AHAJIMTNYECKAA TEOMETPIA

(korcmexT ekt E. B. Tpountkoro,
-1 Kype, MaTeMaTukn, oceHHnn cemectp 1999/2000 yu.rona)

OriaBiieHUe

1. BekTopnl B mpocTpaHCcTBe

2. ,Z[EJIEHI/IE OTpe3Ka B JaHHOM OTHOIICHHUH
3. CkansgpHoe nmpousBegeHUe

4. ILromagb, 06 beM U opueHTAUA

5. IIpamMbie HA TJIOCKOCTH
5.1. Ilpsamas Ha MIOCKOCTHU B MPAMOYTOJBHBIX KOOPJAUMHATAX . « « . « « . . . . .
5.2, Yronm Mexny MPAMBIMU HA TMOCKOCTHT . . « v o o v o o v v e e oo e e o e

6. IlinockocTy U IpsAMBIe B IPOCTPAHCTBE
6.1. IlaocKOCTH B MPOCTPAHCTBE . . .« v v v v v v et e et e e et e e
6.2. IlmockocTh B IPAMOYTOIBHOU CHCTEME KOOPIUHAT . . . « o o o o o o o o . .
6.3. IlpsaMas B IPOCTPAHCTBE . . . . . v v v vt v et et e e e e
6.4. HekoTopbie popMyabl B IPSMOYTOJILHON CHCTEME KOOPAUHAT . . . . . . . .

7. 3aMeHBI KOOpAWHAT
7.1. IlpsamoyroabHble cucTeMbI KOOPAUHAT U OPTOrOHATbHbIE MATPUIIBL . . . . .
7.2 YDIBL DWIEPA + + v o v e v e e e e e e e e e e

8. Iloasapuble, chepudeckue U HUINHAPUYIECKNEe KOOPANHATHI

9. Duururic, runep6osaa u napagoaa (IDI'ID)
9.1. T'eometpmuweckoe omnpemenenme DT . . . . .. 0000000000
9.2. OT'll KaK KOHHIECKIE CETCHMA « . « « v v v v v e e e e e e e e e e e e e e
9.3. Ontmdeckue (PoKaTbHbIE) CBOMCTBA KOHIK . . « .« o o v o v v e o
9.4. AnamuTwdeckme OMPETETEHTS KOHIK . « .« « « o« o o v o v ot o e o e o
9.5. lupekTopraibHble CBOMCTBA KOHUMK . . « .« « « o« o o v o oot o e o e o
9.6. dPokampubit mapameTp. llomsipuble ypaBHEHUS KOHUK . . . . . . . . . . . .

10.061maa Teopus KPpUBLIX BTOPOT'O MOPAIKA
10.1. KanoHWYeCcKrEe YPABHEHMA . . « o o o v v v v et e e e e e e e e
10.2. UaBapuanThl MHOTOWIEHA BTOPOU CTEMEHM . . .« . « . « o o o o o o o oo . .
10.3. Ompenenenre KaHOHMIECKOTO YPABHEHNUS O WHBAPUAHTAM . . . . . . . . .
10.4. Pacmamaiommecs KPUBBIE . . . . . . o v v v v e e e e e e e

15
19
20

21
21
25
26
28

28
30
31

32

34
34
35
38
40
45
46



10.5. Teopembl eIUHCTBEHHOCTH [ KPUBBIX BTOPOT'O TMOPAMKA . . . . . . . . . . 59
10.6. Teopema Iackams. “llocTpoerme” KpuBou BTOPOTO TOPAAKA MO TISTH 3a-

JAHHBIM TOTKAM. .« « .« v o v v e e e e e e e e e e e e e e e 61
11.Tlepecedenue KpUBOU BTOPOrO MOPAAKA C IMPAMOU 63
11.1. Haxox nefime acMOTOTHIECKIX HATPABIECHITT . . . . . . « . « « « « . . . . 65
11.2. lmamMeTpbl U TEHTPHI KPUBBIX BTOPOTO TMOPATKA . « « « o « o o o o v o o . . 67
11.3. Conpsixennble [HaMeTPBl U HATIPABICHUIS . . . .« . « « « o o o o o o o o o . 70
11.4. I'naBHBbIe AMAMETPBI M OCH CUMMETPHIY .+ .« « o o o v v e v e e e e e o o 72
12.Bujg u pacnogoxeHue KPUBBIX BTOPOIr'O MOPAIKA 74
13.KacaTenbHble K KPUBLIM BTOPOI'0O HOpAAKa 77
13.1. [loaspa TOYKM OTHOCUTENBHO KOHUKHI . . . « « « o o v v e v e e o u o oo 79
14.A¢ddunHbIe TTpEeoOpa3oBaHuA 82
14.1. UzomeTpudeckne TPEOOPABOBAHMA . « .« . o o v v o v v e v e e e 84
15.A¢dppunnas u MeTpudecKkasa KJjaccupukKanusa KBaJpUK 89
16.1loBepxHOCTH BTOpPOIr'o mopAgKa 91
16.1. OcHoBHbIE BUALI TTOBEPXHOCTEN BTOPOTO TOPAIKA U UX NEOMETPHUIECKUE
CBOMCTBA « « « v« v e v e e e e e e e e e e e e e e e e e 96
16.2. O6rmas Teopust MOBEPXHOCTEN BTOPOTO TOPSITKA . « « « o « o o o o o o o . . 104

16.3. Apdpunnas n MeTprdecKas KiacCupuKalms TOBEPXHOCTEN BTOPOro mopsikals

17.O/1eMeHTHI IPOeKTUBHOU '€ OMeTPUH 109
17.1. [lomOTHEHME TIMOCKOCTI . « « v v o v v e e v e e e e e e e e e e e e e 109
17.2. CBsizka Kak MOJENb TPOEKTUBHON TIOCKOCTHI « « .« o « o o o o o o o oo . . 110
17.3. [IpoekTuBHBIE TPEOOPABOBAHMA .« . . « « v o vt o et e e e e e e e 113
17.4. llpoekTuBHO-apPUHHBIE TTPEOOPABOBAHMUA . « « .« « o« o o v o e o u o o . 114
17.5. IIpOEKTUBHAA TIPAMA « . « « v o o v v e et e et e e e e e e e e e e 114
17.6. KpuBbie BTOporo mopsaka Ha TPOEKTHUBHON TIOCKOCTU . . . . . . . . . . . 117

1. BekTOphl B IpocTpaHCTBe

Sameuanue 1.1. CraemyeM HarasgHo-reOMETPUIECKIM IIPEJACTABIEHUAM, BO3MOMKEH
AKCHOMATUIECKUH TI0TXOT.
Onpegenenne 1.2. 3akpemieHubll 6€KmMop — HANPABIEHHBIT OTPE30K, T. €. YIOpPs-

nodeHHas rmapa Touek. bymem o603HavaTh BEKTOPHI A§, 18 13, e

St
Onpegenenne 1.3. Bektop AA masviBaeTcs nyaesvin n obozuadaeTcs (4.



Onpepenenune 1.4. /daiuna 6exmopa — paccTosiHIE MKy €0 KOHITAMU:

KB = p(A, B).

B wacTHocTu, namma BekTOpa paBHa HYJIIO TOT/a W TOILKO TOT[a, KOTJa OH HYJEBOH.
Onpegenenne 1.5. 3akperieHuble BEKTOPHI KOAAUKEAPHbL, €CTT CYTIECTBYET TIPIMast,
KOTOPOW OHU Tapayienbubl. HyleBonm BeKTOp cUMTaeTCs MapallelbHbIM, a CIeloBa-
TeJNbHO, U KOJTMHEaAPHBLIM JTI000MY BEKTOPY.

Onpegenenne 1.6. 3akperieHnble BEKTOPHI KOMNAGHAPHbL, €CIN CYIIECTBYET ILIOC-
KOCTDH, KOTOPOU OHU TapaJllelbHbl.

Onpepgenenne 1.7. 3axperuiennbie BEKTOPHI Pa6ibl, €CIU OHNW KOJINHEAPHDLI, ONMHA-
KOBO HalpaBieHbl 1 PaBHBI 1O AJIUHE.

Onpepenenue 1.8. Hanmomuum, 9T0 omuowenuem IK6UEALEHMHOCTIY HA MHOKECTBE
M maspIBaeTCA HEKOTOPOE MHOKECTBO YTIOPsHodeHubix map S (T.e. S C M x M), npuaem
BBITIOMHEHBI akcnoMbl (ycaoBue (m,n) € S 0ObIYTHO 3aMUCHIBETCA KaK M ~ n):

e m ~ m (TOXIeCTBa)
® U3 m ~ n caefyeT n ~ m (CUMMETPUIHOCTH )

e iz m~nun~k creryer m ~ k (TpaHsuTHBHOCTN)

st robbx m,n, k € M.

B oron curyanun M pacnagaercs Ha HemepeceKamolmecs MHOKECTBa, COCTOSMIIIE
13 BCEX DJIEMEHTOB, DKBUBAICHTHBIX OJHOMY. OJTH MHOXKECTBA HA3ZBIBAIOTCH KAACCAMU
sreusasenmuocmu. Krace skBuBansenTrocTn, cogepxamun m € M, obosuadaercsa [m].

Jlemma 1.9. Pasencmeo 4644EMCt 0OMUOWEHUEM IKBUBAAELHIMHOCTU HA MHONCECMEE 3a-
KPENAEHHBITY 6ERIMOPOG6.

MokazaTeabcTBo. OdeBuaHo. 0
Onpegenenue 1.10. Bexmopon (wim c6060dubim 6€KkmMopom) Ha3HIBAETCS COOTBET-
CTBYIOIINH KIaCC DKBUBATEHTHOCT.

Bygem o6osnavaTh BeKTOpHI ?ﬁ,ﬁﬁ, ... (xors mpaBmIbHEe [?ﬁ], [ﬁﬁ], ...) wim
a,b, ..., a BemecTBennbie dncita — o, 3, A\, [, . ..

[HomATnsa KOITHHEAPHOCTH 1 KOMILIAHAPHOCTH TTEPEHOCATCS Ha (CBOGONHbBIE) BEKTOPHI.
Omupenpenenne 1.11.  Juwnetinvie onepayuu nad éexmopamu :

1) Caogcenue mo mpaBuIy TPEYroTbHUKA:

a-+b



2) Y mnoocenue BEKTOPa Ha BEMECTBEHHOE YUCJIO!

/
Ve
///b:)\a
/
/
/
S a

O MPaBUIY:

1) b xonnwHeapen a;

2) |o] = [A] - fal;

3) b conampasien ¢ a, ecin A > 0, u mpoTuBoHaNpasieH, ecin A < 0.

DTH onepannn KOPPeKTHO OMpeeJeHbl Ha MHOKECTBE (CBOGOAHBIX) BEKTOPOB.
CpoKcTBa JUHENHBIX Ollepaluil HajJ BEeKTOPaMM :

l.a+b=b+a (KOMMYTaTHBHOCTE CIOKEHUA = MPABUIO apaIesorpaMMa);

2. a+(b+e¢)=(a+b)+¢c (acconmaTUBHOCTE CIOKEHUSA = MPABUIO TeTHIPEX-
YD OJIbHIKA);

3.a+0=a (cymecTBoBanme HyteBoro BekTopa = [04]);

4. a+(&l)-a=0 (cymmecTBOBaHIE OOPATHOTO);

5. (af)a = a(Ba) (acconmaTuBHOCTS );

6. (o + B)a=aa+ fa
ala+b) = aa+ ab

8. 1l-a=ua (enmmmma).
Omnpepgenenne 1.12. MuoxecTBo ¢ onepalnuell ClIokKeHUs U olepaliiell yMHOKEHIs Ha

(AECTPUOY THBHOCTS );

=

qHCaa, YIOBIETBOPSIONINMEI DTHM aKCIOMaM, Ha3bIBAETCA AUNEUHBLE NPOCMPAHCITLEOM.
3aMeTnM, 9TO BCe OCHOBHBIE YTBEPK IEHNUS PO OMEPAINT Ha T€OMETPUIECKUMI BEK-
TOPaMU MOTYT 6bITH BHIBEEHDI I3 DTUX aKCHOM, 6€3 TPUBJIedeHns KOHKPETHOT'O OMNCAHA
orepannii (Ho, HAPUMeED, DTO He OTHOCHTCA K JIHHAM U T. T1.). B 5ToM cMbIcie akcmoMbl
06pasyIoT MOXHYI0 cucTeMy. bBosee Toro, ona M3JUIIHe TOIHA (ITO MOKHO BHIOPOCHTD
7).
Onpegenenne 1.13.  Junetinotd kombunayuei BEKTOPOB dy, . . ., &, ¢ KOIPPuyuenmanu
a1,...,0, € R nasnoiBaercs BekTOp Buga ajaq + ...+ a,a,. Ecan Bce «; paBHbl myio,
TO JWHENHAs KOMOWHAINS Ha3BbIBAETCA MPUEUAALHOT, & B TIPOTUBHOM CIydae — HEMPU-
B8UAABHOY.
Onpegenenne 1.14. BexTopbr ay,...,aq, AUKEUNO 3A6UCUMbL, €CIH CYIIECTBYeT UX
HeTpUBWAIbLHAS JUHENHAas KOMOWHAIWsA, paBHas HYJIIO, T. €. HAUIyTCsI TaKnme 9Gucia
Q1,...,0Q,, He BCe paBHbIE HYIO, ITO 14y + ...+ aya, = 0. B mporuBmom caywae
BEKTOPBI AUNEUHO HEZABUCUMDL, T. €. U3 PaBEHCTBA &1dy + ...+ aya, = 0 Bcerga caemyet
ar=ay=...=a, = 0.



Jlemma 1.15. Cucmema 6emopoé aunetino 3asucuma mozda u moavko moeda, rxo2da
00UN U3 HUT ABALECMCA AUHETHOT KOMOUNAYUET OCTNAAbHBLT.

HMokazaTteabcTBo. HEOBXOJANMOCTH. IlycTh nMeeTcs HeTpuBHaabHas JUHENHAA KOM-
6uHarms BEKTOPOB, paBHas HyT0: aydy + ...+ aza, = 0. Onun u3 KoddpunmenTos,
CKakeM, «;, He paBeH Hyxio. Torma

Qq Q1 Ot Qn
a; = <<:>—) a1+ ...+ <<:>—) c ;1 + <<:>—) “ip1 + ..+ <<:>—) “ .

a; a; a; a;
JocTATOYHOCTD. Ilycts a; = fray + ...+ Bicrai—1 + Biv1aiz1 + - . . Bra,. Torma
(ela; + Brar + ...+ Bicraizy + Bisiaipr + - .- Bra, =0

— HeTpUBHaIbHasA (MePBBIN KOXPMUINERT — HEHYIEBOI) THHENHAA KOMOMHAINA, paBHas
HYJIIO. O

Jlemma 1.16. Hycmb ai,...,d — AUHEUHO 3asucCUMAL cuUcCMeMa B6EKMOPOSL. Toeda
A1y oo s Qs Qfpy 1y 0y — AUHEUHO 3A6UCUMAS cucmemMa, Karxoebl obl ne Oblau 6EKMOPLL
Ak41y+«+50n.

MokazaTeabcTBo. Ecin aja;+...apap = 0 — nerpuBnaibHas KOMOWHAIIMA, TO aqdq +
co.opap+0-agy; + ...+ 0 a, =0 TakKe HeTpUBUaTbHAA KOMOWHAIIHA. O

Jlemma 1.17. 1) Adea sexmopa aunetino 3as6ucumvt mozda u moavko mozda, roeda
ONU KOAAUHEAPHDL.

2) Tpu sexmopa aunetiino 3asucumvt moeda u moavko moeda, koeda onu KoMN.AaQ-
HAPHDL.

3) Hemovipe sexmopa 6ce2da AUNETHO 3A6UCUMDL.

HokazaTeabcTBo. 1. [lo ompenenennio oneparuu yMHOKEHUA Ha TUCIO.

2. o memme 1.15 u3 gwHENHOU 3aBUCUMOCTH ClenyeT, 4To ¢ = aa + ($b, T. e. ¢
KOMTLIaHapen a u b.

Ob6patHo, mycTh @ u b KoJlnuHeapHbl, TONIa OHU JUHENHO 3aBUCUMBI 11 10 JeMme 1.16
a,b, ¢ muuenno 3aBucnmbl. Ecim ke a n b HekomrnmeapHubl, TO ¢ MOXKHO MPENCTABUTH B
BHIe ¢ = aa + b, “mocTponB mapasiesorpaMm’ .

3. Ecim xakme-mn6o 3 BeKTOpa KOMILTAHAPHBI, TO OHU JUHENHO 3aBUCUMBI TTO TTPENbI-
OyIIeMy TyHKTY, a 1o demMe 1.16 3aBucumbl Bce 4. Ecam ke Takumx 3 BEKTOPOB cpenn
a,b,c,d wer, To mapsl @ n b, ¢ U d HEKOJIIMHEAPHDI, & CJIeJIOBATENLHO OMPEIETAIOT (¢ TOU-
HOCTBIO [0 TTapallelbHOTO MepeHoca) ABe MIOCKOCTH, KOTOphle He TapallelbHbl (HHawTe
Bce 4 b ObI KoMIUTaHapHbl). Torma HampaBISIOMNT BEKTOP f TPAMON Tepecedenis
pacKIabIBAETCS, ¢ OMHOW CTOPOHBI, B INHENHYIO KOMOWHAIINIO ¢ U b, a ¢ npyron — ¢ u
d (cp. ¢ TOKa3aTErbCTBOM TI. 2):

aa+ Bb= f =~ec+dd.



Ecan npw sTom onmn m3 Kod(ppuiimenToB, ckaxem, «, paen 0, To b, ¢, d koMmIanapHbI,
YTO TPOTUBOPEYUUT TPENNONOKEHNIO. Takum obpasom,

aa + b &yesdd =0

— HeTpuBHaJbHaA KOMOMHAIINA. O

Onpegenenue 1.18. FBasucom wa mpAMoi (COOTB., Ha MIOCKOCTH, B TPOCTPAHCTBE)
Ha3bIBA€TCA YIIOPSAT09enHbl Habop 3 1 (cooTB., 2, 3) THHENHO HE3aBUCHMBIX BEKTOPOB.
3amedvanue 1.19. /lig npsavon 5To o3HadaeT, 9TO BEKTOP HEHYJICBOM.

Teopema 1.20. Beakui sexmop npocmpancmea (coomse., naockocmu, npimoti) oduwo-
3Hauno npedemasasemcs 6 6ude aunelinol Kombunayuy 6exkmopos danno20 bazuca.

HMokazaTteabcTBo. [lokaxkewm cymecrBoBanne Kombunamuu. IlycTs €1, €y, €3 — JaHHBIT
Gazuc, a ¢ — TPou3BOILHBIN BekTOp. [lo memme 1.17 (1. 3) BeKTODHI @, €1, €3, €3 TUHENHO
3aBICHMBI, TaK ITO CYIIECTBYEeT HeTpUBHATLHAS JNHEHHAAs KOMOMHAIINS ovd+ €1+ aeq+
azes = 0. Illyers a = 0. Torga aje; + azey + azes = 0 — HeTpuBHaabHasg JTHHEHTHASL
KOMOWHAINA, 9TO IPOTHBOPEINT JNHENHON HE3aBUCHMOCTH BEKTOPOB Hasmca. JHAIHT,
a # 0 1 mcKoMas KOMOUHATIHLS

aq (0% a3
= (@—) e+ (@—) c e+ (@—) €3
(a4 (a4 (a4

,HOKEL)KGM €INHCTBEHHOCTb. HyCTB IMeTCAd OBE€ pa3JuvHbIe TpOﬁKH: ap,09,03 1
617627637 npraem

a = are; + azeq + ages = PBrer + PBaeq + Paes.

Torga 0 = (a; & f1)er + (ay &Fa)es + (as < f3)es — HeTpUBHATbLHAS KOMOUHATINS, 9TO
IPOTUBOPEINT JUHEHHON HE3aBUCHUMOCTHU Gaslica.

AHaIOrU9HO A8 OPSAMOU U ILIOCKOCTH. 0
Omnpepgenenve 1.21.  Koopdunamanu (Wim komnonenmamu) BEKTOPa ¢ 0MHOCUMEAbHO
basuca ey, €y, €3 HA3BIBAIOTCA Takue (OMHO3HAYHO ONpeNeIeHHbIe) YUCaa O, (g, (3, 9TO
a = are1 + agey + azes. Bynem zanuceiBaTh Takke ao, az, az).

JemMma 1.22. Koopdunamost cymmvl 6exmopos pasuuvl cymme xoopdunam. Koopdumamur
Aa pasnvt Ao, Ao, Aas (6 0603nauenusr onpedesenus).

HMokazaTeabcTBo. llycTh a = aje; + azeq+ ases, b = Breq + Baea + B3e3. 1o cBoncTBaMm
1,2,5,6,7:
a+b=(are1 + ages + ases) + (Brer + Paes + Pses) =

= o€ + frer + azer + Baes + ases + Baes = (o + Br)er + (g + fBa)ea + (as + B3 )es,
Aa = Moger + azes + azes) = Aager) + Aazez) + Aases) = (Aag)er + (Aaz)es + (Aas)es.
O



Omupenenenne 1.23. Addunnas cucmema xoopduram B IPOCTPAHCTBE 3aacTCH BbI-
6opoM penepa — npousBoabmon Touknu () m Hasnca e, €g, €3.
Koopdunamer mouru X ornHocurTenbuo pernepa (Jejeges ONPENENAOTCA KaK KOO AU~

HaThl BEKTOpa (ﬁi B Gazuce ey, €9, €3t

5?? = x1€1 + To€g + T3€3
(nx MBI 6y 1eM 0603HaYaTh JATHHCKAMI OyKBaMu). JamucbiBaeM X (1, T2, L3).

Jemma 1.24. [Tyemv X (a1, 22, 23) u Y(y1, Y2, y3) — woopdunamer dsyx mouexr. Tozda

Koopdunamol 6eKmMOpPa i ; omuocumenbrno 6azuca, 6rodsuieeo 6 dannyio apdunnyio cu-
cmemy Koopdunam, passl (y1 X1, Y2 T2, Y3 <:>:1:3).

HokazaTeabcTBo. llo ompenerenuio adpdpuunon cucTeMbl KOOPIHHAT (ﬁi (x1,22,23) 1

ﬁ?(yl,yg,yg), a ﬁ? = ﬁ? @ﬁ? [To nemme 1.22 monygaem TpebyeMblll pe3yabLTaT.
O

Onpegenenne 1.25. basuc HazbiBaeTCs 0Pmo2onaibibimM, €CI BEKTOPHI €1, €3, €3 TIEP-
MeHINKYJIApHBL. Ecanm oHm K ToMy Xe eImHUYIHON MIJINHLI, TO 0a3nC Ha3LIBACTCA OPMo-
HopMmuposanuvim. AdpduHHas cucTeMa KOOpIMHAT Ha3bIBACTCA NPAMOY20.4bHOU, €CIN CO-
OTBETCTBYIONINN H6a3MC OP TOHOPMIPOBAH.

2. ,Z[eJIeHI/Ie oTpe3dKa B JaHHOM OTHOIII€CHHNHA

ycts samamsr aBe Toukn A w B cBonmu adpuuHBIME KoopamHaTamu (dq, dg, ds)

u (b1, b2,b3) (B HEKOTOPOM pemiepe) m OTHOIIEHTE % Hanpem adpdpunnbie koop mHaTh!

(21, x2, x3) Takon Toukn X orpeska AB, uro % = %, T. e. Jeldllell OTPE30K B JaHHOM
OTHOIIICHNN.

Koopaunarsl BekTopoB AX u ﬁ B JaHHOM basuce 1o deMme 1.24 paBHBI, COOTBET-
CTBEHHO, (1 a1, Ty Saz, ¥3 <az) n (by Sy, by Say,bs as). o aemme 1.22 ycaosue

OTHOIIECHMA (HOCKOJH)Ky BEKTODPDBI COHELHpELBJIGHBI) HepefmeT B COBOKYITHOCTDBb yCJIOBHﬁ:

p(xy <ay) A1 &x1),
e Saz) = Aby Suxg),
wles Sas) = Abs Suas),
UMEIOMINX €/IMHCTBEHHOE pPellleHIe
oo A
[+ A

3aMeTnM, ITO MOKHO PacCMaTPUBAThL U OTPUIATEIbHbIE A WIU (i, TaK 9TO yCIOBUE
nererust B >Ton obtren gopme 6yeT UMETh BHUI

XX = X8,

Popmyabl oTBeTa GYAYT, KOHEYHO, TEMU K€, YTO U BBIIIE.



3. CkajasapHoe nmpou3BeAeHUEe

Onpegenenue 3.1.  Craaapuvin npouzsedenuem nByX (HEHYIEBBIX ) BEKTOPOB Ha3hiBa-
eTcA YUCI0, paBHOE MPOU3BENCHUIO NJAMH DTUX BEKTOPOB Ha KOCUHYC yIVIa MEX 1y HUMMI:

(a,b) := |a] - |b] - cos a, b.
Ecan onwn n3 BeKTOpOB HyXeBol, To noaoxum (a,b) := 0.

Jemma 3.2. [lycmo 6 nekomopom opmoHOpMUPOSAHHOM Oa3uce €1,€3, €3 6EKMOP a
umeem woopdunamol ay,az, az. Toeda

a; = (a,€;), 1 =1,2,3.

MokazaTenbcTBo. KoopamunaTol BeKTOpa MOTYT OLITHL HaWJeHBI MyTeM MPOEKINN B
IPAMOYTOJIBHOM MapaJrenenumene (T. K. e IMHCTBEHHOCTH noKasana). Taxmv obpazom,

a; = |a| - cosd, € = |al - |e;] - cos d, €; = (a, ;). O

Teopema 3.3. Craaaproe npouzsedenue obaadaem caedyowumu ceoticmeanu, onpede-
AAOUWUMY €20 0OHOZHAUHO:

1) {a,b) = (b,a) (cummempuunocms);
2) {a+b,c) = (a,c)+(b,c);
3) (Aa,b) = X {a,b) (2)+3) = aunetinocmv no nepsomy apeymenmy);

4) {a,a) = |a]* > 0, 6 wacmuocmu, {(a,a) =0 & a =0 (noaodcumedvrocms u
c643b ¢ daunoii).

NokxazaTtenbcTBo. IlynkTer 1, 3 u 4 oueBuanbl. Ecam ¢ = 0, To 1. 2 BbIOTHAETCA.
Ecan xe ¢ # 0, To MOKHO myTeM fedeHus Ha |¢| T npuMeHenus ni. 1 u 3 cBeCTH K CIyvaro
lc] = 1. B sToit curyaruu paccMOTpUM Op TOHOPMEPOBAHHBIN Gasuc €1 = ¢, €3, 3. Lorma
COOTBETCTBYIOIINE CKAIAPHBIE TPOM3BEJAEHNS COBIATAIOT € TTEPBLIMU KOOP INHATAMIU:

(a,c) = (a,e1) = ay, (b,c) = (b,e1) = by.
[MocKoIbLKY KOOpAMHATEI CYMMBI PaBHLI CyMMe KOOP JUHAT, TO
(a +b,¢) =a;+ b = (a,c) + (b, c).

[Toxaxem, aT0 cBomcTBa 1-4 OMHOBHAYHO ONMpENENSIOT 3HAYEHUA CKATAPHOTO TTPOU3-
Benenus. CponcTBo 4 onpenensiet (a,a). B cury . 1 n 4 numeem

(a+b,a+b) = (a,a)+ (a,b) + (b,a) + (b,b) = 2(a,b) + (a,a) + (b,b),

(a,b) = = -{{a,a) + (b,b) &(a+b,a+b)}. 0

DN | —



Teopema 3.4. B npouscoavuom opmonopmuposannom 6a3uce €y, €y, €3 CRAAIPHOE NPO-
uzeedenue umeem sud

<Cl, b> = Cllbl + Clgbg + Clgbg.

,Z[OKa.?.aTe.JIbCTBO.

W;
IIV

3 3
E azem E az

=1 =1

3
(a,b) = (a1e1 + azes + ases, b) 2 Z a;e;, b
=1

3
Z a;bj(e;, e;) = arby + azby + asbs. 0O

1,5=1

2,3)

3
Zaz (brey + byey + baes, e;) ==
=1

CaeactBue 3.5. B npamoyeoavnoti cucmeme koopdunam y2oa mexncdy 6€Exmopamuy onpe-
deasemes gopmy.ioi

(a,b) = (a,b) _ a1by + azby + asbs
B e Y N N RV R

4. ILlipomagb, 06beM U opuUeHTAIIUA

Borawcanv mrotmaan S mapaimresorpamma 1(a,b), maramyToro na BekTopa a u b Ha
maockocTr. IlycTh 3ajaH OpTOHOPMUPOBAHHLIN Oa3nC €1, €y ILIOCKOCTU, TaK ITO ¢ =
(a1,as), b= (by,bs). Torma (ecam yron Mexy a u b paBen )

) (a1by + azbs)?
S =la|l-|b]-siny = |a|-|b]-1/1 <cos2p=lal-|b]-,|1 = =
al - o -sin g = fa] - 1] - /T veos? o = [ ||J Ve s

= \/ Cll + Cl2 b2 + b?) (Cllbl + a262)2 = \/(a162)2 + (szl)Q @2@1[)1@262 = |Cl162 <:>Cl261|.

Hamomuum, 9T0o BhIpaxenue aiby < ayb; HasbBaeTcs onpedesumenem det MaTpuib

a1 az
by by |’

Onpegenenue 4.1.  Opuenmuposannot niowadsio napaiieioepamma 1l(a,b) ornocn-

a1 Qg
bi by

BeIYHa COBIIadacT C INIOIIa b0 ITapaJliejJorpaMMa, a 3HaK (B ClIy4vae JMHENHO HE3aBU-

TerbHO Oasmnca e, ey HAa3LIBAETCA BEAWINHA Sor(a,b) = det ( ) Ee abcoarornas

CUMBIX @ 1 b) HasbIBaeTCsA opuenmayued napor a,b OTHOCUTENHHO 6A3MCa €1, €3.

Jemma 4.2. Opuenmuposannas naowado obaadaem ciedyowunu c6oticmeani:
1) Sor(a,b) = ©5,,.(b,a) (Kococummempuunocmy);
2) Sor(a + 67 C) — Sor(a7 C) + Sor(bv C),



3) Sor(Aa,b) = AS,.(a,b) (2+3=auneiinocms no nepeomy ap2ymenmy);
4) Sor(a,a) = 0.
Moka3zaTeabcTBO. Bce yTBepKnenns clenyoT HeMeIIeHHO 13 (POPMY.JIbL. 0

Jlemma 4.3. Opuenmauwl napoit Cl,b omuocumenvno dazuca €1, €2 NOAOAHCUMEAbHA, ECAU
Kpanwumﬁuuﬁ noeopom om a KZ)npOUC$O&UWl6 mom JHce HanpaeAcHUU, 4Ymo U om €1 kK
€.

HdokazaTenbcTBo. byner npoBeneno cpasy s TpeXMepHOroO ciaydas. 0
Onpegenenue 4.4. Opuenmuposannvin 06wemon napadienuneda (a,b,c), mocrpo-
eHHOr0 Ha BEKTOpax @, b i ¢ mpocTpancTBa, OTHOCHTEILHO OP TOHOPMHUPOBAHHOTO Hasmca
e := (€1, €2, €3) HA3BIBAETCS ONPEIETUTEND

a1 do ds
Vi(a,bye)=det | b1 by bs | = aibacs + bicaas + crasbs Sbrazes Saqeabs S cqbyas.
¢ G (3

B cayvae mwmHenno mnesaBHCHUMBIX BEKTOPOB @, b, ¢ €ro 3HaK HA3LIBAETCS OPUEHMAYUETD
mpotiky a,b,c OTHOCHTETHLHO OPTOHOPMUPOBAHHOTO Hasmca €1, €g, €3.

[Tocne mokazaTernLcTBa HEKOTOPLIX CBOUCTB MBI [OKAaKeM CIENYIOIIee YTBEPK IEHHE,
olpaBbIBalolllee 3TO Ha3BaHMe.

Teopema 4.5. Abcosomuas 6eAudURA OPUEHMUPOBAHHO20 00BEMA NAPAALCACNUNEDD
pasna 06vemy napadiedenuneda.

Jemma 4.6. lycmov durcuposan 6a3uc ey, e, €3 U HEKOMOPLLT 6EKMOP 6PAUAEMCI 6
NAOCKOCTNU UAU 6OKPY2 0CU ¢ Nocmoannol ckopocmoio. Toeda e2o woadduyuernmot s6.45-
0OMCA HENPEPLLEHBIMU PYHKYUAMU 6PEMENU. ANAA0UUHO DAL PACNANCEHUS UAU CHCATNUA
6EKMOPE.

MokazaTeabcTBo. [l0COKILKY KOMIOHEHTHI BEKTOpPa OTHOCHTEILHO OJHOIO (PUKCHPO-
BaHHOI'O Oasnca ABAAOTCHS JUHEHHBIMU (PYyHKIUAMEI KOB(MDPUINEHTOB OTHOCUTENBHO JpY-
roro 6asuca, To A4 JOKa3aTelbCTBa TEOPEMBI JOCTATOYHO PACCMOTPETh Y I00HBIN Oa3mC.
/s Bpalennsa TakoBbIM OyI€T €3 —0Ch BpallleHns MpudeM HallpaBleHne BpallleHusa BUHO
C KOHIIa €3 MPOTB 9a90BOM CTPEIKH, €; —HalpaBleHne MPOeKINN HadalbHOI'O MOJOKEHS
BekTOpa. Torga (¢ TOYHOCTHIO 10 BHIGOPA CKOPOCTH BPAILEHNs) BPAIIAIONIHNCS BEKTOD
Oy leT UMeTh KoopauHaThl (« - cost, o - sint, 3). s pactaxenus xe — (at, 8, 4t), rae
t mpo6GeraeT HEKOTOPBIN OTPE30K. ITH (POPMYJIBI TTOKA3bIBAIOT UCKOMYTO HEIIPEPLIBHYIO
3aBUCHMOCTD. 0

Jemma 4.7 (u3 kypca anre6psoi). Onpedeaumens pasen wy.i10 mo2da u mo.abko mo-
eda, xoeda odua u3 €20 cmPoK ABALEMCA AUNETHOU Kombunayued dpyeur.
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Jlemma 4.8. Opuenmuposannsvili 06bem pasen nyo mo2da u moavko moeda, koeda 6ek-
mopbvl KOMNAAHAPHBL.

HokazaTenbcTBo. Cpasy cienyer us mpeablIyINen JeMMEL. 0

Teopema 4.9. Fasuc a,b, ¢ umeem noaoxcumeabnyio opuewmayuio omuocumeibro 6a-
3uca €1, ez, €3 Mmoeda u moabko moeda, Koeda wenpepwvienol dedopmayueti 6 npocmpan-
cmee 6a3ucos €20 MOJNCHO NEPESECU 6 €1, €, €3 (n0d nenpepuienot dedopmayuei nowu-
MAEMCS MAKOE CeMEUCME0 6a3uco6, Kaxcdas KOoOpIuHaMa Ka#A020 6€KMOPaL KOMOPHLLE
ABAAEMNCA HENPEPLI6HOT Pynryuel napamempa).

MokazaTeabcTBo. [lomycTum, Takas nedpopMalys cylmiecTByeT. Toraa ompenernTenb
Ve (a(t),b(t), c(t)) saBasercs menpepbiBHON QyHKINEN TapaMeTpa t 1 IpUHIMAeT BCe TTPo-
MeKyTOUHbIe 3Havennsa. B qacrnoctu, ecan suwadenne V2 (a,b,c) < 0, To B KaKOU-TO MO-
MEHT JI0JKEH TToxyanThes 0, Tak Kak Vo (€1, €z, €3) = 1. DTO IPOTHUBOPETNT Mpe bl yIIen
JEMMe.

O6parno, nocTponm 1o aemme 4.6 HenpepbBHYIO nedpopMalnio: cHadala COBMECTHM
a ¢ e; Tak, 9TOOBI b JekKal B IMOCKOCTH €[,€y C TOH e CTOPOHBLI, 9TO W €3. 3aTeMm
copMecTnM b ¢ €y. Pas 3Hak -+, To €3 W ¢ Je:KaT ¢ OJHON CTOPOHLI OT ILIOCKOCTH ¥ WX
MOZKHO COBMECTHUTD. 0

CaeacrBue 4.10 (u3 gokaszareabcTsa). /Jea 6azuca umewm 0dunaro6y OPpuEHMa-
Y moeda u Mmoabko moeda, kKoeda ¢ KOHYa MPembe2o 6EKMopPa Kpamuatwee d6uicenue
0OM NEPEO2O KO 6MOPOMY OCYWecmeasemes 6 oduy cmopony (aubo npomus, aubo no wa-
co6oli cmpeare).

CaeacrBue 4.11. Bee 6azucvt pacnadaomes wa déa waacca, npedemasumenet kaxc-
d020 U3 KOMOPHIT MONCHO C6A3AMb HENPEPLIGHOT dedopmanuet.

Omnpenenenne 4.12.  Jadanuen opuenmayuu Ha3bBaeTCS BEIOOP OJHOINO U3 DTUX KJIac-
coB. O6pramno mpu asmKennn “nporus” (cM. cregctBue 4.10) opweHTanA Ha3bHIBAETCS
MpaBol, a B APYroM ciIydae — JeBou. lIpocTpancTBo ¢ BLIOpaHHOU opumeHTanmen Oy iemM
Ha3BIBATH OPUEHMUPOSAHHLIM NPOCTPARCME0M (0. TI.).

3ameuanue 4.13. Moxno nmokasaTh, 94TO MaTpHlla U3 KOOPUHAT TpeThero Hasmca B
MEPBOM paBHa IPON3BEIEHUIO MATPUIl TPETHETO BO BTOPOM 1 BTOPOro B iepBoM. Otpee-
JUTENTN TIPU DTOM MepeMHOKatoTcsA. Takum 0o6pasom, Bce 6a3uchbl BHYTPU OJHOT'O KiIacca
NMEIOT TOJOKUTETLHBIN 00BeM MPYT OTHOCHTENLHO IPYTa.

JlemMma 4.14. Opuenmayus b, a,c npomusono.aoscna opuenmayuu a,b, c.

HokazaTenbcTBo. [loBeprem Tpouky b, a, ¢ Kak TBepmoe Telo Tak, 9TOOLI b coBmamo ¢
a,a a — cb. Torma ¢ m 06pas ¢ OKaxKyTCs ¢ Pa3HBIX CTOPOH OT TLIOCKOCTH @, b. 0

Onpegenenne 4.15. Opuenmuposannvin 06bemom Tapaplelenunea, TOCTPOEHHOTO
Ha BEKTOPaX d,b,c opuenmupoeannoz2o npocmpancmea HasbiBaeTcs 4qucio Vo, (a,b,c),
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paBHOe 10 abCOMIOTHON BeANYnHe 00hLeMy DTOro mapaiielenniieia, I nMekolee 3gaK “+7,

eclim TpouKa a, b, ¢ MOTOKNTEILHO OPUEHTHPOBaHa, 1 3HaK -

B IPOTHBHOM CIydae. 3a-
MeTHIM (KaK BUIHO 13 0603HaquH}1), 9TO HOBOE Olpejlefienrie He CBA3AHO ¢ KOHKPEeTHBIM
Oa31COM.

Omnpepgenenne 4.16. Bexmopuvim npouszsedenuem IBYX BEKTOPOB ¢ U b B opueHTH-
POBAHHOM MPOCTPAHCTBE Ha3bIBACTCA BEKTOD ¢, obo3HavaeMblll [a,b], u omnpenensembli
CIe YoM 06Pa3oM.

Ecim BexkTopsl @ 1 b HeKOJIMHeapHbI, TO ¢ 06/1aJaeT ClelyoMIMI CBONCTBaMMI:
1) mamna ¢ paBHa mwiomagn mapasiiesorpamma 11(a,b);

2) BeKTOp ¢ MepHeHauKyIspen a u b;

3) TpoliKka a,b, ¢ UMeeT MOJOKUTENLHYIO OPUEHTATINIO.

[To onpenenenuio opuenTalny TaKOW BEKTOP € CYIMIECTBYET U ONHOBHATHO OIIPEIENEH.
Ecan BexTopn @ u b kosnuHeapHsl, To ¢ = 0.

Jemma 4.17. [lycmo €1, €9, €3 — NOAOAHCUMEADHO OPUEHTIUPOEAUNBLT OPINOHOPMUPO 6 AH-
wwti 6asuc. Toeda

€1, €] = €3, [e1, 5] = Sea, [e2, €3] = e1.
HMokazaTenbcTBo. OdeBnno. O
Onpeaenenne 4.18. Hucio (a,b,c) := ([a,b], ¢) HaspiBaeTCA cHewanmuvim npouzsede-

Huem TPOUKH d, b, c.
Teopema 4.19. (a,b,c) :=V,.(a,b,c).

NokazaTtenbcTBo. To, 4TO 3HAKM COBMANAIOT, Cpa3y clelyeT U3 OlpeNeleHns OpueH-
tanuu. llpoBepum coBmnajenme abCOMIOTHBIX BEIUYWH, T. €. YTO MOAYJIb CMEIIAHHOT'O
Npou3BeeHns paBeH o0beMy TapaJielenunena.

JE—

|<avbv C>| = |[avb] | ) |C| ) |COS (C, [avb])| =5-h= |V07’(avbv c)|7

MOCKOJABKY ¢ MEPHEHIUKYSIPHO TIIOCKOCTH, HATAHYTOU Ha a 1 b. 31ech depes S obosHa-
“eHa TJIOIIA b TTapajlIeJorpaMMa, TOCTPOEHHOTo Ha BEKTopax a n b, a h — cooTBeTCTBY-
oIast BbICOTaA Mapagieenneia. 0

Teopema 4.20. Cuecwanmnoe npoussedenue KOCOCUMMEMPUUNO NO 41060T nape apeymen-
MO6 U AUHETHO NO KaAACIOMY U3 HUL:

1) {a,b,c) = <(b,a,c) = (b,c,a) = <{c,b,a) = (¢,a,b) = <{a,c,b);
2) {a+b,c,d) = (a,e,d)y + (b,c,d); (Aa,b,c) = XMa,b,c);
(a,b+c,d) = (a,b,d) + (a,e,d); {a, Ab,c) = Ma,b,¢);
(a,b,c+d)y = {a,b,c) + (a,b,d); {a,b, Ac) = Xa, b, c).
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MokasareancTrBo. 1) Ilo mpenpiaymieMy yTBepKAeHno abCOMOTHAA BeamdnHa (T. e.
06beM TapaJielenunea) fHe MeHseTcs. Y TBepK IeHne PO 3HAKN cleayeT u3 JeMMbl 4.14.

