeT, 4yTO # He npuHamiexut N). Toraa mis
Ja000ro BeKTOpa BHAA W =—au -} v, TAe U npunagiexur N, a @ — 1oio-
XUTeNbHA MOCTOSIHHAA, Mbl MMeeM

(w, Aw)=0a?(u, Au)-+ (v, Av) > 0. (15)

DTO 03HAYaeT, YTO BCe BEKTOPH w MNpuHanjexat N, 4TO NPOTHBOPEUUT
MaKCUMaJabHOCTH N, Tak KaK & He JexXuT B N.

CaenoBaTebHO, BO3MOXHO TOJMbKO, 4To dim N ==r, u Hame yTBep-
KIeHHE JOKA3aHO.

AHAJMOrMYHO MOXHO OblJIO OBl ONpeleUTh MAaKCUMAJbHEE OTPHUA-
TeqAbHBiE MpOCTpaHcTBa N* pasMepHOCTH p==Fk — r, KOTOPbie ABAAIOTCA
MOAOAMTENLHLIMH TIPOCTPAaHCTBAMU A Qopmbl — A.
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Ilo cux nop Mul npeanonarand, uto |A}=0. Ecau xe jA]j=0,
TO CYUIECTBYIOT HeKOTOpHie cOOCTBeHHbie (YHKIMH &, YHOBJIETBOPSIOLINE
ypaBHennio Au=0. Tlo cyumecTBy, HHMYero He MEHHeTCH, TOJAbKO MpO-
crpauctea N u N* umenoT oflliee IOMONHHTEJAbHOE, HANPHMED £ -MEPHOE,
NPOCTPAHCTBO TAKHX COGCTBEHHBIX (YHKUHH.

B xaueCTBe MOCHeNHErO 3aMeYaHHs MbI YKaxeM, 4TO 11 CONpPSKeH-
HO# 3ajaun Jnas omeparopa L*{u]=0, paccMarpusaeMoif B 06paTHOM
HANPABJEHNH, T. €. NJi 3aJaud, B KOTOPOH 3aNalOTCsi 3HaueHHd # (X, T)
B obOanacth G W pemienue HieTcss npu £ < T, NpaBUJbHBIE T'DaHHYHBIE
ycJaoBust Ha Z TaKOBbI: pellieHHe # JNOJ/KHO NpPHHAAJIeKaTb MaKCUMalb-
HOMY HeMOJIOXKUTEIbHOMY NpOCTpaHcTsy N*.

4, UnTerpann Heprud Aas OAHOTO YpaBHEHHS BTOPOTo mopsaka.
B 3TOM nyHKTe MBl BHIBeeM 9HEpreTHYeCKOe HEepaBeHCTBO H, Clie-
IIOBAaTeJbHO, MOJY4YUM TeopeMy eIMHCTBEHHOCTH IJIS OXHOTrO rHnep6oJH-
YeCKOr0 ypaBHeHHA BTOpOro mopsanka. B § 3, n. 8 Ml cBeau runep6o-
JINYECKOE yPaBHEeHNe BTOPOro MOPAIKA K CUMMETpUYecKof rumepboauyeckon
cucTeMe NepBoro nopanka. [103TOMy sHepreTHYeCKHe HepaBeHCTBA CJAEAYIOT
U3 pe3y/JbTaTOB NpelbAYILMX IYHKTOB 3TOro maparpada. TeM He MeHee
CTOUT NPUBECTH UX HE3aBUCHMBLIA BbLIBOJ B Clydae YpaBHEHHS BTOPOrO
nopaaka (4TO HCTOpHYeCKM OBLIO CleNaHo paHbiie)!), TaK Kak 9T
HepaBeHCTBA CJYMXaT NMPOCTHIM oOmMM OGOCHOBaHHeM AaA npuMepos § 6
M TaKk KaKk 3TOT BBIBOA SBJSETCA MOLEAbIO BHIBONA COOTBETCTBYIOLIUX
HepaBeHCTB [/ YpaBHEHWUH# BHICIIMX MNOPSAAKOB, uTO OyAeT NpPOLEJaHO
B cjelylolueM naparpade.

Kak u B § 3, MB paccMOTpMM ypaBHeHHe BTOPOro MNOPAAKA BHIA

Lig)=u,— 2 au;+ ... =0. (16)

Mbl nPEANONOKUM, UTO 3TO ypaBHeHHe TunepOOIHYecCKOe M 4TO T'Hmep-
MJOCKOCTH ¢ == const — NOBepPXHOCTH TMPOCTPAHCTBEHHOTO THRA. B cooT-
percTBUM ¢ § 3, Tak OydeT TOrza M TOJbKO TOrAa, KOTJAa KBaJdpaTHuYHAas
dopMa a* monoxurenbHo ompeneneHHa. Mbl BbipasuM L [u] B Buie
IuBEpreHuun 2)

2,101 = (83), —2 3 e+ B (@), + @,

roe yeped @ o6Go3HaueHB! YJEeHbl, He COLEpXKaliue MPOUSBOILHLIX BTOPOTO
nopagka. Ecam Ml aas yro0cTBa NpPeANOJIOKHM, UTO omepatop L e
CONEPKHT WIEHOB HYJeBOTO mopsaka, To Q OyzeTt kBaapaTHuHOR dopmoft
OTHOCHTEJNbHO NPOU3BOJHBIX MEPBOro NOpAiAKa OT 4.

'y Cwm. auteparypy B § 6, c1p. 636.
2) Q B sToM myHKTe M B § 9, KOHeuHO, He 0603HayaeT XapaKTEPHUCTHIECKYIO
dopmy.
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Tenepb MBI HpOMHTErpUPYeM 3TO TONAECTBO MO JAuH3oOOpasHoft 06-
nacta D, orpaHuueHHOM ABYMA HOBepXHOCTAMU S, # S;; eCaM u apasercs
pewenueM ypasHenus L[u]==0, to us dopmyas Taycca Mu mnouayunm,
4TO

fqu—fqd3=fodxdt, (17)
D .

1 0

rae

g=ru? —2 X aVuuf;+ D auuz.

3aecb T M §; 0003HAYAT KOMMOHEHTH HOpMane#t k S, u §; mo Hampa-

BJIGHHIO OCe f M X; HOPMaJau NPOBEAEHb MO HAMpPaBJAEHHIO MMOJIOKU-
TeJbHOR ocH f.

IlycTe Temepb B KauecTBe S, BrOpaHa o6aacts R (0), BbipesaxHas
Ha HavajbHO# runepmiaockoctTy f==0 ¢ noMoUIpbl0 0OPATHOTO KOHOWAA
ayuett I', npoxoasuero uepes Touky P, a §; nycth coctour u3 o6iactu
R (%), BbipesaHHOH KOHOMIOM JydYe#l HA TUNEPIIOCKOCTH ¢ ==/, U u3
M (h), xycka nmosOCTH KOHOMAA, 3AKJIOYEHHOrO MeXAy THHEPTIOCKOCTAMA
t=0 u t=~h. Hnrerpaisnoe coorTHowenxe (17) MOxHO TOrAa mepe-
nucath CaeAyloluM o6pasom:

fqu—i— fqu— fqu:fodxdt.
D

R(h) M (h) R (0)

iz

Kak ykasmBanoce B § 3, BeJMuHHA ¢, eC/M paccMaTPUBATH €€ KaK
KBAJpaTHYHYI0 POPMY OTHOCHTENbHO 4, U #,, HeoTpuuateiabHa Ha R (h),
R(@©) u M(h). Toraa, oGosnauas uuTerpai no R (4) uyepes E (k). mul
MOJYYHM 3HEPreTHYeCKOEe HepaBeHCTBO

E(k)gE(O)—I-fodxdt,
rjae ?

Em= [qds= f{u§+2 aijuiuj}a'x,

R (R R

Kpanpatnunas ¢opma Q Maxopupyercs npoussejeHneM ¢ Ha J10CTa-
TOYHO OoablWyl NMOcTosHHYW C:

Q< Cq.

IMoacTaBasii 3TO COOTHOUIEHHE B 3HEPreTUYeCKOEe HepaBeHCTBO, MbI 110«
Ty YUM
h

E(h)y < E(0)+C [E(t)dt.
§
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npOCTbIM CAeACTBHEM 3TOI0 HMHTErpajbHOrO0 HEPAaBCHCTBA ABJIACTCA
OLCHKa

E (k) < E(0) eC™;

3TO U €CTh UCKOMAasg OKOHYaTe/AbHasd (OPMa SHEPreTHYeCKOrO HePABEHCTRA.
AnaJjorHuHbe HEPAaBEHCTBA I/ HHTErPaJjoB SHEPrHd BLICUIHX MOPSA-
KOB MOXHO MOJYYHTb C moMoluple auddepenunposanus ypasuenua (16).

§ 9. JHepzemuueckue oueHkn OAT YPABHEHWE BbLCHIUX HOPAOKOB

1. BBepenme, Pesyabrathl § 8, kacaioliuecs CHMMETPUUYECKHX CHCTEM
NepBOro NOPAAKA, SBJAOTCA NOCTATOYHO OOWIMMH Ajsi OOJBLIMHCTBA 3a-
Jay O pacnpocTpaHeHWH BOJH, BCTpPeyaloluxcs B guanke. TeM He MeHee
’eJaTeJbHO TMOCTPOUTb TEOPHIO M AAa APYTHX THMepOONMuecHHX 3ajad.
Ilnst Takux Bajad yAOBAeTBOpHTeJbHas Teopus Owmina noctpoeHa !) mpu
CTPOrOM OrpaHMYeHHH, YTO BCE XAPAKTEPHCTHKM PAa3aMYHBI, TaK 4TO BCe
NOJOCTH KOHyca HOpMaje#l MOXHO pasle/HTb MOJOCTAMH HEKOTOPOro
Ipyroro KoHyca.

Mubi Bkparue omuueMm Merton Jlepe [2]%) aas OXHOTO ypaBHeHUA
nopsiaka m. IJTOT MeTol 0e3 Kakux-1M60 M3MEHeHUH MOXKHO TPUMEHHUTD
K ca6o CBA3aHHBIM CHCTeMaM TuNepOOJMYeCKHX ypaBHEeHHH ¢ OIMHAKO-
Boff raaBHo#t uwacTeio. Taxk kax (cMm. ra. I, § 2, o 2) npoussoabHyO
runepOOIMYECKYI0 CHCTEMY C pPAa3/HYHBIMH XapaKTePUCTUKAMH MOXHO
cBeCTH K cJaabo cBs3aHHOH cucreMe, TO MeTOL Jlepe OXBaThiBaeT TaKHe
runepOoTHYeCKHe CHCTeMbl YpaBHeHuH.

Kuaouom Kk Teopemam expunctseHnoctd (§ 8).u cyuwecrsosanus (§ 10)
ABJSIOTCA SHepreTHYeCKHe HepaBeHCTBA. [109TOMY MBI OrpaHM4YMMCA TeEM,
YTO TMOKAXKEM, KaK MOXHO IIOJIyYUTb SHepreTHyeckue olenku Oe3 mnpen-
MOJIOXEeHHS CHMMETPUYHOCTH.

2. DHepreTHYeCKHe TOXJAECTBA M HEPaBEHCTBA JJA peleHuii
runepGoNHUYeCKUX ypaBHeHH#l BhICwMX mnopsaakoB. Mertox Jlepe
Fopaunra. Meron, npuMeHeHHbi#t B § 8 K ypaBHeHUSIM BTOPOrO HOPAIKA,
COCTOSIT B TOM, uT0 ypaBHenue L[u]=0 ymuoxaiu na Ju/dt, n noay-
YeHHOe KBajJpaTHYHOe BbIpAXKEHHEe HHTErpPUPOBANU IO JUH3000Pa3HOM
obnactd, mHpHYEM C MNOMOIIBI0 HHTErPUPOBAHHA MO UACTAM pe3y/bTar
yAaBaJOCh CBECTH K CyMMe HHTerpajsoB mo o0macTd M 1O TpaHule OT
KBaJpaTUYHBIX (OPM OTHOCHTENbHO INEPBLIX TNPOU3BOJHLIX (QYHKLMH 4.
IMocaennuft war coctossi B LOKa3aTeAbCTBE TOTO, 4TO TPaHHUHbIE HHTE-
rpaJibl — MOJOKUTENLHO oOmnpefedeHupie. YTo6b 0000LIUTL 3TOT METOL
HA ypaBHEHUs BHICLIMX NOPSIKOB, MBI LOMKHB 1) BeOpaTh noaxonaiuui

) Tlocrpoenne o6meit teopun Hauaxa M. I'. [Nerposckuit, cM. paGoThl [5]
44 .
2) Wssamubie paccyxieHus Jlepe paadbl 3jgech B nzaoxenudn [opaunra [3].
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MHOXHUTEAb, 2) NpousBecTd Npeo6pa3oBaHHe C MOMOLILI0 HHTEF PHPOBAHUS
N0 4¥acTaM H 3) YCTaHOBUTb, UYTO TPaHHUHbIE MHTETPabl NOJOMXUTE/bHO
onpeJeseHHble,

[Iycte L — runep6oaudeckuit onepatop mopsaka m. Muoxutens
6yner umers Bui N [#], rie N — HeKOTOpHH omepaTop nopsaxa m — 1.
[Tpexne uyeM BHIOpaTb KOHKpeTHH#l BWi ofepatopa N, Mbl BHPAa3HM
npoussenenre N [#]L[«#] Kak CyMMy nuBepreHUu¥ H HEKOTOPOH KBajapa-
TUYHOH GOPMEI OTHOCHTEJbHO NPOM3BOIHBLIX MOPAAKA, MEHbIIEro m. IJTO
¢dopMalibHOE TOXKAECTBO He 3aBUCUT OT rumepboauuHOCTH omepatopa L.
Yto6bl BHIBECTH €ro, Mbl OPPAHMUYMMCA 4YJeHaMH nopsika m—1 u m
B omeparopax N u L COOTBETCTBEHHO, TaK KaK MNpPOHM3BeleHud, COLep-
Kamue yaeHsl Gosiee HUSKMX MOPAIAKOB, MOXHO BKJIOYHUTh BO BBENEHHYIO
Hiuxe dopmy Q.

IMycts G — HekoTopas o6nacTh, a B —ee rpanuua, npuieM KOMNO-
HeHTHI eNMHHUHOIO BEKTOpPA HOPMaJH K rpaHule pasibl y;. Toraa cyiue-
cTBYIOT ABe ¢opmbi ¢ (#) U Q(4), KBaADATHUHBIE OTHOCHTENbHO MPOU3-
BOAHBLIX (YHKUMH & 100 nopaika m-— 1 BK/IIOYMTEJIbHO H TAaKHE, YTO

[ [NwiLwmdx= [qwas+ [ [Quax. (1)
G B G

rie dS—oiement mnosepxHocTd Ha B, a dx -— snement ob6vema B G.
Hocratouno noxasats copmyay (1) B cayuae, koraa N u L — oaHo-
HaeHb, N=aD\Dy ... D,_,, L=0bD,, ... Dy,_,, rae cumoas D
J=1, ..., 2m — 1, 0603HAYAI0T YACTHbIE MPOM3BOLHbIE MO HEKOTOPHIM
nepeMeHHBIM (9TH MepeMeHHble He 00f3aTeJNbHO pPas3/JU4YHBL A Pasauy-

HHX f), @ @ u b — ¢pyukunn x. HHTerpupys 1o yacTaM No nepeMeHHOH,
cootsercTBywuielt D, noayuaem

[[ab(Dy ... Dot} Dy ... Doy} dx=
a
=— [ [ab (D, ... Dy} {Dpuy - Dyp_yu}dx+ O,
(¢]

rae uepes O 0003HAYEHB! Y/EHbI, KOTOPbie BOHAYT B Q W/H ¢, NMOCKOJBKY

OHH, KaK TpeéyeTcn, ABJAIOTCA HMHTErpaJaMd OT KBAAPATHYHLIX (pOpM,
4 HMEHHO

- ffDm {ab} {Dl e Dm—lu} {Dm+1 e D2m—lu} dx+
G
~+- fab {Dy ... Dyp_yu} {Dppyy + v+ Dypyqt} 1, 4S.
B

[lepBbift ujJeH CHOBA MOXHO Inpeo6pasoBaTh, MHTErPHPYa MO YaCTAM
NOC/AeAOBATENBHO MO TMepeMEeHHBIM, COOTBeTCTBYyOWMM D), ..., M TaKuM
o6pasoM mocJer0BaTebHO nepebpachiBas nuddepenuuposanns D; u3
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nepsofi cko6ku {...} Bo BrOpylw. Ilocne HeueTHoro uucaa 2m — 1
TakuX omepauuit onepatopsl N H L TNOMEHAITCA MeCTaMU U MOJAy4HTCA
TOXIECTBO CJIELYIOLIEro TUMa:

ffN[u]L[u]dV::—ffL[u]N[u]dV+
a aG

+2fq(u)ds+2fo(u.)dv,
B ag

rie ¢ 1 Q—KBagpaTuuHbie GOPME OTHOCUTENbHO MPOH3BOAHBIX 10 (m—1)-T0
nopsska ¢yHxuuu u. Otciona caenyer TpeOyemoe roxiecrso (1). 3a-
MeTuM, 4T0 Q==0, ecau ko3dduuueHTH onepaTopos L u N NOCTOAHHBI
u ecid L u N He comepXar 4YJIeHOB HH3LIEr0 NOPAIKA.

- KsagpatuuHaa ¢opma ¢ (u), cBa3aHHas c onepatopama L u N u
NOBEPXHOCTHIO B, He ompenenseTcs OXHO3HAYHO, eC/aH ROPAAOK L Bhilue
IBYX M ecnu uMmeercs 6ojee NBYX He3aBHCHMbIX nepeMeHHbix. Ho moObie
JBe Takue (OPMH OTJHYAIOTCS HAa 4YJeH BUAA JHUBEPreHUUHM HA TMOBEPX-

HOCTH, T. €. 3HauyeHue fq(u) dS He 3aBMCHT OT KOHKPETHOro BhiOOpa
B
¢opmel ¢.
Ecau omepatop L runepboauuecku#t, a G — aunzoobpasHas 06JacTb,
orpaHuyeHHas ABYMs NOBEPXHOCTAMU NPOCTPAHCTBEHHOro Tuma S, u S,,
MMEWIKMHE OOHyI0 TpaHMLy, TO Ml MNOMbITaeMcs Tax BLIOparb onepa-

T0p N, u4ro0Bl rpaHHuHbIf MHTErpa’ fqu B ¢opmyae (1) 6bia mouo-

KHUTEJbHO OMpelefNeHHbIM Ha S; M OTpHUATENbHO ONpeleNeHHHM Ha S,.
dto Gyler BHINOJHEHO, ecJau Mbl, caeays Jlepe, BwiGepeM omnepatop N
TakuM 006pa3oM, Y4TOOH nOo4OCMU €20 XAPAKMEPUCMULECKO20 KOHYCA
HOpMasel pa3deasru noaocmu KOHyca nHopmaaeld 04n L B caenyio-
eM CMBICe,

Mycts L(§) u N (§) — xapakrepuctHueckue GOpMbl, CBA3aHHbIE C Olle-
patopamit L u N. Mbl HaszoBem Hanpasnenue { Hanpasienuem npocmpan-
Cm8enn020 muna nas oneparopa L, ecam ans nwboro Hanpasienus 0,
He napaateabHoro {, xapakrtepuctuueckas ¢opma L (AL + 6) obpawaercs
B HyJb AAs m NeHCTBUTEJBHBIX pasiMYHBHIX 3HadeHu#t A. [osopsar, 41O
XapaKTepHCTHKH omeparopa N pasgensioT XapakTepucTHku L, eciu
¢dopMa N (A, 0) obpawaercs B Hyab OJas m — 1 JLeHCTBUTEAbHBIX
pasAuuHLIX 3HAYeHHM A u 3T 3HaueHns A pasgensior!) KopHu Qopmul L.

