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YTO BHOJAb HayaldbHOH KpuUBOH X ==0 BCe YXe U3BECTHbHE BeJIUYUHH,
a MMEHHO 4 Y HEKOTOpHle NPOU3BOJHBIE OT U, €CJaU MX TNpoauddepen-
HMPOBATh II0 y, HAIOT CHOBA M3BECTHbiE BEMUMHB, T. e. HajibHeliue
npousBojHuie. Eile Hepocraroume Npou3BOAHbIE, TOMydawouivecs audpde-
PEHIMPOBAHHEM MO X, CJefyer 3aTeM ONpPeleNIUTh C IIOMOLILI0 Aubde-
PEHUMANBHEX ypaBHEeHUH.

Hanpumep, aas nuddepesuuanbHoro ypazm;mﬂ p==f(x,y,u,¢)snons
HavanbHo# kpHBOR Beamuwmusl ¢ {0, ¥y=1'(y), ¢(0, y)huyl,(o ) ==
=q,(0, y)=¢"(y) u T. 0. onpereanioTCca NO HawalbHbiM HatubiM. Camo
.llmb(pepeﬂunanbﬂoe ypaBuenue paer suauvexue p(0, y)=f(U,y, ¢ (¥),

o’ (y)). ToduHO TaKme 3aTeM H3BECTHO =Py == fy | f4q |- 744, tbu
x--.O Jas 7010, uyToOHT ONpeAe]HTb BACIb '{aqanbﬂan Kpusol elye
HENOCTAKUIYI0 BTOPYIO NPOM3BOIHYID 7 ==p, ==l ,,, ‘ubdeperuupyen
ypaeHenue (2) TMO X M NOAYUHM 7 = Po = fo—| [P+ foG, Teneps,
TaK KaKk B Tpaso#ft wactu’ npu x=0 COrmacHo npeAbLLAyUIEMY
CTOAT YIKe M3BECTHHE BENHYMHEI, TO X JIEBAA 4YACTh ONpejesena mpy
x==0.

ITocnenoBarensHo AuddepeHuMpys Y€ R[OJNYUEHHBIE BEJIMYHHH, 4
Takke AvddepeHUnalbHoe ypaBHeHMe, TONyyYdM BCe AanbHelinue IMpoOus-
BOJAHBIE BJO/b HayalbHOH KpHBOM, KOJIbL CKODO BHITIOJNHAETCA YCAOBHE
HelpepeBHOK AuddepeHunpyeMocTd QYHKUNK f H DeleHnd .

AnanornydbiM 06pa3oM MOXHO ONpeleNuTh MPOM3BOAHLIE OT & BIO/b
HaYanbHOM KpMBO# aas 3anaum Kowwm JnddepeHiuansioro ypaBHeHHs
Broporo mnopsaixa (4). Oauako, Ans acHoCTH ¥ OCabiuelt OGUIHOCTH Mb
cpasy paccMorpum obwyo 3amauy Kowwu (12), (13), oxsarbiaiouiyio BCe
BCTpeyaBWIMECS HaM yacTHHe 3agayd. Ha cucreme aToro Buma ocobenso
OTYETAMBO BHMAHO, KaKuM OGPa3oM IOCAENOBATENbHO onpenefisioTcs npo-
H3BOAHbIE (YHKUHHK u; BAOJAb HAYaNLHOrO MHOrooOpasus, T. e. TpH
x=0.

Chauana nonyyawor u3 bysxuuit ¢, (y) AubdepeHuupoBaHdeM npous-

. 221
BOJHEIE —%u,l, %}; , «vs M T, I Ha auHun x =0, 3areM u3 auddepen-
IHATbHBIX  yDaBHEHHM — NepBhie NPOM3BOAHBE N0 x. [luddepenumpys
noJaydYeHHEle BEJIMUMHH N0 y, Nosiyvaior npu x =0 CMElIaHHHE NpOou3-

21
BOJHHE 06 3y . Inddeperuupys sateM cucremy AuddepeHnuatbHex ypas-

Henu#t (12) 1o x, nNoaydyaeM B NPABOK YacTH BHPAMEHHSH, COLEpHALIE

MUllb TepBEE W CMElUaHHbHE BTOPbE NPOU3BOAHBE GYHKUUH 2; M0 X U y,

a moTomy Hu3BeCTHHe, Tem CaMbIM, ClIedOBaTeNbLHO, ONpENe/IeHbl 3HAUEHUS
0%y,

- JIEBBIX 4aCTeH, a UMEHHO — BTOPHIE IPOU3BOHLIE '6?’! u T. A Ocobenno
NOLYEPKKMBaeM, 4TO NPH HTOM MNOCHELOBATENLHOM ONpPeLe/IeHUH IMPOU3BO/I-
HBIX NPHMEHSIOTCA MCKJIOYMTENbHO JHIIL HpOHeccH muddepeHiyiposanys
U BHeceHHs1 (TIOACTAHOBKH),

Ecmu monmyctute, uyro auddepesuupopasus Heorpaﬂuqexmo BEITIOJ-
HAMBI, TO ONMCAHHHM NPOLECCOM ONPENeasioTCH (M3 HAYAABHHX JaHHDLIX)
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BIOAbL KPUBOHK X =0, B yacTHOCTH, C/IefOBaTeNbHO, B TOUKE X =0,
y==0 1), Bce npoussonHnie QYHKIMH u,.

~ Ecau u3BecTHO, YTO PEUIEHHs U; B OKPECTHOCTH KaKOH-THGO TOUKY
HayaAbHOM JUHWHM, HanpuMep, TOUKH x =0, y=0, gonyckaioT pasno-
XeHue B CTeNeHHHE DS, TO B CHIY MpeaHAywero Ko3hdHUHeHTH 3THX
panoe Tsitnopa, a, cnedoBaTeAbHO, M caMble (QYHKIMY OJHO3HAYHO OMpe-
HeeHbl HAYaJAbHHIMM YCIOBUAMH. :

EcTecTBeHHO TENEDPh OGPATHTH 3TH CooOpaweHus. ECAH oOnuCaHHBI
BHILE HPOLEGC ONPEHENEHHS HAYANAbHBIX NPOM3BOJAHHX HEOrDaHHYEHHO
BLIIOMHUM, —a HMMEHHO TaK 0OCTOHT Jiesio, eciu. camu AuddepeHilkalib-
HBIE YPABHEHHSl H HauajbHble QYHKINM axaiumuieckue, —T0 C NOMOLIBIO
NONy4YeHHBEIX MPOM3BOJAHHX, KaK KO3(QdUIMEHTOB, MOXKHO (opManbHO IO-
CTPOUTh * CTENEHHHE DAAb M HCCASAOBATH, CXOLATCH JM INOCTPOSHHHE
TaKuM O06pasoM psidel W PeAOT JMX OHM [OCTaBJAeHHYIO 3agauy Komu.

4. Jloxa3aTeabCTBO CYHMIECTBOBAHMS AHAJHTHYECKHX pemiéHuii
Yy aHaJuTHYecKHX AupdepeHuuansueix ypaBHenmii. Cneays Koum u
Codre KoBanesckolt, nokaxeM cileiyoulyio ¢GyHIaMeHTaNIbHYIO TeOpeMy

CylIeCTBOBAHUA
Hyems 0 (Y),. .., ©,(¥)— anasrumuseckue Gyuxyue om y 8

oxpecmuocmu mouxu y =y, Ilycmo o;(y,)=upL. Ilycms, Oaxce,

G gy oy Uy) — arasZMusecKUe GYHKYUL 8 OKDECMHOCME Uy=1]",

B maros cayrae cyuecmsgyem O00HA © MOAbKO 00HQ cucmema QPyHK-
nui w,(x, y), aHasumuteckux 8 oxpecmrocmu mouxu X =0, y==y,,
Komopsie y0081emeopanm cucmeme duggeperyuasbolX YPAsHeHud

m

du;. e | dll;,. .

“al%‘:-zdatk-a}‘ (1=1,...,m) (14)
k=1

u npu x =0 obpawanomcs 6 3a0axive yHiyuuw 9;(y).

Coo6pasHo ¢ 3aMevaHusiMM 1. 2 M3 3TOH TeOpeMH CYLIECTBOBaHHUS
TOTYaC MOAyuyaeM Juisi JHpQepeHUMAIbHLX YpaBHeHH} NepBOro U BTOPOro
nopaaxa: ecau B auddepeHumansHoM ypaeHenuu (2) Jfuiam (4) coorser-
cTBeHHO] f— aHanuTHyeckass QYHKUYS CBOMX apryMeHTOB B paccMaTpH-
BaeMO# O6macT¥ M ecnd HayaiabHele GyHxm® ¢ (v), ¥ (y)-—anaautnue-
ckue YHKUMH OT y, TO (OpMyJaHpOBaHHEe Tam 3agaud Kowmwm mmeior
OJHO ¥ TOJBKO OJHO AHAMUTHYECKOE pellieHue. .

ITpu noxasaTenbCTBe yNOMsiiyTOH (yHIaMEHTAILHOH TEOpeMBl MOKHO
Ges orpaHmyeHus OGWHOCTH cunTath Y,==0 u 2,°=0. B nporusiom
clyyae MOXHO 6HIO OH, He M3venas Buad HUQdepeHUnalNbHHX ypasHe-
“HEH, JO6UThCA BHINOJHEHHsT 9TOro TPeOOBaHHWA BBENEHHEM y—Y, B Ka-
YeCTBe HOBOTO HE3aBHCHMOrO MepEeMeHHOTO M u#; — 4,0 B KaueCTBe HOBOH
uckoMoft Gynxumd. Buipaxaa Tenepb NDEANIONONEHME AHANHTHYECKOrO

1) Be3 orpaHuueHHs OGMHOCTH MOWXHO CU¥TATh, YTO TOUKA X ={; y=10
J€XHT Ha HavanbHOH KpuBOH. CM, Hibxe B TexcI€, nociaexruui absay stoH

crpaBuud. (/Tpux. nepes.)
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XapaKTepa HaWNX HaHHHX, NOJAOKHM, yTo ¢yuxumn G, H 9; RaHu
B BUJIC HIDKECHSIYIOWHX CTENCHHHX DALOBI

£, v
o (y) = };J ay, (15)
3;; % 1 'm
G (Ugy - vy Up)= y erd =0 b"y'""’mur"um ) 16
=

Ilpu 3TOM nycrs 3ananHele cTenenxsie paabt (15), (16) cxomarca B He-
KoTopo#t okpectroctn |u;| < r, | y|< p coorBeTCTBEHHO.

Hawe yTBepwaenue cocTour B TOM, 4YTO (OPMYJNMPOBAHHAA BEIIIE
3anaya Kown uMeeT'OZHO M TOABKO OJHO DelileHHe, AOmycKaioulee pas-
JIOXEHHE B CTENEHHHIe DALl

uy (%, 9) = 2 &'y (7)

‘U3 n. 3 MEl 3HaeM, 4TO KO3(QuuMenTtsi CTeneHHLX piaoB (17) onHo-
3HA1HO ompeneTsoTcs AuddepenanbHEIMY YDABHEHAAMY ¥ HAYaMbHBIMA -
RaHHBEIMH, A MMeHHO, 3Hauelns NPOM3BOAHHIX OT IOKA elle CHMOTEeTHYe-
CkuX pemneHutt u; B Touke x==0, y==0 noayuaem, npocro NOACTaBAAs
B Haya/bHHe NPOMZBOLHHE, HaHeHHHE MO YKA3aHHAM . 3, YacTHOe
3nauenue y==0. Tem cambM, OIXHAKO, KO3QOUIMEHTDHI cii panos (17)
onpeneneHsl OAHO3HAYHO.

Ecan gonycrurs, uro Q)opyranbﬂbxe onpeneneHHBle TakuM 06pasom
CTerneHHble pAfnl NeHCTBUTEABPHO CXONATCA B HEKOTOPOH OKPECTHOCTH
HyneBOH Touku X =0, y=0, TO Ha OCHOBAHUM H3BECTHHX TEOPDEM HUX
MOXHO BHYTPH 06J4CTH CXOMHMOCTH mnouneHHo  auddepeHuuposaTe u
NOJMYy4YeHHEIE CTENMeHHBle pPHAAL BHeCTH B AuddepeHUMaNbHbie yPaBHEHHS.
Bripaxenua, nonyuusumecs B AnddepeHidabHEX YPABHEHUAX, MOXKHO
ONATB-TAKH PACMOMOKKETH B CTeNeHHbie PsiAB MO X ¥ Y. PasHOCTH JeBHX
H TpaBHX vacrel muddepenunannHpX YpPABHEHUH OKa3bIBAIOTCH, C/ENO-
BaTeJIbHO, CTENeHHBIMM PANAMHM MO X W Y, HCUe3AOIMMH B Hayale KOOp-
RMHAT BMECTE CO BCEMH CBOMMH TPOM3BOAHEIMHM-— ITO BHITEKAET WS ca-
MOro crocofa noJyuyeHus T0CAEI0BATENsHHX TPOUSBOJHBIX (YHKUMHA #;
B 9T0#t Touke. CnepoBareli»iQ, pasHOCTh JeBOM W mpasoil uacTelt Ka-
®)zaoro auddepeHuaipHOr0 ypPaBHEHMS JOMKHA HCUE3aTh TOWIECTBEHHO,
T. €. Qydxkuud u; npen®raBanioT cucTemy pewennft. YTo 3Ta CHCTeMa
pelueHH uMeeT NpeAnycaHHbie HayajbHble 3HAUeHMd, d, CAENOBATENBHO,
pewiaer Hamy 3azauy Kouwm, TOxe HEMOCPEACTBEHHO BBITEK3ET W3 IO-
CTPOEHUSt CTenelubX psanoB (17)-— Bce 2T0 B NPEANOJNOKEHHH, UYTO OHH
cxopsrcst.  Takium obpagos, doiasamenrscmso Hawed meopests. cyue-
cmsoganus 0y em OaHO, eciu CyMeer NOKA3AMb, YMO HAULL CMmenenKbie
paodse (17) Odeiicmsumessro cxodames euympu Hexomopol obiacmu.

Ina Toro, 4roGbl 3TO [OKAa3aTh, PACCMOTPHM TOUHEE CTPYKTYPY

i 1 .
_KoahduumenTos cj; B HX 3aBHCHMOCTH OT xoatbfpnunenTOB ay, b:’:...,..
! m
3aMeTAM cHauana, YTO M noryuerut Ko3dUUMEHTOB cpy ! fpagor (17)
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MO METOAYy M. 3 Mbl BHYHC/IATH HAYa/TbHEIE 3HAYEHHS MOC/e10BATENBHEX
NpON3BOAHBIX GyHKUMH #; (X, V), TPHYEM TNOJb3OBAIHCH TOJNLKO JHUb
nponeccamn auddepeyumposanus paxos (15), (16), (14), noxcraHoBku
psiia B pAA M BHeceHds B TOJAYYEHHBE DANE 3HaveHuft x =0, y==0.
Ho npw nounenHoM auddepeHiNPOBAHUN CTENEHHOTO pAAa BO3HHUKAIOT
LOBHIE CTemeHHbIE PANb, KO3(DQHULUHEHTE KOTOPHX MOMYYaloTCH U3 HePBO-
HAYaTbHLIX, YMHOXEHHEM HA HeOTDHIATeAbHLIe LeJbie YHCIa; NMPH NOACTa-
HOBKe D B Psill BCTPEUYAOTCS HCKIIOUHTENbHO AL AeHCTBHS CTOXe-
HAS W yMHOXeHHd. $IcHO, dTO Koa(pcpuunemu i NONyyarTCad B BHIE
TIOAMHOMOB OTHOCHTENBHO BEIHYMH dy, b”:, ot Koadduuments: arux
MHOTOU/ICHOB — HEOTPHIATENbHEIE YUC/A, KOTODHE YXke He 3aBHCAT OT
cnenranbroro puna dyukunit Gy, u o;. Takum oOpasom, Aid BeJHYMH ckz
MOJIyYal0TCA BHIPaXEHUsl BHUIA

ch=Pla(@, B, ... W (18)

rae Fj; 0603HayaeT TOABKO YTO OMMCAHHHIE TMOJHHOMBI C HEOTPHIATENbs
HBIMH KO3ddunuentamMu. Pasnuunsie 3amaud Kown nHaiiero Tuna C OXHHM

H TeM XKe YHC/IOM M OTJMYAIOTCA He BHAOM 3THX dymKum# Ply, a TOIbKO
/MIIb 3HAYCHHAMH apryMeHTOB of, b,....s, OTHX QyHKImi,

[Tociie 3TUX NMOATOTOBHTENBHEIX COOGPaxc€HHI MH moBeleM TpeGyemoe
J0Ka3aTe/qbCTBO CXOAMMOCTH Ha OCHOBE KIACCHUYECKOTrO .Memoda. Maxco-
parm. Hapany ¢ wawe#t neperoHayasibHOH 3anavedl Kow, ¢ BHIpaXeHHIMH
Gy ¥ ©9;, paccMoTpuM HoByio 3anauy Kowm, B koTopolt dynkuun Gy
U 9; 3aMEHEEBl ADYrAMH (QYHKUHIMH Kz ¥ §;. A HMEHHO, MyCTh B HE-
KOTOpO# OKPeCTHOCTH Hayana KOODAUHAT

[a'e]
Y () = 20 AVy, (19)
V==
Ky, ooy w)= 2 BY . wloagm  (20)
vl,...,vm..—.o 1 m
npuyen
Z>[(7fl u Bi’;, ] >[b:lv];,...,vml-

Ilpyrymn €J0BaMH, Koatpcpuumn.m pasnoxeHuss HOBHX QyHKuult K
A Y, He OTpHUATENBHH M AONKHB OLITh He MEHbUIe MOAYJe#l cooTBet-
CTBYOUWMX KO3(QMUUHEHTOR pA3/N0KEeHUS IePBOHAYAAbLHHX OQYHKIHR Gp
¥ o, C 3TumMu QyHKuMamu Mbl CTaBuM 3anauy Komu:

6vi Nl a . :
Taz:},ﬁm(ﬂn--.,vm)ﬁ (=1,...,m), (1)

f=1 .
2,0, ) =4, (y) (22)

¥ 3Ty 3ajadyy OyAeM Ha3bIBAThL MaKOPaHTHOH 3amavelt N0 OTHOLICHHIO
K NepBOHAYaabHO [OCTABIEHHOH,
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Ecny ana stoft MaxopanTHOH 3amauM BHIYMCAHTL 10 06pa3uy u3J10-

KeHHOr0 BHIUE KOSGdUUMEHTH Cj; PA3NOKEHHS B CTENEHHOH DAX THIIO-
TEeTHYECKHX DpelleHu#

i k1
0,6 y)=2Chx ¥, (23)
TO HOBHe BeAHuMHb Ciy BRPAXAIOTCH 4epe3 Al u Bﬁ;', TeM Xe
caMpiM 0GpasoM, T. €. KaK Te e Camue (PyHKUMH

Cla==P(&l, B, ..»,)

: , :
OT CBQHX apryMeHTOB, YTO ¥ rnepBOHauaibHple KO3I(QUUHEHTH cf; OT

apryMenTos &/ u bi% ..., HO Tak xak aTn momunoms Pf, uMeOT He-
oTpulATeNbHbE KO3QDHUUMEHTH, TO, OYeBHIHO,

Ca>|cil-
Taxum o6pasoM, opmaneHuilt cremeHdHo#t psan (23) sBAfeTCS. MAWKOPaH-
Toit cTemenHoro psma (17), a creloBaTelbHO, CXOAMMOCTbL Halero nep-
BOHayanbHOro paga (17) Gymer nokasaua, eclmu CymeeM [0Ka3aTb CXO-
AMMOCTh TAKOTO MAXOpPaHTHOro paga (23).

. Ona Toro, ytoGH BOCNOAH3OBATBCA 3THM 3aMeyaHUeM, MBl IMOCTABHM
MaXOPAHTHYIO 3a3aYy OCOGEHHO MPOCTOro BHAA, DelleHne KOTOPOHX Ml
MOXeM [aTh B SIBHOM BHIE, ,B CHNY Yero CXOAMMOCTb MaXODAHTHOTO
paga Oymer ycranosneHa. [ns srtoff menu Mo BuOepeM, KaK U BHILIE,
ABA TaKUX TIOJOXKHUTENbHHIX UHCJAQ 7 M p, YTOOH CTeNeHHKe PAAH OIS
Gz (g, - ., Uy) M 9;(y) cxonumucs npu |u;| <7 u |y|<p. B rtaxom
Ciyyae COMJIaCHO M3BECTHOH TeOpeMe TEOPHM CTENEHHBIX PANOB OJKHA
CYWIeCTBOBATh TaKasi MOCTOsHHas M, uTO

o Vm

1031 < iy

r
MOXHO TONOXHTE M>Fz" YTO MHl M CHeNaeM, UMes B BHAY 00CTe-

AyloLLyio ueldb, ViMeeM, Clief0BaTenbHO,
M (4 ) B

b Yy ens gyt
l vl,...,vm!\ r“l+“'+"m V1! .._\’m! 1 »m

Mu1, crefoBaTesbHO, noJjaraem [cp. (popmynbx (19), (20)]:

SAy_—MZ< ) (24)

v=2a0
(o)
e Js ML, . WM o—==
Kﬂ‘ 2 B"iv o m “ 1 um
Vi, ...,vm=0
. N \
uy\v .\ Ym (v SN Vo) !
=M Z e AR = m ( 1+' n) . (25)
. r r ylovs vl

Ygpere, V=0
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Pan (25) cxomutcst, ecan OrpaHHUMTL SHAYEHHA APTYMEHTOB 4y, ..., 4,

oBaacreo
|u1{-{-[u2[—{— co bl | <7,
TpPHYEM TOrja ero cymma

M \
Kik(ul""’un»):l—ul+ . Sy’ (26)
Id
pan (24) maer mpu |y | <o y
‘ UR e __P._ 27
% () —7 @7
Mul uméem, crezosarensHo, 3agauy Kown
m
61),; . . M \ ‘_?i’lc
et 3 o5
_——_r——‘"'“‘ k=1
Mo
. (0 T e 29
v (0.) == (29)

B KauyeCTBe MaXODAaHTHOH no orHowenuo K 3azade Kowu (14).

Ham ocraercs Temeps TONBKO 1OKA3aTh CYWECTBOBAaHWE y 3TOH cH-
CTeMB peluieHHR v; (X,y), PABAaralomyxcsa B CTENeHHHeE DAAH B OKpecT-
HOCTH TOUKU x==0, y=0,

Tak xax Bce dynxuum Kj; TOXIECTBEHHH H TO Xe CaMoe ClpaBeis
MHBO 1A DYHKUMH ¢;, TO ECTECTBEHHO TONHTATHCH TOJNOMNKHTE

Uy (x1}’)=,'v (x:y),

T. €. 4TO (yHKUMM ©U; He 3aBUCAT OT i. [lomyuurcs uddepennuansHoe
YDaBHEHHE C YACTHRIMH TDOUIBOAHEINY

_o‘_v_ . mM (zv_

ox — 17, cy
r
uau m
(1 =% ) vp— mato, — (30)
¥ HA4a/JbHOE yCJO0BHE '
Mp :
v (0, y) == v, = ——, 31
©,y) U (31)

Teneps, cnefosatenbHo, HaZO eine TOJLKO TOKA3aTh, YTO 3TO 3alaya
Kowu nmeer peumenne v(x,y), HONY KalOlee DA3NOKEHUE ‘B CTENCHHOHR
PsiA B HeKOTOPOH ROCTATOYHO Majaofl OKPECTHOCTM HAauana KOOPAMHAT.

Ota sanava Koww cosnapmaer ¢ sanauedt, paccmorpensofi ywe B m. 1,
crp. 45 B KavecTBe npumepa 2:

a () uy + 3(w)a, =0,
2(0,y) = (),
npyueM peueine 6510 IOAYYeHO B HesBHOH (dopme

=+l =)
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B NMPUMEHEHHH K HaWleMy Cay4aio Aas pelleHus v NoJyyaercd KBaXpart-
HO€ YpDdBHEHHE . :

(1—~’—'tr—v>y—{-—me=%(l—f?"U)(°—A’f)- (32)

W3 nByx kOpHe#t 3TOro ypaBHeHHst Hazo BHOGDATh TOT, KOTODHH HpH

=0 # y=0 npusumaer 3Hauenue M. Yro Takoe peuieHHEe CYLIeCT-
BYET, BUIHO HeNOCPeNCTBEHHO H3 ypaBHeHus (32), xoTopoe mpu x =0,
y==0 nepexoaut B ypasHeHue

(1 —-”r—' fo)(z} — M) ="0.

r
Beaeactsue ycaosus — <M, 3HaueHHe KOTOPOro 3/eChb MPOsABASETCH,

00a KOPHA DPas3mHyHel npu x==y==0. I[lo3TOMy RHCKPUMHUHAHT KBa.-
paTHOro ypasHenHs (32) oTnMueH OT Hy/ad B Hauyaje KOODAHMHAT, a, Cle-
AOBaTeNnbHO, U B HEKOTOPOH OKPEeCTHOCTH Hayasa koopamHar. Cremosa-
TETbHO, HalWl KOPeHb B OKPECTHOCTH Hayaja KOODAHMHAT, HaBepHOe,
AONYCKAeT Pas3fNOMEeHHe B CXOAAMKCA CTeNeHHOR pAR Mo X K y.

