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OcHOBHad TeopeMma yTBepkiaeT, uTo 3adaxza Kowu umeem oduo
4 MOALKO 00HO aHaaumuueckoe peuterue ut, ..., u™.

JLOCTaTOUHO TPeanoaoKUTb, uTO k==1, T. e. paccMmaTpuBaTh CH-
cTeMbl ypaBHeHHH mepBoro nopsinka. Jlanee, Mbl MpOBeleM BC€ paccyX-
LeHus TOJAbKO Aas caydas n=1, T. e. Aaa AuddepeHUUaJbHEX ypaBHe-
Hufl C JIBYMs He3aBUCUMBIMM NEpPEMEHHBIMH X, ), TaK Kak AJs 60Jbliero
yuC/aa HEe3aBUCHMLIX TNepeMeHHBX He TpefyeTcs HHKaKMX MoAMduKaluf.

Boo6uie rosops, cucTeMy MOXHO NPHBECTH K HOpMaibHOH (opme (1).
OIHaKo, KaK MB YBMIMM B NI. 5, eCTb BAaXHble UCKJ/IOYUTE/bHbIE CJydaH,
KOrZa 3TO HEBO3MOXKHO 1),

Ilns nokasaTenbCTBa 3TOH TeopeMbl CHayana (opManabHO CTPOSAT CTe-
neHHble psAbl AJS peuleHHs, a 3aTeM MNOKAa3bLiBalOT, YTO OHH PaBHOMEPHO
CXOIATCS.

[lpexne d4eM nepexoIuTh K 0OLIeMy PpAacCMOTPEHHIO, Mbl pasfepem
HECKO/IbKO NPHMEpOB.

Jiast auddepeHIUaTbHOr0 ypaBHeHUs

au,—+Bu, =0
C TOCTOSIHHLIME o M [ BCe pellieHus 3a1alOTCst opMyJIoH
u=w(ay—pBx)

¢ MpousBOJbHOH GyHKUIER w@.

[Tpeano/ioXuM Tenepb, YTO HAM MPOM3BOJBHBIM 00pa30M 3alaHbl Ha-
yaibnbie snadenns #(0, y)=¢(y). Toria ¢yHxkuus w@ onpereantcs,
ecau MoaoxuTh x ==0; Mbl noayuuM pemenue & ==¢(y — fx/a).

Boo6we, paccMorpuM (cp. § 1, m. 1, npumep 5) HeaunefiHoe Aug-
¢depeHLUAIbHOE YPaBHEHHE

a (4) =+ B (4) 2, =0,

npeanonaras, 4T0 KO(QMULUHEHTH o M B 3aBUCAT OT HEU3BECTHOH (yHK-
HHH «.

3apaua Komu COCTOMT B TOM, yTOOb HafiTH peluenue, IS KOTOPOro
u(0, y)=0¢(y), rie ¢(y)— sananHas QGyHKUMA.

Kak Mbl BHIeau paHblue, BCe pelieHusl Hawero AuddepeHunansbHOTo
ypaBreHus 3alaiorcs opmyaoh o (u)y — B (4) x = w (4), rae @ — npo-
M3BO/bHAA (YHKUUS; (YHKUMA @ CHOBAa ONpefeasieTcs U3 HAYaIbHBIX

") To, uro sazasa Komm sBaserca caMo#t ecTecTBeHHOH 3ajaueil (Tak e,
KaK 1 B cayuae oOblKHOBeHHbIX AuddepeHnHanbHbLIX ypaBHEHHH, Tle OHa cpa3y
00bACHAET NPUCYTCTBHE B DEIIEHHH INPOH3BOALHLIX KOHCTAHT HHTETrPHPOBAHHSA),
BHIHO U3 CaMOro cMbica2 Auddepenunanpupix ypassHeruil (1); OHH BhIpaXaoT
uepe3 HayaJbHble [AHHBIE H HX HESBHO H3BECTHBHIE MPOM3BOJHBIE MO NEpeMeH-
HbIM y eUHCTBEHHYI0 NPOU3BOJHYI0, KOTOpas STHMH JAHHBIMHU He ONpeielsiercs;
KaK MBI YBHEHM, 3TO OTKPLIBa€T MYTb K ONPEACACHHIO BCeX NMPOH3BOXHBIX HEU3-
BECTHBIX (yHkuuil B Hauale KOOPAUHAT.

4%
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ycaosuft. [lomcrasus B dopmyny x=0 u u=¢(y), Mb [OIyYHUM
w (¢)=a () y; ecau obpaTHas PyHKIMS g £ =@ (y) ecTh Y= (&), TO Mbl
onpeneauM NPOU3BOJILHYIO (PYHKUUIO @ COOTHOWEHUEeM W (9) = a (¢) ¥, (¢).
Taxum o6pa3oM, MCKOMOE pellleHHEe Y/IOBJETBOPSAET COOTHOLIECHHIQ

a(u)y —B@)x=a(@y (e
WIH SKBUBAJIEHTHOMY €My COOTHOUIEHHIO

B ()
=y @ ®):

Ecau ¢yukuus u(x, y) onpeleleHa U3 TOrO HESBHOI'O ypDaBHEHHsHA, TO
sanaya Komm pemena. (B xouume 3Toro maparpada, Ha cTp. 62, Ml
pPacCcMOTPHM 4YaCTHBLI cayualt, BaxHb# [/ JaJbHeRIIUX HNPHJIOKEHHH.)

Host nuddepeHLnanbHOrO ypaBHeHHs BTOPOro MOPAAKA Uy, == f (X, )
MHTErpad MO TPeyronbHuky B ¢opmyae (2) us § 1, n. | naer peluenue
sagayn Koum.

[Mpocretiiee auddepenunanbHoe ypaBHeHHe KoJeGaHuh

Uyy- uyy=0

NpUBOJUT K caenyoweh sagave Kowu: nafitn #, ecau npu x =0 npo-
H3BOJIbHLIM 06pa3oM 3ajaHo HauaibHoe coctosuue 2(0, Y)=¢(y) u
u, (0, y)=¢() (cp. 1. I, ra. V, § 3). Hs oO6uiero peuienus 3TOro
anddepeHunansHoro ypasHenus u == f (y—- x)— g (y — X) MOxHO HalTu
BUI (YyHKUMR f ¥ g, NPUCNOCOOMB WX K HAYaJbHBIM YCJIOBUSIM. PYHK-
uid f U g Haxomarca u3 coorHoweHu#t f(V)-Fg W) =), f(y)—
— &’ (¥)=10(y), KoTOpble HEMOCPEACTBEHHO AAIOT

y+x

2u(x, N=0(+N+o0—x+ [ t®ar
y-x

ITpu ¢dopMynupoke obuiett 3agauu Kown Mbl NPEANONOKUM, YTO
nuddepenuuasbHoe ypaBHEHHE MOXHO Pa3pelluTh OTHOCHTENBHO CTApPIINX
NPOUBBOAHBIX HeusBeCTHOR Gynkuun (Mau byHkuu#) no x.

B coortBercTBUM C 9TMM Mbl OyJeM, HanpuMep, paccMaTpUBaTh Aud-
¢depeHIMaIbHOE ypaBHEHHE NEPBOI'O MOPAIKA

F(x, y, u, p, 9=0, (2"
rie
p=u,, q=u,,
¥ TIpEANONarath, YT0 ypaBHewHe (2’) MoxeT OHTb pa3peleHO OTHOCH-
TeJIBHO p W NpPHUBeJeHO K BHAY

p=f(x, y, 4 q). 2)

Banaua Kommu coetour Temeph B TOM, uYTOOH Ha#iTH pelreHue
u(x, y) ypasHenus (2), koropoe oOpawiaercs B 3aJaHHYI (QYHKLHIO
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#(0, y)=9(y) npu x==0; reoMeTpuuyecKn 3TO O03HAYAET, YTO HAI0
HaiTH HHTETPAJIbHYI0 TNOBEPXHOCTH, INEPeCeKawiuylocs ¢ INIOCKOCTHIO
x =0 no 3ajauHoi HayanbHOH KpUBOH © =0 (y).

MoxHo 6u10 6B MOcTaBHTL OoJsee OCILYIO 3aKayy: HANTH MHTErpasb-
HYI0 TIOBEPXHOCTh ypaBHenus F (x, vy, «#, p, ¢)=0, npoxoznsmyio dYepes
3aaHHYI0 TNPOCTPAHCTBEHHYIO KPUBYID 4 =¢(y), x={0(y). Ecmu wmp
BMECTO X U y BBelleM HOBble He3aBUCHMble nepeMeHHbie £=X—{(y),
==Yy H NOJOXKHM

u(x, )=uE+9(Mm) N=0@G ),

TO paccMaTpHBaeMoe AuddepenuualbHOe ypaBHeHHe Mepefiler B ypas-
HeHHe

F(E—{—q)(‘ﬂ), N O, o wn__q)/u)g)—_-G(E, N, 0w, o, u)n)—_—-()

¢ Haua/JbHBM ycaosueM o (0, m)=¢(7n). Dosee olmmas 3amaya csomurcs
TakuM 00pasoM Kk paHee PacCMOTPeHHON 3ajaye CHeUXaNbHOTO BUAA, KO-
TOPOH Mbl Tenepb H OFpPaHHUUMCA.

PaccMoTpuM Takxke anddepeHuuanbHoe ypaBHeHHe BTOPOTO MOPsAKa

F(x, y,ua, p,q r. s, t)=0, 3"
rlie BBeleHb COKpalueHHble 0603HaueHHs
r=u,.=p, Szuxyzpy:qx, t:uyyzqy,

KOTOphie OyAyT 4acTO NPUMEHATbCA B JAaibHeiuieM. [IpeAnosoxuM, uto
3TO ypaBHEHHE MOXeT ObITb paspelleHO OTHOCUTEJBHO I B paccMartpu-
BaeMOH 00/acTH W3MEHEHHWS APIyMeHTOB, T. €. 4YTO OHO MOXeT GHTb
NpUBENEHO K BHLY

r=f(xy 4 p g s 0. 3)

3anaya Koww mns atoro anddepeHUManbHOTO YPABHEHHS COCTOMT B TOM,
yToObl HaWTH pemenue #(x, y), AA% KOTOPOro npu x ==0 3anaHsl Ha-
YalbHble SHAYEHHS 4 M 4

#(0, My=2q¢(y), u,0, y)=14(y). €)

BMecto onHo# mpoussoibHO# HavanbHOR Qynkuum ¢(y), Kak B cayuae
IudepeHUMaIbHBIX YPaBHEHH! NEPBOTO NOPSAAKE, Ml MMeeM JBe IpOu3-
BOJbHBIM 0GpasoM 3aianHble Qyskumu ¢ (y) u ¢ (y).

AHanoruunble 3alayd MOXHO CTaBUTh WISl AuddepeHuMaNbHLX ypas-
HeHuM Oosiee BEICOKOrO ROPAAKA WIM JAS CHcTeM AuddepeHuHaabHbIX
ypasHeHu#i. B uyacTHOCTH, MBI PacCMOTPHUM CHCTeMy NepBOrO MOpPAAKA
Ajis HEeM3BECTHRIX (yHKUMA «;(x, y) (uHorAa onu 6yayT 0603HauaThCA

uepes 4’(x, y)) caenyouero Buaa:

du 0 ,
ﬁmf,.(x, Yoty s ‘2—’;‘ dLy'") (=12, ....m) (5
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C 3aJaHHLIMH NPOM3BOJbHLIMY HAYAMLHBLIMH 3HAYCHUSMH
u; (0, y)=9;(y).

Jlokasas, uto 3T 3azayu KOIUH MMEIOT eAMHCTBEHHLIE PEIlIEHMs, Mbl Bbi-
ACHMM, KakuM 06pa3oM MpOM3BOJbHEE (yHKIUH BXOAAT B ofLiee pe-
uetue.

2, CpejenHue K CHCTeMe KBa3HJAMHEHHBIX AuddepeHnHaNbHEIX
ypaBHenn#l. Bce 3anaun Kowmw, copmyauposaHnble Bbilie, MOFYT ObiTh
CBeNeHH K OSKBUBAJEHTHBLIM 3aJauaM I8 CHCTEM KBa3HJIHHEHHHIX KH(pde-
peHLMaNbHEIX ypaBHeHVA fepsoro nopsika. Mol -mOAYepKuBAJIH, UTO
MHOrooOpasue penreHu#t cucTeMbl AnddepeHUHaNbHEIX YPABHEHUH, BOOOLIE
roBopd, He 3KBHBAJIEHTHO MHOXKECTBY peUIeHHH OJHOTO YpaBHeHus.
Onnaxo, Kax Mbl YBHAMM, OHM 9KBUBAJIEHTHBHI, €C/IU PacCMATpPUBAThL HUQ-
¢depeHuMaIbHbBe YDABHEHWS He B OTHIEeNbHOCTH, a BMeCTe C COOTBET-
CTBYIOLIMMH JOMOJHUTEIbHEIMUY HAYaMbHBIMU yCIoBUAMU. CHCTeMa KBa3HIIU-
HefiHbIX AuddepenialbHbX ypaBHeHUN uMeeT 60jiee MIMPOKOE MHOMECTBO
peleHul, 4yeM HCXOAHbIE YPABHEHHs, OJHAKO Mbl TaK OTPaHUYMM HAYAIb-
Hble 3HAYyeHUsl, YTO MHOXeCTBa pewmleHuii 0Oeux Haua/MbHEIX 3a1ay OyAyT
COBNazaTh. :

Ilpexne BCero Mbl BBIMOMHUM 3TO CBeleHHe Aaa AHddepeHIHaILHOro
ypaBHeHus NepBoro nopsaxa (2). 3ameruM, uto ecau sagaHo u (0, y)=
==@(y), TO TeM CaMblM aBTOMaTHYeCKM 3aJaHbl M HayadbHbBE YCJIOBUS
g(©, y)=1¢'(y). Boaree toro, muddeperunantsHoe ypaBHeHue (2) naer
HAyaJIbHble 3HAYEHHS I8 p, a UMEHHO

PO, =0, y, ¢, ¢ ).

Hupdepenunpys ypasuenue (2) no X, Mbl NOAYYMM A1 Tpex QyHK-
uu#t u, p, q cucreMy kpasuauHeHHBIX IHDdepeHIHaIbHBIX ypaBHEHUH
B YaCTHBIX NPOUBBOJHHIX [EpPBOr0 NOpPALKa

u,=p,
9= Py (6)
Pe= [yt fuPt 1Py
¥ HauaabHBIE YCAOBHS
40, y)=¢ ()
g0, y)=9'(y), )
PO, =70, 9. o(¥). ¢’ (M)

Mur ytBepxpnaeM, uro sTa 3agaua Koww sxpupajeHTHa McxonHo#t, UToGw
ONnpaBAaTb 3TO yTBEepKIAeHHE, NOCTATOUYHO NOKA3aTh, YTO IJd pelleHusd «,
P> g cucTeMbl ypaBHeHu#t (6), (7) BHINOJKAIOTCH ypaBHEHHUSA

p=f(x,y, u q), u4,=p, uy==q.
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Tak Kak coraacHo (6) Py =g, MBI uMeeM

Upy =0y
OTCIONZ, UHTErPHPYd MO X, MOAYUUM

u, (%, y)=q-+v(y).

[Moncrapasis x==0 W nDpuHHUMas BO BHUMaHWe HauaibHble ycaoBusa (7),
HMeeM

u,==q
ans BCexX X M Y, Tak Kak w3 ¢’ (y)=u, (0, y) creayer, uto v(y)=0.
Hanee, coraacHo (6)

0
ux/\':pxza'f(x' ¥, 4, q);

tnenosaTebeﬁo, HHTGI‘pHpOBaHHe AdetT
u.=f(x, y, u, )+ a(y).

Ho Tak kax ana x==0 BuImoaHsercsa paBeHcTBO #,=f, 10 a(y)==0,
uorciona u, == f(x, y, u, #y), T.e. u(x, y)ABAALTCH peLIEHHEM HUCXOML-
HO# 3alauu.

Ananoruuso, sanava Kowu aas AuddepeHunaibHOrO ypaBHEHHs BTO-
poro mnopsanka (3) ¢ IByMS HayaJAbHBIMU ycaoBusMH (4) MOxeT OBbITb
3aMeHeHa 3KBUBaMEeHTHOH 3ajauefl Kowwu ans ciaenyouiet cucreMbl mud-
(depeHUHaNbHEIX yDaBHEHUH C 1ecTbi0o GYHKUMAMH 4, p, ¢, I, S, ¢ He-
3aBHCHMbIX TePEMEHHbIX X, Y:

Up==p, q,=py, Py=T",
Se==Try, tx=sy,
r):=fx+fup+fpr+fqpy+fsry+ftsy

Mp¥ HaualbHLIX YCJIOBHAX

a0, yy=0o@), pO, »Y=4U) g0, y)=9¢(y),
L0, y)=¢"(y). s@O, y)=9¢"(y).
r(0. =70,y ¢ $(¥). ¢ ¥ ). ¢")-

VI3 3alaHHBIX HAyaNbHbLIX 3HAYeHUM MCXONHOM 3alauu ¢, ¢ M U3 Audde-
PEHUHMANbHOTO YDPaBHEHHS Mbl HeMelJIeHHO MOJayyaeM HOMOJHUTENbHbIE
NPaBH/IbHO COTJIACOBAHHEIE Hauya/bHble AaHHbie 1s g, ¢, 8, r. Kak u Bhie,
Mbl MOXeM IIOKa3aTb, YTO p, ¢, r, S, ! COBHAJAIOT C NMPOU3BQAHLIMH X,
Uy, Uypr Uyy Wyy, YTO 4 W U, TPUHMMAIOT 3aLaHHBIE HAUA/IbHBIE 3HA-
yenus (4) W uto BHINOJAHAeTcs AuddepenunansHoe ypaBHeHHe (3),
r=f(x,y, u, p q,r,s t).

AHaNOTHYHO MBI MOXeM 3aMeHUTb AuddepeHUUaNbHOE YPaBHeHHe BHIC-
UIero nopsiiKa WM cUcTeMy ypasHeHuH kBasuauuefiHoft cucTeMOff mepsoro
nopsaka.
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TNonyueHHbie BHILIE KBa3H/IHHERHBIE CHCTEMB AuddepeHLHaNTbHEIX ypas-
HeHHH COfepKaT He3aBHCHMble MNepeMeHHbe X H Yy B KO3(duiueHTaxX
ripasofl wactu. Yacto GblBaeT YAOOHO mepefiTH ¢ MOMOLILIO OJHOTO HCKYC-
CTBEHHOT'O TIpiieMa K JAPYToi 9KBUBA/NEHTHOM KBa3sWIMHEHHOH cucTeMe Aug-
depeHIMaIbHLIX yPaBHEHUH, B KOTOPYIO YKe SBHO He BXOIST HEe3aBUCHMble
nepeMeHHele X U Y U KOTOpas, KPOMe TOr0, OJHOPOIHA OTHOCHTENbHO
npoussoanbix. C 3TOH Liesbio Mbl POPMAIBLHO BBOAUM ABe PyHKuuu £(x, y)
U M(x, ¥y) BMECTO X H Y C TNOMOIUbIO YpaBHEHUH

Ex=ny' M, =0 ®
U HayaJbHBIX YCHOBHH

£0, =0, 70, =y, ©))

pewenusMu cucteMsl (8), (9) sBasiores E=x, N=y. Tak kak n,=1,
Mbl MOXEM Tenepb 3aMeHnTb Hamy 3aaauyy Kowwu (6), (7) oueBuaHO SKBU-
BajeHTHO# eft cucTeMoR s marn yuxkuuit z, p, ¢, & =

ax=pﬂy' qx=py’
Ee==y M,y =0, (10)
Pe=fopy+ PNy

[lpn 9TOM Mbl AO/KHBI MOACTABHTBL &, 7 BMeCTO X, ¥ B f,. [y f, #
norpe6oBath, 4TOCH BBHINOMHAMNCH HayajibHble YCJIOBHS

u(0, y)=e¢). g0, y)=¢" ()
£(0, y)=0, 700, )=y, (11)
pO, »=FfO, v, oy ¢ ).

Takum ofpasoM, cdopMmynupoBaHa 3aiaua Kowu ykasaHHOro Bhiue Buia,
9KBMBAJIeHTHAas HCXOAHOH sanaue Koww mis ypasHeHus (2).

AHanoruyHbi#l pes3yabTaT MOJMyvaeTcs B cayuae 3ajauu Kown aas
ypaBHeHus BTOPOro mopsaka. Kak u B 3alaue A/ ypaBHeHUs MePBOro
NopsnKa, Mbl MCKYCCTBEHHO 3aMeHseM X H ) ¢yHKkuuaMu £ u 7,
YAOBACTBOPAILUME AU depeHHantbHbIM  YpaBHeHUsIM (8) M HayaJbHEIM
ycaosuaM (9); onatb BMecTo (3), (4) Mbl MOXeM MOCTAaBUTb SKBHBAJIEHT-
Hylo sagayy Ko Ajs cucTeMbl KBasu/IHHEHHBIX OLHOPOAHBIX ypaBHeHMH
NepBOro NOpsilKa OTHOCHTenbHO GOYHKUMA &, p, q, r, 8, £, & 7.

Bce 3anayu, moayyaeMble TAKMM CHOCOOOM, MMEIOT BHI KBA3WAUHEHHOH
CUCTeMBbl NEPBOrO NOpsAAKa

m
du,- ou
-—0;:‘:]21 Gii(ul’ Uyy oses u"‘)-d—y_j‘ (i:::l, 2, e, m) (12)

¢ 3a1aHHbBIMU HavyaJbHBIMU yCJIOBHFlMl/l BHAA
2, (0. )=, (y). (13)
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epm—

B Taxo#t ksasuausefinoRt cucteMe Koshduuuentnt Gy (8, 4y ..., u,)
ABHO 3aBUCAT TOJBKO OT CaMHX Heu3BeCTHHX ¢YHKuM# 4;, HO He oOT
HE3aBHCHMBIX NepeMeHHbX x # y. CooTBeTcTByOlUH OOWHR pesyabTaT
¢opmyaupyercsa Tak: 3anaya Komu moGoro nopsanka Aas cucreM Rude-
PEHLMAbHEIX ypaBHeHMH MOXeT OwTb Jerko cseleHa K 3anaue Kowu

gToro Tuma. Koneyno, B ciydae n mepeMeHHHX ¥, ..., ¥, CHcTeMy (12)
Hal0 3aMEHHTb CUCTEMOH BHIAA
n m .
ou; duj
=N N0, @ ) 5+ (122)
v=1 j=1

3. Onpenenenue NMPOH3BOAHBEIX BAOJbL HAYaJbHOI'0 MHOroobGpasmus.
PeuatouM ¢axkToM aBagercd TO, uTO AUpdepeHuuanbHble ypaBHeHUs
BMeCTe C Haya/lbHLIMH YCJIOBHAMH HAlOT METOHd BBIYMCIEHHS BCEX NPOU3-
BOAHBIX MCKOMOTO pelleHHs BIOJMb HayalbHOR kpusoit, Hampumep x =0,
eci TOJbKO 3TO pellleHHe CYWIeCTBYeT H eClM KaK pellleHue, Tak W nud-
(epeHuHaIbHOE YPaBHEHHE U HadaiabHble GYHKUMM aHaiuTHunb. CHauaza
3aMeTUM, YTO BAOJb HauajabHOR KpuBOH x =0 Bce BeJHUMHBI, KOTOpHIE
HAM YXe U3BEeCTHH (HanmpuUMep, ¥ W HEKOTOpble NPOU3BONHBIE OT #), JAIOT
npn auddepeHUPOBAHHM MO Y HOBLIE M3BECTHLHIE BEAWYMHBI, T. €. LOMNOJ-
HUTe/MbHBE Npou3BoAHbe. Henocraoule npoussoinsie, conepxauiue aud-
(epeHUUPOBaHHA MO X, JOJXKHBI 3aTeM ONpeAeasATbC C NMOMOUIbIO Aud-
(epeHiHATbHEIX YpaBHeHHH.

