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B cayuae BHINYK/JIOH IpaHullsl ¢ HENpephIBHOH KPUBU3HOH, HMeolueH
anudy L, 3ToT ¢akT 4BAAETCA HENOCPeNCTBEHHBIM CJCACTBHEM COOT-
HOULIGHUS

L
[&e. t)dt=%f 2 gt =1
T 0

¥ HEpaBEeHCTBA

K@, HH="3%>0,

nr

KOTOpOe ChelyeT H3 BHIMYKIOCTH rpaHuubl. [eficTeutensuo, ecan M
ectb MaxcuMyM |v| na T', To Ml uMeeM

Mo <M [K(s tyat =M
I

u, crenoBaTesbHO, B TOuke, rie |v| =M, noryuaem
ML M.

PaBeycTBO MMeeT MeCTO TOJbKO TOrAa, KOrla ©— KOHcTaHTa. Ecau
v£0, To M= 0 u, crexosareanHo,

<L,

npuyeM |A| =1 ToabKO ANA MOCTOAHHHX v. Ho coBcrTBeHHOe 3HaueHue,
COOTBeTCTBYIOIEe COOCTBeHHOH @yHKuuu ©v=const, ecTb A== 1,
TaK YTO Mbl MOJy4YaeM HepaBeHCTBO — 1 <A1, HCK/IIOUalOllee 3HAYe-
Hue A=— 1.

B ciyyae HeBHINYKJIOH TpAHMUEl MBI BOCMOJNb3YeMCS TeM, uTO Kak
MEl yiKe 3aMeuand, 91po K (S, £) B CHJAy HallMX MPEANOJIOKEHHH NBaXIbI
HenpepbisHO Iucdepenuupyemo. M3 3Toro cremyer, uTo TeM ke CBOM-
CTBOM 06/1aJal0T BCe COBCTBEHHBHIE (YHKIUM YpaBHEHUsS

Ao (s) = fK(s, v (t) dt.
T

Ho ecau o(s) ectb pelueHue ypaBHeHus (6), TO BCIeACTBHE COOTHOUIe-
Huft Ha ckauke w3 § 1, nm. 4 nmoTeHuuan

9
(e, y)= [a(t)5tat (8)
r
NPpHHUMAET HMBHYTPH FpaHW4YHbIe 3HauYeHUd

4= [o@®) 2D gt —xa(s)=0
r
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Ha kpuBo# I' u, B cuay TeopeMbl €IMHCTBEHHOCTH, TOXIEeCTBEHHO 0Gpa-
waercst B Hyab BHyTpu G. Takum o6pasoM, npousBoiHas GYHKLMH & (X, y)
Mo BHyTpeHHed HOpMain K I' Takme TOXAeCTBEHHO OGpALIAETCS B HYJIb.

Temepb MBI paccMOTpuM mnoTeHuuan (8) BHe obaactu (. Tax kax
B HalleM CJayyae BHINOJHAIOTCA YCIOBHA TEOPEMBl O CKauke sl Cayyas
naockoctd {(cM. § 1, m. 4), o Ha I' Msl noayuaem BHelIHHe TpaHMYHbBle
3HaYeHHs

u, (s) = fc(t)—gl()(—%ﬁdt—}—ﬁc:an(s),
I .

M, TaK Kak QyHKLIUA o (S) ABaXApl HenpepbBHO AuddepeHuupyema, mpo-
M3BOJHAs 1O BHeuIHeH HOpManu Ou,/0v paBHa 0. Ho Ha GeckoHeuHOCTH
(GYHKUMS ri, KaK JerKo BUIeTh u3 (opMyasl (1), orpaHuyeHa; nosToMy «
TOXKAECTBEHHO oOpalllaerca B HyAb Takike M BHe G (3TO yCTaHABAUBAeTCs
C TOMOWIBIO JeMMBl Ha. CTp. 325) M, B YaCTHOCTH, NMPUHHMAET BHEIHHE
rpaHuyHbie 3HAYEHHS

u,(s)=2mro(s)=0

na I'. Taxum oO6pa3om, BcAkoe pellleHue ypaBHeHusi (6) TOXAECTBEHHO
paBHO nymo: A== — 1 He sBageTCs COGCTBEHHHIM 3HAYEHHEM OLHOPOILHOrO
MHTETPaIbHOrO ypaBHEHUs

A (s) = fK(s, Ho(t) dt.
r

Temepb Mbl J0BedM 10 KOHUA A0KA3aTeJbCTBO CYLIECTBOBAHUA PEIUEHHs
KpaeBO# 3anaud s Hauel cnenuanbHo# obaactu G.

AHanoruynbie pacCyKAeHUs MPHMEHHMbl B NPOCTPAHCTBEHHOM Cayuae,
XOTSl TaM Mbl JHO/XKHH 3aMeHUTb AApo 0 (1/r)/0v, He unTerpupyemoe
C KBAalpaTOM, HAa MHTErpHpyeMoe ¢ KBaLPaTOM HTEPUPOBAHHOE HIPO.

Hano, onuHako, 3aMeTHTh, YTO, HECMOTPS Ha HM3ALIECTBO METOAA HH-
TErpajibHLIX ypaBHeHHH, OH NaeT XYyHIlHe pesy.abTaThl, YeM MeTOH, pac-
CMOTPEHHHH paHee, TaK KakK Naxe HaJAM4He HA rpaHHUE OOBLIKHOBEHHOTO
yraa npuBOLUT K OCOGEHHOCTSIM B dAape K, 4TO AeSaeT HeBO3MOXKHBIM
HernocpencTBeHHOEe TNMpPHMeHeHHe Teopun PpearoabpMa.

4. 3ameyaHuss O TpaHHYHBIX 3HAaueHHnX. PaspaGoraHnnie B nm. |
¥ 2 MeTOAH 30T pelieHHe KpaeBol 3alauu Aas a060H miocko# obaactu,
OTpaHMYeHHOH TPOM3BOJILHOM #oprAaHoBo# kpusofl. Omnako B cayuae
Tpex Hau 60JAbLIero 4uc/ia U3MepeHu# Aesqo OGCTOMT CJHOMXHee, TaK Kak
CyLLecTBYIOT 00JIaCTH, /st KOTOPBIX KpaeBas 3aJaya Hepaspeliuma B CUJib-
HOM CMBLIC/IE; [PYFHMH CJOBAMH, HeJb3d OXHMAaTh, UYTO MNpPU 8aZaHHBIX
HENPEPBIBHBIX TFPAHUYHBIX 3HAYEHUAX I3THU TPAHUYHLIE 3HAYeHus BCerjia
OyAyT NpUHEMAaTbCs BO BCeX TOYKaxX rpavuubl. Mamoctpauuefi atoro
(haxTa CaAYKHT mpuMep, MOCTpOeHHbiH JleGerom.
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CHauana Mbl BBIUMCJIHM NOTEHUMA1 MacChl, COCPeJOTOYEeHHOH Ha OT-
peske ocu x mexiy Toukamu O u 1 ¢ JMHEHHOH MJIOTHOCTLIO T(X)=x:

1
€ds

u{x, , ) == :_._«—————:A(x, p)—"Q)ClO ,

(x, ¥, 2) OfV(E e g

rae pP=y?+422 u
A, =V0—xP+—V 2+~
+ xlog|(1 — x4+ V(I = %2+ ) (x+ V2 F ).

Eciu K Haualy KOODAMHAT MOJAXOAHTb CO CTOPOHBI NOJOMUTEIbHBIX 3HA-
yenu#t x, 1o ¢yukuus A(x, p) cTpemurca k l; oiaHako nperen Bblpa-
WeHus — 2x log p CyLLeCTBEHHO 3aBUCHT OT NYTH, N0 KOTOPOMY MBI IpH-
6auxaeMca. HanpuMep, ecau Mbl npubiamxaeMcs K Hawany KOOPAMHAT MO
nosepxHocTH p==|x|", TO — 2x1l0gp CTPEMUTCH K HY/I0 L1a BCeX 7
u 4 crpemutcsa k sHadvenuio 1. C npyro#i cTOpOHHI, €cC/H Mbl BO3bMeM
MOBEPXHOCTb p==e~¢2* (¢ > 0, x > 0), uMeiowyo ,6eCKOHEYHO TOHKOE"
oCTpHe B HauaJe KOODAMHAT, TO — 2x logp cTpeMHTCa K ¢ H, C/IeloBa-
TeJbHO, IMOTEeHUMan # CTpeMUTCH K 1~fc¢. ITO B3HAUHT, uTO BCe 3KBU-
noTeHuHadbHble NMoBepXHOocTH # ==1--c¢ (¢ > 0) nepecekawrca B Hauaje
KOOpJAHHAT; KpOMe TOro, BCe NMPOUSBOAHBIE QYHKUMH p== f(x), Bpaue-
HueM rpaguxka KOTOPO# BOKPYr OCH x 00pasyloTCs 9TH IIOBEPXHOCTH,
o0palaioTcst B Hyab B Hayane KoopiuHaT. Taxas nmosepxHocts u==1-¢
nsobpaxeHa na puc. 18.

Ecau Mbl Tenepb BO3bMEM B KauecTBe OCHOBHOH oOaactu G o6nacTsb,
OF PaHMYEHHYI0 9KBUIOTEHLUAJbHOH INOBEPXHOCTBIO 4 ==1—4¢ (¢ > 0) u
6yleM peluaTh BHeIIHIOI0 KpaeByio 3afayy Aas G ¢ TpaHMUHBIMM 3Haue-
HuAMH 4 = | 4~ ¢, TO peuieHne OyAeT 3a1aBaThC yKa3aHHOH Bhlile yHK-
unet u(x, y, 2)1). Ho us Hamux paccyxienu#t cleayer, 4TO eClId Mhl
6ylLeM COOTBETCTBYIOLMM CNOcOoOOM MpubIMKATLCA K Hayaly KOOPAMHAT,
TO pelleHHe MOXET CTPEMUTbCS K JMoOoMy 3HaueHuio Mexay 1 u 1--c.

C noMowipl0 MHBEPCHH OTHOCHTEAbHO Cephl

(x—5) +yt =1

H HEKOTOpOro Mapa/JelbHOrO NEepeHoca Mbl MOXeM. H3 BTOro NpuMepa
NOAYUYHTb COOTBETCTBYIOMA NpuMep IJd BHyTpeHHe# 3azaun. OGaacts G
otobpaxaercs 8 o6aacts G’ npocrpaHcTsa §, 7, {, MMeOLIYI0 B TOuKe

1 .
e 5 M= 0, { = 0 GeckOHE4HO TOHKOE OCTpHE, HalpaB/eHHOe BHYTpPb

1) 3nech npUMeHsieTC NPHHIUI MaKCHMyMa 1S rapmMoHuueckux B G QyHk-

nui, orpanuyenusix B G ¥ HempepbiBHbX B G -1 BClOIy, 3a HCKJIIOYEHHEM KO-
HEYHOrO YHCAa TOYeK Ha rpaHune; cm. [lerposckmit [1], m3a. 3, crp. 261, —
M pun. peo.
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(cM. puc. 19). Tpauuunbie 3HaveHus | -~c¢ mepexoisaT B rpaHHuHbie 3HA-
YeHHS

v="£  (=VEFTFD).

HenpepsiBHble Ha I'V; pemenueM BHyTpenHeR kpaeBo#t 3anaun nis obaactu G/
C STHMM TPAHHUHBIMH 3HAYEHHSMM siBJAfeTCs peryaspHas B G’ rapMonmue-
cKafd YHKIHA
1 § 1 | 4
N P L AN N .
v 0 2r (4r2+2’ 4r?’ 4r?

/

X ' 1
TMpubtumaicb K TOuxe E=—-7, =0, { =0 no coorBeTcTByIOLWEMY
MyTH, Mbl MOXEM CHOBa MOJYYMTb B Mpeleie Aad ¥ Ji000e 3HAUYEHHE
Mexay 1 u 1--c.

B tome Il ana cayuas Tpex n
Hix 60JIbIIET0 YHC/AE U3MEPEHHH Mbl

3aMeHuM TpeGoBaHHe, uTOOH QYHK-

LLMs TOYHO NIPHHKIMAJA 3aJlaHHbIe Ipa- (-4
y 1
L
1 a 1
"z +z7 &
0
Puc. 18. Prnc. 19.

HUYHblE SHAYEHHSA B KawIOH TOuxe rpaHuubl, 6oiee ciabuM TpeGOBaHHeM,
uTOGLl 2pAHUYHbE 3HAYEHUS NPUKUMALUCS 8 CpedHen; 3TO TpeGosa-
HUE TaKXe HOCTATOYHO A/ TOFO, YTOOB pelieHHe ONMpPeAeJanoCh OIHO-
3HauHo.~ TOMLKO B Y4CTHOM caydYae IBYX HaMepeHHW# u3 3Toro Tpebosa-
HUSl CJAELyeT, YTO TpaHHYHBE B3HAYEHHMS NIPHUHMMAIOTCS B Ka}XAOH TOUKe
rpaHuusl. Ho rpaHuydple 3HAYeHNs NPHHMMAIOTCA B TOYHOM CMBICAE H
IPOM3BOJHbIE HEMPEPHBHb BIIOTh A0 FPAHULBI, €CJAH TPaHHLA M TpaHUy-
Hble 3HAYEHHs LOCTAaTOYHO MIaiKW (CM. 3aMeyaHue o Oojee OOUIMX SJMIN-
THYECKHX ypaBHeHMAX Ha cTp. 3495). ‘

4a, EmxocTb !) M BHIOJHEHHE TPAHHYHBIX YCJOBHHA. Buuep B pa-
6ore [2] saMeTHJ, YTO BONPOC O TOM, NMPHHUMAIOTCH JIM TpaHUYHbLIE 3HA-

1) CoBpeMeHHOE H3JNOXEHHUE 3TOro BOMPOCAa MOXHO HaiTH B kHure Bpeso [1]
[Cv. Taxe Keanxwmm M. B, Yenexu mamen. nayx, suin VIII (1941),
171—232. — ITpun. peod.}
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YeHHs, CBA3aH C MOHATHEM EMKOCTH, HUMEIOIIMM TaKXke CaMOCTOATENb-
HOe 3HaueHHe.

Yrobul ONpeleauTs €MKOCTb 3aMKHYTOH nosepxuoctd I' B n-MepHOM
HPOCTPaHCTBE (MBI MOXeM NpPH 3TOM MOJpasyMeBaTh cayualt n==3), MH
Gyxem paccMatpuBath I' KaK BHYTpPeHHIOK rpanuuy 000j0ukd S ¢ BHeLI-
Hefl rpanuuelt I™ u npeanosoxum, uro Aas S peuleHa KpaeBas 3alaya
¢ rpaHuuHbIMH 3HauenusMd #==1 Ha I' m 2 =0 na I". HesaBucumo or
TOrO, CYILECTBYIOT JM TNPOU3BOAHBiE (YHKUMH 4 Ha rpaHuie, MHTErpan
no jio6o#t raagxo#h mosepxHoctd 1V, nmexaute#t BHYTpH S U roMoJOruu-

woit I' u I™, Buaa
4o
i

CyllecTByeT; OH He 3aBucuT oT BuGopa IV, B d4eM Jerxo yGemntbes,
npuMeHus opmyny Fpuna x BHyTpeHHe# OGOJOUKE, OrpaHUYEHHOH HBYMS
nosepxuocTaMu I'. Beauunsa =x onpenenser ,eMKOCTb® S OTHOCH-
teapho I', I'; ecau I'™ ectb GeckoHeuHO yaAafeHHas TOYKa, TO X Hasbl-
BaeTCsl MPOCTO eMKocThio I'. DTO NOHATHE COXpaHseT CMBICA Aaxe s
00061ieHHHX pellieHH#t B YKa3aHHOM Bblue cmbicae; I' moxer OwiTh,
B YaCTHOCTH, KOHEUYHBIM KYCKOM IIOBEDXHOCTH, KOTOPHIt NpeBpaiaeTcs
B 3aMKHYTO€ MHOroo0Gpasue, eClH OTAENbHO CUHTATb KAXKAYIO €r0 CTOPOHY.
dusnueckn x 03HauaeT MOJHBLIH BJEKTPUYECKMA 3apal, KOTOpHHR Hano
pacnpeneauTs Ha nposoiuuke I', uyro6bl Ha I' o6pasoBaacs MOCTOAHHBLIN
noreHuua’n 1, a noreHuuan Ha I™ ocraBajcs Gbl paBHBLIM HY.JIIO.

Teopema Bunepa xapakrepusyer Te TOYKH P rpauuus obaactu G,
B KOTOpHIX pelleHHe He BCerja MPUHHMAeT TPAaHHYHblE 3HAYEHHs, eCJiH
KpaeBas 3anaua peluaercs B 06061ieHHOM cMbiche 1).

Takue ,MCK/IIOUUTENbHbIE TOYKH* B NpHMepe M. 4 COOTBETCTBYIOT KOH-
laM OCTpHSl WJM, INpolue, TOYKAM OTPe3Ka, KOTOPHH HANpaBjeH BHYTPb
061aCTH M MCKYCCTBEHHO CUMTAETCS 4aCTbI0 T'DAHMILLL.

Ha wMano#i coepe paauyca A BOKPYr TOYKH P Mbl paccMOTpuM
yacth H,, aexauywo B G u orpasuuusaiouyio sMecte ¢ I' Maayio mox-
obnacte G, cozepxawylo P B kayecTBe rpanuyHofi Touxku. EMKoCTb
MHOXecTBa F{, B OMMCAaHHOM Bhille CMbiCe 0603HAUUM Uepe3 x,.
Teopema Bunepa yTBepxkiaer, uro epanuunas mowka P ssasemcs
UCKAIOMUMEeNbHOl m020a & MOABKO mo020a, K020a eMKOCMmb %,

") Takyio 0606ueHHYI0 NOCTAHOBKY 3aiad¥ MOXHO JaTh, €CAH PacCMaTpH-
BaTb G KaKk MOHOTOHHHIH mpefea obaacte#t G, ¢ raagko#t rpanuned, cocrosuer
M3 PEryJafpHbHIX TOUYEK, TaKHX, 4TO oBnacts U, comepxut obaactb G, ¥ yTO
ao6as saMkHyTtas nojaoGaactb obaact (G comepxurcs Bo Bcex obaacTax G,
KpoMe, MOXeT OEITh, KOHEYHOro X yucaa. Torza MOXHO NOKasaTh, YTO peme-
HHA 4" cOoOTBETCTBylOmuUX ob6aacTaM G, KpaeBBIX 3ajai CXOAATCH K rapMoHHue-
ckoif ¢yHxkuum u B G ¥ uTO U He 3aBucuT OT cnoco6a npubamkenus G o6aa-
cramud G, Takum o6pasoM onpeleleHHyl0 (QYHKUMIO 4 €CTECTBEHHO CUHTATh
pemenueM kpaeBofi 3samaud Aas G (cM. Buuep [1]). (Cm. Takke cratbio
M. B. Keagblmia, yxasauuywo B npuMeyanuu Ha cTp. 304. — [Tpum. ped.)



306 Ta. 1V. Teopus noresyuaira u 3AAUNTUHECKUE YPOBHEHUS

docmamodno Gocmpo cCmpemumcs K HYA0 8mecme ¢ h, 4 UMEHHO
Ko20a cxodumcsa pAo

joo] 2 ly
g,lm 04 )‘2(7)'

Hanomuum, yto B § 4, n. 1 ObM nmpHBeeHH AOCTATOUHLIE YCJIOBUS
pery/spHOCTH TPaHUYHOR TOUKM.

5. Meron cyGrapmonnyeckux ¢yuxuuii Ilepposa. B atom myuxTte
Mbl paccCMOTPUM M3ALIHBLIA MeTod, NpuHamiexawu#t [leppony [1]. Meton
He COJEPHUT KOHCTPYKTHBHBIX 9JIEMEHTOB M SBJAETCA UYMCTHIM JOKasa-
TebCTBOM CyWleCTBOBaHUA pelienus. OH CBA3aH C CyLIEeCTBEHHBIMH OOILMMH
MOHATHAMH H B TOH Qopme, B KOTOPOH OH paccMaTpuBaeTcs 34eCh, MMeeT
TO MPEeUMYILECTBO, YTO €ro MOXHO 060o0IiaTh HA Apyrue SJIIMUNTHYECKHE
ypaBHeHus BTOPOro mnopsaka (cM. saMeuanus B § 7).

Yrobel HaHTH (YHKUMIO, TADMOHHYECKYI0O B 3aJaHHOH OrpaHMUYEeHHOH
obaactu G, HempepbiBHYI0O B ee 3aMbikanun G —+1I' u nmpunumawouyio 3a-
LaHHble HemnpephBHble TIpaHMYHBle 3HaueHus ¢ Ha rpannue I', Tleppon
NpuMeHseT MOHATHe CyOrapMOHMYECKHX M CyNeprapMOHHYeCKuX GyHKuuft,
KOTOpbie ABJIAIOTCA AN NMPOCTPAaHCTB BHICHIMX pa3MepHOCTef o6oOiieHHeM
BOTHYTBHIX U BBUTYKABIX QYyHKLUUE ONHOTO MepeMeHHOro, TaK e KaK rapMo-
Huueckne QyHKUMH ABAAIOTCA 0600LIeHHeM UHEAHBIX (DYHKUMA OXHOrO me-
peMeHHOro (T. e. peLleHuit ogHOMepHOro ypasreHus Jlamaaca). Ceftuac Mol
onpeleanM 9TH (YHKLUMH, a TaKKe HEKOTOphlE APYFHe OCHOBHBIE MOHATHS.

Iycts v — HenpepniBHas ¢yHkuus B obaactd D, a C—map B D.
(C Ha npoTsxeHUH BCero 3TOro nyHkra Oyder o6osHavyaTs lwap 8 D.)
Yepes M. [v] Mbl Gynem 0603HauaTh OIHO3HAYHO ONpeleNeHHYIO Hempe-
PHIBHYIO (YHKUMIO, TapMOHUYeckyi0 BHyTpU C U paBHYI0O ¥ B OCTaMbHOM
yactu obaact D. Mbl rosopum, 4T0 (yHKUMS U cyb2apmonutecKasn
(cynepeapmonuseckasn) 8 D, ecan nas aioboro wapa C B D ¢yuk-
U U YAOBJIETBOPAET HEPaBEHCTBY

v < Mclv] (0> M [o]).

Hanpumep, m06as QyHKUMA <@, YHOBJAETBOPAIOLIAS COOTHOLIEHUIO
Aw > 0 — cy6rapMoHnyeckas, 4TO cJAeiyeT U3 TIPUHLUNE MaKCUMyMa
B § 6, m 4.

