P. KYPAHT « A. THABBEPT

METO] bl
MATEMATMYECKOW ®U3MKK

TOM BTOPOR

CTM3 » TOCTEXUITAT & i85



P. KYPAHT un J. TMWJILBEPT

METO /I bl
"MATEMATHYECKOI
OUBNUEU

TOM H

HEPEBOJ, C HBMEIKOI'0
I0. PABHHOBHYA = 3. JTHBHNA

orus

FOCYIAPCTBEHHOE U3ZATEJILCTBO
TFXHHKO-TEOPETHUYECKOH JINTEPATYPRI
MOCKBA 1945  JAEHOETPAJ






NPERKCIIOBHE

B 2TOM TOMEe H3JaraloTcf HEKOTOpHe OTHeaH Teopun HuddepeHuu-
a7bHHIX ypaBHeHu#l B 4aCTHHIX TNPOM3BOAHHX, CBA3AHHBIE 'C MaTeMaTu-
vecko# ¢u3aukoi. Haxe ¢ 3TUM OTpaHHUCHHEM s OTHIOAb He CTPEMHICH
K HWcyepnmBalomeil mnonHore. ToyHee rosops, 3/7ech paccMarpuBalTCs
NPEHMYILECTBEHHO BONPOCH, B CYWECTBO WM (OPMY H3/IOKEHHS KOTO-
pHIX MHe, Kak s [0/aralo, ynajgoch BHeCTH HeuTo HoBoe. Ilpu atom
npecief0Banach UMb CHeNaTh BAXHbie BETBH aHau3a Gosee LOCTYMHEMH
K NPO3PAuHBIMH M TeM 06JeryutTh NyTh LIS AaJbHEHIMIMX HCCAENOBaHMH.

Ecnn 310 ymanoch, TO 3acayry  pasiensio C MOMMH YYeHMKAMH H
COTPYAHMKAMH, COBMECTHO C KOTODhHIMH $i B TeueHMe pala JeT pa-
Goran Hax OGonee riyGOKMM MNPOHUKHOBeHueM B 3Ty ofnacts. Pouab
3TOrO0 COTPYAHUYECTBA— B TOM, UTO MOXET 34eCh NOKasaThcs 60-
Jee MAH MeHee HOBHIM — HE WCYEpIbIBAeTCsl CCBIIKAMH Ha OTHe/bHbIG
ny6auKauuH.

ITOT TPYHL MHOTMM 06si3aH u ApyruM MaremaTukaMm. B nepsyio oye-
penb 3TO OTHOCHTCS K MoeMmy yBamaemomy yuutemo M. TunnGepry.
1 Hapewoch, 4TO B 9TOH KHure GyAeT OMLYIATHCS HEYTO OT €ro yCTpeM=
nenu#l, Bceraa oO6pauIeHHHX K CYLIeCTBY BOIpOCA. Hexoropsie uactu
KHHTM CTUMYJMDOBAHBHL HCCACIOBaHMAMH AjamMapa 1O TeODHM TIpolec-
COB pacupoctparenus. Ha rnaBy O [pAMBIX METOXAX BaPHAUHOHHOrO
MCUMCIEHus OKazan wiuguue rayGoxku#t nomnxox Heimana u  Croua
(J. v. Neumann u M. H. Stone) k nuHefiHbM ONEPaTOPaM B NPOCTPAH-
cree manGepra.

[MosteeHne 3TOTO TOMAa CHMAIBHO - 33[€PXKANOCh MOA NJBJAEHHEM aAMU-
HHCTPAaTUBHHX MeponpuaTHii!). Korma B mMoeM pacHopseHHH OKa3aloch
cso6omHoe BpeMa 4js o6paGoTku, s nHoAara;, uTO He CJIeAyeT eule
noiblle OTTATMBATH CPOK BHXOAa Kuurd. IloaTomy @ oOTkasaacs or
YCTpaHeHUs! MEOrHX HECOBEPUIEHCTB, B YaCTHOCTH, He Jan cHcTeMaTHye-
CKOro ykasarels nureparype. OpHaxo, s HalelOCh, YTO H30exan cepbes-
HBIX yNymieHu# NP yKasaHuM UYymHX 3aCaAyr.

Hekotoprie Bamube rpynmbl MCCAEAOBaHuM, CBASAHHEIX C HalluM
HpeaMeToM, He MNOABEeprauch paccmorpennio. | He cumras xnaccmyeckux
Teéopuit, Ha3OBY mpexne Bcero HoBetwme paboTel upo, Illaynepa n
Jleps, a rakxe Xonda (Giraund, Schauder, Leray, E. Hopf). Kpowme
TOro, MHOroe M3 TOFQ MaTepHand, KOTODHi MEPBOHAYANLHO NpeAHa3Ha-

1) Hamex Ha BuHyXIeHBYI0 SMHIpamgio asTopa M3 I'epmapun nocre ¢a-
mycrexoro nepesopora. ([pus. nepes.)



4 NPEAKCIOBHE

yanca W OWJ NOArOTOBJEH [Jjif 3TOr0 TOMA, B YaCTHOCTH, MO BONPOCY
O NpPAMEIX METOHaX 4aHaAu3a, TPHIIOCh OMYCTUTh BBHAY NPEAIOXEHHOT®
OrpaHUYeHHsT 00beMa KHHIH.

O neraasx colepxauns HHboOpMUpYeT NOAPOGHOe OraasieHue. Yro
kacaerca (OpPMH, TO s JOJOKEH CAeJaTh Caedyloliee NPHHIMOKAILHOS
3aMeyanne. KaaccHueckui uaean aTOMHCTHYECKOrO, B H3BECTHOH Mepe,
M3JIOXEHHs MaTeMaTHK¥ Tpe6yer, uto6n MaTepuan GhI CryuieH B opye
TIOCTY/IATOB, TeopeM M JOKa3areabCTB. IIpu 2TOM BHYTPEHHSl CBA3b U
MOTHBUDOBKA TEODHU He SBMASIOTCA HENOCPeACTBEHHO MNpeIMETOM H3J0-
wenust. B nporuBoBec 3TOMY MaTeMaTHYeCKYI0 IMCUMIIMHY MOXHO pac-
CMaTPHBaTh KAK HeNPepLIBHYI TKAHb B3aUMHBIX CBsdef, NMPH M3JIOXEHHH
KOTODHX METOX M MOTHBMPOBKA BHICTYNAIOT Ha MepelHuit 1jaw, a KpH-
CTa/VIA3aUMS Pe3y/abTaTOB B HM30/JHMDOBAHHEIE PE3KO OUEPYEHHBIE TEOPEMbI
WrpaeT JMUIb BTODUYHYI poab. Tam, riae cuHTe3 OGeHX TPAaKTOBOK
Ka3a/lCid HeNOAXOASIINM, st MPEeNNOYNTa] BTODYIO TOYKY 3DEHHS.

Heo-Powens, Holo-Hopk

24 oxrabpa 1937 r.
P. Kypaum

OT IEPEBOOYKKOB

ITpn nepesome II ToMa, Tak ke Kak W mnepBoro, OBUIM TLIATEILHO
npOBePeHb! BCe BHIKAAMKY M HCHPABJIEHB 3aMeYeHHbie HeNpaBHALHOCTH,

J1s ycTpaHeHHst HEJOCMOTDOB M JUIfi NOCTHXKEHHMS, KAK HaM Ka3anoch,
Gonpuiel ACHOCTH MBI 1O3BOJAIHM ce6e MHOTAA HEKOTODHE OTCTYIVIEHHS
OT NOJJIMHEHKA.

Yacro BcTpeuanuwniica tepmun «Anfangswertproblem* waum Bciozy
DepeBoauTCH, ‘B COrIaCHH C OOGWIENPUHATON TePMHHONOTHEH, TePMHUHOM:
«3anmavya Kouim». B HEKOTOPHIX MeCTaX ZaHBl AJIA MOACHSHHA MpHMEuAHUS,
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Onpenenerue pemeHHil n0 HX HaYadbHBIM SHAYEHHSM U TEO-
PEMa CYHECTBOBAHHA . o « + + « o « o o o o o o o o o o o «
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HbhIMH 3Havenuamyu (3anauu Kown) (44). — 2. Ipusenenue k cucreme
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Ka3aTeJbCTBO CYLIECTBOBAHMA AHANHTHYECKUX pEUIEHHH y aHaluTH-
yeckux paddepesnuanbunx ypasHenn# (52).
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DTOT TOM, B OCHOBHOM HE3ABUCHMBIE OT npeastAyliero, COLEPHHUT
CHCTEMaTHUECKYID TEOpHIO IH(p(hepeHIHaNbHbX ypaBHeHHR C YaCTHHIMHA
fIDOM3BOJHBIMY, DPACCMATPHBAEMYI0 C TOYKM 3peHus MaTeMaTHYecKOH
¢usuxkn. B nocnenne#, cempMoit, riase nNpPUBOAATCA HAa OCHOBE NPAMBIX
‘METOZOB BaPHALUHOHHOTO HMCYHCHNEHMSI [HOKa3aTeibCTBA CYIIECTBOBAHIA
pewenuit IS KpaeBhlX 3a4ay M 3a3ay O COGCTBEHHBIX 3HAYEHHMAX OSMIHI-
THYECKUX IHGbPeDeHunanbHBIX ypaBHEHHH—B TOM 00beMz, B KAKOM 3TH
3a7ayy ECTPEYAJNCh B MDPRAIUECTBYIOUISM H3IOMEHHUH.

FTABA 1
BBELEHHE. OCHOBHBIE NOHATHA

HaudenM ¢ nOpeABapUTeNbHOrO 0630pa OCHOBHHIX MOHATHR M HOCTa-
HOBKH npodieM.

OcHoBHyto 3amauy Teopry AUdQPEPeHUHANbLUBX ypasHeHHi ¢ YaCTHBRIMH
{IPOM3BOJHLEIMH MOXKHO (POPMYJIMPOBATL CJAeAYIOWMM OGpasoM. [aHo co-
OTHOLUeHHe

FX, Yy ovns Uy Uy By v oy gy, Uyys -+ ) =0, (1)
rae F eCTb QyHKuuA MePEMEHHBIX X, Y, ...} 1} Uy, Uyy - oo} Uggy Hyyye oo
Tpebyercsa onpeenuts Takyo GYHKLUHIO 4 (X, ¥, ...) HE3AaBHCAMBIX Hepe-
MEHHMX ¥, ¥, ..., YTOGH BHpaweHue F HCUE3ATO TOKLECTBEHHO OTHO-
CUTE/IbHO ITHX MEPeMEHHBIX, €CHH NOACTABNTH B HEIO BMECTO & 3Ty
Pynxkumo (¥, v, ...) u ganee COOTEETCTBHHO!

ou on
uw.:-z?, u?/:—z:‘;—’.",

. &u 92y
u$$:W, uml’z()xd)"""

s e e L Y

Takas Qyskuus (¥, y,...) HasblBaCICH pewizHucM, WHOTLA TaKiie
CURMePasoMy OUGHGHeDeiyuaibHO20 YPOABHEHUA ¢ HACIMHBLAML NPOU3-
800nstitn (1), 3agaua COCTOMT HE TOABKO B TOM, Y4TOGH HAXOAHTb OT-
RejbHBle («HACTHBIE») DeIUeHMST, HO M B TOM, YTOGH IOAYUUThH COBOKYI-
HOCTL pentenuft; CTABUTCA TaKie 3a4ay¥a M O BBIAGAEHUH HHAHUBHAYAJAbHBIX
PellleHnt C NOMOUIBIO JOMOMHATALUBIX YCAOBUH, NPHCOSANMIEMEX K AU(-
bepenunansuony ypasuennio (1).



14 BBEJEHHE. OCHOEHHIE IOHATHA [ra.

uddepennuansuoe ypasHende (1) ¢ 9YacTHRMH TPOU3BOAHEIMH 06~
pautaercs B oOnKHOBenHoe nuddepeHinaIbHOS YypaBHeHHe, eCAH UYHCIC
He3aBHCHMBIX TePeMeHHHX PaBHO exunuue. ITopsanox HamBhICineH NPOH3-
BOIHOM, BecTpeyaminefics B AuddepeHnuansHoM ypaBHeHHH, HA3HBAETCH
nopadrxom puddepeHnnanbHOrO ypaBHeHwus,

Mer uacto GyleM OrpaHMYMBATH HE3ABHCUMBIE TMEPEMEHHHE X, y, ...
olipesiesieHHOH 06GnacThi0 NPOCTPAHCTBA X, V¥, ...; TaKike M QyHKuuwo F
MB GyleM paccMaTpPHMBAaTh B OFPAaHHYeHHON OGNACTH NMPOCTPAHCTBA X, Iy« . -,
U, Uy, U,, ...; OTO NOCIEIHEE O3HAUACT, YTO B NOMOKEHHOH B OCHOBY
o6nacty H3MEHEHHS TEPEeMEeHHBIX X, ¥, ... NONYCKAOTCH JHULIb TaKue
bynxkund w(x, y, ...), Al KOTOPHX BHMOJHAIOTCA COOTBETCTBYIOHIME
OrpaHuyenusd, HAJIOXKEHHBE HAa aprymentol QyHxumu F. Mu desaes pasz
Hascez0a 02080pKY, H4MO BCe HAU PAcCYHCOerus 8ceda OMHOCAMER
AUULy K Hexomopulm 00AACMSM, KOMOpble HA0O BuOUpAMb, RDUMEH-
meabHo K obcmosmesvcmear, Oocmamouro meckvimu. Touno max
sce Mbl pa3 Hasceeda npednosqzaes, wmo paccuampusaervie GYHKELUL
F, u, ... Henpepusnv. u uMerom HenpepuigHble HpOU3BO0HbIE 6CEX
scmpetanmuxcs nopadKos, eciu MOAbKO He 02080PeHO  OnpedeneHHO
4mo-4ubo dpyzoe 1),

Ecmn dynkuus F Aune#Ha OTHOCHTENBHO BeMHYHH U, Uy, Uyy-. .,
Bygy Ugys «++ € KOIDMHUIMEHTAMH, SaBUCAWHMMH TOABKO OT HE3aBUCUMBIX
NMepeMeHHHX X, y,..., TO nuddepeHuranbHoe ypaBHEHHE HA3bIBAeTCH
sureidnbim. Ecan Boipaxenne F AnHe#HO XOTH OBl OTHOCHTENBHO HPOU3-
'BOJIHWX BBICLIETO, CK&WEeM, 7-T0, BCTPEYAIOMIEroCs NOpAnxa ¢ KO3ddu-
LIMeHTaM¥, KOTOpHIE MOryT 3aBHCeTh HE TOJILKO OT X, V,..., HO eille
W OT # M OT NPOU3BOAHBIX GyHKuMu z 10 (n— 1)-ro nopsgka, T0 Aud-
(epeHuranbHOe YpaBHEHHE HABBIBACTCH HEQA3UAUHEEHbIM.

Mu Gynmem sanuMaTbhCa GOMbiliefi YaCTbIo JIMHEHHEIMM HJIH, CaMoe
Gonbinee, kBasunHeHHEIMM AudPepEeHIMANbHLIMA  VDABHEHHUSIME; 6Omee
oGwme audpdepernnanpubie ypaBHeHns Mbl 4acTo OyJieM NPHBOAUTb K 3TUM
THIAM.

Jas MHOTMX HAamMX HKCCAeNOBaHUM AOCTATOYHO 6yAeT PacCMaTpHUBATL
JAUUIb CAyuall JBYX HE3aBMCHMHIX IepeMeHHBIX. Torza MOWHO pelieHue
u(x, y) muddepenunanbHoro ypastenus (1) HCTONKOBATb I'eOMETPUYECKH
KaK NOBEPXHOCTD, «UHMEPALBHYIO NOBEPXHOCING» B NIPOCTPAHCTBE X, Y, k.

§ 1. [lpencrasnenue o MHOTOOGpA3UHN peiedHuil
1. Ilpumepsl. Y OGHIKHOBEHHOTO JU(M(PEPESHIHATBHOMO YPaBHEHHS
TIOPALKA 7 COBOKYIHOCTb DPerueHHH (332 HCKIIOUeHMEM, OHITh MOXET «OCO-
6ux>» peuienni) naetcs Pynxuuel He3aBHCHMON TMepeMeHHOH X, 3aBuCsuied,
KpOMe TOro, ellle OT 72 NPOU3BOJBHHX NMOCTOSHHEIX; 06PATHO, IS BCSIKOrO
CeMe#CTBA YHKLMH, 3aBHCAMIErO OT £ 1APaMeTPOB
u=0(X; €y...5 Cp),

1) 3710 OTHOCHTCHA, B YACTHOCTH, M K CHCTEME KOHEUHBIX YDaBHEHHil,
B sTOM cyuac pacCyUEHAs OTHOCATCA K OKPECTHOCTH TAKOH TOUKH, B KOTODO#,
HATpHMED, COOTBETCTBYIOUHI (BYHKUHOHAJIbHEIA ONpelNennTeNb HE HCYe3aer, Gea
T0ro, yT06Hl 8T0 0COG0 NOAYEPKHRANOCh Kamin¥ pas.
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'MOXHO NOAYYHTb NUddepeHINATbHOE YPaBHeH e IOPSAKA 1, A7 KOTOPOTro
‘w==0¢ HABAAETCA peuleHHeM. [ 3TOrO0 HAaAO HCKMOYUTB MapaMeTpH
'€y ++ -y Cp M3 3TOTO YPaBHEHHS H U3 HONYYAIOWIMXCH H3 Hero uddepeH-
UMPOBaHHEM 1 YDPaBHEHHH:
' =@ (X} €1yenvy Cp)s
u =W (x; ¢ ..., ¢,
Y ypaBHeHM# C UACTHBIMH TPOM3BOIHLIMA HeNO OGCTOMT CJOMHee.
‘Ml 31eCh MOMHO CTaBHTh BONPOC O COBOKYIHOCTH pPeLieHHH HIH «olueM
peutenu», T. €. TaKOM pellleHHH, U3 KOTOPOrO MOKHO IHOJYYATbL BCe
HHIMBULYa/JbHbIE pemreRus (ONATh 3a HCK/AIOYEHHEM, OHTbL MOXKET, HEKO-
TOPHIX «OCOOHX» pelleHUH) MOCPEACTBOM CHELHAAH3ALMH HEKOTOPHIX
CONePKAIMXCA B HeM NPOU3BOJBLHHX 3jemeHTOB. OKasbiBaeTcsl, YTO TaKue
NPOM3BOMbHEIE 9NEMEHTH Y HU(QepeHnnaIbHEX YPaBHEHHH € "ACTHHIMA
NPOU3BOAHBIMA MOSIBAKIOTCH yXe He B BHAE NPOU3BOJABHHIX NOCTOSHHHX,
HO ‘B BHIE MNPOM3BOJABHEIX (YHKIMH, B KOAMueCTBe, BOOGLIE TrOBOPH,
paBHOM MOpPAAKY HuddepeHUHaNbHOrO ypaBHeHud. OTH TNIPOM3BOJbHbIE
$yHKUME 3aBHCAT OT 4YHCAA HE3aBUCUMBIX MePEMEHHBIX, Ha eJHHHILY MEHb-
HIETO, Y€M pelleHHe #. YTOUHEHHE 3THX OOCTOSNTENbCTB MOMYUMTCH U3
TEOpeMBbl CyulecTBoBaHua § 7. 3pech Mbl OTPaHAUMMCS  pa3bACHEHUEM
BOTIPOCa Ha HECKOJBKHUX IIpUMepax.
1. Huddepenunanbyoe ypasHenne
o 1ty =0
Ang GynKuMm x{x, y) BHpax<aeT TOT (akKT, 4TO z He 3aBHCHT OT Y,
Le0BaTebHO,

u = w(x), y iy zy
rie w(x) o06O3HauYaeT NPOH3BO/ABLHYI0 (PYHKUHMIO
or x1). ¢
2. Uy, =0,
v zJ (@)
«OBwee pewienne» MONYYaeTCA HEMEITEHHO B Buie ] =
u==w(x) -} v(y). Yepr. 1.