Ilns naHHoro runep60JMYecCKOr0 oOnepatopa L MOXHO NOCTPOHUTb
onepatop N Ha eNHHHIY MeHbIUETro NMOPAAKA, XapaKTePUCTHKH KOTOPOro

1) Herpyano nokasate, uto ecin onepatop N o6iagaeT sTHM CBOHCTBOM
paspenenus JNAS OHOTO HANPABJEHHN MPOCTPAHCTBEHHOro THMA {, TO OH GymeT
PasgeAdloUM XA BCEX HANpaBJeHUH MPOCTPAHCTBEHHOrO THIA.
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pasjenqioT xapaxkTepucTukH L. Mbl MOXeM, HampuMep, B3fTh
NO=LE+)| .
A=0

To, uro N ecTb pasiejsiOUIHA oONeparop, MOJayyaeTcd KaK Henocpex-
CTBEHHOE CJEACTBHE KJIACCHYECKOH TEopeMbl O TOM, YTO KODHM MHOrO-
4JeHa pasfenfloTCs KOPHAMH €ro NpoHM3BOAHOR.

Tenepr Mbl Gojiee TOYHO CHOPMYJIUPYEM YTBEPKAEHHE O TOJOKH-
TeJbHOH ONpeNe/JeHHOCTH TpPaHHYHBIX HHTerpajsoB B dopmyne (1). Mu
NpeAnoJOXKUAM, YTO UMeeM CaMbll mpocTo# cayua#h: nycte S; u S, — nBse
ranepniockoct™® f=0 u =T, u nyctb X03(dHULUHEHTH ONepaTOpPOB
L n N mnocrosHuel. Mbl npeanoJoxuM TaKxke, HTO pPaCCMATPHBAEMOe
peiredde x ofpailaeTcs B HyJab JJA9 JLOCTATOUHO OOJNbIIMX 3HAYEHUH
MPOCTPAHCTBEHHBIX MEPEMEHHBIX (T. €. MePeMEeHHBIX B TUNEPMIOCKOCTIX S).
Mpul yTBepxmaeM TOraa caelyiollee.

Ecnu onepatop L runepfo/mueckuit H ero XapakTepUCTUKH PpasleeHbl
XapakTepucTHkamu oneparopa N, W eciu TI'HNEPIJIOCKOCTH f == const—
MOBEPXHOCTH TNPOCTPAHCTBEHHOTO THMA, TO KBaAPATHUHBIA (YHKIMOHAT

f q (u) dx, cBssannbiit c oneparopaMu N, L M THNePIIOCKOCTAMH £ == const,

ABJIACTCH NOAONCUMENBHO ONRPEOeAeHHbLM, T. €. IJA BCeX TAaAKHX
¢GyHKUMH, 0OpaILAOIMXCA B HYJAb NpH OGOJbLWIAX 3HAYEHMIX |x |, Mol
uMeeM

fq(u) dx > const - fz |D*u |?dx, )

rle CyMMa B NpaBOH YacCTH PacmpOCTPaHEHa Ha BCe YacTHble NPOM3BOM-
Hble (GYHKUUM 4 TOPAIKA, He Mmpesniluaiomero m — 1.

B aHajOrHYHOW CHUTYyauUuH AJs ONepatopoB BTOPOFO MOPAIKA Mbl
NPOBEPH/H MONOXKHTEIbHYIO OIpELeNeHHOCTh COOTBETCTBYIOIErO KBaj-

paTHYHOrO (yHKUHOHANA fqu. NMOKa3aB, YTO MOAMHTErpajbHas (QyHK-

uug g (&) ecTb TMOJOXHTENbHO ONpele/eHHas KBaApaTHYHas ¢opMa OT-
HOCUTEJbHO [MPOU3BOAHHIX MEPBOTO MNOpsika OT ¢yHKUuM u. B obuwiem
clyuae 3TO He BCErla CNpaBe]IMBO W, ClENOBATE]NbHO, TaKyl0 NMpPOBEPKY
NPOU3BECTH HEBO3MOXHO. BMecTO 3TOro Mbl NpUMEHHM KpUTepHH MNO-
JOXKHUTE/IbHO! OnpeleseHHOCTH, NpuHaltexawu#t opaunry [3].
OG6osnauum uepea U () npeoOpa3oBaune Pypbe N[O NMPOCTPAHCTBEH-
HbIM TlepeMeHHbIM ¢yHkuun 0°u/0f’. Tlycts D"u — nmobas vacTHas npo-
H3BOIHAs OT & mopsiaka m — 1; 3anuwewm ee xak D ... D,_,_0"u/oF,
rie cuMBoanl Dy, ..., D,_,_ ., cHOBa 0003HavalOT HKHdepeHLu-
poBaHue NO NPOCTPAaHCTBEHHHM nepeMeHHbIM. (COrjaacHo XOpowo us-

BeCTHHIM NpaBuJaM, npeobpasosanne Pypve nponssogHo# D®uz pasno
.m=1-v,.

i & ... &p_1—sU,.) Tlpumenas ¢opmyny IlapceBans, MB MOkeM
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BLIPA3HTh f ¢ dx Kak HHTerpaj no NPOCTPAHCTBY £ OT COOTBETCTBYHOIIEH
3pMUTOBOI HOPMH A:

[ewaz= [N r,6UT,d

rie lzvyL ~— MO/JUHOM CTeneHu 2m — 2 — v — . OTHOCHTENbHO &.
AHA/JOTHYHO MBI HMeeM

[ X1orupae = [ R v, pa

2 K/
rie |£| o6o3Hauaer (Ex—{- —}—Efn) *, Takum 06pa3OM, HepaBeHCTBO (2),
KOTOpPOe MBI XOTHM [10Ka34Tb, IKBHBAJEHTHO HEPABEHCTBY:

f N #,,UU, de> const- f NP, e 3)

Tax kak ¢ynxkuuun U, v=20, ..., m — 1, He3aBUCUMHI APYT OT Apyra,
TO JIETKO BUAETb, YTO TaKOE HEePaBEHCTBO CNPAaBEAJIHBO TOrAA H TOJBKO
TOTA, KOLNA 9pMUMOBA POPMG B NOAONUMENLHO OnpedeseHia OAS
scex k.

TakuM o6pasoM, uToObl NOKa3aTh HEpPaBeHCTBO (2), OCTAETCH TOJbLKO
NpU YKa3aHHBIX YCJHOBHAX IPOBEPUTb, YTO SPMHTOBA (HOPMa, CBA3AHHALA
C ¢, TIOMOXKUTEJbHO onpeleneHHa. ITo 9TOMy MOBOAY MBI COLIEMCH Ha
y¥e YNOMAHYTYI0O cTaThio ['OpamHra.

Mpbl pesloMupyeM HallM pe3y/abTaTH, Kacawouecs ypaBHeHMH C mo-
CTOSIHHBIMH KO3((HUUHEHTAMH, KaK 3aKOH COXPAHEHHS SHeprHH.

ITonoxHuTeNbHO oOmpele/eHHas BeauyuHa fq(u) dx, KOTOPYIO MOXHO

paccMaTpuBaTh B KauecTBe ,MHTerpaja 3Hepruu“, IJa BCeX perneHuft
ypasuenuss L[u]=0 He saBucuT OT £f. DTOT pesyabTaT MOXHO Oe3
CYLIECTBEHHbIX TPYAHOCTEH pacnpoCTPaHHUTh Ha YPaBHEHUs C MepeMeH-
HBIMH  KO3(duuueHTaMH. MOMKHO NOCTPOUTb aHAJOTHYHLIH ,UHTErpasn
SHEPTUH®, KOTOPHH, XOoTd u OyleT 3aBHCeTb OT ¢, HO OyldeT pacTH
C OrpaHHYeHHOH CKOPOCTbIO, T. €. ero 3HaueHue npu f==7 mnpeBnIuaer
ero sHauenue npu f==0 He Gonee ueM B ¢C7 pas. Besnuunna nocrosusoft C
3aBHCHT OT KO3((dUUMEHTOB onepatopa L U OT BeJMYMHBl HX NEPBLIX
TNPOHU3BOAHBIX 1)

3. Jipyrue meroasl. Hano o6patuTh BHHMaHHe Ha APYroH TmoAxon
K S5TOH 3amave, npuHaniexawmit Kambaepony u 3urmynay. Hx
pabote [1, 2], xacawlimecs CUHTYJAAPHBIX MHTErpajbHHX YypaBHEHHH,
damu rubkoe OpyaHe NJIsi HCCIeNOBAHUS 33[a4, PacCMaTPUBAEMBIX B 3TOM
naparpade, ¥ nJis M3yUeHHs IPYTHX BONPOCOB, CBA3AHHBIX C JIHHEHHHIMH

'y CMm. pabory [opamura [3]. Mm BepHemca « HepasencTBY [opaunara
B tome IIL
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ypaBHEHUAMH C YacTHBIMH INpOU3BOAHbIMH. OCHOBOH MeToa sABJAsETCH
TOT (DaKT, UTO, NMpPUMEHSs COOTBETCTBYIOIME HHTErpajgbHble ONEPaTOPHI,
MOXHO MDPUBOAUTb AudepeHUnaTbHbIE ONEPaTOPHl C YACTHHIMU TMpPOU3-~
BOIHHIMU K CHMMETPHUYECKOMY BMAY M TaxuM o6pasoM IoayyaTb OT-
JUYHBIE OT MeTona Jlepe cmocoGw! BLIBOLA 3HEPreTHYECKHX HEPaBEHCTB!)..

Haxonen, Mpl AaiuM cXeMy ADYroro A0KasaTeJbCTBA 3HEPreTHYECKHX
HepaBeHCTB, mpuHasiexaulero Ile#sepy [1] u ocHOBaHHOTO Ha HOpPManb-
HO# ¢opme JHHEHHOro runepbOIMYECKOrO omepaTtopa IJs ABYX mepe-
MeHHHX X u f, BRefeHHO# B ra. V, § 8, m. 2 u 3.

Cravana Mel paccMOTpHM runepGonueckut onepartop L [«] nopsaxa m
OTHOCHTEAbHO (QYHKUMM 4 (X, £) HABYX NepeMeHHBX X, £, NpuueM 6yleM
CUMTaTh, YTO OH 3ajJaH B HOPMAJbHOH ¢opme:

L{ul=DD, ... D,u—+R, )

rae nuddepeHunanbHell onepatop R CONEPKUT TOALKO MPOHU3BOJHBIE
NOpAAKA, MeHbIUero 4eM m, M TAe Bce m onepatopoB AudepeHIHpo-
BAaHWS 1O XAPAaKTEePHCTHYECKHM HampaBieHusaMm D;=0/0ft— t'0/0x pa3-
auydbl.  (OG03HAYeHHS HeCKOJbKO OTJMYAIOTCS OT TeX, KOTOpPbIE Ipu-
mensaucb B ri1. V, § 8.) Mw BBesem omepatopu V;=(D, ... D,);
nopanka m — 1, npuyeM B IPOU3BEJEeHHH, CTOALIEM B NpaBoOd uyacTy,
nponywen Muoxureab D;. Coraacho pesyabratam ra. V, § 8, Bce
NpoU3BOJHbIE NOPANKA m— | u GoJiee HUBKMX TOPSAKOB MONKHO JIMHEHHO
BHIPA3UTh uepes BeauuuHbsl V;u. Mbl paccMOTpHM pelueHde 4 ypaBHe-
g L[u]=0 B cinoe X: 0 Lt T 1 nNpeanonoNKuM, 4TO (QYHKUMS &
¢unntHa B L, T. e. o0pamaerca B HyJb, eCIH BeJHYMHA | X | mpeBbllIaeT
HEKOTOpOe (UKCHPOBAHHOE YHCJIO.
Tenepb Mbl BBeleM omepatop nopsixa m — 1

Nlu) mjg}l Vv, [al, )

KOTOPHH MOXeT OHTh MNOJYYeH u3 omepartopa L ¢ moMowlpio ¢opManb-
HOrO IHddepeHLHPOBAHHS €r0 TIaBHON YacTH OTHOCHTEJBHO CUMBO.JA 0/0f.
Mpl cpasy e NOJYYHM OCHOBHOE TOXAECTBO

N{alL{u)=-5 ¥ D;(V;uP +Qlul, ©
i

rone Q[u]— xkBaApaTHuHad (oOpMa OTHOCHTENLHO TPOUSBOIHBIX & §IO-
palKa MeHblIero, ueM #2. ViwTerpupys mo Bcemy CJOI0, yuMTBHIBaf, 4TO

1) CM. TaKxe MO3[HeHmHe PE3yALTATH Muzoxara [1) u 12}
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¢byHkuMs u puHATHA, ¥ PACCMaTpHBaA [ KaK MapaMeTp Ha Kaxno# u3 &
XapaKTePUCTHK, Mbl TMOJYYaeM HMHTErpajgbHOe COOTHOIIEHHE

0= [ [NulLluldxdt= [{gu(x. T))—qu(x, 0))1dx +

z

+f:fQ(u(x, t))dxdt:E(T)—-E(0)+fng(u(x, £))dx dt,

1
rie q(u)= 5 2 (V; #)? — nonoxureabHO ONpeeNeHHas KBaApaTHYHAs

¢dopMa, a E(f) obo3HauaeT ,HHTerpan 3Hepruu“

E(t):fq(u(x, £))dx. )

OueHuBas NPOU3BOJHBIE HU3IUIUX MOPAIKOB TaK, KaK 9TO NEJaN0Ch Bhillle,
MBI MOUTH Cpasy MOJIyyaeM, 4TO

T
fo(u(x, t))dxdt<const-fE(t)dt.
b3 0

CrenoBaTeabHO, A4S HAlero peuwleHus u ypapHenus L [u]==0 cnpasea-
JIMBO 3HEp2emuyuecKoe HepaseHcmao

T
E(T) < E(0)~- const - f E (9 dt, (8)
0

nipuyeM E (f) — nonoxuTenbHbI# KBaApaTHYHbIH (DYHKUMOHAT OTHOCHTEIbHO
NpoU3BOAHLIX (m — 1)-ro nopsaka ¢yskuun u ).

Chenyomuit 1ar ‘COCTOAT B PACHPOCTPaHEHHA ITOTO pe3y/bTaTa Ha
cayyalt n nepeMeHHBIX X, ..., X,. JlAs9 3TOro Mbl MNPEANOJOXHM, YTO
oneparop L uMeeT NOCTOsHHbie KO3(duuueHts. Toriaa, KOpoTKO roBops,
HepaBeHCTBO YCTAHABJIMBAETCSl TAK: CHAuYaJaa C TIOMOIbIO mpeobpasoBaHus
dypbe pelesue £ pasnaraeTcsd Ha IJIOCKHe BOJHB U (f, y; a), 3aBuca-
M€ OT €eIMHUYHOIO BeKTOpa & B TPOCTpaHCTBe X: u(x, f)=

") Hago samerutb, 4TO, Kak OblAO yKa3aHo NpH (GOPMAALHOM BHIBOAE pa-
BeHcta (1), dopmyna

[[NvimLmasat= [(g@en 1) —q@x0))dx+
+fo(u(x,t))dxdt

'TIOAY4YaeTcs NpPH NOBTOPHOM HHTErpUpOBaHUH BhipaxeHus N [u] L [u] mo wacram
10 NEpPeMEeHHBbIM X H f; NOAy4YeHHasa TakuM 00pa3oM ¢yHKUHA ¢ (4) MOXET OT-
nUYaThCH OT HameHd QyHKUMH TONbBKO BHPAKEHHEM THMA IHBEPTeHIHH, TaK 4YTO
3nauenve PyHxkuuoHaxa E (f) He uaMeHAeTCH.
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= f v(t, y;, a)da, y=(a, Xx), NpuueM NJOCKass BOJHA ¥ KaK (YyHKUHUA
la|2=1
X ¥ t yaosaersopsieT nuddepeHyuasbHOMy ypaBHehuo L {v] ==0. ®unur-
HOCTb (YHKUMH & oOecneydBaeT BO3MOMNHOCTb TAKOTO PA3JOXEHHs U CO-
OTBETCTBYIOILETQ Pa3/ioKeHU AJA BCeX NPOU3BOIHHIX #, BXOASUIMX B OIne-
patop L. Toraa MOXHO NpUMeHHTb TMNOJyueHHble Bhillle 3HepreTHYeCKHe
COOTHOWEHHA K (PYHKUMH v, 3aBHCALieH OT ABYX NepeMeHHBIX ) U £, a
3aTeM HHTErpHpPOBaHHE MO « MO3BOJIET C MOMOLILIO dopmyasl [Tapcesans
TMOJIYYHTb HCKOMble 3HEpreTHyeckHe COOTHOMEeHHd Aad ¢yHkuaum u(f, X).

§ 10. Teopema cywecmsosaHus

i. Beepedne. B 3TOM nyHKTe Mbl NDHMEHHM OSHepreTHYecKHe He-
paBeHCTBa, mnoJjyueHHbie B § 8 u 9, Ana HokasaTeNLCTBAa CYylECTBOBA-
HHSA pelleHHH CUMMEeTPHYECKMX TrunepOOMHYECKHX CHUCTEM YpaBHEHHH

Liul=u,~+ Mu]==0 )

C NPOU3BOJbHBIMM TJAIKHMH Haya/JbHBLIMH YCJ/IOBHSMHY.
Mbl HamoMHMM, uTO ¢opMmyaa Aasa pewlenus 3agadd Kowwu B ciayvae
HEOJHOPOAHOTO ypaBHEHHS

Liu] = f (x, £), (1)

YyZOBJETBOPAOLIEr0, HanmpuMep, HA4YaJbHBIM ycaoBuaM u#(x, 0)=0, nmo-
Ay4aeTcs HeNOCPeACTBeHHO U3 npunyuna Hwamessn. Ecan U (x, ¢ ©) —
pewrende ypasuenus (1) mpu £ >, Takoe, uro U (x, t; t)== f(x, 1),
TO pelleHHe # onpeleaserca GopMmyaoH

t
u(x, t)=fU(x, t; 7)d.
(4}

TakuM 06pasoM, Mbi MOXEM OrPAaHMYHTHCH JOKa3aTeAbCTBOM Cylile-
CTBOBaHMS A/ OJAHOPOAHOTO ypaBHeHus (1).

s toro uroO6bnl CcHOPMyJHPOBATH pPesyabTAT B AOCTATOUHO OOLiEM
Buie, YXOO6HO OymeT caelyouwuM o6pasoM BOCHOJAb30BATLCA TepMH-
HoJorHe#t ruabOepTOoBa mpocTpaHcTBa. PaccMOTpUM B NPOCTpaHCTBE X
obaacTe R, 3aBucaulylo, MoxeT ObiTb, OT napamerpa £, U ,rjaajKue
¢yHKUMMC & B ofaacTH R, o6/ajaiouide HenpepHBHBIMH NPOH3BOLHBIMU
A0 MOpsiKa 7 BKJIOUATENbHO. B kadectBe obnactet R (uam R,) He
o6s3ate/bHO BHIGHPATL NJIOCKHE CeyeHHs KoHouja saucumoctd I'p mus
HekoTOpo# Toukn P. Osu, HanpuMep, MOLYT COOTBETCTBOBaTb 00/aCTH
8aBHCUMOCTH A/ NPOM3BOJLHOH nocko#t obnactu £ ==const B cJjoe X
(cM. § 7). dynxuun u He oOs3anbl ObTb pewrennsMn auddepentyuas-
HOro ypasHenud, Mbl 8BeleM Temepb ruabGepToBO npocTpanctso H, (f)
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*
uan H, (t) kax nononxerne ) Hallero npoCTPaHCTBA TJALKHX (QyHKUMH &
*
no HopMe r-ro mopsanka [u(¢)||, uau |u(#)|,. onpenenentoti 8 § 8, n. 2.
Torpa sHepreTHyeckHe HepaBeHCTBAa § 8 1al0T CaeldylOlliee yTBepikAeHHUE:

*
ec/id HauaJbHble 3HAYeHUS NpUHaAjexat npocrpauctsy H, (0) wan H,(0),
TO 3HAuYeHUA # pellleHust ypasHeHus (1) Aag AOCTATOYHO Ma/biX NOJO-
KHTEAbHHX { TIPUHAL/IENKAT COOTBETCTBYWOIUEMY NpPOCTpaHcTBy FH ()

UM H:(t), a HX HOPMBI DPABHOMEPHO OrpaHUYeHbl NPH OrpaHHYEHHBIX
3Hayenuax f. CrpaBelnuBOCTb 3HePreTHYECKHX HEPABEHCTB € HOLXO.S-
LUIMMH KOHCTAHTaMM A/ TPOM3BO/IbHBIX oOsacteft R au60 MomxeT OBITH
JIOKa3aHa HeroCpeACTBEHHO, MUO0 5TH HEepPaBeHCTBA MOTYT OBITb MOJYyUYeHb!
C MOMOIIbI0 OObelHHEHH HeCKOJbKHX oOaacTefi R, ONHCAHHOTO BHIILE
THIIA.