CyGrapMoHnueckue (cyneprapMoHuyeckue) ¢Qynkuud o61agalor cie-
LyIOIHMU OUYeBUJHBIMH CBOHCTBaMH. Bo-nepBrX, ¥3 TOro, uto o > 0, cie-
ayer Mg [v]1> 0 (rak xax MuHMMyM ¢yuxuun Mc[v] B C nocruraercs
Ha rpanuue C); crenopaTenbHO, ecin v > w, 10 M [v] — M. [w]=
== M [v— w] > 0. Bo-propnix, ecin ¢ynkuus ¥ cyOrapmoHuyeckas
(cyneprapMeHuueckas), TO— ¥ CyneprapMonuueckas (CyGrapMoHHueckas);
M, HaKoOHel, J00ad nuHeftHas KoMOuHALus CcyOrapMOHHYECKHX (cCymeprap-
MOHHYeCKHX) (yHKUMH ¢ HeOTpUUATENbHBIMH KO3@HIKEHTaMH TaKxke
aB/IAeTCA CyOrapMOHHYeCKOR (CymeprapMoHHuecKo#) QyHKuuel.
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Ham nonano6siTcs Takke HEKOTOphle AOMONHHTENbHHE CBOHCTBA, KO-
Topble OyAyT cHOPMYTHPOBAHB TOJLKO Juisi CYyOrapMOHHUECKUX (yHKUMH;
aHAJOTHYHLIMM CBOHCTBaMH 06/1aJdl0T M CymneprapMOHHYeCKHe (YHKLMH,
MOCKOJIbKY H3MeHeHWe 3HAKA NpeBpalliaeT CyneprapMOHHMYECKYIO (yHKUHMIO
B Cy6rapMOHUYeCKyio.

1. [lpuHuun wmakcuMyMa Ias cyOrapMmouuueckux ¢yukuu#: Ecau
v —cyb2apmonuieckas dynkyus 8 3amxnymod o6 racmu D u umeem
mouxy marcumyma siympu D, mo ©v=const; orciona cienyer, yTo
eciu  GyHKUMS ¥ cyOrapMOHHYHa B HEKOTOPOH 3aMKHyTo# 06/acTH M
HempepbiBHA B €e 3aMblKaHHH, TO U NPUHMMAeT CBOE MAKCHMaAbHOe 3Ha-
yeHHe Ha Tpanule 06JacTH.

Yro6sl A0Ka3aThb 3TO, MBI PacCMOTpuM ¢yHkuuio w = M. [v], rae
C —uap. B obaactu D ¢ ueHTpOM B Touke Makcumyma P. OGosuauuM
uepe3 V MakcuMmyM ¢yHkuun v Ha rpanuue C; mul umeeM V < v (P) L w(P).
TakuM 06pa3oM, OKa3bIBaeTCs, YTO TapMOHHYECKas B C ¢byHxuMs w
UMeeT BHYTPEHHION TOYKY MAaKCUMyMa; W3 3TOrO CieayeT (KaK Mbl MOKa-
saan B § 1, n. 3, crp. 25), uro w==const B C, Tak uT0 ¥ =w =9 (P)
Ha rpandue C. Tak Kak 3TO pacCyx/eHHe MOXHO MPOBeCTH Aas moBoro
apa MeHbLIEro pajHyca C LeHTpoM B P, TO Mbl uMeeM U= (P)
sciony B C. DTO MOKA3bIBAET, YTO MHOXECTBO TOYEK MaKCHMyMa B 06-
aactd D otkpuito. HO B CHIYy HenpepelBHOCTH U 3TO MHOXECTBO TaKKe
W 3aMKHYTO B D u, TaK Kak obnactb D cBA3Ha, OHO coBnanaer co Bceh D.
W3 3TuX paccyxkieHHR craedyeT CBOHCTBO

1. Ecau ¢hynkyun v Henpepusna u cy02apMOHULHA 8 OKpecm-
Hocmu A4060d mouxu o6aracmu, mo OHA CY02apMOHU4HA 80 8cel
o6sracmu, T. e. CyOrapMOHHYHOCTb SBJAETCH JOKAJIbHHIM CBOHCTBOM.
Yro6bl yGeauThCs B STOM, Mbl CHayala 3aMeTHM, 4TO, BHOMpas AocTa-
TOYHO Maasle wapsl C, Mb MOXeM paclpOCTPaHUTh ROKA3aTeqbCTBO
NpUHUMIA MAKCMMyMa, AaHHOe BHIie, HA (YHKUMH, KOTOpHe Cy6rapmo-
HUYHBL TOAbKO JOKaabHO. Ilycth Tenmepp C — mio6o#t wap B o6aacty;
nonoxum w == Mc [v]. Toraa ¢ynxuus v —w@ JA0KaAbHO CyOrapMOHWYHA
B C H, COrJIaCHO HAalleMy 3aMeYyaHWlo, YIOBJIETBOPAET HPHHUMNY MAKCU-
myma. Tak xak v—w@==0 na rpanuue C, 10 v<{w B C, U3 Yero
caeayer CyGrapMOHHYHOCTb (YHKIUH V.

2. Ecau vy, ¥y ..., V,— CY62apMOnutecKue PYHKYuL 8 06-
sacmu D, mo @ynwxyua v=max (v, vy ..., V,) maxoce cybeap-
MOHUYHA. 3aMeTuM, uto Ais aw6oro wapa C u3 D, cOrnacHo npeibny-
1IeMy 3aMeyaHHIo,

v, < M (vl < M [v], i=1, ..., m,
tak uro v Mc[v]
3. EC./lll dyurxuun v cy6zapmonusna 8 D. mo . Pyrxgua
w = M [v] makxce cy6eapmonuina 8 D. Tlycts C' — NpOU3BOILHBIH
map B D. Ham Hano mokasaTh, 4TO

w = Mc[v] < Mc' [@].
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Hecomuenno, aro cnpasenauso, ecau map C’ gexur aubo ueauxom B C,
6o uenukoM BHe C. TakuM o0pasoM, AOCTaTO4YHO PACCMOTpPETH CIyyaH,
korma C’ HAXOAMTCH YaCTUYHO BHYTPH, a uvactuuyHo BHe C. Ecau
P — rouka obnactu C’ — C (3amwTpuxoBaHHasd o6aactb Ha puc. 20), To
B Touke P

w=M¢[v] =0 L M¢ [v] < Mc [w],

tak kak v < w. [lpexnosoxuM Temepb, 4TO P NpHHALIEKUT Hepeceye-
wao C n C’. B sto#h obnactu ¢yrkuuu w u Mer [w] rapMoHHUHE,
a Ha rpanuue @w — Mcr [@w] < 0 B cuny

, TOJbKO YTO MOJYYEHHBIX Pe3y/bTaTOB
// ag  3alTpuxoBaHHOR obsactu. Co-
TIACHO TIPHHLUMUIY MAaKCHMyMa, 3TO He-
paBeHCTBO CNPABENJIHBO I/ TaPMOHH-
yeckux ¢QyHKuu# BO Bceff obGnacTu.
7 Kpaesas 3amaua 6ynger pelleHa
< A

=

C TMOMOLIBIO CNENHANbHBIX CyOrapMOHH-
YeCKUX M CYMeprapMOHMYeCKUX (YHK-
LHH.
Puc. 20. dyukuus v, HenpepuBHas B G-I,
HasniBaeTcsl Huocnell (sepxnel) GyHxk-
uveH, ecau oHa cyGrapmoHnyHa (cyneprapMonuyHa) B G u eciu Ha
rpanite I' oBnactu G umeem v ¢ (v >¢), rie ¢-— 3alaHHLe Trpa-
HHYHble 3HAuYeHHs. $ICHO, YTO NOCTOSHHBIE Ming@ W Max¢ HBJAAIOTCH
COOTBETCTBEHHO HHXKHeH W BepXHe# QYHKUMAMH.
CpoficTBa cyOrapMoHuyecKMX (QYHKUHMH MOXHO pDaCNpOCTPaHUTL HA
HmxHNe QyHkuuu. Mol chopMyaHpyeM CAEAYIOLLYIO JEMMY.

Jemma. ITyemos F — xaace 8cex Hudxcnux pynrxyui. Tozda

a) sce @ynxyuu kaacca F pasromepro ozpanudens. ceepxy
(sesununol max o),

6) ecau v, Uy ..., U, npuxadsexcam F, mo Pyuxyus
max (v, Uy ..., U,) makoce npurnadsexcum F,

B) ecau v npunadsrescum F u C— no60l wap 8 G, mo gyHr-
yusa M. [v] maxwce npurnadasexcum F.

3aMeTuM najiee, YTO, B CHAY NPHHLMNA MAaKCHMyMa, HM ONHA HHXHSASA
GyHKUMs HM B OLHOH Touke G He MOXeT OuiTh GoJblle HUKAKOH Bepx-
Helt yHKiUM. '

MeToA pellleHdsl KpaeBOH 3ajaul OMUPaeTcs Ha CleAyiolide coolpa-
KeHus. TIpeanosioKuM, YTO @ ecTh pelleHue. Torpa, ecin v — npous-
BOJIbHAs HWKHAS OyHkuua, To v @ Bciody B G—-4T. Iro crenyer
U3 TOTO, uTO (YHKUMA U-— @ CyOrapMonHuHa B G M HEMOMOXKHTeNbHA
Ha I, mak xak aaa cy6rapMoHuYeckux QYHKLUHMA CIpaBelnuB MPUHUMUN
Makcumyma. Kpome TOro, caMa (yHKuMS @ SBASETCS HUKHEH QyHKuuef.
[TosToMy, ecan Mbl BBedeM QyHKUWIO 4, B Kawao#t Touke G 1" pasuyio
BEPXHEH TpaHM 3HAYCHMA BCEX HUKHUX ¢yHKUMA B TO# TOYKE, TO
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w=u. Meron [leppoHa cOCTOHT B [0OKa3aTeJIbCTBE TOrO, YTO TAKHM
06pasoM omnpene/ieHHas (YHKUHA # (KOTOpas BCeTrAa CYMIECTBYeT) rapMo-
nuuHa B (G, HempephiBHA M COBNAJaeT ¢ ¢ B ,perynsapHHIX® TOUKax rpa-
Huupl (OHU OYAyT ONpeneNeHbl HHXKeE).

TeorEMA. PyHkyus u, onpederennasn 8 G-I dopmyaoi
u(P)=sup v (P),
vEF
capmorudna 8 Q.

Hokasateasbctsol). Ilycts K -—map B obractu G, a K; — KOH-
LeHTPHUECKMH IIAD TOJOBHHHOrO paiauyca. Mbl mokaxeM, uTo QyHkuus u
rapMonuyHa B K.

Brifepem noaMHoxecTBo F* MHOxecTBa F, cocrofllee M3 d)ymcuuﬁ,
pPABHOMEPHO OrpaHHYEHHBHIX CHU3Yy H oOnajaluux cBo#cTBaMu 6 U B.
(/Tw6oe moaMHOMecTBO MHOXecTBA F 06ianaeT cBoHcTBOM a.) Hampumep,
Mbl MOXEM MOCTPOMTb MOAMHOXeCTBO F*, BbIOpaB B KauecTBe HUXKHEH
rpanyu HekoTopylo ¢yHkumio v, U3 F u cocrasass max (v, v,) A1d BCex
¢yukuud v us F. flcHo, uTO

u (P)= sup v (P).
vE F*

Nanee, nyctb Q;-—miaotHas B K MOC/HELO0BATEIbHOCTL TOUEK, U MyCTb
v; ,— byuxuud us F*, Takue, uTo

Js
0<u@) — v, Q<5+ U k=12 ...

Kpome rtoro, ans Bcex Touek G +4-I' MBI mosoxum
Up =M, [Mmax (vy, 4, Uy ps -1 Up p)l

dynkuuu v, npudaanexar F* u v, -—>u BO Bcex Toukax Q;. Hrobu

NOKa3aTh, uTO (YHKUMA & rapMoHudHa B K, corjacHo TeopeMe Xap-
Haka (cM. § 2, n. 3), 1OCTaTOYHO MNOKA3aTh, YTO PYHKUUH U, CXOAATCA K 4
paBHOMepHO B K. 3aMeTuM cHauajna, YTO paBHOMEepHas# OrpaHUYEHHOCTb
a0CoMOTHBHIX BeNWYHH (YHKUMA v,, TapMOHHYHBIX BHYTpH K, BJjeder
3a cofofi, B cuny TeopeMbl Ha CTP. 274, pPaBHOMEPHYIO Or'paHHYEHHOCTb
MX TepBbIX MNpPOU3BOAHBLIX B K, M, CJeIOBATEJbHO, PABHOCTEMEHHYIO
HenpepblBHOCTb (yHkiu#i v, B K;. CoraacHo cdhopMy/aupoBaHHOH HHxKe
neMme v, —> & paBHOMepHO B K.

JIeMMA. Ecau nocaedosamenbHocms pagrocmenenno Henpepusholx
PYHKQUE, OnpedeseHHblX HA O0PARUYCHHOM MHONcecmse A, CXoO-
Oumca HQ HeKOMoOpoM NAOMHOM NOOMHOJNCecmBe u3 A, mo OHa
PABHOMEPHO CX00umcs Ha 8Cem MHOdcecmse A.

!) 970t BapuaHT 10Ka3aTeALCTBA OB mpesnoxen B. JlurTMaHoM,
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Y1o6Hnl 10Ka3aTh 3TO, HeHCTBYIOT TaK e, KaK B NOC/JAedHeH YacTh
IokasateabctBa TeopeMbl Apueaa (em. 1. I, ra. I, § 2, n. 1, cTp. 56).

TakuM 06pa3oM, MBl YCTaHOBHJH, YTO (GYHKUUS & rapMonuusa B G.
Teneps Mbl XOTHM Ha#itu yciaosus Ha rpanuny I' obaactu G, nocratou-
Hple Aas TOro, u4ToOwl ¢yHKuMs & Obuia HempepuiBHa B G-+ T u npu-
HMMaja 3alaHHble TpaHHyHble 3HayeHHs. C 3TOM LeJabl0 MH  BBeNeM
onpeneieHune 6apbepa Wy NS TOUKH Q rpanuub obractu G: Gapbepou
Ha3kBaeTCA (QyHKUMA, cyneprapmonuyeckas B G, uempepniBHas B G —-T
¥ moJoxuTeldbHad Bcioay B G-+ I, 3a uckaiouedHnem Touku Q, rae oua
obpamaercd B Hyab. 'pandunas Touka obractd G, Ajs KOTOpOH cyiie-
CTByeT TakOH Oapbep, HA3bIBAETCS pPezyALpPHOL.

3aMeTuM, YTO TpaHHYHAsd TOUKa  pery/ispHa, ecau Ajs Hee Cyile-
CTBYeT ,M0KanbHbifl Gapbep*, T. e. Qynkuus W, HenmpephiBHas B mNepe-
cevennn (G4-INS obnacty G4 T' u HekoToporo apa S ¢ ueHTpOM
B TOuke @, cymeprapMoHuuyeckas BHYTpM G()S U NONOKMUTeNbHasR
B (G4T)NS, 3a uckmodeHueM Toukn Q, rie oHa o6paliaeTcs B HyJb.
Yro6b yGenuthCs B ITOM, PAacCMOTPHM KOHUEHTpHuecKu#t ¢ S map S,
NOJOBHHHOrO panuyca; ¢ynkuua W, nocruraer 8 (G4-I)N(S—S§)
NONOXHUTeNbHbIH MUHUMYM m. [10/10KHM '

min {m, Wol 8 SN(G+TD),
”’Q:{ m B (G4+T)—S.

flcHo, 4TO QYHKUMA W@, HMeeT Bce CBOHCTBa 0Oapbepa, KpOMe, MOXKeT
6biTb, cymeprapMoHuyHOCTH. OJHAKO Jerk0 BUAETb, H4TO Wy Cynep-
rapMOHMYHA B IBYX NepeKpHBaIOWUXCcA 06JacTAX, TAK KaK OHa paBHa
nocTosHHoO# m B G — S, (rae S;— 3aMbikaHue S|) U ABASETCH MHHU-
MyMOM JBYX cymneprapmonuveckux ¢ynkuui B SN G. Takum o6pasom,
QyHKUUMA W, JOKalbHO CymeprapMonuuyeckas; u3 1’ caeayer, uto oHa
CyneprapMOHuyYecKas.

Mb ZokaxeM, 4TO 8 KadxcOol pezyasaprold mouxe Q pyHryus u
nenpepoisna & u(Q)=¢(Q). Tak kak (QYHKUUA ¢ HeNmpephiBHA, TO AJd
mo6oro & >0 MOXHO HaHTH HACTOALKO OOJBLIYI0 TNOJOXKHTENLHYIO
KOHCTAaHTY R, 4TO (PYHKUUU

v (P) = ¢ (Q) — & — kwgy (P)
V(P)=9(Q)+ e kwy(P)

ABNAIOTCA HUKHER M BepxHeH GyHkUuMeH COOTBETCTBEHHO. Tak KaK Hu-
KaKas HIKHAS QYHKLUS He MoxeT ObITb GoJblue BepXHeH (GyHKUMH, MBI
uMeeM

¢ Q) —e—kwy(P) < 8(P) K 9(Q) +e&+kwy(P)
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aas Bcex Touek P obaactn G4 T, 1. e.
|4 (P) — ¢ Q)] < e+ kwgy(P).

Korna touka P C’I‘peMWl‘Cﬂ K Q, torna wg(P)—>0; rtakum oGpasom,

- Mbl HMeeM
|2(P)— (@] < 2,

ecad Touka P pocratouno 6nuska k Q.

Yrobrl 3aBepLINTb MOCTPOEHHE peLIeHUs KPaeBOH 3a1aud, Mbl BhIBE-
AeM HeKOTOpHle YC/JOBUf, AOCTaTOWHBIE WA CYyLiecTBOBaHHA Gapbepos.
CHaya1a MBI pacCMOTPUM cayuyaf, KOrjaa 4ucjo uaMepeHu#t n Goabiue 2.
Bo Bcsxolt rpanuyHol Touke Q, ans KoTopo# cyuectByer wap S,
umeioii ¢ obaacteio G~ I' enuncTBeHHy0 O6ULYI0 TOUYKY @, Mbl MOXeM
B3Tb B KauecTBe Oapbepa rapMOHHUYECKYIO (yHKLHIO

1 1
wq(P)—_—kT:g—?m»

rae R — panuyc mapa S, a r-— pacctosHHe OT Touku P 10 uenrpa S.
flcHo, uTO 3Ta (yHKUUA YHLOBIETBOPSET BCEM YCIOBHSM.

IOng n==2 ™Mb MOXeM NOCTPOUTb Oapbep BO BCAKOH TIpPaHUYHOH
TOYKe , KOTOpas fABJAfSETCH KOHLOM IYyTH KDUBOR A, UeNUKOM, 3a
uckaloveHueM Toukd Q, nexauwed BHe G+ I, u He umelowe#t Touex
camonepeceyeHus.

Mycts C — Kpyr paguyca MeHblIero, 4yeM 1, ¢ UeHTPOM B Q, Ha-
CTONLKO Majbil, uTo ero rpaHuua mnepecexaer A. [Ipeanonoxum, uro
TOYKH KPUBOH A yHOpsnoueHH, HauuHas ¢ Q, C NMOMOIIbIO HEKOTOPOH
napaMeTpu3auuH; MycTh 2, — Neppas Touka A, aAexaiias na rpauuue C,
a A’ —uactb A, cocTosllas M3 TOueK, ,MpenmwecTsylolux‘ 2, Toraa
obaacte C — A’ oaxocessHa M PyHKuus

. | S log p
wo(P)=—Re logz —  Tlogp [P+ 02
(p, 0 — noasipHble KOOPAMHATH TOYKM P OTHOCUTEJIbHO Q) OAHO3HAYHA
8 (G4+T)NC u sBasercs TaM JNOKaJAbHbIM BGapbepoM.

Takum o6pa3oM, 3adasa [Jupuxiae npu n=2 pa3pewsura, ecau
o6aacms G o6aadaem mem c60HCMEOM, UMO KANHOAR ee 2PARULHAS
mouxka Q Asasemcsa KORUOM Oy2u Kpusod, He umenujeld camonepe-
cevenuli u, 3a ucKkawveruer mouxu Q, sexcaujed sné G-I (B uact-
HOCTH, BHYTPEHHOCTb JI060H 3aMKHYTOR KOpHAHOBOH KPHBOH AB/sieTCH
Tako# obaactbio G1l)); das n > 2 3adata 6e3ycai06HO paspeiiuma,
ecan 0as Kadxood zpanuunol mouku Q o6zacmu G cywecmsyem
wap, umenowui ¢ G-+I' moavko 00ny o6ujyino mouxy Q.

1) Cm. Hoiosmen (1), ra. VI, § 4
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§ 5. HpusederHHoe 8oaHOBOe ypaBHeHue. Paccesnue,

1. Mpeamer wn3JoXeHHsas. Mbl paccMOTpuM ,NpUBeleHHOE BOJIHOBO@
ypaBHenue“ (cM. Takxe ra. I, § 3, m. 2)

LU])=AU + w?U ==0 : 1))
¢ HeusBecTHOH ¢yHukuuelr U (X;, X, X3) (Mbl OrPAHHUMMCS CJAyuaeM Tpex
NPOCTPAHCTBEHHEIX MepeMeHHBX X). YpasHeHHe (1) siBasieTCs ypaBHeHHeM
SJUTMNITHYECKOTO THMA M ero MOXHO HM3yuaTb TaK e, KaK H ypaBHeHMe

Jlannaca. OHO noJyuyaercs H3 BOJIHOBOTO

ypaBHeHHs
Sp Au— u, =0, (2)

B ecaid Mbl IpeanoJiaraeM, 4TO BOJHA # (X, f)
ecTb NPOCTOE rapMOHHYeCcKoe koJjebaHue 1o ¢
£ YacToTo#f o, T. e.

Uy =— o,
Torpa u umeer Bun
u=V,(x)cos ot 4V, (x)sin of,
rie L[V,]=L[V,]=0. Bons dyHkuuio
U=V, 41V,

Mbl TOJIyYaeM cJelyloliee NpeicTaBleHde NS AeHCTBHTeNbHON BOJHBI &
yepe3 KOMIWIEKCHOE pellieHHe THMa ,CTOsYeH BOJHBI“:

u==Re[U(x) e~iof] = -é— (Ue=iot | Uelot),

Puc. 21.

3nech U — ofliee KoMmekcHoe pelledue ypasHenus (1). Mmb  Gynem
TaKXKe paccMaTpuBaTh Gojee ofliMe ypaBHEHUS

AU + 02U + gU =0, (1a)

Au—uy~+gu==0, (2a)
npuueM OyzeM MnpeanojaraTh, 4TO KO3(PGHIMEHT g He 3aBUCHT OT f H
obpaliaeTcds B HyJAb BHe 006JacTH R ¢ raaaxko#ft rpaHuued B, Tak 4ToO
BHe R BHNOJHAIOTCA ypaBHeHus (1) u (2) (cM. puc. 21).
YpaBHenne (1) BcTpevasoch B ToMe I Kak ypaBHeHue KoJueOaHui.
B srom maparpade paccMaTpuBaeTCs COBeplleHHO JApyroe ¢usnyeckoe
fBJeHUe, INOJYMHAKLleeCd TOMY Xe VPaBHEHHIO, a UMEHHO paccesrue
Oerywiux BOJH. MaTeMaTHueckas 3aiaua paccesHuss OyleT paccMaTpu-
BaThC B II. 3 MOCTe HEKOTOPHIX MNOArOTOBUTE/]bHBIX 3aMeyanuft B 1. 1
u 2. Ilpu uccnenosanuu GeryliuX BOJH TPUMEHEHHE KOMILIEKCHBLIX 000-
3HaueHHH fABJseTCA CYLIECTBEHHBIM, TaK Kak 3TH BOJHBI Helb3sl Mpej-
CTaBHTb C MOMOLIbIO OTAedbHEIX uieHoB Buia U coswf wum U sinof
¢ neHcTBuTenbHOH (yuxuueir U.
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Mbl BBelleM paccTOsHHE 7 ==|X — x’| MeXIy TOYKO# X U TOYKOH-
napaMeTpoM x’ U BCIOMHMM BBeleHuble B ra. Il dynnamenTanbubie

pellenua‘ (B HECKOMbKO MHHIX 0003HaYeHHAX)
ior —iwr

e
4nr

e
4nr

K(x, x)=K (r)=— K(ry=—

K cootseTcTByeT pacxonsuleiics cdepudeckolt soane, a K — cxonaqueics:

e—i(»(t-r) e—im(t+r)

’ U= ————,

4nr

U == —

4nr

MpHYeM NMOBePXHOCTH NOCTOAHHOH asbl — cdephl C UeHTPOM B X’ — nmepe-
IBUTAIOTCH C €JAUHUYHOR CKOPOCTbIO W/H BOBHE, K GeCKOHEYHOCTH, WJU
BHYTPb, 10 HAaMpaB/IEHWIO K LEHTPY.