TakuM o6pasom, B cayyae nIHddepenirarbLHOro ypasHeHus (2),
p=f(x,y, u, q), MB MOXeM omnpefefutb ¢ =¢' (y) u t=u,, =q,=
=¢"(y) u 7. 4. BROAb X==0 c NOMOWI0 HAYaJIbHHX RaHHBIX. Camo
auddepenunanbhoe ypastenue gaet seanuuny p (0, y)=1 (0, y, (). ¢’ (¥))-
AHanoruyko, npu x =10 u3BecTHO

9c=py=fy+ fu4+ 1,

Yro6bl omnpeleauTh BAOAL HaYaKbHOM KPHUBORt HELOCTAIOLULYI0 BTOPYIO
NPOU3BOIHYI0 Fr==p,==1U,,., Mb fpoldddepeHuupyem ypasHenue (2)
no x u noayuwam r=p,=f .+ f,p+ f,9, B npaso#t uactu conep-
HATCA BEJUYUHBI, yXKe HU3BeCTHble MPH X =0 43 H3/JOKEHHHIX BbILIE
coobpaxkeHu#t; clel0BaTeqbHO, JeBas YacTb TOKe OmpeleneHa Aas x == 0.
JanpHeftmiee suddepeHunpoBanue N0 X OnpeieNeHHbIX TaKHUM 00pa3oM
BequuuH M AH(QdepeHUUaNbHOrO ypaBHEHHS NaeT BCe CTapiliie NMPOM3BOA-
Hhle BHIOJAb x==0 a0 Tex moOp, NOKa CHpaBeAJMBH MNPELNOJOKEHHS
O HenpepuBHOR AuddepeHuupyeMocTd GYHKUUM f U pelleHus .
AHanOrWyHO MBI MOXEM ONpeleuTh NPOM3BOAHHE (YHKUMU # BIOJb
HauanbHOM KpHUBOH B ciayvae 3agauu Komm s ypaBHeHusi BTOpOro nmno-
paaka (3). Ho He MeHee npocto paccMotpeTh obuiywno 3azauyy Kowwu (12),
(13), koTopas comepMT BCe paccMaTpuBaeMble uacTHble 3afaun. s
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CHCTEMB! TAKOrO BHAA SICHO, KaK MOCAENOBATENbHO MNOJYYATCS MPOU3-
BOIHbBiE QYHKUMH #; BIOJb HAYATLHOIO MHOroo6pasus, T. €. BAOAL x ==0.

Cuayana nocpeinctsoM Auddepenuuposanns Gynxuuil ¢, (y) HaxoAATCH
NPOusBOAHbE 0u,;/0y, 0%4;/0y?, ... Broab nunnu x ==0, a 3aTeM mepsLie
NPOU3BOAHLIE MO X ONpeLeNAOTC M3 AuddepeHunanbHLIX ypaBHeHuH;
nuddepenuupys OnpeseNeHHEe TaKuM 06pasOM BeJHYMHBI MO Y, Mbl NO-
JyyaeM CMellaHHBle NMPousBodHbe 0%u;/0x 0y ana x =0. 3arem, nudde-
pennupys cucreMy nuddepenuuaibHbiX ypasHenu#t (12) mo x, B mpashX
YacTAX NOJYYAIOT BBIPAXKEHUS, COLEPIKAUIHE TOMbKO NEPBLHIE M CMEIUAHHYIO
BTOPYI0 NpPOH3BOAHLIE (QYHKIMH &; 1O X ¥ Y, CJIENOBATENbHO, 3TH BbIpa-
*KEHHs W3BECTHH M OMpeleNsiOT BhIpaXeHus, CTOsLMe C/eBa, T. €. BTOpHIE
npoussoaxbie 0%24;/0x2, u T. A. [loayepkHeM, YTO B 3TOM TNpolecce INo-
C/IelOBATEbHOTO ONpee/eHUs] NPOH3BOAHBLIX HPUMEHAIOTCA TOJbLKO IH(D-
(epeHuMpOBaHHe U MOACTAHOBKH.

Cor/lacHO HAWIUM MPELNOJOXEHHAM 00 aHAMMTHYHOCTH, MOXKHO IPOH3-
BECTHM HEOT paHHueHHOe KoauuecTBO AuddepeHuupoBaHui; TOrAa H3 Haualb-
HHIX JaHHBIX OMNpelensTcs Bce NpousBoiuble Gyskuu#t u; npu x =0 4y,
B yacTHocTH, npu x =0, y=0.

Tenepb ecTeCTBEHHO paccMOTpeTh oOpaTHbit npouecc. Ecau omucannoe
BhIIUE TOCJENOBaTebHOE ONpele/NeHle HauyalbHBIX 3HAUYeHUH MPOM3BOLHBIX
MOXHO TpHMEHSITh HEOTPaHMYeHHOE 4YHC/IO0 pa3—a 3TO TaK B cjyuae,
KOrjla CaMu YPaBHEHHS U HauaJibHble 3HAUCHUS QHAAUMUYHHL, — TO MOKHO
HOCTPOUTH (POPMATbHBIA CTeNeHHOM pPAX, UCMO/Ab3Ys MOMYYEHHble TAKUM
06pa3oM Npou3BOAHble B KauecTBe Ko3dduuuentos. Toraa ocraercs mo-
Ka3aTh, YTO TaK NOCTPOEHHBLI cTemeHHON PSL CXOIOUTCA M ABJSETCH pe-
LleHHeM NepBOHayaabHON 3amauu Koiuw.

4, Jloka3aTelbCTBO CYIECTBOBAHHA peumleHHd aHaJMTHUYeCKHX
auddepennnaapHeiX ypasaennit. [1pu nokasarenncrse pyHiaMenTanbHOK
TeOpeMbl CYUIECTBOBaHHA Jjaa cucTeMbl (12) MOXHO MBITATBCS CTPOMTH
pasiioxeHHe B OKPeCTHOCTH Hayana x =0, y ==0 B npeanonoxeHuu, yTo
Haya/lbHbie 3HAUEHHs YAOBJAETBOPAIOT YCa0BHIO @;(0)==0. Eciu 6bl 3TO
ObII0 He TaK, Mbl MOTJIH Obl BBECTH pa3HOCTH #; — @; (0) B kauecTBe HOBHIX
HEU3BECTHHX (YHKUUH ). AHAAUTMYHOCTb HALIKX AaHHBLIX O3HAYaeT, uTO
oyukuuu Gy, ¢; 3a1aHbl CTEHEHHBIMU DANAMH

w=2ay (14)
Cup(thys ooy )= 2 0bflk,m’vnul‘ coou™ (15)
vl,...,vm= 7

CXOJALIMMUCA COOTBETCTBeHHO B obaactax |y| < p u |4 L r.

'y Mot Morau 6B 106uThbca eme GOAbLLIErO yNpPOILIEHHS, BBEAd B KauecTBe
HOBHX HEH3BEeCTHHX QyHKIuii u,—9, (y)=vi, Ias KOTOPHIX BCe HayaJbHble
sHauennd v; (0, y) TOXIECTBEHHO paBHBI HYAl0, B TO BpeMsd Kak obuii BHA CH-
cTeMbl AuddepeHiiHaIbHBIX YPaBHEHHH OCTaeTCA HEH3MCHHBIM,
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"

Mu yrBepxaaeMm, yto 3anasa Komw ans Ttakofi cuctembl audpepen-
nManbHLIX yPaBHEHHR UMeeT penleHHe, KOTOPOE MOXKeT ObiTb BHIPAXKEHO
CTENEeHHHM PALOM

u;(x, y)=l§€;kxlyk- (16)

k=1

Cornacio n. 3, xosadduuuentst crenessoro psaa (16) onamosnauno
OfNpele SIIOTCA € MOMOUILI0 AupPepeHUHUaNbHEX YPaBHEHHH H HaYaibHBIX
JaHHBIX, TAK KAaK 3HAueHUs APOM3BOAHLIX NPEANOJAraeMblX PelleHH# «;
B Touke x =0, y=0 Moryr OMTb mnOJyYeHH NPOCTOH NOACTAHOBKOH
4acTHOro 3HaveHus y==0 B nponssozmue HA HayaiabHOH auHuu x =0.
Takum o6pas3oM, k03¢duLHeHTH c,k pasnoxenus (16) onpeneneHn oxHO-

3HaYHO.

Eciu MBI MPeANO/NOXUM, YTO NMOCTPOEHHBIH TakuM 00pa3oM psil CXO-
RMTCA B HEKOTOpOH okpectHocTd Havana x =0, y==0, To, coraacHo
XOPOUIO H3BECTHHIM TeOpeMaM, 3TOT PAl MOXHO MOYIeHHO Auddeperiu-
poBaTh BHYTPH €ro 06/1aCTH CXOAMMOCTH; MOJAYUCHHbIE NPOU3BOAHBIE MOXHO
NoACTaBUTh B Au@depeHLHanbHbie ypaBHenus. BroipakeHus, no/jyueHHble
B pe3y/abTaTe, CHOBa MOMHO MpPeACTaBHTb Kak paibl Mo x u y. Bcno-
MHHas, Kak ONpPeAeTsaHCh [MOCAeA0BaTelbHble NPOM3BOAHBIE (PyHKUUR &;
B Haya/Jle KOOPJMHAT, Mbl BHAMM, Y4TO B JeBOH W NpaBoft YacTu KaxulUOro
ypaBHeHusl, a TaKxke ypaBHEHMH, MNOJYUYECHHHX HX AuddepeHUHPOBAHUEM,
B Touke X ==0, y==0 noayyaercs OQHO M TO Xe. B cuiy anaauTHuHOCTU
paccMaTpuBaeMsie nupdepeHaibHbe YPABHEHAS Y AOBAETBOPAIOTCSA TOX AL~
CTBEHHO, T. €, (YHKUMH &; ABAAIOTCA cUCTeMOR pelenu#i. Dra cucrema
peiieHH# NMpUHMMaeT 3aAaHHBIE HAavya/ibHble 3HAYEHUS K ABAACTCHA MOITOMY
peulenneM Haue# 3agauu Komw, 4TO HemocpeicTBeHHO CJeAyeT M3 MO-
CTpPOeHHA CTemeHHBIX panoB (16) M M3 npeanonoxeHus o6 UX CXOLUMOCTH.

Caedosamensno, 00KA3ameAbCME0 mMeopPems. CYUeCMBOBAHUS
Oydem 3asepuieno, Kax moavko O6ydem noxkasano, 4mo psads (16)
cxo00amcsa 8 Hekomopod o6.racmu.

Yrobb LOKA3aTh MX CXOLMMOCTb, Mbl HCC/AERYEM 3aBHCHMOCTD K03¢-
buenToB cfk 0T K03 duLUeHTOB a,, bjs s s 3aMeTuM CHayana, 4TO
nousteHioe AupdepeHuupoBanue OO0 CTENEHHOTO pALA AaeT HOBLIA
CTeNMeHHOW pAf, KOI((PUUHMEHTH KOTOPOro CTPOATCA KaK JMHEHHble KOM-
OnHaunn K03(PULUHEHTOB HCXOAHOTO PAfa C HEOTPHLATEAbHBIMH LEAbIMA
ko3¢ duuuenramu. Ipu NOACTaHOBKE CTEMEHHBIX PSLOB B duddeperuuans-
Hble ypaBHeHus (12) uCHOAB3YIOTCA TONLKO ACHCTBHA CJOXKEHHS U yMHO-
wenus. Takum o0pa3oM, BhlpaxeHusd, MOJYYEHHBIE B IIPAaBEIX YaCTAX, TOXe
ABASIOTCS CTENEHHBIMH pPsAaMu Mo X u Y, Kodbduuuents ¢!, KoTopwix

8
NPeACTaBAAT cOGOH MOAMHOMB OT BennunH af b{l___. "
*m

clo=Ply (al 08 ), an
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Kosdduumentst 9THX 1N0JMHOMOB — HEOTPHUATENbHBIE  LeJble 4YHCIA,
He 3aBucaume or Buia Gynxkuuit G;, U .

[Tocse 3THX MOATOTOBUTENbHBIX PACCyXAeHUH MBI YCTaHOBHM CXOIM-
MOCTb, MOJAb3YACH KJIACCHUECKHM Memo0om maxcopanm. Bmecte ¢ Hamel
uGXonHoH sanaueit Komm, oTHocsmedca k ¢ynkuuaMm G, u ¢;, Mb pac-
cMotpuM HoBylo 3amady Koww, B xoropo#t ¢ynxuuu G;, u ¢; 3aMeHeHbl
ApyruMu GyHKuMaMH — ,MaxopanTaMu“ K;, u ¢,. B Hexoropo# okpecrt-
HOCTH Hayala KOOPAMHAT Mbl MOJOXKHM

b =Z Ay (18)
H
KigQuy oo )= X B* ul'. .. um (19)
Yl V=0 0T m
rae

Af}la”. Bik..vm>/|b£f,...,v .

Vir e

m

Ipyrumu cioBaMy, KO3(QUIMEHTH CTENEHHBIX PALOB HOBHX (ynkuutt K,
¥ §; HeOTpHUATENbHH ¥ He MeHplIe, 4YeM abCOJIIOTHblE BeJHYMHbl COOT-
BETCTBYIOIUMX KO3(hHUMEHTOB 3aiaHHHIX ¢yHKuu# G;, u ¢;.

Mbl nocraBuM caexyiomyio sagauy Komm:

m
0v; OUk
—ox—‘zz&k(vl,...,fvm)—oy (=1, ..., m),  (20)
k=1
0 (0, ¥)=1{;(y), (21)
»MOXKOPAHTHYIO® AJA HCXOLHOH 3alayu.
Ecan B cOOTBETCTBHM C OMMCAHHBIM Bbille METONOM MBI MOCTPOUM
kosdduuuentsl Cjp CTENEHHHX pANOB XA TNPEANOJATAeMBIX pelueHuH

oQ
i1k 22
v,(x, y)=IZOCzkx y (22)
=1
MaXOPAHTHOH 3a1aul, TO Mbl TIOAYYUM HOBbie BHpaxeHus Ci uepes A’ u
B;’f, .1 3, TAKHM e CIOCOGOM, KaKiM MepBOHAYAMbHBIE KOIDGULUEHTH Cjp
j js i __ pl j js
nosysamich wus @y w by ..., (1. e. Ci=Pnr (4, Bl .., ‘m))'

Ho Tak kak x03duUUEHTH 9THX MOJUHOMOB HEOTPHUATEbHHE, MBI Cpasy
Tno/1yyaem

Cie > | cte.

TaxuM 00pazoM, GopManbHbIE CTENEHHOR psan (22) ABJAETCS MaKOPAHTOH
aaa crenenxoro psaga (16). CiaesoBaresbHO, eCid Mbl BOKaxXeM CXOAM-
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MOCTb 3TOIO Ma}OpPaHTHOro psxa (22), 10 Mb ofecHeuuM M CXOAUMOCTh
ucxoxHoro paza (16).

Mpl uCHOAb3YEM STO 3aMeyaHue CAEAYIOLIMM 006pasoM: HOCTPOUM
MaOPAHTHYI0 3a4ayy OCOOeHHO NPOCTOrO BUAA, PelieHHe KOTOPOH MOXHO
[OJYYHTb B BHOM BHIE W JOKA3aTb TeM CaMBIM CXOOUMOCTb MaOpPaHT-
Horo psana. C 3rofi uenblo Mb BHOGepeM (Kak M BEillle) OBA IOMOKUTEJb-
HBIX 4HCAA I M p, TAKUX, YTO CTemeHHble psabl aad Gy, (4, U4y, ..., u,)
n @;(y) cxomarca coorserctBenHo npu |u;|<r u |y| p. Toraa, co-
T4CHO XOpOLIO H3BECTHOH TeopeMe O CTeNEHHBLIX pAlax, CYLIeCTBYeT
nocrosHHas M, Takas, uToO

ot <4 =

Js M ]
bvl,..., 9ml<-rT.—————-

’
+ .. +vm

rorna a fortiori Mbl umeem

js M O+ . +V )! Js
bvl, s vml< r“1+"‘+"m V,' — Vm m, Bvl’ IRPP
Tenepb Mbl nonoxuM (cp. (18), (19))
o v
L= aly =m Y (%) (23)
v=1 va=1
Ut
Kip (ys ooy ) = Z Bi,kn--,vm”;' oo M=
vl,...,vm=0
u “'n(vl+ +v )!
—n N () ()t

MURREY) V =
Psan (24) cxonutcs, eciu aprymeHtsl

Uy, Uy ooy Uy
u3MeHqAloTca B obaactu, rie
| 4 Jagl 4 oo Ay, <

€ro CyMMa BHIpaxaercsi Gpopmyaoh
M
Uy oo )=
Kig (1 m = ut . T
r

(25)
1

Pan (23) ans |y| <p mzaer

__ My
7 ()’)——"““p_y . (26)
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TaxkuM o6pasom, 3anaua
m

ov; _ M dug
ox ~ [ oitut .. Fum 3y @n
- r k=1
M
0,0, y=1=%5 (28)

fABAfeTC MawopaHTHOR 3asaueRt Komwu ans samaun (12).

EAvHCTBEeHHOE, YTO OCTaZOCh CHEJaTh — STO fABHO TMOCTPOUTH pelle-
Hust (X, y) 9TOR cuCTeMH M MOKA3aThb, 4TO B TOUYKe X =0, y==0 oHu
MOryT OBITb Pas3/OXEHb B CTeNeHHBle DSLH.

Tak xak Bce QyHkumu K,,, a Takxe QYHKUMA {; TOKIECTBEHHEl, TO
€CTeCTBEHHO MPEeANONOKUTL, UTO

v (%, M)=v(x, y)
HE33aBHCHMO OT I.
3to npuBOIUT K OAHOMY AuddepeHUnasbLHOMY YPABHEHHIO B YACTHBLIX
NPOU3BOJHBIX

go ___mM_ dv
ox 1.1, a9y’
r
HJIN
(l —Lf—v)vx—-vay:O, (29)
C Ha4aJbHBIMH YCJIOBHAMU
M
v (0, y)=fvo=—9:y7. (30)

ChrenosateabHO, Mbl JO/MKHEL TOJbKO TOKa3aTh, 4YTO 3Ta 3ajaya Kommw
MMeeT pelueHue (X, y), KOTOpOoe MOMeT OBITb Pa3NOKeHO B CTEMEHHOH
psl B JOCTATOYHO Masoft OKPeCTHOCTH Hayaia KOODAHMHAT.

Hama sanava Kown coBnasaer ¢ sagaue#f, yxe paccMOTpPeHHOH B Ka-
yecTBe npuMepa B m. 1, ctp. 51. JlaHHBI# TaM MeTOJ NMPUBOAUT K KBaj-
PaTHOMY ypaBHEHHIO

(v—l—M)[(l——Lf—v)y—]—me]:pv(l-—-—'Z—fa) 31

OTHOCHTEeAbHO YyHKIMH U. M3 ABYX KOpHEH 3TOTO ypaBHEHHS Mbl AOJIKHBI
BLIOPAaTh TOT, KOTOPHH npuHUMaeT HyJeBoe 3HaueHue npu x =0, y==0.
CylmecTBoBanue TAaKOTO pelieHdss Cpasy caelyeT u3 ypaBHeHus (31),
KoTopoe npu x =0, y==0 mnepexoaur B ypasHenune v(l —muv/r)=0.
Tak Kak no mpeanonoxeuuto r > 0, kopHu pasauynbl npu x =0, y==0.
TTo3TOMy NMCKPUMHHAHT KBaApPaTHOTO ypapHeHus (31) oTiMuen OT Hyad
B Hayajle KOODAMHAT, a cCJaelOBaTe/bHO, M B HEKOTOPOH OKPECTHOCTH
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o
pauasid, TaK 4TO B 3TOH OKPECTHOCTH KOPEHb HECOMHEHHO MOXeT OhiTh
paaﬂO)KeH B CTENeHHOH par nmo x ¥ y.
He#cTBUTENbHO, ITO pelieHHe ABHO AaeTcsl gopmyno#t

M r y

—_— —Irx —_ _—
v__lp(y )+m( p)#

2 1—y/e

1 ‘/ ——(y+rx)——(1——)] —am X ;

1—y/p

,  (32)

yTO JIErKO TNpPOBEPUTH.

Takum 00pa3oM, B HEKOTOPOH OKPECTHOCTH Hauala KOOPAWHAT AOKa-
3aHa CXOLMMOCTb MaKOPaHTHOro psia (22) M, CIeA0BaTEAbHO, CXOAH-
MOCTb MCXOHHOro psna (16), a TeM CaMbiM IOJHOCTbIO JOKa3aHO Cylle-
CTBOBAHHE AHAMMTHYECKOrQ pelleHus HamleR 3apaun Koinwu.

B To xe BpeMs HemocpeNCTBEHHO fCHO, YTO 048 8cex Ouggepen-
YuasbrolX ypashenuld u nawasvholx @ywxyul, donyckanuux o6ujue
MANCOPAHMB, CmenenKble PAOs CXO0AMCA PABHOMEPHO U peulerus
cyuwecmsyom 8 o0nod u mod sce ob6racmu.

JIlaHHOe BbIle [0KAa3aTelbCTBO, OYEBHIHO, MNOKA3LIBAET, YTO MOXET
ObITb TOJMBLKO ONHO QHaaumu4eckoe peuienve 3anayu Koww pis aHanu-
THYECKOK cucTeMbl (12), ecid TOMLKO HavajbHble NaHHble aHAJARTHUHBIL.
Bo MHOrux ciayuasx npeanonoxeHue 06 aHANUTHYHOCTH HAYAJIbHBIX NAH-
HBIX fIBJSIETCA CJAUIIKOM CHAbHBIM; YaCTO OHO Ja)e NPOTUBOPEYUT NpH-
poie paccMaTpuBaeMbIX (U3HYECKUX 3afay. [109TOMy nmpeacTaBasieT MHTepec
ycranosienublft XoapMrpeHoM [1] ¢akT, 4TO eIHHCTBEHHOCTH peLIeHust
sagauv Komu A41d aHAMUTHYECKOTO YPABHEHUS WM CUCTEMB! HMEET MeCTO
HE3aBUCUMO OT TOTO, ABAAIOTCHA JM Haua/jbHbie JaHHbie WU pellieHHe aHa-
JUTHYECKUMH. B 4acTHOCTH, aHAAUTHYECKOe pelleHHe, COOTBETCTBYIOLLee
aHAAMTHYECKUM AaHHBIM Koliu, sB/ifeTCs eAUHCTBEHHBLIM pelueHHeM, COOT-
BeTCTByIOUIUM 3TuM AaHHHIM Komy; Takum oO6pasom, m0060e peliieHue
aBTOMAaTHYeCKH sBasieTcss aHaautuueckuM. (Cu. ra. III, npunoxenue 2.)

Tounyio ¢opmyaHpOBKY M 10Ka3aTeALCTBO TeOPeMbl XOJAbMIpeHa CM.
B npuaoxenuu 2 k ra. IIL

4a. 3ameuanne o JuHelHBIX auddepeHnHAIbHBIX YpaBHeHHAX,
Eciu kospduupmentst G QUKCUPOBAHBI, TO Npelbliylliee pPacCykIeHHe
- IOKa3bIBAET, YTO CTeNMeHHOM pAL IS pelleHHs 4 CXOLUTCA B Kpyre
panuyca r, xoropeifft aBiferca dyukuue r (M, p), 3aBUCSLIEH TOABKO
oT M n p.

Ecan 3ananvoe nuddepeHuuaibioe ypapHeHue JHHEHHO U OJHOPOIHO,
TO au ¢ NpOU3BOJbHOH KOHCTAaHTOR o gABASETCS pelUeHHeM C TeM ke
PaniycoM CXONMMOCTH 7, COOTBETCTBYIOIUWM HAYaJbHBIM JaHHBIM @,
KOTOpbie, COTIacCHO NPeRbIAYIUEMY MYHKTY, COXPAHSIOT PANUyC CXOMM-
Mocru p. CnenosateabHo, r=r(aM, p) He 3aBucut oT M H sBAsieTCH
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¢dynkune#t ONHOro p. AHAMOTHYHO MBI MOXEM pacCyXiaTh B CJAyuae He-
OIHOPOLHHIX IuddepeHuuansibx ypasnennit. OTclola BEITeKdeT ciaeiyio-
uui BawHuift dakr. Ecau 048 duxcuposannsx auneinsx ougge-
PeH{uQAbRbLX YPABHERUl Ha4AAbHbE OAHHBE CXO00AMCA NpU BCex
SHAUEHUAX UX ApPIYMEHMA, HAnpUMEp, eCAl OHU SBASIOMCSA NOAU-
HOMaMU, MmO pads Oas pewerud umewom Gurkcuposannui paduyc
CXO0UMOCME, He 3QBUCAULUIE OM HAUAALHBX OQHHbLX.