B HEKOTOPBIX YACTHHIX CAYYASX 3AeMEHTH a6CTPAaKTHHIX NPOCTPAHCTB F1,
MOTyT ORITb CBA3aHB C OOBIYHBIMM (YHKLHAMH. ITa CBSI3b yCTAHABJH-
BaeTcs ¢ mnoMouipio jgemmbl Cobosepa (cM. rua. I, npuaoxenue 1),
KOTOpas YTBEePXKAAeT, uTO I8 NOCTaTOYHO OGOJbIUMX 5 3MeMeHTs F,
OynyT rnagkuMu QyHKUMSAMH. A MMEHHO, ecaM R — orpaHHyeHHad 06JacTb
C TrJaaikofi rpanuueit u ecmu 2r >n, 1O

max |z (x)| < const - |lu||,,
X€ER

npuyeM BeJHYMHA TIOCTOAHHOH 3aBMCHT TOAbKO OT R u oT r. Kpome
n H
TOro, Anas r> 7—{—8 BCE 3JEMeHThl TNpocTpaHcTBa fI, uMeloT orpa-

HHYEHHBlE YACTHble MPOM3BOAHBLIE A0 MOpAAKA S.

B nono/aHeHyue K 9SHepreTHYeCKUM HEpaBeHCTBAM HeOGXOAMMO HMETb
KOHCTPYKTHBHLIH 3/eMeHT; 31ecb ero jpaer teopeMa Komwu— Kosaaes-
cko# 2), ecam caenosath uiesM Lllaymepa [4].

!) 310 osnavaer crexylomtee: ecu Uy, ..., #j, ... — NOCAEAOBATEAbHOCTD
¢yHknui, uMmewnomux B o6nacTH R HenpephIBHHE IPOH3BOAHBIE IO TOpSIKA r
BKJIOUATE/ILHO U DaBHOMEDHO OrpaHHYEHHbIE HOPMBI || &jll ,, H €CIH, KPOME TOFO,
¢yuxuun #; o6pasyioT NOCAENOBaTEAbHOCTb, (YHIAMEHTaJAbHYI0 B HOpMe no-
paaka r, T. €. ecaH [ju;—ujll,—>0 mpu i->00, j—>0O, TO MH NPHIIHCHIBAEM
NOCAENOBATENbHOCTH {4;} B KauecTBe npejela uleaibHbift saement u. [lpu-

MEpHO TaK Xe BBOAATCS AeHCTBUTEJbHBIE YHCAA KAK MOMOJHEHHE CHCTEMB pa-
HUOHaNbHBIX YHced. HopMa npenenbsoil GyHkuun ompegeasercs dopmyoi

lall,= lim [[u;]l,.
j->o

2) Jlpyrue upeun cM. B pabore Ppumpuxca [2]; TaMm NPUMEHAIOTCS KOHEYHO-
PasHOCTHble ypaBHeHus, a B pa6ore Il. Jlakca [6] — oproroHajnHble npoexkunu
B ruab6eproBoM npocTpaHcTBe. OTHOCHTENBHO TEOpEM CYILNECTBOBAHHSA peIleHHH
CMellaHHbIX 3ajay A48 ypaBHewu# BToporo mopsaxa cM. Kmmkanckui u Llay-
nep [1] u Jlagpoxenckas [1]). Hexoropwli kaacc cMewWaHHBIX 3ajgay s
ypaBHeHuil, KOTOpHle He 0643aTeJbHO NOMKHbI ObiThb THNEPGOJIMYECKHMH, pac-
cmaTpuBaerca B pab6ore Ppuapuxca [3], cm. takxe I1. Jlakc w Puaaunc [1].
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Mbl pazuM nogpoGHOe NOKA3aTeNbCTBO IJS CUMMEMPULECKUX TH-
nepGoHYECKHX CHCTEM NMEPBOFO MOPAAKA W KOPOTKO MPOBEJEM pPACCYX-
LeHHsl /1 HeCMMMETPHUYeCKMX CHCTeM M I ypaBHeHHM BHICHIEro Io-
paaka. Kpome rtoro, ykaxmeM, 4to 3aMeuanns B § 4, 0. 7, U INO3xKe,
B § 15, npusonst K APyroMy cnoco6y NOCTPOEHHs pelleHHS.

2. Teopema cymecTBoBanHua. 3adaxa Kowu dasn ypasruenusn L [u]=0
¢ ycrosuen u(x, 0)==0(x) umeem 8 R(f) zaadxoe pewenue u,
ecau onepamop L 2unepb6oaruneckuii, a ezo xosgguyuenms u Ha-
waasHan PYwxyus $ uwmeom O0OCMAMOUKROE HUCAO RPOUIBOOHHLX,
Ecau u npunaodaexcum npocmpancmsy H, nHad o6aacmsio R(0),
mo u npunadasexcum H, u 8 sw6om cewenunu R(f) koHouda 3asu-
cumocmu.

Heofxoaumo nobasute caenyiowee: ecid (yHKuus  NpocTo Hempe-
pHIBHA M4 He MMeeT LOCTATOUHOTO YMCJIa MPOM3BOAHBIX LI TOro, YTOOH
ofecrieunTs TIaAKOCTb DeIlleHU 4, TO, TeM He MeHee, MOMHO Ompele-
auTh 0000UjeHHOe peulerie 4 KaK 3/eMeHT MpocTpancTea H,, u =limu,,
C MOMOUIbI0 3aMblKaHMA B HOpMme 1,

IloxasaTeqbCTBO pacnanaeTcs Ha Tpu drtana. CHayaza Mbl MOCTPOMM
pelieHHs A ciydas, xoraa kosdduuuents omeparopa L, a Takxke Ha-
yaabHbple JaHHBIE () aHAJAMTHYECKHe; 3aTeM Mbl mepelleM K CJaydao,
KOTa Haya/bHble NAHHBIE TPHHALIEKAT TUALOEPTOBY NPOCTPAHCTBY H,;
HAKOHEel, Mbl CHHMEM OrpaHHYeHHe aHAJUTHYHOCTH KO03((HUHEHTOB oOne-
paropa L.

1. Myere § — npoussonbHas ¢yHkuus ws H,. Mpl npubausum ¢ no
HOPME 7r-r0 TOPAIKAa MOCAeNOBATENLHOCTbI0 AHAMUTHYECKHX (YHKIUH,
HanpuMep noauHomoB ¢, (!=1, 2, ...). 3anauva Kowu anas anajutuye-
ckoro ypasHeHms L[u] c¢ aHaauTHyeckuMd (MOJUHOMHAMLHBIMHM) Ha-
4a/bHBIMH 3HayeHusaMu §; Onina pewena B ra. I, § 7 meromom Komn—
KoBaseBckOH, COCTOALIMM B NPHMEHEHHH CTENeHHHIX PANOB. AHa/jauTHYe-
CKO@ pelleHHe #;, KOTOpOe ONpEeNe/AeTCd ONHO3HAYHO B CHJIY TEOPEMBI
e AMHCTBEHHOCTH, GBIJIO OCTPOEHO B NOCTATOYHO Y3KOM cJioe Xp: 0t L T.
[llupuna atoro caod, T, He 3agucum OT KOHKPETHBHIX MOJAHHOMOB!) ¢,
XOTH 3aBHCHT OT AHANHTHYECKOR CTPYKTYpHl KO3(HUHEHTOB ypaBHEHHS.

2. Tak KaK MOC/IEAOBATENbHOCTh HAYAJNBHBIX 3HadeHWH ¢, CXOAMTCA
K ¢yHkuuu $ no HopMe r-ro nopsaka Hax o6aacteio R (0), 10 3Hepre-
THYECKHUE OUEHKH, TPUMEHEHHble K PASHOCTH #&; — U, AAIOT CJelyOlui,
pesyJbTaT: BCe HACTHbie NMPOMSBOIHBIE NMOPAAKA He BHILIE YeM F COOT-
BETCTBYIOILEr0 pelIeHHsl 4; CXOAATCA N0 HOpPMe MOPsiKa r Ha JoGoM
ceyenun R (¢) caoa L, mnpu. £ < T. OueBugHO, UTO 3HEpreTHYECKUE
OLIEHKH. OCTAI0TCA CIPaBeNUBHIMUH M. CXOLHMOCTb UMeeT MecTo, ecau R (f).
6CTb HEKOTOpas KOHeUYHas 4YacTb TOPU3OHTAJABHOH MIOCKOCTH ¢ == const
B ca0e L.

HCmral §7.
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Torza u3 aemMs CoboneBa caeayer, YTO MOCAEAOBATENBHOCTH (YHK-

n
HH 4; U BCeX MX NMPOU3BOAHEIX NMOPAAKA MEHBLIEro, 4eMm r —7g- paBHO-

n
MepHO cxonatca B cjoe YLy. Ecau r Gonbie, uem 7—#— 1, To npeneb-

Has (YHKUHs 4 HMeeT HempephIBHbIC NepBbie MPOU3BOAHBIE M YIOBIETBO-
pser nHddepenunanbHoMy ypasnenuio (1). Kpome rtoro, Tak kax mnpo-
crpanctBo H, moanoe, TO TakuM 00pa3oM HOJyueHHOoe peuieHue u(x, f)
npuHaanexut H, wan obaacteio R (£) npu ¢ < T.

Tenmepb Mbl MOXeM MOBTOPUTH 3TOT mpotiecc; ecan B cioe 0 Lt LT
3alaHO pellleHHe u, 3HaveHus KoTtoporo Hal obaactbio R (T) npuxannie-
xat H,, To Mb nocrpouM pemenue & B cnoel) T <t < 2T c Hauamb-
HBIMH JaHHbIMY, 3agaHHBIME B R(T), u 1. A. Taxum ob6pasom B mao6oMm
cioe ¥ Mbl MOXeM MOCTPOMTb pellleHHe C 3aNaHHBIMM HAYa/NbHEIMH 3Haue-
HusiMu.  OueBnIHO, BoiGHpas BMecTo ToukM P Touky P’, mas KoTopo#
koHoua 3aBucuMoctd I'pr Bkmouaer B cebs I'p, MBI MOxeM pacmpocrpa-
HUTb pellenue u- Ha Gojee wupokyo obnacts Bue I'p.

3. D10 10Ka3aTeqbCTBO JETKO MOMHO 060OMMTh Ha CJayyalf, Koria
kos¢duuuentot A°, B ypassenus (1) He aHanuTHYECKHe, a TNPOCTO
ROCTAaTOYHO TIJaiKue — Hanpumep, oOnajaiolie HENnpepbLBHLIMU MPOU3-
BOJHBIMH 110 MOPAAKA r - | BK/IOUYHTEILHO — NPHYEM CHOBA NPUMEHSIOTCA
SHepreTHYeCKHe OLleHKH. 31ecb AOCTATOYHO HATb KpaTKHE MOSICHEHUs.

n
Mbl mpeanoJgoxuM, yro r > 7—{— 1, u paBHOMepHO NpuGJUBHM B Cja0e .Y

ko3¢ duuuenTH oneparopa L M MX NpPOH3BOIHbIE C MOMOMIbIO AHAJIHTH-
yeckux ¢yuxkuudt A, B, (n==1, 2, ...) #© HX NPOMIBOAHBIX. TaKuM
00pa3oM, Mbl 3aMeHHM ONepaTop L aHAMUTHYECKUM aNMPOKCHMHPYIOLMM
onepatopoM L,. 3anaua Kowwu nam 3roro onepartopa B Cjaoe L uUMeeT
pewtenue u,; Aan 3ToR ¢ynxumn L [u, ]==0; u,(x, 0)=19(x).
[MpennonoxuM cHavana, uro ¢yskuua ¢ npunaaaexur H,.,. Toraa,
B CHJy 3HEPreTHYeCKOro HepaBeHCTBa, #,(f) Takxke mpuHamnexur H, .
no[la,®)|,+ < const- ||$]],,,, rle nocrosHHas He 3aBUCUT OT n. Pa3-
HOCTb &, — U,, OYEBHIHO, YIOBJETBOPSET HEOJHOPOLHOMY YDPABHEHHIO

Ln [un _ um] = (Lm - Ln) Uy = fnm'
byukuua u, — u,, obpawaerca B HyJb npu f =0, mosTOMYy

Hun - um”r < ConSt“fnm“r'

Tak xax koadduunents omepatropa L, W Bce HX YaCTHblE MPOU3BOAHBIE
00 Tnopsika r paBHOMEPHO MpPUGJIHKAIOT COOTBETCTBYIOLIHE KO3DPH-
UHeHTH M NpoH3BoaHbie L, otciona caeayer, 9T0 || fomll, < enmllmll 410
npuueM e,,—>0 npu Bo3pacTaHuM n W m. Ml yXe NOKa3and, uTO

') PaBHOMepHOCTh INHPHHBL CJIOS, B KOTOPOH CYINECTBYET aHa IMTHYECKOE
peuteHue, caeayer u3 teopeMsl Komu — Kosanesckoii.
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HopMa ||#,|l,., paBHoMepHO orpaHuuena. Caenosatemvto, | f,.l, cTpe-
MHUTCS K HYJIO M, B CHIy SHEPreTHYeCKOrOo HEPAaBEHCTBA, K HYJIO CTpe-
murcs 4 |u, —u,l,.

CornacHo JnemMe Co6oJseBa, mociefoBaTeJbHOCTb QYHKUUH &, ¥ uX
YACTHHX INPOM3BOIHLIX HEPBOr0 MOPSAAKA TaKKe PABHOMEPHO CXOIMTCH.
[penen u(¢f) dyukuuft #, npuHaisexuT H, npH KaXIOM 3HAUEHHH .
Kpome TOro, Tak Kak OYHKUMM «, YAOBAETBODPAIOT IHEPreTHYECKOMY
HEPaBEHCTBY

”un (t)”r < const - ”q’”r

C TOCTOSIHHOH, He 3aBHUCAIUEH OT 7, TaKoe e HepaBeHCTBO CMpaBeiJIUBO
s Tpefe/bHOM QyHKuAM u.

Jlo cHX mop Mbl MpeAmoJarand, 4ro ¢GyHkuua ¢ npuHasnexut H, ;.
Yro6sl nocTpouTh peueHne fas Jawoboft ¢yskuuu ¢ us M., mb npubau-
3HUM ¢ NOC/Iell0BaTebHOCTbI0 dyHKUME ,, npuHagaexaiuux H, .. B cuay
MOJIYYEHHOTO Bhillle Pe3yabTara AJd 3THX HAYa/IbHBIX QYHKIUR CYLIeCTBYIOT
OJHO3HAYHO ONpe]e/eHHbIe PellleHUs &, npuHaaaexaume H,, v nas u,—u,,
CnpapelIiBO 3HEPreTHYeCKOe HEPaBEHCTBO

”un - um”r < const - ”q’n ——“pm”r'

ATO MOKa3bIBAET, YTO TNOC/ENOBATENbHOCTb 4, CXOAMTCH NO HOPMe r-TO
nopsAKa K HEKOTOPOMY mpeleny #, KOTOPHIH H SBAAETCA HUCKOMBIM
peLIeHHeM.

3. 3ameuaHHMs O COXpaHeHMH CBOHCTB Ha4aJbHBIX 3HAYeHHH H
0 COOTBETCTBYWOWHX moayrpymnax. Mauasii npuauun [odiresca.
IpencrasuM ceGe, uTO HayaibHble 3HadeHHs ¢ (x)==u(x, 0) sadaHu Ha
Bce#t runepnaockoct £==0. B cuiy TeopeM cyulecTBoOBaHus M3 M. 2, pelle-
e ypasHeHus (1) OAHO3HAYHO OMpeleaseTcs IJs BCEX MOC/eAYIOLIUX
3HaueHutl BpeMeHu f > 0. Kpome toro, ecau ¢yukuua ¢ (x) npuHanie-
xuT H, BO BCeM NPOCTPaHCTBE X, TO pelwieHHe &(x, f) Oyner npuxan-
nexats H,(f) Las BCeX MOCJAeLyIOLIMX 3HaueHu#t BpeMeHH. DTOT pesyiib-
TaT MOXHO CQOPMYJHDOBATH CjelyloLiuM 006pas3oM.

Ecau conocmasums peuenue ypasienus Liu}=0 8 momenm
spemernu >0 ezo snawenusm npu t=0, mo nosytumca omo-
Opaxcenue @YHKGUOHarsHoZo npocmpancmsa H, 8 ce6a. B uact-
HOCTH, pelueHue 3aaadu Kouu BbIDAXKAETCA € MNOMOLWbLIO HEKOTOPOro
JauHefiHoro omeparopa 7', saBHcALlero ot f:

u(x, t)="T(, tyd,

ecmu ¢yHKUUS & NPUHMMAeT HauaJdbHble 3Hadewus ¢ npu £==£,. Oue-
BHAHO, YTO BMeCTO TOro, yroObl JesaTb OJUH LIAr, Nepexols OT Hayalb-
HEIX 3HaueHud npH f==1f,=0 K 3HaueHHSM 4 B MOMEHT £, MOXHO
BBECTH NPOMEXYTOUHOe 3Hauenue £, HaWTH #(Xx, f;) ¥ 3aTeM pelIuTh
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3afauy Kouwu ¢ HayanbHBIMH 3HAUEHHAMH U (X, £;) BMeCTO u (X, ty)=={ (x).
Toraa peiiieHie BBIPa3UTCA uepe3 JUHeHHbIH omeparop

u(x, )=T(t t)u(x t)
H, CJlel0BaTe/IbHO, 4Yepe3 MPOH3BEeAeHHE [IBYX onepaTopoa
u(x, =T (t. t)T (¢, tp)¥.

Tormza, B CHAY TeOpeMbl €IMHCTBEHHOCTH, OMepaTopbl I AOMKHBHL YAO-
BJIETBOPATb COOTHOLIEHHIO

Tt t)=T( t)T(t;, t;) nupn t>t > 1, ()

Ectu Ml mpeAnonoskuM, uTo KosdduuueHTH oneparopa L He 3aBu-
cat ot ¢, 1o onepatop T (£, £y) Gyaer 3aBHCETH TOJbKO OT PA3HOCTH { — £y
¥ COOTHOWeHUE (2) NpUMeT BMA

T(t—t)=T(@¢—t)T(t,—1t) npn ¢>£ >t (2a)

310 ABAfETCH I PYNNOBHIM COOTHOMIeHHeM. Tak Kak 3leCb NMpelLoaraeTcs:
YTO OHO BEIOJHACTCH TONLKO AAS £ > f) >, TO MOXHO (KasaTh, YTO:
oneparopul T o6pasyior noayzpynny!l).