3. B KayecTBe pelleHHA HEOAHOPOAHOrO AupdepeHuraniLHOro ypas-
HeHHUst

umy:f(xa ,V)
NonyyaeM yHKUKIO

T Y
u(e, py= [ [ f G Ddidn+w(x)40(y)

X5 Yo
C IPOUSBOIBHEIMA GYHKUMAMY @ H U 1 TIPOM3BOJBLHEIMA 3HAUCHUIMH X, Yor
o0umiée MOXHO NHCATDH HHTErpaj no 06sactu, BEI6Hpas B KayecTBe 06/acTi
HHTerpHposaHuﬂ U 7TpeyronpHMK, wu306paxeHHHH Ha uepr. 1, Kpuso-
AMHEHHYI0 TpaHHLY KOTOPOTrO COCTaBAser -Kpuaa C: y=g(x) um
\-—_—_—.

<byu12x Byxsamu w u v My u B naavueitmtem 6yneM OGO3Hauarh IPOM3BOJBHHE.
HH.



16 BBEAEHHE. OCHOBHBIE ITOHATHA [ra. 1

= h(y), nepeceKaiomas BCAKY NPAMYIO, NAPANNEIbHYIO OCH X HAR Y,
He Gonee, ueM B ONHOH TOuKe. B Takom ciayuae

u(x, = [ [ fG wdiantw©+00), @
a
Yy @
= [ flr, dntw (@), = [FCNEFV ()
g () Ay

Hactuoe peluenne AuddepeHUHaTLHOTO ypaBHeHHU:, MOAYUYAOLIEECH, eCIu
TIOAOKUTh W (X)==v(y)=0, obaagaer, CNeIOBATENbHO, TeM CBOHCTBOM,
‘YTO a1 TOYKH X, y KpuBOH C '
U=u,=u,==0.
4. Muddepeniuannioe ypaBHeHHe € YACTHHIMM MPOUIBOLHLIMU
R,=u,
TIPUBOAMTCA NMPeoOPa3OBaAHUEM IepPEeMEHHBIX

xty=Et x—y=v, ux =06 M)

K BULY
2w,=0,
OTKyAa NonyyaeTcst «oOliee peiuenner w==w (), T. €.
u=w(x-y).

AHa/NOTHYHO HAXOAWMM COBOKYTHOCTH peiueHuH auddepeHiyansHOre

yPaBHeHus
@iy~ P, =0,
fIPH MOCTOSHHBIX & ¥ [, B BHIe
ay).
5. Ilyctb g(x, y)—samaunas JyHxuus or X, y. B rakom cayuae
JuddepeHunaibH0e YPaBHeHHE C YaCTHHIMM TPOH3BOJHLIMH

u=w(3x

Uy Oy — U8y == 0,

o(u, g

T. €. HCue3aHWe (YHKIHOHAILHOTO OIpexeauTes T ) byHKunl u, g
)

MO X, Y, O3HAYAET NO 3JIEMEHTAPHHM TeopeMaM auddepeHUMansHOre

HCUHUC/IERHST, YTO # 3aBUCUT OT g, T. €, 4TO

p=w(gx, ) (3)
‘THe W@ —MNpOu3BOMbHas GyHkuua BeawuuHsl g. Tak xak u, obparo,
BCKas TaKas QYHKUMA yROBJAeTBOPAET AuddepeHianbHOMY YPaBHeHH0
Up8y——UySr==0, TO paseHcTBO (3) COAEPKUT BCIO COBOKYNHOCTb pe-
AUEHHH TMOCPEACTEOM HPOUM3BONLHOR (DYHKUUH W.
OtmetuM, uTO TOT e pesynbTAaT ChpaBedsMB A9 Gonee oGuiero -
#MEHHO, KBasuanHefHoro — quddepenunai>HOrO yPaBHEHHS

4,8, (x, y, 1)—u,0,(x, v, B)=09,
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rie g 3aBHCHT Temepb $GBHO He TOAbKO OT X, .y, HO elle M OT Heus-
BecTHOH (yHKUMH u (¥, ¥). JLI% QYHKUMOHATLHOTO ONpEeNeTHTEeNs (GYHK-
uuit a(x, y) 1 7(x, y)=g(x, v, u(¥, y)) BHNOIHAETCA COOTHOWIEHHE

Ugly~— W= Uy Sy Uyx + Upylly — Uy Gy lip == 0.
CJIEIIOBaTEJIbHO, 1 Ha 3TOT pas 06u1ee peiueHHe J1aerca paBeHCIrBOM
ll(x, .Y) = W(g(x, y, ll)), (4)

KOTOpOE MEl AO/KHH PAcCCMaTPUBATh KAK HeHBHOE ONpejeenne q)yﬂmmv u
C NOMOIBI0 NPOM3BOAbHOM (ynKumuu W.
Hanpumep, peutenne u(x, y) anddepeniuansHoro ypasHeHus

a(u)u,~—B(w)u,=0
nofydaercs B HesBHOH dopme a (1) y—- B (u) x == w (1) nan
u=Wi(a(u)y- B @)x), (5)

TaK 4TO 4 3aBHCHT OT NPOHU3BOALHOK dyHkumu W HOBOALHO CJOWHBIM
o6pasoM. (Dmu paccmoTpenus OyAyT HCNCIb30BaHE HaMu B § 7.)
6. HupdepenumansHoe ypaBHeHse ¢ YaCTHEMH POH3BOLHEIMU BTOPOIO
nopsaka _
Uy — Uy, =0 *

NPUABOIUTCA npeoﬁpasoBauueM X4y= E x—y=m, u(x, y)=o0(,
K BHLY
4(05.0 =0.

Takum 06pa3oM, ero odilee pelIeHHe COrIacHO NMpuMepy 2 ecTh

u(x, y)=wx+y)4v(x—y).

7. CoBeplueHHO aHA/NOTHYHO MOJAy4aeM a4 OGlLero peuiesus Ang-
depeHIMaIbHOTO YPABHEHHS .

Upp — 7 Ilyy = 0,
npu INPOU3BOJALHOM 3HaueHWH MapaMerpa f, BEIpaXeHHe

u=w(x + &)+ v (x —ty).

B uactaocTH, aBageTcs peilleHueM QyHKums

u=(x -ty
Wi QyHKUHA
u=(x —ty,
T. e. Bopaxenue
Plpy—u,,

ROMKHO HCUe3aTs MM BCeX 3HaueHMH x u y npu peiciButensuoM ¢. Ho
no u3BecTHOR Teopeme anare6pel lefag panuOHaNbHAd (YHKUMA OT £,
HCYe3aoan MNP BCEX NEHCTBUTENALHBIX 3HAYeHHAX f, Hcue3ae® ¥ mpH BCex
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KOMIVIEKCHBIX 3HaveHusix £, I103TOMY, €C/H¥ NOJOXHTb f=i=— ][___ 1, 10
IHdpoeperunantbHoe YPaBHEHHE NEPEXOIUT B ypasuerue Jlanaaca
. 8. Ay =1y, |- u,, =0,
A5 KOTOPOTrQ FOJNyuYdeM pelueHus
(x-F )= P;(x, ) +iQu(x, ),
(x —iy)yr==P,(x, y)""'"Qn(.xa )’),
rae P, u Q, — NOAHHOMH C AEHCTBHTENbHEIMH KO3DdHIHEHTAMH, KOTOPHE
CavH AOMKHH YNOBAETBOPATH ypasHenmio Jlammaca'). Takum o6pasom,
npu n=0, 1, 2,... noayyaem GecKOHeyHOe MHOXECTBO DelieHH# ypas-
nexud Jlanzaca, HO B OTIHYME OT NPEAHAYUIMX MPHMEPOB NMOKA TOJMLKO
C4YeTHOe MHOXECTBO. .
Ilepexons K MNONADHHIM KOOpAMHATaMm r, & npw nomoww Gopmya
x=rcos ¥, y==rsind, umeem: : :
P, (x, yy=rrcosnd, Qn(g, y)==rrsinnd. (6)
P yHKIMH .
P, (¢, y)==recosad, Q. (x, y)=resinad

TOXe, OKA3hlBAeTCHd, VAOBJETBOPAT Yypaeuenuio Jlammaca npu Mo6oM
AcHCTBUTE/NLHOM 3HaYeHMM « BO BCAKOM O6GNAaCTH IIOCKOCTH X, ¥, He
Cozepxaulel Havana x = y='0; 3TO MOXHO INPOBEPHTH NOACTAHOBKOH
nocse npeo6pasosadus Au K moAspHHM KoopamHartaM [cp. T. I, crp. 217, -
¢dopuyna (65)]

u 1
Ay = Urr+ 7£+7'7 lyy-
Ecau Buibpars ABe GyHKUHH w (a) U © (@) Takoro poaa, uTo6W MPOH3-
BOAHEIE HHTErpanoB
b b
f w (@) recos att da u f v (@) r* sin ad da
a a )
MO BTOPOro HOpsAKa MOXHO GHIO MONY4HTH AH(depeHUUPOBAHUEM MOL
3HaKOM MHTErpana, TO BHpPAXKEHHe
b
J r* [w (&) cos ad -}~ v (a) sin ad] da
a
A3CT MHOroOGpasue DELIEHHH, 33BHCALleE OT ABYX NPOU3BOILHHX (YHK-
i w n .
9. B kauecTBe npuMepa AuddepEHUHANLHOrO ypaBHeHua 60/ee BHCO-
KOTO TMOPANKa PACCMOTPHM ypaBHEHHe

Uy =0,
ANA KOTODOTO HaxoAum ofuee pelieHue
ult, y=w(y)+xw () + v (%) + yo, (x).
1) 3tu ptuenns NPeiCTaBAAIOT 3JEMEHTAPHBIA HpuMep TOrO OGIIEro Qaax&a,

4TO KaK JCHCTBHTE/BHAA, TAK H MHHMafd 9acTh BCAKOH aHANMTHYECKOH (ymkumu
KOMILIEKCHOrO NepemMeHHOro x - iy ynoBjeTBOpseT ypasHeduto Jlamnaca,
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10. Ecau uHC/IO He3aBMCHMHIX repeMeHHBIX 60Mbine ABYX (HanpuMep,
TPH), TO €CTECTBEHHO OXWAaTh NOTEJNEHHS B OOLIEM DEIEHHH NPOH3BOJb-
HHX GyHKUAN, 3aBUCAUMX OT [ABYX MM COOTBETCTBEHWHO GO/DLINErO HACIA
HEe3aBHUCHMHX RepeMeHHHX. Hampuwmep, anddepeHuyairnoe ypasHenke
_C YaCTHEIMM TPOW3BORHBIMH Jisi GQYHKLUMH u (X, VY, 2)

u,= 0
uMeeTr ofluee peiieHHe
u=w(x, y),

2, JnddepeHunanbHbie YpaBHEHHs IAA 32JaHEBIX  camelicTs
dbynxnull. 3azazuMcs BOMPOCOM, HEAb3s JiM, KaK B 1. 1 ana o6blKHO-
"BeHHBIX AuddepeHuHanbHHX YpaBHEHHH, NOCTPOHTL TakKe AudPepeH-
1Ma/IbHbE YPABHEHHUS C YACTHBIMH NPOWSBOAHLINY, KOTOPHM YACBISTBODSIAL
6m BCe (DYHKUMH 3aJaHHOTO MHOrOO0pasks, 32BHCALLETO OT CHMZOIOB
[IPOM3BOJbLHBEIX (QYHKLIHMH,

BosbmeM, nanmpumep, cemMeHCTBO (PYHKIUMH, 3aBHCAUIE: OT NPOU3BO/b-
HOH QyHKUMH w, B CAelylOleM Biile:

u:f(x, Y, w(g(x, ,V))}, (7)

rae f-—3ajgasHas GYHKUMS aprymMentos x, y, @, a g(x, y)-—saiaHHad
byHKUMsS OT X M y, Hanpumep, g==xy. [lag TOro, 4to6sl MNOAYUYHThb
IuddeperuuanbHOe ypaBHeHHe 3Toro cexeiicrsa dyuxuuft, auddepenuu-
posaneM pasenctBa (7) MO x ¥ y NPUXOAMM K JABYM yDABHEHHAM:

!
uwzfm_{-fww &
/
‘ Uy = fy + fow gy .
Wckaouas @’ M3 9THX ypaBHEHHH, NOJyuHM HCKOMOe tndbepeHunansnoe

ypaBHeH#e '
(U:c ""'fw) Sy (uy '—fy> == 0, (8)

IpHYeM NPOU3BO/bHYI0 (PYHKUMIO W, KOTOPas COZEPKUTCA €Lie HesABHO
B f, W f,, HalO mNpeACTaBuTb cele BHpPAKeHHOW M3 ypasuenna (7)
‘yepes X, y, u.

IMoayuennoe auddepennnalbHOe YpaBHEHHE NPUHAMLIEHUT eule Crie-
LMANbHOMY, HMEHHO—KBa3HAMHEHHOMY, THIY, TAaK KaK OHO JIMHeHHO OT-
HOCHTENBHO NPOou3BOAHbX. Clen0oBaTe1bHO, AAHHOE NPeICTABACHKE HAIETO
ceMeiicTBa (pYHKUMB HeHOCTATOUHO OGO, YTOGH OHO MOTJO NPHBOAHTH
KO BCAKOMY AuddepeHnuansHOMY YDPABHEHHIO € YaCTHHIMH ITPOU3BOAHEIMU
nepBoro Nopsika. '

Ecin 6ynem, HanpoTHB, HCXOANTb M3 ceMeHCTBA (pyuKum¥, 3aBUCALLErO
HE OT NPOM3BOALHOH (YHKUMH, & OT ABYX mapameTpos «, B:

uzf(xa Y5 p);

H CocrasuM NPOM3BOIHBIE
uy=fr(x,; q, Xg)a
u,=f,(x,y; «,B8),
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TO WMeeM 3 ypaBHeHus, M3 KOTOPHIX, BOOOLIE rOBOPH, MOXHO HCKIIO-

unTh & ¥ P (BO BCAKOM Cayuae, ecin fmfya fzafm;ﬁO) Nonyuurca

zlmpcpepenunanbuoe yDaBHEHHEe C YacTHHIMM =~ TPOHM3BOAHLIMH f(X, Y, u
u,) = 0, Kotopoe, BOOOLIE rOBODS, yKe He OyAeT JMHEeHHBIM omo-

cmenwo U, 1,
[Tapanoxec, saKMOUAOIAACT B TOM, 4r0o Gojee y3Koe MHOrooGpasue

pemenuft Bener x Gonee ofueMy THnY muddepeHUHaTbHEX YPaBHEHHUH,
IOJIyYHuT TMPOCTOe paspeineHue g § 4.
NMpumepu: 1. Hna cemelicTBa dyHKIM#A

u=w (xy)
UCKIIOYeHHeM W' W3 YpPaBHeHHH
Uy ==yw', u,=xw’
noxyyaercs Au(p(pepeﬂunanbﬂoe ypaBHeHHe
—yu,=0.

Ecau nepeMmedHHe X, ¥y, 4 HCTOJKOBHIBAaTh KaK MPAMOYTO/JbHBIE KOOP-
AMHATH, TO Kaxnaa GyHKuus 3TOro ceMe#cTBA NPENCTaBAAET eOMETPH-
YeCKH MOBEPXHOCTh, MEPECEKAOUIYIOCH C FOPH3OHTANBHEIMU TIOCKOCTAMH
N0 PaBHOGOYHHIM THIEP6OJaM.

2. COBOKYNHOCTb noSepxHOcmell 8paujeRus, KOTOPHE MOJYHAIOTCs
fipn BpAUIEHUA TIOCKOH KPHUBOH BOKPYP OCHM &, BhiDaXaeTcs cemeficTBOM

byHKiu#
u=w(x24 y?).
Coorsercreyiouee nuddepenunanbHoe ypaBHeHHe —
Yl —xu, =0.

3. CoBOKYMHOCTb KOHOMIOB, OODA3yHOIMMH KOTODHX SBJSIOTCS O-
DH3OHTA/BHEIE . IPAMbIE, NPOXOIALIHE Yepe3 OCb 4, MPEACTaBJIeHAa CeMeh-

cTBOM -QyHxuu
. : w / x>
U == .
E=G

CootsercrBywouiee nuddepeHUHanbHOe yPaBHEHHE
Xty yu, =0,

4. uddepeHunanpHoe ypaBHEHHE BCEX PA38EPMbLBAIOUUXCHE NOBEPX-
xocmedl MONyyaeTCsl M3 ONpele/eHHs 3TUX TMOBepXHOCTe# Kak ozulbaiw-
wux ceMelcmsa niockocmel, 3asucAwux om c0H020 napamempa. Ux
COBOKYNMHOCTb (C M3DBATHEM UMJIHHIDOB, nepnenzmxynﬂpnux HI0CKOCTH
X, y) npeAcTaBleHa ceMeACTBOM (GYHKIUH

b= ax—+w (%) y+ (), ©)
npuYeM o HAAO0 BHPASUTH KaK (YHKIMIO X M y M3 ypaBHEHus ’

0=x-4-w' (2) y-} v (a). (10)
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YHKUMA & 3aBUCHT 37ieCh OT JBYX NPOM3BOBHHX GYHKUMHA H MPHTOM
IOBOJILHO CIOXHEM o6Gpasom. Ma ypasneHus (9) Haxo4WM NepBHE NPOH3-
BOAHEE 4y, U,

Byp==4,
u, == w (a),
C/Ie0BATENBHO,
Uy =W (). (11)

Hns uckmovenns w puddepeHuupyem eimie pas:

4
‘ uwafw’u,y, Uy == W Uy,
a OTCIOZA NOoJyuaeM .
. .
Bty Uy = (12)
- mubdepennnansHoe  ypABHEHHE BCEX Da3BePTHBAIOIHXCS TNOBEPX-
HOCTeH 33 WCK/IIOYEHHeM LWIMHIDOB, NePNeHIUKYAAPHHX K IJIOCKO-
cra x, y.

