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rie « u K — KOHCTaHTH HepaBencrsa [éabaepa, a C — HekoTOpas no-
CTOSIHHAA,

Mul ycraHoBuM cefiyac caelyiollylo TeopeMy (KOTopas siBASAeTCS YTOY-
HEHHEM TeopeMbl, BHICKAa3aHHOH paHee).

Ecau p(x, y, 2) yoosaemgopsnem ycaosuwo [éavdepa 8 @,
mo nomernyuas (14) umeem pasHomeprO Henpepuigrbie nepsse nPo-
U3800RbBlE, KOMOPHE MONCHO NOAYLUMb ¢ nOMoublo Ougheperyu-
posarus nod 3HaxKom unmezpasa. Kpome mozo, u umeem nenpe-
pbi8Rble 8mopbe npou3soonsie, Komopse daromcs gopmyrod (21')
U QHAN02UUHBMY el BUPANCEHUAMU, U BYHK{UA U YO08.L6MBOPACM
ypasnenuo Ilyaccona Au= — 4mp.,

UroOwl [10Ka3aTh CyLIeCTBOBAHHE, HANpPUMED, NPOU3BOAHOH u, . (P),
npennoJaraeM CHauanza, 4YTO (GYHKUMA P MOKeT OHTb PaBHOMEPHO MpH-
6aummena nuddepeHIUPYyeMbIME QYHKIUAME {,, YAOBJIETBOPAIOLIUMH paB-
HOMepHO N0 n ycaosuio [éabiepa ¢ koHcTanTamu « u K’. Ilas sTHx
GyHKuuMit p, Mbl onpenenseM (yHkuun «, no d¢opmyae (14); coriacHo
CKAa3aHHOMY Bhillle, QYHKUMM &, UMEIOT HeNMpepHBHbIE BTOPHIE NMPOU3BOA-
Hele. JlocTaTO4YHO MOKas3aTb, 4YTO NPOU3BOAHMIE (#,),, PABHOMEPHO CXO-
aatcs Kk v B moGo# saMknyToit mnomoGaactu G. U3 dopmyss (217) Mui
uMeeM

|[0(P) — () (P | < |1y (P)— (P - Uf(,x +nas|+
+ffflp—-P(P)-—u,.+pn(P)l-‘@;—x%)dadv}dc.
a

Ecau Touka P mpuHaLJexuT HeKOTOpo#t 3aMkHyTOo# mnomobGaactu G, 10
neppoe CjaraeMoe MOXeT OHTb CHAEJAaHO PAaBHOMEPHO MAaJHIM 3a CYeT
Bei6Opa [ocTaToOyHO Oouabmoro #. Ilpu oueHke uHTerpajia mno o6bemy
Mbl pasfieanum G Ha ase yactu: G == G, -+ Gy, rae G, —cdepa panuyca R
BOKpyr Toukn P. B cuay ouenku (22) ¥ paBHOMepHOH HEHPEPLIBHOCTH
no Ténvaepy!) moxunterpanbHas GYHKUMA OrpaHuueHa No aGCOMOTHOM
BeauuuHe BhipaxenweM 2CK’/r3=¢, tak 4ro murerpan mo G, He npe-
Bocxoaut C,K’R%/a, a 9Ta BeAUYHHA MOXeT OLITb clefaHd CKOJb YrOAHO
Mano#t 3a cuer Bmifopa jocratouHo Maaoro R (C, 3pech abcomoTHast
nocrosHuas). B obaactd G, noannTerpanbHas (pyHKUMS OrpaHHYeHa BeJH-
aHol [ | —p, || (P) ~—p, (P)|I Co/R? Takum obpasoM, mpu duxcu-
poBaHHOM R BTOPOft HHTerpaq MOMXHO CHEJaTb MajbiM, €CcAd 7 10CTa-
TOYHO BEJNMKO, TaK Kak (YHKLUM [, PABHOMEPHO CXORATCH K .

Yto6hl 3aBepIUMTbh AOKA3aTeNbCTBO, MBI LOJ/KHBI MOKa3aTb, YTO (YHK-
IMIO . MOXHO PaBHOMEPHO NPHOMM3UTL C MOMOWbIO ByHKUUH p,, paBHO-

) [peaea paBHOMepHO cxoasinefics MOCAEAOBaTENbHOCTH (YyHKUUH, Hempe-
PHBHHX 1m0 [éibepy ¢ KOHCTaHTaMH «, K, yHOBJETBOPAET TOMY Ke CaMOMY
ycaosuw I'éabgepa.



252 Ta. IV. Teopus notenyuara u 3AAUNTUMECKUE YPABHEHUR

MEpHO HenpephiBHEX No [énbaepy. Mbl 3HaeM, YTO (GYHKUMIO P MOXHO
paBHOMepHO NpuUO/IN3HTL TOJUHOMAMU BHIA

pp=P,(x, ¥, )=
1
=5 [ [ [ #E 1 OU—E—2 1~ — 2" [1— 2P e dn .
-1
rae

1
¢ = f(l-t?)”dt
-1

(em. 7. I, ra. I, § 4, m. 2, crp. 63). KpoMe TOro, MOXHO NPOBEPHUTD,
YTO eCJu | YOOBJETBOpSET YCJIOBUIO I'&abllepa ¢ MoxasaTesneM o W KO-
¢uunentom K, TO ¢QyHKUMM p, YIOBIETBOPSIIOT PABHOMEPHO YCJOBHIO
Fénbiepa ¢ MNOKasaTeleM o M HEKOTOPLIM koadpuuuentom K.

Mbl nokasanu, YTO pelleHHe u ypaBHeHus Ay == — 4mp, 3alaHHOe
dopmysolt (14), uMeeT HenmpepriBHbIe BTOpPbie NMPOU3BOIHLIE, €CaAU (PYHK-
uus p HempepniBHa 10 TI'€abnepy. Bojee TOro, MoxHO NOKasaTb, 4TO
BTOpbi¢ MPOU3BOAHBIE (QYHKUMM & HelpepbiBHB MO [&abiepy (C TeM ke
nokasareieM, 4yTo w QyHkuus ) B 1060#f 3aMkHyTOH mnomobaactu Q.
Mbi Gonee mnoapo6HO uCClefyeM 3TO 3aMeyaHHe W ero BaXHble Cjel-
creust B § 7.

CosepuieHHO aHaJOFMYHBHIM METONOM YCTAHABJIMBAETCS, 4TO B Cjyuae
ABYX uamepenu# ypamnennio Ilyaccona (15a) ynosiersopsieT ¢yHKuus

we = [ [0 milogrdedn  (P=(x—5 4y — 1P,
a

a B Clyyae NPOHM3BOJILHOTO YHCAA M3MepeHU# ypaBHenuto [lyaccona yno-
BreTBOpseT ¢yHkius (14a).

B cnyvae n=3 BcTpeyaloTcs MNOTeHIHaNbl pachpeneleHHsl Macc Ha
MOBEPXHOCTAX M TaK Ha3biBaeMble MOTEHLUMAJbl ,JBODHHOrO CJa0A“, a TaKKe
NOTEHLUHAbl pacnpeiesedH4ss MacC Ha KpuBHX. g n=2 Mb uMeeM
NOTEHLUHUAJBl MPOCTOr0 ¥ ABOMHOro cijos Ha KpuBBIX. COOTBETCTBYIOLIUE
noHATHA A n > 3 He OYAyT 3JeCh pPacCMaTPHUBATHLCS.

IMoTeHuyan pacnpeneneHdss Macc Ha NOBEPXHOCTH F C NMOBEPXHOCTHOM
VIOTHOCTbIO P ONpejensieTcss KaKk HHTerpan BHAa

u= fF J Las, (23)

rae dS — sjneMenT niowany nosepxsoctd. Ha xpuso#t € ¢ nanHoti ayru s
NOTeHLUal pPACHPeeNeHHusl MACC ¢ TVIOTHOCTHIO © ONpefe/seTcs Kak

uch';ds (24)
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A8 A==3 WM Kak
u= [<logds 24)
c

s n=2.

[MoTteHunans ABOHHOTO €J10S NMOJYUYalOTCH B pesyJ/bTaTe CyNEpro3uuuyu
noTeHuxatos gunosned (cMm. 1. I, ra. VII, § 5, n. 5, crp. 443). Torenuunan
OTAEJLHOTO IMIOJIA ONpele/seTc Kak

o 1 cos (v, r) .
T T (n=3),
WIu
0 1 cos (v, r
5o log p=—"20" =2,

rae 0/0v o6osnauaer auddepeHUUpOBAHHE MO HEKOTOPOMY HAMpPAaBJEHHIO
B nmpocrpaHcTee £, M, § (Man Ha MIOCKOCTH &, 7); (v, 7)—— Yroal Mexmy
9TUM HanpaBieHMeM U PAajMyCOM-BEKTODOM, MNPOBEAEHHLIM M3 TOYKH
P(x, ¥, 2) B Touky Q (&, 7, §) (nan cooTsercTByiOWwMit yron aaa n==2).

[ToTenunan JABOHHOrO CJAOsi C [VIOTHOCTHIO G Ha MoOBepXHocTu F
(B cayuae n=3) nau Ha kpuso#t C (B cayuvae n==2) 3ajaercs Bbipa-
WEHHAMH BHAA

u(x, y, z)——ffc———dS (25)
HIH
—— 0 1 14
u(x, y)= fc-a—v—log7ds (25%)
c

COOTBETCTBEHHO, NpuueM 0/0v 0003HauaeT AuddepeHUMPOBaHKE TI0 Hanpa-

BJIGHUIO MO/IOXKHTENbHOH HOpMAIud K NMOBEPXHOCTH WIM KPUBOH.
3. dopmyna 'puua u ee npumeHenus. UpessbiuafiHO BaXHYIO pPOIb
B Teopuu nNoTeHuuana urpaer gopmysa ['puna. B TpexmephHo#t orpa-
HuueHHO# obaactu G ¢ sjaeMeHTOM obvema dg =—=dxdydz u c rpa-

uuued I', kotopas npenmonaraetcs KycouHo-raaiko#tl), mas nByX ¢yHk-
wuH 2 v v cnpaselauBel popmyas ['puHa

fff(ux‘vx-i_u}"vy_*"uztvz)dg‘i"fff’UAltdg:
¢ a

__ff'u——dS (26)

foff(uAv-—wAu)dg=frf(u —gyi—'v%)d&

') Cum. npumeyanue 2 k cTp. 247,
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.(3necy 0/0v osnauaer audpepeHUUpOBAHUE IO HaNpaB/JeHUI0 BHeluHeH
HopMaau.) B nepsoit dopmysne My npeanonaraeM, uTo (GyHKUuMHM Z B U
Henpepuisil 8 G - I'. nepswie npoussoanbie # W U HempepuBHH B G,
nepBble NpOM3BOAHbIE (yHKuuH 4 HenpepuBHH B G-I, a Bropue ee
npoussonHnie HenpepruBHel B (. Bo BTopolt dopmyne mu mpeanonaraem,
YTO TepBble NPOM3BOLHBIE 4 ¥ U HenpepuiBHb B G-I, a Bropnie ux
nponsBoAHble HempepniBHEl B G. Kpome TOro, B 060HX Cuaydasx Tpe-
Oyercsi, 4TOGb CylleCTBOBaiM HuHTerpaasl no obaactu G. CoseplieHHO
aHanoruuHpie QOPMYJabl CNPAaBeLIHBH I IUIOCKOCTH,

Ecin Au==0 n v==1, To Mul noiyuaeM unmezpaibiyio meopeny
laycca:

[ [5¢as=o. @7)
T

IlpyruMu CNOBaMH, e€CAl 2aPMOHUYECKAn PYHKUUR pe2ysipHa
8 ozpaHuyennod ob6zacmu G u Henpepuwsno Ougigepenyupyena
6 G+T, mo unmezpas no nosepxnocmu I’ om ee nopmaasrolt npo-
u3800H0I pasen HY.O.

Kak caenctsue pasenctsa (27), Mbl noJAyuaeM CJELYIOMWYI TeOpeMy
0 MOTeHUuaaxXx IABOHHOrO CJIOSA C MOCTOAHHOH IIOTHOCTHIO.

Ecau 3a0an kycox nosepxnocmu F, oepanuvennwsi rpusoi C,
u mouxa P, ne npunadarexwcawans F, mo 8 cayiae nocmosannod
naomuocmy o==1 nomedyuar 0804H020 ca0a nosepxuwocmu F
8 mouxe P no a6coromnol seautune pasen mesecHoMy yzay, nod
womopus kpusas C sudwa us mouxu P. B wacmuocmu, nomen-
yuaa 080UHO020 €A0R OAS NOBEPXHOCMU, O02PAHULUBAIULEHE HEKO-
mopyw o6aacmb G, umeem O0an mouex G nocmosuuoe 3naue-
Hue — 4w, a Osn mouex sne G pasen Hyuio.

Yro6ul 40Ka3aTh STy TEOpEMy, M MOCTPOMM KOHyc &, o6pasopan-
HbIfl IPAMBIMH, COENUHSAIOIUME TOUKY P ¢ ToukaMu rpanuusl C Kycka mo-
BepxHocT# F1), 119 IPOCTOTH Mbl IPEANIOI0KHIM, YTO 0614CTh, OTPAHHYEHHAS
NOBEPXHOCTBIO F 1 YacThIO MOBEPXHOCTH KOHYCa, Jexalle# Mexay Toukolt P
i KOHTYypoM C, OAHOCBA3HA. MEI OTpexeM BepUIMHY KOHYCa € NOMOLIbIO
zocTaTouHo Majno# cdepw K, pamnyca e m o6o3Haunm uepes G, obaacts,

1) 3Hak 5TOTO TEJECHOrO Yria OAHOBHAWHO ONPELENsAeTCS, €CAU Ha NOBEpX-
HOCTH YKa3aHbl NOJOXHWTENbHAA H OTpUNATEAbHAas cTOpoHa. Kycok nosepx-
gocth F H KOHyC 2, onpeneieHHHH Toukoii P ® kpuBO#H C, OrpaHHUHBAIOT
3aMKHYTYI0O 006/aCTh; CHauala Mb MPEANOJOXKHM, YTO OHA ORHOCBA3HA. 3HaK
TEJECHOr0 yria OTPHIATENbHBIH, €CJIHM NONOKUTENbHAA HOPMadb K F BHBOLHT
u3 3TOH O6MACTH, U TNONOKHUTEAbHHIH B NPOTHBHOM ciyuae. B o6uiem cayuae mul
NpeAnonaraeM, 4To Kycok F COCTaBJIeH u3 KOHEYHOr0 YHMCAA 4acTel, AAf Kax-
I0# ©3 KOTOPHIX BHINOJHAETCA BhlleyKazaHHoe mpeanodoxenuve. Torma wmm
BHIHM, YTO [OTEHUHad IBOHHOrO CAOA paBeH CYMME COOTBETCTBYIOUIUX TEAECHBIX
yraos, NpHYEM KaXAbH u3 HUX OEpeTcsi CO CBOHM 3HAKOM.
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orpauMueHHyl0 mosepxHocTamu F, R, K,; ¢ynxkuus u=1/r B 95TOH
obnactd peryaspia. U3 dopmyan (27) Mbl 3akmoyaeM, uTo

ferd&+ff ds+ff%%%w=m,
KS

n, Tak Kak @ (1/r)/ov ofpam@ercs B Hyab Ha 2 o npuHMMaeT Ha K
noctosHHoe 3Hauenne — (1/e2), Halle yTBepkAeHHe NOKa3aHo (cM. puc. 9)

IOasg n==2 MbB MMEEM aHaJOTHYHYIO TEOpeMY.

Iomenyuans 080lnozo ca0a dyzu C ¢ nOCMOAHHOE NAOMHOCMBIO
6=1 8 mouxe P, ne newcaweii na C, pagen yzay, nod KOMOpPbM
ama dyza sudna u3 mouxku P. B wacmuocmu,
u=—2x sHympu w0008 3aMKHYMOL Kpu-
gofi C u u==0 8He amoli kpusgoi.

Ecau Mbl moJoXuM v =& B nepso#t u3 d¢op-
My (26), TO Mb MOTYy4YdM TOXKEECTBO

D tal= [ [ [(x+un+u)dg=
G

—ff ~48(%)

cnpaBelJIUBOe 415 JI060H rapMOHHUECKOH By HKUMHY,
peryaspHolt B orpanuuenHo#t obmnactn G, ¢ mep-
BEIMU NIPOM3BOJHEIMH, HenpepbiBHbIMA B G -+ T'. J1a Puc. 9.
¢popmyna ocraerca BepHOH, ecau o6aactb G co-

NePXUT OKPeCTHOCTb OeCKOHEUHO YIa/NeHHOM TOYKH, NMPH YCAOBHM, YTO
rapMoHHYecKas QyHKUHA peryaspHa B 3ITOH OKpDecTHOCTH, T. €. 4TO

GyHKUMA
LIPTE- T A
Fo\TrE T ?7)

peryaspHa B Hauade koopauHaT. Hurerpan D[u], koropsifl naswbiBaeTcs
unmezparom upuxase, urpaeT O0COGEHHO BaXKHYI pOJb B TeOpHH
noreHunana. Kak Mul yxe Bugeau B T. I, ra1. IV, § 3, n. 4, aror unrerpan
yCTAHAB/IMBAET CBA3b MeXAYy TeOpHeH TMOTeHUMaAa M BAPUALHOHHBIM
ucudcieHdeM. B cBA3M ¢ 3TUM OH OyneT uMeThb BA)XHOE 3HAueHHe TpPH
N0Ka3aTenbCTBe TeopeM cyuiecTBoBaHHMs (cM. T. III).

Cefiyac MBI ye MOXeM CAeJaTb CleAyOIUH BHIBOA U3 TOXAeCTBa (28):

ITycmy u-— pezyanpras 2apmonuseckasn pynkyus 8 o6aacmu G,
Henpepuwsian U Henpepusno Ougpdepenyupyenans s G-+1I. Tozda

a) ecau pynxyusn u obpawaemcs 8 Hyay #a I', mo ona o6pa-
waemcs 8 Hyab modxcoecmserino 8 G;

6) ecau HOpMAAbHAA npOu3BOOHas Oulov obpauaemcs 8 HYAab
Ha 2panuye, mo Pynxyusn u nocmosnna 8 G.
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B oGoux cayuasx us ¢opmyan (28) caenyer, uro D|u]=0, n,
cnefoBaTeNbHO, 4 == const. B nepBoM ciyuae KoHCTaHTa NOJKHA COBMHA-
I1aTb C TPAHMYHBIM 3HAYEHUEM HY/b.

Ilycte G —wap pammyca R ¢ uentpoM B P u ¢ rpauuuest I
Iycts Gy — xoHueHTpuueckul wap paauyca Ry < R ¢ rpanuuest I,
IMonowum v=1/r (rae r — paccTosHWe [0 HEHTPa IWapa) U NpHMEHHM
BTOpYyl0 opmyny (26) k obnacru, Jgewaweh Mexay I' u I, Toraa,
C yyeToM paBeHCTBAa (27), Mbl MOAyYuM A/ IAPMOHHYECKOH QYHKUMM

paBeHCTBO
4;2?% [[uds=gps [[uas. (29)
T

T,

Yerpemus Ry K Hymo, noayuuMm OpMyidy CpeLHHX 3HaueHuf

u(P):ﬁffrfudS. (@0

IpyruMu ciaoBamu, 3Hatenue 2apmonudeckoll pyuryuu 8 mouxe P
Pa8HO cpedHnemy 3na4eruio mol Byuryuu Ha 110604 chepe ¢ Yen-
mpom 8 P, ecau sma Ppyuxyus pezyrapra 8uympu ciepu u
HenpepoleHa 8 3amMKNymod ob6iacmu, O2paHudennol amoil cge-
poil).

Vs oToH TeopemMbl O CpeiHeM 3HAauYeHHMH MOXHO BbIBECTH BaXKHble
caencraud. [lpexne Bcero Mbl chopMmyaupyem

[TPUHUNN MAKCUMYMA. [Tycme yHKyus u pezyisapHa U 2apmo-
HuuHa 8 cB8a3HO0H o0racmu G u HenpepwLieHa 8nAO0Mb 00 2PAHUYDL
o6aacmu I'. Toeda ona npunumaem cs0e MAKCUMAAbHOE U MUHU-
MQAbHOE 3HAYEHUEe HA 2PAHUUe, MOAKCUMYM U MUHUMYM docmu-
2aiomcs BHympu obsacmu mo20a 4 mMoAvKO moz2da, Ko20a u no-
CMOSKHA.