" Y, meiicTBHTeNbHO, WeTPYAHO NPOBEDHTH, YTO TAKOE PEIUCHHE MOXKHQ
JaTe B SBHOM BHIE:

v=7 ]____-‘./. +
P
74 [ e ) S
e

Takum 06pasoM [0Ka3aHa CXOAMMOCTH MAXODAHTHHX panos (23),
a, C/eJOBATENbHO M CXOAMMOCTb NMEPBOHAYaTbHHX psi0B (17) B HekoTo-
pOit OKPECTHOCTH HayaJa KOODAHHAT. B cuay 3aMevaums, HaBpaHHOro
KYpPCHBOM Ha CTp. 53, TeM caMbiM JaHO JOKa3aTe/NbCTBO CYUIECTBOBRA-
Hust gas HamMx 3agay Kowmmw.

JOITIOJIHEHHA K I'JIABE 1

§ 1. IuddepennnansHoe ypaBHeHHe XIS OHOPHO! GyHKIHH
MUHBMAJbHOA MOBEPXHOCTH

Hemunefinoe andibpepeHnuanproe ypastetne MUHAMANLHON HOBEPXHOCTH

u(x,y) moxno Hanucath (cp. 7. I, crp. 171 n 181—182) B caenyio-
1IeM BHJE:

0x Vitul+al +0y Vitatu
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Mu  namuM 31ech OTAMuHHIE OT wM3nOxkew#oro B § 6, m.-3 Mmeron
JIMHEapW3auuH, KOTODHH NPHBOAMT K ypasuenmio Jlamaaca. Jra JuHEapH-
3aUMA OCHOBHBAETCA HAa BBEAGHMM TaK Ha3LIBaeMOH ONMOpHOR QYHKIHNM.
Brupaxenns

u u )
[t ~ K ot
e v
1+_uw+uy 1+uw+uy )
— 1
B 2
Y:-—-Vl——a -—33_,____‘1/._..*—*—-'._2_-'—'_:?2:, ’
Ttup+u, |
OYEBHIHO, NAIOT HANPABASIOUME KOCHHYCH HOPMand B TOuKe (X, Y, &)
oBepxHOCTH. Juddeperuuaneioe ypasHeHHe MOXHO NEPEMUCATh: TAKKE

B BHIE
da o3 .
3z T oy

BHpAXaIIIEM TOT ¢aKr, uTQ
ady—3dx

ecTb nonnu# muddepenunan. Beenem Temepr BenmuMHH ¢ M 3 B Kaue-
CTBE KOODAMHAT HA NMOBEPXHOCTH M NYCTb X, Y, # BHPAKEHH Kak QYHK-
pup ot «, B1). Ilas MHHHManbHONH MOBEPXHOCTH BHPAXEHHE

xdf—yda=d@x—ay)— (@ dx—ady)
JONKHO OHTH MOAHKM AU((EPEHUHAIOM, T. €. AQDKHO, YAOBACTBOPATLLS

‘ypaBHeHHe ;
x , 0
=+ 5% =0. ®

Kacareabnas mMAOCKOCTE K MOBEPXHOCTH B TOYKE C HANPAaBEHHEM
HOpManu «, B,y HMeeT ypaBHeHHe

(X—x)a (Y =)+ (U—u)yy=0

HIN
dX—I—BY-f—-‘{U—-——SQ(d, Bv “{)20, (3)

Tie
?(#, B, =1ax 4By +1z, C)]
1y das toro, 4tobul 970 6LIIO BO3MOXNO, AOCTATOYHO, YTOGH BHIMTOAHANOCH

d (s, 8)

ycaonue ( );6-0. Ho sror dynxudodancHblil OIpejendTeNb paBeH 3fech

2 . o .
——ﬂ-——— Ec:m U Uy — Uy = 0 B HexoTOpPO# O6KACTH, TO yKa3aHHHI
ViguZy,? +

BHIGOD BeJlP['lHH o, B B xauectBe KOOpPZMHAT TOYKH Ha TMOBEPXHCCTH HEBO3-
MOXEH, 4TO NOHATHO, TaK KaK INOCIeHee YpaBLeHHe eCTh nmpqlepenuuanb-
Hoe ypaBHEHUE Da3BepPTHIBAOLIHXCA MOBEPXHOCTEH.

TaxuM o6pasoM, dopma nuddepeHNUansHOTO YPABHEHHA MHHHMAJBHBIX-HO-
BépXHOCTEH, JaHHAA B 5TOM mnaparpade; He OXBaTbiBaeT Pa3BEPTHBAIOHIMXCA
MHHMMaNbEBIX NOBepxHocTeil, Ho pa3BepruiBawnecs MOBEPXHOCTH — 370 MO-
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npHYeM Hano ce6e MPeNCTaBUTh, WIO BMECTO KOODIMHAT TOYKM KacaHus
x, you(x, y) NOJACTaBAeHH HX BHPAXEHHS uepe3 &, 3,y W3 npomopumt
1
?I;"E“H:T
© (2, B, ) ecTb Tak Ha3nBaeMas ONMOPHasA QYHKIMA NOBEPXHOCTH, T. e
paccTOsiHHE OT Hayana KOOPIMHAT A0 KacaTelbHOM INIOCKOCTH C Hanpa-
BJEHHEM HOpPMain ¢, 3, y. IT0-— 0AHOPONHAA (PYHKIUA TepBOK cTeneHw.

B

- &

B camom nene, sHpaxas X, y uepes «, B, Y u3 nponopuun =
» . By

:--_71 , MBI IpeJCTaBseM X, ¥, & (X, ¥) B Bule QYHKUUH OT OTHOIIECHHH Be-

naynH @, B,y. Taxwm o6pasoM, x,y, % (x,y) CTaHOBATCA OXHOPORHHIMH

(QYHKUMAMH HYJEBOTO 'M3MepeHHsi, a BHpaxeHWe dax--fy-yu Oyner

TOr4a, OuYeBMAHO, OAHOpOmHOH (yHkumMe#t nepsoft cremenu oT «,B3,7.
Hanee umeem: -

s=stagr G T 1(n g+ ),
(,B+y+a F1(us 3 +5,%),
‘?YS“;;'.{“FQE;—F“-{"Y(%T‘*‘%@Y)

WM, TaK KaK Ylp== —d&, fU,==-—f,
g3

=X, gg=Yy, @==ul).

Orciona Burexaer (noacraass y = — )/ 1—a?—p2):

o B
Xe == Qaz— Par s Vo= Ppp— P

5 :
160 —m——;- n ag”"’g’ C noMouwsio STHX COOTHOWEHMH# mudbe-
peHIuankHOe YDaBHeHue Muuuuanbuoﬁ NIOBEPXHOCTH (2) MPHHHMAET BHA
B .
Aam+(Ppﬁ 1 = Py — ’.r‘(‘?m:"-'oy

TaK KaK 9 eCTb OXZHOPOXHas (pyﬂmmﬂ NePBOrO H3MEPEHHs, TO ¢, —— OLHO~
poawxas tpyHKumx HY/ICBOrO H3MepeHMs, a, CIel0BATENBHO,

v
' Aa‘{ + @?B’{ = Y‘P"ﬁ»
M TS @ moaydaercs ypasHenue Jlannaca

AC? == Quq + Pss + Oy = 0. (5)

BEPXHOCTH HYJA€BOi IayccoBOH KPHBHM3Hb, 2 MUHHMANbHHE MOBEPXHOCTH Xapak-

TEDU3YIOTCA PABEHCTBOM HyM0 cpensell KpuBH3HH. CienoBatelbHO, H3 AAHHOH

agech GOpMBI ypABHEHHs MHMHAMAJBHHX JOBePXHOCTEH H3bIMaeTCd JHIIb TUiOC-

KocTh., Ciyvail, Korga umuw-——u2y_OHa HEKOTOPHX OCOOHX JMHHAX HIH

B nexc;ropux TOYK2X, MOMIEHKHT 0COOOMY paccmorpeumo (lTpunm. nepes.).
Cp.ra. I, § 6.
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‘310 ypaeHeHwe, KOTOpoe NOKA [OKA3AHO JHLib B TPECIOKeHHH

Y= — V1 —_—2 @2, BCAGACTBYE OJHOPOAHOCTH JNeBOH uactu crnpa-
BeAIHBO npu MOOHX «, B, 7.

3 2 Cuctema nubdepeRHaibEbIX ypaBHEHHII NepBOro mopanKa
H ojHO auddepeHunalbHOe ypaBHeHHEe BHICUIET0 HOpsAAKA

B ra. I, § 2 mre cayuad IBYX He3aBHCHMMBIX NePeMeHHBIX MBI NO-
CPeACTBOM IPOCTOrQ TOACYETA CHeNaTtH BEPOATHHM NPEANONOXenHe,
yro cucteMy nuddepeHUHanbHHX ypasHeHHH B 4ACTHHX NPOU3BOAHBIX
C TMOMOUEpI0 Tpoleccos AuddepeHNUpOBaHNS U HCK/IIOUeHHS HEBO3MOXHO,
BQOOGIUE roBOPS, NPHBECTH K ORHOMY IuddepeHINATLHOMY YPABHEHHIO BHIC-
.ilIero nNopsAnKa 11 OJHOM eMHCTBeHHONR (yHKuMH. Mul 31eCh MPOBEAEM ITQT
NOJCYET HECKOJBbKO TOYHee W 1 6Gosiee OOGWIEro C/iyuad.

Iycte nana cucrema m nuddepeHUHaTBHEIX yPaBHeHUH

. ou du -1 ,
Fi<x1, cey XUy Uy vy Uy g, EoRRRED -#):—..0(1:1,. co,m) (1)
ANS QYHKIMR @, 8y, ooyl (Xgy - ooy Xp).

llncp(pepeﬂuupya Kaxjoe M3 ypasHesu#t (1) NOBTOPHO MO MepeMeHHHM
X1y ++ ey Xy, NONYY3EM HOBHE YDABHEHHH AN QYHKUMA ©, Uy, ..., Uy,

B KOTODHX, OHHAKO, MOSBISIOTCA [IPOWU3BOJHEIE MOPSIIKA BHILIE NEPBOro.
Ecau, HanpuMep, BHINONHUTH BCe BO3MOXHHE AH(depeHIHpPOBAHUS 0O

nopsiaka », T0 M3 ypasHeHHs (1) moayuurcss cucrema H3 m("':x> ucb-
(epeHuHanbHEIX ypaBHeHUH '), B KOTOpOH Hazo (B obuwieM Ciyvae) Qxu-

HaTh TIOAB/EHHS BCEX NPOU3BOAHBIX DYHKIMH &, Uy, + . ., Uy, 1O (x - 1)-TO
NOpAAKa BKIIOYUTEBHO,
B uyactHOCTH, YMCIO NPOMBBOAHHIX OT (yHKUMH I, ..., U, _,, Hauu-

Has C nopsaka Hyib A0 mnopsaka x -1, T. e. ofliee HHCAO BENHYHMH,
NOLTeNAUMX HCKMOYESHHI0 M3 HOBOH CHCTEMH, €CThb

ntr-41
m—1(5 T30,
TaK 4TO PICKJI!O‘-IEHHE 6y1le‘r BOOOLIE BO3MOXHO /ML B TOM ciayudae, eCcny
PA3HOCTh
-+ 1
0= (") ()
(n+)!
n,(x+1),(/.—{—1—~n(m—-—l)) 2

6ospiie MAH paBHa 1.

n4%—1 .
1) yHKUAA OT 7 NEePEMEHHBIX nmeer( +x ) NPOU3BOAKBIY MOPANKA %;

CIEeNOBATENbHO, OO(Ee WHCIO NPOH3BOLHHX OT NOPAAKA HYNb XO TOPALKA

BKIIOYHTEJALHO €CTh
3 (=
=("7 )

v=0
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OnncanHHA NpOLECC NPUBOAHT K O/HOMY €IHHCTBEHHOMY YPaBHEHHIO
I8 oaHOM GYHKIME £ AWML [PH TOM YCAOBHH, etan D (x) npueHHMaer
I8 HEKOTOPOro ONpPeAeNeHHOro 3HaueHus x 3Hauenue 1. OnHako, He-
TPYAHO YOEAHTbCH, 4YTO TP m>1 3TO HEBO3MOKHO, €CHM UCKIKOUYHTD
cayvaht n=1. '

[pexnae scero, u3 paeeHcTBa (2) Butekaer, 4To D (x) obpamaercs
B Hy/ib npu x==n{m—1)—1, Tak uTO BO BCAKOM CIyuae BO3MOXHO
BHIDa3uTh QYHKUMH Uy, ..., Uy _; H HUX TNPOH3BOAHHE JO MOpALKA
n(m-—1) uepe3 QyHKUWIO & ¥ ee NPOM3BOLHEIE IO 3TOr0 NOPSIAKA.

Vimeem: .

n —+ %)} ;

D (et 1)—D () = =gty (1 -2 — (m— 1)(n—1)),

a, caenosatenbho, D (x) MOHOTOHHQ yG6eiBaer nmpu x < (m — 1) (n—1)—2
H MOHOTOHHO BO3pacTaeT NpH x, GOJblIeM 3TOTO 4MCaa, a TeM OGoaee
npu x >n(m—1)— 1. Takum obpasoM, D (x) cHauana yOuipaer, Hauu-
Hast ¢ D (0) <0 10 #eKOTOPOro HAaWMEHbINEro OTPHUUATENHHOIO 3HAYEHMUS,
3aTeM HAYMHAET MOHOTOHHO BO3pacTaTh; npu x = n(m—1)—1, D (x) =0,
a, CAefOBATeIbHO, HaUMEHbLIee MOMOKHUTebHOe 3HaueHne D (%) npHHHMaET
npu x=n(m—1)

Ho 3rto 3nayenne
D(n(m—l)):(nm) 1 nmnm—1nm—2 nm—(n—2)

n)am—1)F1  n n—1 n—2 "’ 2 ’
onpegeisionlee B O0WEM ciydae OXMAIeMOe HanMeHbluee 4HCAO mudde-
peHuMaNbHEX ypaBHEHHH BHICIIErO IOPSAKA, KOTOPHIE MOMYYAOTC A &,
npH n>1 u m>1 Bcerma 60oMblue eIUHHKIE.

B mnpoBeneHHHIX BHILE PACCYXJAEHHSX, HOCAIMX XapaKTep YUCTOro
nojcuera, Mbl He OOGpamial¥ BHHMAaHUA HA TO OOGCTOSTE/NbLCTBO, UTO
CHCTeMa, NoMyyalouiascs u3 ypasHenus (1) B pesysbTate npoueccos audpde-
PEHUMPOBAHUS, BECbMA CMELMANbHOTO BHAd, TAK YTO HEBO3MOMXHOCTH
. MCK/IIOWEHHS JIMUIb CJeJaHa BepOATHOM, HO He AOKasaHa. Ilostomy B 1O-
ToAHEHHE K onposepramoiueMy npumepy ri.l, § 2, m. 1 mel 3ldech ycraso-
BUM TOYHEe, XOTA™ Gbl /IR YACTHOrO C/ydas, yC/AOBHMS, HEOOXOAUMEE H
HOCTATOUHBIE [/ BO3MOXHOCTH NpUBENEHHA K ORHOMY HH(depeHimats-
HOMY YpaBHEHHIO BHICIIEr0 NOPAAKA.

§ 3. Cucrema n8yx nuddepenuuabrbX ypaBHSHHAN NepBOro NOpAAKA
H onHo aHd¢epeHIHATbHOE YpPABHEHHE BTOPOro MOpsAxa

IMpumep nuddepenunanbubx ypasHedu#t Komu-Pumana

v } (1)

uy.::——-fvm

Up="

HOKa3LiBaeT, 4TO B CNELMANbHHX C/TyyadX MOXeT HMMETb MeCTO SKBHBA-
JEHTHOCTL CHCTEMH Aud¢epeHIMaNbHEX yPaBHeHHH oAxOMy AuddepeH-
UHANbHOMY ypaBHEHHIO BTOPOrO MOPAAKAa IJ1 OAHOH JAumb QyHKUHHM:
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BCAKOe pelliennte u ypasHenwwit (1) ynoBierBopseT ypasuenmio Jlannaca
Au=0, u aas mo6Goi Takoft rAPMOHHMUECKON (YHKUMH MOMXHO HaHTH
CONpAKEHHYIO T3PMOHHYECKYO $yHKIMIO ¥, TAK YTO & M ¥ YHNOBJIETBO-
psior cucreme (1).

OG6wee, MB cTaBHM BONPOC O TOM, NMPHU KAaKUX YCJIOBHAX CHCTEME

Q(x, J’_’ u’ 'v’ uma uy) fesl] y)'—"O } (2)
W(x, ¥, 4y U, Uy, Uy, Uy U,)=0

HKBUBANEHTHA ORHOMY HH(GepeHIHaNLHOMY YPaBHEHHID BTOPOro IO-
paaka L[u] =0 aas omHoR auiup GYHKUMH £ B TOM CMEIC/Ie, 4molOu
scakoe peulerue u cucmexst (2) yoossemsopsao ypasuenuro Lu}=0
u 4mobut, 06pamHo, 018, 8cAKoeo peuienus u ypasnerus L[u] =0
MONCHO OBlA0 Halinu MAKY0 <CONPANCEHHYIO» PYHKLUID U, HMOGs U
u v ydossemsopsau cucmenre (2).

Crayana paccMoTpuM nvHeHHHE IMpQepeHuMansHHe yPaBHEHHS Buia

Vp==a(X, Y)v--A(x, y, u, uy u), } © (3)
'vy::b(xa No-B(x, y, u, Uy, uy)v
The A w B— nuHeHHHe GyHKUMM OT u, u,, 4,, KOI(pOUUHEHTH KOTO-
pHX, a Takxke a(x, y) u b(x, y)— ananuTHYeCKue QYHKUMH OT X H
Y B OWPECTHOCTH Hayaja KOODAMHAT, KPOMe TOrO, MyCTb KOI(PPUIHMEHT
npH u, B B OTNHYeH OT HYyJs.

Us ra. I, § 7 BureKaer, 4yro cuctema (3) npu SAJAHHLX AHAJIATH-
YeCKMX HavyanbHhX 3xavenusx #(0, y) u v (0, yJ B OKpPeCTHOCTH Hayaia
KOODAHHAT HMEET OOHO3HA4HO OnpedesexHbie QHAAUMUBHECKLE PeUleHUs
u(x, y) u v(x, y). C npyro#t cropoun, smecto z(0, y)u v (0, y)
MOXHO 3afaTh NpousBoibHO #(0, ¥) =0 (y)u u,(0, y)=4(y), oaHako
IMUMU HAYANbHUME YCAOBUAMU DEUleRUs u U U CUCmemb. He onpede-
2810mes 00HO3HA%HO. JleHCTBATENbHO, W3 BTOPOTO ypasHeHus (3) moay-
Maerca an ¢yuxkudu v(0, y) o6ukHoBedHoe auddepeHunalpHOe Ypas-
HEHHe riepBOro nopsaka:

%0, »)==5(0, )20, MN+B(O, y, 20), (), ¢ O
Cle10BaTeLHO, OJHONAPAMETPUYECKOE MHOrOOGpasue HayalAbHHIX 3Have-
mafi (0, y), a, clenoBare/bHO, ¥ OQHONAPaMeTpHYECKOE CeMEHCTBO
pewenuit v(x, y) cucreMn (3).

Mocne arux npenaapmenbuux 3aMedyaHuit JOKaxeM Temeph CAEAYIO-
WY TeopeMy.
Cucmena (3) sxsugarenmHa 00HOMY OughgbeperyuarbHoMy YpasHe-
KuP 8MOP0O20 nOpAOKE O0AS OOHOX mMOALKO BYHKyLL U 8 MOM U
MOAbKO 8 MOM CAY4ae, ecau BHNOAKSCMCES YCiosue

C @y =bg.

Ilna poxasarenscrsa auddeperuupyem ypasHeHus (3), mepsoe mo y,
BTOpOe NO X, W BHYMTAA H3 NEPBOrO MOJYYEeHHOrO  YDaBHEHU# HPYyroe,
uMeem:

(8y—bg) v = L14], 4)
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rae L [u] — nuseiinoe muddepeHiuanpHoe BHPAKEHHEe BTOPOro MOpSaKa
C opHO# JMiub pyHKuMeH u.

I sor, ecin q,— b, =0, 10 L[] =0, 4TO 1OKa3WBaET TNEPBYIO
YaCTb TEODEMEL, ,

Ecan xe npu x =0, a, clef0BaTeNbHO, H B HEKOTOPOH OKpecTHO-
CTH OCH Y @, -—b, # 0, To u3 ypasuenus (4) BhTeKaeT
L {u]
ay— by ?
C/lenoBaTeNIbHO, QYHKUMA U ONpenensieTca OMHO3HAYHO (yHKUMeH u,

Teneps, eciu Obl (GYHKUUA u YACBAETEOPAAa ORHOMY muddepeHu-
aNbHOMY YPA4BHSHHIO BTOPOro rnopaaxka, TO u, a4, CJAeJ0BATENbHO, HA
ocHoBanud (5) M © ONHO3HAYHO OnpefeifAuCh Obl HAYaJdbHLIMH 3a/a-
naamu 2(0, ) ¥ u,(0, ¥), uTO DPOTHBOPEUYUT pe3YAbLTATY, NOJMYUYEH-
HOMY HaMu pahee 1).

Haxkownen, gag Toro, 4to6H uccieoBaTh O6wuit Clyvalf, Npeanono-
#UM, 4TO CHcTeMa (2) moxeT OHITL 33amMMCAHA B CAELyIOWLeM Buie:

Vo=F(x, y, u, v, p, q), }
v,= G(x, y, 4, v, p, ),
rie F u (—aHanuTuueckue QYHKUMM CBOHX apryMmMeHTOB H, KpoMe

y

=

©®)

(6)

1010, ?(% # 0. Cpapunsas BeIpaseuus 19 v,,, nonyuaemble u3 OGOHX
ypaBHeHHH, nMeeM: _
Gplige + (Gy— Fp) iy — F oy, + Gup — Fg + Gp—Fy+-
-+ G,F—F,G=0.
910 nuddepennuancHoe ypasHeH#e BTOPOro MNOPSAKA GyLeT TaKOBHM
IJIsi OfHOM TOJbLKO QYHKLUMHM 4, e€CAH BHDPAKEHHS] .
Fy Gy—Fp Gup — Fuq + Gy — Fy+ G,F — FyG

9 2 7
Gy Gp Gp : o
He 3aBHCAT OT v.

TouHo TaK xe, KaK B JHHEHHOM CJyude, MOXHO NOKa3aTh, OGPATHO,
yro juddepenLuaTbsHOe ypaBHEHHE BTODOrO NOpAAKA IIf 4, SKBH-
BaneHTHoe cucreme (6), MOXeT Cyu(eCTBOBATH TOJLKO JMIUbL APH BHMNOJ-
Henuu ycnosuit (7).

§ 4. MapaMerpuueckoe npejpcTasieHne 0TOGpameHuii, COXPAHAIOMUX
maomans %)

Henoonpenenentoe muddepenitnanshoe ypasHenue
U,y — Uty =1 €y

!) 3amerum, 4TO KOKa3aHHafd BhIE TEOPEMA CHPaBefJMBA M B TOM Cayuae,
ecan A y B He ABASIOTCH NMHCHHBIMH QYHKUMAME OT u, Uy, . Ecaum xosgdn-
LHEHTH @ W b TaKie 3aBHCAT €Ule OT U, Up==p, Ul =¢, TO BMECTO YCAOBHA
@y = b, BO3MOXHOCTDH NPHBCHEHHH CBA3aHA C CYLIECTBOBAHHEM DPABEHCTB

ag=by =0, a, == bq, ay+ay,qg=">by-+byp.