5. Bo Bcex 31MX npuMepax MOXHO, OGDAaTHO, MOKa3arh, YTO BCE
PeLieHUsT COOTBETCTBYIOUMX Au(QepeHinaTbHEX yPaBHEHHH TPHHANIERAT

. 3a[AHHEIM CeMeHCTBaM. .

6. CoBOKYNHOCTb BCeX O0O0HOPOOHHIX gﬁyﬂxuaﬁ (%, .., Xp) CTE-
MEeHH @ OT A HEe3aBHCHMHX MEPEMEHHHX Xy, ..., X, XapPaKTepusyercs
yCIOBHEM : :
w(txy, ..., txpy=tu(xy, ..., X,), (13)
xoropoe NOMKHO BHMOMHATHCH TOMIECTBEHHO OTHOCHTenbHO f. [Tonraras
t = —, uMeeM:
11/ ) s
‘ — X1 Xn—1
u{x,, ...,xn)—-x;u(};, ek 1),
OTKyAa [Jf 4 TNOJyYaeTcss BHpaXeHue
Xy Xp—1 14
—_ % — ]
u—_xnw(xn,..., x,,)' (14)

Tak kak, o6paTtHo, Bcskas (YHKUHA TaKoro BHAa, o6pa3oBaHHaf C Mo-
MOILIBIO NMPOU3BOJIBHOK GYHKIMKH w OT n-— 1 apryMeHtToB, yAOBJETBO-
psieT HANWCAHHOMY BHLUIE YCAOBHK OLHOPOAHOCTH, T0 B (opme (14)
CONEPKUTCH BCE CeMeHCTBO ONHOPOAHHX (YHKUMH CTeneHu «.
Yrobui, 1 3TOrOo ceme#cTBa pyHKUMH mosyuuth DuddepeHnManbHOE
YpaBHeHye ¢ uYaCTHHMH TPOH3BOZHBIMH, nuddepenimpyem (14) no nepe-

MeHHHM X, ..., X, M HCKmouaeM @yHkuuio w. Takum o6pasoM nomay-
Yaerca ycaosue OOHOpOOHOcm Disepa
Xyl + - x nlha, = AU (15)

310 cooTHOUIEHHE MOKHO BIPOUEM TOJNYUHTH U Henocpencmeﬂﬂo nudde-
Pennupys (13) no ¢ u nonaras 3arem £==1.
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O6parno, u3 Toro (axra, uro ¢ysxuma u(x;, ..., X,) yAQBIETBO-
preT ycioeuo onHopoiHoctH (15), BhITeKaeT: :

2/ 1
5?(m—lu(le, ...,tx,,))::

n
1 W
::m{z tx@-uwi(txl, .. .,txn)_——au(txl, . tx,,)} == 0;

PESDY
1
C/leNOBATE/AbHO, BHIPAXKEHHE -t;u(txl, ..., tx,) He 3aBHCUT OT ¢, a mo-

TOMY NO/KHO OHTb, B YaCTHOCTH, paBuo #(Xy, ...,%,). Ho 310 O3Ha-
uaeT corsacHo onpeneienuo (13), uro dyHkums u OLHOPOHAHE.

§ 2. Cucremsl gupdepeHuianbupix ypasHenui

1, IIpoGaeMa SKBUBANEHTHOCTH CHCTEM H OTHEJbLHHIX Hudpdepen-
IMAJIbHBIX ypaBHeHHd. B TO BpeMa Kak y OGLIKHOBEHHHX INU(depeH-
UMaNbHHX ~ ypaBHeHMH CYIgCTBYeT SKBHUBANEHTHOCTb MeXAy TeopHeH
oaHOro AndepeHinaibHOro ypaBHEHUS M Teopuefft CHCTEMH ypaBHeHHH,
y nuddepeHinanbHEX yPaBHEHHH C YACTHHIMH TMPOM3BOAHKME Jelo 00-
CTOMT HHaue.

O6uixnosennHoe auddepeniaibHOe YPaBHEHUE BTOPOrO MOPSAAKA

F(x, 9,5,))=0 o
MOKET GHTh NPHUBENEHO MNOACTaHOBKOH Yy’ ==z K cucTeMe ABYX Audde-
PeHUMANBLHBIX  YDaBHeHKH rnepporo mopsaxa a1ns mByX ynxkumu#i y(x)

" z(x):
) F(x’y, z! z,)=0’ }

Y —z==0. @)

Beaxoe peurenne  anddepenumansioro  ypassenus (1) mpusoaut

K peuwenuo cucremul (2) u obparno. Cnpasemnivea u 06paTHas TeopeMma:

cucTeMa ABYX OOHKHOBEHHBIX Au(pepeHUMantHbplX ypaBHeHu#t mepeoro
nopsnKa

f’(xyy, zv.yoizl)’_‘::oy g(x’y’z?y,’z’)=0 (3)

s aeyx Gynkup# p (X) M 2(X) MOXET OHTh NPHBEICHA K OIHOMY
ARG(EePeHIMAAbHOMY YPABHEHHIO BTOPDOrD NOPsAKa Ans OZHOH W3 (yHK-
MR W K TIPOUECcaM HCKAIOUeHWs, eCaHM NPEeANoJNOXHTh, YTO B paccMar-
pusaeMoy# 001aCTH 3HAUEHHH aAPrYMEHTOB [ G — fug, £ 0.

B cavmoM nene, npu 3TOM NpENANOJOXEHHH YDaBHEHHS (3) MOXHO
pa3PelinTh OTHOCHTEIBHO 2 M 27!

IR - 7 . \
2 =2k, Y )’ 3:‘:"{('\,3’,)”)- (33)
JupdepeHuuposanuer BTOPOr0 ypaBHEHHS M HCK/IOYEHHEM MOAyYaeM:
ap,(x,y, V')—‘?z—‘?yl"—"{y')’”—‘-’ 0 (3b)

— oaHo rnuddepenuyaNbHOe ypaBHeHHe BTOPOro NopAnKa [N ONHOR
dyuxumd y(x). ITMoacraeaas Kaxoe-HuOynb pewenue 3Toro muddepen-
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UMaNBHOrO ypasHenms (3b) B paBeHCTBO 2==1¢(x, y, '), NOAYYHM COOT-
BETCTBYOILYI0 (YHKUMIO 2z, KOTOPas COBMECTHO C y pellaeT IepBo-
HavaJapHy0 cucTeMy (3) uam (3a). :

CnefoBatenbHo, mnpH YCAOBUH f,gw — fug, # 0 mHawa cucrema (3)
JAeHCTBATENbHO SKBUBAJIEHTHA OXHOMY eIMHCTBEHHOMY HHddepeHIHaTbHOMY
YDaBHEHHIO.

PaccMorpum Tteneps auddepeHlManbHOe ypaBHEHME C  YAaCTHHIMH
TIPOKM3BOJHHMH BTODOro nopsifika Aaa yHkuuM 2 (x, y):

v F(x,y, u, uy, Uys Upas Ugys uyy) =0. . #
TpH MOMOU{H TONCTAHOBKHM Uy==p, U4, ==¢ MH TDHXOLHM K CHCTeME

tpex audbdepeHIHaTbHEX YPaBHEHUA C YACTHHMH NPOH3BOAHLIMA NEPBOrO
nopaaxa Ans Tpex ¢yukuu# u, p, g:

F(x, VU, Py 4y Py Pys qy) =0,
Uy—p=0, (5)
uy~—q=0. -

Besikoe pewmenue #, p, ¢ 3TOh cucTeMH naeT QyHkuuelt u pemenue
anddeperunansroro ypasHenns (4) u, o6parHo, BCKOe pelleHHe U
ypasHeHusi (4) MPUBOAMT K CHCTeMe DewleHuit u, u,, i, CHCTeMbl AU de-
PEHUHANbHHX ypaBHeHult (5). .

Wrax, ‘Quppeperguarsnoe ypasenue ¢ 4acmusimu npou3go0HbimL
8MOPOZO NOPAOKA SKBUBANEHMHO cucmeMe mpex OudepeHyuarbrox
YpasHenuil nepsozo nopadxa, npasna, BecbMa cremualbxHoro suia. On-
Hako, o6pamHoe npedsoxcerue He umeem secma. He Bcikas cuctema
AByX IuddepeHIHanbHBIX YPaBHEHMH MepBOro mnopsika — a, C/AeNoBa-
TENbHO, NMOJAABHO HE BCAKas CHCTeMa TpeX IuddepeHHUaNbHBIX ypaBHe-
HUH mepBOro MOpfAIKA — 3IKBHBAJEHTHa OAHOMY auddepeHUHaATBHOMY
YPABHEHHIO BTOPOrO mopsuxa !). ’

Ins paccMOTpeHHss 3THX 06CTOATENbCTB HCCIENyeM, BO3MOWXKHO JiH,
MO aHa/qoruM C OOBLIKHOBEHHHMM AH(depeHIHanbHBIMU ypaBHEHHANY, W3
ABYX nuGdepeHuranbHeX ypaBHEHHE € YaCTHHMH NPOH3BOAHEIMH

f(x’ ,V, u, v, Wy Uy, uy» T'y) =70a }
g(x, ¥, u, v, Uy, Vg, Uy, V) =0

1A ABYX HEH3BeCTHHX GyHkuu# u#(x,y), v(x,y), € NOMOWBIO OIHO-
KpatHoro muddepeHUUMpPOBaHHUI W MCKAOYEHUS, TOMYUYUTH OXHO IKBHBA-
AeHTHOe IU(depeHInaTbHOe YPaBHEHHE C YAaCTHLIMM TIDOM3BONHBIMH BTO-
poro nopsiaka ans onHo#t ¢yHkumn u. JuddepeHuupys mo x H v, 10-
Nyuaem ewe veThipe ypassesms, Iag tore, uto6e BMecTOo cHcTeMnl (6)
MOJXYy4yuTh OAHO eJMHCTBEHHOEe AuddepeHUManbHOE ypaBHEHHE BTODOTO

(6)

1) Mu yeunum, onHako, B § 7, 9TO Taxas SKBHBANEHTHOCTh NPH M3BECTIHIX
yolopuax momer GHITh yCTAHOBIEKa, €CHM K NUQPGDEPEHLUHATbHBIM YPIBHEHU M
NpHGaButh emte HEKOTOPHE «HAYANBHEIE YCAOBUA», OrPAHHYHBAIONIAE MHOTOO6-

Pasne pemenuli. Bupouem nmo BONpocy o npoGaeMe 9K¥BHBANEHTHOCTH CP. AONOJ-
BeHus, n. n, 2 u 3. : ‘
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NopsAKa AJS i, CAel0Bad0 GH HCK/JIOUATH H3 LIECTH yDABHEHH} WECTh
HEH3BECTHHX BEIHUHH U, Uy, Uy, Vs Vpys Vyy- MeXy TeMm HCKITIOYEHHE
IeCTH BEJWYMH W3 IIECTH YpaBHEHMH BOOOWIE HEBO3MOXHO. -[leaaercs
AW OHO OCYLIECTBUMEIM Gnaronapsi, MoxeT OhTh, CNELHANbHO# CTPYKTYpe
noay4eHHoH CucTeMH ypaBHenn#i? OTpuuATeJbHHH OTBET Ha 3TOT BONPOC
MOJMYYaeTC C TIOMOLUIbI0 ONPOBEPralUX NPHMEPOB ).

[MpopomxenHe npouecca nOACYETa NOKA3HBaeT, YTO H NpPH NOBHILIE-
HHH YIOPAIKA HEAb3s OXHAATH BO3MOWHOCTH 3aMeHH cuCTeMH (6) oxHum
augpdepeHuHanpHEM ypasHeHnneM. Ecam, sHanpumep, eute pas xuddepen-
UMPORATb [0 X H ¥ MNOJy4YEHHHe MNOocCie mnepsoro AuddepeHUMPOBAHHS
ueThpe YDPaBHEHHd, TO TNOAYYMM E€Ile WeCTh HE3ABHCHMHX YPaBHEHHH,
a Bcero nBeHanuath mapdepeHunanbHuX ypasHeHu#. M3 3THX ABeHad-
LATH ypaBHeHu#t cienosanQ Ob MCKAIOYATHL Tenepb AECATh BENUUHH
Uy Uy Vys Vazs V2o Vyyr Vams Vays Vayys Vyyy AN TOTO, YTOOH! MOMYYHTH
OZHO IM(epeHHAIbHOE yPABHEHHE TPEThero IOPSXKA AJs OLHON MHUIb
dyuxuun #. Ho Taxk Kak B pesynbTare WCKAIOYEHHS HECATH BENMUMH H3
NBEeHALUATH YypaBHeHHWH BOOOLIE MOAYUYAIOTCH [JBa HE3aBHCHMBIX COOTHO-
HIeHusA, TO CJeAyeT OXHA4Thb, €C/IM ME He HMeeM JeJa CO ClelHabHHM
clyyaeM, YTO NPOLECC HCK/IOYEHHS TIPHBEAET K ABYM Pa3jMuHEIM Hudde-
PeHIMaNpHEIM YDaBHEHUAM TPEThero NOpAnKa /AAs OXHON GYHKUMH u.

2. CucreMsl onpenesieHHbie, CBepXonpeaeneHnsle, HegoonpeaeeH-
upe. O6wuit Bun cucremsl nuddepeHUMaNbHHX YPaBHEHHH C YaCTHHIMH
TPOU3BOIHHMHN MPH ABYX HE3aBUCHMHX MEePEMEHHHX TAKOB:

Fy(x, y, u, a, ..., gm0, ”;/1)’ e, uim, uglm), u®,..)=0 (7)
' . (i=13-",h)) » '
T. . ChCTeMa A ypasHeuuH s m ¢ysxkum# oW, ... z0™ pe3asu-

CHMBIX TEpDEeMeHHHMX X .M y. Mp mnpeamonaraem, 4TO 3TH A ypaBHeHuH
He3aBUCHUMBI JPYr OT ApYyra, T. €. HUKaKoe H3 HHX He MOxeT OKTb mo-
AydeHO M3 APYTHX C TMOMOMIBIO MPOLECCOB MUbDEPEHIEPOBAHNT H HCKIO-
YeHHst. _ )

Ecan h = sz, 10 rosopar, uTo cucrema onpedesennas. Ecau h>m,
TO CUCTEMa HAa3LIBAeTCH ceepxonpedesennoii, Ecau, Haupotue, k< m,
TO, OHA& HA3BIBAELTCH HedoonpedeneHHol.

1) VpasHeuua
Uy Uy = — YU,

Uy 4 Vyp = yU

NPCICTABAAIOT NPHMED TAKOH CHCTEMBl, OT KOTOPOH Helb3d MPUTTH MPOLEccoM
RifPepeHUMPOBANUA U HCKJIOYEHHA K OIHOMY YDaBHEHHIO BTOPOTO HOpSIKa.
Hamporis, ¢TC0la MONYYAOTCH A 1 1BA YPABHEHHs TPETbero Nopajka:

0
y (VU Uy — Upg) + up + yu =10,

J , ., . .
-y (V2 o+ by = Ugg) + iy — Y '(}’2” 4ty — tigz) =0,
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TIpumep onpeneneHHOM CHCTEMH NPEACTABAANT Oufigeperyuarsruie
ypassenusn Kowu-Pumarna B Teopun OyHKuuH Ins AByX QyHKuui
u(x, y) u v(x, y): _

Uy—0,=20, u,+v,=0.

Jlns 3TOH ONpeneneHHOM CHCTEMH CMELManbHOTO BHAA BHIBOXMTCA Ge3
3aTpyLHeHu#t, C TOMOWBI AuddepeHUHPOBAHHA M HCKMOYEHHd, YTO
GYHKUMM & W U, KaXAas B OTAETbHOCTH, Y/AOBIETBOPAIOT aubdepeH-
AlMA/bHEM YpaBHennam Au =10, Av==0 (cp. n. 1).

IIpocTefiunm npuMepoM CBEPXONpedeNeHHOX CHCTEMEl Uit ONHOH
bysxkumn u (x, y) ABASETCH CHCTeMA

u:v:‘-f(x’ y)» by = g(x, ).
Kak u3sectHo, 11 DaspelIHMOCTH 3TOH CHCTEMH HeOGXOMMMO M AOUTa-
TOYHO BHIIOJIHEHHE YCJOBHA
/ y = Bz

Hpyroft npumep cBepxomnpefeieHHON CHCTEMbl JaeT HaM TEOpUs axa-
sumuneckux Qyrrxygul f(z,, 25) 0om 08YX KOMRACKCHWX NEPEMEHHbX

2y=x+1iy;, z3= X3+ iyg-
Huddepenumanshne ypashenus Kouwn-Pumana, Beipaxaiomue aHaauTH4e-

ckiit Xapaktep QyHxuun f(2,, 2y) = u-}-iv OTHOCUTENBHO OGEHX He3a-
BHCHMHIX NEPeMEHHBIX, HMEIOT CleayiolHi BHA: ‘

U, == Ty, . U, == Uy, }

=2 vx’.

®

JuddeperuupoBanneM # HCKTIOUEHHEM MOJYYaeM U3 HHX CAELYIOILYO
CBepPXONpPe/ieIeHHYI0 CHCTeMY AAs OZHOH OBYHKIMH u:

u‘”@x + uﬂxﬂx = 0’ ua:,w, + u?lx!!z = 0’ }
o, 1 Uy, =0, Uy, — Uzy, = 0.

Caepxonpee/neHHOCTs 3TOH CHCTeMBl yKa3biBaeT Ha TO, 4TO TeOpHd
dyuxuun "Mﬂomx KOMIJIEKCHHIX TepeMeHHBIX IO CYUIeCTBY CJOXHee,
yeM KjaaccHyeckas Teopusi PYHKUUM OXHOTO KOMILIEKCHOTO IEPEMEHHOro.

Tperu#t npuMep cBepxonpeneneHHON CHCTEeMB [aeT BBEIEHHE OIHO-
PONHHIX TEPEMEHHHX X,, X5, ..., X,,; BMECTO I TMEPEMEHHHX X, V, ...
C NMOMOUIBK COOTHOLIEHUH .

by, =— Vg, Uy

2

(8

x =22
=% y_x1

Synkuus u (x, Y, . - .) Npeobpasyerca npu 3ToM B QYHKIHMIO ® (X, Xg, » . . ),
OIHOPOAHKYIO, HYJEBOrOo H3MepeHHs OTHOCHTENbHO HOBHIX NEPEMEHHHX H
YROBJIETBOPAIOLIYIO NMO3TOMY COOTHOLIEHHMIO ORHOPOAHOCTH Dftnepa

X0z, - Xq0z,+ ... =0.
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YacTHHE NPOM3BOAHHIE MEPBOrO  MOpALKA dyukuwun  u(x,y,...) mo
X, §,... BHDPAKAOTCA uepe3 NPOU3BONHBIE QYHKUHH © (X, Xg, .-.)
CleayoluM o6pasom:

Uy == X0y,

lly == xlmma,

L

MMoaromy, ecan s dyHkuud © pavo auddepeHunanbHoe ypaBHeHue
riepBoro nopsiaka

f('x_’y"",u’ um) uy) "')=Ol

TO OHO NPUBOAMTCH. NpeobpasoBaHueM K Takomy e AuddepentiuanbHOMY
yPaBHEHHIO BUIA

O(Xy, Koy v vy ® W, O .. .)=0

s GyHkun o (X, X, ...), K KOTOPOMY npg[coenﬁﬂﬂeTCH eule, B Ka-
7eCTBe BTOPOrO YPaBHEHHs,, COOTHOIUEHHE OXHOPOAHOCTH
X 10, = X0, . . . = 0.