Yr1o06n 10KA3aTh STY TEOPeMY, Mbl PACCMOTPHUM TaKoe MOAMHOXeCTBO F
3amkHyTO#t oOnactu G —T, Ha xotopoM  mpunHuMaeTr cBoe HauGOJb-
wee B G- I' snavenue M. Tax kak ¢ysxuus 2z HenmpepniBia B G T,
F ecTb 3aMkHyTOe MHOXecTBO. Eciu Obl MHOXeCTBO F cOAepkasto BHYT-
penniolo Touky P, obamactu G, To cyulecTBoBano Gnl ceMeHCTBO coep
C ueHTpoM B P, ueinkoM Jaexauwnx B G, M cpelHee 3HaueHHe (yHK-
UMM ¥ Ha KaxaoH M3 3ITHX cdep paBHsaoCch Ob u(Py)= M. Ho Tak
Kak u < M, 3TO BO3MOXHO TOJIbKO B TOM Cjiy4de, Korja #=—=M Ha
BcAkoft cdiepe ¢ ueHTpoM B P, uenuxom codepxauweftica B G. Taxum

~

06pasoM, MHOXecTBO F COINEpXUT MO KpaiHell Mepe BCe TOUKM, Jexa-

) OueBugHO, uTO 148 TOrO, YTOGH 9Ta TeopeMa Oblia cnpaBeliHBa, GyHK-
nus He o6A3aHa GbITb HempepbiBHO NudpepeHupyeMOoH B 3aMKHymol 06AacTH,
orpaHuyeHHol cdepoi, xoTa 3T0 TpeGoBaHNe HEOOXOAMMO JJIf TOTO, YTOGH Ghlan
npumenuMsl GopMyasl (26) u (27), kOTOpble HCHOJB3YIOTCA IPH JOKA3aTENAbCTBE.
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mue BHyTpM HauGoabiied cdepsl ¢ UeHTpOM B P, coxepxaileiics
B G-T. To e caMoe paccCyx/leHUe MOXKHO MPOBECTH AJIA Ja00OH apy-
ro# BuyTpeHHeH TOuku Py TNOITOMY MHOXeCTBO F IOJKHO COBMa-
aatb ¢ G+ T. Ho sT0 u 3HauuT, 4TO # KOHCTaHTa (4 HMMEHHO KOH-
cranta, pasHas M). CnegosaresnbHO, a4 JI0GOH QYHKUMM #, OTIHYHOH
OT KOHCTaHTH, MHOXeCTBO F MOXET COCTOATb TOJbKO H3 TPaHHYHBIX
TOYeK. AHaJOTMUHOE pacCyXJeHue NOKA3bIBAET, YTO MUHHMYM # IIPUHH-
MaeTCsl Ha rpaHule, M TOJIbKO /[Jf MOCTOAHHON & MMHMMaAbHOE 3Haue-
HHe m NpuHI MaeTcd BHyTpu obaactu G.

Cnenyiwouiee yTBepilIeHUe SBIAETCS HEMOCPEACTBEHHBLIM ClieJCTBHEM
NpHHLMIA MaKCHMyMa:

Ecau peeyaspras 2apmonutecKas @OYHK{us, Henpepblsnasn
8 G-+T, nocmosuna Ha zpanuye, mo OHA NOCMOAHHA U 80 8Cel
ob6racmu,

B uacTHOCTH, M3 3TOrO cJaenyer

TEOPEMA ELMHCTBEHHOCTH. /[[8e zapmonudeckue 8 G u Henpepuig-
Hoe 8 G-+T Ppyrxyuu, cosnadanuue wa epanuge, MmoioOeCmeeHHO
pasus 8 G.

D10 yTBep:mIeHWe BEPHO B CWIYy TOTO, YTO PAa3HOCTb JBYX TAKUX
GyHKuuit caMa sBJASeTCS pery/iApHO# rapMoHuueCcKO# ¢Qynxumefl, Hempe-
puiBHoit B G I'; oHa obpalaerca B Hy/Ab Ha TPaHULE M, CIELOBATENbHO,
TOXIECTBEHHO paBHa Hymo B Q.

dopmyast puna (26) cyuiecTBEHHO W3MEHSIOTCA, €CJHH Mbl 10ACTaB-
AfeM BMeCTO U GYHKIMIO, 00/1alal0llyl0 XapakTepUCTUYECKOH aasd ypas-
Henus Jlaniaca oco6eHHOCTbIO B Touke P. IlycTs P — HekoTOpad Touka
obaactu G ¢ koopauHatamu (x, y, 2). ITosoxum

0@ 7 O= 1+ wE . 0,

rie r2=(x —§£2-+(y —m)?*+ (2 —~C)? a w— npousBoJbHAs ABANILI
HenpepbiBHO AuddepenuupyeMas dynkuua B G, HenpepbiBHas M Henpe-
puBHO au¢ppepenuupyemas B G-+ I'. Mb npumenum ¢opmyay I'puna (26)
K nogobaacth G — K, noayuyeHHo#t u3 G uckjioueHueM Majoit chepn K,
pamuyca & ¢ uenrpom B P. [lpumensis dopmyay [puna k sto#t nono6-
JAaCTH M NPOM3BOAS TNpPOCTOH TpelebHbii nepexon mnpd &—>0, Mu
noayuaeMm

fff(”ﬁve+”nvn+”cvc)dg+ffquvdg=
@ G
—pu+ffa#ds 31

fff(qu-—vAu)dg:pu—{—ff(u ?%———v—a%)d& 319
G r
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3lech dg — snement obbeMa B mpocrpancTBe £, 7, { n

47 g1 P B G,
ru=%+w, p=42r aaa P wmna T,
0 aama P Bre G

B cayvae, koraa Touka P aexur Ha I', npeanosaraerca, uto I' numeer
HEMpepHBHO H3MEHAICILYIOCA KAacaTe/NbHYI0 TIOCKOCTh B OKPECTHOCTH
touku Pl). OTHOCHTENBHO # W W MBl MPEANONaraeM TaK e, KaK U B
dopmynax (26), cyuwecTsoBanue HHTerpanoB no G, HENPEPHLIBHOCTb X
uw B G+ I, nenpepuIBHOCTL MePBHIX U BTOPHIX NMPOUSBOAHBIX 4 H W B G
B ¢opmysae (31) Mpl MNpeinmo/araeM HeNpepHIBHOCTb MHEPBHIX NPOU3BOJ-
Hoix oT # B G4-T', a B dopMmyse (317)— HenpepbIBHOCTL NMEPBLHIX MPO-
u3BOAHHX OT # U w B G T.

[Ipn Takux e MNPEANONOKEHHIX MBI UMeeM aHATOTHUHYIO CHCTEMY
¢$opMys Ha MIDCKOCTH:

ff(uwri- ww,)dg +—fqufwdg pa+fu__ ds.  (32)

ff(”Aw_”A“)dg=pu—i—f(ud—f*vg’é)ds, (32"
G i .

rae dg — oneMeHT maowamd, v==logl/r4w u

2 aaa P B . Q,
p=3 =« npimm P wna T,
0 nanmm P BHe G.

B uacrHoctd, ecau B dopmyse (31°) Mbl nonoxuM @ =0, TO HOAYYUM
ans GyHkuun # B obaactu G caepyiuiee TMpeAcTaBaeHHe:

v [ [ [ [ L L [l (Vas

(33)

TakuM ofpasom, awbas @yunxgus u, Henpepssrno Ougdepenyupye-
smasg 8 G+4T u umeowan nHenpepusrsie smopsie npoussodnsie 8 G,
MHONCEM DACCHAMPUBAMBCA KAK NOMEH{UAAL HEeKOMOpPOZO pacnpe-
Oenenuss, COCMOAWE20 U3 NPOCMPAHCMBEHHO20 pacnpedesenus
8 obsacmu G ¢ naomuocmsio — Aujfdw, u3 nosepxHocmnozo pac-
npedeaenus (npocmoii caoli) ¢ naomuocmsio (1/4)0u/ov u us pac-

l) Hanpumep, ecam P — BeplMHa KOHycCad, NPHHANIEHAIIErO CPAHHLE, TO
B 9TOH TOUKE BMecTO 2% MBI JOMKHBLI B3ATbH P PABHBIM TEJeCHOMY yray, coot-
BETCTBYIOLIEMY 3TOMY KOHYCY.
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npedeaenusn ounoaeii (080hnol cao0l) ¢ naomuocmsio — u/dn Ha
.epanuye T
B vacTHOCTH, [/ rapMOHWYECKOH ¢yHKUMH # CHOpaBelJUBO COOT-

HOlIIEHHE 1 du 1 0 1
u_4-:ffr o —TWfrf”?)T('r‘)dS' (34)

HOpyrumun cnosamu, «rbas PYHKUUA U, pecysspHAs U 2apMOHUYe-
ceas 8 G u nenpepusno Juppgepenyupyenmas 8 G-+I, moxcem
- 6umb npedcmasaena KAK NOMeEHH{UAnL HEKOMOpPO20 pacnpedesenus
HA 2PARUYHOL NOBePXHOCMU, COCMOAWESO U3 PAChpPedeseHU MUna
npocmozo ca08 ¢ naomuocmso (1/4w)ou/ov u u3 pacnpedenenusn
muna 080hHOZo ca0s (pacnpedeserusn oOunoxsefi) ¢ RAOMHOCMBIO
— uf4=.

TeopeMy o cpenHeM 3HaueHHM B TeOpUHM INOTEHLMAJa MOXKHO BHI-
BECTH Takxke u3 popmyan (317). HeltcTBurenvHo, npumeniM (317) k coepe
paauyca R n nosoxuM w==— 1/R=const. Torma v oOpawaercs
B HYJb Ha rpaHuue c(epsl H HeMeIJeHHO moJdyuyaeTca cooTHowenue (30).

3ajaua O NepeHeCeHUUM BCEX ITUX Ppe3y/abTaTOB Ha caydah n =2,
a TaKxXe Ha NPOWSBOJbHOE 4YUCJIO £ U3MEepeHHH MNpelNOoCTaBASeTCH UNATa-
Teno. JIAa NpOuSBONLHOTO £ NMPU TeX Ke MPeANONOKEHHAX OTHOCH-
TeqbHO # ¥ U v obnactu G BHIMOJAHAIOTCA (popMyan ['puna

ffé"f<g‘lu"v‘l+”“>dg"f_f.fvd”
I, Jusm—osa= f(of—oi)es

a Takke cienylomue (opMmyanl, aHanoruuxbie ¢opmyaam (31) u (31%):

.ff..a..f<12_luwc+qu>dg——pu_|_f fu—dS
[1 . Jesemosmte=put [ f(s3— oft)as

3necy 4ag 1 > 2 Mbl noJaraem

(35)

(36)

w, a1 P B G,
1 1
=Gy 4w, p= T 0, AR P wa I,

l 0 s P Bee G4

4, llpouspoanbie MNOTEHIHAJOB pacApeiedeHuss Macc. B n. 2 wmu
Bufenu, yro noreHuuan (14) oGbeMHOro pacmpele/eHHs Macc HelmpephiBeH
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H WMeeT HelpephiBHbE MepBble INPOH3BOAHBIE, €CJAH IJIOTHOCTb pac-
npejedenuss orpaduueHa u uuTerpupyema. Tenmepp Mbl Oynem Hccaeno-
BaThb C TOUKM 3PeHHs HENPepHBHOCTH MHOBENEHHE MHOBEPXHOCTHHX TO-
TeHUHag0B (MPOCTOr0 W JABOHHOrO CJAOf) M HX TPOM3BOIHHKX TIpH
nepexoge Touku P(x, y, 2) uepe3 mnoBepxHocTb F. Mul OyzeM noJb-
30BaThCA CJAEAYIOIIAM MeTOJOM !): kak ykasaHo Ha puc. 10, MH paccMoT-
puM TOuKy P, Jexallyio Ha KyCcKe NMOBepXHOCTH F;
npu 3ToMm F paccMaTpuBaeTcsi Kak 4dacTb rpaHuue I’
npoctpaHcTBeHHo#t o6aacth (. Mbl npeanoJiaraem,
yT0 QyHKUMA p (MAM G), KOTOpas SBAfETCA MJIOT-
HOCTbIO pacnpelefeHus Ha F, IOCTaTOYHO TJalKuM
o0pasoM npojo/keHa B 3Ty ob6aacTe . Ilpumenum
k obonactu G ¢opmyas puna (31) u (317) ¢ coor-
BETCTBYIOILMM 06pa3soM MOROGPaHHBIMH (YHKLUUSIMH &
1 v. Tak KaK UMeT 3HaueHUe TOJBKO PA3PHIBH H3Y-
yaeMo#t (YHKUMH, TO MBI MOXeM B Halwux Qopmynax
ONyckaTb Te BBHIPAXEHUH, KOTOPHE HenpepbiBHbI
npu nepexone TOuKH P uepe3 moBepXHOCTb F. Mpl OyaeM NpuMeHSATH
IJs TaKUX BbIpaXKeHW#l cuMmBosnyeckoe 00o3Hauenue ==0 (,KOHIDYIHTHO
Hya10“); KpoMe Toro, o6iactb ( BriOupaercd Tak, 4TOOH MOJOXHTEIbHOE
HanpaB/leHUe HOpMaau K F OBIJIO HamnpaB/ieHHeM BHellHeH HOpMain.

3aMeTHM (Haualda, YTO NOTEHUUAJ NMPOCTOTO CJAOS HellpephiBeH NpH
nepexole Toukn P uepes mnoBepxHocTb F. TIo9TOMy MBI HOJIXKHBI M3Y-
YUThb TOJBKO MOBeJeHUE NOTEeHUWasa ABOHHOTO Cl0f U €ro NPOU3BOIHBIX,
a Takxe MOBeleHHe MPOU3BOAHBIX MNOTEHLHala NMPOCTOTO CJOA.

Mbl nNpelmOJOXKUM, YTO B OKPECTHOCTH TOUKH P, noBepxHoctb F
¥MeeT HeNpephiBHYI0 KPHBU3HY (CM. npuMeyanue 2 k ctp. 247) u uToO
IJIOTHOCTb pacnpelieleHHs Ha MOBEPXHOCTH SBASETCSA LBAXbl HENPEPHIBHO
nudpdepenunpyemodt ¢yuxuyei 2). Torga crpaBefnuBhH CelyIOLHE YTBep-
KICHHUS:

a) Ilpu nepexode uepe3 nosepxnocmy F 3nauenue nomenyuaira
dgolinozo caon 8 mouxe P, umeem crawox, onuceisaemsid ¢ghop-
Mmyaamu

Puc. 10.

lim & (P)— u(Py) = 2rns (Py).
P>Pf

lim u(P)y— u(Py)=—2ra(P,).
PPy

(37)

3nech samuch P —> Py o6osuauaer, uro P npubamkaercs x Py ¢ no-

JA0KUTEAbHON CTOPOHB NMOBEPXHOCTH, a P —» Py 0003HauaeT npubiuxe-
HHE € OTPHULATEJSbHOH CTODOHBI.

1) Ham meton cBasan ¢ MetoxoM IlImuara; cm. HImunr [1].
2) 3TH NPEANONOKCHHA MOXKHO OCHAOHTb, Aaxce NPHMEHSSA TOT Ke MeToj,
4TO M 34ECh.
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6) [1pouzgodnas nomenyuara 080ino20 ca0osa u(P) no nanpas-
ACHUI0 HOPMAAL K NOBEPXHOCMU U3MEHSeMmCs Henpepul8Ho, ecau
mouxka P nepexodum nosepxwocms, dguzafice N0 HOpMAAU K Hell
8 mouxe P, Oomnaxno manzenyuarvivie npoussodnsie du/dt (Opy-
2uMU CAOBAMU, NPOU3BOOHbBIE NO HANDABACHUSAM, NEPREHOUKYAAD-
HHM K HOPMQAW) UMEOM CKAYOK, Y0084emsopswouiii coomuoue-
HUAM

) du (P) du (Py) ds (P,)

“m+ o o =2 or

Sl (P) _ ou(Py ds (Py) (38)
. u u 0 S YO\

m =5 — =y = —2m

P—)PO

B) I[Tomenyuans npocmozo ca0s8 4 e20 MAH2EHYUAABHBE RPOU3-
800Hble Henpepbigrb npu nepexode uwepe3 mouky P, Odnaro nop-
MANLHAR NPOUIBOOHAS UMeem CAe0YOUUL CKAYOK:

[52] = s o =— 4w (Py) (39)

3mecb 0/dv, o0003HayaeT AuddepeHUUPOBAHHE MO HANpaBAEHHIO MMOJO-
KUTENbHOH HOpManu K NMOBEPXHOCTH B TOouke Pj, a 0/0v_ — nuddepeH-
LMPOBAHUE 10 HAMPAaBJIEHHIO OTPHUATENLHOH HOpMAMTH.

Mbl cHavana paccMOTpPMM NMOTEHLHMA/l ABOHHOTO C/Of C IUIOTHOCTHIO 6
M TMPEANONONKHM, UYTO 3Ta IVIOTHOCTb MNpPOXOMKeHa Ha obnacte G—-T
TAK, YTO OHA ABJASETCS TaM HelpepHBHO AuddepeHunpyeModt ¢yHKuHMeH
o(x, y, 2); 3areM, monarai #=o¢, w =0 u ONycKas Bce UY/JeHHl, He-
npephHiBHbHIE MpPH Mepexoje uepes TIpaHully, Mbl 3ankceiBaeM GOpMyay
[puna (31) B BHIe

. 0 1 0 1 0 1
P°+ff T "S=faff(°€7>€7+°na77+°c '(f‘r‘)dg’
HpHMeHﬂﬂ BBeILeHHbIH BbIllle CUMBOJ ==, O'{eBl/llIHO, yTo BCe I‘paHl/lllele

MHTErpaibl, He 3aBUCALMEe OT F, HenpepbiBHbl KaK QYHKUUU TOUKH P
¥ HMEIOT HenmpepbBHBIE TPOM3BOAHbIE BCeX mopsaaxos. Tak Kak npasas
YaCTb 9TOTO BHIPAXEHHS, COTIACHO M. 2, HempephiBHA, TO

po-{—ffsdiv—l-dSEO‘
F

OTO U ecTb HYXKHOE YTBEpHKIeHHE OTHOCHTEILHO MOBEeleHHS NOTEHUHUANa
ABOHHOTO cJ04.

Yro6bl 10Ka3aTh YTBEpPXKAEHHE, OTHOCALIEECS K MPOUBBOAHON MOTeH-
uuana JBOHHOTO CJ1OS, Mbl MPENNOJOXKHM, UYTO NPOLOMKEHHE ILIOTHO-
CTH ¢ B 00aacTh G ecTb ABaXIbl HenpepuiBHO AuddepeHuupyemas dyHkLua,
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TaKas, YTO HOPMajbHas NPOU3BOAHAA Jo/0v pasBua . [lpuMenuM Teneps
BTOPYI0 ¢opMyay ['pusa (31’), KOTOpPY0 MOXHO 3amucaTb B BHIE

pc—{—frlfoa—o\'»’l_—ds= -—faff—Aridg.

Tak Kak npasas 4aCTb HENMpPEPLIBHA, TO MBI CHOBA MOJYy4YaeM Pe3yJbTaT,
Kacaioluica paspbiBa CaMoOro MOTeHLUMata ABOHHOrO caos. Kpome Toro,
TaK Kak MNpaBas 4aCTb WMEET HeNpephiBHble TNPOH3BOAHBIE MO X, Y, 2,
TO W3 GOpPMyJbl CAEAyeT, 4YTO NPOM3BOAHBIE MOTEHIHA/JA ABORHOTO CJOf
MMEIOT TdKHe e PasphiBbl, KAK NPOU3BOLHBIE BhHIpaXEeHHR -— PJ; UMEHHO
3TO Mbl M XOTEIX IOKa3aTh.

Haile yrBepxJAeHHe OTHOCHTEJbHO NHPOUSBOAHBIX MOTEHUWA a MNpo-
CTOFO CJIOA TIONYYaeTCA TOYHO TAKHM Ke CIOCOOOM, eCAH NpPHMEHUTH
¢opmyay Ipuna (317). Omnaxo ¢ynxuuio # B (31’) Hano BuOparb Tax,
yTOOBl Ha NOBEPXHOCTH F OHA TOXAECTBEHHO DPABHSJIACH HYJI0 M 4TOOBI
HODMaJibHag TNpPOMBBOAHAA Ou/0Y pPaBHANACH MJAOTHOCTH NOBEPXHOCTHOrO
pacnpenesenda p. To, 4To Takas (yHKUMS 4 CYyLIeCTBYeT, Hemocpel-
CTBEHHO CJellyeT M3 NPEANOJOKEHUH OTHOCHTEJbHO IMAKKOCTH IOBEPX-
Hocty F u naortHocTy p.

AHanoruuHbie TeOpeMbl M COOTHOLIEHHS Ha Da3pbiBaX MOXHO HOJXY-
Y¥Tb JJS NOTEHLUHMaJa Ha MJAOCKOCTH, ¢ TOR pasuuueR, 4yTO B COOTHO-
mwenuax (37) u (38) MHOxHMTeNb 27 HAAO 3aMEHUTb HA T, 4 B COOTHO-
weHun (39) MHOMMTeNb 4w — Ha 2.

§ 2. Humezpan IyaccoHa u e20 npusosceHus

1. Kpaesas 3agauya m dyukuua Fpuna. B 1. [, ra. V, § 14, mu
y¥e. pacCMaTpHBa/dM NMpPeACTaB/eHHe DElleHHs KpaeBOH 3alauu ¢ MOMOLIBIO
gyuxyuu Fpuna, He 3aBUCsllel OT 3afaHHHIX HA TPaHULE 3HAYEHHH H
oT npaBoit uvacTn AuddepeHUnaTbHOTO ypaBHEHU .