?) Cp. G. Scheffers, Math. Zeitschr., 1. 2, crp. 181, -




64 NONOJHERNS K NEPBOR [JIABE [F1. 1

NpeNCTaB/isgeT YCNIOBHE TOro, YTO OTOGpaxeHde MIOCKOCTH X, ¥ Ha
NJIOCKOCTh #, U, AaBaeMoe (PYyHKIHAMH .

u=u(x, y),.
v =2(x, ¥),

IePeBOAMT BCAKYO 06MacTh MIOCKOCTH X, ¥y B 06JacTb MIOCKOCTH &,
v TOH Xe nJjowany.
Bra. I, § 1, n. 1, npuMep 5 GHIO NONyYeHO pelICHHE OXHOPOX-
HOTO ypaBHeHHSH
Uy ¥y — Vgt == 0,

- 3@BHCALIEE OT NMPOM3BOALHOH GYHKUHMM; A% HEeONHOPOAHOrO Henoonpé-
LeJeHHOro aupdepenunansuoro ypasHeuus (1) MOKHO TAKKe JHaTh
peuleHue, ¢oAepHKallee MPOU3BOJALHYIO (YHKUHIO M HE COAEpKaulee 3Haka
UHTErpana.

Ilng 3T0rO Uenecoo6pasHO paccMarpuBaT X, ¥ H 4, v OIHOSpe-
MEeHHO KaK (YHKUWH ABYX NapameTpos & M § M 3aTeM BMeCTO. ypaBHe-
una (1) paccmarpusate AuddepeHunalbHOe ypaBHeHHE

9(x, ) _ d(u, v) @)

0@ B)  0(xp)
ana dynxkuut x (x, B), y(a, B), u(a, B), v(«, B). Tak Kak BCe CHCTEMH
pewenut x, vy, u, v ypasHenus (2), nepeXoasmMe APyr B JApyra HpH
npeo6pasOBAHKKE NAPAMETPOB &, 3, NPHUBOAAT K OLHHUM H TeM Xe CHCTe-
mam pewennB u(x, y), v(x, y) ypasHenus (1), T0 623 COKpaluieHUs
OCIIHOCTH MB MOXEM OrPAaHMYMTBCA OTHICKAHHEM JYLIL TAKHX pelieHuf
yDaBHeHHS (2), KOTOpHE YAOBIETBOPAOT YCAOBHSAM

x+u=2a y-t+o=28

Takue peureHust MOTYT. GHTh MPeACTABACHH C MOMOLIbIO ABYX dyHKuHH
P(a, B) n Q(a, B) B crenyouwem suge:

x==a- P, u=oq—P,
}'=?+Q, 'U=B—Q

Tax kak
oD =14 Pk @yt PQ— P

o(u, v)
0(a, B) =I—PG_Q§+P1Q§-—P§Q“,

T0 ypaBHeHue (2) NpUHHMMaeT BHA

P+ Qy=0, ®)
OTKYRa AaA P # Q NOAyvyalnTCs BHPAKEHUH

P:mﬂ, Q*‘..—::-—---(l)(z
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C TOMOUISI0 NMPOK3BO/MLHON (yHKiMH o(x, B). CaenosaraabHO, HCKOMOE
pemenne auddepeHunanbHOro ypasieHus (1) momyuyaerca B BuAe ¢op-
My.1 ,
X = a - ay, U=a—o,

“3,

y=8—u, v=0+a,

A\

He CONED:KAUMX 3HAKA MHTErpaia; fpH 3TOM, KOHeuHO, NpeiloJaraercs,
YTO OTpexeNuTe h

o(x.y) _ 0(4, v}

TEh T own T LT Gt 0w

HUTr 1€ HE HCue3aer.



'TABA II

OBIIASl TEOPHSI JU®HEPEHIMANLHBIX YPABHEHHH €
YACTHBIMU NPOU3BOXHBIMU ITEPBOrO MOPSAKA

JlanHoe B mpemeinyuie#t riaBe mnocTpoeHue peureHnit nHddepenuu-
AJbHBX ypaBHEHHﬂ C YaCTHHMH NPOU3BOIHBIMM C MNOMOHIbIO CTEﬁeHHHX
PAROB rpOMO3AKO H, GYIyuH CBA3aHO C KOPEHHHM NPEMIIONOXeHHeM 00
AHAMATHUYCCKOM XapaKTepe MAHHBIX, NPEencTaBAdeTCd HENnOAXOASUIHM Ind
MHOrux 8anay. Iloaromy ecrecTBeHHO AN Pa3MHYHHX THIMOB 3a1ay NOGH-
BATbCA NOJAYUCHMS, DU MeHee CTECHHUTEIbHBIX YC/IOBHAX OTHOCHTeﬂinO
JaHHHX, 6oace NIPAMBIX M MO BO3MOXHOCTH TaKXxe 6giee NPOCTHX MeTO-
OB pelleHus.

Oxasuisaerca, 4To i nddpePeHunansHbX ypaBHeHH# nepBoro no-
pAAKA MOXHO HDU HE3HAUUTEJBLHBLIX INPEeANnONOXKEHHAX HeNnpepHBHOCTH
pPasBuTh TAaKyil0 TEOPUID MHTErpHPOBAHKA BIOIHE YIAOBJIETBOPHTEAbHMM
obpazom. ['1agHeM pesyiabratoM »TOR raaBe OyleT srausaseHmHocnts
JugbheperylidAbHOZ0 YPABHEHUS € HACMHBIML NPOUIBOOKbLMI Nepsozo
nopsdka Hexomopel cucmese CObKHOBEHHHX Oubgeperyuarbrslx
ypasHeruli, Koy K TCOpHUH JACT NOHAMUe Xapaxmepucmux, KOTOPO®
OK@)KETCs PeIlaIoWMM H NO3JAHee B 3aiayax BHCIUErO mopsaka.

CyInecTeeHHO enle pa3 HANOMHUTbL, YTO BCE BCTPEYAIOUIMECT INPOM3-
BOAHBIE Mbl OyHeM NpeanoJjaraTe HempPephBHbLIMH, He (QOPMYJHpPYS 5TOro
KOXKIBIA pa3 B OTAENBHOCTH.

§ 1. Kpasuauneiusle pudepenunanbubie ypasHeHusd RBPH ABYX
HEe33BUCHMBIX NepeMeHHbIX

1. XapaxTepucTuieckue KpuBhie. [anoxenne Teopun XapakTepucTuK
MBI HAYHEM KpAaTKUM TMOBTOpeHHeM KBasHaMHeHHHX AuddepeHuuanpHux
ypaBHeHu#t, paccMoTpeHHmx ywke B ra. I, § 5. Tipn arom MH Hekoro-
phle H3 paccyxiueHu#, nposeleHHBIX B . I, nomkuer 6yneM HOBTOpUTE
¢ Apyrux Touek 3penus. CHayana Mbl OTPaHHYMMCH CAyyaeM OBYX Heaa-
BHCHUMBIX TIEPEMECHHBIX X, !

auy - buy, =c, e

rae a, b, ¢ —3amanHbie QYHKUMH OT X, ¥, 4, HeNpEpLBHLE BMecTe
CO CBOHMH IEDBHMH TDOM3BOAHBIMH B DPACCMATPUBAEMOR 4YaCTM MpO-
CTPAaHCTBA X, Y, # M YNOBIETEODsIOlMe B Helt ycriouio a2 - 52 £ 0,
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Jr10 muddepeHnnansHoe ypaBHeHue ¢ YaCTHHIMHM TIPOMU3BOJAHBIMH  J1O-
NyCcKdeT CJeAYIOHlee reoMeTPHYECKOe HCTOJIKOBAHHE: OT HHTErpajibHOH
NOBEPXHOCTH 4 = u(x, y) TpeGyercs, uTo6H OHA B KawIOH TOuKe P
C KOOpIMHATAMH X, Yy, & MMeJIa KAcaTelbHYM ILTOCKOCTh, HANPABISWUKE
KO3D(UUUEHTE KOTOPOH #,==p, U, == ¢ CBsi3aHH JIHHEAHHM ypaBHeHHEM
ap -+ bg==c. CornacHo 3TOMY YDAaBHEHHIO YNOMAHYyTHeE KacaTelbHble
MIOCKOCTH BCEX MHTErPAaAbHEIX NOBEPXHOCTEH, MPOXOAALIMX UYePe3 TOUKY
(x, v, 4), MpuHALTeXaT OAHOMY M TOMYy iKe - MyuKy IUIOCKOCTe#f, OCb
KOTOPOro B TOYKe P naeTcd COOTHOLIEHHSMH

de:dy:du=a:b:c. ©))
Hau nyuyk# NJIOCKOCTeH M WX OCH HA3HIBAIOTCH COOTBETCTBEHHO MYUKAMU
w ccamu Monxca 1),

Toqu P ¢ npoxoxamuM yepe3 Hee HanpasaeHxdeM OCH MOHxka. MEL
GyNeM Ha3HiBATb «XAPaKMePUCTUHeCKUM AUHEUHOLM INeMEHMOM>,

Hanpasnenuss oceft Momxka o6pasyloT B HAaWleM NpPOCTPAHCTBE IOJe
HANpAaB/ieHn#l; JUHUA TOJS STOrO MOJST HANMpPABJIEHHH OnpesensioTcss Cu-
cTeMOlt OGHLIKHOBEHHHX AHbdepeHiManbHHX ypaBHeHHH (2) H HA3BIBAIOTCH
«XAPAKMePUCmuecKusu KpussMu» Hauero auddepeHunanbHOro ypasHes
Hust. Ha 3THX KpHBHIX MOXHO BBeCTH mapameTrp §, H HX ZuddepeHiu-
anbHbLle YPABHEHUS NPHUMYT CAefylomuR BHA:

Bea, L=y, L. (2a)

[TpoeKuM# XapakTePHCTHYECKMX KDHBHIX HAa TIIOCKOCTh X, y Mb
uHorna GynaeM HasblBaTh «XAPAKMEPUCTNUHECKUME NPOEKYUAMES.

VurerpupoBars nuddepeHunanpHoe ypaBHEHHEe C© Y4CTHHMH NPOK3-
BoAHBMH (1) 3TO 3HAuMT HAWTH Takue NOBEPXHOCTH, KacaTejbHasd MJI0C-
KOCTb KOTOPHIX B KaXAOR TOUKE NPHHAAMEXUT Nyuky MoHxa, uam, uto
CBOXHTCH K TOMY e, TIOBEDPXHOCTH, KOTOPHE B KaKIOW TOUKE HMEKT
HaupasneHue ocd MoHa CBOHM KacaTeJbLHRM HanpasiaenneM, OTtcwona
BLITEKAET, UTO 8CAKASL NOBEPXHOCMb U==u(X, V), 06pa808aHHAR ce-

JeUcmBoM XAPAKMeEPUCTRUYECKUX KPUBbIX, 3QBUCSWUM - Om O0HOeD
napasempa, ABAALMCT UHMELPAAbKCL NOBEPXHOCNHLbIO dugégﬁemmmb-
HO20 YPABHEHUS ¢ HACMHbIMU NPOU3BOOHBIML.

Ob6parHoe NpennoMeHHe TaKKe CNPABEANMBO: CAKASN UHMGLPANBHAR
noBepxHOCMb NOAYH@emcs maxuMm o6pa3ox. IJra o6paTHas TeOpeMa
LOKa3BIBAETCS aHANMTHYECKH CleaylomuM ofpasoM. Ha Bcaxoli sananHo#
MHTErpanbHOM NOBePXHOCTH & ==u(x, y) IuddepeHunatbHOro ypasHe-
Hus (1) cucteMoit OOBIKHOBEHHBIX AH(GDEPEHUHANLHBIX YpaBHeHUHN

dx dy
=0 u5=b
Fie B @ u b BMecTO # moOACTaBNeHA GYHKUMA « (X, y), Olpemensercs
ONHOmNapaMeTpuyeckoe CeMeficTBO KPHBHX

x=x(s), y=y(), w==u(x(), y@)
HCporn 1, §4 1.
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Iuddepenunansioe ypasrenue (1) ¢ yaCTHHIMM TPOH3BOAHBIMH BAOMb

. . du
KauIo# TaKO# KPUBOH MEPEXOAMT B - = ==C. Hawe cemeiicreo ¢ oannm

napamMeTpoM YXOBJETBOpSET, CJIeIOBATE/NBHO, COOTHOUIEHUsM (2a) W,
CHEeN0BATENbHO, COCTOMT M3 XapaKTepHCThuecKMX KpuBeX. Ho B mudde-
peHuHanbHBle YPABHEHHs MAPaMeTD § #BHO He BXOMUT, M MBI TOJYYHM
MO3TOMy Te XKe KDHBHE, €C/H 3anmeHHM s uepe3 s-}const. B stom
CMBIC/e ANNMTHBHYIO NOCTOAHHYIO B fapaMeTpe § CaefyeT paccMarpu-
BaTh KAK HECYLUIECTBEHHYIO. '

Tak kak pewenuss cucteMsl auddepeHuManbHHIX ypasHeHu#t (2a)
OJHO3HAYHO OMPEJeNMOTCA HAYATLHLIMM 3HAUEHHsMM X, ¥, & 1pu §==0,
TO HMeeM CIEAYIOUIYIo TEOPeMy: 8CAKAR XapaKmepucmuuecKas Kpusas,
uMerouwan o0WYio MOLKY ¢ UHMEPALbHOE NOBePXHOCMbBIO, AeHCUM Ha
amoii unmepassHoid nogepxuocmu nosrnocmsro. Y, Hakoden: scaxasn
UHMEZPAALHASL NOBEDXHOCMb nPOU3BOOUMCS CceMeliceon Xapaxmepu-
CMUMEeCKUX KPUBNX, 30QBUCAWUM OM 00HO20 napamempa.

2. 3agaya Kommu. Ins o6ospenuss muoroo6pasus peiueHnfi audde-
PEHLHAIbHOTO YPAaBHEHHS C YACTHHIMU TIPOM3BOAHBIMU PACCMOTPHM Cie-
aywuryio 3ada4y Kowu, IlpocTpancTeeHHas kpuBas C, uMelouias Npoek-
unio C, Ha IJIOCKOCTb X, y Ge3 MBOHHBIX Touek !), omnpenesneHa 3afaHHeEM

Tpex QyHKum# X, y, u# napaMerpa #, npuuem x;--y; £ 0. TpeGyercs
HalTH B OKpecTHOCTH C, MHTErpa’tbHYI0 MOBEPXHOCTb 4 == u (X, y), Npo-
Xoisuyo yepes kpusyio C; ADYyruMyd cjIoBaMH, TpebyeTcst HalTH Takoe
pewenue auddepenuuansioro ypasHenuss (1), ans koroporo u (f) =
=u(x (f), y(¢)) ToxpgecTBeHHO OTHOCHTENbHO £ OT AaHHHX, T.'e. OT
ko3¢ duunenTos nuddepeHIHaIbHOrO YPaBHEHHS! U OT HAYANLHBIX BEJH-
UK X (£), y(£), u(t), mpebyemca auws Henpepuisnas Ouggheperyupye-
MOCMb 8 paccuampusaemoil oosacmu, @ He anasumudecKuli xa-
pakmep.

Has pewenus 3agmaun Koww npoBexeM uepe3 KamAyld TOUYKY KpH-
BOR C XapaKTepHCTHYECKYIO KDUBYIO, T. €. HHTErDANbHYIO KDHUBYIO CH-
CTeMbl (2a), 4TO OQHO3HAUHO BHINIOJHHMO B HEKOTOPOH oxpectHocTd. [Ipu
3TOM IIOJNYY4eTCs CeMeRCTBO XapaKTePHUCTHYECKHMX KPUBHIX, 3aBuCKILee
eule OT napamerpa f:

. ) x(s, £), v(s, 8, u(s o).

It Kpushie 06GPAa3yIOT NMOBEPXHOCTb 4 (X, V), €C/A BO3MOKHO U3 rep-
BUX ABYX OYHKUMH BLIpa3uTh NepeMeHHble S M £ uepes x w y. Jlocra-
TOUHBIM YCJIOBHEM [/ 3TOrQ sAB/SIETCS HeHcuedaHwe GYHKUMGHANBLHOrO
onpepenuTeNs

A= x,y,— y. X, = ay,— bx, ®

1y MoxnO 6nA0 OH BNpOYeM HONYCTHTL TaKke H ABOHHEIE TOUKH, Kax
y nmpoekuus Cy kpuBoil €' Ha IIOCKOCTb x, ¥, TaK H y camoil KpuBo# C; mpu
3TOM Mbl MMEIH Obl JIEI0 ¢ MHOIO3HAYHLIMH PEUIEHHAMH H COOTBETCTBEHHO
C HHTErpajJbHBIMH MOBEDPXHOCTAMH, [EPECEeKaloUuHMH caMH cebs.
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Broib kpuBoH C. TIpu 3TOM MH TOJb3YeMCSl M3BECTHOH Teopemo#t 0§

OBLIKHOBEHHHX Au(p(pepeHIManbHbX yPaBHEHHIX !), HA OCHOBaHMH KO-

Topo#t X, y, & — uenpepuiBHo muddepenuupyemsie GyHKuun Ot S U Z.
Ecan 310 ycnosue A £ O BHMNOZHEHO, TO # CTAHOBHTCA QyHKuueH

du
OT X W ¥, H B CHIYy TOrO, 4TO —= ::«(wx—}-buy, tpetbe aubdepeHIy-

du
aNbHOE YPaBHeHHe === HENOCPE/JCTBEHHO 3KBHUBAJEHTHO 3aAdHHOMY

nuddepeHUManbHOMY YPABHEHHIO C YACTHBIMH NPOU3BOAHBIMH. TeM CamuiM
3adata Kowu 048 HauassHol rkpusodé C pewera. EduncimBerHQrmy pe-
leHus BHITEK3aeT CPa3y W3 NAaHHON Bhllle TEOPEMBI, HYTO XapPaKTePHCTH-
yeckas KpuBas, uMeoulas OOLIYI0 TOYKY C HHTErpajbHOH MOBEPXHOCTHIO,
HOMMHA BCA JexaTh Ha 3TO# mosepxHocTH. B camom nene, BCAKas MHTE-
rpanbHasl OBEPXHOCTH, NMPOXOAsulas uepes Kpusyio C, HOMKHA COZep-
WATh BCE ONHONapaMeTPHyecKoe CeMeHCTBO XapakTepUCTHK, MPOBEldeH-
HHIX yepe3 TOYKM KpuBo# C, a, cieOBaTeNbHO, NOJ/KHA COBMAAATH C 4.

Ycnosue A £ 0 Baonb C MOWeT GHTb UCTONKOB3HO I'E€OMETPHHYECKH
cienyiomum o6pa3oM. TaHreHuManbHOE HANpaB/eHHE W “XapaKTePUCTHYE-
CKOe HampasjeHue B KawJao# TOouke KPUBOH C JOMKHEL MMETh PAa3fuuHbIe
NPOEKIMH HA TWIOCKOCTb X, Y. )

Ecau B1ONL KPUBOH C MMEET MeCTO WCKJIOUHTENbHEIH cayuatt A = 0 2),
TO Aad TOro, yto6n 3amaya Komu Gpima paspeinmma, kpusas C HOMKHAE
cama ObiTh XapakTepuctuuecko#. B camoMm nene, B 3TOM Clyyae MOXHO
TaK BHOpPAaTh mapametp f Ha KpuBOK, u4TOGH BROAL KpuBOH C GHLIO

dx d

a=-, bxﬁ'— ; Tenepb yxe puddepenunansvHoe ypapHenue (1) nmaer
du .

¢==—2r, 4, CleN0BaTeIIbHO, C ne#CTBATEJNLHO SBAAETCA XapaKTEPUCTH-

yecko#t kpusoit. Ho .ecnu xpuBas C-— XapaKTepuCTHUECKas, TO vepe3
Hee, KaK Haua/bHYyI0 KPHBYIO, MPOXOAMT He ONHA, a OECKOHEeYHOe MHO-
¥eCTBO MHTErpajbHBIX TNOBEPXHOCTeH, KOTODHE BCE TMEPECEKATCH Mo
kpuBo# C. JleHCTBHTENbHO, TPOBENEM Yepe3 Kakyio-1u6o Touky kpuso# C
ApYry0 KpuBYI C’, NpPOEKUMss KOTOPOH HMI[e He SIBIAETCA XapaKTepH-
cTuecko#t. MHTerpanbHas MoBepXHOCTL, NPOXOAsuiasi yepes C', Hasep-
HOE, COLEPKAT XapaKTEePHCTHYeCKy1o Kpusyio C, a OTCIONA MBI 3dK/I0-
yaeM, YTO MHOroo6pasue pemeHuit 3agaun Koww ans Kpusoi C naercs
MHoroo6pasuem kpuBux C.. Bce COOTBETCTBYIOUME HHTerpalbHele MO~
BEPXHOCTH coaepxar kpubyio C. CienoBaTelbHO, XapaKTEPUCTHYECKHE
KDUBHIE MOXHO OXapaKTepH3OoBaTb KaK TaKHe KpHBBE, [0 KOTOPHIM
fepeceKaiOTCA ABE MHTErpaibHbe TMOBEPXHOCTH (AUHUL DA3BemEAeHUs),
MEXAY TeM KaK uyepe3 BCe He XapaKTepHCTHYECKHE KPUBHE MOMKET Mpo-
XOOUTH caMOe GoJiblliee OAHA HHTErPabHad IOBEPXHOCTD.

})Io noBoxy 210i TEOpeMbl CP. AHANOTHYHBIE TEOPEMBl C LOKA3aTelbCTBOM
B LV, § 5.

2) Mut ocraBaseM 3jech B CTOpPOHE TOT Clydai, xorza A o6pamacrcs B HYab
Wb B gSOJmpOBaHHbXX TOYKAX HIH HA KaKOM-THOO MHOM MOAMHONECTBE TOYEK
KpuBoit C,
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[TomyueHHtle pe3y/apTaThl Mbl Pe3lOMHDYeM B BMAE Ciaeayioilleft Teo-
pemet 1). -

Ecan na wasassuoi xpusod C ecrody A F£ 0, mo 3adaua Kows
useem 00O i mOAbKO 00HO pewenue. Ecau xce 80046 C gcrooy A =0,
mo 04z mozo, umobet 3adata Kowu umecra peuerue, C doaxcra OeLnib
xapaimepucmuxeckoii kpugol. B amox cayae 3adaia Kowun umeeii
Geckonennoe 4UCA0 peuteruil.

Mpur ykassiBaeM Ha TO O0CTOST@NLCTBO, YTO pelleHMsMH 3axauu Komwu
MOryT ObiTh JMIIbL Takue pepueHus auddepenunansHoro ypasHenusa (1),
KoTOphie coaepxaT kpusyfo C u B oxpecrHoctu C, a, CjeloBaTeNbHO,
¥ Ha camoit kpuBO# C, HempePHBHH M HeNpPepHBHO JHdbepeHIUpPYeMELl.
Bes npeANOJOKEHUs HENPepHBHOA nuddepeHUMpyeMOCcTd QYHKUMA
Ha KpuBOH C Henb3d 3aKkaoyYaTh U3 ycaosus A==0 sgoms C, uro C
eCTh XapakTepucTHyecKas Kpusas. M, meficTBHTENIBbHO, BO3MOMHE pelieHy
aaddepeHIUanbHOrO ypaBHEHNS, IPOXOasiiMe Yepe3 HeKoTopYIo KpuByio C,
Ha Kotopo#t A==0, Ge3 Toro, uTo6u C 6HAa XAPAKTEPUCTUUECKOH KpH-
BOH; KOHEUHO, B 3TOM Ciayuae NPOU3BOAHBIE QYHKUUM £ YKe He MOyt
6xte HempepuBHBl Ha C. B Takux cayuwasx kpusaa C sBasiercs pebpos
gozspama (orubalilel XapaKTePUCTUK) UHIMEIPAABKOL NOBEPXHOCINU
u(x, y), un4, MO0 MeHbWIeH Mepe, Npoekuus Kpuoi C Ha TIOCKOCTDL X, ¥
ABAsieTC orubaiolmelt XapaKTepUCTHUECKHX Mnpoexkuuit. B  oxpecTHOCTH
npoexuuu KpuBoft C QyHKuUMA # yxe He MOxer OHThH OnpejfeneHa Kak
O0NHOBHAUHAY DYHKUUA X U Y.