Bumecro oasoro mudgepeHuuanbHoro ypaBHeNHs NOAYyJaercs, TakuM obpa-
30M, CBepXONpejfesieHHas cucTeMa IBYX ypaBHeHu#. OueBnaHO, Takas
e CBEPXONpeIe/ieHHOCTh BO3HHKAaeT W INPU TNPeOGPA3OBAHMU CHCTEMBI
auddepeHIaNbHEIX ypaBHeHHH BBeISHHEM ONHOPOAHLIX NEpPEeMEeHHBIX.

[Ipumepom HenoonpeneneHHOH cucTeMbl AnddepeHIHanbHEX ypasHe-
HHIl SBJIAETCH ypaBHeHue

LUy — UV, == 0,

KOTOpOe BEIPANKAST TOXIECTBEHHOE HCYe3aHHe (YHKNHMOHAJBHOTO onpe-
nenutens obemx ¢ynkuuit u(x, y) u v(x,y). U3 aroro ypasueHma Bhi-
Tekaer !), 4TO # W U CBA3aHE COOTHOLIEHUEM

w (4, -2;): 0,

He COJAePKALUUM SIBHO HE3aBUCUMLIX IeDeMEeHHHX X u y¥. IJTO COGIHO-
IIEHHE MOXKHO pAaCCMaTPHBATHL KaK of0uiee pelleHHe HeXoOmNpeesneHHOHN
cucteMut anddepeHLManbHBX YpaBHEHHH.

Boobme naa cucrembt n dyuxuup a4, u®, .., u or He3aBuCH-
MBIX TeDEeMeHHHX X;, X,, ..., X, CIpaBe/suBa TeopeMa, YTO HCUYe3aHue
(PYHKUHOHANBHOTO ONMpeRCAUTEN

I

o(u®m, ..., alv) 0

IO A o v 9)
: 1 (m)

Ugy o . . U,

1) Cp. §1, m. 1, npumep 5.
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ymme'rca XAPAKTEPUCTHYECKHM YCIOBHEM CYUIECTBOBAHAR Memny n dynx-
nmmn 2®, ..., u{™. 3agHCHMOCTH BHIA

w(@W, ..., um)=0. (10)

'C1e10BaTENBHO, W 3TO cooTHomenue (10) MOXHO TPAaKTOBATH KaK pelle-
HUWE HeJoompeneneHHON cucTeMul IuddepeHUMANTLHNE ypasHenu# (9).

§ 3. MeToabl HHTErpHpPOBAHHSA
AN HEKOTOPHX AHdepeHLuansHHIX YPABHEHHHA 4JacTHLHIX BHLOB

1. Paagenenne mepemeHHbX. [laa muorux auddepennuanbHuX ypag-
‘HeHHH, BCTPEUAIOIMXCA B MaTeMaTHyecko#t ¢u3nKe, MOXKHO NOJYUHTH
¢ TIOMOLUBIO0 CNEUMANbHBIX MOACTAHOBOK, €CJAH H He BCIO COBOKYMNHOCTb
/pelieHuit, TO BCe Ke ceMeHCTBO pellieHu, 3aBucsllee OT NPOU3IBOJNBHHX
‘NapaMeTpoB.

ITokaxem Ha psie NpuMepoOB BaXHEHIIHHA METOX 3ITOr0 poja, METOL
pasdenenus nepemMeHHbLX.

2 2 —
ug -t up=1.
C noMombio NMOACTAHOBKH
2(x, y=292) + ()
’ .
o (- Iy" (PP =1

[ (P =1 — [ )2

Tak Kax B 3TOM yDaBHEHHU TpPaBas YaCTb He 3aBHUCHT OT X, 3 JeBas He
3aBHCHT OT y, TO OGe OHM DaBHH OJHOMY ¥ TOMY e IOCTOSHHOMY
yucny «?, ¥ MH NOJNyuaeM, TaKkuM 0Gpa3oM, HEMOCPEACTBEHHO CeMeHCTBO
pemenul, 3aBucAlyee OT JABYX MapaMerpoB:

u(w, py=axt+YT—ay+p§ 0]
¢ napamerpamu o u B.
2. CooTsercTBeHHO AN AubGDEPEHUMANBHOrO yPABHEHHS

w4 ul =1

Jna yHKUWY 4 OT TPeX HepeMeHHHX X, y, Z, noJaras

noayyaem:

U9

=¢(*) + 4 ()4 %)
NOAyuMM CeMeHCTBO pelneHuit
w=ax 4By V1—a®—fz+7, @

3aBucsillee OT TPEX NMPOU3BO/MbLHEIX MApPaMeTROB a, 8, ¥.

3. Toacrasoska
u=9(x)+9(y)

NpHBeuuT K uenu ¥ y MuddepeHUHanbHOTO YPaBHEHUS

f@u+g () dy=a(x)-+5().
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Monyunm;

—————

x e Y )
a@®+o . b —a 1 /
wiw, =[Ok d~+yf PO—tin+5, @
&y 0

TAE &4 4 B——HPOPBBOJII:HBIG TIOCTOAHHEIQ.

4. Meron pa3sieneHds NEPEMEHHHIX 4aCTO TPUMEHAETCS C YCMEXOM
noc/ne TOro, Kak Mpe/IRANUTeNbHO BRUIOAHEHO NOAXOIsulee Apeobpasosa-
Hue mnepemeHHHX. Tak, BcTpeuaiouwieecs B HeGecHolt meRaHuke, B 3adaue
0 08yxX mesax ypaBHeHue

k -
2 2o h (%= x® 2 — }
uw+qy~ ~—h (rF=x®4-y% k, h— nocroauHue)
nociie npeoSpasoOBaHAS NEPEMEHHHIX X, Y K NMOJAPHHM KOopauHatam r, &
TiEPeXONUT B ypaBHEHHE
1 k
LI I B 2,2 S by R
Uyt ui==——h unw rul - ud=kr—hr

ans Qynkuud u (r, ¥), 8 koropywo mepemwia u(x, y) B pesyibTare npe-
o6paszosanust. Popmyaa (3) maer Ham CeMeHCTBO pelueHui

wm [ Y ECh T Z et o, @
0 .

3aBHCslllee OT ABYX NpPOU3BOJNBLHLIX NapameTpoB « u B.
5. V nuuetinnix muddepenuymaibHLiX ypasHeHu#t, B OCOGEHHOCTH BTO-
POro fopfAfka, YacTO MOXKHO C yCHeXOM NMPUMEHUTh TOJACTAHOBKY

u(x, y)=0®)¢();
MHOTQUHUC/IEHHEIE [IPUMEPHl TAKOTO POJa COAEPKHT NATast r1aBa MEPBOro
toMa (cp. 1. I, rn. V, §§ 3—9). '

Hlpyro#t npumep naer Ougbfepennuasbroe ypasHenue mensonpo-
godHocmu :

| Upg—ty==0. . (5)
C noMompi0' Hame#t NOACTAHOBKH MOJYuUM yPaBHEHHE
" (x)io () =Y ()4 (.

CaenoBatenbHo, 06€ 4acTH 3TOrO yPaBHEHUS MOMKHH PABHATLCH ONHOH
H TOH Xe NMOCTOAHHOH, KOTOPYI0 MOXHO TNpPUHATL NOJOXHUTEAbHOK Hiau
OTPULATENbHO U OGO3HAUNTL COOTBETCTBEHHO 4epe3 v2 uiaM — v2. Takum
06pasoM, HOJyuaTcs cemeHCTBa petmesni

u=ashv(x—a)e,
u==asinv(x—a)e Y,
IMocaeanee peuiende HrpaeT OcoOyl poOJab B MateMaTdyecKoH dusuxe,

KaK BEIDAXEHHE DACHpEreleHHs TEMIepaTyph, GearpaHuyno yOHBammerq
co BpeMeHeM (u — TEMNEPATYPa, y—— BPeMA, X — KOOPAMHATA TOYKH),
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2. Moayuenne HOBBHIX peweHui ¢ moMOWBIO Ccynmepno3duuu (Ha-
aoxenus). OcCHOBHOe pellleHHe YpaBHeHHS TeNJONPOBOXHOCTH.
Huterpan Ilyacconwa. I3 moayueHHbXx pemenufi auHelHnx auddepen-
IMANBLHEIX  YPA4BHEHUH MOXMHO NOJAYUYHTh HOBHE DeEUIeHHd C MOMOLIbLIO
FIPOLECCOB CyMMHpOBaHus, AudbepeHPOBAHAS U MHTErPUPOBAHHS, YEMY
MHOTOYHCJIEHHBIE NPHMEDH TaKXKe coaepxkarcad B ri. V 1. I (cp. 1. |,
ri. V, §§ 1—9). B 3T0M MecTe MB MOXKEM IO3TOMY OrPAHHYHTBCS
HEMHOTHMM TPUMEpaMH.

. Jns TOro, uYTOGH MOAYYMThH HOBOE DEIUEHUE YPABHEHUS MenAonpo-
600HOcmu, Mbl TIDOMHTETPHDYEM pelleHHe e~V CoSvx MO rapameTpy v
oT — oo 10 -} co. [Moayunrcs HOBOe pellieHHe

+

u==f e~ cosvxdv (y>0).

Vinrerpan B npasoi 4acTd HETPYAHO BRIYKCAMTD 1), M Mbl NMOJYYHM:
i . - ot .
r - Z
— —_ 4

U === g e % (6)
B KauecTBe BTOpOro mpumepa, CBSI3aHHOrO C NPHMEHEHHEM NPUHUUNA
HAaTOXeHHus, NaAMM DelleHWe Kpaegod 3adatu ypasnewus Jlanraca
Au =0 nns kpyra r?=x2-}-y2<1, ecnu mas r==1 kpaeBbie 3HaueHus
(yHKIMH # 334aHBl KaKk HempepeiBHO nuddepennupyemas oynxuua g (d)
noasiproro yraa ¥, O6osuauum kosadduuments Pypoe dyukunu g (9) vepes

» ‘ .

™

an:% fg(ao)cosnaod% bn’=% fg(?)sinnaﬂd@;

—x ) —T
psa
. x ‘
Cu(x, y)= %‘l -+ 2 (@, cos v 4 b, sinvd) r =
v==1
(o)
a
=3+ ¥ 0P N+5,Q (%, y)
) y==1 )
:1) Hans BHUHCIEHHS nonaraeM vZy == A2, MMeeM u == -1—_—J(d), rie @ = .
o Vy
o0 :
nJ(a) = ( e cos (ah)d\. Laa Beiuncnenns J(@), puddepenuupya non
3HaKOM HHTerpana, noayuaem J’ (@) = — f e M\ sin (ah) d\ u, nocne uure-

—_0
a
FPUDOBAHHA 10 YaCTAM, T[OYTH HenocpejcTsennHo J' (a) =—?J(a). Kpome
40
N —)2
1010, TIpsMOe BhiicaeHHe paet J(0) = | e ¥ dh= V=.Orcona Butekaer

—C0
ot

J(@)= Vme * u, caenoparensno, hopmyna (6).
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CXOIHTCA paBHOMEPHO NPH r=<g<{l. 10T paf, KOTOPHH NpH r=<y
MOXHO ABaxAW AubdepeHUAPOBATh NOYACHHO, NPEACTAB/IAET CYynepnosu-
UMI0 rapMoHuyeckux ¢ynxuuii P, u Q,, paccmoTpeHHHX B § 1, m. 1,
npumep 8, a, CAeJOBATEJbHO, M CaM SIBAAETCA FapDMOHHYECKOH ¢ynKumed.
Ho om ceeépx TOro peiiaer H Hauly KpaeBylo 3ajauy. Buyrpu kpyra
MOXKHO IOMEHfTh MeCTaMu CYMMHDOBaHWE H HHTerpHpOBaHMe, NOC/E Y€ro
TOJIyYaeM:

u(x, yy=+ fg@?){-é-—i- i rrcosy () — )} de.

vy=xl

Bocnosisayemcs GopMyao#t 2 cos a==el* |- e~ y 3aTeM NPOCYMMHDYyeM
reOMETpHYECKHe PALH, KOTOpHeE IMOAB/IAOTCS NOJ 3HaKOM HHTerpaia, u
nocjae HeGOABIIOrO NpPEOGPa3OBAHUA MH NpPHAEM K BHPAM(EHHIO
1 1—r2
—F
u(% y)=g T=2r cos T T rE®ds O

f—r

KOTOpOe NpeACTABASeT DellieHHe Kpaesod 3amayM € NOMOUBIO MHTEerpana
Ilyaccona (cp. ria. IV, a takxe T. I, cTp. 488).

§ 4. Feomerpuueckoe ucToaxosanue auddepeHiHaILAOIO0 yPABHEHHS
B YacTHBIX IPOH3BOAHBIX HEPBOr0 HOPAAKA C ABYMA HE3ABHCHMBIMH
nepeMennbiMH. Tloannii nHTErpag

1. T'eomerpuyeckoe HCTONKOB2HKE nupdeperunansHOro ypabne-
HHUS B YaCTHBIX NPOH3BORHBIX HEPBOTO mopsaxa. Y nuddepenimans-
HHX YpaBHeHHH C YaCTHHIMHM NPOM3BONHHIMH NEPBOro MOpsAKA AA% OXHOH
ynxuun 2 (x, y) OT IBYX He3aBUCHMHIX INEDPeMEHHHX FeOMeTpUuecKoe
UPeACTaBIEHUE BBOMUT yXe NOBOJLHO Aa/eKO B TEOPHIO HMHTErpHpOBAHHS.
Huddeperunanbioe ypasHeHue ’

F(x’ Y, &, P, lI)=0» (1)

rie LA COKPALIEHHS TOJIOKEHO p == Uy, == U,, TOBOPHUT, YTO g BCs-
KO#t MHTerpaibHOR MOBEPXHOCTH, NPOXOAdlIEH yepes TOUKY € KOODAHM-
HaTaMd X, y, &, 00e BeIMYHHH p ¥ ¢, ONpPelenfioulne MHOSOMEHHE
KacaTE€apHOM NJOCKOCTH B 3TOH TOuke, noauvHenn ycaosmo (1). Kaca-
TeabHad MIOCKOCTh K KaKOH-TM60 MHTErpaJbHOR IOBEPXHOCTH B yrnoms-
HyTOH TOUKe !) He MOXET ye, CAENOBATENbHO, NPHHHMATH NPOU3BOJIBHHE
HOMOXEHUs, HO JOMNKHA NPUHANIENATh MHOrOO6Pa3uIo, XapaKTepH3yeMoMy

1y laa Toro, 4ro6H MOAYEPKHYTh, YTO B YNOMSHYTHX BHIUE 'KaCaTeNbHHX
IJIOCKOCTAX MOABEPraeTcss PacCMOTPEHHIO JHIIL HEMOCPENCTBEHHAA OKPECTHOCTb
COOTBETCTBYIOIEH TOUKH KacaHus, LenecoO0pPasHO TAKYI0 TOYKY M OKpYyXaio-
WLMA ee NPOM3BONBHO Malblif KyCOK NMAOCKOCTH Ha3biBatb MOBEPXHOCTHHM 3Jje-
MEHTOM H STHMH TOBEPXHOCTHBIMH SJEMEHTAMH OIEPHPOBATH TOYHO .TaK e,
KaK NpH M3yqeHHH OOLIKHOBEHHHX AH((epeHNHANbHHX YDaBHEHHA MOXHO no-
JOXKWTb B OCHOBY JNHHOHHME 3JCMEHTH
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ypasuenttem (1) !). Jas samawHofi Touxu (X, y, #)— 3T0 MHOrooGpasue,
3aBHCSillee OT OJHOTO TapaMeTpa (Hanpumep, Ans ypasHeHus p2--g¢%=1
mHoroobGpasue p==cosf, ¢ =sint¢ c napamerpom f). Ecnu dyskuua F
AhHeHHA OTHOCHUTEJIBHO p U ¢, TO 3TO CeMEHCTBO BO3MOMHHIX KacaTesb-
HHX TUIOCKOCTefl 00pasyeT Ny4yOX IJIOCKOCTeH, NPOXOIAIMHMX 4epe3 OAHY
npaMyio, <ocs Monxcas. Mu ocTaBasieM B CTOPOHe DTOT CTleLHa/bHEIH
caiyuaft  «kBasmamHe#HOro»  AuddepeHUMaNbHOTO  ypaBHEHHMS TEPBOro
nopsaka, KOTOpHM OyneT paccMoTpeH ocob6o B § 5, M nonaaraew,
4YTO Iifl BCAKOH WHTepecyiomedt Hac Touku (X, y, #) Hamle cemeRcTBO
nioCKocTelt orubaeT HeKOTOPHIH KOHyC, TaK Ha3nBaeMHR «xoryC
Mouxca» 2). Taxum obpasoM, nuddepeHLHaNbHOE YpaBHeHHE reOMeTpH-
YeCKH H306pamaercs «rnogeM KOHYcO8», OTHECEHHBHIM HeKOTOpO# o0b6aacTu
APOCTPaHCTBA X, Y, #, NOROOHO TOMy, Kak OObIKHOBeHHOe HH(depen-
AYanbHOE yPaBHEHUE NEPBOro nopsika u306pamaercs nojeM HampasaeHuH.
Jath pemrenue muddepeHuMaisHOrO ypPABHEHHs O3HaYaeT HaHTH TaKyw
NOBEPXHOCTb, KOTOPad B KaXIOH W3 CBOAX® TOUEK KaCaercs COOTBET-
cTBylowero Koxnyca Monxa. ‘ ’
TeomeTpuueckne cooOpawenus, Kak M B TEOPUH OGHIKHOBEHHHX aud-
¢depenuManbHEIX  YpaBHEHUH TePBOrO MOPSAKA, HeNAT OQUEBHJHBIM CJe-
Aywouiee NpeijoXende: - . '
Ecau 3ceucauiee om 00n020 napamempa a cemelicmso

u=f(x, y, a) 2
pewenuii dughgbepenuanrsrozo ypasnernun F(x, y, u, p, q)==0 urneem
0zubaUYI0, MO 3Ma 02WbANWAT HMONCe AEAAEMCST DeulerlueM.