OcHOBHOe CBOMCTBO (pyHIaMEHTaNbHBIX pellieHHH TaKoBO: s J0GOH
muddepenuupyeMot ¢yuxkuun f(x’) uHTErpabl

Juy:ffffWQKm¢vum ffffuqkomw
(dx’ =dx|dx, dx;),

B3THle [0 O6MACTH MepeMeHHBIX X', cozepixalllel TOYKY X, YIAOBJETBO-
pa0T AuddepeHMaNbHOMY Y PaBHEHHIO

L[J] = f (x).

IlokasaTe/bCTBO Takoe e, Kak B ciayuae o==0, T. e. B ciyuae
ypaBHenus Jlannaca, u MOXeT ObiTb OMyILIEHO.

[Ipu Goabwux r ¢yHaamentasbhbie pemenus K u K yLoBIETBOPAIOT
€OOTHOLUGHHAM

k=0 () [ bkl (d].

rie, Kak 06bluHO, cumsoa O (1/r?) oGosHauaeT OyHKuuio, y6bBAOLIYIO
ye Mennennee 1/r2,

Cornacio A. 3oMMepdeably, YC/IOBUS TAKOTO THNA XapAKTEPH3YIOT
u3jyuyeHHe, COOTBETCTBYIOLIee pacxoisuiefics WM cXoAsweHcs BOJHe.

2. YcaoBue usayuenus 3ommepdeaniga. Joboe KOMIIEKCHO3HAY-
Hoe peiuenne U ypasHenna (1), perynspHoe BHE HEKOTOPOH MNOBepX-
HOCTH B, MOXeT ObTb €IHHCTBEHHHM 06pasOM DPA3NOXEHO B CYMMYy

U=U,-+U,,
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rie U;— peryasipHoe pelieHde ypasHenus (1) BO BCeM NPOCTPAHCTBe,
a U, ynosnerBopsieT .yc.a08ui0 udsyienua Iommepgeasda, coomsem-
cmeyoueny pacxolaueics soane, Buial) .
2
lim [ lﬁgf}— toU,| dS,=0; 4)
p_)oor=|x—-,tf'|=p
dSp 0603HauaeT 3/eMEHT MNOBEPXHOCTH OO0/bLIOH cephl SP panuyca p
¢ UeHTpOM B ¢ukcupoBaHHO# Touke x’. dopmyna (4) 6yner obocHoBaHa
Hike. COOTBEeTCTBeHHO, eCau B ¢dopMyte (4) [ 3aMeHUTb Ha — I, TO Mbl
NOJYYHM YCJOBHE, XapaKkTepHaylollee Uu3Ay4erue, coomsemcmsynouee
cxo008uelica 8oaHe.
Jlna 10KasaTeAbCTBA Mbl PAacCMOTpuM Goabuiyio cdepy S, paamyca p
C UEeHTPOM B TOuYKe X', colepxallyld MOBEPXHOCTL B. ,U,Jm TOYEK X,
npuHaliexalux Koapuy D, Mexay B u SP pelueHue U Moxer ObiTh
NpencTaBACHO TaK XKe, Kak I‘apMOHPI'{ECKaH ¢yakuus (cM. § 1). Mo umeem

U<x>=fsf( G — K ) 48, —
P [0k a5 s
B

1 .
K=—gge® R=[x—x"|,

rae

npuueM TOuka X" mnpoGeraer COOTBETCTBEHHO NOBepxHocTH S, 1 B,
a 0/0n o603HauaeT IuddepeHUUpOBAHHE NO BHeIIHEH HOPMaJH 5 npo-
crpaHctBe x”. Bue nopepxwoctn B o06e noaunrterpaibHblie QYHKUMH
ABAAIOTCA pelteHHAMH ypasHerua (1) kak ¢yHkuun x, Tak kak K w 0K/on
YAOBNETBOPAIOT ITOMY ypaBHenuto. OueBHIHO, 4TO TaK Xe, Kak U B cay-
yae rapMoHMueckHX ¢yHkuuft, ¢ynxuua U, perynspHa BCIOLY BHYTPH S
Kpome Toro, U, He 3aBuCHT OT paauyca p, Tak Kak paccmarpusaemoe
pewenne U wn caaraemoe U, ne 3asucar or p. Ilosromy dyuxumus U,
peryasipHa BO BCeM IPOCTpPaHCTBE.

Yro6el NoKasaTh, uro ¢yHkuus U, yLOBJAETBOPSET YCIOBHIO H3Myue-
Hus 3omMmepdeabaa (4), Mbl 3aMeTHM, UTO ecaud TOYka X’ QuKcuposaHna,

Touka Xx” sewnrT Ha Bu x — x'==rn, x" — x'=dl, |9|= (=1, 10
=]x——x”[=Vr2——2rcmC—}—c"’_—_—r——c‘qC—}—O(—i—),
e (1
K= G emione’=x1 4 0 (),
0K

= —tokn Z 40 ().

) 3toT BHA yChOBHS, npennomeﬂnuu Marnycom, 6onee caabull, ueM npen-
mecTBylomas topmyaupoBka (4’); OfHaKO OH OKA3bIBAETCH JOCTATOUHBIM Jas
XapPAKTEPHCTHKH H3NYYEHHS, COOTBETCTBYIOUIEr0 PAaCXOAAMEHCS BOJHE,
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Kak u pauee, cuMoa O (f (X)) o6osnayaeT BeJHUHHY, TOPALOK KOTOPO#H
He Bhitle f(A) Ans GOABIIMX MOMOXKHUTENbHBIX A, T. €. BEJIUUUHY, MOAYb
KOTOpo# He mpesuiuaer cf (M) ¢ mekotopo#t xoucranto#t ¢. Cnenosa-
TeJbHO,

Uy=—2y 40 (%), ®)

rie ,MHOXHTeIb POPMBI*

; n_eny{ OU s ox”
‘P(”’l)—“—ffe““"ﬂx i )(—071— —+iom % U)dS
B .

— peryasipHas aHaiuTHYecKas QYHKUMA eIMHUYHOTO BekTopa 7. [lasa
0U,/0r nonyyaeTcss aHaJOTHYHOE BEIPAXKEHHE, COBNAAI0LIEe C TeM, KOTOpOoe
BO3HUKaeT npu ¢opManbHOM Auddepenuupopanun dopmyre (5) no r.
MostoMy aist U, Bhinoansetcss ycnaoBue 3oMMepdenpaa name B Gonee
cuabHOM (opMe, a8 HMEHHO

5 — lolUy= 0] (—}.‘,—)

PaBHOMEpPHO MO 7.

Yr1o6n 060cHOBaTH TOT (akT, yTo yciaosxe 3oMMepdesnbia (4) xapax-
TepuayeT M3JAyuYeHHe, HaNpaBJAeHHOe BOBHE, Mbl TMOKaXeM, 4YTO ecJH
BBITOMIHSAETCA YCIOBHe (4), TO uepes NMOBEPXHOCTL 60abIION cdepst S, npo-
XOANT MOJIOXKUTEJAbHBIA MOTOK 3HEePrHM BO BHELIHEM HarlpaBJeHHH.

Aueprus E, comepxamascs B obaact ¥ ¢ rpanuueft S B MOMeHT £,
onpenenfseTcs BbIPAXKEHHEM

=5 [ [ [@+ 2+ i+ a2)dx,ax,ax,
b4

Itpumensss ¢opmyiy ['pHa M yunTeiBas ypasHenne (2), Mbl JerKo MoOJy-

yaem
dE ou
ar = [ ugas
N

Mp Gepem B KauecTBe L KOJLUO Mexay Gosbiuo# chepod S, u euwe
Goabielt chepoht SP; TOra MHTErpan

F(t)=ffu,—3%d$
S
.

npeacraBiasdeT NOMOK JHep2ld 4epe3 TNOBEPXHOCTH SP BO BHEIIHEM
t+2n/w

HanpaBJIeHUH, a f F (t)dt =TI — noaunk NOTOK dYepes SP 3a mepuoj.
t
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1 . p—
YauTbisas, uT0 4= (Ue—iot +-Ue!®t), Ml J€rKO I10/JyYyaeM, 4TO

=3[0 s

9TOT MOTOK HEe 3aBUCHT OT p; ITO MOXKHO CPa3y YCTAHOBUTDL, NPHMEHUB

¢dopmyay Tpuna aas xonbua mexay S, u Sy x asym peuwenusm U u U
NpUBEIEeHHOTO BOJHOBOIO yDaBHEHHS.

[peanonoxuM Tenepb, uyTo ycaosue 3ommepdenpiaa (4) nad ¢QyHk-
uuu U samucaHo B Buie

f f (U,U,+ 0UU 410 U, — UU,))dS >0

SP
HIn

20 o
220+ [ [(U, P42 UP)dS >0 mpn p—>oo;
S
snecb U, oGosnauaer oU/on. Tak kax Beauuuna I' ne sasucur or p,
TO Mbl MOXeM chenaTb BHBOL, uTo I'<{O0, T. e. 3a nmepuon sHeprus

TepsieTCsl, WKW, BO BCSIKOM Clyuae, He yBequuyuBaeTcsl, 3a CueT MOTOKa
yepes Se’ HanpasJeHHOro BOBHe. TakuM oOpasoM, yciosue (4) xapaxTe-
pHu3yeT siBJeHHe U3/ydYeHus, HalpaBJIeHHOTO BOBHE.

Haxonew, Mbl noxkaxeM, uto pasdaoscerue gyuxyuu U Ha 8c100y
Pe2YASAPHOE peulerue u peuwenue, Y0084em8opawUee YCA08UIO 30M-
Mepgersoa, edurncmserno, JoCcTaTOUHO [10Ka3aTb, YTO BCIOAY peryasip-
Hoe pewenue U, yrosieTBopsiouiee YCaAoBuIO (4), TOXIECTBEHHO PaBHO

Hyaw. [Iycte U rakoe pemenne. Torma I'=0, rax xax U u U — pery-
aspHble pewenus BHyTpH S,. CirenoBaTelbHo,

ff(]Un|?+m2]U]2)dS——>0 npu  p—>00.
s
p

Torza pas 060 Touku X, Jexauwed BHYTpu cdepsl S C UEHTPOM
B x’, Mbl HMeeM

[ [wk,—ku, dsl<
N

<‘<ff(w"[2+'mb‘“)%(ff(lk’nlgﬂl-l1<|2)ds>"’uo
s, s

npu p—> 00,

U (%)=

Tak kax K u K, umeior mopsmok l/p. Caemosarennno, U (x)=0.
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3. Paccesanue. Slerenue paccesthuss MOXeT ObIThb OMHCAHO C/CLYIO-
muM obpasoM. JlaHa ,BXoasaumias“ BoJiHA, T. €. BCIOLY peryJspHoe pe-
menne U, (x)==y(x) ypaBnenna (l1). (Hanpumep, BXOIfllas BOJHA MO-
¥eT GbiTb NPOCTO IJIOCKOH BOJHOH e/® (%) yjy MyyKOM BOJIH, HOJYYEHHBIM
W3 MJOCKOH BOJHBI C MOMOLIbIO HHTETPHPOBAHMS 1O KOOPAUHATAM elH-
HUYHOTO BEKTOPa & B MpelesaX HeKOTOPOro TeseCHOro yraa.) Bxonsuias
BosHa U, monpepraercss HM3MEHEHHMIO W3-3a Haluuus HEKOTOPOTO MpernsT-
CTBUSI, TOPOXKIAIOLIEr0 paccesunyn 8oany U, u B pesyanTaTe MNOJIy-
yaercs BogHa U =U;~ U,. TlpenaTcTBHE MOXHO 3alaTh C NOMOLLBIO
OJHOTO M3 [ByX YC/AOBHH: a) HA rpaHuue B 3anaercs YcC/I0OBUE, TaKOe,
kak U =0 uau 0U/drn =0, a pelieHHe paccMaTpuBaeTCs TOJbKO Ha H
BHe B; 6) npenarcTBHe 3a4aeTCs ¢ NOMOLLBIO u/leHAa g B ypaBHeHHH (2a)
i (la), xortopei#f oOpamaercs B Hyab BHe B. B cayuae 6) peweHue
paccMaTpuBaeTcsd BO BCEM IIPOCTPAHCTBE X.

B o6oux cayuvasx pewenue U =U, U, orauuaercs OT 3aAaHHOH
flepBOHAYaNbHO BXOAdAlleR BOMHB U/ == (X), KOTOpas CUMTaeTCs W3BeCT-
HOH; nonoaHuTeNbHbH uteHn U, yuuTbiBaeT feficTBue npensiTcTBuA. Kpome
TOro, Mbl TpefyeM, uTo6bl KOMIeHcupylomwas BoaHa U, Gblaa pacxons-
uetca paccesHHOM BOJAHOH, T. e. YLOBAETBOpAJAa YCJIOBHUIO 30MMep-
¢denpna (4). Haxoxnenne U, ans sagaHHo# BXxonaswed Boauel U, =1y
eCTb MaTeMaTHueCKas 3ajaya paccesiHus.

Mbl BKpaTlle OCTAHOBUMCS Ha ee pelleHWH, OCHOBAHHOM Ha Ipel-
cTaBleHun pemenuit ypasHenu#t (1) u (la), omucanHom B m. 1.

B cayyae a) M Jd0mkHB onpelenuTb ¢yHkuuio U, BHe B ¢ mno-
MOLUBI0 TPAHWYHBIX YCJAOBHH, ecad Ha B usectHa dynxuus U, =y.

B cayuae 6) Mbl nOMKHBL Hafttu ¢yukuuio U, us ypasHenus (la).

3ajaya C€pasy CBOAMTCA K MHTerpaibHOMy ypaBHenuio $pen-
rorsMa. B cayuae a) aTo ypasHenue cBa3biBaer 3HaueHns U —=U, Ha
rpauuue B W 3HaueHus HopMaJibHO# npouaBoaHo#i U, =0U/dn Ha rpa-
Huue B. MurerpajbHoe ypaBHeHue nojayuyaercsi ud GOpPMYJbl, CrpaBelau-
BOM 1/ TOYEK X, Lexcawux Ha B,

3Us=[ [ UK, ~ KUy, as,
A |

npuvem JU6O BeJHUYHHA
U2=U——U1=U—X,
Au60 HOpMajibhas NpPOU3BOLHAS
Upp,=U,—y,
3afaetcs Ha B, a BTOpast Be/MYMHA NOMJIEKUT ONpene/eHUIO.

B cayuae 0) uHTerpanbHOe ypaBHeHue And ¢yHkuuu U, moayuaercs
HEMOCPeJCTBEHHO?

Upn)=10) — [ [ g &) K(x' —x)U)dx',
R



318 Ta. IV. Teopus notenyuara u 3AAUNTUHECKUE YPABHEHUA

KU

Up(0) =G )+ [ [[K*(x. x)Uy(x")ax,
R

rae aapo K* paBHO
KM (x, x) =g (XK (x—x),

a cBOOOLHHIt ulteH paBeH

G =20+ [ [ 1) g &) K (x—x')ds’.
R

B coorsercreuu ¢ TeopueH, uzioxenso#t B T. I, ra. IV, § 3, n. 8, sro
HHTErpajbHOE YpaBHeHHe I/ paccesHHOR BosHBI U, MOXHO CBecTH K
caeAyiolle#t BapHauUMOHHON 3alade: HaHTH SKCTpeMyM (YHKHHOHAIA
OTHOCHTE/ILHO (QYHKUMU @

1= [ [gerax'+ [ [ £(0)g(&)K (x— ) o(x)g () dx dx' —
—2 [ [g(x)g (0 dx,

WIM K SKBUBAJEHTHHIM eft 3amayaM. Takoe cBenéHue OKa3blBaeTCH
OueHb MMOJe3HbIM [PH YHCJAEHHOM peLIeHHH 3afay paccesiHus l).
Hakonel, nerko BumeTb, YTO Mbl MOPJM OBl TaKKe paccMOTpeTb 3a-
Hayy, B KaKOM-TO CMbiC/Je MHONOJHUTENbHYIO K 3ajavye paccesiHus BXO-
Isuied BOJIHBI 33 CUeT M3JY4YeHHA: NPEeANOJONKHM, 4YTO 3aJaHa CXOnd-

’ .
miasgca - Boana Ug, ymoBaerBopsiowas yciaosuo 3omMepdeabipa. Toraa
8ajaya COCTOMT B TOM, uToGb HaHTH pEryJspHYI0 PacXOAALLYIOCH

BOJIHY Uy, BOBHHKAWOLIYI0 HAa TNpPensTCTBMM R WX B pesyibTaTe Haau-
udss uneHa g. MareMaTuyeckH 3TO 03HAYaeT, 4TO HAaAO PAa3JOKHTH 3a-
nanHoe peenne U B cymmy U=’U;+ Uy, Tie OTAelbHbe CaaraeMbie
YIOBIETBOPSIOT YKA3aHHLIM YCAOBHAM. _
Tax kak 3amanHoe pemrende U ypaBHeHus (1) MOXeT OBITb Pas/OKeHO
KaXOBM H3 3THX CHNOCOG0B, TO Mbl NMPHXONUM K 3ajaue 00 ompereneHuu

!
noayyawlledcs B pe3yabTaTe paccedHus pacxoisiuedcs Boaunt Ui, ecau -
4
H3BeCTHA cXojswadca BojaHa Up.

) Muoxureap ¢opmbl ¢ (n) (cM. M. 2) MOXHO 6510 6Bl Jerko oxapakre-
PH30BaTh NIPH NOMOIUM aHAJOFHYHOI'O HHTErPANbHOrO0 ypPaBHEHHA HJM BapHaLHOH-
HOH 3ajauu.

Moxpo6rocTn 06 sTHX BapHAUHOHHBIX 3a43ayaXx W MHOTOYHMCJEHHBlE MpaK-
THYECKHE TpuAOKeHus cM. B pabotax [lBunrepa [l, 2], a Taxkxe Jlunnmana
u UIsunrepa [1].
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§ 6. Kpaesoie 3adauu 0rn Gosee OGuX INAURMULECKUX
ypasHeruli. Edurcmeenrnocms peuwerus

Xora ypasHenue Jlannaca Aw =0 THnuuHO AJIA SMTHATHYECKUX YPaB-
HeHUH, moctpoende Goxee oOiie#l TEOpUM Jaxe LM ypaBHEHHH BTOPOro
nopsaka norpe6osano Obl OOJLIIOR AONMOAHUTENbHOM PaGOTH M BHILJIO
Oul 3a mpellefbl TOW KHHCH; KPOMe TOTO, 3Ta TeOpUS ellle HE pasBUTa
MOAHOCTLI0. [l03TOMY MBI OTChLUIAEM uYMTaTeds K COOTBETCTBYIOILEH Ju-
TepaTypel), a 3jecb OrPaHHYMMCA KPATKHM H3/O0KEHHEM HEKOTOPHIX
OCHOBHBIX (DAaKTOB, OTHOCAIIMXCA K KPaeBOH 3alaue U NOCTPOEHHIO ya-
CTHHIX peweHufi, B TpeTbeM TOME MBI CHOBa PacCMOTPHM TEOPHIO JHHEH-
HBIX 3JMIMITHYECKHX 3anau ¢ Oodee ofulet TOYKH 3peHHst, B CBH3M C Ba-
PHAUMOHHBIM HCYMc/acHUEeM. Tenepb Mbl PacCMOTPHM 3aiayy O elMHCTBEH-
HOCTH: TIPH KAKMX YCJAOBHAX pelleHue KpaeBOH 3ajaun onpepejsercs
OJIHO3HAYHO?

1. Jluneiinbie nuddepennuansupie ypaBHenusa. ITycts L[u4] =0 —
3JMIANTHYECKOe NuddepedHnasbHOe ypaBHeHHe

Llu) == 2 a,ka,.k+2b,~ui—-}—cu__=_M[u]—|—cu=0, )
i, k=1 iz1

rhe U, = 0%/0x;0x,, u;==0u/dx; TlycTs KOIDOUUUEHTH a;, == a,;,

b;, ¢ — HenpepuiBHBE (YHKUHMH HePEMEHHBX X, Xy, ..., X, B Orpa-
Huyenno#t obnacth G n-mephoro npoctpanctsa R,. Ksaaparuunas

¢dopma

n

1
Z @ (X1 X0 v X,) B8,
i, k=1

NpenNosaraeTcs NOMCKHTENbHO ONpele/]eHHON OTHOCHTE/IbHO NMapaMeTpoB &
BO BCeX Toukax x obsactu (. Toraa Mbl MoxeM cOpPMYJMpOBATH Cae-
AYIOLIYI0 TeOpeMy.

TeoPEMA EAMHCTBEHHOCTU. Ecau ¢ <0, mo das ypasHenusn
n n
Llul=Mul+cu= 2 @nplix + X bu,+cu=0 (cL0) (1)
i, k=1 i=1

cyuwecmgyem He Goaee 00HO020 peuienus, umeiowezo 8 G uenpe-
pbi8Hble RPOU3BOOHBE 00 BMOPOZO NOPAOKA BKAOUUMEAHO, Henpe-
puigrno020 8 G-+T u npunumanouezo 3adannsie epanusHsie 3HAEH U

') CM. cchinku B mpuMeuaHuu K crp. 242. B yactHocTd, kHura Mupauast [11
CO/EPIHT MOAPOGHYlo K o6wupHylo Gubauorpaduio.
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Ha zpanuye o6aacmu G'). LpyruMu cioBamu, pelueHue ypasHenus (17).
paBHoe Hymo na I', ToxaectBeHHo obpamiaercs B Hysb B Q.

CHayana Mbl [OKaXeM, 4YTO eciu O08adxcOs Henpepsi8no dugge-
peHyupyeman @YHRKGUA U umeem MAKCUMYM 80 BHYmMperHel
mouxe P, mo 8 amoi mouxke M[u] 0. Omcwooda caedyem, 4mo
ecau K mony e ¢(P)<<0 u u(P)>0, mo Lu] <0 8 moure P.
(bonee cuabHylo QOpMyJIUpPOBKY MpPHHIHMIA MAaKCHAMyMa cM. B M. 4.)