Tenepe ME NOCTaBUM MepPBYi0 KPaeBYI0 3ajauyy, KOTOpas HasbBaeTcs
Taxke sanavelt upuxune, s ypasuenus Jlannaca B OrpaHuueHHOR 06-
Aactu G MPOCTPAHCTBA X C KYCOYHO-raaako#!) rpanuued I'.

[Mycte Ha I' samaHml HenpepeiBHble rpaHMYHble 3HAYeHHs. B uacT-
HOCTH, MyCThb TPaHUYHEIE 3HAYEHUs SIBJISIOTCA 3HAYEHHAMM TPHXIE Hempe-
puiBHo nuddepenunpyemoit 8 G+ I' pynxuun f(xy, ..., x,), uam f(x).
Hago waittu pewenne auddepenunanbioro ypasHenus Au =0, wempe-
pesioe 8 G-I u peryaspioe B G, copnajaoliee ¢ QyHkuuef f
Ha I'' B § 4 Mbl yBuZuM, 4YTO NPEANOJONKEHHS OTHOCHTEJBHO IAaAKOCTH
FpaHHYHbLIX 3HaueHHH JIerko MOXHO OCIa0MTb € MOMOIUBIO MPOCTOro mNpe-
JEJIbHOTO Tepexoia.

Kpaeso#t 3ajaue MOMXHO NPHAATh HECKOAbKO HHOM BHI, €Cau BBECTH
BMecTOo 4 (yHkuuo #— f=v. daa ¢(YHKUYH ¥ MBl HMEeM Hy/eBhle

') Cu. mpumeuanue 2 k c1p. 247,
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rpannunbie 3HaveHns Ha I, HO Heomnopoanoe AuddepeHunanbHOE ypas-
HEHHEC Ap — — Af

[Tycte Temepr Q=(5;, &, ..., &), wm Q=% — ¢uKCHpPOBaHHaS
TouKa, P ==x -- nepeMennas Touka obaactu G, | — QYHKUMs, 3anaHHAs
¢popmyioit (9) us § 1. Me onpederunm pyunrguo I'puna K (P, Q) dug-

’ n

deperyuarsrozo onepamopa Au= ¥ 0°4/0x* 9,4 o6sacmu G rax

y=1
HEKOomopoe cneyuasbroe QOYHOAMERMAAbHOE - peulenie YPABHEHUA
Au=0, 3a8ucamee om napamempa Q, umewuee 8ud

K(P, Q=K (5 Xy ooos %5 By B oo B =
=K(x, =1(n+w (1)

P 3] (o — B = (x — B
i=1

u pasuHoe Hyiw, rkozda mouxa P aewcum wna T. Hpu smon caa-
zaemoe w Henpepwvisno 8 G—+T' u pezyasapuo 8 G (rak uro ¢yuk-
uig K peryaspHa B (; 3a uekmaoueHHeM Toukn P =Q). Ima @pyux-
yus cummempuina omuocumesvio apeymenmos P u Q: K (P, Q)=
=K@, P) (em. 7. I, ra. V, § 14, n. 5, ctp. 308).

Dyuruyun I'puna obpauaeTcs B Hyap Ha I' W nosoxuTenbHa Hy
Maaolt cepe BOKPYr TOUKH Q; MOITOMY, COIVIACHO MPHHIUIY MAKCUMyMa,
oHa nosodcumessna enympu G.

Ecin v — HenpepniBHas u HenmpephiBHO AuddepeHunpyemas QyHKUUs,
ynosaersopsiomasa ypasHenuio Av=—Af B G-I, 10 popmyna (36)
u3 § 1 cpasy JaeT npeincTaBieHHe

v={[... [ K pafa, @
G
W pellleHMe HCXOQHOW KpaeBOH 3alaun NpeJCTaBAgeTCS B BUAe

u=f+ff ...fK(x, £)Af dE. 3)
G

B ¢opmynax (2) u (3) pewenue # B neHCTBUTEAbHOCTH HE 3aBUCHT
OT 3HauveHuH ¢yuxuun f BHyTpu obmactu G. B caMoM nele, TpHMeHHUB
¢dopmyay ['puna, MBI JIerko noJyuuM

ff...fKAde:—f—-f...f%—lfde
G T

4, CJAeJ0BATEJbHO,

u=—[ ... [ sas. “
T

B a1y ¢opMyay BXoAT TOALKO IpaHHuHbe 3HAueHHs (YHKUMM f.
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OZHaKO 4YacTO ObIBaeT HYMXHO COXPAHUTb MpeJCTaBJIeHHe pelleHus
KpaeBO# 3afauu B Buge (3). B uacTHoCTH, MbL GylieM npuMeHaTh popMyay (3)
npu IOKAa3aTeJqbCTBEe CJEAYIOlled TeopeMbl, KOTOpas sB/ideTcs oOpaTHOH
1O OTHOILEHHIO K pe3yJbTaTaM, MW3JIOXEHHbIM BHIIE, HO He CONEPHUT
TAKUX CW/bHBIX OrpaHudeHnit Ha K u v.

Ecau K (P, Q) -—— pynryun lpuna 012 ozpanutennod o6aacmu G,
mo 0as KYcouHo-Ouggpepenyupyenmolt Pynegun g(X;, Xgo ooy X,)==
= g (X) supaoicenue

v=ff ...fK(x, g d:
a

Qaem pewenue ypasuenus [lyaccona
Av=—g,

nenpepusnoe 8 G-+T u pasnoe nyao na 2panuye T

To, 4o v yRosileTBopsieT AU QepeHUnaIbHOMY YpPaBHEHHIO, caenyer
U3 MHTErPajbHOrO MpPEeNCTABAEHHS M U3 TOrO, UTO (YHKUMS & KYCOUHO-
nenpepuiBHO nuddepenuupyema (cM. § 1, m 2, ctp. 247). Yrobw no-
Ka3aTh, uTO ¥ oOpawaercs B Hyab Ha rpaHuue I', ne mocrarouno
BOCMOJIb30BATLCA TEM, YTO TaM paBHa Hy/a0 ¢ynkudd [puna, Tak kak K
HE CTPEMHUTCH K HYJIO PaBHOMepHO no Q, koria Touka P npubimxaercs
k rpauuue I'. YroOpt 0GOHTH 3Ty TPYAHOCTb, MBI BOCIOJB3yeMCd Cle-
AyIoLleH JeMMO#, N0Ka3aTelbCTBO KOTOPOH OyderT naHo B m. 2.

Ecau B ecmv nodo6aacme obaacmu G ¢ ouamempor Mersuie
h, mo

”...f/«x, §)di < ¢ (h),
B

20e e(h) 3asucum moavko om h, @ He om guda obaacmu B, u
cmpemumcs K wyaio gmecme c h.

IMycrs touka P us G npubnukaerca k Touke P ua rpanmue I\
[lyctb Bj, —nono6aacts G, nexawas B uiape ¢ AMaMeTpoM /2 W C UeHT-

pomM B Touke P, a G’ — ocraBuwascs uacte G. Toraa
=ff [kea+ [ [ ... [Kgas.
G’ B,
Unterpan no obaactu G’, OYEBHAHO, CTPEMHTCH K HYTO npu P—» P,
Ynen 'vh=ff ng df JonyckaeT OLEHKY
By
|v,| < Me(h),

roe M — Maxcumym | g |. Urak, ecan Touka P 10CTaTOuHO Gnuska k P,
10 |v| < Me(h). Tak Kak A~ NpOU3BOJBHO, Hallle YTBEPXKACHUE I0-
Ka3aHo,
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Sta TeopeMa MOKa3HBAET, 4YTO pelieHHe KpaeBOH 3amauu aaerca ¢op-
wynamu (2) u (3), ecan usBectHa ¢yukuus K. IIpyruMu CiaOBaMH: pe-
uleHue Kpaesod 3adanu ¢ NPOU3BOALHLIMU OQQHHLMUL HA 2paruye
IKBUBANEHRMHO OMbICKAHUO PYHKyuu 'puna, 410 COOTBETCTBYET pe-
IEHHWI0 KpaeBOH 3ajauud CO CNelLuanbHbIMM JAHHBIMM HA TpaHuue, 3a-
BUCALIUMY OT TOUkM @ Kak OT Napamerpa.

2. ¢ynkuua I'puna aas xkpyra u mapa. Uarerpaa Ilyaccona aas
wapa H nojympocrtpaucrsa. B t. I, § 15, n. 2 Mu nocrpounu Qyuk-
uuto ['puHa nas kpyra u wapa. HMcnoJb3oBaHHbie TaM cOOOpaXeHUst MOXKHO
Ge3 TPYAa NPHMEHHTb TaKKe H K olepartopy Jlannaca B ciayuae n u3-
mepenut. Ilycts | ==1¢ (r) — pynaamentanbuoe pewmenue audpdepen-
11MaNbHOTO ypaBHeHUs Au==0 B 7n-MepHOM HpPOCTPaHCTBE )

1 .
(r)= ;7—s5—r*-" (aas n > 2),
q) (II - 2) Wp (5)
b (r) = 5= log + (ana n=2).

Toraa ¢yuxuus I'puna ana wapa pasuyca R cpasy foayvaeTcs B BuIe

K =40 —¥(5 ), ®

rae
2 Q2 2 < 2 2 2“n R _\?,
i=3t rm Bt A=Y s~ G

v=1

ry eCcTb PAacCTOIHWE OT TOYKH X 1O OTPAKEHUs TOYKH § OTHOCHTEbHO
cepnl, T. €. 10 TOYKU

R? R? | R? R?
(751,792, RN —{5—5,,). HI %—22.

flcHo, uTO 3Ta GYHKUMS YIOBJAETBOPSieT BCeM TPeGOBAHHMSAM, B YaCTHOCTH,
oHa obpallaeTcsi B HyJab Ha cdepe, Tak kak 7 == (x/R)r,, ecin Touka
(%, X9, ..., X,) nexut Ha cepe.

dyukuuio 'puHa aas kpyra (uid 1apa) MOXHO cJaelyiolwuM obpa-
30M HCHO/Ab30BaTh Kak Mmadxcopanmy Pyaxyuw I'puna oasn npous-
8046106 O2panutennold o6aacmu (G. Ilycte @Q— HekoTOpas TOYKa
obaactu G, a R —ctoib 60JblLIOE YKCAO, YTO Kpyr (Mad wap) pagu-
yca R ¢ uedtpom B J0Go# M3 Touek U IEJIHKOM COLepKHUT 06JaacTb
G-TI'. Ecan yepes r 0603Ha4eHO PACCTOAHUE OT TOUKH (X[, Xgs « .., X,)
10 Q, TO NerKo BHAETb, YTO BHIPAXKEHHE

§ () — ¢ (R) =5 log = (n=2),
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YO =Y R =gy (T — R (2> 2)

npencrapisieT cofolt QyHkuuio I'puna COOTBETCTBEHHO LI KPyra WA
wapa paauyca R ¢ UEHTPOM B TOUKe Q; OHA MMeeT OCOGEHHOCTb B TOUKe Q
(r. e. Touxa-napameTp  HAXOIMTCA B leHTpe Kpyra uau wapa). Ecun
K (P, Q) — ¢ynkuus [pusa mas obaactu G ¢ 0COGEHHOCTHIO B TOuKe Q,
o pasHocts K —((r)—4¢(R)) peryaspra B G ¥ He NOJOXKHUTENbHA
Ha I'; nostomy sciony B G

<K LY () —9(R).
Orcio4a NeTKO NOAYyYMTh OUeHKY ¢yukuuun [puna aaa nonobnacreit B

obaactu G ¢ AMaMeTPOM, MeHbIIMM 4YeM /A, UCNOAL3OBAHHYIO B 1. 1.
C nomoupio dopmyasl (6) Mbl Tenepp Ha#ieM Beauuuny O0K/dv, BXo-

ﬂ.m.uy}o B HHTeraﬂ .
K
a=— [ [ 5 ras.
r

B3ATHI# 1O MOBEPXHOCTH Cdiepbl, U [OMYYHM pelieHHe KpaeBOR 3aiauu

Au=0, au=f wunal

ans wapa. Tlpn noMoulu NPOCTHIX BLIYUCIEHUH Mbl HAXOLMM
0K R — < :
=/ (r) P .= X )

YTO MOCJAe HOJCTAHOBKH B MHTErpadbHylo (opMyay Aaer

_.__R—¢ ¢’ ()
U= 7 frf 2 fas. (8)
Ecan MBl NPEANOJONKHM, YTO f—3alavHag ¢QyHKuus KOOpAMHAT &,
&, ..., €, HA eLMHMYHOH cdepe u MOACTABMM BMecTo ¢ (r) dyHkuuo (5),
TO NOAYYHM unmezpaasuyio dopuyay Ilyaccona
Rn—? (R'z__ p2) fdo,
u(x)= . 9
) o ff (p? -+ R? — 2Ry cos 0)"/2 ®)

B 3TOM BhIpaXKeHHH HHTerpan 6epeTC$[ MO TNOBEPXHOCTH N-MepHOR eau-
ununo#t  cpepnl pP=xi4-x24 ... 4 x2=1ux% a 6—yroa Mexy
BEKTOPOM p M PaIUyCOM, HalpaBleHHBIM B MEPEMEHHYIO TOUKY umerpu-
posanus £. o

dta ¢opmyna Oblia yke BEBefeHa i n==2 H n==3 Ha crp. 34
us T I, ra VI, § 5, n. 4, ctp. 433.
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W3 caenauHubix Bbllle 3aMedaHudl caesyeT, uTo dopMmyaa (9) naer
pelleH¥e KpaeBOH 3afauv /A mapa B Cayyae, KOTAA FPaHHUHble 3Haue-
aug  f(I) sBasiorcs 3nauenmsmn ua [’ mexotopoH menpepuiBHO# ¢yHk-
win f(x), umeoumed B G HenpephiBHbe NepBbie H BTOPHiE H KYCOYHO-
HenpepbiBHbiE TPEeTbH MNPOM3BOAHLIEC. Hanpumep, Bce 3TH fpeAMOsOKeHHs
BHIIOMHAIOTCA, ecad f=1. B aroM ciaydae u3 uurerpanbofi QopMysl
[lyaccoHa # M3 TeopeMbl eAMHCTBEHHOCTH § 1 caeayer, 4TO HHTerpau
OT MOJIOKMTEILHOTO BCIONY BHYTPHM liapa pamuyca R sipa

R2_p2

—~——‘,
Rw,r?

HP, Q= ri=(x—§2 pPP=x? (10)

no cdepe pamuyca R ¢ sneMentoM nosepxHoctd do==R""'dw pasen 1:

_ R*(R?— 92) do, _
ffH(P' Ddo= o, ff (p2 + R2 — 2R cos )7 =1
(11)

Kpome Toro, aas ¢uxcupoBaHHOH TOUKHM Q=% 3TO A1p0 KaKk (YHKIus
TOYKH P =Xx ynoBjeTBopseT ypaBHenuio Jlamiaca BHYTpM Liapa, 4TO
NerKO BHIETb, €C/JAH Mbl 3aMULIEM SIPO B BULE

n

1 2 0 1 -

RoHem——_ 4 2 V¢ 9 1
n -2 n—2 ;1&»06‘, =2

rie

rP= g (x, — &2 = (x —E)2.

Ha camoft chepe dpynxuns H oGpauaercs B Hylb BCIOAY, KPOME TOYKH
P=Q, rie oHa crpeMuTcsi K GeckoHeyHOCTH, Koraa P ctpemutca k Q
U3HYTpH.

Tenepb Mbl JIerKO MOXeM OCBOGOILHTbCS OT CHIbHEIX TpeGoBaHufl,
Ha/MOXeHHBIX Ha TpaHuyHble 3HauyeHus f. MBI mokaxeM, 4TO uxnmezpats-
nas gopuysra Ilyaccona daem pewernue xkpaesoi 3adauu 048 wapa,
Oadkce ecau mb. mpeGyem om 2panuuubLX 3HAHEHUE MOABKO Henpe-
polenocmu Ha nosepxrocmu cghepst. JleHcTBUTENbHO, TPU 3TOM Mpel-
noJoxeHnn Mbl MoxeM auddepenunpoBats gopmyny (9) CKoJbKO YyrolHO
pas nox 3HakoM MHTerpana B moGoH BHyTpenne# Touke P wapa. Cre-
noBaTeNbHO, GYHKUMA # B 3TOM CJydae TaKxke YIOBIETBOpAeT ypaBHe:
Huio Jlamiaca, ¥ HaM Hamo TOJBKO MOKAa3aTh, UTO NPH MPHOMHIKEHUH
K TpaHuUe # CTPEMHTCHS K 3aLaHHHLIM TPAHMYHLIM 3HAYCHUAM.
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[lyctb P, -— npoussonbHas TOYKA rpaHuub, a P —OaM3KO K Heli
nexalias BHYTpeHHss Touka (cM. puc. 11). Mpl mpeanonoxuM, 4TO
P, — TouKka noBepXHOCTH CepHI, Jekaluas Ha TOM e pamumyce, uro u P.
Tak Kak chnpaBel/IMBO HEPaBEHCTBO

lu(Py— f P | <[ u(P)— f (P (Po)— f (P

W TaK KaK rpaHAYHas QyHKUMA HENpepbiBHa, AOCTATOYHO NOKA3aTh, HTO
QYHKUWA 4 CTPEMHTCA K 3aJaHHBIM TPAHUUYHEIM 3HAUeHHAM, ecan P mpu-
6auxaeTcd K TpaHHLle MO pajuycy, T. e.
1I0K43aTh, 4TO Be/JAWYHHA

u(P)— f (P)=
= [ [H®P. QU Q@—F Pyl dSq. (12)

rae dSgy— dJEeMeHT NOBEPXHOCTH, CTaHO-

BUTCA CKOJIb YTOAHO ManoH, Korpa Touyka P
npubnkaerca ¥ Py no paauycy, npoxons-
uieMy uepes P,.

Ina DOKasaTeJbCTBA Mbi PasfenuM Mo-
BEPXHOCTb C¢epbl Ha aBe 4actn 2, n Q,
C MnOMOWbI0 Cdepbl NMPOU3BOMLHO MAJIOro

Puc. 11. paauyca 8 ¢ LeHTPoM B Touke Py Mul npen-

TMOJIOXUM, 4YTO TOYKa P yXKe HaXOAUTCH

BHYTPH 3TOM MaJlOH cepbl M, c/leNOBaTENbHO, PACCTOSHHE £ Mexny P

u P, meubuwe, uem 3. Jlanee, ecan |f| <M Ha chepe u | f(Q) —

— f(Py)] < o(®) na Q, npuuem dpyHruust o () CTpeMATCH K HYMO BMecTe
¢ d, o dopmyaa (12) naeT oueHky

luP)—F Py <2M [ [HaSe+a@) [ [Has,<
2, 2,

<oM [ [ Has,+s

mocielHee HEpaBeHCTBO cCaeayeT 3Aech u3 pasenctsa (11). Ho 8 Q,
a1po H He MpeBblUIAET BETHYHHBI

1 R*—p? 2h

R 0, (072" ™ 0n B2

TakuM 06pa3oM mojydaercs, UTo

n-1
4 (P)— f Pyl < 2 h o ).
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Ecau Mbl BO3bMEM & HAacCTOALKO MajbiM, uTo o (3) < &/2, u BpibepeM /4
TaKuUM, 4TO

4MR"-1 ¢

®/2)" h<sz

to noayuum |u(P)— f(P,)| < e. Jro 3aBepmaeT A0KA3ATEALCTBO.
CooTBeTcTByIOlee HMHTerpajibHOe MNpPEeACTaBJIeHHE W AHAJOTHUYHLIE pe-
3y/AbTaThl MOXHO TOJyudTb, ecad G npexacrasaser cobo#t He miap,
a noaynpocrpanctso. Ecau rpanuua I' ects nnockocrs x, y, a G — no-
aynpoctpaictso 2z >0, 10 unmeepas I[lyaccona 0as noaynpocm-
‘pancmsa

oz [ G ) did o
Hn v A=y Lf [r—8 4 (¢ — 222" ©

naeT pellleHue KpaeBoH 3amauu A obaactu G ¢ NMPOU3BOJLHLEIMHU Tpa-
HUYHBIME 3HaueHHsMU f (X, y); MpPH STOM NpeANOJaraeTcs, 4TO COOTBET-
CTBYIOLAs 3ajaya AJas orpaHudeHHo# obnactu G’, moayuyeHHo# us G
C TMOMOLIbI0 HHBEPCHH OTHOCHTEJIBHO HEKOTOPOr0 Kpyra, Jexallero
BHe G (cM. § 1, crp. 245), okasniBaercs KpaeBo# 3asaue#t ¢ HenpephiB-
HbIMH TPaHHYHbBIMM 3HAYeHHSMH, 3alaHHBIMM Ha rpauuie IV orpanuyeHHOH
obaacru G'.