2) JlumenHocTh MO TpeTheMy apryMeHTy odeBuina. W3 sToro mpm momornm m. 1
cliefiyeT JUHENHOCTH 110 OCTATLHBIM apTyMEHTaM. 0

Teopema 4.21. Bexmopnoe npouzsedenue obaadaem caedyowumt c60Ucmeamu;
1) [a,b] = <fb, a];
2) [Aa,b] = Ma, b];
3) [a+b,c] =[a,c]+ [b,].

HMokazaTeabcTBo. [In. 1 u 2 cpasy BeiTekatoT us onpenenenns. /las noxasarenbcTBa
. 3 pacemorpum BekTop d = [a + b, ¢] &[a, c] &[b, ¢]. Torna

(d,d) = ([a + b, ] a,c] &lb,dl,d) = (@ + by, d)y a e, d)y (b, e, d) =0.
Suagut, d = 0, a 5To U eCcThH 1. 3. a

Teopema 4.22. [Iycmo e, ey, €3 — 0pmonopMuposannblii 6a3UC NOAOHCUNEALHOT OPU-
enmayuw. Tozda

. o a3 . a3 aq . a1 ao .
[a,b] = det ( by by ) e1 + det ( by by ) ey + det ( b by ) €3

U
a1 a9 ds
<Cl, b, C> = det bl bz bg
C1 €y C3

H€p606 PaABEHCMBO CUMBOAUYECKU 3ANUCLIBAIOM 6 BU()G

€1 €2 €3
[a,b] =det | a1 ay a3
by by bs

MokazaTeabcTBo. Bocmoansyemcs mpensiayinen Teopemon un demmvon 4.17:

[a,b] = [are1 + aze; + ases, biey + byey + bses] = aby [er, 1] +a1by [eq, €3] +aybs e, €3] +
S—— S—— S——

0 €3 —€2

+asghy [€g, 1] Fasbs [€2, €3] +azbs [e2, €3] +asby [e3, €1] +asbs [e3, €3] +asbs [es, €3] =
N—— N—— N—— N—— N—— N——
—es 0 €1 €2 —e1 0

= (a263 <:>Cl362)€1 —|— (Clgbl @albg)eg —|— (albz @azbl)eg =

. Gz as . Gz ap . a1 Qg .
—dlet(b2 63) el—l—dlet(b3 51) eg—l—dlet(b1 62) es.
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,ﬂJIH JOKa3aTeJbCTBa BTOPOI'O COOTHOIICHNS BOCIIOJNB3yEeMCHA OIIpeneJeHIeM CMelllaH-
HOT'O ITpOM3BEICHNA, IIEPBEIM COOTHOIIIEHUEM 1 3allIChI0 CKAJAPHOT'O IIPOU3BEACHNA B IIPs-
MOYTOJBHBIX KOOpANHaTaXx:

_ _ az as \ as ap \ ay Gz}
(a,b,c) = ([a,b],c) = det ( by b ) ¢y + det ( by by ) ¢y + det ( b, by ) C3

a1 a9 ds
= det bl bz bg . O

1 G2 C3

CaenctBue 4.23. [lycmv 6 opuenmuposanuom npocmpancmee 6blOpan opmonopmupo-
sannvili 6asuc € = (e, €q, €3) nodoxcumeavrot opuenmavuu. Tozda

(a,b,¢) = V,.(a,b,c) =V:(a,b,c)

das aw0bbir 6exmopos a,b,c. B wacmuocmu, mvi doxazaau meopemy 4.5, chopmyaupo-
sannylo 6 nauase napaepada: |V (a,b,c)| pasusemesn obvemy coomsememeyowe2o na-
passesenuneda.

Bynem obosnavarn det (A) qepes |Al.

Caeacrue 4.24. [Liowads napaiieao2pammna, nocmpoenno2o wa éexmopar a u b npo-
CMPANCMEA 3ANUCHIEAEMCA 6 NPAMOY20abHblE Koopdunamaz (w060l opuenmayuu /) xax

2 2 2
. as dsg as dp a1 Qg
S((e,5)) _J b bs | Tlbs b | T b |
Teopema 4.25. Huerom mecmo caedyowue Gopmy.iol:
1) la,[b,c]] = bla,c) cla,b) (Popmyaa deoiinozo eexmopnozo npoussedenus

waw “6ay muwnyce yad”’);
2)  a,[b,e]]+ [b, [c,al] + [¢,[a,b]] = 0 (moacdecmeo Arobu).

[MokasaTteabcTBo. 1). Bribepem opTOHOPMUPOBAHHDIN GA3WC €1, €3, €3 MOTOKNTETHHON
OopMeHTallnn TaK, YTO

a = (al,ag,ag), b:(bl,bQ,O), C:(Cl,0,0),

T. €. €1 COHallpaBJ€eH C C, €3 JEXUT B IIJOCKOCTHN b, C. TOF,I[EL

_ by 0 0 b by by _
[b,c] = (‘ 0 0110 ¢ || e 0 ) = (0,0, bsey),
_ az as as ay ap dgz _
[a, b, d]] = ( 0 <byey |7 ‘ Ehye; 0 0 0 ) = (Sazbser, arbyer, 0).
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C mpyrou cTOpOHBI,
(a,c) = areq, b{a,c) = (arc1by, areibs, 0),

<Cl, b> = Cllbl —|— agbg, C<Cl, b> = (alblcl —|— agbgcl, 0, 0),

OTKYa
bla,c) <cla,b) = (Sazbyer, arerby, 0) = [a, [b, c]].
2). llom. 1) :
arlbcl] = bla,c) cela,b)
+ bleal] = clab) ealbe)
ef0b] = albre) oblarc)
[a, [b, c]] + [b, [e, a]] + [c, [a, b]] 0
O
5. IIpaMble Ha IJIOCKOCTH
Omnpepgenenvie 5.1. Aueebpauueckas aunus (Kpu6as) Ha MIOCKOCTH — MHOKECTBO,

3ajlaBaeMoe B HEKOTOPON ad pUHHON crucTeMe KoOpanHaT ypasHenneM Buga F'(x,y) = 0,
rue ' — MHOrOUNIEH:

Flz,y)= Y aya'y’,  1,j=0,1,2,...

ij<n

Yucao n HasbBaeTCA cmenensio mro2ouiena F u nopadrom coomeememeyoueti xkpusot,
ecIn XoTA 66l OnuH U3 Kod(PMUINEHTOB a;; ¢ 1 + J = n oTander ot (.
Hapamempuuecrkum ypasrenuwem kpueot Ha3bIBaeTCA

i ro=7(t),

rjge { — mapameTp.
IIpumep 5.2. Oxpyxuocts 22 + y* = 1 MoxkeT 6bITH 3aaHa B BHE

xr = coslt,
y = sint.
[TapameTputeckoe ypaBHuenme mpsAMON Ha TIOCKOCTH:

r = w9+ al,
y = yo+ Bt

F =7¢+dt, WA’ {
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Q2

T

3nech o = (o, Yo) — HEKOTOpas TOYKA Ha MpsIMON (Havarbhast), a d = («, [3) — HeKo-
TOPBIN HEHYJIEBOW BEKTOP (HampaBisiominil). Buipaxas ¢, morydaeM KaHOHUUECKOE YPa6-
HEHUE NPAMOU

T =Ty Y Yo
a B
3ameyanue 5.3. B kanonmydeckoMm ypaBHEHUN MOMYyCKaeTCs paBEHCTBO HYJIIO HEKOTO-
PBIX (He Bcex) snamenaTenen. [Ipm oToM cooTBeTCTBYIOMNT INCIATEND TPUPABHUBACTCA
K 0.

ITpumep 5.4.
T=To Y =Yo

0 g

[lepengem x obwemy ypasuenuio:

Bz &) Saly Syo) =0, Ar+ By+C =0,

rae
A=0, B = &a, C = ayy &Pxo.

Nrak, BeAakas npsaMas 3ajaeTcsa ypaBHeHWeM mepBoro nopsaigka. O6paTHo, BesKoe ypas-

HeHnme mepBoro mopaAaka safaeT npamyio. /[leicrBurensro, pacccMoTpnM ypaBHEHME

Azr + By + C = 0. Ilyctn, manmpumep, A # 0. BosbMeMm B KadecTBe Ha9albHOU TOUKH
(20,0), Tae ¢ OUpeIeTNM W3 yPABHEHNS

A$0—|—C:0, g —

ﬁﬁ

B kadecTBe nampaBisioniero BeKTopa Bhibepem (<:>B ,A). Toraa mcxonnoe ypaBHeHUe
PaBHOCUJIBHO KaHOHMYIECKOMY

$+%:y©0

=B A

Teopema 5.5. [Ipamvie na naockocmu ecmv 6 MOUKOCTNU AAREOPAUNECKUE AUHUY NEP-
6020 nopadra. lpu smom dea ypasuenus

Fi(z,y):=Aix+ Biy+Ci =0
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Fy(x,y):= Asx + Boy + Cy =0

zadarom odny u my sce npamylo mozda u Moabro mozda, Ko2da OHU NPONOPYUOHAALHDL
(cucmema woopdunam durcuposana !), m. e. cywecmsyem marxoe X # 0, wumo Fy = AF3,

mawx 4mo Al == )\Az, Bl == )\Bz, Cl == )\02

MokaszaTenbcTBo. llepBoe yTBepikaenne yxe mokasano. JocTaToIHOCTH BO BTOPOM
oudeBnana. /lokaxem HeobxoanMOCTh. IlycTh ypaBHEeHUA 3a0a10T ONHY U TY K€ TPAMYIO.
Kax ™Mbl TOKazamm, ee Hampapisiomnil BekTop (B, A1) mm (&Bs, Az). Omn Kommme-
apHbBI, TaK ITO HalgeTcs Takoe A # 0, 94To

Ay = AAy, By = \B;.
Pacemorpum mo6yio Touky (o, yo) npamon. Toraa
Ayxo + Biyo + C1 ©A(Azxg + Bayo + C2) = 0,
Chr A0y, =0, C = MO, O

Jlemma 5.6. Bexmopot (o, 3), napasaeavnvie npanoti Ax+ By + C =0, onpedeasiomes
coomeememeyouum 0dnopodusvim ypaswuenuen Ao+ BF = 0.

MokasaTreabcTBo. B kiacce mo6oro BekTopa (o, (3), TapallesbHoro IpAMON, HMeeTCs

npencTaBUTeb %, rae P, a crepoBarenbno, m (), nexnT Ha npamon. lorga, ecam
P(vayP)v a Q(vayQ)v TO

Azp + Byp+ C =0, Azg + Byg + € =0,

TaK 9ITO

A(J}Q <:>$p) + B(yQ <:>yp) =0, Aa+ Bp =0.

O6parno, ecin Ao + B = 0, To otnoxumM ero ot Toukn (xp,yp) Ha npsamon. Toraa
apyrou xKowern (xg,yg) = (xp + o, yp + [3) yIoBIeTBOPSET ypABHEHIIO

Azg+Byg+C = A(zp+a)+B(yp+3)+C = (Azp+Byp+C)+(Aa+B3) =040 =0. O

Teopema 5.7. [Jse npamnvie ¢ ypasuenusnuy Arx + Biy+C1 =0 v Ayx 4+ Byy +Cy =0

. A By
nepecexalomes (6 oduwol mouke), ecau B # 0, u napasieavuvt (6 m. . moeym
2 b
A By
cosnadamy), ecau =0.
Ay By

NokazaTenbcTBo. llpsaMmble mapaiiesbHbl TOra U TOIBKO TOIa, KOTJa UX HAIPaBJsi-
Iole BEKTOPHI KOJIMHeapHbl, T. €. (&B, Ay) xomnuneapen (<Bs, Az), 910 o3HadaeT
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B Ay A By
PaBEHCTBO HYJIKO OIIPpENCIUTEIA = . MeTO,I[OM NCKITIOYEHNSA 10Ty~

<:>B2 A2 A2 B?
O

qaeM 1 MepBoe yTBEp:KeHue.
Onpegenenue 5.8. Ilycrs ¢pukcuposano (!) ypasHemne nekoTopoi mpamonn F(x,y) =
Ax+ By+C = 0. Hoaoxncumenbnas noayniocrocmo s F onpenenseTcsa Kak MHOKECTBO
Fy Touex (x,y), yaoBIeTBOPAIONINX HepaBencTBY F(x,y) > 0. AHaloru<no ompeneiseTcs
ompuyamevuas noaynaocrocms F_ xax F(x,y) < 0.

3ameuanue 5.9. Iloka Mbl He foKazaim, ITO DTO AENCTBUTEILHO MOMYILIOCKOCTH.

Teopema 5.10. Fcau mouru P u Q) aexcam 6 0dnoti noayniockocmu, mo u 6€cb ompe-
zo0k PQ) aeamcum 6 neii. Feauw P u @ aexcam 6 pasuvix noayniockocmar, mo ompeszor PQ)
nepecexaem dannyro npamyro. B wacmuwocmu, Fy u F_ deticmeumeavno noayniocrocmu
¢ epanuyeti, pasnot danmnot npamoi.

HMokasareancTrBo. llyctn P(xp,yp), Q(rg,yg). Koopammarer Todex orpeska PQ)
IMEIOT BIL

prp+irg
t A Y
_ WyptAyg H > 0.
y = ptA

Torna

A A A 1
Pl $Q+Buyp+ yQ+Cu+

F(X) = Ax+t By+C = _
(X) = Az+By+C . — e

[ F(P)+HAF(Q)],

Mpu¥eM MHOXKUTENb CTPOTO MONOKUTENeH. JHavduT, ecan P u () npunamiexart [ win

F_,1.e. F(P)u F(Q) oanoro suaka, 1o F(X) Toro xe snaka. Ecim xe F(P)u F(Q)

1 1
A3HBIX 3HaAKOB., TO IIpU = =5 A )\ = =
p ; P H = TF(P)] IF

(@]] COOTBETCTBYIOMEE F(X) obparaercs B
0. O
3ameuanue 5.11. Bekrop (A, B) npu 5ToM “yKasbiBaeT” TOJOKUTENHHYTO TOTYTIOC-
KOCTH B CIeyTOIIeM cMbiciae. Kcim OTIoXNTE €ro 0T HEKOTOPOH TOYKH (Xg, Yo) Ha Mpsi-
MO, TO ero KoHell okaxkercs B Fly. [lercTBuTenbro,

A(zo+ A)+ Byo+ B) + C = (Azg + Byo + C) + A* + B* = A* + B* > 0.

Onpepenenue 5.12. MuoxecTBO BCcex TPAMBIX Ha ILIOCKOCTHU, MPOXOIAIINX UYepes
PUKCUPOBAHHYIO TOYKY, HA3LIBAETCI COOCMEENHLIM NYuKoM, a caMa (PUKCUPOBAHHASL
TOYKA — YEHMPOM NYUKA.

MmuoxkecTBO Bcex MpsAMBIX Ha MIOCKOCTH, MapALTEThHBIX TaHHOW TPSAMOU, Ha3biBaeTCs
necooemeennvim nyurom. (Tepmunonorus cBsasana ¢ TPOEKTUBHON TeOMeTPUEN. )

Teopema 5.13. [Ipanas [ ¢ ypasnwenuenm F' = Az + By + C = 0 npunadaescum (cob-
CMBENHOMY UAU HECOBCTNEENHOMY) NYUKY, 200a6aAEMOMY NAPOT HECOENAIAIOUUT NPAMBLE
Iy uly ¢ ypasnenuamu Iy = Ajx + By + Cy =0, Iy, = Ayx + Boy + Cy = 0, moada u
Moabko Moeda Koeda €€ YPaBHEHUE ABAACMCA HEMPUBUAALHOU AUHETNROU KOMOUNAYUET
ypasuenut {1 u ly: F' = ol + BF;.
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MokasareabcTBo. Pacemorpum ciydan COBCTBEHHOTO myuka: 4 Ny = Po(wo, yo).
[Tpsivas [ mpuHamgIeKuT >TOMY YUKy TOTJa U TOALKO TOTda, Korga Fy € (.

HEoBXOIUMOCTD. Ilycts P # Fy — mpomsBoabHas Touka [. Paccmorpum ypabme-
Hne

ﬁ = FQ(P()) . F1 <:>F1(P0) . F2 =0.

JTo ypaBHeHne He cTapiie mepBoil crenenn. lpw stom Fi(Fy) uw Fy(Fy) me mMoryT oba
pasuaThesa 0. Tak kak (Aq, By) n (Az, By) HeKoIIMHEAPHDI, TO TIOXYIaeM, ITO (;l, E) # 0.
Taxum 06pazoM, >To ypaBHEHNE [EpBOU CTENenn u 3agaeT npamyto. [logcrasuiaas P u P
B F', y6exK JaeMCs, 9To 9Ta IpsAMasd depe3 HUX IPOXoanT, T. e. asatercs [. [lo Teopeme 5.5
NaHHOoe BbIpaxkenme F

F=MF=(\F(P) - Fi+ (&AF(Py)) - F, =0,  X#0.

JOCTATOYHOCTh. F(Fy) = ali(Fo) + BF:(Fy) =0, Py € 1.
Pacemorpum crygait HECOBCTBEHHOTD O niyuka: [y||lz, {1 # [s.
HeEoBXOaUMOCTD. Ilycts Fy — mpomsBoabHas TouKa [. PaccmMoTpnm ypaBHenne

ﬁ = FQ(P()) . F1 <:>F1(P0) . F2 =0.

JTo ypaBHeHue He crapine meppon crenenn. pwm orom Fi(Fy) n Fy(Fy) we paBrsaioTcs
0. Tax xak (A, By) u (As, By) KomHeapHbl, TO TOIyYaeM, ITO JH60 (;l, E) = 0, aubo
STOT BEKTOp HemyldeBon u Komnumeapen (Ayp, By) n (As, By). Iockorbky F = 0 nmeer
peltienus, Hampumep, Fy, To n3 (;l, E) — 0 gomxuo cretosaTn (' = 0, T.e. Fyu I
NPONOPIMOHAIBHBI, a 3HAIUT, MO Teopeme 5.5 [ = [y, 9TO NPOTUBOPEIUT YCAOBUAM.
Takum o6pazoM, DTO ypaBHEeHHe IEepBOroO MOpALKa, 3ajafollee MPAMYIO, MPOXONAIILYIO
qepes Py m mapaanenbuyto [y u ly, T. e. [. [lokazaTenbcTBO HEOOXOAMMOCTH 3aBepIIaeTCa
TakK ke, KaKk 1 B COOCTBEHHOM CIydae.

JOCTATOYHOCTh. F' = af+ (8 F,, suaunt, (A, B) xommueapen (Aq, By) n (Az, Bs).
Pas »1o ypasuenue npsmoin, To (A, B) # 0. Crenosarennto, {||[1]|l. O

CaeacrBue 5.14. Tpu npamvie A;jx + Biy + C; =0, @ = 1,2,3, npunadaesxcam odnomy
nyuky mozada u moavko moada, xKoeda

Al Bl Cl
A2 B2 02 — 0
AS B3 C13

5.1. IlpamMas Ha MJIOCKOCTHU B NPAMOYTOJbHBIX KOOpAMHATAX

Jlemma 5.15. Bexmop n := (A, B) nepnenduryaapen npanoti Az + By + C = 0.

[MokazaTeabcTBO.  BekTophl, HapallelbHble MPAMON, 3a1al0TCA ypaBHEHHEM (CM.
aemmy 5.6) Ao+ BB = 0 win (1. K. KOOpAMHATHI TpsaMoyroabibie) (n,(a,3)) = 0.
O

Onpegenenue 5.16. Bekrtop n = (A, B) massiBaeTcsa nopmaivio K upamon Az + By +
C = 0. (IIpsmoyroabras cncTemMa KOOpANHAT W ypaBHEHNE (PUKCHPOBAHDI. )
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IIpeanoxenne 5.17. Paccmoswue om mouxu P(xg,y0) do npamoi [, 3adawnoi ypas-

nenuem Axr + By + C =0 pasno

o(P.1) = |Az + By + C|

HMokasareabcTBo. llyctn P(1,y;) — mpousBonbHas ToUKa Ha mpsamoi. Tormna

p(P,1) = |PP]-

T VA2 + B? B
|(Axo + Byo + C') < (Axy + By, + C)| _ |Azg + Byo + C|

VA2 + B2 VA2 + B2 )
Onpegenenne 5.18. Ypasuenwne npsavon Azxr + By + € = 0 nazsiBaeTCsa HOPMALbHBLM,
ectn A* + B* = 1, 1. e. BexTop HOopMaan n = (A, B) nuMeeT enHIYMHYO 1IUHY.

cos (ﬁ;?; n) ‘ |<?ﬁz7n>| _ |A(zo &x1) + Blyo ©u1)|

a

Sameuanue 5.19. Kaxgas npsmas nMeeT IBa HOPMalbHLIX ypaBuenus. Quun moryva-
0TCsA U3 mpon3Boabioro ypasuenus Az + By 4+ ' = 0 kax

A B c
+ + +
(\/AQ T B VLB AT B?)

Onpegenenue 5.20. Jlas nopmanbioro ypasrenus F(x,y) = Az + By + C = 0 Bean-
ynia F(x,y) HasbiBaeTCA 0OMKAOHENUEM TOYKHE (X, Y) OT TPAMOTL.
Nnmeem (s HOPpMATBLHOTO ypaBHEHNA)

+1, ecim (x,y) € F4
&, ecim  (x,y) € F_

Fla) =< pl(e,y) ) = {

5.2. Yroa Mexay npAMbIMHU Ha ILIOCKOCTH

[IycTs B mpAMOyTOILHOU cHCTeMe KOOPAWHAT ABE MPSIMble UMelOT ypaBuenus Ajzx +

Biy+C =0mu Ayx + Boy + Cy, = 0. Torga

_ |A1 A2 + By Bs|
VAL + B -/A3 + B

(r1,m2)

|n1| ’ |n2|

Cos p =

Torpa (cm. puc.)
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dopmyaa

AAy + BBy

cosp =

VA + B\ JA3 + B3

3aJaeT BEIHINHY yIvIa 1P MEeX Iy IPAMBIMI, PAaBHOT'O IIEpeCedIeHmio F_I(_l) nF® (mrm FYn

2
F).

6. IlimockocTu 1 npsAMbIe B IPOCTPAHCTBE

6.1. IlmockocTu B nmpocTpaHCTBe

[Toka cECTeMa KOOpAnHAT MPOn3BOMbHad addunHasi.

[IycTh @ m b — nBa JUHENHO HE3aBUCUMBIX BEKTOPA, HapALICILHBIX IOCKOCTH. JTO
6azmc mrockocTu. llooToMy M0G0 BEKTOP OMHOZHAYTHO TIPEACTABISIETCS B BUIE UX JU-
mennon kKombunamm. (CrenoBaTerbHO, B3AB MPOM3BOILHYIO TOYKY TLIOCKOCTH € PaHyC-
BEKTOPOM T g, TIOTYIUM NAPAMEMPUUECKUE YPAGHEHUL NAOCKOCTU

— —

T :r0+t5+sg,

rjae s u t — mapameTphl.
U3 orux ypaBuenuil (Wim W3 TeOMeTPUIECKUX COOOpPAXKEHWUHT) fACHO, YTO TOYKA C

—

painyc-BEKTOPOM ¥ JEeKHUT B ILIOCKOCTH TOTJa W TOALKO TOrja, KOrja I <> g, d u b
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KOMILIQHAPHBI, T. €. JUHEWHO 3aBucuMbl. l[lepexoms k adppuHEBIM KOOpIWHATAM U BCIIO-
MUHasA TeopeMy W3 ajareOphbl, MoayvaeM ypaBHEHWe

T =Ty Y=Y < =20

ay ag as =0.
by by b,
Oboznavasa
| @2 as las ay |ar ap
A=l bl BT ol O n b
Lo Yo SZo
D:=<{Axo+ Byo+Cz)=| a1 ax a3 |,
by by b,

mpeobpasyeM ypaBHeHWE K BIIY
Alx &a9) + By ©yo) + C(z &2z) =0,

Ar+ By+Cz+ D =0.

.
Hockoabky @ u b wekommueapust, To (A, B,C) # 0. YBugeTh 970 MOKHO, HalpUMep, 13
cleflytomiero paccyx genus. [Jlomyctnm, a; n b; — KOOpANHATH HEKOTOPHIX BEKTOPOB G’
—
u b OTHOCHTENHLHO MPSMOYTONBHON CHCTEMBI KoopauHatr &' = (€], €, €5) TonoKnTeabHoNn
-
OpHeHTaluu. JTU TPOWKMN 9UCe] HeHyJeBble HelPOIOpINoHalbHble, TaK 9To d u b He-
o

KoJImHeapHsl. 3uadnt, [d@',0] # 0. Ho xommomenTsl sToro BekTopa (B £') B ToYHOCTH
pasubr (A, B,C).

Urax, Ar + By + Cz + D = 0 — ypasrenue nepporo nopsaka. OHo HazbIBaeTCA
0OWUM YPABHEHUEM NAOCKOCTU.

O6paTHo, paccCMOTPUM MPOU3BOILHOE ypaBHeHHe nepporo nopsiaka Ar + By + Cz +
D = 0. Torpa oaumn u3 xkoappuUIMEeHTOB IpN MepeMeHnbIX, Hanpumep, A, ne pasen 0.

4

PaccmoTpum Touky M(@%,0,0) n BekTOphl @ = (&B, A,0) 1w b = (<C,0, A). Bexropnr
HEKOLIMHEAPHBI, TT03TOMY YpaBHEHIe

T+

=
S e
T O W

=B
&

3a/laeT IIOCKOCTh, MPOXOIAIIYIO Yepe3 ToYKy M mapalieabHo d u b. Ho ecan Mbr pacmu-
1ieM onpeaenTelNb, TO MOAYyYrNM B TOYHOCTH UCXONHOE YpaBHEHNE.

Taxkum 06pazoM, MIOCKOCTH B TTPOCTPAHCTBE M alrebpanmvdecKkie YpaBHEHUs TEPBOT'O
MOPATKa OT TPeX TePEMEHHBIX — DTO OJIHO U TO Ke (HHKAKOW OJHO3HATHOCTH COOTBET-
CTBUS fazke Mpu GUKCHPOBAHHON apPUHHON CUCTEMe KOOPANHAT He YTBEPK TaeTCH ).
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3ameuanue 6.1. B monmon amamorum co caydaem MpsSMOU Ha IIOCKOCTH, TIOCKOCTH B
IPOCTpaHCcTBe, 3ajannas ypasuennem F(x,y,z) = Az + By + Cz + D = 0, pasbuBaet
MPOCTPAHCTBO Ha ABa MOJYIPOCTPAHCTBA

Fo ={(z,y.2) | F(x,y,2) > 0}, Fo ={(2,y,2) | F(z,y,2) < 0}.
Bexrop (A, B,C) onaTh ykasbiBaeT Ha Fl.

Jlemma 6.2. Bexmop (o, 3,7v) napaisesen naockocmu Az + By + Cz+ D =0 moeda u
moabro mozda, xkoeda Ao+ BG4+ C~ = 0.

MokazaTeabcTBO. AHalOrMYIHO IPAMON Ha IIOCKOCTH. a

Teopema 6.3. [Liockocmu m u 3, 3adannvie ypasuenusnuy Ajx + By + Ciz+ Dy =0

u Ay + Boy + Cyz + Dy = 0 napaaaensnor moeda u moavko moeda, xoeda sexmopot
A B O
(A1, B1,Ch) u (Ag, By, C3) koaauneapuvi, m. e. =5 =& Imu naockocmu cosna-

darom moeda u moavro moeda, Ko2da ﬁ—; = g—; = C—; = g—;.

MokazaTeabcTBo. [JOCTATOYHOCTH. U3 ycioBus mponopinoHaibHOCTH CIeNyeT, ITO
MuoxkecTBa pertennn ypasuenuu Aja+ B1f+C1y = 0 u Aya+ By3+Cyy = 0 coBnanaior,
T. €. TIOCKOCTAM TapaslIelbHbl OJHI I T€ JKe MHOKECTBa BEKTOPOB, a 3HAYNT, IIOCKOCTH
HapaJlIeIbHb.

HEOBXOANMOCTH. (MoXHO BOCTIONL30BATLCA TPEALIAYIIEN JeMMON 1 (PaKTOM 13
TEOPHUN JUHENHBIX CHCTEM, OJHAKO TPUBEIEM MOTHOE NOKa3aTelbcTBo). OuH n3 Kodd-
(pUIIEHTOB TEPBOI'0 ypaBHEHNUA J0MKEH OBITHL OTINYeH 0T HyJdA. bes orpanndenns ooII-
wHoctu, 570 A;. Torma mo memme, Hexommneapubie BeKTophl (B, A1,0) n (<C1,0, A;)
MapalIelbHbl TWOCKOCTH 71 U, TaKUM 06pa3oM, obpasyioT 6asnc. [lockoabky my || m2, TO

AQ'(@B1)+B2'A1—|—CQ'OZO, AQ(@C’l)‘I‘BQO‘I‘CQAl:O,

OTKY 2
A B A Oy
A, By A Oy
[lepengem ko Bropon »kBuBateHTHOCTH. [JOCTATOYHOCTD o4YeBHIHA.
HeobxoauMocTh. Ilo mepson wactu Ay = AAy, By = ABy u (; = A(C;. llycrs

(20, Yo, 20) — TPOM3BOILHAS TOYKA COBIANAIONINX TIOCKOCTEN, TakK 9TO
0= MAizo+ Biyo + Cizo + D1) ©(Asxo + Bayo + Carz0 + D2) = ADy & Ds.
[IponopIuoHaIbHOCTL 9€TBEPOK yCTaHOBICHA. a

CuaegcrBue 6.4. [liockocmu m u 7 (6 0603nauenusx npedvidyuieti meopemvl) nepece-
kalomes (no npamoti) moeda u moavko mozda, xkoeda sexmopvl (A1, By, C1) u (Az, By, C3)
HEROAAUNEAPHDL.
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Onpegenenne 6.5. Cobcmeennbim nyukom niockocmeli Ha3biBaeTCA MHOKECTBO BCEX
ITOCKOCTEN, TMPOXOISIINX depe3 (PUKCHPOBaHHYIO Tpsimyio. Hecobemeennvin nyurom
nA0CKOCMEl Ha3bIBAETCS MHOKECTBO BCEX TIOCKOCTEN, MapALIelbHBIX MaHHOU TLIOCKO-
CTH.

Teopema 6.6. [liockocms F' = Az + By + Cz 4+ D = 0 npunadaexcum nyury niocko-
cmet, onpedeasemony deyms necosnadaowuny naiocrkocmanu Fy = Aje + By + Crz +
Dy =0uly = Ayx+Byy+Coz+ Dy = 0 moeda uw moavro mozda, koeda F' = a I'j +ay Iy,

ede a1 U (g HE PAGHBL 0OHOBPEMEHNO HYAIO.

HokazaTeabcTBo. llormocThio amamoTUYIHO cayvaio MPSMbIX. HamoMHuM ocHOBHBIE
DTAITHI.

Pacemorpum crygan COBCTBEHHOT O myuka: w7y = [. [laockocTs m npuna qrexnT
DTOMY TMYYKY TOT/la W TOILKO Torfa, korja [ C 7.

HEOBXOIUMOCTD. Ilycrs Fy € | — mpousBoabhas Touka m. PaccMoTpnm ypaBHenne

F = FQ(P()) . F1 <:>F1(P0) . F2 =0.

J1o ypasHemnme mepBoil cremenn Tak Kak (A, By,C1) u (As, Bz, Cy) HekommmueapHb!
(nmave He MOKET GBITH COOCTBEHHBIM MyIKoM). Takum o6pasom, >To ypaBHEHHE 3a1aeT
naockocTh. Ilpn atom [ u Py B men comepxarca. 3naqaut, 1o 7. [lanbie ymHo)KaeMm Ha
KOHCTaHTY.

JOCTATOYHOCTH oYeBUIHA.

Pacemorpum crygait HECOBCTBEHHOD O myuka: mq||mg, 1 # ma.
HeobXoauMocCTh. Ilycts Py — mpomsBoabHas TOYKa 7, HapallelbHON T U 7.
PacemoTpum ypaBuenue

ﬁ = FQ(P()) . F1 <:>F1(P0) . F2 =0.

Jro ypasHemnue nepsoin crenenu. J[lencrBurensio, Tak Kak (Ay, By, C1) n (As, B2, C3)
KoJmHeapHsl, To au6o (A, B,C) = 0, mubo >TOT BEKTOpP HEHYJIEBOU U KOIITHHEAPEH
(A1, B1,Cy) m (Ag, By, C3). lockombky I = 0 mmeer pemmenus, manpumep, Py, To u3
(A, B,C) = 0 gonxuo cregoBats D = 0, 1. e. Fy u Fy nponopHuoHaIbHBL, a 3HAYHT,
Ty = Ty, 9TO IPOTUBOPEYNUT YCAOBUAM. Takmm o6pa3oM, DTO ypaBHEHHE MEPBOrO IMO-
pAIKa, 3ajalollee IIOCKOCTD, IPOXOAIIYIo depes Py U mapallelbHylo T U Ty, T. €. T.
JoKazaTelbcTBO HEoOX0MMOCTH 3aBeplIacTcs TaK &Ke, KaK I B COOCTBEHHOM CJIydJae.
JOCTATOYHOCTH oYeBUIHA. O
Onpepaenenne 6.7. Cobcmeennoti c643K01 naockocmetli Ha3bIBAETCA MHOKECTBO BCEX
ILIOCKOCTEN, IPOXOJAIINX depe3 (PUKCHPOBaHHYTo TOUKY. Hecobcmeennot c64A3K01 naoc-
Kocmeti HasbIBaeTCS MHOKECTBO BCEX IIOCKOCTEN, MapalleJbHbIX NaHHOU IIPAMOIL.
3ameuanue 6.8. Tpu mob6ble MIOCKOCTH, He IIpUHAJEKAIlNe ONHOMY My9KY, OIHO-
3HAYHO ONPEAEATIOT CBA3KY. (CM. 3a1ady U3 3aJadHiKa O B3aWMHOM PacCloNOKEHUN TPeX
TIOCKOCTEN )
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Teopema 6.9. [Liockocmy F'= Ax + By + Cz + D = 0 npunadaesxcum cea3rxe niocro-
cmeti, onpedeasemony mpems necosnadaowumu niockocmanu F;, = Ax + By + Ciz +
D; =0, (i1 =1,2,3) mozda u moavro moeda, kozda F = oy F1+ayFy+asFs (6 npedno.o-
AHCEHUU, YN0 6 PEFYALMAME NOAYUUAACH NAOCKOCTD, M. €. YPAGHEHUE NEPE020 NOPAIKA),
UAU, IKEUCAACHITIHO,

A B Cp Dy
Ay By Cy Dy | 0
As Bz (U3 Ds '
A B C D

MokazaTeabcTBo. llpex e Bcero mokaxkeMm SKBUBAIEHTHOCTD MOCAETHUX MBYX YCIOBHM.
B ommy cropony oveBnano. B apyryio: momycTuM, 9To onpenenTenh paBeH HyIio (mpn
yeaosun caskn). Torga crpokn aumento 3aucuMbl. [lomycTtnm, 910 KOdMPUITEHT Ipn
F paen nyumio, T. e. 3apucumbl ypasuenus F; = 0, (i = 1,2, 3). [lockoabky nmeem cBs3Ky,
TO TAKOTO OBITH He MOXKeT (MOoXydaeM, pazobpaB CIydan).

COBCTBEHHBI CAYYAil. Ilycrs (o, Yo, 20) — €INHCTBEHHAA TOYKA MepecedeHis
TpexX MIOCKOCTEMN.

JOCTATOYHOCTL. Ecin nmeem awmmenmyio xomouuanmio, 1o u3 Fi(xo, Yo, z0) =
0, (¢« = 1,2,3), caenyer, aro u F(xo,yo,20) = o1Fi(x0,y0,20) + a2fFs(x0,y0,20) +
asFs(xo, Yo, 20) = 0.

HEOBXOAUMOCTD. Ilycth (20, Yo, 20) — €AMHCTBEHHAA TOUKA TTEPECETEHA BCEX e~
THIpEX MIOCKOCTen. Torja B yKasaHHoW MaTpuile n3 Kod(pPUINEHTOB JUHeTHas KOMOU-
Hallis cTOTOHOB ¢ KoxpduimenTamMu (&g, Yo, 20, 1) HeTpUBHAIbHA U PaBHa HYJTI0. SHATUT,
oTpelenTeNb PaBeH HYJIIO.

HECOBCTBEHHBII CaAyYAil. Ilycts (o, ,7) — HaOpaBIsionuil BEKTOP MPAMOIL,
KOTOPOW TMapaielbHbl TIOCKOCTH CBI3KH.

JOCTATOYHOCTD. Ecim mveem aunenmyio kombunarmio, 7o u3 A;a+ B;f+ Cyy = 0,
(1 =1,2,3), crenyet, aTo smHennas Komounanms (o Ay +asAs+asAs)a+. .. TakKke paBHa
myao. OcTaroch BOCITOABL30BATHCSA KPUTEPHUEM MapalIelbHOCTH BEKTOPA W MIOCKOCTH.

HEOBXOANMOCTD. Jlunennas koMGuralms cTorbnos ¢ koxpduinentamu (o, 3,7, 1)
paBia (0, ITO BIeYeT PABEHCTBO HYJIIO OPEIETUTEN. O

6.2. IL10CKOCTh B IPAMOYTOJLHON CHCTEMe KOOPJUHAT

IIpennoxenune 6.10. Paccmompun niockocms Ax 4+ By+ Cz+ D = 0. Toeda sexmop
n:= (A < B,C) nepnenduryaapen niockocmu.

MokasaTteabcTBo. Bexrop (o, 3,v) mapaiieren MIOCKOCTH TOrJa ¥ TOILKO TOTIA,
Kornaa

0=Aa+ B3+ Cy=(n,(a,53,7)),

T. €. BEKTOp n MNepleHAnKyIapeH Ji000My BEKTOPY MIOCKOCTH . 0
Onpegenenne 6.11. DToT BEKTOP n, 3aBUCAIIIT OT CUCTEMBI KOO IUHAT U YPaBHEHN,
Ha3bIBACTCS HOPMAALIO K TIOCKOCTH.

25



Teopema 6.12. [lycmos naockocms m umeem ypasuenuve Av+ By+Cz+ D =0, a Py ¢
koopdunamanu (2o, Yo, 20) — npoudsoavias moura. Toeda

B |Az + By + Cz + D|
B A2+ B2+ (2

MokasareancTBo. Ilyctn P(x1,y1,21) — mpouwsBoibHas Todka 7. Toraa

p(P,m)

7] A2 4 B4 C?
|(Azg+ Byo + Czo+ D) &(Axy + Bys + Cz1 + D) _ |Azg + Byo + Czo + D]
VA2 + B2 4 (? VAT BT+ (2

Yrast MEXKNY ITJOCKOCTAMU, HOPMaJbHOE YpPaBHEHUE M T. . TaKiKeE€ OINPENCIAIOTA U

p(P,m) = |PP||cos (ﬁ;ﬁ n)‘ |<?ﬁ3,n>| |A(zo 1) + B(yo ©y1) + Cz0 &21)|

a

BBIMUCHATOTCA ITOJHOCTBIO aHAJOTI'MYIHO CJAYYalo IPpAMBIX Ha ITJOCKOCTH.

6.3. Ilpamasa B mpocTpaHcTBe

TexymmiT BeKTOp TOYKH Ha IIPAMON 3alnIleTcsd B Buae ¥ = rg -+ d -+, Toe rg —
0 9 0
pPanyc-BEKTOP HAIaIbHON TOYKM, a ¢ — HAPABIAIONINI BEKTOP mpaMon (cM. puc. 1).
—
a
— / —
7“0/ r
Puc. 1.

Ecan B xoopanunarax d = (o, 3,7), TO TOIyIaeM Napa.mempuueckue ypasnenus

T = X9+ at
y = yo+ Gt
z = zZg+ 7t

Bes ITapaMeTpa OHU MOT'YT OLITL 3allCadbLl KaK KAMOHUUECKUE YPpaeHEHUSA

$<:>$0_y<:>y0_2<:>20
a 3 v
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3aMeTnM, 9TO B MPOCTPAHCTBE MpSIMas ONpeNesieTcs yKe ABYMs JIUHENHLIMU ypaBHe-
HUSMU, WHBIMI CJIOBaMU, KaK Mepecedenue nByX miockocten. [lewcTurenvno, @ # 0,
JOTTYCTUM, 9TO ¢« # () I BOBHUKAIOT JIBe TepeCEKAIONINecs MI0CKOCTN

Ble &wo) waly Syo) = 0
(e ) Salz<z) = 0

O6patHo, mycTh IMeeM Tepecederre MByX MIOCKOCTEN, T. €. CHCTEMY

A1$—|—B1y—|—012—|—D1 = 0
A2$+B2y—|—CQZ+D2 = 0

npudem (Aq, By, C1) u (As, By, Cy) HeKommHEapHBI.