IleHcTBATENbHO, ecan (YHKUMS 4 HMeeT MakCHMyM B Touke P, TO
BCe IepBble NPOM3BOAHBIE #; B 3TOM TOuYKe O0OpalAOTCS B HYJb,
a Marpulla BTOPBIX NPOU3IBOAHBIX

Uy (Py =10y
SBJIAETCS MATPHUEH HENOJNOXUTeabHOH KBalpaTHYHOH (opmel. Takum obpa-
n

soM, B Touke P cymma M[u] pasna S= D, a;b;,, T. €. Crexy mpo-

i, k=
u3BeleHus JBYX MaTpull (a;,) ¥ (b;,). OITOT clAel He MOxeT OHITb MO-
JIOWUTENbHBIM. JleHCTBUTENbHO, €CJAM Mbl OPTOTOHAJbHBIM Mpeo0pasoBa-
HHeM TpuBeleM MaTpuuy (4;,) K AMaroHaabHOMY BuLy (p;), p; > 0, a Mma-
TpHLy (b;,) TeM xe caMmbiM npeoGpa3osanueM npuseseMm k suay (B;,), To
3HayeHWe BeJUYUHB S He H3MEHUTCH U Mbl OyIeM HMeTb

n-
S=i§1pi5ii-

Tax kax Matpuua (8;,) Tak xe, xak (b;,), fBiAseTcsa MaTpuie#t HemoJo-
*KuTeapHOW KBappatuuHo# dopmul, To B; < 0 u, creposareapno, S.<0.
ITO HOKa3blBaeT Halle yTBEPKIEHHS.

[peanoJsoxuM Tenepb, 4YTO & eCTb peureHHe ypasHenus L[a]==0,
paBroe Hyaio Ha I', u uro ¢ < 0. Ilpumensas wam pesyabTaT K QyHK-
uMaAM 4 M — i, Mbl yOelMMCA, 4TO (YHKUUA & HE MOXET JOCTHraTh
B (G HM TNOJOKHTENbHOTO MAKCHMyMa, HH OTPHLATEJbHOTO MHHUMYMa,
sMecte ¢ ycaosueM #==0 Ha I' 370 NpHBOAMT K BHIBOLY, UTO # moxcoe-
cmeenno o6 pawaemcs 8 Hyas 8 G.

Cayua#t ¢ <0 MOWHO cBecTd K cayuailo ¢ < 0 ¢ nOMOIbI C/AeAyl0-
nero npuema, npenaoxenHoro IluxapoM. IToaoxum

U=z (x)v(x)

¥ noayyuM Ais QyHkuud v AuddepenunalsHoe ypaBHeHHE Bula
n n n n
z X @Ytz 2 Bi’”e‘i"”(cz—{— 2 ;3 Elbizi>=0, (2)
i, k=1 i=1 i,R=1 i=

1) Ecan ycaoBue ¢ < 0 He BHIIOJHSAETCS, TO MBI HE MOXEM, BOOGIe rosops,
PACCUUTBIBATD HAa €IMHCTBEHHOCTDb, YTO CPa3dy BHAHO, €C/H PACCMOTPETh YpaBHe-
nue Au-cu =0 B ciy4ae, KOrAa ¢ €CThb OJHO H3 MONOKHTENbHBIX COOCTBEH-
HBIX 3HAUEHHH, COOTBETCTBYIOUIHX IPAHHYHOMY ycaoBmio & = 0,
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rae @; — HekoTOpnie QYHKUMM TOYKM, HenpepbiBHbie B oGaactu G. Ecau
B KauecTBe¢ 2 Mhbl BhiOepeM QYHKUUIO

2=0C — eb¥,
TO MOJIyUYUM

n n
i§1 @Vt i%‘il Bv; 4 c'v =0, 3)
rie '
ct=c— % (@2 - byp) et

[TocKOabKY @4, >0, ME MOXeM mn0A06paTh NOCTOAHHbHE C U | TaKUM
obpasom, urobm Bcioly B' G Obuo ¢*<<O0 u z2>1. Us panee moay-
YeHHBIX pe3yJIbTaTOB BbITEKAeT, YTO ¢yHKUHA v, a CJe10BaTelIbHO, H
u = 2v, TOXIeCTBeHHO oOpamaercs B Hyab B (. DTo 3aBepuiaeT HoKa-
3aTeJbCTBO Hallelt TeopeMbl eIMHCTBEHHOCTH.

2, Heanueiinpie ypaBHeHHs, TeopeMy eIMHCTBEHHOCTH /s peLieHuf
ypaBeHus (1) MOMHO NpPHMEHHTb IPH JOKA3aTeJbCTBE eJMHCTBEHHOCTH
IS HEKOTOPHIX HesMHHeHHBIX ypaBHeHMH BTOPOro MNOPSAKA

F(xl, Xos v e ey xll’_ u, 4y, ..., unn):()’

€C/IM BHITIOJHSIOTCS CIelyIOllie YCAOBUSA: IS BCeX TOUEK Xy, Xg, +.., X,
us G u 04 8cex 3HA4Yenul OocmassHLLX apzymenmos Pyuxyuu F
ypaBHeHHe SIBASETCH SJJIMNTUYECKUM, T. €. KBalpaTHuHas ¢opma

oF
Ou,-k Ei&k
i, k=1
NOJMOKUTeNbHO onpeneneda U O0F/0u < 0. (D14 yCI0BHA MOXKHO CJlerka
ocnabuts.) Ecav 4 u v — pelieHus, COOTBETCTBYIOLIME OIHUHAKOBLIM Tpa-
HUYHBIM 3HAYEHHSM, TO Pa3HOCTb W == 4 — U YIOBJETBOPAET YPABHEHUIO

n
u; Wi+ X Fuwi + Fuw =0,
(2]

L,

U ~
F
i=1

rae ¢ o0o3HauaeT cpeaHee 3HauyeHue
1

c}:fcp(xl, cees X tu-(1 =B, tu, (1 —Ho,, ...

0
‘ eon tu,, 4 (1 —1t)v,,) dt.
OTo ypaBHeHHe LIS W MOMYYaeTCAA, eC/U BhIpaXKeHHe
F(xy ooos Xty oons 8p))—F(xy, o0 X5 v, 000y 9,,) -

NpencTaBUThL B BHIAE WHTErpasa. YpaBHenwe AAA w uMeeT Bun (17),
npuueM ¢ ==F, < 0; noITOMy Mb MOXeM CHelaTh BBHIBOA, 4T0 w =0,
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PaccMoTpuM Temepb KBas#IHHERHOe ypaBHeHue
n
\!
_; ] a;plp+d=0
L, R=

¥ TNpPeANOJIONKUM, YTO KO3dAunmeHTH a;, ¥ d ABAAOTCA (YHKUUAMH
TOJNBKO OT Xy, X9, +.., X,, U5, Uy, ..., &, (T. € He B3aBUCAT OT u).
Toraa Mbl MOXEM J[OKa3aThb eIMHCTBEHHOCTb pellUeHHss KpPaeBOH 3anauu
npu Gonee caaGHIX NPEANONOKEHHSX.

Ecau u—marxoe pewenue 3moz0 YPABHEHUS, HMO 4LO0M8eM-
cmeyrouan mampuya (a;,) 28A8emMCA ROAOHCUMERHO OnpedeseHH Ol
8ciody 8 G, mo aw6oe peuenue v 3moz20 YpasHeHus, cosnadawuee
€ u Ha 2panuye, cosnadaem ¢ u 8cody 8 (. 3aMeTHM, 4TO HET
HeoOXOIMMOCTH 3apaHee npeodnoaazams, YTO ypaBHeHHE SABAAETCA 3JIIUI-
THYECKUM A/ QYHKUAM U.

YT00bl 10Ka3aTh ITO, Mbl CHOBA MOJOKHM 4 —U == H PACCMOTPUM
TOXAECTBO

n n
R
aplul uy— 2 0, [0 v,+dlu] —d[v] =0,
ir=1 i, F=1
rZe Mbl NpUMEHseM COKpalleHHble 0603HaueHHs ‘
Qpluel=a;, (x|, Xor ooy Xy Wy, Uy ooy W)

M T. O. JTO TONKAECTBO MOXHO 3anucaTth B Bule

=
o

| ik (4] w;p+ z %1‘0& (aplul —ay v])F-du] —d|[v] - 0.

]/
1l

[TpuMenss TeopeMy O KOH@UHBIX MpUPallleHHSX KO BTOPOH CyMMe M Clle-
LyIOIieMy 3a HeH uieHy, mosaydaeM

, R=

n n
Al
2 1 g lelw, 21 aw, =0,
i=

The a;==a;[u, U] — HeKOTOpble GYHKUMH OT X, ..., X, Uys oo Uy,
Uy ..., U, Temepb, ecanm Mbl IOACTaBMM Te€ 4YacTHelE 3HAYEHHs «
M U, KOTODHE Mbl paccMaTpuBaeM, B OyHKUUM a;, (2] u a;{u, v], TO
NO/yuUM JuHEHHOe ypaBHeHHe OTHOCHTEJLHO w; 3TO ypaBHehue Oyrer
JuMNTHYeCKUM ypasuenueM Buna (17). Takum obpasoM, w=0.

3. Teopema Peaauxa ana jaHddepeHyHaNLHOTO ypaBHEHHs
Monxa — Amnepa. HaxoHnen, B xauecTBe NpuMepa HeJuHeHHOTrO ypas-
HeHUsl, He YIOBJETBOPSIOLIETO YC/AOBHAM TeOpeM MpelbiLylluero MyHKTa,
MBI PaCCMOTPUM KPAEBYIO 3a1auy 1 (HeJquHeRHOro) ypasuesus Monoca—
Amnepa

L{u] :—:E(uxxuyy—uiy)—{— Au, + QBuxy+Cuyy+D =0. (4)
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Iycrte xosdpduuuentss A, B, C, D, E — HenpepuiBHbie (yHKuUMH X
u y B ofaactu G, yLOBIETBOPAIOLIME HEPaBEHCTBY

AC—B?—DE > 0. (5)

Toraa Mbl MOXeM COPMYJIMPOBATL TeOpeMy eLHHCTBEHHOCTH !):
Cywecmeyem He Goaee 08yx pewenuii ypasuenus (4), npunu-
Maowjux odunarosse epanuinsie 3navenus na T

INokasartenbcTBO. Eciu «— pelledne ypasuenus (4), To,
cornacHo (4) u (5), Mbl HMeeM HepABEHCTBO

(Euxx+c)(Euyy+A)_(Euxy'_B)2> 0. (6)

Us dero caenyer, uro mnpoussedenne (Eu, —+C)(Eu,,~+ A) nomxmo

ObiTb GOabllle HYJs; TOITOMY HM OIMH M3 3THX IBYX MHOXHTeJelt
He JoJkeH o6pawatbcs B Hyab B (. CienopatenbHo, o6a onu au6o
BCIOAY [MOJOXHTeJIbHB, JHOO BCIOAY OTpruatedbHsl. [losroMy Hama
TeopeMa OyjleT [OKa3aHa, €CAH Mbl CyMeeM II0Ka3aTb, UTO CYILECTBYeT
He 60Jiee OLHOrO pelLIeHUs KpaeBOH 3ajaud, Aad KoToporo Bciony B G

Eu,,+C>0 (crenosarenvro, u Euy,—-A>0), )
1 He 60jiee ONHOTO pelleHUd, i KOTOPOro
Eu,,+C<O (cnenosarenvHo, u Euy —+ A < 0). (8)

JloctaTouHo paccMoTpeTh cayua#t (7).

Ecan Mbl NPENNONOKHM, UTO CYWECTBYIOT [BAa pelleHUsl 4 U U Kpae-
BOH 3ajaud, MJS KaXAOTO M3 KOTOPBIX BHIIIOJHSAETCA HepaBeHcTBo (7),
TO PasHOCTb W == 4 — ¥ NOJUKHA YJOBJETBOPATb ABYM YpaBHEHHAM

O=L[w—+v]—Lv|=E(w, w, —wiy)—{—(é‘fvxx—f-C)wyy—Jr—
+ (Evyy + A) Wiy — 2 (vay - B) wxy’
0=Lul— Lt —w]=— E('w”wyy—-fwiy)+(Eu”+C)wyy—’{—
—{—(Euyy—-{— A)w,, —2(Euy, —B)wxy,
B peayabTaTe CHOXEHUS KOTOPHIX MOJYYaeTcs ypaBHeHHe
Pw,, —2Qw,,+ Rw,, =0. )
3aecb koapduuueHTH

P = Ev, ~+ A~Eu,,+ A,
Q=Ev,, — B+ Eu,,—B,
R=Ev, ~+ C+Eu+C

1y Cum. Peannx [1].
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SBAAIOTCR HenpepblBHBIMH (yHxuusMu Touku B obaactu (. Kpazparuu-

Has dopMma
P2 —2Qn—+ Rv?

ABISETCH TOJOXHUTEJNbHO OIlIpefe/ieHHONH, Tak Kak, B cuay ¢opmya (6)
u (7), oHa COCTOMUT U3 [BYX MOJOXHTENLHO ONpENEeNeHHBIX CJIaraeMelX.
Tak e, kak B M. 1 ¥ 2, u3 pasencrsa (9) ¥ rpaHHUHOrO ycJaoBus @ ==0
Mbl Jle1aeM BBHIBOJ, YTO W TOXAECTBeHHO obpaluaercs B Hyab B (G, 10Ka-
3bIBasi TeM CaMbIM TE€OpeMYy eXMHCTBEHHOCTH.

W3 npocThiX NpUMEPOB BUIHO, YTO 8 OOujem cCAyiGe Mbl JOJIKHBI
OXUAATH CYULeCMBOBAHUA 08YX pa3auunsx pewernud. Tax, nanpu-
Mep, Kpaesas 3ajauya AJs ypaBHeHH:

—_—2 —
Uty uxy_—4
C IpaHUYHBIM ycaosuem
=0 (10)

B e[MHHUHOM Kpyre HMeET pelleHHs
u=x*+y?—1 u ov=1—x2—y2

ana nepsoro pewedus Eu,, —-C =2, ana proporo Ev, +C=—2.

C opyzoli cmoponwn, ecau pyrniyun E o6paujaemes 8 wyas 8 He-
Komopoii mouxe P o6aacmu G, mo 2panudnas 3a0a4a He Moxcem
umems 6osee 00H020 peuieHUs.

HeticTBuTenbHo, ecan B Touke P b umeeM Eu,, ~C =C(P), 10
scrony sign(Eu,,—+ C)=signC(P), tak kak Eu,, - C He Menser
sHaka B o6mactd (. IJT10 3HauMT, YTO 3HaK Bhipawenns Eu,, - C oaun
M TOT XKe IJs BceX pemrenu#t u1).

4, TpuauHMn MakCHMyMa H ero npumeHesus. Bosspawasach K Ju-
HeftHoMy ypasHenuio (1) ¢ ¢ < 0, Mb chopMyaupyeM Telepb YCHJIEHHYIO
dopMy NpHHUMIIA MaKCHUMyMa

IMpuHuun MAKCUMYMA 2). Ecau @yuxyus u ydosiremsopsen Yci0-
suro M[ul>0 u npunumaem MmaKcumasbHOe 3HA4eHUe B0 BHY-
mperHeid mouxe, mo u==const.

') Hago ormeruts, uto auddepennuanbHoe ypaBHeHHe Momnxka — Amnepa
MOXeT OBITb MONYYEHO M3 NMPOCTOH 8apuayitonnoil 3adauu. Ilpu sTOM MBI npe-
He6peraeM JOMOJHUTEAbHBIM UAeHOM Auyy - 2Buy,+ Cuyy M paccMaTpusaem
ypaBHeHHe

2
Uyyllyy — Wy, = P (X, Y).
Kak serko mpoBeputb, OHO fBAfETCH YypaBHeHueM Jifiepa aias QyHKIHOHAJA

Ju] = f f [ui“yy —2uuyu,,+ ui”xx + 61’”] dx dy.
(¢4

2) B sto#t dopmyauposke Teopema npuHamaexur Xondy [2]. 3xech aauo
clerka H3MeHeHHOe JOKa3aTeabCTBO Xomnda.
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CreoBaTeIbHO, MAKCUMYM J11060H ¢yHKuuu u, HenpepuiBHoit B G-I
¥ ynposaerBopsiiolie#t ycaosuio M[u]> 0 B G, nocruraercs Ha rpa-
vuue I'. (DTo yTBepxienue HasbiBaerTcsa cjaGoit ¢OpMOH NpHHIMNA Mak-
cuMyma.) SlcHO, 4TO MOXHO C(hOpMyaHpOBaTh aAHAJOTHUYHLIA NPUHIMI
MUHHMYMa.

TeopeMa eIMHCTBEHHOCTH M. | BHITEKAeT TaKke W3 YKa3aHHOTO HHKe
CMeICTBUA NPUHINNE MaKCHMyMa.

Caencteue. IlycTs QyHkuus « ynosaegBopser B G ypasaenuio (17);
ecan & [OCTHraeT BHYTPH OOJACTH NOZONCUMERbHOZ0 MAKCUMYMA, TO
u==const. CaenosatenbHo, ecau (yHKUWS & HeNpephIBHA B G4-T,
HenoJoXuTeabHa Ha I' w YAOBJIETBOPSET  YCJIOBHIO Llul>0 8 G,
0o 008 G

Jlia 10KasaTeibCTBA 9TOTO CJAENCTBHA npe,nnoaomnM 4TO U uMeeT
NONOKHUTEAbHbH MaKCUMyM BO BHyTpeHHe# Touke P. ITockoabky ¢yHk-
UUS 4 HENpepelBHA, TO OHAa MNOJOXHTeJbHa B HEKOTOPOH OKPECTHOCTH
TOUKH P; HO B 3TOH OKPECTHOCTH Mlu]==L[u]— cu>0, TaKk Kak
¢ <0 v, no3TOMy, B CHJY‘ NpUHLUNA MakcuMyMa, u«==const. Taxum
06pa3OM, MHOXeCTBO TOYEK, Iie NPHHUMAeTCs MaKCUMyM, OTKpHTO B G.
C 1pyro#i CTOPOHH, B CHJIy HeNpepbiBHOCTH &, OHO OJHOBPEMEHHO
samkHyTo B G M, caenoBaTesbHO, coBnafaer ¢ G. OTciona caelyer, 4To
¢yukuua a Bcioly B (G paBHa HekOTOpOH
MOJOXHUTEJNbHOR MOCTOAHHON.

Jloka3aTeqbCTBO TNPHHIMNA MaKCUMyMa
ONMpAeTCs HA CJAENYIOLLYI0 JeMMY.

JIEMMA. TIycts S—oOTKpHITHIH Wap n Py—
TOYKa Ha ero rpaduue. IIpeanojoxuM, uToO
ko3 duumenTr oneparopa M [u#] orpaHuueHbl
B S M 4TO CyllecTBYeT MOJOXHTeJbHas Mo-
CTOSIHHAst m, Takas, 4YTO HepaBEHCTBO

n n
,kzlaikitik>m21 & (11
i k= i=

BHINOJIHSETCA 18 BCeX & M AJA BCeX TO-
yek x Hu3 S. [lazee, NPEANOJOKHM, HYTO Puc. 22.
(GyHKUUS 4 OBAXIBl HENPEpHIBHO An(depen-

uupyeMa B S, HenpepsiBHa B S— P, u yIOB.IeTBOpsieT B S YCJOBHSM
M[u] >0 u u < u(P,). Toraa npousBoaHas no BHellHe# HopMamu du/dn
B Touke P, monuMaeMas KaK HWXuHuM TNpenet Buipaxenus Au/An, noso-
KUTeNbHA.

HokasarteabctBo. Ilycts S*— menpmu#t map, xacawouuiica S
B Touke P, usanyrpn (cM. puc. 22). Torma P, sBasercd eXMHCTBeHHOH

TOUKOH MaKcuMyma GYHKUMM & B saMbikanmu S* mapa S*. BosbMem
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n
2
Haya/ji0 KOOPIAUHAT B LieHTpe Wapa S* v nonoxum r2 = 2 Xi; ro obo3Havaer
i=1

paccrosHde Mexay Toukoft Py u HavanoM koopauHat. OGoanayuM uepes S’

napeceuenne S* ¢ (UKCMPOBAHHBIM WAPOM S; C LEHTPOM B Touke Py n
paguycom, MeHoluM ueM r,. [panuua S’ cocTour u3 cdepuyecKux

- /7 7
cerMentoB rpanuit S, u S* KoTopee Mh 00603HaumM uepes S u S
COOTBETCTBEHHO,
Tenepb Mbl BBeJeM BCNOM@raTelbHYIO (BYHKUHIO
hse—-ar’ ———euﬂ%
M0/10KUTENbHYI0 B S* ¥ paBHYIO HyAI0 Ha rpaHuue storo wapa. [lpu
XOCTAaTOYHO OONBLILUX & Mbl MOXeEM CAelaTb BbIpaXKeHue

n n
M[h)= e [4&2 Z QpX; X, — 2a 2 (a;+ b,.xi)]
i=1

i, k=1
NOMOXHUTEAbHEIM BHYTPU S’; ne#ictButensio, B cuay (11) dopma
o .

3 @;,x,%, CTPOTO MOMOXKHTeAbHa B S’, TaK KaK 7 CTPOro NOJOXKH-
i, k=1

’
tTeabHo. Ha S dynkuua z wMeubiue, uem u(P;), 4, clenoBaTeabHO, OHa
cTporo MeHbiue, dem # (Py). ITosToMy A1 AOCTaTOYHO MAJOTO (UKCH-
POBAaHHOTO €& (yHKLHA
v=u-}-¢ch
’
Ha S1 Menblue, ueM & (P,). PaccMoTpuM Tenepb ¢yHkuuio v B obnacth S’

Buytpu S’ mpt umeem M [v] == M [u]+eM[h] > 0. B cuny yrsepxie-
uug Ha ctp. 320 B nm. 1, maxwv pocTuraeTcs Ha rpanuue obnacta S’.

s
Ho v < u (Po) va S| n v==u < u(P,) Ha S; (3a HCKIIOUEHHEM TOUKH Py);
kpoMe Toro, u(Py)=u(P;). Takum oO6pasoM, maxv RKOCTHraeTCH
S'

B Touke P, Orcioza caenyer, 4yto B P,
' dv du

— = e —— R
dn dn + dn >0
u Tockoawky dh/dn < 0, To
du
an > 0;
JeMMa IOKasaHa.
Tenepb Jerko HOAYYUTH NPUHUMN MakcumyMa. ITycts ¢yHkums u
B G ynossiersopser ycaoBuio M [u] 2> 0. Ecan u =& const nmeer BHyTpeH-
HIOI0 TOUYKY MAaKCHMyMa, TO MOXHO HaiTu map, ueauxoM jexawuét 8 G u

T4KOH, YTO HA ero TPaHMlle JEXHT TOUKA MaKCHMyMa QYHKUHMH £, & BHYTpH
TOUEK MakCuMyMa HeT. B cuay semmbl, B 9To# Touke du/dn >0, a 3710
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NPOTUBOPEUAT TOMY (PaKTy, UTO MepBhle NMPOM3BOAHBE PyHKUUH # oOpa-
LAIOTCS B HYJb BO BHYTPeHHeH TOuYKe MaKCHMyMa.