[Tp COOTBETCTBYIOLIUX TNPEANMONOKEHUAX I/ n-MepHOH ob6aacTu
G: x,>0 c rpanuuet I': x, =0 Mbl no/My4aeM uHTerpaibhyio ¢opmyry

u(Xy, Xgo ouns xn)zu(x)=

Sy &8 db dbs ... dE, ”
f f n/2 . (9 )
(x —&)+ (e — )+ x ]

3. CaeacrBusa ¢opmyan Iyaccona. Teopema o cpeaneM 3nayeHuu,
a TaKxXe MPHHUKN MaKCHMyMa SIBJASIOTCA HeNOCPeACTBEHHBIMH CJIeICTBUAMH
npeacrasieHdus ITyaccona. Kpome Toro, 3 npuHuuna MakcuMyMma, npume-
HEHHOI'O0 K pasHOCTH ABYX pemreHu#t (cM. § 1, n. 3), caeayer emuHcTBeH-
HOCTb pellleHHss KpaeBOH 3amauu, Taxum o6pasoM, IBe rapMOHHYECKHE
¢yHKuMY, TNPHHMMAOLME OJMHAKOBHIE B3HAYeHWS] HA TpAHHLE, TOXIe-
CTBEHHO COBNAAAIOT BO BCeH 06JacTH,

dopmyna IlyaccoHa nossoJseT [okasaTh Cjelyloillee BaXHOE Hepa-
BeHCTBO: 445 p < R sapo H (cM. (10)) Bceraa noioxuTenbHO W Orpa
HUYEHO CHU3Y W CBepXY BeJUUHHAMH

1 1 n-2p__ / -2
Ray, (R+p) §+§ " len (R—l-p)ﬂ §f§~
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[TycTs 4 — HeOTpHUATeNbHAA pery/napHas rapMoHuuecKas QYyHKLUsA
B o6aactn G (cM. puc. 12); mycts & — coepa ¢ ueurpom P paiuyca R,
HeauKOM Jexauas B G, a ( —ee NpOU3BOJAbHAR BHYTPEHHAS TOYKA.
Toraa us uaTerpana IlyaccoHa M M3 TeOpeMbl O CpelHeM 3HaueHuH cie-
ayer Hepasencmgo Xapuaxal)

(o) B ur <u@ < (25 Rt

Ecau u# perynspHa B J1000ff orpaHuueHHOH o6nacm MPOCTPAHCTBA,
a P n Q— moOble IBe TOYKH, TO Mbl BCerxa MoxeM BhIOpaThb J0CTa-
TO4HO OGoablyio céepy ¢ ueHtpom B P, co-
nepxawyio Q. Paccmatpusas HepaseHcTso Xap-
HaKa # ycrpeMmass paauyc coepn R Kk Gecko-

¢ HEYHOCTH, MBI cpasy nouaydaem u (P)=u(Q).

CrenoBaTenbHO, 2apMOHUYECKAR PYHRKUGUL,

% PeYAAPRASL U NnOA0HCUMEAbHASL 8 410608

p ozpanutennol obaacmu npocmpancmsa.
R & 8 nocmosnua. '

Jlpyrum BaxcHuiM caencTBueM Gopmyn [Tyac-
COHA fABJACTCA QHAAUMULHOCMS 2APMOHU-
weckux PYHKyul.
Jwbyo @dynryuo u, 2apmoruteckyn u
Puc. 12. pe2yaapuyo 8 o6aacmu G, MONCHO PA3ANO-
JHcUms 8 CMenenHoli pso 8 OKpecmHoOCmu Kaoic-
doli suympenneli mouku P o6racmu G; amo
3HaqUm, wmo BYHKGUL U QHAAUMULECKAS.
Ilns  mOKas3aTeNbCTBA MBI NMPeACTABUM (PYHKUHMIO £ C MOMOLILIO HHTe-
rpanbHOR dopmyan Tlyaccona aia cdepsl HaCTOABKO Majoro paauyca R,
uyToObl 3Ta cdepa uenaukoM Jaexana B G. Bsa Touky P B Kauecrtse
Hauana KOODAMHAT, MH pasnckuM a1po [lyaccona B cremenHo# psan
no Xy, X9 ..., X, & &y ..., €, M MOYIEHHBIM WHTErPUPOBAHUEM 3aTeM
RONYYHM CTeNeHHOH psal aas u(x,, ..., X,)=u(x).
Mp onpenenum ¢yukunio w (x, £) dopmyiot
2 — 2 0
. 2Rz cos )

rae

n
ZxQ__xz ,2=§.lg2i_—_—_e? u xpcose—zx,,, x&;

i=1
MB He mpebyem, 4ToOB TOuKa § nexana Ha cdepe x=R, Kpome Toro,

Mb onpeaeanM K (w) Kak
1

') HepaBenctBo XapHaka O6blio 0606iieH0 Ha o6urue JHHEHHble SMMHNTH-
uecKHe ypaBHeHH BToporo mopsaaka; cM. Ceppun [1] u Mosep [2]. Cu. TaKke
§ 7 u 8 u npunoxenue B pabore bepca u Hupenbepra [2].
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H 3aMeTUM, 4TO (yHKLHUS
2
(1 =) K @(x. 9)

COBIALAeT C AApOM MHTerpana Hyaccona
2

'~
ni2
(1——? cos 6} R"’)
ectu Touka (&, &, ..., §,) aewur Ha cdepe x_—.R. Mbl pasnoxum
¢yukumio K (w) Nno CTeneHaIM Xy, Xgo ..., X, &, &, ..., £, uTOOH

MOJAYUHTb MpeicTasaeHue aapa IlyaccoHa B BHIAE CTeNEHHOro psuxa cnpa-
BelIMBOE A %= R 1),

3ameTuM, YTO (YHKUMA W NpeAcTaB/seT COOOH MHOrouJeH OTHOCH-
TeAbHO X W &, NpUueM KaxAbifl ero ujeH HeOTpULATeleH, ecad BCe

npousBelienua x5 (=1, 2, ..., n) HeNOAOKUTEAbHBI. LA MPOM3BOJIL-
Horo € >0 Mo Oyaem paccmarpuBaTh TOukM §=(§,, &, ..., §,) u
x==(X{ X9 ..., X,), HAXOAALLAECH B IIapax
r(1+9)R (13)
u
R
p< EFN (14)

COOTBETCTBEHHO. I/l3 3TOTO cneﬂye'r, 4TO
2 )
o] < EEZE < Ty, (15)

TAe 7 CTPeMHTCH K HYII0 BMecTe C &; chaeloBaTenbHo, |w| <1 mpu
LOCTATOYHO MaJbIX €.

SlcHo, uto pyHKuMIo K (W) MOXKHO Pas3iOXKUTb B Pl N0 w, aGCOJIOTHO
cxopsutics npu [w| < 1. [TosToMy, pasnaras CTeleHM W HAa OTHe/bHbie

YjleHbl, Mbl MOXeM TMOJY4dTb PAL MO CTEHEHAM X, Xo ..., X, &,
%y, ...+ £,y TPH JOCTATOYHO MANBIX € OH CXOMMTCS K K (W), ecid TOuKa
£ %, ..., £, HaxomuTcq B wape (13), a x;, Xy, ..., X, — B wwape (14);

eca# STOT CTeneHHOM psn Ha chepe w==R ymHONKuTb Ha | — p?/R2,
70 OH COBNajeT C AAPOM uHTerpana Ilyaccoua2).

1y dppo Iyaccona, ompenenennoe dopmynoit (10) aas » < R, Heab3s mpen-
CTaBHTb B BUJE CTEINEHHOrO psAga Ias v.\<\Ry TaK Kak 3To ﬂnpo HMeeT OCo0eH-
HOCTb OpH § = x.

2) Yacro 6biBaet Noae3Ho pasaowurh sxpo [lyaccona no crenenam p/R;

npu STOM HOJYHaeTCs PAR
(=] .
S‘O(%) ¢, (cos 0).

¢, (cos ) = 2" T, (cos 9),

B cayvae n=2
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Haxoneu, nns rapMoHuyeckod GyHKUMHM # uHTerpanabHas QopMyna
Ilyaccona maer paa mo Xx,, ..., X,, CXoadwuica B wmape (14).
Hpyrum caeactsueM ¢opmynnt Tlyaccona sBagercss cienyioufl

[TpuHuun OTPAXEHUS. Ecau 2apmonudeckas 8 obracmu u Henpe-
puiBHas 8naomy 00 2panuyb HYHKUUA O6pauaemcs 8 HYAb HA
chepuneck Ol uau nAoCKof wacmu Panuys, mo ee MOMWCHO (aHasU-
mudecku) nPodoANCUMs RPU NOMOUWNL OMPAICEHUS Hepe3 MY 4acmb
2PAHUYBL C COXPAHEHUEM 2APMOHUYHOCMU.

JlokasaTenbCTBO JOCTATOYHO MPOBECTH AN KYyCKa INIOCKOCTH (AR
npsMofl) S, KOTOpLIH fABJSETCA YACTHI0 TpPAHHUB MOJAyLIApa (WAM MOJY-
kpyra) H1).

Mycts ¢yHKuMA 2 rapMoHMyHa B H u nenpepwnBHa B H 4 I', npa-
yeM ee 3HaueHus Ha S pasHbl Hymo. Otpasum o6aacte H ortHOCH-
TeMbHO S M NMOJAyuMM Takum oOpasom map (uau kpyr) K.

3agajuM Telepb paHHuHble 3Hauehus Ha rpauuue K. Kawxno#t Touke P
Ha I'—S wmw craBuM B cooTBercTBHe 3HaueHue «#(P), a B kaxznoft
Touke P Ha Toft wacTd rpanHuusl K, KOTOpas ABJSETCS OTpaXKeHueM

},ue T, oGosHauaer v-il nosunox YeGwiwesa (cM. . I, ra. II, § 9, n. 2, cTp. 82).

MosTomy
g, (cos ) = 2cos v, o (cosb) =1
u

2
1— 2 o0

K v =1+22(%)» cos v8.
R? =1

B cayuae n=3
¢, (cos 8) = (2v4 1) P, (cos 9),

rue P, (x) obosxauaer v-it nosunom Jlewcandpa (em. 1. 1, ra. 1I, § 8, ctp. 77).
3nech
2
1— e

(1"—2———co:§:-+ ) §(2v+1)( ) P, (cos 0).
R 2

[MpumeHssn conpsukenusle ¢ynxkuuu Jlexaunpa P, ,(x) aasg v > 0, Mb MOxeM
3anucaTh BhIpaweHus P, (cos 0) B Bune

(2v 1) P, (cos 0) = P, (cos B) P, (cos ') +

+2 E o + h)y c0s h (¢ — ) Py, 5 (cos B) Py (cos B'),

rae cos 8 = cos § cos B’ -+ smﬁ sin 8/ cos (¢ —¢).
!y Ecan ob6aacts G uMeeT INOCKYI 4HacTb rpanuuu, TO Mbl 6yleM noabso-
BATbCA NOAYLIApaMH, JAeXalmMMH B (, ¢ LEHTPaMH Ha 3TOH MJIOCKOCTH.
OTpaxeHue OTFOCHTENbHO MOBEPXHOCTH cdephl TaK Ke NPOCTO, Kak OTpa-
HEHHE OTHOCHTENBHO NJIOCKOCTH.



§ 2. Hureepaa Iyaccona u e2o npuroierus 273

(sepkanbbiM n300panenueM) Toukn P’ wa I'— S, bl samaium sHaue-
uue — u(P’). Torma wuurerpan IlyaccoHa pnaeT TapMOHHYECKYIO (yHK-
uuio U, peryaspHyio B K 4 TNpPHHEMAOILYIO 3alaHHbIE FDaHUYHLIE 3HA-
YeHus.

Ecan sepkajibHoe OTpaxeHne KaxIo# Toukn P u3 K M 00603HaUuM
uepes P’, 10 acHO, uTo He ToAbKO U(P), Ho Takxke H — U (P’) (kax
¢ynxkuus P) saBasercd pelieHHeM KpaeBo#t sazaun ana K. s aroro
BCJAEACTBHE €IMHCTBEHHOCTH peLIeHHs KpaeBOR 3alauu MHl 3aKJKOUYaeM,
yro U(P)=—U(P’) mna Bcex Touek P w3 K H, CIel0BaTe/bHO,
dyukuus U obpawaercs B Hyab Ha S. Hakoweu, Tak kak u(P)u U (P)
cosnanaoT Ha (Bcel) rpanune I' o6aactu H, Mbl B CHIY eIMHCTBEHHOCTH
MOXeM clenaTh BuiBoA, uto u=U B H.

AHanoruyHbil NpPUHUMN OTPAKEHH MOXKHO HAOKA3aTb AAs TaKuX
rapMOHUYecKUX OyHKUWH, y KOTOPHX HOpPMa/ibHAs NPOU3BOAHAS 0oOpa-
maerca B Hya» Ha S. B aToM cayyae # Hano nponoJKaTh yeped S
YeTHHIM OOpa3oM.

W3 unterpana [lyaccoHa MOMXHO Takie BBIBECTH CJIEAYIOLLYIO BaXHYIO
TEopeMy. : :

TrorEMA BriEPIITPACCA 0 cxoxuMmocTH. [Tocredosamenbrnocms 2ap-
MOHuneckux ynxyui u, pezyiaprotx 8 G U HenpepulenuX
8 G-I u maxux, umo ux zpanuunse 3nauenus f, cxodamcsa
pasnomepro na I', pasnomepro cxodumca & G K 2apmonuseckoll
PYHKyuu, npunumaouel epanuinse natenus f=Ilimf,.

Mbl 81ech OrpaHUYMMCA CJAy4YaeM [IBYX W/IH TpeX u3MepeHu#, He
Tepss MPH STOM OOLIHOCTH HAIIMX BLIBOJOB.

YrBepxaeHue Teopembl BeHepiutpacca O paBHOMEPHOH CXOIUMOCTH
HENMOCPEJCTBEHHO CJaelyeT U3 MPUHUMNA MakcumyMa. J[leHCTBHTeNbHO,
ecau Kaxaas M3 TapMOHMYeCKHX (YHKUuH #, peryaspua B G W Hempe-
puBHa B G-I, 10 Te ke yTBepakJAeHWs CNPaBelMBbl [J4 PasHOCTH
4, — U, PN TPOU3BOJbHLIX A H m; TOITOMY 3Td PABHOCTb I[PHHUMAET
CBOE MAaKCMMadbHOe (M MHHMMA/MbHOE) 8HaueHue Ha rpanuue. CrenoBa-
TeAbHO, 119 BCeX TOYeK saMkHyTo#f oGmacty G —+I' Mbl nMeeM Hepa-
B@HCTBO

|un—um|<max|fn'—fml’

M3 KOTOPOro cpasy CaeiyeT paBHOMepHas cxoiguMocts B G u ToT ¢akT,
yro QyHKUHMs « ==lim #, NPUHUMAeT IpaHHuHble S8HayeHus [ ==lim f,. Us
uuTerpana IlyaccoHa BHIHO, 4TO mpefeibHas (GYHKUMA 4 YEOBJICTBOPSET
B G ypasHeuuio Jlannaca. [TeHcTBuTesbHO, NyeThb K — NMPOH3BO/LHAR

chepa pamuyca R, ueamkoM cofepxamascs 8 G; 0603HaudM uepes 4,

M 4 COOTBeTCTBEHHO TpaHMuHble 3HadeHus #, W u Ha K. Toraa
BHyrpu K gas moGo# GYyHKUMH 4,, & CleA0BATENbHO, U AAA OYHKUHH 4



274 Fa. IV. Teopua notenyuaia u IAAUNTUHECKUE YPABHEHUSA

C TPAHUYHLIMM 3HAUYCHUSAMH X ClipaBCl/JlBa HHTErpajibHas cpopmyna

_ R(RI—pY) 7 do
= 4n j,;f (p2 4 R? — 2R cos 6)™2

U3 KOTOpOH cpasy CAenyer, uTO # — rapMmoHuveckas QyHxuua sHyTpu K.
Iipyrum cineAcTBHeM dBAfeTCA teopeMa XapHaka — TaKie TeopeMa
0 CXOAUMOCTH.

TeoPEMA XAPHAKA. Ecau Hey6u8anujas uan Heso3pacmanu,an
ROCAe008AMENbHOCME — PELYAAPHBIX  2APMOHUUECKUX  PYHRKYuUL
8 obaacmu G cxodumcs 8 Hexomopol mouxe G, mo oHa cxo-
Jumcs 80 s8cex mouykax (G u cx00Umocmv paBHOMEPHA 8 A4W000
3aMKRYMOU snympenned nodobracmu.

JocTaTo4yHO JA0Kas3aTh 3Ty TeopeMy Iiasi HeyOniBaiolie# nociaeioBa-
TeabHOCTH. ISl NMPOU3BOJBHOTO m W # > m pacCMOTpPUM HeOTpHUua-
TeJbHYI0 PasHOCTb ¢ ==, — U, u nocrpoum wap K, paiauyca a, Je-
wamu# B8 U, ¢ ueHTpoM B Touke cxoauMoctu P. Ecan Q — noGas
Apyras TOYKa 3TOTO Wapa, a p < @& — ee paccTosiHue 10 UeHTpa P, 10
HepaBeHCTBO XapHaka Aaet

| n-2
0<e@< 4o ) (16)

a—p

910 mnokashBaeT, 4YTO TMOCAEAOBATEAbHOCTb #, PABHOMEPHO CXOIHMTCH
B aio6oM lape paanyca r < @ — 9. Tak Kax M06yl0 3aMKHYTYI0 BHYT-
peHHIo 1Mo06macTs G MOXHO MOKPHTH KOHEUHBIM YMC/JOM LUapoOB COOT-
BeTCTBYIOIMM o06pa3oM noaobpaHHOro pamuyca r < @, Jexawnx Head-
koM B (G, TO yTBepiAeHHE TeOpeMbl JAOKa3bBaeTC MHOMOKPAaTHBHIM
NpUMEHEeHUeM TOJbKO YTO IPOBEIEHHOTO PpacCCyXIAEHUS; TaPMOHHYHOCTH
npenenbHoft ¢ydkuun B G chrepyeT cpasy u3 uHTerpaabHOH GopMmyiini
[Myaccona uau us teopeMel Befiepmrpacca.

Tenepb Mbl chHOpMyaHpyeM TeOpeMy, HUMeWY0 (yHIaMeHTaIbHOe
3HayeHHe.

Ecau mnodxcecmso pezyaapuvlx zapmonuveckux dynxyul {u(P)}
pasromepro ozpanuieno 8 G, m. e. ecan O0rs 8cex PyHkyui u
amoz0 MHodcecmsa u 0as 8cex movex P o6racmu G

lu(P)| < M.

mo 8 210608 3anxnymoid suympennel nodo6racmu u3 G mHoxHCecmBa
ux npoussodnsix {u.}, {u,} u {u,} maxoce pasnonepro ozpanusens.

PaccMorpum wap K pamvyca a ¢ ueutpom B P, aexauu#t BHyTpu G;
NOBEPXHOCTh ero o6osHauum yeped S. Tak Kak #, — rapMOHHYecKas
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Q)YHKLLI/IH, TO cnpaBeAJuMBa TeopeMa o cpeaHeM 3HaYCHHH
1
ax(p)"—_zraz- ff ude.
N

OTcioaa nerko NMOJy4aeTCcss TeOpeMa O CpelnHeM 3HAYeHHH Mo K:

ux(P)=4—f’Ffff u, dg
(cnt. § 3). 8

VnTterpupys no uacTaM, noayuyaem
-3 0x
4 (P) =gz [ [u gy aS.
N

Tak kak |0x/0v]| 1 v [u]< M, 10 o1cl0Ba NOJyuyaeTcs OleHKA

|2, (P)| < 222 (17)
AHaJIOTHUHO MbI noJiyyacMm ’

|uy (PY < 22 (18)
0

|u, (P < 22 (19)

Mycts teneps G, — samkHyTas monobaacts G, NpuueM PacCTOAHHE TOUEK
sToft monoGiaacti 1o rpanuubl I' Gosbuie, yeM a@; Toraa ans Bcex Touek P
nonoGaactu G, u Beex ¢ynkuubi # (P) Haulero MHOXeCTBa CIPaBeLTUBEI
HaNMCaHHBIE BBILE HEPABEHCTBA, YTO JAeT JOKA3aTeAbCTBO TEOPEMBI.

ITpaMbiM CAEACTBHEM STOTO Pe3yJbTaTa sBASETCH CAGAYIOlas Teopema
o Bhifope (TeopeMa O ,KOMHAaKTHOCTH).

H3 2106020 PABHOMEPHO 02PAHULEHHOZ0 MHONCECMBA peyAAp-
Hotx 2apmorudecxux yuxyul 8 o6aacmu G MONKHO 8bi6pams
nocaedosamenvrnocms u,(P), pasnomepno cxodauynca K HeKomo-
poil zapmonuneckoli GYRKYuw 8 4060E 3aAMKHYMOE BHYmMpenHel
nodo6racmu G’ o6racmu G.