Anamap ofpatu/l BHUMaHUE Ha COOTHouleHus (2) uau (2a) u HasBam
TOT (aKT, KOTOpPHIH OHU OMNHUCHIBAIOT, ,ManeiM npunnunom Iiofirenca‘..
B caydae, korma onepatopbl 1 MOryT ObiTb $BHO NPENCTAaBJEHH Kax
MHTerpa/ibHbie OMEpPATOPbl, COOTHOlleHHe (2) TNPUBOAMT K HHTEPECHBIM
TOXAECTBAM IJA Slep STHX OnmepaTopoB. Mexiy NMpOUUM, TO Ke Camoe
CNpaBeAMBO B Clyvyae IPaHMYHLIX 3ajay AJA SJIMATHYECKHX M napabo-
JMYECKNX YPaBHEHHH, eCIM OHU pewaloTcs ¢ noMoluplo ¢pyskuuu I'puna?).

Hexotopoe cBofictBO P HayaabHbiX (YHKUMN HasbiBaeTCd coxpa-
HAOWUMCS, eCiH peweHde u(x, ), COOTBETCTBYIOUIEE HayaJbHOH
dynxkuuu ¢, koropas obnanaer cBofictsoM P, npu  m060M  Apyrom
3HaueHHH BpeMenu ¢ Takxe obaagaer csofictBoM P. Ha 3ToM ssbike:
HalUM ApelBAyLiHe pPe3yJMbTaThl MOXKHO BHIPA3UTH C/IEAYIOUMM 00pasoM::
CBOICMBO UMEMb O02PAHUYEHHYIO HOPMY r-20 NROPAOKA ABAAEMCH:
COXPAnAOUMUMCAS).

K&k Mbl yBMIUM W3 NPUMEpPOB, TMPHBENEHHBIX B CJELYIOLEM MYR®KTe:.
cBoHcTBa GYHKUMM ¢ (X) MMETb TNPOU3BOAHBIE WJH HENpepbiBHLIE HPOM3--
BOMHBlE HE COXPAHAIOTCHA; HEKOTOPHE H3 CBOHCTB AndidepeHUMPFEMOCTH.

'y PaccmarpuBan ,o06patHyn® 3samauy Komm, Ml MOXeM YG@MUTbCH, uTO:
onepatop T nMeeT oaHosHauHbli 08patHeil T (fy, £)) == T (¢, ). [losTomy Ha:
CaMOM Ael® 3Ty MOAYrPYyNNy MOXHO DACIUMPUTH JO HACTOAMIEH rpymislL

?) B 3THX CAy9asX rpaHHYHBe 331aYH HMEIOT PeuleHHe TOJAbKO B NOAYNpO--
€TPAaHCTBe, HanpuMep AAdA £ 30, U COOTBETCTBYIOLIHE ONEPATOPH O6PA3YIOT AHIIDb.
noayrpynmy.

3) A7 HeCUMMeTpHUECKHX ypaBHEHHH 5TO CBOHCTBO yXe HE 0013aHO cOxpa~
ugaThca. Hampumep, paccMoTprM cuctémy

ug—v,=0, v»=0,
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TepAIOTCA MNpH mnpuMeHeHun onepatopa I. Tak Kak mnpeinosoxenue
O CHpaBefIMBOCTH Manoro npunuuna [ofiredca OYEBUIHO ABJIAETCH PasyM-
HBIM C (u3nuecKOM TOUKM 3peHHd, TO ACHO, YTO MMEIOWUM GusuyecKni
CMBIC/I COXPAHFIOIIMMCH YCJIOBHEM SIBISETCA HAAMYHEe 9HEPreTHYECKUX
HOpM, a He nuddepeHuuanbHble CBOKCTBA ).

4, ®okycupoBanue. [lpumep Hecoxpanenus guddepeHupyemMocTH.
OG6niuHo B MaTeMaTHuecKOH dusuke auddepenunaibioe ypapHenue L (4] =0
MMeeT peryJ/spHble, HanpuMep NOCTOSHHBE, KOIPOUUUEHTH, H HaYaAbHBIE
NlaHHBE TAKXKe pPEryJapHul, HanpuMep GeckoHeuno nudpepeHUHPYEMH, 3a
UCKJIIOUEHHEM, MOXeT ObiTh, HAUaAbLHOT O MHOT006PAsus ¢ (X1, ..., X,_o)==0,
rle QYHKUMS # MJAd ee TNPOU3BOAHLIE UMEIOT pasphiBbl, KaK 3TO Obljio
onmucaHo B § 4, n. 3. DTH paspuiBbl, COTAACHO § 4, PacCIPOCTPaHATCA
BAOMb XapakTepucTHK. Oanako TaM OblJIO MOCTPOEHO pelleHHe TOAbKO
»B ManoM*, 1. e. B nonoce 0. x, < A npu I0CTaTOUHO MAJBIX A, MpUUEM
3Ta NOJOCA MOXET paclupsATbCS A0 TeX Mop, MOKa Jyud, HCXOAsliHe
u3 MHOrooGpasus S; NOPOKAAIOT rAaliKue XapaKTePUCTHYECKHE MOBEpX-
Hocth C. Ecan ke Ha C 3TH Jyud MMelOT orubaiouiyio, U/ ,KaycTHKY*,
KOTOpas MoxeT ObiTb peOpoM BO3BpaTa MoBepXHOCTH C, TO HauajbHblE
0COOEHHOCTH MOTYT VCUAMBATbCH Ha 3TOR KaycTuke. XOTd U3 3ITOTO
SIBJIEHUS, KOTOPOe Ha3nBaeTCss PPOKYCUPOBAKUEM, He ClIeLyeT, UTO pelle-
HHE Hemb3s INPOAOIKUTL 33 KAYCTHKY ?), OHO BCe Xe JIOKaJAbHO TO-
HHXKaeT TIJIaIKOCTb pelleHuH.

B 3TOM CMBIC/IE HHTEPECHO pPACCMOTPeTh CJAedyIOWMH npuMep, He-
CMOTPA Ha TO, YTO B HEM KAayCTHKA COCTOMUT BCEro u3 OAHOH TOYKH.

¢ HAYaAbHBIMH AAHHBIMH
Vx aas x>0,
w0 x)=0 v(0, x)=
0 ) =0, © x) {0 s x <L O.
Torga aaa x>0

u(t, x)= v(t, x)=Vx

t .
2V’
OuyeBHAHO, YTO HHTErpai f(u2+v’) d)c]t=0 < 00 KOHEYeH s AoOO0ro OrpaHH-

YEHHOrO MHTEPBaNa, HO npu f > 0 uHTerpaxn f (u? 4 v¥)dx He cCylecTBYyer.
Hpyro# npumep JalT HavalbHble YCJIOBUS
u© x)=0, v(0 x)=V]x]| e*
Torna
1 X

2 1% VTxl

1) 101 dakr 6bin Bnepeeie ormeuen Ppuxpuxcom u I. Jlesu B pabore [1].
2) CM. moxpoGHOCTH M JOKa3aTeabcTBa B paborte Jlioasura [1].

u (t x)=t( _-er_;)e—X, v(t, x)=V x| e-*.
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Mbi paccmMoTpuMm 3agauy Komu AJs BOJIHOBOrO ypaBHEHHs, HampuMep,
B TPeXMEDHOM NPOCTPAHCTBE:

Uy — Uy — Uy ~— U

¢ HauaabHbIME 3Havenusmu u (0, x, y, 2)=0,
(I—r)t ama r2gl,
0 pas ri> 1.

3aech x2 4 y?—+4- 22=7r2 ITH HauaibHBIE YC/IOBUS UMEIOT HENPEpPHIBHbIE
MPOH3BOAHLIE BIIJIOTh IO BTOPOro nopsanka. $IBHoe peuienne 3aaauun Kowwu
Ha OCH ! onpeaeasercs Gopmyaamul)

t(—)" aan tL1,
0 paa £> 1,
Mbi umeem #,=0, 4, =0 a3 t > 1, a nma ¢t < 1
U= (1—13)" —322(1 — )",
Uy=—3(1— " —6t(1 — ) 4-362(1 —t2)" ™.

OuesnaHo, uTO TPOU3BOIHAA &, HenpepeiBHAa npu f{==1, a u, — pas-
phiBHA 2).

0)

zz

0, x, y, z)::[

u(t, 0, 0, 0)={

5. 3ameuanns o xBa3uauueiinpix cucremax?). CieayeT 3aMeTHTb,
4TO 3Ty TEOPUI0O MOXHO paCHpOCTPAHHTL Ha HeJuHe#Hble CHCTEMBbI C TO-

') ®opmyant ra.- III, § 3 mnoxasbiBaloT, UTO CEpHYECKH CHMMETPHUHbIE
fe¢+nN—r¢—n
r
U3 sTo#t dpopMyam Henocpeacrsenio BuaHO, uTo u (0, f) HMeEET HAa OAHY MpPOH3-

BOJHYIO MEHbile, ueM f.
?) B ochoBHOM MBI paccMaTpuBadd OfHO AuddepeHuHasbHOe ypaBHeHHe
BLICIIETO TOpAAKa. Ecam MBI NONONKMM @ = u;+ uy, ' = —uy, U2 = —u, 10

oynkupn w, v' w0’ YIOBAETBOPAIOT CHCTEME wt—-wx—{»—‘v;+v§=0,

v + vl w, =0, v? 4+ v 4w, =0 u HawaabHLIM yCaOBHAM
! (= (2L,

pelleHH BOJAHOBOTO YpaBHEHHS HMeT BHA u(r, f) =

w0, x, y)= i 0 > 1)
v (0, x, y)=0,
v2 (0, x, y) =0.

3mech GyHknusa w HenmpepwBHa npu f=1, a w;— paspuBHa. Takum oGpasom,
HENPEPHBHOCTh NEPBHIX MPOH3BOAHBIX IJAA HAYAJIbHHX 3HAUeHHK HE rapaHTHpyer
HENPEPHLIBHOCTH NEPBHX NPOH3BOAHBIX PEINEHHS.

8) Ilasi KBa3HAHHEHHBIX CHCTEM BTOPOro NOpPSAAKa 3TOT METOA 6hla IpOBeIeH
Ilaynepom [4]. Hanbuefimue pesayabrathl npunagiexar Ppauxaio [1]. 3agauy
Komu nas HeauHeHRHBIX rumepGOAHYECKHX ypaBHeHu# J06oro nopsjka paccma-
tpuBan Jlepe [2]. [Panee pewenue 3anauu Komm jgns rumep6oavuecKux KBasu-
AMHEHHBIX ypaBHEHUH M cucTeM Oblio moJydeHo B pabore [lerposckoro [5]. —
Ipun. peo.) :
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MOIUbIO MeToda uTepauuft. Ecau cucreMa (1) xBasuanHeHHad, T. €. ecau
MaTpHubl KO3(Q(HUUHEHTOB 3aBUCAT TOJbKO OT HEH3BECTHHX (YHKIMA u,
TO MeTON HuTepauuit, npusefeHHuit B ra. V, § 7, MOxHO 0006LIATL Ha
cnydalh n nepeMeHHniX. TakuM 006pasoM MBI MNOJYYHM AOKAasaTeJbCTBO
eIMHCTBEHHOCTH, @ TaKXe CYLIeCTBOBAHHS pellleHHd &, KOTOPOE CTPOUTCH

Kak mpemea # == lim u®, rze u"*!-— pemeunne sauHeHHo# 3amaun Komm
n-~>x

m
upt! +‘§ A’ (x,. um) u;:r‘—{—B (x, u)urtl=0.

HauanpubiMu 3HAYEHHAMM AA8 BCeX (yHKUMH 4" CAyXaT 3alaHHBIE 3HA-
yeund §(x).

6. 3ameuyanus O 3aJayax BBICUHIHX NOPAAKOB H O HECHMMETpH-
YeCKHX cHcTemax. Kak MB nosuepxuBaid Bhille, 6OJbUIAR 4AaCTh THOEP-
60/MueCKUX 3aRa4 MaTeMaTHueCKOH (H3UKH CBOAMTCA K CHMMETPHYECKUM
cucreMaM, AJS KOTOPHIX NOCTPOEHHafd BhIIE TEOPHS pelIeHHs 3a1aud
Kown BrnosHe ynoBaerBopuTenbHa. OJHAKO 3aJaya O pelEHHH OIHOTO
anddepeHIHaIbHOrO YPaBHEHUS BHICLIETO MOPALKA WM HECHMMETpPHYeCKOH
CHCTEMbl MEepPBOrO MOPAAKA MHTEpPECHa ¢ MaTeMaTHuyeCKOH TOUKH 3pe-
Hus. 3aMevarejieH TOT ¢akT, YTO AaHHBe BHILEe SHepreTHUeCKHe OLEHKH
no3BOJIAIOT O0OOLIMTL NOKA3aTebCTBA HAa TaKue 3a4auM.

OnepreTHuecKHe OUEHKH, NOAyYeHHbie B § 8, n. 4, HeMelJaeHHO
NO3BOJAIT MOJYYMTb peilleHwe 3aidaun Komwu aas moboro runep6onu-
YecKOro ypaBHeHHs BTOporo nopsaka. (Ipyrum cmocoGoM 3Ta 3azaua
peliaeTcss, eCl¥ CBeCTH TaKoe ypaBHeHHe K CHMMeTpHuecKoH runepbo.nu-
yeckoHf cucreme; 3To ObLIO caenano B § 3, m. 8.)

Yro6n pewntsh 3anady Koww nag oaHOro runepO6OJHYECKOTO ypas-
HeHHSl TIOPAAKA m MJIM 1M CHCTeMbl TAKMX ypaBHeHHMH C OJXHHAKOBO#M
F71aBHOM 4aCTHIO, MOXHO BOCMOJb30BATHCA OOLMMHM 3HEPreTHYECKHMH
oueHKaMu, nojayuedHbiMu B § 9. ITocse 3TOro I0OKasaTeqbCTBO CYIUECTBO-
BaHH# DPOBOAMTCA NpPUOMM3HTE/NbHO TaK e, KaK B TNEePBBIX MNyHKTax
aToro maparpada.

Oueukn § 9 M clenaHHble H3 HMX BHBOLB IPUMEHHMbl TaKXe
K MpOU3BOJbHOH THNepGOAMYECKOH CHCTeMe NepBOTO MOPSAAKA C PasJHu-
HBIMH XapaKTepPUCTHKAMH, TaK KakK o6yl CHCTEMY TAKOro TUNa C Mo-
MoLIbI0 HCKJIoueHHs ¢yukuu# (cM. ra. 1, § 2, m. 2) MoXHO CBeCTH
K CHCTeMe R ypaBHeHH#f mopsiika m, NpHYeM riaBHas 4acTb OMNepaTopa,
T. €. YIEHb CTapIUero NOpsaika, B KaXIOM U3 YpaBHeHHH OJMHAKOBR M
OTHOCHTCA TOJbKO K OJHOM M3 HeudpecTHHMX (ynxuui ul, u2, ..., u®.
YpasHeHus CBS3aHBl MeX1y cO00H TOMbKO uepe3 UjieHbl HH3IUX NMOPALKOB.
Kak 310 BMEHO M3 ra. V, ¢ TakuMmu CHCTeMaMH MOXHO oOpauiarbcs
MOUTH TAdK e, KaK C ONHHM ypaBHeHUeM Nopsalka K.

CHOBa CllelyeT 3aMeTHTb, YTO 3TOT MeTOXL TpeGyeT rumepGOMHYHOCTH
B CTPOFOM CMBIC/IE, T. €. NOJOCTH XapaKTePUCTHUECKOTO KOHyca HopManett
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ROMKHB  OHITb pa3uyHbIMM (@ CJeNOBAaTeNbHO, TO Ke camMoe Oyaer
CNpaBelVIHBO M I8 KOHyca ayueh). Cayuait oOmiux ypaBHenu#t ¢ Kpart-
HBIMM XaDaKTepPUCTHKAMH He OXBATHBAETCS W3JIOXEHHOH Bbilie Teopueft
M OCTaeTCH HepelueHHOH Npobiemoh !),

acme []

NPEACTABJIEHUE PELUEHUI
§ 11. BgedeHnue

1. O6wue nosatusa. O6o3nauenus, I niHeRHBIX ruAepOOIHUECKHX
audpepeHInanbHEIX yPaBHEHUH, B YaCTHOCTH Il YpPAaBHEHHH C MOCTOSH-
HEIME KO3 ¢uuuenTaMu, peirenue 3asauu Komrn MoxeT OuiThb BhIPameHO
c mnoMouiblo Oosee A MeHee ABHBIX (opMys?) (cM. Takwke ra. Ill, § 5
u ra. V). Takue npeacTaBieHus pemleHufft B Bule (YHKHUOHAIOB OT
Haya/lbHbIX J1aHHBIX HE TOJAbKO MPHBOAAT KO MHOTUM HHTEepecHHM ¢op-
MaJbHBIM COOTHOWEHUAM 3), HO, 4TO, NOXKaJyH, ellle BawHee, MO3BOJAOT
M3yuaTb CBOHCTBA pelleHHH. DT NPeNCTaBAEHHS OCHOBAHLI HA Pa3JoNe-
HUU penleHu#t (4 TaKkKe W ADYTHX NPOUBBOJbHBIX (YHKUMH) HA MAOCKHE
BoaHn (cM. Takxke ra. III, § 3), a wuHorna— Ha cdepuyeckue BOJIHBI.
Ilnockad BoaHa onpelensiach Kak pemeHue audpdepeHUHa LHOrO ypas-
HEHHUs, 3aBMCAIIEEe TOALKO OT BpeMeHH £ U OT HeKOTOpoH JuHeHHOH
KOMOHMHALMK NPOCTPAHCTBEHHBIX KoopauHaT. Cdepuueckas BOJHA -— 3TO
penrende, ofaanaiouee chepuieckodt CUMMeTpHER OTHOCHTENbHO HEKOTO-
po# TOYKH B NMpPOCTPAHCTBE.

Kone6moumuecs naoCKHe BOJHB, KOTOPHE NPUMEHAJIUCH IJs PA3jio-
KeHus (QyHKUMM B HHTerpan ®ypbe, He BCeriaa jnaior Haubojee MPOCTOH
annapar. Huoraa sosmoxen 6osee npamo#t noaxor. Ho Hukorza mnpume-
HeHHe KOJAeOMIOUHXCS NAOCKHX BOJH He IIO3BOJAET HEMOCPeICTBEHHO
BLIIBUTb OO/MACTH 3aBUCHMOCTH H POJb XapakTepucTuk. OpHako 3TOT
HeLOCTAaTOK KOMIEHCUPYETCS M3fLECTBOM SABHHIX Pe3yJAbTATOB.

B § 12 n § 13 Mb OyseM paccMaTpHBAaThb OJHO YpaBHEHHE BTOPOTrO
nopsaaxa; B § 13a Mbl NpHBEeAeM B KayecTBe INpHMEpa MHTErPHPOBaHHUeE
ypasHenu#t ynpyrux Boad. B § 14 Mb paccMoTpuM ypaBHenus npous-
BOJILHOTO MNOpSAAKA C NOCTOAHHBIMH KO3¢duuueHntamun, a B § 15 My
MOJNYYUM NpelAcTaBleHHe JIJA pellleHU# MPOH3BONbHHIX TunepGOIUYECKHX
3amay, He 00g3aTelbHO C NOCTOAHHBIMH Ko3dduuueHtramn. Mu Gyaem

!y Cu. nanbueitmue sameuanna B § 4 u § 15, a raxke B padore Jlioasura [3].