46. 3ameuanve O HeaHaJuTHuUeCKHX auddepeninaJbHBIX ypaB-
HeHHAX, g Hyxn MareMaTHueckO# ¢M3MKM TpeANoJoxKeHde 06 aHaIU-
THYHOCTH AuPdepeHinalibiblX ypPaBHEHHH SABASETCA CAMIIKOM Y3KHUM.
B caexyiomux rnasax Mbl OydeM CTPOUTH pellieHHs] L IIMPOKHX Kiac-
COB IuddepeHUMaIbHEIX ypaBHeHUH (HeoOS3aTeNbHO aHATUTHYECKHX),
K KOTODHM J0Ka3aTe/lbCTBO CYyLIeCTBOBAHHS M3 3TOro mnaparpada He
npuMeHuMO Oe3 [JOMOMHUTE/NbHBIX WM COBEPLIEHHO HHEIX COOOpakeHui.
Tem OGonee BaxHO, uto HepaBHo [aHc Jlesu [1] moctpousn mnpumep,
a Xépmangzep (1] mposen nanbHelluee uccaeNOBaHUE KJAACCOB JHUHEHHBIX
JudpdepeHaIbHEIX  YpaBHEHHH B YACTHBIX TNPOU3BOAHHIX € GECKOHEUYHO
AuddepeHLupyeMbME, HO He aHAaJIUTHUECKUMHU KO3(hdHLUEeHTAMH, Y KO-
TOPHIX COBCeM HeT pelueHu#. Takoe HeoxuzaHHOE MOBeleHHe HEKOTOPHIX
AuddepeHuanbHBIX ypaBHeHuH, KOTOpble, Kasaqoch Obl, He C/AHIIKOM
OTJIMYAIOTCS OT aHAJMTHYECKUX ypaBHeHHH, CTaBUT CJelyloulyio npobaemy:
HaliTh TPOCTOe pasauuue MeXAy PaspeliMMBIMH M ,HENPABUALHBIMH® He
paspewmnMpiMi auddepenuralbHIMA  ypaBHeHuaMu. PaBora Xépmanaepa
B 60JbLIOH Mepe MpOJHBAeT CBET HA ITOT BONPOC.

5. 3ameuaHHss O KPUTHYECKHX HAUaJbHHIX AAHHHIX. Xapaktepu-
cTHKH, PesynbrTaTel M. 2 M 3 OCHOBaHH Ha MPENNOJONKEHHH, UTO CH-
creMy AuddepeHLHATbHBIX ypaBHeHHH MOXHO 3amucatb B Buie (12).
Ecay Mbl paccMOTPHM YCJOBHS, NMPH KOTOPHIX MOXHO HAMUCaTb TaKYio
,HOPMAJIbHYI0“ (OPMY, TO Mbl MPUIEM K NMOHATHIO MCK/IIOYHTENbHBIX, HJIH
»KDHUTHYECKUX“, HayalbHHIX MHOroOOpasui, WiIu ,XapakTepucTHK®. Mul
ONpeleuM MOHATHE XAaPAaKTeDUCTHKH, KOTOpOe urpaeT (yHAaMeHTaAbHYIO
poJib B Teopud Au(pdepeHUdanbHBHX YPaBHEHHH B 4YaCTHHX NPOM3BOAHBIX
¥ BCTPEYaeTCd B PA3HbIX MeCTax 3TOH KHUTHU.

IMpennonoxuM cHavana, uYTO 3aJaHHAas CUCTeMa ypaBHeHuH JauHeHHA
H 4YTO HE3aBUCUMBIX IIEDEMEHHBIX [BE:

J S

du_] duj
(aijw-}—bijTy—‘*_cijuj):di (i———_-'l, 2, vvus n);
j=1
anech @y, by, ¢y d;—3anannple GYHKUHM X M Y. ITY CHCTEMY MOXHO
paspewiuTh OTHOCHTENBLHO NMPOM3BOAHEIX MO X B HEKOTOPOH Touke (Xg. ¥o)
TOTAd M TOJABKO TOFAA, KOTAZ MATpuua Ko3(QQUUMEHTOB @, Heoco0an
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B (¥g Yo)- Ecin Marpuua a;; ocobas B (Xy, Y,), TO JAHHHA X ==X, Ha-
3piBaeTCd Xaparkmepucmuyeckoli B TOUKe (X, Y); B NPOTUBHOM C/Iyuae
OHA HAa3BIBACTCA HEXAPAKTEePUCTUYECKOH, WaH c80600rOU.

B Goaece ofuEeM cayyae Mbl MOXEM pACCMATPHUBATH AHATHTHUYECKYIO
kpuyio C, 3ajannyio B Buile £(x, y)==0 u BXOAAWYKW B ceMeHCTBO
g(x, y)==const, Ham uacTo npuxomurcs pewars 3agauy Koum ¢ Ha-
yaJbHBIMU AaHHLIMH IJs a!, 42, ..., 4™, 3amanubiMin Ha C. D1y samauy
MOXHO INPOCTO CBECTM K CJAy4al0, KOIZa HadalibHOe MHOroo0pasue
SIBASETCS KOOPAMHATHOM JMHHEH, eCu BBECTH HOBbie He3aBUCHMELE Nepe-
MeHHbIE § M % BMECTO X M y, rie % -—/m00as NOAXONAWAa BTOpas me-
pemetiHag. 3amuileM CHCTEMY JJSl MePeMeHHBIX £ u

4 ou; ou;
2 [(aij5x+bij5y) < T (@M~ bij"ly)—dn— + Czj”j] =d; (33)
i=1

(=1, 2, ..., n).

Kpupas C HasblBaeTCsi XapaKTEpUCTHYECKOH B TOUKe (x¢» ¥p)» ecau npsi-
Mas §==§) — XapaKTepHCTHYECKAs I/ NPeo6Pa3OBAHHON CHCTEMB B CO-
OTBETCTBYIOWEH TOuKe (&), 7).

Ho (33) ecTb cuctemMa /MHEHHBIX YpaBHEHWH OTHOCHTENBHO MPOM3-
BOMIBIX Ou;/0% na C; OHA WMeeT OJHO W TONLKO OQHO pelleHHe, ecan
MaTpuua @, b5, HeocoBaa B paccMatpupaeMo#t Touke P, T. e.
ecan ompeneautens Q=={[a;,&, ~+ b,&,( ormuen or myns B P. Ecau
3TO TaK, TO KpnBas C HA3BIBACTCA HEXAaPAKTEPUCTHUECKOH, MMM CBOGOI-
HO#, B P; B NMPOTHBHOM C/yyae OHA Ha3LIBAETCH KpUMULECKOH, WU
xapaxmepucmuneckoi, B P,

B ra. Il Mb ocHOBaTenbHO HCCaelyeM 3TOT BOMPOC. 31eCh Mbl
TOTbKO YNOMAHEM, YTO AJI HAYaAbHBIX KPHMBEHIX, KOTOphle HEe ABJAAIOTCA
XapaKTepUCTHUECKUMH HU B OaHOH Touke, TeopeMa Koun -— Kosases-
CKOM M ee N0KA3aTeNbCTBO OCTAIOTCS 0e3 U3MeHeHHH.

ITpusenentvie onpeneneHus W GOpMyAMPOBKH Jerko o6o6lialoTcs Ha
M000E YHCAO NepeMeHHblX, HAd KBASHIMHEHHblE M ApPYTHe HeAuHeHHbIe
CHCTEMBl M HA CHCTEeMbl BBEICIIMX NOPAAKOB.

Cienyer n06aBiTb KpaTkoe 3aMeuaHme, OTHOCALIEECS K X@paKme-
pucmudeckum 3a0auam Kowu.

Teopema Kown — KoBaneBcko#t ns nuHeHinbix ypasHenu#t 06061ieHa
Ha cnyyad, KOrZla HavalbHOE MHOroo0pasue SBJAETCH XapPAKTEPHCTHYE-
CKUM B KaXIOH Touke !). B 9TOM c/yyae HayanbHele AaHHblE HE MOTYT
ObiThb 3amaHBl NMPOUBBOABHBIM OGPA3OM; OHH HOJKHGL YAOBAETBOPATH He-
KOTODHIM  yCJIIOBUSM, KOTOphle AUKTYIOTCH AuddepeHUHansHHM YpaBHe-
Huem (cM. ra. VI, § 3). CoorBeTcTBeHHO peuleHHe ONpelenseTcs He
CAMHCTBEHHBIM 00Da30M, €C/AH TOJABKO HE HAMOKEHH HeKOTOpHE JIO0MOJ-
———

") Cu. Anamap [2), ctp. 77, Jadd (1] u Jlogsur [1].

9 P Kypauy
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HUTENbHBIE YCAOBUSA BLOJb MHOTOOOPA3ns, He KacaTeNbHOTO K HayalbHOMY
MHOrOOOpa3HI; 9Ta CHTYallud aHAJOTHYHA TOH, KOTOpAS BO3HUKAET
B C/Ayuae CHCTeMbl JHHeHHBIX anreGpanyecKUX YPaBHEHHH C Ompejesute-
- JleM, PaBHBHIM HYJIO.

~ Jlepe [1] paccMoTpen cayya#f, KOria HayaabHOe MHOrooOpasue
ABNAETCH XapAKTEPUCTHUECKUM BIOAL HEKOTOPHX KPuBHX. BooObie
roBOpA, pelleHHe MHOTO3HAYHO B OKPECTHOCTH HAY4JIbHOH MOBEPXHOCTH,
CTeneHb BETBJAEHUA pellleHUs ONpejelseTca TeOMEeTPHYeCKOH mnpupono#
COOTBETCTBYIOILMX XAPAKTEPUCTHUECKHX NOBEPXHOCTEH,

NPHITOXEHHE | K 'TABE I

JUSPEPEHUNAJILHOE YPABHEHHE JAIUIACA JIJisl OMNOPHO#
®YHKIIUH MHUHUMAJIbLHOW MOBEPXHOCTH

Hennneitnoe nuddepeHuuansHoe ypaBHeHHE MHHHMaAbHOH nOBepX-
HocTu 4 (x, y) B § 6, n. 3 Obiio npeobpasoBaHO B JHHEeHHOE ypaBHeHue
c nomolplo npeoOpasosauus Jlexanapa. Heckoabko apyras OAZHOPOAHAS
¢dopma npeobpasosanus Jlexaunipa nepeBOAUT YpPaBHEHHE MUHHMAJbHBIX
nopepxHocTe B ypasuenue Jlammaca AaA HeKOTOpO# (TaK HasniBaeMOH
ONOpHOH) (PYyHKHUM Tpex NepeMeHHHX. A VWMEHHO, CHAyana Mbl HalMLIeM
ypaBHeHue MuHuUManbHOH mosepxmoctd M (cp. 1. I, crp. 170):

d Uy + i} uy
FVitddd Y Vit
B BuUlE
a“x_l_pyzo'

rie o, B u =1 1--0a?— P2 — Hanpasisoumue KOCHHYCH HOPMAIH
K M. Mubl orpaHMudMMcs pacCMOTpeHueM TaKoR uacTH nosepxHoctu M,
B KOTOPOH JBeé HOPManu B Pa3/JHYHLIX TOYKAX HE MOTYT MMeTb OJHMHa-
KOBLIX HANPaB/AOLUX KOCHHycoB «, 3. [lpuHsiB @, § 3a He3aBUCHMblE
nepeMeHHble W CudTas X, Y, # (YHKUMAMH OT HHX, MHl MOXeM mepe-
nKcaTh ypaBHeHWe B 9KBUBAJEHTHOR dopme

£ty =0. )

Tenepb BMECTO HANPAB/IAIWUAX KOCHHYCOB pAaccCMOTPHUM JKOOH Habop
TpeX ,ONHOPOAHBIX® NepeMeHHBIX @, {, 7 Ha NMOBEPXHOCTH, NPONOPLUO-
HAJbHBIX HAMPaB/AIOWMM KOCUHYcaM HopMand. Toriaa xacarteibHas MNJO-
CKOCTb, OPTOTOHA/NbHAA K BEKTOPY C KOMIOHEHTaMu «, @, Y, 3aKaercs
ypaBHeHUEM

xa—t Y3t uy=1q( B 7). @

rae ,onopHas Gyuxuus® ¢@(a, §, 7) — onHopoaHas ¢GYHKUUS CTenmeHd 1
oTHOCHTEIbHO @, B, 7, KoTopas mpu o?—-B24-y2=1 onpenenser pac-
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cTOSIHME OT TIUIOCKOCTH MO Hayala kKoopauHaT. [IOBepXHOCTb HalO pac-
cMaTPHBATh KaK OTHOaloulyld ee KacaTeAbHBIX IUIOCKOCTeH, B3aAaHHBIX
ypasHerueM (2). Koopaunarel TOUKM xacanus, COOTBETCTBYIOIIER HOP-
MaJbHOMY HANpaBJEHUI0 C KOMMOHEHTaMH, NMpPONOPUMOHAMBHHIMU &, B, 7.
paotca GopMyTaMu :

X=9p Y=9¢5 UL=09;
aT0 ,06paTHOe npeobpasoBaHHe Jlexanapa“ Mo OTHOLIEHHIO K
a=f B=fy’ Y=fuw

rie f(x, vy, #) =0 — ypaBHeHHe NOBEPXHOCTH.

[IprMenssi 3alKCaHHble Bbllle COOTHOIUEHHA W YCAOBHE ORHOPOILHOCTH,
JeTKO NPOBEPHUTb, YTO YPaBHEHHE MHHHUMA/ILHOH TOBEPXHOCTH X, Yg =0
npeoGpasyercsa B ypashenue Jlamiaca

CPaa+ CP.GB + CP'H =0

Ans onopHOH ¢yHKuMM 3TOH MHHUMaALHOR nosepxHocT#. (Ipyroe usno-
wenre cM. B rI. V, § 2.)

NMPHINOXEHHE 2 K 'M1TABE I

CMCTEMbI JH®®EPEHLIMAJLHBIX YPABHEHHHI
fIEPBOr'O NOPAAKA H JHUOPEPEHLIHUAIIbHBIE YPABHEHHS
BbICIIMX NMOPAIKOB

1. Ispuctuueckue coobpaxenus. B § 2 u 7 M noxasaan, uto
peledie OIHOro JudpepeHuuasbHOrO ypPaBHEHHS! BHICIIETO NOPSAAKa
MOXeT ObiTb CBELEHO K pelleHHI0 CHCTEMBl ypaBHeHUH nmepsoro nopsika,
eCJH Ha pelleHHs HAMOXUTb NONOJHUTE/NbHBIE HavanibHbie yciosud. [lo-
aTOMy Uuenecoo6pa3Ho oOpaTuTh 0co00e BHHMaHME HA TEOPHUIO CHCTeM
MepBoro MopaiKa.

Oxnaxko, BooOllle TOBOPS, Mbl He MOXEM pacCuuTHBATh, YTO Cylle-
CTBYeT MNOJIHASl SKBUBAJNEHTHOCTh MeEXAY OAHUM auddepeHIHaTbHBIM
ypaBHeHHeM M cucreMo#l. M3 ckasanHoro B § 2 BUAHO, YTO CHCTeMa
nudpdepeHInaNbHEIX YpaBHEHHH B YaCTHBHIX NMPOM3BOAHBIX C JBYMS He3a-
BHCUMBIMH MepeMeHHHIMM B 0OlleM cJAyvyae He MoxeT OHTb CBelleHa
K OlHOMY Au¢depeHuUalbHOMY YPABHEHHIO BHICINETO MOPSAAKA I/ OLHOH
Gynxuni ¢ nomoiubio anddepeHUpoOBaHA H HCKIIOYEHHS MePeMeHHbIX.
Paccyxaenns us § 2 MOXHO NPUMEHUTb M K YDABHEHHSIM C N HE3aBH-
CUMBIMU TEpPEMEHHBIMHU.

Kouxeyno, atu cooGpakeHus: He JAIOT OKOHUATEJbHOTO NOKAa3aTeibCTBA
HEBO3MOKHOCTH HCK/IIOUeHHs B oOuleM cayuae. JleficTBUTENLHO, cucTeMa,
NOJNlyyeHHas M3 NAHHOM CHCTEMBbl C NOMOLIbIO AuddepeHuUUpOBaHUS, HMeeT
OYeHbh CHEUMANbHBIH BHIA, TaK 4YTO, MOXeT ObITh, HCKJIOUYCHHE U BO3-
MOXKHO B HexkoTOpBIX caydasx. [losTomy B cielylouleM NyHKTe Mb ycTa-
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HOBUM (MO KpafiHe#i Mepe, AJsl OMHOTO YAaCTHOTO cayyast) HeoGXoAuMbie
¥ JNOCTATOUHEE YCAOBUS, NPU KOTOPHX CHCTeMa MOXeT GHITb CBeleHa
K ONHOMY Au¢iepeHUHaTbHOMY YPaBHEHUIO BHICLIEro MOpsiKa (CM.
Takke § 2).

2. YcJ0BHS SKBHBAJEHTHOCTH CHCTEMBI ABYX YypaBHeHHH B yact-
HHX NPOH3BOAHBLIX TNEPBOro mNopsaka : AU depeHyHaNbHOTO ypaB-
HeHHs BTOPOro mopsaka. ITpumep cucreMor Ko — Pumana

u,—d79,,
Y (1

lly=-——’U

MOKA3bIBAET, YTO B YACTHHIX CAydYasx cucteMa auddepeHuualbHHX ypas-
HeHHH MOxeT OBITb SKBUBaJEHTHA AHQPepeHUralbHOMY YpPaBHEHUIO BTO-
poro mopsika 118 onHoR ¢yukuuu. JhobGoe pewedue # cuctemsl (1)
yaosneTBOpsieT ypaBeenuio Jlannaca Au=0; nas noGo#t rapMOHUYECKOH
GyHKUMM 4 MOXHO HaTH CONPSXEHHYI0 (YHKUUIO U, TaKyl0, 4TO & U U
yaosiersopaoT cucreme (1).

TMocraBuM Jajsee oOLIMA BONMPOC: NMPH KAaKMX YCJAOBHAX CHCTeMa

X

O(x, y, u, v, u,, Uy, Uy fuy)=0, 0
Uy, 0y) =0 @

Vi(x, y, u, v, uy u,, v,

sxBUBaNEHTHA AuddepeHLalbHOMY YpaBHeHHIO BTOPoro nopsaaka L [#] =0
IJiS OLHOM TONBKO (YHKUMM Z B TOM CMHICAE, YTO £1000e peuienue u
cucmenmnt (2) yoosaemsopsem ypasuenuwo L[u]=0 u, raobopom,
das aw6o20 pewenusn u ypassenus Llu)l=0 moxcno naiimu ,co-
npANCERRYI0® BYRKGUO v, MaKyo, imo u U v ydosiemsopsiom
cucmene (2).

Cuayana Mbl PacCMOTPHM JHHeHHble JH(depeniMalbibie ypaBHEHHUs,
3anMCaHHble B BHIE '

vy=a(x, v A(x, y, #, 4, 1),

vy, =b(x, N+ B(x, y, u, u,, uy).
3necy A u B — nnuefinple QYHKUMM OT #, 4, Uy, KOS(D(PUUUEHTH KO-
TOpHIX, - TAK e Kak u ¢yHkumn a(x, y), b(x, ¥), aHAJIMTHUHH 1O
CBOMM apryMeHTaM B OKPEeCTHOCTM Hauajia KoopAuHaT. Kpome TOro, Mml
NPEANONIOKUM, U4TO KOI(QdUUMEHT Npu #, B B OTIMYeH OT HyJs.

W3 § 7 caenyer, 4To ecau 3aJaHbl aHaJMTHUYECKHE HaualbHbIE JIaH-
woie #(0, y) 1 v(0, y), T0 cucreMa (3) umeer eduHcmsennoe AHAAU-
muuecKoe pewerue u(x, y), v(x, y) B OKPEeCTHOCTH Hayaia KOOpIH-
Har. C Apyrofl CTOPOHBI, Mbl MO/ OB NPOU3BOJLHLIM O0pasOM 3alaTh
u(0, )=0o(y) n u,(0, y)="y4(y) sMecro #(0, y) u v(0, y); oduaro
MU HAUaAbHbE YCA08USL He Onpedeasiom peulerue cucmems u, v
eduncmeenHbuiM 00 pa3om, JeHcTBUTENbHO, BTOPOE YDPAaBHEHUE CHCTEMB

®
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(3) naer OGLIKHOBEHHOE InddepeHuaibHoe ypaBHeHHe NepBoro MopsanKa
ans ¢ysxuup v (0, y):

vy (0, y)=06(0, »)v (0, 4+ B0, y. (¥), ¢, ¢" ).

1. e. BAeT OJHONApaMeTpuueckoe ceMeficTBO HayaabHBIX 3HaueHuft v(0, y),
a CJAeA0BATENbHO, OJHONMApaMeTpHueckoe CeMeH#CcTBO pelleHHH v (X, y)
cucreMn (3).

HMesi 5TO B BULY, MBI JOKaXeM CJIELYIOIIYIO TeOopeMy.

Cucmenma (3) sxsusasenmua Oupdepenyuasviony YpasHerHu
8mopo20 nopsadka 0an 00HOU PyHKyuu u moz20a u moavko mozoa,
Ko20a sunosHeno ycaosuel)

a,=b,

y

YroObl IOKa3aThb 3Ty TeOpeMy, Mbl npoiuddepeHuupyeM ypaBHenus (3)
Mo X U y M MOJYyYHM
(@ay—b)v=L[4], 4)

rne L[u}=—[aB—bA-+ A,— B,] — nuddepenunaibHeii oneparop
BTOPOr0 MOPAIKA OTHOCHUTENbHO OAHOM (dyHkuun #. (3ZeCh CHMBOJBI Ay,
B, 03HaualoT MOJHbE NPOU3BOAHLE OT A u B no y u x.)

CHayasa npeianoJoXuM, 4TO ay——b =0; toraa L{u]=0, 1. e. u

yaosaetBopsieT AuddepeHIUaTbHOMYy YPaBHEHHIO BTOPOro MOpPsIKaA
Llu]=aB—bA+ A, — B, =0.

YroObt nHattTH QyHkuuio v(x, y), CONPSKEHHYIO K &, Mbl IOACTABUM
pewenne u# ypaBHeHus L[u]=0 B A u B B cucreMe (3). IDra cucrema
UMeeT pelUeHHE U, eC/HH BHIMONHEHO YC/JOBHE COBMECTHOCTH

o0v, ovy
oy ~ ox

MMpoussoas HeoGxoxuMble AHQGepeHUUPOBAHHS M TPHMEHAT YCJIOBHE
@y, ==b,, Mbl NOJIYYHM HEONHOPOAHOE JMHHEHHOE ypaBHeHHe MepPBOro mno-
panka ana v(X, y), KOTOPOE MOMXHO DeIHuTb, ecau a(x, y) u b(x, y)
He 00palialoTca B Hyab OJHOBpeMeHHO (cM. § 5, n. 2). Taxkum obpasow,
nepBas 4acTb Halle#f TeopeMH JOKasaHa.

[1peamnosoxuM Tenepb, 4TO a,—b,+0 npn x=0 (a caenosa-
TeJ1bHO, H B OKPECTHOCTH ocH y). Toria u3 paseHCTBa (4) Mbl noayuaeM
BhIpakeHHe

L[u]
DT ©

KOTOpOe ONHO3HAYHO omnpeneaser v Lasg moboro u.

Y =

) Ecan cucrema (3) saaunTHYecKkas M 9KBHBAJIEHTHOCTh NOHHMAETCH B He-
Ckoabko OoJee IMPOKOM CMBICJAE, TO MOMHO NOKa3aTh, YTO BCErja CyllecTByeT
»3KBHBAJCHTHOE“ ypaBHEHHE BTOPOro MNOpPAAKA XIS OAHOH TOMBKO QYHKIHH,
H Hao6opoT,
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Ho ecan 6b Bce u, yaoBaeTBopsiolume cucreme (3), YyAOBAETBOPA/IH
ONHOMY U TOMY e AndepeHUMAIbHOMY YDaBHEHHIO BTOPOrO NOpPAILKA,
TO (yHKUMH &, a B cuay paBeHcTBa (§) Takxke ¥ ¥, OAHO3HAYHO oOfpe-
Zensauch OB HayanabHbiMM JaHHbiMA 2 (0, y) u 4,(0, y); omHako 3TO
NIPOTHBOPEYUT DPe3y/abTaTy, PaHee MOAYYEeHHOMY B 9TOM NyHKTe 1).