HeticTBuTeNbHO, OrHbaOIIas CeMeHCTBA HHTErPANbHLIX TOBEPXHOCTEH
BMeeT B Kawxa0# cBoefi Touke P KacareabHYI0 NIOCKOCTh, KOTOpas
K4Ca€Tcst B ITOH TOuKe COOTBETCTBYIOLIEr0 KoHyca Momxa, a MMeHHO, -
ofuLyi0 KacarelbHyI0 TUIOCKOCTh € TOM MHTerpaibHO# TIOBEPXHOCTHIO
cemeficTBa, KOTOpas KacaeTcs orubaroute#t B Touke P. ‘

AnamiTHyeCKM Teopema JiOKasbiBaeTcl cledyiowy o6pasom: aas
nonyyeHus orubawouie#t Hago M3 ypaBHeHHS

fa(x5 Y a):() . (3)
BHDA3UTL BeJAMUMHY @ B QyHKUUM OT X M y M 3aTeM 3Ty (yHKU®O

@(x,’y) noicTaBWTb B f, MpuueM ypabHeHue Oru6aomed MOIYYHTCH
B_BUAE : ‘

=f(x, y, a(x, y)=19(x, ).
lpuuumas so BHumanue ypasuenue (3), HMeeM:
kPi:um::fa':—i—fa,aaz:'_'::fq:; l’fyzuy:fy"}_faay:fy'

.I,’ITZKR B QUKCHPOBaHHOH TOuKe (X, V) 3HAYeHH Y (Xy, Vo), Ve (X0, Yo)s
?y (X5, ¥o) DaBHH COOTBETCTBENHO 3HAUSHUAM f (X, Vo, @), Tz (X, Yo, @),
v Koy Yo, @), rae a=a(xy, Vo). Ho rtak Kak bynxuus u==j(x, y, a)
r———— e

:) Insi 6onee moxpoGuoro paccmorpenus cp. ra I, § 3 o 1.
) Mo umenu Monxa (Gaspard Monge).
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yaoBierBopAer AnddepeHunansHOMY YDanHeHHIO B TOuke (X, V), TO H
bynkuna u =74 (x, y) eMy yROBIETBODHET,

2. Monuwn# uaterpas. B § 3 Mu yGenuance Ha paje NPUMEPOB,
uto aas  HuddepeHUMaibHBIX YDABHEHHE NEPBOrO- NOPAIKA BO3MOKHO
HalTH pelleHHs, KOTOPHE ellle 3aBUCAT OT NPOU3BONBHHX NapaMeTpoB;
B YaCTHOCTH, His auddepeHnHaIbHOrO ypaBHEHHA

F(x, Y, &, p, g)=0 (1)
¢ onHO# Heu3BeCTHOR dyHKuMeH u (X, y) OT ABYX HE3ABUCHMHX mnepe-
MEHHBHIX MOXHO HafiTH TaKoe peliueHue

u=o0(x, y, a, b), 4)

KOTOpOE ellle 3aBHCHT OT JABYX napaMeTpoB a, H. Ecau u He BXORHT
ABHO B [, TO M3 ceMefcTBa pellenmit z==0(x, y, @) c oxHMM mapa-
MeTpPOM MOXHO NOJy4dTh CeMeHcTBO pemenufi u=0o(x, y, a)-4- b,
3aBuCslliee OT JABYX INapaMeTpoB ¢ M b. :

Cemelicingo pewenul, 3agucsujee om 08yxX napamempos, Lasvigaenics
nOARMM urmezpasom Oudhdepenyuarsiozo ypasuwenus (1), ecau ') 8 un-
mepecytoujed Hac obaacmu paHe MAmpuys

M__(% Pza ‘?ya)
-
Po Pab Pyp

pasex 08ym, 8 ya.muocmu, cae008amessHo, eciu onpedeaumen

D= PraPyp — PubPya (5)

He obpauaemcs 8 Hyab. .
3HayeHHe MOHATHS <NOJHOrO MHTErpatas OCHOBAHO Ha CIELYIOUIEM
dpysnamenTaibHoM (axre. Haxoxcdernuexm ozubawueli u, c1e008amessro,
¢ NOMOWbIO OOHUX Aullb NpOYeccos OugbgepeHyupOBARUS U UCKMOHERUS
MONCHO nosydums u3 noaxozo uHmezpaisa (4) cemeficmso peuweruil
Ougbcheperyuanrsrozo ypasuenus (3), 3asucauee om npou3sosbHOl gynr-
4uu ?). Jlna TOH IlesH Mbl CBS3HBAEM HE3ABUCHMHE JOCEAe NapaMeTpH a

1) D10 ycnoBHe HCKMOUaET BO3MOXHOCTH, 4TOGH GYHKUMA ¢ Ccopepikana
ABA He3aBHCHMMX [apameTpa JHIUb XaMyWuMcs o6pasoM, NPHUBOAACH B e~
CTBHTEJBHOCTH € HOMOIBIO MNOAXOLAIleH KOMOMHauMH Y ==g(a, b) X BHAY
9(x, ¥, @, b)={$(x, y, 7), 3aBHCALIEMY OT OZHOTO JHIIb TapaMeTpa; B 9TOM
clyyae N3 COOTHOMIIEHHH : .

Pza = Yayla b = Yoyt Pya = Yyylar Pyp = byYo
. 9q = U1¥a» @ = YxTb
HeMeUIEHHO BhITeKano Obl, 4TO paHr MaTpHubl M He MOXeT PABHATLCA HLBYM.

) Bonpoc o TOM, NOJNyYaerTcs K 3THM NyTeM MHOr0006pasue BCeX pPeLIeHUuH,
ocTaerci OTKPHTHM. YTO MO 3TOMY BONPOCY TPYAHO (OPMYAHpOBaTh oO6mue
NpeNaoKeHHd, NoxaspiBaer caenyowui npumep. Ilycts F(x, y, u, p, g) =
=G(x, ¥, u,p q) H(x,y,u,p, g) & g—noanblit HHTErPaNX ypasHerua G =0,
He ABJASIOWMACA OJHOBPEMEHHO peweHHeM ypaBHeHus H = 0. B rakoMm caywae
COrMacHO HAauIeMy OIPENENEeHHI0 ¢ ABAAETCA TAKKE MONHBLIM HHTErpazoM ypas-
Herus F =0, H CylecTBYOT cemeiictBa peweHdit ypaBHesusa F =0, a uMerHO —

- peuieHHs ypasueHua ff = 0, — KOTODHX HeaAb3s TNOAYYHTH H3 Q.
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H b npoussosnbHOH QyHKUMeH, Hanpumep, b ==w (@), TeM CAMBHIM Bhife-
Al M3 HAlEro CeMeHCTBA ¢ AByMdA mapaMeTpaMu CeMeHCTBO, 3aBHCsulee
OT OAHOrO mnapaMeTrpa, M Haxonum ornGapouiyro sroro cemeficrsa. as
9TOrO MpejcTaBiseM cebe, 4TO BeMHUHHA @ BHIPAXKEHA W3 YPaBHEHHA

%t o @=0 (b=mu() 6
B (pyHKILHH X H y, v~lTO npeanonaaraercsa BOSMO)KHI:IM H NOoACTaBJEHA B

u=q(x, y, a, w(@)=19(x, y).

Takum oGpasom moayuaercs MHorooGpasue pewesuit ¢(x, y), 3aBucsinee
OT mpoussoabHON (yHKuMH w. ManoxenHoe paspeuraer, Memay NpOUMM,
KOXYIHHCA napanokc, ynoMmaHyTeli Ha ctp. 20; eciu mna auddepe-
IHATBHOTO  ypaBHEHWs C 4YaCTHHIMH INPOH3BOLHBIMH HMEeTCa CeMeHCTBO
pemleHul, 3apucsiiyee OT ABYX HapaMeTpOB, TO TEM CAMHIM JaHO ceMel-
cTBO (yHKUMH, 3aBUCsiiee OT NPOU3BONLHON PYHKIMY; IPH STOM, ORHAKO,
NPOU3BO/IbHAA (PYHKUMUA BXOAUT CTOJAb CAOKHLIM 06Da3oM, 4TO 3TO CeMeid-
‘cTBO yHxuu#t BooOuie He oxpaThiBaercs namel dopmynoft (7),§1,n. 2.

B caenyowet raase, B CHCTeMATHUECKOH TeOpHM AuddepeHnnambHuX
yPaBHEHU}H DepBOro MOPSAKA ML y3HAaeM, HTO TEOPHIO TIOTHOrO HHTErpasa
MOXHO 00606uuTh ¥ Ha AubdepeHnManbHele ypaBheHUs I QYHKUUE
OT 1 He31BUCHUMBIX IlepeMeHHHX M YTO ee MOXHO TPHUBECTH B TECHYIO
cBA3b ¢ oOuicit Teopuell uuTErpUpOBaHUA. ¢

3. OcoGele uHTerpadst. Kpome «o6iuero» peuleHus, HOJYYEHHOT'O
B N. 2 NMOCPeACTBOM HAXOXAEHHs oruGawouiefl MoaceMedcTsa, 3aBMCALIETO
OT OZHOrO NapameTpa, MeTOAOM HaXOXAeHUS Orubatoilell MOXHO HHOIAA
HONy4YuTh U Apyroe, <ocoboe» pewenue. VIMEHHO, MOMXeET CHYYHTHCH,
Y4TO MCXOZHOE CeMeHCTBO MHTerpajibHHX IIOBEPXHOCTeH C ABYMsl mapa-
merpamu 1= (x, y; a, b) Towe umeer orubaomywo !), He comepxka-
uyocs cpeav npeanayummx. Mo sra orubamoinas, KoTopas IOJNyyaercs
HCKIIOYeHueM @ W b U3 Tpex ypaBHedu#

un=9(x, v, a, b) ]

0 == 2,, l’ )
0= Db

TOXMe no/kna GuTh peligHeM. OHO HA3bIBaeTCH «OCOGHIM® peuleHHeM
ypasaenns (1). B orHomenun ocoOuX pemeHuit 3iecb, KaK H B TEOPHH
COLIKHOBEHHBIX AH((PepeHLUanbHEX ypaBHeHuH, MMeeT MeCTO 3aMevaTeib-
HH# daKT, 4TO /IS UX TIOJYYEHUS HA CAMOM Jie/ie COBEpPIIEHHO He Tpebyercs
BHAHUS [OJHOrO MHTErpana; HaNpPOTHB, HX MOXHO NOJYYUTH HENOCpen-
CTReHHO u3 JAuddepeHnuanbHOro ypaBHEHHS C  TIOMOUIBI IPOLECCOB
IubdepeHunpoBanus ¥ UCKIOYEHHs, a UMEHHO: AR noiy4erus 0cobux
Pewernuit nado uckarotums p u q u3 ypasHeHull

F(x, y, 4, p, =0, F,=0, F;=0. (8)
B CamoMm’ gene, nuddepeHUUpPys ypaBHEeHHE

—— F(JC, Y, e, D "‘7)_‘0
1) STO, KOHCUHO, HeBO3MQ}KHO, €CAn 11 He COMEPKHTCA fIBHO B F.
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KOTOPOE BHITOJIHSIETCS TOMXAECTBEHHO OTHOCUTENBHO a4 M b, MO a u 1o

b, umeeM: : .
Fu"?a+ Fp"?wa"{“ Fq'?z/a =0,
Fu"?b + Fp‘?wb_l" Fq"?g/b =0.

Tak kax ©Ha 0co00if UHTErPANbHON MOBEPXHOCTH @, ==¢, ==0, 10 A11
TOUEK 3TOH ITOBEPXHOCTH '

Fp'?.m - Fq'*?ya =0,

Fp(?mb + Fq?yb =0.

Ecau npeano/ours, 4T0 ONPeReNUTeNs [ == 9,05 — Ppy®y, HE HCUL3aET
Ha 0c000fl WHTerpaJbHOH ~MOBEPXHOCTH, TO I/ 3TOH MNOBEPXHOCTH
JOJINHBL BBIIOJIHATLCS YPABHEHHUA

Fp==0, F,=0.

Taxkum oOpasom, ocofoe peuleHue MO¥eT OBITH NMOMYUEHO UCKAIOUEHHEM
p v g wu3 ypasueuu#t (8). CornacHo sTOMYy o0cC06G0Oe pellleHHE MOXHO
onpefeNuTh, U 0e3 CCHUIKM - Ha CHeUMaJbHBIH TIONHBIA HHTErpad, Kax
TaKoe pelleHue, LIS KOTOPOro F = Fp=F,=0 (cp. ra. II, § 4).

4. l'pameprt. PaccMoTpum ceMmelicTBo dyHkuuH, 3aBucfiee OT ABYX

HapaMeTpos,
(6 —ay4 (y— 0P Fu=1, ©)

T. €. COBOKYNHOCTb cdep paauyca 1 B mpocTpaucrse X, y, #, UEHTDPH
KOTOPHX JexaT B IVIOCKOCTH. x, ¥. OTM ¢yHKknuun 006pas3yioT MOMHHH
MHTerpai AnQdepeHlnaibHOoro ypaBHeHus

(14 pPtg)=1. (10)
ITonaras b==w (@), Mbl BeIeAseM U3 COBOKYmHOCTH (9) 3aBucsmee
OT OJHOrO IHapamerpa ceme#cTBO cdep, UEHTPEI KOTOPHIX JexaT B IIOC-

KOCTH X, y Ha KpuBO# y=w (x). Orubawomas 3toro cemectsa, T. e.
T4 TNOBEPXHOCTH, KOTOPAA NMOJNYuaeTCd HCKTIOUEHHEM BENUUMHH @ M3 ABYX

ypasueuuit:
(t— @R (v — @ (@) - 42 =1, i
(v —a) -+ (a) (y — w(@) =0 )
naet HoBoe peiilenue, Kawpas Takad orubamonias ecth HOBePXHOCTb
KaHana ¢ oceBolt Kpusoi y==w (X).
Onuaxko, Bce cemeficteo (9) ¢ IHBYyMA mnapaMerpaMM TOXe MMeer
OrH6a0ILyI0, 4 HMEHHO — 00e TAOCKOCTH #==1 n u==-—1, Kak 370

IIOKa3blBaeT HarAgpHoe IpejucTaBieHue U IIOATBEPKLACT AHAMUTUYECKHHA
BLIBOJ, HCK/AIOUEHHEM BeJMYMH @ U b U3 ypaBHEHPlﬁ

(x—ap-+(y—bP4u=1,
x—a=0, (12)
y-—b==0.
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Tak KaK 3TH TOBEPXHOCTH YHOBJCTBOPAIT Hu(depeHinaTrHOMY YpPaB-
permio (10), TO OHH NPENCTABIMIOT ero OCOOHE DelIeHHS.

"~ K 9THM 0COGHIM pPEIUEHHIM MOXHO TaKiKe NPUTTH, HCKAOYas BeJHYHHH
p ¥ ¢ U3 ypasHeHufH

F=wt(14p24 ¢ =1, F,=2u% =0, F,=2u%==0. (13)

Hpyro#t mpuMep npeacTaBiseT HACTO BCTPEYAOUIESCd B NMPHIQKEHHAX
dugbcbepenyuanvroe ypasuerie [(/}\epo

U==Xlly +yuy +f(aw1\ uy)' (14)
K Hemy MOMHO TpUTTH, MCXOAA H3 ceMeHCTBa MIOCKOCTeH
u=ax-by+f(a, b), (15)

3aBUCSEr0 OT MABYX mnapameTpos, rie f(a, b)—3ananHas QyHKuus
napaMeTpoB @ u b. B cuny rtoro, uro u,=—a, i, ==b, 970 CceMeHcTBO
niocKkoeTel ynosiaersopaer AuddepenumanpHoMy ypasHenuio (14), wu,
TaK Kak D =1, OHO aBAAETCH NONHBLIM HHTErPAIOM 3TOro AuddepeHnUais-
HOTO ypaBHEHHS.

 O6uee peuienne anddepeHUHarbHOTO ypasrenus Kiepo ME moayunm
M 3Mech TIOCPEACTBOM HaXOm[eHHA orubawowelt, O6eps NPOHIBOALHYIO
dyskuuo b == w (@) ¥ UCKMIOUas 3areM MapaMeTp & H3 YpaBHEHHH

1= ax - yw (@) - f (a, w (a)), }
‘ == x -} yw’ (@) 4 fo -+ Fr@’ (@)
Ouenb GoMblIOE 3HAUEHHE MMsl NPHAOKEHHH HMeeT 0coG0e peuleHHe

ypauenus Krepo. Owno Tmoayvaerca kak orufaioiias ceMef{CTBa IIOC-
xocre#t (15), 3aBuUCAIEr0o OT ABYX IapaMeTpoB, T. €. HCK/IIOUEHHEM

a n b w3 ypasHeHuH
u=ax+ by "+"f(aa b))

x=—fa . ooan
=—fy

Mu mpunem x Tem e dopmynam, ecan OyaeMm muddepeHUNPOBATH
-anddepenipansioe ypashenne (14) no u,=p, u, =g, caenys npasuny,
BuBefieHHomy B 1. 3. (Cp. mo atomy noaoay paccMoTpeHns, nponeneu-
HHe, BRpoyeM, ¢ JApyro# Touku 3peHus B § 6, m. 3.)

(16)

§ 5. Teopus auHeli#pIX W Kaasu.rmneﬁﬂux nagdepeHIHATBHBIX
YpaBHeHHIt NepBOro mncpaaxa

1. Jlunefinbie nuddepennuaibuble ypaBHeHus. JluuefHsIM Iudde-
PEHIMANLHEIM YPaBHEHHEM C YaCTHLIMH NPOM3BOLHEIMH IS HeH3BECTHOM
 byuxuuy u(xl, ... ,X,) HasuBaeTca AnddepeHnuansHoe ypaBHeHUe BUAa

[
S g =a, W
=1
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rie a@; W @-—3ajaHHble, HelpeprBHO aubdepeHuUpyeMee QyHKuHMA
NEPEeMeHHHX X|,..., X,; KBa3HIMHEHHHM Ha3eiBaeTcd AnddepeHnHansHoe
ypaBHEHHE TAKOro e BHIa, HO B KOTOPOM KO3)(HUMEHTH MOryT 3a-
BHCETH He TONLKO OT HEe33aBUCHMBEIX MePeMEHHBIX Xy,..., X,, HO H OT
camo#t Heu3BeCTHOH QYHKUMH L.

B srtoM ‘maparpade Oymer NMOKA3aHO, 4YTO Teopus 3STHX Auddepes-
UMaNbHHIX YPABHEHAN BMOJNHE SKBHBAJIGHTHA TEOPHH CHCTEMH OGHIKHOBEH-
HbX IuddepeHnnansHsiXx ypassesuit (cp. rakxke ria. I, § 2).