Ilpemnoxenue 6.13. B omom cayuae vanpasisiowut 6exkmop npamoti nepeceuenus pa-
6eN
By Cy

(. B,7) = (‘ B, O, )

[JokazaTeabCcTBO. 3aMeTHM, 9TO YKa3aHHBIN BEKTOD He SBISETCA BEKTOPHBIM TTPOU3-

CQ A2 A2 B2

‘Cl Ay

‘Al By

BegeHeM, TaK KaK CUCTeéMa KOOpInHaT He obsa3ana OLITL HpﬂMoyFOHBHOﬁ.
HEL,I[O JOKa3aThb, ITO (1) yKaBaHHBIﬁ BEKTOD ABJIACTCA HEHYJIEBBIM 1 (2) OH IIapaJlIeleH
ILIOCKOCTAM, T. €.
A10é—|— Blﬁ + Cl’}/ =0
AQOé + Bzﬁ + CQ’}/ =0

Hawumewm ¢ (2):

Al B1 Cl
B, C C, A A B
Al ! ! —|— Bl ! ! —|— Cl ! ! — Al B1 Cl — 0
By O Cy A, Ay By A, By, O,

Amaroruvno, mJas BTOPOTO ypaBHEHUS.
(1). MomycTum, 9T0 BeKTOp HydeBoil. Torma

B1 Cl 01 Al Al o Bl

G G A& A& B

n BekTopbl (Ag, By, C1) n (As, B2, Cs) kommmueapust. [IporuBopedme. (Moxkmo Takike

JdOKa3bIBaTh, pacCyxXKasd ¢ BEKTOPHBIM IIPpOU3BEACHUEM B ,I[pyFOﬁ cucremMe KOOp,I[I/IHELT.)
O
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6.4. HekoTopsle GpopMy.Jbl B IPAMOYTOJIbHOU CHUCTEMe KOOP AU-
HAT

1. Yroa Mexay HPAMBIMU C MapaMeTPUYECKUMU YPaBHEHUAMU © = 71 + dq -1 u

F =rq4+dq-t:
- W@y, dg)| larag + 8182 + 7172
ldl o+ Bt Jad+ g3 +08
2. Yroa Mexay mpaMou 7 =7 o+ d -t u mrockoctbio Ax + By + Cz+ D = 0:
Ao+ BB + O
VA + B+ C? - Ja? + BT+ 47

3. PaccTosaHne MexX Iy CKPeIMBAOIIUMUCA MIPAMBIMHA C IapaMeTPUIeCKIMUI YpaB-
HEHUAMEU © = 71+ d -t u ¥ =79+ dy-t. HocTpoum naparierenumnes co cToOpoHamMu
P &7y, dy 1 dgy Torga HCKoMoe paccTOsHIE — BLICOTa DTOIO MapaJllelelnne/a;

sin =

T1 =Ty Y1 <Yy 21 =22
det oy 1 Y
p_K_ (@ 1,d2,71€T9)] az B2 Y2
a1.a o 2 2 2
S |[a 1 2” 51 T Y1 O (o531 51
52 72 Y2 O3 (8% 52

4. PaccToAaHMe OT TOYKH C PAAUyC-BEKTOPOM 7 | 10 MPAMOU C apaMeTPUIeCKIM
ypaBHeHueM © = T o + d - t. IlocTpoum mapajieiorpaMM CO CTOPOHAMU T | <7 g U d .
Toraa nckomoe paccTosHme — BBICOTa DTOI'O MapaslleleJorpaMMas

S |[T1<:>F0,Cl]|
P e S =
|d | [z

2
Y1 <=Yo <120

B gl

2120 T1STo
vy o

NIRRT

T1<=To Y1 <=Yo

o g

7. 3aMeHBbI KOOpAUHAT

Hanomuum, 4To adpdpurHas cucreMa KOOPAUHAT B IIPOCTPAHCTBE 3aMaeTCsA PENepoM

— — —
Oejezes, a Touka M mpuobpertaeT KOOpAUHATHI (&, Y, Z), €CIn = x€1 + yey + z€3.
e [N AN N
Pacemorpum Taxxke gpyrou penep O'ejelel, m cOOTBETCTBYIOUIYIO CHCTEMY KOOD TUHAT.
Paznoxum HOBBIE BEKTOPHI TIO cTapomy 6asmcy:

=/ — — —
€, = C11€1 tC€x+cC31€3
=/ — — —
€, = C12€1 tCp€r+C32€3
1/ - - -
€3 = C13€1] tC3€x+ C33€3
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o !
Onpegenenne 7.1. Mampuyeii neperoda ot Oejezes k O'€) €€l Ha3bIBaeTCA MaTpHUIA

€11 €12 (13
C = C21 €22 €33 )

C31 €32 Cs3

T. €. TaKas MaTpPHUIa, 0 CTOXOIAaM KOTOPOU CTOAT KOODPAMHATHI HOBBIX Oa3MCHLIX BEK-
TOPOB B CcTapoM Oazuce.

3ameuanue 7.2. Kax 66110 oKa3ano, HapMep, TPU OPeeIeHnn OPUEHTAINN, €] ehel
ABIsIETCA 6Aa3MCOM TOT/Ia U TOALKO Torfa, Korga (' HeBbIpoX nena, T. e. det C' = (.

HamoMmuunm mekoTopble ompejelenns W CBOICTBa oNepaluil HajJ MaTpumamu. IlycTob
A = ||a;j|]| — maTpuma m X n, Tak 9To B HeH M CTPOK W N CTOJOIOB, ¢ = 1,...,
Jj=1,...,n. lycrs B = ||by|| — martpumna n X p. [pouzsedenuen mampuy A n B (ducno

m7
cTONONOB A MONKHO cOBMajaTh ¢ IUCIOM CTpoK B) masbiBaeTcsa Marpuna C pasmepa
m X p, MATPUIHBIE DIEMEHTHI KOTOPOU OMPEIEIIOTCS (POPPMYION

n
= Z aikbkjv
k=1

(“ymuoxenmue -t cTpokn A ma j-i cronben B”).
Tpancnownuposannoli Marpuuei Kk MaTpune A HasbiBaeTca Takas Marpuua AT = |[af|
T _ .
pasmepa n X m, 9To a;; = dji.

Brimoamsercs crenyionmie cBoiicTBa (Bo Bce MyHKTaX, KpOMeE TIEPBOI0, MaTPHUIIbI KBa-

JpaTHBIE):
1) (AB)T = BTAT,
2) det AT = det A,

)
)
3) det (AB) = det A - det B,
4) (AT)"1 = (AT (ecau obparas MaTpuia cymecTsyer).

Teopema 7.3. Koopdunamsl mourxu 6 cmapoti u o601t cucmeme KoopIunam ces3anbl
COOMUOULEHUIMU

T T o
y [=Cl vy |+ w |, (1)
z 2 20

ede C' — mampuya neperoda om cmapoeo 6asuca x nosomy, (Lo, Yo, z0) — Koopdunamot

0" (no6020 navasa woopdunam) e cmapot cucmeme woopdunam, (x,y,z) u (x',y',2")
— woopdunamor daunoti mouku 6 cmapoti u M0G0l cucmemar KOOPIUNAM, COOMGEEM-
CBENNO.
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MokazaTeabcTBo. Ob6oznadnm mamayio Touky depes M. Torma

S SR S0
W:OO/—FOM, OO/:$061+yOgQ+ZOgg,
O'M

I [3=d4 =1
=x€, tye,+zez=

/

! — — — — — — ! — — —
=a2'(c11€1+can€atc31€3)+y(c12€1 + €2+ ca2€3) + 2 (c13€1 + ca3€2 + 33€3) =

(
= (2'err + ylera + Zlers) €1+ (2'ea + ylean + Zleas) €2 + (a'esr + yless + 2ess) €3,

6?‘3 = (2o + e+ y'an + 2/013) €1+

+(yo + a'eor +y'ean + 2/023) €2+ (20 + a'es1 + y'ess + 2/033) €. u

Caegcreue 7.4. Koopdunamosl 6exmopos 6 cmapoti u no601U Cucmemar c643amMbl COOM-

HOWEHUAMU.
!

(a4 (%
gl=C| p
¥ o

3ameuanue 7.5. Besakoe coornotene Buia (1) ¢ meBbIpoK gennon maTputein C' MoKeT
6BITDL MPOMHTEPIPETUPOBAHO KaK MEPEX0 K HEKOTOPOU HOBOU CHCTeMe Koop wHaT. B
JaCTHOCTH, MPUMEHAS K KOOPAUHATaM Oa3WCHBIX BEKTOPOB, MOTYYaeM ONHO3HAYHOCTD.

Teopema 7.6. [lyecms C' — mampuya neperoda om Oereses k O€elehes, a D — ma-
mpuya neperoda om Oelehel w Oelelel. Tozda CD — mampuya nepexoda om Oejezes
K Oeleyey.

[MokasarenbcTBo. (PakTHIecKn 2TO MePBOE CBONCTBO TPAHCIOHUPOBAHIS. )

! "

X X
y | =Cl y | =CD| " |. O
= Z/ Z//

7.1. HpﬂMOYI‘OJIbeIe CUCTeMbl KOOpAMHAT MU OpPpTOrOoHAJBbHBIC
MaTpHUIbI

Omnpegenenne 7.7. Ksanparnas maTpuna C HazbBaeTca opmoeonaivoi, ecmm O =

Clme CTC=EunCCT =EL.

Teopema 7.8. Mampuya C' s6asemes opmozonaivnoti mozda v moabro moeda, koeda
ONA AGASEMCA Mampuyet neperoda om oOPpMOHOPMUPOGANHO20 HAZUCA K OPMOHOPMUPO-
6ANHOMY.
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HMokazaTeabcTBo. Pacemorpum cootromenne CTC = E. B marpune CT B i-it cTpoke
! .

3alicanbl KOOPMHATHI €, B Oasuce €, (Tak xe, kKak u B i-M croadue C'). IlooTomy,

ecin € ; — TPOW3BOIBHBIN OPTOHOPMUPOBAHHBIN GA3MC, TO MPABMIIO YMHOKEHIS MaTPUII

“cTpoka Ha cTOXOeI] 3aluIIeTCsa Kak

IR
/
a TO U €CTh yCIOBWE OPTOHOPMUPOBAHHOCTH Oasnca é’j- O

YrBepxaeuue 7.9. Opmozonaibuvie mampuyvt 2 X 2 umerom 0dun u3 caedyouwur 6u-

dos:

o [ cosv S8in o [ cos¢ sin
~ \ sing cose | sing <Scose

Yeou @ moocno cuumamsv npunadaexcawum [0,27).
HdokazaTeabcTBo. PaccMoTpuM OPTOT'OHAIBHYIO MATPUILY KaK MATPUILYy Mepexola OT

! !
OPTOHOPMUPOBAHHOTO 6a3mca €1, € 3 K OpTOHOPMUPOBAHHOMY 6asmncay €1, € 5. Torga Bek-
7 . v
TOp €7 MMeeT KOOpAWHATHI (COSp,sing) i HEKOTOporo . llepnenankymspHbiii emy

BEKTOD eNUHIIHON JAIuHbl (1Ba) paBen (F sin ¢, + cos @). O
3ameuanue 7.10. B nepsom caydae det 1, a reoMeTpudecKuil CMbICI — DOBOPOT Ha
yron ¢. Bo Bropom ciydae det C' = &1, a reomMeTpuaecKui CMBICT — KOMITO3HUIUA

IIOBOPOTa Ha YI'olql ¢ M CUMMETPUN OTHOCUTEIBHO gl, IIOBEPHYTOI'O Ha YyI'OJ .

YrBepxkaeuune 7.11. Onpedesumens opmoeonasvnot mampuyst C' arbo2o nopadka pa-
een +1.

NokazaTeabcTBo. | = det £ = det (CTC) = det (CT)det C' = (det )% O
Omnpegenenne 7.12. OpTroronalbHas MaTpUIa ¢ ONpeelnTeleM +1 HasbIBaeTCs cne-
yuaapnot opmoeonaibroti. MHOKeCTBO TaKIX MAaTPUIl pasMePHOCTH N X N 0003HaTaeTCA
SO(n).

cos @ <&sinp

) Onucanne
singp  cos

3ameuanue 7.13. Msr noxasanu, aro SO(2) =

SO(3) cocraBisieT cofepkanme CIeAyioMero myHKTa.

7.2. Yrabsl Dnaepa

Pacemorpum nepexo ot npaMoyroabaon cucteMsl (e eze3 K IPAMOYTOIBHOU CHCTEME
Oélehely. Canraem, 9TO OHM OMHAKOBON TOJOKHUTETLHON opuenTanun. Berm €5 = €3,
TO BCe CBOJAUTCA K 3aMene KoopAmhaT Ha miockoctn ¢ det = +1. Ecam € = &€,
TO BCe CBOJUTCA K 3aMeHe KoopuHaT Ha miaockocTu ¢ det = &l. Taxkum obpasowm,
MOZKEM CYUTATh, 9TO BEKTOPHl €3 U €4 HEKOLIUHEAPHbL. DTO HOPMAlbHbIE BEKTOPH K

[€3,€5]

o
maockocTam 7 = Oejeg w ' = Qejel. Torma f := T2y BIAETCA HalpaBIsIOTIIM
"3

BEKTOpPOM TpsiMon d Tepecedenns >TuX mrockocten. IIpomssenem mepexonm oT pemepa
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Oereqzes k O fges, coxpadsas OpUEHTAINO. DTO BpallleHie BOKPYT € 3 Ha HEKOTOPLIN YT Ol
@ (yromor €1 x f, ¢ € [0,27)). Takum 06pazoM, cOOTBETCTBYIOIIAA MATPULA TEPEXOIA

cosp <ssing 0
C=1] sinpg cosp 0
0 0 1

-
!
Tenepsb TIPOBE/IEM BpAITIEHIe BOKPYT f Tak, 9TobBI €3 coBMecTHICA € €4. B cury BriGopa

manpasienus [ oro Bpaienue wa yroa 6 € [0,7]. Iloaxydaem mepexos K HEKOTOpOMY
pentepy O fhel, npudem mrockocth O fh coBmanaer ¢ O€)€), a MmaTpuiia ero paBua

1 0 0
D=1 0 cos) <sinb
0 sinf@ cosf

=/ [N
Ocranoch ocylecTBUThH Bpallenne BOKpYT €5 (T. e. B miockoctn O fh = O€)el), arobnr
S
! o o
coBmecTuTh f ¢ €. llpm oToM, B ety cormacoBanHOCTH OpHeHTaIuil, 06pas3 € 3 mepenfeT
—/
B €5. CooTBeTCTBYIOMIAA MATPUIIA TTEPEXONA

cosyp ©siny 0
F=1 sinY cosyp 0 |, Y € [0.2m).
0 0 1

AN AN |
B cuny Teopemsr 7.6, pesyabTupytomias maTpuiia mepexona ot Oejeges Kk Q€] ehel, paBHa

cose <<sing 0 1 0 0 costp esiny 0
CDF =] sing cose 0 0 cosf <sinf sinty  cosy 0 | =
0 0 1 0 sinf cosd 0 0 1
cosp <<sinpcosf  singsind costp esiny 0
= | siny cospcosf <Scospsinb sinyp  cosyp 0 | =
0 sin ¢ cos 0 0 1

COs p cos P <sin p cos fsiny  &cos psin  <sing cos costp  singsinf
= | singcosy 4 cospcosfsiny <sinsiny + cospcosfcosyy Scospsind |,
sin # sin v sin f cos @ cos f

rjie ¢ € [0,27) — yrox oT €1 K f, Y € 10,27) — yrox or ]FK €1, a0 c[0,7m] — yron
MeKIY €3 1 € 4.

8. IloaapHble, chepudeckre U MWINHAPUIECKNE KO-
OpAMHATHI

Omnpenenenne 8.1. [loaapruas cucmema xoopdurnam Ha OPUEHTUPOBAHHON TIOCKOCTH
3ajaeTcs BLIGOpoM Toukn (), HA3bIBAEMOU HAUAALOM WIH NOAIOCOM, N Ty€a, BEIXOISIIIETO
3 Toukn (), Ha3bLIBAEMOTO NOALPHOU 0CbIO.
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Hoaspuvie xoopdunwamsr Touxkm M — 510 paduye, paBHBI paccrosuuo or M 1o
nomoca: r = |OM|, u yeoa ¢, paBHbII yray MekKiy HOIAPHOW ochio u aydom OM,
IPUIeM yTol U3MePAETCsA B COOTBETCTBUN ¢ OpUEHTAlnen (TakuM 00pasoM ¢ ABIAETCA
BEIECTBEHHBIM IHCIOM, OTPEJENEHHBIM ¢ TOTHOCTHIO 10 27k, k € Z). [lna Touxu O yrox
© He OTpeleNseT s, TaK 9TO MOMAPHBIE KOOPAUHATHI B DTOU TOYKE HE OMPEIeTeHbI.

Ecan y mac nmeeTcs moMoKUTEALHBI TPAMOYTOJILHBIN perep, Hadaio KOopAnHaT KO-
TOPOTO COBIAJAECT € MOJIOCOM, a BEKTOP €1 HallpaBIEH MO TMOJAPHON OCH, TO TOBOPAT,
9TO JaHHBIE TPAMOYTOAbHAA W TOJAPHAS CUCTEMBI KOODAUHAT €CMECMEEHHO CEA3ANDBL.

HenocpencTBenno u3 onpeenenns moayvdaeM cIeaytoliee YTBepIK JeHne.

YrBepxkaenue 8.2. /Jus ecmecmeenno c6A3aHNLLIE NPAMOY2O0AbHOT U JERKAPMOEOU CU-
cmem Koopdunam umeom mecmo caedyowue Gopuyst, evipadicarowue odny wepez dpy-
eue:

r = rcosy

y = rsing.

Oépamuo, r = /22 + 4%, a ¢ (¢ mounocmuio do yeaa 2rk ) onpedeasemes dopmyranu

&€ .
COSp = ——, singp = ———,
L 1’2 + y2 L 1’2 + y2
uAl
arctg (%) , npu x> 0,
o= + arctg (%) , mpu = < 0,
/2, mpu x =0, y >0,
& /2, mpu =0, y <0.

B mpocTpamcTBe nMeroTcst Ba €CTECTBEHHBIX OOOOIIEHNS MOMAPHON CHCTEMBI KOOP-
nuHaT. Bhibepem B mpocTpaHCcTBe

1) OpHEHTHPOBAHHYIO ILIOCKOCTH T (IK6AMOPUAALHAL NAOCKOCTD ),
2) Touky O ma men (no.aioc),

3) ay4a Ox Ha IOCKOCTH (NOAAPHAL 0Cb ),

4) mepmenAuKyIApHYIO K T och Oz (3enumuas ocv).

s npoussoabon Touku M npocTpancTBa obosHaduM depes M’ ee opToroHaibHyIo

npoeknnio Ha 7, a depes M"” — ee opToronaibnyto npoexnuio Ha Oz.

Huaundpuueckue woopdunamer (p,p,z) Touku M onpemeasorcsa caeayrommnM obpa-
30M: p, — nomspible KoopaunaThl M’ ma mrockoctu 7w (1. e. p = |OM'I, ¢ — yrox
or Ox k OM'), a z — koopnunara M" wa ocu Oz. [las Tovex sernrnon ocu p = 0, a

KOOpAWHaTa ( He onpeeneHa.
Cpepuneckue xoopdunamer (r,@,8) Toakn M onpenensioTcs clepyiomnM 06pa3oM:

e r = |OM]| (paduyc),
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e o — yrox or Ox x OM’ (doseoma),

e § — yron or OM' x OM (co 3maxom coorBeTcTBUS HampaBiennio Oz) (wupoma),
0 €en/2,m/2].

Nast Toyex semuTHOU ocu § = +7/2, a koopaunara ¢ He onpenenena. [las Touku O:
r =0, a ¢ n 0 me onpeeneHn.

Pacemorpum npamoyroabuyio cucremy koopanaar (OQejeses, Te €1 uMeeT HallpaBie-
e Ox, €4 € 7, IpUYEM OPUEHTAIHS € 1, € 9 MOJOKUTEIbHA IS IIOCKOCTH T, & € 3 MeeT
narnpasienne ocu (Jz. ['oBopAT, 9TO manHas MpAMOYTOAbHAS CHCTEMa KOOPIWHAT eCcTe-
CTBEHHO CBA3aHA C YKA3aHHBIMU BBIIE C(PEPUTECKON U TUINH [PUIECKON.

Toraa npaMoyToabHBIE W NUINHAPUYIECKTE KOOPIMHATHI CBA3aHbl (POPMYIaMU:

z = z,
T = p Ccosp, p = Va4 y?,
— T
y = psmge, cosp = —F—,
_ ety
z = z, . v
sin =
w2 4y?

(KOHEYHO, MOKHO TTONYIUThL Golee KOHKPETHBIE BHIPAKEHNA, KaK A TMOIAPHBIX KOOD M-
HaT).
[Ipsmoyroababie U ceprdecKiie KoopIMHAThl CBA3aHbl (POPMY.TaMIU:

r= VR

z

= p COS@ COs @, (9 = ELI’CSIH\/W,

= p cosf sinyp, o

. cosp = ——,
z = p sind, Veity?

Y

sin = —F
¥ ot

<
|

(mockoabKy rcosf = /a2 + y?).

9. duaurnc, runep6oiaa u napaboaa (II'II)

9.1. I'eomeTpuideckoe onpegenenue II'11

Onpegenenue 9.1.  Daauncom nHaszbBaeTcs Teomerpudeckoe Mecto Todek (I'MT) X
Ha TIOCKOCTH, CyMMa PacCTOSHUN KOTOPBIX M0 IBYX MAaHHBIX ToveK Fj m [y paBma 3a-
JAHHOMY 9Hcay (cM. puc. 2):

Touku Fi n Iy maswiBaoTca gorycamu.
[Ipeamonaraercs, aro a > ¢ > 0, rae 2¢ = |F1 F3|. B caydae a = ¢ nonyvaem oTpesoxk,
a B crydae ¢ = () — OKPYKHOCTb.
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Puc. 2.

Onpenenenne 9.2. ['unepboaoi maspiBaetcs 'MT X ma mrockocTn, Moayib pasHo-
CTH PacCTOSHUET KOTOPBIX [0 IBYX JaHHBIX TodeK Fy w Fy paBen 3ajanHoMy 9ucay (CM.
puc. 3):

X <X | = 2a.

Touku Fi n Iy maswiBaoTca gorycamu.

....... % 4’
\\\ ///
\ /
\ /
\ /
\ /
\ /
\ /
Ay - 2
~ 2¢ ™~
/ \
/ \
/ \
— ~.
v SN
- ~I
Puc. 3.
[Ipeamonaraercst, 9ro ¢ > a > 0, rae 2¢ = |F1F;. B cayydae ¢ = ¢ nonrydaem nsa

MPOTUBOHATIPABIEHHBIX JTy9da, BHIXOSIMINX U3 (POKYCOB.

Onpepenenune 9.3. [lapaboaot maspviBactca I'MT X ma mrockocTn, paBHOY TaTeHHBIX
OT JaHHON TOYKM F', Has3bIBaeMoW okycom, u IpAMON d, HazbIBAEMON AUPEKTPUCON (CM.
puc. 4). [Ipeamonaraercs, 1o F & d.

9.2. JOI'll kak KoOHUYeCcKHue cedYeHUuA

Teopema 9.4. Ceuenue npamoeo kpyzosozo (6eckoneunozo 6 0be cmoponsl) KoOHYCa
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Puc. 4.

NAOCKOCTNBIO, HE NPOTOJAWET UEPES BEPUWUNY, A6AAEMCL AUBO IAAUNCOM, AUBO 2unep-
60401, aubo napaboroi.

JdokazaTeabcTBO. YKazaHHas MJIOCKOCTb MOKET paclojaraTbCcs TPeMs CIIocobaMu:
1) mepecexkarh OJIHY TOJOBHHKY KOHYCA;
2) mepecekaTh 06e TOJOBUHKHN KOHYCA;
3) 6BITH HapaLIeIbHON 0OPA3YIOIIeNn KOHYCa.

Ha pucymnke m306paxkeno cevdenne MIOCKOCTHIO, MTPOXOSINEN Mepe3 BEPINIHY, W TepIeH-
JUKYJISPHOW MaHHOW (Tak 9TO JaHHasd MIOCKOCTL W300pakaeTcs MPIMON ):
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Bonee Touno, Mbl mokaxkem, 9To B caydae 1 moaydaeTcsa DIIHAIC, 2 — THIepbosa n
3 — mapabora. OCHOBHBLIM IeOMeTpPHIECKIM HHCTPYMEHTOM Oy ayT maphl [anmenema —
[apbl, BIUCAHHBIE B KOHYC I Kacalolnecs TaHHOM ILIOCKOCTIH.

I[TEPBBIN CAYYAN. IlycTh ¢ — mHTepecyollee Hac cedeHne KOHyca MIocKocThio 11.
Ob6osnagnm gepes F) n Fy Touxkn kacanns mapos /langerena u mrockoctn I, a gepes ¢
I ¢y — OKPYKHOCTH KacaHms IapoB ¢ KormycoMm. llycts X — mpomsBoabHas Tovuka Ha
cevenun c. Ilycrs X; n Xy — Toukn nepecedenus SX ¢ ¢; U ¢3 COOTBETCTBEHHO.

Torna (paBHBI KacaTelbHble, IPOBeeHHble K IIapy W3 OJHON TO‘{KI/I)
|XF1|:|XX1|7 |XF2|:|XX2|7

|XF1| + |XF2| = |XX1| + |XX2| = |X1X2| = const.

Bropron cay4yail. Coxpannm npexnne o003HaATEHTS.
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Torna (paBHBI KacaTelbHble, IPOBeeHHble K IIapy W3 OJHON TO‘{KI/I)
|XF1|:|XX1|7 |XF2|:|XX2|7

X P | XB] | = [IXX]| X X,| | = [X)X,| = const.

TPETUN CAYYAN. B orom cayuae map /langenena Torbko 1.

[Iycth ¢ — OKpyXKHOCTD KacaHus Imapa ¢ KOHycoM, [[; — maockocTsb, comepxarias
DTy OKpYXKHOCTD, mpsaMas d = [l N 11y, Y — mpoexnus nmpomsBoabmon Touku X wmccie-
ayemoro cedenns Ha d, Y; — Touka nepcevenus SX c¢ ¢;. Kak kacareabnbie K mmapy,
npoBenennbie w3 onuon Touxu, pasubl | X F| = |XY]|. [Janee, SY;, a caenoBareibno, u
XY maxnonena x mrockoctu Iy mon yraom 7/2 Sa, rae a — yroa Mex ay obpasyroiien
Komyca u ero ocbio. C apyrom cropombr, Y X mapaireirbia TOW €INHCTBEHHOU 06pa3y-
IOIeN KOHYCa, KOTOPOU Mapaiierbia mIockocTh 1I. 3madnT, ona obpasyer c Il Takxe
yrox 7/2 &a. CrenoBarenbio, | XYi| = | XVY| kak wmaxaonmse Kk mrockoctu 11y w3 onmon
TOYKHN o ofuuM yraom. Takum obpasom, | X F| = |XY|. 0
Omnpegenenne 9.5. B coorBercTum ¢ srou Teopemon II'II erme nasniBator konukamu.
3ameyvanue 9.6. Ilozke Mbr mokaxem Teopemy Gojee obIIero xapakTepa: cedeHne
MOBEPXHOCTH BTOPOT'O TOPSAIKA TOCKOCTHIO SABISETCA KPUBOU BTOPOTO MOPS TKA.

9.3. OnrTuveckue ((PpoKaIbHLIE) CBOUCTBA KOHUK

3ameuanue 9.7. Pemmm BcnoMararenbHylo 3agady: AdA JaHHOW OpAMON [ m ABYX
Touek A m B, Jexammx mo ogHy CTOPOHY OT Hee, HaWTH Takyl Todky X € [, 9To
cymma paccrosuutt | X Al + | X B| munnmansna. [Hoctpoum Touky B’ cummerpuuanyio B
OTHOCUTETHHO (.
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B/

fAcno, aro |AX| + | X B'| munnmamssio npu X = (AB’)NI. Ho |XB| = |XB’|, Tax 4to
MUHUMYM JOCTHI'ae€TCA IIPU PaBEHCTBE OCTPLIX yIioB, obpasyembix AX u BX c .
Sameuvaume 9.8. Kaxpnad us KOHUK MMeeT B KakKJOH CBOEHl TOYKE KacCaTelbHYIO.
Touka KacaHus ABIAETCA €IUHCTBEHHON TOYKOU IepecedeHns KOHUKH U KacaTelbHO.
Kacarenbnas sBiserca eqUHCTBEHHON IIPAMOI, VIOBIETBOPSIOIMIEN >TOMY TpeboBaHUIO
(KpoMe TIPAMBIX, TapallelbHbIX OCH Tapaboibl). WHTYHTHBHO DTH YyTBEDXK IEHWUA OtUe-
BUIHBI, HO CTPOroe paccyikjeHue TpebyeT 3HaHWA ypaBHEHHNI KOHUK U cIocoba HaXo-
KJEHNSA KacaTelbHON 10 YPaBHEHNIO (& Takke MOKA3aTelILCTBA, ITO TOCIe TIO X0 ISIIeN
3aMeHbl KOOpINHAT DTa “alrebpamdeckn’ olpeleleHHas KacaTelbHas cTaHeT ‘KacaTelb-
woit K rpadguky”). locie sToro MoxHO aHaIUTHYECKN HAWTH TOYKY Iepecedenus (pe-
MIUTH CHCTEMY) U yOeqUTLCS 9TO OHa POBHO ofHa. HeobxoanmMmblll MaTepual (KOHETHO,
He UCTIONB3YIONNN Pe3yIbTaToB NJaHHOTO TyHKTa) Oy/1eT pa3obpai mosike.

Sameuanne 9.9. OcHoBHOE IpaBIIO ONTHKN KPUBLIX: AyY OTPaxKaeTcs OT KPUBOU KaK
OT ee KacaTeJlbHOMU.

Teopema 9.10. o Jlyuu, evizodawue uz odnwoeo Goryca IAIATICA, KOHYEHMPUPY-
omes 6 dpyeon.

o Jyuu, svizodawue uz odnoeo poryca TUMEPOOABI, nocie ompaxcenus “ucrodam’”

u3 dpyeoeo, m. €. NPoJdoANCENUE OMPANCENHORO AYUA 34 TNOUKY OMPANCEHUSL NON-
daem 6 dpyeoti Pporyc.

o Jyuu, svirodswue uz Goryca Mapabobl, NOCAE OMPANCEHUL CTRAHOBAMCA NAPAA-
AEAbHBLMY dpye dpyey.

MokazaTeabcTBo. Jaaunc. llycTs ayd Boimer n3 gpokyca A 1, 0oTpasuBIIIChL OT TOIKH
X oamurca, me nonan B apyron ¢goxyc B. 3madnt, ecan | — KacaTeabHas B Todke X,
TO yroJ ajJenns Ha [ He paBeH yIuly oTpaKeHus 110 3amedannio 9.9. 3HaquT, 10 3amMeda-
o 9.7, |[AX| + |BX| we munumansbuo npu npoberanun X 1o (. Ho oro mporusopednt
reoMeTPUIeCKOMY ONpelele o DIINIICA, TaK KaK OCTaIbHble TOYKM KacaTelLHOI JeKaT
BHe ero (mo 3aMedannio 9.8).
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l'unmep6osaa. AHalormvHO DIIATICY.

ITapaGosa. Pacemorpum mapabory ¢ ¢gokycom [ m mmpextpucon d. Ilycrn [ —
cepequaabil nepreruKysip K Y F. Ilo onpegenernuio mapaboabl, TpeyroabHNK paBHOGE-
npennnit u [ mpoxonut depes X. [lokaxem, uTo | sBIseTCAS KacaTelbHOU K Tapaboie B
trouke X. [Ipennonoxum nporuBHoe, Toraa (1o 3aMedanuio 9.8) mMeeTcs ellie oHa TOYKa,

nepecevenns [ ¢ mapabomon — X' # X, a Y’ — ee npoekuns na gupextpucy d. Torma
(mo cBomcTBY cepenmnuoro neprnenankyaspa) |V X'| = |X'F, a tak xak X' — Touka
napaboas, To |Y'X'| = |X'F|. 3waunt, | X'Y'| = |X'Y|, #Ho mmiHa HaKIOHHOU JTOJKHA

6BITDL OOJbINle MIMHBI TEPHEHNKYIipa. Takum obpasom, [ ABIseTCS KacaTelbHON.
[Ipu orom yrant mexay Y X un |l uw mexay FFX n [ paBHBI, TaK 9T0 OTpaKeHHLI J1yd
JexRuT Ha npopomkennn Y X Ld. a

Caeacrue 9.11. Juaunc u napaboaa ¢ obwumu Gorycamu nepeceraromecs nod npambim
YeaoM.

HokazaTtenbcTBo. Ilycts [, u [, — KacaTenbHble B TOYKe TepecevdeHns K DILIAICY U
runepboie, coorBeTcTBenno. llo mokasammon Teopeme, YTabl OyIyT TaKUMU, KaK 060-
3HAYEeHO Ha PUCYHKE:

£y

CaenoBarensuo, 2o + 20 =7 u a+ 5 = 7/2. a

9.4. AHajaumTuieckKue oripeaeJeHna KOHUK

Onpegenenue 9.12. (anarutudecoe onpegenerue DI'II) Duauncom masviBaeTcs
KpHBag BTOPOI'O HOPAIKA, 3a4aBaeMas B HEKOTOPOU IIPAMOYT'OIBHOI CHCTEME KOOD JUHAT

ypaBHEHUEM

2 2
T4l o1 (a>by (2)

a? = b? -
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eunepbonot —

22y
2= L; (3)

napaboiot —
y'=2pz,  (p>0). (4)

Teopema 9.13. Awaaumuueckue u ecomempuueckue onpedeaenus I rx6usaienmuor.

NokazaTenbcTBo. Jiuaunc. Benem npAMOYrodbHYIO CUCTEMY KOOPIUHAT, KaK MOKa-

3aHO Ha PHUCYHKe

Torma reomerpudeckoe onpeneneune { X | | X Fi| 4+ | X Fy| = 2a} nepenumiercs B Buge
ry+ 71y = 2a, ry = /(x4 ¢)? + y?, ry = /(x &e)? + 42,

(l‘ + 0)2 + y2 =204 & (l‘ <:>C)2 + y27
(x+ 0)2 +y? =4a* + (x <:>c)2 + 42 <:>4a\/m7

a* ©2a%cx + A2t = a*2? 4 d*P ©2dPcr + a*y?,
4 2 2 2, 2\ 2 2 2
a’ ac” =(a" &)z +a’y”,
2 2
Z Y 2 2 2
—2—|——2:1, b::a =cC". (5)
a b
HenocpencTBerHo u3 ypaBHEHUsA BUTHO, YTO DJLIUIC 3aKI0OYeH B TPAMOYTOIBHUK, TTPUYEM
Ha T'PaHWIle ero JexKaT JUIThL TOYKN TepecedeHus ¢ OCAMU:
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3TOT IPAMOYT'OJBbHUK CO CTOPOHaMU 2a 1 2b Ha3bIBACTCI 0CHOBHLIM npAmMoY20A4bHUKOM
SJLINIICA.

O6parHo, mycTh TouKa (x,y) yaoBIeTBOpseT ypaBHenuio (5), T. e.

Torna

b?
= f(e ) 4y :%2*2““2“2@—#2:
a

2 )2 2
= ixQ—l—Qc:p—l—c?—l—b?:¢c—2x2—|—20:1;—|—02—|—62:
a

a’

c
—x4+a
a

c
=a+ —uw,
a

rjie BeIpakKeHune Mo/ 3HaKOM MOAYJS MOTOKUTEILHO, Tak Kak |z < a, ‘5 :1;‘ < ¢. Amago-
TUYHO,

c
ro=a4<=—2.
a

Taxmm o6pazom, s T060I TOYKH, Y, I0BIETBOPSIONIEN ypaBHenuto (5) BuIIOIHAECTCA 71 +
re = 2a, T. €. OHa MPUHAIJICKHAT TEOMETPUICCKOMY DJLIHUTICY .

[Ipex e, veM mepenTn K caydaro rUnepOoIbl, ajiuM cIeqyollee onpe/leaeHne.
Onpegenenne 9.14. OrHorrenne

c a? &b?
a a
Ha3bIBaeTCA ancuenmpucumemOM DILJINIICA.

I'mnep6osa. Beegem npaMOYTOAbHYIO CHCTEMY KOOPJIWHAT, KaK MOKAa3aHO Ha pPU-
CyHKe
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AHanoruaHo >JINICY, YIPOIIas COOTHOIIEHNE |1y Sry| = 2a U3 onpeeseHus runepoombl,
OPUXOJUM K ypaBHEHUIO

PR
priaaci L, b= sd (6)

,ﬂJIH I‘I/IHGp6OJIBI ITOJOKUM IKCUEHMPUCUMEM DPABHBIM

c Va? 4+ b2

a a

Taxnm obpazom md sanmrca e > 1, a nud rumep6orsl e < 1.
Ob6paTibie BRIMUCTEHNs TPOBOJANM TaK ke, KaK U JJS DILIUIICA, W TOXyIaeM

r = la + ex|, ry = |a &exl,
IpU9eM s IPaBOU BETBU THIEPOOJIEI (T. e. Ipum x > 0)

Ty =a + ex, re = < + ex,
a IIIA JeBOU BETBU T'HIIEPOOJIEI (T. e. Ipn T < 0)

ry = < =ex, ro = a4 €T,

YTO W 3aBepliaeT obpaTHOe paccyxaeHune.
OcuHoBHOU TIPAMOYTOILHUK €O cTOpOoHaMU 2¢ u 2b nas rumep6oabl mMeeT BU
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Ero AnaroHaJJn MMEIOT YPaBHEHWA

b
y==+—-=x
a
U ABJIAIOTCA aCUMITOTaMU Turepboanl. /lokaxkeMm nTo, HallpuMep, Iis y = s x. Umeem
(cm. puc.)
b x?
Az) = -z &by — &1,
a a

b
lim A(z) = lim — (2 ©&Va? <a?) = 0.

T—r 00 T—r 00 a

Ilapa6oua. /las mapabodbl TOJOKUM IKCYEHMPUCUMEM PABHBIM enuHuIe: € = 1.

3aMeTHuM, 4TO B IIKoNe O6LIYHO paccMaTpuBaloT napabony y = a x?. TyT Mbl MeHseM
ocn 1 epeobozHataem mapameTp: a = 1/2p. Iloxywaem y* = 2px. Yucno p maspiBaeTcs
Poraibubim napamempom.

Bribepem cucremy KoopamHaT, KaK MOKa3aHO Ha PUCYHKE, MOJOKWUB P PABHBIM pac-
CTOSHUIO MEXK Iy MUPEKTPUCON 1 POKYCOM.
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TOI‘,I[EL COOTHOIIIEHNE N3 I'eOMEeTPUICCKOI'O OllpedeJeHn A Hapa6OJIBI IpuMeT BUI:

2
(oo +w=est

P’ P’
:1;2<:>p:1;—|—z—|—y2::1;2—|—p:1;—|—z,
y? = 2pe.

O6parHo, A1a KpUBOI, ompejeiseMoil ypaBHeHueM y° = 2px, obosHauuMm depes d
npAMYIo y = <p/2, a depes ' — rouky (p/2,0). 3amerTnm, 9T0 JIA TOYEK DTOW KPUBON
Bcerga x > 0, Tak 4TO MIs mpomsBoibHol ee Toukn X (x,y) umeem p(X,d) = p/2 4+ x, a

o) = (e ) o=y (e o) ome -

1 reoMeTpruiIeCcKoe olipefejJcHne Hapa6OJIBI nMeeT MeCcTo.

Pl_, 4P
:L'—I—Q‘—:L'—I-Q,

9.5. /IupekTopualbHble CBOMCTBAa KOHUK

CocTaBnM creayionryio Tabauiy (rae HOBBIM OyJeT TOIBKO OlpeleleHne NpeKTPIC
DIUIATICA T THTEPOOIIHI ).

ypaBHeHHe | ¢ dboxyc(nr) DKCIEHT- | NUPEeKTpuca
pucnTeT
DILTATIC i—i-l-z—;:l c=Vat &b | Fly=(+c0)|e=°<1 | = %::I:%
rumepboaa §—§<:>Z—2 =1l|c=va24+b | Fiy=(Fc0) |e=S>1 |0 ==%2 ::I:%
napabona | y* = 2px — F=(£,0) e=1 r=F2

3aMeTnM, 9To IIA OKPYKHOCTH (T. e. sminiica ¢ ¢ = b u e = 0) IUPEKTPUCH He
onpeeneHbl.

45



Teopema 9.15. Omunowenue PACCMOSAHUA om mouKy
konuky (omauunol om oxmyxcnocmu) do Poryca Kk paccmosnuio do coomeememeyio-
wet (Oauxcatiwed) Jupermpucol NOCMOANNO U PABHO IKCUENMPUCUMEMY.

HMokazaTeabcTBo. /[l1sa mapaboibl DTO onpeeneHne.
Pacemorpum caywait sanumca. Torga (s geBoro poxyca, B 0603HATEHIAX TP IY-

el Teopembr) |F1X| =r =a+ex,a p(X,dy) = ‘:1; + 2

::z:—l—%, TaK 9TO

(X
p(X,d)
,ﬂJIﬂ FI/IHep6OJIBI Ha oo Julib B ABYX MeCTaX IIOMEHATH 3HaKMH. a
3agada 1. J[oxasaTth obparHoe yTBepX aenune. Umenno, mycTs nana mpaMast d i TO9Ka
|FX
p(X,d)

(mpu e < 1), runep6oxon (mpu e > 1) nan mapabomaon (mpu e = 1).

F ¢ d. Nokazatn, aro 'MT X, ynoBreTBopsiormx = e > (), aBageTcd >aTUTICOM

3a,qaqa 2. ,ﬂaTB reoMeTpmniecKoe NoKas3aTeJlbCTBO IUPEKTOPHUAJBHOT'O CBOI?ICTBEL7 nc-
IIOJMb3Y s IIapbl ,[[ELH,I[GJIGHEL.

9.6. MDokaabHbLIN napaMeTp. IloasapHbIe ypaBHEHUS KOHHMK

Onpegenenne 9.16.  Dowarvnoviii napamemp p KOHUKH, COOTBETCTBYIOIINI Y PaBHEHUIO
(2), (3) mam (4), oT0 IWCAO p U3 YpaBHEHUA B CIydae MapabOIbl, W GHCTO

B JBYX APYT'HX CIy4Yasx.

Taxum 06pazom, Ha MEepPBBIN B3TIAM, P 3aBUCAT OoT ypaBHenus. OQnnako, poKaIbLHBIN
mapaMeTp HMeeT TPOCTON TeOMeTPUIeCKIN CMbICT (cM. Teopemy 9.18)
Onpegenenue 9.17.  PDoraivnoi ropdoi HazbBaeTCs Xopjia (T. €. OTPE3OK, COENMHSA-
IO [1Be TOYKN KPWBON ), IPOXOIAIINN depes (POKYC TePIeH IUKYIAPHO Poka.ibrot ocu
— OCH CHMMETDUH, COJIepKaIlel OJnH (HOKYC (a 3HAIUT, N BTOPOI, €CIN UX IBa).

Teopema 9.18. Doraavubiii napamemp p pasen noaosune daunsbl Goraibrot ropdoi.

HMokazaTtenbcTBo. llosoBnma mmmabl (okarbmon xopabl paBoa mia Il coorBer-
CTBEHHO:

c? b2 b?
Plle—|=b—=—
a? a? a’

c? b2 b?
brl—el] = — = —
a? a? a’
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p
2

Beenem noasipayto cuctemMy KOOpPAWHAT, MMOMECTHUB TOJIOC B CIydae DIIUNCA B OTUH
13 POKYCOB U HAIPaBUB TOJAPHYIO OCb B CTOPOHY NPYyroro, MOMecTHUB TOJI0C B CIyvae
runepOoibl B o1nH U3 POKYCOB M HAIPaBUB MOIAPHYIO OCh B CTOPOHY NPYTI'Or'o, a B cIyvae

2p= = p. O

mapaboiabl TOMECTHUB TONIOC B (POKYC U HAPaBUB MOJAPHYIO OCh OT NUPEKTPUCHI:

Opuenranus 37ech He BakKHa, TaK KaK WHTEPECYIOIMINE HAC KOHUKN CHMMETPUIHBI
OTHOCUTENHHO yKa3aHHOW TOJAPHON ocu. BBeenHas moaspHasd cucTeMa KOOpANHAT He
ABIAETCA €CTECTBEHHO CBABAHHOU C NMPAMOYTOJBHON CHCTEMON, B KOTOPOU MbI BBITHCHI-
Baan ypaBHeHus. [losTomy Mbl OyeM HasblBaTh €€ Goraibrotl nosapnot cucmemot xo-
opdunam.