Haxoneu, Mbl paccMoTpuM ciayudalf, korfa cuctema (2) Moxer OwITb
samucaHa B Buie

v,=F(x, y, 4, v, p, q),

vy=0(x, v, u, v, p,q), ©)

rie F n G — aHanutuueckue QYHKUMM CBOMX aPTYMEHTOB M IIe, KpoMe
toro, 0G/dp # 0. Bhiuucaas v,, u3 OGOHX ypaBHEHUH, Mbl MOJY4YHM

Opttex+(Gp —F)thyy — Fotyy+ Gup — F g +
+ G, —Fy+ G,F — F,G=0.

D10 paBeHCTBO HABJISETCS YDPABHEHHEM BTOPOrO MOPAIKA OTHOCHTEIbHO
(QYHKUMM #, eCIH BbIPaXeHH:

Fy, G, —Fp Gup—Fuq+ Gy —Fy+ G ,F —F,G
'Z-'T_ ] G ’ G (7)
P p p
He 3aBMcAT 0T ¥. OOpaTHO, MOXHO MOKa3aTb, 4TO JAM(depeHUNaNbHOE
ypaBHEHME BTOPOro MOpPsSAKA MJIA X4, SKBUBaJEHTHOE cucteme (6), cyuie-
CTByeT TOMAa W TOJbKO TOrJAa, KOrla BhipaxeHus (7) He 3aBUCAT OT .

1) 3aMeTHM, UTO 9Ta TeopeMa CNpaBEeLNHBa Takke, ecad A v B He apasiorcs
NUHEHHBIME GYHKUMAMHA 4, Uy, 4y Ecaw, xpome TOro, KO3dOUIMEHTH & u b
TaKXKe 3ABUCAT OT U, Uy= p, Uy = ¢, TO BMECTO 4y = b, MBI HMeeM Clreiylouue

yCAOBHA, NPH KOTOPHIX CBEJEHHE K OJHOMY YPABHEHHIO BOZMOMNHO:
ag="b,=0, ap=10by ay+a,9=>x+byp.



F'arasa Il

OBIIIASl TEOPUS AW®®EPEHUUAJIbHBIX YPABHEHUMA
C YACTHBIMH NPOU3BOJHBIMU NMEPBOIO MOPSIAKA

Yrobsl CTPOMTHL pelieHus AHdQepeHUraibHbX YPABHEHUH B YacTHBIX
NPOU3BOLHLIX C TOMOIUBI0 CTEHEHHBIX PAAOB, TPeOyeTcd OueHb CHJIbHOE
orpaHudeHye: AaHHble 3a4ayd NO/MKHH OhTh aHanuTHYecKuMu (cM. . I,
§ 7. n. 4). IJT0 MCKIIOYAET MHOTrMe B3aJau, 3aCHYKUBAIOLIME PACCMO-
TpeHPIS!.

Onnaxo A1 JuddepeHHaNbHbX YPaBHEH!HH ¢ YACTHBIMU NMPOU3BOAHBIMH
NepBOro MOpsika MOMXKHO TNOCTPOMTH OoJjee NMPAMYI0 U MOJHYI TeOpHIo
MHTETPHPOBAHHA TNpH OYeHb CJAa0BIX MNPEANOJOXEHUAX OTHOCHTENbHO
HeNnpepHBHOCTH U AudPepeHIupyeMOCTH.

[1aBHLIM pe3yabTaTOM 3TOH TI/aBbl fIBAAETCA YCTAaHOB/IEHHE 3KBUBA-
AEHMHOCIMU MeHCOy OugpepenyuarbHblM YPAGHEHUEM C HACMHOLMU
RPOU3BOOHLIMU NepPBO2O NOPAOKA U HEKOMOPOi cucmemol 00b6IKHO-
sennbix Ougepenyuasvnoix ypasgruenudl)., KmoyoM k 3to#t Teopuu
ABJSIETC NOHAMUEe Xapaxmepucmuxy, Koropoe OyleT MrpaTbh pellaio-
IyI0 pO/ib TaKxe IS ypaBHeHu#t GoJjiee BHICOKOIO MOPAAKA.

3aMeTHM, 4YTO 3leCb ONATb BCe BCTPevaloluecs MPOM3BOAHBIE OyayT
NpeNnoaaraThCs HenpepbiBHLIMU, €C/AH CHelHadbHO He OroBOPEHO Mpo-
THBHOE. "

CnenyeT CHOBAa MOLYEPKHYTb, YTO BCE YTBepXKIeHUs M BBHIBOJB Halo
AOHMMATb ,B MAJOM“, T. €. OHH KacalwTCHd TOJbKO HEKOTOPHIX OKPECTHO-
CTe! ToYeK, MpUuYeM, KaKMX UMEHHO OKPeCTHOCTeH — He Bcerja TOYHO Oro-
BapuBaercs %),

§ 1. T'eomempuueckas meopus Kea3uUMHEHHbLX
JugffeperyuarvroLx YypasreHuli ¢ 0BYMS
He3a8UCUMbIMIL NEPEMEHHOIMU

1. XapakTepucTHYeCKkHe KpuBble. MBI BKpaTie HANMOMHUM TO, YTO
OBLIO CKa3aHO O KBA3UIMHERHEIX AU depeHIIUaIbHbIX YPaBHeHusX BT I, § 5.
Cuavana MBI PacCMOTPUM ypaBHeHWe C ABYMS He3aBUCHMbIMH IlepeMeH-
HEIMH X, V!

au,+bu,=c, 1)

) Cm. rakwe Kapareonopu [1].
%) Oxno uckmoueHne 6YA€1 YKA3aHO B HPHAOKEHHH 2, KACAIOLIEMCH TEOPHH
3aKOHOB COXpaHEHHS.
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rie a, b, ¢ — 3ajaHHble QYHKUMH OT X, Y, #, KOTOpHE B paccMaTpH-
BaeMOR 06JacTH HenpephiBHBI BMECTE CO CBOMMM NMPOU3BOAHHIMH MNepPBOro
NopsAKa M YAOBIETBOPAIOT ycnoBuio a?-f-5% =+ 0. :

dro audgepeHuHaTbHOE YPaBHEHHE B YACTHHIX MPOU3BOAHBIX MOXKHO
reoMeTpPHYECKH HCTONKOBaTh caelylowuM oOpasoM. Hurerpaabnas no-
BEPXHOCTL (X, ¥) 9TOro ypasHeHus B Touke P :(x, y, 4) LoMKHA
UMETb K4CATEJIbHYIO MIOCKOCTb, KOMIOHEHTH HOPMaiu K KOTOpOH# u,==p,
4, ==¢q, —1 CBA3aHbI JHHEHHEIM yDaBHCHHEM ap—+bg==c. B cuny sroro

yPaBHEHHs KacaTe/bHbie MIOCKOCTH KO BCEM HHTErDajbHBIM MOBEPXHOCTSM,
NPOXOAAIMM Yeped TOUKY (X, y, ¥), TNpHHALIEKAT MNY4KY [OCKOCTeH,
0Cb KOTOPOro 3a3aeTCs COOTHOIIEHUAMU

dx:dy:du#a:b:c )]

B TOYKe P; 3TH NyuYkM W MX OCH HaswmBawTca nyuxamuy Monoa u
ocanuy Monoal).

Touxa P BMmecte ¢ HampaBseHHeM ocu MoHxa, npoxoisuwe# yepes P,
Ha3LIBACTCA XQAPAKMEePUCMUHECKUM AUHEEHOM 32eMERMOM.

Hanpasaenus oceft Monxa o06pasylor noje HanpasjeHuft B mpo-
CTPaHCTBE X, Y, #; MHTerpajibHble KpHBLIE, COOTBETCTBYIOLLHE 3STOMY
TIOJII0 HAMpaB/eHHH, ONpenesAloTC CHCTeMOH OOBIKHOBEHHBIX AuddepeH-
UMATBHBIX ypaBHeHHH (2) M HA3BIBAIOTCH XA PAKMeEPUCMULECKUMY KpU-
8ulMl HAllerO YpaBHEHH B YAaCTHHX MpOH3BOAHbIX. Ecaum Mol BBeldeM
napaMeTp §, HU3MEHAOLMHCA BAOAb XapaKTePUCTHYECKOH KPHUBOH, TO
-audpepeHuManbHble  ypaBHEHUS TIPUMYT BUA

dx dy du ,
&= = = 29

[Ipoexunn XapaKTepuCTHYECKUX KPHBHIX Ha MIOCKOCTb X, Y HA3HIBAIOTCA
,APOEKUMAME XapaKTepPUCTHK.

IMpounterpuposats auddepennanbHoe ypaBHEHHe B YaCTHHIX TpPO-
u3BOAHBIX (1) —3TO 3HauuT HAaHTH TakWe NOBEPXHOCTH, KacaTe/lbHble
IIOCKOCTH K KOTOPHIM B KaXIO#t TOUKE BXOIST B COOTBETCTBYIOLIUH MydOK
Moma, UM, ADPYrMMH C/JI0OBAaMH, TIOBEPXHOCTH, KOTOpble B KaXIOH TOuKe
KacaloTcs ocH Mowxa. TakuMm 06pasoM, Mbl BHIUM, 4T0 2r00as no-
sepxnocms u (X, y), COCMABACKHAS U3 OOHONAPAMEMPULECKOZO Ce-
Melcmsa XapaKmepucmudecKux Kpuswx, eCmb URMeZPAAbHAs Nno-
8epXHOCML YPABHEHUR 8 HACMHLLX npou3soduswx. QO6paTHO, swb6asn
unmezpassnan nosepxnocms u(x, y) nopoNoOaemcs HeKomopum 00-
HonapamempuiecKum cemelCmeom XapaKmepucmuecKux Kpusgsx.

Mocnenunee yrsepsxaeHue 1erko nposeputs. Ha 110601 HTer panbHO# mo-
BEPXHOCTH # (X, y¥) nuddepeHuasbHOro ypapHeHud (1) MOXKHO 8a1aTh OLHO-

') Cp. crp. 35.
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—

napaMeTPHUYECKOoe CeMEHCTBO KPHUBBIX X==x (8), y==y (S), u=u(x (), y(5))
¢ TOMOWKBIO AuddepeHUHanbHEX ypaBHeHHR

dx dy

- =a. 71?=b’
rZe BMECTO # B @ M b HalO NOCTaBUTb OYHKUMIO # (X, V).

Baonn Tako#t kpuBoit nuddepenunansHoe ypasuénue (1) paBHOCHABLHO
yreepxaeHnio, uto du/ds==c. TaxuMm 06pasoM, Hglue OIZHONMapamMeTpH-
yeckoe CeMeHCTBO YAOBJETBOPSIeT COOTHOIUeHHAM (27) M, cael0BaTesbHO,
COCTONT M3 XapaKTePUCTHYECKHX KPHBBIX. 3aMETHM, UTO MapaMeTp S fBHO
He BXOAMT B AuddepeHIHaNbHble YPABHEHHS, TAK YTO €CJAH 3aMEHUTH § Ha
s—+const, TO Mbl NMOMYYHUM Te e CaMble WHTErpajibHbie Kpubeie. B aTom
CMBIC/IE MOMCHO CUMTATbh, YTO NPOM3BOAbHAA aANMTHBHASA NOCTOSHHAA, BXO-
Adllad B mapaMeTp, He fABJAETCH CYLIeCTBEHHOH.

Tak Kak pelieHds CUCTeMbi AuddepeHuuanbHHX ypaBHeHu#t (27) ogHo-
3HAUHO OMNPENEeNSIOTCA HauaNbHLIMA 3HAYeHHAMH X, ¥, # npu s==0, Ml
noJayyaeM CJAeNyIOLLYI0 TeopeMy.

Jdwbas xapaxmepucmuuecKas Kpusas, umeow,as o0u,yio moixy
€ UHMe2ZPAALHOE NOBEPXHOCMbIO, YEAUKOM Aexcum Ha 9moli uxme-
2pansiolt nogepxrocmu. KpoMe Toro, £w06an unmezpassias nosepx-
HOCMb NOPoNCOaemca 00HORAPAMENMPULECKUM CeMelicmBom Xapar-
mepucmu4ecKux Kpusux.

2, 3apaya Kommu. Mel noiaydaem Bte MHOrooGpasue peurenu#t aude-
(epeHUMANLHOrO YPABHEHHS B HaCTHHIX MPOHM3BOLHBIX, HCXOAS W3 3adauu
Kowu. OnpepennM npocTpaHCTBeHHYIO KpuByio C, 3alaB X, ¥, #4 Kak
Gbyuxuuu napaMerpa £, Takue, 4TO x';’+ y3 # 0 u C uMeer mpoctyiol)

npoekunio Cy Ha TAOCKOCTb X, y. B okpectnHoctn npoexkuun C, Ml
Tenepb OyIeM MCKATb HHTErPAJbHYI0 MOBEPXHOCTH # (X, ¥), NPOXOZALLYIO
yepe3 kpuByio C, T. e. pewendne ypaBHenus (1), aas Koroporo
u(t)=u(x (), y(t)) Toxnecrsesno mo f. JlaHubie 3ajaud, T. e. K03~
dunments 1upHepeHIHaNLHOTO YPaBHEHHS M HauaibHbie (YHKUHH X (£),
y(#), u(f) nomkHB ObITH TOALKO HempepeBHO AuddepeHUUPYEMb B pac-
CMaTpuBaeMOH 006nacTH; OHM He 06s3aTeJbHO NOJKHBL ObITb AHAMTUTH-
YeCKUMH.

Yro6el pewuts 3agauy Kown, Mul uyepe3 kaxaywo TOuKy kpuso#t C
nposeleM XapaKTEPUCTHKY, T. €. HHTErPajbHYI0 KPHMBYIO CHUCTeMb nud-
¢GepeHunanbHHX ypasHeHHH (27); 9TO MOXKHO CHeJaTb, MPUYEM eNUHCT-
BenubiM 00pasoM, B HEKOTOPOMt okpecTHOCTH. MBI mosyuum ceMeHcTBO
XapaKTepPHCTHYECKHX KPHBBIX

x=x(s, 1), y=y(.t), u=u(s, t)
8asucauiee Or napamerpa f.

') Ecan 6m mpoexuus C, kpuBoit C Ha NAOCKOCTb X, y, WA¥ caMa Kpusas C
HMeNM ABOHHHIE TOUYKH, TO MB NPHUIIIM Obl K HHTErpajbHbHIM TNOBEPXHOCTAM
C camomnepeceueHHAMH,
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Ecau u3 nepBoix BYX YypaBHeHHH Mbl MOXeM BHIpasuTh S U
yepe3 x ¥ y, TO 3TH KpHUBLE IOPOXKIAAIOT MOBEPXHOCTb #(x, y). Has
9TOTO AOCTAaTOYHO, yTOOB Ha KpuBOH C He ofpaliaica B HYAb AKOGHAH

A=xy,— ysXy=ay,—bx, 3)

(3mech Mt MOAb3YeMCH  XOpOWD  HM3BECTHOR TeopeMolt u3  Teopuu
OOLIKHOBEHHBIX JH(PepeHHaNbHEX YPaBHeHUH, COMIACHO KOTOpoH X, y, u
ABJAKIOTCSL HENPepHBHO AubdepeHrnpyeMuMH GyHKUUAMH § U £.) 1)

Ecan na C BuinonHsercss ycaosue A =£0, To u sasasercs dyHkuuef
X u y; tperve nuddepeHunasbHoe ypaBHEeHUE %—:—_c TOT/A 9KBMBA-
JIEHTHO 3alaHHOMYy JAu(pdepeHuatbHOMy YDaBHEHUIO B YaCTHHIX TPOHU3-

d
BOAHBIX, TaK KaK —-
028 navaasvnol kpugoll C pewena. EIUHCTBEHHOCTb pelleHUs Cpa3y
clelyeT U3 TeopeMbl M. 1, KOTOpas yTBEPXAAeT, YTO XapaKTepUCTHYeCKas
KpHBasi, UMeI011as ONHY OOULYI0 TOUKY C MHTerpajbHOM NMOBEPXHOCTBIO, LieH-
KOM JIeXHUT Ha STOH MOBepXHOCTH. DTO 3HAYUT, YTO JAI00OE pelieHue, Npo-
xonsuee yepes C, UEJIUKOM COLEPKHUT OZHOMapaMeTpHuecKoe ceMeHcTBO
XapaKTepHCTUK, NPOXoasdiux ueped C, u, ClelOBaTeNbHO, COBMalaeT ¢ u.

Ycnosue, uro A 5= 0 nHa C, nonyckaeT CJIeAyIOULYyI0 TeOMETPHUECKYIO
uutepnperaunio. B mobo#t Touke kpuso#t C KacaTenbHOe M XapakTepu-
CTHYECKOE HalpaB/ieHHs MO/KHBL UMeTb pas/MuHBle MPOEKIMM HA ILIO-
CKOCTb X, V.

Ecau 3asava Kowu mnmeer pemeHue u BClogy Ha Kpuso#t C Buinou-
HfleTcs HCKMouuTe bHOE paBeHCTBO A==0, To cama kpuBas C sBiasercs
XapaKTepHCTHYeCKOH 2), TaK Kak B 9TOM C/yuae mapamerp f Ha KpusoH
MOXHO BhIOpaTb Tak, YTO BAOJb 9TOH KpHUBOH a ==dx[dt, b=dy/dt.
Hanee, u3 nuddepenunanbHOro ypaBHenus BbiTeKaeT, uT0 ¢ ==du/dt;
cienopatenbHo, C IeHCTBUTENBHO GBJASETCH XapaKTepUCTHYECKOH KPUBOH.
Ho ecau C — xapakrepucTuyeckas KpuBasd, TO uepe3 Hee IPOXOLUT
He TOJbKO OJH4, 4 OGeCKOHEYHO MHOIO MHTErpajbHHX [OBEPXHOCTEH.
PaccMmorpum apyryio kpusyio C’, KoTOpas NPOXOAMT Yepe3d INPOU3BOJIb-
HYI0O TOYKy KpuBO#t C H Ansl KOTOPOH skoOuaH A He o6palaercs B Hyilb;
TOTrJa HHTerpajbHas NOBEPXHOCTb, Npoxoiduias ueped C’, obs3arenbHo
comepxur xapakrepuctuky C. TaxuM o06pasoM, MHOKECTBO pelueHu#
samauu Koww nns xpuso# C ompenenserca MHOxecTBOM kpuBhix C’. Bce
MHTErpa/bHbie MOBEPXHOCTH, NPOXOAdILMe Yepe3 KPUBLIE 3TOTO MHOKECTBA,
comepxar Kkpuylo C. CrepoBaTeqbHO, XapaKTepUCTHYECKHE KpHBHIE
ABJSIOTCH JUHUAMH IepPeceyeHns HHTETPa/JbHBIX NOBEPXHOCTEH — AUHUAMU

u
—- =au,+bu, Taxum o6pasom, 3edaxa Kowu

) AnalornuHbie TeopeMmbl ¢ AOKasaTedbcTBaMH CM. B ri V, § 6.
2) Cayuait, xorza A o6pauiaercd B HyJib B H30AMPOBAHHHX TGUKAX U Ha
ApYTHX COOCTBeHHbIX moamMHONecTBaX C, 3gech He paccMarpusaetca. Cu. Jlepe [1].
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o

gemBAeHUS, — TOT/IA KAK Yyepe3 HeXapaKTEePUCTHUECKYIO KPUBYIO He MOXeT
OpOXOAHTb 0OJee OXHOW HHTErpanbHOH MOBEPXHOCTH.

Crelyiolas TeopeMa pe3iOMUpYeT INpeAbAyIlHe DPesyJabTaThl.

Ecau A+ 0 sciody Ha nauaavroi xpusod C, mo 3adasa Kowu
umeem 00HO U MOAbKO 00HO peutenuel).

Ecau e A=0 8cwdy na C, mo 3adaua Kowu nepa3dpewusa,
xoz0a C He ssasemcs xapakmepucmuueckoid; 8 RPOMUBHOM CAY-
yae 3a0a4a umeem OeCKOHEMHO MHO20 peuwenui.

3aMeTHM, YTO pelleHusMH 3alauu Kowm ABARIOTCS TOABKO Te pellle-
uusa ypasHenus (1), KoTophie mpoxoasAT uepe3 C U KOTOPHE B HEKOTOPOH
okpectHoctd C, a cleloBaTelbHO, W Ha KpuBo# C, HempephiBHO Iud-
gepeHuupyeMb, Bes npeanosoxenuss O HenpephBHOW Anbdepennupye-
MocTi QyHxuuu & BAoap C Mol He MOXeM M3 paBeHcTBa A ==0 cpeaatsb
BbiBOA, uT0 C — XxapakTepuctuueckas kpusad. JlefcTBUTENbHO, MOTYT
6biTh peuieHdd AudepeHuuanbHOro ypaBHeHHs, KOTOPble NPOXOAAT uepes
HexapakrepucTuyeckylo kpusyio C u 1 koTopux A==0. Oxnako mpo-
u3sonHble GyHKuMH # Ha C TOrja.yke He MOTYT ObITb HENpepLHIBHLIMH.
B rakux cayuasx C MoxeT ObTb pefpon so3spama (ornbaolnedl xapax-
TepUCTHYECKUX KPUBHIX) uxmezpassol nogepxrnocmu u (X, y); BO BCAKOM
cayuae, npoekuuss C, kpuso#i C ecTb oruGaiomas npoexiui Xapaxrepu-
CTHUECKNX KPHBHX. B okpecTHOCTH KpuBO# C QyHKUMA & ykKe HE MOXKeT
ObiThb 3alaHa KaK OJAHO3HayHasa QyHKUHA X M Y.

3. Hpumepsi.
1) Yro6b NpPOHMIIOCTPHPOBATL HALIM Pe3yabTaTh, PACCMOTPHM Aud-
(depeHuMaTbHOE yPaBHEHHE

e, ~+u, =1 4)

(uacteHbil cayuyait nmpumepa 5 B ra. I, § 1). CootsercTsyoue auc-
depeHLUMaIbHble YPABHEHUS XaPAKTEPUCTHK HMEIOT BHI

if.:u, d_y=1, ﬂ=1; )

Y Heckoabko rpoMoszkas (GOpMYJHPOBKA TEOPEMH CYLIECTBOBAHHSA, Iie
nepeurcleHs BCEe MPENNONOXEeHHd, TakoBa: myctb Uy — 06JacTb IVIOCKOCTH X,
¥y, G — 0o6aacTh NPOCTPAHCTBAa X, y, 4, moayueHHas u3 U, noGaBjeHHEM KOOp-
xuHatH u, npuueM |u| < U. Ilyctb a, b, ¢ — HenpephiBHO auddepenuupyemsie
byuxuun ot X, y, u B G, a x(f), y(t), u (t) — HenpepuiBHO guddhepeHnHpyeMbe
Gyuxuun ¢ gas [t] < T, onpesensiomue kpusylo C B G ¢ npocroil mpoeknueit
C, B Gy, 4 TaKue, 4TO x%-{— y% == 0. [peanoaoxuM, 910 A==ay, — bx; =+ O na C,
Torma cymecrsyer nozo6aactb G(') ob6nacty G, comepxamas Cg, B koTOpOi#
onpejiefieHa HenpepuBHO Aupdepenuupyemas dyHkuua u(x, y), yAOBAETBOpSIO-
mas auddepeHnHatbHOMy yPaBHeHuio auy - bty = ¢ B Gy U Ha4aldbHBIM yCJ0-

Buam u(x (), y(t)) =u(f) na C,. 31a yHKIHA ONPEALAACTCA EAUHCTBEHHBIM
06paszoM.
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HX pellieHHe
s2
x = Lo+ UsS + 5
Y=Y+,
u=uy—tSs.

rie Xg, Vo Uo— NPOU3BOJbLHbBIE MOCTOAHHBIE WHTerpupoBaHus. B uact-
HOCTH, ceMefCTBO XaPaKTePHCTHUECKHX KPHBHIX, NepeceKaloluX 3a1aHHYI0
HAvYaIbHYyl0 Kpusyio C: ‘

Xo=p(), Yo=9@). #=yx(,
3anaetca GopMyJaamu
x (s =9 O+ st B+ 5

v, H=9¢@) s, _ ®)
u(s, t)y=y (t)=+s.