3. Ilpumepnl. 1. B kauecTe HMIOCTPALUY NOAYYERHBIX PE3YJbTATOSR
paccMoTpuM IuddepeHUnanbHoe YpaBHeHHe

Uty ~-u, == 1. ‘ 4)

CooTseTcTBYyIOUIME XaPAKTEPUCTHUECKHE NUPQEPEHIHANTbHbE yPaBHEHHUS
6ynyT
dx dy __ du

T =1, )

ds ds ’ ds

1) Teopema cyuiecTBOBaHHsA C ABHOH (OPMYJIHPOBKOH BCEX NPELNONOKEHHH
riacHaa Obl tak. [lycrs Gy-— 06aacTs miockocts X, ¥y, G — 061acrb npocTpas-
cTBa X, y, u, noay4aiowasca u3 G, npuobwennem 3uauennii #, |u|< U. Oycts
a, r, ¢ —HenpepulBHO JubdepeHUpy eMble yHKIMH OT X, ¥y, u# B obractn G.
Myets x(f), y(¢), u(f)—senpephBHO JuddepeHuupyemble GYHKIUE £ npu

| #] << T (npmuem x% -+ yﬁ #0), onpeaeasiomue B obnacth G kpusyio C,
umeiomylo B Gy mnpoexuio C, 6e3 pBofiHbix Touex., Ha «kpusolt C
nao A=ay;—bx;+0. B rakom caysae B Gy CylWecTByeT nOZOG-

4 4
nacte Gy, comepwawas kpuBywo C; ¥ B () CYWECTByeT HempepsiBHO

auddepenuupyemas dyuxuus u(x, y), KOTOpas yIOBIETBOpAET B G; audoe-
PEHUHATLHOMY YDABHEHWIO auy, -+ buy=c u nHa Cy— HAaYaJIBHOMY YCIOBHIO:
u(x (£), y(¢)) = u ({). Pewenne u eguHCcTBEHHO. '

B panabHe#meM Mbl, H3 METOXHYeCKHX coofpaweHuil, ne O6yAeM HxaBathb
cToab NOJPOCH te QOPMYIHPOBKH TeOopeM cyuectBoBanua. Ml OyzeM mnosso-
aatb cefe PA3AMUHLIE MOMEHTHI CIOXHMX COOTHOLIEHHH HOZYEPKHBATDH B PA3HOIL
€TeNeHd COOTBETCTBEHHO HX OTHOCHTEIBHOMY 3HAaYeHHIO,
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cOiiee petieHHe KOTOPBIX

82
X = Xg - 5 T %45
y=JYoFs,
=lUy—S,

TAe Xg, Vo, lo— NPOM3BOJBHEIE MOCTOSHHHE MHTErpUpoBanus. B uvact-
HOCTH, CeMeHCTBO XapaKTePUCTUK, NMPOXOMSUIMX Yepe3 3aJaHHYIO HAYAMb-
"y xpusywo C:

Xo == ¢ (1), Yo==4(2), ity ==+.(t)
A4eTCSE yPABHCHMAMU

(s, H=9® +s10+ 5,

yis, y=v®)Ts,
(s, )=y () +s.

(®

Onupegenureib
L f—] Y — ! - -yt e
A(s, ) =Xy yp— X Yy =S (% — /) + 11— %
npuHUMaer Ha xpuso#t C 3Haueuue
A=A(0, H=x%—q, (7
Ecau Bgons C 310T onpexenuteds A-£0, TOo u3 ypasHenu# (6)
MOXHO HCKAIOYUTL TNapaMeTpsl & U £, TaK YTO 4 MOXHO TPEACTABHTH
KaK QYHKUMIO OT x ¥ y. JleMCTBUTEIBHO, NMpexje BCEro MMeeM:

u=y+7E)—q(®), o
=@+ 1O —s@O+ Lt OF

a 3aTeM H3 BTOPOr0 ypaBHenusi { BHIpaxaercd Kak QyHKUHS OT X H ¥,
eCc/¥ BHIPaweHue ‘ -
D=qy—bs+ly— ¢ Ol (7e— )
OTAHYHO OT Byns. Ilpu npubauxenuu x kpuso#t C, y — ¢ (£)— 0, a Tak
KaKk @;— Y, =0, TO CymecTByer, C/1el0BaTeNbHO, TdKds OKPECTHOCTH
kpusot C, B Kotopoti D FO0, f=1£(x, y), a creaoBaTesabHO,
w=u(x, y).

Ecau 3a xpusywo C BHOpaTe XapakTepUCTHKY

xO = ‘é‘ t?’
,Vo"—: t, . (8)
uO == t,

T0 ypaBHeHus (6) NepexOAAT B ypaBHeHHst
x= g (12,

y=s-|t,
u=s-1t,

T. €. B Apyroe NpeiacTaBjieHHe TOH e Kpuso# C,
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YpaBsHenue
¥ =gt fw—y) ©)

JaeT B HedABHOH ¢opme. pelieHue ypasHeHus (4) NpU OPOH3BOABHOH
GYHKHMH @, 4TO MOXHO BIpPOYEM MOJY4YHTh U 10 MeTony § 5, . 2 ra. [
Ecan Bubpate w 1ax, 4to @W(0)==0 1 4T06B MOXHO OLIJIO BLIPA3UThH L
OIHO3HAYHO u3 ypasHeHHA (9), TO NMOBEPXHOCTb #==u(X, ¥) NPOXOLIT
uepe3 3aJAHHYI0 KPHBYIO.

ITycts, HakoHeu, C-— He XapaKTePUCTHYECKAs KpHBas

Xg == 1%,
Yo=2t, I (10)
Uy =
Cuctema (6) repexoaut B cucTemy
X = 872 4 st -2, ]
y==5-t 2, ] a1
u=s-+t.

Onpenenurenn A(s, £)=s ucuesaer npu s =0 6e3 10ro, 410661 C GBiIa
XapakTepucTHKOA. Vlckmouas s u f, umeem:

wir, )= Sy e (12)

3Ta ABY3HAuHAs (YHKUMS NPeACTABJASET 3AJIMITHYeCKMB napaGoJoui,
2
MPOXOMMUH uepes KpuBylo C; MPH x>, T. €. BHe KpuBo# C, oHa

yaosaersopsier auddepeHuHansHOMY ypaBHeHulo (4) ¢ YacTHHMM Npo-
nssonnbiMu. Ho dynkuua (12) ne pewsaer samaun Koww, Tak Kak u, 4 u,
HEOrpaHUYeHHO PAcTyT npu npubavmeHun K KpuBoH C. rta kpusas C
He sBJAfercs pe6pPOM BO3BpaTa HMOBEPXHOCTH & ==4 (X, V), HO OHA BHIe-
JSeTC HA MOBEPXHOCTH B TOM OTHOIUEHHH, YTO B OKPECTHOCTH NPOEKLHH
KpuBo#t C Ha MIOCKOCTb X, ¥y (PYHKUMA # YKe He ONpeleseTci OXHO-
3HAYyHO.

2. Ecan nuddepenunansioe ypasHenue (1) aunefivo, 1. e. dyHkumu
@, b, ¢ He 3aBUCAT OT &, TO wuCYe3amwue onpegenuTens A BIOAL He-
XapaKTepPUCTHUECKOH HauaipHO#l KpuBOK C O3HAYaeT, YTO MHOTro06pasue,
onpeaesgeMoe CHCTEMOH

x=x(s, t), y=y(,1t), u=uls i),

ecTh UMNUHAPUYECKAd MOBEPXHOCTH ¢ 0OPA3YIOLUMY, TIePIIeHAUKY ITPHLIMH
II0CKOCTH X, y. Ecau npeanonoxurs, 4to Ha KPUBOH C BHINOIHSIETCS
ycaoBHe

Velly— 1.y, 0,

TO MOKHO BHIPA3UTh X B OYHKUMH y ¥ «. Hoxamew uto 374 QYHKUUS
X ==f(y, #) He 3ABUCHT OT «.
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CHauana sameruM, 4TO B cayyae ausefiHoro RuddepeHUHanBHOrO
ypasHenus u3 (2a) BEITeKaeT MJIs OOpefenuTenss A ==X y,— X ¥, COOT-

HOIUEHHE -
A= (aa:_‘_ by)A;

C/eNOBATEAbHO, ecay A Hcue3aeT H3 kpuBo# C, TO OHA HCYe3aeT BE3AE.
Teneps :
. e f w1 g

xs‘*‘fyys"n“fuusu

xtzfyyt"l"fuut:
A:fu(usyt—utys)’
fuo=0 mm x=Ff(y)

a, CJeI10BATEILHO,

OTKyla

§ 2. Ksasuauueiinbie auddepenuuaisusie YpapHeHHA C 12 HE3ABHCH-
MbIMH NepeMeHHbIMH

Ecan 4dcio n He3aBUCHMBIX HEPEMEeHHBIX X, Xg, ..., X O60ablIe
ABYX, TO B Teopun uddepeHuuansbHEIX ypaBHeHHMH C YACTHHMU NPO-
U3BOAHBIMHU HE NOABAAETCI HUKAKUX CyLUEeCTBEHHBIX HBMGHEHHH; B Kaue-
CTB€ HOBOro MOMEHTa l’lpI/ICOEﬂ.[/IHﬂeTCﬂ> JUIIB TO 06CTOHT€H5CTBO, YTo
Hapany ¢ OJHOMEPHBIMH XapAKTEPUCTHYECKUMY KPDHUBBIMU U C 7-MEPDHBIMHU
HHTETPANTbHBIMHU NOBEPXHOCTAMU HpHOﬁpETalOT elie 3HaYeHHEe XapaxkTepu-
cruyeckue mHoroobpasus C (z— 1) usmepenuit. MurerpanbHyio nosepx-
HOCTb MOXHO TOCTPOWTb, BO-NEPBHIX, H3 CeMeHCTBA XaPAKTEPUCTHUYECKUX
KPUBHIX C (72— 1) mapamerpamu uid, BO-BTODHIX, U3 OIHOMapameTpuye-
'CKOTO CeMelCTBa XapaKTepuCTHUeCKMX MHOroo6Gpasuft (# — 1) u3mepeHuft,
Kaxjoe U3 KOTOPHX, B CBOIO OuYepeldb, NPOU3BOAUTCH CeMeHCTBOM
XapaKTePUCTHYECKUX KPUBHIX, 3aBUCALIUX OT 7 -— 2 mapameTpos !),

Paccyorpun ksasunuuetinoe auddepeHuransuoe ypaBHeHue

» \
Z Ay, =, H

ta=1

~TAE KaK KO3(QOUUUEHTH @;, TAK W BeNHYMHA «@ — 3aJaHHBle QYHKUUK

nepeMeHHbIX X;, Xo, ..., X, &, WMIOWMe HempephIBHBIE MPOU3BOLHBIC,
" .

o a? 7-0. TeomeTpuueckn 5T0 ypaBHeHWe, OUEBHAHO, BHIPAKAET, YTO
4=1

NOBEDXHOCTH 4 (Xy, ..., X,) DPOCTPAHCTBA X, & B KaXIOH CBOEH TOuKe

COMEPKHUT «XAPAKTEPUCTHYECKOE HANPABJEHHe» dX, @ dXy:. .. 1dx, : du=

==@ay;:dy'...1Q," @ B KauecTBe KacaTeAbHOro HampasiaeHud. Kak u

B Cly4ae IBYX HE3aBUCHMBIX NeDeMEHHBIX, MBI U 3/1eChb BBelLeM ONpeje-

JIeHHE: 3aBHCHillee OT £ UapaMeTpPoB CeMeHCTBO KPUBHX, KOTOpOe ompe-

1) MoxHO 6pino Obl TaKiKe paccMaTPHBATL H BCe MPOMEXYTOUHBIE CTYNEHH
(cp. chocky 1) ua crp. 107).
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AensieTcst B IIPOCTPAHCTBE X, & CUCTEMOH O6bIKHOBeHHbIX nudpdepdn-
UMaNbHEIX YDaBHEHUH

%zai! %—-xa (¢G=1,..., n), @
HA3bIBAETCH CeMECmM B0t XAPAKIMEPUCMUMECKUX KPLSbLX, NPAHALTCHKALLAM
aupdepeHUaIbHOMY YPABHEHUIO C UACTHBIMHM NPOU3BOLHBIMH; HX MPOEK-
MU HA OPOCTPAHCTBO X-OB HA3BIBATCA XQPGKMEPUCIUYECKUML RPOeCK-
M.

DTH XapakTepUCTHUECKHE KpHUBHE OIpelessioTcA CcucTeMolt audde-
peHUMaJMbHBIX ypaBHeHu# (2) Ge3 CCHIKH Ha peuieHus nuq)cpepeaunanb-
Horo ypasHeHus (1) ¢ YacTHEIMM NPOU3BOAHBIMHU 1).

Cpssp "~ Mexay auddepeHIHATbHEM YpaBHeHHEM C YaCTHRIMH MPO-
u3BOMHEIMU (1) ¥ cucTeMoit (2) yCTaHABAMBAETCH HUNKeCTeAyolel Teo-
pemofi:

Ha scaroii unmezpassHoli nogepXrocmiu u=u(X{, ..., X,) oug-
PePeRyUALbEHO020 YPAGHERUS ¢ 4ACMHbLMI NPOLISOOHBME Cyujecmsyem
npou3sodsiuiee 3mMy NOBEPXHOCHL CeMelicms0 XAapaKmepucmuiecKux
xpusex, 3asucsujee om n—1 napamempos. Bcsaxas nogepxuocmo
w=u(x;, ..., X,), nPou3sodUMARL marum ceMelicmgom, R8ATeMCR
UHMeZPANbHOL NOBEPXHOCBIO,

Hanee,

Ecan xapaxmepicmuteckas Kpusas useenm ofuiyio moixy c uwme-
ePAABHOL 1NOBEPXHOCHIbIO, MO OHA AeKHCUM HeAUKOM HA 3MOl nosepx-
reemu. ) ,

Jns 1OKasaTenncTsa PAcciMOTPUM CHCTEMY OOHIKHOBEHHHX audepen-

dxq . :
[YaNbHBIX YPaBHEHUH 784 =q;({=1, ..., n), npudeM B NMPaBYyI0 YaCTk

a;(X{y ..., Xy, W) BMECTO & TIOACTaBAEHO pemeHue u(X, ..., X,)
auddeperunansoro ypasHenus (1). dTa cucrema onpejenseT Ha HHTe-
rpajnbHOM MOBEPXHOCTH CeMeHCTBO KDUBHIX, 3aBucsuiee ot n-——1 mapa-
METPOB, KOTOpOE, CJIeJ08aTelbHO, 3TY MOBEPXHOCTH MPOM3BOAMT. Broas
3THX KPUBHIX 4 CTaHOBUTCH (YHKUMEH s, mapaMerpa Ha KPHMBOH, H M

HMEEM
du | dx;
= 3 ey = ) ity

1) Tlpuuuna Ttoro, uto n + 1 xapaKTepHCTHYECKHX nuphepPeHIUHANLHEIX ypaB-
Heuud (2) ONpPeNeNTOT CeMeHCTBO KPUBHIX, 3aBHCAUlEe JHUlb OT 7 NAPaMeTpos,
JAEXHT B HAJMYUH HECYI(eCTBEHHOH ajIHTHBHOH HOCTOSHHON HHTErpauiH B Ha-
pameTpe §, He BXOMSILEM SBHO B cHcTeMy (2).

Crenyer NOXYEPKHYTH, 4TO B CNEUHANBHOM CAydae, Korna kospouunenrs a;

dx; PP
He 3aBHCAT ABHO OT U, e auddepeHdanbHble YPaBHEHHA s = aj(i=1,.. o n)

06pasyioT ONpPeieleHHYI0 CHCTEMY, KOTOpas ONpejelNser «XaPaKTepHCTHYeCKHe
NpPOeKUHH» KaK CeMEHCTBO KPUBBIX C 72—} MapaMeTpaMu B NPOCTPAHCTIBE X-OB,
Mexy TeM Kax B oflieM caydae sTH XapaKTePHCTHYECKHE NMPOCKUMH 0GpasyioT
ceMeifCTB0, 3aBHCALICE OT 72 NAPaMETPOB,
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%:a, TAK KaK & yRoBaeTsOpAeT audgpepeHinuans-
HoMmy ypasHeHuio (1). CaemosatenpbHO, 3TH KPUBHE OKA3HBAIOTCA Xapa-
KTePUCTHYECKUMU KPHUBHIMU. BTOpoe yTBepkIeHHE TOJYyuaeTcss Hengcpen-
CTBEHHO TaK e, Kax u B § 1, u3 OIHO3HAYHOH ONPeNeNeHHOCTH Xapa-
KTePUCTHIECKONR Kpupol, mpoxojamieli uepe3 3aJaHHYIO TOUKY.

D1y ceaab mexny muddepenuunansunm ypasHenueM (1) u cuctemoit (2)
MEl MCIIO/Ib3yeM TeMeph AN TOTO, uT0GH, 06paTHO, M3 XAPaKTepHCTHYe-
CKMX KpHUBHX, HOJYYEHHHX C MOMOLIBIO XaPaKTEPUCTHUECKOH CHCTeMH
nudpdepeHIMaNbHEX yPABHEHHH, NOCTPOUTL WHTErpajibHbe NOBEPXHOCTH
ypaBHenus (1). Mu HCXOmMM DpU 3TOM U3 CaeAyloueR 3edauu Kowwu:
¢ noMoukilo n-—1 He3aBUCUMEIX NapaMeTpos &y, ..., f,_, 3amaHO
B MPOCTPaHCTBE #-}1 H3MepeHuit HauanbHoe MHoroo6pasue C n—1

uaMepenui:

X=Xy 00y b)) @=1,...,n); w=u(ty, ..., t,_y),

a, CAenOBaTe]bHO,

0.
npuyeM NPeAnonaraercd, 4To PaHr MaTpHls (—51> paeen n— 1. ITpoek-
02,

w0 C, 3TOro MHOroo6pasuf Ha NMPOCTPAHCTBO X-OB NpeMNonaraeM CBo-
6OAHBIM OT ABOMHBIX TOYEK, T. €. HOMYCKaeM, YTO Pa3MMYHBIM» CHCTEMAM
3HaueHu#t £y, ..., f,_; COOTBETCTBYIOT . Pa3nuuHHe TOYKH Ha C,.
B okpecrnoctu C, Tpebyercs HaHTH TaKoe peweHue u(Xy, ..., X,)
auddepeHUHanbHOTO ypaBHeHua (1), KOTOPOe "NPOXOIMT Yepe3 MHOro-
ob6pasue C, T. €. NEePEeXOiUT TO)KJIeCTBeHHO B u(ty, ..., n_,), “eciH
'BEJIMYMHBL X; 3aMeHHTh ueped X;(fy, ..., £,_q)-

' Ina toro, urc6u pemmTh 3Ty 3agavy Kommn, wna#tnem nas 3anannoﬂ
. CHCTEMHl 3HaueHu#t f,, ..., f,_; PelleHMe XapaKTePHUCTHYECKOH CHCTeMbl
06HIKHOBEHHHX AuddepeninanshbiX ypasHenn#t (2) B Bune dynxuui

X (9, tl’ e ey tn-l)v u(S, tl’ cewy t)l-l)’

kotopue npu s==0 o6pamaioTcs B 3aiaHHHE BHINE GYHKIHA OT
Ly ooy Ly_y. OTH QYHKUMH HenpephBHO AuddepeHuMpyeMul He TOALKO
0 §, HO ¥ nO &, ..., £, IlpeacraBuM ce6e Temeph, YTO U3 ypaBHe-
HUH X, == X;(S, &1y + ey lp_y) BEAAUHHH %, £, ..., {,_; BHPANKEHHI,

06paTHO, 4Yepe3 Xy, ..., X, H NOACTABAEHH B u#(S, £y, ..., f,_y), TAK
YTO 4 OKasbiBaeTcsi QyHKuue#t ot X, ..., X,. DBeleHHe 3THX BeJHUHH
Xy, «+., X, B KaueCTBe HOBHIX HE3aBHCHMBIX NepEMEHHEIX, HaBEPHO, BO3-
MOXHO B TOM ciyuae, eCIH (QYHKUMOHANbHHH ONpenennTens

04 Oin
s " s
dxy 0%y
—gt—l—', ey dtl __6(—‘51- X0, o eny xn)
. ‘ ) (Sl t].’ ey tn-l) ‘ (3)
axi axn
afn—l, ey 01‘”—1
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Brons C, T. e. npH mnoxcTaHoBKe §==0, He oOpamaercs B Hyab. Ha
OCHOBAHHM CucTeMsl (2) umeeM Ha C A4 JEMEHTOB MepBoH CTPOKH
ox '

i .
”a?z“:;(*m ey Xy, W), TIPHYEM BMECTO X; H 4 B TpABYIO YacTb
CreAyeT MNOACTaBHTh TPEANHUCAHHBLIE HAYaNbHHIE 3HAUEHW KaK (BYHKUAH
NapaMeTpoB £y, ..., £y y..

Takum oOpaszom, OGyHKUKOHAALHEIH onpenenntenb (3) TOXACCTBEHEH
ONIPeAeTHTEII0
a; ... a,

6x1 04\’;”

o, Toh

.

(3_\'1 dxn
at,’z-1 T Otn-l

B ‘npeanonoxennn A #£ 0 mp noayunm w3 u(s, t;, ..., t,_,) GyHkuMio
dy

u{xy, ..., X,), Ypasneuue g = @ TIePEXOIUT B YypaBHeuue

Y dx}: o .
boy s = g i, =

C7el0BaTeNbHO, # eCTh peweHue auddepenunatpbuoro ypasHenns -(1),
M TeM CaMbIM 3ajaua Kown peineHa. (CneaoBaTenbHO, 8 npednosoxcexui
A #£0 sza0ava Kowu 048 Hawme:0 Hanaaboz0 MHO2000pasus ureent
COHO3HAYHO onpedeneHKoe peulerue.

B ToM uckmouuTensHoM cayvae, koraa A =0 Bgoabr C, naule peue-
vue 3amaun Kowwm orkasmBaercd cayxuTh. CIpalIMBAeTCS: Kakue Aaib-
HeHlllHe YC/JOBHA CJeayeT NPHCOGIMHMTh, uTOOHW 3azaua Komwu umena
DellleHHe H B 3TOM Cayuae? '

Ilpexxae Bcero BhIpasuM (akT CywecTBOBaHMs paBeHcTBa A == 0 cie-
ayomum o6pasom:

CywectByer n—1 0QHO3HAYHO ONpeNENEHHEIX MHOXUTeleht

)‘i(tls Ly trz-—-l))

HENpPEePHIBHO 3aBUCAMMX OT MNapaMeTpos, TAKOr0 pond, YTO BAOAL
BLIMOIHSAIOTCS JAMHeHHbIE 33BUCUMOCTH
IS
a= Y1, —5’;‘— (4)
a—1
JIeHCTBUTE/ILHO, 3ITO BHITEKAET HEMOCPEACTBEHHO M3 DABEHCTBA HYJIO
onpenenuTens A M M3 HepaBeHCTBa HY.TI0 MO KpakHel Mepe OAHOroO W3
MUHODOB 3JeMEHTOB NEPBOH CTPOKH,
Oast Toro, 4ToGut GOPMYTHPOBATHL MCKOMBE YC/IOBUSI, BBEAEM Temeph
" TIOHSITHE <XAPAKMEPUCINuLecK020 MHozooOpadus (n—1) usmepenuiis —
CHauana, MOAB3YACL FEOMETPHYECKHM H3BIKOM, OTHECA KaXIOHR Touke
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Xiy -+, Xy, U TPOCTPAHCTBA X, WL <«Xxapaxmepucmudeckuil gexmop>»
agy e oy Gy Q. ’

Muoeoobpasue C Ha3vi8aemcs XapakmepucmuHdeckust, ecill 8 Kaxic-
doit e20 mouxe coomsemcmayiouuli xapaxmepucmuieckul sexmop Ha-
npasiern MAHEHUUAALHO K MHO20006pa3uo.