Teopema 9.19. B goraavnot noaspnot cucmeme kKoopdunam ypaeHeRUs dA4UNCaL, na-
paboavt © semeu 2unepboant, dauxcatiwet xk nowocy, 6ydym zanucvleamsvces 0dnotl @op-
MYAOU:

p
r=-———,
1l &ecosp
a ypasuenue dpyeoti 6emeu 2unepboavl —
_ p
=
1l ©ecosp
MokazaTeabcTBo. IlpoBenem ans oanurnca. Ilycts X — mpousBoibHas ToOUKa DIIN-
nca, OR — moaoBuna POKaITLHOU XOPIbl, () — TOYKa MepecedeHnus ee MPONOIKEHNS C

MEPIEeHINKYIAPOM K IUPEKTPUCE, TPOBETEHHBIM Yepe3 TOYKY X :

dy
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ycts (r,¢) — moaspible KoopauHaThl Todkn X. BocmombsyeMmcs anpekToOpuasbHbIM
cBoricTBOM. Mmeem:

|OR]
OR| = p, X| =rcos e, —— =,
OR[=p, |QX] v DRy
OR| p
IO(del) = ,O(R, dl) - | e | - ¢’
r r r r

€

TN d) T XQI+p(Q.d) T [XQI+E reosp+ 2

r = ercosp + p, r:ﬁ. (7)

Y1066l OKa3aTh, 9TO Mbl He MPUOOPEIN JHUITHIX TOYEK, 3aMETHM, 9TO 3TO ypaBHEHEE
naeT it Kaknoro ¢ € [0,27) poBHO 0JIHO HONOKUTETbHOE 3Hadenne 1. Takum obpasom,
Tobas IpAMast, TPOXOAIIas depes (POKYC, TepecedeT MHOKECTBO pellenuil ypapHenus (7)
poBHO B ABYX TodKax. (JcTaroch mokasaTh, ITO Te€M JKe CBOMCTBOM ObBJIanaeT ¥ DILIUIIC.
[eticTBuTENbHO, TYyCTH IpAMas TPOXoauT depes (okyc (S¢, 0), Tak 9To ee mapamMeTpl-
YecKue ypaBHEHS

T =&+ at, y = ft.

Toukn ee nepecedeHnsa ¢ SJUINIICOM HaXOAATCA U3 KBalpaTHOT'O YpaBHEHUA OT t:

(sctatl (B0
a? b2 ’

(620z2 + azﬁz)tZ =2cab’t + (02 <:>a2)62 =0.
Nas nuckpuvunanta D mveem (Tak Kak ¢ = a® &b?):
D/4 = 2a’b? <:>(02 <:>a2)62(62a2 + azﬁz) =
= 2a*b! &cb'a? &b a? B + a*bra? + d'BP B =
= «a'b’ 7 + 0"’ 5° + a’b'a® + 'V = bla’ (0¥ + %) > 0.

Taxum obpazom, pereHnn aBa. 0
Sagada 3. llpoBecTn noka3aTeirbCTBO B OCTAIBHBIX CIYyYasx.

10. O6bi1masa Teopus KpUBBIX BTOPOI'O HMopAaKa

10.1. KaHoHu4veckue ypaBHEeHUA

Corsracrno o6IieMy oIpeleleHno KpUBLIE BTOPOT'O MOPAIKa 3aJaf0TCA B HEKOTOPOU
adppUHHON crcTeMe KOOPAMHAT Ha TIOCKOCTH ypaBHeHneM BTopol crenenu F(xz,y) =0,
rue

Fx,y) = an12® + 2a122y + a2y’ + 2a17 + 2a2y + ap = (8)
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= (z,y) ( @i ) (w ) + 2(ay, az) ( i ) +ao=X"QX +2LX +ao= (9)

a12  d22 Y
11 G12 a1 T

= (l’,y,l) 12 d22 42 Y = (l’,y,l)A ) (10)
ap  az ag 1 1

1 XOoTs Obl ONMH N3 KO>(MQPUINEHTOB ¢;; oTIndeH oT Hyada. Marpuua () pasmepa 2 x 2
HasbIBaeTCA MAaTpUIEH keadpamuunot wacmu, a Matpuiia L pazmepa 1 X 2 HasbiBaeTCs
MaTpHIen Aunetinol wacmu,

3ameuanue 10.1. 3ameTwm, UTO yKa3aHHbIE MaTPHUILI ONHO3HAYHO OIMPENEIIIOTCS
ypaBHEHUWEM, T. €. eCJIN HallpuMmep,

X X
Fle,y)=(x,y, DA | v | =(z,y,1)B | v |,
1 1

To A = B.

IIpeanoxenne 10.2. [Ipu zamene woopunam (x,y) — (2',y’) ypasuenuwe smopoi cme-
newu F(x,y) =0 nepexodum 6 ypasuenue emopoii cmenenu

F'(a',y") = Fz(2',y"), y(2',y")) = 0.

dokazaTeabCcTBO. 3aMena KOOPIWHAT OCYIECTBISETC TO (hopMyIe

(2)-(ee) () ().

CrenoBarenso, deg F' < 2. Ecim deg F' < 1, To npogeras o6paTHYIO 3aMeHy KOOD -
maT, moxyanm, 9To deg F' < 1. Ilpumumm x mpoTuBOpednio. O

3ameuanue 10.3. [l KpuBBLIX EPBOro MOpsaKa, T. €. MIPAMBIX, ObLIO TOJYyYeHO, 9TO
nBa ypaBuenus F'= 0 uw G = ( 3agaoT oqHy U Ty XKe KPUBYIO TOTJa W TOJLKO TOTIA,
korga F' = AG 1 HeKOTOpPOro HEHYJIeBOTO MHOKUTENS A. [l KPUBLIX BTOPOT'O TIOPSAIKA
9TO He TaK.

Omnpepgenenne 10.4. Keadpuroti 6yneM Ha3bIBaTh KIaCC DKBUBAJIEHTHOCTH ypaBHEHNI
2-0U CTeneHn OTHOCUTENLHO YMHOKEHWS Ha HEKOTOPHIN HEHYJIEBOU MHOKUTEND:

(F=0)=(G=0) & F=M X#£0.

[Ipu samerne koopanuar (x,y) — (', y') xkBagpuka F(x,y) = 0 mepexoqut B KBaApUKy
F'(2' y') = Fa(,y'), y(2',y") = 0.

lanee 6ygeT NoKazaHO, 9TO YTBEpKIEHUE 3 NpeAbLIyIero 3aMedanus OyIeT Bep-
HBIM [ TeX KBaJpUK, KOTOPBIE COCTOAT Gosee, 9eM U3 OJHON TOYKH (a ecau CIuTaTh
epeMeHHbIe KOMILIEKCHBIME, TO BCETa).
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IIpumep 10.5. Muumoii s.44unc — KBagpuKa, 3aJaBaeMas B HEKOTOPOU TIPIMOYTOIb-

2
o )
HOHU CcHUCTeMe KOOpIMHAT YpaBHEHUEM BIa - + b—2 = &l. Muumwe napaategabHble NPsA-
a
- 2 2 O o
Mble YpaBHEHUEM Y + a® = 0, a 7£ 0. Oa YpaBHEHUA 3adaloT Ha BEIICCTBEHHOU

IIJIOCKOCTU ITYyCTOE€ MHOXKECTBO TOYEK, HO KOMIIJIEKCHBIX peIHeHI/Iﬁ Y HUX pa3HbIe MHOXKEe-
CTBa.

Teopema 10.6. /Jasn 4060l keadpuru cyuecmeyem npamoyeoabuas cucmema xkoopdu-
wam, 6 Komopot ona umeem odun u3 caedyowur 6udos ( Ha3bi6aeMblr KAHOHUIE CKUMMU
YPABHEHUAMU JAaHHOU KBAJAPUKH ):

x
1) ?—I— z—z =1, (¢ >b>0), saaunc,
22
2) pr) + o &l (a > b>0), ununvid saaunc;
22
3) e + T 0, (a >b>0), napa nepeceraOWUTCS MHUMBLE NPIMBLE;
22 y?
4) e <:>b—2 =1, (¢ >0,b>0), ecunepboaa;
22 y?
5) pr) <:>b—2 =0 (a > b>0), napa nepeceraoWUIcs NPIMbLE;

6) y* = 2pzx, (p > 0), napaboaa;
7) y? ead =0, (a > 0), napa napaiiesbuble NPIMLLE;
8) y*+a* =0, (a>0), napa MHUMBLE NAPAALEALHBLT NPAMBLT;

9) y? = 0, napa cosndarowur npanoir.

MokazaTenbcTBo. PaccMOTPUM IPOM3BOILHYIO IPAMOYTOILHYIO CHCTEMY KOODIMHAT.
B wmenr kBajgpuka mmeer Bug (8) — (9). OcHoBHas 9acTh JOKa3aTelbCTBa COCTOUT W3
CIeYIOMNX ABYX JeMM, COOTBETCTBYIONIIX ABYM 3aMeHaM KOOPIMHAT, WIK ABYM IlaraM
TaK HasbIBAEMOI'O Npusedenus Kpueot K KamHoHuueckomy 6udy.

JemMma 10.7. Iodrodswum nosopomon oceti koopdunam modxcno dobumoves mozo, 4mo
! _ o

aly = 0, 2de wmpuzr o3nauaem coomsememsyrowul KosPPuyuenm ypasnenus K6adpuru
6 H0601 cucmemne Koopdunam.

[MokasaTeabcTBo. (I1eMMBI) PaceMOTpUM pON3BOIBLHBIN TTOBOPOT:

x cos@ &sing x

- /

Yy siny  cos @ Yy

50



Torna
F'(z',y) := F(z(2",y"),y(2",y')) = a11(cos p 2’ <sin y’)2—|—

+2ay5(cos g 2’ Ssiney') (sin @ &' + cos @ y') + az(sin 2’ + cos ¢ y')? + | muneitnas wacrs |

Kosdppumment npu 22'y’, 1. e. a},, paBen

Ea11 o8 P sin p + ayz(cos® p esin® @) 4 gy cos psin p =

sin 2¢

= (a9 asy) + agz cos 2p.

Mgbr xoTnm HanTH Takoe @, YTO6HI @}, = 0, T. €.

Salatda paspernmMa, Tak Kak ecau 661 a9 = 0, To He TpeGoBatoch OBl HIKAKOTO MTOBOPOTA.
B noBepryTO# (IITPUXOBAHHON) cHCTEMe KOOPAUHAT MHOTOWIEH F' mpuMeT B/

F'(2',y') = Mz + Xay'? + 201" + 2byy’ + by = 0. a (11)

Jlemma 10.8. Muoeouaen suda (11) napaseavuvin nepewocom npusodumes x odwomy
u3 caedyrowur 6udos:

1) F"=XM(2")? + Xy ) + 71 (A1, A2 #0);
2) F" = Xy(y")? +2bi2” (Mg, by £ 0);
3) F" =Xy +1 (A #0).
HMokasaTeabcTBo. 1: A\, \y # 0. Torga Boimensem morHble KBaIpaThL:

F'(z' y') = M2 + Aoy + 2b12" + 2byy’ + by =

b\’ b, \’ b2 P2
S P My + 22 by -t o2 =
1($+)\1) + 2(y—|-)\2) + 0<:>)\1<:>)\2

— )\1(1,//)2 _I_ )\Q(y//)Q _|_7_7
rune

/ 1 / 2
' i=a 4 — y =y + —,
A2
— (POpPMYJIBI 3aMeHBI KOOPANHAT, OOpAaTHON K MCKOMOM.
2: Ay =0, Ay # 0 (ecam Ay = 0, Ay # 0, To MOMersieM KOOp IMHATHI MecTaMn ). BO3MOKHbI

IBa, CIydas.
a) Ecmm by # 0, 1o
F'(2',y') = Xay'? + 2b12" + 2byy’ + by =
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2 2
2

by
- 2b, 2’ b =
" + 2002 + | bo <:>)\2

— )\Q(y//)Q —|—2[)1$”,

=X |y +

rie
1 b? by
=2t — by -2 "L 22
Top \ TN, vV EVhY
— (pOPMYIEI 3aMEHLI KOOpAUHAT, 06paTHOU K MCKOMOIL.
6) Ecaw by =0, To
F'(z',y') = Aoy? 4 2byy + by =
by \? b2
=\, y/_l_ hed + [ by a2 = )\z(y//)z_l_T7
Ao Ao
rie
"o, "o 62
r =T, y =Yy + )\_7
2
— (pOpPMY.IEI 3aMEHELI KOOpAuHaT, 0OpaTHOU K HCKOMol. JleMma mokasama. O

Bepuemcs x mokazaTeabcTBY TeopeMbl I pazbepeM pasindHble clydan YPaBHEHUN 13
npeabLayinen JeMMbl. Mbl fie 6y 1eM oroBapuBaTh O9E€BUIHBIE OTIEPAINHT, KOT [a YMHOKAeM
ypaBHeHWe Ha HEHYJIEBOU CKAJSIP WIN MeHseM Ha3BaHUsA KOODIUHAT.

1). 1. Ay m Ay — oxmoro 3uaxa, 7 — mporuBonogoxnoro. [lorysaem ypaprenue smrmmca.

2. A, Ay, 7 — omHoro 3Haka. llomydaem ypaBHenme MHUMOTO DJLIUIICA.

3. A\ w Ay — ommoro 3naka, T = (. [lapa mepecexarommxcsi MEIMBIX TPAMBIX.
4. A\ m Ay — pasmubix 3uakos, 7 # 0. ['mmep6oura.
5. A\ m Ay — pazmubix 3uakoB, 7 = (. [lapa mepecexarommxcst TpsIMbBIX.
2). 6. Ilap6oma.
3). 7. 7 < 0. [lapa mapa/rerbHbIX TPAMBIX.
8. 7> 0. [lapa MEUMBIX TTapallelbHBIX TPAMBIX.
9. 7 = 0. [lapa coBngarommx mpsaMbIX. O

CaeactrBue 10.9. Ypasuenue emopoti cmenenu wa niockocmu 3adaem oduny uz caedy-
OWUT KPUBLL (KAK MHONCECTNE0 MOUEK): IAAUNC; 2UNEPBOAG; NAPABOAL; NAPA NEPECE-
KRAOWUTCA NPAMBIE; NAPA NAPAAACALHBLE NPAMBLL; NAPA CONIAOUWUT NPAMBLY; MOUKA;
nYcmoe MHONCECTNEO.

10.2. MaBapuaHThl MHOTOYIeHa BTOPOM CTeleHHU

Onpepenenune 10.10. PDynxums J or kKoadppuiinerToB MHOTOUIeHA [’ Ha3bIBaeTCA 0p-
MO2ONAALHBIM UKEAPUAHMOM, €CIU OHAa He MEHSeTCs MPU Tepexone OT OTHOU IPIMO-
YTOIBLHOU CUCTEMBI KOOPIWHAT K JAPYTOU, T. €.

! ! ! ! ! !
J(G117G127G227a17a27610) = J(a117a127a227a17a27a0)'
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Onpegenenne 10.11. Cymma nuaroHalbHBIX DIEMEHTOB MaTpuIllbl A HasbiBaeTcs c.e-
dom mampuysr A:

TrA:=ay+as+...+ dpn.
Teopema 10.12. Caedyowue mpu pymryuu:
S:=Tr@, d:=det Q, A:=det A
ABASIOMEA OPIMO2OHAAD HHLMU UNHE APUAHITLAMU.

MokasaTtenbcTBo. Paccmorpum mepexon oT (2, y) K APYTON IPAMOYTOJIBHON CHCTEME

! .
( Z ) ( C11 C12 ) ( l’: ) ( Lo ) :
) C21  Ca2 Y Yo

koopauHatT (2',y

‘i1 C12

rae C := ( — Npom3BOJbHasA opToroHalbHaa Marpuna. Hapany ¢ C paccmo-
€1 C22

TPUM ellle 3 X J-MaTpuiry
i1 G2 o
D:=1| cu ca Yo

0 0 1

TOF,I[EL BBITIOJIHACTCA COOTHOIICHUE

T T Ci11 Ci2 Xg T
) =D| vy = C21 C22 Yo y'
1 1 0 0 1 1

[lokaxkem BCOMOTATENbHYIO JEMMY.
JlemMma 10.13. Mampuyor A" u (), omseuarowue mruocouieny
ooy L ro 1o
F(l‘ 7y) T F(l’(l’,y),y(l‘ 7y))7
ceazanvt ¢ mampuyany A u () coomnowenusmy

A= DTAD, Q' =CTqQcC.

Moka3aTelbLCTBO.
T
T
Fa'y)y=(z,y, DA y |=| v | Al vy |=
1 1 1
x/ T ! x/
=|D| v AD| v | = (¢, 1)DTAD | &
1 1 1
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B cury 3amedanma 10.1 370 osmataer, 9o A’ = DT AD. Amanormano goxasbiBaeTcs
BTOpO€E YTBEPK IEHUE. O

[Iponomxkum moxazarerbcTBO TeopeMmbl. U3 semmbl, opToronaibrocTn ' U SBHOTO
Buga [ momydaem

det Q' = det (CTQC) = det CTdet Qdet C = (det C')*det Q = det Q,
det A" = det (DTQD) = det D" det Adet D = (det D)*det A = det A,

rak Kak det C' = 1, a det A = det C'. UuBapunantrocts § u A ycranoBiena.
[To nemme

! !
Q/ - CTQC 11 Gqo - €11 €21 11 412 €11 €12 -
- 9 ! ! - -
Uiy Qoo Cl2 €22 a2 Q22 Ca1 €22
| crra F+ ea1a12 1012 + 61022 €11 €12
C12011 + Co2a12  Cr2a12 + G222 €1 C22
/ 2 2
a7p = C11011 F €21€11012 F C11C210G12 + €5 92,
/ 2 2
Ugy = €011 F C22C12012 F C12C22a12 + Co5a92,
/ ro_ 2 2 2 2
ayy + ayy = ari(cfy + ¢fy) + 2a12(cricar + cr2c22) + az(csy + ¢3q)-
Bcmomunm ABHBIN BI IBYMEPHBIX OPTONOHATLHBIX MaTPHIL:

cos @ <&sinp — cosy  singp
sin  cos @ sing &cose |

Tax aTO
i ety = cosPp+sinp=1,
€11621 + €122 = cos(Esing) Fsinpcosp = 0,
c%l + c%z — sin? © + cos? p=1.
3uaant, ay, + ab, = ay + as. O

Sameyanue 10.14. YkasanHble WHBapWaHTHl He ABIAIOTCA WHBapUaHTaMU OTHOCHU-
TETLHO YMHOXKEHWS ypaBHEHUs Ha HeHyJeBoe A. OJTa Olepalus He ABIAETCS 3aMeHOn
PAMOYTOJBHBIX KOOPIMHAT.

3agaua 4. Moxmo aun manTn Gojee MUPOKUN KIACC 3aMeH, ITOObI COXPAHSINCh YKa-
3aHHble MHBAPUAHTHL !

3amevanue 10.15. UuBapuanTHocTh S U § MOKHO HOJTYYUTEH W3 HEKOTOPOHW Golee
O6ITIen TeOpeMBI, KOTOPYIO MBI CEMYac JTOKaKEM.

Onpepaenenne 10.16. Xapaxmepucmuueckum MHo2ouienom mampuysbt () Ha3LBaeTCA
Xg = det (Q ©AFE), rie B — eqnunvnas MaTpuia.

Teopema 10.17. Koadduyuenmor raparxmepucmuuecrkoeo Mmuo2ouiena mampuyst ()
ABASLIOMCIL OPIMO2OHAADHBLMY UHEAPUAHIMAMU.

,Z[OKa.?.aTeJIbCTBO.
xor(A) = det (Q' ©AE) = det (CTQC SAE) = det (CTQC < ACTC) =
= det (CT(Q ©AE)C) = (det O)2det (Q ©AF) = yo()). O
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10.3. OnpegeneHne KaHOHUYECKOT'O yYpPaBHEeHHA II0 MHBapHaH-
TaM

Kak 6b110 mokazano mpu nokKasaTelbCTBe TeOPEMbl O TTPUBENEHNN K KaHOHUYECKOMY
BUY, JI060€ ypaBHEHWE BTOPOTO MOPSIKA 3aMEHON MPAMOYTOIbLHBIX KOOPIWHAT TTPUBO-

OUTCA K OTHOMY W3 CIeIYIOUINX BIJOB
1) F=M@)?+X)?*+7 (A, A #0);
2) F=X\(y)?+2bix (Mg, by #0);

3) F=X)?+7 (A #0).

Ha sToMm sTame 6oL IpoBeICeHEBI TOJNBKO 3aMEHEBI IIPAMOYT'OJIBHBIX KOOPAMHAT (HI/IKELKELI/IX

yMHO)KeHI/Iﬁ Ha HEHYJEBLIE MHOKUTEIN €111€ HE HpOI/I3BO,I[I/IJIOCI))7 IIOSTOMY BCE€ MHBapaHTEL
COXPaHUINCE. SHEL"H/IT7 €CJIN MBI CMOXKEM 11O NHBaplaHTaM B 9TOM BUIE HalTH ypaBHeEHNE,

TO I B NCXOJHOM TOZKe.

‘ Cyaan ‘ A ‘ S ‘ ) ‘ A ‘

A0 0

1 0 )\2 0 )\1 —|— )\2 )\1)\2 )\1 )\27’
0 0 7

CocTaBnMm TEL6JH/IHy 9 8 )(\) %1 A 0 <:>)\ 62

2 2 2%
by 0 0
0 0 0

3 0 X 0 Ao 0 0

0 0 7

O"IGBI/I,I[HO CleIYVIoIee yTBEPK ICHNUE.

IIpeanoxenne 10.18. Tunot xsadpur 1 <3 oduosnauno onpedeasiomes 3navenusmu

UNGaAPUANINO6
1) §#0;
2) §=0, A£0;
3)§=0,A=0,5#0.

PacemoTpum Kax anin cayvan oTAeabHO.

1. F=XM(2)* + Xa(y)*+7 (A1, Ag #0).

IIpennoxenue 10.19. Koopduyuenmor Ay u Ay £64810MCA KOPHAMU TAPAKMEPUCTRUYE-

CKRO2CO MHO20UAEHA MATMPUYDBL Q

[MokasaTeabcTBo. Yo = det ( A S:M " 3:»\ ) = (A1 X)) (A2 ). O

Urax, B mepBoM ciyvae OTBET CIEYIOMINN: Ay U Ay HAXOMATCS KaK KOPHU XapaKTe-

pucTudeckoro Maorodatena A < SA+45=0,a 7= A/d.
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CaenctBue 10.20. Xapaxmepucmuueckuti MHOCOUAEN UMEEM 6EULECTNEEHHBIE KOPHU.

2. I'= )\Q(y)2 + 2[)11’ ()\Q,bl 7£ 0)

A
B sTom caywae Ay = 5, by = £ <:>§ JT1o mapabora ¢ POKATLHBIM TTapaMeTPOM
A
P\

3. F=XM(y)?+r7 (A2 #0).

Tyt Ay = S, #o BuraucanTh 7 depes S, § u A HeBoszmoxkuo. Heobxommm ere “modrn
nHBapuanT’ .

Omnpenenrnm dyukmuio K gpopmymon

~ ajp ay oo a2
K = +

a1 Ao g Ao

JlemMma 10.21. Kopuu zapaxmepucmuueckoeo muo2ouiena mampuybt A nwe mensgomes
nPu 3aMEHAT NPAMOY2OALHBLE KOOPIUHAM € OOWUM HAUAAOM.

cii ci2 0
MokazaTeabcTBo. B nrom ciydae marpuna D = Co1 €9 0 OpTOT OHATLHA.
0 0 1

[Manbire nocioBHo Kak B Teopeme 10.17. O

Teopema 10.22. Feau 6 = A =0, mo gynryus K g648€mcs opmo2onaibuolm U6 apu-
aANMOM.

[JokazaTeabCcTBO. 3aMeTnM, ITO XapaKTEPUCTUIECKI MHOTOWIeH A nMeeT Bu

aiq A a2 aq
a12 a99 <:>)\ a9 =
aq a9 (e7s) <:>)\
3 2 11 a1 G2 G2 11 Q12
= &N + (ag + a11 + axn))’ & + + A+ A=
a1 Ao g Ao 12 22

=&\ + (ao+ S)N (K +6) A+ A.

B cuny npenbinytien aeMmMbl k mHBapUaHTEeH IPH TPAMOYTOILHBIX 3aMEeHaX, COX PAHSIIO-
mux Hadano. B obiiem caydae Tpebyem § = A = 0. [lockorbky g06uThes a1z = 0 MOKHO
ONIHUM W TeM e TIOBOPOTOM IJIST CUCTEM, OTIANIAIONINXCS Ha CIBUT, TO MOKHO CINTATD,
qro yxe a2 = 0y ucxognoro ypasuenus. [lockorbky B 5ToM ciaydae § = aj1azs = 0, To
6e3 orpaHnIeHns OBIHOCTH MOKHO CIUTaTh, 9TO d1; = 0, a dyy # 0. Uz A = &alagy =0
noaydaem a; = 0. Torga F' npunumaer sug F' = ayy? + 2a2y + ag. PacemoTpum casur

x:xl—l—xo, y:y'—l—yo.
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Torna

F' = axn(y + yo)* + 2a2(y’ + yo) + ao = ax(y')? + 2(azyo + a2)y’ + (as2ys + 2a2y0 + ao),

Ay = 29, ay = azyo + az, ag = G22y3 + 2asyo + ao.
[Tpu >Tom
0 0 0 0 0 0
A=10 a2 a |, A= 0 ay d
0 ax ao 0 d) a;
Torga K = agap &al, a
K' = Gzz(azzyg + 2a3y0 + ao) < (azyo + G2)2 = 9200 <:>Cl§ = K. O

Bepremcs x TpeTheMy caydaio: F= Ayy? 4+ 7,

0 0 0
A=10 X 0 |, S = A, d=A=0,
0 T

K = A, T=—.

Teopema 10.23. Cuacdywwas mabauya daem wmeobrodumvie u docmamounsle Ycio6us
npuradiexcnocmu Kpusoli 6mopo2o nopadka x odwomy uz desamu 6udo6 6 MEPMUNAT
UHBAPUAHINOG

1. Duratce >0 SA <0
2. MuumbIi sammmc >0 SA >0
3. Ilapa MHUMBIX mepecekalomUXca IPAMBIX | 6 > 0 A=0
4. I'mnep6ona <0 A#0
5. llapa mepecexarommmxcs npaMbIx 6<0 A=0
6. Ilapabora 0=0 A#0
7. llapa mapainelbHbIX TPAMbBIX d=A=0 K<0
8. Illapa MHUMBIX TapaIelbHbIX TPAMBIX b=A=0 K>0
9. llapa coBmamaroImx MPAMBIX d=A=0 K=0

MokazaTeabcTBo. llpoBegem mias sarurca.

22 2 a% 0 0
F=" 4L oi=0, 4A=|0 L 0 |,
a b2 b
0 0 <l
1 1 1 1 1
5:?'6_2>0’ S:?+b_2>0’ A:(:)a—z-b—2<0.

HpI/I nmepexone K ,I[pyFOﬁ cucTeMe KOOpANHaT MHBaPUaHThI HE N3MEHATCH. Ecmn YMHOXKUM
I ma IOJOXKUTEIBHYIO KOHCTAaHTY, TO 3HaKI NHBAPUAHTOB OCTaHYTCsA IIPpEeXKHUMU, a €CJIU
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yMHOXUM F' Ha OTpHUIATEILHYIO KOHCTAHTY, TO 3HAK 0 He M3MEHHUTCA, a 3Hakm S n A
U3MEHATCSH, 3HAYUT, 3HaK S/A OCTaHeTCA TPEeKHIM.

O6parno, paccmorpum kKBampuky ¢ 6 > 0 mw SA < 0. Tax xax ¢ # 0, To omHa
NpHUBEAETCA K EePBOMY THITY:

F=M@)?+Xy)l+7 (A1, A2 #0),

A 000
A= 0 )\2 0 5 S:)\1—|—)\2, (S:)\l)\g A:)\l)\QT.
0 0 7

Tak xax 6 > 0, To A\; 1 Ay 0IHOTO 3HaKa, 3HAIAT, 1 S TOro ke 3Haka. lak kax SA < 0

2 2 2 2
To A apyroro smuaka, u 7 = A/d Toxke. Ilooromy nocae merenns ma ST npuxoaUM K
YPaBHEHUIO DILIAIICA. a

CaenctBue 10.24. [lockoavky woapduyuenmsr KaAHOHUUECCKO2O YPABHEHUSL GLIPANCA-
OMCA YEPEZ UNEAPUAHINBL U CEMUUNEAPUAHIT, TNO YPAGHEHUL ONPEIeacHbl 0IHOZHAUNHO.

IIpumep 10.25. Onpegeruts Tun Kpusoil x? &5ay + 4y + v + 2y &2 = 0.

1«52 1/2
A=| 52 4 1 |,
12 1«2

25 9 5 b 25
= d=d&e—=c— A=XRe-o-slel4+ —=
5 =5 4 4’ 4 4 2 0

TaKUM 06pPa30M, 3TO Tapa MepeceKarolimXcsa MPAMBIX.
IIpumep 10.26. Onpegernts Tun Kpusoil Hz? + 12xy <22z <12y <19 = 0.

5 6 <ll
A= 6 0 <6 ,
<11 <6 <19

S=5 §=486, A=2-36-11+36-19436-5=792+ 504 = 1296,

TakuM obpaszom, 3To Tumepboaa.
3agada 5. Hanru (¢ mOMOIIBIO HHBAPUAHTOB) KQHOHNIECKNE YPABHEHUS DTUX KPUBBIX.

10.4. Pacnapgarmoniuecs KpuBbIe

Onpegenenne 10.27. Anrebpandeckas xpuBas F(x,y) = 0 maspiBaeTcsa pacnadaio-
wetica, ecim F = [y - Fy, vge Fy n ) — MHOrOWIeHBI HEHYJIEBON CTEIECH.

IIpennoxenune 10.28. Feau areebpauvecrkas xpusas npouzsodvnoeo nopadra F = 0
codepocum npanyio Axr + By+C =0, mo F = f-Fy, m. e. mnoeouaen F deaumes na
f vez ocmamea.
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HNokasareabcTBo. Ilyctn A # 0 (nus B # 0 ananorwano). Pazgemnm Muorowren F ma
f xax mmuorowrenst or @ ¢ ocratkoM r(y). Ilpenmonoxum, aro r # 0, T. e. HaigeTcsa
Takas TOYKa Yo, 9T0 1(yo) # 0. Boibepem x¢ Tax, 9T06L!

1
f(xo,90) = Az + Byo + C =0, T.€. xO:@Z‘(Byo—I-C).

Torga (zo,y0) € {f =0} C{F =0} u
0= F(xo,y0) = f(x0,y0) - Fi(xo,y0) + 7(¥0) = 0 Fi(xo,90) + r(y0) = r(yo).

[IporuBopetne. a

CaepcrBue 10.29. Feau xpusas smopoeo nopadra F(x,y) = 0 codepacum npamyio
Ar+ By+C =0, mo F' = (Av + By + C) - (A1jx + By + C1). Imo s03modicko

cdesamev mozda u moavko moeda, koeda A = 0.

NokazaTenbcTBo. llepBoe yTBepK neHme moaydaeTcs cpa3y W3 MPENbIAYIIEro Mperio-
KEeHus, a BTOpOe — U3 MePBOTO U TeOPEMBI 00 OTpeleleHl Bila KPUBOU IO MHBAapHaH-
TaM. O

ITpumep 10.30.

F(z,y) =2 &bry +4y* + 2 + 2y &2 = 2> &by & 1)x + (4y° + 2y &2),

by &1 + (3y &3)
2 Y
Flz,y) = (v &a1) - (z ay) = (e 24y + 2) - (z Sy &1).

T12 = 1 :4y <:>2, $2:y+1,

3agaua 6. Jlokasarp, uTo ecim ay; # 0, To KBajgpaTHoe ypasuenne F(z,y) = 0 o1-
HOCHTEILHO & WMeeT COMM AUCKPUMHUHAHTOM KBaJAPATHBLIN TPEXUIeH OTHOCHTETLHO Y,
JUCKPUMIUHAHT KOTOPOI'o B CBOIO ovepelb paBeH aqlA. B dacTtHocTn, Kopenn m3Bieka-
etTcs Toano pu A = 0.

Teopema 10.31. * [Ipouszsoavnviii opmozonaibublii uneapuanm J mnoeousena e6mopoi
CMENENU, NOAUHOMUAABHO 3AEUCAWUT OM €20 KOIPPHUYUEHTO6, L6AAEMCS MHO2OUAEHOM

om S, d u A.

10.5. TeopeMbl eTUHCTBEHHOCTH [/ KPUBBIX BTOPOr0 IMOpAJKa

I’IELHOMHI/IM7 9TO KBalpHUKa — 2TO ELJIF66pELI/I‘I€CK06 YpaBHEHNE BTOPOT'O IOpAIKa C
TOYIHOCTBIO JO YMHOXKEHUA Ha HeHyJIeBOﬁ MHOZKHUTEIb.

Teopema 10.32. Cywecmyem u eduncmeena keadpura, nporodswasn uepes danmnwie pas-
AUYHBLE NAMD MOUEK, HUKAKUE YEMBIPE U3 KOMOPHLIT HE AEHCATN HA 00HOT NPAMOT.
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HMokasareancTBo. llycts Pi(x;,y;), ¢ = 1,...,5, — 5T TOYKH B HEKOTOPOU MPIMO-
yroabHou cucteme KoopamuatT. [las Haxoxmenus KodpPUINEHTOB ypaBHEHUS MCKOMOU
KBaIPUKN BO3HUKAET CUCTEMA U3 5 JINHENHLIX YPaBHEHUN:

au:z;? + 2a122;y; + agzyf 4+ 2a12; + 2a2y; + ag = 0, 1=1,...2,

oT 6 HEem3BECTHBIX ¢ TOYHOCTBLIO MO YMHOXKEHUS Ha HEHYJIEBOU MHOXKWUTENb. lTakas cu-
creMa Beera umeeT pererre. OHO OJHO3ZHAYMHO ¢ TOYHOCTHIO 0 YMHOXKEHWS Ha HEHY.JTe-
BOU MHOXKWUTEND, €CIU YpaBHeHus JuHenHo nesaBucuMbl. [lomyctum nporusnoe. [lycts,
HAIpUMep, MATOe ypaBHEHWE SBISETCSH JUHEMHOU KOMOWHAWUWEN MEPBBIX YETHIPEX, TakK

170 dobast KBaJApuKa, mpoxoasiras depe3 Py, ..., Py, mpoxoaut u depes Ps. Paccmorpum
IBa CIydas.
1: Tpu Touknm u3 Py, ..., Py, manpumep, Py, Py, P3 1exkaT Ha oIHON IPAMOM, KOTOPYIO

obozHaduM |.

[IpoBegem npsmyto m, cogepxaiyio Py u we conepxainyio Ps. Taxk kak 4 Touknu e JexaT
Ha OJIHOW TpsMon, To m # [ mw m Ul — kBanpuka, e comepxaiias Ps. [IporuBopedne.
2: HuKakwe Tpu TOYKEM w3 P, ..., Py He dexaT Ha ogHon npamon. Torga onpenenenn

nBe kBaapukm: qp = (P1Py) U (PsPy) n g := (PLPy) U (P2 Ps).

Mo npeanonoxenuto, Ps € ¢1, Ps € ¢z. Ho ¢1 N qa = {P1, Py, P3, Py}. llporusopeuune.
O
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Teopema 10.33. Ecau dea ypasuenus emopoti cmenenu F'=0 u G = 0 3adarom odny
U MY KHCE KPUBYIO, M. €. 00HO U MO HCE MHONCECTNEO TNOUEK, NPUUEM COJEPAHCAUYIO OOAEE

odwot mouru, mo F'= A G, X\ #£ 0.

HokazaTteabcTBo. ['MT, moamanaioiine mos popMyJIUPOBKY TEOPEMbBI, HA30BEM CO-
nepxarerbipivMu (DIl u mapsl TpAMBIX, O6BITH MOKET COBMANAIONINX), TPOUNE — He-
coflepKATENLHBIME (TOYKa U MycToe MHOKeCTBO). [l Bcex comepKaTelbHbIX KPUBDIX,
KpOMe COBIAJAIONINX MPIMBIX, CYIIECTBYIOT MpUHaIeKalne uM 4 TOYKn, He Jexarine
Ha ogHou mpsaMon. [looToMy yTBepK IeHre TeoOpeMbI s HUX CAeyeT W3 MPeIblIYIIen Te-
opembl. OcTancs caydan AByX coBmagaiommx npameix. llyers F'= 0 u G = 0 comepxkat
Az + Bz 4+ C = 0. Torga 1o mpeioKennio o pacia  aioluxcs KPUBBIX,

F=(Az+ By+C)- (Aix+ Biy + C1), G =(Az+ By+ C) - (Ayx + Bay + Cy).

Korma pedb naer o cOBHaBIIMX MPAMBIX, TO BTOPble COMHOKUTENN TOJKHBI OTTPEIeTsTh
Ty ®e npsamyio Ar+ Bx+C = 0, a 3maquT, Mo TeopeMe 06 ypaBHEHUAX MEPBOTO TOPS KA,
3alalolIuX OJHY W Ty JKe KPUBYIO,

Az + By + C1y = A(Ax 4+ Bx + O), Asx + Bay + Cy = p(Ax + Bx + O),

A
Tak 910 (G = —F'. O
[

10.6. Teopema Ilackaxsa. “IlocTpoeHme” KpmBOM BTOPOIO IIO-
PAAKa IIO IIATHA 3aJaHHBIM TOYKaM.

Onpenenenne 10.34. [llecrmusepwunnurom Ha3bIBaeTCAd YIOPATOIEHHBIT HabOp

Ay, ..., Ag ecTH TOYEK Ha TMIOCKOCTH, HAXOMANINXCS B OOINEM TOTOKEHWH, T. €. HU-

KaKme 3 TOYKHM He JekaT Ha ofHonm mpamon. Ero cmopowsi: AjA;, AyAs, ... AgAj.
Ipomusonoaoacusvie cmoponvr: A1 Ay m AyAs, AyAs m AsAg, AsAy m AgAjy.

Ay

As

Ay

Sameuanue 10.35. Hukakue 3 Toukn II'Il me nexat wa ogHOU TPSMON. ITO CIEAYET
13 PacCMOTPEHNA MHOKECTBA TOYEK TIepecedeHus IPAMON, 33 aHHON TapaMeTPUIecK, ¢
KpuBoil. B pesyibrare monydaeM ypaBHeHHe He cTapilie BTOPOro TOpAKa Ha mapaMeTp.
SHATUT, €CIN KPUBas MepeceKaeTCs ¢ MPAMON GOIBIIe, IeM Mo 2 TOIKaM, TO OHa MPAMYTO
cogepxut. Iloapobubie BLIKIaAKN Oy IyT TPOBEACHBl B caeaytonmx maparpadax. Taxmm
obpazoM, ynopsnodeHunn Habop 6 pasamanbix Todek DIl 3amaer mectuBepmmnnuK.
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Teopema 10.36 (ITackaus). Touku nepecewenus npomu6oNOLONCHLIT CIMOPOH ULECTNU-
sepuwunnura, enucannoeo 6 A aeaxcam nwa odnot npamoi.

,Z[OKa.?;aTe.]IbCTBO. HyCTB P1 = (AlAQ) N (A4A5), P2 = (A2A3) N (A5A6), P3 = (A3A4) N
(AcA1). Hoxaxem, ato Ps € (P FPy).

PacemoTpuM ypaBHeHns KpUBLIX TpeThell CTeleHn
p _ 3 2 2 3 2 2 —0
(2,y) = a1112° + 1128 Y+ a122Yy "+ a222y° + @011+ @122y + do2ay” + o1 +aoo2y+aooo = 0,

IpoXoAImnx depes 8 rtouek: A, ..., Ag, Pi, P,. Bosmukaer onnopommas cucrema m3 8
ypaBuernn Ha 10 KoadpunmerToB a;j;. [lokaxkem, aTo 5Tn 8 ypaBHEHUN JTHHENHO HE3a-
BrucuMbL. [Ipeanonoxnm, 910 5T0 He TakK, T. €. OJHO N3 ypaBHEHUN IUHEHHO BLIPAKACTCA
depe3 ocTalbHble. JTO O3HAYaeT, 9TO J0basd Kybndeckas KpuBas, MPOXOAIias qepes 7
TOYEK, MPOXOAUT 1 4epe3 BOCHMYIO.

lonycTum, ypaBHerue, oTBevaioriee Py, BolpakaeTcs depes ocTalbible. PaceMoTpum
KyOudecKkoe ypaBHEHEE, paBHOE MPON3BEICHIIO ypaBHEHUS Halllel KBaAPUKN Ha ypaBHe-
HUe IpAMOM, mpoxosrien depes Py, no He depes Py, IIpoTuBopedne.

Amnanormano pias P.

[Iycts Temepn “saBucmMas” Todka — Aj. Torma mpormBopetunme moaydaeTcs m3 Ky-
ok (As4As) U (A2A3) U (AsAg). AHatoru<rno mis ocTanbubix A;.

Nrak 8 ypaBHeHUl JUHENHO HE3aBUCUMBI 1 JI000€ pellleHre SBIFeTCA JUHENHON KOM-
OuHalmen ABYX JUHENHO He3aBUCUMBIX peltenni. [|Ba perenus, onpeaeasionme pas3aimd-
meie ['MT 6ynyT numenno HesaBucuMbl (OT TpOTHUBHONO). B wacTHOCTH, KyOWdecKie
ypaserna I'MT (A;As) U(AsA4) U(AsAs) 1 (A As) U (AsA5) U (AgA;) IuHelno HesaBu-
cuMBl. 3HavdnT, ypasaenne QQ U (P Ps), rie () — ncxojmas KOHIKa, BHIPAKAETCA B BIIE
X JUHEMHON KOMOWHAIINN. SHATHUT,

Py € ((A142) U (AsAs) U (A546)) N ((A245) U (AsA5) U (A6Ar)) C QU (PLPy).

B cuny samevanus 10.35 Ps ne Moxer dexarh Ha Q. 3uaunt, Ps € (P FPy). O

Teopema Ilackamns mo3BoaseT TPOBOANTDL CJAEAYIONINE TOCTPOEHNIS TOJLKO € TOMOIILIO
JMHENKMN.