%) Cpenu npouedf auTepaTyphl CM., B aETHOCTH, OOLIMDHYK MOHOrpabH©
Ixona [4].

%) Ilo atoMy Bompocy HMeeTcss Ou€Hb MHOrQ pabor. Ml orpannunMcs, He-

CKOAbKO CYOBEKTHBHO, TEMH H3 HHX, KOTOPHIE NPEACTABJRIOTCA UHTEPECHBIMH
B PaMKax 3TOM KHHIHU.
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ONUPaTbCs HAa TeOPEMbl CYLIECTBOBAHMA M EIHHCTBEHHOCTH, IOKAa3aHHBIE
B MEpBO# uacTu 3TOH ryaBbl, W OyleM NPeamoJaraTh, 4YTO HavyajbHEE
laHHble 06/ajal0T yKa3aHHBIMU TaM cBoHcTBamu raaiakoctd (§ 10). Hano,
OIHAKO, CKa3aTb, YTO sBHbie QopMy#as uactn II MoryT OHTbL HCHOAB3O-
BaHB HE TOJbLKO I/ TpeICTaBJCHUA pellleHHH, HO W [/ KOHCTPYKTHB-
HOTO NOKa3aTe/bCTBA TEOPEM CYIUECTBOBAHMA C MOMOUIBIO HEMOCPENCTBEH-
HO# TIPOBEPKH.

B § 16 u 17 Mul paccMoTpuM ,yabTparunepboauueckne“ audpdeped-
LualbHble ypaBHEHH H HEKOPPEKTHO MOCTaBJEHHble 3aiauu [JIA TUNEp-
Gosuueckux ypaBHeHu#h. Ilocaennu#t naparpad COHepMHUT KpaTKOe U3JO-
KeHHE HeKOTOPHIX CBOHCTB Nepelaud CUTHAJIOB, HOLUYMHSIOLMXCA rumep-
60JMYECKUM YPABHEHHUAM,

Kax u Buniliie, Mbl BblleJifleM BpEMeHHYIO MepeMeHHyl0 ¢ ==X, a cOBO-
KYMHOCTb NPOCTPAHCTBEHHBIX MEPEMEHHBX X, Xg. ..., X, 0003HauaeM
yepes BEKTOP X € aBCOMOTHOH BeJHYHHOM

lx| =V 2+ 224 .. F 2.

Enunuynyio cepy B n-MEePHOM TPOCTPAaHCTBE Mbl OyieM o6Go3Ha-
yaTh Yepes ®, WJH ©, IJEMEHT ee MNOBEPXHOCTH — ueped dw, W do,
nolasb ee noBepxHocTH 1) ecThb

0, =2 V"I (n/2).
Cdepa pamuyca r oOo3HauaeTcs uepes 2 umu &, 3J1eMeHT ee mOBepX-
Hoctd ecth dR==r""!dw, a snement obbveMa—dx=dx,dx,...dx,=
- -1
= |x|"'do, d [x|=|r|""'do,dr. Euunmunsie BekTOpH 0603Ha-
YaloTCA uepes a, 3, M MHOTZA 3/1EMEHT NMOBEPXHOCTH eNMHUYHOH Cepsl

BMecTo do ofosuayaercs uepe3 da, df. Muorza, ecan 310 yroGHO, Mbl
GyzeM npuMeHsTb OOO3HayeHHd, TPHHATHE B paccMaTpHBaeMOM 006JacTH.

2. Hexoropnie uHTerpaabHbie d¢opmyasl. Pa3sinoxenue ¢yuxuuit
Ha MJOCKHe BoaHbl, [af mocaenyioutero GyxeT mojiesHo cobpaTh 3dech
HEKOTOpbLIE (bOpMyJIbl HHTErpadbHOro HCUUC/IEHHUA B MN-MEPHOM HMpo-
cTpaHCcTBe; OOJBIUMHCTBO ITUX (POPMYJT KacaeTcd MHTErpUPOBAHHUA MO
coepam.

CHauana Mbl PaCCMOTPHM HHTErpan oT ynkuu f (x) == f(x, ..., x,)
no uwapy |x|«r, rie r uxcuposaHo. Ilpumenss o06o3HaueHHs
24X Fxl_ =pt=r?—p’ x,=p, MB HanuieM
K= [ [ fmds=

xl<r
+r
= [dap [ f@ ..oty PR dxa (1)
—-r P Lr-p

HCumra IV, §1, m L

43 P. Kypaut
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HMurerpan no nosepxuoctd chepn L, T. e. nO noBepxHOcTH | x| ==r,
BLIpAXaeTCs PopMyJIoH

[[rae= fffrv—ldm=7dr—1<(r). @

|X]=r lxl=r

Ecmu ¢yuxuus f He 3aBUCHT OT X,==p, TO Mbi HMeeM

[frae=[[rree ..., xy ) 2K Doy 3)

2 __ 2
lxl=r o< ]/r e

Euwe Gonee BaxeH TOT ciayuyalf, Koria GYHKUMS f 3aBHCHT TOJbKO
oT oIHOH nepeMenHo# x;, uau, B Oosnde oOlieM cjayuae, OT CKaJaSpHOTO
NpousBeJCHUA X Ha HeKOTOpPHn# BekTOp B; Mbl GyseM npuMmensts 060-

3HAYEeHHE
(% By=P=p|x|

B cuiy TOro uTo HAll HHTerpaj WHBApHAHTEH OTHOCHUTEJbHO BpallieHHd,
Mbl MOxeM B3ath p=8,. Toraa ¢opmyan (1) u (2) npu r =1 gawoT
CJeAYIOUYI0 BaXHY0 dopMyny

+

1
[[remas=o,, [rolcha—p"ap @
f2al

-1

(amecy Mbl nuieM df BMecto dw,). Ilpu mouyueHun 3TOH GOPMYJH Mbl
paccmaTpuBaeM nepeceyenue wapa |B|<{r ¢ mockocThio B, == p, BBOLUM
MoJsipHbie KOOPAMHATH M mpexnoJjaraeM, urto f=f (p|x|), rae
p|x|==(xB), nanpumep ¢ p==§,. Toraa Ha pacCMaTPHBAEMOM CeuyecHHHU
mbl umeeM dB, ... dB,_,=p* ?dpdw,_,. Uuterpan or ¢ynkuuun f no

cesenmo pasen [1/(n — 1)](r2 — p2" "o, _ . f(plx|). oTkyna uemen-
JeHHO moJsiyvaeTcd dopmyna (4).

Hapo o6paTuTe BHMMaHWe Ha TO, uTo dopMmyna (4) uMeeT pa3muuHbIH
XaDaKTep AJA YeTHHX U HEUeTHHX 1, TaK KaK MHOxXHuTesdb (1 — pa)ln-In
B TMOAMHTErpa/ibHOH (YHKUHM pamuoOHaleil A8 HeYeTHHX # M Hppauuo-
HaJeH IJI YeTHHX 7.

OTMeTUM HEKOTOpHE YacTHBe cayuau: f=1 naer

I C e
0= 0n-1 1f A —p" P ap— —;@T— 0oy

®yukuus f ==1log (|Bx]) naer

+1
fflo'g]x@ld{i:wn_l flog(pfx])(l—pg)("“?’)pdp,
f=i -1
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WM, KaK JIETKO BbIYHCIUTS,
[ [ 101 xBlap=w,log| x|+, (43)
F=1
rie ¢ — nocrosHHad. Jas f=|xB| Mb noayuum
1
[ [1x81ap =20, [1x|p(1 —p" " dp,
f2=1 0

OTKyJa C/naelyeT, 4TO

[ J1%8] dg =221 x) (46)

(2=1

St ¢popmyas naoT Kas ¢yHkuuit | x| u log| x| npencrasienue B puie
Cyneprno3HUuy MIOCKHX BOJH.

Popmyanl (4a) u (46) BMecTe ¢ OCHOBHOH (opMy./off Teopud nOTeH-
UMaza MO3BOJAIOT MOJYYUTh  pasjoxeHHe MPOU3BOJALHON  QyHKUMH
f(x, ..., X,) Ha MJIOCKHe BOJHBI, T. €. HA (QYHKUHUH, 3aBUCAILUE TOJIbKO
OT nuHeftHON KOMOKHALMK (aX) MPOCTPAHCTBEHHBIX NEPEMEHHBIX Xy, ..., X,
rle o — eJIMHHYHbLIH BeKTOp. DTO pas3/oXeHHe HMeeT CaelyloLu#t BHI:

4 (2m)" ! (~—1)‘”'1’/2f(z):Ag”“)ﬂfff(x)]((x—z)a)[dadx 5)

OJ HEYETHBIX 7 H
@) (=) f () =87 [ [ [ (x)10g] ((x —2)a)|dadx (5)

L7 YeTHBIX n, NpuueM A, o6o3HayaeT v-10 WTepauuto omepatropa Jlam-
Jlaca, B3fATOTO MO MEepeMEeHHbHM 2, a HHTerpupOBaHHE PACHPOCTPAHEHO Ha
enMHuunylo cdepy o?==1 u Ha BCe nmpocTpaHcTBO X. MOXHO npeanona-
rath, 4To QyHkuus f (x) obpawaerca B Hyab Ajds GOJbIUMX 3HAYeHHH | X |,
TaK 4TO He OyJeT BO3HUKATh TPYRHOCTeH, CBS3aHHHIX C BOMPOCOM O CXO-
AUMOCTH HMHTerpaia mpu |x|—oco.

®opMyanl (5) nalT paziaoxenue QyHKuMM f(2) Ha TJOCKHe BOJHEHL,
3aBUCSLIHE TOJALKO OT (X — 2z, ).

Ilna toro 4roObl mOKasaThb MX, Mbl HamoMHuM Teopemy [lyaccoHa us
Teopun noteduuana (cm. ra. 1V, § 2). dyukuus

fw(2)=(2—__lm f...ff(x)[z——x{("_"dx aag > 2,  (6)

[oo]

w(z):% f ...ff(x)loglz—x]dx g n=2 (6)

-0

ABAsieTc pewlenveM ypasHe Hus Ilyaccona A,w==f(2). 3aecy A, obo-
aHadaer onepartop Jlamaaca OTHOCHTE/NbHO HE3ABUCHMBIX MEDEMEHHBIX 2.
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Hanee, 3JeMeHTapHbie BbIUYAC/JIECHUSR RAIOT

_ - —1! -
AP g = (—1) l)ﬂﬁi:ltz—'le " N5 HeueTHHX n, (7)
n—-2 ¢ 1y\(n—2)2 . 2
AP (o | x| = 2 .(?—})n ((n 5 2) 1) | x " s vernwix n. (7')

At dopmyas BMectTe ¢ (4a) m (46) cpasy maiT npeipcrtasienns (5)
u (5’), ecin mouo6paTh COOTBETCTBYIOLIMM 06pasoM MOCTOSHHLIE MHO-

KUTeIH. MBI NPOCTO HOJIDKHB BLIPA3HTH |x|2"" B ¢opmyne Ilyaccona
uepes dopmyant (7), (7'), samenuts |x| HAa |2-— x|, a 3aTeM BHIHECTH
UTepUpPOBaHHLI! omeparop Jlannaca 3a 3HAK HHTerpasa.

Hcnoabsys annapaT o600lueHHbIX QYHKUHHE, Mbl MOKEM HAWTH OdYeHb
CKaryio ¢GOpMy AJaf TOJMbKO YTO HOKA3aHHBIX COOTHOLIEHHH; MBI AaLuM
‘ee 3lech W OyleM IOJb30BaThCA €l noaiHee, B § 15.

CHauana Mbl HaNOMHUM, 4TO coOoTHOWeHUs (6) u (6”) MoxHO 3amucathb
B BHIE

1

@2—n)o, lx

lln_2 s n > 2,
8 (x) = (6%

—QFAlogx aas n==2,

rae d(x)==8(xy, ..., X,)— deapTa-QyHKUMA B £-MEPHOM MPOCTpaH-

cree; toraa dopmyas (7) u (7°) maiot

3(Xps vvny X,)=0(x)=
(_1)(!1—1)/2

5 @y f 87D (x, o) da naa HeuetHmx n;  (8)
"7

a?=1

B+ s Hp) = (1) =
(—-—»1)("+2)‘/2

oy f log | (x, a)|da 819 YETHHIX 7. 9)

al=1

3nech d(x, o) — HeabTa-PYHKUUS, BaBHCALLAS TOJBLKO OT OJHOH mepe-
Mento#t (x, a), 3D __ee (n — 1)-a nmpousBojHas, a NpPOU3BOLHYIO

log®™ | 2| = -7 log | 2| (10)

Halo TOHHUMATb KaK 000O0lEeHHyl0 (yHKLIHIO.

Cuenyowut usswHbf  MeTol, mnpuHagaexawmit xouwy [4] u
Fembdanny u Ilunosy [1], mossoaseT mnoayunth oOllee Bhipaxe-
HHe AJd YeTHHX M HeueTHHX n. Mbl  paccMoTpum Jas  geficTsu-
TeJbHBHIX 3HAYeHUWM 2 TIaBHOe B3HAyeHHe ¢yHKuun log z==Ilog|z |-
~im (1 — n(2)), rae 7 — ¢yuxuua Xesucaffpa. Torza nocienosaTesibHble
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MPOU3BOAHbBIE 3TOH (PYHKUHHM, eC/Ii MOHUMATb UX KaK 0606IeHHble (yHK-
LMY, MOXHO 3amucate B Bule

dlogz __ (  y(,n . 1 .
—g;— =log (z)_?——mﬁ(z),

d?log z

1 .
= log?® (2) = — -z — b’ (2).

B 3tux o6o3nauenuax npeiactasaenud (8) u (9) MoxHO 06beNMHUTH dop-
MyJ0#/

3(xp s x,,)::a(x)z—(%-i;T [ 10gme, @yda, (A1)
|ej=1
cnpasefauBo#t 1) 19 npousBOMBHHIX 1.
370 oueHb HHTEPECHOE U TOJE3HOE Pas/oNeHHE HeabTa-PYHKUMH HA
TIOCKUE BOJIHbI.

J16Ka3aTeIbCTBO COCTOUT NPOCTO B HajlJjexallefl HHTepHpeTauuy nouay-
YeHHHX paHee pe3yabrTaToB. Popmyna [lyaccona Beipaxaer 8(x) uepes
A|x)*™". Cnerosarennno, GYHKUMIO d(X) MOKHO MOJYYUTb C TIOMOLIBIO
MHOTOKPATHOrO NpUMeHeHHs omeparopa Jlamnaca K JeBbIM 4acTdM COOT-
nowenutt (7), (7'), a cregoBaTe bHO, M K JIeBHIM udacTam ¢opmya (4a),
(46). CornacHo npasuiaM Ae#cTBUft Had 0GOGWEHHBIMH (QYHKUMAME, MOXHO
npuMenaTh onepatop Jlanaaca noa sHakoM uHTerpasa. OIHOBPEMEHHO MbL
3aMeTuM, uYTO Aaa JI060#f oboluleHHOH ¢yHKuuMH f oaHOHf nepeMmeH-
HOH (ax) MBI MMeeM

Af (ax) == f" (ax).

9T0 nOJyyaeTca € TNOMOLIBIO NMPAMOro AUQGHEPEHUUPOBAHUI C YUETOM
Toro, uro a’?==1. Torma copumyas (8) u (9) HENOCPEACTBEHHO MOJY-
YalTCA, €CAd COOTBETCTBYIOWMM 00pa3oM nolo0paTh MOCTOSAHHBIE KO-
HLUEHTEL

§ 12, YpasHenus 8mopoz0 Nopsdxa ¢ nOCMORHHLIMU
ro3gidiuyuenmanmu -

1. Bapasa Komu. B cootercreun ¢ ra. IlI, § 3, Mb paccmMoTpum
Bce rumepboauueckue auddepeHunanbable ypaBHEHUs BTOPOTO NMOPAAKa
C TOCTOAHHLIMH KOG duuuenTaMu, ecau uayunM auddepenuuaipHoe ypas-
HeHHe YacTHOro BHJIA ,

uy—Ag —eu=0 (1)

¢ HAYAJALHBIMH YC/IOBUAMU
u(x, 0)=0, u,(x, 0)=1 (x), 1y

) B cuny cuMMeTpuu 064acTH MHTErpupOBaHus, MHHMad 4acTh O6paliaeTcs:
B HYyXb.
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rae §(x) ectb (QyHKUMA OT X}, Xg ..., X, C HENPEPLIBHEIMU IPOU3-
BOJHEIMM TIO KpafiHe#t Mepe 10 nopsaaxa (n -+ 1)/2 B ciyyae HeueTHOro n
u (n-2)/2 B cayuae uetHoro n. (Y106l MOHATH LENECOO6PA3HOCTH
3TOro mpeanosoxenud, cM. § 8 W JaHHbHe HHXe sBHblE BHIPaXeHHH.)

Buime 6bl10 YKa3aHO, 4YTO, eC/M & ecThb pellleHHe 3agaud Kommw, To
V=u, TaKxe €CTb pelleHHe COOTBeTCTBYyloleH 3anaun Kowu, xas koro-
po#l HavaibHble ycnosus uMelT BuIX v (x, 0)=¢(x) u v,(x, 0)=0.
[TosTomMy ans Toro, uyroOel pewuTh 3agauy Kowwu ¢ npoussosbHuIMU
HAYaJIbHBIMH JAHHBLIMA JUIS & M 4, B CUJYy NMPHHUHNA CYNMepno3ULLMH, JOCTa-
TOYHO HaHTH pewlenue 3agauu Kowmmm (17).

B stom naparpade mb 6yZeM npuMeHATh MHTerpan dypbe, uroOHl
noJAyuuTh OpMajbHOE TNOCTpoeHue pemtenus 3agaud Kowrd. ITposepka
pes3y/bTaTa, MOJYYEHHOrO C MNOMOLIbI0O (OPMANbHBLIX OHepauu#t Hag
uaTerpaaom ®ypoe, 31eCh NPONMycKaercsd, TaK KaK B TNMOC/AeAYIOLUX mapa-
rpacdax TOT ke peadybTaT OyAeT MOJyUeH PA3JIHYHBIMH APYTMMU METOLAMH.

CHauana Mbl paccMOTPUM TOJbKO BOJIHOBOE ypaBHenne #,, — Au==0
C HayaJbHLIME 3HaueHusMH u (x, 0)==0, u,(x, 0)=1{(x).

B stom mynkTte OyleT MOJAyYeHO SBHOE pelleHHe

t
u(r = g oy f @@= rQ(x, ndr, (@
rape
Qe n=1- [ [4(x-+8n as. ®)
g= 1

PeluieHne uMeeT OJAMHAKOBBLI BHA JJfi YeTHBHIX M HeYeTHHX 3HaueHuH
YHCa n TIPOCTPAHCTBEHHBIX NepeMeHHbX. Ho cieayiouee npeicrasiaenue
pelie i NMOKA3biBdeT, YTO OHO PA3JHYHLIM 00pa3oM Beier cebs AAs yeT-
HBIX W HEYETHHX 7

T (n—3)2
u(x, t)y= ’; (0—?2«) (t"°Q) ans wewerumx n, o))
or (-2-)
(n—2)/2 \
u(x, t)= t (L,) (¢t"°H) ana vernnx n. (5)
I ( n ot
%)
rae
H (x, t)-— ;/Qﬁ(f_' 2 dr, 6)
o e
97 T o of*

Ecau bl xOTHM noayuuth GopMyay, 00beIHHSAIOUYIO BhpaxeHua (4)
u (5), cnpaBelJHBYIO U JJA YETHHIX U A/ HEYETHHIX f, TO Mbl JOJKHbE
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BOCTO/L30BATLCA TNOHATHEM AudepeHUMPOBAHUS APOGHOTO  MOpAAKA.
Torna dopmyna (4) romurcs Aas oboux caydaes (cM. § 13, n. 2).