IMpencrasnss wmHorooGpasne € ¢ mnomoumio #7-—1 napamerpos
tyy ..., t,_y, MB GODMyJIHDyeM Haiuie oOnpeje/ieHHe aHANMUTHUECKH:
C Ha3biBaeTCR XapAKTEPUCTHYECKHM MHOrooGpaskeM s AuQQepeHuunaib-

HOrO yDABHEHHS C UACTHHIMM NPOW3BOAHEIMM @1, ==, €CIH Cyule-
crByer n — 1 Muoxureneit A (¢, ..., £,_y), ((=1,..., n—1), Taxoro
pona, uto 8 C BLIMOMHSIOTCH COOTHOLIEHNH

n—1 :
"' . ()Xﬁ . 5
N ©)
y==1
n—1
a— 2 \A.) “9“’1", (53)
PR

T. €. 4TO XapaKTePUCTHUECKHH BEKTOP JAMHEHHO BHpaxaercs yepes 72— 1
JUHEeHO He3aBUCHMMBIX TAaHMEeHIMAJbHBLIX BEKTOPOB C KOMIIOHEHTaMH
o, % =1, .., n—),

z, o¢, ot

Ilns XapakTepuCTMYeCKOro MHOroo6pasus KBasunMHeRHOro muddepes-
IMALHOrO YPasHEeHUs CTPaBeiHBHL C/ACAYIOUIME TEOPEMH:

Besikoe  xapaxmepucmudeckoe MHO2OOOpa3ue n-—1 usMeperui
npou3sodumcs cemelicmeom XApaKmepucmuiecKux Kpusox, 3a8ucguu
om.n—2 napamempos; 00pamHo, 8CAXOe maroe cemeiicmso xapaxme-
PUCHUMECKUX KPUBKWX NPOU3BOOUm XAPAKMepucmueckoe mrozooopasue.

Ecau xapaxmepucmuneckas rxpusas I' umeem obuyio moury ¢ xa-
paxmepucmuteckus M10o2000pasuesr C, mo oHa excunt KeluKOM 8 3Mos
MHO2000pa3 UL,

Ilns MOKa3aTenbCcTBA MEPBOH TeopeMbl PACCMOTPHM B MHOroo6pasuu
mapaMeTpoB f; OLHOMEPHYIO KPMBYIO, NDPEICTaBJIeHHYl0 B napameTpuue-
CKoH ¢opMe C noMmouibio mapaMerpa S: f;==£;(§), WM, ayume, cemedt-
CTBO TaKMX KDHBHIX, 3aBHCAllee OT n— 2 napaMeTpoB M OnpeleliseMoe
cucteMoft #— 1 OGHKHOBEHHBIX AWUPPepeHIaNbHEIX ypaBHeHuht

dt, .
T =h TN S (6)

Torna dyuxumn (¢, ..., &,_q) ¥ u(ty, ..., £, ;) nepelayr B QyHK-
UMM OT §, AN KOTOPHX

n—1 n—1

dx; __ 0x; du __ Y Ou
o= Mk M ge= Mg

v==1' y=1
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d, CleflOBATENbHO, HA OCHOBAHHMM OnpenenswWux ypasuennfi (5) u (5a)
XapaKTePHCTHYECKOrQ MHOroo6pasus

Ho 9To BhlpaxaeT TOT (aKT, YTO HALIM KPHBHE
x0'=xz'(s" t]a ey t'n-—l)s
w=u(s,t;, ..., ty_y),

lexaie B MHOroo6pasuu C, SIBIMIOTCH XaPAKTEPUCTHYECKHMU KDUBHIMH.
Tax kax oHM 06pasyloT CeMeHCTBO, 3aBUCsliee OT #— 2 NAPAMETPOB, TO
OHY TPOU3BOAAT MHOroobpasue C. OOpaineHue 3TOH TeopeMbpl CaMoO CO-
Goff NMOHATHO, TaK KaK MHOrooGpasue, NPOM3BOAMMOe CeMeHCTBAMH Xapak-
TEPUCTHYECKHX KPHMBHIX, B KawAO# cBoeft TOuKe, HaBepHOe, Kacaercs
COOTBETCTBYIOLIEI0 XapaKTEDHCTHYECKOTO BEKTOpA.

Bropas teopema BhITeKkaeT HemoCpencTBeHHO u3 TOro Qaxra, uto pe-
1IeHUsl XapaKTePUCTHYECKUX Au(PepeHUnaNbHEIX YPaBHeHUH ONpeaeasoTCa
ONHO3HAYHO TeM HAYaibHEIM YCHOBUEM, YTO OHHM JOJKHBL COJAEPKATH
TOYKY MHOrooOpasust C, u60 COIJIACHO H3AO0XKEHHOMY BHIE yepe3 3Ty
TOYKY Y€ NPOXOAMT XapaKTePUCTHYECKas KpUBad, MOJHOCTBIO Jexallas
B MHOroo6pasuu C,

Teneps MOXHO Yyxe (OPMy.IUpPOBaTh, B KayeCTBe OKOHYATENIbHOIO
pe3yabTarta, CJACLYIOUIYI0 OCHOBHYIO TEOpeMy: :

Ecau A £ 0 8dosv nasansnozo mmuczoobpasus C, mo uepes C npo-
xooum 00O u moasKo 00ro pewenye 3adauu Kowu. Ecau xce 6004b C
scr0dy A==0, mo 0sas mozo, wmobu 3adara Kouiu urera peulerie,
Ke06x00um0 u docmamouno, 4mo6s. Muozoobpasue C Owio xXapaxme-
pucmudeckum. B smoxm caytae cywecmsyem Gecxoneyno 604suloe 4uCA0
pewenult 3a0aqu Kowu, u C ssasemecs MHP2006pA3UEM PAISCMIALHYA.

Ocranoch 10Ka3aTh TOMBKO Ty 4YacTh TEODeMbl, KOTOPas OTHOCHTCH
K.caysaw A==0. M3 npemnonowenuss A=0 BHTEKaN0 CYyUIECTBOBAHUE
Takux n-—1 MHOMHTeNeH A,, NPeACTABASIOMUX HempepniBHble U Hudde-
peHUMpYyeMble YHKUMH NapamMeTpoB fy, ..., f,_;, UTO BHIMOJNHSIOTCA
cooTHolEeHUA (4) uau, yto xe camoe, (5). Ho MoxnO ZOKaszaTh W He-
rocraiowee ycnosde (5a) B NMpeAnonoXeHHH, uto uepe3 C “HPOXOAHUT

MHTerpaNbHasA NMOBEPXHACTh == (X, ..., X,). 18 peuleHns u BAOTB
MHoroo6pasus C cnpaBediuBO PaBEHCTEO

n-—1 P n—1 n o a n

g, oz 1, WY du dx; Z

\, = A, v — au...

od NI 24N 2 Bx, o, ey

v=1 y==1 t=1 d==
OTKyIna

L
a= Xk g7
TaK KaK 2 yROBIETBODsieT AuddepenunanbuoMy ypasuennwo (1). Ho sro
1 TpeGORaNOCH KOKa3aTsl).

1) 2T10T pe3yabTaT JETKO BIPOUEM YCMOTPETb H TEOMETPHIECKH 6e3 phiun-
CeHuH, eCAH 3aMETHTh, YTO XAPAKTEPHCTHUECKHN BEKTOp IOMKeH ObhiTh Kaca-
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O6patHo, ecnu C ecTh XapakrepHcTHYeCKOe MHOroofpasue, TO MOXHO
HocTpouTh BecKOHeyHOe MHOMECTBO COAEPKAMHMX 3TO MHOroo6pasue
pemenult nuddepenumansioro ypasseuns (1) craenywoumm o6pasom:
BHIOHpaeM IIPOM3BOJNLHOE MHOrooGpasue n-—1 wusmepenuit C/, ne-
pecekaowee C no MHorooGpasuio S n-— 2 u3MepeHuft tax, uro6n Ha C’
BClony 6o A 3£0. Yepes C' mnpOXOmHT OAHO3HAYHO ONpeEResIeHHAs
MHTerpaibHas nosepxHocTh J'. Ho 3Ta HOBepXHOCTh HA OCHOBAHMM yKa-
3aHHOrO BHILIE €€ MOCTPOEHUA COMEPIKUT BCE XaPaKTEPUCTUUECKUE KPHBHE,
npoxonsgue uepes S, a, CAeIOBaTeNbHO, ¥ MHOrooGpasue C, KOTOpOE
OHH NpPOU3BOAAT. TeM CaMBIM A0Ka3aTebCTBO Haule#l OCHOBHOM TeOpEMH!
AOBefleHO JI0 KOHHA.

" § 3. O6mue auddepesunansnble ypaBHeHds NEPEOTO NOPHAKA
C IBYyMs HE3aBHCUMBIMH NEPEMEHHBIMH

1. Xapaxkrepucruueckne u doraapubie xpussle, PaccMoTpuM o6iee
anddepeHnuanbHoe ypaBHeHuHe

F(x’y» u,p,q)=0, (1)

fae 118 COKPAalUEHHS MOJOXKEHO p == U, ¢ == ,. COOTBETCTBEHHO HaleMy
NOCTOAHHOMY COrJalenyio Mpl OylneM Tpeanonararb, 4ro F B paccmar-
pHuBaeMOit 06G/ACTH €CTh HeNpephBHAS (YHKUHMA CBOUX NMATU APTYMEHTOB,
HMeulast HeNpepHiBHEE NPOM3BOAHKIE IIEPBOTO U BTOPOrO IOPSAKOB IO
3THM apryMeHTaMu. Mu nonyepkmBaeM ele NPeANoONOXeHHe

Fi-+F: 0.

Huddepentmanbioe ypasrerne (1) MOXHO HCTOAKOBATL [EOMETPH-
‘eCKH B TIPOCTPaHCTBE X, y, 4 crepyoumum obpasom (cp. ri. I, §4):
B KaXJIOH M3 DAaccMaTPHBAEMHX TOUEK X, ¥, ¥ OT HATPABJASIOUX KO3(-
¢uuneHTOB p, ¢ KacaTeNBHOH IJIOCKOCTH K MHTErpanHOM TIOBEPXHOCTH
u==u(x,y) Tpebyerca BHIONHeHHE COOTHOWeHUs F==0. TO ypapHe-
HA® Temepp yKe He JUHEHHO OTHOCKTeNBHO p U g; MO3TOMY BO3MOXKHEIE
KacateqbHHE ITOCKOCTH Yxe He o6pa3yiorT BooOiue Nyuka ITOCKOCTEH;
MB IONYCKaeM, 4TO OHM 06pasyioT OAHOMApAMeTpHUECKOoe CeMeHCTBO H
Oru6aioT HeKOTOPHHA KOHYC, Kowyc Mousca. Crenopateasto, nuddepen-
UHaJNbHOE ypaBHeHHEe OTHOCHT kamaofl Toyke (x, y, #) paccMaTpusaeMolt
YacTH MpocTpaHcTBa Takoi KoHyc Mouxa; 3amava wHTerpupoBaHus Lud-
depeHuuanbHOro ypaBHeHUs C YACTHHIMH NPOUM3BOIHBIMH COCTOMT B OTHI-
CKaHUM TAaKUX TMOBEPXHOCTel, KOTOpHle B KaXKIOH CBOEH TOYKe KacaloTcH
COOTBETCTBYIOILETO KOHYCa.

Bmecto cootHomenus F=0 n1s uX KacaTeJbHHX IUIOCKOCTeR KO-
Hyca MOHXa MOXHO TaKkXe OXapaKTepW30BaTh C MOMOLIBI0 COOTHOLE-

TEZBHBIM K WHTErpaJbHOMl NOBEPXHOCTH; TAK KaK ero NPOeKLHA Ha MPOCTPaK-
C;Bo X-OB B CHAy COOTHOUGHMH (5) TAaHICHUMANLHA K NPOCKIWH MHOTOOGpasus C
Ha NPOCTPAHCTBO X-0B, TO OTCI01a BATEKAET, YTO OH caM HAMpaBAE€H TaHIEH-
uHansHo k C,
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HUg Aag ux obpasywomux. Jas Toro, 4yTOOHl TIOJYYMTL TaKoe COOTHO-
medne, BooGpasuM, uto KoHyc Momxa F==0 npeacrassen B mapamer-
PHYECKOM BUIE, 4 MMEHHO, YTO p U g BHIpaWeHH B (yHKUuU mapameTpa A.
B Takom cayuyae o6pasynouias KOHYCa eCThb IpelesibHOe TOJOXEHHe
MHUUM TIepeceyeHuss MBYX KACATENbHBIX IIOCKOCTeH, COOTBETCTBYIOUIMX
3HaueHHAM mnapametrpa A W A-}-£, mpu k2 - 0. Ecau npencrasuts cebe
BJOML 00pasyowie KQOPIMHATH X, V, 4 KaK (YHKIAH DACCTOAHUA 5 OT
BEepIIMHBl KOHyCAa, TO HAPAAY C ypaBHeHUeM

WL gm
OGHSHLIM IPUEMOM TIONyHaeM em;e ypaBHeHue
0=p' W)L 4 g )Y,
Kpome toro, middepenuupys ypaeuenre F=0 1mo A, umeeM:
Fpp" N+ Fg” (A)=0.

W3 3tux Tpex ypaBHeHu{t st Banmpanienu# o6pasylomux KOHyca moay-
yaeTCd Cleayoliee COOTHOILEHHUE

dx:dy:du=F,:F,: (PFp -+qFp), ( 2

KOTOpOe MOXHO paccMaTpuBaTh KaK npejcTaBieHde KoHyca Monxa,
B3aumMHoe puddepeHumrasbHoMy ypasHeruo (1).

Hanpasnenusi of6pasyouux: KoHyca MoHxa, BhipaxaeMmele (opMmy-
a0k (2), Mpl OyJeM Ha3ulBaThb X@PAKMePUCIMUMECKUME HANDABACHUSIMIL.
B oranuue OT KBasMAMHeHHBIX AuddepeHNUaNbHHEX ypaBHeHUH, Yy KOTO-
PHIX KawAOH TOUKe COOTBETCTBYeT JiHillb OMHO XapaKTePUCTHUECKOEe Ha-
npasieHKe, MBl 3[eChb, CJeAOBATENbHO, B KAKAOH TOYKe uMeeM Jeno
C OZHOMaPaMETPUYECKOH COBOKYIHOCTBIO XaPAaKTEPUCTHUECKUX HanPasie-
nuit. IlpocTpaHcTBeHHEE KPUBBIE, KOTODHE B KamAao# cBoeli TOuke UMeioT
XapaKTepHCTHYECKOe HampasfeHue, Mbl OyleM HaswiBaTh (HOKAAbHBMU
KEpUBBLME WA Kpussiu Morxca. Beeis Ha (OKaqbHOR KPUBOH NMOAXO-
AdWME  TapaMeTp S, MOMHO YcaoBust (2) A GOoKanpHHX KPUBLIX BpH-
BeCTH K CieAyloLieMy BUIY:

dx dy citz
&=F, ".';‘5 =F,, o =pF,4qF, (3)
[Tocnenree U3 atux Tpex arddepeUUaIbHEIX YpPaBHEHHH HA3HBAETCS
yeaosuesm norocru. OHO BepaxaeT TOT (pakT, uto QyHKUMH X (S), y(S),
u(s), p(s), q(s) onpenensOT He TONBKO MPOCTPAHCTBEHHYIO KPUBYIO, HO
OJHOBDEMEHHO B KaXO# ee TOYKE M KACATEAbHYIO IIOCKOCTh. ['eomerpu-
ueckuft 06pas, cocroamuit u3 KpuBOH U U3 OJHONAPAMETPHYECKOK COBO-
KYTMHOCTH KacaTeMbHHX IJOCKOCTel 3TOH KPuBOM, HAa3BIBAETCH MOAOCKOL.
drta. cucreMa TpeX OOHKHOBEHHBIX muddepednuansHHX ypasHeénu# (3)
emecte ¢ cooTHoulenuem F(x,y, #,p, ¢)==0 nas narte Qywkuut x, y,
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i, p, ¢ (B UX 3aBUCHMOCTH OT S) PEACTAB/RET HEAOONPEAEIEHHYIO CUCTEMY.
Kaxioe pellleHHe 3TOH CHCTEMH JaeT TAK HA3HBAEMYIO (HOKAAbHYIO HO-
woery 1). :

CyumHocTh HaileH TeOpUH NCKOUTCA Temepb HA CACAyiolieM coobpa-
sweHud, Ha BCAKOH WHTerpa/JbHOH TOBEDXHOCTH #==U (X, y) HAOJKHH
CylecTBOBaTh (POKANBHBIE KpUBbE; B CaMOM Jeie, B *KOXAOH TOuKe
HHTErpaJjibHas MOBEePXHOCTh KacCaercs ¢ sTReTCTBYIOUIro Kouyca Monxa,
C/IeIOBaTENBHO, COAEPKUT XapaKTePUCTHUYECKOS HANpaB/ieHWe, U 3TO Xa-
PAKTePUCTUUECKOE TIOJe HAnpaBJeHull 1aeT HA MHTerpaibHOR MOBEPXHOCTH
COOTBETCTBYIOIIME (OKAIbHBIe KPHUBHE KaK JHHHR 1Moan. Ml moxaxen,
yro TpeGoBaHue, uTOOH (OKAAbHAS KPUBAA YIOXHIACh B MHTErpabHYIO
TOBEPXHOCT & == 4 (X, ¥), UPHBOAUT K ABYM LOMOJHHTENBHBM OOGLIKHO-
BeHHEM AudpepeHuuaibHEIM YPaBHeHUAM [IA BEIHUHH P M ¢ Kak QyHK-
uu#t ot s. ChoBOM «yNOXUIach> MBl YOTHM CKas3ath, 4TO B OKpecCT-
HOCTH TpoeKuud QOKanbHOH KpuBOH HA MIOCKOCTE X, VY bysKuua o
ABAAETCA OJAHO3HAYHOM, ABaAul HempepuBHO Auddepennupyemon QyHK-
‘uet o X H Y. ' '

" JeKCTBUTeNbHO, €CAM MCXOLHTh U2 ONpeae/ieHyoll WHTEerpaisHOH To-
BEPXHOCTH == 4 (X, y), Ha KOTOPOH TeM CAaMEIM JaHBl TaKke BeAHYUH
p==1y, q==1U, TO INPPePCHUHANLHBIMA YPABHEHUIMH

' dx ay

@ = s =y ,
gnpenensercs HA MHTErDANbHOM MOBEPXHOCTH OAHOMApaMeTpiuecKoe ce-
Me#CTBO KpHBI_:IX. BlIOJTb 3TUX KPHBLIX, BO BCAKOM C-le‘l&e,

de __  dx dy
T =gy T s

a, CIefoBaTeNbHO,
v o -J_ -

% = PEpTaF,

CrenoBaTenbHO, HAIIM KPHUBHIE Ha MHTECPAJhHOM MTOBEPXHOCTH 06Da3yior

ceMelCTBO KpUBHX MOMXa U NPOM3BOJAT 3Ty WHTErpaibHYI NOBEPX-

HOCTb. VI3 AM((PEPEHIUATLHOPO YpPABHEHUs C YACTHHIMM TNPOU3BOLHBIMH

AuddepeHIHpPOBaEMEM TIO X ¥ TIO y TOJyYaeMm CIeLylolHe COOTHOEHHUH,
BLIMONMHAIONIMECH Ha HAuledl WHTerpajbHON ITOBEPXHOCTH TOXKAECTBEHHO

B X H Yy . . .
Fppx“{'"quw—’FFup’{“Fm"O’
Fppy+Féqy+Fuq+Fy:0'

1) Ilna toro, ureBbsl 9TH deThIpe YCAOBHS AdA (HOKaAbHOIN MCIOCKH JONOMHATE
0 NMOAHON} CHCTEMH, MOXHO €mie NpeinHcarh NPOH3BOALHOE COOTHOIEHHE MEXY
X, V, U, CiefoBaTeJbHo, NoTpe6oBarb, 4TOObl (pOKadbHas KpuBas Jexana Ha 3a-
AKasHOH -nopepxHocTH. (3aMerum, uto, BOOOIIE roBoOps, MOJNOCKa He Oyner
KacatbCcA 3TOH : moBepXHOCTH.) Jlerxo yCMOTpeTb, 4TO Ha 3ajaHHOK MO-

BEPXHOCTH CywiecTByeT .BOOGIIC OAHOMAPAMETPHYECKOE CeMeHCTBO (OXalNbHBIX
KPHBBIX. -
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BosbMen Teneppr moGylo M3 HAUIMX KPHBHX Monxa, aexaumux Ha MHTe-

rpajIsHOM TOBEPXHOCTH, C NapaMeTpoM §; B CHAY ypasHeHuHt F, =,

Fq =-_-f% s Dy =q, TOCIE[HHE 1BA COOTHOIIEHU NEPEXONIT B PABEHCTBA

d di
Pt FpFa=0, L4 Fg+F,=0,

BRINOJHAIOLMECS BAOAb paccMarpuBaeMbix GokanbHHX KpuBhix. Cregosa-
TENbHO, eciu KpuBasd MoHxa yioweHa Ha MHTerpalbHOR TNOBEPXHOCTH,
TO KOODAMHATH X, ¥, # ee TOYEK Y BEJIHYHHH p W ¢ BLOJNL Hee ylo-
BACTBODMOT CUCTEME TMATH OOHKHOBEHHHX HHb{epeHnualbHEX ypas-
HEeHWH '

&=Fn  w=Fo g =pFptaFy

ds — '» ds — T ds
d d. -
e=—WF,+Fy),  Gt=—@F,+F).

Dra cucreMa Ha3wlBaetTcd - xapaxmepucmuneckod cucmensoll duggheper-
yuanrbibX ypasHerull, npuHamIexamed ypasienno (1).

OOGpatuM Tenepb NOPAROK DPacCMOTpPEHHS, OTBJAEKadACh OT TOTO, YTO
3Ta CUCTEMa OOGBIKHOBEHHHX JAu(depeHUMANEHBIX YDaBHEHHH TNonyyeHa,
KCXOAd U3 HMHTErpajJbHOH TOBEDXHOCTH, CYLIECTBOBAHHE KOTOPOH MH
NPEANONOKHAM; HAPOTHB, NMPUMEM 3a HUCXOAHHH NMYyHKT cHcteMy.(4) Ges
CCBUTIKM Ha pemieHusi ypaBHenus (1). Tak Kak apnuTuBHas NOCTOSHHas
B TapaMeTpe § He MMeeT 3HaueHud, 3Ta CHCTeMa ONpene]seT Hemupex-
napamempuieckoe cemeiicmeo kpusux x(s), y(s), u(s) ¢ oTHeceH-
HHIMM UM KacaTeJbHHMM IUIOCKOCTAMH p(S), ¢(s), T. e. MHorooGpasue
1I0T0COK. ,

Saveruym: @yuxyus F ecms unmezpas auwei xapaxmepucmuiecroil
cucmemvl OugbhepeHyuANbHoLX YPABHEHRE, T. €. BIOMb KaMAOro pele-
HUsl 3TOH cucteMb (yHKUuA F COXpaHAeT NOCTOAHHOe 3HAaueHHel). let-
CTBUTENBLHO, AN TAKOTO DelleHHs
dFr d d du “dx d;
=P trathugtregtig,

a BHpaXeHWe CHpaBa, B CUNY XapaKTePHCTHUECKHX MMbdepeHuuaNtbHH%
ypaBHEHUH, PABHO HYJIO TOXKIECTBEHHO OTHOCUTENBHO §.

BuigenuM Teneps U3 YeThIPEXNapaMeTPHYeCKOro ceMmeiCTBa pelieHuft
XapakTepucTHyeckux auddepeHiManbHHX ypaBHeHHM CeMeHCTBO ¢ Tpems
napaMerpaMu TPH MOMOLM YC/AOBHs, 4YTOOH GyHKUMA F uMena Ha 3THX
peuleHusX He m060e INOCTOSHHOE 3HAUEHHe, a4 MMEHHO 3HAuYEHHe Hylb,
B COOTBETCTBHM € MCXOAHBIM HHd]epeHUHANbHHM YpaBHEHHEM C YACTHLIMH
UPOU3BONHEMY ?).

*)

’

1y [To moBOXY 9TOrO 3HAYEHMA CNOBA «HHTETPal», KOTOPOE HE Cllefiyer cme-
IWIMBATh CO 3HAYEHHEM: MHTErpai-pemeHnue, cp. ra. I, § 5, crp. .36.