Tak kak npou3BOIHHE (YHKUUK # TaKKe DABHOMEPHO OFPAHUYEHHI
B M060 (UKCHPOBAHHOH BHYTPeHHEH 3aMKHYTOH MOAO6MACTH, TO MHO-
wecTBo {#(P)] B 3TOK MOXOGAACTH PABHOCTENEHHO HENPEPLIBHO, a ITO
ofecrneyuBaeT BO3MOXHOCTh BHIGOpa PaBHOMEPHO CXoAdAlieHca nocienoa-
tenbHocTd (M. T. I, ra II, §2, n. 1). CHoBa u3 Teopemnl BeHepuitpacca Mbi
3aKJI0YaeM, 4YTO npejegbHas (YHKuus & rapmonuuda B G. B wactHoctH,
HAlWIM PACcCYXACHHA TO3BOJAIOT YTBEPKIATh, UTO £/064A CX00AWAACA
nOCA€008AMEABHOCMD PABHOMEPDHO O02PAHUYCHHHX 24 PMORULECKUX
Pynrguld 0083aHa CX00umMbCR PABHOMEPHO 8 410008 3QMKHYMON
nodobracmu, a cre008amenvHo, umeem 8 Kawecmse npedesa 24p-
MOHUYECKYI0 PYHK{UIO, ’ ' '
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§ 3. Teopema o cpedHem 3HA4EHUU U ee NPUAONHCEHUS

1. Teopema o0 cpeiHeM 3HAYEHHH JJA ONHOPOAHOTO H HEOAHO-
pPOAHOTO ypaBHEeHHA. Ml yXxe paccMaTpHBalH TeOpeMy O CpelHeM 3Ha-
YeHHW JJ19 FAPMOHHYECKHX (YHKIHH.

Hasn awb6oll peayaapuol u 2apmonuieckol 8 o6aacmu G @Pyux-
yuu u cpednee 3Hadenue no nosepxnocmu Rp cdeps paduyca R,
yeaurom codepxcaueiics 8 G, paBHO 3HAUERUIO Uy IMOU PYHK{UU

8 yenmpe cgepet,
1
ty= gz [ [4d%%. (1)
2R

Omcioda cpasy noayiaemcs meopema o cpedHes 3HAYEHUU RO WA pY.
Tak xax ¢opmyna (1) cnpasennupa Aas Bcex R, A KOTOPHIX COOT-
BETCTBYIOL{HE Cepr colepkarcss B (F, Mbl MOXEM YMHOXHUTb ee Ha R2
¥ MPOUHTErPUPOBATL B Npelenax oT O 10 @; Mb NOJyuuM

ty= gz [ [ [wag. @
Ka

rae K,-—wap panuyca a. [LpyruMu cnoBaMH, cpedunee 3Hadexue @yux-
yuu w4 no wapy, yesukom sexcauenmy 8 G, paguo 3nauenun
PyHKUUL Uy 8 Uenmpe uapa.

CoorBercTBylollas TeOpeMa O CpelHEM 3HaueHWH MO cdepe cmpase-
AJMBA  TaKXke /A pelleHWHd HeOXHOPOAHOro ypasHeHus Ilyaccoua
Ay=—4mp; oHa noayyaeTca NPOCTO KaK YaCTHBIA cayyaH popmy.bl
I'puna (317), susenenno#t B § 1, n. 3. Tlpumenis 31y dopmyay
x mapy Ky paaumyca R ¢ uentpoM B P n noaaras

1 L1
R’ r R’

W= —

Mbl NOJIYYaeM TOXIAECTBO
1 1 1 1
wrr [ [ude=utg [ [ [(7—7)tede. @
2R KR

cnpaseiuBoe sl JOGOH HempepelBHOH ynkuun u(x, y, 2), obia-
Jaiouedl HeNnpepHBHEIMH TEPBHIMH M KYCOYHO-HENPEPEIBHEIMH BTOPHIMH
npousBoAHbIME. [lns peweHn#t ypashenus ITyaccoHa MbI, TakuM o6pasoM,
noJyyaeM CJAEAYIOLIYI0 TEOpeMy O CpefHeM 3HAYEHUH.

Hdan npoussossrozo uwapa Ky, yeauxor codepicauezocs 8 06.aa-
cmu G, a060e peuwenue ypasnenun Au=—4np, pezyaspuoe 8 G,
yoogaemeopsaem COOMHOULEHUIO

o= [ [uaout [ [ [(F=%)eae. @
2R R
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Kak n B uacTHOM cayuae p==0, Mb MOJy4YaeM ypaBHEeHHE, COAEp-
Rallee CcpefHee 3HAUEHHE NO WAPY, YMHOXKAasA 3TO COOTHOLIEHHe HA R?2
u uHTerpupys no R. [locie COOTBETCTBYIOUIMX BHUMC/ICHHH MBI NMOMyuaeM

”o=i%fkff”dg+§ilﬁfl(ff R=DCRED wag. ()
R R

AHajoTHYHBlE TEOpeMbl CNpaBedJUBBl Ha IJIOCKOCTH,
s npousgoasnozo kpy2a Ky, 4esukon codepicau,e2ocs 8 06.aa-

cmu G, awboe peuenue YpasgHeHus Uyt Uy, = —2mp, pezyaap-
Hoe 8 G, ydoa/lemsop;zem COOMHOULEHURAM
u0—2R fuds—i—ffp.log——dg (6)
—_— 2
Rz ff“dg+ 2 ff(R210g—_ )P'dg- (7)

Boo6ue, 8 n-mepHom npocmparcmse, 045 npou3soabrozo wapa Kp,
geauxom codepxaujezocs 8 o6racmu G, swb6oe peuienue ypasue-
Hus Au==— w,p, pézysapuoe 8 G yaomemsopﬂem COOMHOULEH UM

uozm—nk%ljf ng ff f( 5 R~ 2>Pdgv 6")
B R
R R

rue

7 (r, R)=Z,l—[nl2 (R,,l_g — ,n1_2)+2R,1,-2 (1 -;f;)].

n
Hano saMeruth, uto ypaBHeHHa (5), (7) u (7’) MOXKHO MOJYUYUTb TaKKe
u u3 ¢opmyn Cpuna (317), (32") u (36), § 1, ecim BMecTo v moacra-
BUTb (YHKUMIO

U= T(r)—T(R)—J;-—ﬁ;T(r?——R?),

rune
1
1= Gy’

8Ta QYHKUMS ¥ BMeCTe CO CBOefl HOpMaabHOM NPOU3BOIHOH obpaluaercs
B Hylb HAa TNOBEPXHOCTH cdepel Lp u ynosirerBopser BHYTPH Kp
ypaBHEHHIO

A= — R” .

2. OGpamedne TeopeM O cCpeaHeM 3HAUYEHHH. 3aMeyaTeabHO, UYTO
€BOKWCTBA CpelHHX 3HAYeHUH MOJHOCTbI0 XaPaKTEPH3YIOT pellieHHs COOT-
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BETCTBYIOILMX AMbdeperuuaibHbX ypaBHeHnH. CHauana Mel JOKaXeM
CHELYIOWYI0 06 pamHuyio meopemy O cpedHesm 3HAYEHUL OAR 2aPMO-
HuuecKux ynryui.

ITpednoroawcun, wmo gyuxyua u(x, y, z) Henpepwsra 8 06.4a-
cmu G u das awb6ozo wapa Kp, codepacauezocs 8 G, yoosaemso-
pAen COOMHOWEHUIO CPeOHux 3Haxexul

uO:T:ﬁffludQR.
R

To2da Pyuryus u 2apmonutna & G.
Mpbl 1anuM 1Ba 10Ka3aTelbCTBa 3TOH TEOpEMBI.

NoxkasartenbcTso [. (B HeM npuMenserca HHTerpaabHas ¢op-
myna [Ilyaccona.) Ilycts G’ —map, ueauxoM coaepxaiiufics B G,
a I —ero rpasuua. [lycte v -—rapMonuueckas (YHKLUSA, 3afaHHAs
¢ nomoupio ¢opMyast ITyaccona (9) us § 2, npuuem ona sBiseTcs peule-
HHEM caefyioulet kpaeBo#t samauu: Av=0 B G', v=u Ha I". Tak kak
QyHKUUS U FapMOHHYeCKas, OHa HOJ/IKHA YAOBJETBOPATb TeOpeMe O Cpel-
HeM 3HAYEHUH; CJel]OBaTeNbHO, Pa3HOCTb ¥ — U TaKxke J0MkHA 001anaTh
9THM cBOHCTBOM. Toraa oHa JO/IXHA YAOBJAETBOPATb NPHHLUNY MaKCHMyMa
(v munumyMa) (cM. § 1, n. 3). Ho 4 —v =0 na IV, caenoBarensto,
u=v B (Q’'. flcHo, uTO u ynosjeTBOpseT ypaBHeHuI0 Au =0 BHyTpH
mobo#t cdeprl B G; MoTOMy OHa rapMonuuHa scioay B G.

IHokasateabcTBO 2. Jlerko AaThb NmpaMoe N0OKasaTeJbCTBO obpaT-
HOH TeOopeMbl O CpelHeM 3HauYeHHH, He NPUMEHSAs MHTErpaabHylo dopmy.y
TMyaccoHa. Ecan Gbl Mbl 3Haau, 4TO QyHKuMA 2 061ajaeT HeNMpPepbIBHLIMU
BTOpHIMM TpOM3BOAHEIMH B o6mactu G, TO yTBepKIACHUE TeOPEMb
HeMeLJEeHHO cJenoBato Obl U3 ToxzecTBa (3)

s [ [ae— o= [ [ [ (3= ) ey
2R Kp :

Hago Owio 6bl pasneauts o6e yacTd paBeHctBa HA R2 u ycrpemuts R
K Hymo. B cuay HempepniBHOCTH A# mpaBasi 4acTb NPU 3TOM CXOJHU-
JAach Obl K 3HAYEHHIO

1 1 1y, 1
A“o,;‘;‘})mfff(?—ﬁ)dg—g“o’
Kp

a JieBas 4acTb MO NpeAnosoXxeHulo obpaiwianace 66 B HYJAb 1/4d BceX R;
CJIeLOBATEJIbHO, MBI uMeau 6bl Auy== 0. Takum 06pasoM, Teopema Grinia Gul
I0Ka3aHa, ecan Obl MBI MOTJIM TIOKA3aTh, MTO (PYHKUMA @ ABas/bl Hemlpe-
puiBHO Auddepenpupyema s G.

Mycts G, — nopobaacts o6aactu G, TOUKH KOTOPOH OTCTOAT OT Tpa-
HULLB! 60_m>me, yeM Ha a. Toraa cooTHomenne (1) HECOMHEHHQ BHITION-
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Haercs s Bcex cdep K pamuyca R < a ¢ uentpamu B G,. Cuntas ueHTp
duKCHpOBaHHBIM, YMHOXUM paBeHctBo (1) Ha R2f (R), rae f(R)—npous-
BOJbHAA HeNpephBHAsA @yHKuUuA, M npouHterpupyeM no R or 0 1o a;

Mbl HOJIyuYUM
Ca(,:ffff(r)udg, )
K

a

rie C::.41cfr?f (rydr.

5 v

Ilns ynoGcTBa Mbl NMPOAO/MAKHM GYHKUMIO f Tak, utoOn f (R) Toxze-
CTBEHHO paBHAIOCH Hy/Mo Aad R > a. Ecau Mbl moMecTuM UeHTp ctpepu
B Touke (X, V¥, 2) U TOJOKUM

L(x, y, 2)=f(V 2+ 2+ 22),

TO cMOXeM 3amucaTe dopmyay (8) B Buie
Cu(x, V. z):fffL(x—E, y—m z2—0u n Ldidndi. (9)

IMockoabky f MOXHO BbiOpaTh Tak, 4ToOb ¢yHkius L HMesa MpoU3BOIL-
HHE CKOJb YTOIHO BBEICOKOTO mopsaka, u3 ¢dopmyas (9) cienyer, uTo
HenpepsiBHas (YHKUUA 4, YLOBAETBOPSAIOIIAS COOTHOUIEHHIO CPEIHHX
aHaueHuil (1), uMeeT HenpephiBHEIE NPOM3BOJAHMBIE BCEX NMOPRAKOB BHYTpH G.
D10 3aBepuIaeT BTOpOE AOKA3aTEJIbCTBO TEOPEMBL.

Jlo cux mnop Mbl Mpeimosarain, 4TO CBOHCTBO cpelHuX 3Hauenuit (1)
BLIIOJIHAETCA [ £/06020 lWapa, UeJukoM coiepxaiterocs B G, rae G
MoxeT ObiTh MPOU3BOAbHON KOHeUHOR M GeckoHeuHo# o6aacTbio. OaHaKo
okasniBaeTcd, 4TO ecau G — KOHeuHass 006JacTb, TO HeT HeOGXOAMMOCTH
NpeLno/araTh, YTO BHIIOAHAETCR CBOMCTBO. CPEAHUX 8HaueHHH 4as 206020
apa; a MMEHHO, MBI HMeeM C/IelyIOUlyl0 TeopeMy.

ITycms G — makan ozparudennas obaacms 8 npocmpancmae,
umo 8 Hell paszpeuuna Kpaesas 3adaia 048 ypaswerus Aw=0
npu npou3BOAbHLLX HenpepuleHblx epanuinsx 3navenusx. Ilped-
noaoxcur, umo Pyuxyus u Henpepusia 8 G-I u o6radaem
CBOUCMBOM CPEORUX 3HA4EH Ul

ty= g | [ 442, (10)
2

8 2i06oii snympenteis mouxe P o6iacmu G no xpaineli mepe 915
00Hol cghepw ¢ yenmpor 8 P u maxum paduycom h(P)>0, umo
cpepa codepaucumcs 8 G-+T. Tozda w—zeapmonuueckasn gﬁynx-
yusa 8 G.
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Mel 0cobeHHO MOAYEPKUBAEM, 4TO /2 MOXKET OLITH COBEpLIEHHO MpPOU3-
BOJIbHOR QyHKUMEH X, y, 2 U MOXeT, HalpHMep, UMETb MPOU3BOIbHBIE
pa3pbIBHL.

JIoKa3aTeAbCTBO TMOJYYaeTC € MOMOLIBIO PACCYKIEHUH, ClEerKa OTJIH-
YalOUIUXCH OT TPHMEHEHHHIX B MEPBOM JOKa3aTeAbCTBE NMpelbliyLiedl Teo-
peMul. [IpennmosoKuM, 4YTO U -— rapMoHuyeckas (yHKUMA, COBNAAAIOILAS
¢ u na I'; kak rapmonuyeckas QyHKUMA OHa 00f3aHA YIOBIETBODPATH
COOTHOILUEHHIO CpelHuX 3HaveHu# (10) mpu awbom A, korna L, Jexur
B G. CnenosaTe/NbHO, PasHOCTb # — © TaKKe YIOBJETBOPAET COOTHOILE-
muio (10) nna A (P). Mu paccMOTpUM TeMepb 3aMKHYTOE MHOMXeCTBO F
TakuX Touyex o6aactu G, B KOTOPHIX Pas3HOCTh 4 — U NPUHHMAET CBOE
MakcuManbHoe snauenue M. [Mycte Py;— touka F, camas 6nu3kas k rpa-
uune . Ecam 6nl Touka P, Gwita BHyTpenHe#t Touko#t G, 1o cylue-
crBoBaia Obl cdepa pamuyca h(Py) >0 ¢ uentpom B P, ueaukoM
nexaumas B G, A9 KOTOPOH BHINOAHANOCL Obl COOTHOLUEHHE CpeAHHX
3HaueHHWH U Ha KOTOpPOH, caenosareabho, #— v =M. Torzaa, Bonpeku
CAEAGHHOMY NPEANONOKEHHUIO, CyLlecTBOBAAM Obl Touku F, Gonee Gauskiue
k I', yvem P;. Takum oOpasom, Touka P, nexur ua I'. Anasoruuno
MOXHO TIOKa34Th, YTO MHHUMYM (QYHKIUN & — U TaK:Ke LOCTUTAETCH Ha rpa-
naue. Ho # — v obpamaercs B Hyab Ha rpanuue. [1oaToMy Mbl 3akJio-
yaeM, 4to u=v B Q.

Ipn xoxasarenbCTBE OOPATHHIX TEOpeM O CPelHeM 3HaYeHUH MHI Mpel-
nojarany, yto QyHKUMS 4 HenpephiBHA; 3TO TpeGOBaHME He ABJAETCA
aumHuM. Boo6me rosops, Heab3d OMXHIaTh, YTO HENPEPHIBHOCTL CJe-
AyeT M3 CBOHCTBA CpelHHX 3HaueHuH, gaxe ecaum 3TO CBOWCTBO cnpasej-
Ao Ans moGoft cdeprr. IefcTBuTeabHo, g n==1, T. €. A1d OAHO-
MEPHOTO COOTHOLIEHHA CPENHHX 3HaueHu#t

0 (x) = g (4 (x A B) -1 (x — 1)),

MOXHO HOCTPOUTb HeauHeHHble pasphiBHble GYHKUMH #, KOTOpLe yi0-
BJICTBOPAIOT TOMY YPaBHEHUIO /s NPOU3BOJBHHIX X M A1),

Ecan npeanosaraTh, YTO COOTHOLIEHHE CPENHMX BSHAYEHHH BHIMNOJ-
HAETCH B KaXJOH TOuKe TOJbLKO s oAHOro pasuyca A (P), 10 uHaio
cuntaTh G orpaHuueHHo# obnacTbio. I8 HeorpaHuyeHHOH obiacTu, Ha-
ApUMep, B YAaCTHOM CJyuae A ==const==/, MOXHO NOCTPOHTb Helipe-
pHiBHBIE HErapMOHHYeCKHe (YHKIHH, YLOBIETBOPAIOLINE YPaBHEHHIO

u0=—4;‘ll—2ffud91 1)
. Ql

8 ao6o#t Touke obnaactd G. Ecau npennosiokuTh, YTO # 3aBUCHT TOJbKO
OT X, TO Jerko BUAeThb, 4TO ¢opMyaa (11) mepexomudr B HHTerpaibHoe

1) Cm. T'ameas [1].
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ypaBHeHne
1 x+1
U (%) =5 ( u ) dk. (12)

x—1

Mb  MoXeM NMOJYUYHTb 4YaCTHbIE pelleHuss 3STOro ypaBHEHHUA, TOJaras
u(x):e"{x, rae | ABAAETCA KOPHEM TPAHCUEHAGHTHOrO ypaBHEHUS

sin yl
7 =1. (13)
Kpome pemenuss =0, 3T0 ypaBHeHHe HMeeT OECKOHEUHO MHOIO KOM-

NJIEKCHBIX KOpHe# 7 ==2x—-i8; o u § noayyaloTca KaK TOUKH MepeceyeHus
KPHBBHIX

sinal 1 c [ — 8z
o T <hpr’ OSM =@

Ha miockocTi o, §. Torna meficTBuTesbHble GYHKUMH # ==e¢~ % cosax
H u=e"B*sinax Taxke yAOBAETBOPSIOT ypasHeHuio (12); rapMoHudeckas
yHKIHA NOJyuaeTcs TOAbKO NpH a ==(8==0.

L 5 3$B7I55
2 8.

11z 3 4 51618, %
0 %77 7 7 7 7 4 7 15!
Puc. 13

Ecau cBORCTBO cpenHuX 3HayeHHH BHLIMOJHAETCS TOJbKO A OXHOTQ
pamuyca £ (P) B kaxao# Touke P, TO CYILECTBEHHO, YTO GYHKUuA «
HenpepeiBHA He TOJNBKO B OrpaHHYeHHOH OTKpHITOH 0o6aactd G, HO H
B 3amkrymoil obaactu G- D.

PucyHok 13 nokasniBaeT npocTof npumepl) ¢yukuun u#(x), Henpe-
PHIBHOM TOJIBKO B OTKPHTOM HHTepBaje, KOTOpas B KamION TOUKe HHTep-
Baja YIOBJIETBOPSET ONHOMEDHOMY YpaBHEHHIO CPeIHHUX 3HaueHHH

4 ()= g5 (@(x+ R —u(x—h) (14

') dtor npumep 6b1n npepnoxen udpmanom.
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c cooTBeTcTBylowaM £(x) >0 u KOTOpas TeM He MeHee He fABJIACTCH
JvHeHHo#.

dra ¢pyuKuus HenmpepHBHA H KyCcOuyHO-AuHeHHa B uHTepBase 0 < x < 1
¥ KonebaeTca Mexay npambiMu y =0 u y = 1. flcHo, YTO OHa He sBJIAETCH
HempepblBHOR Ha KoHLAaX oTpe3ka y =0 u y=1. Ilycts yrioBhe TOYKH,
Jexallde Ha BepXHel NpaMoH, uMeloT abCuucCH @,, a TOYKH, Jexallue
Ha HixXHeH npsamoft — abcuuccnl b,. B OKkpecTHOCTH KaxAOH TOYKM MHTep-
BajJa, He COBMajalliefd HU C OAHOM M3 TOoYeK @, b,, OyHKuua «(x)
JAuHeRHA M, CJIENOBATENbHO, [ HEKOTOPOro OmpejeneHHOro A (x) obaa-
naeT CBOHCTBOM CpelHuX 3Hauenu#t (14) (B meicTBUTenbHOCTH OHa 0Oaa-
IaeT 3THM CBOKCTBOM A OeckoHeyHO MHOTUx k). Ecau Mol Teneps
BhiOepeM 110C/IeN0BaTeNbHOCTh @, TaK, YTOOB AJA4 KaXIOTO @, CYLIecTBO-
Band ABe TOUKM @, < @, M az > a,, TaKue, 4TO & ,==!/; (@, a4), TO
u(x) ynoBJeTBOpfAeT COOTHoWweHno (14) Takxke W B BEPXHHMX YTIJOBBIX
TOUKax 4 h(a,)=az—a,=a,— a,. Ecan, kpome Toro, Ml BhiGepeM b,
TakuM e 06pasoM, HO TaK, 4TOGHl b, He coBmajain ¢ @, NpH JMOOHX v
M p U YTOOLI B K&XIOM MHTEpBaje MEeXAy IBYMS COCEIHMMH TOYKAMH &,
HaXOJUNacb POBHO OAHA TOYKA bp, TO Mbl MOKYyuuM QYHKUMIO «(X), KO-
Topas HenpepbiBHa npu 0 < x <1, ynosaetBopsier cooTHoweHnio (14)
¥ TeM He MeHee He JMHeHHa, Kak NMOKas3aHO Ha puc. 13.