2. MocTpoenue pemweHds AJIA BOJHOBOIO ypaBHenus. B coorser-
ctBu ¢ ugeamu ra. I, § 5, Mb monmpoGyeM 3amucaTh HCKOMOe pelie-
HHe B BUJE

[e]

U= f fA(a)e" @x)sinpt da, )
—c
rie a 0603HAYaeT BEKTOP &y, ..., Qg
p=Va+a+ ... +a=|al
(a, x)— cxanspHOe npousBeieHHe a H x, a da==da ... da,.

Ha navanbHOro ycJaoBus, 3anaHHoro npu f==0, Mbl noayuaem c 1mo-
Moo AnddepeHIHpoBaHua MOL SHAKOM HHTerpasa

o= [ m pr(a)ei @) dq,

-~ 00

[TepecTaHoBKa onepauufi 31ecb M Jajblile ONPABALIBAETCA C NMOMOLLLIO
HenoCpPeJCTBEHHOH MpOBepKH pe3dyabrara l).
dopmyna obpaillenus uHTerpata $ypbe HeMelJeHHO aaer

pA-:-@—i—);,- f fq»(a)e—ﬂaﬁ)de. (8)

Moncrasass BMecto A B dopmyay (7) 3T0o BHpaxeHHe M MeHSs MOPSIOK
VHTEr PUPOBAHNSA, MOJY4YHM (GOpMaTbHLHIA pe3yabTaT

= [ Z fewe | °° [ evas-a) et g

OnHako Bas n > 2 BHYTPEHHMH HHTerpaj B 3TOM BBIPAXEHHH pacxo-
IUTCA, TaK KaK B MOJSPHBHIX KOOPAMHATAX Mbl uMeeM da =da, ... da,=
=p""! do,dp. Mu oboiineM 3Ty ¢(OpMaJIbHYI0 TPYIHOCTb C NOMOLILIO
caeayiouiero npueMa 2). Il HeueTHHIX 72 2> 3 MBI PacCMOTPUM BHIpaXeHHE

o H= [ ... f%_%le‘ @9 cos pf da, )

-0

') Ml Moran GH Takxe BOCHMOJb30BAThCA MOHATHEM 0606MICHHBIX (YHKUHH,
KOTOpHIE NMPUMEHAIOTCSH B ApYyTHX MecTax 3TOH raaBbl; HO AJd Hamei neau 3To
HE HYKHO.

2) IpuMeHenne d-pyHKuuit H APYTUX CUMBONHYECKHX GYHKOUH B CYHHOCTH
BOSHHK/AO H3 aHAJOTHYHBIX MPHEMOB.
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a 1Js YeTHBIX 1 > 2 — BhIpaXeHHe

— [ [A@ g '
w (X, t)== f .-.o;fwe‘(msmptda. 9

Il HedeTHHX 1> 3 QopMmanbHoe AuddepeHuUPOBaHUE AAET

u (e £)=(—1)"" ‘W:” 0 (x, 1), (92)
a JJis 4eTHBIX n > 2
b =1L e, 1), (9a')

[ToncraBup BHpaxenune (8) BMecto A(a) B dopmyan (9) u (9), Mul
MOXEM TMepeMeHWTb NOPANLOK WHTErpUpOBAHHMsA MO £ ¥ a. B pesyabrare
MBI TOJYYHM

0”2

a == ot -2

f fnp(x—H)K (r. O (@E=dt, ... d3,). (10)

rae r=VE%+E§+ . Eh a

mop_y 1 (8 (n—3)/2 )
K,,=‘i et (1) amr<

0 aaa r > t.

Yro6bl 10Ka3aTh STOT Pe3YJAbTaT, Mbl BHIYMCAUM BHYTPEHHHH HHTErpan
TOJbKO I HedeTHBX 7. (B ciyuae 4eTHBIX 72 BLIYHMC/IGHHA TaKHe ie;
KpPOMe TOro, pe3y/abTaT M/ YeTHHX 7 JerKO MOXHO BEIBECTH H3 COOT-
BeTCTBYloleH GopMy Tl Md HeueTHbIX 7.) CHauana BMECTO Gy, @y, ..., @,
MBl BBEJEM NOJSPHLIE KOOPJAHHATH p = Va?»-{— al-+ ... 4a’ un-mep-
HBIH eIUHHYHBIH BekTOp B ¢ KomMnonenTamu B,=p"lg;, Tak uro da =
=pn~1dpdB. [logcraHoBka 3THX KoopiaunaT B Qopmyas (8) u (9) u
nepeMeHa NOPALKA WHTErPHPOBAHHS JaeT AJi BHYTPEHHEro HWHTerpasa
B dopmyie (9) BripaxeHnue

S, (r, t)=(—2(j§)7f M (pr) cos pt dp, (11)
0 .

rne M (r) — cpeatee 3HaueHue,

M(r)=7}ﬂ— [ [e da, (12)
*4

an
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C nomouiplo ¢opmyan (4) uz § 11 noayuum 1)
1

My="m=1 [(1 )", (13)
(6 o
B ¢opmyne (11) Mbl Tenepb NOJONKUM pr ==§ M MNOJYUHM

S, (r, f)——r(g ),,fM(s)coss ds = fM(s) elstir gs,

o ( (27\:)”

WM, TOC/e MPOCTHX NpeoOpasoBanuit, cOraacHo (13),
t
o sin N (}.l “+ 7)
t
O

B cuay xopoimio u3BeCTHHX CBOHCTB ,uHTerpana J[lupuxae®, crosilero
B npaBo# uyacti (¢cM. T. I, cTp. 73), MB uMeem
W, (1 _f_)("—?’)/?
S, (r, H={ @)’ ’
0 s r < t.
Ho nag &yHKUMM U Mbl UMM MNpeacTaB/eHue

Su(r. )= lim f (1 —23)" o d\,.

nas r > t,
(14)

v= | w [oc+98,0 D aa

BBoAs MOASAPHBIE KOOPAUHATEI

r=VH+65+ ...+ anap ...,

H caedyiouee o603HaveHHe A CPelHero sHaueHus GyHxuum ¢ Ha coepe
paguyca r C UEHTPOM B TOYKe X:

Qxy X9 ovs Xy r)=—(:—n f fqa(x—]—ar)da, (15)
1°}

n

B cuay (14) Mp OyneM uMeTb

V=0, fQ(x, ryre=18 (r, ) dr =

==

(2;)':,0" f(ﬂ =92 1 Q(x, rydr.

1) Coraacno 1. I, ctp. 408, Mbl, Mexay npouumM, noayvaeM
Jin—p (1)

(n—-2)/2
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Jlas HeueTHHX 1> 3 Mbl BOCHO/Nb3YEMCS TOXKIAECTBOM

an?
t”2

f (r2 — )"~ 3)/2rQ(x r)dr =0. (157)

Tax xak nofuHTerpa/bHas (YHKUMA ecThb TIOJAUHOM cTerend (n — 3) mo ¢,

TO ero Npou3BoiHas (n — 2)-ro nopsika no £ pasHa Hymo. Buuutas (157)
n-2 n—2 (n—1)2 yn—~2 n-2

uz 0" /ot %, wmu nonyuuM aaa 4 ==(—1) " *w/ot npeacra-

BJIEHHE

u(x, )="C di"nl;f(t? 2" L0 (x, r)dr,
0

- aKBUBajMeHTHOe npeacrasienuio (10). Mocroauuyio C, Moxuo HaHTH MM60
U3 NpPHBEIEHHBIX Bbille QOopMyna, aub0 NPOCTO paccMaTPUBas uYaCTHHIH
cayuat =1, u=+¢, worna Q==1. Mu nattaeM, uro C,==1/(n — 2)L.
Taxum oOpasom, pewenue 3anaud Kowwu 3anaercs dopmynoft

w(x, )= 12), e f (&2 — "I Q(x, rydr.  (16)

Ta ke camas Qopmyiia CnpaBeiaHBa A/ YETHBLIX A; €€ MOXHO MOJYYUTb,
ucxona u3 (9). Omunako BHKJAAAKH B STOM Ciyuae Gojee IpOMO3IKH,
NOITOMY Mbl IPEINOYATAEM PacnpoCTpaHuTh dopmyay (16) Ha cayuaht yer-
HOTO YMC/Ida M3MepeHMH C NMOMOIUbIO MPAMOrO MeTOAa, OMHCAHHOro B Cle-
LyIOLIeM MyHKTe.

3. Meron cmycka. Meton cnycka ') OCHOBAaH HA CAeAyIOLIEM 3aMe-
YaHUK: U3 PelIeHds HalleR 3a1ayu LJd 1 HEe3aBUCHMBIX MEPEMEHHBIX MOXHO
MOJYYUTb KAaK YACTHBIA C/IyyaRt peitenus Aasd n — | MM MEHbLIEro 4uCaa
nepeMeHHbiX. T1pu 9TOM Mbl ,cyckaeMcs“ OT ,BbICHIER® 8aaud K ,HH3LIER".

B cuny TeopeMbl eRMHCTBEHHOCTH, MBI IIOJYYMM DpelueHue 3anaud
" B Ccliyuae n — | DpOCTPAHCTBeHHHX NepeMeHHHIX H3 (GOpMyanl Aad 1
NPOCTPAHCTBEHHBIX MePEMEeHHBIX, MPeNNoJOXAB, YTO HayaabHasd GYHKUHS
(x5, ..., X,) He 3aBUCHT OT NepeMeHHOH x,. Toria pelleHHe u TaKKe
He 3aBUCHT OT X, M, C/IeNOBATe/NbHO, fBJAAETCH pewenneM 3anayn Koww
ans n— 1 NpOCTPaHCTBEHHHX MepeMeHHHX. AHa/JOrMYHO MBI MOXeM
CIYCTHTBCA OT 72 TNPOCTPAHCTBEHHHIX MNEPEMeHHHX K 7 -— 2 NpOoCTpaH-
CTBEHHBHIM MEpPEeMEHHBIM, MpeANoaras, YTo Haya/jbHad QyHKUHs ¢ 3aBHCUT
TONBKO OT Xy, X9 ..., Xy g B T. L

Tenepb Mbl TPHMEHMM MeTON CIyCKa ANs TOro, 4TOOH BblBECTH (OP-
Myay (16) nna yeTHOro uuc/ia INepeMeHHbIX B MPelIOJONEHHH, YTO OHa
JOK83aHA /I HEYETHOTO 4YHMCJA NepeMeHHbIX.

1y Cm. Apnamap [2]). Cu. takwke ra 11, § 4, m. 4.
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Mu 6yzem ucxoauth 3 (n—+ 1)-MepHOro NMPOCTPAHCTBA NepeMEHHBIX
Xy X9 ov., X,y B 3TOM NPOCTPAaHCTBE Mbl PACCMOTPUM  (DYHKUUIO
(%, Xg ..., X,), 32BHCAIIYI0 TOJLKO OT 72 TNEPEMEHHHIX, H ee Cpel-
Hee 3HaueHue no cdepe ,,; patuyca r:

Qe N=g— [ .. [ $lxtando,,,

Opt

n+1

rie a — eJuHuunbii BextTop. Tak Kak ¢ ne 3aBucur ot (n—1)-#i npo-
CTPAHCTBEHHOH nepeMeHHO#, To, B cuay § 11, 3TOT nOBepXHOCTHBHIH
MHTETrpasj CBOJUTCS K MHTerpaay 1o n-mepHomy mapy. Mmeem

e

Mockoapky ®, =2 (V;)"/P(n/Q) nojyvaem
T n+1 e
die s (J A feeen s,

Qui (x5 )= Vg
Qux D= [ - [$(x+apdo,

raie

€CTb COOTBETCTBYIOLIEE CpelHee 3HayeHHe QYHKUMH ¢ B f-MEPHOM NpPo-
CTpaHCTBe.

Takum 0o6pasoM, CHyCK HA OAMH INAT NPUBOAHT K HYXKHOMY pe3yib-
TAaTy, eCcJAH TNPOU3BECTH CJEIYIOLIMe HEeCJOXHblE BHLIKNAAKH. 3aMeHuM
B Qopmyne (16) n wa n—+41 u noncraBum BMecTO Q,,,(xX; r) Bhpa-
wenue (17); mocne mnepeMeHnl TNOPAAKA HHTETPUPOBAHUS U AH(depeH-
UMPOBAHUS NOJYYUM

12 g2 (n—4)/2
uzcatHQ tfpn IQ (x’ )dpf(n 2‘/')’ dr],

rae C — n0CTOsIHHAs. BBeleM HOBVIO MePEMEHHYI) HHTErpHPOBAHUA 2,
nonaras 1 — p2/r2==(1 — p?/t?) z; TOraa Nerko BUIETb, YTO

t 1
@ — ,-2)(n—4)/2 @ — P2)(11—3)/2 , (12
—— dr = 2= (1 — )
f =2y ;T g2 tpn—2 6[ ( : z) dz (18)

CrenoBaTeabHO,

t
an—-? ‘n—
u=C, i [ =" 0Q, (x. p)ap.
0
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Mocrosnnyw C, cHOBa MOXHO Ha#TH, pacCMaTpuBass YaCTHHIR cayyai:
C,=1/(n—2)1.

Takum oOpasom, BUL pellieHWS COXPaHseTCsl, eClu MH nepefiiieM K MeHb-
wnM 3HaueHusM n. C/enoBaTenbHO, LOCTATOUHO BHBeCTH dopmyay (16) -
TOJNbBKO AN HEYETHBIX 3HAYEHUH A, TaK KaK K YeTHHIM 3HAUSHHSM Mbl
MOXeM nepeHTH OT OGOJbLIMX HEUETHBIX SHAYEHHH.

4, Naapseiimee nsyuenue pemenus. llpunuun oiiresca. Peinenue,
sazannoe Gopmynoit (16), nerko MOxHO npusecTd K Buay (4) uau (5),
OTKyJa JIETKO TOJYYHTb CJAeLyOlind sameuaTelnbHBIH (akT, Kacaomuhcs
npunuuna o#renca l).

OG6osnauum uepes G (f) npousBONbHYI0 A pa3 HenpephiBHO Xudde-
peHUHPYEMYI0 GYHKUHIO £ B PACCMOTPUM ¢YHKIUU

1 PrES - '
Uﬂt):mWf(t?—r?)*rG(r)dr (=0, 1,...). (19)
0

Ilna ¢ynxuuit (19) gerko nOKasLIBaeTCa  CJelyIOllad pPeKyppeHTHas
tdopmyaa

U, (t) = %;_1 (tU; .+ 20U, _,). (20)

Us roro, uro U,=1tG(f), caenyer
. s ,
U=t a, G (&), (21)
v=0
rie @, ,— nocrosnHele uucaa. Ecau o0603nauuTb uepes P, (f) momuuom
A
%
Pt)y= X a) ",
v=0
TO 9TO COOTHOUIEHHE MOXHO 3aMMCaTb B CHMBOJHYECKOH (GopMe

U, (¢) = tP, (tG), (22)

rie crenedd G 3aMeHSIOTCS COOTBETCTBYIOLIMMHM NpOM3BOAHBIMH. Toraa
pemenne 3agaun Kowmn (16) nas ueuetHoro 72 ==2\ -} 3 MOXHO 3anucarhb

B BUAE
u="tPy-32(tQ), (23)

rie G()=Q(¢)=Q(x, t)— dyukunsa, panee omnpeleteHHas ¢op-
myaofi (15).

B Cvora IIL, § 4, 1, 6,
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V3 sto#t ¢dopmyss Mb ToAyunM NpelCTaB/EHHE pelleHHs TaKKe U
AJI8 4YE€THOro 4Yucjaa n NPOCTPAHCTBEHHBIX nepemeHme, CHyCKasacCb OT
HEYeTHOTO uucna usMepenu#t #—+ 1 k n; Mb cpasy OyneM UMeTb

u=tPy_sp(tG), (23a)
rie G= —y f fq)(x—i—ﬁt)dmnﬂ, T. €., COrJacHo 1. 3,
T n-1 4
G(t)—-—_ 2 ( 2 ) 1 r?l lQ(x r) d (23/)

ey

Clen10BaTebHO, pellieHHe NPeJCTaB/seTCs 4Yepe3 MpPOU3BOLHHIE (DYHKIHUHU
G(x, £) no ¢ no nopsuka (n— 2)/2.

ITo aHAMOrHH C TéM, KaK OBLIO NOJIYYeHO BbIpaX(eHHE IJIS HEYeTHOro
yucsaa H3MepEHHVI, Mbl MOrJIH Obl JaTh HECKOJbKO HHOE npelncCTaB/eHue
yepes l'IpOHSBOIlele BBIpAXKEHUA

t

HuJy_ ﬁy”dn (24)

KOTOpOe YIOBJIETBOPSeT BOJHOBOMY YypaBHeHUI0 mnpd n==2, [Tonoxum
0% A
Usoyy = Z, == QMI@ﬁA]Yﬂ_“ﬂ) " Q(rydr (25)
M TOJYYHM I Z peKyppeHTHhle (GOpMYIb

[z, =ac @A =Dz 412i] 0=1 2. ...)
ZO=U)\"”: =H

(26)

Orciona crenyer ¢$opMyaa suia
A

= 5, LHO () @7)

C MOCTOAHHHMMH B, ., Mb MOXeM CHMBOJMYECKH 3amHCaTh ee uepes
HOJMHHOMB

A
m@=§%f

B BHIE _
Z, =11, (tH). (28)
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CaenosaTenbHO, peuteHue 3agayd Kowmn nid yeTHOro uucsaa usMepeHuit
€CTb

4 =1(,_gp(tH), (29)
rue

¢
_(rQxn
H(x, t)-——-éf—)/.t—z;—r—.z—d"-

dopmyasl (23) 1 (29) nOKa3LIBAIOT, YTO (YHKUUS 4 HempephHBHA, eCaH
HayanbHas ¢GyHKUMA ¢ MMeeT HelpepbiBHble TPOM3BOLHBIE 10 MOPAAKA
(n—2)/2 nas veTHnix n M (n—-3)/2 a8 HeuyeTHbIX n. DBo3MoOXHOCTH
AByKpaTHOTO JuddepesunpoBanus u, HeoOXOAMWMas AJa8 TOro, uTodH
MOXHO Onll0 HamucaTh auddepenunancHoe ypastenue (1), obecneynu-
BAaeTCA NPEANOJOXKEHHEM, UYTO () HMEET HempephiBHbIE MPOU3BOIHBIE 10
nopaaxka (n— 1)/2, ecan n HeueTHoe, u Jo nopsaxa (n-+2)/2, ecan n
yetHOe ).