Onpenenurelnb
A(s, ) =Xy — XY =5 (b — A+ Ab: — %
Ha KpuBo# C NpHHHMaeT 3HaueHHe
A=A, ) =2y, — % (7)

Ecau 310T onpepenutesr A He obpawaercs B Hyab Ha C, TO u3
ypaBHeHHH (6) MOMHO MCK/MIOYHTb MapaMeTphl § M £ U BHIPA3HTh 4 Kak
¢pynkumio x ¥ y. JleficTBuTenbho, u3 ypasHenu#t (6) cieayer, uro

#=y-+y 6 —9@, 2
x =o)Lt (y—y @)+ L=FOr,

U3 BTOPOTO YPABHEHHS MOXHO MNOJYUHTb £ KaK OYHKUMIO X # ¥, ecau

BhIpAXKeHHe
D=o;,—~—yd;+@—0@®) 0, —¥)

oTauyHo o1 Hyas. Korma wmbl npubauxaeMmcs x kpupoit C, Mbl MMeeM
y—4 (@) —0; mak kak ¢, — P, # 0, cywecrByer TaKas- OKPECTHOCTH
kpuBo#t C, uro B He# D = O u, cnenosare/bHo, f=¢(x, y)n 4 =u(x, y).
Ecau B xauectBe C Mbl BO3bMEM XapaKmepucmury
1
xo=g i yy=£t u=t, ®)
TO ypaBHeHHs1 (6) mepefiiyT B ypaBHeHus

x=~;—(s—{—t)2. y=s-+¢t wu=s-+t
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(T. €. CHOBa moayuuTci BHIpaXeHue Aas TOH ke camo#t ayru C); sro
He J8eT BHPaXeHds AJd pellleHus ypasuenus (4). Urobbl pemuts 3asauy
Kown nns Ttako#t kpusofft C, Mbl 3aMeTuM, YTO pellleHHe ypaBHeHHs (4)
HEABHO 3aJaeTCsl YPaBHEeHHEM

x= g 2w (u—y) ©)

¢ npousBonbHo# ¢yHkuue#t w. Ecan mbl BriGepeM @ Tak, uto w(0)=0,
M T4K, YTO GYHKUHMIO # MOXHO OAHO3HAYHO ONpPeNeJUTh W3 ypasHeHus (9),
TO BCe COOTBETCTBYIOLUME MHTErpaibHble NMOBEPXHOCTH # == u (x, y) OynyT

npoxoiuTh uepes kpusyio C.
Hakonen, mycts C — HexapaxTepucTHYeCcKas KpuBas

Xo=12, y,==2f, u,=t¢. (10)
Cuctema (6) nepexosur B cHCTEMY
2
x=%~—l—st+t2, y=s-+2¢t, wu=s-t an

Onpegeaurens A(s, £)==s oOpauaercs B Hyap npu s=0, xoras C
He XxapakTepucrtuka. Mckimiouas s u £, MB NOJNYUMM

u(x, y)=—g—i x———’:;—z, (12)

T. €. JBe TOBEPXHOCTH, mnpoxoasuue uepes C M yIOBJIETBOpAIOLLHE
ypasHenulo (4) mpu x > y?%/4. dopmyan (12) He maloT pelnenus 3axauu
Kowu, Tak Kax MNpPOMBBOAHBIE X, W i, HEOrPAHMYEHH NpU TMPUOAHIKE-
Hun K C. .

Kpupas C He sBngercs peOpoM BO3BpaTa MOBEPXHOCTH # ==u(X,y);
ONHAKO, OHA fABJIAeTCA OCOGOH KpMBOH Ha MOBEPXHOCTH B TOM CMHICTE,
YTo B OKpecTHOCTH mnpoekuun C Ha IVIOCKOCTb X, Y (QYHKUMS & He-
OIIHO3HAYHA.

2) B cayuae aunelinozo OJudighepenyuanvnozo ypasnenus (1),
korga (QyHKUMK @, b, ¢ He B3aBHUCAT SIBHO OT #, obpamieHde A B HyJb
BIOJb HeXapaKTePHCTHYECKOM KpUBOH O3HAuYaeT, KaKk Mbl YBHAHM, 4YTO
MHOrooGpasue, onpexensieMoe CUCTeMOR ypaBHeHHH

y

x=x(s ), y=y(s ), w=u(s b,

eCTh UMIMHIPUYECKAs! TOBEPXHOCTb, MepIEeHIUKYIApHAs MIOCKOCTH X, Y.
Ecau Mbl mpeanonoxuM, 4ro

Vsly — Uy, #+0

Ha C, TO X MOXHO BBHIPAa3HTb Kak (yHKuUMIO ¥ M #. Mbl mOKaxeM,
4T0 x == f (¥, u) He 3aBUCHUT OT U.
CHayana Mbl 3aMeuaeM, UTO /A JuHeHHBIX HuddepeHunaTbHbIX ypas-

HeHu# COOTHOLUEHUe
As =(a, -+ by) A
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ans ompenemurtenass A crenyer us (27), Tak yto A oOpallaercs B Hydb
BCIOAY, ecan oH paseH Hynaio Ha C. Jlanee, u3 COOTHOWweHHH

Xg= fyys+ futtss
Xp=f Vit fulty
HENOCPEICTBEHHO BHITEKAeT, HTO
A=f,(uy,—u,yy);

fu=0. 1 e x=1(y.

C/1e40BaTeAbHO,

§ 2. KsasuaruneliHoie dudidheperHyuanvHole YpasHeHus
€ B He3Q8UCUMOIMU NEPEMEHHBIMU

Jns n He3aBMCHMBIX NEPEMEHHBIX X, Xo ..., X, P4 72> 2 B Teo-
pUM HET HHKAKUX CYLIECTBEHHBIX U3MEHeHUH; OJHAKO 34eCh Mbl JOJIKHBI
paccMaTpuBaThb He TOJAbKO OJHOMEDHBIE XapaKTepUCTUYeCKue KPUBbLIE H
n-MepHBEIE HMHTErpajbHele MOBEPXHOCTH, HO Takxe U (#— 1)-MepHble
XapakTepHcTHYeCKHe MHOroo6pasus C. MHTerpaibHyio MOBEPXHOCTb MOXKHO
HOCTPOUTb NGO M3 (n — 1)-mapaMeTpuyecKoro ceMe#cTBa XapaKTepuc-
THYECKMX KPHUBHIX, JHOO U3 ONHONApaMeTpUyeckoro ceMeicTsa (rn — 1)-
MEPHBEIX XaPaKTEePUCTHYECKHMX MHOrooOpasuit, Kaxuioe u3 KOTOPHX B CBOIO
ouepeib NOpoxAaeTcs (n-— 2)-napaMeTpHUYECKUM CeMeHCTBOM XapakTe-
PHCTHYECKHX KPHBBIX !).

PaccMorpum kBasuanneiHoe HugdepenuuaibHoe ypaBHeHUe

n

Y

> Qi = a, ¢))
i:l

rie ko3 PUuMeHTs @; U @ — 3aJaHHbe QYHKUUH MEPEMEHHBIX X, Xy, ...

..y X, 4, WMEOLiMe HempephiBHLIE MPOM3BOAHBIE U TaKHe, UTO

n
2 a? +# 0. Teomerpuyecku ypasuenne (1) 03HauaeT, 4To B Kak1OH Touke
i=1

NPOCTPAHCTBA X, 4 HA NMOBEPXHOCTH & == i (X}, Xy, ..., X,) ,XaPAKTEPH-
CTHYECKOE HampasieHue“ dx;:dxy: ... 1 dx,:du=a,:ay,: ... 1a,:a
ABAseTCA KacaTeJbHBIM K NOBepXHOCTH. Tak ke, Kak B ciyyae ABYX
He3aBHCHMBIX IMEPEMEHHBIX, Mbl MOJb3YeMCa CJAEINYIOUMM ONpelreleHHeM
XapaKTePUCTHYECKNX KPHMBBIX: #-TapaMeTpuueckoe CeMefCTBO KPUBHIX
B NMPOCTPAHCTBE X, 4, 3a1aHHOE CHCTeMOH OOBIKHOBEHHBIX AuddepeHiuans-
HBIX ypaBHeHHH
dx; du

k=a, So=a (=1 2.... ) (2

') MOXHO Taxxe ONpeNeNnTb MPOMEKYTOUHbIC (72— 2)-MepHbIe Xapakrepuc-
THUECKHE MHOroo6pasus H T. X; OJAHAKO OHMU He OYAYT HIpaTh HHKaKo#l po.u
B JajibHEHIIHX PACCYHACHHAX.



§ 2. Keasuiunednsie YypasHenus: ¢ n nepemeHHBIMU : 79

HA3LIBAETCH CeMelicmBoM XAPOKMEPUCIMULECKUX KPUBHX, COOTBET-
¢rByiOlUM AudepeHiHalbHOMY YPaBHEHHIO; TIPOSKUUS XapaKTepHCTUKH
B TPOCTPAaHCTBO X:  HasbiBaeTcs npoem;uea xapaxkmepucmuieckoi
CKpusod.

XapaxTepuCTHYECKUE KpHBbIE B NPOCTPAHCTBE X, 4 OMNpEIeSIOTCA
ypaBHenusMi (2) HE3aBUCHMO OT pelleHHs YPaBHEHUS B HACTHHIX NMPOH3-
sozumx (1)1).

Csf3b MeXIY xapax'repnc'mqecxumu KPHMBEIMH M MHTETr PaJbHLIMH TTOBEpX-
HOCTSAIMU YCTAHABJIMBAETCA CAelylolielt TeopeMo#.

Ha w0606 unmezpasvroli nosepxnocmu u=1u(x,, Xq ..., X,)
dupepenyuasbro20 yYpasHenus 8 HACMHHLX NPOU3BOOHHLX cyuje-
cmeyem (n—1)-napamempuieckoe cemelicmso XapaKmepucmuiecKux
Kpussx, nopodicoanujee smy unmezpaisuyno nosepxrocms. O6patHo,
210608 ROBEPXNOCME U=1U (X}, X9, ..., X,), NOPONCOEHHAR MAKUM
cemelicm8oM, ecmb UHMeEZPAAbRAA nosepxnocms. bBoiee Toro, ecau
XApaKmepucmuseckan Kpusas umeem o6upyo MOUKY. ¢ UKMEZPELb-
HOU NOBEPXHOCMBIO, MO OHA YeARKOM Aedcum Ha Imol nogepxrocmu.

Yro6bl A0Ka3aTh NMEPBOE yTBepPKAEHHE, PACCMOTPHUM CHCTEMY OOBIKHO-
BeHHBIX Au(depeHUHaIbHbX ypaBHeHult dx,/ds=a; (i=1, 2,...., n),
rie B NpaBble YaCTH BMECTO 4 NOACTABACHO pelleHHe 4 (Xy, Xg, ..., X,)
dra cucTeMa Ha MHTerpajsbHOH NOBepXHOCTH ompepenser (n-— 1)-napa-
MeTpHUECKOe CeMeHiCTBO KPHMBHIX, NMOPOXAaioLiee 3Ty NMOBEPXHOCTb. Bross
KaX10# KpHBOH 3TOro ceMefictBa # saBadercs QyHkuUueH napamerpa § Ha
KpuUBOH, H Mbl IOJyuYaeM

S

N n
du dx;
= 2y g = Y, Gtk

CnejoBaTebHO, TAK KAK # yAoBAeTBOpAeT AuddepeHUHanbHOMY ypaBHe-
HUIO, MBI MMeeM du/ds==a. Tl0o5TOMy Takas KpuBas fABJAETCS Xapakre-
puctnuecko#t. Tak xe kak'B § 1, BTopoe yTBepxAeHue HENOCPEACTBEHHO
ClefyeT u3 Ompelle/eHdss XapPaKTePUCTHUECKHX KPHBHIX, a TPeTbe — M3
elMHCTBEHHOCTH XapaKTepPHCTHYeCKOR KPHBOH, mpoxoasuweit uyepe3 AaH-
HYI0 TOYKY.

Y To, uto cuctema n-}1 xapakrepucrTuueckux ypaBHenuil (2) ompeneaser
TONLKO R-MAPAMETPHYECKOe CEeMEHCTBO KDHBBIX, OOBACHAETCA NPUCYTCTBHEM
HeCYIMECTBEHHON! aJJIMTHBHON NOCTOAHHOM HMHTErpHpPOBaHMA NapaMeTpa s (S He
BXOJMT #IBHO B (2) ).

Oco60 oTMETHM, YTO B YACTHOM CJAydae JAdHeHHOrO ypaBHeH s, T. €. B CAy-
Yae, korja a; He 3aBHUCAT fABHO OT u, ywxe auddepenuuadbHbne ypaBHEHHA
dx;
ds =a;(i=1, 2, ..., n) COCTaBAAIOT ONPeJeNcHHYI0 CHCTEMY, 3aJalILY0

B NPOCTpAaHCTBE X, X3, ..., X, (n— 1)-napamerpudeckoe ceMeHACTBO ,mpoex-
Lai XAPAKTEPHCTHK ¢, TOTA KaK B obmemM cayuae OHu O6pasyoT n-fiapamerpu-
UecKoe ceMercTBO.
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Terepb Mbl MOXeM NOCTPOHTb MHTETPAALHYIO IOBEPXHOCTh W3 XapaKTe-
PHCTHYECKHX KDPHMBBIX, ONpeIe/NEHHHX XapaKTePHCTHYeCKOH cHCTeMOR
ypaBHenufi, peiuias caexywolyio 3adaxy Kowu. Ilycts B (n - 1)-MepHoM
NpOCTPAaHCTBE X, 4 C TOMOWLI (7 —1) HEe3aBUCHMHIX NapaMeTpoB
ty by ouy t,_y 3aftano (n— 1)-MepHoe mHOrooGpasue C:

=ity by nlay Byl uw==a(ty by o, E4ly)

it=12,..., )

NpPeATONOKHEM, UTO PaHr Marputimt (dx,/0f)) pasen n— 1. [lycth npoek-
wust C, 9TOro MHOroo0pasus B NMPOCTPAHCTBO X HE MMeeT ABOMHBIX TOUEK,
T. e. pa3nndHbIM HabopaMm £y, 7y, ..., [,_; COOTBETCTBYIOT pa3/HuHbIE
toukn Ha Cy. B okpectHoctu C, Mbl HlieM pelieHue Kud@epeHLnaIbHOTOo
ypasHeHust &(Xxy, Xy, ..., X,), npoxonsauee yepes C, T. e. TaKkoe, KOTO-
poe ofpawmaerca B #(fy, fy ..., f,.;), KOT1a BMECTO X; MOJACTABJEHHI
x;(ty by oois Euly) )

Mu pewaem 31y 3anauy Kot crepywouum o6pasoM: Aas IaHHOTO
HaGopa 3HaueHuit £y, £y, ..., £, ; Mbl HAXOJUM pelLI€HHE XapaKTEPUCTH-
yeCKoOM CHCTeMbl OGBIXKHOBEHHHIX Ru(depeHUMa]bHBIX ypaBHeHHH (2)

P2 CR ST S N /7 CINE T S §

koropoe npu s==0 coBnajaer ¢ 3alaHHLIMKU (QYHKUUAMU OT £y, £y ...
veuy tp_q. OTH pelieHMss ABAAIOTCA HENPEPHBHO Au(depeHurpyeMbiMu

(YHKUUSMH He TOJMbKO S, HO U £y, &y, ..., £,_;. Bylem Tenepb cuurats,
4TO BEJHUUHB S, Iy, fy, ..., [,_; BBIPAXEHB Yepes X;, Xy, ..., X,
(c noMoupio ypaBHeHu# x;==Xx;(S, £, ..., £,_;)), B TONCTaBUM uX
B u(s, t;, ..., ty.1), TaK uTO & CTaHeT (YHKUUE# MNePeMEeHHBIX X,
Xg, +..» X, DBBeleHue Xx;, Xy ..., X, B KauecTBe HOBHIX HE3ABUCHMbLIX
nepeMeHHBIX HECOMHEHHO BO3MOXHO, eC/lu SKOOMaH

0x; Oxp

os ' 0s

A_:a(xhxﬂl--"xn): —‘0‘%1‘ ---’(z)_-:rl' (3)
O(S, tlx LY} tﬂ—l) 1 ! .
0x, dx,
Otg—y "* " Ofpy

ne oOpawaercs B Hya» na C, T. e. npu §==0. B cuay ypasnenntt (2),
5/IeMeHTH MEPBOA CTPOKM MOKHO BHIPasuTb Ha C C TMOMOIIBIO COOTHO-
WeHnRk 0x;/08==a,(X;, X9 ..., X, U); BHeCb BMeCTO X; M # HANO
NOACTaBUTb 3ajJaHHble HayalbHble QYHKUUU NMEPEMEHHBIX £y, Lo, ouu, £, ).
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Takum oO0pasoM, axobGuaH (3) TOWIAECTBEHHO paBeH ONpeleaUTEeNIo

a ... a,

dx, 0x,
A: 01‘1 ' atl

0x; 0x,

0ty_y "7 Oty

B npeamosnoxenuu, uro A =£0, uz u(s, t;, ..., £,_;) Mb INOJydaem
byHkuuw 4 (xy, Xg ..., X,). YpaBHeHue du/ds=aqa nid

w(s, ty ouns tyy)
NepexoLUT B ypaBHEHHe

Caenosarensuo, ¢ynkuua #(x,, X, ..., X,) €CTb peuieHde Auddepex-
uxaibHoro ypasHeHust (1). Taxum o00pas3or, 8 npeonosoHcenuu, 4mo
A=+ 0, Hawa 3adana Kowu umeem eduncmsennoe peulexue.

Tako#t cnoco6 peitenns 3agaun Kol He MPOXOIAUT B UCKJAIOUATENb-
HOM cJayudae, xorfa A==0 scioay Ha C.

BosHukaeT BOMPOC: KaKWe HYMNHBI JOMOJNHUTENbHLIE YCJAOBUS, YTOOHI
rapaHTHpOBaTh CYlUeCTBOBAaHMe pellieHus 3afaud Kowm B 9TOM cayuvae?

3aMeruM cnayana, yTO mnpepnonoxenue A==0 3KBHBaNEHTHO Cylie-
CTBOBAHHUIO 72— | OJHOSHAUHO ONpeNe/NeHHBX HENPEPHBHHX GYHKIUM’

At by ooty B,y y), TaKHX, 4TO HA C BHIIOJHAIOTCS JMHHEHHbIE COOTHOLICHHUS
el
Xi
a; == 2 N~ 4
i v 0L, ( )
v=1

He#icTBuTebHO, 9TO cpady cilelyer M3 oOpaileHus B HY/b Onpelefu-
TeAss A W HaAKWuMA HEHyJeBOoro anareGpauyeckoro IOMOJNHEHHA XOTH Obl
Y OAHOrO 3JeMeHTa NepBOH CTPOKH.

Yro6bl chopMyanpoBaTh HCKOMble HEOOXONMMblE YCHOBHSA, MBI BBEAEM
noxsitue (n — 1)-MepHO20 XapaxKmepucmudeckozo MH02000pa3uUs.
[oBOpA reoMeTpuuecKHM SI3BIKOM, KaXAOH TOuke (Xy, Xy ..., X, &)
NPOCTPAHCTBA X, # Mbl IIOCTABUM B COOTBETCTBUE XA pakmepucmute-
cKuli Bekmop a,, Qy ..., @, @ Mnozoo6pasue C pa3meprnocmu
n—1 naawgaemcs XapaKmepucmuuecKum, ecad 8 Kaxcood mouxe
coomsememsyouuli xapaxmepucmuiecKuli 8eKmop Kacaemcs mozo
MHO2000pa3us.

AnanuTHyecku Mbl MOXeM cHOpPMynHpOBATh 3TO OmpelefeHue, Npen-
CraBuB MHorooSpasue C ¢ nomouipio 1 — 1 napamerpos &y, fy, ..., £, 3}
C nasbiBaercs XapaKTePUCTHYECKUM MHOrooOpasueM AudgepeninanbHOro
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ypaBHEHHA B YACTHBIX MPOU3BOAHBIX Zazax =g, €CJ]H cymec'mye'r
i=1

n—1 oynxkuahh N (¢, by oovn £,) G=1, 2, ..., B —1), TaKuX, uTO
Ha C BLUIOJMHAIOTCS COOTHOUIECHHS
0
a,=2)\,-0tﬁ i=1, 2,..., n) 5)
v—l
a—-z‘l, B 6"

T. €. TAKUX, UTO X2aPAKTEPUCTHUECKHH BEKTODP JMHMHEHHO BBIPAXKAETCA uepes
n—1 nuHe#HO HE3aBUCUMBIX KacaTeJbHHIX BEKTOPOB C KOMMNOHEHTaMH
0x;/0t,, ou/ot,.

g xapakTepHCTUUECKOTO MHOrooOpasusi KpasuauxefiHoro auddepen-
UMaAbHOTO ypaBHEHUS CMPaBelMUBbl CJAedylOllME TEOPEMHl.

Jwboe xapaxmepucmuueckoe mMmH02000pa3ue Nopoxicdaemcs
(n —2)-napamempuieccum cemelicmgom XapaKmepucmuiecKux Kpu-
8uLx; o6pamno, aw0o0e maxoe cemelicmgo nopoxodaem Xxaparxme-
pucmudeckoe MH02000pa3sue.

Ecau xapaxmepucmuueckan xpusan I' umeem xoms 6b 00HY
06uyio MOUKY € XapaxKmepucmuieckum muozoo6pasuen C, mo ona
UeAUKOM AeHCUM 8 HeM.

Hro6b 10KA3aTh MEPBYIO TeOpeMy, PACCMOTPHM B NPOCTPAHCTBE Mapa-
MeTpoB £; (n — 2)-mapaMeTpuyeckoe ceMeRCTBO KpHBHIX f;==¢,(S), onpe-
IeneHHOe CHCTeMOH (n—1) 0ObIKHOBeHHBIX AuddepeHnuaibHbIX ypaBHeHuH

dt,
=Nty ey ). 6)

Gyuxkumn X, (¢, oy ouus E,) u o u(ty, ty ..., t,_;) nepenyt TOria
B (yHKUMM HepeMeHHOH s, 3alalolise kpusble Ha C, M KOTOPHIX cnpa-
BE€AJIMBbI COOTHOLIEHUA

dx; 0x; du du
G=Xah v m=Xak

y=1 v

S
!
-

S
|

-

It
-

B cuny ypaBrEHM#, ompeleafiOlMX XapaKTepUCTHYeCKOe MHOTooOpasme,
Mbl moayuuM dx;/ds = a;, du/ds==a, OTKyda clelyeT, YTO Hall{ KpHu-
Bhle — XapaKTepPUCTHYECKHe; OHH 00pasyloT (7 — 2)-napaMeTpuuecKkoe
CeMe#CTBO M, CleaoBate/bHo, nopoxaaoT C. O6paTHoe oyeBHAHO, TaK KaK
MHOrooGpasue, MOPOXKAEHHOe ceMefiCTBOM XapaKTepPUCTHYECKHX KDHUBBIX,
B KaXJIOH TOYKE KacaeTcs XapakTepHCTHYECKOTO BEKTOpd.

Bropas TeopeMa HemOCpPeACTBEHHO CJeIyeT M3 TOTO, YTO pEHIeHHs
XapakTepUCTHYECKUX AudQepeHUHabHbBX YypaBHEHUR OAHO3HAYHO onpe-
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NeASIOTCA HAYaJIbHLIMU YCJIOBUSAMH, TpeOyiolwuMu, 4ToOB KaxIas XapakTe-
PHCTHYECKAs KpuUBas COLepikKajia HEKOTOPYK TOuKy MHOroo6pasus C.
Kax Mbl BULeJd Bblle, CYLIECTBYeT XapaKTepUCTHuecKas KPHBasf, LEIUKOM
nexaias 8 C, mpoxonsmas uepes 3ty Touky C.