Paccmorpum cHayana yacTHH caydail ofHOpOAHOro mudenoro mudde-
DEHUHAILHOrO yPaBHEHHUS

" .
N ’
21 Ayl == 0. )
te=1
OnpesenuM B 7-MePHOM MNPOCTPAHCTBE 'MEPEMEHHBIX X, - .., X,

KkpuBHe X;==x;(5), Kak QYHKUMM napaMerpa s, 3ajJ@aHHEM CHCTEMH
OOHKHOBEHHHX IH(depeHUnanbHbX yPaBHEHUH

Ly (2, ) G=1,0.0, 1), C)
1. KPUBHOG HAa3LIBAIOTCH XAPAKMEPUCIMUMECKUMY KPUGH ML HALIero
muddeperunanbiore  ypastenns. K uX oOuiemMy 3Ha4eHHIO MB BepHEMCH
B.ra. I, § 2, xoraa Oynem paccmarTpuBaTh KBasuiIuHeHHwe auddepen-
UMaTbHEE YDABHEHWS, MCXOXsi W3’ Apyro# Touku 3penus. B ciayuae n=2
3TO— Te KPUBHIE, KOTODHe KacawTcs oceft MoHxa, ynomMsHyTHX B § 4,
M. 1 Kak BHIpOM/JeHHA KOQHycoB Monxa. ,

U3 rteopun 0OukHOBeHHBIX JuddepeHuuanbyplXx ypaBHeHM# Mu 3a-
UMCTBYeM chaelyioumine (axTul: eCAd BBECTH BMECTO § B KauecTBe Hesa-
BHCHMOR TNepeMeHHOR OIHY M3 BeAMYHH X,, TO, paspeuwlns obuiee peule-
HHe cucTeMbl (2), 3aBHCsulee OT nA-—1 [apaMeTpoB ¢;, OTHOCHUTENBHO
3THX MNapaMeTpoB, MOXKHO 3TO pelleHHe MPeINCTABHTL B CACAYIOUIEM BHIE:

=9 (K, Xgy ooy X)) (i=1, ..., 0—1),

rie ¢;— NPOU3BOJbHEIE TNOCTOSHHBIE MHTENDMPOBAHHA, a @; — B3AUMHO
HE3aBUCHMEIE «HHTErpa’bl» cucTeMbl AuddepeHnuarsHux ypasHenui. Tlpu
3TOM HOA uHTerpaaom ') «(xy,..., X,) Mbl padyMeeM TaKyl0 (yHKUMIO
HEe3dBHCHMEX TEPeMeHHBIX X;, KOTOpas COXpaHfeT NOCTOSHHOE 3HAayeHHe
BIOJL BCAKOH MHTErpanbHOM KpuBOM cucTeMbl muddepeHuuanbHHX ypae-

nennft (2). ‘
H3 nawero nuddeperunansHoro ypasHeuus (17) BelTexaer, yto mis
3HaueHust u(s)=u(x,(s),..., x,(s)) moboro pemenus u nuPdepen-

UM3ALHOrO YPaBHEHHd C YaCTHHIMM TNPOM3BOAHEIMHU BJOAE HHTErPAJAbHOH
KPHBOH# cHCTeMd OOBIKHOBeHHHWX AH(pdepeHUManbHEX YpaBHeHHH crpa-

BEIUK'HBO COOTHOULIGHUE
du
=0 (3)

1) Cp. cuocry ') Ha crp. 82. (llpun. repes.)
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CnenoBatenbHo, HallM YPABHEHHS BHPAXAOT CleAyoluit akT: Ha aio-
6oi unmezparvHoli Kpusol cucmems (2) 00viKHCBeHHUX OugighepeX -
QUAAbHELX YPABHeHUE BcAKOe pewterue JugpgbepeHyuaibHoz0 YpasHenu s
(V) ¢ wacmusmu npou3sOOHs ML useem ROCMCAHHOe, M. e. He 3a-
sucsijee om x;, 3HayeHue. Beakoe peulenve MuddepeHUHAIBHOTO yPaB-
HEHH C YaCTHHIMK TIDOM3BOLHEIMM fBANETCA <UHMEPAAOM CHCTEMH
OOLIKHOBEHHBIX AN(depeHIHaNbHEX, YpaBHEHHH .
B apyroft cropoH:l, BeAxkuH wHTerpax
(?(x])' R | xn)

Hame# cucreMH (2) OOLIKHOBEHHHIX AuddepeHUHAIbHEX ypaBHEHHH sB-
AseTCs  pewioHHeM AnddepeHnnanbHOr0 ypaBHEHAsS C YAaCTHHIMH IIPOM3-
BOAHEIMH. [[eHiCTBUTENbHO, NpencTaBUM cefe, YTO B 3TOT HHTErpad MOA-
CTaB/IeHO BMeCTO X; Kakoe-HHOYAb pelneHne x,;(S) CHCTeMH (2); B TaKOM
cryyae, auddepeHUMpYd WO S,. HalAeM, YTO @ YAOBJIeTBOpsier Audde-
peHuManbHOMY ypaBHeHuo (1) ¢ YacTHEIMH NDOU3BOJHEIMH BO BCEX
TOYKaxX /Mo6OR uHTEerpanrsHO KpHBOH x;(s). Tax Kak yepe3 Kaxayo
TOYKY PaCcCMaTpPUBAEMO# 06IaGTH NMPOXONUT OLHA M3 ITHX HUHTErPaJbHBIX
KPUBHX, TO (QYHKUMA © yLOBJIETBOpSieT B 3TOH o6nacTH HuddepeHLans-

HOMy ypaBHeHHIO (1”) TOXIECTBEHHO OTHOCHTENBHO Xi,. .., Xp.
Ho mexiy n06nMH n wHTerpaiamu
O (%1500, %) ((=1,...,n)

Hawe# cucTeMsl AuddepeHuManbHbIX ypasueHn# (2) 10MKHa CyUIeCTBOBATH
BaBHCHMOCTb BHJIA

W(ﬂol,"'s '?n):‘oy (4)
TaK KaK YypaBHEHHs

n
Eaki)ﬂ--::() (i=1,...,n)
=1

MOTYT YHOBJIETBOPATHCSH, NPH HEHCUE3AOIUHX ONHOBPEMEHHO @;, MWL
B TOM Ciay4ae, eCad QYHKUHOHAMBHHN ompenenuTelh

LACTRE ) ' )
o6pauiaercs B Hyab. HO 3TO M eCTb XapaKTepHCTHYECKOE YCIOBHE A/
CymecTsoBaHust cootHowenus Buza (4). C apyro#i cropoHH, HaBepHOe
CYWecTBYIOT £~ 1 B3aMMHO HE3aBHCHMBIX HHTETPANOB @y, .., ©,
cucteMel (2), a, CAeIOBATENbHO, BCAKHH HHTErpan AO/KEH BHIPAXKATHCH
yepe3 HHUX B BHIE -

"?(xl)“‘axn)zw("?v"'r '.311‘"1)' (6)

Tax xax u, o6parno, Beaxas yuxuus W(Dy .+ v -y ©y—;) COXpAHSET MO-
CTOSHHOe 3HAuYeHHe Ha MoGOH MHTErpanbHON KPMBOH cucTeMb (2) M 9B-
MFITCA  [OITOMY MHTErpafoM 3TOH CHCTeMbl, TO MBl HMeEM B (hopMyae
(6), rae w— npousgonbHan dyHiuEs 7 — 1 aprymentos, COBOKYNHOCTH
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Bcex pemienult puddepenumansHoro ypasHenua (1) ¢ wacTHmMM npous-
BOJHBIMH. .

O6patHo, ¢ NOMOIBI #7— 1 HE3ABHCHMBIX PpeLIeHUMP ©, ..., ©,_,
IuddepeHIHaIbHOr0 ypaBHEeHHA C YACTHRIMM TIDOU3BOAHBIMH MOXHO IIO-
JAYYUTHb penicHHe CHCTeMbS (2) OOGHKHOBEHHHX AudepeHIuHaIbHLIX YPaB-
HeHHH, BHpaxas, nanpumep, n-—1 BeJHYHHY X,,.. ., X;—1 U3 ypaBHEHHH]
9, == ¢, B QPYHKUHA He3aBHCHMON ITeDEMEHHOH X,, M NAPAMETPOB Cyy. v vy Cpymy.

2. Kpasuaureiiapie audpdepennnanbusie ypaBuenus. ToT cayuaf,
korpa nuddepenunanbioe ypasneHne (1) yxe He sBJAAETCH JHHERHEIM
H ONHODOIHHM, HO BOOOLIE KBa3WJIHHEHHO M WMeeT NpaByKO 4YacTsb
a(xy, Xg,..., ), Ha TIEPBH B3rIAL 3HaUNTETLHO Gostee cioxeH. Onuako,
C NOMOMIBI0 PACOPOCTPAHEHHOIO NPHeMa, HMMEOLIEro Booduie GOJbInoe
3HauYeHHe B TeOpHH IubPepPeHUHATLHEX YPABHEHUH C YACTHHIMH TPOHU3-
BOXHHMH, 3TOT Ciayuall MOKHO T[PKBECTH K JHMHEHHOMY ONHODOXHOMY
nuddepeHUHaTbHOMY YPABHEHNIO, HO C ONHMM HE3aBACHMHIM IIE€PEMEHHBIM
Gonbure, M- TaKUM 06PA30OM IOAHOCTHIO paspemuTs. Jlng STOH wLenu
BBOMAT % ==X,,; B KayuecTBe HOBOH He3aBHUCHUMOH IlepeMEHHOH, a HCKO-
Moe peleHde ypasHeHus (1) npencrasnsioT cefe B HEABHOM BHie
P(xy, Xgy«vvy Xy q)==0 Win 06uee, ¢ NOCTOSHHORK ¢, B BHAEL

(P(xl:' L] xn) xn+1):c! (7)
rie QyHKUMA @ M NOMIENKUT OnpeieneHuo. B cuiy TOro, 4TO

Yoy T Py g Yoy = 05
eCIH elle NOMOKHTb a(Xy, Xg,..., Xp, W)==a,,, Hawe auddepen-
UHanbHOE ypaBHeHHE Npeobpa3yerc K BULY
=1
E AP, == 0. ®)
v=1
STO ypaBHeHHe TOUHO HMeeT QOPMY VIMHEHHOTO OAHOPOAHOrO AHddepeH-
UHANBHOFO YDABHEHUS 111 QYHKUMH 9(X, ..., X, ) OT n—-1 nepe-

MeHHoro. Ho snecb BoaHukaeT HeGOMbINOE NPUHUMMHANBHOE 3aTPYAHEHHME:
ypapHenue (8) He HOMKHO BHINOJHATECH TOXASCTBEHHO OTHOCHTENBHO
Xy, Xgy+++y Xpyyy HO B CHIY CBOErO BEIBOJA JIHUIb LA TAKMX CHCTEM 3Haye-
Hu#, 11 KOTOPHX ¢ ==0 unu ¢ = ¢. B aToM nonnmanuu cootHowenue (8)
ele He SBJIMeTCs JIMHEHNEM OJHOPOAHEIM AuddepeHIMANbHEM YpaBHEHHEM
C YaCTHHIMH TPOM3BONHEIMH. OpHAKO, €CaM DPaccMaTpuBaTh . HE TOMBKO
ONHO €AMHCTBEHHOE pelleHde NEPBOHAYAILHOTO AH(GEpesnHanbpHOro
YDaBHEHHA, HO CEeMeHCTBO pelleHHH ¢ ==c, 3dBUCALIEE OT OJHOrO Iapa-
MeTpa ¢, TO ypaBHeHue (8) Oyner YIOBIETBOPATHCH [/Ma BCeX 3Ha-
YEHHH X;, Xg,..., Xy, H, CAENOBATEI5HO, MAeHCTBHTENLHO SBJAAETCH
nuredHbM fuddepenunatbHEM ypaBHeHHeM paccMOTPEHHOTo Tuna. B camom
Aene, eCaH Xy, Xy, ..., Xpyq BHODaHL MPOU3BONBLHO, TO HYXKHO pac-
CMATPHBATh 3HAUEHHE C, ONpPeLe]seMOe DABEHCTBOM @ (Xyy. .., Xy, () ==c;
TaK Kak M 3TOr0 3HAYeHMs ¢ ypaBHenue (8) MOMKHO BBHUTONHATHCS,
TO TeM CaMhIM OHO YAOBJETBOPSIETCH  TOXKIAEGCTBEHHO OTHOCHTENbHO

Xy, Xgyeooy Xypye
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Ecan MH tenepp HafiieM ¢yHxmiMio ¢ B KauyecTBe pPelueHns ypasHe-
uus (8), TO, mosaras. @ ==¢, noayuum, OOPATHO, CeMEHCTBO pelieHui
ypasHenua (1), saBucsliee OT OJHOro napamerpa. ,

Takum o6pasoM, yKasaHHOe BHIe [PHBEJeHHe BHIMOAHEHO. Ono
TNOKa3HBAET, YTO MHTETPHPOBaHUe OOLIero KBasUAHHeHHOro ypasHexus (1)

SKBHBANCHTHO PEIIEHHIO CHCTeMB OGHIKHOBEHHHX audhepeniHanbHbix
ypasHeHui

dx du )
T =0 = ©

§ 6. Ilpeo6Gpazopanue Jlewangpa

1. lIpeoGpasopanne Jlexanapa nis GYHKUMH IOBYX NepeMeHHBIX.
Teopust HHTErPUPOBAHHA HEKOTOPHIX KijaccoB AuddepeHUUaNbHEX ypas-
HeHH#t MOXeT OHITh 3HAUUTENbHO TIOABHHYTA TNpUMEHEHHEM TaK Ha3bl-
BaeMoro npeobpasosarnus Jlexcandpa. K atomy upeoOpasoBanui Hac
NPUBOJMT FEOMETPHYECKOE HCTONKOBaHue AuddepeHiuaIbsoro ypassenus,
eC¥ NPEeACTABUTb HHTErpajJbHYI0 IOBEPXHOCTh HE B TOUEUHHX KOODJH-
HATaX, a C MOMOWIBI0 TAHreHUHMANbHHX KOOpAMHAT 1),

Has onucauus MNOBEPXHOCTH B NPOCTPAHCTBE X, ¥, & NOCPEACTBOM
yPaBHEHHA CYUIECTBYIOT HBe [BOHCTBEHHQ-B3aMMHLle Bo3MoxHOCTH. Ee
MOXHO JKGO 3a7aTh KaK TOYeYHOe MHOrooGpasue mocpeicTBoM (PyHKIHH
u(x, y), nu60 paccMarpuBaTh KaK OrHGAIOLIYI0 CBOWX KaCaTeAbHBEIX
NNOCKOCTEt M BHIPA3NThb YPAaBHEHHEM YCJIOBHe TOrO, YTOOH MAOCKOCTD
Gra xacarensnolt x nosepxHoctu. Ecin ¥, 1), it — Texyuide KOOPAUHATEH
Ha TUIOCKOCTH, yDaBHEHHE KOTOpOH

U—Ep—1) - o0=0,

TO BEJIHYMHH §, v, ® MH HAa3BIBAEM KOOPAMHATAMU INIOCKOCTH. Kacarens-
Hasd IUIOCKOCTh K TOBEPXHOCTH u (X, y) B TOuKe (X, y, &) uMeET ypaB-
HeHue

u——'u"(g'—"x)ux_(DT"_y)“y:Q!
4 TIOTOMY €€ KOOpAMHATHI

E=u,, 1=u, o=, yu,—u

OueBHIHO, PACCMATPUBAEMAasi NOBEPXHOCTbL OyIeT TAKWe OnpelieeHa,
) T

€CAM 3a7aTh @ Kak (QYHKUWMO OT & M +1), TeM CamblM BbiAe/as JAByXmapa-
MeTPHUECKOe CeMeHCTBO KacaTeNbHLIX MAOCKOCTei. 3asucumocth o (5, )
HaxXOAWM U3 4(x, y), onpelensis U3 ypasHeHu#

§= Uy, n=u,
3HaueHus X M y Kak dynkuui oT £ M 4 W BHOCH UX B ypaBHeHie

O = Xyt yu,— it = x5 -} yn—u.

1% [To noBoxy d¢opmansHOM CTOpOHLI 3TOK oOMepanui Cp. BIOPOUEM T.
<Tp. 226. )
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Jlasg Toro, 4tTo6H BHYMCANTH, OGPATHO, TO TAHMEHUHAALHLIM KOODAM-
HaTaM Toueymbie, o6pasyeM uacTHeE TnpoussoAnue dynkunm o (5, N);
B CHJy TOroO, UTO §{=1u, H n::uy, uMeem:

ox ay
wp=x-}% a_ L — Upge — Uy e =X

U TOYHO TaK xKe

(,DTi ::y;
TAKHUM 06p330M, ajad  CBA3M MEXIAY TOYEYHRMH MW TAHI¢HUHaAbHBIMH
KOOpAMHATAMH NOJIy4YaeTCst CucTeMa CbOpMyﬂ

oE M4 uly, y)= x4 y7,
E=u,, = W (1)
x:mE, y:(ﬁ)n,

KOTOpad ACHO BHIPAXaeT [BOUCTBEHHHH XapakTep COOTHOLUEHUS MEXIY
TEMH M IPYrHMH KOOPAHHATAaMH.

310 npeo6pasoBaHHue MOBEPXHOCTH OT TOUEYHHIX K TaHreHUMAAbHHM
KOODAMHATAM Ha3bIBaeTCA npeobpasosanuem Jlescandpa 0in Pynrxyuil
0syx nepesennsix. OHO HOCHT CYLIECTBEHHO APYroH XapaKTep, YeM mpo-
CcTOe npeoGpasoBaHHe KOOPAWHAT, HGO OHO He OTHOCHT KaXIOH OTZenb
HOH TOUKe ADYrylo TOuKy, a, BepHee, cucTeMy (1) MOXKHO TaK TOJIKOBATb,
4TO KDKIOMY NMOBEPXHOCTHOMY 3/eMeHTy (X, y, 4, U, 4,) OHA OTHOCHT
Apyro# nosepxHocTHuH anement (5, M, ©, @ o).

IMpeoGpasosanne Jleanapa BCEraa BHIOMHAMO, €C/H MOKHO DEILHTH
CUCTEMY ypaBHeHUH u, =%, u,==7 OTHOCHTEJILHO X H y, 114 uero’
AOCTAaTOYHO, YTOGH (PYHKIMOHAJIbLHBIK ONpene/uTeNn

A
R @

He HCuelaa [1Jf TOYeK JaHHOH MOBEPXHOCTH.

OueBunHo, mnpeobpazosadne JlexaHapa OTKA3bLIBAGTCA CAYKHTB IS
TAKAX TIOBEPXHOCTEH, KOTOpHE YAOBIETBOPSIOT AM(depeHunaIbHOMY
yDaBHEHHIO

By Uyy— u;zy =0,
T. €. LISl PA38epmbl8aouitxca nogepxHeemer. DTOT peayiabTaT reone-
TPHYECKH HarasaeH. B camom nese, pa3BepTHBAIOWIAACH HOBEPXHOCTH
B CWy CBOEro onpejeneHusa 061a4aeT JHIUb OJHOMAPAMETPHYECKUM Ce-
MEHACTBOM KAacaTedbHHX IJIOCKOCTeH C NMPAMBIMH KAaCaHHS, a He TOYKaMu
KacaHust, BC/IEACTBHE HEro HEBO3MOMXHO YCTAHOBUTH B3AUMHO OJHO3HAYHOE
COOTBRTCTBHE MEXAY TOYKAMH M KaCaTeJbHHIMHU INIOCKOCTAMHU MOBEPXHOCTH.