TocTpouTh ABE NOCAEAOBATENBHOCTH @, M b, YKA3aHHOI'O THMA MOXHO

Muorumu cnocobamu. Hanpumep, kak Ha puc. 13, Mb MOXeM BHIOpaTh
TOYKH ¢ abcuuccamu

l 1 3
oF QR TT ’
a‘=i | 1 1 3 k=1, 2,...)
| TR T oEiT
Ha npsaMo#t. y==1 ¥ Touku c abcuuccamu
1 1 3
7 9k-1° 7.9%°
b= 11 3 (k=0,1,2,..)

—_— ] —
7 k-1 7.9k

Ha NpaMo# y=0; 3TH TOUKH CUMMETPUUHBI OTHOCHTENbLHO X ==1/,.
OCwas TeopeMa O CpEAHMX B3HAYEHMAX U1 HEOJHOPOAHOrO ypaBHe-
nus IlyaccoHa Ttakxe uMeeT o6paTHyIo.
Ilycmb u— nenpepbisHas, @ p— KYCOUHO-HeNPePssHo Ouggpe-
penyupyeman pyurxyus 8 o6aacmu G. ITycms 025 aw0bo20 wapa K,
aexcaujezo 8 G, amu dyuxyuu ydossemsopswm ypasrerun (4)

=gt [ fuast [ [ (1 hJvae
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UAU SKEUBALEHMHOMY NPOURMEZPUPOBANHOMY Ypasrenuio (5). Tozda
pynxyus u 8 o6racmu G yoossemsopsem ypasnenuw Ilyaccona
Au = — 4mp.

3aMmeTHM CHadaja, 4TO AaxMe B cCJjyyae, KOTAa OYHKUHA p. TOJBKO
HenpepsisHa B G, Tpo#HHOH HHTerpan B Qopmyne (4), AejJeHHbIR Ha R2,
npu R—0 cTpeMHTCH K 3HAYEHHIO

R
4n 1 1 4n )
lim &5 (—————)ﬂdr:_ : 15
POR->0R26f r R 6 Mo . (5
C/1e10BaTEbHO, Npeles
. 6 1
8(u0)~’lf})ﬁ{4—nﬁ£fud9R—uo} a9
TaKKe CyuecTsyeT Bcioay B G u Mb uUMeeM
0 (4y) = — 4mp,. 17y
Ecan yHKUMS & HMeeT HeNpephiBHbBIE BTOPble NPOM3BOAHBIE, TO, Kak

Mbl OTMedaJu Ha c1p. 278, 8 (1) = Au. (18)
Takum oOpasoM, Halla TeopeMa OyHeT IOKasaHa, €CJaH Mbl CyMeeM MOKa-
3aTh, YTO (YHKUMS # HMeeT HelpepLBHbie BTOpPHIE NPOU3BOAHbIE. Mul
pokaxeM Jaxke OoJee ofllee yTBepXKIcHHUE,

Ecau pynnyus u nenpepusua 8 G, a p.— KYCOUHO-Henpepu8Ho
Qugpgpepenyupyema 8 G, u ecau 0asn w6020 wapa K, sexcauezo
8 G, dynryua u yoosremsopsem COOMHOULEHUI0 CpPedHUX 3HaYe-
Huii (4) uwauw (5), mo PpyHKYus U umeem Henpepvi8Hbie 8mMOpbiE
npoussodnse 8 G.

Eciu GpyHKuusi £ yIOBAETBOPSET COOTHOIIEHWIO (4), TO Mbl Je#CTByeM
TAaK e, KaKk B 4acTHOM ciayyae p==0. Mp cHoBa BHOHpaeM OQYyHK-
i f(R), TOXAECTBEHHO PaBHYI0 HYMIO I R >> @ W MMeIOLlyIo Npou3-
BOJHble JOCTAaTOYHO BHLICOKHX MOPAAKOB, YMHOMXaeM ypasHeHue (4), cnpa-
Begnusoe Iasi puxcuposaHHO# Touxu P B nogmobnactu G, Ha 4nR2f (R)
W uHTerpupyeMm B mpenenax or 0 10 @. DTO NPUBOIMT K PaBEHCTBY

Coo=[ [ [uf®ag+ [ [ [oF ®R)dg. (19)
rae Ka «

C=41ch"’f(R)dR.
a 0

F(r)=4ﬁf(%—71e—)R2f R)dR =

T

= ﬁngzf(R)dR—-MfRf(R)dR-
.0 r
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Ecan Mpi Tenepsp MOJM0KUM

L(x. y, 2)=/f(p), rtne p=Vx2Fy2-}22,

4 a
H(x. y.2)="" [ R R)dR+ 4= [ Rf (R)dR.
0 3

TO MpU COOTBETCTBYyolleM BriGope f(R) ¢ynkuun L n H Oyiayr scoay
MMeTb HempephiBHBIE NMpousBoiHbie fo nopaika N. Ecan uentp wmapa K
HaXOJUTCA B TOUKe (X, Y, 2), TO Mb MOJyYaeM MNpeaCTaB/ieHUe

Cu(x. y, z)szmf“x—i’ y—m z—0u@ 1 Ydidndl—
—fffH(x-—z, y—m 2—0pGE n, Odidndi+
a

+cf!f§d2dndc, (20)

Tak kak ¢yukuua f(r) u, ciaenosateabHo, F(r) ToxpectsenHo obpa-
1IaloTCca B HYJab Aad 7 > a.

[MepBble ABa MHTerpaga B NPaBOH YaCTH MMEIOT NPOMSBOAHEIE 1O MO-
panka N. Tperu#f unTerpan ectb TNOTeHUUAn NPOCTPAHCTBEHHOIO pac-
npefejeHus ¢ IJOTHOCTHIO (. M, COrJIacHoO pesyabTataMm § 1, m. 2,
ABAXABL HempepuiBHO Nuddepenuupyem B G. CrenosatelbHO, caMa QyHK-
uuA # ABaXIB! HenpepbiBHO mH¢depenunpyema B G, u NOITOMY yHOBJe-
tBOpsieT B G, auddepeHuuaspHOMy ypaBHeHuio Ay == -— 4mp. Tak xak a
MOXHO BHODATh CKOJb YTORHO Ma/biM, pesyabTaT OCTaeTcs CIpaBelJuBbIM
Bciony BHyTpu Q.

CooTBeTCTBYIOLIME TeOPeMbl CHPaBENNHBEl B 7-MEDHOM IpPOCTPAHCTBE
¥ HEeNOCPeNCTBEHHO BHITEKAOT M3 CJelylollel TeopeMbl, [A0KA3aTEAbCTBO
KOTOPOH aHa/JIOrMYHO TOJBKO YTO NpPOBeJeHHOMY HOKa3aTe/bCTBY.

Ecau gpyuxyus u Henpepwsna 8 G, a p KYCOUHO-HEnpepuigro
ougpgpepenyupyena 8 G, u ecau 0aa awbozo wapa K, asescauezo
8 G, pynxyus u yoosasemgopsem coomnomenuto (6”) uau (7') (coom-
semcmeenno (6) uau (7) 048 n==2), mo yuxyua u 08axos He-
npepusro dugigepenyupyema & G.

3. YpasHenune IlyaccoHa s HOTEHIHAJOB NPOCTPAHCTBEHHBIX
pacnpegenenufi. B § 1, n. 2 Mb 10Ka3anu, uTO NS YHCAA H3MepeHUH
n==3 NOTeHUMa]l & pacnpeieieHus Macc B 061acTh (G C MJIOTHOCTBIO i
yIOBJETBOPAET ypaBHeHHIo IlyaccoHa Au == — 4rp. Teneps Gyner maxo
Ipyroe 10Ka3aTenbCTBO, B KOTOPOM NpuMeHseTcs obpaTHas Teopema
0 cpenHeM 3Hauyenuu, CHOPMyIMpOBAHHAA M JOKa3aHHas HA CTp. 282, 283
NpeAbILYILErO NYHKTA,
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Chauana Mbl NpeanogoXuM, 4To GyHkuus p (X, ¥, 2) KyCOYHO-Hempe-
peiBHa B (G, H pacCMOTPUM MOTEHLHAN

ax, y, )= [ [ [£EDD g @n
(&5

C TJIOTHOCTBIO {u, The dg ==dfdnd{. BpeMeHHO MH NpeNONOKHM, 4TO
IJIOTHOCTh . MPOAOJKEHA HAa BHEIMHOCTL oOaact G u Tam p=0.
Kpome Toro, mycts P,— Npou3BOJbHEA TOYKA NpOCTpaHCTsa, 2 K —
npousBoAbHEIA 1ap paauyca R ¢ ueHTpoM B P,

Taxk kak ¢ynkuua #(x, y, 2) BCIOAy HeNpepbiBHA, MBl MOXeM INpO-
UHTEerpUpPOBaTh 1O 3TOMy 1uapy obe uyacTu paBencTBa (21); B mpaBoH
YaCTH TNPH ITOM MONHO MEepeMEeHHThL FOPSLOK MHTerpHpoBaHUA. Mul
MOy Y4M

fffu(x, 9, z)dxdydz:fffp(i, 1 QOFGE m G Pydg,
K G

dxdyd
ree FGE o G P@::fff—x—ri—i—nmeﬂuuan mapa K c paBHO-
K :
MepHBIM pacrnipeAe/]eHUeM eAWHHYHOR MacChl, B3AThI# B Touke (5, 7, §).
Tlostomy

5o >R,

2 (R?— —'32—) (r < R);

r o6o3Hayaer 3J1eCb PacCTOSHHE OT TOYKH (E, m, §) 1o P,
- Tlonacranoska B unTerpan Qynxuun F u3 dopMyan (22) paer

[fJutn0a=t [ [ [*artse] [ [(5) o

(23)
rae G*— nonobaacts G, He Jexawas B wape K. Tak kak

[ f3awmn] [ [

TO Mbl MOJyYaeM YpaBHeHMe

s um [ [ fuds—2a [ [ [ (10~ 5—22) e

= o [ A

T. €. Mbl NOJAYYHH KAK Pa3s ypaBHEHHE CpelHUX 3HAuUEHU# (D).

Uiy
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ITomenyuanr KYcOUHO-HENnpPEPHIBHO20 pacnpedeseHila Macc 045
4106020 wapa y0osiemsopsiem COOMHOULEHUIO Cpednux 3Ha4enul (5),
a cAed03aMeAbHO, U IKBUBALEHMHOMY coomHouernuw (4).

[lpunuMas BO BHHMaHHe pe3y/bTaT, NOJyYeHHHI Ha cTp. 282, 283,
Mbi MOXEM CHesNath CJeAyoUU# BLIBOA:

Ecau ¢pyuxyus p Henpepssna 8 G, mo oan nomenyuasa (21)
sciody 8 G cywecmsyem npeden

6 (1
G(u)_gﬁﬁ{le!‘udQR—uo}

u
, 8 (4) = — 4nyp. 24)
Ecau pynryus p Kycowno-nenpepuisno ougpgdepenyupyesa s G,
mo O (u)=Au u, caredosamersio, Au=— 4mp.

4, TeopeMbn 0 cpeaHeM 3HA4YeHHH JJs APYTHX 3JAHNTHHECKHX
ypaBHehu#t. TeopeMb 0 cpeiHeM 3HaueHWH Aas ypaBHeuu# Jlamnaca u
IMyaccona MoryTt cpasy ObiTb MOJY4YeHbl M3 TOMIECTBA

o | [ ea9gm ot [ [ [ ()i o
ep Kp

9TO TOXIECTBO CrpaBelJMBO [Ji HenpepbBHBIX PyHKUMA #, o61anaouux
HENMPEPbIBHBIMU NEPBLIMH W KYCOYHO-HENMPEPBLIBHBIMK BTOPBIMU NpOH3BOL-
HbIMH. BMECTO 9TOro TOMAECTBA Mbl JIEFKO MOXEM NOJXY4MTb APYroe,
Oosee obuiee, MpUBOAAILEEe K Pa3/IOKEHHIO CPEIHEro 3HayeHHd

MR) =g [ [ a2
“R

B pan Teitmopa, npuuem M(R) paccMaTpuBaeTcs Kak ¢yukuus R,
a ueHtp P, cuuTaeTcs (UKCHUPOBAHHLIM.
Mbl HauHeM € ToOro, uto paccMoTpuM ¢opmyay [puHa

Cuo=fff(u Av—wvAa)dg, (26)
4

rie K — npousso/ibHbifl Wwap paauyca R ¢ ueHTpoM B Py, a ¢yHKuus v
HMeeT BHI

C
V() == +w(r); (26"
¢yHkuus  w(r) apaxnab HenpepuiBHO AuddepenunpyeMa mpu r < R,
a Ha moBepXHocTH Rp lWapa uMeeM

9 ‘
V= =0. (26")
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B KauecTBe 4 Mbi MOXeM B3fiTh A06y10  QYHKUHIO C Henpepbwﬂbmu
BTOPHIMH TPOH3BOLAHBIMH.

Ecan mpt mpennonoxum, uro B K- Q, QyHkuus # uMeer Hempe-
pHIBHbIE NPOW3BOAHBIE 1O NOpsaika 2m—+ 2, To Aas Bcex v < m Oymer
CNpaBeJIMBO TOIECTBO

CA“uO.—_fff(A“u Ay —o A ) dg. (27)
K

Tlon A’# Mbl mojpasyMmeBaeM v-10 CTetleHb onepatopa Jlanaaca; wamnpu-
Mep, Alu=Au, A2u=AAu n 1. L )

Kpome toro, nycte v;, vy, ... — HOCJIEROBATEIbHOCTb (YHKIHUMH
tuna (26, ynosneTBopmomux auddepeHuUnanbHbIM ypaBHeHUAM |

M, =0, + 2V, =1, O=1,2 ...) (28)

W rpaHdYHBIM ycaoBuaM (267), ¢ nauanbHolt dyHKuuel

= L L 1y 1 R—r

0_4n(r R)_'4r: Rr

JIerko NPOBEPHUTh, YTO PEIIEHHAMH STOH PeKYPPEHTHOH CHCTEeMbl SBJAIOTCA
GyHKILUH

(29)

= mvl+ o1 (R _R’;)gvﬂ (v=0,1, ...); (30) |
Bce oHM uMeloT Bua (26%) ¢ Cv—_-—(-Q—v—g_iil—)—!-.
3amenss B ¢opmyre (27) v HA v, noayuaeMm
C,A“u0=fff(fav_lA”u—-va”“ 4)dg, (31)
K
ec/ii Mbl MPOCYMMHPYeM 3T ypaBHeHus naa v=1,2, ..., m, 10 GyleM

UMETb

m

>cC,A uo_fff v, Au — v, A" u)dg.

YuutwiBag (25) u (30), MBI JerKo MNOJYYaeM, YTO
R?v A
4R2ff”d9‘?_2(2v+1)| -

+mfffw A" dg,
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rie Ay, nHano NOHMMATL KaK 4y ITO TOXASCTBO CMpaBeluBO LIS
aoGo# (2m —+ 2) pas3 HenpepuBHO AuPdepeHLUpyeMoll bYHKUHH # H JIO-
Goro wapa K, comepxamerocs 8 G1).

Ecin ¢ynkuus & OeckoHeuno audgepenunpyema B G H ecin 0CTaTOY-
HBIH uleH CTPeMHTCS K HYJI0 NpH Bo3pacTaHuu m, To dopmynaa (32)
JaeT pasnoxenne B OeCKOHEUHBIH psAA

M(R)'*Tff”d%“z (Zvivl)l Aa (33)

DTO uMeeT MeCTO, HampuMep, B cjaydae, Korza A™u ToXIZeCTBeHHO o6pa-
waetcad B Hyab B (, mauuHas ¢ Hekoroporo m. Toraa pasnoxenue (33)
oOpbiBaeTCsl NMpH Y==m — 1 U MB MOXEM ClelaTb CleAylollee yTBep-
KIeHHe.

Jw6oe peuenue dugpgepenyuassnozo ypasrenus A™u=0, pe-
eyaaproe 8 G, m. e. unmewwee 8 G HenpepsvisHsle npou3sodnsie 00
nopadka 2m, yoosaemsopsem COOMHOULEKWUIO CpeOHUX 3HA4UeHul

m-—1
1 R?v Y
4nR2ff“d9=E G EDT A% (34)
°4 v=0

048 npoussorsnol cgeps, codepicaueiics 8 G.
Hanpumep, pewenus ypaBHenus A Au==0 yHAOBIETBOPAIOT COOTHO-
LIEHUI0 CpelHuX 3HaueHuH

1 2
worr | [ v 42 = w2 b, (35)
j*/

Jpyro#t npuMep naOT pelienus ypasHenus Au—-cu==0. 3nech

Am+1 1)m+lcm+l

u=("—" u,

H TaK KaK OCTATOYHBIH u/leH CTPeMUTCS K HYJI0 1IpH BO3pacTaHuu m,
Mbl HMEEM

. S (=1)rer g sinRVe
MR =t X, G T R =

Las aw6o20 pewenus ypasnenus Au—cu==0, pszyaspunozo s G,
u npoussoasHoli cgepss, sexcauwed s G, cnpasediuso coomuouie-
Hue cpedHux 3Haxenull

1 inR
m‘ffudgzuo—s—llk)—i/)/c??‘- (36)
3

'} B cBasu ¢ stum cM. [Tunertu (1]
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Amnanoruusnie pacCyXXIeHus MOXKHO NMPOBECTH HA MVIOCKOCTH U, BooOuie,
B n-MEDHOM NPOCTPAHCTBE.
Tak, Ha MJIOCKOCTH MBI NOJAY4YaeEM TOMAECTBO

MR = gop !uds:g(g)%%%’z——i—{(fvam“udg, 87)

The QYHKUMH V,, ONPeAESIOTCS PEKYPPEeHTHHMH (opmynamu
R

V1= f pvv (p) Iog % dp’
(37)

B n-MepHOM IpOCTPaHCTBE Mbl HMeeM

MR =g [ [wa2=
@

=t BR8] g+ ot e
rae QYHKUHK U, (r) 3a4AI0TCA PEKyPPEHTHBIMH POpMyTaMU

R
B '(Zl‘é)‘rﬁ rf po, (p) (p" =2 — r*=%) dp, o)

oL (1 1
P (=)o, \r"? R"-?)‘

Kak u paHbpiue, aTH ¢OpMyabl NMPHBOAAT K Caelyiolielt Teopeme,

Jdwb6oe pewernue Ouggepernyuasvrozo ypasienus Au— cu=0,
pezyaaproe 8 G, 0an npoussossnoli cgepo, sescawed 8 G, yoo-
8.48m8opAem COOMKOWEHUIO CPeOHUX 3HAUeHUl

) RVc %
—lg—fefudgzzuoI‘ g(ﬂl; )
(3) Jin-gya (R Vc )

== Y, ('ﬁ%}i)(ﬁ_'y)/n == Uyp (R). (39)

3neck J, (x) ecte v-a dyHKUM Becceas.
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B uacTHOCTH, HAa NJIOCKOCTH Mbl UMeeM

o fuds—uofo(RVc) (40)

Ins HeueTHEIX 7 MHOXxuUTed> p(R) npu #, B dopmyne (39) MoxeT GHTb

BbIDaXeH 4epe3 NPOU3BOAHbIE PyHKuUUU sin R VC/R Vc. Ie#tcTBUTENBHO
(em. 1. I, rn. VII, § 2, n. 7, crp. 413),

=32 on-2p( N . _
=1 -2 1(2) qan-3n sinRV¢

P (R) - V&? d (ch)(n—s)/Q R Vc* M

§ 4. Kpaesan 3adaua

1. MNpepsapureaphbie 3aMevanus. HenpepoiBHasi 3aBHCHMOCTbH OT
TPAaHHYHBIX 3HA4YeHHH M OT o6nacTH. MB BO3BpallaeMcs K TJIaBHOH
3ajlaye HaleHh Teopuu — K Kpaesoldl 3adaxe. Mubl IoKaszanu yxe edun-
CMBeHHOCMb peIleHHs STOR 3alaud, T. e. C/ELYIOLIYI0 TeOopeMy.