ITocTpoenune 1. [onyctum, maMm m3BecTHBI H Todek Aq,..., As, Jexamime na KBa-
ApuKe (5 TPOCTOTHI GyAeM CANTAaTh UX MOCIeNOBATENLHO JeKammmi). PacemMoTpum
Touky P; = (A1As) N (AsAs) w npameie Iy = (AxAs) u ls = (AsAs). Torga mo xa-
Kaon Todke P, Ha mpsaMon [, MBI MOXKEM IMOCTPOUTL TOYKY Ag Ha KOHHKE IO CIely-
fotmemy mpasuny. Ilposemrem mpsamyio (P Py) no mepecedenus ¢ 3 B Touxke Ps;. Torma
A6 - (P2A5) N (PgAl)

ITocTpoenne 2. Ilockoabky KacaTelbHas ABIACTCA IPEIEIbHBIM HOJOKEHIEM CEKY-
men, To, ycrpeMmasas Ag — As, Mbl IpuxoanM K cregyromemy. [lomycTnM, maM m3sBecTHBI
b Touex Ay, ..., As, Texkarne Ha KBaapuke (18 TPOCTOTHI Oy €M CANTATEL UX MOCTET0Ba-
TeTbHO JekKarnMn ). Mbl XoTuM TocTponTh KacaTeabiyio B Touke As. [locTponm Touxn
P1 == (AlAQ) N (A4A5), P3 == (A3A4) N (A5A1) HyCTB P2 == (Plpg) N (A2A3) TOF,I[EL

(P, As) — nckomas KacaTelbHas.
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Teopema 10.37 (ITarma). * Teopema Hackais sepna u 6 cayuae deyx necosnadauus
NPAMBLE, ECAU NOMPEGOEAML, UMOOBL 6EPWUNDL BNUCAHHOR20 ULECTNUEEPUWUNHUKA AEHCAAL
wepes odny na waxncdod uz npamvir, m. e. A, Az, Ay — wa odnoi, a ocmaavuvie — wna
dpyeoii.

Brumarennmo IpoaHaJIU3UPOBaB [JOKa3aTE€JIbCTBO TEOPEMEIL HELCKELJI}I, MO22KHO y66—
AUTBCA, 9TO BEPHa TaKiXKe

Teopema 10.38 (o6paTnas Teopema Ilackans). * Fcau mouku nepeceuwenus npo-
MUCONOAONCHBIT CINOPOH UWLECTNUCEPUUHHUKA ACHCAT HA 00HOT NPAMOT, MO 60KPYe HE2O0
MONHCHO ONUCAMD KOHUKY.

3agaua 7. IlpoBectn mompobroe nokazareibcTBO TeopeMbl [larmia.
3agaua 8. Ilposectn mompobuoe moxkazarerbcTBo obpaTHON TeopeMmbl [lackams.

11. IlepecedeHue KpUBOM BTOPOro MOpAJKa C IIpA-
MOMH

PacemoTpum KpuBy1o BTOporo mopsika , , 3aJaHHyI0 B HEKOTOpOn adpPUHHON CHCTEME
KOOpAWHAT ypaBHEHUEM

F(z,y) = anx® + 2a130y + azy® + 2a;x + 2ay + ao = 0,
U IpAMYIO (, 3alaHHYIO MapaMeTpuIecKn

T = X0+ at
y = yo+ Bt

,ﬂJI)I HaXO0XK IEHNA TOYEK Iepecevennsa , 1 { IoACTaBUM IMapaMETPpUYIECKNE YpaBHEHUA B

F=0:
ar(zo+ Oét)Z +2a12(z0+ ot ) (yo + Ft) + aze(yo + ﬁt)Z +2ay (zo+ ot) 4+ 2a2(yo + 5t) +ao = 0,
nau
F2t2 —|— 2F1t —|— FO - 0,

rue

Fy = apa®+2a1308 + anb* = q(a, ),

Fy = oalanzo + anyo + a1) + Blaiazo + asnyo + az),

FO = F(x07y0)‘
Onpegenenue 11.1.  HenyneBoi BekTop (o, 3) IMEET aCUMNMOMUNECKOE HANPABAEHIUE

10 OTHOIIEHNIO K KPHUBOHl BTOPOro mopaaka , , ecin Fy = g(a,3) = ajo? + 2a2083 +

2 _
Gzzﬁ = 0.

Jlerko BUeTH, 9TO 5TO CBOMCTBO He MEHAETCS IPU YMHOXKEHNH YpaBHEHHUA Ha HEHY-
JEBOI MHOXKUTEh, T. €. ABIACTCA CBOMCTBOM KBaJAPHUKH, a He KPUBOI.
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Ipennoxenue 11.2. Onpedeaenue acumMnmomuueckoeo HANPABAECHUS KOPPEKRMHO,
m. €. He 3a6UCUM 0M 6LIOOPA CUCTEMbL KOOPIUHAM.

HokazaTenbcTBo. PakTUvecKn HEOOXOMMbIE BBIKIA KN YK€ TPOBOIUINCH: €CIN MMe-
eTcs 3aMeHa KOO IMHAT (TaK Kak MMeeM JIel0 TOABKO ¢ KBAAPATHIHON JacThio, TO MOKHO
CIUTATh, 9TO CABUIa HeT) ¢ MaTputein C', To

« — C Q/ — CTQC, e Q — 11 a12

o
5 5/ ’ 12 22

Torna

T
B) \B

T
o o

T
_ a T _ / YN /
- ﬁ/ C QC 6/ - 6/ Q _Q(avﬁ)
TELKI/IM O6pEL30M7 pe3yiabTaT IOACTaHOBKI BEKTOPa B KBaAPaTHUYIHYIO YacCTh HE 3aBHUCUT
OT BBIGOpaA CUCTEMBI KOOpAWHAT. O

Teopema 11.3. [lpamas | neacumnmomuueckoeo nanpasienus no OMHUOWEHUIO K KPU-
60l 6mopo2o nopadka , aubo umeem ¢ wel 2 oowue mouru (Pa3AUNHBIE UAL COBNAEUUE)
aubo ne nepecexaemes ¢ net. lpsmas | acumnmomuueckoeo nanpaeienus no omuouie-
Huo K Kpusol eémopozo nopadra , aubo codeprcumes 6 , , aubo umeem ¢ melw odny
00WYI0 MouKy, AUOO HE NEPECEKAEMCS € HETU.

3amevauue 11.4. “/IBe coBmapmme TOYKN O3Ha9aeT, 9TO HMEETCS CKOAL YIOIHO
OamsKas TpsAMast, IMeoIas 2 ToIKN mepecedenns (cexymmas). PacemaTpuBaiores ToIK,
OTJIUYHBIE OT TOYKHU MepecedeH s mepeceKaronnxcs MPAMBIX, BCeX TOYEK Maphl COBIala-
IOMIAX MPAMBIX W INHCTBEHHON TOYKH Haphbl MEUMBIX ME€PECEKAOINXCA TPAMbIX.
HMokasaTeabcTBo. Paccmorpum ypasmenne Fyt? + Fit + Iy = 0, rae Fy = g(a,3), a
(o, ) — mampaBaAOMIN BEKTOD /.

Ecan nanpasienne meacumnroTndeckoe, 1o Fy = ¢(a, ) # 0 u KBagpaTHOE ypaBHe-
Hue HeBBIpoK aero. Ouo Moxker umerh 2, 1 win 0 permennu. [Ipu oTom 1 pertenne, Korga
TOJHBIN KBaapaT. Mbl MOKeM canTaTh, YTO HadalbHas TOUKa (Lo, Yo) JEKUT Ha KPUBOIL.
Torma Fy = 0 m BTOpas ToYKa coBmanaeT ¢ Hadarbion, ecaun Fy = 0. Jomyctum, 9To
Ipu JI060M MaJoM W3MeHeHUNn TOYKE (Xo,Yo) AO APYTON TOIKM (&1,Y;) Ha KPUBOU, BCe
paBHo OyjeMm moayvarh [y = 0. DTo ozmagaer, 9T0 06a KoxpduimenTa mpu o u J (Kax
BEKTOD) KOJIMHEAPHDI Ui BCEX OIM3KIX TOYEK, T. €.

a1 Ty + ayr + ay

a12%1 + a2y + az

o _I%m
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3HaIUT, B OKPECTHOCTH (g, Yo), KPUBAs COJAEPKNT WHTEPBAI IPAMON, U CJIeJOBATENHHO,
ABageTcsA pachagaomerics. OTOpocuB MCKIIOUEHNsA (COBMIABIINE, MHIMBIE TTEPeCceKaio-
[IHecs W TOYKa Tepecevdenns), BIUANM, 9TO B DTUX CIy9asX HUKaKas MpsAMas He MOKeT
mepecedh Takoe MHOKECTBO 110 oAHol Touke. (Mbl moKasbBasm A GIM3KON Tapaiienb-
HOW, ITOOBI UCIIOIB30BATEL PACCY kK IeHTe TP JoKa3aTenrbcTBe yTBepK erus 11.12 o reo-
MeTPHUIECKON XapaKTePU3alun acHMITOTHIEeCKNX HallpaBleHni. Kcinm paccMaTpuBaTh
BOBMYIIEHITE TTOBOPOTOM, TO PAcCyKJeHne YIpolaeTcs (CM. HaXOXIeHre KacaTerbHbIX

HIKe ). )
Ecin xe mampaBienne acmmnToTmdeckoe, To Fo, = 0 um ypaBHeHHe TpUHUMAET BI
2Fit + Fy = 0. Ecam Fy # 0, To mMeeTcsi equHCTBEHHAs TOYKa Iepecedenis. Kcam

Fiy =0, a Fy # 0, To mepecedvenne nycro. Ecim Fy = Fy = 0, To nepecevenne [ u ,
coBrnajgaer c [. a

Caegcreue 11.5. Hukakue mpu mouku wOMUKY He Aexcam Ha 0dnot npamoi.

NokxazaTenbcTBo. [lonycrum mporuBnoe. Torma mpsamas, conepikaliias 3TU TPU TOYKH,
nMeeT aCUMIITOTHIECKOEe HAPABIEHNE U METNKOM CONEPKUTCA B KPUBOU. JHAUNUT, KPU-
Basl pacrmajaeTcs Ha [Be TPsSMble U He SBISETCS KOHUKOM. 0

11.1. HaxoxX/jeHne acCHMOTOTHYEeCKNX HalpaBIeHUH
YpaBHeHMe O aCUMIITOTMYICCKUX HELHpELBJIGHI/IfK
ana® + 2a1203 + aB* = 0.
Ecm ay; # 0, To 3 # 0, Tak xak unade u a = 0. [Temm na (3%

o\’ el
a1 E + 2ai2 E + aze =0,

wm a1k 4+ 2a19k 4+ ag = 0, rae k = %. Torna

b Sarp T \/ai, Sarraz _ Sappt V=)

a11 a11

Onpegenenne 11.6. Ksagpuka ' = 0 umeer suaaunmuueckut, sunepbosuveckuti wiu
napaboiuuecrkuti mun, eciu, coorsectero, 0 > 0, § < 0 win § = 0.

Jlemma 11.7. Imo onpedeaenue koppexmuo, m. €. 3nak & He 3a6ucum om 6uibopa
CUCNEMBL KOOPIUHAM U YMHONCEHUA YPABHEHUSL HA HEHYACE0E .

[loka3zaTenbcTBO. 3aMeTUM, YTO § — WHBAPUAHT TOJHLKO OPTOTOHAALHLIX 3aMeH, HO
[IpU TPOW3BOILHON 3aMeHe

sgn ¢’ = sgn det Q' = sgn det (CTQC) = sgn (det C)*det Q = sgn 4.

[Ipu nepexone or F' x X - F, cxonabiM obpasom, ¢ mepexoanT B A? - 6. a
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Teopema 11.8. Kpuebvle s44unmuuecko2o muna He wMem aGCuUMNIMOMULECKUT HANDa-
6ACHUT; KPUBLLE 2UNEPOOAUNECKO20 MUNA UMEIOM J6A ACUMNIMOMUYECKUT HANPABACHUSL;
KPUGHLE NAPAOOAUNECKO20 MUNG UMEOM 0IHO ACUMNIMOMUUECKOE HANPABAEHUE.

<:>Cl12:|:\/<:>5 u

a11
KOTOPOUW YTBEPKIEHWNE CAeNyeT OUYEBUIHBIM 00pa3oM. Anamormano IJIA caydas dgg 7E

HMokasaTenbcTBo. Ecim a1; # 0, To 6bl1a Moaydena gopmyaa k = 3

0. Ecmm xe a;; = azy = 0, 10 § = <:>af2 < 0 m ypaBHeHHWe A acCUMIOTOTHIECKIX
HallpaBICHIN TPUMET B

Q(avﬁ) = 2@120é6 = 07

OTKY/la ToIy9IaeM JBa aCUMITOTHYecknx Hampasrennsa: (0,1) u (1,0). O
IIpumep 11.9. AcumMmnoToTHYecKne HaIpaBIeHIs THIEPOOIEI

2 2
x Yy
? <:>b—2 =1
TOJKHBL Y IOBIETBOPATH
2 2
« 16} « a
—&—-=0 k=—=%-—.
a?  b? ’ ¢ b

T. e. acummTOTHYeCKIE HATIPABIEHUS TUTIEPOOIbI — HAIIPABICHUS €€ aCUMIITOT.
IIpumep 11.10. VY sanurca

2 2
x Yy
=1
a? = b2
HEeT aCUMIITOTUYIECCKUX HaHpaBﬂeHHﬁ:
2 2
o p
—+—==0, & a=03=0.

a? = b2

IIpumep 11.11. [lapabGona mMeeT 0HO ACHMITOTHYECKOE HAaTIpaBIeHe (HampaBIeHne
ee ocn): y* &2pr = 0 maer ¢(a, 3) = 3* = 0 u nanpasaenne (1,0).

3agada 9. YcTaHOBUTbH, YTO aCUMITOTHYECKNE HAITPABIEHUA Maphl MEPECEKATOIINXCA
IPAMBIX — HAPABIEHNA DTUX IPAMBIX (QHAIUTHIECKH U YePe3 TEOPEMY O JHCIe TOUEK
nepecevens). YCTaHOBATH, YTO aCHMITOTHYECKIE HANPABIEHIUS Tapbl HapallelbHbIX
TJIN COBIABIINX MPAMBIX — HaIPaBICHUA DTUX MPAMBIX.

CaeacrBue 11.12 (u3 Teopemsnl 11.3, npumepos u 3agaun). Jas codepoicamens-
HBLT KPUBBLE, 304 UCKAIOUEHUEM COBNAGUUT NPAMBIL, MONCHO ONPEIEAUMNb HEACUMNIMOMU-
YECKOE HANPABAECHUE 2€0MEMPUYECKU, NPAMAL | umeem HeacumMnmomuueckoe Hanpas.ae-
nue moeda u moabko moeda, xKo2da Haidemes NAPAAACALBHAL €l NPAMAL, NEPECERAOULAA
KPUGYI0 po6ro 6 Jdeyr moukax.
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11.2. [IuamMeTpbl U IIEHTPbI KPUBBLIX BTOPOTO0 HOPAJKA

PacemoTpum menycTyto KpuBYIo BTOPOTO TOPAIKA , , 33 JaHHYI0 B HEKOTOPOU adpput-
HOW CHCTEMe KOOPIUHAT ypaBHEHIEM

2 2
F(x,y) = ana® + 2a20y + asy” + 2a12 + 2az2y + ag = 0,
U OpAMyto [ HeaCUMITOTUIECKOI'0 HallpaBIeHUs, 3alaHHYIO NapaMeTpUIecKn

T = X0+ at
y = yo+ Bt

ycts [ mepecekaeT , B ABYX (BO3MOXKHO COBMABIINX) TOYKaxX, U (&g, Yo) — Cepeuia
cooTBeTCcTBYIONMEr0 oTpeska (xopabl). [lockorbky mist maxoxenus tq u ty, COOTBET-
CTBYIOIINX TOYKAM IepecedeHns, Mbl UMeIN ypaBHeHNe

F2t2 —|— 2F1t —|— FO - 0,
rune

Fy = apa® +2a1508 + aynf* = q(a, B3),
Fy = oalanzo + anyo + a1) + Blaiazo + asnyo + az),
FO = F($0,y0),

npudem B HaieM caydae Fy # 0. Ilo Teopeme Buera mis to = 0, orBedaioniero (o, yo),
yCIOBHUE CepeuHbl XOP bl TPUMeT BU [

[ [ F
OZtOZI;QZ@FI’ Fy =0.
2

Teopema 11.13. Cepedunvt xopd xpueot , dannoeo meacumnmomuueckoeo Hanpa.ae-
wus (o, 3) aexcam nwa npamoi

alanz + ay + a1) + Flazx + azy + a2) = 0.

HokazaTenbcTBo. B cuny paccyxkienus mepes TeopemMon, OCTAIOCh NOKa3aTb, UTO
JaHHoe ypaBHEHWE 3a1aeT TPAMYIO, T. €. DTO ypaBHEHUe MEePBOU CTENEHN, a He HYJIEeBOMH.
[Tepenutem:

(a1 4 a1a)x + (ar2a + a9y + (a1 + az3) = 0
Ecanm 661

{Gna—l-alzﬁ = 0,

a0+ axefl = 0, +

X a0’ + apaf = 0,
X3 apzaf 4 anl* = 0,

1 aj10? + 2a1208 + a3* = 0, 4TO NPOTUBOPEUIUT HEACUMITOTHYHOCTH HAIpPaBICHUS.
O
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Onpegenenue 11.14. Ilpavas (a2 +aray+ar)+ F(a12x + azy +az) = 0 HasbiBaeTcs

Juamempom Kpupoil BToporo mopsaixka I = apa® + ... = 0, conpasxcennoim dannomy
HEACUMNMOMUNECKOMY Hanpasienwio (a, [3).
Onpegenenue 11.15. [fewmp kpusotii , — Taxas Touxa M (xq,yo), 9T0 BMeCTE ¢ JiO-

6o Toukon P comepxut u Touky P’, cummerpudanyio P ornocureabno M. Takum obpa-
3oM, M — 1enTp cumMMeTpun , .

Jemma 11.16. [lyemo M(xo,y0) — yewmp wpusoi , . Cywecmeyiom dee pasiuunbia
NPAMBLE HEACUMNIMOMUUECKUT HaANPAGAeHul, nporodawue wepez M u nepecexaowue | .

MokazaTteabcTBo. [las Touku n mpaMBIX yTBepkenne odeBuano. [lxs I pacemo-
TpuM nBe Touku P u (), orandnsie o1 M, HecuMMeTpUIHbIE OTHOCUTEILH0 M 1 Jexkarime
wa , . Torma (PM)N, D{P, P}, (@M)N, D{Q,Q'}, rae P' w Q' — coorBeTcTByIOINIIE
CIMMeTpHUYIHEIE TOYKNA. Bolee Toro, TpeTnbnx TOYeK B IMepecedeHmax HeT, TaK KaK DTO
npotuBopednT cregcTmio 11.5. Takum obpazom, >To HyKHBIE IpIMbIE. a

Teopema 11.17. Toura M(xo,yo) A6ALEMEA YEHMPOM HENYCMOU KPUEOT 6MOPO2O NO-
padra
F(z,y) = anz® + 2a197y + any® + 2a17 + 24y + ag = 0

mozda u moavko moada, xKoeda

a11%o + a12Yo + ay

(1279 + AooYo + a3 = 0 (ypaenenm ueHmpa)

B mepmunar wacmuolr npouzsoonuir ypasrenus 3anuiuymes 6 6ude

10F 10F
58—1’(1;07 yO) = 07 §a—y(x07 yO) = 0.

loka3zaTeabcTBO. Hycts (o, 5;), i = 1,2, — HanpaBIsionne BEKTOPHI TPAMBIX,
ompeleleHHbIX Mo mpeabayien demme. Toraa (g, yo), KaK cepeua COOTBETCTBYIOMINX
XOp/I, TPUHAIIEKUT COOTBETCTBYIOMINM AUaMeTpaM, T. €. YIOBIETBOPSIET ypaBHEHUIM

ai(anzo + ainyo + ar) + Bi(aizxo + azyo + az) = 0, i =1,2.

O603HavnB BhIpaKeHWs B CKOOKax 9depe3 u W ¥ COOTBETCBEHHO, MOAYyIUM, 9TO U U v
YIOBIETBOPAIOT CUCTEME IUHENHBIX yYPaBHEH I

au+ v = 0
a4+ Bv = 0

[Ipu sToM ypaBHEHUs JTHHENHO HE3aBUCUMbI, TaK Kak BeKTopa (&, [3;) HEKOIIMHEAPHDI.
SHAYIUT, €UHCTBEHHAS BOBMOKHOCTL: % = v = (.
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Hycts Touxa M(xg,yo) yaoBaeTBopseT “ypapuenusm nentpa’. llepeniem K Ho-
Boll crcTeMe Koopaunatr (x’,y'):

7 =z &g, Yy =y &y,
TaK 9TO
v=a'+w0, Y=y +.
Torna
F(a'y') = Cl11(51?/-|-51?0)2-|-26l12(Ilfl-l-l'o)(y/+y0)+a22(y/+yo)2+2a1($/+$o)+2az(y/+yo)+ao =
= G11($/)2+2G12$/y/‘|‘6l22(y/)2-|-2(Cl1151?0-|-a12y0—|-Cl1)51?/—|-2(a12$0+a22y0—|—a2)y/+F(SL'Oa Yo) =
= Cl11(51?/)2 + 2a527'y’ + Gzz(y/)2 + ap = 0.

OueBnano, aro ecan Touka (2',y’) yaoBieTBopseT oToMy ypaBHeHMIo, To 1 (&a!, Sy') —
ToKe, a KoopauaaThl M B Hoou cucreme: (0,0). 0

CaeactBue 11.18. Henycmas wpusas smopozo nopadka F(x,y) = ayp2® +... =0
1) umeem eduncmeennvii yewmp < 6 =0;
2) ne umeem yewmpa & 6=0, A#0, m.e. , — napaboaa;
3) umeem yeayio npanyio yewmpos <= §=A=0.

HokazaTenbcTBo. /[lencTBuTensbHo, ypaBHenns meHTpa

1270 + az2yo +az = 0

{ anro+ ayo+a;r = 0

11 a12
12 22

=0 #0. Ecm

NMET €INHCTBEHHOE PEIIeHUE Tol'Ja U TOJBKO TOI'la, KOT' A

MEI 0003HaYIM gepe3 r paHI’ MaTpHUIbL

an a2 4
B =
a2 d22 a2
To ipu 0 = 0 cucTeMa He WMeeT pelleHnl TOra U TOALKO Torja, Korja r = 2, U UMeeT
GECKOHETHO MHOT'O PEIeHH TOTJa i TOILKO TOTia, Korga r = | (HyJeBbIM panr ObITH He
moxkeT). Ouesnnno, aTo A # 0 Brever r = 2, ar = 1 Breder A = 0. /lokaxem oGpaTibie

nMmmnkannn. Wrak, nyerb 6 = A = 0 n npeanoioknM TPOTUBHOE TPeOyeMoMYy, T. €.
r = 2. 3HAYUT, TPETHA CTPOKA MATPUIIHI

11 Q12 a1
A= 12 Q22 a2
a1 Gz Ao
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(ompeenuTereM KOTOpO# ABIAeTCA A) BbipakaeTcs depes mepBhle. B dactHocTn, a; =
Aayy + pags, ay = Aajy + flage TPU HEKOTOPLIX A W (. ITO O3HAYAET, UTO MOCIETHITH
croaber, MaTpuibl B BhlpaxkaeTcsa Yepes IBa IIePBLIX, KOTOPLIE, B CBOIO OYepe b, TUHENHO
saBuciMbl (Tak kKak § = 0). 3wmauwr, r = 1. IlporuBopedne. MeTomom JormaecKoro
UCKIIOYEeHN OoAy9IaeM BTOPYIO 0OpaTHYIO MMILTAKAIIWIO. a

Caeacrue 11.19. 6ot duamemp nporodum uepesz 6ce yewnmpsvl Kpusoi.

HokazaTenbcTBo. CUpenn MpsSMbIX TOTO HEACHMIITOTHIECKOTO HATIPABIEHS, KOTOPOMY
COTIpSKEH MAaHHLIN [UaMeTp, Halo BLIOPATH Ty, KOTOPAs MIPOXOIUT Yepe3 TaHHbIN TEHTP.
JInbo »TO TOYKa, COOTBETCTBYIOIIAS XOpJe, AuOO MTPONOTKEHNIO MHOKECTBa CepeNnH
xopa. B mobom crydae 3T0 TOYKa muamMeTpa. 0

11.3. ComnpsaxeHHble JUuaMeTPbl U HAIlPABJICHUA

Teopema 11.20. Fcau wenycmasn wxpusas 6mopo2o nopadka umeem eIuncmeenmusbiil
yenwmp, m. e. & # 0, mo duamemp, conpaNCenHbll HEACUMNMOMUUECKOMY HANPAE.LE-
nuo (o, 3), umeem wanpasaenue (o, %), maroce L6AA0WEECH HEACUMNMOMULECKUM.
Hpu smom duamemp, conpaxcennviii nanpasaenuo (o, 3%), uneem wanpasaenue (a, [3).

[MokasareabcTBo. Conpskennnn K (o, J) mmaMeTp nMeeT ypaBHEHNE
alanz + ay + a1) + Flazx + azy + a2) = 0.

Hampasrerne (u, v) npsvont ax+by+c = 0, Kak MbI 3HaeM, JOIKHO OGHYIATH OTHOPOIHYTO
qacTh: au + bv = 0. B mamewm cayae:

ala10” 4 a120%) + Blana™ + agf*) = (o, f)A gi = 0. (12)

pennoroxum, aro (o, %) — acuMnrorndeckoe Hanpasienne. Toraa

o (a110™ + ay8%) +57 (a120" 4 ay28™) = 0.
v w

Bwmecte ¢ (12) monydaem crucremy

oV + W = 0,
oV 4+ W = 0.

Ecin V u W ne obpatatorcs ofHoBpeMeHHo B HOMb, TO (o, ) u (o, (%) KomrmHeapmsr,
B dacTHOCTH, (o, %) meacumnToTHdeckoe win (¢, 3) acUMITOTHIECKOE — MPOTUBOPE-
9ie (He TOBOPS O TOM, YTO MO T€OMETPUIECKNM COOODAKEHUSM OHO He MOKET ObITh
KoJImHeapHupiM ). Suadut, V = W =0, 7. e.

* *
ana” 4+ apft =

* *
a120" + agf* =
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Ho 6 # 0, w oTa cucrema nMeeT TOILKO TpuBHaibHoe peltenne o = (* = (), 4T0 He
MOXKeT O6BbITh HAIPABIAIONINM BEKTOPOM JHAMETPA.

Bropas gacTh TeopeMbl moaydaeTcs U3 SBHOTO Bua ypasHenus (12) (wago Tpancmo-
HIPOBATH). O

Caegcreue 11.21. [as xkpusoti ¢ eduncmeenublm yenmpom 4100644 NPAMAL HEACUMNMO-
MUYECKO20 HANPABAEHUSL, NPOTOIAWAL UEPES YEHMP, ACALENCA JUAMETPOM.

[dokazaTeabcTBO. JTa MpsMas — JHAMET]P, COMPAKEHHBIN K HATTPABIEHUIO COMPSIKEH-
HOT'O AuaMeTpa. O

Onpenenenne 11.22. /IBa gumamMeTpa KPpUBOU C €IMHCTBEHHBIM IIEHTPOM, AEIAIIIE O~
HoJlaM XOP/ibl, MapaiielbHble IPYTOMY ANaMeTpy, HA3LIBAIOTCA CONPANCEHHBIMU Juame-
mpam.

Onpegenenue 11.23.  /IBa nanpasienus (o, 3) u (a*, %) Ha3BIBATIOTCS CONPANCEHHBLMU
Hanpasienuiny (OTHOCUTENLHO JTAHHON KPUBOW), €CIN OHU YIOBIETBOPAIOT yPABHEHIIO
(12).

3ameudanue 11.24. U3 gokaszanHOro sCHO, 4YTO CONpsKEHHbIE AUaMeTpPbl Bcerja
NMeIOT COTpsKeHnble nampasienns. Ob6paTHoe, BoobIlle TOBOPs, HEBEPHO.

Teopema 11.25. Feau kpusas seasemes napadosoi, m. e. § = 0, A £ 0, mo sce ee
duamempsl UMENOM ACUMNIMOMULECKOE HANPABAEHUE.

[MokasarenbcTBo. Paccmorpum manpasienue (a, 3). Torga compsikenubiii mmamMeTp
Oy1eT mMeTh HampaBienne (o, 3%), ynoBreTBOpAIONIee

a*(ana + ar2f) + B (ar2a + azf) =0,

OTKYla, C TOYHOCTBIO NO MHOXKUTEJA,

a” = S{apa + anf), B* = ana+ af.
Nnmeem (mockombky & = 0):

a4 apfT = ©6f =0, a”
a0 4+ anl” = da=0, B

G11(Oé*)2 + 2a10" 5" + Gzz(ﬁ*)Q =0,

T. €. HaIlpaBJeHUe aCUMITOTHIECKOe. 0

3agada 10. /loxazaTb, 4TO JH06as IpAMas aCUMITOTHYECKOIO HAITPABIEHUA 110 OTHO-
IeHno K napabose ABAACTCA TUAMETPOM.

Sagada 11. Y6enuThcs, 4TO IpeablayIlas TeoOpeMa BepHa [If CYIIeCTBEHHBIX KPUBBIX
mapabonrrnvdeckKoro THuia, a He TOAbKO JJA Mmapaboibl.

Sagaua 12. 3anumcaTh ypaBHEHHNE DILIAIICA B CHCTEME KOOPANHAT, OCAME KOTOPOU CIy-
JKaT JIBa CONPAKEHHBLIX IuaMeTpa, a O0a3MCHBIMKU BEKTOpaMU — TOJOBUHLI XOP[ DTHUX
JaMeTpoB.
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11.4. I'naBHBIe AMAMETPbI U OCU CUMMETPUU

B »rom maparpade crucTema KoopImHAT TpemoraraeTcs mpsaMoyroabmon. IlycTs [

— 0Cb CUMMEMPUY COMEPKATETHLHON KPWBOU BTOPOTO MOpAIKa , , T. €. , BMeCTe C

aobon Toukonr P compepxur u P, cumMerpudanyio P orHocuTeanno [, YpaBHenue , :
_ 2 _

Flz,y)=anz*+...=0.

Boszmoxubr nBa cayyas:
[TEPBBIN CJAYYAN: mepreHnKyIspHoe K [ HalrpaBienne sBISeTCS aCUMITOTHIECKTM.
Ecany , wmer Todex Bue [, To, =[. Ecan ke Takas Touka P mMeeTcs, TO CHMMeTPUIHASL

eil orHocuTenbHo [ Touka P’ Taxxe mpunagiexur , . llockonbky mampasienue PP’
— acuMnToTHdYeckoe, To n BesA npamas (PP’) nomxwna conepxarbes B , . Urak, , B
>ToM caydae pacnatach Ha (PP’) u HeKOTOpYIo MpAMYIO m, KOTOpas TaKkKe J0MKHA
OBITH CUMMETPHYHON oTHOCHTENbHO (. Bosmoxubr Tpu ciydas: m = (PP'), m||/(PP’)
u m = [. Urax, eciu ojHa m3 ocell CUMMETPHUN HepIeH UKy IIpHa aCHMITOTHIECKOMY
HaIIpaBJIEHNIO, TO BO3MOKHEI CJIeIYIONINe BapHaHThL:

1) , — cosmasmne mpsamMbre. OChbio CUMMETPII MOKET OBITH CaMa DTa IpAMast 1 Jro6ast
mpsAMast, € MepreH uKyIspHas.

2) , — mapamurenbibie mpaMble. OCblo CHMMETPUN MOXKET ObITH paBHOYAJeHHAS OT
HUX TpsSMas 1 aiobas mpsiMas, €d meprieH [uKyIspHast.

3) , — HeplUeHAnKyJIspHble Tpsamble. Hmeercs deTnipe ocu cuMMeTpun (TIpsAMble I
OUCCEKTPUCHL YITIOB).

BTOPON CIYYAN: mepreH uKyasipHoe K [ HalpaBieHUe SBISETCS HEACHMIITOTHYE-
CKIM.
Onpegenenne 11.26. Heacumnrorudeckoe HampaBieHne, MepleHganKyIspHOe COTPS-
KEHHOMY €My JHaMeTpPy Ha3bIBAeTCS 2.4a6HblM HANPA6.AENUEM KPUBOHT , , & AUaMeTp Ha-
3BIBACTCA 2da6HbLM JUAMEMPOM.

Teopema 11.27. [uasuwili duamemp 16.44emes ocvio cummempuy kpueot , . Obpammo,
At COJEPHCAMEABHBIT KPUBHIL 6MOPO20 NOPAIKA, OMAUUNBIL OM NAPLL NAPAAAEALHBLT,
c06Nada0WuT UAL NEPRENIURYAIPHVIE NPAMBIE (M. €. NOAYUUSWUTCS 6 NEPEOM CAYUAE),
0Ch CUMMEMPUL ACBASEMCA 2AAEHBIM JUAMETPOM.

HdokazaTenbcTBo. B 5TOoM ciydae amaMeTp COCTOUT U3 CePENUH MePIeH TUKYIAPHBIX
XOp/l, T. €. ABAAETCA OCHIO CUMMETPUH.

O6paTHo, 1o paccy K IEHUIO TPO TEPBLIN CIYIal, Mbl HCKIOYMIIN Te CIyvdan, KO a OCh
CUMMETPUN MOKeT ObITh MEPIeHINKYIApHa aCHMIITOTHYECKOMY HarnpaBiennto. [losromy
HnepIieHINKyIApHOe OCU HallpaBleHne — HeacuMIToThYeckoe. Kak och cumMeTpun, oHa
MEeJUT XOPJAbl 2TOI'0 HAIpaBJeHUsA TOTaJaM, W TaKUM oOpas3oM, ABIAETCS NUaMETPOM.
[Mockombky mepneH IMKYIAPHBI, TO TITaBHBIM. 0
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Teopema 11.28. Bexmop («, 3) 3adaem 2aasnoe nanpasaenue wpusoti F' = ayja+. .. =
0, moeda u moavko mo2da, K02da O A6AAEMCA PEWEHUEM YPAEHEHUS

8} 8} a1 a1z
Q = A : rae () = :
5 5 12 G2
@A — HENYAE60T KOPEHb TAPAKMEPUCTNUUECKO20 YPAGHEHUA

det (Q ©AE) = N2 &S\ +6 = 0.

Taxoi eexmop nasvisaemes COBCTBEHHBIM BEKTOPOM wmampuybt (), omeeuaoujum
COBCTBEHHOMY 3HAYEHUIO A.

MokasareancTBo. llycth (o, 3) — ruaBnoe nanpasienune. Torga ypaBHeHnme cooTBET-
CTBYIOIIErO COMPSKEHHOIO AraMeTpa

alanz + ay + a1) + Blarzr + azy + az) =0,

IpUIeM ero HopMalb 1 0 YCIOBUIO KonHeapHa (a, 3), T. e.
[ ana+anf | a
n_(amoé-l-azzﬁ)_)\(ﬁ)’
o(5)=2(5)
\E a [0

Jra cucreMa nMeeT HemnyleBoe perenne (o, 3). [las sToro ompepernTens ee noIKeH
paBuaTbes mymo: det (Q SAE) = xg(A) = A? ©SA 4§ = 0. PaccmoTpum ero kopenn .
Ecmr A = 0, To cucrema nepenumiercs B Buje:

nJanm

[Tepenutem:

3 +

a0’ + 2a1203 + a22ﬁ2 =0,

apa+apf = 0
a1o2CY + azgﬁ =0

7. e. (o, ) — acUMITOTHYECKOE HapaBIEHHeE.
O6parno, eciu A # 0, To

(a4

B

ap0? + 2a,003 + ayf = )\(042 + 52) # 0.

{ a1 + algﬁ = o +

a0+ axpl = A8
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Taxum obpaszom, HampaBienne, ompenersieMoe cOGCTBEHHBIM BEKTOPOM (), OTBETAIOITITM
A # 0, HeaCUMIITOTHYIECKOE, & CJIeIOBATENLHO, TIAaBHOE, TaK KaK yCJIOBIE KOLIMHEAPHOCTH
(o, 3) 1 HOpMATH K CONPSKEHHOMY ANaMeTpPy, KaK MBI TIOKA3aJl, SKBUBAJEHTHBI YCJIOBIIO

o 0
AE = : O
Qe )=
Jemvmma 11.29. [lyemv Ay # Ay — wopwu zapaxmepucmuueckoeo ypasuenus. Toeda

coomsememeyowue cobemeennvie sexmopuvl (ay, B1) u (a, By) Hewoaiuneapibl.

HMokazaTenbcTBo. Torga onun us kKopren orauwden ot 0, MycTh 414 ONpPENEJEHHOCTH —
A1. Kpome Toro, oveBnno, MOXKHO CIMTaTh BEKTOPHLI COBIANAIONIMI, 0O03HAIIM €ro
gepes (o, 3). Toraa

o o o

Ml )T s )T )

YTO BO3MOKHO TOJBLKO MPH HyJeBOM BekTOpe (¢, (7). O
CaegcrBue 11.30. Daaunc ¢ pazauunviny  noayocamu (m. e. oMmAUUHBLY oM

ORPYINCHOCTAU) U 2UNEPBOAG UMEIOM PO6HO J6E OCU CUMMEMPULU, KOMOPLIE MEM CAMBLM
co6nadaiom ¢ ocaMu Kanonuueckol cucmemsvt Koopdunam. Ilapaboaa umeem poemno oduy
0Ch cummempu, coenadawwyo ¢ ocvio Or KAMOHUYECKOU cucmemvl Koopdunam.

MokazaTteabcTBo. llycTh A\; m Ay — KopHE XapaKTepuCcTHIecKOr'o MHOTOWIeHa. Kcim
OHI pa3JnvHble W HEHYJeBble, TO UMeeM TI0 JeMMe JBa Pa3HbIX TMIaBHBIX HallpaBIeHN.
O

3amevauue 11.31. [lig oxkpyxuocTH, Korja A; = Ay, J1060€ HallpaBlIcHIE ABIACTCI
TJIaBHIBIM.

12. Bug u pacnojoxeHnue KpUBbIX BTOPOI'0O MopAIKa

Bun xkanonm4yeckoro ypaBHEHUs Mbl YyMeeM BBIYUCIATEH € MOMOIIbIO WHBAPUAHTOB.
Kpome Toro, Mbl ymMeeM mpuBOANTL ¢ TOMOIIBIO Tonbopa yraa @, u T. 1. Cenmdac Mol
06CY UM IPYTONl allOPUTM, Oolee YHUBEPCAILHOIO XapaKTepa (HampuMep, aHaJlOlMY-
HBII alropuT™M Oy 1eT paboTaTh U TOBEPXHOCTEN).

1. Pemtaem ypaBHeHus 1enTpa:

1. 9F
7 5. = anT t+apy+a =0,
1 5k
3 gy = 01Tt anyta; =0,

[Iyctn (:1;0, yo) — pelleHue (BOSMO)KHO He e,I[I/IHCTBeHHOG). Cayaan mapabobl paccMOTPIM
OTIeNbHO.
2. llpousBoaum caBur:
T = T =g,
¥y = Y <=Yo,
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F'(2',y') = ann(2')? 4 2a122"y’ + axn(y')? + 7 =0, T = F(x0,y0)

(KO PUITHEHTHI KBaJpaTHIHON YaCTH OCTATNCEH TTPEKHIMMA).
3. Umem xopum Ay, Ay XapakKTepuCTHIECKOTO MHOTOIEHA

a1 <:>)\ a1

=0
ai2 Aoy <A

MaeSh+§=0, WIn

T COOTBETCTBYIOIINE UM COOCTBEHHbBIE BeKTOpa (a, 1), (g, B2). Ecaum Ay Ay pasimnbre
HeHyJeBble, TO TOTOKIM

1 )
1 =1,2.

€ m(%@)a :

Ecaim onm cosmagarormme (HeHyJIeBBIe), TO MaTphlla KBaApaTHIHON YacTH YiKe Juaro-
HaJIbHa (a12 = 0). B nmoBou cucreme Koopamnar

FW//(:E//7 y//) — )\1($//)2 _I_ Az(y//)Q _I_ T = 0

Taxum 06pazoM AeliCTBYEM B Clydae DLIHICAa HIH THIePOOIbL.

Ecmn 8 F' umeem 7 = 0 nan okasanoch Ay = 0, To pacmagaroijadca KpuBas U Hano
pacKIagbBaTh Ha MHOKITENN.

Ocranca caydan mapabogsl. B 5ToMm caydae cHadaza HaXoAUM aCHUMITOTHIECKOE Ha-
npasienne («, [3) u3

2 2
a1 + 2@120[& + azgﬁ =0.
,ﬂI/IaMeTp, COOTBGTCTByIOIlII/Iﬁ HepIeH INKYJAAPpHOMY HallpaBJCHUIO,

o, 08

SABIAETCA OCHIO. 3aMeTHM, 9TO ypaBHEHNe Mapaboibl Teleph MOKET OLITEH Mepelcano B
BUIE

(Br ay)? + Az + By +C = 0. (13)
Bepmmna (2, yo) HAXOAUTCA U3 CHCTEMBI

@3-%%—@-% = 0,
F(x,y) = 0.

Kamonmveckas cucrema:

1 1
W(avﬁ)v €y = W(%ﬂ)a

e = +1. 3uak y e; BRIOUpaeTCsA W3 cAeyiomux coobpakennii. Ypasuenne (13) mokasbi-

€1 =&

BaeT, 9TO mapaboia JeXKUT B OTPHUIATENbHON moaymrockocTn npsymon Az + By + C' = 0.
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SHAYIUT, HAlpaBIeHNE ee BETBEN, TOUHee, MPABUILHOE HAIIpaBIeHUEe €1, 00pa3yeT TYIIOn
yrox ¢ (A, B). Takum obpazom, 3uak Buibupaercs u3 ycaous (Ao + Bf3) < 0.
Kanonuveckoe ypaBHeHme mpollie BCEro HaUTH, HETIOCPEICTBEHHO OCYIIECTBUB HEpe-
X0/l K KAaHOHUIECKOU CUCTEME KOOP IUHAT.
IIpumep 12.1. Onpenenurs Buj 1 pacnonoxenue kpusoil Sx?+12xy 222 <12y <19 =
0.
1. HenTp:
{ 10z + 12y 22 = 0, N { o = 1,
122 12 = 0, yo = 1.

x = 241
y = y'+1

F'(z' y") = 5(2)? + 122"y + F(1,1) = 5(2")* + 122"y’ <36 = 0.

2. 3aMeHa:

[IpomexyTodHOE ypaBHEHME:

3. Q= (2 g)vQ@AE: (5(? QA),XQ(A):AZ@M@%:(), A =9,

Ay = €A, Taknm ob6pasom, B Karnorndeckon cucreme (z”,y"):

F//($//7y//) — 9($//)2 <:>>4(yll)2 <:>36 — 07

— KaHOHWIEeCKUU BU.
4. Nlna maxoxnenus e

o &6 o 0
(Q e ME) (5) = ( 6 <9 ) (5) = (0) , dacTHOe perenne: o = 3,3 = 2,

N3 wero € momyvaercs HOpMUpOBaHIEM, a €5 eMy OpTOTrOHAJIEH:

1 1
1 ¢l = ——(2,3).