B saxmiouenue, umest B By NpHMEHEHHE npeo6paszosanus Jlexaunnpa
K audgepeHUuanbHbBIM yPABHEHHAM BTOPOrO NOpAaKa, HahaeM ewe dop-
Myast npeo0pa3oBasnd  BTOPHX, MNPOHM3BOANBLIX GyHKuuH u(x, y) u
w(§, m). [as a10# ueaH NpeacTaBuMm cebe, 4ro B ypaBHEHHAX § ==y,
M == it, NePeMeHHbe X W J BHPAKEHH B PYHKUMH OT § M 7 C NOMOUIBIO
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#

COOTHOIWEHHH X ==w;, y==0,. [npdepeHunpys 5tH ypaBHEHH MO ¢
1 1, HMeeM:

V== 00 - Ugy®ey,

0= By -+ ByyWers

0 = 0 - Uy

1= sy 4 gy O
IMonaras ansg cokpauienus

0O, — (D?T) == ‘—if s @)
oy = u;{,y =p,
Hosyyvaem:
U == POy,
Upy == — P, . (%)
Uy, == PO

2. MipeoGpasosanue Jlewanapa nia GyHKUuA 1 nepeMeHdbix. [Lis
NOJHOTH HaguM ¢opmy npeobpasosanns Jlexanapa B ciyuae yHxuuft
u(%Xy,..., X,) OT 1 He3aBUCUMHIX nepeMmeHHHX. [IpeoGpasopauue Jle-
KaHApa RaeTcsl TOTAA Cleayloule# cucreMod dopmyan:

L CITRR xn)+m(E1!' ) E,z)=X151+ oo Xk

ltmlzel,..., ux”=Em

(5)
(051 =Xy .\, O)E”=xn_

Hast Toro, uto6b Aate QOPMYJH, C MOMOLIBLIO KOTOPHX NpeoBpasyloTcs
BTODbie MPOM3BOAHBIE, 0003HAUMM yYepes U m Q onpenesutenn MaTpuil

uwlml. . ‘u-’l‘ﬂfn 0)5151. . .(.Uelen

o e e e e U . = & = 2 =

'umnl’l' ’ 'umnxn mEnEl' N ’wfnfn

a ALbIOHKTH IEMEHTOB Uy, H ;. 3THX Onpelerntench — uepes Uy,

H Q, COOTBETCTBeHHO. B 3THUX 0603HaYeHUSX HCKOMbE (OPMYIH BHIS-
IAT TaK:

Qig Uik
Uojey =70 » “ut™ " (6)

npuiem @ U=1.

Mpumennmocts npeoGpasosanvsa Jlexannpa, Kak HerpynHO yGeauThCs,
cBs3ana 3fiech ¢ ycnosuem U £ O u cootserctsenno Q £ 0.

3. llpumenenue npeob6pasosanns Jlexauapa k puddepenunann-
HbIM YpaBHEHWAM C YaCTHHMM NPOU3BOAHBIMH. PaccMoTpuM nudde-
PeHUHAIbHOE YPABHEHME C YACTHHIMM HPOM3BONHLIMH HE BHIE BTOPOro
nopagka

F(x, y,.u, 4y, U, Uy, Ugys Uyy,)=0. )
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TIpeo6GpasoBanue Jlexanapa OTHOCHT HHTerpanabHoH nosepxHocTH #(x, v)
9TOro ypasHenus Qynxuuio o, 7). YpasHenne F =0 nepexomur TOrza
8 nuddepeHnuanbHoe ypaBHeHHE LA (YHKIMM ©, TaKKe He BHIUE
BTOPOro MOpAAKa, a HMEHHO:

G= F(‘”E: m'f‘) E“’s‘jf""l“’n‘““’a E) My Pwrmv '—P‘”En; pwEE) == O) (8)
rne
1

p:

(DEELD

m T “’Ezn
Oanako, 310 AMdQepeHnMaibHOe ypaBHEHME [4€T HaMm BOOGLIE Juuib
Hepa3BepTHIBAIOLUECT UHTErPANbHEE TOBEPXHOCTH TIEPBOHAYANLHOrO UG-
(GepeHUHanbHOTrO * yPaBHEHUd, TaK KaK K pa3BepTHBAOIMUMCH I0BEPX-
HOCTAM npeoOpaszoBanue Jlexmanapa He HPHIOKHMO.

Ipeo6pasosanue Jlewanapa MOXHO NDUMEHHTH C YCIEXOM, B OCO-
6eHHOCTH st AuddeperinaNbHEIX ypaBHEeHHH ¢ YaCTHHMH npousao)uﬂbmu
nepBoro NopsaiKa, B TOM CAyuae, ec/d NePeMeHHe X, J, 4 COAePHKATCH
B AM(QPEPEHUMAILHOM YDABHEHMH CDABHMTENBLHO MPOCTHIM  OGPA3OM,
NPOM3BOAHBIE XKe Uy, U,—B Gonee CHOKHOR KOMOuHAUMH.

B kauecTse mpuMepa paccMOTpUM ypaBHeHHe

Uglly =X. )
[IpeoGpasosannem JlexaHapa OHO NPHUBOIMTCH K BUAY .
= w, (10)

pelieHne KOTOPOro MOXHO HaHTH HEeNnoCpeaCTBEHHO:

o =58+ .
W3 ddpmyn npeoGpasoBanusi BHITEKAeT:
x =fn,
y==—é—€2+W’(n), ' (11)
i =& +4-nw’ (1) — w (n).

Hckmouds U3 3THX TpeX ypasHeHu#t §& U 7, MNOMyyuM HCKOMOE OGiiee
peleHHe MCXOAHOro auddepeHuHanLHOrO ypaBHeHus 1),

y -
1) Ognake, 34eCh OTCYTCTBYIOT TaKHe pelIEHHd, HAa KOTOPHX BHIpaXeHHe
) :

Uy —= Ugy HCUE3ET. Ho, mubdepenunpys ypasHenHe Ugy=x MO X Uy,
HMeeM:

Upglly + Ugylly =1,

Ugyllyy 4 Uyylly, = 0,
T. €. HEOJHOPONHYI0 CHCTEMY ypaBHEHHH, ONpejeNHTeNb KOTOPOi Uyl —u

Yy Y
MOXET HCYe3aTb JUIb NPHU Uy, = ,, == 0. OTCIOAa BBITEKAET, YTO HEJOCTAOWME
Y Yy o

peltenusl JOMKHB UMETH BHI
y =ay + _2_;1— x2 + b
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Hanpotus, mia nuddepeHusaibHoro ypasseHu:
Uyl == 1 (12)
npeobpasoeanue Jlexaunpa aaer
fn=1.
910 ypaBHenne yxme BoBCe He uuddepeniaabHoe W IOKA3HBaeT, 4TO
Ha 3TOT pas npeo6pas3oBaHHe HENpPHTORHO. Bce pellleHHd ypaBHeHHA
Uy, =1 pOmMKHEI OHTb DAa3BEPTHBAIOUMMHCA [IOBEDXHOCTAMH. ITO
HEeMeVIEHHO  NOATBepXAdeTcd  AuddepeHpoBaHUeM  ypaBHEHHA MO
X uy:
uwwuy+umyuw=0>} i
: (13)
Ugylly - Uyylty = 0;
TaK KaK BO3MONHOCTb Uy ==, ==0 HCKIYEHA BCAEACTBHE TOrO, 4TO
Uphy==1, TO HNs BCAKOH HITErpanbHOA MOBEPXKOCTH JAOIKHO BHIO-
HATbCH YCNOBHE
Uy llyy — Uz, == 01).
TouHo Tak we npeoGpasosanue, JlewmaH pa OTKA3LIBACTCH CAYKHTDL A14
BCAKOro nuddepennuanbioro ypaBHeuns BuAA

F(tty, u,)=0. (14)

Tpernit nurepecHsilt npuMep mnpeacTasaseT ypasuenue Kaepo, yxe
paccmorperHoe B § 4, n. 4:

Xty +yuy'—u=f(ua» ay)' (15)
ITpeoGpasosanuem Jlexanapa OHO TPUBOAMTCA K MPOCTOMY YPaBHEHHIO
o=Ff¢& ). (18)

OTcjona Mb 3aKMOYaeM, YTO eIHHCTBEHHAs He pPas3BepTHBAAICH
MHTErpajbHas NOBepXHOCTH AuddepeHIHanbHOrO ypaeHenus Kiepo naercs
ypaBHeHueM

o=f( n)

WIH, B TOHCYHEIX KOOpAMHATAX:

?x:‘:f'i (Ea 1])1
y=rf,G, m), (17)
u:EfE"{"'qfn——f

C TPOH3BONLHLIMM MOCTOAHHBLINK @ H b, D10 BhipaXeHHe AeHACTBUTENLHO AaeT
DOMHHA MHTErpan ypaBHenus (9), u u3 Hero no mpaBuay § 4 AEFKO BHOBH
Ha#iTH NOJAyYEHHOE Bbluie pelleHue.
1) Bnpouem nndppepennsansaoe ypasnenue (12) nerko mnpuBecTH moxcia-
2

HOBKOH X == 5~ K BHLY (9) u TakuM 06pPa3oM €ro pEHIUTH, ero MOMXHO TaKme

PeUINTL C NOMOILbIO NOJHOIO HHTErpana

u:ax-{——i—y—kb.
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970 3aKAI0YeHHe NOATBEPKAALTCA HHMKECHERYIOMMM BEYMCICHHEM : 1~
depenuupys ypashenne (15) Mo x u y W mosaras, s COKpauleHHus,
p == Uiy, q=u,, noayinM QOPMYILL:

(x_'fp) “mx+ ()’ ““.fq) Uy = 0,
(5 —Jp) oy 1 (Y — f) 4y =0,
OTKY[4 BLITEKAET, YTO /s HHTErpaJILHOM MOBEPXHOCTH. TGO

2 -
D= gy = uwy—O,

au6o
X =fp: J ::fq- ‘
Ho nocaennss BO3MOMKHOCTB [ZAaeT KaK pa3 HONYYEHHYIO Bhiie HCK/IIOUU-
TeJbHYIO NMOBEPXHOCTH.
‘ Paccmorpum, HakoHel, B KaueCTBe mpumepa AuddepeHunansHoe Kpas-
HeHHe BTOPOTO NOPSAKa, WUMEHHO — AudQepeHManbHOe yPaBHEHUE MUK -
HANLHBX NOBEPXHOCMEN:

(14 u;j) =200 0, —+ (1-u2) 4, = 0. -(18)
OHo HenHHEHHO OTHOCHTENbHO mNpOU3BOAHMBIX dyHKIMK 4 (¥, y) ITo

Ka)cylieecs yCAOMHeHHe MOXHO YCTPAHATbL C MOMOUIBI0 TPeoGpasosarus
Jlexannpa, KOTOpoe nNpuUBOXAT ypaBHeHue (18) HemoCpPeaCTBEHHO K BHAY

(1 =) oy + 280z, - (1 +82) 0 =0, (19)
C/le0BaTeNbHO, K JMMHEeHHOMY muddepeHUMalbHOMY ypaBHeHuio. Ilosxe
(cp. momonneHus K aTo# raase, § 1, ra. III, § 2, n. 2 ura. VI, § 10)
MH i 3TOro AuddepeHunanrbHoro ypaBHemm, 3HAKOMOTO HaM yxe M3
1. I, ctp. 182, paccMoTpum apyrue amHeapusaluH, KOTOPHE OTKPHIBAIOT
npocron AOCTYIl K TEOPUH MUHMMAJBHHX MOBEPXHOCTEH.

§ 7. Onpenenenue pemieHHi# M0 MX HayaJLHHIM 3HAYEHHASM H
Te0opeMa CYHUIeCTBOBAHHA

1. PopmMynupoBKa W pasbsiCHeHHE 3ANAYM C 3AAAHHBLIMH HAYAJib-
HBIMH 3HayeHHAMH (3agaum Komn). TTosiBneHue MPOM3BOJBHLIX NOCTOSH-
HHIX MHTErpMPOBAHHA B pelIeHUAX OOCBIKHOBEHHBIX IM(PdEPEHLHATBHEIX
yDaBHeHHH Jyyllle BCEro XapaKTEPU3YeTCH NPelJOMEHHUSIMH O pelleHHsX
3a0a1i ¢ 3a0aHHEMU KA4AAbHBME 3HQ%eHuAMu. Ecii OGHKHOBEHHHOE
aHpdepeHuHanbHOe ypaBHeHHe TNOPAAKA 72 I8 GYHKUHH 4 (X) MOXKHO
NPUBECTH K BHAY

0 —f(xi u, u, LL” -y '(7L~1))

TO MOXHO ISl . pellleHns u« B moGo# TOUKe X, Hanpumep, Xy=0,
ﬂpOPI3BOJIbHO 3a1aTh 3HAYGHHS U (X,) = ¢y, &' (X5) ==¢Cg,. .., -1 (xg)=
== C,; O0liee pellcHue SBAAETCA A-IAPAMETPHYECKUM CeMelCTBOM (yHK-
it} C STHMH HAuATbHLIMU 3HAYCHHAMH €4s+++, €, KAK TAPAMETPAMH.
Taxoro poaa «HauanbHee 3aflayM» HMrpaloT B MATEMAaTHYECKOR dusuke
BAXHYIO DO/b, HANPHMEp, B TeX BOMPOCaX, Trie TpeGyeTcsl ONpefeauTs
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HEKOTOPYK (YHKUMIO COCTORHMA & (X), 3aBHCSLIYIO OT BPEMEHH X H
YZAOBNETBOPAIOLIYIO BHILE HAMUCAHHOMY HUb(DEPEeHUMAABHOMY YDPABHEHHIO,
IO ee HAYaJbHOMY COCTOAHHMIO TMpH X ==0, T. €. 110 ee HAYaJILHOMY 3Ha-
YEHHIO M HAYaNbHHM 3HAUEHMSIM NEPBHX 72— 1 NPOU3BOMHHIX.

“Auanoruynble 3alaud C HAYaNbHBIMM 3HAYEHHSAMH, €CTECTBEHHO, BCTpe-
YalOTCA M B TeX BONPOCAxX, Ije UCKOMas BEAMUMHA & 34BHCHT He TOJBLKO
OT BDEMEHHOR NEepeMEeHHOH X, HO elle ¥ OT APYTHX MePeMeHHHIX ¥,....
Pa3bopoM TakMxX 3ajay C HAYaAbHHIMHM 3HAYEHHSMH ME W 15 AudepeH-
UMAIbHEX YPaBHEHMH ¢ YaCTHBIMM NPOM3BOAHBIMHM [OCTHIHEM Haubonee
OTYET/INBOrO OGBACHEHHS MHOrOOGpa3us pelleHHit, T. e, IOABJIEHHA MPO-
U3BOMBHHIX (QyHKUuK B 0Olem peiienun. Paagm KpaTkocTH MBI B w3jo-
EHHH. 9TOrO maparpada NOJIOXHM B OCHOBY CJy4yaH ABYX He3aBHCHMHX
NepeMeHHHX X, ¥ C YKa3aHHeM, YTO BCe pPacCyXJeHHs MOryT GuiTh pac-
npocTpaHens 6e3 CyUIeCTBeHHHIX M3MEHeHMH Ha cayua#l GoJsbluero yucna
HE3aBHCHMEIX IIePeMEHHBIX.

Pasbepem cHauana HeCKOJLKO npnmepos

1. HOas nuddeperuransHoro ypaBHeHUs

ity - Bu, =0
uMeeM ofuee pemenue u=w (ay—fX) C NPOU3BONLHOH yHK-~
nue#t w. IlonoxuM Temepp, YTO 3alaHH TNPOHM3BOJNLHO HaYyajbHEE
anauenns 4 (0, y)==o¢(y); B TakoM cayyae OQYHKUMS W@ OMPEHEUTCH,
ecal MOJOXUThL B ofueM pewedydd x ==0, MBH [OAYYUM DpelleHUe

u=¢e <y — % x> .
2. Paccmorpum Gonee obuiee audiepenuuanbioe ypasHeHue

a(u)um—{—@(u)uy:O

cp. § 1, n. 1, npumep 5), rae Temeph yme a M § — 3aaHHble GYHKIMK
MCKOMOM Be/IUYHHBL U.

Mur craBum nepen cofolt creayoulyo 3ajauy: HaHTH peuleHue, IS
xoroporo u# (0, y)==0o(v) ecTb 3afaHHas yHKLUHs.

Oduiee pewenue nawero AMGEHEPEHUMATBLHONO YPABHEHHA MBI HALITU
B Bure a(u)y—PB(u)x=w(u) c npousBoasHOH dyHKuMeH w. D1y
MPOU3BONLHYI0 (QYHKUMIO MBI M 3MeCh ONpeje/seM W3 HaYalbHOrO YC/AOBUS,
noxcrasass B ofitee peuiesne x =0 u u=09(y). Iloayunm w(p)=
== a(9)y. Ecan BosMOxHO 06patuTh ypaBHeHHe & ==¢(y) C NOMOUILIO
¢yukuun y ==y (4), TO npoaAsBoMbHAd (QYHKUMA W ONpeNeseHa DPaBeH-
ctBoM @ (9) ==& (9)y (»). CnenoBaTeNbHO, WCKOMOE pelleHHe [A0MKHO
YHOBNETBOPSATh YPaBHEHUIO

a(u)y—f (@) x=a(u)y (2

—olp—2)

Ecau ua 310r0 HeaBHOrO 3ajaHusd omperenuM oynkumuio «(x, y), TO MH
TEM CaMbIM peleM Hainy sagauy. (OauH BawHBIfl Ans HAC B gajibHefiiem

HIX KE .




46 BBEAEHHE, OCHOBHHIE MOHATHA ' [ra. 1

yacTHHA cayya#t Mpl B KOHne 3Toro maparpada Ha CTp. 56 pasGepem
nogpobuee.)