Tenepb Mbl Pe3lOMUPYeM OCHOBHEIE Pe3yJabTATH B C/eAyloilel Teopewme.

Ecau A0 na nHavassnom mnozoobpasuu C, mo cyuwecmsyem
0010 U MOAbKO 00#O pewenue 3adauu Kowu. Ecau sce A= 0 sciody
#na C, mo 3adauwa Kowu paspewuma mozda u mosvko mozoa,
rkoeda C— xapakmepucmudeckoe MH02000pa3ue. B amoxm cayuae
cyuecmgyem Geckonewno mro20 pewenuli 3adavu Kowu u C asanemcs
MHO2000pa3ues BemeAeHUs, 4Hepe3 KOMOpoe pA3AULHbBE peuleHus
MOJHCHO 24a0K0 npodosscams Opyz 8 Opyza.

Ocranoch 10Ka3aTh TOALKO TY YacTh TeOpPeMbl, KOTOpas ‘Kacaercs
cayuas A=0. U3 ycroBua A==0 Mbl caenany 3axKai0ueHue O CyLIECTBO-
BaHun n — 1 HenpephiBHO AuddepeHunpyeMbiX ¢yHKuul A OT napaMeTpos
t,, ¢y, ..., t,_y, TAKUX, YTO BHLINOJHAIOTCA COOTHOWEHNHS (D). Mbl AO/KHDI
TaKxke YCTAaHOBHTH HENOCTalolliee cOOTHOWeHHe (5'), KOTOpoe ciaelyeT U3
NPeNNOJOXKEHH!S, YTO MHTErpaibHas MOBEPXHOCTb 4 == (X, Xg, .., X,)
npoxoadt vuepes C. [elcTBuTeNbHO, Aas pemenus # Ha C Mbl UMeeM

n-1 n a 0 n

N X[ . \ | .
2 )‘ ox; of, ‘Za"‘xi
v=1

M, CIeAOBaTe/bHO, TaK KakK # ynosiaeTBopseT AuddepeHlMaIbHOMY ypas-
Henuio (1),
n—1 9
W
=385
v ot
v=1

5TO KaK pa3 TO COOTHOLIEHME, KOTOPOE Mbl XOTeau HOKasarh!),

O6patHo, ecau C — xapakTepucTHYECKOe MHOroo6pasue, TO Mbl MOXeEM
nocTpouTh OeCKOHEUHOE MHOXECTBO pelueHudd # AuddepeHUHaTbLHOrO
ypaBHeHHs B 4aCTHLIX NPOU3BOIHBIX, COJepxalux MHoroo6pasue C. Mul
BhHIGUpaeM NpoM3BoAbHOEe (1 — 1)-MepHOe MHoroo6pasue C’, nepecekaio-
uteecss ¢ C nmo (n — 2)-MepHOMYy MHOrooGpasuio S, Takoe, YTO AIf Hero
Bcioly A 0. Torza uepe3 C’ NPOXOAUT eNMHCTBEHHAd HHTerpajbHas
nosepxnocTe J'. Ho, coraacHo nposeleHHOMy BhILIe MOCTpoeHuo, J’
CONePKHT BCEe XapaKTePHCTHYECKHEe KpHBble, NpOXoisiiue uepes S,
a cjenoBaTeqbHO, W MHOroo6pasue C, NOpOxIeHHOe MMH. DTuUM 3aBep-
I1aeTcqd NOKa3aTenbCTBO Halled OCHOBHOHM TeOpeMHI.

') OTOT pesyAbTAT CTAHOBHTCA rEOMETPHYECKH OYEBHIHBIM, ECIH BCHOMHHTD,
9T0 XapaKTePUCTHYECKHH BEKTOP KAaCaeTCsA HHTErpaabHOH MOBEPXHOCTH; TaK Kak,
cornacHo (5), ero mpOeKuHs B NPOCTPAHCTBO X, X3 ..., X, KAacaercd IPOeK-
Gy C B NMPOCTPAHCTBO Xj, X3, ...y Xy TO OH CAM kacaerca C.

6*
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§ 3. O6uue JudhepenyuarvHoie YPABHEHUSR
¢ 08yMSA He30BUCUMbBIMU NEPEMEHHbIMU

1. XapaktepucTHyeckHe KpuBbie M ¢okxaabubpie kpusnie. Konyc
Mouxa. Paccmorpum ofuiee auddepedinanibHoe ypaBHeHHe

F(x,y, 4, p, q=0, (1)

rie HUCIMOJb30BAHBI COKPALIEHHbIC o603Hauenus u4,=p, Llyzq,

Kak 06bl4HO, MBI mpefnoJaraeM, u4to F — HempepbiBHas QYHKIus,
o6nafaouias HelpepLIBHLIMU NMEPBHIMH YACTHBIMM NPOUBBOAHHBIMH 1O BCEM
naTH apryMeHTaM B paccMaTpuBaeMolt oOnactu. Kpome Toro, Mul Tpe-
O6yeM, 4T00bl ObLLIO

Fod-F2 + 0.

IuddepeHunanpHoe ypaBHeHHe B HACTHBHIX MPOU3BOAHEIX (1) MOXHO
caenyiowum 006pa3oM HCTOAKOBATH TeoMerpuuecku (cp. ra. I, § 4):
BEJAWYMHBl p, ¢, OMpelensioll4e HAampaBleHHe KacaTeJbHOH MIOCKOCTH
K UHTErpaibHOH MOBEPXHOCTH B NPOCTPAHCTBE X, y, 4, YAOBJETBOPAIOT
ypasnennio F =0 B xaxiofh Ttouke P:(x, y, u). DTO ypaBHEHHE yxe
He ABJASETCS JHHEHHBIM OTHOCHTENBHO p W ¢; CJAelOBaTeNbHO, BOOOIe
roBOps, BO3MOXHble KacaTe/lbHble INIOCKOCTH 00pasyloT yKe He INYy4yoK
IVIOCKOCTeH, MPOXOIAINX Yepe3 NPSAMYI0, a OLHOMapaMeTpUiecKoe ceMelt-
cTBO, orubaioineff KOTOPOTro AB/ASETCS KOHMYeCKas MOB2PXHOCTb C Bep-
wuHo# P, Tak HasmBaeMuh#t ,kKoHyc Monxa“. (He caenyer 3alwBaThb,
YTO HALIM PACCYXKAEHHS OTHOCATCH K KOHHUYECKOH MOBEPXHOCTH B MAJOM,
T. €, K J0OCTaTOYHO MajJOH 4YacTH MOJOCTH KOHyca. B uenom xoHyc
Mom¥Ka MOXKET COCTOATh U3 OTIeAbHHIX mostocteli 1). ) Takott konyc Momnxa
samaercs auddepeHUUaNbHBIM yDaBHEHHEM B KaxAOH Touxke (X, y, &)
paccMaTpuBaeMOH 06/acTH NPOCTPAHCTBA. 3alaya WHTErPUPOBAHUA 3TOTO
YpaBHEHNS COCTOMT B OTHICKAHHM TNOBEPXHOCTeH, KOTOPHE B KaxmoH
TOYKE KAaCalOTCS COOTBETCTBYIOLIErO KOHYyca.

Mbl MOXeM NpeacTaBasTh KOHYCH MoHXa Takwe ¢ INOMOLIbIO COOTHO-
HieHus, 3alalolero WX o6pasywue, a He ¢ TOMOLIbIO COOTHOLIEHHUS
F =0, sapaiomero ux KacaTejibHble MWiockocTd. Yrtobel crenaTs 3710
aHATUTHYECKUM NyTeM, MB CHauaia 3ajaeM KOHyC Mowxa F =0 napa-
MeTpUYecKH, cyuTas p u ¢ PyHKuusaMu napamerpa A. OOpasywlias KoHyca
ABJSETCS TOTAA Ipefe/OM JMHUH NepecedyeHUs KacaTeNbHBIX MAOCKOCTeH,
COOTBETCTBYIOLIMX 3HaueHuAM mnapametpa A u A-f#, npu h—>0. Ecau
Mbl GyleM paccMaTpuBaTh KOODAMHATH X, Y, # BIOJAb (PUKCHPOBAHHOH

) B ra. V u VI Mu nposereM Goiaee mogpo6HOE MCCIENOBaHHE KOHycCa
Monxa ,B neaom“. Paccymnenus sToro maparpaga OTHOCATCH TOJBKO K LOCTa-
TOYHO MajoH o6JacTH u3MeHeHus p, ¢, T. e. K TaKOH YaCTH [OJOCTH KOHyCa
B npefeaax KOTOpoR ¢ Moxer ObiTh BHIPAaXEHO Kak OJHO3HAuHaa Aubdepen-
nupyemas QyHxuus ot p,
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obpagyole#t Kak QYHKIUM PacCTOSHUA ¢ OT BePIIMHB KOHYCa, TO Mbl
7€TKO TOJYYHM ypPaBHEHUs

d d d
H=PWE a0 G

0=p' ()X 4 g (2L,

¢4

Iuddepenuupys cooTHomenne F==0 mo A, Mbl HaXOXUM
Fpp’ W+ Fog’ M)=0;
OTCIOAA CleAyeT COOTHOLIeHHE
dx:dy:du=F,:F :(pF,~+qF,). 2)
KOTOpOE BHINOJNHAETCH Ha OOpasyOUUX KOHyca.

Mbl MOXeM CuMTaTb, 4YTO 3TO COOTHOLIEHHe SBJSIETCSl NpelcTaBJe-
HHeM KoHnyca Mouxa, [ABOHCTBEHHBIM MO OTHOLIEHHMI0 K NPEACTaBJIEHHIO
¢ nomoupio AuddepenumansHoro ypasnenus (1).

Hanpasaenus oOpasyiouux koHyca MoHxa Ha3pBAlOTCA Xapaxme-
pucmuseckumu HanpasseHusmu. B TO BpeMs Kak B ciyvyae KBasu-
JUHEHHOTO YpaBHEHHS KaxAO# TOUKE B NPOCTPAHCTBE COOTBETCTBYET
TOJbKO ONHO XapaKTepHCTHYECKOe HampaBjeHue, 3Jecb Mbl B KaXJAOH
TOYKe MMeeM OJHOMapaMeTpuyecKoe ceMeHCTBO XapaKTepUCTHYECKHX Ha-
npapnenuit. IlpocTpaHCTBeHHBle KpHBBIE, HMelOWMe B Kax1ol Touke
XapaKTepPUCTHUECKOE HaNpaB/eHHe, HA3HBAOTCA POKAAbRBMU KPUBHML,
wi kpussmu Moroca. Ycnosus (2) anst GOKanbHBIX KPUBBIX MBL MOXeEM
3anucaTh B BHIe

dx d du

S=F, FE=F, S-=pF,+4F, 3)
BBEIsl BIOJb STHX KPHBHIX COOTBeTCTByIOWIu# mapamerp s. TpeTbe U3 3TUX
nuddepeHUManbHEIX ypaBHeHU# HasbiBaeTcs ycrosuem noaocs. OHO
o3HauaeT, uyro ¢yHkwML x(S), Y(S), #(s). p(s), g(s) ompelensioT
He TOJbKO INPOCTPAHCTBEHHYI0 KPHMBYO, HO M INIOCKOCTb, KacaloLLyocs
ee B Kaxiaoi touxe. Kondurypauus, cocrosiuas U3 KpuBoi n ceMeHcTBa
KacalolMXCH ee IIOCKOCTeH, HA3biBAeTCS nO0.40COH. DTa CHCTeMa Tpex
OOBIKHOBEHHBIX  Au(pepeHUnaIbHBIX  ypaBHeHu#t (3) M COOTHOlIEHHE
F(x, y,u, p, =0 ana natu ¢yHkun# x, y, #, p, q apryMenta s
COCTaBJAIOT Hedoonpedesennyw cuctemy. Kaxlioe pelneHue Takoft cu-

CTeMbl J4eT TaK HA3HBAEMYI0 (HOKALBHYIO Nnos0CYY).

') Yernipe ycaoBus, KOTOPHIM YAOBJETBOPAET (QoOKaNbHAg moJOCa, TpEBpa-
IWAIOTCS B OMpENSNEHHYI0 CHCTEMY, €CJH Mbl 3afaiuM JAOMOJHMTENbHOE NMpPOH3-
BOJBHOE COOTHOWIEHHE MEXNY X, ¥, U, T. €. eClu MB norpe6yem, uTo6bl pokaib-
Hasl KpUBas Jexaja HAa 3apaHee 3aAaHHOH moBepxHocTh. (OxHako mogoca He 006s-
3aTebHO NOJKHA GBITh KacaTeabHOH K MOBepXHOCTH.) TakuM 06pasoM, CTAHOBHUTCS
ICHO, YTO, BOOGILE FOBOPS, CYIIECTBYET OAHONAapaMeTpuueckoe ceMeicTBo Pokab-
HBIX KDUBBIX Ha 33JlaHHOK NOBEPXHOCTH. ’
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B ocHoBe Hale# TeopuM JeXHT CaAeAyiOliee pacCyxIeHHe, KOTOPOe
NO3BOJAET BHIEAUTh (POKAAbHBIE MOJMOCH, BXOJsLiAe B HHTErPajbHbIE
NOBEPXHOCTH ¥  HAa3HBaeMble XA PAKMePUCMUYeCKUME NOAOCAMU.
Ha m11060#i UHTErpaibHON MOBEPXHOCTH & (X, y) AONKHEL JEKaTb (OKa/ib-
Hble KpUBble, TAK KaK B KaXAOH CBOeH TOYKe MHTerpa/ibHas NMOBEPXHOCTH
KacaeTcsl KOHyca MoHxa H, CIeJOBATENbHO, COAEPKMT XAPAaKTEPUCTH-
yeckoe Hanpasiaende. [loge, o6pasosaHHOE 3TUMU XapaKTePUCTUUECKHMH
HAaNpaBJeHUSMH, TI03BOJAET HAHTH COOTBETCTBYIOUIME (OKANbHBIE KDUBHIE
KdK MHTETpajJbHbie KPHBHIE STOTO NOJA HA HHTErpaAbHOM MOBEPXHOCTH.
Tpe6osaune, uToOn (QoKalbHa KPUBasg BKJIOYALACh!) B HHTErPaibHYIO
NOBEPXHOCTh 4 (X, y), NPHBOAMT K ABYM JOMOJHHUTENIbHBIM OOLIKHOBEH-
HbHIM JuddepeHIMaIbHBIM YPaBHEHUAM [/l BelUYHH p U ¢ KaK (yHK-
Ui $; 9TO MBI Tenepb M MOKAaXEM.

Yro6sl Ha#TH yKasaHHbie AuddepeHUMaNbHEIE YPAaBHEHUS NJIs 3alaH-
HOH HHTErpaibHOU MOBEPXHOCTH X == (X, y), HA KOTOPOH BeJNUYHHL p
¥ ¢ TOXE MOXHO pACCMaTpuUBaTh KaK 3aJaHHbe QYHKUMH X U Y, Mbl
3aMeTHM, 4TO AuddepeHuHaIbHble YPaBHEHUS

—F, Y _

dx
ds P ds ~ "4
onpele/Al0T HAa NOBEPXHOCTH OJHONAapPAMETPUYECKOE CEMEHCTBO KPHBHIX,
BAOJb KOTOPBIX BBINOJHAETCH COOTHOUIEHHE
du dx d
a5 = g Ty e
ds * ds Y ds
H, CJeLOBaTEbHO,
du
a5 PF,+qF,

TakuM o06pasoM, Hamu KpuBbie 06pa3yloT ceMeHcTBO KpHMBHX Mowxa u
NOPOXKNAIOT HMHTErPadbHyl0 TOBEPXHOCTb. Jluddepenuupya ypasHenue
B 4YaCTHHIX MPOMSBOAHLIX CHayaJa MO X, @ 3aTeM IO Y, Mbl IOJyuaeM

COOTHOUNICHHNSA
FppstF o+ Fup+F, =0,
Fopy~+Foy+ Fug -+ Fy =0,

KOTOpHE fABJAANTCA TOMXIASCTBAMM HA Halle mnosepxHoctd. Tak kak
F,=dx[ds, F,=dy/ds, py==q, TO Mbl BHIAM, 9YTO IJS KPHBHIX

Momxa, salaHHuX (yHKuMAMM NapaMeTpa S, 9TH IBAa ypaBHeHUs nepe-
XOMAT B COOTHOUIEHHUS

dp , d
£ 4-F,p+F,=0 L+ Fg+F,=0.

') 3xech BxAOYEHHE O3HAWAET, UTO i €CTh ORHO3HATHAs IBAXIAL HENPEDPLIBHO
anbdeperurpyemad YHKUMA X H y B OKPECTHOCTH NPOEKLUUH (POKAILHOH KpH-
BOH Ha MAOCKOCTh X, J.
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TaxuM 06pasom, ecau Kpupas MoHka BKJIIOYEHA B HHTETPaAbHYIO NMOBEpX-
HOCTb, TO KOOPAHHATBL X. Yy, # €€ TOo4eK M BEJHYHHBH P H ¢ BAOJb
9TOM KpHBOH yLOBIETBOPAIOT CHUCTeME NATH OOLIKHOBeHHHX Iuddeped-
UMaAbHbIX YpaBHEHHH

dx __ dy du

o =Fpr ds=F¢ Jy=pF,+4F, ”
dp dq

—£—=—(pFu+Fx), 'E=—(un+Fy)-

Dra cucTeMa Ha3HIBAETCA Xapaxmepucmuneckol cucmemold dugpgepen-
YuasbHulX YpasHeruil, COOTBETCTBYIOWeH ypaBHenuio (1).

Teneps Mbl OyleM NpOBOAUTb pacCyxieHus B OGPaTHOM MOpAIKe,
ocraBasd Ges BHMMAHHA TOT (PAKT, UTO 3T CHUCTEMAa OGBIKHOBEHHBIX
anddepeHuranbHbIX ypaBHeHudl Owlla NMOJydeHa NPH PACCMOTPEHHH HEKO-
TOpO# 3alaHHOW HMHTErpaJbHOH NMOBEPXHOCTH; BMECTO ITOTO MBI BOCHO/b-
3yeMcs 3TOH cucTeMOM KaK MCXOQHOH, He 00pallasch K pelieHHsSM ypaB-
wenus (1). Tak xak HMeeTcs HeCylleCTBeHHas alNUTUBHAA AOCTOAHHAf,
BXOéALAA B NapaMeTp S, 3Ta CHCTeMa OMNpeNelsieT uemsipexnapae-
mpuveckoe cemelicmso kpusux x(S), y(s), u(s) BMecTe C COOTBET-
CTBYIOLUIUMHY KacaTe/JbHEIMH TIOCKOCTAMH p(S), g(S), T. e. ceMe#cTBO
noioc.

3ametuM, uto gpynxuun F asanemcas unmezpasom') wnowel
xapaxmepucmuuecxoli cucmemu Ougeperyuarvrolx Ypasuerul,
Hpyrumu chnosaMH, BIOAbL AI0OOr0 pellleHHs STOH cHCTeMB F MpUHMMAeT
NoCTOsAHHOE 3HaueHue. JleHCTBUTENbHO, A STOTO pellieHUS BHINOJHAETCA
COOTHOLIEHHE

dF dp dq du dx dy
7;=Fp7;+Fq7§+FuW+FxZ§'+Fy'E;

M, B CHNY XapaKTepuCTHUecKOH cuCTeMbl AuddepeHuuanbHeix ypaBHeHn#t,
BLIDAXXEHHE, CTOAlIee B NMPaBOH 4aCTH, TOXKAECTBEHHO IO § PaBHO HYJIO,

Tenepv Mbl BbLUIEAMM M3 Hallero YeThipeXMapaMeTPUUYecKoro cemei-
CTBA pellleHUR XapaKTePUCTUYECKOH CUCTeMbl AudepeHLUa bHBIX ypaB-
HeHU# TpexnapaMeTpuuyeckoe cemefiCTBO, TIO/b3YACh TeM YCJOBHEM, YTO
BIOJb S5THX pewieHuR @ynkuus F  ROMKHA NpPUHMMATbL 3HAYEHHE HYJb,
KaK TOoro tpebyer Hcxomnoe Auddeperunansuoe ypasuenue?). Jwo6oe

) Tepmun ,unterpan* sgecb He HAAO NyTaTbh C ,HHTErpPaloOM* B CMHCAE
pewenns. [lon wunrerpaiom ¢ (xy, Xp ..., X,) Mbl NOHMMaeM QYHKIHIO He3aBH-
CHMBIX NMEPeMEHHHIX X;, KOTOpad NMPHHHMAeT NOCTOAHHOE 3HAYEHHE BAOAb KaxA0H
KpUBOH X; (S), yLoBaAeTBOpsAOIIEH CuCTEME

dx

—EEL =X, X000 X)) ((=1,2..., 1)

%) Bes sTOoro orpaHuueHHs MB BHIHYXIEHbH OHJIH OH OZHOBPEMEHHO pac-
CMAaTpuBaTth LEAOE CEMEHCTBO AuddepeHunalbHbx ypaBHeHHH F = const,
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petienue xapakmepucmuseckoli cucmens, OuggepenyuasbHbLx Ypas-
HeHui, yoossemsopsiowee maryce ypasrneruio F==0, mo Gyden
Ha3u8ams ,XapaKmepucmutecKold noLocoi’; Apocmpancmeenrasn
kpusas x(s), y (), u(s), Hecywas smy noLocy, Ha3veaemcs xapax-
mepucmudeckoli Kpusoi.

Kax u Ans KBasuiMHeHHbLIX ypaBHeHHH, U3 CaMOTO BHIBOJA XapakTe-
PHCTHYECKON CHCTEMB! YpPaBHEHU#l MOXHO NOJYUUTb CJAEILYIOLIUE TEOPEMBI.

Ha ai06od unmezpassnol nogepxrHocmu cywecmsyem 00HONRG-
pamempuseckKoe cemelicmso XQApAKmepucmuiecKux Kpusoux u coom-
semcmeyouux xapaxkmepucmuieckux noaoc. Kpome Toro, ecau
xapakmepucmuieckas nosoca umeem o6ujuli 3semenm (m. e. 3Ha-
yewus X, Y, 4, P, q) € UHMEPAAGHOL NOBEPXHOCMBIO, MO 3MA
NOA0CA UeAUKOM NPUHAONENHCUM UHMeZPAAbHOL nosepxrHocmul).

2. Pemenne 3agaun Komn. CambiM BaxHEIM dakToM Teopuu Aud-
(epeHLHaNbHBIX ypaBHeHM# B YACTHHIX HPOU3BOAHBIX MEPBOrO MOPsAIKA
BJSETC SKBUBAJIEHTHOCTb 3alad MHTerpupoOBaHUs IuddepeHUHaIbHOTO
ypaBHeHUst C YACTHBIMU TPOU3BOAHBIMH (1) M XapaKTepUCTUUECKON CHCTEMEI
OOBIKHOBeHHbIX JAudpepenuyanbHbXx ypaBHexu#t (4). Jlpyrumu cioBami,
MHTEr pupoBanue Jud@epeHunanspHoro ypaBHeHUs C YaCTHBIMU TPOU3BOLI-
HBIMH TIePBOrO MOPAAKA MOXHO CBECTH K HMHTEIDHDOBAHUIO COOTBET-
CTBYIOILle#t XapaKTepPUCTUUECKON CHCTeMBbl OOBLIKHOBEHHBIX HuddepeHuuasb-
HHIX ypaBHEHHUH.