€1 = \/—1—3(372)7 \/ﬁ

OxoHvYaTenbHo ToTydaeM: KpuBas ABISETCS TUIePOOTON ¢ YKa3aHHbIM KaHOHIIeCKIM
BUJIOM ¥ KaHOHHYECKON crmcTemoll ¢ madaiom (1,1) m GasucHbiMu BekTOpamu €] m el
Hall JeHHLIMEI B 11.4.

IIpumep 12.2. OnpegeruTs Buj 1 pacnonoxenue Kpupoi x2&day+4y? +4x&3y<7 = 0.

1. HenTp:
{ 2e=dy+4 = 0

CcuicreMa HECOBMECTHa = Hapa6OJIEL.

2
SHAr+8y&3 = 0,
2. AcuMnroTndeckoe HalpaBleHUe:

o Sdaf +45° =0, (a 23)% gacTHOe pemlenne: a = 2,3 = 1.
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3. Och cummeTpun:

or or

—ta—=(&l) 2redy+4) +2- (&4 + 8y £3) =0,
oz dy
ol0z 420y 210 =0, ze2y+1=0

— OCb.
4. Bepmmna:

re2y = &l re2y = &l
(x &2y +4e &3ys7 = 0 dr =3y = 67
OTKya Bepimmua: (3,2).
5. Kanonmdaecknii 6asuc:
Gmc @D, = (el
1 \/5 ” ” 2 \/5 ” ”

A

npudem € = +1 wmaxogures s yeaosus (4 -2 <3 - 1) < 0, Tak 9To € = <.

Taxkum obpazom, 3aMeHa KOOPIUHAT:

ry 1 = x N (3)
Yy - \/5 sl 2 Y 2)°
6. Kamonnmdeckun Bum:

4 3
(z ©2y)* + 4z ©3y &7 = (&/5y <1)? @ﬁ@x’ +y')+ 12+ ﬁ(x’ £2y) &6 &7 =

3 1
= 5(y/)2+2\/5y/+1<:>75x/<:>6\/5y/ =] = 5(y/)2 <:>\/5$/ — 07

13. KacaTeiqbHble K KPUBBIM BTOPOro HOpAAKA

Onpegenenne 13.1. Ocoboti moukotd KpUBOU BTOPOTO MOPS KA HA3LIBAETCS TEHT],
IPUHATEKAMN KPUBOH (TOYKa TepecevdeHis MepeceKaiomnXcs MPAMBIX, BCe TOIKN
mapbl COBMAMAIONINX TPAMBIX W €IMHCTBEHHAA TOYKa Mapbl MHUMBIX TepeceKatolTnXcs
IPAMBIX ).

= 3 5 (20,90) = 5 (20, 0) = 0

TH TOYKH XapaKTepusyloTcs ycroBueM 5-(To,Yo) = 7, (Zo,Yo) = 0.

Onpegenenne 13.2. Kacameabnoti K KpUBOU BTOPOrO MOPsAIKa , B HEOCOOOU TOYKE
(20, Yo) Ha3BIBAETCA TPAMas, TPOXOMIIAs Yepe3 DTY TOUKY W MepeceKaiomas , B IBYX
COBITABIINX TOYKaX, ATMOO comepiKalasics B , .
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Teopema 13.3. Kacameavnas x kpu6oi
F(z,y) = anz® + 2a197y + any® + 2a17 + 24y + ag = 0

6 neocoboli moure (To,Yo) UMEEM YPAEHENUE

or or
8—:1;(%’ Yo)( &) + 8—y(x0’ Yo)(y Syo) =0
wA
(@110 + ai2yo + a1)x + (a0 + a2yo + a2)y + (a120 + azyo + ao) = 0. (14)

HMokazaTeabcTBo. llpavas

y = yo+ Bt

nmepecekKaeT KpUBYIO B TOYKaX, COOTBETCTBYIOINX PEICHUAM YPpaBHEHNA

{:1; = x9+at

F2t2 —|— 2F1t —|— FO - 0,
rie
Py = apo®+ 2a1200 + a22ﬁ2 = q(o, 3),
or or
Fy = oalanzo + ayo + a1) + Blarnzo + azayo + az) = Oéa—x(l’o, Yo) + ﬁa—y(l’o, Yo)s
FO = F(l’o, yo) = 0,
MOCKOJILKY TOYKa JEeXKUT Ha KpUBou. YciaoBue Kacamums: F) =0, T. e.

or or
aa—x(l'oa Yo) + 5a—y($07 Yo) =0,

TaK 9TO 9aCTHOE€ pelIcHue (HELHpELBJIGHI/IG)

oF oF
o= @@(l’o,yo)a 5 = a—x(xoayo)-

[Tockoabky ToOvKa Heocobas, TO DTo HeHylIeBou BeKTOp. [lOCKOIBKY Mpm CKOML yromHo
MaJoM BO3MYIIeHun (MoBopoTe) BeKTopa OyneT yxke Fy # 0, T. e. cexymas, TO 5TO [Be
coBnagie Toukn. [lomyuaem

or

oF
a—x(%a yo)(x &o) + a—y(l‘o, Yo)(y ©yo) =0

I
(a1120 + a12yo + a1)(x Sao) + (ar20 + a22yo + a2)(y Syo) = 0.

C yaerom F(xg,yo) oTO naeT

(a1170 + arayo + a1)x + (1220 + a22yo + a2)y + (@120 + azyo + ao) = 0. O
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13.1. Ilomsapa TOYKM OTHOCUTEJIbHO KOHUKHU

[ycTs Konwka , 3anana ypasnenuem F'(z,y) = ajjz®+. .. B npousBoabHol adppuHHON
cucreme Koopaunatr. Torjga ypashenne Kacarenbioi (14) MoxkeT GbITEL 3alicano B Bile

X
($07y071)‘4 Y = 07 (15)
1
rie A — marpuna F. Pacemorpum mobyio Touxy P(xg,yo) TIOCKOCTH, OTINIHYIO OT

IIeHTpa KPUBOI.

Onpegenenne 13.4. llpsmas ¢ ypaBuenunem 15 masniBaeTcs noasapot mouxu P omuo-
CUMEABHO KOHUKY , .

Sameuanue 13.5. Ycaoswe oramaust P oT meHTpa rapaHTUpyeT, 9TO MOXYIaeM TIps-
MYIO, T. €. ypaBHEHEEe MepBOro, a He HyJeBOTO MOpsAIKa.

IIpumep 13.6. Ecau touka P(xg, yo) IPUHALIEKAT , , TO MOTYIAeM, ITO TOLIPA ABIA-
eTcA KacaTeabHON.

IIpepnoxenne 13.7. Feau uz mourxu P moscno nposecmu k xkonuke , dée xacameo-
notr ¢ moukamu xacanus M uw N, mo MN seasemcs noaspot P.

MokasaTteabcTBo. Ecanm (2, yi) — KOOPAWHATHI TOUKHM KacaHus KacaTelbHOM, MTpoBe-
T
nerron m3 Touxku P(xg,yo), T (2, Yk, 1)A| y | = 0 — ypaBuenue sToll KacaTeabHON.
1
Lo
Hockoabky P el npuuagiexnt, 10 (g, yi, 1)A | yo | = 0. Tpamcrnonupys, noryvaem,
1
970 (), Yk) JOIKHA YAOBIETBOPIATL CUCTEME
Fegye) = 0, — ypabuenue
Tk
(0,90, A | ys = 0, — ypaBHeHue noasapsl T. P
1
Taxum obpazoM, (xk,yr) — TOUKa Mepecedenus MOMSPhl ¢ KOHUKOU, U MpeIIoKenne 10-

Ka3aHo. 0

3ameuanue 13.8. Iloka onpenenenne (popMasbHO 3aBUCHT OT BBIGOpA CHCTEMBI KOOD-
auraT. HezaBnmenmMocTh MOKHO BHIBECTH 13 TEOMETPUIECKIX CIIOCOGOB MOCTPOEHMUS (CM.
HITKe), HO MBI TOKaXKeM DTO HETOCPeICTBEHHO.

IIpepnoxenune 13.9. loaspa e 3a6ucum om evibopa cucmemvl Koopdunam.
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HMokazaTeabcTBo. Hanomuum (cMm. § mpo uuBapuanThbl), 9T0 MaTpuia A 1 KOMIOHEHTHI
(z,y,1) menstorces no zaxonam A’ = DTAD,

T T Ci11 Ci2 Xg T

) =Dy = C21 C22 Yo y'

1 1 0 0 1 1
Orkyna us (15) morydaem TpebyeMblil Pe3yIbTAT. O

Teopema 13.10. [Iyemos A, B v C, D — moukxu nepeceuenus deyxr cexyuur, npoeeden-
nwoir w3 P x wonuxe, mouxu E u F' — mouxu nepeceuenus AD ¢ BC uw AC ¢ BD,
coomsememeenno. Tozda npamas (EF) seanemes noaspoi P.

,Z[OKa.?.aTe.JIbCTBO.

Paccmorpum adppunnyro cucremy koopaunat, y Koropon npambie AB n C'D apasrorcs
ocaMn, a Todka P — nadanom. Taxnm o6paszom, A u B ygnosiersopsior y = 0, a 3Ha-
aut, A u B umeror xkoopaunaThl (21,0) n (12,0) cooTBeTCTBEHHO, Tle &1 U X — KOPHI
ypaBHEHUs

apx® 4 2a1x + ag = 0. (16)

Anaroruano, C' u D nMeroT KOOPIUHATDHI Y U Yz, HPUTEM
2
azy” + 2axy + ag = 0. (17)
[Toryvaem cooTBeTCTBYIOMME ypaBHEHNS “B OTpe3Kax :

(AD) : SR A

Zq Yo
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(BC): —+==1,
Lo A1

(AC): 24 Lo,
T A1

(BD) : RN A
Lo Y2

pu stom (AD)N(BC) = E u (AC)N (BD) = F. Ypasuenne FF umeer Buj

Z Z
__|___|_£_|_£:27

T T2 Y1 Yo

HOCKONBKY F 1 F' eMy ynoBreTBopsAioT (KakK yIOBIETBOPAIONITE COOTBETCTBEHHO TTE€PBOI
W BTODPOU Tlape ypaBHEHWN 13 YeThIpex, 3amicanibix Boie). ClenoBaTernHo,

$1+$2‘x+y1‘|‘y2‘

(EF): y = 2.
L1232 Y1Y2
N3 ypasuenun (16) w (17) no Teopeme Buera moxysaem
2@1 (273} 2@2 (273}
Tyt Ty = S, 1Ty = —, Y1ty =<<—, Y1y2 = —,
ar ar a2 a2
OTKyla
2a 2a
(EF): Lo+ 2.y=2,
(273} (273}
i

a1x + asy + ag = 0.

Kak merxo BumeTnh, 9T0 ypaBHeH#e TOJAPHI TouYkn P, nmerornein koopanuaTel (0,0) B
HCTIOIB3YEMOU CUCTEME. 0

Caegcreue 13.11. Touku nepeceuenus Juazonateti 4emuipery20ibHukos, 06pa306au-
HOLT CERYUWUMU, NPO6edeHHbIMU U3 00HOT mouku k dannol kowure, Jdexcam na 000l
NPAMOU — NOAAPE IMOU MOUKU.

CaenctBue 13.12. B ycaosusxr  meopemvt  mpeyeoavnur  PEF  sasasemes
A6MONOAAPHBIM, M. €. Oaft KaNHCAOl 6EPUUNBL NPOMUEONOAONCHASL CITNOPOHA ABASCTCA

€€ NoAAPOU.

Teopema 13.13. Tourxa P npunadaesxcum noaspe mouru () moeda u moavko mozda,
koeda () npunadaesxcum noaspe P.

MokazaTeabcTBo. Cpasy BeITEKaeT W3 CUMMETPUN ypaBHeHus momsipol. O nmo cooTHO-
IIIeHre epexonuT B ApyTroe Mph TPaHCTOHNPOBAHNH. O

Onpenenenne 13.14. Touka, II1 KOTOPOU CTPOUTCA MOAAPA, HAZLIBACTCA NOAKCOM
DTOU TOJIAPHI.
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3ameydanue 13.15. /liasg BHeNTHNX TOYEK TOJIOC OpeneNeH ONHO3HAYMHO MO TPelIoKe-
umio 13.7. [lns BHyTpeHHUX DTO clefyeT W3 [BOUCTBEHHOCTH: IPOBEIEM [BE XOPJBI U
T. A. (CM. cocob TOCTPOEHNS HITKE).

3ameuanue 13.16. B o6pramnon (HempoeKTHBHON) T€OMETPHUN He BCAKAs TOUKA MMeeT
nosipy (HampuMep, TEeHTp He UMeeT) U He BCAKAS MpSAMas MMeeT TONI0C, T. €. ABIAETCA
HOJSPON (AnaMeTp MEeHTPATHLHON KPUBOI ).

Cendac MBI 06CY UM €Ille OJUH CIIOCO6 MoCTpoenus moaspbl. Mol 6ynem nMmeTn memro
¢ BayTpenanmu Toukamu. [lycts P — rmakas Touka. [IpoBemem depes mee nBe cexyiime
(XOpIBl), & depes WX KOHIIBI — Taphl KacaTelbHbIX. Kcim P He ABIseTcs MeHTpoM, TO TIpsi-
Mbl€ BHYTPH XOTS OBl OJTHOU Taphbl He Tapallelbibl. Tak ITo morydaeMm aubo IBE TOUKI
nepecedenns, muO0 TOYKY W HampaBienme. MoxkHo mpoBecTu paccykgenne u BO BTOPOH
CUTYAIuu, HO MBI TPOCTO BuIGepeM Apyryio xopay. Urax, mveem nBe TOYKHU mepecede-
nmst: B w F. Yreepmaaercs, aro K F — nmoasipa P. JlerncTBUTENbHO, TO TTPENTOKEHITIO
13.7, Touka P npunanmrexut nomspam u K un F', 3madnT, mo mpeasiayiien Teopeme, £ u
I npunanrexar monspe P.
3agaua 13. (Teopema Bpuammona) /[lnaromasn mecTuyroibHiKa, OMMCAHHOTO OKOJIO
KOHUKH, TEPECEKAIOTCS B ofHON TouKe. Ykazanue: [Imaronann sBIASIOTCS MOJIpaMU TO-
Y€K Tepecevdenns MPOTUBOMOIOKHBIX CTOPOH BINCAHHOTO IECTUYTOIbHIKa, 0Opa3oBaH-
HOTO TOYKAMU KacaHus. A DTU TOUKN Tepecedenus o Teopeme [lackans rexar ma omgmon
npsmon. Toduka mepecedenus — ee TOTIOC.

14. AddunHbIe Tpeobpa3zoBaHUA

Onpenenenne 14.1. [lpeobpazosanuem Ha3bIBaeTCA B3alMHO-OJHO3HAIHOE OTOOpa-
JKeHne MHOKeCTBa Ha cebd.

Onpegenenune 14.2. OrobGpaxkemnne MIOCKOCTH (MPOCTpaHCTBa) B cebA Ha3bIBAeTCA
apdpunnvin npeobpazosanuem, eCIm Hau Ly TCsA Takne 1Be appUHHBIE CUCTEMBI KOOD INHAT,
ITO KOOPJWHATHI M000N TOYKN B ONHOW M3 HUX ABIAIOTCA KOOpAWHaTaMu ee obpasa B
IPYTOIL.

3ameuanue 14.3. OueBngno, 9to adduaroe mpeobpasoBanne SBISETCI TPeobpaso-
BaHWEM.

Samevanue 14.4. JlonmycTum, nepBas uz Gurypupyrommx B onpenenernn adppuHHOTNO
npeobpazoBanusa [ cucrem koopauuaT Oejeses PuKcHpoBana (QHAJOTTIHO A MIOCKO-
ctu). llycrs M; — KoHIIBI BEKTOPOB €;, oTnoxeHnbix oT Touku 0. Torma Bropas cucrema

obszarensio umeet Bug O = f(O), e = f(O)f(M;) (i =1,2,3, wim 7 = 1,2 nus maoc-

K3
KOCTH). DTO Cpa3y CAeyeT U3 OTpeeleHns KOOpInHaT.

Teopema 14.5. llyems f — addunnoe npeobpazosanue, Oejezes u O'ejehel, — cu-
emema koopdunam, dueypupyowan 6 onpedeaenuu. ycms C — mampuya f (3asuciwasn
om penepa): no cmoabyam evinucanvl Koopduwamor €, 6 cmapom 6azuce. [lycmo
(0, Yo, 20) — Kwoopdunamvr O 6 cmapom penepe. Pacemompum npouseoavuyio moury
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P u ee oopaz P' = f(P). Toeda ux woopdunamu (x,y,z) u (z',y’,z") 6 cmapom penepe
cea3anvt Gopmyiamu

T x Zo
y|=Cly |[+]| w |- (18)
z z 20

Ob6pammno, ecau gurcuposana apdunnas cucmema koopduwam, mo awdas gopmyia 6uda
(18) ¢ nesvipoacdennoti mampuyei C' 3adaem nexomopoe addunrnoe npeobpaszosanue.
Anaroeuuno das naockocmu.

MokasaTeabcTBo. Takmm obpasom, maTpuia ' — 3TO MaTpHIa Hepexona OT 6asmca
e169€3 K Gasmcy e)ehel:

€, = ci1e1 + Ca1€62 + C31€3,
7

€y = C12€1 T C22€3 + C32€3,
7

€3 = (1361 F C23€2 + C33€3.

[ns mpomsBoabHon Touku P(x,y,z) n ee obpasa P(T,y,Z) (Bce KoopanHaTH B TepBOHa-
YaTLHOM perepe) nMeem

SE s S s - A R
OP =00"+0'P, 00" = zge; + yoes + 2o €3, O'P=zxe|+ye,+ zes,

==
OP =Te+yJes+Zes=a0e1+yoer +20e3+ae)+ye,+ze =

= 2o €1+Yo €2F20 €3+ (crie1+eareatesies)ty (craer+eaneatesses)+2 (crser+caseatcsses),

x reyFycie+ 23+ 2o x Zo
Yy | = zecatyentzestyw | =C| v |+ | w
z T e31+ Y c3+ 233+ 20 z 20

Te ke BbIKTanKM, TPOBeeHHBIE B 0OPATHOM TIOPAIKE, MOKA3bIBAIOT, YTO BEPHO 0OpaTHOE
yTBepK aenne. llpw 5ToM ycioBme HEBLIPOXKIEHHOCTH MaTpuilbl (' TapaHTUPYyeT, 9TO
MITPUXOBAHHAS CHCTEMA SBISIETCS PEIEPOM, T. €. JINHENHO HE3ABUCHMA. 0

CaegcrBue 14.6. Ecau npeobpazosanue [ seasemcs aP@uumblm 0mmocumedbo 00-
MO0 PENepa, Mo U OMHUOCUMEALHO 4100020,

HokazaTenbcTBo. llycTs [ sBiasercs adpdpunnbivM oTHOCHTETLHO peniepa (Jeqeszes, Torna

o Teopeme nmeoT Mecto dopmyabl (18). Ilyctn O*ejelel — mpousBoabHbIl perep.

ko 3k ke 3k
[Iycts D — matpuia nepexona or Oejezes k O*elesel, Tak uTo

z T s x5 T s z xy

_ * _ -1 *
y | =D vy [+] w |- y« | =D y |+ | v
z 2% 25 Z z 27

83



Torna KoOpAMHATH (T, Y, 2 ) 0Opasa P = f(P) m xoopauHaThl (X, Ys, 2x) TOUKE P B

peniepe O*ejeles cBA3anbl popMyaaMn

T x x] x Zo x]
Ge | =D T [+ wi | =DTC Ly [+D7 L wo |+ v | =
Zx z 27 z 20 27
Ty x; Zo x]
=D'CD |y |[+D7'C| w5 |[+D7" [ wo |+ ]| vt
2% 25 20 27

IIOCTOSHHBIN BEKTOD

[Ipumenss o6paTHOE YTBEDIK IEHNE TEOPEMBI, TTOIYYaeM TpebyeMoe yTBEPK NeHIe. 0
Onpegenenne 14.7. Omupeneanm nenctsue adgpduunoro mpeobpasoBanus [ Ha mpeq-

CTaBUTENAX BEKTOPOB (POPMY.JION f(j?ﬁ) = f(A)f(B).

CaencrBue 14.8. /eiicmeue [ wa sexmopaxr xoppexmmo onpedeeno 6 rxoopdunamax
dopmyaoi

&Y o
ﬁ =C 6 )
gl g
2de (o, 3,7) — woopdunamvi sexmopa v, a (&,3,5) — woopduname eexmopa f(v). B

waAcmuoOCmU, 048 AUNETHLIT KoMOUNAyUl 6€EKMOPO6
f (Z )\m’) => X f(v).
; ;

Teopema 14.9. Beakroe adpdunmnoe npeodpazosanue

1) nepesodum npamvie 6 npimvie, NAOCKOCMU — 6 NAOCKOCMU, COTPANAL C60UCME0
NaApaiaeabHocmau,

2) coxpansem omuowWenUe JAUK OMPEIROE HA NAPAAAEALHBLL NPAMBLL.

MokazaTeabCcTBO. YpaBHEHHA NMPAMBIX U ILIOCKOCTEHN B MEPBOH CHUCTEMEe KOOpAuHaT
COBNAAIOT C ypaBHEHNAMNI NX 06pa30B OTHOCUTETHHO BTOPOU CHCTEMbI KOOPAUHAT. JTO
NOKa3bIBaeT MYyHKT 1).

[yukT 2) creayer us caeqcTBUA MPO OTOOPaKEHHE BEKTOPOB. 0
3agada 14. [oxkaszaTh obparHoe: IIpeobpazoBaHue ILIOCKOCTH WM IPOCTPAHCTBA C
yeaousamu 1) u 2) spisercsa adPpUHHBIM.

14.1. N3omeTpuiecKkue nmpeoObpa3oBaHUA

Onpenenenne 14.10. Addunmoe mpeobpaszoBaHme Ha3LIBACTCA U3OMEMPUUCCKUM
(maw uzomempueti), ecim OHO COXPAHSET PACCTOSHUS MEKIY TOTKAMII:

p(f(P)vf(Q)) = IO(Pv Q)
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Sagada 15. [lokazarh, 9T0o adpPpuHHOCTH MOKHO He TpeboBaTh, T. €. W3 COXpaHEHUs
paccTrosaHus ap@PUHHOCTDL ClefyeT Bcera.

IIpepnoxenue 14.11. Hzomempus coxpansem yz2.avl MexcAy npamvlmi.

NdokazaTeabcTBO. PaBeHCTBO TPEYTOIBHUKOB, B YaCTHOCTH YIJIOB, TIO TPEM CTOPOHAM.
O

Teopema 14.12. [lycmo [ — appdpunnoe npeobpazosanue, a Oejeze3 — NpamMoy20.4bHaL
cucmema koopdunam. Tozda caedyroujue Ycao6us IK6UEALCHMMBL

1) [ — uzomempus;

2) coomeememeyrowut penep O'ejebes = f(O)f(er)f(e2) f(es) a6anemes npamoyeo.n-
HbLM;

3) 6 coomeemcmeyowel Koop(%mamnoii sanucy f mampuya C a6asemes opmozo-
NAALBHOU.

HokazaTenbcTBo. Bropon m Tpernin myHKT SKBUBAJIEHTHBI IO TeopeMe 7.8.

U3 1) crenyer 2) Tak KaK W30MeTPHsA COXpaHAET JINHbI, & TO TPEII0KEHNIO, I yTJIbL.
O6parHo, TycTh MPOU3BOABHbIE TOYKN P 1 () IMeToT KOOp AMHATH (1, Y1, 21) U (X2, Y2, Z2)
COOTBETCTBEHHO, OTHOCUTENLHO TpsAMOyToabion cucteMbl (ejeses. Torma mx obpasw
P un () umeroT Te ke KoopamHaTHl B mpsamMoyroabHon cucteme O'ejebel. Ilo dpopmyre
[ HAXOXK TeHUs PACCTOSHUSA B MPAMOYTOILHOU CUCTEME KOOpAUHAT MMeeM B TEPBOW U
BTOPOW CHCTEMaX COOTBETCTBEHHO:

p(P,Q) = (21 ©w2)? + (11 ©12)? + (21 ©25)2,

P(]Sa @) = \/(51?1 Sr3)? + (1 ©y2)? + (21 &22)% O

Onpenenenne 14.13. IlpeobpasoBanme, 3aganmoe B HEKOTOPOU IPAMOYTOJILHON CH-
cTeMe KoopamHaT (popMyTaMn

I=x+a, Y=<y,

Ha3bIBacTCA CK‘OJLbSleeﬁ cuwwnempueii. 3TO KOMITIO3UIIA CUMMETPUN OTHOCUTEIBbHO HE-
KOTOpOﬁ HpHMOﬁ 1 CABHI'a BIOJbL HeEE.

Teopema 14.14 (Ilans). Bcaxas uzomempus naockocmu A648€MCs AUO0 NAPAAAECAL-

HbLM NEPEROCOM, AUOO NOGOPOTNOM OMHOCUMEALHO HEKOMOPOT MOUKU, AUOO CKOALIAUET
CUMMEMPUET OMHOCUTMEABHO HEKOMOPOU NPAMOL.
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HokazaTtenbcTBo. HamomuUM, 4TO OpTOroHATBHBIE MATPUIBLl 2 X 2 UMEOT ONWH W3
CIeNyIOUINX BUTOB!

- [ cos¢ S8in = [ cos¥ sin
A sing cosep |}’ ~ \ sing &cosp |

Pacemorpnm crnadana mzomerpun ¢ det O = 1 (usomerpun nepsoro poga). Ecim ¢ = 0,
to O = F un [ aBigercs mapalielbHbIM TTEPEHOCOM:

-0

Eciun ¢ # 0 (¢ TounocTsio no 2mk), TO HallleM HeNOJBUKHbIE TOYKH oTOOpaxenus f,
1. e. Takue Py, aro f(P.) = P.. Umeem nust koopaunat (2., y.) Touku P, ypaBHeHus

Ty = X.CO8pEyY.sing+x9 = T
Ue = TusSiNp+y,cose+yo = Yu
{ r(cosp 1) Sysing = S

Tesing + y(cosp 1) = Sy

[Mockombky ¢ # 0, To cos ¢ # | n onpenernTeNs CHCTEMBI

cosp &l Ssing
sin cosp &1

‘ = (cosp 1)% +sin® ¢ #£ 0.

CaenoBarenbro, HemoaBuKHas ToUKa Pu(Z., ys) CyllecTBYeT U einHcTBeHHa. Paccmo-
TPUM HOBYIO cHCTeMYy KoopauuaT (x',y’), 3alaHHyio COOTHOIIEHTAMI

¥ =1 &, Yy =y &y,

(T. e. caBuHEM Hadalo KoopamHaT B ToUky P). B HoBo# crucreme xKoopamnaT (popMyIb!
npeobpazoBanns f 6yayT UMeTh B

¥ = x'cosp ey sing,
' sin @ + y' cos ¢,
T. e. Ipeobpa3oBaHue SBIAETCA MOBOPOTOM Ha YOI ¢.
Pacemorpum reneps usomerpuio sroporo poga: det €' = &l. Iokaxem, 4To B 5TOM

clydae CyIeCTBYeT HENONBUKHBI (CBOOOAHBIN) BeKTOp. MMeeM mis ero KoopamuaT
(o, 3) cucremy ypaBHeHU

(a4

cos p o + sin 3
sinpa scospff = (7

(Cosc,o<:>1 sin ¢ )(a)_(())
sing  Sfcosp+ 1) g/ \0)°
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[Tpu >Tom
cosp &1 sin

sing  S{cosp+ 1)

s moboro yraa . llosTomy cyimecTByeT HemygeBoe pertiennie (o, (). Pacemorpum

=1 &cos” p sin’p =0

CUCTEMY KOOpAWMHAT C TEM XK€ Ha4daJOM, 9YTO M MCXOOHasd, 1N Oa3UCHLIMI BEKTOpaMI

1 1
! !
€] = ———(a €y 1= ——— «).
1 \/m( 7&)7 2 \/m (@37 )

I H=e o0 =1 1)1 % det (" =

ockombKy f(€}) =€}, To ' = o 7 |- Tax xax C7oproromambia et C' = &l, To

, L0 )
C'= 0 ol ) 3Ha4qnT, B MITPUXOBAHHON cHCTeMe KoopauHat f uMmeeT (popMyJIbl

¢ = 2’ +a,
vy = &Y'+,
rje a n b — HekoTopble KoHcTaHThl. llepeiigem x moBol cucreme Koopaunar (a”,y"),
MOJIOK B )
2 = l‘l, y// _ y/ o
2
Torpa ans obpasa (aj,yj) roukw (2", y") umeem
"7 " 7 - b / b " b b "
" ="+ a, y”:y’<:>§:<:w—|—b<:>§:<:w <:>§+b<:>§:<¢y,
T. €. CKOJB3AMIYIO CUMMeTpHIo oTHocuTeabno ocu Oz, O
B mpocTpancTse BBeeM cienyIomiie MOHATH:

Onpenenenne 14.15. Bunwmosoe épawenue — KOMIOBUINIA TOBOPOTA OTHOCHTENBHO

HEKOTOPOU MPAMOU U CABUTA BIOIL HEE;

CROADAULASL CUMMEMPUSL — KOMIOBUINA CHMMETPUN OTHOCUTENLHO HEKOTOPOU TLIOC-
KOCTH U CABUTA MapaielbHo e

3EPKAABHOE 6PAUENUE — KOMIIOBHUITIS TOBOPOTA OTHOCUTEIHHO HEKOTOPOU TIPSIMOU 1
CUMMETPUN OTHOCUTETLHO TEPIEHIUKYISIPHON €U TJIOCKOCTH.

[Ipex e, wem mepen T K MPOCTPAHCTBEHHOMY aHAJOTY TIPEABIAYIIEN TEOPEMBI, TOKa-
JKeM BCIIOMOT'QTeNbHYIO JeMMY.

Jemma 14.16. Jhwbas opmoeonatvnas mpermepuas Mampuye uMeem coOCmeennbll
sexmop, omeeuaowul cobcmsennomny anavenuio 1.

MokazaTeabcTBo. [locKoTbKy MBI IMeeM [MeT0 ¢ MBOMETPUAME, TO COOCTBEHHBIN BEK-
TOp, €CIW TAKOBOU CYIIECTBYET, HE MOXKET W3MeHuTh manny. l[looTomy coberBenmoe
3HaYeHNe MOXKeT OBITh paBHBIM TOAbKO +1.

C npyron cTOpOHBI, XapaKTEPUCTUIECKUU MHOTOWIEH UMeET B CIydae MPOCTPAHCTBa
CTETeHb 3, a €ro KOPHU BEIeCTBEHHBI WM MOMapHO KOMILIEKCHO COMPSKEHBl. SHATUT,
XoTsA OBl ONMH W3 HUX BeIlleCTBEHEH, N clefoBaTeabHO, paBeH +1. 0
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Teopema 14.17. Besakas uszomempus npocmpancmea A6AK€Mcs 00HUM U3 caedyouur
npeo6pazosanuii:

1) sunmosoe epawenue (6 vacmuocmu, NAPaALEALHBLT NEPENOC);
2) CKOABZAWASL CUMMEMPUS;
3) zepraabnoe epaujenue.

MokazaTeabcTBo. BroibepeMm opTOHOPMUPOBAHHBIN Ga3lc, B3AB B KATECTBE €1 COOCTBEH-
HBIN BEKTOp U3 JeMMbl. Torma B oToMm Gasmce mMaTpuiia f OygeT uMeTh BUI:

£1 00
C = 0
G b
0

rae (G — oproronaabuas 2 X 2-MaTpHIIA.
[Iycts det G = <1, Torga w3 mokasarenbcTBa Teopembl 14.14 cremyeT, 9TO €5 U €3

1 0
MOZKHO BBIOpaTh TakuMm obpasom, 910 (G = 0 <l |’ a I MATPUTIBI f MBI IMeeM fBe
BO3MOXHOCTN:
1 0 0 <l 00
C=]101 0 , C = 0 1 0
0 0 <l 0 0 <l

[lo Tem koop muHaTam, rae (<1), mpousseem caBur, Kak B Teopeme 14.14. B pesyabrare
MOJYYWM B HOBOW CHCTEMe KOODAWHAT JBa BapuanTa (popmya f:

¥ = 2 +4a o o= e
Ly =y +b, Y=y b,
() = & () = &

B nepBom caydae nMeeM CKOMB3SANIYIO CUMMETPHIO, & BO BTOPOM — BUHTOBOE BpallleHIe
Ha YyTOI 7.
cosp &sing

[Iycts Temepn det G = 1. Torga G = sing  cos g

. Ecan ¢ = 0, To noayuaem

60 TApaNIETbHBIN MePEeHoC (YACTHDIN CIy9all BUHTOBOI'O BPAIEHI ), TH00, €CIl B Je-
BOM BepXHEM yTUIy CTOUT (1), chenaB onaTh CABAT “Ha MOJOBUHY cBOGoAHOrO wiena’,
oTobpaxenue ¢ popMyTaMu

o = e
y = y+b,
2 = Z+ec

T. €. CKOIB3AMIYI0 cuMMeTpuio. Ecan ¢ # (0, To Tak Ke KaK B COOTBETCTBYIOIIEN 9aCTH
noKazaTerbcTBa TeopeMbl 14.14, HaigeM TOUKY (Yx, 2«) U IPOU3BEIEM COOTBETCTBY IO
CIIBUT TaKUM 0Gpa3oM, 9To B HOBOU cucTeMe Koopaunat (a',y’, z') dpopmyasr f 6yayr

¥ = +2'4a
Yy = y'cospssing
z = y'sinp+ z cose.
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B caygae (4) monyumanm BmHTOBOe BpallieHme. B ciaydae (&), caeraB omaTh CABAT “Ha
b
MOJOBUHY CBOGOMHOTO “meHa’ , TTOIyInM oToOpakenne ¢ (popMyTaMn

o = e

y = y' cosp 2 singp

z = y'sinp+ 2 cose,
T. €. 3epKalbHOe BpallleHye. O

15. AddbunHas n MmeTpuideckasa Kjaccudpukaiiua KBa-
APHUK

Onpegenenue 15.1. e cymecTBentibie KBaApuku a@dunno (COOTB., Mempuueck)
IK6UEAAECHMHDL, €CITT OJTHA N3 HIX MOKET OBITH TlepeBejiera B ApyTyio aduHHbIM (COOTB.,
M30METPHIECKIM ) TTpeobpa3oBaiieM Kak MHOKECTBO TOYEK.

Onpegenenue 15.2. Jlse xBanpukn cuavro addunno (COOTB., MEMPUUECKU) IKE6U-
6ALENMNLL, €CITT ONHA W3 HIX MOXKET OBbITH TepeBejieHa B APYryio addUHHBIM (COOTB.,
M30METPUIECKIM) TTPeo6pa30oBaiieM Kak MHOKECTBO TOYEK U ypaBHEHWEe MepPBON KPH-
BOII B JIO0OT CHCTEMe KOOPANHAT COBMAJAeT (€ TOYHOCTHIO [0 HEHYJIEBOI'O MHOKUTEN)
C ypaBHEHWEM BTOPOU KPUBOW B OTOOPAKEHHOU CUCTEME.

SamMeTnM, 9TO 06pa3 CyMeCTBEHHOU KBaApWKN 1pu apOUHHOM Tpeobpa3oBanum —
KBapuKa, UMelollad B 0TOOpaKeHHOM perepe To Ke ypaBHeHne, YTo NCXoqHas KBalpuKa
B ucxonHOM pernepe. Taxkum o6pasoM s CYIIeCTBEHHBIX KBaJAPWK TOHATUA DKBUBAJIEHT-
HOCTH U CUIBLHOU DKBUBAIEHTHOCTHU COBIIAIAIOT.

Teopema 15.3. /Jee cywecmsennvie x6adpuru MEMPUYECKU IKGUCAAECHMHLL MOo20A U
moabko mozada, xko2da onu umerom odunaroswvili kanonuueckul 6ud. Jas mecyuecmesen-
Holr 0JUNAKOBBIT KAHOHUNECKUT 610D A6AAEMEA JOCTNAMOUNBIM YCAOBUEM MEMPUUECKOT
IKEUEAACHTNHOCTIAU.

JAee keadpuku cuabno MEMPUYECKU IK6UBAAEHMHLL MOo2da U Moabko moeda, Ko2da
OHU UMEM 0JUNAKO6BIT KanonuUeCcKUl 6Ud.

HokazaTenbcTBo. /locratounocts. Jlwobas kBagpuka nMeeT B HEKOTOPOU TIPSIMOYT O b
HOW (KAHOHWYECKON) CHCTeMe KOOPAMHAT KAaHOHHIECKoe ypaBHEHWE ONHOIO U3 JeBATH
TUTIOB, IPUYEM ONHO3HATHO ONpeIeleHHoe (B OTINYNe 0T KAHOHHIECKON CHCTEMBI), Kak
MOKa3bIBaeT TEOPUs MHBAPUAHTOB U ceMunHBapuanTa. llycTh nBe KBaIpuKM MMEOT Ou-
HAKOBble KaHOHWYeCcKHe ypaBHeHnsA B cucreMmax Oejey n O'elel, coorBercTBenno. Torma
U30METPUs, TEPEBONAIIAA TIEPBLIN PeTep BO BTOPOW, MEPEBOJUT TEPBYIO KBAJIPHUKY BO
BTOPYIO.

HeobxommmocTb. PaccmoTpuM nBe MeTpUYeCKN SKBUBAJEHTHBIE CYIIECTBEHHBIE KBa-
apukn. PacemoTpum kanonmdeckyro cuctemy Oxy mis nepBoll u3 Hux u ee obpas O'z'y’
IpU JaHHOW m3oMeTpuu. B mepBoll cucTeme KBajpuku nMetoT ypasuenus Fi(x,y) = 0
u Fy(x,y) = 0, mpuuem F; — kamonmdeckoe. Torma BTopas KBajpuKa WMeeT IBa
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ypaBHEHIA B HOBOII CHCTeMe KOOPAWHAT: TO Ke, ITO HepBasd KpuBasg HMeTa B HCXO/l-
Holl cucreme, T. e. Fi(a',y’) = 0 mw To, 9TO TMONydaeTCsAs 3aMeHOW KOOPAWHAT, T. €.
Fi(a' y') = Fo(z(2,y"),y(2',y")) = 0. Ho mockoabKy KBajpuKa CYIIECTBEHHAS, TO OHI
OTINIATOTCS JHIIH Ha HEHYIEBON MHOKHUTENL. Taknum obpasom, Fi(a',y") = 0 — kanomnn-
JecKoe ypaBHEHUe U 11 BTOPOU KBaPUKIL.

OdeBnano, 9TO ecan 106aBUTH yCIOBHE CIIBHON DKBUBAIEHTHOCTH, TO OT CYIIECTBEH-
HOCTH B HOCIEIHEM PaccyzKIeHII MOKHO OTKa3aThCA. 0

Jemma 15.4. /Jas awb6oi keadpuru cywecmeyem addunnas cucmema rxoopdunam, 6
Komopot ona umeem odno u3 caedyouur Ypasuenut:

1) 2* +y* =1, snauncy

2) x4 y2 = &1, mnumnsii saaunc,

3) @* +y* =0, napa nepeceraOWUTCA MHUMBLT NPAMBLE]
4) ¥ &y* =1, eunepboaa;

5) 2% ©y* =0, napa nepeceraowuUTCs NPAMbLL;

6) y* &2z =0, napaboaa;

7) y* &1 =0, napa napaiieasnoir npambir;

8) y* + 1 =0, napa MHuMbLE NAPAALEALHOLE NPAMBLE;

9) y? = 0, napa cosndarowur npanoir.
NokazaTenbcTBo. bepem KaHOHMYecKOe ypaBHEHUE U PACTATUBAEM OCH. O

Teopema 15.5. /Jec xeadpuru cuavno afdunno rxeucasenmus, moada u moaibKo mo-
eda, xoeda onu umerm 00UHAKOBbIE HA36AHUSL.

MokazaTeabcTBo. [lo memme, aHatoOTU<IHO TeopeMe O METPUIECKOW KIacCH(PUKATII,
mofgyvaeM, YTO KBaJPpUKN OAHOIO Ha3BaHUs adPUHHO DKBUBAJCHTHDI.

Ob6paTtHo, moKaxkeM, IYTO KBAAPUKN € PAa3IUIHLIMU Ha3BAHWAMN a(OUHHO HEDKBUBA-
JEeHTHBDI.

Y OT'll awkakue Tpu TOYKN He JeKaT Ha OJHOU MPIMOWU, B OTINYNE OT OCTATHHBIX
KBaIpUK.

[Mockombky pu adpPpUHHBIX TPEOOPAZOBAHUAX COXPAHAETCH YCIOBUE YUCTa TOYEK ITe-
peceveHnus U nejeHus B JaHHOM OTHOIIEHWHU, TO HEHTP MePeXomuT B HEeHTP, a aCUMITO-
THYeCKOe HallpaBieHne — B aCUMITOTHYECKOe.

Tak xkak y mapaboibl HET EHTPaA, & Y DIIUTCA U TUITEPOOIbI — €CTh, IPUYEM Y DIITATICA
HET aCHMITOTUIECKUX HAPABIEHNN, a y TUMEepOOIbl — €CTh, TO DILIUIC, Tutepbora u
napabona apPUHHO HEDKBUBAJCHTHDI.
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CyHleCTBeHHBIe PaciladalollMeCsa KPUBBIE Pa3ilv9al0oTCa I'eOMeTpruiIeCKI (TELK KaK TyT
ClJIbHasI 9KBUBaJEHTHOCTb PaBHOCHUJIBHA BKBI/IBELJIGHTHOCTI/I).

I’IELKOHGH7 Y MHUMOI'O 3JIINIICa HET aCUMIITOTHUYICCKUX HELHpELBJIGHI/HjI7 a 'y Mapbl MHUMBIX
nHapaJlICJdbHbIX ITPAMBIX — €CThb. O

CaeacrBue 15.6. /[se cywecmeennsvie keadpuru addunno sxeusaienmusvt mozda u
moabko moz2da, kKozda onu umerwm 0JUHAKOBBIE HAZ6ANUA.