W3 noayueHHbIX paHee NpelCTaBJEHHH CaeAyIOT HEKOTOpble (aKTH,
kacaiouivecs npuHuuna [iofirenca. Tlpunuun TlofireHca ecTh yTBepxae-
HUe O TOM, YTO 3Ha4veHue petieruss 3adauu Kowu 08 804108020
VYDOBHEHRUS 3QBUCUM MOABKO OMmM 2paruys obsacmu 3a8ucumocmu
Ra naockocmu t=0, m. e. umo OHO 3asucum MoOAbKO OM HAYAAb-
HolX 3HQYeHUll Peulenus u u e20 npPpou3soOHblX HA 2paHule OCHO-
BAHUA r=1 XQAPAKMEPUCMULECKO20 KOHYCA, HO HE OM HA4AALbHBLX
3Ha4eHuli sHympu 3mo20 ocHosanus. Mbl HanmOMHUM, UYTO MPUHLMI,
Tofirenca cHpaBelJi¥B AJS BOJHOBOTO YpaBHEHMSt C TpeMs MpOCTpaH-
CTBEHHBIMH MepPEMEHHBIMU, HO He B C/yuae MABYX nepeMenHbix 2). Hawwu
¢opMyIbl MOKa3bIBAIOT, UTO ITOT (PAKT ABJAETCA HACTHHIM CJayyaeM cCle-
nywouero obwero npaeuna: npunyun [loidzenca cnpasedius 0as
80AH0B8020 YPGBHEHUA, €CAU HUCAO N NPOCMPAHCMBEHHHX nepe-
MEHHBLX Hewemmuoe, u Hecnpagedaus, Kozda n 4emos).

Hakonen, pexyppenTheie dopMyas (20), (26) nerko npusoasar
k npeacrapaeHusm (4), (b). Ecau BMecto U  uau Z B3aTb PyHKUMH
Rlz(Q/Vw)P(2X+3/2)U;. wm S, =(1/£)A!Z, COOTBETCTBEHHO, TO
MH noayyuM 6oJiee NMPOCThIE peKyppeHTHHE (OpMY.JIbl

o d
Ry=MR, 1+ 7 Ry_1. Ry=tQ(x, ¥),

d 1
S)‘=)~S)\_1+t2wsx_l, S():‘t—H(x, t).

') HeszaBucumo ot Hamero npeacrasienns B § 10 6niI0 moxasado, 4to
TaKoe NpeInoJoXeHHe NOCTaTOYHO AAs peuleHns 3afgaud Kommu.

A Cmora I, §4nrn VI § 2

8) MMo-BuguMoOMy, 3TO BHepBhle OblIO ueTKO ykadaHo Boabreppa [1] wu
Tenoune [I]. .
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rie d/dt?=(1/2¢)(d/dt). PelwenueM 3TUX PEKYPPEHTHBIX YypaBHeHuH
ABJAIOTCA (PYHKIIUK

R=(g7) Q)

u
S, =z ) €»=m),
OTKYyZAa CJeAyiOT npencTaBiaeHus (4) u (D).

5. Heomnopoptoe ypasHenue., MHnrerpan HMwameas. Jas Toro
4TOOB MOJYUYUTb pellleHue HeOAHOPOJAHOTO YpPaBHEHHs

uy—Au=f(x, t) (30)
C 3anaHHOfi npaBoM uacTeio f(x, f£) H C HAYaJbHbLIMU YCJOBHSIMH
u(x, 0)y=u,(x, 0)=0, (30

MBI CHOBa oOOpaTHMCR K Memody sapuayuu napamempos, WId ,UH-
terpaay [ioamens“, KOTOpnH paccmarpupaiacs, HanpuMep, B ra. lII,
§ 4, n. 3. CuoBa npeanonaraercs, 4To QyHKUHUA f HMeeT HelpepHIBHBIE
NPOH3BOAHbE BIJIOTb 10 nopsika (#n—+ 1)/2 wan (n-2)/2 coorser-
crBeHHo. IlycTo ¢ynkuua v(x, £; T), 3aBucsAulas OT MapaMeTrpa T, ecThb
pelieHde OQHOPOLHOTO JAHpdepeHIaJbHOTO YPaBHeHHS

v, —Av=0,
YILOBJETBOPAIOLIEE HAUaJIbHLIM YCJIOBHAM

v(x, 0; =0, v, (x, 0; ©)=f(x, 7).
Toraa '

t
a=ffv(x, t —r; 7)dr. 31
0

Us osroro ,uHTerpana Jlioameas® cpasy noAyyaeTcs pellleHue AAs HEO.-
HOpoLHOro ypaBHenus (30) ¢ HayadbHbIMu  ycaoBuamu (307). BosbMem
cpelHee 3HaueHHe

Q. 1 9= [ oo [ FGtbr. Ddoy;

Mbl OyzeM uUMeTb

t

1 dn—? 32

v(x, ¢ «c):(-ntﬁwf(t2~r2)(" 3"”rQ(x, r; ©)dr
’ 0

M, CJAeLOBATeJbHO,

a 0n—2

we =g [0 f (€ =~ r1" R rQ(x, ; wyar,
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WIH, €C/IU MepeMeHUTb NOPANOK HHTerpuposanus W AuddepeHud poBaHus
(34KOHHOCTb 3TOrO JErKO NPOBEPUTh), MOAYUHM

T

t ,

1 gn-2 _

4%, )= omgyy o=z | @ [ @ =P Qe rs t—ryar. (32)
0 0

Hag n=2 v n==3 NOJYyYalOTCq BbIpaXeHus

¢
1 - —_
”=§Efdrf s Z’t z')‘dEd’I E=E—+0—") ©3)
0 Pt V—z ¢
u

u=ﬁ—f()£tf%f(e, 7. G £ p)dtdnd

= (x =P+ —?+(z—0P); (34)

5TO COOTBETCTBYET pe3yJabTaTaM, NOJydYeHHHIM B ria. Il

6. 3amava Komu aas o6uiero JHHEHHOro ypaBHEHHA BTOPOro
nopanka, Ha ocHoBawuu n. 5 sasava Kowu auas obwiero auHe#HOro
runepboanyeckoro  AuddepeHnuasbHOrO ypaBHEHHA BTOPOTO NOPAAKA
MoxeT OBITb JIerKO pellleHa C MNOMOILbI0 MeToAa cmycka. JLoCTaTouHO
CHauajza paccMoTpeTh AuddepeHuHaNbHOE ypaBHeHHe

Au—+-c%u=u, (35)
C HavaJbHBIMH YCJIOBHAMH
u(x, 0)=0, ua,(x, 0)=4¢(x). (35")

B cuay ra. III, § 3, obuu#t cayuat MOXKHO CBeCTH K 3ITOMY.

fIBHOe pelleHHe CHOBAa MOJy4YaeTCd C NOMOWIBIO MeToda crycka., Mel
MCKYCCTBEHHO YBEJNHMUYHM YHCJIO ,MPOCTPAHCTBEHHHIX® IEepPeMEeHHBIX 1O
n~~1, nonaras x,,.,==2, M paccMorpuMm sajauy Kown aas audde-
PEHLUaJbHOIO ypaBHEHHUS

Av=1,, (36)
OTHOCUTEJbHO OYHKUUM U (X, X9 ..., X,y £) € HAYAJIbHBHIMU YCJIO-
BUAMH
v(x, 0)==0, v,(x, 0)=¢(Xy, ..., %,) e nri=1(x)e” (36
[Moaoxum
= e U (X, Xg» +er Xy ) 37)

toraa 4 Gymer pemenueM 3anaun Kowu (35). JeHcTBHTeNbHO, MOyYeH-
Hoe paHee npexnctasieHue (16) nokasbiBaeT, uTO pelleHHe U 3aJ4dauu
Kown (36') umeer Bum e“u(x; X ..., X, t). Ho, ecau Mu mox-
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craBuM ¢yHKUMI0O ¥ B ypaBHeHue (36), TO MBl CPa3y NOJYYHM, 4TO &
ecTb pemrende 3anayn Kowwu (35), (35). B cuiay TeopeMbl eIHHCTBEH-
HOCTH, MHOKasaHHO# B § 8, MOMET CyHecTBOBaTb TOJIBKO OJHO pelle-
HUE 4 H, CJef0BaTeNbHO, 4 =ve °*. Tenepb Mbl MOXKeM IOJYYHTb Npen-
CTaBjeHne I8 U, a CJAeJOBaTe/NbHO, TaKKe W I 4, ¢ TOMOLIbIO
bopmyn n. 4. Taxkum o6pasoM, ANl 4emubix n, a CeJOBATENbHO,
A9 HeueTHHX n -1 Mbl HMeeM

U=1tPs_op2 (tG"),
rae

G* ()=

j [ [e+8ne o,

n+1

Torna u=1{Py_gp (tG)‘, npuyem

G(t)= — [ [e+pnesnda,,,
?

@nt1
n+1

Kak n panee, uyepes dw,,, 0603HayeH 3/1eMEHT MOBEPXHOCTH (- 1)

MepHOH enuHHuHOR cepsl. Tak kaK ¢yHKuus ¢ He 3aBHCUT OT NoO-
cienHel mepeMeHHOH z:x,,ﬂ, B CUJAy TOTO, uTO

1

t"-tdo v
n+1= Vt2—-92

iy iy - dE = p-'dw, dp,

vi=s

MbI TOJIy4aeM COOTHOIIEeHHE

— . n Vet
Gx, )= tn 1 th2~pz e Q(x, p)dp,

JY

2r(”+1
e F e f Vﬂ ChCVf"’ PPQ(x. p)dp.  (38)

(%, )=

1
Q(x. P)=Ef oo [ ¥ +Bordo,
gﬂ
A NOTHYHO, NAS HedemHbolX N MHl foJy4aeM peELICHHE
u==1I1,_yp(tH), (39)
Wi 3

t
Hx, ty= [ on~ Uy (i VE=7) Qx. p)dp; (40)
0
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anech J,— yukuus bDBecceas nopanka RyJab. JledcTBUTEabHO, B ITOM
cayuae
V= H(/lvl)/? (tH*),
rae (¥4
e =—20 . [ HEED g a,,,
o 40t ‘/t2_p‘2_62

2L et 2 n+l
? +Enr1<t

Ecau B 3TOM WHTErpajie TMPOH3BECTH MHTErpPUPOBAHHE MO 4y OT
—VE—=p% o+ V£ —2 10 noayunrca Bupaxeunue wJ,(ic Y 12— po)s
TAaK 4TO B COOTBeTCTBUM C QopmyJof (40)

Hx, )=H"(x, t)e - “*=

= [ [eenh VE= P, .,

o<t

Yr1o6B NpHUMEHUTb 3TOT Pe3yAbTAT K peIleHHI0 mesezpagrHozo ypas-
HeHusn

Au=u,~+u, 41
fIpy HAYaJbHBIX YCJHOBUAX

u(x, 0)=0, ua,(x, 0)=4¢(x),
Mbl MOJOKHM # ==ve~!? y moayunM Aas v Zuddepenutansioe ypasHeHye
v
Yy = Av + T (42)
KOTOpOe coBmanaeT c (35) npu ¢ == —21-

Hanpumep, npu n==1, 2, 3 peuwenne Teserpapnoro ypasHeHus
uMeeT BHUI

w== =1 f b(5 VE=$) Q. o)dp.
0

Qx p) =5 [4(x +p) +¢(x—p) am n=1,
Voo
! ch ViEE—p?
_ 2
u=¢e t/zdfP —“WT—p;—‘Q(x, p) dp. (43)
Q. p)= g [ 4 (¥, + oy, %, + 0By do, s n =2,
2,

¢
—i2l 0 i
u=—e ”27—07 p2J0(§ V t2—p2)Q(x. p) dp,
0

Q(x, P)=74[; ff $(x1 e X2+ Py X3t pa)dwy M n=3.
98
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7. 3apaua wu3ayueuusa!), Pesyabrar, nmoayueHwsd B m 5, mo-
3BOJISIET HAM HaHTH peuleHHe 3a0a4u u3syiexrus Lis OOILEro BOJHOBOTO
YVPaBHEHHS C 7 MPOCTPAHCTBEHHLIMU MepEeMEHHBIMH; 3TO llenaeTcd To-
CPEACTBOM NPOCTOTO NpefeabHOro nepexona?). Mut copmyaupyem 3a-
[ayd U3JyueHHs CJeAyloluM 06pa3oM.

Has t >0 Mo wwem maroe peuenue 00HOPOOHOZO B80AHOB0O20
ypasHenusn u, —Au=0, xomopoe npu t==0 o6pauaemca 8 HYAsb
gamecme co csoell nPOU3BOOHOU U, BCI00Y, KPOME HALAAA KOO POURAM
8 LPOCMPAHCMEBE X, U KOMOPOE RPU T == Vx% + 224 4 %2 =0,
m. e. HQ ,0CH BpeMEHU“, uMeem MAKYIO OCOOEHHOCMb, 4MO
1imf...f%%ds=—-g(t). (44)

>0

3necb B MOMeHT ¢ MHTErDHDOBAHHE NPOUCXOAUT NO chepe K, ¢ UeH-
TPOM B HauajJe KOODIHHAT B mpocTpaHcTBe x. Yepes d/0v o6o3navaercs
InddepeHUUPOBAHAE N0 HOpManu K cdepe, ds — 9JEMEHT NOBEPXHOCTH,
a paauyc cepbl € CTPeMHTC K Hy/a10. 31ecb £ (f) ecThb 3anaHHad Kak
GYHKUMS BpeMeHU UHMEHCUBHOCMb U3AYYEHUS.

Mb  MoxeM Oonee Kpatko cOpPMyaupoBaTh 3ajauy H3JyyeHHS
KaK 3ajauy O pelleHHH HEOXHOPOAHOro ,IudepeHLHalbHOro ypasHe-
Hus“ 9)

uy—ADu=g(#)d(x, y, 2) (44")

C ONHOPOLHBIMM HadalbHuIMH yciuosusamu (307); d(x, y, 2) smech Tpex-
MepHas AenbTa-(YHKUHA, KOTOPYIO MH BBEJW Bhillle.

Mul monbiTaeMcs MOCTPOUTH pelleHHe C MOMOLIbI TMpPeAelbHOro Mme-
pexoja, HCIOJAb3Ys pelleHus HEeONAHOPOAHHLIX YypaBHeHu#. B uacTHOCTH,
nycTb & ==, — peiledue ypasHenusd (30) ¢ f(x, £)=1(x) g (¢), rne

=0 gna r>h, >0 ana r<h u f f&pdxldxg...dxnxl.
r<h

3xech r2=x¥—+— x%—{— —}—xi- MlckoMoe pewreHde 3aiaun  usiyde-

HHA MOJyuyaeTcl Kak mpelen pelneHu#t u, npu h—>0. B pesyibrarte

NOJYUYUM, 4TO

t T
1 dﬂ—‘2 -3)/2
uy= mng(f~T)de(T2*SQ)(" "sQ(x, ) ds,
0 0

roie Q(x, s)=winf fq)(x—l—ﬁs) dw,. Ecan Mbl 3anuileM BHYTpeEH-
1*4

n

') Hanoxenue Gau3KUX BOMPOCOB cM. B pabore BaiiHwrreiina [2].

2) CM. § 15, rae jauo 6osee o6wiee u MOAPOGHOE HINONEHHE.

%) Huxe (B § 14 u 15) mMm Gyiem cucTeMaTu¥ecKd MOAb30BATHCA 3-yHK-
nMel; aaech Mbl BOCHOJb3yeMcs GoJiee KAAaCCUYECKHUM METOJOM,
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HWH unTerpal B Bule

: n—3)2
f (2 — s Q(x, 5)ds = f f =) T S2) / 4 () dt
0

<t

(8= (x;— &)+ (xz — 8P+ (k8D

¥ nepeftneM k npefeny npu £ — 0, To nosyunm

0 o r>r
limf(wz2 s2)(” 3”sQ(x, §ds=1 (:2— ,z)(n -3)2

h>0 o) nas r < r.

L o,

CnenoaaTeano, HCKOMO€e penieHue 3ana4d HM3JY4YC€HH TAKOBO: s
r>t

u==0,
a nas r <t

U=

t
1 1 " 9 o\(n—3)2
op (n—2) =2 gn-2 rfg(t_x)“ = a

UJiv
1 ;oo

e — o T o [ ewle—>"—r1"a (15
n . 5

HOas n=2 u n=3 (cMm. ra. IlI, § 4) Mu cHOBa mosnydyaeM COOTBeT-
CTBEHHO

t |
1 ret—-
= f Sl (46)
U
= g g(t—1). (47)

B cayuae n==5 nmeeM
1 1
u= g5 @E—")Frg’t—0)]

a B cayuae n==4

_ 110 (gt=3
U= —21' o7 fVTZ-——r? drz.



§ 12. ¥Ypasnenus stopozo nopadka 693

C noMOIUbI0 BLIYKC/EHHH, BMOAHE AHAJOFHYHBIX TeM, KOTOphie OBLIH mpo-
BeleHH B 0. 4, pelueHMe 3aJa4Y4 H3JAYUYEHMS MOXKHO 3amucatb ) B
6oJiee KOMNAKTHOM BHUIle

. (___ 1)([1—3)/'2 d (n-3)12 g (t . r)
u ()C, t)= W ("};‘2—) T AJs HEYETHHX N, (48)
(—1yn-D2 [ g \(n-2P2
z((x, t)y= T A ?) H(t—r) nans verHwx n, (49)

. .

npuuem H{(t —r)= f{g (t —)/V @ —r¥|dx. 3amerum, 4tO peayib-
T

TaThl 3TOr0 NyHKTa OCTaHYTCH CIPABENTHBBIMH, €C/H f-— ¢ 3aMEHUTb Ha

t 4 r. Hano rtaxwe oTMeTuth, uro peitenns (48) u (49) sanaum wusmy-
YeHHS MOXHO NPeLiCTaBUTL B BHAE CYMM

v=1

9_n (n—ﬂ)/?
U= ﬁm @y, (2ry g (t —r) LA HEYeTHHX n (50)
47
v 1
"
‘ 9on (=22 .
r 2 v
U= ST 2 by, n(2ryH (r, t) aas yeTHBIX 1 (61)

C TIOCTOSHHBIMH @y 4, by, 5.

‘Boipaxenns Bupa (50) HasbiBaioTcst GeryiiMMu BOJHAMM BBICIIEH CTe-
newu (n—3)/2 (cM. § 4 u nanee § 18).