Kak Mbl 3aMeuanu paHee, M3 NpHHLUMNAG MaKCHMyMa CJ/elyer, 4TO
moGas ¢yuxuus, ynosiersopswouias B G ycaosuwo M [4] > 0, npunu-
MaeT MaKCMMaJbHOe 3HaueHHe B rpaHuuHoff Ttouke. Ecau B G cymecrtByer
wap S, Taxko#, 4TO TOYKA MAKCHMyMa P, /eXHT Ha ero rpaHuie, U ecii
B mape S kospduuuents onepatopa M orpanuueni M yLOBIETBOPSIOT
ycaosrio (11), To 1eMMa W NPHHUUN MAKCHMYMa JAIOT CJeAyolMi noJjes-
Heilt pesyabTat: au6o u==const B G, 1060 NPOH3BOAHAA 110 BHelHeH
HopMamu du/dn B Touke P, nonowurenbHa!). Hanpumep, mna rakux
objacTelt H3 3TOrO pe3yAbTaTa CjlelyeT, uTO QyHkuud [puna aas ypas-
Henuss M{u]=0 (oHa oGpamaercs B HyJb Ha rpanuue obaactu G u
nWMeeT OCOOGEHHOCTh BO BHYTpPeHHell TOYKe) B JIOOOK TOYKe TpPaHHLLbI
yrosiaerBopseT ycaoBuwo du/dn < 0, Tak Kak 3Ta (QyHKUMA NOCTHraer
MUHUMYMa Ha TPaHHIE.

DTOT pes3yabTaT daeT HAaM TaKxke MPOCTOe A0KA3aTeNbCTBO €IMHCTBEH-
HOCTH pelueHus BTOpPOH KpaeBo# 3ajauu, uau 3anauu Hefimana, ans
ypasuenus M [u]=0, npuyeM 3TO [10Ka3aTeabCTBO JETKO pacmpocTpa-
HUTb Ha ypaBHeHus Buaa (1’). 3amauy Jyume Bcero ChHOpMynupOBaTh
caeayouim ob6pasom. Ha rpanuue I' o6ractw G, obaanaiouie#t nHempe-
PHIBHO U3MeHsIOLlecss HOPMaabio, 3ajaHa HenpepbiBHad (QYHKUMA @; Tpe-
6yercs HafiTu pewienne u ypasHenus M [u] =0, HenpepuiBHOe M oOna-
Haolliee HenpepbIBHBIMU NMepBbIMH NPou3BoAHbMU B G T, mpunumaloliee
3alaHHOe 3HayeHHe B HeKOTOpOH ¢uKcHpoBaHHON Touke P u Taxoe, yTO
ero mnpousBojHas no BHemwHed HopMaan Ha I' paBHserTca dyHkuuM ¢
C TOYHCCTHIO A0 AQAHTHBHOH MOCTOAHHOMH:

d
w=¢+C

1) Cm. Xond [1]. Hamo orMeTHTb, UTO yTBEpKJIeHHE JeMMbl U MNOCAexHEe
yTBEDHKIAEHHE OCTAIOTCA CNPABEMIMBBIMH JaXXe B TOM Clyuae, KOrLa HaHMeHbIIee
COOCTBEHHOE 3HAUCHHE MATPHUB (4;5) MOMXET 06pamaThCsi B. Hyab B TOyke P,
T. € KOM/la B TOUKe P, HapylIaeTcs 3/IMITHYHOCTH ypaBHEHMs, €Cld Hanpasie-
HHE FPaHHUBl S B TOUKe P, He ABIAETCA XapakTepHCTHUecKuM. B sTom cayuae

n
cyMMa 2 Q;pXiXp, HCTIONB3yeMasds B AOKA3aTEAbCTBE J@MMBI, TaKXe CTpOro
i, k=1

Goabllle HyJAsl B OKPECTHOCTH TOUKH Pp; CHeZOBaTeNbHO, MOXHO HPOBECTH H
OCTaNbHYI YAaCTh J0KA3aTEJAbCTBA. AHAJOFHUHbIE pe3yabTaThl CM. B pa6ote
[yuuu [1]. [Cm. rakxe pabory I'. ®ukepa (Fichera G., On a unified theory
of boundary value problems for elliptic-parabolic equations of second order,
Boundary problems in differential equations, Univ. Wisconsin Press, Madison,
1960, 97—120; pycckuii nepeBox: ¢6. ,Mamemamura, Ne 6 (1933)), a Taxme
nuka cratedr A. JI. AaekcanapoBa (AnekcanHapos A. ., Hccreposanus
o nguuuune MakcumyMa, /38. svicu. y4eOH. 3aged., MateM., Ne 5 (1958), 126—157;
Ne 3 (1939), 3—12; Ne 5 (1959), 6—32; Ne 3 (1960), 3—15; Ne 5 (1960), 16—26;
Ne 1 (1961), 3—20). — ITpun. ped.)
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YroOnl 10Ka3aTh eJMHCTBEHHOCTb, MBI JOJUKHB [0Ka3aTb, 4TO J1060€
peumenne u ypasHenus M [u]==0, ynosrerBopamouee Ha I' ycaosuio
dujdn == const =k u obpauamouieecs B HyJAb B TOUKe P, TOXIECTBEHHO
o6pamiaetca B HyJAb M, CJ€N0BaTeNbHO, R=0. Mbl npeanogoxum, 4ro
ko3¢ uumueHTl onepatopa M[u] orpanuyensl B G ¥ yAOBAETBOPSIOT
ycaouio (11) u uro B mo6o# Touke Py na I' MBI MoxeM HalTH OTKDHITBIA
map S, uequxkoM Jjexawu#t B G # TakoR, 4To TOUKAa P, HAXOLMTCA Ha
rpanuue 9Toro wapa. Ecad # ecTh pelleHHe, TO W3 TNPUHLHNA MaKCH-
MyMa cjelyeT, YTO 4 NPUHMM3eT MaKCHMaJlbHOE M MHHUMAJbHOE 3Have-
HAS B HeKOTOpbIX TOYKax rpauuusl I B cuny Hamux npeasaymux
paccyxieHdd B 3THX TOYKAX INPOH3BOAHAA du/dn COOTBETCTBEHHO MOJO-
KUTEJIbHA WKW OTPHLUATEeNbHA, €CJH # He SBJAETCH TOMXIECTBEHHOH KOH-
craitod. Ho du/dn =k, caenoparesbdo, u=const B G; kpome Toro,
& TOXIeCTBeHHO oOpaulaeTcs B HyJb, Tak Kak u=0 B P.

TpuHUKIT MAKCUMYMa MOXKHO NMPUMEHATb He TOIbKO I/ N1OKA3aTe/bCTBa
eIMHCTBEHHOCTH pellleHns & ypasaenust (17) (a, crenosaTenbHO, ¥ ypas-
Henust L [#] == f), mpuHUMAIOILEro 3alaHHbIC TPAHMYHBIE 3HAYEHHS 4 ==
Ha rpanuue I' o6nactn G, HO u s OlueHKH QYHKUMH w.

Mei yTBepxkiaeM, 4TO ecau GYHKUHA g YAOBAETBOPSIET YCJAOBHAM

—L[gl>max|f| B G

g » max |¢| wa T,
T0O
la] <&

s nokasaTeabCTBA AOCTATOYHO IMOKA3aTh, 4TO ClJYHKU.HH V=u—g u
— U —— £ HENOJOKHTEAbHbI. Ho 3710 BHITeKAaeT M3 CJ/eACTBHA NpUHLKIE
MaKCHMyMa, TdK Kak Q)YHKU.Hﬂ U YAOBJETBOPAET YCJ/AOBHIO

Liwj==L[u]— L(g)=f—L[g]>0

M TaK K4aK Ha rpaHuue v==¢ — & < 0. AHaJOTHYHO NOKa3LIBAETCH, UTO
—u—g <0 _ ‘
Tenepb Mbl TOCTPOUM TaKyld (YHKUMIO £, Npeanonaras Iis yaoG-
ctBa, uto o6aacte G JexuT B moaynpoctpaHctse X; > 0. Mwm Gyaem
CUMTATb, YTO CYLIECTBYIOT TaKHe NOJOKHTeNbHbIE MOCTOSIHHBIE m, b, 4TO
sciofy B G '
ay > m, — b <b.

TTonoxum
g = max | f| (¢5 — ) -max g,

npude x, < X B G, @ 0-— NONOKMTEAbHad [OCTOSHHAA, BHOPAHHAA
TaK, uroOsl (QYHKLUA £ YAOBJAETBOPA/JA NOCTABAEHHHIM YCJAOBUAM. SIcHO,
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uto g > max |¢|. Kpome Toro, npu docmamouro Goavuux o
— L[g]=max|f|[e*:(a;;22 b,a) — ¢ (e — e*) — ¢ max |¢| >

> max | f| (@ &®—+ bja) > max | f|.

BoiGop o 3aBHCHT TOJNBKO OT m U b.
TakuM 006pa3oM, Mbl NOJYUHIH CAedYIOWYID QNPUOPHYIO OLEHKY.
Lars pewenusn u ypasnenus (1'), yoossemsopsouezo 2panuy-
HOlM YCAOBUAM U==Q, CNPABedAUSa OUEHKQ

|u| < max || 4 max| f| (esF — 1), (12)

20e a.-- NOCMOSAHHAS, 3Q8UCAWAR MOABKO om b u m, a X —maxas

nocmosnnas, umo | x| L x 8 G.
Haxe ne mnpexnosaras, uto ¢ <0, MOXHO NOAYYHTb OLEHKY BH.a

|u] < k(max ||+ max|f]), (13)

ecin obnactk (G — JOCTATOYHO y3Kad B HEKOTOPOM HAlpaBJCHUH, HaE-
npumep x,, HJu, 6oJlee TOYHO, eCJ/H

(maxc) (e** — 1) < 1. (14)

(Torza mnocrosunas R 3aBucur or m, b, maxc u x.) [eHcrBurenanHo,
B STOM CJyuae MBl MOXeM 3alucaTh ypaBHEHUEe B Bule

Mlu}4cu=("—c)u+tf=F,
rie ¢~ =min(c, 0), ¥ NpuMeHUTb anpuopHyio oueHky (12). IToayunm
max |u| < max |o| -+ max | f] (¥ — 1) <

L max |¢| -+ (e** — 1) (max | f| 4 max |u| max ¢),
HIIK
max || + max | £ | (e —1)
l—maxc(e‘”—‘—l)

max ||

.

3amertuM, uto u3 oueHku (13) cuedyem eduncmeennocms peutenus
Kpaesol 3adaxu.

§ 7. Anpuopnuie oyenrku Illaydepa u ux npusoxiceHusn

IepBrie cucTeMaTHYECKHE MCCAEZOBAHMA KpaeBHIX 3ajau A/d HelH-
HEHHBIX 3JVIMIITHYECKUX YypaBHeHmH npuHadsexar DepHmtefiny. B ceoux
(pynnaMenTanbHEX pab0oTaX OH BHACHUJ, YTO OCHOBHBIM M, KaK NpPaBUJIO,
Haubosee TPYAHBLIM 3TanoOM IPH peLIeHHWH HeJHHEHHBX SAJIUNTHYECKUX
3aay sBJAETCA MNOJyYeHHE AOCTATOYHO CHU/bHHIX ANPUOPHLIX OLEHOK AJIA
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pewenus. llayaep [1, 2] !) noaydui HEKOTOpHIE aNmpHOpHsE OUEHKH pe-

menud  #(xy, Xg ..., X,) JAHHEHHBIX SIHNTHYECKHX YpaBHeHUH BHAA
n n
L[u;:—;—iglaikuik—f-i;biui-{—cu:f )

B orpanuyenHo#t obnactu G. IIpuMeHds 3TH OLUEHKH, OH TNPAMBIM MeTO-
AOM pewds KpaeBylo 3amadyy (mna ¢ < 0), He npuberas K NOCTPOEHHIO
(yHIaMEHTAIbHOTO DEeUIeHHS YPaBHEHHS.

Ouenxu Hlaynepa cnpaseiauBbl LI DPABHOMEPHO SJ/JMMIITHYECKUX
ypasHenu#t Buia (1) ¢ orpanuyeHHbIMH KO3(QHLKEHTAMU, YAOB/IETBOPSIO-
wuMK  ycnouio  [éabiepa, T. e. 1A% ypaBHeHu#, YIOBJETBOPAIOLIMX
caeayomuM ycaopuaM. CyllecTBYIOT Takue IOJ0XHTENbHbE MOCTOSH-
Hole m, M u a (0 <a <1), uro B obnactu G

a) s T00bIX NefCTBUTENbHBIX £, &, ..., &
BEHCTBO

n CIpaBeIuBO Hepa-

n

E lkEEk ng

6) lal. 1b:]5 e |< @G hk=1 2,..., n),

B) KOSGQUUUEHTB @;p, b;, € YyHOBIETBOPAIOT ycaoBuio [énbrepa
(em. § 1, m. 2) ¢ nokasateneM a u kosdpduuuentrom M.

Mul npusenem ouenku [laysepa Ge3 nokasaTenbcTBa (CM. CCBUIKH Ha
AWTEPATYPY B mpuMeyaHud 1) u uaaoxum Merol Llaynepa peuwenus
KpaeBOH sajaun nas ypasHenus (1). Kpome Toro, Mbl yKameM HEKOTO-
pbie NpUMeHEeHM ISTHX OLEHOK; B YACTHOCTH, MOXHO J10KasaTh, 4YTO
pewenns (1) o6nanaiT CcBOHCTBAMHM, AHAMOTMYHBIMH MHOTMM CBOMCTBAM
rapMOHHYECKUX YHKUMH.

1. Ouenkn Ulaypepa. Yrobbl npuiath cxkatylo ¢GOpMy OUEHKaM,
KOTOpble JAl0T TpaHulbl JJs [POU3BOAHBLIX . pemeHHH ypaBHenus (1),
yAOOHO BBECTH KJAACChl PYHKUUH, UMEIOIMX MPOM3BOLHBIE PA3AMUHBIX I10-
PSIKOB, M NOAXOIALIHE ,HOPMBI“, Bhipaxalolulue ,BeJHUUHY" GYHKUM
sTHX KJaaccos. Has sToR uenu Mbl ompeseanm kaacc C,, (m — HeoTpH-
LaTelbHOE LeNoe YHCA0) — KiacC GYHKUUR # (X, X5, ..., X,), UMEOLIMUX
yaCcTHEE TPOM3BOJHBIE A0 mnopsaka m, wenpepwBuwie B G - I, u xaacc
Cp1, (m — neoTpuuatenannoe nenoe yucao, 0 < a < 1) dyukuut 4 us C
TaKWX, YTO HX NPOU3BOAHBE NOpsika m yaosaersopsioT B G-+ I' ycio-
Buio ['énbaepa c mokasartede a (cM. § 1, n. 2). Kanacc C,, koTOpHI# HHOTAA
HasbiBaloT C, —9T0 Kaacc ¢yHkuuit, HenpephBHeix 8 G-I

) Bonee npoctble goxasareabctBa faaun Mupauga [1), Hyrauc, Hupeubepr
u apyrue. Armod, Hyrauc u Hupenbepr {1] moayuuau aHAJOTHYHLIE OLEHKH
peiieHuli o6mMX KpaeBBIX 3a7ay AJAA SMIMNTHYECKHX YpaBHeHudl mo06oro mo-
paaka;, cM. ocobenHo crtp. 650—663. B atoit xe pabore npusepeHa 6ubauo-

rpadus.
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O6o3Hauas qa100yI0 M3 MNPOU3BOAHBIX QYHKIUMH 4 TNOPsAKa m 4vepes
D™u, mul BBenem ,Hopmy“ B C,:

l4||,,= max |#(P)|+ max |Du(P)|+ ...+ max [D"u(P),
PEGHT PEG+T PEG+T

rie MakcHMyM GepeTcs TaKKe MO BCeM NPOM3BOIHBIM YKA43aHHOTO MO-
paika. O6o3nauyas uepes H, [D™u] naumenbmyio xoHcranty K, Takyio,
yTO BCE NPOM3BOAHbIE QYHKUMM 4 mopsika m yaosaersopswor 8 G- T
ycaosuio Ténbmepa ¢ noxasaTeneM o M kosdduuuentom K, Mbl BBeleM
8 C,,., HOpMY

”u”era = ”a“m“}—Ha[Dm“]-

Tenepb kaacchl C, ompefeneHsl ang Bcex uucen a > 0. flcwo, uro
kaacc C, sBAAETCS JHHeHHBIM KNACCOM, T. €. /11006ag KOHeuHas JuHeHHad
koMOuHauus ¢yukuui u3 C, ¢ AEHCTBUTENbHBIME KO3 UUUEHTAMH TaKKe
npuHaniexut C,. Kpome TOro, Jjerxo BHieTh, 4To HOpMa | u||, obaa-
NaeT CAelyIOLUMH CBOHCTBaMH:

e, >0 (el ,=0 TOJbKO NpH u#==0);
lleu)|,==|c|llull, ans aoO00H JeHcTBHTEIbHOH NOCTOAHHOH C;
le+v], <||e|l,+ lvll, (HepaBeHCTBO TpeyroabHuKa).

CaenosarensHo, kaacc C, MOXHO pacCMaTpHBaTb KaK JHHeHHOe mpo-
CTPAHCTBO, 3/MEMEHTaMH, HAH ,TOYKAMH®, KOTOPOTO ABJAIOTCH (YHKUHH 4,
W B KOTOPOM HOpMa || ||, onpeleaseT MeTpUKY, HIH PACCTOSHHE MEXLY
AByMs GYHKUMAMH 2 ¥ v: ||u—wv|, B 3ToM npocrpaHcTse Mbl cre-
AylowuM 006pa3oM OnpejessieM CXOAHMOCTb MOC/AeNOBATEALHOCTH (PYHK-
it {z,}:

u,—>u, um limu,=u, Torna u ToAbKO TOTAa, Koria |lu,— u|,—O0.

(CxomuMocTh Mo HOpMe ||ul,, Tle m — lel0oe YMCJIO, SKBHBAJIEHTHA
paBHoMepHOH# cxoauMoctd B G-I ¢yHkuuM 4 ¥ ee NMPOUBBOUHBLIX 10O
nopsaxka m.) $IcHO, yTO a106as CXOAAWAACA NOCAENOBATENLHOCTh {u,}
ABJAACTCA MOCJAeN0BaTeNbHOCTHI0 Kowu, T. e. o6ianaer TeM CBOHCTBOM, uTO

|ty —u,ll,—>0 npu m, n—co.

Kpome TOro, /uHeHlHOe HOpMHpOBaHHOe mnpocTpaHcTBo C, TOJHO,
1. e. B C, moBaa nocaenopaTenbHocTh Kown cxonurca. JlokasateabcTso
9TOr0 YTBEPXKACHWA MNpenocTaBaserTcd uuratemo. Taxum obpasom, C,
€CTb TMOJHOE JHHeiHOE HOPMHPOBAaHHOE NMPOCTPAHCTBO, T. €. NPOCTPaH-
crBo Banaxa !). Ilna ¢yHKuu#l, Onpelie/leHHBIX B HEKOTOPOH 3aMKHYTOH

'y Cwm., nanpumep, Bauax [1], rae usyuwaioTcs Takue MPOCTPAHCTBA, a TaKKe
Haucdopn u llsapu {1] u aonoanenwe (§ 15) k srtoil raaee [cM. Takwe Jlio-
ctrepuuk JI. A, u Co6oaes B. M., dnemMents (yHKUHOHAJILHOIO AHANM3A,
Tocrexusgat, M.—JI., 1951. — ITpum. ped.]
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nonobaacty B obaactd G, Mbl OyleM 0603Ha4aTb COOTBETCTBYIOLIUE

NPOCTPAHCTBA M HOPMBI depes Cf H o Hf.

Kpome npocrpancts C,, HaM MOHALOGATCS MPOCTPAHCTBA HENPEPHIBHO
InpdepeHUMPYEeMbBIX QYHKUMH, NPOU3BOAHBIE KOTODHIX MOIYT 3apaHee
ykasaHHBIM 06pa3oM oOpawarbcss B OGeCKOHEYHOCTb Ha rpanuue I
[lycts dp o6osHavyaer paccrosune OT Touku P B G 10 rpamuum 06-

aactu I, u nycts dp o=min(dp, dg) Ans mobo# mapb Touex P, Q.

Has mo6o# ¢yHkuun u, uenpepuiBHoR B G-I u oGuaanaoutet B G
HEMpPePHIBHLIME MPOU3BOAHLIMY 10 TOpPSAAKA 71, Mbl ONpelesmM

P 1 m m
| &llm=sup|a(P)|+supdp| D'a(P)|+ ... +supdp|D"u(P)l|
Pca PcG Pca

rge BepxHad I‘paHb. 6epe'rcsx TaKXe no BCEM HNPOU3BONHLIM YKa3aHHOTO

nopsiiKa; HOpMa |i/u\||m Moxer OviThb Oeckoneuno#. [Haa oyuxkuuft u,
NPOH3BOAHbIE KOTOPHIX NOPAAKAa M YILOBICTBOPSAIOT YCa0BHIO ['é/abaepa
c nokasateqeM a B Ji060H 3amMkHyTto#f mnonobnacty obaactd U, Mbl
TIONOHUM

A D)= sup apig LTPI=D Q)
P, QEG |P—Q]

rie BepXHsid rpaHb GepeTcss Take MO BCeM IMPOM3BOJHBIM TOpsAAKa m,
a |P-—Q| oGosnauaer paccroanse Mexay P u Q; kpoMe TOro, Ml
TIOJIO UM '

P ~

(ellmsw= 41l m—+ A, [D"u]

Mycrs C,,— kaacc ¢ynxuu# u, HenpepniBHbix B G-+-TI', obranawouiux
HeNnpepLBHEIMA NMPOU3BOAHBIMK 10 Nopsiaka m B G M TakHX, YTO HOpMa

. ~ ~
ffu),, xoueuna. Iycre C,,,— noaknacc xnacca C,, cocTosuwui w3
AN
byskuu, 1A KOTOPHIX KOHeuHa HOpMa |||l ,,4, MpH 0 < a < 1. Takum
~ NN
o6pasoM, kaaccel C, M COOTBeTCTByOIiME ,HOpMB“ || ‘||, onpenxesneHs

S
aas Bcex a > 0. Kpome Toro, Hopmmbl || ||, oGranaioT csoicTBaMu, yka-
3aHHbIMH Bhille 15 HOpM || || ., u xaace C, obpasyeT nuHe#HOe NMpPOCTpaH-

CTBO, KOTOPOE, KaK JIETKO BHIETb, NOALHO OTHOCHTENbHO HODMbI ﬁa.
TaxkuM 00pasoM, éa~6aﬂaxoao NpPOCTPAHCTBO. SICHO, 4YTO ecan yHK-
¥ 4 TPUHALIENKUT éa, TO OHa TNPRHAANeXHUT TNpocTpaHctey C, s
moboft saMkHyTo#t momobaactu G.

Tenepb Mbl MOXeM CHOPMyJIHpOBaThH ampuopHble oOueHkd. CHauana
Mbl 3aMeTUM, 4TO TpeGoBaHus THMa 6) M B), HATOXKeHHBE Ha K03(du-
LMEHTH, MOXHO B HAWIMX HOBHIX 00O3HAYeHuAX 3amucaTh KOpoye, Tak
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4yTO BMeCTO TpeboBanuit a), 6) W B) Mbl Tenepb HMeeM
n n 2
Z Qb >m 2 & 2)
i, k=1 i=1

lalla Bl llell, < 2M. 3)

OueHku OHIBAIOT ABYX THMOB: ,BHYTpeHHue“ oueHkd (B J060H B3aMKHY-
tTo#t momobaactn B obiactd () M OUEHKH ,BINIOTh 10 TpaHULE“ (BO BCel
obnactu G-+T). Mbl cooTBeTcTBeHHO OylieM CuWTaTb, YTO f NpuUHA-

aexut npocrpaHcTBy C, win C,.