[ns onpenenenus nasBanusa (THUma) KBaIpuKi TpuMenaioT MeTo g Jlarpauxka Boie-
JeHns TOMHBIX KBagpaToB. Hampumep, paccMoTpuM KpuByio

2 Sdry + 6y® + 22 + 4y <10 = 0,

(v &2y + 1) 24y + 4y &1 + 6y + 4y <10 = 0,
(r &2y +1)* + 2y + 8y <11 =0,
(x &2y +1)* + (V2y +2V2)* &8 &11 =0,
(:1;<:>2y—|-1)2+ (ﬂy+2\/§)2<:>1
V19 V19
(@) +(y) =1 =0,

DILTATIC. 3aMeTHUM, UTO BCETjla UMeeM Tpeobpas3oBaHme ¢ TPEYTrOILHOU MaTpPUIEn, T. €.
HEBBIPOXK TEHHOE.

=0,

16. IloBepxHOCTH BTOpPOI'O IMOpAAKA

[ToBepxmocT BTOPOTo MOpAAKA 3a4al0TCS B HEKOTOPOU adPUHHON CHCTEME KOOP -
HaT ypaBHEHUEM

F(r,y,z2) = apx’ + a22y2 + az3z® + 2a122y + 2a1322 4 2a93yz +

q(z,y, 2)
KBEL,I[pELTI/I"IHaﬂ YaCTb

+ 2017 + 2a9y + 2a32 +ag = 0. (19)

[(x,y, 22
OHOPOHAS JUHENHAS 9acTh

[Tpu 5ToM TpebyeTcs, 94Tobbl KBaApaTuydHas JacTh OblTa OTIANYHa OT HyJ 1. FKcim BBecTn
obozHavaeHmsa

11 G12 13 a1

11 12 d13 a a a a &€
12 22 23 2
Q = 19 99 dA23 5 A= 5 L= (al,ag,ag), X = Y 5
@13 (@23 da33 a4z
@13 @23 a33 z

a1 g a3z Ao

91



TO ypaBHEHUE IIpUMET BU

XTQX 4+ LX +ap=(z,y,2,1)A = 0. (20)

—an e R

Kax w panbiie 6y1eM HasbBaTh k6adpukoli MHOTOWIEH BTOPON CTEMEHN ¢ TOTHOCTHIO
0 YMHOXKEHS Ha HeHyJTeBOU MHOKUTEND.
[Toxa 6ymem camTaTh cucTEMY KOOPIUHAT MPAMOYTOILHON.

Teopema 16.1 (u3 kypca auneitnon aare6psl). [lyecms 6 wnexomopot npamoyeo.ivuot
cuemene koopdunam zadana keadpamuunas wacms q(x,y,z). Toeda waidemes dpyeasn
NPAMOY2OALHAL CUCTNEMA KOOPIUNRAM € MEM HCE HAUAAOM, 6 KOMOPOU K6adpamuunasn
wacmy npumem Jua2ona.ibmubll 6ud

q/(xlv ylv Z/) = )‘1(1;/)2 + )‘Q(y/)z + )‘3(2/)27

ede A, Ay, A3 — cobemeennvie anavenus (), m. €. KOPHU TAPAKMEPUCTNULECKO20 MHO20-
YAEHA

Xo(A) = det (Q ©AF) =0,

a HO6bIE 0G3UCHDLE 6EKMOpaQ 6/176/2765 ABAANOMCA COOMBEMCIMBYIOWUMU co0CM6EHHBLMY
6ERMOpAMU. B Yacmuocmu, 6ce CcOOCNBEHHBIE 3HAUEHUS 6EWECMBENRDL, A cobcmeenmble
BERKMOPA, OMBELANVWUE PASAUYHBIMN co6Cm6EHHbIM SHAYEHUAM, OPIMO2OHAAbHDL.

Jevmma 16.2. Jas 1106020 mmuo2ouiena 6mopoti CMENEnU 6 nNPOCMPAHCMEE CYUle-
CMBYEM NPAMOY20ALHAA CUCTNEMA KOOPIUNAM, 6 KOMOPOT 0N npunumaem 0dun u3 CcJie-
dyrowur namu 6udos:

(i) FF=Ma?+My* + X2 + 7 (AMA2A3 # 0);
(i) F'=Ma® 4+ Ay® +2bsz (A Asbs # 0);
(i) F= X a2+ Xy + 7 (AMA2 #0);

(iv) F = Ma? + 2cy (Arca #0);

(v) F=XMa*+71 (A1 #0).

MokazaTenbcTBo. B cuny mpengbigyiien TeopeMbl MOXKeM HAUTH TAKYIO ITPIMOYTOIb-
HYIO CHCTEMY, B KOTOPOU KBaApaTUdHas IacTh AUaroHalbHa, T. €.

F = )\11’2 + )\2y2 + )\322 + 2[)11’ + szy + 2[)32 + bo =0.

PaCCMOTpI/IM BCE€ BO3MOXKHBIE Clydal.
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(1) Opm AjAzA3 # 0 mmeenm

b\’ by \’ bs \* (b1)* _ (b2)® _ (b3)?
F—)\l($+)\—1) —|—)\1(y—|—)\—2) —|—)\3 l’—|—)\—3 —|— bo<:> )\1 <:>)\2 <:>)\3 =

= M)+ Xa(y)? + () 4
(ii) IIpm A3 = 0 mw Ay X203 # 0 umeem

b \? by \° b )2 (by)?
F=X\ SI?-I-—l + A y—l——2 + 2bsz + bo<:>( 1) <:>( 2) =
A Az A Az

= M (@) 4 M (y')? + 203z + 7 = M’ + Aoy® 4 203 (z + %) = Ma? 4 Agy® + 2032,
3

(iii) [Tpm A3 = B = 0 m Ay Ay # 0 umeem

b\’ by \” (b1)*  (b2)?
F—)\l($+)\—l) —|—>\1(y—|-)\—2) + [ by & N = N =

= Mi(2)* + Xa(y) + 7.

(iv) Ilycto A3 = Ay = 0, Ay # 0 u xoTs OBl onun u3 by u bs we papen mymio. Torzga
nMeeM
(b1)?

b\ 2
F=X\ (:1? + —1) + 2boy + 2032 + (bo & ) = M (2')? + 2¢29/,

)\1 )\1
rie
' by 2 2
¢ = a ¢z =/ (b2)? + (bs)
1
1 1 by)?
PR O
(b2)* + (bs)? 2 M
1
dom L (bt bye).

(b2)* + (b3)?
Takas “nopmuposka’ pyHKINI IIepexoa rapaHTHPyeT OPTOrOHAILHOCTL COOTBETCTBY-

IOIeN MATPUILI U, TEM CAMDBIM, OPTONOHATLHOCTH 3aMEHHI.
Ecim ke by = by = 0, To MBI cpa3y nMeeM BBIpakenne KOHETHOTO BUIA.

(v) Hyets A3 = Ay = by = b3 =0 m Ay # 0. Torga umeem

F=X (x—l—b—l)2—|- (bO@M) = M (2')? + 7.

Jlemma gokaszama. O
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Teopema 16.3. Juas 4060t keadpuru cyucmeyem npamoy20abHas CUCTEMA KOOPIU-
nam, 6 Komopot ona umeem odun uz caedyowur 17 6udos:

2?2y 22
1) ?—I_b_?—l_c_? =1 (a>b>c¢>0) (saauncoud);
22y 22 ) ) .
2) = T ) T == | (a>b>c>0) (mrumvii saauncoud);
2yt 22
3) =+ 5 s==1 (a >b>0) (0dnonoaocmuviii eunepboaoud);
a 2y € 2
4) @ﬁ <:>b_2 T 5= 1 (a >b>0) (dsynosocmupiii 2unepbo.aoud);
2yt 22
5) b 4 i 0 (a >b>0) (konye (smopoeo nopadra));
22y 22
6) —+ 0 +5=0 (¢« >b>0) (mrumviii konye (6mopoeo nopadra));
a c
2 2
7) L T Yy _o. (p>q>0) (saaunmuueckui napaboaoud);
!
8) —&=—=2z (p>q>0) (eunepboauuecrut napaboroud);
5
9) =+ = 1 (a>b>0) (paaunmuueckud yuiundp);
a
2 2
10) x_z + z_z = & (a > b > O) (JVLHUJVLbLiZ JaAUuNMUYECKUU uunun&p);
a
2 2
11) x_z T z—z =0 (a>b>0) (d6€ MHUMBLE NEPECERAIOWUECH NAOCKOCTIU);
a
2 2
12) :1;_2 <:>z—2 =1 (a>b>0) (eunepboauuecrut yuaundp);
a
2 2
13) :1;_2 <:>z—2 =0 (a>b>0) (dse nepecerawvwuecs naockocmu);
a
14) y*: = 2px (p>0) (napaboauuecruti yuiundp);
15) y*=a’ (a > 0) (dse napasieapnvir niockocmu);
16) y? = ed? (a >0) (d6€ MHUMBLT NAPAAAEALHDIT NAOCKOCTNAU);
17) y*=0 (dse cosnadaowuzr niockocmu).

MokasarenbcTBo. CHadala IpUMeHseM JeEMMY, a TOTOM A Kakgoro n3 Tumos (i)—(v)
paccMaTpuBaeM Bee caydan. Hampumep, Bosbmen (i). Bosmoxubr cayvan:

Ecim Bce \; onHoro 3naka, a 7 — IPOTUBOIIOIOKHOTO, TO JeIeHIeM Ha <t 1 mepeMeHol
ocell ypaBHeHne TPUBOAUTC K By 1) (omrumcon).

Ecim Bce \; u 7 ogHOro 3Haka, TO JeleHUeM Ha | U MEpeMEHON ocell ypaBHEHNe IIpH-
BOJUTCA K BUAY 2) (MHUMBIN DJLIATICOMT).

Ecmm Bce A; ogmoro smaka, a 7 = 0, To mepeMeHol ocell ypaBHeHHe TPUBOJANTCA K
By 6) (MHUMBIT KOHYC).

Ecmu \; pasubix 3nakos, a 7 = 0, To mepemMeHonl ocell ypaBHEHHUe IIPUBOANTCA K BUIY
5) (komyc).

Ecim ); pasubIX 3HaKOB, IpUYeM y OJHOTO TOT K€ 3HaK, ITO U Y T, TO IEpeMEHOIT ocell
U JelenneM Ha < ypaBHeHre IpUBOANTCA K BUAY 3) (ONHOMOIOCTHBIN THIEPOOTON ).
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Ecim \; pasubIx 3HaKoB, IpudeM y ABYX TOT Ke 3HaK, 9TO U y T, TO IepeMeHO ocell
U JelenneM Ha < ypaBHeHre IpuBOANTCA K BUAY 4) (0NHOMOIOCTHBIN THIEPOGOTON ).
Taxmwm o6paszom, crydan (i) paet 1)-6). AHagoru<no ¢ Apyrumu:

0 [1,2,3,4,5,6
@) |73

(i) | 9, 10, 11, 12, 13
(iv) | 14

) | 15, 16, 17

a

Teopema 16.4. Kanonuueckoe ypasuenue, 6 OMAUNUE OM KAHOHUUECKOT CUCTIEMbL
koopdunam, onpedeseno odwoznauno (dan eudos 5,6,11,13 — ¢ mounocmovio do
MHONCUMEAL).

MokaszaTenbcTBo. Tak ke, Kak W B clIydae KPUBBIX, J0Ka3bIBACTCH, 9TO KOPDUITH-
eHTHI (B 9aCTHOCTH, ONPEJIeInTeNh § U clefl S) 1 KOPHN A; XapaKTepUCTHIeCKOTO MHOIO-
wieHa MaTpPUIbl () ABIAIOTCA OPTONOHATLHBIMI WHBapHaHTaMU, a TaKkKe ONpeNeanTelnh
A matpunnt A. Takxe nnBapwanTunl paurnu r nu R matpun () n A.

Torga mMOBEPXHOCTEL ONHO3HATHO OTHOCUTCA K OJHOMY m3 TunoB (i)—(v), Tak Kax

(i) |r=3R=3wm R=4

) =2 R=4
(iii) | r=2, R=2wmm R=3
(iv) r=1,R=3

(v) |r=1,R=1mm R=2

Buyrpu tuna (i) A; — wnBapuantel, a 7 = A/d. Buyrpu tuma (ii) Ay, Ay — wHBapn-

anThl, a (by)? = @W
12

Ocraabuble TOBEPXHOCTH, ABIAACH IIINHAPHICCKIMI, IMEIOT KaHOHIYECKIE YpaBHe-
Hus, He cogepxamme z. [lomycTuM, nmeercs 3amMeHa NpAMOYTOIBHBIX KOODAUHAT, TTepe-
BO/ISAIIASA OJHO W3 TaKnuX ypasuenuit B apyroe. Torga x u y we saBucat or 2z’ (1 mosromy
JIOKA3aTENHCTBO CBOAUTCA K JOKA3aHHOMY JIByMepHOMY ciydaio). [Tokaxem oro, mampu-
Mep, aas ypasHenusa Buaa AxZ + puy? + 7 = 0. Ilycrs v = epa’ + ey + ¢cq12' + ¢ n
Y = c122’ + Cooy’ + 322" + €3, a pesyabTupyOlIee Bhipaxkenue He zapucuT oT z'. Torma

Aciicsy = EpciC3
Acpicsr = Epcacsy
Acsic3p = Epc32C39

Aciesy = Eicyca,

B YaCTHOCTH, €CIW XOTA OBl OTHO M3 €31 U C3p OTaANYIHO OT (), TO ABe TEpBBIE CTPOKMI
MaTPUITLI TePeX0ia INHENHO 3aBUCUMBI I TTOXYIaeM TPOTHBOpETNe.

YpaBuenus pacrnagaonmxcsa nosepxuocren (11, 13, 15, 16, 17) onpenenstorcs omHo-
3HAYHO TaKKe 13 TeOMETPUIECKUX COOOpaKeHnil (Teopus MIOCKOCTEN ). O
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16.1. OcHOBHBIC BHUJABI IIOBEPXHOCTEHM BTOPOrO MOPAAKA M HUX
reoMeTpHuYecKue CBOMCTBaA
2 2 22

1) sanuncoun. — + LA — =1
a ¢

Hockoabky |z| < a, |y| < b, |z| < ¢, To paauncons orpanuyen.

Teopema 16.5. [liockoe ceuenue noseprnocmu 6mopoeo nopadka €cmb Kpusas no-
padra ne eviute Jd6yr.

Moka3zaTeabcTBO. BribepeM crmcTeMy KOOpAMHAT, B KOTOPOU ypaBHEHME ILTOCKOCTIH:
z = 0. Torna ypasuenue cevernns G(x,y) := F(x,y,0) = 0. O

CJIe,I[CTBI/Ie 16.6. Henycmoe NAOCKOE CEUEHUE IAAUNCOUIL — IAAUNC UAU MOUKQ.

[lokazaTeabCcTBO. JTO eIUHCTBEHHDbIE HEMyCThie orpannvenibie KpuBbie 0, 1 mrm 2-To
nopsAaKa. O

. 2 2 2
3) ogHomnosocTHBHIM runep6ogous (puc. 5a) — + s 1
a ¢
22
B cedennn mrockocTbio z = () HOXy9aeTCs DILIHIC ETE = 1, Ha3BIBaEMBIN 20p.10-

6LIM.
O gromomocTrbin rutepboaon | obranaeT CIeNyIONIM 3aMedaTeTbHbIM CBOUCTBOM.
Onpegenenne 16.7. HazoBem npamosuneinoi obpa3yowet TOBEPXHOCTH MPAMYIO,

OeJnKOM B HEe:l comeEpKaIyrocsd. Kaxk IIpaBUJIO, 2TO IIOHATHE HE IIpHUMEHsAeTCd K pac-
ITa JaIOTUMC ITOBEPXHOCTAM.

Teopema 16.8. Odnonoaocmupiii 2unepboaoud umeem dea cemeticmea NPAMOAUHETHBLE
oopazyrowur. Hepesz waxcdyo mouky nporodum poeno odna Npamas kaxcAo2o cemel-
cmea, u amu d6e NPAMbIE NEPECERANMCI PO6HO N0 2Moti moure. /6e paziuunsble npamvle
U3 001020 CEMEUCMEA CRPEWUBANOMCI, 4 U3 PAZHBIT — NEPECERANMCA UAU NAPAAACAbHDL.
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Puc. 5.

dokazaTenbcTBO. J3aMeTuM, 9TO yKa3aHHbIE CBOUCTBA SBISAIOTCA adpPUHHBIME, a He
MeTpHYECKIMHU, IO2TOMY AOCTATOYHO JOKa3aTh TeopeMy i runepboroua ri+y’ez? =
1. Ilepenuiiiem 10O ypaBHEHUE B B e

2t e =1 ey (z&z)(z+2)=(1Sy)(l+y).
Orciona cpasy BUAUM [IBa cEMeNCTBA IPAMOINHENHBIX 0Opa3y IOMINX:

{A(l‘@Z) = nlley) {A(l‘@Z) = u(l+y)
ple+z) = AMl+y) Szt = Mley)

rae A u [t — TPOM3BOJbHBIE BEIECTBEHHBIE UNCIa, He obpaliaioninecs B HyJIb ONHOBpe-
Menmo. Torna

S

Aop
A

A
. 2 2
M@)\‘—@)\ Sut <0, ‘M

‘ =M 44> 0,
TaK 9TO Mapbl MIOCKOCTEN B IIepecevdeHnn JeNCTBUTEIHHO Aal0T MPAMYTO.

[ycTs Touka (20, Yo, 20) TpuHALIEKUT TUHepbotony. Toraa, B3as must [ A = xg + 2o
np =14y amgmll —A=2x9g+4 2 1up=1%&y), morydumM TpsMble, TPOXOIAIINE
Yepes naHHyo TOUKy. llockoabKy oamno m3 dmcen 1 <yo man 1 + yo orimano ot 0, To
mapa (A, i) onpejerena mo Touke (Lo, Yo, Z9) OJAHOBHATHO (€ TOTHOCTHIO [0 MHOKUTEN)
IS KakJI0ro cemencTBa. lTak, depes KaXAyro TOYKY IIPOXOAUT POBHO OfHa IIpAMasdt
KazK I0ro ceMerncTBa.

[okaxem, aTo apyrux obpasytoumx Het. /lomycTnm, 910 0bpasyromas mapaiielbHa
maockoctn z = 0, T. €. COAEpKNUTCA B MIOCKOCTH Z = Zzg. lorga oHa moMKHa comep-
KaThest B OKpykHocTn v + y? = 1 + 22, aro meBosmoxuo. UTak, Besakas obpasyrormas
nepecekaeT z = 0, a 3HAYUT, ¥ TOPAOBON DIINIC (OKPYKHOCTE). B cumry BparmmaTesbHon
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CUMMETPUH JIOCTATOYHO MCCIENOBATL OJHY €ro Touky, mampumep, (1,0,0). Ilyctsn de-
pe3 Hee MPOXOAUT TPIAMOINHENHAS 0OPa3yIoIas ¢ HEKOTOPHIM HAITPABISIONTITM BEKTOPOM

(o, B,7):

z = 1+ ot
y = pt
z =

TaK 9TO ypaBHeHHe (pe3yabTaT MOACTAHOBKU B ypaBHeHUe Tunepbononia)
(oz2 + 32 <:>72)t2 +2at =0
NOIZKHO UMETh pelleHueM J1oboe {, 0TKy1a

ad+ ey = 0 a =0
200 = 0 prey? = 0

3HaIUT, HANPABIAIONINT BEKTOP (€ TOYHOCTHIO [0 HEHYJIEBOTO MHOKWUTENS) paBeH
(0,1,41), T. e. UMeOTCA IBE BOBMOKHOCTH, & UX MbI yZKe HAIILI — DTO TIPAMas MePBOro
cemMencTBa u npsmas Broporo. Urak, npyrux obpasymomnmx HeT.

W3z amamoruvmoro coobpakenns MOTydaeM, ITO MPAMBIE OJTHOTO CEMENCTBA He MOTYT
nepecekaThes. [lycTh onm mapairernHbl ofHOMY BeKTOPY (v, 3,7). 3HA4YnNT, OH mapal-
Jefed KaX oW m3 4-X TIOCKOCTel, (PUTyPUPYIONINX B 3alllCH MBYX MPAMBIX CEMEUCTBA.
Torma ou sSBIsIETCS HEHYTEBBIM PEIIEHNEM CUCTEMBI 4-X TNHENHBIX YPaBHEHUN C MaTPUIIEN

A TR

poSAp

)\/ ,LL/ <:>)\/

,LL/ <:>)\/ ,LL/
Ecmn pp = ¢/ = 0, To mpsambie copmagator. Femm = 0 n g/ # 0, T. e. MOXKHO CIHTAThH
A =g =1, To panr He Memblle TpeX (MOCKOIbKY NOIKHO ObITL tf = ud w1 = Sud).

Amnanormdno B 06paTHOW CHTYyaIlUU. SHAYUT, MOKHO CUNTaTh, 910 (4 = p' = 1, a A uw X
— menyaeswle. Torga mas ycerous rk < 3 Heo6X0 MO

Ao LA A1 s
g p =1 & 1 =1+ N e el L0 =20V e)) =0,
WoeN eV 1

9TO B JAHHOU CUTYAIMH BO3MOKHO TOILKO eciim A = A u mpsambie coBnagaor. Urak, nse
IpAMBIE OJHOTO CEMENCTBA CKPEIINBAIOTCA.

CemelicTBa He mepecekaroTCs, Tak KaK oTobpaxenue (x,y,z) — (&, Sy, <2) mepe-
BOJUT MpPAMBIE OMHOI'O CEMENCTBa B MpAMbIE APYTOro, MapalielbHble CBOUM MTPoobpa-
saMm. [lericTBUTENLHO, ecan OBl IpAMas IpUHaAIeKala 060UM ceMerTBaM, To ee 06pa3 —
Takke, I TeM CaMbIM, MBI IMEIN ObI [Be Tapaielbible TPAMbIE U3 OJHONO CEMEHCTBA.

Teneps pacemoTpum jBe mpsamble [ 1 [y u3 pasubix cemencts. [lyeTs m — mIockocTs,
npoxosiias depes [y w nekoropyio Touky P € [y, P & [1. llosTomy cooTBeTCcTBYyIOIEE
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ITOCKOE cedenne Tumepbomonia, ABIACL MO TeopeMe 16.5 KpuBOU mopsigka He cTapiie
2, MOMKHO OLITHL TApOU MapallelbHbIX WIN MepeceKaromnxcs npaMbix. Onma m3 omx
— [y, a @pyras — HeKoTopas npaMoanHenHas obpasyiomas [ 3 P. Oma He coBmamaeT
U He CKPEInBaeTCA ¢ [, MOdTOMY, M0 JOKAa3aHHOMY, He MOXKET MpHUHA IIeKaTh TePBOMY
CeMelCTBY, a BHAYUT, IPUHALICKIT BTOPOMY, U B CIIY €IUHCTBEHHOCTH PAMON BTOPOTO

ceMencTBa, Tpoxoaien depes P, coBmamaer ¢ ls. a
2 2 2
o T z
4) ABYNOJOCTHBLIM TUnep6omsoup (puc. 56) &— <:>z—2 + =1
a c

IIrockocTs 2 = 0 He nepecekaeT FI/IHGp6OJIOI/I,I[ n pasjeaseT ero Ha ABe 9aCTU, Ha3bl-
BaeMBbI€ NOAOCTMAMU.

Teopema 16.9. /Jeynosocmusiii eunepboaoud me umeem npamoiunelinble 06pazyouu.

MokazaTeabcTBo. [lpaMmornnentias obpasyrolas He MOKET TePECEKATH MIOCKOCTE 2 =
0. 3HavyuT, OHa JEXKWUT B IIOCKOCTHU Z = Zg. HO COOTBETCTBYIOIEE TIOCKOE Cedente

2 2 2
oy z¢
.
a? b 2
orpanuveno (aruic, Touka wan () u He MoKeT comepKaTh IPAMYIO. O
2 2 2
T z
5) KoHyc BTOporo mopsajaka (puc. 6 a)) — + z—z =0
a c

z

Puc. 6.

3aMeTnM, €TO ypaBHEHHe OJHOPOAHO (BTOporo mopsaaka):  F(Ax,Ay,Az) =
A2 F(x,y,z), m TakuM o6pasoM, mobas Tpsamast, conepxaiias O U HEKOTOPYIO APYTYIo
TOYKY KOHYCa, ABIACTCA IPAMOJINHENHON 06pa3yIOIIeH.
Onpegenenne 16.10. Ilycth , — mpomusBoabHas KpuBasd, Jekalllas B IIOCKOCTH T, a
touka O He mpuHaLIeKuT 7. Konuueckotd nosepruocmsio uan , c mearpoMm B () Ha3biBa-
eTcs oObennene Beex mpambix Buga OX, X €, (puc. 6 6)). [Ipamore OX waspiBaiorcs
0b6pazyiowumMu, a KpuBasg , — HANPa6.4L10u el KOHMIECKON TTOBEPXHOCTH.
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Teopema 16.11. Konuuecrkas noseprnocms nad d44UNCOM ABAAEMCI KOHYCOM 6TNOPO20O
nopadxa.

[okasaTrenbcTBo. Bribepem Takyio cucTeMy KOOpAHHAT ¢ HeHTpoM B (O, 4TO IIOCKOCTh
T 3agaeTca ypaBHeHuneM z = h # 0 (puc. 6 B)). Ecim Mbl BbiGepeMm HalpaBleHHA OCeH
Oz u Oy mapallelbHO DIABHBIM OCAM DILINICA , , TO YPaBHEHUE DIINAICA B IIOCKOCTH T
[IPUMET BUI:

F(z,y) = an(z <o)’ + an(y y)* ©1 =0,

rae 0 < ayp < ag. Torga ypaBHenme KOHHYIECKON MOBEPXHOCTHU Ha [l HIIM:

(I)(l’,y,Z)ZZQF<£h,gh) =0.
z

z

lewicrBurenbho, Touka (x,y,z), z # 0, TpUHAIIEKUT TOBEPXHOCTH TOT A U TOJIHKO TO-

T,y o T,y

rua, Korja To49Ka (— h, = h,h) NpUHAIJIEKUT KpUBOU, T. e. [ (— h, = h) = 0. Ho npu
z 'z z 'z

cleTanHoM TIpernonoKennu z # () manHoe ypaBHeHe PaBHOCIILHO BuiBomMoMy. OcTa-

JOCHh MoKaszaTh, 4To npu z = ( BBHIBOAUMOe ypaBHEHUEe OIpeNeTeHO U ero MHOKEeCTBO
perenni coBrmagaeT ¢ ). OnpemereHHOCTh CleyeT u3 TOTO, ITO BO BTOPOM COMHOKI-
Tele crenenb 1/z paBua 2 u npu ymMHoxenuu npomnajgaet. [locae ymMHOKeHUs ypaBHeHUE
npesparmaerca (mpu z = 0) B h* g(x,y) = 0. TlockoabKy acuMnTOTHYIECKIX HApABICHUN
y sanutica HeT, 1o * =y = 0.

Nraxk,

T =%

(I)(:L‘,y,z) =2 [an (7

z

2
h) 1] =0.

2
=
h) + ag2 (L g

[Mocre samennl @' = © S, Y = y Syo, 2 = z HOTyIaeM
(I)(l'/, y/7 Z/) — a11h2(:1;’)2 + a22h2(y/)2 <:>(Z/)2 — 07

T. €. KOHYC. O
3agada 16. Yro mpegcraBasioT coboll KOHHIECKHE MOBEPXHOCTH HaJ THIEPOOJION 1
napaboaon 7 OrBeT: OOLIYHBIN KOHYC 6€3 ABYX WA OJHOU TIPSIMOTM.
2
v Y
7) smnuntudeckuu mapabogouns (puc. 7 a)) — + — =2z
p q

Teopema 16.12. Duaunmuueckut napabo.ioud we umeem npaMosUHEUnHBLE 06Pa3YOUUT.

MokazaTeabcTBo. /loCIOBHO KaK ¢ JBYNOJOCTHBIM THIIEPOOJOU,IOM. O
2 2
. T
8) runep6oauveckun napaboaous (puc.76)) — Y
q

Onpegenenne 16.13. Henynesoir BexTop (a, 3,7) 33JaeT acuMnmomuueckoe nanpa-
saenue dag noseprrnocmu F =0, ecin on obyaseT KBagpaTHIHYIO POPMY YpaBHEHIS

Q(av 67 7) = Cl110é2 + a2262 + Cl33’}/2 + 2@120&6 + 2@130&’)/ + 2@23ﬁ’}/ = 0.
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Puc. 7.

Teopema 16.14. Acumnmomuueckue HANPAGACHUA HE 3AGUCAM OM 66160PA CUCTIEMbI
Koopdumnam.

lMokaszaTeabcTBo. /[locioBHO, Kak 1 KPUBBIX. O

Teopema 16.15. [lpamoaunetinoie o6pazyrouwue 410601 NO6EPIHOCTU UMEOM ACUMNMO-
MUYECKOE HANPAEACHUE.

MokazaTeabcTBo. IlycTh

T = X9+ at
y = yo+ Gt
z = zZg+ 7t

— npaMonuneiinas obpasyiomas. loncrasus B ypasuenue F' = 0, nonyuum Fyt? +2F1 +
Fo = 0 nas moboro t. 3uauut, Fy = ¢(ao, 3,v) = 0. O

Teopema 16.16. [unepboauueckuti napabosoud umeem dea cemeticmea 06pazyOUUT,
nporodawur wepes waxcdyo moury. Obpasyowue 0dno2o cemelicmea NONAPHO CKPewU-
6A0MCA U NAPAAACALHBL 00HOT NAOCKOCTIU, 4 PAZHBIT — NEPECEKAIOMCA.

[MokasaTeabcTBo. AcmMmnrorndeckie HanmpaBiens (o, (3,7) rumepboInaecKoro mapa-
o?

6oJonja HaXOAATCA U3 ypaBHeHua — < — = (0, T. e. JexaT B IIOCOKCTAX
p q

LIPS N
N A A

C yverom ypaBHeHUs Tapaboiounia

=0.

T .

Sl=

(o) (5
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ITO O3HaYaeT, 9TO NMEITCA IBa ceMencTBa HpﬂMOJH/IHGﬁHBIX 06pa3y10nmx

I: % % =k . I : %—I_% =k
S R A RN Y S R
(\/Z_? a VP TV

lercTBUTENHHO, €CIl MBI TMeeM 0Gpa3yIoIyio, MapallelbHyo, CKakeM, Ty, TO PaccTo-

SAHIe (CO 3HELKOM) OT MI000HU ee TOIKHI A0 7T MOCTOAHHO, T. €. C HeKOTOpOfI KOHCTaHTOI

Y
k mMbr mMeeM — < —— = k, OTKy/la U3 ypaBHEHWS TTOBEPXHOCTHU TIOTyYIaeM BTOPOE YpaB-

VPV

wemme (I). Taxum o6pazoM, Apyrux o6pasyIoONINX HeT.

Yepes kax 1yt TOYKY MapaboIon1a MPOXOIUT POBHO MO OHOU 00pa3yIolen Kax 10ro
CEMENCTBA, TaK KaK k OMpeNerseTcs OTHO3HATHO.

3aMeTnM, 9TO HUKaKas BepTUKATbHASI TTPIMast He MOKeT ObITh MPAMOJTHETHON 06pa-
sytoren. [lencTBuTenbHo, B 5TOM ciydae x = const, y = const, OTKyga u z = const.

[IBa cemencTBa He mepecekatoTcs. [lencTBUTENLHO, TPEITIOTOKIM, ITO O6IITas paMast
nMeeT HalpaBIAOmi BekTop (a, 3,7). Torma on moaxen yIoBIeTBOPATH OJHOPOIHON
YaCTH MEPBLIX YPABHEHUN 0OEWX CHCTEM:

<:>
_|_

S
NENE

oTkysa a = 3 = 0 u mpsAMas BepTUKaIbLHA, 9TO HEBO3MOKHO.

O6pazyrotine 13 0JIHOTO CEMENCTBa He MOTYT HepeceKaThesd, Tak Kak DTO MPOTHBOPE-
gm0 661 equHcTBerHOCTH. OHU He MOTYT ObITH MapalIelbHbl, TaK KakK UX HalPaBJIAIOIIIe
BeKTOPa — (\/P,+/q, k) ¢ pasmmaupiMu k. 3HAYUT, OHU CKPEIIBAIOTCSA, IIpUieM (0 ompe-
NENEHIT0) TapaliIelbHbl (PUKCHPOBAHHON TIOCKOCTH.

[Iycts Temepn [; u [y — ob6pasyiomme n3 pasubix cemencTB. [lokaxkewm, 9To onn
nepecekarTcs. PaceMoTpum miockoe cedenue nmapabogonia, mpoxoisiiee depes [ u P €
ly, P & [;. DTo KpuBas, MOpAIKa He BBIIE 2, 3HAYAT COCTOSIIAS M3 IBYX MPIMBIX
[y m [. Ilpenmonoxum [ # [y, mpudem onm mepecekaiorcs (B Touxe P). 3naunt, [ we
IpUHAICKAT BTOPOMY CEMENCTBY, T. €. TpUHaIeKuT nepBoMmy. Ho Torga oma momxHa
CKpeImBaTLCA ¢ [ W He MOXKeT JekKaTh ¢ Hel B OJHON ILIOCKOCTH. JHadut, [ = [s.
Homnycrum, [1]|lz. Torma xoopanuater (o, £,7) yIOBIETBOPAIOT YpPaBHEHIAM

8} 8}
_ @ﬂ — 07 _ _|_ ﬁ — 07
VP V4 VP V4
oTkyga o = 3 = 0 m ob6pasyromas BepTUKaIbHa, 9TO HEBO3MOKHO. O

Bepuemcs k runepboaougam. Ux acumnmomuuecrkuti xonyc onpenersieTcs ypaBHe-

H1eM
1?2 2 22

St Ees=0. (21)




a 3 ypasuenns (21) —

OTKYa

29 &2 = ——— c — &= 0 (2* +y* = 0).
VEtETVErE el

AHaJormIHO A4 ABYITOJOCTHOT O.

IIpepnoxenne 16.17. Acumnmomuueckue wanpasaenus (o, 3,7v) odwonosocmuozo 2u-
nepbo.iouda cosnadaiom ¢ HaNpasLENUAMU 0OPAZYIOUWUT €20 ACUMNIMOMULECKO20 KOHYCA
u asagromes pewenusmy (21).

MokazaTeabcTBo. llo onpenerennio acuMnTOTHIECKNX HATIPABICHN. 0

Teopema 16.18. Hukarxue mpu pasiuunbly npamoiunelinsly 06pasyrowur 0dnonoiocm-
noeo eunepbosouda u3 0dno2o cemeticmea me napasdeibrvt 0dnol niockocmu. Jlobvie
MPU NONAPHO CKPEUUGAIOULUCCA NPAMBLE, HE NAPAAACABHBLE 0IHOT NAOCKOCTU, ACALIOMCA
NPAMOAURETHBIMU 0OPABYOWUMU HEKOMOPOR20 0dHONOA0CMHO020 2unepbosouda.

HokazaTenbcTBo. PacceMoTpum Tpum mpsSMOIMHENHBIX 0OPa3yIoOMnX W3 OJHOTO CeMel-
crBa. [lomycTuM, oHE TMapalierbHbl OMHOU TOCKOCTH. Tak Kak MeHTpalbHOoe MIOCKOe
ceverne (ACUMITOTHIECKOT0) KOHYCa COCTOUT U3 MBYX MEPECEKATOIINXCS W ONHON TIPs-
MOW, TO JIBE U3 TPeX MPAMBIX JOIKHBI ObITH Mapalieabubl. [IpoTuBopetne.

PacemoTpum Tpm momapHO CKpeIuBaroecs npaMble 1 HEKOTOPYIO apPUHHYIO CH-
cTeMy KOOPIUHAT, B KOTOPOU OHU WMEIOT BHUI:

. r = I . r = X2 . Yy = Y3
ll . l2 . l3 .
Yy = Uy zZ = Z2 Z = Z3

Crenylomas KBaJpuKa COAEPKUT BCE DTU MpAMBLE:
(x 1)y ©ys)(z &) S(xcr)(y ©y)(z z3) = 0.

DTo AellcTBUTEILHO KBaApUKa, TaK KakK Koa(pPUIMEHT Ipu T° paBeH HYJIIO, a, CKakeM
IpW TY paBen Szo+23 # 0, Tak Kak TpsAMbIe CKpermBaioTes. M3 Kiaccudpukaim KBa, puk
W JOKa3aHHbIX CBOWCTB CAEYET, 9TO DTO — ONHOMOIOCTHHII THIep6oson Tt (Y IHITHIPOB
TaKUX 00PA3YIONINX He MOKET ObITh, 9TO MBI JOKaKeM B CleyIolieM mpejnoKennn 16.19).
O

PaCCMOTpI/IM TENEPh HEPaClla Jaromneca TUJINH IPbL

2 2
9) SAMUNTUYECKUN [TUJINHAP — + z_? =
o ! z? Y2
12) runepGosanvecKum IIUINH P — <:>b—2 =1
a

14) nmapaboaudecKudl HUIMHAP ¥y = 2px
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IIpepnoxenune 16.19. Bcee npamoaunetinsie 06pasyroujue Hepacnadaiowurcs yuiundpos
A6ag10mes ux obpazyowumy (06pazyowue yuiundpos onpedeisiomes no anaL02uUl ¢ Ko-
HUNECKUMY NOBEPTHOCTAMY) U, CACDO6ATNEABNO, NAPAALEALHLL MEHCIY COOOT.

MokazaTeabcTBo. PaccMoTpuM TpON3BOMBLHYIO TPAMOINHENHY O 06Pa3yIONIyIO U CIIPO-
eKTUpyeM ee Ha miockocTh 2 = (. Torga pesynbTaT NpOeKIUN MOJKEH IMETUKOM TPU-
HaIIeKaTh HAPABIAIONIEN (KOHWKe), 9TO BO3MOXKHO TOJNBLKO TOT/a, KOTAa MPOEKINI —

TOYKa, T. €. MpsAMOINHenHas obpasyrollas mapairerbia ocu Oz, T. e. 0OGpa3yIOImM.
O

16.2. O6mas Teopusa IMOBEePXHOCTEH BTOPOro MopAgKa

Pacemorpes ypasnenme (19), BBegem ob6o3Hadenus (dacTHble TPOM3BOIHDIE):

F, = 2(anz+ apy + asz + a1),
Fy, = 2(a12x + ay + assz + az),
F, = 2(ai3z + a3y + assz + as).
[lepecevenne mpamon
= x9+at
= yo+ Gt (22)
z = zZo+ Ayt

C ,I[ELHHOﬁ IIJIOCKOCTBIO OIMUCHhIBAECTCA ypaBHEHUEM
F2t2—|—2F1t—|—F0:0, (23)
rune

F2 = Q(a7677)7
21 = (O‘Fl’+ﬁFy+7F2)|(wo,yo,Zo)v
FO = F($07y0720)-

Teopema 16.20. [Ipamas Heacumnmomuuecko2o HANPABAEHUL UMEEM € NOBEPTHOCTIBIO
Aubo dee obwue mouky (603MONCHO, COBNABWUE), AUOO HE NEPECERAETN NOBEPTHOCTU.

IlIpsamas acumnmomuueckoeo HaANPaA6AEHUS AUOO AENCUM WG TNOEEPTHOCTIU, AUOO
umeem ¢ ueti edunemeennyo 06wy Mouky, Aubo ne nepeceraem ee.

HMokasaTeabcTBo. Paccmorpum ypasmenme Fyt? + Fit + Fo =0, rae I = (o, 5,7), a
(o, 3,7) — HaIpPaBIAIONIN BEKTOD /.

Ecan nanpasienne neacumnrorundeckoe, 1o Fy = g(a, 3, 3) # 0 n xBagpaTHOe ypas-
Henne HeBbIpoxerno. Owuo moxer umetrh 2, | mwan 0 pemenun. [Ipm sTom 1 perrenne,
KO [la TIONHBIN KBagpaT. MbI MOXKeM CAnTaTh, 9T0 HadalbHas TOUKA (Lo, Yo, Z0) JEKUT
ma kpuBon. Torga Fy = 0 w BTOpas TovuKa coBmamaeT ¢ Havaxdbion, ecin [y = 0. Ilo-
CKOIBKY TIPH CKOJIb YTOJHO MaJOM BO3MYIIEHUN (TTOBOpoTe) BekTOpa (a, [3,7) OyneT yKe
Fi # 0, 1. e. cexyimas, TO 5TO IBEe COBIABIIIE TOTKII.
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Ecin xe mampaBienne acmmnToTmdeckoe, To Fo, = 0 um ypaBHeHHe TpUHUMAET BI
2Fit + Fy = 0. Ecam Fy # 0, To mMeeTcsi equHCTBEHHAs TOYKa Iepecedenis. Kcam
Fiy =0, a Fy # 0, To mepecedvenne nycro. Ecim Fy = Fy = 0, To nepecevenne [ u ,
coBrnajgaer c [. a

Teopema 16.21. Cepedunvt xopd dannoeo neacumnmomuuecroeo wanpasaenus (o, 3,7)
aexcam 6 0ot naockocmu

alb, +0F,+~F, =0, (24)

nazvieaemoti TUAMETPAJBHON TJIOCKOCTBIO, CONPAKEHHONU TAHHOMY HEACHM-
NTOTUNYECKOMY HAIMPABJEHUIO.

MokasareabcTBo. llycTn [, sanannas napamerpudeckn (22), mepecekaeT TOBEPXHOCTD
B ABYX (BO3MOMKHO COBIABINNX) TOYKaX, M (Lo, Yo,20) — CEPENUHA COOTBETCTBYIOIIETO
orpeska (xopabl). [las Haxox genus t; u tz, COOTBETCTBYIONINX TOIKAM [ePECETEHS, MbI
nvenn ypasrenne (23), npudem B marmem caydae Fy # 0. Ilo Teopeme Buera mis ¢y = 0,
OTBEYAoIIEeTo (Lo, Yo), YCIOBHE CEPENUHBI XOP Bl TPUMET B/

t t F
O:toz%:@ﬁ7 F,=0.
2

loxaxem, 9TO manHoe ypaBHEHEE 3aMaeT TLIOCKOCTh, T. €. DTO ypaBHEHWE TEPBON CTe-
menn, a we myiaeBon. llepemmimenm:

(a0 + a2+ arsy)a + (a2 + agn 8+ azs)y + (@13 + azs S+ assy)z + (o +axf+asy) =0

Ecanm
ana + apf+azy = 0, X apno? + appaf + ajzay = 0,
120+ axf + azsy = 0, x[3 aaf3 + ag3* + agsBy = 0, +
aysa 4 azsfB + assy = 0, Xy ajsay + azfy +aszy? = 0,

u g(a, 3,v) = 0, 970 TPOTUBOPEINT HEACHMITOTHIHOCTH HAIPABICHIS. O

Jemma 16.22. Jas scarot noseprnocmu 6mopoeo nopadra Cywecmsyiom mpu Hexom-
NAGHAPHBLE HEACUMNMOMULECKUT HANDABAEHUA.