Cywecmsyem He O60aee 00HOU 2apmonudeckol pyuxyuu 8 G,
npunumanuel na I' 3a0annve Henpepoisubie 3HAUEHUS.

AHaJOTHYHO MBI TOKAa3aju, YTO pelieHHe KpaeBOH 3alaud HEMpEepPLIBHO
3aBHCUT OT TPaHHYHLIX 3HaueHu.

Ecau f,— nocsaedosamersnocms Henpepusrux Gyuryuli, pasro-
Mepro cxooawanca Kk f wa T, mo nocaedosamessnocms zapmo-
HUwecKux PYHKYUE u, RPpURUMAOWUX HQ 2panuie 3Havenus f,,
cxooumcn snympu G K 2apMORU4ECKOl PYHKGUU U, NPpUHUMAIOUEH
2panuinsle 3natenusn f.

IloKa3aTeqbCTBO HeMeJIEHHO FMO0JyyYaeTcs U3 TeopeM CXOXMMOCTH
§ 2, n. 3. TlosroMy 10CTATOYHQ NOKAa3aTb PaspeIMMOCTb KpaeBoH 3a:
JauM IS CTIeUHanbHLIX TpaHAuHBIX snavenud na I, HampuMep, A4s To-
JIMHOMOB OTHOCHTENbHO Xy, Xy, ..., X, 3aTeM pelleHus STOH 3anauu
IJis TIPOM3BOMLHBIX HEMNPEPLIBHBIX FPAHMUHLIX 3HAUEHUH MOXKHO MOAYUMTDH
C MOMOMIBK NpelelbHOTO Nepexoja. B cooTBeTCTBUM € COOOpameHMAMY,
pasBuTbiMM B § 2, m. 1, RocTatoyHO mnOCTpouTs Pyriyuio I'puna K.

Ilpn nocrpoenun ¢yHkuMu T[pUHA Mbl OTPAHHYMMCH CHYHaAMH 7 =2
M n=23 4 NMOJYYHUM CJelyIOLUH pes3y/bTaT.

B cayvae n=2 dynxyuio I'puna MmOHHO nocmpoumsv 045
a06oii ob6aacmu G, zpanuya T' xomopod cocmoum u3 xoweunozo
HUCAQ HENPEPLIBHBLX KDPUBHX, MOAKUX, 4MO KAHCOAL mMoUKa
ABAREMCA KOHUOM NPAMOAURCEHO020 OMPE3KA, OCMAAbRbIE MOUKU
Komopozo aexcam sre G.

B cayuae n=23 gyuryuo Ipuna MOxiHO nocmpoums 0is io-
6oii o6racmu G, epanuya I xomopoid cocmoum u3 KOHe4HO20
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QUCAG HenpEePLBHbLX NoBepxXHOCMel, makux, umo aswbas mouxka P
A8AAEMC BEPULLHOL HeKomopoz2o mempasdpa, OCMQALbHbE MOUKU
xomopozo aexwam sue G.

B ToMe Il MBI CHOBa paccMOTPHM KpaeByl0 3alayy, HO MpH Cylie-
CTBEHHO GoJiee OOUIMX NPEANOJIOKEHHSX M C JAPYro# TOUKH 3peHud.

Cnepyoliee HHXKe pacCymJeHHe NPUMEHHMO K OFpaHHueHHOR 00-
anactn G. Jag deorpaHuuenHo#t obGnacta G, He copnajaiomied co BCeM
NPOCTPAHCTBOM, Mbl MoJayuuM ¢yHkuuio [pusa, npeobpasosas obaacte G
B orpanuyeHHyio o6iaacte G’ ¢ TNOMOUBI0 WHBEPCHH OTHOCHTE/NbHO He-
'KOTOpOro Kpyra uiu cdepnl. Ha ocHoBanu# Teopemn u3 § 1, ctp. 244,
¢yukuus [pusa pas G cpasy mnoiyyaercs Toriaa u3 QyHKUuH Fpuﬂa
s G

Yr1o6ui ynpocTuTh nocTpoeHue ¢yHkuuu [puHa naa Goree oOuiux
ofnacTefl, Mbl CHauala JOKaXeM HEKOTOpbie YTBEPXKIEHHS O HENpepLiB-
HoH saBucuMocTd ¢yHkuud [puua ot obaactu. Msl paccMOTPUM MOHO-
TOHHYIO TOC/Ie10BaTebHOCTL NojobaacTed G, cxonswyocs k G 1 Takyo,
uro G, comepxut G, , B KaueCTBe N0A06.JaCTH M, KPOMe TOro, Jiobas
(buxcnpoaaﬂﬂasi BHyTpeHHsas1 Touka obsactu G comepxutca Bo Bcex G,
HauMHas ¢ HekoToporo v. Toria cnpaBeliuBa CJelylollias Teopema:

a) Ecau cywecmsyem ynrxyun Ipuna K, 0aa xaxooid o6-
racmu G, u cywecmsyem gyunyua I'puna K 0aa npedearsnod 00-
aacmu G, mo nocaedosamensnocms K, pagromepro cxooumca £ K
s G-+TY).

OnHako Ooapluee 3HaueHue uMeeT Oosee oOuwas TeopeMa O CXOAu-
MOCTW AJf cayuasi, Korja 3apaHee He M3BeCTHO, YTO CYILECTByeT (yHK-
uust Fpuna aaa npedenbHo#t obaactu (. Toraa ¢yukuuo TIpuHa K
MOXHO MOCTPOUTH C MOMOLILIO COOTBETCTBYIOLIETO IpeNeqbHOro IHepe-
xoza. O6ocHOBaHHE 3TOTO AaeT C/aelyloliiee yTOYHEHHE TeOpeMbl a).

6) Ecau monomonuan nocaedosamesvrocms o6racmed G, cxo-
oumca « G u 0as xadxedod ob6aracmu G, cywecmsyem ByHxyus
Tpuna K, mo nocaedosamensrnocme pynxyul K, cxodumcsa 8 G
K Hexomopol ghyHKyuu

K= lim K;

V>0

ama npedessnan Pyuxyus asisemcs gyuxyued pana drsa 06-
aacmu G, ecau BHNOAHAIOMCA HEKOMOpbie YCA08USA.

DTy yCa0BUs TAKOBBI: B C/y4ae ABYX uaMepeHudl 045 Kawcdod epanuy-
noli mouxu P o6aacmu G doadcer cyuecmgosams KOKEUHbE npamo-
aunelnui ompesor, aexcauui sne G u umewnuull 00uH U3 KOHYO8

) B qacta obaactu G, He npuﬂa,une)xauxeu d,, ¢pyuknua K, npogomkaercy,
HanpuMep, TOmAeCTBOM K, =
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8 mouxke Pl); B cayuae Tpex usMepeHudt Oum xawcdod zpanuunoi
moyxu P Ooascen cyuwecmsosams mempasdp, aexcaujuii sne G u
umenWul sepuuny 8 mouxe P. _

Yro6n AokaszaTh TeopeMul a) M 0), Mbl clelaeM CHayaja Cjeiylollee
3aMeuanue. dynxkumd K, a Takxe ¢yHkuum K, — 7, KOTOpHeE moay-
YalOTCs M3 HHX BBIYMTaHHEM (YHIAMEHTAJIbHOTO DPEUieHHss | M SABAAIOTCA
B G peryJspHbIMA TapDMOHUYECKHMH (YHKUHAMH, 06Pa3yi0T MOHOTOHHYIO
noc/en0BaTeNbHOCTs, JleHCTBHTENLHO, €CAM Y TaK BeJIHKO, 4TO ocobad
Touka Q aexut B G, TO 1A p > v rpaHHYHBIE 3HAYEHHS IaPMOHHYeCKOH
¢yukuun K, — K, peryaspuo#t 8 G,, HeoTpuuarenbunt Ha I',. Cueno-
BaTe/JbHO, 3TH (YHKUWH HEOTPHLATeJbHH BcloAy B ..

Kpome Toro, mo Toit ke npuyune B cayyae a) Mo umeem K, K,
a caenosatenbHo, U K, — 1<K —+y. B cayvae 6) cymecrsyer no
KpaHelt Mepe oAuH wap, jaexawu#t uenukoMm sBHe (. Ecanm I?—tbyux-
uus I'puna Ans o6nacTu, BHeluHeM MO OTHOLIEHHIO K 3TOMY Luapy, ToO

Kvgk\ H K,— 1< K—17. Hrak, B oboux c/ydasx MOHOTOHHO BO3-
pacTaioulas MnocaeloBaTeNbHOCTh K, — Y OIpaHMYEHa U, CJel0BATe/bHO,
cxoaurcs B (. Tlpenenbhas ¢yuxuua H = lim K,, KOHeuHO, HeOTpulla-
V=»cOo

teabia B G H, COMVIACHO TEOPEMAaM CXORMMOCTH U3 § 2, m. 3, byHkuusa
H — ¢ rapMonnuna B Q.

IOas Teopemel a) Mbl u3 HepaseHcTBa K, <K 3ak/aouyaeM, uTo
H K. Ho tak kak ¢yukuvs K npuHMMaeT Ha IpaHHlE Hy/eBbie 3Ha-
Yenusi, T0 ke CNpaBeAJMBO W Aid NpelenbHOR @yHkudn H. Jpyrumu
cnosamu, H ==K ecTp ¢yuxkuus I'puHa 1ad npefeabHoH oGractu G.

Yro6w noKasaTh TeopeMy O), MBl 3apaHee BOCHOJb3yeMcst (aKToM,
KoTophift OyneT AOKasaH B M. 2, a UMEHHO TeM, YTO MOXHO NOCTPOUTH
dyuxuuio T'puHa A1 BHEIUHOCTH NPAMOJMHEHHOTO OTpe3Ka Ha IIOCKOCTH
¥ I8 BHEUIHOCTH TeTpasipa B mpocrpancTee. Ilycth Tenepb K* -- (yHk-
uus [puHa Aag Takoro oTpeska (MAM AN TaKOTO TeTpasapa), KOTOpHIH
COOTBETCTBYeT HEeKOTODOH rpanuyHo# Touke P, obmactu G, Kak 3TO
OMHMCaHO B ycjaoBuAx TeopeMbi 6). Has noboft Touxu G Hawu paccy-
KIeHHs Cpasy JHaioT

O HP) <K (P

tak kak K*(Py))==0, To oTcioAa TaK MKe, KaK M paHblile, CAELYeT, YTO
rpaHuuHoe 3Havenue .pyukuun H B Touke P, paBHO Hymo. Takum oGpa-
30M, COFVIaCHO HAalIMM IIpeanonoxeHusM, ¢ynkuus H umeer scioay

1) 3ameTuM, 4TO AN n =2 HalM pacCyxieHU 6e3 TPyAa MOMXHO pacupo-
CTPaHHTb Ha TOT Gojee OOIMH caydaH, KOrjJa TOYKH MOXHO NOCTHYb He C IO-
MOINBI0 OTpPEe3Ka, a ¢ IOMOLIbI0 JOMAHOH, cocTosie#f H3 KOHEYHOrO Hau CYert-
HOTO 4Y¥CAa OTPEeSKOB. B 3TOM cayuae rpanuna MoxeT OBITh MPOH3BOABHOI
WOpJHaHOBOK kpuBOH. OpxHAKO Mml omyckaeM 3gech 310 0606meHHe, Tax Kax
xpaellalalﬁ 3anava Aaa Takod o6meil rpaHuusl 6yAeT pelleHa MPAMBIM CHOCO60M
B 1. Il
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HyJ/ieBble TpaHHYHble 3HAYEHHA M, C/eL0BaTe/lbHO, ABJAAETCH QyHKUUeH
I'puna aaa npenenbHoit obaacta G.

Mbl nosuepknBaeM TOT (aKT, YTO 9TH PACCYXKAEHHA OTHOCATCHA He
TOJNbKO K OJHOCBSIBHHIM 00JaCT#M, HO 0e3 BCAKOrO M3MEHEHUs MOryT
6LiTh TIPUMEHeHBl K MHO20CBA3KbM 00AQCMAM.

B cienymolueM NyHKTe Mbl NOKaXeM C TOMOILBIO @bmepRUpYIOUe2o
memoda Lllsapya, Kak MOXHO, yMmes CTPOMTh ¢yHkuuio [puxa K Aand
AOBOJILHO crenuatbHeiX obnactet G, == G, pacnpoCTpaHHThL, 3TO HOCTpOe-
nue Ha Gonee obume o6nactu (G, MOHOTOHHO mnpubmmxkad ux 00671a-
cramu G,.

2. Pemenue KpaeBoH 3ajayd ¢ NOMOWBIO AaJAbTePHHPYIOMETO
metona IlIsapua. Ilpocro#t cxoasimufics npouecc nos3poJseT HaM PelluThb
KpaeByl0 3ajaduy Ans obaacTu B, ecin oHa fBAseTcs OObeAMHEHWEM IBYX
nepecekaowuxcs obnacret G u G (uim m060r0 KOHEYHOTO YHCIa

Puc. 14.

Takux oO6aacTelt), A9 KOTOPBHIX Kpaepad 3aiaua NpemNojaraeTcs paspe-
wWAMOH mpu JIOGHIX HenpepLBHLIX TPaHHYHLIX 3HaueHusaXx. [Ipexnosoxum,
yro rpanuusl I' u IV obaactet G u G’ cOCTOAT M3 KOHEUHOrO uHCaAa
yacTet, 006/JaNAIOLMX HENPEPHIBHO MBMEHSIOLIMMHCA KAacaTeAbHBIMA WM
KacaTeJbHBIMH ILTOCKOCTAMU. Jlanee MBI TNPENNONOMUM, YTO TPaHHULELI
obaactet G u G’ mnepeceKalTCs MOJ YIJAOM, OTJAHYHLIM OT HY/€BOTO,
u B Takux Toukax I' u IY, koTopble He SBAAIOTCH YIJIOBBHIMU WIH KOHM-
YECKHMH TOUYKaMH M He JexaT Ha pebGpax. Hanpumep, Tak Kaxk Kpaeas
8ajaya IJas KpPyra M IMOJYIVIOCKOCTH WIM s WIapa W MOJAYNpOCTPaHCTBa
MOxMeT OLIThb pellieHa C TMOMOIIbI0 WHTerpana IlyaccoHa, TO aabTepHHU-
pyoLuit MeTOA cpasy MO3BOJAeT PeuldTh 3alauy Aas obaacted, KOTOphe
ABJMIOTCS OO'befMHeHHEM KOHEYHOrO YHC/JA INepeceKaloUUXCcad KPYroB
MOJYMIOCKOCTe! HA IIOCKOCTH, WAK I1IAapOB M MOMYNPOCTPAHCTB B MpO-
crpanctBe. [locTpoenue Takoro oObenunedns B MokasaHo Ha puc. 14
u 15.
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Pucydok 15 nokasniBaeT, Kak H3 ONHOCBA3HBIX 06.acTe#l MOTyT NO-
JY4YaThCst MHOrOCBfI3HHIE M KAK B COOTBETCTBUH C 3THM MOXeET OHTb
peileHa KpaeBas 3aJaya I/ MHOTOCBAI3HEIX 06JacTef.

Tak Kak LJAs 3TOTO MeTOJa He CYIKeCTBEHHO, COCTOMT JiM nepece-
yeHHe M3 ONHOH HWJIH M3 HECKOJbKHX OTAelbHHX oOmacrteft, MH pac-
CMOTpHM cayua#t, usoOpaxeHHbi Ha puc. 14, rae obaactru G n G’
MMEIOT TOJAbKO OIHY obuyio obmacts D. [lycte rpanuua I' obractu G
COCTOMT M3 uacTel @ u b, npudyeM b npunasjexutr obaactu G’. Ilycte
a’ w b’ ananoruydbiM o6pasoM onpefeftenbl LA G'. Mbl MpeanoJIOKUM,
YTO Ha rpaHule 4~} a’ = A o6ractu B 3asaHbl HenpephlBHblE TpaHUMY-
Hple 3HauyeHus, MO alGCOMIOTHOH BeJHUMHE MeHblMe HEKOTOPOH KOH-
ctautel M.

1) AiibTepHUPYIOLUH METOL COCTOMT B cjenyiolieM. Mbl HenpepbIBHEIM
00pa3oM NOMOMHAEeM IPaHHYHble 3HAYeHHs, 3aJaHHble HAa @, 3a4aBas Ha b
NpOM3BOAbHBIE 3HauYeHus, MeHbline M no abco/oTHOH Be/HUMHe, U pellaeM
KpaeByio 3sagauy aaa obsactu G ¢ TakuM o06pasoM onpeleeHHLIMU He-
npepuIBHBIMH  3HaueHusMH Ha I'. Peinende STO# 3ajaud u, npuUHUMaeT
Ha &’ HeKOTOpHle 3HAuYeHUs, KOTOPble BMECTe CO 3HAYEHHAMH, 3aJaHHBIMHU
Ha @', palT HempepbiBHHe 3HaueHus Ha IY. C 3TuMu 3HAaueHUSIMH MbI
pewaeM kpaesylo 3agadyy B obaactd G’ u noayyaem ¢ynxumio z,. dta
GyHKUMA TpUHMMAaeT Ha b 3HaueHUs, KOTOPHIE BMeCTe CO 3HAYEHUSMH
Ha @ CHOBAa JailOT HenNpepbiBHble 3HaueHHs Ha rpanuue G. OGo3xauuMm
pelleHHe COOTBETCTBYIOlIEH KpaeBOH 3ajaunm uyepes u,. IIpoAoaxas sToOT
anbTePHUPYIOLIMH MpoUecC, Mbl MOJYYHM NOCJAENOBATENbHOCTb FapMOHHU-

ueckuX QyHnkuuft @;, #,, ... B G M COOTBETCTBYIOLLYIO MOC/eLOBATEN]b-
HOCTb #, Uy, ... B G’. Tlpu sTOM
7 . L — — 7 —_ ’,
Ha b :u ==u, CHCNOBATENbHO, 4 — U ==U  ,— U

T - — et e gy
Ha b: u ==u CeN0BaTeNbHO, llH_l u,=4u, u,_

v+1? 1"
Tenepb Mbi yTBepiaaeM, uro ¢ynkuuu # 8 G u u: B G’ paBHOMepHO
CXOIATCA K TapMOHUYECKHM OGYHKUuSAM # u 4, KOTOpPhHe COBHAAAIOT
B nepeceuenuu D obuacret G u G’. Dtu npesenvHbie GYHKUUH BO BeeH
ob6nacth B onpenensioT HEKOTOPYIO Pery/spHyl0 TapMOHHYECKYI0 (yHK-
LKIO, KOTOpas sBJASETCS pellleHWeM KpaeBOR 3ajaunm mis B.

IloKa3aTe/JbCTBO OMMPAETC HA CJAEAYIOLIYIO JeMMY.

ITycms npu yKa3arHbX Bbilite NPEONOLONCEHUAX OMHOCUMEALHO
G u G gpyukyun v, peryanpras u 2apmonuteckas 8 (G, obpa-
waemcs 8 HYAb Ha & u Y0ossemsopsem HePABEHCMEY

0<|v|< !

na b. Tozda cywecmsyem maxas noA0HCUMEAbLHAS ROCMOSAHHAA
g <1, sasucawan moasko om gopue ob6racmei G u G, wmo v
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yoosiemsopsem HePABeHCMBY

vl <q
sciody Ha b'.

KoHeu#o, cOOTBeTcTByIOlee yTBep#ieHue cnpapeianso u naa G,
flcHO, YTO B KA4YeCTBE ¢ MBI MOXEM B3STb NOCTOSHHYIO, KOTOpas ToduTCH
s obeux ob.acreit.

Mu nokaxeM 3Ty JeMMy B KOHIE MYHKTa; HO CHAYaia Mbl BOCHOJb-
3yeMcs el JJIs 3aBeplUeHHs JOKa3aTeJbCTBA CXOIWMOCTH, aibTe€PHUPYIO-
wero npouecca. Yepes M, Mbl 0003HAYAM MAKCHMYM MOLY s

|u\l+1-,—uv’=!u\:+1_u:l Ha b’,
a udepes /W:——MHKCHMYM MOLY 15
‘“v+1_”v|=[u;—u:_1l Ha b.

Ecan B KayecTBe YHKUMH U, O KOTOPOH rOBOPUTCSA B JeMMe, Mbl BO3bMeM
14
(a‘,Jrl——uv)/Mv B obaacty (., TO Cpasdy MOMYYUM

’

Mv < qu-

AHaJOTHYHO MBI HAXOIMM, UTO
'

Mv < qu—l

H, CJIEe0BATECAbHO,
2
Mv < q Mv—l’

17
ITostomy Bemuuuusr M, u M, cTpeMarcs K HymO, Tak Kak WX MOXLO
MaXXOPUPOBATH WYIEHAMH TeOMETPUYECKOH MPOrpeccui CO 3HAMeHaTeleM
2
q? < 1.