CioBa .¢ NOMOILBLIO MCC/AENOBAHUA HALIWX MpPeICTABJEHHH Mb MOJy-
yaeM MOATBEPHKKAEHHE CJELYIOLIEr0 3aMedaTeJbHOrO PE3yabTarTa: nput-
yun Tlolizenca cnpasedaus 0aR 3a0a4U USAYHEHUS ¢ HEHEMHULIM
LUCAOM N NPOCMPAHCMBEHHOLX NepeMeHHbXx?). B Touke x B MO-
MEHT ¢ BJHSHME BO3MYLIEHUS, UCXOAALUEr0 W3 Hayalna KOOPAHHAT, 3a-
BMCUT TOJABKO OT XapaKTepa STOr0 BO3MYLIEHHS B OIUH NpeABIAYLUMHA
MOMEHT BpeMeHH, a MMEHHO B MOMeHT f—r. Boamyuenue, pacmpoct-
pausiolleecs M3 HayaAa KOOPIAMHAT C eIHHUYHOH CKOPOCTHIO, NOXOIUT
10 TOYKH X Kak pa3 B MoMeHT f. Takum o0pa3oM, HMNYJAbCH, HCXO-
ISIMe M3 Hauala KOOPAMHAT W pe3KO JIOKaJIHU30BAHHBIE BO BPEMEHH,
T. €. NPeACTaB/JAeMble C MOMOMIBLI0 (YHKUHH £ (£), OT/IUYHBIX OT Hy.s
TOJMLKO Ha MajOM HHTEpBaje BpeMeHH, BOCHPHHUMAIOTCH B J0OOH TOuke

) MoapoGHoe paccMmoTpeHde 3TOH 3agauu cM. B § 18, n. 3. 3aMerum Takxe,
47O, IpuMeHas 00001eHH e GYHKIHUY U IPOGHEE IPOU3BOLHEIE, MOXHO NOAYYHUTH
BeipaxeHue, obvenunaouiee gopmyan (48) u (49). ’

2) Beaycaosuo, npuduun [ofrenca aaa sanauu Komwn u npunnun ofiredca
A48 33/a4d H3JAYYCHUS IKBUBAJEHTHH.
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Ha PACCTOSHMM r OT Hayaja KOOPIAMHAT TOJbKO B TeYeHHe KOPOTKOrO
MHTEPBAa/Ia BpeMeHH, HAYMHAIOUIEroCs Ha r eIMHUIl BPEMEeHH IO3XKe.
Odnaro npunyun [l'vizenca wHecnpasedsus 0as 3adauu u3-
AYHEHUS 8 CAy4ae 4emHO020 HUCAQ NPOCMPAHCMBEHHbX U3MeperUl.
310 HemocpeicTBEHHO BHAHO U3 dopMyanl (49). B stom cayuae
pe3Ko JIOKa/JH30BAHHOE BO BpEMEHH BO3MYIIeHHE B Hauyaje KOOpIMHAT
He MOXeT ObTb OOHAapYyXEeHO B TOYKe, OTCTOALEH HA PAaCCTOsiHHE r OT
Hauana KOOPIMHAT, paHbllle, 4eM uepes r eauuull BpeMenu. OAHAKO
nocjie 3TOTO MOMEHTA BAMSIHME B 3TOR TOUKe OCTaeTcs 3aMeTHuiM. Mpy-
TUMH CJIOBaMH, pellieHHe, BOOOIIE TOBOPH, OCTAETCH OTJIHUYHBIM OT HYJA
npu £ > r. TakuM 06pasoM, B NMPOCTPAHCTBE YETHOLO UHC/A M3MEPEHHH
HEBO3MOXeEH YeTKHH MNpHeM MNepefaBaeMblX CUTHAMOB, YAOBJETBOPSIOIKX
BOJIHOBOMY ypaBHeHHi0o. B aToM cuayuae curnaast Bcerga GyLyT paciibl-
BaTbCsl. JTOT (pakT u zaabHeHume cooOpaxenud (cM. § 18) nokaswisaior,
YTO TpPeXMepHOe MPOCTPAHCTBO, B KOTOPOM MBI CYILECTBYeM, 3aMeuaTebHO
TeM, YTO B HeM MOXHO NepelaBaTb PE3KHE CHTHaAb 06e3 HCKaKeHus.

§ 13. Memoo cgepuneckux cpedHux, Boarosoe ypasHerue
u ypasHenue Ilap6y

Tenepb MB npoBeleM o6ocHOBaHHe pe3yabTaToB § 12, mnpumenss
apyro#t Meron!) pewenns sagzaun Komwu.

1. duddepenuuansioe ypapieuue JlapGy nnas cpeauux 3HavyeHuil,
Mul 6yneM paccMaTpuBaTh CpelHee 3HaueHHe NPOU3BOJLHON ABaXIbl He-
npeprBHO MuddpepeHuupyeMoit GyHKUMH (X, Xo, ...y X,) ==¢(X) OT n
nepeMeHHbX X,

'v(xl,.xQ. cens X D) =v(xX, r)=—m]7f... fq)(x—}—@r)dm (1)

no cdepe R, pamMyca r ¢ UEHTPOM B Touke Xx. B 3tom uurerpane §
0603HauaeT eNUHHYHLI/ BekTOp ¢ KoMnoHeHnTamu By, By, ..., B, kpome
toro, dw==dw,=df —31eMeHT MNOBEPXHOCTH Ha eJUHUYHOH cdepe,
a dR=r""1dw — 31eMeHT NOBEPXHOCTH Ha cepe paauyca r C LEHT-
poM B Touke x. Torza cpenHee 3HayeHHe QYHKUHM U YAOBIETBOPSET
ouppepenguarsiony ypasuenuro Hapby?) (cm. § 6,nm. 2)

Ut

C HaYaJIbHBIMH YCIOBUAMH
v(x, 0)=109(x), v, (x,0)=0. 29

n—1
r

v,—Av=0 2

1y Cm. Owxou [4].
?) CM. pabory Baiinmrefina [2], rae Teopus ypasHenus JapGy ofo6imaercs
Ha cayua#t, koraa (n — 1) 3aMeHSeTCs NPOHU3BOJBHBM IapaMeTpom A,
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CrenoBatenbHo, GYHKUMIO U MOXHO ONHO3HAYHO MPONOJDKUTH AJs OT-
pHLATENbHBIX I KAK HempepblBHO AH(depeHlUpyeMoe pelleHde 3TOro
ypaBHeHus, mojaras

v(—r)y=uv(r).

Mu copmyaupyeMm sTOT akT CaeldylouluM o0pa3oM: @YHKHUA U ecmb
pewenue ypasuerusn Japby, wemnoe omuocumenssHo nepemennol r.

Jlnis N0Ka3aTeJAbCTBA MBI BBLIYHCJNM C MOMOLUBID HHTErPa/bHOR Teo-
pemnl Fayccal) ¢ynkuuio

n B
v, (£, r)=wLnf .9.. f ;Bi%)dw=quﬂ—:f ...f%-dﬁ,:
n =
:.____%r‘n,l [ [ [apax
Gf

rie G, — BHyTpeHHocTs chepui @, dx —anement ofvema, dx ==

n
=dx,dx,...dx, a 0/0v=2@i (0/0x;) obGosnauaer audepeHUnpO-
i=1
BaHHe NO BHellHe# HopMamu K cdepe 2.
Naasuetwee nuddepesurposatue no r naer
n—1

fo,,=——mn7f;).. qu)dx-f——;n—rlﬁf.s;. [apae=

! n—1

r

_

v, + Av,
OTKYyZAa CJAelyeT Halle yTBEpxAeHue.
Ecau Mbl npeanoaoXuM, B 4aCTHOCTH, 4TO Halla (byHKlllflﬂ
P Xy ens X)=7(x)

33aBHCHT TOJBKO OT OJHOH MepeMeHHOR X == X, W YTO OHA IBaXIH He-

npepuiBHO AnddepeHunpyeMa no x, 1o B cuay § 11, n. 2 ee cpeldHee
3HaueHue MOKeT ObTb 3aMHCAaHO B BHAE

1
v(x, ===t [ g (x4 rp) (1 —pA)" P dp 3)
-1
1 yaosaersopsieT AuddepeHuHaTbLHOMY YpaBHEHHIO
n-—1
"U"+ ——,-—_’vr ""Uxx=0' (4)

Hs § 6. n. 2 Mbl. nenaem soiBoa. uto ¢opmyast (1) u (3) naior
pemenne 3aaaun Kowmm cootsercTBeHHO Aas ypasnenuf Iapby (2) u (4)
C HAYadbHLIMH YyCJaOBusMu (27).

Yy Cm. npumevanue pegaktropa Ha c1p. 0637, — [lpun. peo.
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2, CBA3b ¢ BOJHOBHIM ypaBHeHueM. ViMeeTcs B3amMuo oanoaHauHOe
COOTBETCTBHE MexJy pelleHusMH ypaBHenuss [lapOy M BONHOBOro ypas-
Henusd. Jlvddepenunpys dopmyay (3) apaxanl 1o x, Mbl OyieM uMeTb

1
V=t [ et rmya —p2" " ap.
-1

CrenosarenbHo, us ypastenuss JlapSy noJyuum

n—1
r

1
V40, = 2L [ (x4 (1 —p2)" P ap.
~1

B aro#i dopmyne mapamerp x, koropmit noGaBaseTcs K ri., HeCyliect-
Bed. [103TOMy MBI moJayuYaeM CJAeAYVIOWU# pe3yJabTaT.

Ecau pynrxyua v(r) u ¢(r) csnzans mexnwdy co6ol unmezpans-
HoLM npeob pa3osanuen

1
v(r)= [ ¢(rp)(1 — 2" ap, ®)
mo B
—1 : \
v P2y = [ (1 — )y, ©
-1

Taxum o6pasom, onepayuu ¢ Had gyuxyued ¢ (r) 30ecv coomsen-
cmeyem onepayusn v’ - (n—1)v'jr, npumeneninas k v(r).

Mo mMoxeM npumenats ¢opmyay (6), ecan ¢(S) 3aBUCHT He TOJbKO
OT OLHOrO napaMeTpa X, a OT # NAapPaMeTpoB Xy, ..., X,; TOLAA Mbl
OyaeM paccMaTpHBaThb YHKLHH

1
’U(f. X oo xn)"_—fcp(xlr cee Xp ’P’)(l “92)("—3)/2119.
—1

Tenepy Mbl YCTaHOBUM CJEAYIOILYIO CBA3b MEXILY BOJHOBHIM YpaBHEHHEM
u ypaBHenueM Jlap6y. [Tycts u(xy, ..., X,, {)—ABaXIH HenmpepHBHO Aud-
depeHuupyemMoe pellieHHe BOJHOBOTO ypaBHeHMs, Takoe, 4To #,(x, 0)==0,
T. €. pelleHHe ,4YeTHOE OTHOCUTeabHO f“. Toraa, 3aMmeHss £ Ha, r, Mbl
OyIeM HMeTb YeTHOe pellieHue
V(X, I)=U(Xy, ..., X, I)=
1
©p_, (n~3)2
:—m"_-fu(xl, cees X rp) (1 —p2) "2 gy,
"
Takoe, 4To
v(x, 0)=u(x, O)=y¢(x), v, (x, 0)==0.
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Ecan MBl BOCHOJIB3yeMcd HaHAEHHBIM BHIUE Pe3yJAbTAaTOM, TO TNOJYYHM
augdepeHnyalbHOe ypapHeHue

1
_ Opy =32
Ay = ™ [Au (x, rp)(1 —p2) dp =

1
- _ —1
=212t [y (e ) (1 —p2)" P dp =0, + 2= v,

0]
-1

Hauanpupie ycaosus v(x, 0)=¢, v,(x, 0) =0 ynosserBopsIoTCH B CHIY
TOrO, YTO U OnpejenaseTcs Kak cdepuyeckoe cCpeiHee.

.B cooterctsuy ¢ 1. 1, pewenue 3agauu Kow4 ansa ypasnenus JlapOy
onpeneasieTcsi GopMyaoi ’

V(Xps +vnr X r)=-w17f fq)(x—}—rﬁ)du).
. . ?

n

Takum 06pa3oM, pellieHHe # BOJHOBOrO YpaBHEHHS, UeTHOE OTHOCUTENbHO
{==r, JOJXKHO YIOBJETBOPATb COOTHOLICHHIO

1
2'iifu(xl, e X 1) (1 —p2 IR gy =

(o™ 3
:w%f [bxe+rBdo. @
Qﬂ

Hao6opoT, M3 3TOro COOTHOIUEHHS MLl MOXeM Telepb eIHHCTBEHHLIM
06pa3oM MOJYYuTb pellleHHe 4 BOJHOBOTO ypaBHeHusi. 3alaua CBOAMTCA
K ofpauwennio (QYHKUHOHAIBHOTO YypaBHeHus (5): moAcTaHOBKa B (5)

r=V§, rp4=1/<3~ Aaer
v (V §) s = Of A %V") (s — o) P qa.

IMpumeHnas cokpauieHHsie 0003HaYeHUs w (S) = (1/.;‘) sAR, x (o) =

= cp(Va)/VE, noJjydaem
w ()= [ x©)(s—o)" " da. ®)
]

Ecan n— newemnoe, 10 eIuHCTBeHHOe pellleHHe omnpeneaserca ¢op-
MyJ0#

(5= e
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Cael0BaTeILHO,
1 d (n-12 _
@(f)=mr(—‘#—z) (r*=2o(r)). (10)
2

Ecan n wemnoe, TO obpalliennte OCyluecTB/IseTCs C NMOMOILUBIO ,ApO6HOro*
AuddepeHnpoBanust nopsaka (n — 1)/2. Mb noayuum

waf#‘—)(“) st(” do; (11

2
NO3TOMY

a2 r
@(f)=ﬁr—(gﬁ?w(df2) [va= @ ()

0

Takum o6pasom, mnoaaras @(r)=u(x, r) On-t

., MBI NIOJTyyaeM peLIeHHe

safauyu Kowm ana BOJHOBOro ypasHenus Au — u,==0 B cayvae 4em-
HOZ0 n B BUIe

e t)——l(i)wf _ ("Qe Mydr (19
P (ny \ de? 7 ’ ’
'(3) ve=r
rae
Qe n=m- [ [tx+rBde (14)
a B Cayuyae HedemHo20 n—B BUIE
o (n—1)/2
u (e ty= Y5 t(dﬂ) ¢"=2Q (%, 1)). (15)
'(2)

Taxkum 006pasoM, Mbl HallJM SIBHble BHIPAXKEHUR AJSA PELIeHUs BOJHOBOTrO
ypaBHeHus. Jlerko yCTaHOBHTb HX TOXKIECTBO C mpencTaBjeHusmu § 12,
ec/u TMpPHHATb BO BHHMaHWe BHIOW3MeHeHHOe HauanbHoe ycaoBue. Mrtak,
Mbl Tenepb OOOCHOBa/iH pasjuubble ¢opMyasl § 12, nm. 1, xortopnie Bce
cBequch K ypasHenuio (10) storo naparpaga. Mexay npounm, 6b110 Gl
NOCTaTOYHO OFPAHMYUTHCS NOKaszaTenbCcTBOM ¢opmyas (15) Toabko s
HEYeTHHIX 1.

3. 3apaua u3JayuyeHus JJA BOJHOBOro ypaBHenus. ls pesynn-
TaTOB, YCTAHOBJIEHHBLIX B II. 2, Mbl MOXEM TakKxke NOJNY4YUTb umepecnbm
BBIBOA $OPMYJ A1l peluieHUHM, COOTBETCTBYIOIUUX NpoYeccam u3Ay4LeHusn.
CHavalia Mb 6y11eM HCKaTb pelieHUa BOJNHOBOIO ypaBHeHHd, 3aBucdauiue

TOJNBKO OT r"’—Zx2 H OT BpeMenu f. Taxue peueHus #(r, ¢) AOJIKHH
=1
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OBITb YeTHHIMH MO 7 W JOJ/IKHB YIOBJETBOPSTb AHDdepeHUHaTbHOMY

ypaBHenuio (cM. ra. III, § 3)

n—1
r

u,— u,—u,=0, (16)
apasiouteMycs  ypasuenuem Jap6y (2), B KOTODOM NepeMEHHJUCh POJH
NPOCTPAHCTBEHHOH mepeMeHHOH X u BpeMeHHOH mepemenHo#t £. B coor-
BETCTBUH C M. 1, pelleHHe 3TOro ypaBHeHHd HaeTcs ¢GopMy.aoH

1

u(r. )= [o+rm—p)" g (7
-1
C NpOu3BOJLHOR ¢yHKuMeH ¢. [las HeueTHHIX 7 Ppas/oXKeHHe CTeneHHOH

GYHKUMH B TMOJMHTErPajbHOM BBIPAXKEHHM B COOTBETCTBUM C OMHOMM-
aibHOM dopmynol naer

(n—3)/2 r
1 —3-2 A f v
w(ro == X o= [ot4+0p"dp,  (18)
v=0 -r

rae ¢,— OuHOMHaJbHbe KO3 ¢uuuents. Ecan g — mobaa ¢yHkuus, Ta-
Kasg, uto (d""%dx"~?)g(x)=¢(x), TO Mbl MOXKEM HHTErpHPOBaTh MO
yactaM. Jloayuum

(n—=3)/2
1 v v (v} v
u(r, =y Y A7 (="t +n—gt—n) (19)
v=0
rie g® o6o3HauaeT V-0 NPOU3BOIHYIO (YHKUMH £ U Tie KO3hPuuu-

eHTH A, MOXHO OnpelefuTbl), HampuMep, C TNOMOLULIO TNOACTaHOBKH
B ¢opuyay (16). Kpome Toro, uneHsl

1 \d v v 1 1.
s N (—DACEY ) w g Y ArgO(t—r)

KQOKAHA B OTAEJbHOCTH TaKXe yNOBJETBOPSIOT BOJHOBOMY YPaBHEHHIO,
TaK = KaKk 3HayeHHe g B TOYKe £-—fr He B3aBHCHT OT 3HaueHHUs £
B TOuYKe f—r, 3a MCKJIIOUeHHeM cayuas r==0.

4. O6o6menHble Geryumne chepuueckne Boaubn, Cdepuueckue Ge-
rylliie BOJIHBEI, MMeIOlHe BHI 4 ==@(f — r)/r B NMPOCTPAHCTBE Tpex H3-
MepeHuit, 06/1a0aI0T aHAJIOrOM B IPOCTPAHCTBE MIOOOT0 HeYeTHOTO YuC/Ia H3-
Mepenu#t 2). OGo3HauMM BOJHOBOH onepatop 0%/012 — A uepes []. Mu

')y Mbl noayuum (cp. § 12, n. 7)

A= ( (n —V3)/2)~%v/(nj3).

2) 310 MHTEpECHOe 3aMevyaHue NpHHAANCKUT PpHIpHXCY.
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YTBEPKAAEM, YTO IS HEUETHOTO 7 (yHKIMH
U= D(ﬂ—l)/z(? (t — r)

c NPOU3BOAbHOA (OPMOH BOJNHB ¢ HABJASIOTCH PpEIUCHUSIMH BOJIHOBOTO
ypaBHeHHs
) Ou=0.
Has n=1, 3, 5 Mb HAXOAUM C/eAyIOLINE PELICHUS:
eU—r) 20 @—n)ry=f¢—nr)r. rae f=2¢;
(8/r) ¢" (¢ — )+ (8/r?) ¢" (¢ —1).

Mocaennee peluenue ABIAETCS He NPOCTO OTHOCHTENbHO HeHCKamaiouiehca
Geryuiefi BOJIHOM, a cyneprnosuuMefl ABYX TaKHX BOJH.
" DTo yTBepxiIeHHe HeMeJeHHO CJELYeT M3 TOXIecTsal)

D@+ (¢t — r)=0,

KOTOPOE MOXHO NIPOBEDHTb HENOCPEACTBEHHO, HO Jy4ile AOAYYHTH U3
Gosiee 0011€r0 TOXAECTBA, - BHIIOHAOUIErOCS AJs OflepaTopa

Lylu(r, O] =u, +

Jnq neweTHHIX 7 M NMPOU3BOABLHHIX g 00e pyHkuun g(f—r) u g(t——r)
ynosaersopsaoT (n—+ 1)/2 pas utepupoBanHoMy ypasuenuio [lapGy

L (4] =0. 1)

"YUrobn 10Ka3aTb 9TO yTBEpMmIAeHHE, Mbl CHaYya/la MOKAXKEM, UTO N/

NPOU3BOJILHO! (PYHKLMH ¢ ¥ Leaoro uucia v_> 0 chnpaBelMBO COOTHO-
2
LIeHue ¢)

n—1
r

u,—u,,. (20)

1 1
L, [o+rm( ~pdp=d,, [¢"C¢+m0—p) " dp @2
-1 -1 .

rae (v+4-1)d, ,=(n —3)/2 —v.  Ecam 06Go3nauuTh MHTerpai B /1eBOH
yacTu uepesd w(r, X), T0 B cuay n. 1

L2v+3 [’(U] =0
w tak Kak L, =1L, .+ [(n —(2v+ 3))/r1(d/dr), numeem

“

r

1
—(@v+3 —(2v v
Ln[wlzn—g,—t—lwrzﬁ——gﬂ fcp’(t+m)(1 — ) pdp
-1

) Mo pasHeiM noBoaam A. Baiiuwreiin yxaseiean o6061eHns 9TOr0 TOXIE- -
crsa. Cm., Hanpumep, ero crateio [3].
?) B n. 1 srtor pesyabrar moayueH AAs 4acTHOro caydas v = (n — 3)/2.