BuyTPEHHHME OUEHKH. Eciu u — pewenne ypasHenus (1), BTophle
MPOU3BOLHBIE KOTOPOrO YIOBASTBOPAOT YycCaoBuio [&abaepa (¢ mokasa-
TeqeM a) B a06o# samkHyTO# nomobaactu obaactu (J, TO HOpMa

AN
|| #|lys, KOHEUHA W
NN NN

AN
[ @llaee <Kl #llo= [ £ 1la)- C))

3nech K — MOCTOSHHasg, 3aBHCAMIasd TOAbKO OT m, a, M u Iduamerpa
obaactu G. ’

Ilns BHIBOAA OUEHOK BIVIOTb A0 TpaHHUBE Mbl TpebyeM, uTobbl 00-
Aactb G W rpaHuyHble 3HaueHHA ¢ QyHkuun # ObLIH AOCTATOYHO 2.240-
Kumu. Mbl HaspiBaeM ofmacts (G riaaiko#, ecau OHa HUMeeT TJAZKYIO
TpaHuiy, T. €. €CJM MB MOXeM MOKpPhHTb I' KOHEUHbIM UHCJIOM WApOB,
TakuX, 4T0 vacTh mnoBepxHocTH I', 3akmoueHHas B KaXIOM M3 3THX
IIApOB, C TMOMOILbIO BEACAEHUS OJHOH M3 KOODAWHAT, HANpPHMED X,
MoxeT OHITb 3alaHa B Bule

o= g (X1 Xy es Hyo),

npuyeM MPeANnoNaraeTcs, 4To (YHKIUA & HMeeT BTOPbie MPOUSBOAHbIE,
yaOBJAeTBOpAOLIME ycaoBHIO [é&npjaepa ¢ mnokasaTenem ao. Kpome roro,
rpaHHYHbIE B3HAYEHHS ¢ TAKWKe MPEeANoaaraloTcs IMaiKUMH OTHOCHTE/IbHO
NOKaNbHBIX MNApaMeTpoB X;, Xy ..., X,_1» T. € H OHA JOJ/DKHBl MMETb
BTOpble NMPOU3BOAHLIE, YIOBJCTBOPAIOIIHE YCa0BHIO ['énbiaepa ¢ Mokasa-
TefeM a. Mcnoap3ys (UKCHPOBAHHOE KOHEYHOE YUCAO CHCTEM JOKaAbHbBIX
napaMeTpOB Ha TpaHHlUe U HOPM ||¢|o., B KAXIOM LIape, MOXHO oIlpe-

memuts Ana yHKumM ¢ HOpMY [l¢l[;,, XaK MakcumyM HOPM (¢,

OUEHKH BNJIOTH 10 TPAHHIBL [TycTh # — npunaanexamee kiaaccy Co, .,
peuwenue ypaBHenus (1) B raaaxo# o6nacth G ¢ TIaAKUMU TPaHHYHBIMU
3HaueHusMH ¢. Torza

lellgra <K (ll2llo= 111l llella o). (®)

rae K,— mocroaHHad, sapucilias TOAbKO OT m, @, M u obnactu G.
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BeBoa ouenox lllaynepa CAMHIKOM JJMHEH, 4TOOb €ro NPHBOIUTH
3lecb. OH OCHOBAH Ha OUEHKE BTODHIX MPOU3BOAHBIX pellisHui ypaBHEHUS
YaCTHOTO BMJA, a MMeHHO, ypaBHeHus Ilyaccona Aw == f. OnaHa u3 3THX
OLEHOK, KOTOPyI0O MHEl OGyleM NpUMEHSATb NMpPH peIleHHU KpaeBOH 3anauy,
YTBEPXKIAELT, 4TO eCAU U ecmb pewenile ypasHenus Au=—f g 06-
aacmu, 20e f npunaodsexcum C,, 0 <a <1, mo pyuxyus u 8 Kxa-
acoolt 3amMKnymoi nodo6racmu npuradaexcum Cy, . B cBow oue-
penb, yTBEpKIeHMs, Kacaiolidecs ypaBHeHus Ilyaccona, noayuaworca u3
MHTErpa/ibHLIX BblPAaXXEHHH A/ 3TUX BTOPHIX NMPOU3BOIHBIX, KOTOPHE ONpe-
neasorcst popmyao (2°) u3 § 1 w 1as MOAyYeHHs KOTOPHIX MNPUMEHSIOCH
¢GyunamentanbHOe pellleHue ypaBHeHus Jlamaaca. (B § 1, m 2 wmm
TOJIbKO 1I0Ka3anu, 4To ecaud f npuHanaexur C,, To (yHKuud &, 3ajaH-
Has ¢opmyaoft (14) ua § 1, npunaniexuT B Kax10# 3aMKHYTOH noaob/acty
npoctpaHcTBy Cj.)

ITpu pewleHHH KpaeBbIX 3aJay Mbl INPHMEHsEM TaKXe CeLyIOLLy
TeopeMy O TlapMOHWUYEeCKMX OQYHKUuAX, NpHHalIexauwyio Keasory [2].

ITycmy u— zapmonuteckass GYHKGUL, onpedeseHHas 8 24a0K0l
o6racmu G u umeowyas 2aa0rxue 2panuinse 3natenus. Tozda u
npunadrexcam npocmpancmsy C,, ..

ITpexxne ueM pemaTe KpaeBylO0 3alayy, Mbl 3aMETUM, YTO €CJH B ypa-
BHenuu (1) ¢ <70, to cnpasennusa ouenka (13) u3 § 6 u ouenxu I[llay-
nepa (4) u (5) MOXHO 3amucaTh B Bule

Tallyea <K (T4 loll), @)
el e <K (IF1+ llellsy ), (5")

rie K u K;——I’lOCTOﬂHHble, 3aBUCAUME TOJAbKO OT m, o, M u or
InameTpa objaactu G.

2, Pemenue KpaeBoil 3agauM. Meu onuiieM mMeton lllaynepa pemenus
KpaeBofi 3amauu Aas ypaBHeHus (1) ¢ ¢ <{0 u kodpduuHeHTaMH, ynO-
BIETBOPSIOIUMU YCJA0BUAM a), 6), B) wad (2) u (3). Tlpeamonsoxum cHa-
4yaja, 4YTO OrpaHuyeHHasa o6aacte G u IpaHUYHbIEe 3HAYEHHA ¢ TAAAKUE
W yro f npuHaiaexutr C,. Torna Me HMeeM CJAeAyIOLLYI0 Teopemy.

TeoreMA. Cywecmsyem eduncmgennoe peuwenue ypasuenus (1),
npunadaexcauee npocmpancmsy C,.  u npurnumaouee 2panuinse
3HQUeHUs §.

Ipu [OKa3aTenbCTBE TeOpeMbl JOCTaTOYHO pPacCMOTpeTh Cayuadt
¢==0, TaK KaK NPeArNOJOXeHUs O TNaNKOCTH OGECNeYUBAIOT CYILECTBO-

panue ¢yuxuun ¢ u3 C,, , npuHuMaiomett Ha I' rpaHnunsle 3HaueHus @.
Toraa GyHKIMA 4 — ¢ OOpAllaeTcs B HYAb HA TPAHULE W ABISETCA pe-

weHveM ypaBHeHusi L[u]= f — L[¢]. Hama uen» COCTOMT B TOM, YTOGHI
B HECKOJbKO 3TaNmoOB JOKa3aTb, 4TO oneparop L o6patiim.
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Mul 6ymeM 1js 3TOrO HPHMeHATb METOJ RpPO0O0ANCEHUA no napa-
sempy. TlocTpoMM OAHOMApaMeTPHYeCKOe CeMEHCTBO SJIHITHYECKHX
0lepaTopoB '

Liul=tLlul+ (1 —8HAu, 0LEL],

rae Ly=A u Ly=L. Msl nokaxeM, 4TO Bce onepatopnl L, # B uacT-
Hoct L,, oOpatumbi. OO6o3HauuM uyepe3 T MHOXKECTBO TeX 3HayeHu#t
napamerpa f Ha eIMHMYHOM OTpe3Ke, LA KOTOPHX omepatop L, umeer
o6paTHbIf, M AOKa}XeM, YTO MHOXeCTBO 1 COBNAlaeT CO BCEM OTPE3KOM,
TaK Kak

1) T comepxut Touky f:=0;

2) T saBAseTCd OTKPHITHIM MHOXECTBOM HAa eAMHHYHOM OTpesKe, T. €.
ans moGoro £, 3 T MoxHO Haditn Takoe e(fy) > 0, uro nwoboe -sHaye-
HUE f HA eJMHWYHOM OTpe3ke, YIOBJeTBOpSIOUEE YCAO0BHIO |t — fy] <
L &(ty), npunapnexur T;

3) T sBaseTcs 3aMKHYTHIM MHOXECTBOM.

Ecau 3t cBOMcTBA MpOBEpeHH, TO M3 HHX cpasy cJjenyer, 4ro 7T
COBNazaeT cO BceM oTpesakoM. JleficTBuTenbHO, Toria 7 dBaserca He-
MyCTHIM MHOXKECTBOM Ha OTpe3Ke, OJHOBPEMEHHO OTKPHITHIM U 3AMKHYTHIM;
C/Ie10BATEJNbHO, OHO COBNAAaeT CO BCeM OTPE3KOM.

Yr1obbl A0Ka3aThb CBOACTBO 1), Mbl IOJ/IXKHBI ZOKA3aTb, UTO CYLIECTBYeT
peuieHne ypaBHenus Au == f, nenpepmsuoe B G-I', paBuoe nymo ua I’
u npuxagiaexamee C,, .. TlpomomwuM o¢ynkuuio f Ha wap S, comep-
wawuk sHytpu G-I, rak, uro6n ¢yukuus f B S npunanae-
kana C,. B § 1, n. 2 Mbl nocrpounu B S yacTHOe pelueHue v ypas-
HeHus Aw == f, 3anannoe ¢opmyaoft (14) us § 1. Coranacio n. 1, 370
pewtenne npuHannexur C,,, B 1000H 3aMkHyTO# nosoGaacta S, B uact-
noctu B G-T. Orciona carenyer, 4ro ero 3Hauesus Ha I' raanku
(B TOM cMbicie, Kak OblIO paHee onpelelseHo B 3ToM naparpade). [lycrb
w — rapmonuyeckas ¢yskuus B obaacth G, coemagaomas ¢ v Ha I
B cuny Tteopemst Kensmora, mpusenenno# B m. 1, dynxuus w npunan-
nexur Cy,, B obaactu G. Orcoma chaelyeT, 4T0 4 == — W ABJfeTcH
HCKOMbIM pelieHHeM.

[Ipexcie ueM poKasbiBaThb CBOHCTBA 2) M 3), Mbi 3aMeTHM, 4TO B CUIY
npeanonoxeHul a), 6) M B), a Takke B CHAy TOro, 4To omeparop L,
MMeeT YKa3aHHBIH BHA, CYILECTBYIOT Takue MocTosiHHbie m,, M, u a,
yTo K03(pdHUMeHTE omepaTopa L, Takke YIOBIETBOPAIOT YCIOBUAM a),
6), B) AJas BCeX f, npuueM nocTosHHbie m, M samensiorca Ha my, M,.
U3 ouenok (5) cnrenyer cyulecTBOoBaHMe Tako#t mnocrosHHoH K,, uTO
HCKOMOe pellleHue u, ypasHenus A,[u]= f yIOBIeTBOpAeT OleHKe

lallgre <Ko ||l f 4 (6)

Tenepb Mb GyneM AokasbiBaTb cBofictBo 2). [lyctb £, — TOuka MHO-
wectsa T, a f— npousBoibHas ¢ynkuus mnpocrpauctsa C,. Mbl xotum
HaWTH pelleHHE YpaBHEHMs

Lila)=/,
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yIosieTBOpswoliee yciaoBuio 4 =10 Ha rpavune u npunapgexauiee C,, ,
ecaii f XOCTATOYHO OJMM3KO K £, DTO ypaBHeHHe MOMKHO 3anUcaThb B BHIE

Lilu)==L¢ ) — L¢[u]+ f
Lyu)=(t —t) (Au— L{u])4- f.

[Moxacrasass B mpaBylo yacTe moOyio ¢yukuuio # u3 C, . ., MBl [OJydaeM
¢ynkumo F us C,. Tak kax Touka f, NpuHAIJAeKUT MHOWecTBY T, TO
CylecTBYeT pelleHue ¥ ypaBHEHHS

Ly, [0) = (t — to) (Au — L{u])+ f=F,

yIOBJeTBOpAIOLee yC/I0BHIO ¥==0 Ha rpasuue u npuHagnexamee C,, .
Mbl MOXKEM CUHTAaTh, UTO U NOJy4YaeTCs M3 (GYHKUMH & C NOMOLILIO He-
KOTOPOro /uHEHHOro HEeONHOPOIHOro NpeoGpasoBaHUsA

v=A(a).

HJIU

C nomowbio wurepanufh  Mbl  HAaXOAWMM ,HEMOIABHXKHYI0 TOUKY“ Hallero
npeo6pa3oBanus, T. €. TaKyl0 QYHKUUIO #, uTO

u=A(u).

HecnoxHbi# MOACUeT, OCHOBaHHBI Ha mpennogoxeHusx 6) u B),
NPHBOJUT K HepPaBeHCTBY

”F”a\<.K3[ t_—tOI ”u”2+a+ ”f”a’

rie Ky— ¢duUKCHpOBaHHAsA TNOCTOAHHAA, He 3aBUCAWAA OT 4. [IpuMeHss
anpuopHyio oueHKy (6), nosydaeM

Vllg4e <KoKylt —to] [ #llos o+ Ko I f1a 7

Orciona cnenyer, uto u3 HepaBeHcTBa [lully,, << 2K, || f|l, BHITEKaer
HEPABEHCTBO :

“A (u)n')-{"a: |lvll2+a< 2K2 Hf”a’

ecan 2K,K |t — | < 1.
Kpome Toro, sameTuM, 4To eciu v, == A (4;) u Vy= A (u,), TO v;—,
SIBJISETCS PelIeHHEM ypPaBHEHUS

Li [0y — vy = (¢ — to) (A (4 — ug) — Lu; — uy]),
npuueM v, — v, =0 Ha rpanuue. [Ip#menss oueHky (7), Ml noayuaem
1
o1 — Vollara <KoKs |t —tol [0y — tyllay, <5 llth — B0 (8)

ecamn 2K K|t — ty| < 1. Torma, ecau Msl BO3bMeM 3HaueHue ! CTO/b
GnusKUM K f;, uTOOBI BHIMOAHAJOCH HepaBeHCTBO 2K,K, |t —t,|<1, 10
npeoOpasoBaHue A (u) 6yAeT nepeBOAUTb MHOXeCTBO (YHKUMH, yIoBjIe-
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TBOPSIOLIMX  YCAOBUIO || &5y, <C 2Ky || fll,» B ceb u, B Cujy HepaseH-
ctBa (8), mpeoOpa3oBanne A (4) ABaseTca CKHUMAIOLIUM.
Tenepb Mbl BO3bMeM HEKOTOPYIO HAauyaJbHYI0 (QYHKUMIO Lp) U NOJOXKHM

Uiy =A"y) (i=0,1,...)%

MOC/AeN0BaTe/NbHOCTb #(; CyZeT PAaBHOMEPHO CXOIUTbCH K HEKOTOpO#
dyuxuun u u3 C,, ., YIOBJETBOPSIIOLIEH yPaBHEHHIO

U= A(u)

Torna ¢ynkuua u« saBiseTca peumleHneM ypasHeHua L [u]==f ¢ ycno-
pieM #==0 na rpanuue. Taxkum oOpasoM, oTpesok [¢— f,|< 1/2K,K,
npuHamiexkut T H MHOXKECTBO T OTKPHITOE, v

Yrobel [10Ka3aTh CBOACTBO 3), MBI NpeANONOKUM, uTO f fBJAAETCA
npegenoM Touek {f;}, mpuwamnexatwmx T, w paccMoTpuMm moGyio ¢yHk-
unio f w3 C,. M uMeeM COOTBeTCTBYIOWIYI0 TOCAeNOBAaTeAbHOCTH {£;}
NOC/IeOBATeNbHOCTb {#(;)} pelleHHd ypaBHeHu#

Ly lup]=f;

u; npunannexat Cy,, 1 y1OBJCTBOPSIOT YCA0BUIO #;==0 Ha . TTpumensig
oteHky (6), monyuaem

lepllgre < Ko 1 f 1l

Takum 00pasoM, QYHKUMH #;, @ TaKKe WX MepBbie U BTOPbie MPOU3-
BOLHBIE, paBHOCTEeNMEeHHO HempepniBHH B G~+I. Mb MoxeM mnosTomy
BLIOpaTh MOAMNOC/eN0BATENLHOCTb, KOTOPYIO CHOBa OGO3HAuYHM uepes &),
CXONALIYIOCA K HeKOTOPOH (YHKUMM &, NpuueM MepBble M BTOphIE NPO-
W3BOAHLIE (YHKUMH #(;) CXOAATCA K COOTBETCTBYIOUIMM TNPOMBBOAHBIM
GYHKUMM # M CXOZMMOCTb PaBHOMEpPHA B MI0GOH saMkHyTOH mogobaactu G.
flcio, uro # npunaniexut C,,,, YAOBIETBOPSET ypaBHEHHUIO

L:[”] =f

u ycropnio #=0 Ha I'. Takum o6pasoM, # aBJfeTCS HCKOMBIM pele-
HueM ypasHenns L,[#]=f u Touka { npuHamiexuT MHOXecTBY T. 3TO
3aBepluaeT 10Ka3aTeJbCTBO TEOPEMBI.

[TpuMensis 5Ty TeopeMy M BHYTpPEHHHE OLEHKH, JETKO IOJAYUYHTH
pewenue ypaBHenus (1) npu Gosee cnabblX NpeANoONOKEHUAX.

TeoPEMA. Ecau ozpanuuennas o6aacme G 2aadkan, f npunad-

aexcum npocmpancmsy C,, a 2poruuHbie 3HAYEHUS ¢ HeNpepLisHss,
mo cywecmsyem edurHcmsernoe peuwenue u ypagredusn (1), npusao-

aedcauee 62+a.
Ilns nOKa3aTelbCTBA Mbl PABHOMEPHO AaNMNPOKCUMUPYEM 3alaHHble
GYHKUMM @ U f C NOMOLIbI0 TPUXAH JAdddepeHuupyeMblx GyHKuuit @,
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P
u audbeperuupyembix ¢yuxuutt f, Tak, uro Hopmm | f, |l paBHOMepHO
orpanuuenbl. CoraacHo mpelblAylled TeopeMe, CyLIeCTBYIOT pelleHus &,

ypaBHe Hu#t
Lia,)=f,

npuHannexawne C,,, W YROBJICTBOPSIOUIHE YCIOBUAM 4,==¢, Ha I.
HNpumenas HepaseHcTso (13) u3 § 6 k pasHocTam u, — u,, Mbl yGe-
KaaeMcs B TOM, H4TO (YHKUMH &, PABHOMEDHO CXOISTCS K HEKOTOPOH
HenpephBHOR ¢yHkuun «. V3 BHyTpenHux oueHox (4') Mb genaeM

AN
BBIBOI, 4TO HOPMH | #,||5,, paBHOMepHO orpaHuuenn. M3 sTtoro cae-
LYeT, YTO 4 NPUHALIEKHT NPOCTPAHCTBY 62+a M YTO TNPOU3BOIHBIE
GyHKUMM # ABASIOTCA MpeneNaMH NpPOW3BOOHBIX (yHKUMUH HeKOTOpOH
TNOANOCAEA0BATENbHOCTH &, (CXOAUMOCTh PaBHOMEDHA B 3aMKHYTHIX MOA-
obnacTax). PyHKUMA & ABAAETCS HCKOMBIM pelleHUeM.

C noMolubi0 BHYTPEHHUX OLEHOK Mbl MOMKEM TAK)KE PEeluThb KDPaeByio
3ajady B INMPOKOM KJacce Heraaakux obaacrteft. Ilycts G — orpatu-
yeHHas 00J1aCTb, KOTOPYI0 MOXHO NPEACTaBUTh Kak O0ObeAMHEHWE nocJe-
AoBaTedbHOCTN raaaxux o6aacre#t G,, mnpuueM kaxnas obaacte G,
coaepkutca B caeayiowe# obaactu G, ., u umeer rpanuuy I',.

IMpeanoaoxuM, yTo A48 Kaxao# Touku Q Ha rpavuue I' obaactu G
CylUeCTBYeT ,CH/bHEIA Gapbep®, T. e. QYHKUMS Wq, ABAKAB HENPEPHIBHO
anddepennupyemas B (G, HempepniBHas u HeorpuuateabHas B G--T,
paBHag Hy/MI0 B TOYKE Q ¥ YLOB/AETBOPAIOUIAS YCIOBHIO

Liwgl < — 1.

(B crenyiomemM nyHKTe Mbl MOCTPOWM Takhe (QYHKUHM W, 1A HEKOTO-

poro kxacca obaactedt.) Tenepb Mb cdopmynrupyeM chaenywoiyio Gosee
o0LyI0 TeopeMy.

Teopema. [lpednososcum, amo 8 ob6aacmu G ¢ mOAbKO 4mo
onucanunvimu ceodcmeanu Pyuxyus f npunadsescum C, u 4mo
¢ — Henpepusnan Ppyuxyus 8 G+ 1. Tozda cywecmeyem eduncm-

gennoe peuwenue u ypasuenun (1), npunadsexcauwee C,, u cog-
nadawouee ¢ dynxyuei ¢ na T,

NokasateabcTBO. B cuny npeasiaywe#t teopemnt B obnactu G,
CyllecTByeT peluedue #, ypasHenus L[u,]==f. cosnanaiomee ¢ v na I',.