910 cpasy BiaeyeT 3a COGOH paBHOMEPHYIO CXOIMMOCThL psia

oo .
A} .
Uy 2 (U, —u) = limu,=u
. v=1 n->co

B G—+TI' u coorsercTBylouero psaa

o0
’ Y ’ ’ . ’

» ul + 9%11 (uv+1 - uv) = nli:’:oalt = u,

B G'+1I". B cooTBeTcTBUH € 3TUM GYHKUMH 4 W &’ SABAAIOTCS TapMo-
HUYeCKHMH B 00nacTax G n G’ ¥ NPRAHHMAIOT Ha @ U 4’ COOTBETCTBEHHO
3ajaHHble rpanuunble 3HaueHus. Jlas mnepecewenuss D obaactet G u G/,
OTPAaHUYEHHOTO KpUBbIMU b 1 ', Mbl umeem u)—u =0 ua b, B 10
BpeMA Kak Ha b pasHOCTh 4, — & ==u)— 4 _, DABHOMEDHO CTPeMHTCS
K- nHymo. [loaToMy npeznesbHbie ¢yHkuuu # u &’ cosnagalwtT B D u
B COBOKYIHOCTH ONpe]eNsioT B B peryJapHyi0 rapMOHUYECKYI0 (yHKUMIO,
KOTOpas fBJASETCA pellieHHeM KpaeBOM 3anauu.
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Ecau Mbl KOHEYHOE UYHC/IO pa3 NPUMEHHM 3TOT METOL, TO Mbl MO-
JYUYuM ClelyIOoLlylo Teopemy.

ITyemp G — o0sedunenue KOHELHO20 HUCAQ NePeCeKaUuxcs
o6aacmeii Gy, Gy, ..., G,, KYCOUHO-22G0KUe 2PARUYB. KOMOPHX
nepecexaomcs nod Yeaamu, OMAULHHIML OM HYIE86LX, U He
nepecexaomes 8 Y2A086LX MOUKAX ual no pedpam, moz0a Kpaesas
3adaua paspewuna oasn G, ecan OHA paspemuma 048 Kadlool
omodeasroit 0o6racmu G, '

B uwacTHOCTM, KpaeBas 3ajada pa3speminMa s Jio6o#  obaacty,
KOTOpasd MOXeT OHTh NOKDHITA KOHEUHBHIM YHCJIOM KPYrOB H NOJYIIO-
ckocTe#i WA 1MApOB M mnoaynpocTpaHcTB. Hampumep, ecau obaacte G
COCTOUT W3 BCeHf IIOCKOCTH, 3a HcKJaoyeHueM orpeska 0 < x <1, To
MBI MOXEM paccMaTpHuBaTh e¢ Kak oObelMHEHHE YeTHPeX MOMYIIOCKOCTeH

x<0, x>1, y<0, >0

H PELIUTDb KpdeByl0 3ajauvy OTAeAbHO IJ4 KaXAoOA u3 3Tux noaynmao-
cKkocTe#t ¢ momouiplo uHTerpana IlyaccoHa. AnbTepHUPYIOLUHA MeTox
TOrJa HeMelieHHO JHaeT pemwiexue Ans (. B TpexmepHOM mNpocTpaHCTBe
TO Ke CaMoe CnpaBedJHBO AJIA BHEITHOCTH TETpasApa, KOTOPYIO MOXKHO
paccMaTpuBaTh KakK ofbenHeHue YeThipex MOJYNPOCTPAHCTB.

Ecad Mbl 3amMeTuM, 4TO NMPpOU3BOJbHYIO 06J1aCTh MOXHO paccMmaTpu-
BaTh KaK Mpejle] MOHOTOHHOR mocienoBatefbHOCTH obnactedt G, kaxnas
M3 KOTOPHIX COCTOMT M3 KOHEYHOTO WYHCA4 KDYrOB MM LIAPOB, TO MBI
MOXeM BOCNOJb30BaTbC TeOpeMOR 6) m. | M NOMYuHTH CAELYIOLLYIO
o01L1yI10 TeopeMy.

Ha naocxocmu gyurxygua Ipuna, a, ciedo8amenssno, u peuwexue
Kpaesoi 3adauu, cywecmsyem Oan awbok obracmu G, Kavxcooi
MOUKU 2PAHUULL KOMOPOU MONHO 00CHMU4s ¢ NOMOULHIO NPAMOLL-
Helinozo ompeska, aexcauezo sie G. B npocmpancmse mo oice
camoe cnpasedruso 0as awb6oi o6aacmu G, makold, 4mo Kaxoas
MOUKG ee 2panuUysl ABAAEMCA 8ePULUHOL mempasOpa, 8ce OCMALL-
Hole mouru xomopozo aexcam sne GY).

2) DoexasatenbcTBo maeMMbl. Yrobsl JHoKasaTh JeMMy, Mbl
cHauana pAacCMOTPUM ABYMepHet cayda#h (cM. puc. 16). Cocrasum

) 3ameTdM HOMYTHO, YTO QMHCAHHbIA HaMM aJAbTEPHUPYIOIMA MeTOA, NpO-
BeIeHHBH NI HECKOAbKMX OOJacTell, KOTOPHE NpH IOBTOPEHHH Npouecca Lu-
KAMYECKH UYePEAYIOTCH, O CyUIECTBY COBMAZAET CO 3HAMEHHTHIM MemoOOM Goi-
memanus ITyanxape (¢M. MHOTOWHC/ASHHHIC ONHCAHHA B auteparype). Pazxuua
cOCTOMT B TOM, 4T0 [IyaHkape cpasy mpeanoJjarai HaiH41H€ CUETHOIO KOAHYECTBA
KPYrOB WJAM HIaPOB, KOTOpbie HEPEAYITCH B ONpPEAENCHHOM HOPAfKe TNpH Ilo-
pTOpennn mponecca. Ho naunoe anech AOKa3aTesbCTBO OTJHYAGTCHA OT O6GHYHOrO
©060CHOBAaHHA METOAA BhHIMETAHHS.
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fIOTeHLHMan ABOKHOIO CJIOS 10 Ayre b ¢ IJIOTHOCTHIO 1, T. €, BhIpameHue
1
dlog—
w(P)=w(x, y)= ] ————ds,

KOTOpOe THpeicTaBiseT cOGOH yroa, sameTaeMbli pafuyCOM-BEKTODOM,
HanpasieHHHIM M3 TOukA P obaacth (G B TOYKY TpaHHMUH, KOTOpas
npoGeraet ayry b. dta ¢yuxuus, peryiaspHas u rapMohuveckas sHyTpu G,
MMeeT HelpepHBHbLIE TPaHHYHBlE 3HAYEHHS HAa TPAHMYHBIX Ayrax a u b.
Korjia Touka rpaHulbl MpuOIMKaeTcs K KOHedHOR Touke A BLOJL AYTH &,
COOTBETCTBYIOIlMe TIpaHHYHBe 3HAYEHHA (YHKUMH W@
cTpeMaTca K mpeieny R, . PaBHOMY YTy MexAy Cexy-

weA AA; u xacarenbHOH B TOuKe A, HanpapJeHHOH
Kk ayre b. C npyroff CTOpOHH, COOTBETCTBYIOLHH npe-
Aei R, TpaHHYHBIX 3HAYeHUH BHOJb & paBeH yriy

Mex iy cekymeﬂ AA, u kKacareqbHOR B Touke A, HO
Teflepb KacaTe/lbHas HaNpaBjleHa K Ayre a. JTO NPUBOJUT
K COOTHOLUEHHUIO

RA+ — RA_ ==.
Ecau k rpaHnyHOH TOuke A MOAXOAUTH MBHYTPU 06IACTH Puc. 16.
BIOMbL JIOGOTO Jydya, oOpasyloLlero yroa a C Kaca-

TeAbHO! B TOuke A, HanpasieHHOM K Ayre b, TO HOMYUUTCH I'PAHHYHOE
3HaYeHHE, PABHOE JHHEHHOH KOMOHMHAUuH

%RA+—}—(1 —-%)RA”.

V3 aroit ¢opMyJabl Mbl, HaKOHEW, BHAUM, HYTO IJ% IPOU3BOJIbHON
nociejoBaTeqbHOCTH Touek P, o6mactn (G, cxondumefcs K Touke A,
COOTBETCTBYIOIIME 3HAYeHUS (YHKLUM @ (P,) MOTYT HMeTh TONbLKO TaKue
npegeabHbBe 3HAYECHHS, KOTOpBlE JexaT Mexay RA+ u R, . Aunaroruu-

Hble YTBEpKIEHMSI, KOHEYHO, MOXHO CHeJaTh W OTHOCHTENLHO APYroro
KoHUua ayru A;.

Tenepb Mb paccMOTPUM GYHKLIMIO p, ONpeNeNeHHYI0 Ha TpaHule
P=a-b n npunuMalolyl0 NOCTOAHHHIE 3HaueHud = Ha b u O Ha a.
[TycTs @ — rpaHuyHble 3HAaYeHW OYHKLIMM @; TOrda pasHOCTD W —p
apagercs HenpepuiBHOH ¢ynkuuer wna I'. CorsacHo mnpeanosioxeHuio,
B obnacth G CyllecTByeT peryidpHas rapMoHuueckas Qyukuus £, npu-
HUMaoWas 3TH TPaHHYHBIC 3HAYEHUS.

Mbl onpefenuM ¢yHKUHIO

S(P)=""T=;
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oua orpauuuesa B G-I, peryaspHa u rapmoununa B G. Ha a ona
npuHUMaeT rpaHuyHoe 3Hauenue 0, a Ha b — rpaHuuHoe 3HaueHue 1.
Ho u3 npenplaymnx 3aMeyaHuH, Kacawowuxcs ¢GYHKHWM W, BHIHO, UTO
ecau Mbl npubnuxaeMca K Touke A uam A, u3HyTpu, TO {yHKuua S
MOXET HMMeTb TOJbKO fpejelbHbie 3HAUeHHsA, Jexamue Mexay O u 1,
a ecau Mbl npubaukaeMcs K STHM TOUKaM BAOAb Jyua, 06pasyioiero
yroJa a € KacaTeqbHOM, TO MBI MOJydyaeM rpaHMYHOE 3HaueHWe, paBHOe a/w,
T. e. 3HayeHHe, MeHbiuee 1, :

B yactHoCTH, eCiu Mbl NpHOMHAKAEMCH K TOukaM A u A; no vactu b’
rpanuibl obiaacty G, TO mNpeleNbHOE 3HaueHHE Yria @ PaBHO OJHOMY
u3 yraos § uan B,, nox KoTopuiMu ayra b’ nepecekaer rpanuuy I'. Bcrony
Ha b’ dyHxkuus S yaoBieTBOpAET HepaBeHCTBY

S<g< 1.

JleficTBUTEIbHO, B TPOTHBHOM CJ/Iyuae CylecTBOBaA GBI IOC/IE10BATENbHOCTD
touex P, Ha ', Takas, uto S(P,)— 1. Tak Xe, KaKk NpH AOKasaTe/b-
CTBe TeOpeMbl O MaKCHMyMeé U MUHHMyME, MOXHO [OKas3aTh, YTO 3Ta
NOC/elOBATENLHOCTh HE MOXET HMeTh MpelefbHOR TOYKM HA BHYTpPeHHeH
yacth ayru &’. Ho A wnam A; Takxke ‘He MOryT OHTb Hpele/ibHHIMH
TOYKaMu, W60, KaK Mbl BHIeAH, MNpelessHble 3HAYeHHs B ITUX TOUKAX
COOTBETCTBEHHO paBHbl B/m <1 u f)/n < 1.

C noMoupio OYHKUMM ¥ U3 Hallel JeMMbl Mbl Terepb NOCTPOMM
pasHocTh § — v =A u nokaxem, uTo A > 0; rpaHuuHble 3HaYeHUs ITOH
GyHKUMM paBHBL HYJMI0 Ha @ H 0e3yC/OBHO HeOoTpuHaTeabHbl Ha b. Dra
GyHKIMA peryaspHa ¥ rapMonuuHa B (, c/elloBaTe/qbHO, OHA He MOXeET
NPUHUMATL OTpULATeNbHble 3HaueHns B obGractw (G, pasupe infA B G;
OHa He HMeeT OTPHUATENbHBIX INpPeNeNbHBIX 3HAaYeHHH BO BHYTPEHHHX
Toukax Ayr a u b. Ilpu npubaumxeHun k koHuaM A um A, pasHOCTbH
A uMeer Te xe npele/bHble 3HaueHus, YTO U S, W, CJEAOBATENbHO, OHHU
JDOMKHBL ObITb Mexay HyjaeM u eZuHuueir. [TosroMy S— v >0 scioay
B 3aMKHyTOR oOjactu G u, B YaCTHOCTH,

v S<Cyqg

na ayre b’. To ke paccyxkieHue, NpHMeHeHHOe K cyMMe S} v, naer
nepasedct™80 S~ v >0 B G; 0o0beauHas 3TH pe3yanLTaThl, Mbl HOJY-
yaeM Ha b’

]| L<SLCe< L.

9To IOKa3HBAET HAIY JeMMy. »

JIOCTOMHCTBOM STOTO [JOKAa3aTeNbCTBA ABASETCS TO, YTO OHO MOXET
ObITh HEMOCPEJCTBEHHO HepeHeceHO Ha cayvyaff Tpex H 6Gojbliero uucia
uaMepennit. YToOw caedaTb 9TO, Mbl- GepeM B KauecTBe w MOTEHLMAN
LBOMHOTO /oS ¢ IVIOTHOCTHIO, paBHOft Ha rpanuue O wam 1.

3. Meroa wHHTerpaJbHbBIX YpaBHeHHMH aas NJOCKHX ofJaacreii
C JOCTATOYHO rJajaKoi rpanuueid, JIpyroi MeTOA pelueHHs KpaeBOR
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3ajlayd B CJydae ABYX H3MepeHMA IJIs HEKOTOPHX CMENalbHHX ofaacTeft,
KOTOPHIfl CYLIECTBEHHO OT/IMYAETCH OT ajAbTePHUPYIOLIEr0 METOAa H OT
MeTOda BmIMeTaHds I[lyaHkape, — 3TO MeTOJL WHTErpajbHbIX ypaBHEHHH
dpenroasMa. O aBisieTcs 06061enneM paHee u3BeCTHOrO Metola Heitmana,
NpUMEHUMOTO IS BHAYKALX obnacTe#t. Kpaesas sajaua CBOAMTCA K ypaB-
nennio dpeirojbMa BTOporo- poia. Mel He OyleM H3naraTb 3TOT
MeTOI B CaMbiX OGLUMX MPEAnoJ0KEeHHusX u OyieM cuuTarTh, 4To rpanuua I
MoxeT OLITh MAapaMeTPHUYECKH NpeiCTaBleHa ¢ Nomoliblo (YHKUMH X (f)
# y(¢), 06/13a1aI0LUX HeNpepLIBHHIMU NPOU3BOAHHIMU IO YETBEPTOTO IO-
psika BKIOUMTeNbHO. Mbl OyieM mpennoJaraTe, YTO NapameTp ¢ ecThb
JJuHa ayrd Ha kpuso# I

Wckomas rapMoHuueckasi OyHxuus u#(x, y) OyAeT OTHICKHBAThCs
B BUIC

. = [o®)Frat (1=10g71). W
r

T. €. B BUIe INOTeHUMansa ABOHHOTO CAO0A C NMJIOTHOCTHIO ¢(S) HA rpa-
wuue I'. DToT MHTerpaj MMeeT CMbIC/A Jaxe TOTAa, koraa tTouka P(x, y)
nexut Ha rpanuue I, mycTh. sTOM TOuUKe COOTBETCTByeT 3HaueHHe $
aauusl ayrd, T. e. P=(x(s), y(s)). Torma nas
mobo#t Touku x (S), y(s) Ha rpanune I' HanucaHHbift
BHILIIE WHTErpaj NPUHHMAeT BHI

u(x(s), y(s))=u(s)= fc(t)a“‘—ffv't—)dt, (2)
T

fipruyeM BhHIpaXKeHUE

1 0y(s,8) _cosa 1 dy

K. th=—=5 av nr  m df 3

(yrael o W ¢ nOKasaHs Ha puc. 17) umeer mpenen
npu £ — s, pasubit (1/2 w)/k (s), rae R (s) — KpuBH3HA ‘Puc. 17.
rpaHHyHON KpHUBOH B TOYKE §, B CHAY HAIIUX Npen-
TONOKeH!H, [BaXIbl HempepbiBHO auddepenuupyemas. Toraa MOXHO
BUIETh, uTO caMo sapo K (s, f) uMeeT HenpepbiBHbIE NPOU3BOAHBIE JO
BTOPOro Inopsaika.

Mul npeanonoxuM, uto o (¢) — HenpepriBHO Audepenuupyemas ynk-
uus aauHbl ayru ¢, Ecam touxa P mpubauwxaeTcss K FpaHu4HON Touke P
U3HYTPH 06/acTU, TO, COTIACHO TeopeMe O CKaukel!), moaydenso#t B § 1,

Y B'§ 1, n. 4 npeanoaaranachk, 9T0 GYHKUHS 5 ABAXIAbl HENPEPHIBHO Xud-
depeHuEpyemMa, HO NOXPOGHOE HUCCAELOBAaHHE JAaHHOIO TaM JOKA3aTeJbCTBA NO-
Ka3plBaeT, 4TO AJs NOJYyUeHus NPHMEHAEMOro 31ech YaCTHOTO Pe3y1nTaTa GhlI0 Gbi
HOCTATOMHO MPEANOJOKUTh, HTO & (£) TONBKO ONMH Pa3 HENPephiBHO Anddepen-
nupyemMa (3TOTO JOCTAaTOMHO NAf YCTaHOBJAEHUS XapakTepa pPaspuiBa caMorQ
JIOTEHIHANA ABOHHOTO CJIOf, HO HE €FO HOPMANbHOW TIPON3ROAHON).
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n. 4, noreHuuan u#(P) CTPeMHTCS K TPaHHYHOMY 3HaueHHO u;(Py)==
=u(Py))—na(Py), umm, B cuay (2), Kk 3HAYEHHIO

4, (s) = — an(s,t)c(t)dt—nc(s). )
T

Mpeacrasnsercs pasyMHBIM NPOBECTH ITH PACCYKAEHUs] B OOPATHOM
nopsiKe W ONPeNesiiTh IIOTHOCTL 6(S) U3 MHTErpaJbHOTO YpaBHEHHS

s()=— [KG, t)s () dt —— £ (s). )
T

rne  ¢yHkuus  f(S)==u;(Py) — 3T0 3ajaHHBIe TIPaHHYHbIE 3HAYEHHA.
B cuny m. 1 Mer MoxeM 6é3 OrpaHuueHHs OOGH[HOCTH MPEANONOXKHUTD,
4TO TrpaHdyHas ¢yHkuua f($) - HempephBHO nuddepenuupyema. Ecau
6(S§) — pellieHHe 3ITOTO0 HHTErPaAbHOrO YPABHEHHS, TO MOTEHIHAN

u=fc(t)%dt
T

suyTpu G ynpoBaeTBOpseT ypaBHeHuio Jlannaca. Bemencrsue auddepen-
uupyemoctu ¢yukuuit f(s) u K(s, t) pewenue o(s) Takwe Gymer He-
NpepriBHO  AudepeHIHPYeMEIM. JIPYTHMH CAOBAMH, BHIIONHAIOTCS YCIO-
BHSI TeOpeMbl O CKauke (B ciayyae miockoctd) us § 1, n. 4. Tlostomy
npu npubmikennu x I' MOTeHUHAA 4 CTPEMHUTCS K T'PaHUUHBLIM SHAYEHHAM

—x fK(s, £)o()dt —ma(s)= f(5).
r

Takum 00pa3oM, Mbl MOXeM pelUIMTh MOCTaBJEHHYI0 KpaeBylo 3aiauy,
eCId Mbl MOXEM peIlUTh HHTEeTpa/ibHOe ypaBHeHue (5H).

Tenepb K MHTErpaibHOMY ypaBHeHHIO (5) MOXHO NPUMEHUTb MeEOpembl
Dpedzossma, nokasauHee B T. I, ra. IlI. B TepMuHax, mpumeHseMbix
B Hailel 3ajave, 9TH TeOpeMbH YTBEPXKAAIOT, UYTO JHJs BCAKOH Hempe-
peiBHO auddepennupyeMoit ¢yHxuun f(8) CylIecTBYeT eIUHCTBEHHAsd He-
npeprBHO An(pdepeHurpyeMas QYHKIUA 6 (S), YIOBJIETBOPAIONIAS WHTET-
pajJibHOMYy YpaBHEeHWIO (5), ec/iM COOTBETCTBYIOLee ONHOPOJHOE HHTET Pa/ib-
HOe ypaBHeHHe

a(s):——fK(s, t)o(t) dt (6)
T

“MeeT JHIUb TPUBUAJIBHOEC peELIeHHe c==0. leyruMu CA0BaMu, JHOOKa-
3aTeJMbCTBO CYLIECTBOBAaHUA [JI9 HalleH crieliManbHOH 006JacTH 6y,ue1‘ 3a-
BEpIIeHO, €CJaU Mbl CMOXEM MNOKasaTh, UTO A==—1 He ABrAeTCa CO6-
CTBEHHBIM 3HAaY€HUEM OIHOPOLHOrO YpPaBHEHHUA ‘

\v(s) == fK(s, v (t)dt. @)
r