3. B § 1,n 1, npusep 3 mu Hauiy oOulee pemienue auddepen-
UMaIBHOTO ypaanemm BTODOTO NOPSIAKA i, == f(x, y) B BUREe Qop-
mMyasl (2). Hnrerpan mno TpeyronbHo# 061acTH, BXOASWMA B 3Ty
dopMyay, mpencTaBiser TO peuieHue aubQPepeRLHanbHOro ypaBHEHHS,
KOTOPOE HCue3aeT HA 3alaHHOM KpuBo# C BMeCTE CO CBOMMH. HPOM3BOJA-
HBIMU Uy ¥ u4,. (VcyesaHue QyHxuuu & Ha KpuBO# C BHITEKaET yxe U3
takra ucqesamm NPOU3BOAHBIX Uy, U, HAa C, ecay 3amano u =0 B onxoH
Toyke 3TOft Kpusoil.) BooGiue xe 3Ta Qopmyna (2) npencrasaser peie-
HHe C TNPOHM3BOJNBLHO 3aNaHHEIMM HAYaJbHHMM 3HAYECHUSIMH INPOU3BOIHBIX
u, u
4. I%pomeﬁmee Ougppepenyuasprce ypasr ekue KOACOaHUR
Uy, =0

uw:v

Ans GyHkuwH u (X, y) NPUBOAMT K B8alaye C HAYANLHHIMU YCTOBHSMH:
npu x =0 NpOU3BOJLHO 3a4aHO HayanbHoe coctosHne u (0, y)=o(y)
u uy,(0, y)=4¢(y) (cp. 1. I, ra. V, § 3). M3 obuiero pewenus Hamero
nudpdepennuanabioro  ypasnenus 4 = f(y -4 x)+ g(y—x) Haxomum
cnenvanshu#t Bun dyaxuuit f U & NPUCTIOCOO/EHHEM €ro K HAYabHHIM
yeaosuam: f(y)fg(y)=2(y), f(N—4g (»)=19(y), orkyna nemen-
neHHO omnpenensiorcs dynkumu f u g u, HAKOHEll, HCKOMOe pellletne u
B BuIe QopMyns

ytao

2u(x, =2 +0)Foy—o)+ [0 ar
y—x

Ins toro, uToBGu npHiTH K 66wed PopMyIMpoBKe 3a1daud ¢ Hayaib-
HHIMH YCROBUAMH, MBH OyieM Npearmonarath, 4To 3ajaHHbe AnddepeH-
IMaNbHbBle YDaBHEHUSI UMEIOT BUJA, DAa3peilleHHBH OTHOCHTENbHO BBHICIIMX
NPOH3BOMHLIX IO X OT HEU3BECTHHIX (YHKUMH.

PaccmorpuM paublue Bcero auddepeHumansHoe ypaBHeHHe MePBOro
riopsiaKa '

F(x) Y, 4, p, q)=0’ (1)
rl1€ CHOBA MOJOXEHO A KPAaTKOCTH
p=t, q=u,

¥ OpemnonoxuM, uto 310 anddepeHnuansHOe ypasHenie (1) MOXeT
OHTh pa3peilleHO OTHOCHTEJBHO p B BUJIE

. p=/f(x, v, 4, q). )

3adata ¢ HawuabHeIMU TYCA0BUSMU, WM TAK HasniBaeMas 3adauq

Kowu, opMmynupyercss Tenepb Taxk: Tpebyercd HaHTH Takoe pelueHHe

u(x, y) aiddepeniuansHoro ypasxenus (2), Kotopoe npu x =10 nepe-

xomut B 3aganuylo ¢yHkuuio (0, y)=o(y); uIH, BHPAKAICH reoMme-

TPUYECKH, HAWTH TAKYI0 HMHTErpPaibHYI0 TIOBEPXHOCTh, KOTOpas Mepece-
KaeT TWIOCKOCTE X ==0 M0 3anaHHOM HAYanbHOM KpuBOH u==r9p(y).
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MoxHo ObIJIO OB TIOCTaBUTHL 3alauy obulee: OTHICKaTh TaKyW HHTe-
TDaNbHYI0 YOBEPXHOCTb ypaBHenus F(x,y, 4, p, g)=0, Koropas mpo-
XOJUT Yepe3 3aaHHYI0 NPOCTPAHCTBEHHYIO KPHBYWO #=0(y), x=1{4(y).
‘OfHaKo, ecJAM BBECTH BMECTO X H y HOBHE HE3aBHCHMBIE TMeEpeMEHHHe
§=x—14(y), n=y n noxoxuts £(x, y)==u(E-4-¢ ), M) =0 7)), 10
auddeperuasbROe ypaBHEHUE NPUBEAETCA K BHAY

F(E“]"“B(“’l), n, W, @, (.t)n—(“alu)e)z G(E’ n, ©, O, w-r‘)=0
¢ HavanbHHM ycaoBueM (0, )= (n). Takum o6paszoM, 6ojee obwas
3afaua TPUBOAHMTCA K 3agaye B ee TePBOHAYANBHOM CHEUUANBHOM BHIE,

paccMOTpEeHHeM KOTOPOrO MM H OTDAHUYUMCH B IOCTCLYIOUIEM USJIOKEHUH,
Tlpu paccmoTpenud AuddepeHUMaNbHOrO YPaBHEHUA BTOPOro IOpaiKa

F(x9y’ a4, p,q,r, S,t)—-——-'O, (3)
rge Aas KpaTkocTd, 34eCh H B IlaJleeﬁmeM, TIOJIOXKEHO

V=Upy=Pa = Upy=Py={qg, t=”yy=qy’

MH TOXe TpeAnojaraeM, 4TO B paccMarpuBaemoit o6aacTH 3HaueHuH
ap[‘}’MeHTOB OHO MOXeT 6HTb paapemeHo OTHOCHTEJIBHO ¥ B CJIEZI}’}OHLGM
BUIE:

r=f(x,y,4,p,0,s,1). €))

‘3agaua Koum ans sroro auddepeHuuanbHOro ypaBHeHHS! CTaBUTCA Cre-
AywoumM ofbpasom. Hafith Taxkoe pemenue z(x, y), A1 KOTOPOro Inpu

x =0 ¢yHxuusg z ¥ ee yacTHaa NPOU3BOJHas u, o6pawalOTCA B 3a4aH-
-Hble YHKIUMH OT Y

u(0,9)=0(y), 0, )=4(y). . 6

Takum' 06pasoM, BMeCTO OAHOH NPOU3BOJBLHOM HAYANLHOM dyHKIHY

¢ (y), Kak y ndddepeHuuanbHoro ypasHeHus IEPBOTO NOpPsAAKa, 371eCh

Y4acTBYIOT [Be MPOU3BONBLHO 3afaHHbIe HayalbHEIe BOYHKIMU @ (y) 1 (V).

AnanoruyHele 3aJaYd MOXKHO MOCTaBUTb M A8 HuddepeHIHaTbHbIX

YpaBHeHUH BHCIIVX MOPAAKOB HAM MJIA CUCTeM AuddepeHUUHaIBHBIX Ypas-
HeHUi, HalpuMep, AJS CHCTEMHl TePBOro NOPSAKA

au, ouy ou,y,

=%, RN ay) (=1, ...,m),

JipuYeM S UCKOMBIX (YHKUHR #,(x, y) NDOM3BONBHO 3alaHHl Hayajb-
Hble 3HAUEHHs

43 (0, )= (y).

Ecau ynacrcd mnokasaTh, 4TO HAIIM 3aJaYd C HAYaNbHLIMM 3HaYe-
HusMu, 3afaud KomwM, uMeT 0AHO3HAUHO ONpelefeHHble pEIIeHHS, TO
TeM caMbiM OYNeT MOMHOCTHIO OOBACHEHO HOfAB/IEHHE MPOU3BOJIBLHEIX
dyskuufi B obuieM peieHUH.

2, Mpusegense Kk cucreMe KBasuauHelnbix nmbd’epeﬂnnanmux
ypaeuennit. Iloapo6Hoe wucciemoaHwe BCeX Haumx 3afay Kowwu npu-
HuMaer GoJee fCHYW ¥ eauHylo (opMYy, €CHM MX TPUBECTH K IKBUBA.
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JeHTHHM 3afauaM Kolip s cucTeM KBasuauHeHHHX nuddepeHnuanbHEX
ypaBHeHuH IepBOro mopsaka. IIpasia, Mbl BuAENH, YTO MHOrooGpasue
-~ pemeHu#t cucTeM AuddepeHUHANLHBEIX ypaBHeHMA BooOwie He 3KBHBA-
NEHTHO MHOTOOGPa3Hi0 pellleHHA OTAENbHHX AudPepeHIMANbHEX 1yPaB-
nenutt, Ofnako, MH NMOKAaXeM, YTO B HALIEM Cayvyde TaKas SKBUBAJEHT-
HOCTb JOCTHraerTcsi, eCliM PacCMaTPUBATh He NPoCcTO AuddepennuanbHeie
ypaBdenusi, Ho nuddepeHLHa bHEE YDABHEHHS COBMECTHO C IOMOJHHU-
Te/NbHBIMH "HaYaJbHBIMY yCaoBusaMu, Torga ecrecTBedHo Oyler Aas CH-
ctemul auddepeHuuansEHX ypaBHeHWH, KoTOopas caMa no cebe gaza Ou
6oJsee mupoKoe MHOrooGpasue pelireHHi, Tak CrelHanu3upOBaTh HAUARb-
Hble YCJIOBHS, YTOGEI, TOCAe 3TOro, MHOrooGpasus pelieHu#t o6eux 3apmad -
Komu cosnanu.

Tpusenenne K 5KBUBANGHTHON K8a3uAuHeiHOH (A TIOTOMY — NPHHIU-
nuanbHO Gojiee MPOCTOR) cucmeme Ougpgbepenyuarbhulx ypasHeHull Mok
BLIIOIHYM CHauyana Aas . guddepeHUHUaNbHOIO YpPaBHEHUS MepBOro Io-
panka (2). 3amertuM, uto 3ananueM (0, y)==¢(y) OJIHOBPEMEHHO NpeA-
MUCHBAIOTCA M Havanmbhble 3Hauenns g(0, y)=¢’ (y). MHanee, yme mud-
Qepenuuvansroe ypasHenue (2) gaet HadaqbHOE YCIOBHE Ui p, 4 HMEHHO:

4
PO, )=/0, 90y, O ,
Huddepennupys ypasHeHue (2) mo X, NOAydYaeM, YTO TPH BENHUHHH
U, p, g yRLOBNETBOPAIOT HUKeCHeAyOwe#l cucTeMe KBa3WIHMHEHHHX Aud-
depeHumaNbHEIX YPAaBHEHUN € YACTHBIMU NPOU3BOJAHHMY NEPBOro MOPSAKA:
Up==D»
9o == Py> (6)
_ pac"‘"'f:c"*"fuP“*'fqu
¥ HAYaNbHHIM YCJIOBHSIM
’
@, =0y, ¢0.»=0"() } @
14
pO,N=f0,yie(y), ¢ (V)
Mur yTeepaxpaeM, uro sTa sajaua Ko 3KBHBAaJEHTHA IepPBOHAYATBHOMH.
Ilng 3TOrQ JOCTAaTOYHO TOKA3aTh, YTO JJIsi BCSKOM CHCTEMH . peuie-
HUR #, p, g cucreMsl ypasueHult (6), (7) BHIOJNHATCA PaBEHCTBA
P=f(x1)’: u»‘])’ um::p! L!z/:q’
Ho u3 mepsoro ypasuenus cucremnt (6) B cuiy TOro, 4ro p,=gq,,
BBITEKaeT
Upy =y
¥, moclie WHTerpUPOBAHHS 1O X,
, ”y(x,)’)=4'f—’v()')$
MOJCTAB/IsAs B 9TO PAaBEHCTBO X ==(, HaXOAUM U3 HAYAILHHX yCa0BUf (7),
TaK Kak, oueBHAHO, ¢’ (y)==1,(0,y), uto v(y)==0, a, caenoBaTenLHO,
u, =
NpH BCEeX 3HAYEHMAX X H Y.
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Hanee, cormacHo tperbeMy ypaBHenuio cucteMu (6)

0
' a:=pm='(ﬁf(x’y: u, q);
HHTerpHp JBaHUe MO X Jjaer:

uwzf(x: Y, 4, q)+a(y)

Ho rak xax npu x=0, HasepHo, u,=f, 10 a(¥)=0 nmu g, =
= f(x, y, u, u,); cnenosarenuo u(x, y) eCTh pellieHue nepsouaqanwon
3aza4u. ‘

TouHo TakuMm xe cHOCO6OM MOxHO yGemuThcsa, uto 3agauy Komwu
s nudhepeHIanbHOro  ypaBHeRUst BTOPOro no‘f)am(a (4) ¢ nByms Ha-
YaMbHHMU yCa0BUAMY (D) MOXHO 3AMEHHTL IKBMBANEHTHOH 3agauelt Komw
AN HUKecMeAyomel cucteMsl AM(PQepeHLnaNbHEX YPABHEHHN C LIECTHIO
QyHkumaMM 1, p, g, #, S, ¢ HE3ABUCHMEIX TEDEMEHHHIX X, V: '

Up=P, Go=Py, Pzx=1
sz.—ry, tw-":—‘Sy,
) =fa:+fup +fpr+7‘qpy+fsry+ftsy

¢ Ha4yaJbLHBIMH YCIOBHUAMH:

20, =00y, pO,N=901), g0 =0 )
¢0, y)=¢4"(y), s(O N=v0),
r(0, y)=7(0,y,9(»), ¥ (1), "W, ¥, ¢" ().

VI3 3anaHHbIX B MCXOAHOH 3ajaue HAYaJbHBIX YCA0BUH n n3 auddepen-
UMa/ILHOTO. YPaBHEHUS MBI 37eCh U3BJEK/IM TMOXXOMALIHE AONOMHUTE/bHbIE
Haya/lbHbE NAHHBIE Aad ¢, ¢, 8, r, ToudHo Tak xKe, KaKk ¥ Bbwe, OGHA-
PyXuBaeTcs, 4TO BeJNHYUHBl p, ¢, 7, S, { COBNANAIOT C NPOUBOAHBIMU
Uy, Uyy Uy Ugy, Uy, YTO & W P TPUHMMAIOT ‘33JaHHBIC HAYAIbHBIE 3HA-
YeHdust W 4TO IuddepennuanvHoe ypasHenue i ==f(x,y, 4, p, 4,8, t)
YyIOBNETBOPSETCS.

AHANOTMYHO MOMHO TNPEINPHHATL 3aMeHY xsaznmmeﬁﬂoﬁ cucTemott
H 11 AnddepeBunanbHOro ypaBHEHHs BBICLIErO TOPAAKA MI¥ LIS CU-
cTeMbl - iu(pdepeHutansHEX yPaBHEeHHH, O 4YeM . HeT HyXIe NOApPoGHee
pacnpocipaHarsc.,

Ham xBasuiiMHeHHBE CHCTEMB zm(bq)epelluuanbﬂmx ypaBHeHu#i co-
AepxKar eille B KosdduuueHTax NpaBoil yacTH HE3aBUCHMLIE TIEpEMeHHble
x u y. Yacto okasniBaercs ¢opManbHo yEoO6HO NpOM3BECTH mpeobpaso-
‘BaHHe C NMOMOILIBIO HeGO/BIIONO TeXHHYECKOTO INpUeMa K SKBUBANTEHTHOH
HOBOH KBasuMMHeHHOH cucTeMe AuddepeHUMANbHEX ypaBHeHUH, B KOTO-
DPYyi0 He3aBUCHMELIE IiepeMeHHBIE y:Ke He BXOJSIT <IBHO H KOTOpAs, CBEpPX
TOr0, OAHOPOJHA OTHOCHTENLHO NPOU3BOIHEIX. J[as 3TOH ueau BBOAUM
q)opmanbﬂo BMECTO X ¥ y [BE HOBbE odyaxnug $(x, ) 1 1(x, y) ¢ no-

MOIBIO ypaBHeHuH
S == My My =0 ®)

C HavyanpbHBIMY yC/10BUAMU

£(0, }')'—“-0, 7(0, }’) =Y, )]
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KOTOPHE HMEIOT ONHY M TOJNLKO OIRY CHCTEMY DelleHuit: f=x, n=y.
Tak kak m, =1, To namy 3anauy Kowu (6), (7) MoxnO Takke saMe-
HUTb HOBOM, OUEBMAHO, SKBHBAJEHTHOM, cuCTeMOH Iad NATH QyHKUUH
4 Py g, & W

Up==PNyy, Gg=Py

€= Nys ’ Nz =0, (10)
pzzfqpy+(fw+ pfu) Ty-

- Ilpu stom B f,, f, f, HAZO BMECTO X, y BCIOAY MOACTABHTH §, M ¥ ‘
NPHCOEJHHUTD HAYAJIbHEIE YCAOBHA:

@, =200, ¢0,y)=9(y),
£(0, y)=0, 70,9 =y, (11
PO, »)=7(0,y, 2(»), ¢ ()

Tem cambiM ais 3agaud Koww (2) ycTaHOBAeHa SKBHUBA/NEHTHAs 3alaua,
¥MeloLlas KenaTeNbHylo GopMy.

AHanoruyHoe CcmpaseAMuBO A7 3ajgauu Kowm BTOpOro mnopsiaka..
IIpoussend, Kak M B 3adaye MePBOr0 MOPALKA, HCKYCCTBEHHYIO 3aMeHY
NepeMeHHEX X M y BCHOMOrareibHHIMU G&yHKuusMu § u 7, yIXOBIETBO-
psomEMY AuddepennHanbHEM ypaBHeHUaM (8) U HauaabHEIM ycaoBusM (9),
MoxHO Hamy 3agauy Komm (4), (5) Toxe 3aMeHUTh IKBUBANEHTHOH 3a-
navedt Kown ang cucteMbl KBasulMHeHHHX nuddepesLUaIbHEX ypaBHeHH
NepBOro IOpsAKA, OXHOPOAHOR OTHOCHTENbHO NPOHU3BOAHHEX, C HEU3-
BeCTHLIMU (YHKUMAMH #, p, ¢, 7, 8, t, & 1. _ :

Ecau o6o3Hauath Heu3BeCTHbe (YHKUMM BOOOWIE uepes u, g, ...,
TO MBI BCerja npujem k sagaue Kowm chepyouiero sHia:

m

du, ] . :
’g‘%’mkzl G’ik(ulz Hgy vvey um)_a'l'},zc- (=12, N ) (12)

€ 3a]aHHBIMU. HAYaJbHBHIMM YCJAOBUAMH BHIA

4;(0, y) = 9, (y). (13)

ITpu sroM xoadduuueHTs Gy (4, - . ., U,,) 32BHCAT SABHO AL OT
UCKOMHIX (QYHKUM# u;, HO HE OT HE3aBUCHMHX TIEPEMEHHHX X H Y.

K Tako#t 3amade Komu MOXHO 1pHBECTH IO BHINEH3IOXEHHOMY
obpasuy u 3amaun Kown ans auddepeHuManbHHX YypaBHeHMM BHe
BTOPOro NOPAAKA, a TaKke a5 cucTeM nuddepeHUMaAbHHX ypaBHEHHH.

3. Onpenenenne Npou3BOAEBIX BAOJbL HAYANBHOr0 MHOr0OGpas3us.
Pemaromuy MOMEHTOM IJIs paccMoTpeHus 3afaud Kowwu aBasercsa cie-
Ayrowuit GakT: ¢ noMoupn AHddepeHndaNbHHX YPABHEHU! U HaYadbHEIX
HAHHBLIX MOXKHQ HaTh ONHO3HAYHBIH NpOUECC AJA BHYUCACHUA AA/IbHEHIIUX
MPOU3BOAHLIX OT MCKOMOH (QYHKUMM BAOJbL HAYANBLHOrO MHOrooGpasus
B DIPEATNONIOKEHHH, YTO TaKHe PeltieHUs C HEeNPEePHBHHMH COOTBETCTBYIO-
WYMM TPOM3BOAHBIMU cynecTBytoT. [lpexne Bcero BooGie samerum,