4
ITpuMenenne oueHkn (4’) nokaswipaeT, yto HOpMBI (&, ||y, , dyHkuntt #,
B obasactax (, paBHOMepHO orpaHuuenbl. OTCIOda CHAeAyeT CYILECTBO-
BaHue cxonsuieHcs (PaBHOMEPHO BO BCSIKOH 3aMKHYTOH nomobaactu G)
NOATNOCAEIOBATEALHOCTH #,, NpU¥YeM npelebHas GyHxkuus 4 uMeer B G

P
KOHeuHylo HOpMy |lu|l,,, W ynoBieTBopsier B G ypauenuio L|u}=
Ecmu Mw onpeseaum ¢ynxumio # Ha I' Tak, uyToOb OHa coBnajana



§ 7. Anpuopneie oyenxu llaydepa 339

TaM C ¢, TO HAM OCTaHETCA TOAbKO [OKa3aTb, YTO (yHKUWS 4 Hempe-
pusHa B G+ I

Ina storo BosbMeM TOYKY Q Ha I' 4 coOTBEeTCTBYOLIMK CUAbHEIR
6apbep wqy. U3 cpoicTs wy caeayeT, uTo Ans modoro € >0 cyute-

CTByeT TaKasd KOHCTaHTa R, 4TO

l¢—e@Q|<Le+kwy B G+D.
Ecan Mb nosoxum
W=€+k1wQ,
rae k,=max(k, sup|f—c9(Q)]). 1O
le—o@|<W 8 G4

Hanee, 3aMeTuM, uTO
LiW]=ce + kL{wgl < —sup|f —ce(Q)],

TaKk Kak ¢ L0 n Llwg] < — 1.
Us cnocoba moctpoenus ¢yuxunu W caenyer, uto

WL u,—e@)>0 a I,

LIWE(@—e@N=LIWIZ(f—c@)<08 G,

[Tpumenas npuHuun makcumyma k dydxnuam W L (2, — ¢(Q)), M Mo-
KeM clesaTb BHIBOA, 4TO

U, nepexond K npeneay, nojgydaem
la —o@I W B G

Ho 8 cuny uenpepuiBHOCTH @, Mbl uMeeM W < 2e B HexoTopoRt okpecT-
HocTH TOuku Q; Takum o6pasoM, ¢yHkuus & HenpepniBna B Q. Tax
KaK @Q — NpOM3BOJIbHAA TOYKA TPAHMUB, TO (YHKUMA & HenpepuiBHa
B G-I u Teopema nokasaHa.

3. CuabHbie Gapbepbl H HX npuaoxeHHd., Yrobw 3asepmnth pac-
CMOTpPEHHE KpaeBOH 3alayd, Mbl YKaweM, KaK MOCTPOHTb CUJbHbIH
Gapbep wWq Wi TeX TPAHKUHLIX TOYEK Q. xoropnie 00/a1310T CJaenylo-
LIAM CBOHCTBOM: CylIeCTBYer 3aMKHYTHI# Imap SQ. TaKo#, 4to ero mepe-
ceuenne ¢ G+ I' cocrour us emuHctBeHno# Ttouku Q. Ilycte R — pa-
auyc chepn S, a r — paccTosHue O UeHTPa cdepn Sg, KOTOPHH M
npuHMMaeM 3a Havano koopauxar. Onepatop L samaerca gopmyaoft (1)
W TPENNOJaraerTcs paBHOMEPHO SJIIMNTHYECKHUM, T. €. YIOBJETBOPAIOIMM
ycaoBuaM a) u 0); KpOMe TOTO. € CUMTAETCS HEMOIOXUTEAbHbLIM.

Tonoxum

'wQ=k1(R—p—"‘p)’
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‘THe R M p-—TNOJOXUTeNbHblE MOCTOAHHBEIE. ICHO, YTO dyHKuUMS W, He-
orpuunatesbia B G -4 I' u obOpawmaercs B Hyab Todbko B Touke Q. He-
NOCPEACTBEHHBI NMOACYET HaET

L{wg)==kpr-r-* [—(P+2) 2 laijxixj+r2 gl (aii+bixi)] -+

ij= ,
+ cwy L kypr—r-? ['— (P+2)m—+ iz_;’l(aii +bix1)] )

B CuaAy CBOHCTBA a) U HepaBeHcTBa ¢ < 0. Ecam Temeph Mbl BhiGepeM p,
a 3aTeM k,, JOCTaTO4YHO 6O/AbIIYMH, TO MH OYAEM HMEThb

Llwgl < — 1.

TaxuM oOpasom, ecin £, u p BHOpaHH COOTBETCTBYIOUIUM 00pa3oM (rpu
9TOM OHH 3aBUCAT TOJBKO OT R, m, M u obaactu G), To QyHKuus w,
MMEeT BCE CBOHCTBA CHMJBHOTO Gapbepa.

3ametuM!), uTO C MOMOLIBIO CHIbHBIX GapbepOB Mbl MOXEM paclpo-
cTpanuTh Mertod [leppona (cm. § 4, n. 5) nas pelienus ypasHenus Jlan-
jJaca Ha peureHue 3alayd Jupuxmae aaa o6lero OLHOPOAHOTO 3/IUITH-
yecKoro ypaenenust suga (1) us § 6, a umenHo

N n n
L[u]='§1aikuik+zlbiui+ cu =0, ¢ L0
i, k= [=

npu stoM Tpefyerca, uyroOnl 3aZaya Obla paspemiuMa B MajaoM, T. e.
4TOOBl AJ8 AOCTaTOYHO MAbIX WAPOB CYUIECTBOBANO pellieHHe € IPOH3-
BOMbHBIMM HENPEPLIBHBIMU TPAHHUYHBIME JAHHBIMH. B 3TOM clyyae MOxHO
MIETKO MOCTPOUTH QYHKUMHM, AHATOTHYHblE CyOrapMOHHYecCKMM (Cymeprap-
MonuueckuM). HenpeprisHas ¢yHkuua 4 HasbiBaeTcs 00600eHHO# cy6rap-
MOHUYECKOH (CymeprapMoHuyeckolt) dyHkuue#t, ecau mjas 1060oro mocra-
TouHO Manoro mapa C us obnactn G, u < (>) M. [u]. 3aecy ¢pyHkuus
M [u] pasna u BHe C, a B C sBasercs pewieHneM ypasHenus (1’) us
* § 6, copnanaouum ¢ # Ha rpanuue C. Csoficta 1), 2), 3), pokasaH-
Hele B § 6, m. 4 naa cy6rapMOHHYeCKUX BYHKIUH, JETKO PACIpOCTPAHUTD
Ha 0000lieHHble CyOrapMoHuYeCKue (PyHKIMM C MOMOLUBI0 MPUHIMIA MaK-
cuMyMa A1 ypasrenus (17) us § 6; ynoGHas ana atoft ueam dopma
npuHUMNA MakcuMyMa dawa B § 6, m. 4.

Eciau Mbl XOTUM HaiTh peluenue # ypasHenus (17) u3s § 6 ¢ sanmau-
HBIMH TPAHHYHBIMU 3HAYEHUSAMH @, TO MEI ONpelelseM COOTBETCTBYIOLIHE
o6o0LieHHbE HUXKHME (BepXHue) (YHKUMH KaK Takue 0600lieHHBlE Cy6-

) Jto 3ameuanwe npunamaexur I1. Jlakcy. Cum. rakxe Tayry {1], Bekkendax
v [xekcon [1}. Cumono [l] mnpumeHsn TaxkxKe HEKOTOPYIH MOZUbUKALHIO
merona IleppoHa k pemleHuio HeNMHEHHBIX SMMMOTHYECKHX YpaBHEHUHl BTOPOro
nopsika B MPEANONOXKEHHH, YTO PELIeHHE C 3aJaHHBIMH HENPEPHIBHBIMH TPaHUY-
HBIMH YCAOBHAMH MOXHO Ha#TH A8 Mainix obaacteid.
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rapMoHuueckue (Cynmeprapmodnueckue) GYHKUHH, KOTOpLe He O6oJblue
(ue MeHblie) ¢ Ha rpanuue. Kak u B ciyuae ypasHeHus Jlamiaaca, ucko-
MOe peIleHHe ¥ PABHO TOTJa BepXHel TIpaHH BCeX HHXHUX (YHKLMH.
Yro6bl MOKa3aTh, 4YTO 3Ta BEPXHAA IpaHb ABAAETCA pELIEHUEM YypaBHe-
v (17) w3 § 6, Mbl LI pelleHHs, ONpeleleHHOrO B INape, LOMKHbI
NOJYYHTb OUEHKH TNPOU3BOAHLIX B MeHbIEM KOHIEHTPHUECKOM Iuape,
Takue, 4ToOhl OleHKa 3aBMCeNa TOJbKO OT M2KCUMyMa MOJYJfl pelieHus
H OT TOr0, KaKue MMEHHO IIapH paccMaTpHBaloTcs. MBI HOJMIKHBL TaKxke
I0Ka3aTh, YTO [Ipele/l PABHOMEPHO CXOAAIUXCA pelueHu#t ypasHeuus (17)
u3 § 6 Toxe sBaserca pewenueM (cM. § 4, n. 5). las ypaBHeHuft,
K03 ¢uUMeHTH KOTOPHIX YIOBJAETBOPAIOT yCJoBUIO I'€ablepa, 3TO yTBep-
KAeH¥e ChaelyeT M3 BHyTpeHHHX oueHok Lllayzepa. HYTob6n nokasaTs,
YyTO0 Ha TrpaHdue QYHKUMA 4 COBMajaeT C ¢, MHl MNPUMEHHM CHJIbHBIE
Gapbepsl 1).

CunbHbie 6apbephl MOXHO HCNO/Ib3OBATL TAKME MIA TOTO, 4TOOH B rpa-
HHYHBIX TOYKAX OLEHUTb TNepBble NPOU3BOAHLIE pelleHudl ypasHenus (1),
00paIaiouxcs B HyJAb Ha IPaHHULE.

Jlemma. TlycTb # gBifeTca pelieHHeM ypaBHeHus
Liu)=f, ¢ L0, (1)

rAe onepatop L MpennonaraeTcs paBHOMEPHO S/UIMIITHYECKUM, T. €. YIO-
BeTBOpsIOWNM ycaoBuaM a) u 6). [Ipeanonoxum, 4To peuleHde £ H
ero mnepBbie Npou3BoLHHE HenpepbiBHbl B G +TI' m uro # o6paulaercs
B nyab Ha I'. TIycte oGmacTs G orpaHuyeHa, HMeeT HAa IDaHUIle Hempe-
PHIBHO M3MEHSIOLIYIOCH KacaTeJbHYI0 MJIOCKOCTb M 0061ajaer CAenylomHM
CBOHCTBOM: CYUIECTBYeT TaKas MNOJOKHUTEAbHAA MOCTOSHHas R, uTO AJs
moGo# ToukH Q Ha rpanuue I' MoxkHo HafiTy wap paAuyca R, mepece-
yenue KorToporo ¢ obaacteio G—TI' cocronr u3 oaHo#t ToJabKO TOukHM Q.
Torza B n1060#f TOYKe TrpaHULb

l"&% Lhkysup |f] (=1, 2,..., n), 9

rae R, — MOCTOSAHHASA, 3aBHCAILAA TOJbKO OT m, M u G.
2

JNokasarTenbcTBO. [lycTh Q -~ NPOMSBOJNbLHAA TOYKA TPAHULHL.
Tak kaxk # obpaiuaercd B HyJAb Ha rpanuue I' u

ou ou
‘m<|7ﬁ'

) 3aMeTuM, 4TO paccMaTpuBaeMoe oOblnee JJAUNTHYECKOE YPaBHEHHWE BTO-
poro Mopsika u ypasHeHHe Jlamnaca uMEIOT OXHW M Te e PeryJspHHe IpaHHY-
upie Touku. Cm. Oneitunx O. A, O sagaue Jupuxie 44s ypaBHGHHH 9JHI-
THUeCKOro Tuna, Mames. ¢6. 24 (66), (1949), 3—14, a Takke Mupanga [1]. —
ITpus. péd.
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TO AOCTATOYHO B TOUKe Q OLEHHTb MPOU3BOLHYI0 NO BHYTpeHHEH HOp-
Maau Ou/dn. TlycTh wg — MOCTPOEHHBIA Bhile CHALHLIA Gapbep. Hs no-
CTPOEHHs (YHKIMH W, ACHO, 4TO B TOuKe Q
owg
on

<k

C HEKOTOpOH MOCTOSHHOR R,, 3aBucAwe# Tombko oTr m, M u G n e
saBucamed ot BoOopa rpaHuuHoft ToukM Q. [lomoxum v==w,sup |f|;
ICHO, YTO

Liv £ 41 KL0.

Tak kak & o6pawaercs B Hy/Ab Ha TpaHulle, TO, MPUMEHAS MPUHLMM
MakcuMyMa K QyHxuuaM ¥ t 4, MbH Haxonu, uyto B obaacte G

lel < 0.

OGe ¢yHKUMM # M U paBHEl HYJAI0 B Q, W, CJeNOBaTeNbHO, B ITOH
TOUKE
ou ov

o | <| 5 | < fasup 1.

OTKyJa HENOCPeICTBEHHO CJelyeT HepaBeHCTBO (9).

4. Hexortopbie cBoiicTBa pewewnii ypasueunsn L [u]=F. Mun 6y-
IeM 3lech TNpPEeANoJaratb, 4To OYHKUMS f OpuHamiexut kaaccy C, u
yTo B 064acTH G BHLIMOAHSIOTCH ycaoBus a), 0), B), CHOPMYJAHPOBAHHbIE
B Hayaje 3TOro maparpada. [las Toro uToObl GblAM CNpaBeLIvBbl JIOOHE
yTBEPHKIEHNs, Kacawolnecs peleHudl B 3aMKHYTEX nopobnactax G, e xe
caMble TPeGOBaHUS JOMKHBI BLIMOJHATECA TOJMLKO B JMI000H 3aMKHYTOH
oRo6aacTH.

CHayanma Mbl MOJYyudM CJedylollee CBORCTBO: ecau u ecmd 08adcdbl
Henpepbisno duleperyupyenoe peuesue ypasrenusa (1). mo smo-
pbie npou3sodnsie 3moz0 peuenus yoosaremsopsiom ycaosuio [éap-
depa 8 410604 3amknymol nodo6aacmu G.

JOCTaTOUHO YCTaHOBMTb 3TOT akT Ans MWapos, Jaexamux B G.
B samkuytoM wmape S, aexauteMm B (G, Ml 3amuweM ypasaenue (1)
B BHIe

n n

G
2[ at;;+ X b= f —cu.
l,]:l i=1

CoranacHo TeopeMe, A0kasaHHOR Ha cTp. 338, B S cyutecTsyer pelieHue v
ypaBHeHHUS

n n

\J \l

> a0+ N b, = f — cu,
{, j=1 i=1

coBmajaoulee ¢ & Ha rpanume. Kpome TOro. BTOphie MPOUSBOAHBIE QYHK-
UMM U YAOBAETBOPAWT yc/0BuI0 [éablepa ¢ mokasare/neM o B HEKOTOPOM
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MeHblIeM KOHLEHTpUYeCKOM wape. Ho peueHde ¥ 3TOro  ypaBHEHHs
eIMHCTBEHHO; C/IeJl0BATENLHO, 4 ==v, W BTOpbIC NPOU3BONHLIE # yLOB-
neTBopsioT ycaoBuio Ténpaepa. Haunnas ¢ sToro mecra, mMnl GyieM mpel-
nosaraTh, 4To Bce pelleHus oO.aanaioT atum cBolicTBOM. [lpuMensas BHyT-
PEHHIO OLEHKY (4). Mbl CpPa3y MOJYyYaeM aHaor TEOPEMbl O KOMNAKTHOCTH
- aJa rapMoHnueckux ¢yunkunf (§ 2, m. 3).

Jw60e pasHoMepHO OZPARUYEHHOE MHONCECMBO peulenud ypas-
nenus (1) 8 G codepircum nodnoc.red08amesbHOCMb, PABHOMEPHO
cxodawyoca 8 #0604 3amknymol nodobracmu B o6racmu G.

KpoMe TOro, npedes pasHomepro cxodauweiics nocaedosamens-
nocmu pewenull ypasnenus (1) cam sasrsemcsa peuieruen.

Mbl MOXeM CcHenaTb ellie HEeKOTOpble BLIBOIB OTHOCHTENbHO pelleHui
ypaseHus (17). B 9ToM cayuae cmpaBeanuBa BHyTpeHHsAs ouenka (4')
¥, CIefOBaTebHO, MH HMeeM TeopeMy, aHalOTuYHYK TeopeMe Beftep-
wTpacca O CXOAWMOCTH JUIs TapMOHWuecKuX oyukuu# (cm. § 2, m. 3).

Mocaedosameasrocms peutenud u, ypasuenusn (17), nenpepoigrorx
8 3amvikarnuu o6aacmu G, ¢ PABHOMEDHO CXOOAUUMUCA 2pAHUYL-
HolMIL 3HAYEHUAMU ¢, DPABHOMEPHO CXO00UMCA K HEeKOMOpOMY
PeUlerui0o 3Mmoz20 YPABHEHUS U, NPUHUMAIOUEMY 2PAHUYHbE 3HAYe-
rus ¢=limeg,.

DTOT pesyabTaT MNOJYYAeTCH, ec/¥ NMPHMEHHTb OUEHKY (4') K pasHO-
CTAM U, — U,

7~ ' ’
[0 = #m by < Ko @1 —¢nfy = O

BuyTpenHiol0 oueHky (4) MOXHO TaK¥e WUCMOJb30BATH NpPH 06OOIEHNH
OLHOTO U3 OCHOBHBIX CBOHCTB FrapMOHHUeCKMX (QYHKUMH HA pelleHus
ypasrenus (1). Jlw6oe pewenue ypaguenusn (1) 6ecxoneuno dugdbghe-
penyupyemo, ecau Pynxyus f u Kosghpuyuenmor ypasuenus Gec-
KoHewno Ougpdepenyupyens. Y3 anamntuunoctu QyHxkuuu f u xoad-
GUUYEHTOB CJIeAyeT aHAMUTUUHOCTb MIOGOrO pellieHHs; ONHAKO Mbl 37eCh
He OyneM 3TO JOKasbiBaTb (CM. CCHUIKM B cielylouieM naparpade).

Mbl nokaxem Teopemy o AupdepeHuupyeMoctd B caeayiolie#t TouHo#
dopme 1).

Ecau yuxyua f u xosuyuenms. ypasHenus npunaosexcam
kaaccy C,. .. 20e m — neompuyamessnoe yeaoe wucro, 0 <a <1,
mo 8 4060i 3amKrymol nodobaacmu B awb6oe 08axncdv dugdgepen-
qupyemoe peulerue NPUHAOAEHCUM KAACCY CE ora

HOas cayuyas m==0 po0xa3ateibCcTBO Yyxe On10o nmano. Cefiuac Mul
MpoBeleM J0KasaTebCTBO A1 m==1 (@11 m > 1 BCce paccyxneHus
MOXKHO HOpocTo mnosroputh). [lycts B’ u B” — 3aMkHyThe nonobaactu

) Cum. Xond [4], rae naHO nOKa3aTeNbCTBO TeOpeMul O fuddepeHpyeMocTH
(a Takxe 06 aHANMTUYHOCTH pelIeHUH aHAJAMTHUYECKOrO YPaBHEHHA), B KOTOPOM
HE WCMOJAb?0BAHA TEOPHA CYIIECTBOBaHUSA peleHuil KpaeBOH 3afaun aas ciayyas
m=0. CM. Takxke npuioxeHue 5 B pabore: ArmoH, Ayrauc, Hupeubepr |1].
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obnactu G, Takde, YyTO OHH coJepxkaT BHYTpH cebs monobaacth B u B’
COOTBETCTBEHHO. [IycTb 4HMCAO /g > 0 Tak Mano, yto maa k< hy u ans
BCex Touek P:i(x,, ..., X,) obnactu B’ Touku P,:(x, k. x5, ..., X,)
aAexar 8 B”. Mubl BoiuTeM u3 ypasHenus (1), HaHHCaHHOI‘O s Touku P,
TO XKe caMoe ypaBHeHue, HAMHCaHHOE AA TOUKH P,, U pasdieanM pa3-
HOCTb Ha A. BBeleM N1 KOHEYHO-Pa3HOCTHHIX OTHOLUEHHH npu (UKCH-
POBaHHOM A cienylomue 0603HaueHHS:

P @PY)—u(P)).  aly= (3, (P) —a,(P)),

=45 OP)—0,(P)), =1 (P)—cP))
fr=at G PY=FP)),

a4 uepes L* o6oanauum oneparop, Ko3(OUUUEHTaMH KOTOPOTO SABJAIOTCA
KOHEYHO-DA3HOCTHBIE OTHOIIEHHA a5l KO3(QULHEHTOB MCXOLHOIO omnepa-
topa L. Torga Mb MoxeM 3amucaTh MOJYYEHHOE B pe3yibTaTe 3ITHX
onepauuil ypasHeHue B BHIE

L1d" (P) = — " [u (P )1+ fP=F,. (10)

Tak kak f v KospuuuenTH ypapHenus npunamexar C,,,, HX KOHEYHO-
Pa3HOCTHBIE OTHOIIEHMS MOXHO 3amucaTh B BHAE HHTETPajoOB, Hampumep,

1
J
ho— of T @n Py At

tae P, —Toukd ¢ koopauHataMu (x,—th, Xy, ..., X,), ., cienosa-
TelbHO, STH OTHOileHMsi npunaidexar kiaccy Cr . Kpome Toro, Tak Kak
pemenue 4 mnpunamiexut Cyio, Npasas uacTs F, (B KOTODYIO BXOAAT

NpousBOAHBIE pelllenus & B Toukax obaacTw B”) npunairexur ck.
Ianee,

IFAlE < Ke
h

rae K, — NOCTOAHHAR, He 3asucaujas om h. PaccMaTpuBas dyHkuuu o
Kak pewenus ypapHenus (10), Mbl MOXeM NPUMEHHTb K HHM BHYTPEHHIONO
oueHky (4), npuueM B Oyzer 3amMkHyTo# mnoaobaacTeio obnaacti B’
MBI NOAYYHM, YTO

“ uh “2+a K5 ’

roe Ky;— nocrosigHas, He 3asucauas om h.
W3 stolt OlieHKH Crenyer, 4TO CyLieCTBYeT TaKas MOCHeNOBAaTeNbHOCTD

{h,} =0, nns xoTopo#t moc.erOBATEILHOCTH {uh"}, {uf"}, {ulhk"} paBHO-

MepHO cXxolaTcd B B K HexoTOpo#t (QyHKUMH U U €e NPOM3BOLHBIM U,
U, COOTBETCTBEHHO. KpoMe TOro, ¢ykuus v NpuHaiIexKHT KAaccy Coy e
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Ho npu 2->0 ¢ynxuus u" cxomurcs npocTo K 4. CAenosaTe/bHO, M
NOKa3aqd, UTO Uy TNPUHALIEKHT KJIACCY C2. .. AHanoruuHO MBI MoXeM
MoKasaTb, 4YTO MDOU3BOAHAS Uy, MPUHAMIEKUT CQB+a =1 2,..,, n),

B
T. e. uTO 4 npuHamaexkur Ci,,.

3TOT METOL JIerKO MOXHO NPHMEHHTb K 00lieMy HeJWHEeHHOMY ypas-
HEHUIO BTOPOro NOpAAKa

F %y Xg0 oon, Xy U, Uy, Uyy ooy Uyy) =0,

n

KOTOPOE SIBAAETCA IAMMOTHYECKHM, T. €. LI9 KOTOPOro KBalpaTHuHas
dopma

n
2 Fu bite
=1 ik

BCIOAY ABASETCH MOJOXKUTENbHO onpeneneHHo#t. Kpome rtoro, npuMenss
TeopeMy O AudepeHUUPYEMOCTH pelieHu#t JIHHEHHBIX SJMMNTHYECKUX
ypasHeHu#t (cTp. 343), MBI MOXeM Jierko NMOKa3aTb, YTO JAK0J0e peleHde &
HeJAMHeHHOrO ypaBHenus, npuHaanexamee C,, ., 0 <<a <1, saBigercs
GecxoneuHo auddepeHudpyemsiM, eciau Qynkiuua F obnaxnaer npoussol-
HLIMM BCeX MOPSIKOB Mo BceM aprymedtaM. Ha camom nene Ownljio
OK4a3aHO, YTO 3TO YTBEPXKACHHE CMPaBelIHBO, Jaxe e€C/Id 4 MPUHANJIeKUT
toabko C,1!). HaxoHen, peinesue sIBISeTCH aAHATUTHYECKAM, eCad QyHK-
uus F adanurHyeckas (CM. CAeLylOLIUHA TYHKT).