Y1o6bl [10Ka3aTh 3Ty IKBUBAJIEHTHOCTb, MBI NOCTPOUM HHTETpajbHbIE
MOBEPXHOCTH € MOMOILUbI0 XapaKTePHCTHUECKUX NO0JOC (aHANOTHUHBIA MeTo .
npuMensticda B § 1 u 2). Mu cuoBa mocraBuM 3adaxy Kowu nis
JdaHHoro auddepeHUUanbHOrO YPABHEHHS C YacCTHBHIMH MPOU3BOLHBIMH.
Ins Hawelt ueau ynoOHO NMOCTaBUTb 3Ty 3alauy B caedyioule#t dopwme.
Iyctb Hauwaavnas nosoca C, 3anana oyukumamu x (¢), y(£), u(f),

p(t), q(¢) napamerpa ¢, npuueMm npoekuus C, xpusot C: x(f), y(£),
u(t) He uMeeT IBOHHHIX Touek. Kpome roro, npezmonome, 4TO
1) cooTHOlIEHHe MOJOCH

du dy
T=P G TG
u
2) coorHomeHue F ==0
BHIIOJIHAIOTCA TOXIECTBEHHO 10 £,
Takast nomoca C, HasbBaeTCs UHMeE2PAAbHOL nO0COL.
3anaua Kowwu cocrour B TOM, ut06Hl B OkpectHocTH Cj HallTH QyHK-
uuio 2#(x, y), YIOBIETBOPSIOLIYID TaM paccMaTpuBaeMoMy auddepen-
UMaJbHOMY YPABHEHHI0O M IDHHUMAIOILYIO BMeCTe C QYHKUMAMU p==u

') CHOBa mnoguepkHeM, 4TO He Besikas QokadbHad KpuBas ABAKETCA Xapak-
tepucmqecxoﬁ U 4YTO MHOXECTBO OKaJbHBIX KPHUBBIX CYWECTBCHHO IMIHPE, 4eM
MHOXECTBO Xxapaxrepucrux. Cm. § 3, m. 3,
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W ¢==Uu, 3ajaHHble HAuaNbHHe 3HaueHuss Ha C,, T. e. CONEPNAILYIO

nauaabHylo nomocy C,1).

YroOsl pewnTh NOCTaR/AeHHylo 3anauy Kowm, Mbl depe3d xaxabit 3Je-
MEHT 3aJaHHOH HayaAbHOH MOJOCH NPOBOLMM XapaKTEePHCTHYECKYIO NM0JOCY
(3a/aHHYI0 C TNOMOWLI0 NapaMeTpa §). ITa nosoca NOJAyvaercs Kak pe-
[IeHHE XapaKTepUCTHYECKHX HuddepeHuuantbHbX ypasHeHult (4), koTopoe
npu §==0 obpauaerca B 3anaHHble 3JMeMeHTH nodAocw X (£), y(£)., u(f),
p (%), q(£). Mb o6osHaunM 3Ty CHCTeMy pelieHu# yepes

X (s, 8), y(s, 8), u(s, t). p(s. ), q(s, t).

CHOoBa eNMHCTBEHHOCTb TAKUX pelleHHH W UX HenpepnisHas udde-
PEHUHPYEMOCTh MO § M MO mapamerpy f rapaHTHPYIOTCS XOPOILO H3BECT-
HLIMH TeOpeMaMu W3 TeOpuu OOCHLIKHOBEHHBIX IH(hepeHLHaNTbHBX YPaBr
Hexuft.

Ecaun BrlpaxeHue

A:prt_qutzxsyt—xtys (5)

OTIHYHO OT HYJd Ha HavaabHOH TMOJOCe, a C/Iel0BaTeNbHO, W B HEKOTO-
poit ee s, £-OKPECTHOCTH, TO Mbl MOXEM CUHTaTh X ¥ Yy HE3aBUCHMbIMH
NEepeMEHHBIME B 3TOH OKPECTHOCTH BMECTO MapaMeTpoB S, {. ITO 3HAYHT,
YTO Mbl MOXEM BBHIPa3UTh BEAMYMHHE #, P, ¢ KaK (DYHKUHH OT X M Y]
B YAaCTHOCTH, Mbl IIOJIyyaeM MOBEPXHOCTb # (X, y). Ml yTBep:kiaeMm, yTO
Ha 3TOH TOBEPXHOCTH p==u,, ¢ ==1U,, 4TO OHA SBJIAETCA HHTErPaIbHOH

NOBEPXHOCTBIO M, TakuM 00pa3oM, pewaer Hawy 3agayy Kowmm.

[Mocaennee o4eBUAHO, €CH TOALKO YCTAHOBJIEHB COOTHOLIGHHS p = U,
g = u,. JleRCTBUTENbHO, TaK Kak F ABASIETCS MHTETPAJOM CHCTEMBI ypaB-
Henuit  (4), Buipawenue F(x, y, #, p, q), HecoMHeHHO, obpauaercs
B HYJIb TOXIECTBEHHO MO § M { Ha Hawmed noBepxHOcTH (B CHIAY BTO-
poro H3 HauaJbHHX YCJIOBUH); CaelOBATeJbHO, OHO TaKxe oOpaulaercs
B HYIb TOXIAECTBEHHO MO X H V.

Y106bl NPOBEPHTH COOTHOINGHHSI P ==U,, g =14, HaM JOCTaTOYHQ
TI0Ka34Th, YTO B4 BHIPAXKEHHUS

U:ut—pxt_qyl’ (6)
V= Ug— pXs—qy;
TOXAECTBEHHO OOpallaloTCd B HyJAb HA HameH NMOBEPXHOCTH; TOrja
U3 COOTHOIUEeHHH
U U XUy Yy

)

0=u,— BpXs— UyYs

') Tlpu mocTaHOBKE TaKOH 3amaud MOXHO 6bi0 6H CHAYAMA CUMTATbH 3aNaH-
HOH TOJBKO HaYaAbHYK KpuByl C, a BEJIUUYHHB p H ¢ ONPEACAUTb U3 COOTHO-
UIeHHs MOJOCH ¥ M3 ypaBHeHus F = 0; oxuako BbIGpaHHas 3nech ¢opMa mOCTa-
HOBKH 3ajayu Komu aydme, Tak kak B He#l OTCYTCTBYWT HeCyIIECTBEHHbIE
CCBIIKH Ha zosmomﬂyw MHOTO3HaYHOCTh penleHu#t ypaBHeHuH, OnpeAessomux p
4 ¢ Broas» C. )
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crenyeT, uTo p==u,, §==U, TaK KAK ONpeleruTe/b A =x,y, —xy,
STOH CHMCTEMBl JMHEHHBLIX ypaBHEHWH OTHOCUTENbLHO #,, 4, MO Tpeano-
JIOXKEHUIO OT/AMYEeH OT HYJs.

O3pauenye B Hy/ib BeJHYUHB V' HEMOCPENCTBEHHO CJAELYeT U3 Xapax-
TepucTuueckux AuddepenuuansueX ypasneduit. Yrobw aokasate, yto U
ofpamaercs B Hyab, Mbl Oyaem paccMatpuBate U n V' kax dyuxuuu
oT § u {. PaccMOTpUM TOXJECTBO

oU oV
5 .___at_..._—(psx, PXs 99— 495

M BOCMOJb3yeMCAd XapakTepHCTHYeCKUMH IuddepeHIHaTbHEMU YpaBHe-
HuaMud (4), 4 TaKKe TeM, YTO M3 TOWAECTBEHHOTo OOpallleHWs B HYJb
¢yukuun V' caenyer pasedcTBo OV/9f = 0. Mul noayuum

ou
55 =PF 9 x99 Fu+Fox, 4 F oy,

C apyro#t cropoHn, auddepenuupys mo ¢ cooruomenne F =0, koro-
poe BLINOJHAETCS TOXAECTBEHHO NO § ¥ £, uMeeM

ptFp+thq+utFu+xtFx+thy=0;

0TCI01a

ouU

Ilpu ¢uKCUPOBAHHOM [ 3TO YpaBHeHWe fABAAETCA JUHeRHEIM OGLIKHOBEH-
HBIM IuddepeHLHanbHLIM ypasHeHHeM OTHOCHTeaAbHO U kax ¢yukuuu .
Tak kak no npenamonoxennto U obpamaercs B Hyab npu s==0,
M3 eJMHCTBEHHOCTU peleHus OOBIKHOBEHHOro AudepeHuHasbHOrO ypas-
HeHHs [pH 3alaHHOM HauajbHoM ycaosuu U (0)!) caeayer, uto senu-
yuHa U obpamiaeTcs B Hyab HAPH BCeX 3HaueHUAX S. DTO Kak pas To,
YTO Mbl XOTeMM J0KasaTb. JloCTpoeHHasm HMHTErpajbHas MNOBEPXHOCTD
e[MHCTBEHHA, TaK KaK pelleHHd OOBIKHOBEHHBIX AuddepeHLHnaibHbX ypas-
HeHMH (B [JAHHOM C/lyyae XapaKTePHCTHYECKHX YpPaBHEHUH) OLHOBHAYHO
CfIpenefioTCA HayaJbHBIMA YCJIOBUAMHU.

Msbl  caenyouum 00pasoM  pesloMHpyeM nonyqeﬂﬂmn pesyabrar.
ITycms dana npocmpancmsennan rxpusas C: x=x(t), y==y(¢),
u=u(t), Komopyw MONKO O0nosxumb Pynxyusns p(t), q()

) To ecThb M3 COOTHOWEHHA

-FFuds
U@E)=U(@0)e? .
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do Hawassrold nosoce Cpt x, y, #, p, q. 20e C, ydosaemsopnem
COOMHOULERBI0 noaock u ypasreruto F =0; ecau 8dosav amod
noaoctk A=F,y,—F x,+ 0, mo 8 oxpecmrocmu nosoce. C, cy-

wecmsyem 00HQ & MOABKO OOHA UHMEZPAAbRASL NOBEPXROCML U (X, Y),
npoxoo0auan 4epe3 amy norocy.

8. XapakTepHCTHYECKHe KpHBHE KaK 9JeMEeHTH BeTBJEHH.
JlonoaxuteabHble 3amedanud., Hurerpadbubift kosoup. Kaycruxu.
Tenepb Mbl LOJKHB Pa3bSICHUTL 3HAUEHHE MCKJIOUATENBHOTO cayyas A =0,
Ecau F,y,—F,x,=0 Bcioay BRoab nonocsi C, Ha HeKOTOpO# HHTe-

rpaabHO#  NMOBEPXHOCTH, TO, COIVIACHO pacCyxieHuio Ha cTp. 87,
nonoca C; nomxna OBTh XapakTepHCTHYeCKOH MOMOCOH Ha 9TOH MoBepX-
soctu. CrefoBate/bHO, B HUCKAOUUTEAbHOM caydae, koria A =0, uure-
rpanbHas TOBEPXHOCTb MOXeT MpoxoiuTs uepes C, Toabko ecan C
ABAAETCH XapaKTepUCTHKOH, T. e. ecau (yHKUuM p ¥ ¢, OnpeleeHHble
ycroBusaM¥ 1) W 2), NOMOJHAIOT 9Ty KPUBYI0 IO XapaKTepUCTHYECKOH
nosocel. Ho ecau 3T0 ycrosue BHIMOMHEHO, TO CYIUIECTBYET He OJHA,
a OeCKOHEYHO MHOrO HHTErpajbHHX IOBepPXHOCTeH, Kacaoumxcs APyr
Apyra Ha HauaibHO# moaoce. PaccMorTpum kpusyio C’, xortopas nepe-
cekaeT C M KOTOPYI0 MOXHO JONOAHHTH [0 HaYalbHOM INOJOCH Tak,
YTO 3Ta HayajabHaa moJjoca 6ydeT KacaTbCs MOMOCH, cOOTBeTcTBylowe#t C,
B oOwe# Touke. Toraa samava Kowwm c¢ wHauaabHo#t kpuso#t C’ npact
MHTErPajibHyI0 MOBEPXHOCTb, COAEPMKALLYI0 BCIO XapaKTEPHCTHYECKYIO
110JI0Cy, COOTBETCTBYIOWIYI0 KpuBO# C, Tak Kak Ta MHTerpajibHast NoBepx-
HOCTb MMeeT OOIMA 3JeMeHT C 9TOH XapaKTepHCTHYeCKOH MOJOCOMH.

Takum 006pa3oM, XapaKTePUCTUKH HA MHTerpaibHOH MOBEPXHOCTH —
9TO TaKue KpHBbie, BHO/Jb KOTOPHIX Pa3NuuHbIE WHTErpPajbHbLIE .I0BEPX~
HOCTH MepeceKaloTcd, KacaiaCb Apyr apyra. [TosTomy sTu KpuBbie (Hau
NOJOCH) MOXKHO PaccCMaTpUBaTb KaK JALeMEHMbl 8eMBACH UL UHMELPALb~
Holx nosepxrHvcmeii. Ilepecexas OAHYy M3 3TUX KPHUBEIX, MOXHO 0e3
HapylieHusl HeNpephHBHOCTH MEPBHX MPOUBBOAHHIX QYHKUMH & TNepeiiTn
Ha JADYryl0 MNOBEPXHOCTb M3 ceMeHCTBA MHTErpajbHBIX MNOBEpXHOCTEH,
BMECTO TOro 4To0bl NMPOXO/NKHTH ABHMKEHHE MO MEepPBOHAYAJIbHON MOBEpX-
HOCTH.

Hrak, npu pemenuu 3amauu Komu MOTyT BCTpeTUThCS [Ba Caydas:
Ecau A+ 0 na nauwassnoli noasoce C,, mo 3adana Kowu umeem
eduncmgennoe pewenue. Ecau swe A==0 sdoav C,, mo 3adaua
Kowu umeem peuwenue moavko mozda, Kozda nosoca C, asrsemcs
xapakmepucmuneckoll; 8 SmoM cayiae cyuecmsyem OGeCKOHEUHO
MHO20 peuwernuil. ,

Mocnennee 3ameuanue, Kacaiouieecs cayuas, koraa A=0: ecan Ha-
YaabHas mosoca C; He SBJSETCS XapaKTePUCTHUECKOH, TO OHa JPOCTO
ABaseTca QokaabHOH MONOCOH, M He cylliecTByeT pelteHus 3amauu Kom,
npoxoaswero yepes C;, T. €. e cywecmsyem unmezpasshol nogepx.
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HOCmu, codepocauiell amy HAUAALHYIO ROALOCY u obaadamuel 8 ee
OKPeCMHOCMU Henpepul8HbLMi RPOUSBOOHBIML BRAOMb 00 BMOPOZO
nopadra. ONHAKO BO3MOXKHO, YTO CYLUECTBYeT UHTerpajbHas IOBEPXHOCTD,
IJs KOTOpo# ¢okanbHas KpuBas C; SBIAETCS CHHTYJSPHOH KpUBOMH.
IleHCcTBUTENLHO, eC/M MBI NOCTPOMM XapaKTepHCTHYECKHE MOJAOCH, Tpo-
XONdlllMe yepe3 KawAbl 3neMeHT (X, ¥, #, p, q) nojocsl C,, B3ATHII
B KayeCcTBe HAYAJIBHOTO YCJOBHMS, U €CJH He BCe OHM COBMafaoT (Kak
970 ObIO OB B clyuae, kKorma nojoca C,-— XapaxTepuCTHuecKas), TO
9TH TOJOCH MOryT O6Gpa30BLIBATE HHTETrPaJbHYI0 MOBEPXHOCTS.

Ha Takux HHTerpalbHBIX MNOBepXHOCTAX kpuBas C o6s3aTenbHO
LO/KHA OBbITh CHUHTYJASIPpHOR M, Kaxk NPaBWJIO, OKa3biBaeTcsi orubaioiled
XapaKTEePUCTHYECKUX KDUBBIX, NOPOKHAIOWUX TNMOBEPXHOCTb. MBI MOXKeM
PacCuuTHBaTh, YTO OHa OyleT pebpor 8038pama UKMEZPAABHOE NO-
sepxrHocmu WM, NO KpalHe# Mepe, UTO B OKpecTHOCTH mpoekuun C
Ha IVIOCKOCTb X, y NepeMeHHass & He MOxeT OBbITb Ofpeje/eHa Kak OfHO-
3HayHas GYHKUMS X M Y. Mpl npouaniocTpupyeM 3TH BO3MOXHOCTH NpH-
Mepamu (CM. § 6 u npumep, pacCMOTPeHHBLIR B CBSI3H C KBa3U/IHHEHHBIMHU
duddepeHunancHbiMA ypaBHeHusMn B § 1). B Teopuu pacnpocrpaHenus
CBeTa XapaKmepucmuyeckue Kpugste COOTBETCTBYIOT CBEMOBYLM AYHAM;
NO3TOMY KaycmuusecKue Kpugsie 3ITUX Jyuel ABIAIOTCA (HOKQAAbHBIMU
Kpusslm (4TO OnpeesseT TePMUHOJOTUIO).

OcoOuift uHTEpec npencTap/deT YacTHHIA TpelenbHbifi Cayuall 3amauu
Kommu, koriza wavajibHas KpuBas BeIpOXJaeTcd B TOuky. Te e paccy-
WAEHUS, 4TO M BhlILE, NPUBOIAT K C/elylolleMy pe3yiabTaty. Bce xapak-
mepucmudeckue Kpusse, npoxodsujue 4epes PUKCUPOBAHHYIO
mouxy P npocmpancmsa x, y, u, o6pasyom unmezparbHyo no-
8epXHOCmb. DTa MHTErpadbHas MOBEPXHOCTb (KOTOPAs MOXKET COCTOAThH
13 HECKOJbKHX MOJIOCTeR) HMeeT KOHHYECKYl0 0cOoOeHHOCTb B Touke P
(npuyeM koHyc MoHxa fBJASeTCS KacaTeabHBIM KOHYCOM) W Ha3biBAETCH
UHMEZPANBHBLM KOHOUOOM Ouhghe DeHUUANBHO20 YPABHERUS C 4ACM-
HoLMU Npou3so0nsimu 8 moune P. Kax Mbl yBULHM danblie, OH UTpaeT
poJib C8em0B020 KOHYCA B TEOPHUU PACIPOCTPAHEHUR CBETA.

Crenylowee 3aMeyaHue, NPUMEHUMOE TaKXe B C/yuae # HE3aBUCHMBIX
NepeMeHHLIX, YKashlBaeT Ha CYLIECTBEHHOE pas/uyMe MexX1y KBa3WiuHeH-
HbHIMH YPAaBHEHUAMH M OOLUMU HeluHeHHBIMM ypaBHeHusMu. Y1o6w mo-
CTPOUTb pelleHHe B CJayyae JIMHEHHOrO U KBa3WIHHEHHOTO YpaBHeHud,
JOCTaTOYHO PACCMATPUBATL XapaKTepHCTHUECKHe KpHBHe, oOpasyiolue
AByXmapameTpuueckoe (WM, MOKeT OHITh, #-TIapaMeTpuueckKoe) ceMehcTBO.
B o6ueM ciyuae Mbl BHIHYWIEHB pacCMaTPHBATh LEAYI0 XapaKTepHCTH-
YECKYI0 TMO0JIOCY, YTOOBI BK/IOUYUTbH BENUUMHB p U ¢, ONpelensioline Ha-
npas/ieHne KacaTedbHOH mIockocTd. KpuBas B TNpocTpaHcTBe X, y, 4,
Hecyllas 3Ty MNoJOCY, ecTh XapaxkTepuctudeckas kpuas. Ho aTu nosnocu
00pa3yioT TpexmapaMeTpuyeckoe (uwau (21 — 1)-napaMerpuueckoe) ceMefi-
CTBO; TO e caMoe, BOOOLIe I'OBOPS, CMpaBelJuBO OTHOCUTENIBHO COOT-
BETCTBYIOLIUX XAPAKTePHCTHYECKUX KPUBBIX.
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§ 4. Hosneii unmezpan

B ra. I, § 4 noaun#t unTerpan z auddepeHUHaIbHOTO YpPaBHEHHA
F =0, saBucsiuit OT IByX NapameTpoB & u b,

u=g9(x, y, a, b),

MCNOAB30BAICHA [/l TOCTPOEHUS DPELUCHHs, COAepkKallero HPOU3BOJBHYIO
oyuxuuio w (a). IlocTtpoeHue COCTOSIO B TOM, UTO pacCMaTpuBanach
orufaiomias; Mel nojaraay b ==w (@) U UCKJIIOYAIK & U3 IBYX ypaBreHulH

u=¢(x, ¥, a, w(a)),
0 =0, 4 9,w" (a).

Ias ¢uKCHPOBAHHOTO 3HAYeHMs @ 3TU YPaBHEHUA NAIOT JIMHUIO KacaHud
MHTErpaJbHOR TOBepXHOCTH u=¢ (X, ¥, a, w(a)) ¢ orubawowen. Tak
Kak OGyHKuMio @ (@) MOXHO BHIOpaTh Tak, 4TOOB A HEKOTOPOro &
OHa MpUHUMana MPOM3BOJbHOE 3HAueHHWe b, a ee npousBoAHas W’ (a)
uMena MPOU3BOJbLHOE 3HAauyeHue ¢, TO [Ba ypaBHeHud

u=¢(x, y, a, b), e))
0=q,+ cop (1"

aloT ceMefiCTBO KpHUBHIX (3aBHCALIMX OT Tpex mapameTrpos a, b, c¢),
KOTOpBIe ABJAIOTCA JIMHUSAMH KacaHus npu oOpasoBanuu orubaiomux ).

Tenepb Mbl TNOKAXeM, YTO Kpusse, 3adannse ypasuenuanu (1),
(1), A84RIOMCA XAPAKMEPUCMULECKUMUE KPUBHMU Hauezo Ouggpe-
penyuarbozo ypasrerius. COOTBETCTBYIOLINE MOJNOCH, MOJyYaeMbie
¢ noMowsio ¢dopMyn p=¢.(x, y. a, b), q——cpy(x, vy, @, b), rToria
aBToOMaTHuecKH OyILyT XapakTepUCTHYECKUMHU.

JloKa3aTeabCTBO MHTYUTHBHO SICHO M3 TOrO, YTO BIOJb HALINX KPHBHIX
IBe pas/uyHble UHTerpajbHble MOBEPXHOCTH KacaloTcs NPYr ApYra, a aTo,
KaK Mbl BuZead B § 3, BO3MOXHO TOJBKO BAOJbL XapaKTepHUCTHUECKOH
NOJIOCH.

Mbi Jerko MOXKeM NpPOBePHTb 3TO YTBEpwJAeHHe NPAMBIMA BBHIYUCIIE-
HAAMH. PaccMOTpuM X BMeCTO S B KaueCTBe He3aBUCUMOH nepeMeHHOH
Ha Haweli xkpuBOH; u3 ypasHeHus (1’) ¢ nomoiiplo AudepeHLUpOBaHUS
M0 X NOAyuuM

Pax + COpy==—Yx ((‘Pay + C(Pby)’ (2)

ra BeqMuMHAZ He MOXKeT 00pallaThCd B HyJab, Tak Kak [0 OMpeje/ieHHI0
PaxPoy — PayPor = 0. luddepenunpys auddepennnarbroe ypapHeuue

') Koueuno, Bce 3Tu yTBepaAeHus OTHOCATCA K JOCTaTOYHO MaauM ofaa-
CTAM W3MeHeHusd napaMeTpoB.
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F=0cu==¢(x, y, @, b) cHayana no a, a notToM N0 &, Mkl MOJXYYHM
ypaBHeHHUs

Fu(Pa+chPax+FqCPay=0’ (3)
F o, +chpb.x+Fq(Pby =0.

YMHOXas BTOpOe ypaBHEHMe HA ¢, CKJIAABIBAafA C NMepBLIM U yuuThBas (17)
u (2), mp noaydaem F,y, —F, =0. Cornacuo § 3, n. 1, (3), ecau

F, <0, To 9T0 BHpaxaeT TOT (aKT, YTO HAUH KDHBbE SBJSIOTCS

XapakTepucTHuecKuMU. JIAf HAIUMX BHIBOAOB OYeHb CYILeCTBEHHBIM
AIB/ISIETCA NPElANO/OKeHUe, 4T

Fpt+Fo#0

B paccMaTpuBaeMolt obaacTu.

Orciona ciaepyer, 4ro BCAKHH NOAHBIA uHTerpan nuddepeHunaabHoOro
ypaBHeHHA C YaCTHHIMM TNIPOMSBOLHEIMH JlaeT TpexmapaMeTpuyeckoe ce-
MeHCTBO XapaKTEePHUCTHYECKHX KPHMBHIX M mojoc. (Boi6Op X B KauecTme
HE3aBUCHMOI'O NMEPEMEHHOr0 BMECTO CHMMETPHYHOTO NPeiCTaB/IEeHHS yepes
napaMeTp § He NMPUBOAMT HH K KaKHM CYIIECTBEHHHIM TPYLHOCTAM.)

Takum ob6pasom, Mbl oGpaTuau paccyxienus u3 § 3, r. e. uo no-
AYHUAL pellenuss xapaxmepucmudeckux ouggepernyuasbHnx ypa-
BHeHUd U3 noAHO020 unmezpara Ouppepenyuasvnozo YpasHeHUus
¢ qacmuoimu npou3sodneimit. TOT Ke nyTb OYIET CHOBA MCMONL3OBAH
Huxe B § 7.