2) OTCYTCTBHE 3TOrO OrpaHHYEBHs O3HAUANO 6Ll OBHOBPEMEHHOE PACCMOTpe-
une Bcex puddepenHUHaNbHsX ypaBHEHUft £ == const.
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Beakoe pewerue xapaxmepucmuueckux OUEPePeHiLANbHEX Ypas-
HeRrul, y.osiemsopsawuiee, ceepx mox0, ypasheruwo F=0, ma Oyder
HA3WBAMb (XADAKMEPUCMULECKON ROAOCKOLs ; RDOCMDAHLMBEHHASL Kpu-
gasg x(S), y(s), u(s), Hecywas maxywo noLOCKY, HAVBALMCT XAPAK-
mepucmuieckol xpugoi.
- Kax u B kBasu/mHefiHOM ciyuae, u3 BBIBOJA XapAKTEPUCTUUECKUX AU-
depeHUMabHHX YPaBHEHHH BHITEKAIOT C/eAylOL(He TEOPEMbt:
;" Ha scaxoii unme:paivHoll nosepxrocmu (yiuecmsyem 00Honapa-
MempuHecrkoe CeMelicmso XapaKmepucmuueciux Kpussx W COOmsem-
CMBYIOULX KAPAKMEPUCTRULECKUX NOAO0. 0K, v
- Ecau xapaxmepucmuueckas noaocxa uiteem coujuil snemenm (m. e,
obuue 3HAYCHUS X, Y, U, P, §) € LHMEAIbHOI ROBEPXHOCMLIO, MO
3Ma LOAOCK@ NPUHAOACHCULL FKOAHOCHIBIO - YROMEHYOE UHMEZPANbHCE
MOBEPXHOCMY,
. Baxue#muf pesynnTar B Teopun AubdepesuranbHbiX ypaBHeEHR
¢ 4aCTHBHIMM NPOM3BOAHBIMH NEPBOrO MOPAAKA COCTOAT B TOM, 4TO 3alaya
HHTErpHUPOBaHusl Hawero AudEPepeHUHManbHOr0 YpaBHEHUA C  HACTHBIME
npoussoiHbiMH (1) SKBMBAZEHTHA 3a1aye WHTErPUPOBaHHA XaLAKTEPUCTH-
MeCKOH CuCTeMhl OOBIKHOBEHHHX IH(pdepeHUMaTbHbX  ypasreHuit  (4),
T, €. MHTErpupoBaHue AWQQPepeHUUanbHOro ypasieHns ¢ YaCTHEMHE Hpo-
MgBonHbIME (1) MOXHO NPHBECTH K HHTETrPUPOBA:iHIO XApAaKTEPUCTHYSCKON
,CHCTeMH OOGBIKHOBEHHBIX AHPOEPEHLHaNbHbIX YypaBHEHHH.
+ 2. Pemenue samaunm Koww. Ilia noxasaTennCTEa Mbl, 1O aHAJOMUH
i¢ §§ 1 u 2, nocTpoum uHTErpalbHile NOBEPXHOCTH ¢ NOMOIUBK Xapak- -
‘TEPUCTUYECKHX NONOCOK. MH cHoBa (opmyaupyem nia Hauwero gudie-
PEHUMANLHOTO YPABHEHUs C YACTHBIMM MPOM3BOAHbIMH 320axy Ko, 4to
‘Henecoo6pasHo caenaTb B ClAeyIOeM BuAe: C MOMOubio QYHKUui x (£),
y(8), u(®), p(¥), q(¢) sanana nawarsran noaocxa Cy ¢ npoexumedt C;
(Ha mrockocTh X, V), CBOGOAHOH OT [BOMHEIX TOuek, NpHYeM Aaa C,
BEHIO/MHAETCA TOXJIECTBEHHO OTHOCHTENLHO £: ’

1. ¥Ycaosue nonocku

du dx d

GF=Pgr i

2. F=0.

Takan nonocka C, HasmBaeTca uHmezpasviol noaocroi!). 3axaua
Koum cocrour Tenepp B TOM, uTO6H B OKpecTHOCTH C, HaHTH TaKyio
bysxumo u(x, y), KoTOopas yZOBJETBOPAET B 3TOH OKDeCTHOCTH AH(De-
PeHUMANIBHOMY ypaBHEHHIO W HA Co (COBMECTHO C p == Uy, ¢ == U,) NPUKH-
MaeT sajgaHnmnie paHee 3HaYeHHUs, T. €. TPeOYeTCA NOCTPOMTbL HHTErpPafibiylo
TIOBEPXHOCTL, COREPMAMIYI0 HAAMBHYIO MOJOCKY C,.

%) Npy nocranoBke 3anaun MOxHO GHIO OB CHAaYana CUMTATH 33NAHHON JHUIDL
HaYalbHYI0 KpUBYI0 H AONONHUTENbHO ONDENEJHTh HAualbHble 3HAYEHHS BEaH-
YHH P H g C NOMOWBIO COOTHOLIEHHUA NOJOCKH M ypaBHeuus F == 0; OfHAKO, BHI-
OpaHHad 3fech dopma 3agaun Kol 3acayxueaeT NPeANOYTEHHS, TaK Kax NpH
HeH MH M30eraeM HeCyeCTBEHHOrQ a7 HACTOAINCH 3alaul MCCNENOBAHHS YDAB-
HeHH#, TORYYaOnMxCA I8 P M q.
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Hna pemenuss sanaun Kow npeacTaBuM ceGe, yTo yepes Kawawll
HayaJabHBIH 3JieMeHT 3TOM 3aXaHHOH MOJOCKM NMPOBeAeHa XapaKTEePHCTH-
yeckas II0JOCKA ¢ TEKYLUIHM IapaMeTpoM §, T. €, TAKOE pelieHHe Xapak- .
Tepucruyeckux IunddepenunansbHuXx ypasHeHu#t (4), kotopoe npu §.=0
nepexonur B x(f), y(£), u(f), p(®, g(f). Dty cucreMy peiienn#t Mu
c6osHaunm uepes x (s, &), y(s, &), u(s, £), p(s, &), q(s,?). .

VispecTHbie TEOpPEMH M3 TEOPHH OOHIKHOBEHHHX AudhepeHUUaNTbHEX
ypaBHenu# 00eCHEYUBAIOT €NMHCTBEHHOCTH ITHX PEUIEHHH M CywecTBO-
BaHHEe y HHX HENDPEPHBHHIX NPOM3BOAHKX MO § H 1o £ Ecam BupameHnue

Azxsyt_xtysz pYe— L g¥t (%)

OTJIXYHO OT HyJd BAOJIb Hallef Ha4yanbLHOH NOJOCKH, 4, CAeXOBATENLHO,
H B HEKOTODOH ee OKpecTHoCTH (T. €. B HEeKOTOpOH 06.7acTH 3HaueHHH §
U ), TO B 9TOH OKDPECTHOCTH - MOXKHO BBECTH B KaueCTBe HE3aBMCHMBIX
NepeMeHHEX BMECTO NapaMeTPOB ¢ W § BeAMYMHH X W ¥ H, CJlelOBa-
TeNbHO, BeJMYMHEl 4, p, ¢ BHDPA3UTb KaK (YHKUMH OT X H ¥; B YacT-
HOCTH, MBI TOJyuaeM TNOSepPXHOCTb 4 ==u(x, y). MH yTBepmxiaeM, uTo
Ha 3TOH NOBEPXHOCTH P == U, ¥ ¢ == U, W YTO 3T4 NOBEPXHOCTb ABJIAETCH
WHTETDalbHOM MOBEPXHOCTHIO, 4 C/IENOBATENBHO, pewaeT Hawy 3afavy
Kowun. '

[Mocneannt dakt cuoenaeTcs MOHATHHM caM COGOR, KaK TOJBLKO MH
YCTaHOBYM, YTO HA HAWeEH MOBEPXHOCTH D == Uy, ¢ ==u,; B CAMOM JieJe,
TaK KaK F eCTb MHTerpan cuctemsl (4), TO B CHAY BTOPOr0 HAYaJbHOrO
ycnosus Beanuuna F(x, y, u, p, ¢) obpawaercs Ha Hawel TNOBEPXHOCTH
B Hy/Jb TOXIECTBEHHO OTHOCHTEJILHO § W £, a C/IeAOBATe/IbHO, W OTHO-
CUTELHO X U Y. ,

Ocraercs, crefoBaTe/nsHO, MOKA3ATh, YTO P =i, U ¢ == u,, [lna storo
LOCTATOYHO YOEAMTLCH, 4TO O6e BENMYUHBI

U= u,—px;—qy,, ]
V o us_pxs_”qys.

TOXIEeCTBEHHO M(CY833210T Ha HaWeH NOBEPXHOCTH. Heﬂcnmenmo, co0T-
HOUIeHHNA

®)

0 = uy — ugxy— uyyy, } @)

0=ug— uX;— Uy,

HECOMHEHHO, CNPaBENIUBHE, MOXHO PACCMATDHBATL KAK CHCTEMY JMHeR-
HHIX YDaBHEHHH I Uy, u,. Tak KaK ONpENeNuTe]b ITOR CHCTEME
XYg— XYy ==—0N4, 1O mNpPenNOJONKEHHO, HE PaBeH HyMO, TO U3
U= V=0 n cucremu (7) Brrexano Ou p==u,, q=<u,. :
Vicuesanne BenmuuHel V eCcTb OYEBULHOE CJEACTBHE Xapakrepu-

CTHYECKHX NH(pdepennuanbyuX ypasuennil. Has Toro, 4To6H A0Ka3aTh,
yro U=0, Oyxem paccmarpuBats U ¥ V Kak dyHKuMH OT § u £, Vimeem
TOXJECTBO: _

au av

S5 5 = PsXi— Pi¥s Tt DY~ 0o
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Vv
JIpuHUM3a BO BHHMaHHe, 4TO ——- - ~==10, Tak KaK V TOXKHeCtBeHHO #ucue-

32€T, H TNOACTABASA CIOJd BHDAXKEHHA IUIA X5 Vg Py ,; W3 XaPAKTEPH-
c’mqecxux nucbq)epeﬂuuanbﬂux ypasHenu#t (4), noxyuaem:

—ptF +‘ItF + px+-qy) Fy +Fxxt+ Wi

C upyroﬁ CTODOHK!, H3 cOoOoTHOWeHnd F==0, TOXIeCTBEHHOrO OTHOCH-~
TEABHO § u ¢, muddepenunpys no ¢, umeem:

PtF + 4+ wFy +xtF + yFy=0,
a, C/leoBaTeNbHO, v
Y _FuU ®)
os w-s
3710 ypaBHeHue nNPH (PHKCHPOBAHHOM 3HAYEHWH £ NPEACTABIAsET COOOH
OHOPOJHOe JHHelHOe OOHKHOBeHHOe AH(depeHLMaTbHOE YPaBHEHHE 1.t
U xaxk ¢yaxkuun ot §. Taxk kak U npu &==0-ucuesaer (Ha OCHOBaHHH
MePBOrO HAYANLHOIO YCAOBHfl), TO BeauunHa U paBHa HYMO A8 BCeX
3Ha4YeHH# § B CHIYy TOro, YTO pelieHHe OGHKHOBEHHOTO AH(depeHIHas-
HOro ypasHeHus miaa Qynkuun U () onpeneaseTcs OXHO3HAYHO ee Ha-
vaneHuM 3HauenueM U(0)!). Tem cameiM TpeGyemoe HOKA3aTeJbCTBO LOBe-
JEHO 10 KOHua. BcieicTsue TOro, 4to pelieHdst OOHKHOBEHHHIX audde-
PEeHUMaALHEIX ypaBHeHuH OIHO3HAYHO ONPENeNsiOTCS CBONMH HayaJbHEIMH
3HAYEHHAMH, HHTErPalbHas NMOBEPXHOCTD, NOJYYEHHAs DY TIOMOMIH HALUEero
NOCTPOEHHUs, TAK¥Ke OnpejeseHa ONHO3HAYHO.

IMonyueHHBI# HAaMH peE3yNLTAT MOXKHO Pe3OMHPOBATH CaeRyIoLHMM
o6pa3om:

Iycms C: _x=x(t), y=y (¥, u=u/(f)—3adanuan npocmpar-
CMBEHHAN KPUBAS, KOMOPAR COBMECHIHO C 3A0AHHULMU GYHKUUIMU
p(®), q () obpasyem ndwassnyio nosocky C, (X,¥,4,p,q), yoosie-
meop Y0 YCA08UI0 NOAOCKY u coomHowerurw F =0, u nycms 80046
amol nosocku A=Fpy,— F x; # 0; 6 maxox caysae 8 Hexomopoi
ee OKkpecmHocmu cyuwecrngyem O00HG U MOALKO O00HQ UHMELPANbHAS
nosepxrocme u (x,y), codepicaujas Imy HA4AAbHYIO NONAOCKY.

3. XapaxrepHCTHXH KaK 3JeMeHTH pasperBiaeHus. JlonoaHuTenn-
Hole 3aMeyanus. UaTerpanbuniii komoug. Ocraercd elle BHACHHTH 3HA-
YeHHE TOr0 HCKJIOYHTENBHOTO CJIyYas, KOTODHH XapaKTepuayercd paBeH-
crBoM A = 0. Ecan ans HavaneHo# mosocku Cy, nexaiei Ha HHTerpaabHoH
TNOBEPXHOCTH ¥ (X, V), BCOAY Fpy;— F x,==0, TO Ha ocHoBanuu CTp. 82
C, nomxHa GHTb XapaKTePUCTHUECKOH nonocxoﬁ Ha 3TOH HHTErpanbHOH
nosepxHocTH. IloatoMy B MCKMoOuMTENBHOM Cayyae A==0 yepe3 KpHUBYiO
C MOMET NpOXOAMTh MHHTErpajbHas NOBEPXHOCTb JHIIL B TOM cJ/yuae,
ecrn kpupag C — XapakTepucTHueckad, T. €. (YHKUMM P M ¢, NPUCOe-

1) Man we B cuny pasenctBa

—fFu ds
U@ =U(@0)e ’
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IMHEHHHE TIpH noMomM ycroBuit 1 W 2,  HONOJHMIOT 3Ty KDHBYIO O
XapaKTePUCTHYeCKOH monocku. ECIH 3T0 ycnoBHe BHIOAHEHO, TO -Yepes
HAYaMBHYI0 MOAQCKY NPOXOAMT HE TOALKO OAHA, HO GeCKOHEYHOE MHO-
WECTBO MHTErPA/JIbHHY. HOBEPXHOCTER, KOTOpHIE, C/IEA0BATENbHO, KaCAKOTCH
ApYr Ipyra BAOAS 3TOH HavajibHOM MOJOCKH. B camoMm jene, paccMoTpuM
kpusyio C’, mnepecekawoimyilo KpuByio C ¥ JOMOJHEHHYIO NO HAyaRbHOM
MOJOCKM TaKuM O6DAa30M, YTO 9TAa HAYAABHAR NMOAOCKA B O6lieH Touke
K4CaeTcst XapaKTEPUCTHUYECKON NMOJMOCKH, npuHannexaiue#t kpusoft C; B TAKOM
gyqae 3agava Kommw -mns C/ jpaer MHTErpaisHy0 NMOBEPXHOCTH, KOTOpas
CONEPXKHUT BCIO XapPaKTEPUCTHYECKYIO INOMOCKY, HPHHALIEKAIIYI0 KPUBOH
C, TaK KaK 5Ta MHTErpaibHas NOBEPXHOCTh UMeeT OOIui DIEMEHT € Xa-
PaKTEPUCTHYECKOH MONOCKOM,

Taxum 0O6pasoM, XapaKkTepUCTHYECKHE KDHBHIE HA nmerpanbnoﬁ fno*
BEPXHOCTH ~— 9TO TaKHe JMHHH, BAOJb KOTOPHIX KacawoTcs APyr Apyra
pasiuuHbHe HHTEerpadbHble NOBepXHOCTH. [lo3TOMY 3TH KpuBHE H COOT- °
BETCTBEHHO TIOJIOCKH MOXHO PacCMaTPUBAThL KAK /LeMEeHMbl PA3BemsieHus
urmezpaibHblx nosepxrocmeif. Ilpu mepexoje Tako# JMHHUHM MOXHO, He
Hapywasi yCJOBHA HeNPEPHIBHOCTH NEPBHX NPOH3BOIHHX OQYHKUMM X,
BMECTO INE€PBOHAYAJLHOH MHTErpaJbHOR IMOBEPXHOCTH MPOAOJKATL HIBH-
ratbcst 10 J1000H npyro# M3 ceMeficrBa HHTEr pa/IbHHX NIOBEPXHOCTeH,
Kacawiuxcsd N0 3TOH JHHHH,

Pesromupyd, MW HMeeM ClAeRyiomHMe IBA onyqaﬁ 3anaun  Kowwu:
Ecau A0 Osn nauwassnoid nosocku C,» mo 3adaua Kowwu umeem
-eduHcmeerHoe pewenue. Ecau e, 8004p. Cy, A=0, mo 3adaua
Kowu umeem pewernue auute 8 mos cayiae, ecAu HA1AAGHAL NOAOCKA
C,— xapaxmepucmuueckas; 8 IMoM cayiae cyufecmsyem Oecxoredroe
HHOTCECNIB0 Peuenuil. )

B sakmoueHHe emle OZHO 3aMeuaHue 00 HCKJAIOYHTENBHOM Cayyae
A=0. Ecn1 navanpHas nonocka C; He yNOBJIETBOPSET NONOJIHATENLHOMY
ycnosuio (GalTh XapakTepucTuueckof), T0 C;, KaK JNErKO BHJETh, SBJSETCS
nub (POKaTbHOK NOMOCKOH; B 3TOM Cilyuae uepe3 NONOCKY. C; HE MOKET
NPOXOANTh HYKAKOe peinenue 3azayu Komm; T. e. Huxaxas unmezpass-
HQSL NO8ePXHOCMYE, KOMOPAs co0epiucala Ovt 3my HAUAALHYIO ROAOCKY
u 8 ee oxpecmHocmu ymesa Gsi HenpepusHoie npou3soorsie 00 8mopozo .
nopadr@. MbCAMMO, ONHAKO, CYLIECTBOBAHHME TAKOM HHTErpaibHOR NO-
BEDXHOCTH, HJsi koTopolt C ssasgercd ocoGo#t nuuuedt, eficTBUTENBHO,
ecau uepes Kamaelh sjiement (X, Y, &, p, ) noiockd C;, KaK Hayaib-
HHl 2/€eMeHT, NpoBereM XapaKTepUCTHYECKYIO IOJNOCKY, TO TaKoe xe
paccyxieHHe, KaK ¥ paHblle, TOKLKET, YTO 3TH TOJOCKH (COOTBETCT-
BEHHO — HX KDHBbIE) 06Da3yiOT HHTErpajibHyl0 MOBEPXHOCThH, €CAH BCE
OHH He COBMANAT — B CAyyde XapaKTepUCTHYeCKOH noiockd Cj.

Ha stoit mnrerpansHoit nosepxHocTd Kpusaa C nomxHa GbiTh ocoSoft
auHuel W NPEACTaBRIATh CO00H OrufaouLylo XapaKTepUCTHYECKHX KPUBHX,
NPOHZBOMAUMX 3Ty TMOBEPXHOCTb. MOXHO OXHMIATh, YTO OHA ABASETCH
pe6poM BO3BpATA UHTErpalbHOH NMOBEPXHOCTH WM 4TO, BO BCAKOM chyyae,
B OKPECTHOCTH NpOeKiind KpuBo# C HA MIOCKOCTh X, ¥ YXKe HEBO3MOXKHO
onpefeluTh pelienne # KaK OAHO3HAUHy0 (YHKIHMIO OT X U Y.
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. Oty ¢daxTH MW noarsepamm Ha npumepax (cp. § 6 M nmpumep, pac-
cMOTpeHHBA B § ‘1 1ua ciayuas KBa3uanHeRHOrO AuddepeHUuasbHOro
. ypaBHeHHH). B Teopun pacnpocTpaHeHHs CBETa XQPAKMEPUCMUKL OKQ-
HCYMCS. COCMOSHME Ay4amu, TOITOMY Kaycmuteckue ((oxatshele)
AURUL STHX Nyuel OKaWyTCR (POKAAbHBMU KPUBH ML, UTO ONPABILIBAET
TOT TEPMHUH. :

OtmeTuM elie ORHMH OCOOHH npenenpHuit cayyah 3anavd Ko,
'MMEHHO — TOT C/lydalt, KOrja HauyajdbHas KpPHBas CTArHBAETCS B TOUKY.
TouHO TaKMe Ke PACCYWACHHA, KAK W BhIlIE, NPHBOAAT K CAEAYIOMEMY
peaynbTarTy: ‘

Cogoxynrocme XQAPAKMEPUCTRULECKUY KDUBLLX, RPOXCOAWUX Hepes
3adanuyio mouxy P npocmparcmea (x,y, u), o06pasyem urme2passiyio
nogepxrocms. .

»3Ta MHTErpajfibHAs MOBEPXHOCTh, MMeOWAas B TOuke P 0co6yi0 TOUKY
KOHHUeCKOro THna (C XOHycomM MoHa B KayecTBe KacaTeJbHOro KOHyca),
Ha3HBAETCSE WUHMEIPAAbHULM KOHOUJOM OudhgfepeHyuansrHo20 YPABHEH! 5
¢ YacmHuMu npou3sodweiMuy B Touke P. B Teopuu pacnpocTpaHeHHs
CBeTa, KaK MH YBHIHM BIIOCJHACTBHH, OH HIDaeT OCOGEHHO BaXHYIO DOMb
KaK CBETOBOH KOHYC.

Haxkoneun, eyie 0fHO 3aMeyaHue O CYUIECTBEHHOM Pa3NHYMU TOI0KEHUS
ned B KBasUAMHeHHOM M B O6uIeM HeJMHeHHOM ciayuae (TO e .3aMeuaHnue
COpPaBelIMBO BHPOUEM H NPH N1 HE3aBUCHMMHIX NMEpPEMeHHHX): B JHHEHHOM
¥ KBa3HIMHERHOM Cayuae#.1s TOCTPOGHHUsS DEeHnss AOCTATOYHO pac-
CMOTPEHHA XapaKTepPHCTHYECKUX KPHBHIX, KOTOpHe 06pas3yioT AByxnapa-
MeTpHYeCKOe (COOTBETCTBEHHO — n-TIapaMeTpuueckoe) cemelicTBo. B obiuem
Ke ciaydyae I JOCTHXEHHS 3TOR LEIH MB BbIHYXAEHH, C INOMOMILIO
NPHCOENHHEHHS BEJIHYHH P, ¢, NMepelTH K XapaKTEPHCTHYECKUM T0JOCKaM,
HOCHTR/IAMH . KOTOPHX ABMRIOTCA XAaPaKTEPUCTHYECKHe KpHBHE. JTH TMO-
JIOCKH 06pasyloT yxe  TpexmapaMmerpuueckoe [coorBercTBeHHO (27— 1)-
napaMerpuyeckoe] MHOroo6pasue, H TO Xe CaMOe CIpaBeINMBO M /st
HX XapaKTepUCTHYECKHX HECYIHX KPHBHX.

‘§ 4. CBaab ¢ Teop:ell mOJHOro HHTErpaJa.

Buwe, B ra. I, § 4, n. 2 me Bunenu, 4tOo, HMMed 3aBMCAUIMH OT
IBYX mapaMerTpoB @ M b moOAHEIM MHTerpan w==o (x, y, @, b) nuddepen-
IManbHOro ypaBHeHust F =0, MOXHO TNOIyuYuTh CeMeHCTBO peileHAl
nuddepeHHaILHOTO YpaBHeHHs, 3aBUCAllee OT NPOUSBOJABHOR (yHKUUH.
My noabzoBanuce A48 3TOM LEAH NPONECCOM HAXOXIEHUS Orubalomed,
nonarag b ==w (@) u npeacrasisg ceGe, YTO M3 IBYX YpaBHeHHH

: u=9(x,y, aw {a)),

0=10, +'?b'wl (@)
MCKTIOYeHa BeNMYHHA @. DTH 1BAa YPaBHEHWA MAIOT INPENCTABJACHHE 32-
BHCAWlero ewe OT InapaMeTpa @ MHOroo6pasust KPUBEIX, MO KOTOPHM
MHTeTPa/ibHpe NMOBEPXHOCTH KacaloTcs cBOeH orubawowed. Tak kak ¢yHk-
Mo W (@) MOKHO BHODaTh TaK, YTOGH OHA B ONpeJeJeHHOR TOuKe g
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NPHHHMA/A NMPON3BOMBHOE SHayeHne O ¥ yTOGH mpoussonHas @ (4) no-
aydana no6oe 3HaueHue ¢, TO CHCTEMa yDaBHEHUH
o u=o(xy,a b), : ey
=% + 7 (1a)
NPEACTABAAET 3aBUCALLIEE QT TPEX MAPAMETPOB @, b, ¢ CeMeHCTBO KPUBLIX,
KOTOpBIE MOTYT OKd3aThCst MPUBLIMK KacaHus NP o6pa3oBaHud OrHGaouek.
[ToxaxeM . Tenepb, 4T0 xpugsie cemedcmsa (1) sgagwomes xapaxme-
pucmuseckuMy KpussmMu Hawe20 Ouggeperyuaivrozo ypasuenus. Ot-
ciofa yme caMo co6o# 6ylneT BhITEKaTb, YTO NOJOCKH, [OJYYaIOLMecs
npucoenuHenreM " dyskumuH p =9, (x, ¥, a, b,), g=19,x, y, a, b),
ABJSIOTCA XaPAKTEPUCTHUYCCKUMH IOJTOCKAMH.- |
Jloka3aTenbCTBO  BHITEKAeT HENMOCPEACTBEHHO M3 TOro akTa, uYTo
BIOJIb HauleH KPUBOH KacaloTCsl JBe pasAnuuHbe HHTErPaTbHbIE IGBEPXHOCTH,
YTO, KaK MBI BHAEGIM B § 3, BO3MONKHO AMHIL BAOAL XapaKTePUCTHEECKOH
HOJIOCKH. . ‘ _
BrnpoueM 310 yTBepaIeHnme HeTpyAHO [OKA3aTh M aHAMMTHYECKH.
Ecan Bronb Hawe# KpuBO# BMECTO § NPHHATH X 334 HE3aBHCHMYIO nepe-
MeHHYI0, T0, AuddepeHunpya ypasuenue (1a) mo x, umeem:

0 =1, + CPh +,Va: ('?ay+ c‘?by)- 2)
Hanee, nuddepenuupyem ypasHenne F==0 no a u no b, ‘ YUHTHIBAS
L=y (x,y,a,b): _
Fypat Fp%az+ Fopay =0, } . ' 3)
Fuoy -+ Fyose 4 F gy =0.