5. Jdanbueiimue pesyabTaThl, Kacalomnecs 3AJANTHYECKHX ypaB-
HeHHil; moBejeiHe BGAM3H IpaHHubl, B npeibiiyllieM NyHKTe Mbl C NO-
molbio HepaBeHcTB lllaymepa Toxasanu, 4TO pelieHHe SJIHNTAYECKOrO
ypaBHEHUs BTOPOro mopsaka obmanaer 6oiabLIOf r1anKOCTbO, eciu KO3 (-
uMUMEHTH YPaBHeHMs! HOCTATOYHO TJANKH M eC/M C CaMOro Hayala mpen-
noJjiaranach HeKoTOpas TJIaiKOCTb ITOrO pelleHHs.

Bonpoc o aud@epeHurMpyeMOCTd M aHATMUTHYHOCTH peweHu#t naud-
depeHUMANbHBIX ypaBHEHHHi paccMaTpPUBAjiCd MHOTUMHM MaTeMaTHKAMH,
naunnas ¢ C. H. BepuirTe#iHa, KOTOpOMy TNpUHAAAENKUT GyHIAMEHTAb~
Has pabora [1] 06 ypaBHeHusx BTOpOro mnopsiaka. Ha nambreftiune
WccleaOBaHUA OKasada Ooablioe BausHue pabora Xomnda [4]. B sroft
paGote Xond npumeHsier ,MapaMeTPUKC®, uTOOB MOJAYYUTb MHTErPaTbHBIE
npencTasaeHus AN OPOM3BOIHbIX pemeHud. ([TapaMeTpukc —- dyHnameH-
TalbHOe peleHde AuddepeHUNnaIbHOTO0 YpaBHEHUs, COAePIHKALIETO TOJBKO
yleHbl BTOPOTrO MOpPSLKA C MOCTOAHHBIMH KO3GhGUIUEHTAMU, PABHBIMM 3HA-
YeHUM COOTBETCTBYIOLMUX KO3(pGULUUEHTOB 3aJaHHOTO ypaBHeHHS B He-
KOTOpOH QukcupoBaHHOH Touke.) [Ipm JeckasaTenbCTBE AHAIUTHYHOCTH
pelleHus] HeJMHEHHOrO ypaBHEHHs 3TH (ODPMYyJbl MHTErpaibHOrO MpeAcTa-

') Cum. Hupenbepr [3] u [1]. Cu. TaKxe Moppn [4).
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B/IGHHSl PACHPOCTPAHSAIOTCS Ha KOMIVIEKCHbHIE 3HAYEHUS HE3aBUCHMLIX Nepe-
MeHHHIX 1),

Moppu [2] A0Ka3an aHAMMTHYHOCTb pellleHnk OOWUX HeMuHeHHBIX
MIMNTHYECKNX YPABHEHHR MPOU3BOJBLHOTO MOPSAAKA C MOMOLULI0 HHTE-
rpajabHBIX (HOPMYJ, PACIPOCTPAHEHHBIX HAa KOMIEKCHYI0 obaactb. Kpowme
TOr0, OH AOKa3aJ LA TaKuX ypaBHeHHH, uTo pelueHne 3afaun upuxae
aHaMUTHYHO B OKPECTHOCTH TPAHMUbI, €CJAU BCe NAHHBIE MPEANOAArainTCs
aHanutHueckuMu. Ppuaman [1] ycraHoBua aHANOTHYHBIE Pe3yAbTATHI,
noJyyas OLEHKH IS BCeX MNPOU3BOAHBIX pellleHHss # M JOKasbiBas CXO-
IMMOCTb psna Te#iaopa k ¢yHkuun u.

B ykasaHHbiX Bblllle A0Ka3aTe/NbCTBAX aHAMMTHYHOCTH C CAMOTO Ha-
4ana TNpeAndnaraerTcs HekoTopas rIaiKocTb pemlenus. B cayuae nuneft-
HBIX 9/IMNITHYECKUX yPaBHEHHH MPOU3BOJILHONO MOpsAika AuddepeHunpye-
MOCTb pellleHU# BILIOTb A0 T'PAHULBl TIPU OYeHb cJaObIX OFpaHUYEHHUAX
Oblia [10Ka3aHa AJd BeCbMa LIHPOKOrO KJAacca TPaHMYHBIX yc/a0BUH. Ml
oTchiiaeM uuTatens x padore HupenbGepra {2], rae umerorcs nanabHefiluue
cchinku. Jlaa HeqnHeHHBIX YpaBHeHHH MPEACTOMT elle MHOro paboThl
no ocnabaeHnIo NpeanoaoxeHuit o raaakoctu. B cayyae aByx HesaBucH-
MbIX MEepeMeHHbIX paboTy B 3TOM HanpasieHuu Hayaa Moppu [1, 3]. He-
JIaBHO MNOsBMAUCL paboTtnl ae [Hoaxopmwu {1}, Hswa [1] u Mosepa [1],
Kacaolmecs cayyas OoJbluero yucaa uaMepeHufi 2). MBI OTMETHM TaKke
unTepecHylo paboty Xe#inua [2] o6 ypaBHenusx MoHxa — AMnepa,
B KoTopo# o6oOmaiotca pesyabTaThl I'. JleBu (cM. cchlikn B padote
XeftHla) HA HeaHaAUTHYECKUE YpaBHEHHUS.

PaccMarpuBas ypaBHenuss ofuwero rtuna, Xépmauaep [4]%) oxapaxre-
pusoBan AudpdepeHunanpibie onepaTopbl L ¢ MOCTOAHHBLIMU KO3 auueH-
TaMu, Takue, 4To m00oe pemenue # ypaBHenusi L[u]==f O6eckoHeuHo
duddepenuupyemo, ecan GyHxkuus f OeckoneuHo AuddepeHuupyeMa.
Xepmanpep [2] u Maabrpanx [2] o6o6wuan 3T pesyabTaThl Ha Ju-
‘HefiHble ypaBHEHHS C TepPeMeHHBIMH KO3(QHUUEHTaMu.

Tenepr Mbl NMepexofHM K BONPOCY O PeryagpHocTd BIJIOTh 4O Ipa-
HULBl pewleHult AupdepeHUNaIbHEIX ypaBHeHHH, YAOBICTBOPSAIOIMX Aud-
¢epenuManbHBIM YCAOBMAM Ha rpanulle. XépmanfZep [3] paccMaTpusan
penleHus ypabHeHus L[u]=f ¢ noctrosHubiMd KO3 (ULHEHTaMH B NOJY-
NPOCTPAHCTBE, YIOBJAETBOpSIOUINE ANU(depeHInanbHbIM TPAHAYHBIM YCIIO-
BUAM (TOXe C IOCTOSHHbLIMHU. KO3(¢uuneHTaMu) Ha MiIocKO# rpaHuue. Ou
0XapakTepU30BaJ ONepaTophl M FpaHuyHble YCAOBUA, TAKUe, YTO pelleHHe

1) B 1937 r. WU. T. NerpoBckuit BnepBble 0Ka3an aHaAMTUUHOCTL peINEHUi
A8 OOmMX HeaHHEHHBIX CHCTEM 3JAUMNTHUECKUX YPaBHEHUH, KOTOphble Tenephb
9acTO HA3kIBAWT sJnunTHueckumu mo [lerposckomy. Cwm. paborwt M. I'. [ler-
posckoro JAH CCCP, 17 (1937), 339—342; Mamen. ¢6., 5 (47), (1939),
3—70. — Tpun. peo.

2) Cm. Hupeu6epr J., YMH, XVIII, soin. 4 (1963), 101—118. — 7 pun.

20. X
P 8 Cm. raxwe Wuaos I. E, YMH, XIV, 5 (1959), 3—44. —
Ipun. peod.
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GeckoneuyHo AucpdeperUMpyeMO BMJIOTh A0 [PAHWLEL., €CAM 3afaHHbIe
¢yHkUMY (NpaBas 4acTb f W 3HAYeHHA rPaHUYHBIX ONepPaTOPOB. AEHCTBYIO-
mux Ha QyHkunio #) Oeckoueuno aAndpdepenuupyeMnl. s auHelnbix
LIMATHYECKUX YPaBHEeHHH C MepeMeHHbIMU KoO3pduuueHTamun nuddepeH-
HUPYeMOCTb BIIOTb IO TPAHHIUL peleHU, YAOBACTBOPSIOWAX FPaHUY-
HbIM YCJOBHAM, Obl1a AOKa3aHa AJd IMPOKOTO KJAacca FPAHHUHLIX YCI0BUH.
Cayuait rpaHuudpiX ycaosu#i tuna Jupuxae oceewen B pabote Hupen-
Gepra [6].

B HexoTOpHIX TaKk HasbiBaeMHX ,3aJayaX co cBoOOZHON rpaHuuef“
YacTbl0 3aJaud ABJAETCH oOnpelefende 006/4acTH, B KOTOPOH CyllecTBYeT
pellieHHe SAJAMNTUYECKOTO YpaBHEeHUS, YIOBAETBOpsAIOLlee 3alaHHBLIM Tpa-
HUYHLIM yCa0BUAM. Takue 3aflauu BO3HMKAIOT B ra3oBofl AMHaMuKe #. KO-
HEYHO, B TEOpPHH BOJH HAa MOBEPXHOCTH BOAB. B TakoM ciydae Hano
He TOALKO A0Ka3aTh, YTO pellieHHe aHAJUTHYHO B OKPECTHOCTH HEeH3BecT-
HOW TpaHullel, HO M YCTAHOBWTb, 4YTO CaMa [lpaHHlla aHaJUTU4ecKad.
dynaamentanbhas paboTa no 3TuM sonpocam npuHaniexut I. Jlesu [2]1).

B saxamiouenue 3TOro mnyHkTa Mbl TOKaXeM. KaK MOXHO pacmpo-
CTPaHWTL TeOpeMbl NPeNbAyllero NyHkTa o AuddepeHunpyeMocTn Ha
pelenus 3agauu dupuxse u noxasaTb ux AuddepeHunpyeMocTb BIIOTDH
10 rpaHuubl. . Tak Kak peuyb naeT O JOKAMLHOM MOBefeHUM (PYHKIUM, MEL
OyneM cuuTaTh, YTO HeKOTOpas 4acTh rpaHuubl I} jgexut Ha mio-
CKOCTH, HaMpuMep Ha MmIockoctd x,==0, u ycranoBuMm Auddepenuu-
pyemoctb pewenna Ha I'y u B okpecrsoctu I}, mpuuem npenmonaraercs,
yro [} — oTKpuITOe MHOXeCTBO Ha miaockocTd X, ==0. [as raaikof
TpaHulbl BCE MOXHO CBECTH K TAKOMY C/Jy4al0 C MOMOIILIO HEKOTOPOro
JOKalbHOr0 npeobpasoBaHus KOOpA1HAT. BuiuuTas CcOOTBETCTBYIOLLYIO
GyHKUNIO, MBI MOXeM BCerja mnepeTH K Cayualo, KOTAa OYHKUUS «
obpawaercs B HyJb ta I.

PaccMoTpuM  ABaxAb HenpepeBHO AuddepeHuUMpyeMOe pellieHue «
ypasuenns (1) B o6nactn G. npeanonaras, uto I') nexurt wa rpauuue G.
[TpeanonoxuM, 4TO BHIMOAHSIOTCA ycaoBus a), 6), B), CPOPMyaUpOBaHHBIE
B Hauaze § 7, w uro dyHkuus 2 npuuaanexut knaccy C,,, 8 G4 T
u obpawaerca B uyab Ha I, Toraa Mb uMeeM ciexyioulylo Teopemy.

Ecau npasas wacme f u kospdpuyuenmol ypasrenus npunad-
sexcam xnaccy C, .., 20e m — HeOmpuuameisnoe 4eaoe 4uUcLO U
0<a< 1, mo 8 anoboli cepanunennoli nodo6racmu B, 3ambikanue
rkomopoi sewcum 8 G + Ty, dyuxyun u npunadsexcum xaaccy C, o, .-

JTa TeopeMa BKJIOY3aET KaK YACTHHI CAyuyalh aHAJOTHUHYIO TEOpemy
Ha cTp. 343.

3aMeTuM CHayala, 4YTO B CWJIY YKasaHHOH TeopeMbl (Ha crp. 343)
HAlly TeopeMy AOCTaTOYHO IOKA3aTb JOKAALHO, T. €. A% Majblx ofija-
crefl B, uanpuMep, B cAyra:, korga B — maiaufi MOJyWap ¢ UEHTPOM
na [, Msl MoxeM Takxe NpeanoaaraTb, 4TO kO3(uuuedT ¢ o6pawaercs

) Cu. takxke Fapabeasn, T. Jlen u Wuddep [1].
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B HYJb; 3TOTO MOXHO HOOMTbCS, €CJIM PasleUTb # Ha MOJOKUTEJbHOE -
peluenue onHOpoAHOTO ypaBHenua B ob6mactu B. Cyuecrsyer Taxas
nogobaacte A obaacth G, obnanaiouias raaixofl rpaHuued, uTo 3aMbl-
kanne B copepmurca B A+T, a sampikanue A nexur B G-I} Iycrs
{ — ¢yukuua, OeckoHeuHo Huddepenuupyemas B obaacth A, pasHas
envHulle B TOYKAX obaacTd B n paBHas HyJI0 BMeCTe CO BCEMH CBOHMH
[NPOM3BOMAHLIMH B TeX IPaHUYHBIX TOukax A, KOTOpHe aexar B obaactn G.

Cuavana Mbl IoxaxeM Teopemy miaa m==0. ITonoxum v ==~CLu; Toraa
Jerko BuIeTb, 4TO GyHkuus L [v] npuramsexur B 3aMblkaHun A
kaaccy C,. IlpuMenss OCHOBHEHIE TeOpEMH! CYLIECTBOBAHMS U €XMHCTBEH-
HoctH (cTp. 334 u 337), MBl BHIUM, YTO U NPUHALICKHUT Céqﬂ, TaK

YTO 4 NPUHALICKUT Ciro. Tenepp MB yKaxeM HIEI0 [10KasaTeJbCTBa
s m==1. Cnenysa 1OKa3aTeabCTBYy TeOpeMH O I'MALKOCTH Ha cTp. 343,
Mbi PACCMOTPHM KOHEYHO-PasHOCTHOE OTHOWIeHMe ", mpuyeM pasHOCTH
GepyTca NO HampaB/eHUSAM, MNapanieNbHbBIM MepBHIM # — 1 ocaM, T. e.
NapanienbHBIM IUIOCKOCTH, B KoTopo#t Jaewut ). ®ynkuus &* yrosie-
TBOpsSIeT YPaBHEHHIO

L{a® (P)) = — L' [u (P14 f.

A
Monowum v, ==Lu® nerxo sumerTs, uro HopMa ||L[v,]]|24. OrpaHuyena
NOCTOSHHOW, He B3aBucslie# OT A, W Tak ke, Kak Ha cTp. 344, noay-
uaercs, 4T0 QyHKUMH Ly, i=1, ..., n—1, npunamexar Kraccy

Cef“. Urak, BCe NpOU3BOAHbLIE 4 BHAA 0%u/0X; 0xp; i<, Jn, npu-
Halaexar Cﬂa. C nomomplo caMoro auddepeHHuaIbHOrO ypaBHEHHUs MBI
MOXeM BHIPa3UTb MPOM3BOAHYI0 024/0x% uepes STH MPOM3BOAHLIE W NPO-
u3BOJHbIe 0O0J€e HHU3KOTO MOPANLKA H YCTAHOBUTb, YTO OHA TOXKE IpU-
Hanaexur Crp,. TakuM 06pasoM, uEC?+a. IOag m > 1 atu paccyxne-
HUS TaKke TPUMEHHMBI.

AHaAOTHYHBIM 00pa3oM MOXKHO HOKa3aTh AudPepeHuupyeMoCTb BIIOTD
10 JMI060ro nopsika pelueHus HeJuHe#HOro ypasneHust F =0 (ctp. 345),
€Cc/AM 9TO pelleHde o6paliaeTcds B HYJAb Ha TpPaHHLEe ¥ NPHHALIEHKUT
knaccy C,,,, @ rpauuua u ¢yukuma F poctarouxo riasxu. OOGuige
pesyabTaTH B STOM HanpaBiAeHHM NpHBeleHb B paGore Armowa, Iyrauca
u HupenGepra [1].

§ 8. Pewenue ypasHeHnuli Beasmpamu

B ra I, § 2 mMm mnoxasamu, 4ro 3ajada O JOKAJIbHOM NpuBele-
HHM N1000r0 3JMIUITHYECKOTO YPAaBHEHHUS

au,, +2bu, H-cuy ... =0

“cc—f upp-i_ see =0

K BULy
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¢ moMolpio npeoGpasoBanus (X, y), p (X, y) SKBMBAJAGHTHA 3ahaye
0 HAaXOXAEHWUM TAKOro pelleHus ypaBHenu#t BeabTpamu

b c a b
o ity St ly )
Vac—5? N T

A% KOTOpOro ¢,p, — o.p, + 0. B sroM naparpade mb mocrpoum Takoe
pewenne ) B NpeANONOKEHUH, UTO @, b, ¢ YAOBJAETBOPAIOT YCIOBUIO
TFeénbnepa ¢ mokasateneM «, 0 <a < 1.

Ias mobo#t auddepeHUUpyeMOH KOMIIEKCHO3HAUHOH (YHKUMM W@
MepeMeHHHX X W Y, KOTOPYW Mbl 0003Hauae# yepes w (2) (2 == x -} iy).
BBeJeM (opMajbHble oneparoph AuddepeHnupoBaHus .
ow 1 (aw dw) ow __ 1 (0

w ow
w=%=5\ T ley) G E=E%T7 75‘“797)-

l

flcHO, YTO 9TH OmepaTopsl MEepPecTaHOBOYHH W YTO I HUX CHPABEAIUBLI
oOblyHble NpaBuaa AuddepenupoBaHud:

2w (@) (2) = ww,+ u,w;

aHanoruuHas GopMyna uMmeer Mecto aaa 9/0z. Ecau [ — muddepenuu-
pyemasl KOMIIIEKCHO3HA4HAsA (GYHKUMA W, TO

[/ (@ (), = f oy, + f5 @,
[f @ @), = f o+ f ..

Tokaectso [puHa nMprHUMaeT BUA
[ [(n+w)dcay=5§wiz—waz), @)

rie dz=dx-idy, dz=dx—idy, a oneparop Jlansaca Aw pasen
4w,-. YTBepxieHue, 4TO W(2) 9ABNAETCA aAHATMTMYECKOH ynkuuedt,

MOXeT OBITb BBLIPAXEHO TaK:
'w; =0.

Paccmotpum ypasHenus Beabtpamu (1) n 1oJoxkum
w =g} ip.

') Pesyabrar u upes n0kasareabcrsa npunannexar Kopuy u Jluxtenureiiny.
HNannplii 3nech BapuaHT [0Ka3aTeAbCTBA OhlJ He3aBUCHMO Hafiien BepcoM u
Uxsup LWon-wonem. Kak noxasan Moppn, ypasuenus Beabtpamn (1) u (3)
MOXHO PEWMTb B OGOGUIEHHOM CMBICIE, €Can [ (2) — u3Mepumas OyHKIus,
|1 <8 <1 Ccpaxu na mreparypy cM. B paGore Aabdopca u bepca [1].
[Cym. rakuxe xnury Bexya (1] — [Tpun. ped.]
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Mbi cpasy MOXeM MOJYYUTb ypaBHEHHs
2w, Vac—0=0—ta+1Vac—8)p,+(c—ib— Vac =87y,
2w, ]/ac — b =(b+ia+i Vac—-bQ)px—-{—(c—l— b+ Vac— bz)py.

[Ipocroit noacuer nokaseiBaer, 4TO KOSPPUUMEHTH MNpH p, U p, B mpa-
BHIX YaCcTAX ITUX ypaBHEHWH NMPONOPUMOHAJLHE, W MBl BHIUM, 4TO

w, ¢—a—2ib
w, c+at2Vac—p '
HIH
¢—a—2ib

W= =W = —_—, 3
= B ctat2Vac—#? @)
Jlerko BuieTb, YTO ypasHenus (1) MOXHO TakKe NOJYUYHTh W3 ypaBHe-
Hug (3), nostomy Buipaxenua (1) u (3) sxBuBateHTHH. OPYHKUMA P
yaosiaetBopseT ycaosuio I'éapaepa (cM. § 1, m. 2) B cuay csoficTs
ko3¢ duunentor @, b, ¢, a ee aGCoOMOTHAS BeJMUNHA MeHbllle YeM 1.
Mbl BbIpasuM ycaoBue a0y —a,p,+0 uepes pyHxunio w=o--ip
H TMOKaxeM, 4TO IOCTAaTOYHO Ha#iTH Takoe pelueHue w ypaBHeHus (3),
uT0 w,#*0 B paccMaTpuBaeMbIX TOYKax. 3aMeTHM, 4TO

_ape+2bp0,Fcoy
OxPy — Oypx = V‘m ’

0TCi0la BUIHO, YTO HAWle YCAOBHE SKBUBAJEHTHO yCJoBHIO o2 - c§+
+p3+p3=,e0, a Jns pelieHud ypaBHeHus (3) 3TO MOMHO BHIPa3uThb Kak

w, + 0.

W3 ¢opumul (3) ypaBHeHu#t BesbTpamu CiaefylOT MHOTHe BeCbMa Crie-
LuajJbHble CBOKCTBA pellleHuH. 3aMeTHM CHayala, 4TO ecau f — aHaaUTU-
yeckas QYHKUMS ¥ W 9BJseTcs pelueHueM ypaBHeHus (3), 10 f(w(2))
TaKxe SB/AETCH pelleHHeM, TaK Kak

f—z_l“"fz=fw(w;—p'wz)=0

OGpaTHO, ecqM w — TakOe 4YacTHOe pellieHue ypasHeHua (3), KOTOpoe
HeNpephBHO W B3aUMHO ORHO3HAuHO oToOpaxaeT obnactTs G MIOCKOCTH 2
B HekoTopylo obmacte G’ naockoctw w, npuueM w,+0, TO a0Goe
npyroe peinedne v ypasHenus (3) B obnactu G’ ABaseTCs aHANUTHYECKOH
¢dyukuuelt w 8 o6aactu G’. JleicTBuTenbHO, U3 ypaBHeHus (3) Mbl MONyYaeM

= —pv = — w. —pw \=v_w_(1 — |p|?
0= vV_—pv =0 (w; p.fwz) -+ v_ (fw2 p.fwz) v_w_ (1 —|u]?,
TaK yTo v ==0.

TaxkuM 06pasoM, ec/u MB MMEEM YaCTHOE pelleHHe W, OCYIUeCTBAAIO-
ujee yxasaHHoe otoOpaeHue, TO 3ahauy 06 OTHLICKAHMM ADYroro pemte-