JdokazaTeabcTBoO. YpaBuenne miasi HaXOXKAEHUA ACUMITOTHIECKUX HAIPABICHIH
g(a,B,7) = 0 ompenenser, KaK BIAHO TOCIe IMArOHAIN3ANNN, KOHYC, MHUMBIN KOHYC
W Tapy MepeceKarommxcs (6bITh MOKET, MEUMBIX ) TIOCKoCTel. Beerma mis HuX MOKHO
HAlTH TPU UCKOMBIX HallPABIECHUA. 0

Teopema 16.23. LIEHTPHI (cummempuu) wenycmoti noeepruocmy Harodames u3 cu-
cmembl

F, =0
F, = 0 (25)
F. =0
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okaszaTeanLcTBO. Hycts (20, Yo, 20) — wentp. lycrs (ag, Bi,v:), ¢ = 1,2,3, —
HaIIpaB/IAIOINe BEKTOPHI MPAMBIX, ONpeJeleHHbIX MO IIPeJbLIyIIell JeMMe, TpHIeM Ie-
peceKarommx noBepxuocTh. Toraa (g, Yo, 20), KaK cepenHa COOTBETCTBYIONINX XOP/I,
IpUHAIIEKAT COOTBETCTBYIOMINM AUAMETPATLHBIM ILIOCKOCTAM, T. €. YAOBIETBOPAET
ypaBHEHUAM

a;(a1120 + a12yo + a13zo + a1) + Bi(a12x0 + azayo + a2szo + az)+

+vi(arszo + azsyo + asszo + as) =0, 1=1,2,3.

O603HavNB BLIpaKeHnnms B CKOOKaxX Yepes u, v U W COOTBETCBEHHO, TOTYINM, ITO U, U U
W yIOBIETBOPSIOT CUCTEME JMHENHBIX YpaBHEHUN

au+ Sv+yw = 0
ast 4 Grv+yw = 0
asu+ fsv+ysw = 0

[Ipu oToM ypaBHEHNA TUHENHO HE3ABUCHMBI, TaK KaK BeKTopa (o, 3, Vi) HEKOIIMHEAPHDI.
SHAYIUT, €UHCTBEHHAS BOZMOKHOCTL: 4 = v = w = (.

ycts Touka M (2o, Yo, 20) yaoBreTBopsieT “ypaphenusm tentpa’. Ilepeiimem K
HOBOI cucTeMe Koopaunatr (x',y’, z):

v = &, y' =y <o, 2=z &z,
TaK 4ITO

:1;::1;’—|—:1;0, y:y’—l—yo, Z:Z’—I—Zo.
Torna

F'(2' y, 2") = an (2’ + 20)* + 2a12(2" 4+ 20) (' + yo) + aza(y’ + yo)® + azs(2’ + 2z0)*+

+2a13(x’ +20) (2" +20) +2a23(y" +y0) (2" + 20) +2a1 (2" +70) +2a2 (v +yo) +2az( 2"+ 20) +ag =
= Cl11(51?/)2 + 2a122"y + Gzz(y/)2 + 2a137"2 4 2a23y"2" + a33(2’)2—|—
+2(a1120 + a12yo + 1320 + Cl1)51?/ + 2(arao + axyo + azszo + Gz)y/—l-
+2(a13w0 + azsyo + asszo + a1)z’ + F(xo, Yo, 20) =
= Cl11(51?/)2 + 2a2'y' + Gzz(y/)2 + 2a132'2" + 2a23y"2" + a33(2’)2 = 0.
OueBnano, drto ecanm Touka (z',y’,z’) ymoBIeTBOpseT OSTOMY ypaBHEHWIO, TO U

(!, sy, &2') — Toxe, a koopmunaTsl M B HoBOl cucteme: (0,0,0). O

Teopema 16.24. [loseprnocmo seasemcs UEHTPAJIBHON, m. e. umeem eduncmeenmvii
yenmp, mozda u moavko mozda, xoeda § = det ) # 0.
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MokazaTeabcTBo. MaTpuiia cucTeMbl ypaBHEeHNN TeHTpa COBIanaeT ¢ (). O
Onpegenenne 16.25. HeacumnroTuveckoe nanpapieHie Ha3bIBAETCA 24G6HbIM, €CIT
COTIpAKEHHAA eMy MuaMeTpaltbHasd MIOCKOCTH MepIeHINKYIApHA eMYy.

Caemytolie 1Ba yTBEPK,IEHNS MBI TPUBOIM 6€3 OKa3aTelIbCTBa, aHATOT TIHOT'O CIIy-
qal0 KPUBBIX.

Teopema 16.26 (*). [wasuvie nanpasaenus cosnadarom ¢ coOCMEERHBLIY 6EKMOPAMU
mampuybt () xeadpamuunot wacmau.

Teopema 16.27 (*). [Liockocmb, conpascennas 24a46HOMY HANPABACHUI, SACASLCTMCA
NAOCKOCMDbIO CUMMEMPUU NO6EPTHOCTLU.

Onpegenenue 16.28. Touxa P(xg, Yo, 20) HoBepxHocT F' = 0 HaswiBeTCsA 0c0b60i, ecan
Fi(20, Y0, 20) = Fy(x0,Y0, 20) = F.(20, Y0, 20) = 0. Taxum o6pazom, ocobble TOUKE — DTO
MEHTPDI, TPUHA [TEKATNe TOBEPXHOCTH.

[ToBepxmocTh HazbIBaeTCS HEOCOHOTU, €CIN OHA He UMEET OCOOBIX TOJEK.

Heocobbie moBepxmocTu: DIIATICOUIELI, TUNEPOOJOUIELI, TapabONOU LI, THIWHIPHI,
mapa mapaIelbHbIX TIOCKOCTEN.

Ocobbie TTOBEPXHOCTN: KOHYCHI, TTapa MepeCceKaronXcs MIOCKOCTEN, Tapa COBIIA,[ato-
IMUX IIIOCKOCTE.
Omnpeaenenne 16.29. IlosepxmocTs masbiBaeTcs nesviposcdennot, ecin det A #£ 0.

HeBoipox nemibie MOBEPXHOCTH: DIIATICOUIEI, THTEPHOMON b, TapabodOn Ibl.
Onpegenenne 16.30. Kacameavnas npsanas k noseprrnocmu F = 0 6 neocoboi moure
P — mupsimas, mMmeroras ¢ MOBEPXHOCTHIO [Be 00IIne TOYKH, coBmagaoiime ¢ P, aubo
MpUHAIIEKAIAs TOBEPXHOCTH.

Teopema 16.31. Muoowcecmso Kacameabuble NPAMbIT K NOSEPTHOCTNU 6 HEOCOHOT MOUKe
P cosnadaem ¢ naocrocmovio

Fo(20, Yo, 20)(x & 20) + Iy(T0, Yo, 20)(y ©Yo) + F=(20, Yo, 20)(2 & 20) = 0 (26)
wAU
(a1120 + a12Yo + a1320 + a1)x + (a1220 + az2eyo + a23z0 + a2)y+
+ (ars®o + a3yo + asszo + as)z + (ar1x0 + asyo + aszo + ag) = 0, (27)

nazwvleaemoti KACATEJABHON NJOCKOCTBIO K IIOBEPXHOCTH B HEOCOBOM TOYKE.

HokazaTenbcTBo. llycts P = (z0,Y0,%0), Torga s mpamon (22) Fy = F(P) =0
1 TOYKW Tlepecedenns HaxoaaTcs us Fat? 4+ 2F1¢1 = 0, Tak 9T0 Kacamme MMeeT MECTO B
ciyudae Fy =0, 1. e.

aF,(P) + BF,(P) +~F.(P) = 0.

IJTO YCIOBUE SIBIAETCA HEOOXOMUMBIM U MOCTATOYHLIM. AHATOTHIHO TEOPUN KPUBDLIX
TOKA3bIBAETCS, ITO DTO JENCTBUTEILHO COBIABINME TOYKHN Tpu Fy # 0 u mpsaMornHenHas
obpazyiornas, ecan Iy = 0. O
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Teopema 16.32. [Ipamoauneiinoie obpasywwue odnonosocmmuo2o 2unepbosouda u 2u-
nepboauuecrozo napabosouda, nporodauyue wuepez danuyro MouKy 06Pa3y0OM CEUEHUE NO-
6EPTHOCNU KACAMEALHOT NAOCKOCMBIO 6 dannotl mouke.

MokazaTenbcTBo. [lpamonrmuennnie obpasytorire ABIAIOTCS KacaTeTbHBIMI W, CJI€I0-
BAaTENbHO, JeKaT B KacaTeabHon MIockKocTu. /Ipyrux Todex mepecedenms HeT, TaK Kak
MIOCKOE ceveHmne — KpuBasd MOPAJKa He Bblllle TBYX. 0

16.3. Adpdpunnas u MeTpuUecKasa KaaccuPUKaluAa ITOBEPXHO-
CTe’ BTOPOro IMopAaAKa

HOCKOJH)Ky MBI HE€ JOKa3aJUu TeOpeMbl €IMHCTBEHHOCTHN MIJs CYIIECTBEHHBIX ITOBEPX-
HOCTGI?I7 a TOJBKO TeopeMY €IMHCTBEHHOCTN KAaHOHUYIECKOI'O YpaBHEHUA, TO MBI TOKaZKEM
KJIELCCI/IqDI/IKELHI/IOHHBIG TEeOpEMBI NJs CUJIBbHBIX SKBHUBAJICHTHOCTEN.

Teopema 16.33. /Jse xkoadpukxu 6 npocmpancmee CuibHo MEMPUUECKU IKEUBAAEHTIHDL
mozda u moako moada, koeda onu umerom 0dunarosvili Kanonuueckul 6ud.

Teopema 16.34. /[Jse keadpuku 6 npocmpancmee cuibio aPPUHHO IKEUEAAEHMHBL MO-
eda u moaxo moada, Koeda oHu UMEWM 0OUHAKOBbIE HA36AHUSL.

[lokazaTearbcTBO TEOPEM JOCIOBHO TMOBTOPAET CIyIal KPUBBIX, 33 NCKAIOYICHIEM TOKa-
3aTelbcTBa adpPUHHON HEDKBIUBAJICHTHOCTH TOBEPXHOCTEN € pa3HLIMI HasBaHumaMmu. [Ipo-
BelleM €ero.

[Ipex me Bcero samermm, 9To pauru r 1 R aBiarorcs adpPpUHHLIMI, a He TOJILKO Op-
TOTOHAJLHLIME HMHBapuanTamu. [looToMy Hamo mokasaTh HEDKBHBAJICHTHOCTHL JHUIIH B
mpejienax Kaxnoro m3 Kiraccos (i)—(v).

Touka (MHUMBI KOHYC), MpsMas (Tapa MEUMBIX MEPeCEKAIONNXCS TIOCKOCTEN ), Tapa
mapaLIelIbHbIX, TePeCeKaoMINXCA W COBIAJAIOMNX ILIOCKOCTEH, OYeBHIHO, adpPIHHO
HEDKBUBAJCHTHLI HU APYT APYLY, HE APYTHM HOBEepXHOCTAM. J[lJIf MyCcTHIX MHOKECTB:
MHIMBIN SITATTHICCKAN TIIRHAP TMeeT | acuMITOTHIeCKOe HallpaBIeHne, MHIMBIT DJI-
JUICOMJ He MMeeT aCUMIITOTHICCKIX HallpaBIeHNN, Tapa MHUMBIX Tapalle bHbIX ILI0C-
KOCTEN IMeeT MeIyIo IIOCKOCTh aCHMITOTHIeCKIX HallpaBICHNUI.

Kpowme Toro, sarnncons orpannden B OTIHYNE OT APYTHUX HEPACCMOTPEHHDBIX TOBEPX-
wHoctein. B mune (ii) ocrancs ognn komyc. [lis ocTaBmmxcs mMeem

‘ Tum ‘ HazBanne ‘ Hanwane nenrpos | [Ipamonnn. obpasyrotiue
(i) | ommomomocTHBIN TuepGosona | 1 ecThb
IBYTOJOCTHBIT TUIEPOOTON,T 1 HeT
DILTUTITIHIECKIH TTapabOTOwn 1 HeT HeT
runepboanvdeckun mapaboaons | HeT ecThb
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‘ T ‘ Haspamue Haamane OEHTPOB ‘ AcuMmnTor. HallpaBJICHIA

(iii) | sarUmTEYECKUN THIAHID npsMast O/THO

I‘I/IHGp6OHI/I‘I€CKI/Iﬁ OUJINHAP | IpAMast ABE IINIOCKOCTHI

mapaboanvIecKun MIIMHID | HeT

Teopema goxkazana. 0

17. DjeMeHTHI IPOEKTUBHOU 'eOMeTpPUN

17.1. IlomoaHeHMe ILTIOCKOCTH

[lonoanennas niockocms — DTO MIOCKOCTH, K KOTOPOU MPUCOEIMHEHBI HEKOTOPHIE
“beckomedno yaarennpie” sneMenThl (Toukn). NMenno, Kax 1oMy HECOOCTBEHHOMY Ty 9Ky
CTaBUTCA B COOTBETCTBUE Hecobemeennas mouka. [lpum sTom cauraeTces, 110 cobCTBEH-
HBIU TIYY0K TIepeceKaeTcs B COOCTBEHHON TOYKe, a HECOOCTBEHHBIN — B HECOOCTBEHHOM.
Ob6nenumente Bcex HeCOOCTBEHHBIX TOYEK HABBIBAETCA HECOOCTMEENHOT NPAMOT.

Taxum 06pa3om, BHITTOIHEHBI Clelyiollne AaKCUOMBI:

Al. Yepes nBe atobble pa3iuvIHble TOYKHU TPOXONUT €IMHCTBEHHAS TTPsAMai.
ATl /IBe mt06bie pasimdnable MPsSMbIe TIEPECEKAIOTCSI B €IMHCTBEHHON TOYKE.

Ecin mpr 3aboiBaem Ipo TO, 9TO HEKOTOPLIE TOYKN OLLII H6C06CTB6HHBIMI/I7 T. €.
IPpUCOENNHEHHBIMI, TO MPUXO UM K TTOHATHUIO npoe%mucmoﬂ IIJJOCKOCTMH.

[las Toro, 9TO6BI DTH aKCHOMBI 3alicaTh B Oojee CHMMETPUIHOM BH/E, BBOJUTCA
caenyrolee IoHATHE WHITNJCHTHOCTH.
Omnpenenenne 17.1. Touka maswiBeTCA unyudenmuold TPAMON, €CIN TOYKA JEKUT Ha
oron npamvon. llpamas masweiBaeTcs unyudenmuoti TOUKe, €CAU MpAMas TPOXOAUT Hdepes
DTY TOYKY.

AKcroMBr TPUMT BHI:

Al. /s m00bIX ABYX PasIU9HBIX TOYEK CYIIECTBYET €IWHCTBEHHAs MpAMas, WHITH-
JNEHTHAS M.

ATl [lins m06bIX ABYX pasinvdHBIX TPAMBIX CYIIECTBYET €IUHCTBEHHAS TOYKa, MHITH-
JNEHTHAS M.

Chopmyaupyem caenyronmn
IIpunnun agBoMCTBeHHOCTH: Ecinm BepHO HeKoTOpoe obllee yTBEPKJAeHNE O TOIKaX,
OPAMBIX 1 UHIUJICHTHOCTH MEXK Iy HUME Ha MPOCKTHUBHOW IJIOCKOCTH, TO BEPHO ¥ IBOU-
CTBEHHOE yTBEPXK ICHEUE, B KOTOPOM TOYKN U MPAMBIE MEHIIOTCS MECTaMI.

Mur me Gymem 06CyXKaTh TMOTHBIN HaOOp aKCMOM, a TaKKe HeTPOTUBOPEYNBOCTDL W
Tak fgaxee. MBI IPOCTO MOCTPOUM €CTECTBEHHYIO MO/JENb MPOEKTUBHOW MIOCKOCTH, [
KOTOPOW Oy IyT BBITTOIHEHBI YKa3aHHbIE aKCUOMBI 1 TIPUHITUAT TBOMCTBEHHOCTH.
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17.2. Caska Kak Mo/e/b IPOCKTUBHOM ILIOCKOCTH

Onpegenenne 17.2. (Csaskot UpsSMbIX U MIOCKocTen ¢ menTpoM () B TpexMepHoM
MPOCTAHCTBE HA3bIBACTCA MHOXKECTBO BCEX MPAMBIX U ILIOCKOCTEH, TPOXOIAIIIX HYepes
pannyio Touky . O6oszmadaTbes cBszka Oymer Tonm ke 6ykBouw (). Ilpsmas cBsakm
UNYUIdeNmua TIOCKOCTH, €CIN OHa B HEel COJEPKUTCA, MIOCKOCTL CBA3BKU UHYUJEHMHA
IPAMOI, €ClI OHa Yepe3 Hee MPOXOINT.

Omnpenpenenune 17.3. [lepenexmuenoe coomeememeue OCYIIECTBIAET B3aWMHO OJHO-
3HAYHOE OTOOpaKeHne MOMOJTHEHHON ILIOCKOCTH Ha CBA3KY, T. €. OTOOpaKeHue TOYeK
HOMOJHEHHON TIOCKOCTH Ha MHOKECTBO IPAMBIX CBAZKH, OTPEJeIAeMOoe Cley oM 06pa-
30M. PaccMoTpuM MOMOTHAEMYIO IIOCKOCTHL 7 KaK JEKallylko B TPEXMEPHOM MPOCTpaH-
crBe. Ilycts Touka O we mpuHaiiexuT T U onpenenseT cBA3Ky. Kaxmon cobcTBennon
TOYKE 7 MOCTABUM B COOTBETCTBUE €IUHCTBEHHYIO TIPAMYIO CBA3KI, MPOXOIANIYIO Yepe3
Hee. Kax ol Heco6CTBEHHON TOYKE 77, T. €. HAIPABICHUIO WA HECOOCTBEHHOMY MYUKY
Ha 7, MOCTaBUM B COOTBETCTBHE €JUHCTBEHHYIO TPAMYIO CBA3KH, UMEIOIIYIO TO Ke Ha-
paBJeHue.

OveBranO, 9TO BHITIOTHEHDI CIEIYIONINE YCIOBHS.

Ipennoxenune 17.4. [pu nepcnexkmusnom coomeememeuy npimbie NEPELoIim 6 nioc-
Kocmu u corpansemes omuouwenue unyudewmuocmu. Ilosmomy npamvie c643KU HaA3bI-
saom “moukamu’, a niockocmu — “‘npamvimu’ dannot modean NPoeKMUEHOU NAOCKO-
cmau.

Sameyanue 17.5. llpu nepcrnekTHBHOM COOTBETCTBUM HECOOCTBEHHAS TpsMas Mepe-
XOMUT B MIOCKOCTH CBA3KH, MapaieabHyto m. Takum o6pa3zomM, TOMOTHEHHAsA TTIOCKOCTD
COOTBETCTBYET CBA3KE C BLIIEIEHHON TLIOCKOCTHIO, a IIPOEKTUBHAS MIOCKOCTHL — MPOCTO
CBA3KeE.

[Iycts Tenepn Oejezes — mpousBoabHbIn penep ¢ nentpom B . Pacemorpnm ma-
npaBaAommn BekTop npamon [ uz ceasku O. J[lomycTum, 9TO OH MMeeT KOOpMHATHI
(21, T2, x3). Koopaunarel gpyroro manpasisiomiero Bekropa | 6y1yT OTIndaThCs OT HUX
HEHyJIeBBIM MHOKUTexeM. Tpoiika ducen (xy : @3 : x3), ONpeJeleHHas ¢ TOTHOCTHIO [0
HEeHyJJeBOI'0 MHOKNTENS Ha3bBaeTcA 0dnopodusimu xoopdunamamy | OTHOCHTENILHO yKa-
3aHHOI'O perepa.

3aMeTnM, 9TO BCe TPH UNCIAa Ty, T, T3 HE MOIYT OBITH HYJEBBIMI OJHOBPEMEHHO.

Paccmorpum mnockocth m w3 = 1 u penep Kejey B Henm, rae I umeer B Oejeqges
koopmuraThl (0,0,1) (eMm puc. 8).

[Ipu cooTBeTCTBHE, OOPATHOM K MEPCHEKTUBHOMY, TOUYKe (X1 : &g @ ¥3) ¢ x5 # 0
OTBeYaeT TOUKa INIOCKOCTH 7 ¢ KOOPAWHATaAMM

€1
r=—, Yy = .
T3 T3

T2

OCTELJH)HBIM TOYIKaM COOTBETCTBYIOT HeCcOOCTBEHHBIE TOYKH ITOIIOJHEHHOU ILIOCKOCTH 7.
ypaBHeHI/IG HpHMOfI B OJHOPOJHBLIX KOOpIWHaTaX MMeEET BU

a1 + axxy + asrs =0,
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Puc. 8.

rjile TpolKa (di, az, as) ompenenena ¢ TOYHOCTLIO [0 HEHYJIEBOIO MHOXKHUTENS, & 1, A2, d3
He 0o0palllafoTca B HyJIb OJHOBpeMeHHO. Takum obGpasoM, IpsAMas Takke IpuobpeTaer
“oHOpOIHBIEe KOOpMHATHL (a1 @ ag @ as).

Ecan ay min ay He obpaiiatorcs B Hyldb, TO DTO OObIYHas MpsAMas, [MONOIHEHHAs He-

cobcTBeHHOn TOYKOU. Keam xe a; = ag = 0, as 7£ 0, TO »TO HecobcTBeHHAA opAMast
T3 — 0.

IIpepnoxenne 17.6. Tpu mouxu X, Y u Z npoexmusnoti naockocmu ¢ 0dmopodubimu
koopdunamanu (xy @ x3 : x3), (Y1 1 y2 : ys) u (21 1 22 2z3) aexcam wa 0dnol npamoi
mozda u moavko moada, xKoeda

L1 Tz I3

i y2 ys | =0.

21 22 %3

,Z[OKa.?.aTe.JIbCTBO. Pasencrso HYJIO olipefeqnuTeENA €CTh yCJIOBUE KOMIIIAHAPHOCTH CO-
OTBETCTBYIOIINX BEKTOPOB. O

Teopema 17.7. [asn npoexmusnot niockocmu 6 MOJeAl C6A3KU 6LINOAREN NPUHYUN
deoticmeennocmu.

lokazaTeabcTBO. YcIOBUE HHIMISHTHOCTH B KOOPAUHATAX 3alUChIBAETCS B BILE
a1 + axxy + asrs =0,

CUMMETPUYHOM 110 ABYM OOBEeKTaM. 0
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Teopema 17.8 (desapra). llycms wna npoexmuenoti niockocmu 3adanst deéa mpe-
yeoavnura ABC u A'B'C', npuuem odunoumenmvie 6epuiunst u cmopousl, mounee, nps-
mbie, ur codepacawue, we cosnadarwom. Toeda mpu npameie AA", BB w CC’ nepecexra-
0Mes 6 00HOU MOUKE 6 MOM U MOALKO 6 MOM CAYUAE, CCAU MOUKU NEPECEUEHUL NPAMBLE

AB uw A'B', BC u B'C", AC u A'C" aexcam wna 0dnoti npamoi.

HokazaTenbcTBo. O6o3HadnM yKaszaHHble TOYKEU Mepecedents depes P, () n R,

[Iycte S — Touka mnepecedenus upsambix AA. BB u CC'. [Iyctn
a,bye,a’ b, p,q,r,s — mekoTOpBle TpencTaBUTENN (TPOUKH) OJIHOPOJHBIX KOOD V-
wat Tovek A, B,C, A B C' P,Q,R,S: a = (a1,as,as3),... Torga mma HeKOTOPHIX
a7a/7676/7777/

s = aa+dd
s = [Bb+p'Y
s = ~ve+A'd

3aMeTuM, 9TO N1 DTOr0 HeoOXoauMo ObLTo HecoBnagenue ¢ u ¢’ u T. 1. Toraa

u = pbeye=+'d SpY
v o= yesaa =dd &4d
w = aaspb= 0V sdd

Takum obGpasoM, u oTBedaeT TOYKe Jexalnen n Ha npamon BC u wma B'C’, 1. e. Q.
Amnanormdno, v — HEKOTOPBIN IpeAcTaBUTENb KoopauHaT R, a w — P. CloXnuB moaienHo
paBeHCTBa, ONMpeNeAIoNIne U, v 1 W, ToayInM u + v + w = (0,0,0), T. e. TOUKH JexKaT
Ha OJHON TMPAMON (TIOCKOCTH CBSI3KI).

[lepedpopmyaupyem nokasaHHoe yTBEpKAeHHE B CIEAYIONIEM BH/IE.

ITyemoy na npoexmuenoti naockocmu zadanst dée mpotiru mouwex ABC uw A'B'C’, nu
0dna uz Komopwulr ne unyudenmua odnwot npamot, obosnauum wepez A, B, C, A’, B,
C’ npamoie, unyudenwmuvie B u C, AuC, AuB, B uC', A wC' A" v B, u nycms
A£A A+£A", BB, B#£B, C#C C#C'. Obosnauun uepes a, b, ¢ npauoie,
unyudenmuvie mourxam A u A", B u B, C' u C" coomeememeenno. Oboznauwun wepes
A, B, C mouru, unyudenmuvie npamvin A v A', B uw B, C u C' coomsememeenno.
ITyemos mpu npamoie a, b, ¢ unyudenmuor odnot moure. Toeda mpu mouru A, B, C
unyudenmuvl 00nol NpAMo.

[lo mpuHIMIY ABONCTBEHHOCTHU, MbI JOKa3all TEM CaMbIM CIeJyIOIIee NBONCTBEHHOE
yTBepK IeHne.

ITyems nwa npoexmuenot naockocmu zadanvt dee mpotru npamoir ABC v A'B'C/,
HU 00na u3 Komopeulr we unyudenmua 0dnot mouke, oboznavum uepes A, B, C', A', B,
C" mouru, unyudenmuvie B u C, A uC, A uB, B «C', A" «C', A" u B', u nycms
A£A, A£A , BB, B#B, C#C, C#C. Obosnawum uepez A, B, C mouku,
unyudenmuvie npamvin A uw A', B u B, C u C" coomeememeenno. Obosznauun uwepes
a, b, ¢ npamevie, unyudenmmusvie mouxam A u A', B u B, C' u C" coomeememeenno.
ITyems mpu mouru A, B, C unyudenmuvt odnoti npamot. Toeda mpu npamsie a, b, ¢
unyudenmust 0dnoti mouxe.

Ho »To u ecTh obpaTHOE yTBEpK AeHUeE. O
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17.3. IIlpoekTuBHbIE Npeobpa3oBaHUA

Onpepenenue 17.9. Bceakoe adpdpunnoe mpeobpasoBaHue TPOCTPAHCTBA, OCTABIAIO-
mee enTp cBasku O Ha MecTe, 0TOOpakaeT MpaMble, Tpoxosiue depes () B HEKOTOphIe
apyrue mpsiMble, mpoxojsmire wepe3 (). Boszumkaroree Takum obpazoM oToOpaKemHme
CBA3KU B cebs Ha3bIBACTCSA NPOECKMUEHLIM.

HenocpencTBenno u3 onpeenenus cienyeT, 9TO MPOEKTUBHOE Tpeobpa3oBaHue mepe-
BOJIUT TPSMbIE TPOEKTUBHON ILIOCKOCTU B MPAMBIE, COXPAHSISI OTHOIIEHWE WHITNIEHTHO-
CTH.

Ecin ¢ — wmatpuna adpdunnoro npeobpasoBanus B perepe (Jejeses, TO B COOTBET-
CTBYIONINX OMHOPONHBLIX KOOpIMHaTaX MPOEeKTUBHOE peobpa3oBaHue 3alulleTcs B Buie

ry €1
A i’z = L9 5
T3 T3

rge A — IpPOM3BOILHLI HEHYJIeBOU MHOXKUTEIb. B cooTBeTCTBYIOMNX apPUHHBIX KOOP-
QMHaTaxX Ha ILIOCKOCTH:
. 1121 + C1222 + €1373 11T + c1oy + 13

r=== = (28)

2
3 3171 + C3202 + €3373 31T + c32y + €33

T3 €121 + C22%2 + €233 ¥ + Coy + co3

3 31271 + €32%2 + €333 C31% + C32y + ca3

Omupenenenne 17.10. Dyndamenmavnoti vemeeprol HasbIBAeTCA YeTBEpPKa TOYEK
X1 X, X3 F Tovex MpoeKTUBHOU MIOCKOCTH, HUKAKWE TPU U3 KOTOPBIX He JekXaT Ha OHOU
IPSAMOTI.

B mMogmenu cBsi3k# 5TO YeTBHIpe MpsiMble, HIKAKHE TPU W3 KOTOPBIX HE JeKaT Ha OTHON
MIOCKOCTH. Besikas cucTtemMa ofHOPOMHBIX KOOPAWHAT OMpeenseT (PyHIaMeHTATLHYTO
geTBepky X1 = (1 : 0:0), Xo = (0:1:0), X3 =(0:0:1), £ =1(1:1:1).
Ob6paTHo, Kaxmas deTBEpPKa TEM XKe CIOCOOOM OIpeelsieT ¢ TOTHOCTRLIO 10 KO3 uIin-
eHTa MPOMOPINOHATHLHOCTH OTHO3BHATIHO TPOUKY BEKTOPOB €1, €3, €3. Ho mpormopnnonaib-
HOCTH He BAUAET Ha TPOUKY OJHOPOIHBIX KOOPIUHAT, KOTOPAs OIpeIeNeHa ¢ TOTHOCTHIO
1o xkoxpdurmenTa. Takum obpazom, pyHIaMeHTaILHAsS deTBEPKa ONpPeNesieT CUCTEMY
ONHOPOMHBIX KOOPAWHAT.

Sagada 17. Ilycre X1 XoXsF u X{ X)X, E' — nBe ¢pynnamenTanbHble deTBepkn. To-
ra CyIecTByeT POBHO OJIHO MPOEKTHBHOE MpeobpaszoBanme, MEPEBOISIINEe ONHY B IPY-
ryIo.

3agada 18. Kak cregcrBue, 11d J0O60H TPAMON CYIIECTBYET MPOEKTHBHOE IIpeodpa-
30Bamme, IEPEBOJISIIEE ee B HECOOCTBEHHYTO.

3agaua 19. llenTparbras MpOEKIUs MIOCKOCTH HA TIOCKOCTH ABIAETCS TPOEK THBHBIM
mpeobpaszoBaHueEM.
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17.4. IIpoekTuBHO-a(gPpuHHBIE ITpeobpa30oBaHUA

Onpegenenue 17.11.  [IpoexTuBHoe MpeobpasoBamie ¢ MOMOTHEHHON MIOCKOCTH (T. €.
IPOEKTUBHON TIOCKOCTH, Yy KOTOPOU BbIjeleHa HecOOCTBEHHAs MPAMas), TepeBoslee
DTY BBIJEIEHHYIO TPAMYIO B ce0sl, Ha3bIBAETCSI NPOEKMUEHO-APPUNHBIM.

OweBuano, 9TO I DTOTO HEOGXOUMO U NOCTATOYHO, ITOOLI JABE PAa3IUIHbIE HECOO-
CTBEHHbBIE TOYKHN Tlepertin B HecobcTBeHHble. [lockombKy npsAMas mepexonquT B MpAMYIO,
B 9aCTHOCTW, HecobCTBeHHasdA, TO HUKaKasd cOOCTBeHHad TOYKA HE MOKET OTOOPa3nThCA
B HecobcTBeHHY0. [loaTOMY MOXKHO maTh clenyrollee onpenereHue.

Onpegenenne 17.12. O6oznaunm vepes fy orpanmdenne [ Ha cOOCTBEHHBIE TOIKH,
T. €. HeNOMOJHEHHYIO TIOCKOCTh. Torma fy oTo6pakaeT HEMONOMIHEHHYIO MIOCKOCTEL Ha
cebs.

IIpeanoxenue 17.13. Omobpascenue fo seanemes apdunnoin.

MokazaTeabcTBo. IlycTh BBemenbl ogHopoible KoopanHaThl U £3 = ) — HecoOCTBEH-
nag mpaMad. IlycTts f nMmeeT MaTpuvnyro sammch

ATy = 1%y + ¢12T9 + €373
ATy = €171 + C22%9 + 2373
AT = ¢31%1 + 3209 + 3373

Ecan mpw mo6eix 11 n x5 w3 23 = 0 crenyer T3 = 0, To ¢31 = ¢32 = 0 u w3 (28) u (29)
Oy qaeM

~ €11 C12 €13

To= —rd—yt+—,
C33 C33 C33

~ C21 C22 €23

y = —zr+4+ —y+ —. O
C33 C33 C33

17.5. IIlpoekTuBHasa npaMas

[IpoekTuBras mpsamas (mpsMas, TOMOTHEHHAS OJHON TOYKON) ONpPEIeNAeT A aHalo-
rUIHBIM 06pa3zoM. Poib Mofeln CBS3KHU Teleph NrpaeT cOOGCTBEHHBIN TYIO0K TIPIMDBIX Ha
ITOCKOCTH, TaK ITO €ro MpsiMas, MapajielbHas MOTOTHIEMON MPSIMON, COOTBETCTBYET
H6eckomedHO yaatennon Touke. [[poekTuBHOE TpeobpaszoBanne B OJHOPOIHBIX KOOP ITHA-
Tax 3aluchiBaeTcA POPMyTaMu

ATLE et b enTs o0 et |ley]| 0.

— 2
ATy = 1221 + C22

IIpocmoe omunowenue mpex pasavunvir mouerx Ay, Ay v Az na npamoi — 1o Takoe

Ly Ly AA
qncao A, aro Aj Az = A - Ay As. O6osmadenne: A = ﬁ
243
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Asotinoe (wauw caoxcnoe) omuowenue vemuiper pazauunoiy mouer Ay, Az, As u Aq na
nPpAMOU — DTO

AjAs AjAy
A1 A A3 Ay) = : .
(A1 A AsAy) A, A, A,A,
B adppunnbix KoopnmHaTax
(AAAA)_:I;3<:>:1;1‘:1;4<:>:1;1
1A42A3A44) =

T3 ST ' T4 <:>:1;2'
Od4eBUIHBI CBOUCTBA ABOUHOIO OTHOIICHIIA:
D (A = (At ),

2) (A1A2A4A3) — m

[lloonpenernm nBolHOE OTHOIIECHNE

A1A3 T3 <:>$1
AlAA = = )
( 12 BOO) A2A3 T3 <:>$2

Jlemma 17.14. B coomeememsyiowur odwopoduvix koopdunamaz (x :y):

1 X3 ‘ 1 X4
(AyAsAsAy) = Yr Ys : Yr Ya
o X3 o X4
Y2 Y3 ‘ Y2 Y4

HMokazaTenbcTBo. [IpaBas gacTh onpenenena KOppeKTHO, T. €. He MEHAETCA MPH 3aMe-
Hax (i, y;) — (A, Ay;) 1 coBmagaeT ¢ popMyson B appUHHBIX KOO AUHATAaX Tpn ¥; = 1,
npudeM, ecan yy = 0, To mmMeem dpopmyay ausa (A; Az Asoo). O

Teopema 17.15. /sotinoe omuowenue wemuper mouex Ha NPOEKMUEHOT NPpAMOT He
zasucum om 66160pa 0dnopodnbir Koopdunam.

!
MokazaTteabcTBo. llpn samene Buga A ( 5 ) =C ( 5, ) nMeeM

. . rogl
A\, :JcZ :1;] _ :Jcj :1;4 7
yl y] yz y]

~t

oo -

AN =deto | T

Yi Yj Y Y;

[Moncrasuss, Buaum, ato A; u det €' cokparmaioTcs. O

CaenctBue 17.16. /[Jsotinoe omuowenue ne MENAEMCS NPU NPOEKTNUEHLIT NPEOOPA30-
BAHUAT NPAMOU.
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[IpocToe oTHOIIEHTE e COXPAHAETCSA MTPU TPOEKTUBHEIX MTPEOOPA3OBAHNAX (B OTIMYME
oT adpurubix). Boree MOMHLINT OTBET TaeT cleyiolas TeopeMa.

Teopema 17.17. Juas .wobvir deyr mpoek pazauunvir mouex Ay, Ag, As u Al AL, AL
Ha npamot cywecmeyem U eJUNCIMEERO MAKOE NPOEKMUSHOE npeobpazosanue [, wmo

f(A) = AL i =1,2,3.

NokazaTenbcTBo. B Momenn mydka mpsAMBbIX BbIOEpeM Ha NMPAMBIX BEKTOpa TaK, 4TO
€3 = €1+ e3, €, = € + e} (em. puc. 9). [IpoexTuBHOEe MpeoGpasoBaiie 0OTBEYAET Mape

Ay Ay Ag Al A Al

Puc. 9.

perniepoB Oejes m O'elel.

llokaxkeM eIMHCTBEHHOCTEL. llycTh mMeeTcs HapsApy ¢ MOCTPOCHHBIM MpeobpasoBa-
HeM @ u apyroe — . Torga mmeercst Touka Ay, Taxas, aTo ¢(Ag) # (A4). Ho moao-
Kenme obpasza TOUKN Ay MOIHOCTEHIO OIpeneIseTCs JBOMHLIM oTHoIeHneM Ay ¢ Ay, Ag, As,
TaK KakK JBOMHOE OTHOINECHIE WHBAPUAHTHO MPHU 3aMeHe KOOpAUHAT, a CAeJoBaATEILHO, 1
IpHU MPeobpa3OBaHUN. O

Jlemma 17.18. [lyemo [; (1 = 1,2,3,4) — wemuipe npamvie uz odnozo nyurka wa npo-
exmuenoti niockocmu, a npamas | amomy nyurxy ne npunadasexcum. OQ6oz3nauum mouru
nepecevenus | ¢ l; wepes A; (1 = 1,2,3,4). Toeda dsoiinoe omuowenue (A3 AzAsA4)
3asucum auwb om l; u ne zasucum om .

NokazaTenabcTBo. Ecim paccMoTpeTh APYTryio MPAMYIO, TO YUl IIY9Ka OCYIIECTBIAIOT
IPOEKTUBHOE TTpeobpa3oBatne (IeHTpasbHas MPOEKIs), TePEBOIsINee TOYKN TTepecede-
uus ¢ [ B TouKm mepecedenns ¢ apyrou npsmon. llo Teopeme 17.15 aBonnoe oTHoIEHIE
coXpaHAeTCs. O
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17.6. KpuBble BTOPOro MopsAjAKa Ha MPOEKTUBHOM ILIOCKOCTH

Kpusas smopoeo nopsadra Ha IpOEKTUBHON ILIOCKOCTH OMPEAEISeTCs Kak O THOPOIHOE
ypaBHEHWEe BTOPOT'O MOPSIKa B HEKOTOPOU OJHOPOHON CHCTEME KOOP IUHAT:

q(x) = 6111(91?1)2 + 2a122129 + G22($2)2 + 2a132173 + 2a32073 + Cl33(51?3)2 = 0.

OveBuano, ITO MPHU MPOEKTUBHOM TMpPeOOpa3OBaHNN OHa TEpengeT B KPUBYIO BTOPOTO
MOpsIIKa, U 9TO OlpeeleHne KOPPEKTHO, T. €. He 3aBUCAT OT YMHOKEHUS TPOUKHU OTHO-
POJHBIX KOOPJAMHAT Ha HEHYJIEBOU MHOKUTEND.

[To Tou xe Teopeme w3 auHentHon aarebpbl, KOTOPOW MBI TTOIBL30BAINCEH, KOT 4 TOBO-
PUIN O TOBEPXHOCTSX, CYIIECTBYET TaKas MPOEKTUBHAS 3aMeHa KOOPIUHAT, ITO B HOBOW
cucTeMe ypaBHeHUe TpuMeT BU [

q'(2") = M(2))" + Xa(2h)” + Aa(h)* = 0.

B sasucumocT oT 3HaK0B )\2 BO3MOXKHEI IIATH CIYYaeB:

A1 T Ay OJHOTO 3HaKa, a A3 — IPOTHBOMIOJOKHOIO, 3aMEHON Oas3nca ypaBHEHIE
OPUBOAUTCA K BUIY

(21)" + (23)* & (a5)* = 0.
BCe A; OJIHOTO 3HAKa, ypaBHEHUE TPUBOAUTCS K BUIY
()" + (25)" + (25)* = 0.
A3 =0, a Ay m Ay pasubBIX 3HAKOB, TOT/a
(@) () =0,
A3 =0, a A\ m \y omHOrO 3HaKa, TOT A
(@) 4 () =0,

A2 = A3 = 0, Torga
(:1;'1')2 = 0.

Mub1 nokazanu caeayrolyio TeoOpeMy.

Teopema 17.19. Cywecmeyem cucmema 0dnopodusvir xkoopdunam, 6 kKomopot dannas
KPU6as 6mopozo nopadka umeem odun uz cacdyouur 6udos:

(21)? + (22)? &(23)* =0 (oBaa)

MHUMBIT OBaJ )

mapa PasimaHbIX TPAMBIX)

[ Jes]re] =

(

(

(mapa MEUMBIX TPSMbIX)
(mapa COBMABIINX MPSIMbIX )

Teopema 17.20. Cywecmeyem po6no namev YKAZAHHBIT KAACCO6 IKEUEAAEHTIHOCTIU
KPUGHIL 6MOPO20 NOPAIKA OMHOCUMEALHO NPOECKMUCHBLY NPEOOPA306anull.
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MokazaTeabcTBo. B cuminy mpenbigyiien TeopeMbl HYKHO TOJLKO TTOKa3aTh, 9TO KPHU-
Bble U3 Pa3HbIX KIaCCOB HEDKBUBAJIEHTHBI. JTO CIEIYeT Cpa3y U3 TOTO, UTO IIPIMbIE
MePEXOIsIT B TIPSAMBIE M 9TO PAHT MAaTPHUIILI COXPAHIETCS. O

3ameuanue 17.21. Kax mbl yixke Bugenn, adpduaroe mnpeobpasoBanime — 3TO MPO-
eKTUBHOE, TEPEBOIsIIee HECOOCTBEHHYIO MPAMYIO B HECOOCTBEHHYIO, W OT'PAHMIEHHOe
Ha coOCTBEHHbIE TOYKN. Takmm 06paszoM, MPOEKTUBHBIE KIACCHI MOTYT COMEpKaTh He-
ckorbko adduaabx. Umento, oBax — 510 siaautc, runepbora u mapaboia, MHIMBIT OBaT
— MHUMBIT DILIUTIC, PA3INTHbIe TPAMbIe — TapailelbHble MU TePeCceKatoNnecs mpsaMble,
AHAJOTMYHO ST MHUMBIX. [Ipw 5ToM sanniic — oBad, He mepeceKaionn HecoOCTBEHHY IO
MpAMYTO, THIIepHoIa — OBaJ, TepeCceKaoIII HeCOOCTBEHHYIO TPAMYTO, mapaboia — OBal,
Kacalolnncs HecoOCTBEHHON TPAMOI.
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