YMHO: @51 BTOPO€ M3 3THX YpABHEHU#l Ha ¢ ¥ CKJaAMBAas C MEpPBHIM, NPH-
HEMad BO BHUManue ypasHenus (la) u (2), moayuum!): Fpy,—F, =0,
Ha ocHoBauun coobpamenuft c1p. 82 U3 3TOr0 PaBEHCTBA YW BHITEKAET,
YTO HAIIM KPHUBblE ABJAAOTCA XapakTepuctuueckumu. Ilpu atom npexno-
7araeTcd, OTMETUM 3TO 3[eCh elje pa3, 4YTO B paccMarpuBaeMoft 06/acTH

F2 4 F2 0,

Wrak, koAb CKOPO wu3BecTeH NOMHHIA HMHTerpa’ auddepeHIIHansHOro
ypaBHeHust ¢ 4acTHeiMM npousBofHbIMM, cucTema nByXx ypasHenu# (1)
HacT HaM TpeXnapaMeTpUYecKoe -CeMeHCTBO XapaKTEPHCTHUECKUX KDPUBHIX
¥ COOTBETCTBEHHO NOJOCOK; TO OOGCTOATeNbCTBO, 4TO Mbl BHOpamu 3a
H¢3aBUCUMOE NepeMeHHOe X BMeCTO TOro, 4ToObl NMOJB30BATHCA CHMMETDHU-
YEeCKMM MPEACTABJICHUEM C MOMOIL(BIO NapaMeTpa §, HecyulecTBenHo. Takum,
06pa3oM, Mel O6GpaTHIM ,TOT MPOLECC, KOTOPHH paccMoTper B § 3,
a WMEHHO, MEl TENepPhb ROAYIUAU jeiuleHUs XAPAKMEPUCIULECKUX Oud-
heper yuatbHb X YPOASHEHUE U3 NOAHO0 peuteruss OughdiepeHyuaibHoz20

1) Tounee, moayunM (@uy - Cc93,) (Fp—{pVz) =0. Ho ectu momoxurs
Yoy Copy =0, 10 OTCicHa, mpummman Bo punMaHue (la) u (2), BuTexano 6w,
4TO panr warpuus M (cTp. 32), npOTHBHO CHeIaHHOMY TaM NPEANO0XEHHIO,
‘MeHblue AByX. ([Ipux. nepes)
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YPUSHEHBS 8 HACMHBX npoudsodusix. B § 8 Mu eume paz nogpo6Ho
" OCTaHOBHMCS Ha 3TOM TOYKE 3PEHHst, KOTOPA# NPOTHBONO/OXHA HCXONHOM.
Yro Taxkim 06pasoM Mbl NOJYUHM BCe XapPAKTePHCTHKH M COOTBET-
CTBEHHO BCe pelleHus RH(PGEPEHUMaTbHOrO ypaBHEHHS C YACTHHMH TNpO-
M3BOXHBIMH, CJELYeT HEeMEMJEHHO, eC/IH IPEANOIONKHM, UTO /I BCAKOH
B2IAHHOM WHTErpalbHOH TNOBEPXHOCTH, M8 KOTOPO# F2 4-F2 50,
B KOKIOH TOUKE MONKHO ONPENe/NUTh HHIWBHAYAaNBHYIO NOBEDPXHOCTH Ce-
Me#tcTBa u =9 (X, ¥, @, b), KaCAOILYIOCA ee B 3TOH TOuKe.
 Haxonen, eine OfHO 3aMeyaHue O poin ocoboro pemenus. CoraacHo
ra1. 1, § 4, n. 3 MH nosiyyaeM Takoe PeIieHHe METONOM OGDA3OBAHUS OTH-
GaioieRt ABYXNapaMeTPUYECKOro ceMe#cTBa & =¢ (x, y, @, ) WIH, He
npuberas K CHeUMaNbHOMY TOJHOMY WMHTErpaiy, myTeM HCK/AIOUEHHS
BETHYHH P W ¢ M3 ypaBHEHHH

F=0, F,=0, F;=0.

Ias ocoboro peunieHust Bce coob6pawenns § 4 ormanaior, u6o Tam Bceraa
Mpeanosarafoch, 4TO HA HHTErPANbHBIX MOBEPXHOCTAX BHIOJHSETCH CO-
orHowenne Fj--F> # 0. VckmounTenbHBR XapakTep 0co60ro peueHus

BBIDAXKAETCA, Mexmy npoyuM, U B ,TOM, YTO HA HEM Xapamepncmqecxoe
HA4Ya/JAbHOE YCJ/OBHE
dx

A=F dy Fq—dT

& =0

P 3 !

YAOBJIETBOPAETCA TOXNECTBEHHO, KAaKyl0 O HAYa/AbHYI0 KDHBYIO MH HH
BHOpDAJM Ha 3TOM pelleHHH. B 3TOM cMeic/e BCAKas HauanbHas NOJAOCKA,
JeKAWAT HA OCOGOM DEIIEeHHH, ABAAETCS XaPaKTepPHCTHYECKOH.

§ 5. doxaibHBIe KpUBbie H ypaBHeHHe MomHka

Ha ctp. 80 My npencraBuiu GoKanbHele KPHBHE C MOMOLIBIO CHCTEMH
nupdepeHunanbHEX  ypasHeHu#t (3), NpUYeM BEJHUMHH p, ¢ GHAM elle
MOJAYNHEHB JIONOJHATENLHOMY YyCiaosuwo F(x, y, u, p, ¢)=0. Ecan
BBECTH, B NpPeANOJOXKEHUH Fp;é 0, BMECTO & MPOCTO X B KauecTBe ma-
paMeTpa Ha KPMBOH, TO MOAYYHM CJEAYIOIHe TPHU ypaBHEHWS:

F==0 _d:‘; = fﬁ’_ ilf_ =2 .F_f’._+__qu 1)
Yodx T Fp? de Fy :

Ecan uckniounth U3 3THX yYpaBHeHUH p u g, TO MOJYYHTCH OAHO OBHKHO-
BeHHOe nH(DepeHUHanbHOe YpaBHEeHHE A7 [BYX HEH3BECTHHX (PyHK-
UMl y u u '
dy du

M(x, Yy, II,‘ T E;):O (2)
ITO ypaBHeHHe Ha3bIBACTCH OughebepPHyuaNbHbL I ypasHenuerm Monxca.
OT0—npocTedunt npumep HedoonpedesenHol cucmemst 06bKHOBCH LN
Oudbgheperyuarsnbix ypaswenuli; 310 YpaBHeHHe npeacTapaseT Co6oH
ycnoBue nas  HanpasieHH# o0pasylomux koHyca Momka B TOuke
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{x, y, ), Mexny Tem Kax ypasuenne F == 0 1aBajo IBOHCTBEHHO-B3aHMHYIO
BaBUCHMOCTb MeX/y KacaTelbHRIMH INIOCKOCTSIMM KoHyca Mowxa. [Ecau
OB MH BMECTQ X COXPaHW/IXM HAa (OKalbHBHIX KDHBLIX TNapaMeTp S, TO
AnddepenunaipHoe ypaBHEHHE KOHYCa MMENO OH BHI

. dx dy du

M<x1 Y, 4, —lZS-‘—’ Fy ‘d—§'>=0) (23)
rae ¢ynaxkuus M OIHOPOZHA OTHOCHTENBHO TOCHENHHX TpPexX apry-
MEHTOB]. . : \

Moxuo u, 06parHO, M 3afaHHOTO ypaBHenHa Monxa M (x, y, u,
¥, u')=0 nocTpoutb coOTBeTCTBYy!OLIee NudpdepeniuansHoe ypaBHeHHe
C YaCTHHIMHM HPOH3BOIAHHIMM, HMEHHO, UCKIIOYas BedHYMHH V', u' u3
ypaBHeHus M ==0 u ABYX ypaBHeHu#

My, . Yy, 4 WM,

q:_/Wu," 14 My i

npyuyeM B KaUeCTBe pPesyiabTarad noayuurcsd ypasuenue F(x, y, u, p, g)==0.
[Ilepexox X mpencrasnenuio koHyca Momxa B Touke (X, Y, ¥) B TaHreH-
(YaNbHHX KoopiauHarax.] Ypasuenue MoHKa, T. €.. OOHIKHOBeHHOE IH-
¢depeHuaibHOe ypaBHEHHE IePBOTO MNOPAAKA C ABYMS HEHW3BECTHHIMH
dyukuuamu, u naudbdepeHnnanbHOe YpaBHEHHe C YaCTHLHIME [OPOH3BOIHRIMH
TIEPBOrO MOPSAAKA IJaA ONHOM (YHKUMH OT LBYX HE3aBHCHMHIX TepeMeH-
HHX TPEACTABJAIOT OAHH M Te XKe TeoMeTpHYecKHe 0oO0pasbl, OOMH DPa3
TIPOH3BEJIEHHKIE C MOMOIIbIO NOBEPXHOCTHHIX 3/1eMeHTOB (EH(depeHunan-
HOe YPaBHEHHE C YaCTHHMHM NPOUSBOIHLIMHU), a IPYro#f pas3-—C NOMOILBID
JMHERHBIX 37eMeHTOB (ypaBHeHHe Momxa).

Pemenust ypassenusi MoHka, — QoOKadbHEIE KPUBEE, 3TO TaKde KpH-
BHE, KOTOpbIe, He 6yAyud XapakTePUCTHYECKHMMH, B KaxIo# CBOelt Touke
KacaioTca OJHOH XapakTepucTuyeckod xpusoft. M3 coofpamenntt § 3, m. 3
HAaXONMM, 4TO 3TH (OKaibHbe KPHBbIE MOXKHO NOMYYHTb NyTeM OGpaso-
BaHUfl VI HHTErPanbHOM NOBepXHOCTH AuddepeHIUaTbHOro ypaBHEHUS
F =0 oruGaomel nexainx Ha HeH XapaKTePUCTHUECKUX KPUBHIX (eciu
TaKOBasA CYLIECTBYeT).

910 coobpanceHne MPUBOIMT K 3aMeYaTeJbHOMY METOLY peuleHHs
ypaBHenuss Monxa. Camo no ceGe onpenenenne Gyukunfh # U y u3
ypaBHenuss Momxa Tpefyer npeaBapuTeNbHO NPHCOSNMHEHHS JONOJHHU-
TeJbHOrO IPOM3BONBHOrO cooTHowwenns W(x, y, #)=0, a 3areM uure-
rpUPOBAaHNS OGEIKHOBeHHOro AM(GEepeHIHATbHOr0 YDPABHEHHH NEPBOTo
MOPANKA, NMOAYYAOMWErocs NMyTeM HCKAIOUeHH 4 WIH Y, CJeINOBaTeNbHO,
TpefyeT OECKOHEYHOrO MHOWECTBA TAKMX TIPOLECCOB MHTerpauxu., Ha
5TOM MNYTH He 'yJACTCAd NOAYYMTh Kakoe-TM6O mpencrasiedne o0O6ieto
pewenus ypaHeHust MoHxa ¢ nomouisio npousBoibHo dynkuun. Onnaxo,
UCXOAsi M3 IOJHOTO HHTErpana, BO3MOKHO TIONY4YHTh ABHCE pPelleHHe
ypaBueHns MoOHxa, 3aBuCAmEee OT NPOM3BONBHOR QYHKUMHM M yxe He
ColepKailiee HHKAKMX TNPOLECCOB MHTErpupoBasusg. [las Toro, urobum
OpATTH K TAaKOMY pelleHHlo ypasHenus DMOHXKa, NMpeanonoKuM, uTO W3-
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BeCTeH MOMHHH uHTerpan u==o(x, y, a, b) auddepenuuatsuoro ypasne-
HHS C YaCTHEIMH TPOHM3BOAHKIMH, - SKRHBAIEHTHOTO ypaBHeHHI0 Momnxa.
Hpa ypaBHeHns

u=1v(x,y, a, w(a)), ) }
0=19, (%, 3, a, @ @)+ (%, 9, 2, @ (@) v (a)

HAI0T COOTBETCTBYIOULYI0 KAXIOMY 3HAYEHHI0 NMAPaMeTpa @ XapakKTEePUCTH-
YeCKYI0 KPHBYIO, JIeXAHIYI0 HA MHTerpaAbHOH NMOBEPXHOCTH, ONpeleneHHOMH
aHaueHueM b ==w (a) (cp. ctp. 88). K aTum nBy™M Hamo TOABKO NpUGABHTH
elie OJHO YypABHEHHE, NOJNYYAIOUIEECH BTOPAYHHM IubdepeHIHpPOBaHNHEM

no a: v
0= 194, —'i—, 2'19abw, (@ + c?bb'w,g (a) "l" c."bw” (@). 4)

[TonyyenHrle TPH ypaBHeHHS (3) — (4) MPeACTaBARIOT B NapaMeTPHYECKOH
dopme, ¢ MOMOIILIO NAPaMeTpa @, NPOCTPAHCTBEHHYIO KPHBYIO, a UMEHHO,
oru6aiouyK XapakTepucTHK. OHH ¥ JAI0T HCKOMOE pelieHHe, eC/H Mpex-
CTaBuTb ce0e, YTO 4 M y TNyTeM HCKAIOYeHHs 4 BHPAXEHH W3 ITHX
ypapHeHHH Kak QyHKUMH OT X.

3

§ 6. lpumepn

PasButylo HaMi TEODHIO MH NMOSACHHUM Ha Psfe NMPHMEDPOB. Hexoropue
u3 3mx NPUMEPOB BAKHH M CaMH 10 cefe.
. Nuddepenunansnoe ypasHenue (gradw)?®==1. Paccmorpum
zmqacpepeﬂunanbnoe ypaBHeHne 1ns QyHkuun # (x, y):

uy - ud =1 ‘ 1)
M COOTBETCTBEHHO ypaBHEHHe
ug - u} + ul==1 @)

s byskunn u (X, ¥, 2). .OHH BHpaKaoT ToT dakr, 4TO MOXYZb rpa-
nuMenTa QYHKUMH & DaBeH eNMHHUUE.

At anddepeHunansHble  YPABHEHHA MHTEPECHH M CaMu 10  cefe
Gnarojlaps CBOEMY 3HAUEHHIO B reoMeTpH4ecKOH onThxe. VMenHo, pelue-
HU # ONHCHBAIOT BO3MOXHHEE COCTOSHHA DPAacHpOCTPaHeHHs CBETA B OIHO-
pPORHOH cpene, NpuueM I[OBEPXHOCTH « == const.——3T0 804HOBBIE nO-
8epxHoOcmu, a XapaKTePHCTHKH — cgemossie sAy4u. bBonee ofuiee aud-
depeHiManbHOe ypaBHEHHE

w2+ w4 b= n(x, 3, 2) @

ONMUCHIBAET pPACUPOCTPaHeHUe CBeTA B HEOAHOPOAHOM cpene ¢ KO3DdH-
LHEHTOM Npe/NOMIeHHA 7 (X, ¥, Z), 33aBHCAIUMM OT MONONKEHHS TOYKH.

PaccmoTpum cHauana cayua#h ABYX He3aBHCHMHX NepDeMeHHWX, AJA
KOTOpPOro Mp yxe noidywanu B it I, § 3 monns#t unterpan

uza.r—}-]/l‘—‘azy—kb. @
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Y paBHeHus

0= X — VT":-_;zy_l_ w (3) (4a)

AA0T pelieHHe, coAepKallee elle MPOK3BOILHYIO (YHKIUHIO.
IIpucoennnsa K ABYM YpasHEHHUAM

u=ax-+Y1—aty-|b,

0:x--—

a y 1 ¢
Vi—a B
COOTBCTCTBYlOU.lHe COOTHOLIEGHHUS

p=a, g=V1—2a,

noJyyaeM 3aBuCsllee OT TPeX MapameTnos &, b, ¢ MHorooGpasHe Xapakre-
PHUCTHYECKHX TIOJIOCOK, BAOJAb KOTODHIX PacCMAaTpHBAaeM, CK¥KeM, X Kak
He3aBUCHMYIO NepeMeHHyl0. OTCiofa MH Y3HaeM, YTO XapaKTepPHCTHYECKHE
KPHBHE, ¢CBETOBHE JYYHM», SBJAAIOTCA NPAMEIMH JIHHHAMH M 4TO BIOJb
KaXJIOR W3 ITMX NPAMHX COOTBETCTBYIOIUAS KacaTelbHas [LIOCKOCTb
ocraetcst nocrosiHHol. Kax XapakrtepucTHueckue mpsiMBe, TaK ¥ COOTBeT-
CTBYION{HE NMIOCKOCTH HAKIOHEHH K IVIOCKOCTH X, Y TOX yraoM B 45° u
3THM O6GCTOATENLCTBOM OHHM Xapaktepusyiorcsd. Konyc Momma B Touke
Xo, Yo» Uy UMEET, OYEBUIHO, C/ENyloliee ypaBHEHHE:

(x — %) + (¥ —yo)* = (2 — o)*.
XapakrepucTaueckue nudpepeHnHaNbHbEEe YPABHEHHS, KOTOPHE pellia-
I0TCA HANHCAHHEIM BHILIE COOTHOLIEHHEM, MOXHO 3amHcaTh B BUIE CACAYI0-
e NPONOPLHH:
dx:dy:du:dp:dg=p:q:1:0:0; (5)
HX MOXHO, OYEBHIHO, TOTYAC NPOMHTErPHUPOBATH:
P="Dy §=qo u=5-tuy X=pS+ X, ¥=4oS+ Yo

npuyeM uYepes Xo, Vo, Y, Po» §o OOO3HAUEHH COOTBETCTBYIOLIHE Hayajb-
Hele 3HAYeHHs NpH 3HAYEHHH napamerpa §=0.

Ypasuenne Momxa nas pyukumt u(x), ¥ (x), COOTBETCTBYIOLIEE HALUEMY
anddepeHaTbHOMY YPABHEHHIO C YACTHHIMM ITIPOU3BOLHEIMH, MONYYHTCS

MyTeM HCKIOYEHHS BENHUUH p U ¢ U3 COOTHOEHHUs p2 +-g2==1, )" == %,

4

u' == — B CclemywolemM BHie:

du\2 dy\2
—_) — (== =1.
( dx) ( dx) )
Pewenns 3toro YPABHEHHA NPEACTaBAAT T€ KPUBHE, KACaTE/MbHREE K KOTO-

DHM BCIOLY HaKJIOHEHH K MJIOCKOCTH X, y noj yriom B 45°. DTH gorais-
Kb Kpugsie NI SKAYCMUYSCKUe AUKUY> MOXKHO NPEACTABHTH C NOMQLIBIO

L
P
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‘IPOM3BOJBHON (YHKUMH w (@) B creayoweM BHAe, He COREPMAllEM Npo-
'HECCOB HMHTerpUpOBaHus 1):

uw==ax- V1—~-a2 ~+ w (a),
0=x~—;,—————___y+w'<a), -

II
0 V= az)der (@).

C nomoubi0 3THX (OKATbHHX KDHBHX MOXHO OXapaKTepH30BaTh
pemterus auddepeHunansHoro ypasuenus (1)-—xkpome niaockoctet (4) u
VHTErpaibHEX KOHOMZOB, B JAHHOM CJy4ae KPYroBHX KOHYCOB, 06pasyio-
uMe KOTOPHX HAK/AOHEeHH K IUIOCKOCTA X, ¥ MOA yraoM B 45° — kak
pa3BepTHIBAIOIUMECS MOBEPXHOCTH, Pe6pO BO3BPATA KOTOPHX €CTh (hOKalb-
Hasi KpWBaf, C/eJOBaTeNbHO, KDHBasA, KacaTeJbHbe K KOTODOH COCTaB/SIOT
€ MJIOCKOCTBIO X, y MOCTOSHHBIR yroa B 45°.

Pewennst ypasuenns (1) MMeioT elle OOHO BAXKHOE TI'eOMETDHYECKOE
3HauYeHHe., PaccMOTpuM ceMeRCTBO KPUBLIX 4 (X, y)== ¢ == const. B niocko-
CTH X, ¥; MB YTBEDXKJAeM, YTO 3naueHue Ppynruuu u(x,y) 8 Awb60i
MOoUKE NAOCKOCIU PABHO PACCMOSHUIO 3moii moury om kpusod u(x, y)==0.
Kpussie u(x, y)==c SBIAIOTCI IO OTHOWIEHHIO K 3TOH KPUBOH 3KBHIM-
CTAHTHHMH Napa/iieJbHHIMH KPUBBIMM Ha PAacCTOSIHMHM ¢ OT Hee; OpPTOro-
HaJAbHHE TPAEKTOPUHM ITOro ceMeHCTBA KPHBHX—MpPAMble MHHKH (2 HMEHHO,
NPOEKUMH HAMHNX XAPAaKTEPUCTHYECKMX KPHMBHX), H Orubaomas STHX Nps-
MEIX, O6L1as 9BOMIOTA KPUBHX 4 == const., eCTh MpPOeKuus peGpa BO3BPaTd,
T. €. $OKalbHOH KPHUBOH.

Hns_ pokasarenbcTa 3Toro ¢axra pemnm 3amady Koww nis Kaxkoft-
Hubyab JNaHHOR HauvaneHOM Kpuso# G (x,, y,) =0, npuuem BIOML 3TOM
KPUBO# TpeanucaHo HavanbHOoe ycnaoBue #=0. Pemesne sTo#f 3azauu
MBI TIOCTPOUM IO METONY XapaKTePHCTHK, HJsi Yero PacCMOTPHM Xapakre-
PHCTHKH, MPOXOASUIME Yepe3 TOUKH (Xq, Yo): X=poS—+X5 ¥=¢o5+ Vo,
u == g, ¥ HX npoekuuu. B cuny Toro, 4TO pi—-qi==1, napameTp s o3Ha-
yaeT paccrosHue TOYKH (X, V) 9THX ~ X4PaKTePUCTHUECKHX MpOEKUuH
oT TOuYKM (X, Vo). s onpeﬂenenm Po ¥ q0 3aMeTHM, YTO M3 Hayalb-

HOTO YCNOBHA BBITEKAeT: 0=-—~—- p0+qo dx, 20 | ecnm Bpoms Hauadn-

HOH KpuBOH BHOpATL X, 3a HeaaBHCHMHﬁ napamerp. CrienoBaTenbHO,
pOG qOG =0, ¥ BHINEYNOMSHYTas NpaMas (XapaKTepUCTHYECKas

l’]pO&KuHﬂ) opmrouanwa HayaneHO¥ Kpueo#. CrnefgosarensHo, # ecTh
ReHCTBHTE/NBHO paccTOsiHMe TOUKH (X, ¥) OT HauaJIbLHO# KPHBOHM, MO Kpafi-
Heli Mepe B JOCTATOYHO ManoR OKPECTHOCTH 3TOft KpuBoH. Yro Bcakas
KpHBas £ == const. OPTOroHa/bHA HAWMM TPAMBIM, BBHITEKAET HENOCpen-
CTBEHHO M3 H3/IOXKEHHHX Bhlle COOOpaXeHHH.