Takum o6pasom Mbl, BOOOILE rOBODS, MNOJyYaeM BCe XAapaKTEPHCTHKMU
M COOTBETCTBEHHO pelleHusl AuddepeHUHaTbHOr0 YPaBHEHU C YACTHBIMU
NPOU3BOAHEIMK., DTO CTAHOBUTCA OUEBHIAHBIM, €CJAH MBI NPELNONOXKHM,
YTO B KaXAOH Touke #1000 HHTErpajbHOM MOBEPXHOCTH, Ha KOTOPOH

Ff,+ F?, # 0, Mbl MOXeM 3a1aTh pellleHne H3 ceMeHcTBa & == (X, ¥, @, b),
Kacalouleecfl Hallel HOBePXHOCTH B 3TOH Touke.

LlesecooOpasho cheiaaTe NOC/HefHee 3aMEuaHUe, Kacalolleecs poJu
ocoboro pewenns. Cornacuo ra. I, § 4, m. 3, a0 pewenne notyyaerca
kaK orubaioluas AByXMapaMeTpHyeckoro ceMefictsa u=¢(x, ¥, a, b),
uid, eciaum He obpawaTbcsl K MOMHOMY HHTErpany, ¢ MOMOLUBIO MCKJOYe-
HUSL p U ¢ M3 ypaBHeHu#H

F=0, F,=0, F,=0.

Ilas ocoboro pelttenust He CHpPaBeINHBbl HHKAKHE DACCYMACHHS 3TOFO
naparpada, TaK Kak Mbl BCe BPeMs NpEAONaraji, YTO HA HALIHX WHTe-
2 2
TpalbHblX MOBEPXHOCTAX BhINOJAHAETCA ycaoBue Fp—- Fy = 0.

HcxaounTeabhas npuposa oco60ro penreHns CTaHOBUTCA ACHOH Taxike
M3 TOTO, YTO XaPaKTEPUCTHUECKOE HaualbHOE YCJOBHE

A=F,y,—F x,=0
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BHIMOJHSAETCA TOXAECTBEHHO, HE3aBHCHMMO OT TOTO, Kak BHIOpaHa Haya/b-
Has kxpusad. JlioGas nonoca Ha OcoGOM pellUeHUH ABAAETCA B STOM CMBIC/E
XapaKTepUCTHUYECKOH.

§ 5. doraasHbie kpussie u ypasnerue MoHxca

B § 3, n. 1 dokanbHele KpuBble 3a1aBannCh CUCTEMOH Ruddepen-
UHAILHBIX ypaBuenu# (3), rae BeAHUHHB P U ¢ TMONUHHAIACH JOMOJNHHU~
TeabHOMy ycaosuio F(x, ¥, #, p, q)==0. Ecan M NpeanosoxuMm, 4To
Fp=;&0, M BBeAeM X BMECTO S B KauyeCTBe HE3aBUCUMON nepeMeHHOH

BIOJb KPUBHIX, TO OyIyT HMETb MECTO CJAELYIOLIHE TPN YpPaABHEHHUS

dy F, du  pFp+qF,

F=0Z=7" w="7F “)

HMcknouass p H g ¥3 3TUX ypaBHeHHH, NPUXOIMM K OAHOMY OGBIKHOBEH-=
HOMY IudpepeHunalbHOMY YpaBHEHWIO

M(x, v w2 %):—0 1))

C IBYMSi HEM3BECTHbIMU CQYHKUUMAMH Y W #. DTO ypaBHeHUEe HA3LIBAETCA
ougppdepenyuasvnoim  ypasnenuem Monoca. 10 npocToff npumep
HEeJOOMNpPeNeNCHHOR CHCTEMbl OOBLIKHOBEHHBIX Nu(depeHUUatbHEIX ypaBHe-
HU}; 3TO ypaBHeHHe MpeacTasiasieT COOOH yc/oBMe Ha HampaB/eHue o6pa-
3ylOlIMX KOHyca Momxa, B TO BpeMs Kak HCXOAHOe AuddepeHuuansHoe
ypaBHEHHE B YaCTHHIX INPOM3BOAHBIX F =( BAfeTCH COOTHOLIEHUEM,
KOTOPOMY YJAOBJIETBODSIOT KacaTelbHble IIOCKOCTH KOHyca Momxa.
B rtepMuHax napamerpa § (a He X) ypaBHeHUE ITOrO0 KOHyCa HUMeeT BH
dx dy du\ __ ’
M(x, V, u, a5’ ds !’ ZS—)"O’ (2)
rie ¢yuxuua M omHOpOAHAa OTHOCHTENBHO NOCHAEJHUX TpPeX apryMeHTOB.
O6parno, ecau paHo ypasHenue Mowmxa M(x, y, u, y, u)=0,
TO MBI MOXEM MOCTPOHTb COOTBETCTByIOLlee AuddepeHUUANbHOE YpaBHe-
HHE B YaCTHBIX MPOMBBOIAHBIX, MCKAIOUMB BeJauuuHsl y’ U 4’ w3 ypaBHe-
Hist M == 0 u u3 ABYX ypaBHEHHH, ONpeReAOWMX KACcATEIbHYIO IIOCKOCTh,
Colepyallyio JHHEeHHBIA saeMent dx, dy, du:

M, Y M, Lu'M,
— Yy _r u
q= 7t p== i .

B pesynbrate Mbl monyuaem ypasHenne F(x, y, 4, p, q)==0 (nepexon
K MPeACTaBJEHNI0 KOHyca MoHxa uepes KacaTesbHble MIOCKOCTH). Taxum
o6pasoM, ypasHene Momxa (T. e. 06bikHOBeHHOE AnddepenHnuantaoe
YPaBHeHHe NEPBOro MOPAAKA C ABYMS HEH3BECTHBHIMU (QYHKUMAMH) H Hud-
(epenunanLHOe ypaBHeHWe C YACTHBIMH TIPOM3BOLHLIMH NMePBOrO MOpAAKA
A GYHKUMK ABYX HE3aBHCHMBIX MEPEMEHHBIX OINHUCHIBAIOT OJAHY K Ty XKe
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reOMeTPUUECKYI0 KOHQUIYPAILMIO, 4 UMEHHO KOHYC C BepIIHHO# B TOUKe
(x, y. 4). YpasHeuns F =0 u M=0 pgsofictBeHHH J1pyr Apyry
B CMbIC/Ie MPOEKTUBHOH reoMeTpuy.

Pemenust ypasneHns MoHxa — QOKaAbHBIE KDUBHE — 35TO  KDHBHIE,
KOTOpble B KaXAOH TOUKE KAacaloTCd HeKOTOPOH XapaKTepHCTHYeCKOH
kpuoi. M3 paccMorpenuit, mposeldeHHnX B § 3, m. 3, Mb MOXeM BHI-
BECTH, YTO 3T (PoxanbHBIE KPUBLIE (332 MCKIIOYEHHEM CAMHX XapaKTepHu-
CTHYECKMX KPMBLHIX) MNOAYYalOTCAd Kak orubamoliye XapaKTepUCTUYECKHX
KpUBBIX HA HHTerpa/ibHOH NMOBepXHOCTH IH(depeHIHaILHOTO ypaBHEHHUs
F =0 (ecnn rakue orubaiouiye CYyLIECTBYIOT).

DTO TNpUBOAMT K 3aMeuarTe/bHOH TEOPHH pEIIEHHS IPOU3BOJBHBIX
ypaBHeHu#i Momxa. Ha nepBnift B3rasin HaxoxJeHue QyHKUMH z W y u3
ypaBHenuss Momnxa rtpefyer Hal0XeHHS HEKOTOPOrO NPOH3BONLHOIO yCIO-
ug W(x, y, #)=0 u nocnenyiomero MHTerpupoBaHus OOLIKHOBEHHOTO
IuddepeHIalbHOTO YDPaBHEHHUS, TOJYYEHHOI'O0 HCKAIOUYEHHEM W Wi Y;
OTCI0Ja CJaefoBajJO Obl, 4TO TAKUX MpPOLECCOB HMHTErPUPOBAHHUS Cylie-
cTByeT GECKOHEYHO MHOro.

C nomoLIpbI0 TAKOTO METOJa He MOJY4aeTCsl HMKAKOro o6Liero mnpen-
CTaBJeHUst IJs BCceX pelueHut ypaBHenns MoHnxa (2) uepes Mpou3BOJAbHYIO
byukuuio. OLHAKO € MOMOLULI0 NOJHOIO HHTErPajla MOXHO NaTh SIBHOE
peilleHne ypaBHeHHs MoHxka, 3aBucslliee OT NPOU3BOJBHOH (PyHKUUM H He
Tpebyiolliee JalbHeHliero HMHTerpupoBaHus. Mbl mosyuuM 3710 ,ABHOC
pelieHue, Mpeanonaras, yTO MU3BeCTeH MOJHBIH WHTErpan 4 =¢ (X, y, a, b)
AudepeHiuanbHOro ypaBHeHUst ¢ YaCTHBHIMM NIPOU3BOJAHBIMU, YKBHBAJIEHT-
HOrO ypaBHeHHI0O MoHxa.

K nByM ypaBHennsm

u=0(x, y, a. w(a)),

(3
0=1g,(x, ¥, a, W(@)+9,(x. y. a, w (@)W (a),
OTpenensioliuM CeMefiCTBO XapaKTepuCTHUECKUX KPHMBBIX, 3aBUCALUIUX OT
napaMeTpa @ Ha MHTErpaJbHOH NOBepXHOCTH (Cp. cTp. 93), MBI XOMKHBI
106aBUTbL TpeTbe ypaBHEHHE

Paat 295" (@) + 90" (2) + ¢,w" (2) =0, 4

nojyyeHHoe JauddepeHIUpOBaHHEM MO a@. DTH TPH YPaBHEHUS 3akalOT
NMPOCTPAHCTBEHHYI0 KPHMBYIO, 3aBUCALLYI0 OT MNapaMeTpa &, a HMeHHO,
oru6amiuyi0 XapakTepucTHYeCKHX KpHBHX. OHH IadyT HCKOMOE pelueHHe
ypaBHeHus MoHXa, ecii £ ¥ y BHPAa3UTh KaK (QYHKLUUM X C TNOMOLIbIO
npouecca HCKAOYeHus. Hro6bl NpencTaBuTb BCe pelleHUs JAHHOIO He-
JNOOMpee/IeHHOro  ,An0(aHTOBa* OGHIKHOBEHHOTO IuddepeHUHaTLHOro
ypaBHerus (2) B Buae (3), (4), HaQO CHAYyana 3aMEHUTH €ro SKBHUBAJEHT-
HbIM IuddepeHunanpHeM ypaBHeHHeM C YaCTHBLIMH NPOU3BOIAHBIMA F == 0,
a 3aTeM Ha#TH NMOJXHBLIA uHTerpal.
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§ 6. Hpumepot

Mbl MPOM/TIOCTPUPYEM TOJNbKO UTO pa3paGOTaHHYIO TEOPHI0 HECKOJb-
KUMH NpuMepaMy; HEKOTOpLIE U3 HHX BaXHbBl CaMH no cebe.

1. Juddepenunaibioe ypaBHenue cBeToBbIX JAyuedt (grad 1)’ =1.
PaccmoTpuM nudepeHlaibHble YpaBHeHUs

u§+ uf,_—; 1 (1)

st pyHkuun #(x, y) H

uff—l—ui—}—ug:l (2)

o yHkuuu 2 (x, Yy, 2). OTU ypaBHeHUsi BCTPEYalOTCs, HANpHUMeEP,
B reoMeTpu4ecko#i ontuke. IToBepXHOCTH # ==const npeiacTas/sioT co6o#
Pporm B0AHbL, A XAPAKTEPUCTHKHM — c8emossie Ayi; Oojee oOliee
aubdepennuanpHoe ypaBHEHHE

w4 ul=n(x, y, 2) 3)

omucuBaeT (GPOHT BOJHBI MPU PACNPOCTPAHEHHU CBETA B HeOLHOPONHOR
cpele C HepeMeHHHIM KO3((MUUUEHTOM NpeaoMieHud n (X, y, z).

Mbl cHauasna paccmMoTpuM cayyalh [ABYX He3aBHCHMBIX HepeMeHHBIX,
IJ8 KOTOpPOro Mbl moayuuad (cM. ra. I, § 3) noanbift vnTerpan

u:ax—}—\/l—a"’y—{—b 4

A a4 KOTOpOro ypaBHeHuUs!

u=ax-+yY1—ay+w(a),
a 4"

0=x~71—;_—_7§—y+w'(a)

JaloT pellledde, COAEp)Kauiee MPOU3BOJbHYIO Qynkumio. [IBa ypaBHEHHS
u=ax+V1—aly+b,

O=x—grgyte

M COOTBETCTBYIOILME HM COOTHOUIEHHS
p=a, g=V1—a?

OMpefieifioT CeMeHCTBO XapaKTePHCTHUYECKHX HOJOC, 3aBUCALLee OT TpeX
napameTpos @, b, ¢; BOOJb 3ITUX MOJOC Mbl MOXeM CUHTaTh X He3aBHU-
cuMo#t mepeMeHHOH. XapakTepHCTHYEeCKHe KpHBEHIE, ,CBETOBblE JAyuu*,
ABMIAIOTCA TMPAMBIMH, W BAOJb KaXIOH M3 ITHUX JMHUH KacaTenbHasd IO-
CKOCTb oOcTaerca mnocTosHHOM. M XapakTepucThyecKHe MMHHH, M COOT-
BETCTByIOmMe MIOCKOCTH 06pas3yloT yroa 45° ¢ MIOCKOCTbIO X, Y; OHH
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ompenensiorcs 9TuM cBolctBoM. Konyc Monxa B Touke (X5 Yoo %)
OYeBHAHO WMeeT BUI

(X — %02+ (¥ — o) == (4 — 1p)*.

XapaxrepucTuyeckue nuddepeHuuaibHEe YPABHEHHH, PelleHus KOTO-
PHX ONpEAe/NAIOTCH H3 HANMMCAHHBIX BhIlE COOTHOLIGHUH, MOXKHO mNpen-
CT4BUTb B BHIE

dx:dy:du:dp:dg=p:q:1:0:0; (5)
UX MOXHO TMPOHHTEIPUPOBATh; MBl Cpasy MOJyYaeM

p=py 9=q, w=s-+u,
X =peS—+ %5 Y=4¢S+ Yo
rie HaualbHble YCJAOBHfA, COOTBETCTBYIOLIde 3HadeHuio §==0, 0603HayeHbl
yepes Xg. Voo %o Py 4o
Uckmouas p u ¢ u3 ypaBHeHu#t p?—+q2=1, y =gq/p, v =1/p,
Mbl TOMyuuM i pyHkuu#t @ (x) u y(x) ypasHeune Momika, COOTBeT-
cTBylowiee HaueMy AuddepeHilnalbHOMY YDaBHEHUIO € YaCTHLIMH TpOu3-

BOIAHBIMH:
(-7

Ero peumenuss — 3TO Takue KpHUBble, KacaTelbHble K KOTOPbIM B JIOOOH
Touke 00pasyioT yroa 45° ¢ MIOCKOCTbIO X, y. DTH PoxasbHbie WA
JJKaycmuwecxkue* Kpusble (KOTOpble SABJISIOTCH 3BOJbBEHTAaMH KDHBBLIX
u = const) MOXKHO cjelyoluM o06pa3oM BHIPa3uUTb 6e3 MCMOAb30BAHUA
MHTErpajoB uepes3 NpPOU3BOJbHYI0 (PyHKUUIO W (a):

w=ax-+Y1—aly+w(a),

O:xmw—a_aTy+w’(a), (7

1

0=— V—a——_—:az——;)"‘*—w”(a) h.

S1uMu  QOKAIbHLIME KPHUBBIMM MOXHO BOCHOJIB30BAaThCA IJIA TOTO,
yTo6Ll OXapaKrepu3oBaTh peluenus 2) nuddepenunansHoro ypasuenus (1)
KaK pa3BepTHIBAIOILMECS KacaTeNbHbeé NOBEPXHOCTH ¢ peGpPOM BO3BpaTa,
KoTopoe fABAsgeTcs (okanbHOH KpMBOH, T. €. KpUBOM, KacaTeiabHble K KO-
Topoft 06pasyioT yroa 45° ¢ MIOCKOCTBIO X, .

') lposepka 3T0ro mpeicTaBAEHHS C NOMOLIbIO NPAMBIX BHYHCACHHH Ipes-
JaraeTcs Kak YHmpaxHEHHE.

2) 3a uCKNOYEHHEM NAOCKOCTEH (4) H MHTErPajbHBIX KOHOMNOB, T. €. Opfi-
MBIX KDYTOBBIX KOHYCOB, 0OOpasyiollld€ KOTOPBIX HAaKJIOHEHH K IJIOCKOCTY X,
y mox yraom 45°
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Pewennsa ypaBHenus (1) uMeloT ellle ONHO BaXKHOe FeOMETPHYECKOE
HCTONKOBaHHe. PaccMoTpuM ceMeficTBO KPHMBBIX 4 (X, y)== ¢ ==const Ha
MIOCKOCTH X, y. Mbl yTBepxkiaeM, uTO0 3Hasenue dynxyuu u(x, y)
8 A G0l mo4Ke RAOCKOCMU PABRO PACCMOAHUIO OmM 3MOL MOUKL
00 kpusoli u(x, y)=0.

Kpusble #(x, y)==c¢ napajienbHbl Kpuso# uz(x, ¥)==0 u orcrosar
OT Hee Ha PACcCTOsHUE C; OPTOTOHANbHBIMM TPaeKTOPUSIMU K ITOMy ce-
Me#CTBY KPHBBIX SABISIOTCA MpsMbeE (2 UMEHHO NpOEKUMH HAIIHX Xapak-
TePUCTHUECKUX KPHBBLIX), a Orubaloiias 3ITHX NpaAMbIX, obluas 3BOJIOTA
KPUBHIX & ==const, gBagetcd npoexuued pebpa Bo3BpaTa, T. e. (OKajib-
HOM KPHBOM.

3r1oT (axT MOXKHO [OKasaThb, HanpuMep, paspewas sagauy Ko,
NoCTaBjeHHyi0 148 HauaabHoh kpuso#t @ (x, y,)=0, Ha koTopo# 3a-
JAaHO Hadvaibhoe ycjaosue #==0. Yro6b NOCTPOMTb peLleHHe, Mbl pac-
CMOTPHM XapaKTEPUCTHKH, MNPOXOJdAINE Yepes KawAYl TOUKY (Xy ¥o)
HAYaAbHOW KPUBOM, a MMEHHO MNpAMble X == pPoS—++ X5 Y=g+ Yo
u==s. Tak xak

pitgi=1,

s npelacTasiaseT cobo# pacCTosHHE OT TOYKM (X, y) A0 TOYUKH (X Vo)
Ha MpOeKIUNn 3TOH NpAMOR.

YroObl OnmpenequTh po U gy, Mbl 8aMETHM, YTO €C/IH CUMTaTh X, He-
3aBUCMMOM TepeMeHHOH BAOAL HauyaibHOM KpHMBOH, TO Mbl MNOJYYHM
duy/dxy= py—+q,dyy/dx,. CnexosatenbHo, 3TO ypaBHEHHE M HauaibHOE
ycaosue Gy —+ Gy dy/dxy=0 naor p,Gy, — qGr,=0. Taxum obpa-
30M, TMPOEKUMA YTOMSHYTOH BHIIIE XAPAKTEPUCTHYECKOH JHHUM OPTOro-
HalbHa K HauaabHOW KpuBOH. J[elicTBHTENBHO, TOTAA & ABJIAETCH — MO
KpaiiHe#i Mepe, B IOCTAaTOYHO MajJOH OKDPECTHOCTH HavyajJbHOM KpUBOH —
paccTosiHueM OT TOukd (X, y) Ao kpusoH G (xg ¥o). M3 sTux 3aMeuanuit
cpasy cienyert, yTto Jw00as Kpusas # == const cHoBa opToronajbHa Hame#f
npaMou.

JlokasaTenbCTBO OyAeT UMeThb HECKOAbKO IpPYro#t Bup, ecad MH Hay-
HeM cO cjelyiollell 3afauu: HaTH OPTOTrOHa/NbHBIE TPAEKTOPHH K NAHHBIM
KPUBHIM % ==const, DTu TpaekTopuu 3ana0TCH CUCTEMOH OOBIKHOBEHHBIX
aiddepeHiHaNbHbBIX ypaBHeHUH]

dx dy
‘.CTS‘_ = ux, ‘d-s‘ = lly‘ (8)
BosBons B KBaapaT M CK/I4ALIBasg, [OAyuYaeM
dx\? dy \? .
('g) +(W) =1; )

TakuM o0pa3oM, Mbl BHAMM, YTO § NpPeACTaBJAseT JJIMHY KYTM Ha Tpaex-
Topun. Huddepenunpys mneppoe u3 AubdepeHunaisbhbix ypassenu#t (8)

10 § U CHOBA HCNO/Ib3YS ITH YPABHEHHS, 0Ny UMM d2x/ds? = u  u A u .
7#



100 Ta. 11. O6wasn teopus ypasnenud nepsozo nopadxa

[IpaBas wacTh TOXIeCTBEHHO paBHa HYJIO, B 4YeM MOXHO yGeluThCsl,
Auddepeniupys ypaBHeHHe B YaCTHHX MNpomsBomubix (1) mo x. Amwaio-
TMYHO MBI moayuaeM d%y/ds?=0, oTKyla BHIHO, 4YTO TPAEKTOPHH
SIBASIOTCA NPAMBIMU.

B cayuae Tpex He3aBHCHMBIX IieDEMEHHBIX TOT e CaMbli MeTox
NOKa3biBaeT,  4YTO pewleHHd JMuddepeHUnanbHOro ypaBHeHus (2) 3a-
IanTca ceMeHCTBOM pPaBHOOTCTOALIMX ApPYr OT Apyra noBepxHocTel
u(x, y, 2)==const, napauiejbHHX INPOU3BOJBbHOH - HAYaNLHOK NOBepX-
Hoctd G(x, y, 2)=0. ITU NMOBepPXHOCTH UMEIOT NpPAMOJHHeHRHLIE OpTO-
FOHa/MbHbiE TPAEKTODHM, M YaCThb ITHX TPAMBIX, HAXOMALIAAC MEKLY
MOBEPXHOCTAMM U ==C, U U==Cy, HMMEET MNOCTOAHHYIO NJHHY C;— Co;
caMa BeJIMYMHA # eCTb pPACCTOSHHE OT TOuKH (X, y, 2) A0 HavaJbHOR
MOBEPXHOCTH.

2. Ypasuenne F(u,, u,)=0. Tenepb Ml paccMOTpuM .umpq)epen-
LHalbHOE ypaBHeHHe 1)

1

=5 (p=u, g=u1,). (10)

DKBuBaNeHTHOE ypaBHeHHe MoHxa maa y(x) u #(x%) umeer BUJ

=2y, (11)

IMoauwit vHTErpan, colepxalidfi BCe NOBEPXHOCTHHIE 3JIEMEHTH AJIS
Hallero AudpdepeHunaJbHOr0 ypaBHeHHus, onpeleasercs Gopmyaoi

==ax+%y+b, 12)
KOTOpas JaeT CeMedACTBO pelieHuH

u=ax+ - y+w(a)
(13)
0=x — oz y+ @' (a),

3aBucAllee OT NMPOu3BOJAbHOH (yHkuun w (a). HakoHeu, ecau Mul noGa-
BUM ypaBHEHHE

0= g5 v+’ (), (13)

TO Mbl NMOJYYMM HE COAEpXKallee HHTErpaloB NpeAcTaBieHHe (POKaTbHBIX
KPHBBIX Yepe3 NPOU3BOMLHYIO (YyHKHUIO wW.

') C noMompio mnpeobpa3oBanust KOOpAMHAT (BpamleHHA) o=1, n=
=(x—0NV3, t=(x+/V 2 310 ypasueHue MOKHO CBECTH K yDABHEHHIO
mE—m%——l aaa ¢yHkumu o (€, v); 910 ypaBHeHHE MOXHO H3Yy4aThb CIOCOGOM,
aHANOTHYHBLIM HCMOAb30BAHHOMY BHIILE.