I4

1) INpenocraBuM uuTatenio, B BHAE 3aJaud; NPOBEPUTH 3T0 NPeACTABASHIE
HCHOCPCRCTBGHHHM BBIYHCAGHHEM, .
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Heckoneko wMHO# XO0Z JHOKa3aTenbCTBa IOJAyYaeTcdl, eCaM CYHTATH
BaJaHHHIMH KDHBHE # ==const. ¥ HCXONUTb M3 380d4¥ O HAXOXKIEHHH
ODTOTOHAALHHIX TPaeKTODMA 3THX XpuBHX. A9 3THX OpPTOrOHaAbHBIX
TPAaeKTOPUH MMeeM CHCTeMY OOHKHOBEHHHX AH(QepeHUHaNbHEK ypaBHEHUH

dx dy ’
& T g T ®

OTKylda, BO3BHINAA B KBAADAT M CKIALLIBasi, NOJIy4YaeM:

dx\2 dy\?

£ 22V =1 9

(ds) +<ds) 1 ) ®
CaejoBaTensHO, § eCTh AMMHA AYrH Ha Tpaekropuax. [anee, auddepen-
uupys nepeoe U3 ypaBHeHu#t (8) no s ¥ yunThBag B MPaBOM YACTH CHOBa
¢ Xe AudpdepeHuManbHHe ypaBHeHH (8), NPHXOAMM K YDPaBHEHHIO
dx
7L =umu,+uwyuy. Ho npasas 4aCTb TOXUECTBEHHO DABHA HYMIO, YTO
BHACHAETCH, ecin npoauddepeyurpoBath Mo x MCXoaHoe AHddepeHiy:

d’y .
ancHoe ypasHeHue (1). ToyHO TakuM ke nyTeM MNoAyyaercs sz,

C/1e/I0BATENbHO, OPTOTMOHATbHEE TPAEKTOPHH — NpSAMBIE JHHHH, .
. Touno Takum xe 06pa3oM OGHAPYKMBAIOT B C/yyae TpeX HE3aBHCHMBIX
NepeMeHHKIX, YTO peleHus AuddepeHUnasbHOTO YPaBHEHHA C YACTHHIMH
NPOU3BOAHBLIMH (2) NPencTaBAfOT CeMeHCTBO SKBHAMCTAHTHBIX nOBEpX-
Hocte# u (x, ¥, 2) == const., napa/e’bHbIX IPOU3BOJNBLHO 3a1aHHOH Hayatb-
HO#t nosepxHOCTH G (X, ¥, 2)=0. DTM NOBEPXHOCTH HMEIOT MNPIMO-
‘.JIMHeHHble ODPTOrOHaNbHHE TPAEKTOPUH, M OTPE30K 3THX NPAMHIX JHHHH
MEXAY TIOBEDXHOCTAMH Z==C; H U==Cy HMEET NOCTOSHHYIO IJIHHY
‘€y— Cg; €aMa (QYHKUMA & eCTb DPAacCTOAHHE TOYKH (X, Y, Z) OT HayanbHOHU
T10BEPXHOCTH. '
2. F(uy, u,) =0, Paccvotpuy nnddeperunansuoe ypapHenne

1 ’ . )
p'qg"ﬁ‘ D =y, q:::uy).l)i - (10)

OxeuBanentTHoe ypasHenue Monka ans dynxuu#t y(x) u u#(x) Wmeer
BUA
L% 2y, (¢9))

[Monubift MHTErpan, comepwawuit BCe MOBEPXHOCTHWE 3/MeMeHTH Andde-
DeHIUANBHOrO YDaBHEHHst, HMEeT BHJ

umax+§17l~y+b. (12)
1) [Ipn noMoOIH NPeobpa3oBarus (Bpauienns) § ==y, 1 == x}—/—’g’ , 0= x}—/i:;

‘mawe xuddepeHuHaNbHOE YpaBHeHHE NOPHBORUTCA K BHAY m‘é-—mf]—_—.l ¢ He-
ugsecTHON QyHKUHeA ® (£, ); 6TO MOXHO peWIMTh aHANOTHYHO ypasHeHH (1) . 1.
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Orcona noayuaercst ¢eMeHCTBO peue}mﬂ 3aBHCAlCE OT NPOK3BONLHOM
dyukumn w (a):

1
u=ax 5 y+w@, |
—_ _‘1 ’ .
(110 MCKIIOYEHUN @); HAKOHEI, NPUCOEIHHAS eule YpaBHEHHE
0= —ty+ao'(a), (132)

MoxyunM He COJEpXKallee yxe HDOUECCOB . HHTErPAlUM MPEACTAB/IEHHE
(OKATLHEIX KDHBHIX C MOMOIILIO TIPOM3BONLHON (PYHKUMH w.
YpaBHeHus

(13)

0’—%.’5—"2—55')/—;'—0

¢ Tpema mapaMerpamy @, b, ¢ M C BeXHYMHOHM, CKameMm, X B KauecTse
HE3dBMCHMON IepeMeHHON HaT COBOKYNMHOCTh XKapaKTePHCTHK. Xapaxrte-
prCTHYeCKHe JH(dEepeHIMaNbHEe YPaBHEHS:

dx:dy:du:dp:dg=q:p:1:0: 0 (14)

CrnenoBatenbHo, ¥ HA 3TOT Da3s XaPAKTEPUCTHKH — NIPAMHE JIHHUHM, M
COOTBETCTBYIOLIHE KacCaTeIbHbie MIOCKOCTH OCTaTCA MOCTOSIHHBIMU BIOJL

1 . :
BCeHt PAMOH, TputeM pg = <. YPaBHEHWH XapaKTEPHCTHYECKHX MPAMBIX:

1
y—~~x+yo, i al (15)

B saxsmouenne pemum 3aaauy Kown nas navaneHo#t dyHkuun u (0, yo)=
==ty =v(Y,), 3aNaHHON MPOU3BONLHO B MIOCKOCTH X == 0. Hemennenuo
noJjyuaem:

' 1.
g0, y)=7"(yg), p(O0,y)= m;
ClIeHOBATE/ILHO, YPABHEHHs

= TN ‘U/()’ +’U(}’o),

=T ar

Hawt pewene 3anaun. Komm, npuyem Hago ce6e NPeACTABUTH, 4TO Y,
BHIDAXCEHO U3 BTOPOrO YPABHEHM Yepe3 X H ¥ U NMOJACTABJIEHO B MeEpBOe.
Cpasnenye ¢ HaliAeHHHIM BHIE DEIICHUEM

u = 2ax -+ aw’ (¢) +w (@),
y = 2a%% -+ 2a%w’ (1)

(16)

[ —

TOKasmuBaeT, 410 00a peurenus, ACHCTBUTENbHO, MEPEXONAT APYT B Apyra
caenyolpmM 06pa3oM: BBOAMM EMECTO @ HOBHH MApaMerp ¥, C NOMOIUbIO
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PaBEHCTBA V, == 2a2w’ (d), a 3aTeM ompexenseM HOBYIO dyHKUMIO ¥(¥p)
BMECTO w (@) PaBEHCTBOM

v(yp) = law ()] = aw’ (a) +w (a).

B cuay coomomennﬁ
2o — 2a 20" (@)} cw” (a)] = 2a [aw (a)”,
v (y ) dv (y())

1
2{v" (yy))?
06a pellleHHs TePeXOAAT Teneps APYr B Apyra.
. O6a pacCMOTPEHHHX BHIIE NpHMepa ABAMIOTCA YACTHBIMH CAY4asAMH
Gonee obuiero auddepeHUUanbHOrO ypaBHEHHS

' F(uy, uy) =0, (a7

Yy KOTOPOTO MH MMeeM COBepIUeHHO aHaAOTHYHYwlo curyauuwo. M3 xapaxre-
pucTHyecKnx AuddepeHunaIbHbEIX ypaBHeHul
dx:dy:duidp:dq=F,:F :(pF,+4-qF;):0:0, (18)
Kak- ¥ BHIIE, OGHADYWHMBAETCSH, YTO XapaKTePHUCTHUECKHE MOAOCKU COCTOAT
U3 NPAMBIX JIHHHR C COOTBETCTBYWOUIeH - KaXAOH H3 HHX OJHOR JHUIb
KacaTesJbHOft TAOCKOCTBIO ¥ YTO BCAEACTBHE 3TOrO pemieHuss Juddepen-
nMaIsHOTO  ypasHeuus (17) mpencrasasiorT Da3BepTHRAIONMECT 110BepX-
HOCTH. JTOT mnociegsuit (akt cTaHer elle ficHee, €CIH 3aMeTUThb, 4TO
BO3MOXHO MOCTDOUTH MNOJAHHH HHTErpan, COCTOAWMH H3 OZHHUX JIHIUL
nrockocTelt. [ns srolt menu npencraBum cebe, uro ypashenue F(p, g)=0

ynos/ieTBOpserca aByms QyHkuusmu p(a) u g (@) napamerpa a. B taxom
clyyae HMeeM IOMHEIA HHTerpan

w=p(a)x-+tq@y-+o,
COCTOALUKN, HEHCTBUTENBHO, M3 OJHHX TONBKO IIOCKOCTEH.
3. Nludpdepenunannnoe ypasseune Kaepo!)., [anee paccmorpuu
CHoBa aHddeperuuansHoe ypasHeHHe Knepo v
b= xué+yuy+f(ua:) uy)' (19)y
Bra.l, §4, n. 4 Ma Hami¥ B KayectBe IMOJIHOTO MHTerpasna CeMedCcTBO
IJIOCKOCTEH

== 22,

u==ax--by-+f(a, b). v (20)
PeweHust, noayuaeMble u3 TOMHOFO MHTerpana myteM o0GpasoBaHus

orubawtiey :
u=ax-+w(a)y-+ f(a, w(a)), ;} @1
0=x+w (@)y +FotFr' (a), )

NPeACTAaBAMOT Pa3BePTHBAIOLIMECH MOBEPXHOCTH. TOUHO TaK e BHACHASM,
YTO BCe HHTErpasibHbe IOBEPXHOCTH, BOZHHKAIOLIME MYyTeM, TAK CK43aTh,

) Cp. raxke ran I, § 4, m 41 § 6 m 3.
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«HaHH3HLBAHHA» XAPAKTEPUCTHK, ABAAOTCH Pa3BEPTHBAOIMMHACS MOBEPX-
HOCTAMH; ICHCTBUTENBHO, M3 XAPAKTEPHCTHYECKHX nuddepeHunaabHEIX
ypaBHeHUH

Wtwdw—@+@)w+%pw»+w+m&+wu)
dp=dg=0 J
y3HaeM, Kak u Buiue (cp. m.m. 1 u 2), 4TO XapaxTepHUCTHYeCKHE MOJOCKH
ABAAIOTCA NPAMBIMKM JIMHHAMH C NPHHALMexKaueR Kamkao# M3 HUX ORHOH
JUIIb KACaTeJNbHOH MJIOCKOCTHIO.
Oco6oe pemenne nuddepeHunanbHOrO ypaBHeHH (19) Ml PaCCMOTpENH
yxe B ra. I, §§ 4 u 6; ero MOXKHO NONYYHTL B MPEANIOOKESHHH,
uro [ foo—f2, £ 0, BHUHCAST @ W b M3 ypaBHeRuM

X = ”"’fa’ Y= _fb
¥ MOACTAB/A% B ypaBHEHHe ‘
' u==ax-by-f(a, b);
B KacaTeJbHBIX KOOpAMHATaX §, 1, ® OHO MMeeT MPOCTO# BUA
o=—fE 1) : (23)

O6iee pelsenue MOXHO Temeph OUYEHb MPOCTO OXaPAaKTEPH30BATH €ro
OTHOWIeHHeM K ocobomy peweHuo. Mol 3ameyaeM, YTO MJIOCKOCTH IOJ-
'HOTO MHTerpaja SIBASIOTCS KacaTeNbHBIMH IIAIOCKOCTAMH 0CO60ro pelleHHs,
4 XapakTepPUCTUKM— ero KacareaAsHME npameiMu. Otciona BhiTekaer,
uto obuiee pemenne nuddepeHunasbHoro ypassenus Kiaepo naet Te pas-
BePTHBAIOUIHECS MOBEPXHOCTH, KOTOPHE KacawTcs 0co6oro pelueHus.
3agauy Kom MOXHO Temeph NMPOCTO PelluTh, ONPEAe/ss CHayala IIoC-
KOCTH, Kacaiouuecs OHOBPEMEHHO HAYanbHON KPHBOK M 0COGOro pelleHnus,
H Haflist 3areM WX OruGamoILyio.

HenocpencTsento u3 auddepeHiaibHOr0 YPABHEHHS - MOKHO H3BJeYb
TOT (aKT, 4T0 KoHyc MOHXKa ecTb KacaTelbHHH KOHYC M3 DaccMaTpH-
BaeMOH TOYKH K ocoGomy pemennio. Koxyc Mowaca ssisemcs 30ecs
0JHOBPe MERHO UHME2PANbHUM KOHOUDOM ).

4, NuddepennnannHoeé ypaBHeHHe noBepxHocrell kanauaop. [lo-
Y4HTeJbHbA pHMep npencTasnseT AuddepeniuaipHoe ypaBHenue noBepx-
HOCTEeH KaHaIoB

22)

2P+ =1, (24)
BHIBeAGHHOE Yie B I, I, § 4, n. 4. as s10r0 ypaBHEHUs ceMeHcTBO cdep
(x—aR+ (y— b2 ut=1 (25)

J\aeT noJHHH WHTerpan. [eoMeTpudecKd cpasy MOJydYaercs, HTO Xapakre-
PUCTHKAMH HABJAIOTCA DKPYXHOCTH OOMBUIMX KPYroB 3THX cdep, rapan-
NeNBHBIX OCH .

) Coo6pamenus 3T0r0 nymkra CHpaseaanssl H ana auddepeHuuanvroro
YpaBHEHHS
tiwb dopmansHo Gonee obuIero,
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AHa/MTAYECKH 5TOT (aKT MONYYAeTCH M3 XapaKTEPHCTHUECKHX AHG-
(bepeHUHANBHEIX YpaBHEHHKA

dx:dy:du:dp:dg=u?puiq:(1 —u? :(—-—%):(—%), (26)
¥3 KOTODHX BHTEKaer: '

d(x4-up)=d(y+ug)=d(£) =o0.
Orcona
X-—a=—up, y-—b=—uq, p=cq,

rae a, b, ¢—nocTosHHBe HHTerpupoBanus. K3 3TMX ypaBHeHMR U u3
coorHowenua u2(p? -4 g% =1 — u?2 renepb, AACTBHTENLHO, NOYYAOTCHA
. x—a

ypasHenus (x—a)?+(y—5b)2+u2=1 n S—7 =0 2a caenosa

Te/bHO, XapPaKT€DHCTHUECKHMH KDHBLIMH SBASIOTCA YNOMAHYTHE Bhilue
okpymwnoctu. Manee, u3 nponopuuft (x—a):(y—"b):u=p:q:(—1)
BHTEKAeT, YTO KOPMajdH 'K COOTBETCTBYIOLUIMM KacaTeNbHHM TIOCKOCTAM
HaNpaB/leHb K HEHTPY OKPYXKHOCTH.

HanbueRiMMKH MHTErpaJibHLIMH TIOBEPXHOCTAMM ABJASIOTCH OrMGaroLIie
OJHOMAapaMeTPHYECKUX ceMelicTB cdep pammyca 1, LEHTP KOTODHX IBH-
KeTCs MO KPHBOH B MIOCKOCTH X, y. Eciu 3Ta Kpusadt, OceBas /HHHs
NOBEPXHOCTH KaHa/ld, MMEET KPHBH3HY, MEHbIUYIO, YeM eIHHHYHAZ OKPYXK-
HOCTb, TO TOBEPXHOCTh KaHana OygeT, AeHCTBUTENbHO, HMeTb (opMmy
Kansana, TpPyGkd. B aToM cayuyae XapaKTePHCTHYECKHME OKPYXKHOCTH Ha HeH
He uMeloT orubatouie#i. Ecm e paxuyC KpHMBHU3HH OCEBOH JIMHHHM MeHbLue
eMHUUHE, TO YNOMSHyTas Bbllle HMHTErpajbHasd MOBEPXHOCThb, Orubarouias
OAHONIAPAMETPHYECKOTO CeMeHCcTBA cdep, MPO KOTOPYI MOXHO TaKiKe
CKa3aTb, UTO OHa 06pa30BaHa NONXONMIMMM MHOrooGpasHeM XapaKTepu-
CTHYECKHX OKpYyxHOCTe#, uMeeT peGpo Bo3BpaTa. It pebpa BO3BpaTa
CyTb (GoKa/lbHEE KPUBHIE Haulero AudpepeHuranbHoro ypassenus. Ilpoek-
una ¢PoKanpHOR KPHBOR Ha IIOCKOCTh X, y ABIAETCA B ITOM - Clyuae
3BOJIOTOH OCEBOM JHHHKM HALIErO «KaHaKa».

PexkoMennyercsi HarJsIHO MNOSICHHTL 3TH B3aHMOOTHOMIEHHS HA KOH-
KDETHOM TpHMEpe H Ha MOIEJH.

5. CoorHomeHue OAHOPONHOCTH. B KauecTBe mocaefHero mpumepa
PaccMOTPHM JiMHe#HOe AuddepeHLHaibHOe YDaBHEHHE, a4 HMEHHO — yC40~
gue odropodnocmu (cp. ra. I, § 1, m.- 2, npumep 6):

px-qy=hu, 27)
rie A-—NOCTOAHHAs. XapakTepucTHueckHe AHddepeHuMabHble YpaBHeHHs
dx :dy:du==x:y:hu ' (28)

HMEIOT MHTEerpain

=4, L= (29)
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Obes peiterne AuGdEPEHIHATLHONO YPABHEHHS MOXKHO, CIEOBATENBHO,
3anucaTs C NOMOLUIBI0 MPOM3BOMbHOM ¢ynxkumi W B BuAe

U == x“&?(-{é)

WK C TIOMOUIBIO MPOU3BOJILHOR (YHKLMH w B BHIE

u = yhw (-5) ,

4, 3HauyuT, 3TO OOlLuee pellleHye ecTh AeHCTBUTENLHO ONHOPOAHAS (QYHKIHS -
OT X H y CTeTeHH h.
~ [pyroe npexcraBienne oﬁmero pemermr{ TO/y4aeTCHd M3 TOJHOrO

WHTErpana
u == axh - by,
OTKyZa Ofliee pelleHHe BHIDAKACTCA C NMOMOUILIO YPABHeHUH
u=ax" 4w (a)y",
0 = x4 w’ (a) y.
Tak Kax H3 BTOPOrO yDaBHEHHs @ BHIPAKAETCH KAK GYHKIHA OTHOLIEHNS —J—f—,

TO M ITHM METOOM NOJAydYaeM A 4 OOy OAHOPONHYI hyHKUHIO
uamMepenus A.

§ 7. O6mee nuddeperuuansaoe ypasHeHHe ¢ 72 HE3ABHCHMBIMH
nepeMeHHbIMK

Teopus uHTerpupoBanus obuiero AH(pGePeHUHaIbHOrO YPaBHEHAS cn
HE3aBUCUMEIMH TePEMeHHEMHU

du .
F(xl,- . ~axn9 u, pi" . °3pn)f: 0 <P¢ 1,) (1)
CTPOUTCA COBEPUIEHHO aHANOrMuHO cayuaw 7 ==2. [IpH 31toM MH OTKa-
HeMCqd © OT TOJAPOGHOrO - MOBTOPEHHUS TIeOMETPHYECKOrO HCTONKOBAHMS
M OGCYAMM NPEUMYUIECTBEHHO BHOBL BO3HHKAIOUIMA MOMEHT, d HMEHHO —
XapaKTepUCTHYECKHEe MHOI000pasud I10JM0COXK.
o awamormn ¢ § 3 Mu orHocHM aubdepeHLMaIBHOMY ypam{emm
F =10 ¢ncreMy OGHKOBEHHHEIX Lln(bcbepenuuanbﬂmx ypasHeuuht
dx, du_ x d
__ﬁi o ua Y Di . o -
ds = Lo BE"‘“ :’:“#Dini? E"' '_.(‘ x,;“l"rupi) (2)

i=1

ans 2n -1 pyukuuit x;, u, p; napametpa s. 31a cHCTeMa (2) nasuiBaetcs
Xapakmepucmuneckoll  cucrmemoll  OuggbeperyuasbHbX  YpasHeRWE,

npuHannexamed AHQPODEPEHIMATBHOMY YPABHEHHIO € YaCTHBHIMH MPOM3-
BOZHEMH (1).
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Oyukuna F(x;, u, p;) 9BAgeTcs MHTerpanoM!) 5TOH XapaKTepHCTH-
yecKoRt cuctemsl auddepeHNHAaNLHEX YypaBHeHH#H, u60 1A BCAKOTO
pelleHus 3TOH. CUCTEMB .

dr dxz dp¢ du
ds E Tigs E Pi ds-"F“Zi_E’_O'

=1 t=1

Bce pemenns Hamiet XapaKTePHCTHYECKOH CHCTEMH!, KOTOpHE, CBepX
TOr0, YAOBAETBODSIOT ycaoBuio F =0, M GyneM Ha3WBaTb Xapaxmepu-
- cmuneckumu  nosockamu. OHm  o6pasyioT  ceMeHCTBO,  3aBHCsLee
ar (2n — 1) napamerpoB. TouyHOo Tak ke, KaK B Cayyae JHBYX nepemeﬂ-
HHX, MOXHO TENEpPb YCTaHOBHTH CHeIyIOUYIO TEOpeMy:

Ha 6CAKOU uHmezpasbHOl nogepxnocmu u(x,,...,%,) Ougpdepei-
yuaasrozo ypasuernus F =0 aexcum GeckoHedroe MHONCECHIBO XAPAK-
mepucmuieckux noaocox. Beskxas - xapaxmepucmudeckas noaocka,
umenwas obuul saemenm (m. e. o6uyyino cucmenry 3nauerud Xy 4, p;)
C UHMEZDANbHOL NOBEPXHOCMbIO, JAeNHCUIl HA IMOE URME2PRAGHOL
nosep XHOCMU NOAHOCMbIO.

Monobuo § 3 3adava Kowu dopmymmpyercs 3mech Tak: Ilycts
naHo (M— 1)-MepHOe Ha4aAbHOe MHO2000pa3ue C 1yTeM 8sanaHasd
HenpepuiBHO AubdepeHIHpPyeMbIX qoyﬂxunﬁ Xqy Xgye o oyXp, 4 OT Tapa- -
METPOB #y,...,t,_;, TMPUYEM NYCTh MATPHUA TPOU3BOAHHX Zti nMeeT
paur n—1. nyCTb 5T0 MHOrooGpasne C NOTOJHEHO MNanbHEHIIMM 3a1a-
HHeM 71 QYHKIAH py,. . .,p, MAPAMETPOB #; 1O MHO2000pa3us noaocox C;
TaK, 4TO0H yc.08us n0A0CKY

D)
u,—Zp‘a, G=1,...,a—1) . (3)
=1 : '
YLOBAETBOPANNCh TOXAECTBEHHO OTHOCUTENBbHO f,. [lasee, mpennosarae,
YTO KOOPHMHATH MOMOCKM X,...,Xp, U, Py- -+ Py YAOBIETBOPAIOT COOT-
HOIIEHHIO . ‘

F(xla"wxm i, pl?'-'apn)‘-—'o

Tomnecrsenﬂo B #;. Tpebyemcs Haimu unmezpasshoe MHO2000pasue
w=u(Xy..., X,), M. €. maxoe peuierue Ougpghepenyuaibh020-ypasre-
nugs F =0, xomopoe codepycum 3a0aHHOe HA4aNbHOE MHO2000pQ-
sue C,.

II.HSI PelleHns 3a1aun PACCMOTPUM CeMefiCTBO TeX XapaKTePHCTHUECKUX
nosiocoK (€ MapamMeTpoM.S BHOJb TMOJOCKH), HAYa/AbHHH 3MEMEHT KOTOPHX
npu § == 0 CONEPIKHUTCA B 3a/[AHHOM HAYATLHOM MHOrooGpasun monocok C,,
T. e. Te peuIeHus

2,08, oo stny)s u(s, ty,.. -,tn¢1)1 Pi(8, tyee ity )

1) CM. npumeqanne 1, crp.-82.





